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ABSTRACT

PORTFOLIO RISK CALCULATION AND STOCHASTIC
PORTFOLIO OPTIMIZATION BY A COPULA BASED
APPROACH

In this study we used copulas to calculate the risks of stock portfolios and devel-
oped a stochastic portfolio optimization model using copulas to find optimal portfolios.
Copula is a multivariate distribution function supported in the unit hypercube. The
main advantage of copula is that one can separate the marginals of a multivariate
distribution from their dependence structure. Thus it is able to model the marginals

separately and choose a copula to represent the dependence structure between them.

Since the portfolio return is a multivariate distribution of individual asset returns,
the portfolio return distribution can be modeled by copulas. With this aim, we selected
15 stocks from New York Stock Exchange and constructed different portfolios. Then we
modeled the distributions of individual stock returns and fitted a set of copulas to the
joint return data. We found that Student-t and Generalized Hyperbolic distributions
are very nice models for modeling individual asset returns. We also found that the t-
copula is the best copula to represent the dependence structure between stock returns.
Therefore we used this model to calculate the risks of portfolios and compared the

results of this model with the results of the classical portfolio risk calculation methods.

After the risk calculation, we adopted the copula model to the classical Markowitz
portfolio selection problem since the Markowitz optimal portfolio would no longer be
optimal. Therefore we transformed the classical quadratic optimization problem into
a stochastic optimization problem. We used Nelder-Mead simplex search algorithm to

solve this problem and compared our findings with the solution of the classical model.



OZET

KOPULA TEMELLI BIR YAKLASIM ILE PORTFOY RISK
HESAPLAMASI VE RASTLANTISAL PORTFOY
ENIYILEMESI

Bu calismada hisse senedi portfoylerinin risklerini hesaplamak ic¢in kopulalari
kullandik ve en iyi portfoyleri olugturmak icin kopulalar1 kullanarak rastlantisal bir
portfoy eniyileme modeli geligtirdik. Kopula birim hiperkiipte destekli ¢ok degiskenli
bir dagilim iglevidir. Kopulanin esas tistiinliigii, isteyenin ¢ok degiskenli bir dagilimin
bilegenlerini bagimlilik yapilarindan ayristirabilmesidir. Boylece bilegenlerin ayri olarak

modellenmesi ve bagimlilik yapisini temsil etmek i¢in bir kopula secilmesi miimkiindiir.

Portfoy getirisi tek varlik getirilerinin ¢ok degiskenli bir dagilimi oldugundan,
portfoy getiri dagilimi kopulalar ile modellenebilir. Bu amagla, New York Hisse Senedi
Borsasi’'ndan 15 adet hisse senedi sectik ve cesitli portfoyler olusturduk. Daha sonra
tek hisse senetlerinin dagilimlarini modelledik ve birlegik getiri verisine bir kopulalar
kiimesini oturttuk. Student’in t ve Genellestirilmis Hiperbolik dagilimlarinin tek varlik
getirilerini modellemek i¢in ¢ok cazip modeller oldugunu gordiik. Ayrica t-kopulanin
hisse senedi getirileri arasindaki bagimlilik yapisini temsil eden en iyi kopula oldugunu
bulduk. Bu nedenle bu modeli portfoylerin risklerini hesaplamak icin kullandik ve bu

modelin sonuclarii klasik portfoy risk hesaplama yontemleriyle kargilagtirdik.

Risk hesaplamasindan sonra, Markowitz en iyi portfoyii artik en iyi olmayacag:
i¢in, kopula modelini klasik Markowitz portfoy se¢imi problemine benimsedik. Bu ne-
denle klasik karesel eniyileme problemini rastlantisal eniyileme problemine dontistiirdiik.
Bu problemi ¢ozmek icin Nelder-Mead simpleks arama algoritmasini kullandik ve bul-

gularimiz1 klasik modelin ¢oztimiyle karsilatirdik.
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1. INTRODUCTION

Today the borders of the financial markets expanded so that people in different
parts of the world can invest into the markets of other countries. This makes the finan-
cial markets become more dependent to each other and the system more complex. For
example a shock in one of the financial markets also affects the other countries’ mar-
kets. In this complex system, investors are concerned with the risk of their investments
and they want to construct portfolios to take less risk and get more profits. Therefore
people have developed different models to calculate the risk of financial assets and use

it in portfolio selection.

Markowitz [1] became a pioneer for the portfolio risk calculation and portfolio
optimization with his seminal paper “Portfolio Selection” in 1952. He introduced the
mean-variance rule by which one can diversify to minimize the risk and maximize the
expected return of a portfolio assuming that the portfolio logreturns follow a multinor-
mal distribution. Many researchers were inspired by this approach and they developed
several models based on his classical model. Sharpe [2] developed Capital Asset Pric-
ing Model (CAPM) and Ross [3] developed Arbitrage Pricing Theory (APT). However
the classical model of Markowitz measures the risk of a portfolio by the “variance of
expected returns” and this risk measure became inadequate to describe the market

risk.

By the 1980’s, financial institutions started to search more sophisticated risk
measures since the markets were becoming more volatile and the market risk was
increasing. Some institutions used Value-at-Risk (VaR) as a new risk measure and
implemented sophisticated VaR metrics during the 1980’s, but they were only known
to professionals within those institutions. During the early 1990’s, concerns about the
increasing number of financial derivatives and publicized losses spurred the field of
financial risk management. JP Morgan popularized VaR to professionals by publishing
its RiskMetrics Technical Document in 1994 with the methods to measure the portfolio

risk and it was recognized by the Basle Committee, which authorized its use by banks



for performing regulatory capital calculations [4]. Although Artzner [5] showed that
VaR is not a coherent risk measure but the Expected Shortfall (ES) is, VaR is more

popular in financial applications.

In RiskMetrics, the market risk of a portfolio can be calculated in three ways;
covariance approach, historical simulation and Monte Carlo simulation. The covariance
approach is an analytical method and it is very similar to the classical Markowitz model.
In historical simulation, the future returns of financial assets are obtained by sampling
from their past returns, and applying them to the current price level of assets to obtain
different price scenarios. Monte Carlo method generates random market scenarios
assuming that the risk factors follow a multivariate normal distribution. Then for each
scenario, the profits and the losses of the portfolio are computed and the corresponding

VaR (or any other risk measure) is calculated.

The classical approaches above have several deficiencies to estimate the portfolio
risk. The Markowitz model is easy to use for portfolio risk calculation because of the
nice properties of multinormal distribution. However especially in the last decades the
asset returns have shown that they are far from the normal distribution, i.e. they have
fat tails and high kurtosis. Also the dependence between the asset returns is assumed to
be linear in the multinormal model and it does not take into account the dependencies
such as rank correlation and tail dependence. However the extreme co-movements in
the stock markets indicate that the dependence between the asset returns are not linear
and there exist tail dependencies. Although historical simulation is able to capture the
extreme returns better than the multinormal model, the empirical distributions lack of
data especially in the tails. Therefore these classical models estimate inaccurate risks.
People looked for other models to overcome these problems and they showed that the

problems with the classical models can be effectively solved by the copula method.

The idea of copulas was introduced by Sklar [6] in 1959 but it has been used only
since the last decade in finance. A copula is a multivariate distribution function defined
on the n-dimendional unit hypercube [0, 1] with uniformly distributed marginals. Thus

the individual marginals of a multivariate distribution can be separated from their



dependence structure, and the dependence structure which is represented by a copula.
The advantage of the copula is that one can construct a multivariate distribution
without concerning the marginals. In terms of finance, the copula method can be
applied to model the return distribution of a portfolio of financial assets since the
portfolio returns follow a multivariate distribution of individual asset returns. Thus
individual asset return distributions can be modeled separately and the dependence
between them can be represented by a suitable copula to form the portfolio return

distribution.

The aim of this study is two fold; first we are interested in modeling the mul-
tivariate return distributions of stock portfolios with the copula method to calculate
accurate portfolio risks. For this aim we fitted different copulas to joint return data of
arbitrarily chosen stock portfolios and determined suitable copulas for each of them.
Then with Monte Carlo simulations we produced several scenarios and calculated the
VaR and ES for those portfolios and compared the results with the results of the

classical methods.

The classical Markowitz portfolio selection is based on the assumption of multi-
normally distributed returns. Since the multinormal model is inadequate for risk es-
timation, the Markowitz optimal portfolio might not be optimal any more. Thus the
second aim of the study is to construct optimal portfolios using this alternative risk

calculation model.

For fitting models and calculating the risks of different methods, we used the
price data of 15 stocks traded in New York Stock Exchange (NYSE) obtained from
http://finance.yahoo.com. The statistical software R [7] is used for implementing the
methods and analyzing the results. We also benefited from its useful add-on packages
for some fitting procedures [8, 9, 10, 11]. The codes are ran on a notebook with 2 GHz
Pentium Core 2 Duo processor having 2 GB RAM under Windows Vista.

The thesis is organized as follows: the formal definitions of VaR and ES are

given with the basic definitions of financial risk in Chapter 2. We also explain the



classical portfolio risk calculation methods within this chapter and prove that the
portfolio risk of the classical Markowitz model is an upper bound for the exact portfolio
risk which one can calculate only by simulation. The copula method is introduced in
Chapter 3 by giving the essentials, i.e. copula families, parameter estimation of copulas
and simulation from copulas. We present the results of copula fitting to NYSE data.
We calculate the risks of different portfolios by the copula method and compare the
results with the results of the classical methods in Chapter 4. The classical Markowitz
portfolio optimization problem and CAPM are explained in Chapter 5. We redefine
the portfolio optimization problem as a copula based stochastic optimization problem.
Using heuristic optimization we solve it and compare the results with the results of the
classical approach. Finally in Chapter 6, we draw the conclusions and discuss possible

future work.



2. FINANCIAL RISK AND CLASSICAL RISK
CALCULATION METHODS

2.1. The Concept of Financial Risk

Risk is a concept that denotes a potential negative impact to an asset or some
characteristic of value that may arise from some present process or future event. From
the economic point of view, risk is any event or action that may adversely affect an
organization’s ability to achieve its objectives and execute its strategies [12]. In finance,

financial risk is essentially any risk associated with any form of financing.

Risk has two components: uncertainty and exposure. Uncertainty is referred to
the probability of facing the risk. Exposure is the amount of the potential loss if the risk
has been faced. For a portfolio of financial assets, the risk comprises of the systematic
risk, also known as undiversifiable risk, and the unsystematic risk which is also known

as idiosyncratic risk, specific risk or diversifiable risk[13].

Systematic risk is the market risk or the risk that cannot be diversified away. It
refers to the movements of the whole economy. Even if we have a perfectly diversified
portfolio, there is some risk that we cannot avoid. However the systematic risk is not
the same for all securities or portfolios. Different companies respond differently to a
recession or a booming economy. For example both the automotive industry and the
food industry will be affected in a case of recession. But food industry possibly will

not be affected as much as automotive industry [14].

Unsystematic risk is the risk associated with individual assets and it differs from
asset to asset. Unlike the systematic risk, unsystematic risk can be diversified away by

including a number of assets in the portfolio [14].



2.2. Risk Measures

A risk measure is defined as a mapping from a set of random variables to the real
numbers. In finance, it is used to determine the amount of cash that is required to
make the risk acceptable to the regulator. A risk metric is an interpretation of such a

measure. Risk metrics take one of the three forms [13]:

e Metrics that quantify the exposure,
e Metrics that quantify uncertainty,

e Metrics that quantify exposure and uncertainty in some combined manner.

2.2.1. Coherent Risk Measures

According to Artzner et al. [5], a risk measure v is coherent if it satisfies the

properties of monotonicity, sub-additivity, homogeneity, and translational invariance.

Monotonicity: If X > Y then y(X) < ~(Y)
Sub-additivity: (X +Y) < 4(X) +~(Y)
Positive Homogeneity: For all A > 0, y(AX) = A\y(X)

Translational Invariance: For all e € R, y(X +a) =v(X) —a

If we explain these four properties in words, monotonicity implies that if the
returns of portfolio X are higher than the returns of portfolio Y for all possible risk
factor return scenarios, then the risk of portfolio X is less than the risk of portfolio
Y. Sub-additivity implies that the risk of the portfolio that includes X and Y is
never greater than the risk of X plus the risk of Y. In other words, the risk of the
sum of individual assets is smaller than or equal to the sum of their individual risks.
Homogeneity implies that if the amount of every position in a portfolio is increased by
a certain rate, the risk of the portfolio will increase with the same rate, i.e. twice as
large if the positions are doubled. What translational invariance implies is that adding

cash into a portfolio decreases its risk by the same amount.



The risks of financial assets can be calculated with different measures. One of the
measures is the standard deviation. This is the easiest risk measure to use for the risks
of individual assets or portfolios. Despite its simplicity, it is not an ideal risk measure
since it penalizes the profits as much as the losses. More reliable risk measures are

Value-at-Risk and FExpected Shortfall.

2.2.2. Value-at-Risk

VaR is a measure of the maximum potential change in value of a portfolio of
financial instruments with a given probability over some investment horizon. VaR
answers the question: “How much can I lose with a per cent probability over a given
time horizon?” [15]. If we denote the losses as positive, the mathematical definition of

VaR is:

“Given some confidence level a € (0,1) the VaR of the portfolio at confidence
level « is given by the smallest number [ such that the probability that the loss L

exceeds [ is not larger than 1 — o” [12].

VaR, =inf{l e R,P(L>1) <1—a}=inf{le R, F(l) > a} (2.1)

As it can be seen from the above definition, VaR,, is the a quantile of the loss
distribution. It is also possible to say that VaR, is the loss described by the 1 — «

quantile of the return distribution.

It is important for the risk measurement theory that Artzner et al. [5] showed
that VaR does not always satisfy the sub-additivity property, thus it is not a coherent
risk measure. This means that it is possible to construct two portfolios X and Y such

that:

VaR(X +Y) > VaR(X) + VaR(Y) (2.2)
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Figure 2.1. VaR for loss (left) and return (right) distributions

This is unexpected because it is hoped that portfolio diversification would reduce the
risk. They also showed that ES satisfies all the properties of coherent risk measures.

However, VaR is still a popular risk measure and widely used in practical applications.

2.2.3. Expected Shortfall
ES, or alternatively Conditional Value at Risk (CVaR), is the expected amount of
loss of a position or a portfolio given that it has exceeded the VaR in some investment

horizon under a given confidence level. It is defined mathematically as:

ES, = E(L|L > VaR,) (2.3)

Some properties of ES are:

Opposite to VaR, ES is a coherent risk measure,

E'S,, increases as « increases,

E'Sy equals the expected value of the portfolio,

For a given portfolio, £S, > VaR,,.
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Figure 2.2. ES for loss distribution

2.3. Classical Methods for Portfolio Risk Calculation

Classical methods for portfolio risk calculation can be generalized as parametric
and non-parametric methods. For calculating the risk of a portfolio with a paramet-
ric method, the multivariate return distribution of portfolio assets must be modeled.
In non-parametric methods, the return distributions are not modeled and historical

returns are used to calculate the risk.

The returns of financial assets can be calculated in three ways; arithmetic returns,
geometric returns, logreturns. If we denote P, as the value of a portfolio at time one,

then the three returns can be defined as:

\_P-R _P

- 2.4
e 24
Py
P
r; =log(ry) = log (é) = log(Py) — log() (2.6)

where P, is the value of the portfolio at time zero. From time zero to time t, the
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arithmetic return can be written as:

v B b BP P
rt=2t _ 1= L=

L= = -1 2.7
Fo PP Ps R (27)

which shows that arithmetic returns cannot be written as the sum of the past but it
can be written in terms of the product of the past geometric returns. The logreturn

for the same time interval is:

P PP, P ! P, ay
o (B) Chog (P B) S (Y S s
=i () =ws (51 5 f) =X () =X e

i=1

which shows in this case that logreturns can be summed over a time horizon. This
makes the calculation easy if we deal with the logreturns. However when the returns
are very close to zero, the difference between the arithmetic returns and the logreturns

is small.

In the following sections the classical methods for portfolio risk calculation will

be explained. “Return” refers to the term “logreturn”.

2.3.1. Approximate Multinormal Model

This method is also called “variance-covariance” or “mean-variance” approach.
It was introduced by Markowitz [1] and was popularized by J.P Morgan in the early
1990’s when they published the RiskMetrics Technical Document [15]. This method is
the basic parametric approach for portfolio risk calculation. In this method, individual
asset returns are assumed to be i.i.d. normal random variables and the portfolio return
is assumed to be the weighted sum of the individual asset returns. Thus the portfolio
returns follow a multinormal distribution with a mean vector and a covariance matrix.
The reason why this method is called “Approximate Multinormal Model” is that the
portfolio logreturn is calculated by summing the weighted logreturns of the individual
assets although this summing can be done only for the arithmetic returns. Thus the

logreturns are approximated as the arithmetic returns since they are very close to each
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other around zero.

The model is given by Equations (2.9) to (2.12). X; denotes the random variable
for the return distribution of asset i with parameters p; and o;. Its relative amount
(weight) is w;. X, is the random variable for the return distribution of the portfolio and
it is the weighted sum of the asset returns. Thus X, follows a multinormal distribution
with mean vector u” and covariance matrix . The diagonals of Y are the variances of
the marginal distributions. Non-diagonal elements are Cov(X;, X;) = p;;0;0;. The pa-
rameters of the model; means, variances and the correlations can be easily constructed

from the historical data.

XiNN(,ui?O-z?)vZ:la 7d (29)
d d
X, ~ sz‘Xz' = X, ~ N(pp,07) , Zwi =1 (2.10)
i=1 i=1
d d d
Hp = Zwlul = wT/L s O';g = ZZwiwjpijJiaj = U}TE’U} (211)
i=1 i=1 j=1
2
03 .-+ P1d0104q
ph =, ), 8= : : (2.12)
Pd104q01 - Ufl

According to this approach, the portfolio return can be represented as one-
dimensional normal random variable. If the VaR horizon is At, the portfolio returns

will follow normal distribution with mean p,At and variance JgAt. Then VaR, for
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At can be easily calculated by:
VaR, = Py(1 — eltwAttaaonVaD) (2.13)

where z;_, is the 1 — a quantile of the standard normal distribution. For example if
Py=1, ji, =0, 0, = 0.01 and At = 10 days, then VaRygy = 1 — ¢0x10-2:32x0.01xV10
0.0707, which means that the portfolio loss for 10 days will be less than or equal to
0.0707 with 99 per cent confidence.

2.3.2. Exact Multinormal Model

If the asset logreturns follow a multinormal distribution, the exact portfolio lo-

greturn is:

d d
X, =log (Z wieXi> + ZwiXi (2.14)
i=1 i=1

No closed form solution for the exact VaR of a portfolio is available for this model.
Thus the risk of the portfolio can be calculated only by simulation. Below an algorithm
for calculating the return of a d-dimensional portfolio is given. The algorithm consists

of the following steps [16]:

1. Generate d-dimensional vector Z = (Zy,...,Z,) of d independent standart nor-
mal random variates.

2. Find the Cholesky decomposition L of the correlation matrix R such that R =
LLT where L is a lower triangular matrix.

3. Set X =LZ

By this algorithm, standard multivariate normal random variates with correlation

matrix R can be generated and then the portfolio return can be calculated as:

Xp — log(wTe,uAt-‘rO'X\/Kt) (215)
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where p and o are d-dimensional vectors of the means and the standard deviations of

asset returns.

From the empirical results found in this study, the exact multinormal portfolio
logreturn was found to be an upper bound for the approximate multinormal portfolio
logreturn. Therefore the approximate risk is an upper bound for the exact risk. Thus

we have the theorem: (We did not find it in the literature)

Theorem 2.3.1 (Upper bound for the approximate portfolio logreturn)
The exact portfolio logreturn is an upper bound for the approximate portfolio logreturn.
Therefore the approximate risk of the portfolio is an upper bound for the exact risk of

the portfolio.

Proof:
Let w = (wy, ..., wq) be the weight vector of assets in the portfolio and x = (x4, ..., z4)
be the vector of asset logreturns at the end of the risk period. Then at the end of the

risk period, the approximate portfolio logreturn will be:
folw) = w's = wix) + womy + ...+ wexy (2.16)
and the exact portfolio logreturn will be:
fo(w) = log(w”e™) = log(wie®™ 4 woe™ + ... 4 wge™) (2.17)
d—1
where wg =1 — > w;. Therefore a d-dimensional portfolio logreturn can be expressed

=1
as a d — 1 dimensional function in terms of the weights:

d—1
fo(w) = w'e = wiw) +wowy + ... + (1 — sz‘)l’d (2.18)
i=1
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d-1

fo(w) = log(we”) = log(wie™ + wye™ + ... + (1 — Z w;)e™) (2.19)
i=1

If all the z;’s are equal (x; = x, Vi), then f, = f. = =, and if w; equals 1 for asset i,

then f, = f. = ;.

fa is a hyperplane defined in [0, 1]~1. For the exact returns to be an upper bound
for the approximate returns, and thus the approximate risk to be an upper bound for
the exact risk, f, must be equal to f, at the corner points of the hyperplane and for
all other points f. must be greater than f,. Since f, is a linear function of w, f. must
be a concave function of w to satisfy these properties. The necessary and sufficient
condition for f. to be a concave function is that the Hessian matrix of f. must be

negative semi-definite. It is not difficult to show (see Appendix A) that we can write:
9 1
V(fe) = —EA (2.20)

where

d-1 2
a= (wleml +wre™ + ... 4+ (1— Zwi)emd> (2.21)
i=1

and A is a positive semi-definite matrix. Since a is always non-negative, it is clear that

V2(f.) is negative semi-definite. (J

The multinormal model is widely used in risk estimation and portfolio manage-
ment because of its nice properties. It is flexible, very easy to use and the speed of

calculation is very fast. However there are important drawbacks of this method:

e [t is well-known that the asset returns are not normally distributed. They have
fat tails and high kurtosis,

e The dependence between the assets is assumed to be linear. But there are non-
linear dependencies between the asset returns,

e It does not consider the possibility of extreme joint co-movement of the asset
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returns.

2.3.3. Historical Simulation

Historical simulation is a non-parametric method since it does not require any
assumption about the distributions of asset returns. In this method, historical returns
are used for the estimation of future returns. For example if the risk of a portfolio will
be calculated for t days, t realizations from the historical data are selected randomly
for each of the assets and used for the next t days’ returns. By repeating this several
times, a distribution for the profits and the losses of the portfolio is obtained, and the

corresponding risk measure is calculated.

This method is easy to implement and it allows for non-normal returns. Risk
estimates of the historical simulation are expected to be more accurate than the multi-
normal model because of having more extremes in the tails. However a typical problem
with this approach is that there are not enough data in the tails. Thus the extreme
events are possibly underestimated since we restrict ourselves to use only the observed
data. The process also assumes that the returns are i.i.d. but there might be serial
dependence between the asset returns. Also the data size to be used is an issue. Large
samples increase the accuracy of the risk estimates but also increase the probability
of using irrelevant data since the further we go into the past for the data, the less
relevant this information may be to today’s market because of the possible changes in

the dependence between the assets.

2.3.4. GARCH Process

In this section, we mainly follow the book of Holton [13].

The multinormal model assumes cross-correlation (cross-covariance) that is the
correlation between the asset returns in the portfolio. But another type of correlation
might also exist within the returns of the same asset, i.e. the return of an asset at a

current time might be affected from the past returns of the same asset. According to
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this approach, today’s return is dependent on the past returns.

To model this situation, Engle [17] proposed Autoregressive Conditional Het-
eroskedasticity (ARCH) model. This model assumes that today’s variance depends
on the last ¢ errors (returns for financial assets). An ARCH(q) process W has the

following conditional distribution:

Wt~ N(0, 1152 (2.22)
q

=12 = By + Zﬁut_iwﬂ (2.23)
=1

Bollerslev [18] extended this ARCH model by allowing #*~16? to also depend on
its last p values. This model is called Generalized Autoregressive Conditional Het-
eroskedasticity (GARCH) model. A GARCH(p,q) process W has the following condi-

tional distribution:

Wt ~ N(07t|t*10-2> (224)
q ' p L
=152 — gy + Z B "W+ Z Past I g (2.25)
i=1 Jj=1

In finance, ARCH(1) and GARCH(1,1) models are commonly used. But these
models are valid for univariate time series, that is GARCH(1,1) can be used to model
the serial dependence for only the return distributions of individual assets. To model
the autocorrelation of the individual assets as well as the cross-correlation between
them, Bollerslev proposed a multidimensional extension of the univariate GARCH
model. This model comprises d univariate GARCH processes ‘W, related to one an-

other with a constant conditional correlation matrix p. This model is called Constant
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Conditional Correlation GARCH(CCC-GARCH) and has the following form:

Wt~ 1N (0,11y) (2.26)

t|t712 — t‘tflo,pt‘tflo_ (227)

where p is the correlation matrix of the asset returns and,

A /t|t_1g% 0 Ce 0
te-1_2 _ 0 VATl 0 (2.28)

0 0 ... JTIGD

with conditional variances *~'o? modeled with univariate GARCH(p,q) processes:
Ml02 = Bro+ Y B WEH D Byt M0, k=1,...d (2.29)
i=1 j=1

The parameters of the models can be estimated by maximum likelihood.

The idea of GARCH is that it tries to estimate today’s volatility by making
connections to the past returns and past volatilities. Thus it produces a “memory in
volatility” and shows that the volatility exhibits long-range dependence. It explains
the extreme movements by the changes in volatility. As a consequence in many of
the practical applications the historical data of the assets returns are treated as the
“raw” data and the return series of individual assets are “filtered” using univariate
GARCH(1,1) processes. Then the filtered data are treated as i.i.d. The multivariate
models are built upon these filtered data and after estimating the future returns in
terms of the filtered data, these estimated returns are defiltered by the same GARCH

processes and the risk estimation is performed.

GARCH models only explain the conditional volatility and not account for the
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unexpected market risks. But the market risk comprises many sources and the system is
very complex to discover. Especially in the last decade, the national and global political
and economical developments have caused many shocks in the stock markets. For these
reasons Harold and Jianping [19] worked on the effects of the political developments to
the stock returns in Hong-Kong stock market. In their work, they used a components-
jump volatility filter. Their filter consists of two parts the first of which is a fundamental
ARCH derivative filter of volatility to capture the long-term volatility. The second part
is a Poisson process which accounts for the extreme returns. The model identifies the
dates with jump, or surprises, return movements and associates them with the political
news announcements thus allowing them to quantify the return and volatility effects
of political events. They found that extreme return jumps in the market were closely
associated with political news, and that the impact of these news was asymmetric, that
is with bad news having a greater volatility effect relative to good news. At the return
level, they also found that the largest market movements in Hong Kong were often

associated with major political news.

As it can be seen the extreme movements of the returns might be caused generally
by the national political or other economical developments, but not only by the long-
term volatility. Especially in the last few years, stock markets have highly been affected
by the global news. Thus a shock in one of the world markets also causes extreme losses
in other markets. Also for 1 day risk estimation, the only thing GARCH does is to
estimate the current volatility and use the classical normal model. But there is no
guarantee that there will not be a global or national news that will cause a shock in

the stock markets even in one day.

To conclude, using GARCH filters seems a reasonable choice at the first glance
since the assumption of i.i.d data is not very realistic. But the filtering is performed
for the individual assets and when the copula model is introduced in Chapter 3, it
will be seen that wrong filtering would destroy the true dependence structure between
the assets. Because of all these reasons, in this work the filtering was not performed
for the raw data. Nevertheless CCC-GARCH was used as an alternative method for

estimating portfolio risk.
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3. COPULA

In this section the copula methodology will be explained. The role of the copula
of several random variables is precisely to offer a complete and unique description of
the dependence structure, excluding all the information on the marginal distribution
of the random variables. The theoretical parts of this chapter mainly follow [20] and
[21].

3.1. Introduction

According to the classical normality assumption, the return distribution of a
portfolio can fully be described by the mean vector and the covariance matrix of the
asset returns. Therefore the dependence between the asset returns is described by the
linear correlation coefficient. But it is well-known that the classical linear correlation
coefficient is not an adequate measure of dependence between financial assets because

there are nonlinear dependencies between the assets.

Before giving the definition of the copula, the definitions of different dependence
measures will be informative to better understand the relation between the dependence
and copulas.

3.2. Dependence Measures

The notion of independence of random variables is easy to define. Two random

variables X and Y are independent if and only if:

P(X <z andY <y)=P(X <z)P(Y <y) (3.1)

or equivalently

P(X <z|Y)=P(X <12) (3.2)
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In other words, two random variables are independent if the knowledge of an informa-

tion about one of them does not bring any new insight about the other one.

If two random variables are not independent, they are dependent. Two random
variables X and Y are mutually completely dependent if the knowledge of X implies the
knowledge of Y. This mean that there is a one-to-one mapping f such that ¥ = f(X),
almost everywhere. The mapping f is either strictly increasing or strictly decreasing.
In the first case, X and Y are said to be comotonic, in the other case they are said to

be countermonotonic [20].

There exist different methods to measure the dependence between random vari-

ables. In the following sections, these methods will be explained.
3.2.1. Linear Dependence

Linear dependence is measured by the linear correlation coefficient, also called
the Pearson’s product-moment coefficient. Given two random variables X and Y, the
linear correlation coefficient is defined as:

Cov(X,Y)

X,Y) = 3.3
Al ) VVar(X).Var(Y) (3:3)

provided that Var(X) and Var(Y) exist. Cov(X,Y") is the covariance of X and Y.

p(X,Y) is called “linear” correlation coefficient because its knowledge is equiv-
alent to that of the coefficient  of the linear regression Y = X + €, where € is the

residual which is linearly uncorrelated to X. The relation between p and f is:

p=BVVar(X)/Var(Y) (3.4)

The properties of the linear correlation coefficient can be summarized as:



21

e It varies betweeen -1 and 1; —1 < p(X,Y) < 1,
e The linear correlation coefficient is invariant under a monotonic affine change of

variables of the form:

X =aX+0
Y =cY +d

= p(X",Y") = sign(ac)p(X,Y)

The use of the linear correlation coefficient has some advantages and shortcomings

[21]. The advantages are:

e [t is often straightforward to calculate the correlation coefficient,
e Correlation and covariance are easy to manipulate under linear operations,
e [t is a natural measure of dependence for multivariate normal distributions and,

more generally, for multivariate spherical and elliptical distributions.

The shortcomings are:

e The variances of X and Y must be finite or the correlation coefficient cannot be
defined. This is not ideal for a dependence measure and might cause problems
when working with heavy-tailed distributions.

e If the linear correlation between two random variables is zero, it does not mean
that they are independent.

For example given a random variable w uniformly distributed in [0, 27], for the
couple of random variables (U, V') = (cosw, sinw), p(U, V') = 0 although they are
not independent [20].

e The linear correlation coefficient has the serious deficiency that it is not invariant

under nonlinear monotonic transforms. As a consequence, it does not give the

true dependence between random variables.

Since the financial asset returns are far from the normal distribution and have
heavy tails, the use of the linear correlation coefficient to describe the dependence

between assets will have the above drawbacks. It is therefore necessary to look for
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other measures of dependence.

3.2.2. Rank Correlation

A fundamental question for financial risk management is: “Do the prices of two
or more assets tend to rise or fall together?”. A natural way to find an answer to
this question is to compare the probability that they rise (or fall) together with the
probability that one of the two assets rises (respectively falls) while the other one falls
(respectively rises) [20]. The first claim is called concordance, i.e. they move in the same
direction without regarding up or down, the second claim is called discordance, which
is the opposite of concordance. Rank correlation deals with measuring the concordance
of random variables. The two most popular rank correlation measures are Kendall’s

tau and Spearman’s rho.

3.2.2.1. Kendall’s Tau. Let us consider a random sample of n observations from a

n
continuous random vector (X,Y’). There are distinct pairs (X;, Y;) and (X, Y))
2

of observations in the sample, and each pair is either concordant or discordant. Then

an estimate of Kendall’s tau rank correlation coefficient for the sample is given by:

-1

S sign [(X; - X,) (¥ — V)] (3.5)

1<j

>
Il

For a pair of two independent realizations (Xi,Y7) and (X3, Y5) of the same random

variables (X,Y’), the mathematical formulation of Kendall’s tau is:

T =P[(X1 — Xp)(Y1 = Y3) > 0] — P[(X; — X2) (Y1 — Y2) < O] (3.6)

The left term on the right-hand-side gives the probability of concordance while the right

term on the right-hand-side represents the probability of discordance. For continuous
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random variables, Kendall’s tau can be rewritten as:

T =2P[(X; — Xo)(Y1 — Y2) > 0] — 1 (3.7)

From this equation, it can be seen that Kendall’s tau varies between -1 and 1. The
lower bound is reached if and only if the variables (X,Y") are countermonotonic, while

the upper bound is attained if and only if (X,Y") are comotonic.

Given any monotonic mappings Gy and Gy not necessarily linear, one has

Xi>X, & GX(XI) > GX<X2)7

Yi>2Y, & Gy(Y1)>Gy(Ys).

(3.8)

which means that the ranking of the pairs (X;,Y;) does not change under monotonic
transformations. Therefore Kendall’s tau is invariant under monotonic transformation
of the marginal distributions. As a consequence, it only depends on the copula of

(X,Y) [20].

3.2.2.2. Spearman’s rho. Spearman’s rho is defined as the difference between the prob-

ability of concordance and the probability of discordance for the pairs of random vari-
ables (X1,Y;) and (X5,Y3), where the pairs (X1,Y7), (X2,Ys) and (X3,Y3) are three

independent realizations drawn from the same distribution.

Let {(X1,Y1), (X2,Ys),...,(X,, Y,)} denote a random sample of n observations
from a continuous random vector (X,Y’). The sample estimator of Spearman’s rho

ps(X,Y) is defined as:

n

(X, Y) = % > (rank(Xi) - ”; 1> <mnk(m _n ;L 1) (3.9)

=1
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For continuous random variables, Spearman’s rho can be rewritten as:

ps = 3P[(X1 — X5) (Y1 — ¥3) > 0] = P[(X1 — Xo) (Y1 — ¥3) < 0] (3.10)

In fact Spearman’s rho is related to the linear correlation of the rank. Considering
two random variables X and Y with marginal distributions Fx and Fy, Spearman’s

rho equals:

_ COU(Fx(X),Fy(Y))
\/Var(FX(X))VaT(Fy(Y))

Kruskal [22] showed that Kendall’s tau and Spearman’s rho have the following

relation:

3r—1 T2 _27—1
<p < —TEEEl o>
. ’ 27 (3.12)
T 4+27—1 3 < 37';-1’ T < 0
2 i —_ i

Figure 3.1. The relation between Kendal’s tau and Spearman’s rho

To summarize the two rank correlation coefficients, Kendall’s tau and Spearman’s
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rho enjoy the same set of properties:

1. They are defined for any pair of continuous random variables (X,Y"),

2. They are symmetric,

po(X,Y) = py(Y, X) (3.13)
7(X,Y)=7(Y, X) (3.14)

3. They range in [—1, 1],
—1<ps(X,)Y),7(X,Y) <1 (3.15)

4. They equal zero if and only if X and Y are independent.
5. If the pair of random variables (X7, X») is more dependent than the pair (Y, Y2)

in the following sense:
Cx(u,v) > Cy(u,v),Yu,v € [0,1], (3.16)
then the same ranking holds for any of these two measures.
6. If (X,Y) is comotonic, then ps(X,Y) = 7(X,Y) = 1, if they are countermono-

tonic, then ps(X,Y) =7(X,Y) = —1

Any measure of dependence fulfilling these six properties is called a concordance mea-

sure [20].
3.2.3. Tail Dependence
Tail dependence is a weakened form of positive quadrant dependence to focus

on local dependences. For instance, one could wish to focus on the lower left tails

of the asset return distributions to find out whether the joint losses appear to occur
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more likely together than one could expect from statistically independent losses. By

definition, the upper tail dependence coefficient is:
v = hr?_ P(X > Fi'(w)Y > Fy''(u) (3.17)

In other words, given that Y is very large (at some probability level u), the probability
that X is very large at the same probability level u defines asymptotically the upper
tail dependence coefficient \y. Ay can also be interpreted in terms of VaR. Indeed,
the quantiles Fy'(u) and Fy'(u) are nothing but the VaR of portfolios X and Y at
confidence level u if the losses are regarded as positive. Thus the coefficient A\y; provides
the probability that X exceeds the VaR at level u, assuming that Y has exceeded the

VaR at the same probability level, when this level goes to one [20].

Tail dependence is a copula property which will be introduced within this chapter,
i.e. it is independent of the marginals of X and Y. Let C' be the copula of the variables
X and Y. If their bivariate copula has the limit:

1
i o eCwu)
u—1- 1—u u—1- logu

= \u (3.18)

then C' has an upper tail dependence coefficient A\yy. In a similar way, the lower tail

dependence can be defined as:

Ap = lim P (X < F'(w|Y < Fy ' (u)) (3.19)
and if C has the limit:
im S (3.20)
u—0t u

then C' has a lower tail dependence A\j [21].
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3.3. Definition of the Copula

A function C : [0,1]" — [0, 1] is an n-copula (n-dimensional copula) if it enjoys

the following properties:

o Vuel[0,1],C(1,...,Lu,1,...,1) =u,
o Yu, €[0,1],C(uy,...,u,) = 0 if at least one of the u;’s equals zero,
e (' is grounded and n-increasing, i.e., the C-volume of every box whose vertices

lie in [0, 1]" is positive.

For the 2-dimensional case, these properties become:

e C(u,1) =u and C(1,v) = v,Yu,v € [0,1],
e C(u,0) =C(0,v) =0,Vu,v € [0,1],

o C(ug,v9) — C(ug,v1) — Cluy,ve) + C(uy,v1) > 0, for u; < uy and vy < vs.

The following theorem is known as Sklar’s Theorem. It is perhaps the most

important result regarding copulas and is used in essentially all applications of copulas.

Theorem 3.3.1 (Sklar’s Theorem)
Given an n-dimensional distribution function F with marginals Fy, Fs, ..., F, , there

exist an n-copula C : [0,1]" — [0, 1] such that:

F(zy,...,x,) = C(Fi(x1), ..., Fu(z,)) (3.21)

If F\, Fs, ..., F, are all continuous then C'is unique; otherwise C'is uniquely determined
on RanFy x ... X RankF,,, where RanF; is the range of the marginal 1. Conversely,
if Cis an n-copula and Fy, Fs, ..., F, are distribution functions, then the function F

defined above is an n-dimensional distribution function with marginals Fy, Fy, ..., F,.
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Indeed given a multivariate distribution function F with marginals F, I3, ..., F},
for any (u1,us, ..., u,) in [0, 1]™:
C (uny ) = F (F7 ), i () (3.22)

is an n-copula.

Theorem 3.3.2 (Invariance Theorem)
If X1, Xs,...,X,, has copula C, then Y1 = hi(Xy),...,Y, = hn(X,) has the same

copula C, if Y; is an increasing function of X;.

C(Fi(21), -, Fu(wn)) = C(ha(Fi(21)), - - - ha(Fn(2))) (3.23)

By the invariance theorem, it can be seen that the copula is not affected by non-linear

transformations of the random variables.

From the above definitions, it can be seen that a copula is nothing but a multi-
variate distribution function supported in [0, 1]™ with uniform marginals. From Sklar’s
Theorem we see that for continuous multivariate distribution functions, the univariate
marginals and the multivariate dependence structure can be separated, and the depen-
dence structure can be represented by a copula. Thus copulas are very useful models
for representing multivariate distributions with arbitrary marginals. One can model
the marginal distributions of a multivariate distribution and find a copula to capture

the dependence between the marginals.

F(zy,...,2,) =P{Xy1 <a1,..., X, <x,} = C(Fi(x1),..., Fy(zy)) (3.24)

Once we find a copula for a multivariate distribution, we can switch between the

copula and the multivariate distribution environments. Thus working with copulas can



29

be easier than working with multivariate distribution functions. For example if we want
to simulate from a multivariate distribution, we can shift to the copula environment
and simulate from the copula, then we find the corresponding random variates by

transforming them back to the multivariate environment.

Xi Fi(xy)
Random variables ' s Cumulative functions
F (X5, C(E (%), F, (x,))
Multivariate Environment Copula Environment

Figure 3.2. The multivariate and copula environments

Due to the property that copulas are n-increasing, an upper and a lower bound
can be found for any copulas. Choosing us = vy = 1 in 2-increasing inequalities, any

bivariate copula satisfies:

C(u,v) >u+v—1 (3.25)

and since a copula must be non-negative, a lower bound is obtained for any bivariate

copulas:

C(u,v) > max(u +v — 1,0) (3.26)

Similarly, choosing alternatively (u; = 0,v = 1) and (us = 1,v; = 0), an upper

bound is obtained for any bivariate copula:

C(u,v) < min(u,v) (3.27)

Proposition 3.3.1 (Fréchet-Hoeffding Upper and Lower Bounds)

Given an n-copula C, for all uy,...,u, € [0,1], the following relation holds for any
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copula:

max(u; + ... +u, —n+1,0) < Cluy,...,u,) <min(ug,...,u,) (3.28)

3.3.1. Copula Families

There are mainly two families of copulas used for financial applications:

e Elliptical Copulas

e Archimedean Copulas

3.3.1.1. Elliptical Copulas. Elliptical copulas are derived from multivariate elliptical

distributions. The two most important copulas of this family are the normal (Gaussian)
copula and the t (Student’s) copula. By construction, these two copulas are close to
each other in their central parts and become closer in the tails when the number of

degrees of freedom of the t-copula increases [20].

The normal copula is an elliptical copula derived from the multivariate normal
distribution. Let ® denote the standard normal distribution function and ®,, the
n-dimensional standard normal distribution function with correlation matrix p. Then,

the n-dimensional normal copula with correlation p is:

Con(tr, ... uy) = <I>p,n((1>_1(u1), o () (3.29)

whose density can be written as:

(3.30)
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(3.31)

exp (—0.5y" (u)(p~! = Iy(u))

Vel

. 7un)

cp’n(ul, ..

and reads:

., ® Yuy)), I is the identity matrix and |.| is the deter-

(@ (), -

minant. Thus a normal copula is completely determined by its correlation matrix p

[20].
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If X has the stochastic representation:

Xt Yy (3.32)

VX3
where p € R", Z ~ N, (0, X)) is an n-dimensional vector of independent standard normal
random variables and x? is a chi-square distribution with v degrees of freedom, then X

has a multivariate t-distribution with mean p and covariance matrix —*53 for v > 2.

The t-copula is an elliptical copula derived from the multivariate t distribution.
Let T, be the standard t-distribution function with v degrees of freedom and T, ,,, be
the multivariate t distribution function with v degrees of freedom and shape matrix p.

Then the corresponding t-copula is:
Crpw (U1, -y n) = Trpo( T (wn), o, T (un)) (3.33)

The density of the t-copula is:

n N
v4n v n—1 H (1 + %) ’
Cn,p,v(ula . 7un> — 1 I ( 2 ) 1|;£1<2n] k=1 — (334)
] [ (45)] 1+ y’p’1y> 2

Since the t-distribution tends to the normal distribution when v goes to infinity,

the t-copula also tends to the normal copula as v — 400 [20].

v— 400 = sup |Cp,.(u)—Cppn(u)] —0 (3.35)
u€l0,1]™

The description of the t-copula relies on two parameters: the correlation matrix
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p as for the normal copula, and in addition the number of degrees of freedom v. An
accurate estimation of the parameter v is rather difficult and this can have an important
impact on the estimated value of the shape matrix. As a consequence, the t-copula

may be more difficult to calibrate than the normal copula [20].

3.3.1.2. Archimedean Copulas. This copula family includes a very large number of

copulas enjoying a certain number of interesting properties. They allow for a great va-
riety of different dependence structures. In contrast to elliptical copulas, all commonly

encountered Archimedean copulas have closed form expressions [20].

Definition 3.3.1 Archimedean Copula

An Archimedean copula has the following form:

Cuy, ..., un) =@ o(u) + ...+ p(uy,)) (3.36)

for all 0 <wy,...,u, <1 and where ¢ is a function called the generator, satisfying the

following properties:

1. ¢ :[0,1] — [0, 00],

2. p(0) = 00, (1) =0,

3. forallt € (0,1), ¢'(t) <0, i.e. ¢ is decreasing,
4. forallt € (0,1), ¢"(t) >0, i.e. ¢ is conver.

It is not necessary for ¢(0) to be infinite for ¢ to generate a copula. When ¢(0)

is finite, the Archimedean copula generated by ¢ is given by a pseudo-inverse of ¢:

A1(E) = (1), 0<t<p(0) (3.37)

0, t > ¢(0)
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For Archimedean copulas, the complexity of the dependence structure between
n variables, usually described by an n-dimensional function, is reduced and embedded

into the function of a single variable, the generator ¢ [20].

Among the large number of copulas in the Archimedean family, Clayton, Gumbel,
Frank and Ali-Mikhail-Haq copulas are best known. For these four copulas, their

parameter ranges and the generators are given in Table 3.1.

Table 3.1. Parameter ranges and generators of archimedean copulas

Copula Parameter Range o(0)
Clayton [—1,00)\{0} AL
Gumbel 1, 00) (—Int)?
Frank (~o0.00\ {0}~
Ali-Mikhail-Haq ~1,1) In (=240
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3.3.2. Dependence Structure of Copulas

N(0,1)
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Alternative dependence measures to the classical correlation coefficient have been

explained in the previous sections. These were the rank correlation coefficients and two

of them were the Spearman’s rho and the Kendall’s tau. Rank correlation coefficients
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of two random variables X and Y can be expressed in terms of their copula C"

() =4 / Ol 1 (3.38)

ps(C) = 12/ C(u,v)dudv — 3 (3.39)
[0,1]2

T = %arcsin p and ps; = garcsin p holds for any pair of random variables whose
dependence structure is given by an elliptical copula. The parameter p denotes the
linear correlation coefficient, when it exists, of the elliptical distribution associated

with the considered elliptical copula [20].

The generator of an Archimedean copula fully embodies the properties of depen-
dence. As a consequence, Kendall’s tau, Spearman’s rho and tail dependence coeffi-
cients can be expressed in terms of its generator [23]. For a bivariate Archimedean

copulas having generator ¢, Kendall’s tau is given by:

1

r=1+4 / z((tt)) dt (3.40)

For the four bivariate Archimedean family of copulas, the rank correlation coefficients

are given in terms of their parameters in Table 3.2.

Table 3.2. Rank correlation coefficients of archimedean copulas

Copula T ps

Clayton 9%2 complicated

Gumbel QTTI no closed form
Ali-Mikhail-Haq -2 complicated

Dy (z) denotes the “Debye” function: Dy (z) =

83

xr tk
Of wdt



Any Archimedean copula, with a strict generator ¢, (¢(0) = oo, I = p™1),

has a coefficient of upper tail dependence given by:

-1 2
Ay =2 —2lim ¥ 1( 2
=0 o= 1(t)

(3.41)

As a consequence, if ¢7V(0) > —oo, the coefficient of the upper tail dependence is

identically zero. For an Archimedean copula to present tail dependence, it is necessary

that lir% @ V() = —oco. Similarly, the coefficient of lower tail dependence is:
Y
o P (2
A =2 Jim s (3.42)

so that ¢~ (0c0) must be equal to zero in order for an Archimedean copula to have a
non-zero lower tail dependence [20]. In Table 3.3, the coefficients of tail dependences of
the mentioned Archimedean copulas are given. It can be seen that Clayton copula has
no upper tail dependence, while Gumbel copula has no lower tail dependence. Frank

and Ali-Mikhail-Haq copula have none of them.

Table 3.3. Tail dependence coefficients of archimedean copulas

Copula AU AL
Clayton 0 2-1/0
Gumbel 229
Frank 0 0
Ali-Mikhail-Haq 0 0

If (X,Y) has a normal copula with correlation coefficient p, the tail dependence is
zero for all p € [—1,1). In contrast, if (X,Y") follows the t-copula, the tail dependence

coefficient is:
_ 1 — P
A=2Ty1 | Vo+ 14/ —— (3.43)
1+p

where T denotes the survival function. The coefficient is greater than zero for all p > —1
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and it is symmetric in both tails [21]. This means that although the correlation of the

t-copula is zero, it still contains tail dependences.
3.4. Estimation of Copula Parameters
Parameter estimation of a given copula is also called calibration. In this section
some of the most popular techniques which appeared in the statistical literature and
have common use in modeling financial and economic variables will be summarized.

3.4.1. Parametric Estimation

There are two basic parametric methods for copula fitting: Mazimum Likelihood

Method and Inference Functions for Margins Method.

3.4.1.1. Maximum Likelihood Method. Let F' be a multivariate distribution function

with continuous marginals F; and copula C. The density of the joint distribution

function F'is given by:

n

flan,. ) = c(Fy(@), ., Fulza) T filz:) (3.44)

i=1

where f; is the density function of marginal F; and c is the density of the copula given

by:

OC (uy, ..., uy)
e Uy) = 3.45
(s un) ouy ... 0uy, (3:45)
Assume that we have an n-dimensional dataset of length T'; X = {(z%,...,2%)}]_,.

Let 6 = (04, ..., Bn, ) be the vector of all the parameters to estimate, where [3; is the

vector of the parameters of marginal distribution Fj, and « is the vector of the copula
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parameters. Then the log-likelihood function can be written as:

1(6) = Inc(Fi(xh; 8)), .., Fulah B); ) + > ) In(fy(x; 5,)) (3.46)

t=1 =1

The Maximum Likelihood (ML) estimator 6 of the parameter vector ¢ is the one, which

maximizes the log-likelihood function above:

5 = arg mgxxl(é) (3.47)

For this procedure to work properly, the choice of the marginal distributions is
crucial. It is thus appropriate to model each marginal distribution and perform a
first ML estimation of their corresponding parameters. Then, together with the choice
of a suitable copula, these preliminary estimates of the parameters of the marginal

distributions provide useful starting points to globally maximize the log-likelihood [20)].

3.4.1.2. Inference Functions for Margins. The problem with the ML method is that

it is computationally intensive in the case of high dimensions as it requires to jointly
estimate the parameters of the marginals and the parameters of the copula [20]. Also
the dependency parameter of the copula function may be a convoluted expression of
the marginal parameters. Therefore, an analytical expression of the gradient of the
likelihood function might not exist. Only numerical gradients may be computable,

implying a slowing down of the numerical procedure [24].

In the Inference Functions for Margins (IFM) method, the parameters are not
estimated jointly but the parameters of the marginal distributions are estimated sep-
arately from the parameters of the copula. In other words, the estimation process is

divided into the following two steps:

1. Estimating the parameters of the marginal distributions using ML;

2. Estimating the parameters of the copula using the estimated parameters in the
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first step.

For the first step, the log-likelihood functions for the marginals are:
T
L(B) = In(fizh ), i=1,...n (3.48)
t=1

The ML estimator BZ of the parameter vector (3; for marginal 7 is the one which maxi-

mizes ;(5;):

~

B; = arg mﬁaXl(ﬁi) (3.49)

7

For the second step the log-likelihood function of the copula is:

(o) = Z ne(Fy (2t B1), ..., Folal: B); ) (3.50)

t=1

The ML estimator & of the parameter vector o for the copula is the one which

maximizes [(«):

& = arg max [(«) (3.51)

While asymptotically less efficient than the ML method, this approach has the
obvious advantage of reducing the dimensionality of the optimization problem [20].
Also in practice, one has to deal with samples of different lengths. The accuracy of the
IFM method is much better than the ML method, when the size of the intersection of

the marginal samples is small [25].
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3.4.2. Semiparametric Estimation

In parametric methods, it is assumed that the true model belongs to a given
family of multivariate distribution, i.e. a family of copula and families of univariate
marginal distributions. Such a modeling requires a very accurate knowledge of the
true distributions and can lead to bad estimations of the copula parameters if the
marginals are misspecified [20]. Thus, especially when in doubt concerning the uni-
variate marginal distributions, a semiparametric approach may be preferable. Here the
parametric representation is done only for the copula. No assumption is made about

the marginal distributions.

The semiparametric method explained here is called Canonical Mazimum Like-
lihood (CML) method. In this method, the marginal distributions are not modeled
as specific distributions and empirical distributions are used for the marginals. This
method is very similar to [IFM method except for the first step. In CML, the estimation
step is divided into the following two steps:

1. Transforming the dataset X = {(zf,... %)}, into uniform variates U =

{(at,...,a)}" | using empirical distributions.

2. Estimating the parameters of the copula using the estimated uniforms of the first

step.

For the first step, the dataset is transformed into uniforms by:

T
~ 1
Sk k .
u; = Fi(z]) = tg_l Lptory, k=1,....Ts i=1,....n (3.52)

For the second step the log-likelihood function is:

T
l(a) = Zlnc(ﬁﬁ,...,ﬁz;a) (3.53)
t=1
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The ML estimator & of the parameter vector a for the copula is the one which

maximizes [(«):

& = argmax () (3.54)

3.4.3. Nonparametric Estimation

This very first copula estimation method dates back to the work by Deheuvels in
1979. Considering n-dimensional random vector X = (X7, ..., X,,) whose copula is C'
and given a sample of size T, X = {(z¢, ... ,[E%)}thl, a natural idea is to estimate the

empirical distribution function of F' of X as:

T
A 1
t=1

sl

and the empirical marginal distribution functions of X;’s as:

T

A 1

Fi(z:) = = D <oy (3.56)
t=1

Then Sklar’s theorem can be applied to obtain a nonparametric estimation of copula
C. However, even if the marginals of F' are continuous, their empirical counterparts
are not. Thus the estimated copula is not unique. However, a nonparametric estimator
of C' can be obtained defined at the discrete points (%, e ZT") , i €41,2,...,T} [20].

By inverting the empirical marginal distributions one can obtain an empirical copula:

T

N N
C= (T’ N T) =7 Z Lot <oy (ia:T) ooty <o (iniT)} (3.57)
t=1
where x;(k; T) denotes the k' order statistics of the sample (x},... zT).

The empirical distribution function F converges, almost surely, uniformly to the

underlying distribution function F' from which the sample is drawn, as the sample size
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T goes to infinity. This property still holds for the nonparametric estimator defined by

the empirical copula [20].
=20 (3.58)

sup [C' (u) — C (u)

u€f0,1]"

Similarly, the empirical density ¢ of the empirical copula C can be estimated by:

. (il Zn) £, if {&1(i;T), ..., 2 (in; T)} belongs to the sample
c==,...,= | =
T T 0, otherwise
(3.59)

3.5. Copula Selection

In this section, the selection procedure of the copula which best fits to the dataset

will be explained. In general we assume that we have a finite subset of copulas C' =

{Ck}lgkgj(, é c C.
The first thing to be done is to consider the log-likelihood and AKAIKE Infor-
mation Criterion (AIC) values if a parametric estimation was done. The higher the
log-likelihood value and the smaller the AIC value, the better the copula fits to the

dataset. AIC value is calculated as in [26]:
(3.60)

AIC = - 2 x log-likelihood value + 2 x number of estimated parameters

Secondly, If C' corresponds to the Archimedean family, it is sufficient to identify
the generator. Genest and Rivest [27] have developed an empirical method to identify
the copula in the Archimedean case. If C' is an Archimedean copula with generator ¢,

the function K is:
(3.61)




A7

A nonparametric estimate of K is given by:

T
1
=7 D i< (3.62)
t=1
where
1 T
i = D Lot at<al] (3.63)

The idea is to select an Archimedean copula by fitting K (u). Frees and Valdez
28] propose to use a Q-Q Plot of K and K. Since K (u) is a distribution, one could
also define the best copula among C' as the copula which gives the minimum distance

in L2, between K (u) and K (u) [29).

(K, K) = / K (u) — K (u)du (3.64)

In general, If C' corresponds to the general copula families, L? distance between
the empirical copula and theoretical copula can be used for copula selection. We can
choose the copula C, in the subset, which has the minimum of this distance for example

in L? [29]:
1/2

sweer- (5 Elee-4)-a(5)]) o

t1=1 tn=1

This distance may also be used to estimate the vector of parameters w € « of a given

copula C'(u;w):

& — arg min (Z ) — Clusw) 2) v (3.66)
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To conclude, selection of a copula among a subset of copulas can be done consid-

ering the following criterions:

e Log-likelihood values,
e AIC values,

e The distance between the empirical and the theoretical copulas.

3.6. Simulation from Copulas

An important practical application of copulas consists in the simulation of random
variables with prescribed marginals and various dependence structures in order to

perform Monte-Carlo studies. Sklar’s theorem shows that the generation of n random

variables X7,..., X, with marginals F},...  F, and copula C' can be performed as
follows [20]:
1. Generate n random variables uq, ..., u, with uniform marginals and copula C,

2. Apply the inversion method for each u; in order to generate each z;:

z; = F () (3.67)

7

where F, ' denotes the inverse of F}, that is the quantile of F;.

Therefore, the main difficulty in generating n random variables following the
joint distribution F' (z1,...,x,) = C (Fi(z1),..., F.(x,)) lies in the generation of n
auxiliary random variables with uniform marginals and dependence structure given by
the copula C' [20]. In the next section two algorithms are given for generating random
variables from copulas. The first one is specific to elliptical copulas while the second

one can be applied to a wide range of copulas.
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3.6.1. Simulation from Elliptical Copulas

Simulation of random variables whose dependence structure is given by an ellip-
tical copula is particularly simple. The simulation from elliptical copulas is equivalent

to the problem of simulation from elliptically distributed random variables [20].

Simulation of an n-dimensional random vector following an n-dimensional normal

copula with correlation matrix p can easily be performed by the following algorithm:

1. Generate n independent standard normal random variables z = (21, ..., 2,),

2. Find the Cholesky decomposition L of the correlation matrix p such that, p =
LLT, where L is a lower triangular matrix,

3. Set y = Lz,

4. Evaluate x; = ®(y;), i = 1,...,n, where ® denotes the univariate standard nor-

mal distribution function.

To generate an n-dimensional random vector drawn from a t-copula with v degrees

of freedom and shape matrix p, the following algorithm can be performed:

1. Generate n independent standard normal random variables z = (21, ..., 2,),

2. Find the Cholesky decomposition L of the correlation matrix p such that, p =
LLT, where L is a lower triangular matrix,

3. Set y = Lz,

4. Generate a random variable s, independent of z and following a x? distribution
with v degrees of freedom,

5. Set t = \/—Ey,

6. Evaluate z; = T,(t;),, 7 = 1,...,n, where T,, denotes the univariate standard

t-distribution function with v degrees of freedom.

To generate an n-dimensional random vector drawn from a more complicated

elliptical copula, it is useful to say that any centered and elliptically distributed random
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vector X admits the following stochastic representation [20]:

X = RN (3.68)

where N is a vector of centered normal random variables with covariance matrix 3,

and R is a positive random variable independent of N.

3.6.2. Simulation from General Copulas

The second general method is Conditional Distribution Method which is based
on the fact that:

P[Ul < Uy, - . -vUn < un] = P[Un < un|U1 = U1, .. '7Un—1 = un—l]

(3.69)
X P[Ul = Uy, .. .,Un,1 = Unfl]
which gives
P[Ul < Uy, .. -7Un < Un] = P[Un < Un|U1 = Ui, .. -;Un—l = un_l]
X PlUp—1 < Up_1|Uy = w1, ..., Up_o = Uy
[ 1 1| 1 1 2 2] (370)

X P[Ug < U2|U1 = Ul] X P[Ul < Ul]

Therefore applying this reasoning to an n-copula C' and denoting by C} the copula
of the k first variables yields:

O (Ul, e ,Un> = On (un|u1, e 7Un_1) . CQ (u2|u1) 01 (Ul) (371)
_
where
Oy« O O, - .,
Ck(uk\ul, ce ,uk,l) = k k(U1 Uk) (372)

3ul Ce 8%716';6,1(111, e ,uk,l)



o1

As a consequence, to simulate n random variables with copula C| the following

procedure can be applied:

e Generate n uniform and independent random variables vy, ..., v,,
e Set u; = vy,

e Set uy = Cy H(va|uy),

[ J

o Set u, = C; Y vplug, ..o up1)

This algorithm is particularly efficient in the case of Archimedean copulas. But
for large dimensions, the inversion of the conditional copulas can become intractable.

Thus simulating from elliptical copulas is much easier than from Archimedean copulas

[20].

3.7. Empirical Results for Copula Fitting

As an application, different copulas were fitted to a dataset of stock prices. The
fitting was performed for stock portfolios of two, three, four, five and 10 stocks. The
stocks are traded in New York Stock Exchange (NYSE) and the data include the
adjusted daily closing prices of 15 stocks between 16/09/2002-18/09/2007. Therefore
the data consists of five years’ (1261 data points) daily adjusted closing prices. The
stocks were selected from different sectors and industries as much as possible, so as to
minimize the correlation between them and to see how the dependences act between
the stocks, even between quite unrelated ones. The selected stocks and their industries

are given in Table 3.4.

The daily logreturns were calculated from the daily adjusted closing prices. The
logreturns can simply be summed to find the future price of a stock. This cannot be

done for arithmetic returns as mentioned before. After transformation we had 1260
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Table 3.4. Stocks from NYSE

Symbol Company Name Sector Industry
BP BP plc Basic Material Major Integrated Oil & Gas
UNP Union Pacific Co. Services Railroads
GM General Motors Co. Consumer Goods Auto Manufacturers - Major
PG Procter & Gamble Co. Consumer Goods Personal Products
MOT Motorola Inc. Technology Communication Equipment
MMM 3M Company Conglomerates Conglomerates
JNJ Johnson & Johnson Healthcare Drug Manufacturers - Major
IBM International Business Machines Corp. Technology Diversified Computer Systems
DIS Walt Disney Co. Services Entertainment - Diversified
MCD McDonald’s Corp. Services Restaurants
DD EI DuPont de Nemours & Co. Basic Materials Agricultural Chemicals
CAT Caterpillar Inc. Industrial Goods Farm & Construction Machinery
DAI Daimler AG Consumer Goods Auto Manufacturers - Major
HON Honeywell International Inc. Industrial Goods Aerospace/Defense Products & Services
T AT&T Inc. Technology Telecom Services - Domestic

data points.

P
7! =log (P ! ) =log(P,) —log(P,—1), i=1,...,15; ;t=1,...,1260 (3.73)
b1

The estimated correlation matrix of the logreturns is given in Table 3.5, rounded
to the third digit. It can be seen that dependence exists among the stock logreturns
although they belong to different industries. The maximum linear correlation is 0.530

between DAI and HON. The minimum is 0.123 between PG and MOT.

A set of copulas was fitted to the joint return distributions of portfolios. The
fitting was done by IFM method. Because of the reasons mentioned before, no filtering

was performed to the data.

CML method was not performed since the empirical distributions are used for
the marginals in CML. However it is well-known that the empirical distributions do

not have enough data in the tails. Nevertheless we performed both CML and IFM
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Table 3.5. Correlation matrix of the stock returns

BP UNP GM PG MOT MMM JNJ IBM DIS MCD DD CAT DAI HON T

BP  1.000 0.376 0.257 0.226 0.216 0.307 0.283 0.285 0.297 0.187 0.390 0.380 0.454 0.354 0.272

UNP 0.376 1.000 0.346 0.306 0.298 0.381 0.262 0.362 0.366 0.277 0.530 0.453 0.454 0.446 0.301
GM  0.257 0.346 1.000 0.201 0.256 0.287 0.186 0.341 0.342 0.282 0.384 0.339 0.513 0.406 0.306

PG 0.226 0.306 0.201 1.000 0.123 0.347 0.366 0.269 0.307 0.274 0.341 0.290 0.321 0.308 0.267

MOT 0.216 0.298 0.256 0.123 1.000 0.275 0.166 0.417 0.396 0.280 0.338 0.312 0.370 0.353 0.313
MMM 0.307 0.381 0.287 0.347 0.275 1.000 0.320 0.393 0.377 0.302 0.490 0.403 0.433 0.408 0.276
JNJ  0.283 0.262 0.186 0.366 0.166 0.320 1.000 0.314 0.319 0.215 0.346 0.278 0.335 0.268 0.283

IBM 0.285 0.362 0.341 0.269 0.417 0.393 0.314 1.000 0.473 0.304 0.473 0.397 0.482 0.516 0.406
DIS  0.297 0.366 0.342 0.307 0.396 0.377 0.319 0.473 1.000 0.325 0.463 0.416 0.483 0.479 0.379

MCD 0.187 0.277 0.282 0.274 0.280 0.302 0.215 0.304 0.325 1.000 0.334 0.277 0.351 0.319 0.248
DD  0.390 0.530 0.384 0.341 0.338 0.490 0.346 0.473 0.463 0.334 1.000 0.455 0.488 0.521 0.380

CAT 0.380 0.453 0.339 0.290 0.312 0.403 0.278 0.397 0.416 0.277 0.455 1.000 0.482 0.472 0.313
DAI 0454 0454 0.513 0.321 0.370 0.433 0.335 0.482 0.483 0.351 0.488 0.482 1.000 0.530 0.441

HON 0.354 0.446 0.406 0.308 0.3563 0.408 0.268 0.516 0.479 0.319 0.521 0.472 0.530 1.000 0.380
T 0.272 0.301 0.306 0.267 0.313 0.276 0.283 0.406 0.379 0.248 0.380 0.313 0.441 0.380 1.000

as a pilot study for a portfolio of five stocks. The risk results were not so different.
Thus we concluded that this was because of the continuity of the empirical distribu-
tions. However we suppose that a parametric approach is superior to a non-parametric

approach.

In TFM method, the first step is fitting the marginal distributions. It is known
that financial data are far from the normal distribution. They are fat tailed and have
high kurtosis. However, to see whether these problems also exist in our dataset, it
was considered as a model to the marginals. In Table 3.6, the parameters of the fitted

normal distributions to the asset returns were given with the log-likelihood values.

The histograms were plotted for each of the stock returns and the fitted normal
models were compared. Since Q-Q plots are very useful tools to see the tails of the
empirical and theoretical quantiles, Q-Q plots were also investigated. The histograms
with the fitted normal lines, and Q-Q plots are given in Appendix B.1. For a final

investigation, y? tests were also performed to test the normality.



Table 3.6. Fitted normal distributions to the stocks returns

Stock Mean SD Log-likelihood

BP  0.000515 0.01288 3,695.328

UNP  0.000602 0.01388 3,601.814
GM  0.000011 0.02297 2,966.869

PG 0.000388 0.00921 4,118.245

MOT 0.000474 0.02379 2,922.678
MMM 0.000425 0.01175 3,811.356
JNJ  0.000200 0.01026 3,982.154

IBM  0.000419 0.01336 3,649.664
DIS  0.000660 0.01607 3,417.077

MCD  0.000811 0.01587 3,432.823
DD  0.000301 0.01307 3,677.692

CAT 0.001141 0.01696 3,349.448
DAI  0.000807 0.01800 3,273.946

HON 0.000761 0.01610 3,415.030
T 0.000598 0.01523 3,484.373




Table 3.7. x? test results for the fitted normal distributions

Stock X2 df p-value
BP 116.191 99 0.114
UNP 163.810 99 4.50e-05
GM  222.698 99 1.62e-11
PG 148.889 99 8.86e-04
MOT 217.778 99 6.56e-11
MMM 185.873 99 2.94e-07
JNJ  223.175 99 1.42e-11
IBM  236.191 99 3.18e-13
DIS 185.714 99 3.05e-07
MCD 180.635 99 1.04e-06
DD 131.587 99 1.59e-02
CAT 134.286 99 1.06e-02
DAI  171.429 99 8.69e-06
HON 155.556 99 2.48e-04

T 245.873 99 1.72e-14

25
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As it can be easily seen from the histograms and the fitted normal distributions,
the return distributions are far from normal. Especially in the Q-Q plots, the heavy
tails can be easily observed. Also in y? tests, all the fitted normal models were rejected
at five per cent level except BP. This is because BP has less outliers than the other
stocks. But in the Q-Q plot, the non-normality and heavy tails of BP can also be easily

seel.

Since the normal distribution was found to model the asset returns inadequately
especially in the tails, as expected before, other distributions were considered for mod-
eling the asset returns. t-distribution is one of the candidates for the marginals since
it has fatter tails which can capture the extreme returns. The other candidate is the
Generalized Hyperbolic Distribution (GHD). In the following a short description of the
t-distribution will be given. GHD will be explained with more details.

A random variable which follows a t-distribution with v degrees of freedom has
the stochastic representation:

=Yy (3.74)

NG
where Z is a random variable following the standard normal distribution and s has a
x? distribution with v degrees of freedom. The pdf of the t-distribution with v degrees

of freedom is:

<1+1‘_2)_< 2 (3.75)

Generalized Hyperbolic Distribution (GHD) was introduced by Barndorff-Nielsen
in 1977 [30] in his work, where he studied the mass size distribution of wind blown sand

particles. The facts about GHD in this section follow [12].

GHD is a mean-variance mixture of a normal distribution with the Generalized

Inverse Gaussian (GIG) distribution. It allows representation of the skewness and
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kurtosis, and its tails tend to be heavier than those of the normal. We can use the

same formulations for the univariate GHD simply by setting d = 1 and X = o2,

Definition 3.7.1 Generalized Hyperbolic Distribution

The random variable X is said to have a multivariate GHD if:

X=p+Wy+VWAZ (3.76)
where
1. Z ~ Ni(0, I)
2. A € R¥* is a matriz,
3. and vy are parameter vectors in RY
4. W >0 is a scalar-valued random variable which is independent of Z and follows

a GIG distribution.

The density of the GIG distribution is:

Flwihx.¥) = (%) ﬂ(jU(A—_Jl_qp)eXp{_% (2 +ww)} (3.77)

with parameters satisfying:

x>0,v>20, if A<O0
X>0,9>0, if A=0 (3.78)
x=0,9>0, if A>0

If X follows a GIG distribution, it can be written X ~ N~ (\, x, v).

From the definition of GHD, it can be seen that:

X|W ~ Ny(p+ Wr, W) (3.79)
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where ¥ = AA”. This is also why it is called normal mean-variance mixture distribu-
tion. From the mixture definition, we can obtain the expected value and variance of

X as:

EX)=p+EW)y (3.80)

Var(X) = E(W)X + Var(W)yy' (3.81)

when the mixture variable W has finite variance Var(W). If the mixing variable is
W ~ N~ (X, x, ), then the joint density of the d-dimensional GHD in the non-singular

case (2 has rank d) is given by:

Koy (VT G s = i) @ T 7)) e

(VaF = =@ m)

[NJIsH

flas A x, 0, 1, 8, 7) = ex

e,

(3.82)
where ¢ is the normalizing constant:

) @yt (3.33)

(27)? [3)2 K (vX¥)

and |.| denotes the determinant. K),(.) is a modified Bessel function of the third kind.

The parametrization of GHD density can be done in several ways. One of the
mostly used representation is the above (A, x, ¥, u, X, y) parametrization. However
it has a drawback of an identification problem. Indeed GH D4\, x, v, 1, 2,7) and
GHDg(\, x/k, ki, u, kX, kv) are identical for any k& > 0. This problem causes a lot of
trouble in the calibration, where the redundant information causes the algorithm to be
unstable [31]. Thus, the following change of variables is a suitable way for overcoming

this problem:

a=/x (3.84)
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(3.85)

The GHD distribution contains several special cases which are known under spe-

cial names:

1. Hyperbolic Distribution (HD): If A = 1, we get the multivariate GHD whose
univariate marginals are one-dimensional hyperbolic distributions. If A\ = (d +
1)/2, we get the d-dimensional hyperbolic distribution, however its marginals are
not hyperbolic distributions any more.

2. Normal Inverse Gaussian Distribution (NIG): If A = —1/2, then the dis-
tribution is known as Normal Inverse Gaussian (NIG).

3. Variance Gamma Distribution (VG): If A > 0 and x = 0 (or alternatively
A > 0 and @ = 0), then we get a limiting case known as the Variance Gamma
(VG) distribution.

4. Skewed t-distribution: If A = —v/2, x = v and ¥ = 0 (or alternatively a = 0

and A < —2), we get a limiting case which is called the skewed t-distribution.

An important property of GHD is that, they are closed under linear transforma-
tions. If X ~ GHDy(\, x,%,11,%,7) and Y = BX + b where B € R¥*? and b € R¥,
then Y ~ GHDy(\, x,v¥, B+ b, BEB', By) which means that the linear transforma-
tions of GHD still remain in the GHD class. This seems a useful property for portfolio
management. If we set B = w? = (wy,wy,...,wy) and b = 0, then the portfolio

y = wl X is a one-dimensional GHD:

y ~ GHD{(\, x, ¥, w” p, w? Sw, w’) (3.86)

Although this property shows at the first glance the multivariate GHD as being a

nice model for the multivariate asset returns, each marginal return distribution would

have the same parameters A, x and ¢ in this multivariate model. Thus the only different
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parameters would be the location, shape and skewness parameters p, o and  for the
marginals but not the kurtosis parameters. However the marginals should be allowed
to have different kurtosis parameters since it is an important characteristic for the asset
returns. Consequently, GHD was considered as a model only for the univariate asset

returns.

As it was stated before, since the normal distribution was found to model the
asset returns inadequately, the t-distribution and the univariate GHD were considered
as models for the individual asset returns. The parameters of the two distributions were
calibrated by maximizing the log-likelihood functions. In Table 3.8, the log-likelihood
values are given for the three fitted distributions; normal, t and GHD, for the 15 stock

returns.

Table 3.8. Log-likelihood values for normal, t and GHD

Stock Normal (n,,, =2) t (ny, =3) GHD (ny, =5) Which to use?

BP 3,605.328 3,710.487 3,719.542 t
UNP 3,601.814 3,650.921 3,658.346 GHD
GM 2,966.869 3,083.574 3,086.960 GHD
PG 4,118.245 4,152.403 4,152.959 t
MOT 2,922.678 3,083.017 3,083.021 t
MMM 3,811.356 3,916.721 3,916.883 t
INJ 3,982.154 4,058.852 4,063.086 GHD
IBM 3,649.664 3,810.663 3,811.292 t
DIS 3,417.077 3,515.138 3,515.374 t
MCD 3,432.823 3,546.553 3,546.580 t
DD 3,677.692 3,741.153 3,741.256 t
CAT 3,349.448 3,421.904 3,422.331 £
DAI 3,273.946 3,325.086 3,328.472 GHD
HON 3,415.030 3,485.854 3,486.730 t
T 3,484.373 3,596.471 3,599.156 GHD

As it can be seen from Table 3.8, the t-distribution and the GHD modeled the
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marginals much better than the normal distribution. Although the GHD has the
highest log-likelihood values of all the stocks, the t-distribution values are very close
to GHD values for 10 stocks. For these stocks, t-distribution will be used since it is
easy to simulate from the t-distribution. However, for the five stocks (UNP, GM, JNJ,
DAI, T), the difference between the t and the GHD is relatively high. Thus for these
five stocks, GHD will be used to model the asset returns. In Table 3.9 and Table 3.10,

the estimated parameters of the asset return distributions are given.

Table 3.9. Parameters of the fitted t-distributions for stock returns

Stock Location Scale df

BP 0.000541 0.0109 7.05
PG 0.000313  0.0075 5.84
MOT  0.000512 0.0155 3.51
MMM  0.000345 0.0082 3.94
IBM  0.000153 0.0085 3.28
DIS 0.000530  0.0113 3.86
MCD  0.000850 0.0111 4.00
DD 0.000229 0.0101 5.03
CAT  0.001326 0.0131 5.26
HON  0.000522 0.0118 4.23

Table 3.10. Parameters of the fitted GHD for stock returns

Stock A Q 7 o ~y

UNP  0.380139 0.989883 —0.002142 0.013706 0.002745
GM  —0.398183 0.577251 —0.001230 0.022872 0.001240
JNJ  —=0.271792 0.724601 —0.000307 0.010315 0.000507
DAI 0.270337  0.949899 —0.000205 0.018014 0.001011

T —0.617913 0.574358  0.000069  0.015250 0.000531

The histograms of the asset returns with the fitted t and GHD lines, and Q-Q

plots are given in Appendix B.2. It can be easily seen from the histograms that the
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t-distribution and the GHD can capture the high kurtosis and fat tails. In Table 3.11,
the results of x? tests are given. According to the table, all the fitted distributions are
acceptable at five per cent level except T. However from the histogram and fitted GHD
line, the fitted GHD for T seems a suitable distribution. Also in Q-Q plot, GHD can
capture the extremes of T. Therefore we accepted the fitted GHD for T.

Table 3.11. x? test results for the fitted t and GHD distributions

Stock X2 df p-value

BP  100.793 99  0.430

UNP  81.111 99  0.904
GM 79.523 99  0.924

PG 112698 99  0.163

MOT 104.285 99  0.338
MMM 100.634 99  0.435
JNJ 92539 99  0.663

IBM  112.063 99  0.174
DIS 93.333 99  0.641

MCD 103.968 99  0.346
DD 81.904 99  0.893

CAT 79.841 99  0.921
DAI 94761 99  0.601

HON 99523 99  0.466
T 130.793 99  0.017

Q-Q plots indicate that the fitted t and GHD models are capable to explain
the extreme returns in the tails. Also y? tests show that the fitted distributions are
acceptable at five per cent level. Thus the t-distribution and the GHD were concluded

to be adequate models for the marginal asset return distributions.

After fitting the marginal distributions, the observations in the dataset were
transformed into the uniform variates by CDF tranformation. Since we do not have a

closed form expression for the CDF of GHD, the transformation is done with numerical



63

integration. Therefore we used the “ghyp” package of the statistical software R [8] and
its built-in functions for this operation. With this transformation the first step of the

IFM method is completed.

After the completion of the first step of the IFM method, a set of copulas was
fitted to the transformed data. The log-likelihood functions of the copulas were maxi-
mized for the portfolios consisting of two, three, four, five and 10 stocks. There were
20 portfolios of two stocks, 10 portfolios of three stocks, four portfolios of four stocks,
three portfolios of five stocks and two portfolios of 10 stocks where the portfolios were

constructed with arbitrarily chosen stocks.

The maximization of the copula log-likelihood for a portfolio consisting of three
stocks is explained below to be an example for the fitting procedure of the t-copula. Let
p be the shape matrix and v be the degress of freedom of the t-copula. p is initialized
as the sample’s Spearman’s rho and v is initialized arbitrarily, i.e v = 5. The elements

of p are:

1 pi2 pis
pP=1|pa 1 po (3-87)

p31 P32 1

where p;; = pj;. Then the log-likelihood function of the t-copula with p and v is:

T
p,v) = Ine(ul, ..., ubip,v) (3.88)

t=1
where c(ul,. .., ul; p,v) is the density of the t-copula given by ¢, ,.(ul, ..., u},) with

the expression in Equation (3.34). We used the “copula” package of the statistical

software R [9, 32] and its built-in functions for the log-likelihood maximizations.

As the dimension increases, the expression of the pdf of the Archimedean cop-
ulas become more complex and thus the pdf is not available due to intensive com-

puting involved in symbolically differentiating the CDF. Therefore the fitting for the
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Archimedean copulas could not be performed for the portfolios of 10 stocks. The results

for two Elliptical and four Archimedean copulas are given in Appendix C.

The results show that the t-copula with the t and GHD marginals seems to be
a proper copula to model the dependencies between the stocks. It is the best fitting
copula according to the log-likelihood and AIC values for all the portfolios and it is the
best according to L? distances for almost all the portfolios. For some of the portfolios
of two stocks, the differences between different models seem to be small. For example,
for the pair UNP-JNJ, there is not a big difference between the normal, t and Frank
copula according to three criterions. L? distance is minimal for the Frank copula
for this stock pair. But the t-copula still has the highest log-likelihood and smallest
AIC values. However these exceptions are very rare and the t-copula is always the
best fitting model according to the log-likelihood and AIC values for all the portfolios

consisting of two, three, four, five and 10 stocks.

To conclude, according to the empirical results the t-copula has a considerable
difference from the other copulas for modeling portfolios. Thus for multivariate finan-
cial returns, especially for portfolios of more than two assets, the t-copula with the t
and GHD marginals seems to be an adequate model to capture the dependencies and

explain the extreme returns of assets.

3.8. Problems with Turkish Data

We also wanted to consider data of Istanbul Stock Exchange (ISE) and see which
dependences exist for Turkish stocks. With this aim five stocks were selected which
were included in the ISE National 100 index between 21/11/2002 and 04/12/2007 so
as to have 1261 data points for closing prices. The daily logreturns were calculated
from these daily closing prices. After the transformation we had 1260 data points of

the logreturns for each stock. The selected stocks and their industries were given in

Table 3.12.



Table 3.12. Stocks from ISE

Symbol Company Name Industry
ARCLK Argelik A.S. Metals
SAHOL Sabanci Holding A.S.  Holdings
TCELL Tiirkcell Technology
THYAO  Tiirk Hava Yollar: Services
TUPRS Tiipras Chemicals

65

The estimated correlation matrix shows that the maximum linear correlation is

0.597 between ARCLK and SAHOL. The minimum is 0.057 between THYAO and

TUPRS.

Table 3.13. Correlation matrix of the stock returns for ISE

ARCLK SAHOL

TCELL THYAO TUPRS

ARCLK
SAHOL
TCELL
THYAO
TUPRS

1.000
0.597
0.191
0.094
0.127

0.597
1.000
0.244
0.116
0.203

0.191
0.244
1.000
0.074
0.093

0.094
0.116
0.074
1.000
0.057

0.127
0.203
0.093
0.057
1.000

The histogram of the returns of ARCLK is given in Figure 3.15. The situation is

interesting because the distributions do not show continuity. The discreteness shows

itself especially around zero. When we increase the number of bins of the histograms,

the picture became clearer. There are many zeros in the middle of the histograms and

also the positive and the negative returns start a bit away from zero. This indicates a

discreteness problem for Turkish stocks. Since the problem seems largest around zero,

the number of zeros in Turkish and New York data (for the first five stocks) is given

in Table 3.14.
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Table 3.14. Zeros in NYSE and ISE

Stock | Number of Zeros Length of the data
BP 10 1260
UNP 14 1260
GM 6 1260
PG 12 1260
MOT 22 1260
ARCLK 171 1260
SAHOL 167 1260
TCELL 165 1260
THYAO 194 1260
TUPRS 205 1260

Table 3.14 explains the reason of the discreteness. The number of zeros in Turkish
data is nearly 10 times larger than the New York data and thus Turkish data are much
more discrete. The reason that leads to many zeros in Turkish data is that, in ISE
the prices are rounded and there is a lower bound for the price movements to increase
or decrease. For example in NYSE, the smallest price movement of a stock is $0.01.
This does not change from stock to stock whatever its price is, i.e. the smallest price
movement for a $60 per share stock is $0.01 and it is the same for a $0.50 per share
stock. Thus the stocks in NYSE show more continuity. But the situation is different
in ISE.

In ISE, the smallest price movements occur according to the price interval of the
stocks. The minimum movements of the stocks according to the price intervals are

given in Table 3.15

According to this rule, a 3.5YTL stock can move at least 0.02YTL up or down.
But a 12YTL stock can move at least 0.1YTL up or down. Because of these movement

restrictions the prices are rounded and this causes the discreteness of the data.
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Table 3.15. Price movements in ISE

Price Interval Movement

0.00-2.50 0.01
2.50-5.00 0.02
5.00-10.00 0.05
10.00-25.00 0.1
25.00-50.00 0.25
50.00-100.00 0.5
100.00- 1

In Figure 3.17, the empirical copula is given for a stock pair, ARCLK and SAHOL.
Since there are many zeros, the empirical cumulative distribution suddenly increases
at zero and the copula also becomes discrete. This situation is the same for the other

stock pairs.
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Figure 3.17. Empirical copula of ARCLK and SAHOL

To be able to fit copula to the Turkish data, this discreteness issue has to be
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fixed. Some noise can be added to the data to make them more continuous. But it
would possibly destroy the underlying dependence. Thus we concluded that Turkish
data are not proper for copula fitting because of the marginal fitting problems. Other
approaches like Extreme Value Theory (EVT) might be considered for assessing the tail
risks. In her Ph.D. thesis, Unal [33] worked with calculating VaR and ES for Turkish
stocks using EVT.
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4. MODERN PORTFOLIO RISK SIMULATION

The classical risk calculation methods assume normality of returns or use the
historical data of returns. The main classical model for risk calculation is the approx-
imate multinormal model and it is still widely used for the risk calculation of financial
assets because of its nice properties. In fact multinormal model is an adequate model
for the risks at lower levels, i.e. VaRyg5. But for more extreme risks like VaRg g9, it is
not a good model because of its thin tails. Copulas, introduced in Chapter 3, are bet-
ter models for risk estimation because of the ability of combining arbitrary marginals
with a dependence structure to represent the multivariate distributions. Thus we have
a wide range of distributions for the marginals and very different structures for the
dependence between them. So we are able to model the individual asset returns with
heavy-tailed distributions to obtain more realistic models for the asset returns. From
the empirical results found in this study, the t-copula with the t and GHD marginals
seems to be suitable model for the risk calculation for NYSE stocks. Thus we will

analyze this model in detail and call it shortly the “t-t copula model”.

The aim of this chapter is to compare the results of different risk calculation
methods for the single stocks and stock portfolios. For the single stocks, the risks were

calculated by:

e Normal Model
e Historical Simulation

e GARCH process

For the portfolios, the risk calculations were performed by:

e Approximate Multinormal Model
e Exact Multinormal Model (Monte Carlo simulation)
e Historical Simulation

e GARCH process
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e t copula with t and GHD marginals (t-t copula)

4.1. Empirical Results for Different Methods

The risk calculation was performed for five individual stocks and three portfolios
consisting of five stocks. The considered risk measures are VaR and ES at 99 per cent
level and the time horizons for the risk calculations are one, five, 10 and 22 days. 95
per cent level risk results were not given because 95 per cent means one out of 20 days,
which means that our risk estimations will fail more than once a month. But this does
not seem a reasonable time horizon for the extremes, i.e. the extremes should be seen
more rarely. Also as it was stated before, the normal model is a suitable model for the

risk estimations at 95 per cent level.

4.1.1. The Risks of Single Stocks

For the single stocks, the risk calculation was performed for BP, UNP, GM, PG
and MOT. The risk estimates of the single stocks are given with their standard errors
in Appendix D.1. The “%” column is the relative risk of the corresponding methods to
the risk of the approximate normal model. This enables a fast comparison between the
methods. The risks were calculated by Monte-Carlo simulations with 100 repetitions

for each model. The sample size within each repetition is 1000.

For one day, the risk estimates of the historical simulation method are higher
than the risk of the normal model for all the stocks. Thus historical simulation is
able to capture the extreme risks better than the normal model as stated before. But
for GARCH, the risk estimates are smaller than the normal model risks for PG and
MOT. This is because GARCH uses the current variance, i.e. conditional variance, but
normal model uses the sample variance. PG and MOT have lower variances than their
sample variances at the current time. In Table 4.1 the sample and current standard

deviations of 5 stocks are given.
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Table 4.1. Sample and GARCH standard deviations of five stocks

BP UNP GM PG MOT

Sample sd  0.01288 0.01388 0.02297 0.00921 0.02379
GARCH sd 0.01312 0.02178 0.03220 0.00882 0.01644

For multidays, the risk estimates of the historical simulation tend to decrease
compared to the normal risk. This is a validation of that the logreturns are not i.i.d.
normal. Otherwise the sum of the i.i.d normal variates should have still been normal.
The empirical distributions have higher kurtosis than the fitted normal distributions
and they do not have enough data in the tails although they have more extremes than
the fitted normal models. Thus the risk estimates decrease compared to the normal

model estimates as the time horizon increases.

For the GARCH model, the situation is different. The GARCH model estimates
the risks assuming normality given the current variance. So if the stock is in high
volatility period, the classical normal model, which uses the sample variance, underes-
timates the risks. But if the stock is in low volatility period, in this case the classical
normal model overestimates the risks. Thus for multi-days, since it is a dynamic model,
GARCH risks change from stock to stock according to the trend of the volatility. The
estimated daily standard deviations of five stocks are given through Figure 4.1-Figure

4.5. The red lines are the samples’ standard deviations.

To sum up, we can say from these results that in general the normal model
underestimates the risk for one day. But as the time horizon of the risk measures

increases, the normal model tends to overestimate the risk.
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4.1.2. The Risk of Portfolios

Three portfolios consisting of five stocks were used for risk calculation. The
portfolios are the same portfolios which were used in copula fitting examples. These

are:

1. BP-GM-MOT-IBM-HON
2. GM-JNJ-MCD-DD-DAI
3. UNP-PG-MMM-JNJ-DIS

Three sub-portfolios, which include the same stocks with different weights, were
constructed from each of the three portfolios so as to obtain conservative, balanced and
risky portfolios of the same stocks. To determine the risk levels of the sub-portfolios,
the approximate portfolio variances were used. As mentioned before, the variance of
the portfolio according to the approximate multinormal model is:

2 T
0, =w" Xw (4.1)
where w is the weight vector of the assets and ¥ is the covariance matrix of the asset

returns. In Table 4.2 the specifications of the portfolios, i.e. the weights of the stocks

and the approximate portfolio variances, are given.

The risk estimates of different methods for three portfolios are given with their
standard errors in Appendix D.2. The “%” column is the relative risk of the corre-
sponding method to the risk of the approximate multinormal model. The risks were
calculated by Monte-Carlo simulations with 100 repetitions for each method. The

sample size for each repetition was 1000.

4.1.2.1. The Risk for One Day. For one day VaR, all the alternative methods have

higher risks than the approximate normal model for all three portfolios except the exact

simulation method. The exact simulation risks must be less than the approximate risks
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Table 4.2. Portfolio specifications

Sub-portfolio BP GM MOT IBM HON o2

P

Conservative | 0,40 0,15 0,05 0,20 0,20 | 0.000120
First Balanced 0,20 0,20 0,20 0,20 0,20 | 0.000151
portfolio Risky 0,10 0,20 0,40 0,10 0,20 | 0.000213

GM JNJ MCD DD DAI o2

P

Conservative | 0,05 0,40 0,20 0,20 0,15 | 0.000090
Second Balanced 0,20 0,20 0,20 0,20 0,20 | 0.000127
portfolio Risky 0,40 0,10 0,20 0,10 0,20 | 0.000193

UNP PG MMM JNJ DIS O’Z
Conservative | 0,15 0,40 0,20 0,20 0,05 | 0.000059
Third Balanced 0,20 0,20 0,20 0,20 0,20 | 0.000071

portfolio Risky 0,20 0,10 020 0,10 040 | 0.000100

since the approximate risk is an upper bound for the exact risk. Also for the risky sub-
portfolio of the first portfolio, GARCH risk estimate is less than the risk estimate of
the approximate normal model. This is because of that the current variance of MOT is
less than its sample variance and its weights is 0.40 for this portfolio. So the portfolio
is dominated by MOT and GARCH estimate became smaller than the approximate

normal risk.

For the conservative and balanced sub-portfolios of the first portfolio, the highest
risks are given by historical simulation. This might seem inconsistent at the first glance
since it was said that historical data lack of extremes in the tails. But the stocks of these
portfolios have relatively more data in their tails and they dominate these portfolios.
For example 40 per cent of the conservative sub-portfolio of the first portfolio is BP, 20
per cent of it is HON and five percent of it is MOT. The empirical quantiles of these
stocks are smaller than the quantiles of the fitted models. So the historical simulation

results are higher than the t-t copula results. However the difference is not very large.
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Table 4.3. Quantiles of empirical and fitted distributions for the stocks of the first

portfolio
BP GM MOT IBM HON
1% Empirical Quantile -0.033475 -0.060796 -0.068059 -0.034562 -0.046229
Fitted Distribution t GHD t t t

1% Quantile of Fitted Distribution -0.032072 -0.062123 -0.062311 -0.035928 -0.042392

Table 4.4. Sample and GARCH standard deviations for the stocks of the first
portfolio

BP GM MOT IBM HON

Sample sd  0.01288 0.02297 0.02379 0.01336 0.0161
GARCH sd 0.01312 0.03220 0.01644 0.01264 0.01546

For the second portfolio, the highest risks are given by GARCH in the balanced
and risky sub-portfolios. This is again because of the high volatility trend of the
stocks. But contrasts to the first portfolio, t-t copula risks are higher than the historical
simulation risks for all three sub-portfolios. In this case the empirical data are deficient
in the tails and not able to capture the extremes but the fitted marginal models are
able to do so. As it can be seen from Table 4.5, the fitted distributions have quite
similar quantiles. Thus the risk estimates of the t-t copula and historical simulation
are close to each other which can be seen as a validation of that t-t copula reflects the

true dependence between the financial assets.

Table 4.5. Quantiles of empirical and fitted distributions for the stocks of the second

portfolio
GM JNJ MCD DD DAI
1% Empirical Quantiles -0.060796 -0.027357 -0.040821 -0.034656 -0.046626
Fitted Distribution GHD GHD t t GHD

1% Quantile of Fitted Distribution -0.062123 -0.027536 -0.040741 -0.033672 -0.046408
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Table 4.6. Sample and GARCH standard deviations for the stocks of the second
portfolio

GM JNJ MCD DD DAI

Sample sd  0.02297 0.01026 0.01587 0.01307 0.01800
GARCH sd 0.03220 0.00806 0.01715 0.01602 0.02075

For the third portfolio, the highest risks are given by GARCH model for all three
sub-portfolios because of the high volatility trends. Again t-t copula risks are higher
than the historical simulation risks. This again indicates that t-t copula model is able
to capture the extremes more than the historical simulation. However the difference
between the two models is not very large which again indicates that t-t copula model

can reflect the true dependence between the asset returns.

Table 4.7. Quantiles of empirical and fitted distributions for the stocks of the third

portfolio
UNP PG MMM JINJ DIS
1% Empirical Quantiles -0.035964 -0.023498 -0.028558 -0.027357 -0.041328
Fitted Distribution GHD t t GHD t

1% Quantile of Fitted Distribution -0.033134 -0.023477 -0.030640 -0.027536 -0.042671

Table 4.8. Sample and GARCH standard deviations for the stocks of the third

portfolio

UNP PG MMM JNJ DIS

Sample sd  0.01388 0.00921 0.01175 0.01026 0.01607
GARCH sd 0.02178 0.00882 0.01713 0.00806 0.02114

For one day ES, all the alternative methods have higher risks than the approx-

imate normal model for all three portfolios except the exact simulation method and
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the risky sub-portfolio of the first portfolio because of the same reasons with one day

VGRO.gg.

For all sub-portfolios of the first portfolio, the highest risks are given by historic
simulation. This might be expected because the same situation occurred for one day
VaRyg9. This is a result of that the stocks of the first portfolio have relatively more
data in their tails. Also the differences between the risk estimates of the two methods
are relatively higher than the differences of VaRyg9. This is because of that the ES is
related with the returns lower than the VaR. VaR results are close to each other since
the empirical and theoretical quantiles are similar. But since the empirical distributions

have some outliers, historical simulation give higher ES estimates than the t-t copula.

For the second portfolio, the highest risks are given by historical simulation in the
conservative sub-portfolio, by t-t copula in the balanced sub-portfolio and by GARCH
in the risky sub-portfolio. We do not regard GARCH results since we know that it
depends on the current volatility trends. In this case the t-t copula risks are higher
than the historical simulation results for the balanced and risky sub-portfolios. They
are very close to each other for the conservative sub-portfolio. This situation was also

occurred in VaR g9 since the empirical and theoretical quantiles are quite similar.

For the third portfolio, the highest risks are given by the t-t copula for the con-
servative sub-portfolio and by GARCH model for the balanced and risky sub-portfolios
because of the high volatility trends. Again t-t copula risks are higher than the his-
torical simulation risks as in the case of VaR g9, which again indicates that t-t copula

model is able to capture the extremes than the historical simulation.

To sum up the results for one day, all the alternative models give higher risks
than the approximate multinormal model (except exact simulation). GARCH model
generally give the highest risks especially for VaR. But it estimates the risk to be
conditionally normal and thus it does not seem a proper model for one day. The t-t
copula model gives higher or similar risks compared to historical simulation. Also the

differences between the estimates of the two models are not so large. This indicates
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that the t-t copula model is able to capture the extreme returns and it reflects the true
dependence between the assets since the results are relatively closer to each other than
the other models and the true dependence is embedded into the historical data. Thus
the t-t copula model is concluded to be a close to real model and is promising for one

day risk estimation.

4.1.2.2. The Risk for Multidays. For multidays, GARCH gives the highest risks for

the second and third portfolios for both risk measures. For the first portfolio, either
historical simulation or GARCH gives the highest risks. However higher risks do not
mean the true risks. GARCH is a useful tool for modeling long term volatility in
memory but it assumes conditional multinormality for portfolios. Thus the dependence
structure between the assets is again considered to be linear and this is known to be

incorrect. Thus we focus on the results of the historical simulation and the t-t copula.

For the first portfolio, historical simulation results are generally higher than the
t-t copula results for both risk measures. This situation was also occurred for one day
VaRyg9. The reason is that the empirical quantiles are smaller than the theoretical
quantiles and there are some outliers in the empirical data. This reason caused the
historical simulation estimates to be higher than the t-t copula estimates. For the
second and third portfolios, t-t copula results are always higher than the historical
simulation results for both risk measures. However the difference is not very large
especially in the second portfolio. This is because of that for the stocks of the second

and third portfolios, the empirical and theoretical quantiles are quite similar.

An important detail for the t-t copula is that, the selection of the marginal asset
return distributions is very crucial. The more the univariate marginal models capture
the extremes, the more accurate is the risk estimate. For example in the first portfolio,
some of the marginal distributions are not able to capture the extreme outliers. Thus
the historical simulation results are higher than the t-t copula results. Therefore the

care has to be taken for modeling the marginals.
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To sum up the results for multi-days, disregarding GARCH, the t-t copula gave
higher risk estimates than the historical simulation and approximate multinormal
model for almost all the portfolios (and sub-portfolios). This is an indication of ex-
plaining the extreme events. But as for single stocks, as the time horizon increases,
all the risk estimates of all the models, except GARCH, tend to decrease compared to
the approximate multinormal model. This again indicates that approximate multinor-
mal model underestimates the risk for short time horizons. But as the time horizon

increases, it moves towards to overestimate it.

4.1.3. Sensitivity Analysis

We performed three sensitivity analyses to see how the simulation output is sen-
sitive to the input parameters. As mentioned before as the degrees of freedom (df)
increases, the t-copula approaches to the normal copula and the t-distribution ap-
proaches to the normal distribution. Also the df complicates the calibration of the
t-copula. Therefore we performed two sensitivity analyses for the df of the t-copula
of the third portfolio and the df of PG which is included in the third portfolio. Also
we performed a third sensitivity analysis for the correlation coefficient of the t-copula

between two stocks.

The df of the t-copula of the third portfolio is 11.46 and it is 5.84 for PG. The
correlation coefficient for PG-MMM is 0.394. We added +2SF to their estimated values
and calculated the portfolio risk for the conservative weights. The results can be seen
in Figure 4.6 where the sample size is 1000 with 100 replications (100,000 simulations).
The dots are the risk estimates and the lines are the confidence intervals for the risk

estimates. The red dots and lines represent the risks found by the original parameters.

One cay say from Figure 4.6 that the df of the t-copula does not have a significant
effect on the results and the risk is not so sensitive to df since it is relatively high and
the sample is relatively small. Its effect also seems unstable. However the trend of the
risk shows that the risk estimate increases as the df decreases as it should be expected.

But the situation is different for PG. As the df of PG increases, the risk estimate
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decreases significantly. Thus the risk estimate is more sensitive to the df of PG than
the df of the t-copula. The correlation coefficient also has an effect on the risk but it

is not as much as the effect of the df of PG.

o
:
8 | ° =
o
[S] oN
s g
2 | =N
4 X o x ©
© © ©
>3 2 =8
-+ 5 33
S
e} o3 »
S 3
o g -
51 o
5] g
S ©
© ~—
9 10 11 12 13 14 S 50 55 6.0 6.5 036 038 040 042 044
df of the t-copula df of PG o)

Figure 4.6. Sensitivity of the risk to simulation parameters (n = 1,000, 000)

The same analyses were performed by increasing the number of replications to
1000 with the same sample size (1,000,000 simulations). The results are given in Figure
4.7. The effect of the df of the t-copula is more clear and the trend shows itself more
clearly since the sample is relatively larger. However the confidence intervals of the
risks estimates are still large to conclude on the significant effect of the df of the t-
copula for the risk estimate. Again the sensitivity of the risk estimate to the df of PG
is very significant. The correlation coefficient also has relatively significant effect on

the risk estimate but it has still large confidence intervals.
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Figure 4.7. Sensitivity of the risk to simulation parameters (n = 100, 000)

From the results of the sensitivity analyses, we can conclude that the estimated
risk is more sensitive to the marginal distributions rather than the copula especially

for small samples. We know from the copula fitting examples that the t-copula is
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the best fitting copula to the asset returns especially in higher dimensions. Thus, to
estimate accurate risks, we should estimate the parameters of the t-copula accurately
and to achieve this, we should select the true marginal distributions and estimate their
parameters accurately. Therefore the selection of the marginal distributions for the
asset returns is very crucial for the risk calculation and it has a relatively strong effect

on the estimated risks.

Since the t-copula showed that it is a nice tool to model the dependencies between
financial assets, and since the t-distribution and GHD showed that they are very good
models for the univariate asset return distributions, t-t copula is concluded to be a
“close to real model” for the risk calculation of portfolios. Therefore the portfolio risk

calculation by the t-t copula model will be explained in detail in the next section.

4.2. Estimating the Risk of t-t Copula Models

A detailed explanation of the portfolio risk calculation by the t-t copula model

is given in this section.

4.2.1. Naive Simulation

In this study, the t-t copula risk calculations were performed using the algorithm

which is given in pseudo code below. The inputs of the algorithm are:

B = (f1,...,0q4): the parameter vector for d marginal distributions Fi, ..., Fy
(either t or GHD),

p and v: the parameters for the t-copula,

w: the weight vector of the stocks,

Nouter: the number of replications of simulation,

Ninner: the sample size for each simulation,

Ndays: time horizon for risk calculation.
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The outputs of the algorithm are the means and standard errors of the estimated risk

measures (VaRgg9 and ESyg9).

1 INPUT: 3 = (f1,...,0534), pand df, w, Nouters Ninner a0d Ngays

2: fori=1to Touter do

9:
10:

11:

for j =1 t0 e, do
Set ) — 0 fort=1,....d
for k =1 to ngeys do
Generate a d-dimensional t-copula u with parameters p and df

Set ) — 2 4+ F Y (u®,3) for t = 1,...d, where (.)® is the #* entry of

(.) and F," is the inverse of the #** marginal.

end for
. ; d . t)
P =1 = Z .wf\i)ex(
t=1
end for

A7)
7
i - 7 O A Minner % 0.99) - (i) i>(Minner* 0.99)
Sort r, set V G-RG g9 — T and set ESU 90 T T o o0l
o - inner -

12: end for

13: OUTPUT: The means and the standard errors of VaR g9 and ESjgg

Figure 4.8. Naive simulation algorithm for the t-t copula

This naive algorithm was implemented in R and used for portfolio risk calculation

by the t-t copula method. To reduce the error of the estimated risks, variance reduction

techniques (VRT) were also applied to the naive algorithm.

4.2.2. Variance Reduction

The theoretical part of this section mainly follows [16].

A simulation can be regarded as a function which inputs some values and outputs

one or more values. If there is randomness in the simulation, the output will be different

in each repetition of the simulation. Therefore there will be some noise in the output.

Less noise in the output means more accurate results. VRT try to decrease the noise

of the output of simulations. There are several VRT to reduce the noise of simulation
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outputs. In this study, variance reduction was performed for the t-t copula model using

Antithetic Variates (AV) and Importance Sampling (IS) methods.

4.2.2.1. Antithetic Variates Method. In the AV method, the variance of a simulation

output is decreased using negatively correlated input variables. Suppose that we would
like to estimate p = E[Y] where Y = ¢(X) is the output of a simulation experiment
and the function ¢ describes the operation of a single simulation. Suppose that we have

generated two samples, Y7 and Y;. Then an unbiased estimate of p is given by:

= (12)
and
Vi - YO+ V() + 2000(1,¥9) )

2

The variance of /i can be reduced if we can arrange Y7 and Y5 so that Cov(Y3,Ys) <
0. Y; is the output of the i*® simulation run and thus Y; is a function of the input
random variables X; = (X;1,..., Xi,). We cannot directly control the simulation of Y;
but we can directly control the simulation of the input vector X; for the i** simulation.
For most simulations, the outputs are monotonically dependent on the input variables.
Thus to obtain negatively correlated outputs for Y7, we should use negatively correlated

inputs for Xj.

We can obtain negatively correlated input variables X according to its type:

o If X is U(0,1), then Xo = 1 — X,
o If X is symmetric around 0, then Xy, = — X
e For general X with CDF F(z) and inverse F'~!(u), we generate a uniform random

variate U(0,1) and use X; = F~}(U) and Xy = F~}(1 - U).
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To make a fair comparison between the naive and AV simulations, we should simulate
n/2 correlated pairs (Y7, Y5) for AV. Therefore in total we have n simulations for the

naive and n simulations for the AV.

In the t-t copula method, we can control the simulation of the t-copula. Thus AV
was performed in the t-copula generation step. As mentioned before, a d-dimensional

t-copula is generated as:

where

1=V y~ NOD). s~ (45)
Therefore the calculated risk by the t-t copula simulation is a function of the input
variables X, standard multinormal variates, and x? variates. Thus we can control either
these two variates or both of them. Here we used AV for the multinormal variates since
they are symmetric around zero. So we simply took y, = —y;. We also kept the same
variates s for x? in both simulations. This resulted for the new multivariate ¢ variates
as the negative of the first ones, i.e. t; = —t;. Since the t-copula is generated by
taking the CDF of the multivariate ¢ distribution, the t-copula for AV uses 1 — u, if
the copula was v in the first simulation since the standard t-distribution is symmetric

around zero.

The results are given in Table 4.9 for the balanced sub-portfolio of the first
portfolio for one day VaRyg9 and ESyg9. For the naive simulation, the sample size is
1000 with 100 repetitions. For AV, the sample size is 500 with 100 repetitions since we
should halve the sample size for AV.

From the results, one can say that no variance reduction was reached. However

the CPU time of the AV simulation is only half of the naive simulation. This technique
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Table 4.9. Naive simulation and AV results

VaRg.g9 ESo.99

Method Value SE Value SE CPU time (sec)
Naive 0.02648 0.00024 0.03436 0.00036 3.39
AV 0.02653 0.00025 0.03466 0.00044 1.67

did not reduce the variance but did the running time. Therefore we can double the
sample size and obtain a reduction in the variances of the risk estimates with similar
CPU times. The results are given in Table 4.10. In this case the variances are reduced

and the variance reduction factors (VRF) are :

0.00024 >
VRFyap = ~ 2.56
Vel (0.00015)

0.00036\ >
Frg = ~ 1.91
VEFps (0.00026) )

Table 4.10. Naive simulation and AV results with doubled sample size

99% VaR 99% ES

Method Value SE Value SE CPU time (sec)
Naive 0.02648 0.00024 0.03436 0.00036 3.39
AV 0.02680 0.00015 0.03480 0.00026 3.18

4.2.2.2. Importance Sampling Method. Importance Sampling (IS) is a variance reduc-

tion technique especially useful for rare event simulations. We can simply represent a

simulation as the following integral form:

j=E(Y) = Eylg(X)] = / o(z)f(z)dz (4.6)

where Y denotes the single output of a simulation, z is the d-dimensional vector of input
variables of the simulation, the function ¢ describes the output of a single simulation

run and f(x) is the joint density function of all input variables. A single repetition of
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the naive simulation algorithm for the evaluation of the integral above consists of the

two steps:

e Generate the input variables vector X

e Calculate Y = ¢(X)

The integral above can be also represented for IS as:

j=E(Y) = By[g(X)f(z)] = / 1)1 g2y = / (Xw(@)g(@)dr (A7)

where g(x) is called the IS density and the correction factor w(x) is called weight in
the simulation and likelihood ratio in the statistical literature. A single repetition of

the IS algorithm consists of the following steps:

e Generate the input variable X with density g(x).
— f(=@)
e Calculate Y = q(X)m
IS density g(x) should be selected such that it is possible to generate random
variates with density g(z) and the variance of the estimator is small. It can be shown

that the variance is minimized for:

@)
99 = Tl fo)da

(4.8)

but in practice the denominator is unknown. Also the estimate of IS is unbiased and
has a bounded variance if the IS density ¢g(z) has higher tails than ¢(z)f(x). So the

selection should be done regarding two principles:

e The IS density g(x) should mimic the behavior of |¢(X)f(z)|,
e The IS density g(z) must have higher tails than |¢(X) f(x)|.

In practice the selection of the IS density is a trial and error process guided by these

two general rules.
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For the d-dimensional case, the above integral becomes a d-dimensional integra-

tion. f(z) becomes the product of the d marginal densities if they are i.i.d.

£(a) =] it (4.9

In such a case the IS density is also the product of the marginal IS densities. Thus the

weight becomes:

fz($z)

0i(@0) (4.10)

w(zr) = H

In higher dimensions, i.e. d > 5, even a small difference between f and g may
lead to very small and very large weight values and thus to instable results. Thus care

has to be taken in selecting the parameters of g for higher dimensions.

For our case, IS is performed for calculating F.Sj g9 for the portfolio since it is the
highest risk. The IS is used for the standard normal variates and the y? variates in the
t-copula generation step. For the standard normal variates, the IS density is selected
by shifting the mean zero to a negative value and increasing the variance so as to have
higher tails than the original standard normal densities. The IS density for the normal

variates is in the general form:

9(x) ~ N(pis, 0:5) (4.11)

where ;s and o, was zero and one in the naive simulation. For the x? variates, the IS
density is selected by decreasing the degrees of freedom to increase the probability of

the rare events. Thus the IS density for the y? variates is:

g(x) ~ x*(dfis) (4.12)
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where df;; was the degrees of freedom of the t-copula in the naive simulation. After
trying several values for the parameters of the normal and 2 IS densities, the results

were founded to be the best which are given in Table 4.11.

Table 4.11. Naive simulation and IS results

ESo.99
Method Value SE
Naive 0.03436  0.00036
IS with normals (u;,=-0.25 ,0;5=1.42) 0.03431 0.00026
IS with x* (df;s=7.5) 0.03449  0.00029

The obtained VRE’s are:

0.00036\ 2
VRFNormal = ( ) ~ 1.91

0.00026

0.00036 >
Fo= ~ 1.65
ViE: (0.00028)
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5. PORTFOLIO OPTIMIZATION

In this section the classical model for portfolio selection will be explained and
how to construct optimal portfolios using the classical model will be illustrated. Then

the copula based portfolio optimization will be introduced.

5.1. Classical Model for Portfolio Optimization

What we call “classical model” is in fact the model used in Modern Portfolio
Theory (MPT). MPT proposes how rational investors will use diversification to opti-
mize their portfolios and how a risky asset should be priced. In the classical model,
the portfolio return is assumed to be the weighted sum of the individual returns of the
portfolio assets. Since the return of an asset is a random variable, the return of the

portfolio is also a random variable with an expected value and a variance.

Markowitz [1] set up a quantitative framework for portfolio selection. In this
framework it is assumed that asset returns follow a multivariate normal distribution.
This means that the return of a portfolio can be completely described by an expected
return and a variance. This framework is called the mean-variance approach. In the
mean-variance approach of Markowitz, the aim of the investor is to minimize the risk
at a given expected return level, or maximize the expected return at a given risk level.

Markowitz explains this situation in his famous paper as:

“_..the rule that the investor does (or should) maximize discounted expected, or
anticipated, returns is rejected both as a hypothesis to explain, and as a maximum to
guide investment behavior. He considers the rule that the investor does (or should)
consider expected return a desirable thing and variance of return an undesirable thing.
There is a rule which implies both that the investor should diversify and that he
should maximize expected return. This rule is a special case of the “expected returns-
variance of returns” rule. It assumes that there is a portfolio which gives both maximum

expected return and minimum variance, and it commends this portfolio to the investor”
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5.1.1. Mathematical Model of the Problem

92

In this section the portfolio optimization problem will be defined as a mathemat-

ical model. Let the parameters and variables of the problem be:

e d: the number of available assets available

e i;: the expected return of asset 7,1 =1,...,d
e 0,;: the covariance between assets ¢ and j, 7 =1,...,dand j =1,...,d
e r: the desired expected return

w;: the weight of asset ¢ in the portfolio, 2 =1,...,d

Then according to the mean-variance model of Markowitz, we get the following

mathematical problem which is referred to as P1:

P1:

We can write Equation (5.1) in vector-matrix notation as w’Yw, where ¥ is the

covariance matrix of asset returns.

The objective of the problem is to minimize the risk of the portfolio which is

measured as the variance. Equation (5.2) ensures the expected return of the portfolio

to be r and Equation (5.3) ensures the sum of the weights to be equal to one. Equation
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(5.4) implies that short-selling is not allowed. Therefore all the currency will be invested

into the portfolio.

P1 is a convex quadratic programming (QP) problem which can easily be solved
by computationally effective algorithms [34]. It is sometimes referred as unconstrained
portfolio optimization problem since there are no additional constraints about the de-
cision variables. The problem can be extended by adding the cardinality constraints
by which one can restrict the minimum and maximum weights for each asset and the
number of assets in the portfolio. Then the problem becomes a cardinality constrained

problem as:

d d
min = Y > ww;oy; (5.5)
i=1j=1
d
st. D owi =7 (5.6)
i=1
d
1=1
d
Sozi=K (5.8)
=1
5e{0,1},  i=1,....d (5.10)

where ¢; and 9; represent respectively the minimum and maximum weight of asset ¢ in
the portfolio. z; is a 0-1 decision variable which takes zero if asset ¢ is not included in
the portfolio and takes one if it is included. K is the number of assets to be included
in the portfolio. In this case the constrained problem is a Mized Integer Quadratic
Programming (MIQP) problem which is a harder problem to solve than the classical

QP. But in this study we will deal only with the unconstrained case.
5.1.2. Different Representations of the Mathematical Model
The problem in mean-variance framework can also be represented by different

models. In the first alternative, the constraint about the expected return is added to

the objective function and it is deleted from the constraint set. This model represents
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the trade-off between the risk and the return [35].

P2:

d d d
min A [Z > wiwjaij] — (1= X)) > wip (5.11)
i=15=1 i=1

d

s.t. S w; =1 (5.12)
i=1

0< w <1, i=1,...,d (5.13)

This optimization problem is referred to as P2. In this model, A = 0 represents
maximizing the expected return, irrespective of the risk involved, and the optimal
solution will involve just the single asset with the highest return. Conversely, A = 1
represents minimizing the risk, irrespective of the return involved, and the optimal
solution will typically involve a number of assets. Values of A satisfying 0 < A < 1
represent an explicit trade-off between the risk and the return, generating solutions

between the two extremes A = 0 and A = 1 [34].

The second alternative model is the opposite of the mean-variance model. In
the mean-variance model, the risk is minimized for a given level of expected return.
However in this second alternative model, the expected return is maximized for a given
level of risk, therefore the expected return term is defined as the objective function
and the risk term is added into the constraint set. The objective can be also defined as
minimizing the negative expected return which is equivalent to maximizing the positive

expected return. This problem is referred to as P3:
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P3:
d
min — > wipy (5.14)
i=1
d
s.t. Yow; =1 (5.15)
i=1
d d
i=1j=
0<w, <1, i=1,....d (5.17)

5.1.3. Efficient Frontier

Every possible asset combination can be plotted in risk-return space, and the
collection of all such possible portfolios defines a region in this space. The line along
the upper edge of this region is known as the efficient frontier. Combinations along
this line represent the portfolios which have the lowest risk for a given level of expected
return. The efficient frontier can be obtained by resolving P1 for varying values of r,
P2 for varying values of A\ or P3 for varying values of ¢q. In other words, the three
problem formulations lead to the same efficient frontiers when varying the parameters
r, A and q respectively. Thus a portfolio that is efficient for one of the three problem

formulations will be also efficient for the other two formulations [36].

Since it is known that the variance is not an adequate risk measure, the mean-
variance framework can be transformed into a mean-risk framework by defining the

objective function as VaR or ES in P1.
5.1.4. Minimum Risk Portfolio
The minimum risk portfolio (MRP) is the one which gives the minimum risk on

the efficient frontier without considering the expected return. The portfolios which

have smaller returns than the return of the MRP can be disregarded since there is
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Figure 5.1. Efficient frontier

always a portfolio with higher return and less risk.

5.1.5. Sharpe Ratio

If there is a benchmark asset such as the risk-free asset, the Sharpe ratio represents
a measure of the amount of additional return (above the benchmark asset) a portfolio

provides compared to its risk. For an asset ¢, the Sharp ratio is defined as:

E(ri) —ry

0;

S = (5.18)
where E(r;) and o; is the expected return and the standard deviation of asset ¢ and
ry is the return of the risk-free asset which is assumed to be constant. E(r;) — ry is
called the risk premium or equity premium. It is the expected excess return of asset ¢
over the risk-free return. The Sharpe ratio is used to characterize how well the return
of an asset compensates the investor for the risk taken. When comparing two assets,
each with the same expected return E(r), against the same benchmark return ¢, the

asset with the higher Sharpe ratio gives more return per the risk taken.
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5.1.6. Tangency Portfolio

The portfolio with the highest Sharpe ratio on the efficient frontier is known
as the tangency portfolio (TP). The combination of the risk-free asset and the TP
produces a larger return that is above the efficient frontier. Under certain assumptions,
the TP must consists of all assets available to investors and each asset must be held in
proportion to its market value relative to the total market value of all assets. Therefore

the TP is often called the market portfolio [35].
5.1.7. Capital Market Line

When the market portfolio is combined with the risk-free asset, the result is the
Capital Market Line (CML). All points along the CML have higher expected returns
than the portfolios on the efficient frontier. The slope of the CML determines the addi-
tional expected return needed to compensate for a unit change in risk. The expression

for the CML is:

Om

E(r,) =r;+ (w) o, (5.19)

where 7, and o, is the expected return and the standard deviation of the portfolio
which consists of the market portfolio and the risk-free asset. In other words, the
CML says that the expected return of a portfolio is equal to the risk-free asset plus a
risk premium, where the risk premium is equal to the market price of risk times the

quantity of risk for the portfolio [35].
5.2. Application of the Classical Model to NYSE Data

As an application, the classical unconstrained mean-variance model (P1) was
applied to NYSE data to find efficient portfolios, i.e. the optimal portfolios for given
levels of expected return. With this aim, five stocks were selected arbitrarily from
NYSE data as candidates to construct a portfolio. The time horizon was assumed to

be one day and no cardinality constraints were used since the aim of the study is not
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to solve a complicated portfolio optimization problem with Markowitz approach. The
aim is to compare the result of the classical Markowitz approach with the results of

the copula based optimization which will be explained in this chapter.

The parameters of the problem were estimated from the sample statistics. Thus
the expected returns were taken as the sample means of the asset returns, and the
covariances between the assets were taken as the sample covariances. In Table 5.1 and

Table 5.2, the estimated expected returns and covariances of the stocks are given.

Table 5.1. Expected returns of five stocks

BP UNP GM PG MOT

E(r) 0.000515 0.000603 0.000012 0.000388 0.000474

Table 5.2. Covariances of five stocks

BP UNP GM PG MOT

BP 0.000166 0.000067 0.000076 0.000027 0.000066
UNP 0.000067 0.000193 0.000110 0.000039 0.000098
GM  0.000076 0.000110 0.000528 0.000043 0.000140
PG  0.000027 0.000039 0.000043 0.000085 0.000027
MOT 0.000066 0.000098 0.000140 0.000027 0.000566

The QP was solved by using the quadratic program solver package “quadprog”
of the statistical software R [10]. The efficient frontier was obtained by resolving P1
for varying values of the expected portfolio return. The expected portfolio return was
varied sequentially between the minimum and maximum expected returns of the indi-
vidual assets since the portfolio return can take the values between these two extremes.
By this method 100 efficient portfolios were obtained. The risks (variances) and the
expected returns of these 100 portfolios were plotted and the efficient frontier was ob-
tained which is given in Figure 5.2. This frontier includes only the efficient portfolios
after the MRP since the portfolios which have smaller expected returns than the return

of the MRP can be disregarded. Using the same efficient portfolios, another efficient
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frontier was obtained by taking the risk as VaR.g9 since it is known that the variance
is not an adequate risk measure as mentioned before. This new frontier was used to

determine the MRP and the TP.
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Figure 5.2. Mean-variance efficient frontier of five stocks
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Figure 5.3. Mean-VaRy g9 efficient frontier of five stocks

The risk-free asset was taken as the 13-week US treasury bill. The 13-week return
data were transformed to daily logreturns. Then the last year’s (252 data points)
average daily logreturn was used as the risk-free return. After transformations, the

daily risk-free return was found to be around 0.00006.
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In the two frontiers, the blue dots indicate the MRP’s and the red dots indicate
the TP’s. The red lines are the CML’s. In Table 5.3, the weights of the assets in
these two portfolios (MRP and TP) are given rounded to the third digit when the risk

measure is taken as ValRRg gg.

Table 5.3. The weights of five stocks in MRP and TP

BP UNP GM PG MOT E(r) 99% VaR

MRP 0.227 0.108 0.005 0.622 0.038 0.000441  0.01807
TP  0.267 0.276 0 0.434 0.023 0.000483  0.01893

The weights of the two portfolios are given as bar charts in Figure 5.4.

[ Winimum Risk Portfolic ® Tangency Portfolio |

0,77 0,622
0,67
0,51 0,434
0,4
Weights
0,31
0,2
017 0,005 0858 0,023
]
BP MP GM PG MOT
Stocks

Figure 5.4. The weights of five stocks in MRP and TP

If we do not take into account the normality assumption, the main disadvantage
of the Markowitz model is that, the number of parameters of the problem exponentially
increases if the asset universe increases. For example if there are n candidate assets for
constructing a portfolio, one needs to estimate n standard deviations for the individual

assets and n(n—1)/2 correlations between the assets which makes n(n+1)/2 parameters
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in total [37]. Thus several practical models were developed which are based on the
Markowitz model. These models are called the General Equilibrium Models (GET)
and the most important one is the Capital Asset Pricing Model (CAPM).

5.3. CAPM

In this section the CAPM will be explained with the main ideas. CAPM is
used in finance to determine a theoretically appropriate required rate of return of an
asset, if that asset is to be added to an already well-diversified portfolio. It has some
assumptions about the market conditions and the investors’ preferences. The reader
is referred to [35] and [37] for the detailed information of CAPM and derivation of the

formulas given in this section.

CAPM separates the risk of individual assets as the systematic and unsystematic
risk. The systematic risk (or the market risk) is common for all the assets in the market
and it cannot be diversified away. It is the risk caused by socioeconomical and political
events. The only risk that can be diversified away is the unsystematic risk which is the

risk associated with individual assets.

CAPM uses a benchmark asset for estimating systematic risks of individual assets.
This benchmark asset is called the market portfolio. The market portfolio is assumed
to include all possible risky investments each of which is weighted with its market
value. In practice, the benchmark asset is generally taken as a market index such as
NYSE composite or S&P500. The systematic risk of an asset is represented by 3 which
is a measure of the sensitivity of individual assets to the market conditions. (3 of the
market portfolio is defined as one. Assets with [ less than one have less systematic
risks where the assets with  higher than one are more risky assets. The 3 coefficient

of an asset is calculated as:

_ Cov(ry, )

Bi = Var(r) (5.20)

where r; is the random variable of the returns of asset i and r,, is the random variable
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of the returns of the market portfolio. A risk-averse investor who makes decisions
based on the mean-variance framework should construct an efficient portfolio using a
combination of the market portfolio and the risk-free asset. All these efficient portfolios
lie on the CML. According to CAPM, the expected return of an individual asset is

calculated by:

E(r;)) =r;+ Bi (E(rm) —r7) (5.21)

where 7 is the return of the risk-free asset and it is assumed to be a constant. This
equation states that the expected return of an asset is a linear function of its index of

systematic risk measured by (.

E(r)

E(7,)

Figure 5.5. Security market line

Equation (5.21) is called the Security Market Line (SML). The expected return
of individual assets will lie on the SML but not on the CML. Only the market portfolio

will lie on both of these lines. The empirical analogue for Equation (5.21) is:

ri =7y + B (rm — 1) + & (5.22)

where ¢; is the error term independent of r,,. This equation is called the Security

Characteristic Line (SCL).
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Figure 5.6. Security characteristic line

The main drawback of CAPM is the normality assumption of asset returns. How-
ever if we remember that the asset universe consists of hundreds of stocks, CAPM is
a nice model for pre-determining the candidate stocks for constructing portfolios, i.e.
stocks with lower (3’s and higher returns. Thus in this study CAPM will be used as
a predetermination tool and the stocks which are selected by CAPM will be used for

portfolio optimization.

5.4. Application of CAPM to NYSE Data

CAPM was applied to NYSE data and the resulting SML is given in Figure 5.7.
The candidate stocks were selected as the stocks which have relatively higher returns
and smaller systematic risks (§ < 1) according to SML. Therefore BP, UNP, PG,
MMM, MCD and T were selected as the candidate stocks to construct the optimal
portfolios. In Table 5.4 and Table 5.5, the estimated expected returns and covariances

of these six stocks are given.

Table 5.4. Expected returns of six stocks

BP UNP PG MMM  MCD T

E(r) 0.000515 0.000603 0.000388 0.000426 0.000812 0.000599
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Figure 5.7. The security characteristic line of NYSE stocks

Table 5.5. Covariances of six stocks

BP UNP PG MMM  MCD T
BP 0.000166 0.000067 0.000027 0.000046 0.000038 0.000053
UNP 0.000067 0.000193 0.000039 0.000062 0.000061 0.000064
PG 0.000027 0.000039 0.000085 0.000038 0.000040 0.000037
MMM 0.000046 0.000062 0.000038 0.000138 0.000056 0.000049
MCD 0.000038 0.000061 0.000040 0.000056 0.000252 0.000060
T 0.000053 0.000064 0.000037 0.000049 0.000060 0.000232

104
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Before applying P1 for the six stocks selected by CAPM, we made some rear-
rangements on it. Firstly the expected portfolio return constraint is changed from
equality to inequality since the solution will be the same in both cases. Because if we
increase the expected portfolio return after the MRP, the risk of the portfolio will in-
crease since the efficient frontier is a non-decreasing curve. Thus the expected portfolio
return constraint will take its lower bound at the optimal solution if it is an inequality
constraint. Also the upper bounds (w; < 1) for the weights are removed from the
model since we have two constraints satisfying the upper bound restrictions, those are
the weights must be non-negative and they must sum to one. Thus a weight can be
at most one (and the others must be zero in this case). By these rearrangements, we

obtain the following model P1” which is a simpler model than P1 to work with:

P1":
d d
min Y Y w;w;044 (5.23)
i=1j=1
d
st D wip = (5.24)
i=1
d
i=1
w; =0,  i=1,....d (5.26)

The efficient frontier was obtained by resolving P1’ for varying values of the
expected portfolio return. Since we do not regard the portfolios which have smaller
expected returns than the return of the MRP, we first found the MRP and then var-
ied the expected portfolio return between the return of the MRP and the maximum
expected portfolio return, by increasing the expected return by 0.00001 at each step.
In Figure 5.8, the efficient frontier is given where the risk measure is taken as VaR 9.
The blue dot indicates the MRP and the red dot indicates the TP. The red line is the
CML. In Table 5.6, the specifications of these two portfolios are given. The weights
are rounded to the third digit. The weights of the two portfolios are also given as bar

charts in Figure 5.9.
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Figure 5.8. Mean-VaR g9 efficient frontier of six stocks

Table 5.6. The weights of six stocks in MRP and TP

BP UNP PG MMM MCD T E(r) VaRg.g9

MRP 0.172 0.051 0479 0.161 0.066 0.071 0.000470 0.01720
TP 0179 0.155 0.212 0.020  0.298 0.136 0.000600 0.01974

Since the TP will change as the risk-free return changes, a lower and an upper
bound were found for the sensitivity of the current solution to the risk-free return.
The current TP will be the same if the risk-free return remains between 0.000053 and

0.000083. Both bounds can be seen in Figure 5.10.

To sum up the results, the first portfolio consists of five arbitrarily selected stocks
and the second portfolio consist of six stocks which were selected according to CAPM.
The MRP of the second portfolio has a higher return and smaller risk than the MRP
of the first one. Thus CAPM gave a better MRP. The expected return of the TP of the
second portfolio is 0.000600 and its VaRy.g9 is 0.01974. These values are 0.000483 and
0.018930 for the fisrt portfolio. We have relatively higher return and higher risk in the
TP of CAPM. But the risk is nearly 0.030 if we expect the same return from the first
portfolio. This shows that the risk-return trade-off is more efficient in CAPM. It is
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needless to say that as we take more candidate stocks, we can construct more efficient
risk-return portfolios using CAPM. However we will use these six stocks in the copula

based portfolio optimization which will be explained in the next section.
5.5. Copula Based Portfolio Optimization

The classical portfolio optimization problem assumes that the portfolio return
is a multivariate normal random variable. Thus the risk of the portfolio, which is
the objective function of the optimization problem, is a deterministic function of the
problem parameters. However it is a well-known fact that the multivariate normal
model is not an adequate model for portfolio risk calculation and the t-t copula model
which was introduced in Chapter 4 is a more realistic model. Therefore one can easily
say that the optimal portfolios which can be found by solving P1’ are not the optimal
portfolios any more. However we can find the true optimal portfolios by changing the
objective function of P1’ by the risk function of the t-t copula model and changing the
approximate expected portfolio return constraint by the exact expected portfolio return
constraint. P1"is a deterministic optimization problem since the objective function and
the constraints have closed form expressions and include no randomness. But in the
copula model, we can find the risk of the portfolio only by “simulation”. Thus the
new problem becomes a stochastic optimization problem. We can write the stochastic
optimization problem by changing the objective term and the expected portfolio return

constraint of P1’ as:

SP1:

min  E (F(wy,...,wg)) (5.27)
d

s.t. log (Z wie”i> >r (5.28)
i=1

d
i=1
w; >0, i=1,....d (5.30)

where F' is the stochastic response function of the t-t copula model whose value can be
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found by simulation. We will refer to this problem as SP1. If we represent the weight

vector as w, then the stochastic response can be written as:

F(w) = f(w) + ¢(w) (5.31)

where f(w) is the deterministic function of F(F(w)) and e(w) is a stochastic function
(or the noise) with E(e(w)) = 0 for all w. Then the optimization problem is to minimize
f(w) subject to the same constraint set. f is called the objective function and F' the
response function. Typically f is not known explicitly, and the optimization method
must work with F. For stochastic simulation optimizations, the response function is

computed from the output quantities of one or many replications of the simulation [38].

What makes simulation based optimization more difficult than the ordinary de-
terministic optimization is its stochastic nature. Banks et al. [39] explain this situation

as:

“Even when there is no uncertainty, optimization can be very difficult if the
number of design variables is large, the problem contains a diverse collection of design
variable types, and little is known about the structure of the performance function.
Optimization via simulation adds an additional complication because the performance
of a particular design cannot be evaluated exactly, but instead must be estimated.
Because we have estimates, it may not be possible to conclusively determine if one
design is better than another, frustrating optimization algorithms that try to move in
improving directions. In principle, one can eliminate this complication by making so
many replications, or such long runs, at each design point that the performance estimate
has essentially no variance. In practice, this could mean that very few alternative

designs will be explored due to the time required to simulate each one”.

There are several methods for optimizing non-linear functions that cannot be
solved analytically. These methods are necessarily iterative in nature and the user
must supply some starting values or initial guesses for the parameters. Many of these

methods use first-order or even second-order derivatives to determine a search direction
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to improve the value of the objective function. However these techniques are totally
deterministic in nature and when applied to problems affected by noise, whether it
be error in measurement or uncertainty in prediction, they are either unable to reach
an optimum at all or they may reach a false optimum. Distinct from derivative-based
search methods is a class of techniques known as direct-search methods. In contrast
to other optimization techniques which require derivative of the objective function to
determine a search direction, a direct-search method relies solely on the value of the
objective function on a set of points. Direct-search methods are used for both de-
terministic and stochastic applications. They are effective techniques in deterministic
applications especially when derivatives are unavailable or are computationally inten-
sive. Also they are robust with respect to small perturbations in the function’s value;

and therefore, they are used often in applications where noise is present [40].

For the copula based portfolio optimization, which is a stochastic optimization
problem, we used the Nelder-Mead Simplex Search (NMSS) algorithm. NMSS is a
direct-search method and was developed in 1965 by Nelder and Mead [41] for uncon-
strained optimization of deterministic functions. However, it has been applied fre-
quently to the optimization of stochastic simulation models [40]. NMSS algorithm
begins with the function’s value on a set of n + 1 points in the parameter space if we
have n decision variables in our problem. This set of points in the parameter space
defines a polytope in R™ which has n+ 1 vertices and is called a simplex. The algorithm
proceeds through a sequence of operations on the simplex to direct it presumably to-
wards a local optimum. Assuming that the problem is a minimization, the algorithm
does this by replacing the worst vertex (the vertex which has the highest objective
value) in the simplex with a new point that has a lower objective value through one
of the following operations: reflection, expansion or contraction. If all of these opera-
tions fail to find a new point to replace the worst point in the simplex, then the entire

simplex shrinks towards the vertex with the lowest objective value [38].

In the following the NMSS algorithm is given from [38] and [40] for minimization
problems. We implemented this algorithm in R to use it for the copula based portfolio

optimization problem.
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Step 1. Initialization: For a function of n parameters, choose n 4+ 1 extreme
points to form an initial n-dimensional simplex. For a simplex of size a, each vertex of

the initial simplex is found by:

T; = XTo + pe; + Z ger, 1=1,...,n (5.32)
k=1(k+1)

where g is the initial starting values of n parameters, e; are the unit base vectors and,

p:ni\/ﬁ<\/n—+1+n_1> (5.33)

a

~ Vi1-1) 5.34
q n¢§< (5.34)
Evaluate the response function F(z;) at each point (vertex) x; of the simplex for

i=1,2,....,n+1.

Step 2. New Iteration: At the start of each iteration, identify the vertices
where the highest, second highest, and lowest response function values occur. Let
Tworsty Tsworst aNd Tpesy Tespectively denote these points, and let Fiorst, Fsworst and

Fyest respectively represent the corresponding observed function values.

Step 3. Reflection: Find z..,;, the centroid of all points other than x,.s:

n
Z Lg
=1

n

(5.35)

Leent =

where x4, ..., x, are the vertices which have smaller objective values than F,,,... Gen-
erate a new point w,.r by reflecting z,ore¢ through zcn,;. Reflection is carried out

according to the following equation, where « is the refection coefficient (a > 0):

xT@f - (1 + a>xcent — QT yorst (536)
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Step 4.a. Accepting Reflection: If Fiy < Fref < Foyorst then replace @,
by Zworst and Go To Step 6.

Step 4.b. Expansion: If I, ;s < Fj.s then the reflection is expanded, with the
hope that more improvement will result by extending the search in the same direction.
The expansion point is calculated by the following equation, where the expansion

coefficient is v (y > 1):

Teap = Vref + (1 = 7)Zcent (5.37)

If Foxp < Fhest, then ey, replaces Tyorse in the simplex; otherwise, the expansion is

rejected and x,.; replaces Tyorst. Go To Step 6.

Step 4.c. Contraction: If F..; > Fguore, then the simplex contracts. If
Frer < Fyorst, then replace x,ef by @yorst before contraction. The contraction point is

calculated by the following equation, where the contraction coefficient is 5 (0 < 5 < 1):

Leont = 5xworst + (1 - B)xcent (538)

If F.ont < Fuorst, then accept the contraction and replace Teont by Zyworse and Go To

Step 6. Otherwise (If F.,,; > Fuorst) the contraction is failed and Go To Step 5.

Step 5. Shrink: The entire simplex shrinks by a factor 6 (0 < 6 < 1), retaining

only xpest. The shrink is performed by replacing each vertex of the simplex by (except

xbest):

T — 0z + (1 — 0)Tpest (5.39)

Evaluate the response function F(z;) at each generated new vertex z; of the simplex.

Go To Step 6.

Step 6. Stopping Criterion: If the stopping criterions are satisfied then STOP
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and output zpes; and Fp.s, otherwise Go To Step 2.

Nelder and Mead [41] used o = 1, v = 2, § = 0.5 and § = 0.5. For the stop-
ping criterion, they computed the standard deviation of the (deterministic) objective
function values over all n + 1 extreme points, and they stopped when the standard

deviation S; dropped below 1078, where:

nt1 1/2
Sy = (Z (f () = f)z/(n + 1)) (5.40)

and

n+1

> f(@i)

f_: =1

5.41
n+1 ( )

In Figure 5.11, the reflection, expansion, contraction and shrink steps of NMSS algo-

rithm is illustrated. The original simplex is shown with a dashed line [42].

NMSS algorithm is used for unconstrained optimization problems but the cop-
ula based portfolio optimization problem is a constrained problem. However, we can
transform this constrained problem into an unconstrained problem by relaxing the con-
straints and penalizing them in the objective term. But with this representation of the
problem (SP1), the equality constraint is hard to satisfy within NMSS algorithm since
the weights might possibly sum over one or below one. Therefore we would possibly
penalize this equality constraint in each step and obtain no optimal (not necessarily
global) solution with this representation of the problem. Thus we transformed SP1
into a problem with inequality constraints which are easier to satisfy when we relax
them. SP1 is a d-dimensional problem and the equality constraint allows us to reduce
the dimension of the problem to d — 1. Because if we kr;ovlv the values of d — 1 decision

variables, we can find the value of the d* one by 1 — Y w;. Therefore if we replace
i=1
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Figure 5.11. Steps of Nelder-Mead simplex search algorithm
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wg by 1 — Z w; in SP1, we will transform SP1 into SP2, which is a d — 1-dimensional

problem, and obtain the following mathematical model with simple calculus:

SP2:

min

E(F(wy,...,wg-1)) (5.42)
s.t. dz_:lwi (et —eld) > e — eld (5.43)
. d-1
Y w1 (5.44)
_1; >0, i=1,...,d—1 (5.45)

Now we can relax the constraints and penalize them in the objective term. If we
represent the left-hand side of the j

constraint as g;(w) and right-hand side of it as
¢; in SP2, then we will have SP3 as

SP3:

min  E (F(wy,

d+1
) = 5 g min 0,g5(0) — ) (5.46)
=1
s.t. >\j>0,j:1,..d—|—1

(5.47)
If the constraint g;(w) > ¢; is not satisfied in SP3, then min (0, g;(w) — ¢;) will become

. w . ]
negative and the positive penalty A; will increase the objective value of the problem

After transformations we have the final mathematical model of the problem which

is an unconstrained stochastic optimization problem. Now we can apply NMSS algo-
rithm for this problem (SP3)

In this study, we used «

2 and # = 0.5 as Nelder and Mead [41]
suggested. d = 0.9 is recommended by Barton and Ivey [43] for optimization of noisy

functions. Therefore we used 6 = 0.9 and found in a few pilot runs that it generally



116

gives better results than 6 = 0.5. Also we did not use the standard deviation for the
stopping criterion. We stopped the algorithm if the difference between the objective
values of the worst and the best vertices of the simplex is smaller than a predetermined
value which we take as 107®. By this stopping criterion, we wanted to guarantee that
our solution in the final simplex would be sensitive to a particular digit. We used
A;j =1 for all j as our objective value will be probably at level 1072, Since essentially
no theoretical results have been proved explicitly for the global convergence of NMSS
algorithm despite its widespread use [42], we used multi-start for the optimizations,
that is we run the same optimization with different initial starting values and selected

the best solution between them.

5.5.1. Empirical Results

We estimate the objective function in SP3 by the t-t copula method which is
introduced in Chapter 4. Thus firstly we fitted the t-copula to the data of the six

stocks. The copula parameters are given in Table 5.7.

Table 5.7. The copula parameters for six stocks (v = 12.40)

BP UNP PG MMM MCD T

BP 0.367 0.227 0329  0.213 0.284
UNP 0.330 0.417  0.304 0.328
PG 0.395  0.319 0.328
MMM 0.345 0.322
MCD 0.284
T

When NMSS algorithm produces a new vertex in the simplex, we have a new
weight vector of the portfolio assets. We input this vector into t-t copula algorithm and
get the risk estimate which is E (F(wy, ..., ws—1)) in SP3. This is one evaluation of the
objective function and lasts nearly 6.5 seconds (for nyyue, = 200 and npper = 1,000).

The lines two-eight of the t-t copula algorithm, which is given in Chapter 4, is not
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affected by the input weight vector and the main part of the running time is expected
to occur between these two lines since this part of the algorithm consists of random
number generations. So if we perform the operations thorough line two-eight at the
beginning of the optimization, we obtain the random numbers for the asset returns
before the optimization and we do not need to perform the same operations at each
function evaluation if we store them into the computer memory. Thus we can use the
same returns when the weight vector is changed by NMSS. In fact we use common
random numbers (CRN) for the asset returns by this method. The only thing left is to
calculate the losses given the weights and the CRN, and estimating the risk. When we
revised the t-t copula algorithm for CRN, the CPU time reduces to about 0.05 second
from 6.5 seconds which means that we speeded up the function evaluation more than

100 times.

The Markowitz efficient frontier is given in Figure 5.8 for the six stocks. If we
calculate the risks of these efficient portfolios by the t-t copula method and plot them
in the risk-return space by their exact portfolio returns, we obtain Figure 5.12. The
black dots are the efficient portfolios found by P1" and the gray dots are their copula

risk-returns.
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Figure 5.12. Efficient frontier for six stocks with copula risk and Markowitz weights

As it can be seen from Figure 5.12, the copula frontier is relatively far from the

normal frontier. However this copula frontier is not the “true” efficient frontier of the
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copula method since we used the weights which we found by solving P1’. In fact by
this plot we just wanted to see how the copula risk-return structure of the efficient
portfolios found by the classical model is different than the original one. Therefore by
solving SP3 with NMSS, we can find efficient portfolios between these two frontiers
which will form the true copula frontier. We performed the copula based optimization

as follows:

e We stored the CRN into the memory using the t-t copula algorithm (n,yse = 200
and Njpner = 1,000),

e We performed a grid search to determine the initial starting points for multi-start,

e We found the MRP by taking the expected portfolio return as zero and solving
SP3,

e We varied the expected portfolio return between 0.00050 and 0.00063 and solved
SP3 to obtain 15 efficient portfolios in total.

We performed the grid search by dividing the five-dimensional hypercube into
equal intervals of length 0.1 and calculating the objective function at their feasible
intersection points. For example a two-dimensional grid search for our problem is
illustrated in Figure 5.13 where each point represents a feasible solution. By this
method, given a level of expected return, we can find the feasible points which satisfy
this return and then select some of them to form the initial starting point. For example
for a specified level of expected return, we selected the first three points which satisfy
the corresponding return and have the smallest risks, and then find the central point of
them as the initial starting point. For the other restarts, we used the first five, 10 and
20 points, and for the fifth restart we used the weights found by the classical Markowitz

model at that return level.

The CPU time for the optimization was about 20 minutes to produce 15 efficient
portfolios. The efficient frontier which was found by solving SP3 is added to Figure
5.12 and given in Figure 5.14. The corresponding part of the frontier is enlarged to see

the difference more precisely in Figure 5.15
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Figure 5.15. Enlarged efficient frontier by copula based optimization

The optimization results are given in Table 5.8 with the specifications of the MRP
and the TP. The weights are rounded to the third digit. The weights of the MRP’s for
both frontiers are given as bar charts in Figure 5.16. The weights of the TP’s are also

given in Figure 5.17.

Table 5.8. Specifications of MRP and TP for the copula based optimization

BP UNP PG MMM MCD T E(r) VaRyg

MRP 0.193 0.083 0.472 0.142  0.066 0.044 0.000473 0.01881
TP 0.189 0.227 0.197 0.005  0.275 0.107 0.000600 0.02131

From the figures we can say that the difference between the weights are not
negligible. Thus the copula based optimization has changed the appearance of the
efficient portfolios. In Table 5.9 the risk and the expected return levels of both frontiers
are given to see how SP3 gave better results than the copula frontier with the classical
Markowitz weights. The first row is the MRP’s and the twelfth row is the TP’s. From

the table one can say that the average improvement is nearly one per cent.
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Figure 5.17. Weights of TP’s in the classical model and the copula based optimization



Table 5.9. Risk and return levels of the classical model and the copula based

optimization
E(r) for P1" VaRgyg E(r)for SP3 VaRyg % improvement
1 0.000470 0.01892 0.000473 0.01881 0.006107
2 0.000500 0.01904 0.000500 0.01890 0.007404
3 0.000510 0.01913 0.000510 0.01900 0.006748
4 0.000520 0.01929 0.000520 0.01913 0.008216
) 0.000530 0.01946 0.000530 0.01931 0.007872
6 0.000540 0.01969 0.000540 0.01950 0.009412
7 0.000550 0.01993 0.000550 0.01976 0.008581
8 0.000560 0.02018 0.000560 0.02000 0.009055
9 0.000570 0.02046 0.000570 0.02028 0.008679
10 0.000580 0.02076 0.000580 0.02059 0.008087
11 0.000590 0.02111 0.000590 0.02094 0.008186
12 0.000600 0.02151 0.000600 0.02130 0.009388
13 0.000610 0.02191 0.000610 0.02171 0.008926
14 0.000620 0.02233 0.000620 0.02217 0.007074
15 0.000630 0.02281 0.000630 0.02265 0.006965

122
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5.5.2. Accuracy of the Results

From the empirical results, we can conclude that we can obtain optimal port-
folios by stochastic optimization with the t-t copula model. However we produced a
sample of asset returns and used this sample to optimize the portfolios. Therefore our
optimization problem became a semi-stochastic (or semi-deterministic) optimization
because of the deterministic sample. Thus it is needless to say that as we produce
another sample, the optimal portfolios will change. For this reason we produced nine
more samples for the asset returns and ran the optimization algorithm for these sam-
ples to obtain 10 different efficient copula frontiers. In Figure 5.18, these 10 frontiers
are plotted where each group corresponds to a return level. The dots in the lower-left

part are the MRP’s and the dashed lines represent the risk-return intervals.
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Figure 5.18. Copula frontiers obtained by 10 different samples

In Figure 5.19 and Figure 5.20, the weights found by 10 optimizations are given
for the MRP’s and the TP’s. The dashed lines are the weights of the individual stocks

found from the classical Markowitz model and the black lines are the means of the
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weights of the individual stocks found from 10 optimizations.
From Figure 5.19, we can say that the weights of BP and UNP are greater than
the Markowitz weights in the copula model and the difference for UNP is relatively

higher. However MMM, MCD and T have smaller weights in the copula model except
MCD in two cases. The weights of PG are approximately the same in both methods.
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Figure 5.19. MRP weights of six stocks found by 10 optimizations
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In Figure 5.20, the weights of BP and UNP are again greater than the Markowitz
weights and the difference for UNP is again relatively higher. The weights of PG,
MMM, MCD an T are smaller than the Markowitz model except a few cases for PG
and MMM.

Since we used relatively small samples for the optimizations, the standard errors
of risk estimates of the optimal portfolios are relatively high and thus the real risk of

an optimal portfolio will be different than its estimation. In Table 5.10, the mean and
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the standard errors of the risk estimates of the optimized portfolios for one efficient
frontier are given. According to the table, one can say that the risk of the efficient
portfolios can deviate nearly one per cent from its mean (u42SE) if we use a sample
of size 200,000 (nouter = 200, Minner=1,000). Therefore we produced a large sample
of size 32,000,000 and calculated the risks of the portfolios which we found by the 10
optimizations. We regard these risks as the “real risks” since the sample is relatively
larger than the samples used for the optimizations. The standard errors of the real risk

estimates of the optimal portfolios will reduce nearly 13 times with this larger sample.

Table 5.10. Risk estimates and their standard errors of the optimal portfolios

Return level VaRgg SE

0 0.01881  0.000095
0.00050 0.01890  0.000091
0.00051 0.01900  0.000091
0.00052 0.01913  0.000092
0.00053 0.01931  0.000093
0.00054 0.01950  0.000095
0.00055 0.01976  0.000095
0.00056 0.02000  0.000097
0.00057 0.02028  0.000101
0.00058 0.02059 0.000102
0.00059 0.02094 0.000105
0.00060 0.02130 0.000112
0.00061 0.02171 0.000115
0.00062 0.02217 0.000116
0.00063 0.02265 0.000119

In Figure 5.21, the real risk-returns for the optimized portfolios are added to
Figure 5.18 to see how the real risks of the optimized portfolios are. The black dots are
the real risk-returns of the optimized portfolios and the red dots are the real risk-returns

of portfolios which are obtained by classical multinormal model. The yellow dots are
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the optimized portfolios (with sample size 200,000) which have the minimum real risks
at each return level. The real risks of the classical model seems to be higher than the
real risks of the optimized portfolios and the portfolios which have the minimum real

risks at each return level generally gave smaller risks in the optimizations.
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Figure 5.21. Real risks of the portfolios of 10 efficient frontiers

In Figure 5.22 the risks of the portfolios obtained by 10 optimizations are plotted
against their real risks. The red dots are the real risks of the classical multinormal
model. According to the plot, the real risks of the classical model are almost always
greater than the real risks of the optimized portfolios which proves that our copula
based stochastic optimization gave reasonable results even with a sample of only size

200,000. However the difference is still small.

We can conclude that, our copula based portfolio optimization gives smaller real
risks than the real risks of the classical Markowitz model. However to obtain “close to
real” optimal portfolios, we should increase the sample size and run the optimization

with this sample (for example with a sample of size 10,000,000), or we should repeat
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the optimization several times and find the close to real frontier within these optimized

portfolios.
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6. CONCLUSIONS

In this study, we used the copula model to construct multivariate return dis-
tributions of stock portfolios for portfolio risk calculation, as an alternative to the
classical portfolio risk calculation methods. Although the classical Markowitz model is
still widely used in risk management because of its nice properties, its drawbacks are
well-known by risk managers. First of all the normality assumption of asset returns
is not realistic since the empirical distributions show that they have fatter tails and
higher kurtosis than the normal distribution. Also it assumes linear dependence which
does not regard the extreme co-movements and non-linear dependencies between as-
sets. Historical simulation has the serious deficiency that there are not enough data
in the empirical tails. GARCH models explain the extreme returns with the change in
the volatility but it assumes conditional normality. These important drawbacks of the

classical methods can be solved by the copula approach.

Copulas are very useful tools for modeling multivariate distributions since one
can model the marginal distributions separately and then find a copula to represent
the dependence structure between them. Thus, it is possible to use a wide range of
univariate distributions for the marginals and several different non-linear dependence
structures to relate them to each other. We fitted different copulas to our dataset
consisting of stock returns from NYSE to model the return distributions of stock port-
folios. We found that the t-distribution and the GHD are very nice models for the
stock returns since they are able to capture high kurtosis and extreme returns in the
tails. The t-copula is found to be the best fitting copula according to the log-likelihood
and AIC values for arbitrarily constructed portfolios of two, three, four, five and 10
stocks . Thus we concluded that the t-copula with t and GHD marginals, which we
called the “t-t copula model”, is an adequate model to represent the portfolio return

distributions.

We simulated from the fitted copulas with Monte Carlo method to generate price

return scenarios for portfolios and calculated the VaR and ES at 99 per cent level
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for different time horizons. We also compared the results of the copula method with
the results of the classical portfolio risk calculation methods; the Markowitz approach,
(known as variance-covariance approach, approximate multinormal model), historical
simulation, Monte-Carlo simulation (with normality assumptions) and CCC-GARCH
process. We found that the t-t copula outperforms the classical models. Also the
results of the t-t copula and historical simulation were quite similar, which can be
seen as a validation that the t-t copula can capture the true dependence between asset
returns since the true dependence is embedded into the historical data. We also realized
that the selection of marginal asset return distributions is very crucial since empirical
quantiles were smaller than the fitted quantiles for some stocks. The sensitivity analyses
also showed that the risk estimates are more sensitive to the parameters of the marginal
distributions than they are to copula parameters, which emphasizes the importance of

marginal distributions.

The classical Markowitz model is used in portfolio optimization problems. How-
ever the optimal portfolio found by this model would not be the true optimal portfolio
since it uses an inadequate model for portfolio risk estimation. Therefore we devel-
oped a model for the copula based stochastic portfolio optimization to find the “true”
optimal portfolios. We selected six candidate stocks from our dataset by CAPM and
used them in the optimization. We implemented NMSS algorithm in R and optimized
the portfolios by minimizing VaRg g9 for different expected portfolio return levels. We
used a semi-deterministic approach by storing the asset returns (200,000 returns) for
the optimizations to speed up the optimization procedure. We repeated the optimiza-
tion for 10 different return samples and calculated the risk of the optimized portfolios
with a sample of 32,000,000 returns. We regarded these risks as the “real risks” since
the sample is much larger than the optimization sample. We found that the real risks
of the optimized portfolios were smaller than the real risks of the optimal portfolios
found by the classical Markowitz model. Thus our copula based optimization gives

acceptable results even with a sample of only size 200,000.

This study can be extended in several ways. The first thing to be done is to

model the distributions of marginal assets with more realistic models. Although the
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t and GHD seem to be adequate, the tails of the return distributions are very crucial
for the risk calculation. Thus, Extreme Value Theory (EVT) can be used to model the
tails of the assets, whereas the center of the distributions is still modeled by the t or
GHD. Also we did not filter our data by GARCH(1,1) since it could possibly destroy
the true dependence. However a realistic filter with jump processes can be used to

filter the univariate data as Harold and Jianping [19] suggest.

Another important extension is possible in the optimization part. We used a
relatively small sample for the optimizations and repeated it 10 times to see how the
optimal portfolios change according to the random samples. We used the larger sample
only for calculating the “real” risks of the optimized portfolios. But the optimization
could be done with a large sample that the optimization results become the true optimal
results. However the NMSS algorithm, which is a direct search method, would possibly
necessitate longer CPU times for this optimization and thus the need for an “exact”

algorithm to solve this stochastic optimization problem arises.
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We can write A = bb! where b is a column vector:
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A is positive semi-definite since v7 Av > 0 for all column vector v:
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B.2. Fitted T and GHD Distributions
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Figure B.17. Histogram and Q-Q plot for the logreturns of UNP
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Figure B.20. Histogram and Q-Q plot for the logreturns of MOT
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Figure B.23. Histogram and Q-Q plot for the logreturns of IBM



Density

Density

30

25

20

18

10

146

q

-+
p——
0.10
|

0.05
1

0.00
I

Sample Quantiles

-0.05

-0.05 0.00 0.05 0.10 10

Returns Theoretical Quantiles
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Figure B.25. Histogram and Q-Q plot for the logreturns of MCD
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Figure B.26. Histogram and Q-Q plot for the logreturns of DD
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Figure B.27. Histogram and Q-Q plot for the logreturns of CAT
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Figure B.28. Histogram and Q-Q plot for the logreturns of DAI

Sample Quantiles
0.00 005
| |

-0.058

f T T 1
-0.05 0.00 0.05 0.10
Returns Theoretical Quantiles
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APPENDIX C: COPULA FITTING RESULTS FOR NYSE

The portfolios which are used in copula fitting examples are referred as:

Portfoliol:
Portfolio2:
Portfolio3:
Portfolio4:
Portfolio5:
Portfolio6:
Portfolio7:
Portfolio8:
Portfolio9:

Portfoliol0:
Portfoliol1:
Portfoliol2:
Portfoliol3:
Portfoliol4:
Portfoliol5:
Portfoliol6:
Portfoliol7:
Portfoliol8:
Portfolio19:
Portfolio20:
Portfolio21:
Portfolio22:
Portfolio23:
Portfolio24:
Portfolio25:
Portfolio26:

GM-DD
PG-DIS
GM-DIS
JNJ-CAT
DIS-CAT
UNP-HON
PG-DAI
UNP-JNJ
MOT-T
MMM-DAI
GM-HON
PG-IBM
MOT-MMM
IBM-HON
HON-T
JNJ-MCD
JNJ-HON
MCD-DD
UNP-DIS
BP-T
BP-MCD-DAI
PG-IBM-DAI
BP-GM-DIS
JNJ-DD-HON
BP-UNP-HON
PG-MMM-IBM

PORTFOLIOS



Portfolio27: DD-HON-T

Portfolio28: MOT-IBM-DD
Portfolio29: BP-MOT-IBM
Portfolio30: DD-CAT-HON

Portfolio31: MMM-DIS-MCD-DD
Portfolio32: BP-MOT-IBM-DD
Portfolio33: MOT-MMM-CAT-HON
Portfolio34: DIS-MCD-DAI-T
Portfolio35: GM-JNJ-MCD-DD-DAI

Portfolio36: BP-GM-MOT-IBM-HON
Portfolio37: UNP-PG-MMM-JNJ-DIS
Portfolio38: UNP-GM-PG-MOT-MMM-JNJ-IBM-MCD-CAT-T
Portfolio39: BP-GM-MOT-MMM-DIS-MCD-DD-DAI-HON-T

AMH: Ali-Mikhail-Haq copula

Llh: Log-likelihood value

Distance: L? distance between the empirical and theoretical copulas

C.1. Copula Fitting Results for Portfolios of Two Stocks

Table C.1. Results of copula fittings for portfoliol

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.395 0.022 106.791 0.239 —211.581
Student-t  0.400/v=6.18 0.025/SFE,=1.34 121.053 0.223 —238.106
Clayton 0.538 0.046 92.106 0.469 —182.212
Gumbel 1.322 0.029 102.242 0.366 —202.484
Frank 2.584 0.182 101.790  0.218  —201.580
AMH 0.846 0.030 101.678  0.301 —201.356
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Table C.2. Results of copula fittings for portfolio2

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.322 0.024 68.960 0.214 —135.921
Student-t  0.332/v=6.50 0.027/SE,=1.35 84.978  0.181  —165.955
Clayton 0.425 0.044 61.157 0.401 —120.314
Gumbel 1.239 0.026 64.848 0.309 —127.695
Frank 2.117 0.179 70.268 0.220 —138.536
AMH 0.742 0.040 68.206 0.254 —134.412

Table C.3. Results of copula fittings for portfolio3

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.367 0.023 91.465 0.264 —180.930
Student-t  0.376/v=8.09 0.025/SFE,=2.08 101.294  0.250 —198.587
Clayton 0.481 0.044 75.610 0.471 —149.219
Gumbel 1.286 0.027 88.964 0.380 —175.928
Frank 2.428 0.180 92.178 0.251 —182.357
AMH 0.786 0.033 88.811 0.299 —175.622

Table C.4. Results of copula fittings for portfolio4

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.288 0.025 54.576 0.190 —107.152
Student-t  0.291/v=8.85 0.027/SE,=2.56 61.845 0.185 —119.690
Clayton 0.319 0.041 40.569 0.409 —79.139
Gumbel 1.217 0.025 58.211 0.213 —114.421

Frank 1.751 0.175 49.932 0.220 —97.864

AMH 0.646 0.047 47407  0.262 —92.814




Table C.5. Results of copula fittings for portfoliob

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.429 0.021 128.871 0.228 —255.743
Student-t 0.437/v=>5.37 0.025/SE,=0.97 150.579  0.201  —297.158
Clayton 0.584 0.047 106.330  0.455 —210.661
Gumbel 1.373 0.030 131.748  0.382 —261.496
Frank 2.857 0.183 123.136 0.256 —244.272
AMH 0.870 0.025 121.992  0.274 —241.985

Table C.6. Results of copula fittings for portfolio6

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.470 0.020 158.304  0.226 —314.608
Student-t  0.480/v=9.11 0.022/SFE,=2.55 166.477  0.212 —328.953
Clayton 0.682 0.049 135.331 0.564 —268.661
Gumbel 1.409 0.031 142.090  0.396 —282.180
Frank 3.266 0.186 157.940 0.177 —313.880
AMH 0.916 0.020 151.257  0.407 —300.515

Table C.7. Results of copula fittings for portfolio7

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.341 0.024 77.935 0.259 —153.871
tudent-t  0.360/v=7.70 0.026/SE,=1.80 90.219 0.215 —176.438
Clayton 0.460 0.045 68.296 0.457 —134.592
Gumbel 1.262 0.027 72.144 0.367 —142.287
Frank 2.332 0.179 85.141 0.230 —168.282

AMH 0.774 0.035 81.925  0.278 —161.849
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Table C.8. Results of copula fittings for portfolio8

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.278 0.025 50.552  0.206 —99.104
Student-t  0.283/v=19.33 0.026/SFE,=10.12 52.857  0.201 —101.715
Clayton 0.321 0.041 39.495  0.405 —76.989
Gumbel 1.191 0.024 44.384  0.307 —86.767
Frank 1.748 0.173 51.046  0.189 —100.091
AMH 0.651 0.046 49.849  0.223 —97.699

Table C.9. Results of copula fittings for portfolio9

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.324 0.024 69.988 0.192 —137.975
Student-t  0.326/v=6.79 0.027/SE,=1.58 82.217  0.186 —160.433
Clayton 0.385 0.043 54.351 0.432 —106.701
Gumbel 1.248 0.026 71.568 0.263 —141.136
Frank 2.038 0.178 65.796 0.197 —129.593
AMH 0.723 0.041 63.328 0.257 —124.656

Table C.10. Results of copula fittings for portfoliol0

Copula  Parameter(s) SE Llh Distance AIC
Normal 0.460 0.020 151.345 0.229 —300.690
Student-t  0.475/v=6.07 0.023/SE,=1.20 169.998 0.205 —335.996
Clayton 0.644 0.049 117.032 0.563 —232.063
Gumbel 1.414 0.031 154.284 0.367 —306.569

Frank 3.183 0.185 150.820 0.229 —299.640

AMH 0.886 0.023 139.506  0.402 —277.013
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Table C.11. Results of copula fittings for portfolioll

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.418 0.021 121.922 0.196 —241.843
Student-t  0.421/v=9.56 0.024/SFE,=3.00 128.304  0.188 —252.607
Clayton 0.561 0.046 100.214 0.484 —198.429
Gumbel 1.338 0.029 112.679  0.316 —223.357
Frank 2.704 0.181 113.134 0.224 —224.267
AMH 0.856 0.028 110.047 0334  —218.095

Table C.12. Results of copula fittings for portfoliol2

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.301 0.025 09.983 0.260 —117.966
Student-t 0.328/v=5.35 0.027/SFE,=0.92 82.447  0.214 —160.894
Clayton 0.409 0.045 53.954  0.395 —105.909
Gumbel 1.231 0.026 61.998 0.344 —121.996
Frank 2.070 0.179 67.014 0.231 —132.028
AMH 0.733 0.041 64.888 0.241 —127.775

Table C.13. Results of copula fittings for portfoliol3

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.319 0.024 68.470 0.245 —134.941
Student-t  0.330/0v=9.51 0.026/SFE,=2.88 75.720 0.225 —147.441
Clayton 0.370 0.043 48.980 0.499 —95.960
Gumbel 1.245 0.026 68.638 0.324 —135.277
Frank 2.110 0.177 71.257 0.203 —140.515

AMH 0.727 0.040 66.992  0.280 —131.985




Table C.14. Results of copula fittings for portfoliol4

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.484 0.019 169.457  0.216 —336.914
Student-t  0.477/v=3.94 0.025/SFE,=0.59 202.614  0.250 —401.229
Clayton 0.755 0.051 147.311 0.376 —292.623
Gumbel 1.437 0.031 175.146  0.358 —348.291

Frank 3.144 0.185 146.419  0.275 —290.838

AMH 0.946 0.018 151.071 0.310 —300.141

Table C.15. Results of copula fittings for portfoliol)

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.382 0.022 100.362 0.193 —198.724
Student-t  0.396/v=4.55 0.026/SE,=0.69 130.706 0.174 —257.412
Clayton 0.525 0.046 85.515 0.428 —169.031
Gumbel 1.322 0.028 109.363  0.285 —216.727
Frank 2.518 0.181 96.910 0.228 —191.820
AMH 0.830 0.032 94.496 0.289 —186.992

Table C.16. Results of copula fittings for portfoliol6

Copula  Parameter(s) SE Llh  Distance  AIC
Normal 0.226 0.026 33.182 0.190 —64.364
Student-t  0.234/v=8.54 0.028/SFE,=2.31 41.291 0.177 —78.582
Clayton 0.268 0.040 30.020 0.315 —58.039
Gumbel 1.156 0.023 31.324 0.234 —60.648
Frank 1.421 0.174 33.383 0.216 —64.767

AMH 0.560 0.054 32.282 0.221 —62.564
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Table C.17. Results of copula fittings for portfoliol7

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.279 0.025 51.345 0.190 —100.689
Student-t 0.290/v=5.78 0.028/SE,=1.09 69.584  0.175  —135.167
Clayton 0.383 0.043 52.312 0.299 —102.624
Gumbel 1.200 0.025 51.593 0.272 —101.186
Frank 1.750 0.176 49.660 0.216 —97.319
AMH 0.693 0.047 51.091 0235  —100.182

Table C.18. Results of copula fittings for portfoliol8

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.364 0.023 89.849 0.272 —177.699
Student-t 0.375/v=9.19 0.025/SE,=2.78 96.522  0.251  —189.044
Clayton 0.453 0.045 68.117 0.521 —134.233
Gumbel 1.289 0.027 85.226 0.398 —168.452
Frank 2.442 0.180 93.423 0.217 —184.846
AMH 0.784 0.034 87.350  0.294  —172.700

157



158

Table C.19. Results of copula fittings for portfoliol9

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.377 0.023 96.742 0.203 —191.484
Student-t  0.388/v=7.53 0.025/SE,=1.80 108.310 0.183 —212.620
Clayton 0.466 0.044 73.503 0.508 —145.006
Gumbel 1.310 0.028 99.059 0.307 —196.117
Frank 2.496 0.181 96.655 0.190 —191.311
AMH 0.790 0.033 90.028 0.293 —178.056

Table C.20. Results of copula fittings for portfolio20

Copula  Parameter(s) SE Llh  Distance AIC
Normal 0.277 0.025 50.257 0.187 —98.514
Student-t 0.279/v=6.92 0.028/SE,=1.55 63.350 0.191 —122.700
Clayton 0.305 0.041 36.877 0.368 —71.753
Gumbel 1.207 0.025 D7.578 0.254 —113.156

Frank 1.696 0.175 46.803 0.200 —91.607

AMH 0.635 0.048 45.173  0.208 —88.347
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C.2. Copula Fitting Results for Portfolios of Three Stocks

Table C.21. Results of copula fittings for portfolio21

Copula  Parameter(s) SE Llh Distance AIC
Normal Prorm SEporm 232.535  0.249  —459.069
Student-t  p/v=11.20 SE, /SE,=2.40 246.704 0.232 —485.407
Clayton 0.403 0.027 163.124 0.636 —324.248
Gumbel 1.240 0.018 165.275 0.543 —328.551
Frank 1.938 0.115 166.488 0.402 —330.976
AMH 0.555 0.055 29.906 4.502 —57.812

Table C.22. pyorm, SE,,,... pr and SE, for portfolio2l

P12 P13 P23
Prorm 0.204 0.447 0.365
SEpmm 0.026 0.021 0.023

Pt 0.218 0.447 0.366
SE,  0.028 0.022 0.025




Table C.23. Results of copula fittings for portfolio22

Copula  Parameter(s) SE Llh  Distance AIC
Normal Prorm SEporm 248.938  0.246  —491.876
Student-t  p,/v=6.66 SE,, /SE,=0.90 287.727 0213  —567.455
Clayton 0.489 0.029 202.399 0.608 —402.798
Gumbel 1.285 0.019 218.224 0.536 —434.447
Frank 2.332 0.120 221.739 0.316 —441.478
AMH 0.733 0.041 64.888 4.852 —127.775
Table C.24. puorm, SE,,.... pr and SE,, for portfolio22
P12 P13 P23

Prnorm  0.301  0.341 0.463

SE,.... 0.024 0.023 0.020

Pt 0.330 0.357 0.460

SE,, 0.027 0.026 0.023

Table C.25. Results of copula fittings for portfolio23
Copula  Parameter(s) SE Llh  Distance AIC

Normal Prorm SE,. 167.350 0235  —328.699
Student-t  p,/v=9.28 SE, /SE,=1.69 187.818 0.215 —367.636
Clayton 0.355 0.026 130.604  0.545  —259.207
Gumbel 1.229 0.017 164.703 0.421 —327.405
Frank 1.827 0.116 147.156 0.331 —292.313
AMH 0.608 0.052 37.980 5.105 —73.960
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Table C.26. pnorm, SE,,,.... p+ and SE, for portfolio23

P12 P13 P23
Prorm  0.259  0.294 0.368
SE,... 0.025 0.025 0.023
Pt 0.251 0.295 0.374
SE 0.028 0.027 0.025

Table C.27. Results of copula fittings for portfolio24

Copula  Parameter(s) SE Llh  Distance AIC
Normal Prorm S Erorm, 301.306  0.225  —596.612
Student-t  p;/v=6.89 SE;/SE,=0.95 340.914  0.199 —673.828
Clayton 0.525 0.029 231.703  0.587  —461.406
Gumbel 1.302 0.019 236.317  0.558 —470.635
Frank 2.403 0.120 234.600  0.368 —467.201
AMH 0.804 0.035 80.085 4.960 —158.170

Table C.28. prorms SEnorm, pr and SE; for portfolio24

P12 P13 P23
Prorm  0.347 0.279 0.533
SE.orm 0.023  0.025 0.018
Pt 0.340 0.293 0.543
SE, 0.026 0.027 0.020
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Table C.29. Results of copula fittings for portfolio25

Copula  Parameter(s) SE Llh Distance AIC
Normal Prorm SE,orm 286.742 0.221 —567.485
Student-t  p,/v=890 SE;/SE,=1.57 307.861 0.197 —607.722
Clayton 0.503 0.029 227.428 0.741 —452.856
Gumbel 1.315 0.019 252.311 0.565 —502.622
Frank 2.453 0.120 245.209 0.357 —488.418
AMH 0.808 0.034 85.461 4.785 —168.922

Table C.30. pnorms SEnorm, pr and SE; for portfolio25

P12 P13 P23
Prorm  0.373  0.361 0.470
SEorm 0.023 0.023  0.020
Pt 0.370 0.367 0.480
SE, 0.025 0.025 0.022

Table C.31. Results of copula fittings for portfolio26

Copula  Parameter(s) SE Llh Distance AIC
Normal Prorm SEorm 240.095 0.286 —474.190
Student-t  p,/v=6.77 SE,/SE,=0.88 283.581  0.225  —559.161
Clayton 0.460 0.029 187.807 0.728 —373.613
Gumbel 1.277 0.018 211.334 0.641 —420.668

Frank 2.310 0.119 221.457 0.346 —440.914

AMH 0.836 0.030 103.687  5.322 —205.374




Table C.32. pnorm, SEnorm, pr and SFE; for portfolio26

P12 P13 P23
Prorm ~ 0.378 0.300 0.420
SE.orm 0.022 0.024 0.021
Pt 0.403 0.325 0.435
SE, 0.024 0.027 0.024

Table C.33. Results of copula fittings for portfolio27

Copula  Parameter(s) SE Llh Distance AIC
Normal Prorm SFEorm 340.782 0.207 —675.564
Student-t  p;/v=5.55  SE;/SE,=0.63 398.726 0.168 —789.453
Clayton 0.566 0.030 256.685 0.767 —511.370
Gumbel 1.358 0.020 316.483 0.562 —630.965
Frank 2.689 0.122 283.847 0.357 —565.695
AMH 0.958 0.013 192.109 5.889 —382.218

Table C.34. prorms SEnorm, pr and SE; for portfolio27

P12 P13 P23
Prorm  0.533  0.370 0.383
SE,orm 0.018 0.023 0.022
Pt 0.539 0.380 0.401
SE; 0.021 0.026 0.025
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Table C.35. Results of copula fittings for portfolio28

Copula  Parameter(s) SE Llh Distance AIC
Normal Prorm SFErorm 305.470 0.242 —604.941
Student-t  p,/v=8.01  SE;/SE,=1.27 333.115 0.249 —658.2310
Clayton 0.535 0.029 246.486 0.722 —490.973
Gumbel 1.325 0.019 269.630 0.624 —537.260
Frank 2.529 0.120 260.494 0.337 —518.988 0
AMH 0.883 0.026 117.871 5.196 —233.742

Table C.36. pnorms SEnorm, pr and SE; for portfolio28

P12 P13 P23

Prorm  0.420  0.365 0.466
SE.orm 0.021  0.023  0.020
Pt 0.424 0.368 0.472
SE, 0.024 0.025 0.022

Table C.37. Results of copula fittings for portfolio29

Copula  Parameter(s) SE Llh  Distance AIC
Normal Prorm SEpo 179.525  0.207  —353.049
Student-t  p;/v=8.46  SE, /SE,=1.43 203.152  0.191 —398.303
Clayton 0.353 0.026 130.120 0.556 —258.241
Gumbel 1.211 0.017 145.168 0.492 —288.335

Frank 1.729 0.115 133.933 0.354 —265.865

AMH 0.565 0.053 33.428 5.198 —64.855




Table C.38. pnorm, SE,,,.... p+ and SE, for portfolio29

Table C.39. Results of copula fittings for portfolio30

P12 P13 P23
Prorm  0.232 0.261 0.420
SE,.... 0.026 0.025 0.021
Pt 0.231 0.253 0.425
SE 0.028 0.028 0.024

Copula  Parameter(s) SE Llh  Distance AIC
Normal Prorm SE,. . om 446.161  0.233  —886.322
Student-t  p,/v=6.58 SE, /SE,=0.87 493.048 0.200 —978.097
Clayton 0.688 0.032 345.201 0.916 —688.402
Gumbel 1.446 0.022 421.342 0.640 —840.684
Frank 3.287 0.125 404.577  0.346 —807.155
AMH 0.908 0.020 148.245 4.445 —294.490
Table C.40. puorm, SE,,.... pr and SE,, for portfolio30
P12 P13 P23

Prorm 0474 0.532  0.499

SE,. 0020 0.018 0.019

Pt 0.483 0.543 0.517

SE,, 0.022 0.020 0.021
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C.3. Copula Fitting Results for Portfolios of Four Stocks

Table C.41. Results of copula fittings for portfolio31

Copula  Parameter(s) SE Llh Distance AIC
Normal Prorm SEporm 516.441  0.283  —1020.883
Student-t  p,/v=9.72  SE, /SE,=1.33 554284 0265  —1094.567
Clayton 0.477 0.022 377.194 1.006 —752.388
Gumbel 1.309 0.015 426.679 0.848 —851.359
Frank 2.420 0.094 431.284 0.545 —860.568
AMH 0.844 0.029 103.875 6.946 —205.750

Table C.42. pporm, SE,,,.» pr and SE,,

for portfolio31

P12 P13 P14 P23 P24 P34
Prorm  0.396  0.338 0.515 0.357 0.466 0.363
SE,... 0022 0.023 0.018 0.023 0.020 0.023
Pt 0.410 0.347 0.529 0.356 0.487 0.378
SE,, 0.023 0.025 0.020 0.025 0.021 0.024
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Table C.43. Results of copula fittings for portfolio32

Copula  Parameter(s) SE Llh  Distance AIC
Normal Prorm SEporm 412.324  0.234  —812.649
Student-t  p,/v=10.17 SE, /SE,=153 442.822 0228 —871.643
layton 0.399 0.021 290.067  0.775  —578.134
Gumbel 1.246 0.014 313.962  0.707  —625.924
Frank 1.955 0.093 296.770  0.509  —591.540
AMH 0.565 0.053 33.428 6.824 —64.855
Table C.44. puorm, SE,, ..., pr and SE,, for portfolio32
P12 P13 P14 P23 P24 P34

Prnorm  0.232 0.261 0.374 0.420 0.365 0.466

SE,,... 0026 0.025 0.023 0.021 0.023 0.020

Pt 0.230 0.257 0.359 0.425 0.371 0.469

SE, 0028 0.027 0.025 0.023 0.024 0.022

Table C.45. Results of copula fittings for portfolio33

Copula  Parameter(s) SE Llh  Distance AIC

Normal Prorm SE, om 505.256  0.291 —998.513
Student-t  p,/v=723 SE, /SE,=0.77 575.807 0.238  —1137.614
Clayton 0.464 0.022 360.706  1.080 —719.411
Gumbel 1.305 0.015 423.650  0.877 —845.300
Frank 2.393 0.095 418.370  0.578 —834.740
AMH 0.727 0.040 66.992 6.791 —131.985
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Table C.46. pnorm, SE,,,.... p+ and SE, for portfolio33

P12 P13 P14 P23 P24 P34
Prorm 0.319 0.352 0.356 0.455 0.431 0.499
SE,, ... 0.024 0.023 0.023 0.020 0.021 0.019

Pt 0.325 0.364 0.371 0.481 0.458 0.516
SE 0.026 0.025 0.025 0.022 0.022 0.021

pt

Table C.47. Results of copula fittings for portfolio34

Copula  Parameter(s) SE Llh  Distance AIC
Normal Prorm SE, . m 452.174  0.214 —892.348
Student-t  p,/v=7.06 SE, /SE,=0.78 512.777  0.190 —1011.554
Clayton 0.474 0.022 364.083  0.816 —726.166
Gumbel 1.290 0.015 384.362  0.604 —766.724
Frank 2.225 0.095 366.147  0.447 —730.293

AMH 0.780 0.035 83.648 7.352 —165.297

Table C.48. prorm, SE,,,.., pr and SE, for portfolio34

P12 P13 P14 P23 P24 P34
Prorm 0.357 0.475 0.373 0.365 0.272 0.438
SEme 0.023 0.020 0.023 0.023 0.025 0.021

Pt 0.353 0.477 0.397 0.364 0.286 0.450
SE,  0.025 0.022 0.025 0.025 0.027 0.023
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C.4. Copula Fitting Results for Portfolios of Five Stocks

Table C.49. Results of copula fitting for portfolio35

Copula  Parameter(s) SE Llh  Distance AIC
Normal Prorm SEpporm 635.296  0.222 —1250.592
Student-t  p,/u=10.36 SE, /SE,=1.25 684.252 0235 —1346.504
Clayton 0.421 0.017 476.414 0.809 —950.827
Gumbel 1.268 0.012 484.994 0.708 —967.987
Frank 2.095 0.080 493.687  0.485 —985.373
AMH 0.584 0.052 34.564 7.996 —67.127

Table C.50. pporm, SE,,,..» p+ and SE,, for portfolio35

P12 P13 P14 P15 P23 P24 P25 P34 P35 P45

Prorm  0.213 0312 0.395 0.524 0.226 0.347 0.339 0.364 0.365 0.477
SE,. .. 0.026 0024 0.022 0.018 0.026 0.023 0.023 0.023 0.023 0.020

Pt 0.221 0.315 0406 0.521 0.237 0.354 0.357 0.377 0.368 0.488
SE,  0.028 0.026 0.023 0.020 0.027 0.025 0.025 0.024 0.024 0.021
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Table C.51. Results of copula fitting for portfolio36

Copula  Parameter(s) SE Llh  Distance AIC
Normal Prorm SE,. 569.225  0.252  —1118.451
Student-t  p,/v=10.06 SE, /SE,=1.20 620.435 0.257 —1218.869
Clayton 0.379 0.017 407.728 0.778 —813.456
Gumbel 1.235 0.012 423.936 0.761 —845.872
Frank 1.852 0.079 403.924  0.581 —805.848
AMH 0.608 0.052 37.980 8.457 —73.960

Table C.52. prorm, SE,,,.., pr and SE, for portfolio36

P12 P13 P14 P15 P23 P24 P25 P34 P35 P45

Prorm  0.258 0.232 0.260 0.361 0.261 0.339 0.418 0.420 0.357 0.484
SE,. ... 0.025 0.026 0.025 0.023 0.025 0.023 0.021 0.021 0.023 0.019

Pt 0.253 0.229 0.258 0.363 0.260 0.340 0.416 0.423 0.379 0.500
SE,  0.027 0.027 0.027 0.025 0.027 0.025 0.023 0.023 0.024 0.021

Table C.53. Results of copula fitting for portfolio37

Copula  Parameter(s) SE Llh  Distance AIC
Normal Onorm SE,.. 571783 0.211  —1123.566
Student-t  p/v=11.46 SE, /SE,~145 619.028 0200 —1216.055
Clayton 0.393 0.017 436.706  0.963 —871.412
Gumbel 1.259 0.012 479.625  0.794 —957.250
Frank 2.055 0.079 487.564  0.548 —973.127

AMH 0.742 0.039 69.617 8.438 —137.234




Table C.54. pnorm, SE,,,..., pr and SE, for portfolio37
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P12 P13 P14 P15 P23 P24 P25 P34 P35 P45
Prorm 0322 0.409 0.277 0376 0.379 0.397 0.321 0.354 0.396 0.316
SE,... 0.024 0.021 0.025 0.022 0.022 0.022 0.024 0.023 0.022 0.024
Pt 0.325 0417 0.284 0.383 0.394 0.411 0.336 0.373 0.406 0.320
SE 0.025 0.023 0.026 0.024 0.024 0.023 0.025 0.024 0.023 0.026

Pt
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C.5. Copula Fitting Results for Portfolios of 10 Stocks

Table C.55. Results of copula fittings for portfolio38

Copula  Parameter(s) SE Llh Distance AIC

Normal Prorm SE, 1518.279 1.128 —2946.559

Student-t  p,/v=14.69 SE, /SE,=1.26 1632.388 1.078  —3172.776

Prorm = (0.344, 0.322, 0.304, 0.409, 0.277, 0.371, 0.302, 0.470, 0.313, 0.225, 0.261,
0.326, 0.212, 0.339, 0.312, 0.369, 0.326, 0.165, 0.378, 0.397, 0.300, 0.305, 0.312, 0.302 ,
0.319, 0.187, 0.419, 0.291, 0.352, 0.324, 0.354, 0.420, 0.338, 0.455, 0.302, 0.332, 0.225,
0.287, 0.295, 0.325, 0.413, 0.387, 0.312, 0.272, 0.327)

SE, .. = (0.023, 0.024, 0.024, 0.021, 0.025, 0.022, 0.024, 0.020, 0.024, 0.026,
0.025, 0.023 , 0.026, 0.023, 0.024, 0.023, 0.024, 0.026, 0.022, 0.022, 0.024, 0.024, 0.024,
0.024 , 0.024, 0.026, 0.021, 0.024, 0.023, 0.024, 0.023, 0.021, 0.023, 0.020, 0.024, 0.024
, 0.026, 0.024, 0.024, 0.024, 0.021, 0.022, 0.024, 0.025, 0.023)

pr = (0.338, 0.329, 0.310, 0.418, 0.281, 0.379, 0.297, 0.475, 0.329, 0.235, 0.259,
0.326 , 0.215, 0.341, 0.306, 0.368, 0.337, 0.198, 0.398, 0.408, 0.323, 0.320, 0.329, 0.330 ,
0.331, 0.204, 0.426, 0.287, 0.361, 0.331, 0.369, 0.437, 0.345, 0.476, 0.333, 0.343 , 0.233,
0.305, 0.312, 0.337, 0.426, 0.399, 0.324, 0.278, 0.350

SE,, = (0.024, 0.024, 0.025, 0.022, 0.026, 0.023, 0.025, 0.021, 0.025, 0.026, 0.026,
0.025 , 0.027, 0.025, 0.025, 0.024, 0.025, 0.027, 0.023, 0.023, 0.025, 0.025, 0.025, 0.025 ,
0.025, 0.028, 0.023, 0.026, 0.024, 0.025, 0.024, 0.022, 0.024, 0.021, 0.025, 0.025 , 0.027,
0.025, 0.026, 0.025, 0.022, 0.023, 0.025, 0.026, 0.025)
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Table C.56. Results of copula fittings for portfolio39

Copula  Parameter(s) SE Llh Distance AIC

Normal Prorm SE,. 1939.179  0.509  —3788.358

Student-t  p,/v=12.36 SE, /SE,=0.97 2081.991  0.496  —4071.983

Prorm = (0.259, 0.232, 0.328, 0.293, 0.203, 0.374, 0.446, 0.361, 0.276, 0.261, 0.326,
0.367 0.312, 0.394, 0.524, 0.418, 0.326, 0.319, 0.397, 0.291, 0.364, 0.377, 0.357, 0.324
0.396, 0.338, 0.515, 0.460, 0.431, 0.302, 0.357, 0.466, 0.474, 0.473, 0.372, 0.363 0.364,
0.346, 0.272, 0.476, 0.532, 0.370, 0.535, 0.437, 0.382)

SE,... = (0.025, 0.025, 0.023, 0.024, 0.026, 0.022, 0.020, 0.023, 0.025, 0.025,
0.023, 0.022 , 0.024, 0.022, 0.018, 0.021, 0.023, 0.024, 0.022, 0.024, 0.023, 0.022, 0.023,
0.024 , 0.022, 0.023, 0.018, 0.020, 0.020, 0.024, 0.023, 0.020, 0.019, 0.019, 0.022, 0.023
, 0.023, 0.023, 0.025, 0.019, 0.018, 0.022, 0.017, 0.021, 0.022)

pr = (0.249, 0.245, 0.329, 0.305, 0.212, 0.374, 0.443, 0.363, 0.288, 0.263, 0.334,
0.373 , 0.312, 0.398, 0.512, 0.416, 0.336, 0.324, 0.400, 0.294, 0.375, 0.388, 0.377, 0.327 ,
0.406, 0.349, 0.529, 0.475, 0.452, 0.335, 0.358, 0.486, 0.481, 0.484, 0.394, 0.379 , 0.368,
0.363, 0.290, 0.493, 0.550, 0.394, 0.550, 0.457, 0.409)

SE,, = (0.026, 0.026, 0.024, 0.025, 0.027, 0.024, 0.022, 0.024, 0.026, 0.026, 0.024,
0.024 0.025, 0.023, 0.020, 0.022, 0.025, 0.025, 0.023, 0.026, 0.024, 0.023, 0.024, 0.025
0.023, 0.024, 0.019, 0.021, 0.021, 0.025, 0.024, 0.021, 0.021, 0.021, 0.024, 0.024 0.024,
0.024, 0.026, 0.020, 0.018, 0.023, 0.018, 0.022, 0.023)
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APPENDIX D: T-T COPULA RISK RESULTS

D.1. Risk Results for Single Stocks

Table D.1. VaRyg9 of BP for different time horizons

Method | VaR SE %

Normal Model | 0.02904
1 day | Historic Simulation | 0.03203 | 0.000180 | 1.10
GARCH Processes | 0.03009 | 0.000153 | 1.04

Normal Model | 0.06244
5 days | Historic Simulation | 0.06397 | 0.000433 | 1.02
GARCH Processes | 0.06586 | 0.000329 | 1.05

Normal Model | 0.08577
10 days | Historic Simulation | 0.08729 | 0.000458 | 1.02
GARCH Processes | 0.09196 | 0.000425 | 1.07

Normal Model | 0.12130
22 days | Historic Simulation | 0.12068 | 0.000636 | 0.99
GARCH Processes | 0.13537 | 0.000726 | 1.12
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Table D.2. VaRgg9 of UNP for different time horizons

Method | VaR SE %

Normal Model | 0.03120
1 day | Historic Simulation | 0.03368 | 0.000327 | 1.08
GARCH Processes | 0.04872 | 0.000263 | 1.56

Normal Model | 0.06686
5 days | Historic Simulation | 0.06636 | 0.000348 | 0.99
GARCH Processes | 0.10678 | 0.000621 | 1.60

Normal Model | 0.09163
10 days | Historic Simulation | 0.09014 | 0.000476 | 0.98
GARCH Processes | 0.14514 | 0.000729 | 1.58

Normal Model | 0.12909
22 days | Historic Simulation | 0.12568 | 0.000561 | 0.97
GARCH Processes | 0.19975 | 0.001049 | 1.55

Table D.3. VaRy g9 of GM for different time horizons

Method | VaR SE %

Normal Model | 0.05204
1 day | Historic Simulation | 0.05662 | 0.000372 | 1.09
GARCH Processes | 0.07215 | 0.000335 | 1.39

Normal Model | 0.11261
5 days | Historic Simulation | 0.11625 | 0.000696 | 1.03
GARCH Processes | 0.15383 | 0.000798 | 1.37

Normal Model | 0.15543
10 days | Historic Simulation | 0.15647 | 0.000938 | 1.01
GARCH Processes | 0.21002 | 0.001117 | 1.35

Normal Model | 0.22157
22 days | Historic Simulation | 0.22117 | 0.001027 | 1.00
GARCH Processes | 0.29157 | 0.001468 | 1.32
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Table D.4. VaRgg9 of PG for different time horizons

Method | VaR SE %

Normal Model | 0.02083
1 day | Historic Simulation | 0.02211 | 0.000176 | 1.06
GARCH Processes | 0.02007 | 0.000115 | 0.96

Normal Model | 0.04495
5 days | Historic Simulation | 0.04606 | 0.000243 | 1.02
GARCH Processes | 0.04655 | 0.000237 | 1.04

Normal Model | 0.06190
10 days | Historic Simulation | 0.06181 | 0.000355 | 1.00
GARCH Processes | 0.06547 | 0.000318 | 1.06

Normal Model | 0.08790
22 days | Historic Simulation | 0.08706 | 0.000448 | 0.99
GARCH Processes | 0.09563 | 0.000553 | 1.09

Table D.5. VaRyg9 of MOT for different time horizons

Method | VaR SE %

Normal Model | 0,05341
1 day | Historic Simulation | 0,06102 | 0,000790 | 1,14
GARCH Processes | 0,03734 | 0,000195 | 0,70

Normal Model | 0,11434
5 days | Historic Simulation | 0,12809 | 0,001600 | 1,12
GARCH Processes | 0,08326 | 0,000445 | 0,73

Normal Model | 0,15662
10 days | Historic Simulation | 0,17740 | 0,001300 | 1,13
GARCH Processes | 0,11804 | 0,000577 | 0,75

Normal Model | 0,22061
22 days | Historic Simulation | 0,24008 | 0,001372 | 1,09
GARCH Processes | 0,17220 | 0,000801 | 0,78




Table D.6. ESyq9 of BP for different time horizons

Method

ES

SE

%

1 day

Normal Model
Historic Simulation

GARCH Processes

0.03325
0.03873
0.03427

0.0003570
0.0001902

1.16
1.03

5 days

Normal Model
Historic Simulation

GARCH Processes

0.07150
0.07526
0.07624

0.0005224
0.0004046

1.05
1.07

10 days

Normal Model
Historic Simulation

GARCH Processes

0.09824
0.10156
0.10638

0.0006350
0.0005597

1.03
1.08

22 days

Normal Model
Historic Simulation

GARCH Processes

0.13901
0.13995
0.15580

0.0008284
0.0008689

1.01
1.12

Table D.7. ESgg99 of UNP for different time horizons

Method

ES

SE

%

1 day

Normal Model
Historic Simulation

GARCH Processes

0.03572
0.04248
0.05557

0.0003291
0.0003140

1.19
1.56

5 days

Normal Model
Historic Simulation

GARCH Processes

0.07657
0.07781
0.12441

0.0004808
0.0007208

1.02
1.62

10 days

Normal Model
Historic Simulation

GARCH Processes

0.10496
0.10472
0.16934

0.0005933
0.0009847

1.00
1.61

22 days

Normal Model
Historic Simulation

GARCH Processes

0.14799
0.14450
0.23392

0.0006945
0.0014316

0.98
1.58
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Table D.8. ESyq9 of GM for different time horizons

Method

ES

SE

%

1 day

Normal Model
Historic Simulation

GARCH Processes

0.05935
0.07608
0.08189

0.0010195
0.0004099

1.28
1.38

5 days

Normal Model
Historic Simulation

GARCH Processes

0.12784
0.13989
0.17671

0.0009825
0.0010963

1.09
1.38

10 days

Normal Model
Historic Simulation

GARCH Processes

0.17586
0.18094
0.24118

0.0011157
0.0014595

1.03
1.37

22 days

Normal Model
Historic Simulation

GARCH Processes

0.24933
0.25137
0.33392

0.0013214
0.0019128

1.01
1.34

Table D.9. ESj g9 of PG for different time horizons

Method

ES

SE

%

1 day

Normal Model
Historic Simulation

GARCH Processes

0,02386
0,02966
0,02312

0,0003387
0,0001327

1,24
0,97

5 days

Normal Model
Historic Simulation

GARCH Processes

0,05156
0,05471
0,05473

0,0002759
0,0003435

1,06
1,06

10 days

Normal Model
Historic Simulation

GARCH Processes

0,07107
0,07235
0,07697

0,0004408
0,0004325

1,02
1,08

22 days

Normal Model
Historic Simulation

GARCH Processes

0,10108
0,10146
0,11008

0,0006478
0,0007451

1,00
1,09
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Table D.10. ESyg9 of MOT for different time horizons

Method

ES

SE

%

1 day

Normal Model
Historic Simulation

GARCH Processes

0,06097
0,00278
0,04262

0,0016538
0,0002233

1,52
0,70

5 days

Normal Model
Historic Simulation

GARCH Processes

0,13008
0,17815
0,09576

0,0021425
0,0004735

1,37
0,74

10 days

Normal Model
Historic Simulation

GARCH Processes

0,17773
0,22144
0,13677

0,0017945
0,0006940

1,25
0,77

22 days

Normal Model
Historic Simulation

GARCH Processes

0,24938
0,28372
0,19870

0,0016692
0,0010805

1,14
0,80

D.2. Risk Results for Portfolios
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