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ABSTRACT

PROPERTIES OF LIGHT AND HEAVY BARYONS IN LIGHT CONE QCD SUM RULES
FORMALISM

Azizi, Kazem

Ph.D., Department of Physics

Supervisor : Assoc. Prof. Dr. Altuğ Özpineci

Co-Supervisor : Prof. Dr. T. M. Aliev

March 2009, 102 pages

In this thesis, we investigate the masses, form factors and magnetic dipole moments

of some light octet, decuplet and heavy baryons containing a single heavy quark in the

framework of the light cone QCD sum rules. The magnetic dipole moments can be

measured considering radiative transitions within a multiplet or between multiplets.

Analyzing the transitions among the baryons and calculating the above mentioned

parameters can give us insight into the structure of those baryons. In analyzing the

aforementioned processes, the transition form factors play a crucial role. In this thesis,

the form factors for these transitions are calculated using the light cone QCD sum

rules approach.

In the limit when the light quark masses are equal, mu = md = ms, QCD has an SU(3)

flavour symmetry which can be used to classify the light baryons. This classification

results in the light decuplet, octet and singlet baryons. The baryons containing single

heavy quark, on the other hand, can be classified according to the spin of the light

degrees of freedom in the heavy quark limit, mQ → ∞. QCD at low energies, when
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the baryons are formed, is a non-perturbative theory. Hence, for phenomenology of

the baryons, the QCD sum rules as a more powerful non-perturbative approach is

used.

Understanding the properties of nucleons is one of the main objectives of QCD. To

investigate the properties of the nucleons, the axial N−∆(1232) transition form factors

are calculated within the light cone QCD sum rules method. A comparison of our

results on those form factors with the predictions of lattice QCD and quark model is

presented. The nucleon electromagnetic form factors are also calculated in the same

framework using the most general form of the nucleon interpolating current. Using

two forms of the distribution amplitudes (DA’s), predictions for the form factors are

presented and compared with existing experimental data. It is shown that our results

describe the existing experimental data remarkably well.

Another important property of the baryons is their magnetic moments. The magnetic

moments of the heavy ΞQ (Q = b or c) baryons containing a single charm or bottom

quark are calculated within the light cone QCD sum rules approach. A comparison

of our results with the predictions of other approaches, such as relativistic and non-

relativistic quark models, hyper central model, Chiral perturbation theory, soliton and

skyrmion models is presented. Moreover, inspired by the results of recent experimen-

tal discoveries for charm and bottom baryons, the masses and magnetic moments of

the heavy baryons with JP = 3/2+ containing a single heavy quark are studied also

within the light cone QCD sum rules method. Our results on the masses of heavy

baryons are in good agreement with predictions of other approaches, as well as with

the existing experimental values. Our predictions on the masses of the states, which

are not experimentally discovered yet, can be tested in the future experiments. A

comparison of our results on the magnetic moments of these baryons and the hyper

central model predictions is also presented.

Keywords: Non-perturbative approaches, light cone QCD sum rules, form factors,

magnetic dipole moments, operator product expansion.
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ÖZ

IŞIK KONİSİ QCD TOPLAMA KURALLARI ÇERÇEVESİNDE HAFİF VE AĞIR
BARYONLARIN ÖZELLİKLERİ

Azizi, Kazem

Doktora, Fizik Bölümü

Tez Yöneticisi : Doç. Dr. Altuğ Özpineci

Ortak Tez Yöneticisi : Prof. Dr. T. M. Aliev

Mart 2009, 102 sayfa

Bu tezde, ışık konisi QCD toplama kurallarını kullanarak, bazı hafif onlu (decu-

plet), sekizli (octet) ve ağır baryonların kütle, yapı faktörleri ve manyetik çift kutup

(dipol) momentlerini araştırıyoruz. Bir çoklunun içinde ve ya çoklular arasındaki

ışınsal geçişlerde manyetik çift kutup momentler ölçülebilir. Baryonlar arasındaki

süreçleri analiz etmek ve yukarıda bahsedilen parametreleri hesaplamak, baryonların

iç yapıları hakkında bize bilgi verebilir. Bahsedilen süreçlerin analizinde geçiş yapı

faktörleri önemli rol oynar. Bu tezde, ışık konisi QCD toplama kurallarını kullanarak

bu geçişler için yapı faktörleri hesaplanmıştır.

Hafif kuarkların kütlelerinin eşit olduğu, mu = md = ms, limitinde, QCD’nin bir

SU(3) çeşni simetrisi var. Bu simetri hafif baryonların sınıflandırılmasında kullanılab-

ilir. Bu sınıflandırılmadan, hafif onlu, sekizli ve birli baryonlar elde edilebilir. Diğer

taraftan, bir ağır quark içeren ağır baryonlar, mQ → ∞ limitinde, hafif serbestlik dere-

celerinin spinlerine göre sınıflandırılabilirler. Baryonların oluştuğu düşük enerjilerde

QCD tedirgeme yapılamayan bir kuramdır. Bu sebepten, baryonların fenomenolojisi
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için tedirgemesiz yaklaşım olan QCD toplama kuralları kullanılmıştır.

Nükleonların özelliklerini anlamak modern QCD teorisinin en büyük amaçlarından

biridir. Onların özelliklerini incelemek için, ışık konisi QCD toplama kuralları yönte-

mi ile sözde (axial) N − ∆(1232) geçiş yapı faktörleri hesaplanmıştır ve elde edilen

sonuçlar kuark model ve örgü (lattice) kuramı öngörüleri ile karşılaştırılmıştır. Nükle-

on ara kestirim akımının en genel formunu kullanarak nükleon elektromanyetik yapı

faktörleri de aynı çerçevede hesaplanmıştır. Dağılım genliklerinin (DA’s) iki formunu

kullanarak, yapı faktörleri için öngörülerimiz varolan deneysel verilerle karşılaştırılm-

ıştır. Bulunan sonuçuların varolan deneysel verilerle uyum içinde oldukları gösterilm-

iştir.

Baryonların başka bir özelliği de manyetik momentleridir. Tek tılsım (charm) ve

ya alt (bottom) kuark içeren ağır ΞQ (Q = b ve ya c) baryonlarının manyetik mo-

mentleri ışık konisi QCD toplama kuralları yöntemi ile hesaplanmıştır ve elde edilen

sonuçlar, göreli ve göreli olmayan kuark modelleri, hiper merkezi model, Chiral

tedirgeme kuramı, soliton ve skyrmion modelleri gibi yaklaşımların öngörüleri ile

karşılaştırılmıştır. Sonunda, tılsımlı ve alt baryonlar için son deneysel gözlem sonuçl-

arına dayanarak, tek ağır kuark içeren JP = 3/2+ kuantum sayılı ağır baryonların

kütleleri ve manyetik momentleri de ışık konisi QCD toplama kuralları metodu ile

hesaplanmıştır. Ağır baryonların kütleleri için bulduğumuz sonuçlar hem diğer yakla-

şımların öngörüleri hemde var olan deneysel değerlerle uyum içindedir. Deneyde

henüz gözlenmeyen baryonların kütleleri yakın gelecekte test edilebilir. Bu baryon-

ların manyetik momentlerinin değerleri, hiper merkezi modelin öngörüleri ile karşılaş-

tırılmıştır.

Anahtar Kelimeler: tedirgemesiz yaklaşımlar, ışık konisi QCD toplama kuralları, yapı

faktörleri, manyetik çift kutup (dipol) momenti, işlemci çarpım açılımı.
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CHAPTER 1

INTRODUCTION

The Standard Model (SM) of particle physics is a gauge theory of the electroweak

and strong interactions with the gauge group S U(3)c ⊗ S U(2)L ⊗ U(1)Y . This model

explains all known particles and their interactions except than gravity. These fun-

damental particles make up all the visible matter in the universe and up to now, the

SM describes all experimental results well. Although, the problems of flavour, uni-

fication, quantum gravity and origin of the matter in the universe provide reasons to

expect physics beyond the Standard Model, the SM is the only minimal model of

fundamental particles which is in perfect agreement with all confirmed collider data

despite it requires a missing ingredient, the Higgs boson or something else to give

masses to the elementary particles.

Theory of the strong interactions, called quantum chromodynamics (QCD), is a frame-

work describing the strong interactions of the quarks and gluons found in hadrons.

QCD is a non-abelian SU(3) Yang-Mills gauge theory of color-carrying quarks and

has a peculiar property: in very high-energies, quarks and gluons interact very weakly,

a property called asymptotic freedom. It is also believed that the QCD is a confin-

ing theory. The confinement means that the force between quarks does not diminish

as they are separated and it would take an infinite amount of energy to separate two

quarks, so they are forever bound into hadrons. At high energies or small distances,

due to the asymptotic freedom, the quarks move almost freely. Hence, we can use

perturbation theory in this regime. Although limited in scope, the perturbation the-

ory has resulted in the most precise tests of QCD to date. However, in low energies
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and hadronic scales, it is difficult to get reliable theoretical results using the pertur-

bation theory since the effective strong coupling constant between quarks and gluons

becomes large in such scales and hence perturbation theory fails. Therefore, in large

distances (hadronic scales), we need some non-perturbative approaches to describe

the non-perturbative phenomena.

Some non-perturbative methods are QCD sum rules, lattice QCD, different relativis-

tic and non-relativistic quark models, bound state approach, potential, hyper cen-

tral, soliton, and skyrmion models, Chiral perturbation theory, heavy quark effective

theory, soft-collinear effective theory and Nambu-Jona-Lasinio model. Among the

non-perturbative methods, the QCD sum rules (QSR) and one of its extensions, the

light cone QCD sum rules (LCQSR), are more powerful and attractive since they are

based on the fundamental QCD Lagrangian. Furthermore, in this method, instead of

a model-dependent treatment in terms of constituent quarks, hadrons are represented

by their interpolating quark currents. This approach has been successfully applied to

various problems (see e.g. [1, 2, 3, 4]). In the present thesis, we use this method to

analyze properties of the light and heavy baryons.

Some of the important parameters of the baryons are their masses, form factors and

electromagnetic moments. These parameters give valuable information about the in-

ternal structures of the baryons. In this thesis, we discuss these properties using the

radiative transitions. These transitions can be within a multiplet or between multi-

plets. The low energy QCD at which the baryons are formed is a non-perturbative

theory, so for the phenomenology of the baryons the QCD sum rules [5] method as a

non-perturbative approach is used.

The structure of the decuplet, octet and heavy baryons have been of interest for a

long time. The experimental studies on the light decuplet and octet baryons have

been done in some laboratories such as the MAMI in Mainz and Jeferson Lab (see

e.g. [6, 7]) . In the recent years, considerable experimental progress has also been

made in the spectroscopy of the heavy baryons. The CDF [8, 9], DO [10] and BaBar

[11] Collaborations announced the observation of some heavy baryons. A theoretical

analysis of experimental results can give essential information about the structure of

2



these baryons.

The outline of this thesis is as follows: in chapter 2, classification of the baryons

within unitary symmetry is discussed. In this chapter, we classify the light octet, de-

cuplet and singlet baryons as well as the heavy baryons with a single heavy quarks in

SU(3) flavor symmetry. In chapter 3, we briefly review the QCD sum rules approach

and one of its extensions, the light cone QCD sum rules. The axial N → ∆ transition

form factors, as well as the nucleon electromagnetic form factors are discussed in the

framework of the light cone QCD sum rules in chapter 4. It is found that our results on

the axial form factors of the N → ∆ reproduce the existing predictions of the lattice

QCD. The results on the electromagnetic form factors of the nucleons, which have

been of great interest for physicists more than forty years both experimentally and

theoretically, explain the recent experimental data well. In chapter 5, we present the

phenomenology of the heavy baryons. In this chapter, the magnetic moments of the

heavy ΞQ baryons as well as the mass and magnetic moments of the heavy flavored

baryons with J = 3
2 are analyzed in LCQSR. It is shown that the results on the mass

of the heavy spin 3/2 baryons are in a good consistency with the predictions of the

other non-perturbative approaches and existing experimental data. We predict that

the masses of some heavy spin 3/2 particles which have not been discovered yet as

well as the magnetic moments of the heavy spin 3/2 particles and also heavy spin 1/2,

ΞQ baryons can be verified by the future experiments. Finally, chapter 6 includes our

conclusions.
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CHAPTER 2

CLASSIFICATION OF BARYONS

In this chapter, we review briefly the classification of the light baryons and heavy

baryons with single heavy quark in framework of the unitary symmetry along the

lines similar to [12]. According to the quark picture, the light baryons are composed

of three light quarks. To construct the light baryons, we consider the SU(3) flavor

symmetry with quarks q1 = u, q2 = d and q3 = s. Baryons contain three quarks, so

let us make a product of three 3-spinors of SU(3) and search for octet and decuplet

baryons in the decomposition of the triple product of the irreducible representations

(IR’s): 3 ⊗ 3 ⊗ 3 = 10 ⊕ 8 ⊕ 8′ ⊕ 1. This contains two octet IR’s and, so we proceed

to construct baryon octet of quarks and symmetrize and antisymmetrize all indices to

obtain

qi × q j × qk =
1
6

(qiq jqk + q jqiqk + qiqkq j + q jqkqi + qkq jqi + qkqiq j)

+
1
6

(2qiq jqk + 2q jqiqk − qiqkq j − q jqkqi − qkq jqi − qkqiq j)

+
1
6

(2qiq jqk − 2q jqiqk + qiqkq j − q jqkqi + qkq jqi − qkqiq j)

+
1
6

(qiq jqk − q jqiqk − qiqkq j + q jqkqi − qkq jqi + qkqiq j)

= T {i jk} + T {i j}k + T [i j]k + T [i jk], (2.1)

where the {...} and [...] denote the symmetric and antisymmetric flavor wave functions

and each i, j and k goes from 1 to 3. A symmetrical tensor of the 3rd rank has the

dimension NS S S
n = (n3 + 3n2 + 2n)/6 and for n = 3, NS S S

3 = 10. However, an

antisymmetrical tensor of the 3rd rank has the dimension NAAA
n = (n3−3n2+2n)/6 and

for n = 3, NAAA
3 = 1. Tensors of mixed symmetry of the dimension Nmix

n = n(n2−1)/3
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for n = 3, Nmix
3 = 8, could be rewritten in a more suitable form as Tα

β , by using

antisymmetric Levi-Civita tensor of 3rd rank εαβγ which transforms as the singlet IR

of the SU(3) group. With the help of the Levi-Civita tensor, partly antisymmetric

8-dimensional tensor T [αβ]γ could be written as:

Bβ
α |As

S U(3)= εαγηT [γη]β, (2.2)

and for the proton p = B1
3 we would have

√
2 | p〉As

S U(3) =
√

2B1
3 |As

S U(3)= −|udu〉 + |duu〉. (2.3)

The baryon octet based on partly symmetric 8-dimensional tensor T {αβ}γ could also

be written in terms of quark wave functions as

√
6Bα

β |S y
S U(3)= εβδη{qα, qδ}qη, (2.4)

where, for the proton B1
3 we obtain

√
6 | p〉S y

S U(3) =
√

6B1
3 |S y

S U(3)= 2 | uud〉− | udu〉− | duu〉 (2.5)

The complete wave function of a baryon is a product of space, spin, flavor and color

wave functions. For the lowest lying baryons, l = 0 and hence the space part is

symmetric. Due to the fact that baryons have to be color singlet, the color wave

function is antisymmetric. Hence, to obtain overall antisymmetric wave function, the

spin-flavor wave function has to be symmetric. The spin is described by the unitary

group SU(N) for N = 2. Hence the previous general derivations can be used with

the definitions n = 2, q1 =|↑〉 and q2 =|↓〉. The singlet under SU(2) is the rank, 2

Levi-Civita tensor εi j. Define t j
Aby

εikT [ik] j = t j
A, (2.6)

where t j
A is just the IR corresponding to one of two possible constructions of spin 1/2

state of three 1/2 states (the two of them being antisymmetrized). The state with the

sz = +1/2 is just

t1
A =

1√
2

(q1q2 − q2q1)q1 =
1√
2

(|↑↓↑〉− |↓↑↑〉), (2.7)
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The tensor of mixed symmetry describes state of spin 1/2 made of three spins 1/2:

εi jT {ik} j = T k
S , (2.8)

where, T k
S is just the IR corresponding to the 2nd possible construction of spin 1/2

state of three 1/2 states (with two of them being symmetrized). The state with the

sz = +1/2 is just

T 1
S =

1√
6

[ε122q1q1q2 + ε21(q2q1 + q1q2)q1] =
1√
6

(2 |↑↑↓〉− |↑↓↑〉− |↓↑↑〉), (2.9)

Multiplying spin wave functions of Eqs. (2.7, 2.9) and unitary spin wave functions of

Eqs. (2.3, 2.5) one gets

√
18Bα

β |↑〉 =
√

18(Bα
β |As

S U(3) .t
j
A + Bα

β |S y
S U(3) .T

j
s ) (2.10)

Taking the proton B1
3 as an example one obtains

√
18 | p〉↑ = | −udu + uud〉. | − ↑↓↑ + ↑↑↓〉

+ | 2uud − udu − duu〉. | 2 ↑↑↓ − ↑↓↑ − ↓↑↑〉
= | 2u↑u↑d↓ − u↑d↑u↓ − d↑u↑u↓ + 2u↑d↓u↑ − u↑u↓d↑

− d↑u↓u↑ + 2d↓u↑u↑ − u↓u↑d↑ − u↓d↑u↑〉, (2.11)

where, the following notation has been used

| uud〉. |↓↑↑〉 =| u↓u↑d↑〉. (2.12)

The shorter version of the above equation can be written as the following equation,

where we can not change the order of spinors at all

√
6 | p〉 =

√
6 | B1

3〉↑ =| 2u↑u↑d↓ − u↑d↑u↓ − d↑u↑u↓〉. (2.13)

From the same procedure, we obtain the wave function of the isosinglet Λ as the

following structure

2 | Λ〉↑ = −
√

6 | B3
3〉↑ =| d↑s↑u↓ + s↑d↑u↓ − u↑s↑d↓ − s↑u↑d↓〉 (2.14)

The decuplet of baryon resonances T {αβγ} with JP = 3/2+ could be written in the form

of a so called weight diagram. This weight diagram gives a convenient graphic image
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of the SU(3) IR’s on the 2-parameter plane. The y axis shows the strangeness which

is −1, 0 and 0 for the s, u and d quarks, respectively. The x axis is characterized by

the 3rd projection of the isospin, I3, which is 0 for s, 1
2 for u and − 1

2 for d quark. This

diagram for light decuplet baryons has the form of a triangle:

s = 0 ∆− ∆0 ∆+ ∆++

s = −1 Σ∗− Σ∗0 Σ∗0

s = −2 Ξ∗− Ξ∗0

s = −3 Ω∗−

I3 = −3
2

− 1 − 1
2

0
1
2

1
3
2

(2.15)

The quark contents for decuplet baryons are

ddd udd uud uuu

sdd sud suu

ssd ssu

sss (2.16)

In the SU(3) group, all the weight diagrams are either hexagons or triangles. For the

octet baryons, the weight diagram is a hexagon with the 2 elements in center

s = 0 n p

s = −1 Σ− (Σ0,Λ) Σ+

s = −2 Ξ− Ξ0

I3 = −1 − 1
2

0
1
2

1

(2.17)

or in terms of the quark contents:

udd uud

sdd sud suu

ssd ssu

(2.18)
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Having classified the light octet, decuplet and singlet baryons in SU(3) flavour sym-

metry representation, now, we construct the heavy baryons containing single heavy

quark. The baryons containing single heavy quark can be classified according to the

spin of the light degrees of freedom in the heavy quark limit, mQ → ∞. In this limit,

the total angular momentum of the light quarks is a good quantum number. In these

baryons, the light degrees of freedom (quarks and gluons) form a diquark which orbits

the nearly static heavy charm or bottom quark. This system is the QCD analogue of

the familiar hydrogen atom (proton and electron bounded by the electromagnetic in-

teractions) [13]. These baryons have been at the focus of much attention, particularly

since the development of the heavy quark effective theory (HQET) and its applica-

tion to baryons containing a single heavy quark. The heavy quark provides a window

that allows us to see somewhat further under the skin of the non-perturbative QCD as

compared the light baryons. These states are expected to be somewhat narrow, so that

their detection and isolation are relatively easy. The baryons with single heavy quark

belong to either antisymmetric 3̄F or symmetric 6F flavor representation of SU(3)

since 3 ⊗ 3 = 3̄F ⊕ 6F . For the S-wave heavy baryons, flavor -spin wave function of

the two light quarks must be symmetric, since their color wave function is antisym-

metric. The spin of the light diquark is either S = 1 for 6F , or S = 0 for 3̄F . The

ground state will have angular momentum l = 0. Therefore, the spin of the ground

state is 1/2 for 3̄F representing the ΛQ and ΞQ baryons, while it can be both 3/2 or 1/2

for 6F , corresponding to ΣQ, Σ∗Q, Ξ′Q, Ξ∗Q, ΩQ and Ω∗Q states, where ∗ indicates spin

3/2 states. In the heavy quark limit, the heavy baryons which differ only by the spin

of the heavy quark are degenerate, i.e., they can be grouped into degenerate doublets

which differ only by the spin. For instance, in the heavy quark limit, the Σ∗Q and ΣQ

are degenerate.
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CHAPTER 3

QCD SUM RULES FORMALISM

3.1 Introduction

In this chapter, we review briefly the QCD sum rules and its extension, light cone

QCD sum rules, introducing a simple correlation function for a scalar meson. More

complicated correlation functions for baryons and details of the calculations are dis-

cussed in sum rules sections of chapters 4 and 5. Our aim in this chapter is to show

how this method works and discuss briefly its foundation as well as its accuracy. The

full review on this method and some of its applications can be found in [1, 2, 3, 4].

This chapter will follow closely [1, 14]. The QCD or SVZ sum rules approach, de-

veloped about thirty years ago by Shifman, Vainshtein and Zakharov [5], has become

one of the most applicable tools in the phenomenology of hadrons. In this method,

hadrons are represented by their interpolating quark currents. The main object in this

approach is the so called correlation function expressed in terms of these interpolat-

ing currents. This correlation function is calculated in the framework of the operator

product expansion (OPE), where the short- and long-distance quark-gluon interac-

tions are separated. The former is calculated using QCD perturbation theory, whereas

the latter are parameterized in terms of the vacuum condensates or light-cone distribu-

tion amplitudes. This gives us the QCD or theoretical side of the correlation function.

On the other hand, the correlator is calculated in hadronic language by inserting a

complete set of hadronic states. The sum rules for the physical quantities is obtained

matching these two representations of the correlation function via dispersion rela-

tion. The sum rules obtained in this way allows us to calculate the physical quantities
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characterizing the hadronic ground state.

3.2 Foundation of the QCD Sum Rules

3.2.1 Correlation Function

The main advantage of the QCD sum rules as a nonperturbative method is that, it is

based on the fundamental QCD Lagrangian. The QCD Lagrangian is

LQCD = −1
4

Ga
µνG

aµν +
∑

q

ψ̄q(i 6D − mq)ψq, (3.1)

where Ga
µν is the gluon field-strength tensor and ψq are the quark fields with different

flavors q = u, d, c, s, t, b. In principle, this Lagrangian is responsible for all properties

of the hadrons and hadronic processes. However, a direct use of Eq. (3.1) is possible

only within the limited framework of the perturbation theory. The condition that guar-

antees the smallness of the corresponding effective quark-gluon coupling αs = g2
s/4π

and adequacy of the perturbative expansion is that, at least some of the quarks or

gluons in a hadronic process have to be highly virtual. Mainly, high virtuality is

obtained in a scattering of hadrons at large momentum transfer. However, even for

these hard scattering processes, a perturbative calculation of the quark-gluon Feyn-

man diagrams is not sufficient, since the quarks participating in the hard scattering

are confined inside hadrons. Therefore, one should combine the perturbative QCD

result with certain wave functions or momentum distributions of quarks in hadrons.

To calculate these characteristics, we need to know the QCD dynamics at distances

of order of the hadron size: Rhadr ∼ 1/ΛQCD, the scale at which perturbation theory in

αs fails.

We consider the following correlation function between vacuum states i.e., with no

initial and final hadrons:

Π(q2) = i
∫

d4x eiq·x〈0 | T { j(x) j̄(0)} |0〉, (3.2)

where q is the momentum of the quarks, j(x) is the quark current that injects quarks

into the QCD vacuum at point x and T is the time ordering operator. The correla-
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tion function injects quarks at the origin and analyze the evolution of quarks to the

space-time point x. The amplitude Π(q2) in the above equation is called a two-point

correlation function. This correlator leads to mass-sum rules. In the case when the

four-momentum squared is large, Q2 ≡ −q2 � Λ2
QCD, this correlation function re-

ceives contributions only from short-distance and short-time effects. This implies

that

|~x| ∼ x0 ∼ 1/
√

Q2 � Rhadr . (3.3)

Therefore, at large Q2, due to the asymptotic freedom of QCD, the quark-gluon in-

teractions are then suppressed and, as a first approximation, one can calculate the

correlation function (3.2) representing virtual quarks by the free-quark propagators

implied directly from the QCD Lagrangian.

3.2.2 Phenomenological Side

In this part, we show how the correlation function is related to the physically ob-

served hadrons. The invariant amplitude Π(q2) is an analytic function of q2 defined

at both negative (spacelike) and positive (timelike) values of q2. When q2 is shifted

from large and negative to positive values, the correlation function starts receiving

contributions from long-distance quark-gluon interactions. In this regime, the quarks

start to form hadrons. Inserting a complete set of intermediate hadronic states with

the same quantum number as interpolating currents in Eq. (3.2), i.e., inserting

1 = |0〉〈0| +
∑

h

∫
d4 ph

(2π)4 2πδ(p2
h − m2

h)|h(ph)〉〈h(ph)| + higher Fock states, (3.4)

we get the physical or phenomenological representation of the correlation function

as:

2Im Π(q2) =
∑

h

∫
〈0 | j |h〉〈h | j̄ |0〉 dτh(2π)4δ(4)(q − ph)

= 2π f 2
h δ(q

2 − m2
h) + 2πρh(q2) , (3.5)

where, the summation goes over all possible hadronic states |h〉 created by the quark

current j. The ρh(q2) represents the contributions of the higher states and continuum

and fh = 〈0 | j(0) | h〉 is the leptonic decay constant (for mesons) or residue (for
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baryons) of the ground state hadron (hadron with the lowest mass) and dτh denotes

the integration measure over the phase space volume of these states.

Now, to link the values of the Π(q2) for positive values of the q2 to the negative values,

we use the Cauchy formula for the analytic function Π(q2) and derive the dispersion

relation for the correlation function. Using the Cauchy formula for analytic functions,

for the contour shown in Fig. 3.1, we can write:

z

q
2

o x x x

Figure 3.1: The contour in the plane of the complex variable z = q2. The open point represents
the q2 < 0 reference point of the QCD calculation and the crosses indicate positions of the
hadronic thresholds at q2 > 0.

Π(q2) =
1

2πi

∮

C

dz
Π(z)

z − q2 =
1

2πi

∮

|z|=R

dz
Π(z)

z − q2

+
1

2πi

R∫

tmin

dz
Π(z + iε) − Π(z − iε)

z − q2 . (3.6)

where, tmin is the threshold for creation of real states, the radius R of the circular part

of the contour is to be sent to infinity. At |z| → ∞, if the function Π(z) vanishes fast

enough, the first term in the above equation vanishes. If it does not vanish, we can

expand the denominator in terms of q2/z, and eventually, at some order n, Π(z)/zn

would vanish sufficiently fast and the remaining terms will not contribute. Therefore,

at this limit the first term reduces to a polynomial in q2 called subtraction terms.

Considering the fact that the Π(q2) function is real in the region q2 < tmin, Schwartz

reflection principle states that Π(z + iε) − Π(z − iε) = 2iImΠ(q2) at q2 > tmin. Hence
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the following dispersion relation

Π(q2) =
1
π

∞∫

tmin

ds
ImΠ(s)

s − q2 − iε
+ subtraction terms (3.7)

is obtained. The ImΠ(s)/π = ρ(s) is the so called the spectral density. Combining

Eqs. (3.5) and (3.7), one gets the following relation for the hadronic side of the

correlation function:

Π(q2) =
f 2
h

m2
h − q2

+

∞∫

sh
0

ds
ρh(s)
s − q2 + subtraction terms, (3.8)

where sh
0 is the threshold for the creation of higher mass states.

3.2.3 Theoretical or QCD Side

From the QCD side, on the other hand, the correlation function can also be calculated

in the quark-gluon language with the help of the operator product expansion in large

Euclidean region Q2 = −q2 � Λ2
QCD. The OPE states that for small x, the time order

product of two currents at different points in the correlation function can be expanded

in terms of local operators with space time dependent coefficients as:

T { j(x) j̄(0)} =
∑

d

Cd(x2)Od, (3.9)

where, Cd(x2) are Wilson coefficients which can be calculated using perturbation the-

ory and Od are a set of local operators ordered according to their dimensions. The

lowest-dimension operator with d = 0 is the unit operator associated with the pertur-

bative contribution. In QCD, there are no colorless operators with lower dimensions,

d = 1, 2. The operators with 3, 4, 5 and 6 dimensions are:

O3 = ψ̄ψ,

O4 = Ga
µνG

aµν,

O5 = ψ̄σµν

λa

2
Gaµνψ ,

Oψ

6 = (ψ̄Γrψ)(ψ̄Γsψ) ,

OG
6 = fabcGa

µνG
b ν
σ Gcσµ, (3.10)
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and so on. Here, operators with Lorentz indices are ignored because they do not

contribute to the vacuum-vacuum correlation function. The Γr,s denote various com-

binations of Lorentz and color matrices. The correlation function can be written in

terms of the OPE as:

Π(q2) =
∑

d

Cd(x2)〈Od〉. (3.11)

The 〈Od〉 form a set of vacuum condensates which parameterize the non-perturbative

effects. The vacuum averages of O3 and O4 are so called the quark and gluon conden-

sates, respectively, and the vacuum averages of the remaining operators are, corre-

spondingly the quark-gluon, four-quark and three-gluon condensates. Once the cor-

relation function is calculated using OPE, the spectral density is given as ρOPE(q2) =

1
π
ImΠOPE(q2) and

Π(q2) =

∞∫

0

ds
ρOPE(s)
s − q2 + subtraction terms. (3.12)

3.2.4 QCD Sum Rules for Physical Quantities

Equating two representations of the correlation function, we obtain

f 2
h

m2
h − q2

+

∞∫

sh
0

ds
ρh(s)
s − q2 + subtraction terms =

∞∫

0

ds
ρOPE(s)
s − q2

+ subtraction terms.

(3.13)

To eliminate the subtraction terms, the Borel transformation with respect to the Q2 =

−q2 is applied on both sides. This also suppresses the contributions of the higher

states and continuum. The Borel transformation is defined as

BM2 f (q2) = lim Q2 ,n→∞
Q2
n =M2

(−q2)n

(n − 1)!
(

d
dq2 )n−1 f (q2), (3.14)

where, it leads to the following three important examples:

BM2(q2)k = 0, k ≥ 0

BM2(
1

(m2[s] − q2)k ) =
1

(k − 1)!
e−m2[s]/M2

(M2)(k − 1)
,

BM2(e−αq2
) = δ(

1
M2 − α). (3.15)
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Applying the Borel transformation, Eq. (3.13) is written as:

f 2
h e−m2

h/M
2
+

∞∫

sh
0

dsρh(s)e−s/M2
=

∞∫

0

dsρOPE(s)e−s/M2
(3.16)

where, not only the subtraction terms has been eliminated, but the contributions of

the higher states and continuum are exponentially suppressed.

3.2.5 Quark-Hadron Duality Assumption

At Q2 → ∞ limit, the correlation function in QCD side is completely given in terms

of the perturbative part. The matching between two representations of the correlation

function and writing the QCD side in terms of two integrals, we get:

f 2
h e−m2

h/M
2
+

∞∫

sh
0

dsρh(s)e−s/M2
=

s0∫

0

dsρOPE(s)e−s/M2
+

∞∫

s0

dsρOPE(s)e−s/M2
.

To parameterize the contribution of the higher states and the continuum the following

approximation is considered:
∞∫

sh
0

dsρh(s)e−s/M2
=

∞∫

s0

dsρOPE(s)e−s/M2
,

which is called the local quark hadron duality assumption. The s0 in the above equa-

tion is called the continuum threshold. This threshold is not completely arbitrary and

it is related to the energy of the exited states. The result of the physical quantities

should be stable with respect to the small variations of this parameter. Applying the

quark hadron duality approximation, the final sum rules is obtained as:

f 2
h e−m2

h/M
2

=

s0∫

0

dsρOPE(s)e−s/M2
,

where, the Borel mass squared, M2, is an auxiliary unphysical parameter in this sum

rules, hence the physical quantities should be independent of it. However, in sum

rules method the operator product expansion (OPE) is truncated and as a result the

dependency of the predictions of physical quantities on the auxiliary parameter M2

appears. For this reason one should look for a region of M2 such that the predictions
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for the physical quantities do not vary with respect to the Borel mass parameter. This

region is the so called the “working region“ and within this region the truncation is

reasonable and meaningful. The upper limit of M2 is determined from condition that

the continuum and higher states contributions should be small than the total dispersion

integral. The lower limit is determined by demanding that in the truncated OPE the

condensate term with highest dimension remains small than sum of all terms, i.e.,

convergence of OPE should be under control.

3.3 Three -Point Sum Rules

The two-point correlation function can be used for determination of the mass of

hadrons. It can be generalized to study the transition amplitudes, decay rates and

branching ratios by calculating the transition form factors. For instance consider

h1(p)→ h2(p′)l+l−, where h1 and h2 are the initial and final hadrons with momentum

p and p′ = p − q. The following three point correlation function can be used to study

matrix elements of operators responsible for the above transitions:

Π(p2, p′2) = i2
∫

d4xd4y e−ip·xeip′·y〈0 | T { j1(x) j3(0) j̄2(y)} |0〉, (3.17)

where, j1 and j2 are interpolating currents of the initial and final states, respectively

and j3 is the transition current. Similar to the two-point case, the aforementioned

correlator can be calculated by inserting two complete sets of the hadronic states

between the currents. As a result, we obtain the following double dispersion relation:

Π(p2, p′2) =
f1 f2〈h1| j3|h2〉

(m2
h1
− p2)(m2

h2
− p′2)

+

∫ ∞

sh
0

ds
∫ ∞

s′h0

ds′
ρh(s, s′)

(s − p2)(s′ − p′2)
+ subtraction terms, (3.18)

where, the 〈h1| j3|h2〉 can be parameterized in terms of some form factors. Calculation

of these form factors play crucial role in analyzing the above mentioned transitions.

Using the quark hadron duality assumption and applying double Borel transformation

with respect to the variables p2 and p′2 to suppress the contribution of the higher states
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and continuum, the following sum rules is obtained:

f1 f2〈h1| j3|h2〉e−m2
h1
/M2

1 e−m2
h2
/M2

2 =

∫ s0

0
ds

∫ s′0

0
ds′ρOPE(s, s′)e−s/M2

1 e−s′/M2
2 ,

(3.19)

where, the M2
1 and M2

2 are new Borel parameters and s0 and s′0 are continuum thresh-

olds in the h1 and h2 channels, respectively. Here, we should stress that in the three

point sum rules with double dispersion relation, the subtraction of the continuum

states and the quark-hadron duality is highly nontrivial. For q2 > 0 values, there

may be an inconsistency between double dispersion integrals and corresponding co-

efficients of the structures in the Feynman amplitudes in the bare loop diagram. In

this case, the double spectral density receives contributions beyond the contributions

coming from the Landau-type singularities. This problem has been discussed in detail

in [15].

3.4 Light Cone QCD Sum Rules

The LCQSR sum rules as an extension of the SVZ sum rules is a theory of the hard

exclusive processes. The main idea, here, is to expand the matrix elements of the time

ordered products of currents in the correlation function near the light cone, x2 ' 0. In-

stead of the expansion of the long-distance effects in terms of operators with different

mass dimensions, as in traditional sum rules, in LCQSR , those effects are parame-

terized in terms of light-cone distribution amplitudes with different twists. Twist is

defined as the difference between the mass dimension and the spin of a traceless and

totally symmetric local operators. The SVZ sum rules employ vacuum to vacuum

correlation functions while in light cone sum rules, we consider T-product of two

quark currents between vacuum and an on-shell state such as photon, i.e.,

Π(p2, p′2) = i
∫

d4xeipx〈γ(q)|T { j1(x) j2(0)}|0〉. (3.20)

In calculating the above correlation function, matrix elements 〈γ(q) | q̄(x1)Γiq(x2) | 0〉
are encountered, where Γi =

{
1, γ5, γµ, iγ5γµ, σµν/

√
2
}

. These matrix elements can

be expanded near the light cone, x2 = 0, in terms of the photon distribution amplitudes

(see [16]). As an illustration, consider 〈γ(q) | q̄(x)γµγ5q(0) | 0〉.
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Expanding q(x) using

q(x) = q(0) + xαDαq(x)|x=0 + ..., (3.21)

one can write

〈γ(q) | q̄(x)γµγ5q(0) | 0〉 =
∑

n

1
n!

xα1 xα2 ...xαn〈γ(q) | q̄(0)
←−−−
D{α1

←−−
Dα2 ...

←−−−
Dαn}γµγ5q(0) | 0〉,

where, {...} is used to show that the indices in between are completely symmetrized.

The matrix elements in the right-hand-side of the above equation have the following

general decomposition:

〈γ(q) | q̄(0)
←−−−
D{α1

←−−
Dα2 ...

←−−−
Dαn}γµγ5q(0) | 0〉 = inενqλεµνλ{α1qα2qα3 ....qαn}Mn

+ inενqλεµνλ{α1gα2α3qα4 ....qαn}M
′
n + ...

(3.22)

where, Mn and M′
n are matrix elements of local operators. Using the above equations

one gets

〈γ(q) | q̄(x)γµγ5q(0) | 0〉 = εµνλαε
νqλxα

∑

n

i
n!

(iqx)n−1Mn

− x2εµνλαε
νqλxα

∑

n

i
n!

(iqx)n−3M′
n + ...

(3.23)

Using this result in the correlation function in Eq. (3.20) and performing integral over

x, the following forms are encountered:

∑

n

(2pq)n

(−p2)n Mnqµ +
∑

n

(2pq)n

(−p2)n+1 M′
nqµ + ..., (3.24)

where, each term in the series is multiplied by a dimensionless constant

ξ =
2pq
−p2 =

(p + q)2 − p2 − q2

−p2 . (3.25)

The ξ is of order one, generally, and we have to keep all the terms in the above

expansion.

In Eq. (3.22), the mass dimension of operator on the left-hand-side is: n+3. The spins

of the first and second terms in r. h. s. are n + 1 and n − 1, respectively because the
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operator without derivatives has dimension 3, and the Lorentz spin 1. Therefore, the

twists of first and second terms in r. h. s. are 2 and 4, respectively (after multiplying

both parts of Eq. (3.22) by gα1α2 it becomes clear that the matrix elements M′
n receive

their contributions from the twist 4 operators). Hence, the expansion in Eq. (3.23)

is an expansion in terms of the twist, rather than the mass dimension of the local

operators. As an example, we focus on the lowest twist terms M and define a function

ϕ(u) such that
i
n

Mn =
f
4

eeq

∫ 1

0
duunϕ(u). (3.26)

The distribution amplitude ϕ(u) is normalized to unity,
∫ 1

0
duϕ(u) = 1. As a result of

this procedure, the Eq. (3.23) can be written as:

〈γ(q) | q̄(x)γµγ5q(0) | 0〉 =
f
4

eeqεµνλαε
νqλxα

∫ 1

0
dueiuqxϕ(u), (3.27)

where, eq is the quark charge in units of the unit charge e and ϕ(u) is called the

twist 2 wave function or distribution amplitude of the photon. The u in the argument

of ϕ(u) corresponds to the momentum fraction carried by the photon. The explicit

expressions for ϕ(u) and other distribution amplitudes (DA’s) of the photon will be

given in next chapters.
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CHAPTER 4

PROPERTIES OF THE NUCLEONS

A nucleon is a collective name for two members of the octet baryons, namely neutron

and proton. Understanding the nucleons’ properties is one of the major goals of the

modern theory of strong interactions(QCD). Among the baryons, the proton is stable

and other baryons decay directly or indirectly to it. For instance, a free neutron decays

to a proton via beta decay. The proton is the lightest baryon and its stability is a mea-

sure of baryon number conservation. The proton’s lifetime impose strong constraints

on theories which try to extend the SM of particle physics. The nucleon electromag-

netic form factors and transition of the nucleons to their first and well known excited

states (∆ baryons) with the help of an axial current can give valuable information

about the understanding of the properties of the nucleons. In this chapter, first we

discuss the transition of the nucleon to ∆ via the axial current. We will show that our

predictions on related form factors reproduce the data obtained from the lattice QCD

analysis. Then, in the second section, we discuss other properties of the nucleons by

calculating their electromagnetic form factors. Since 1965, the analysis of these form

factors have been of interest for both experimentalists and theoreticians. But unfortu-

nately, different experimental data are not exactly in good agreement. However, with

the help of the general interpolating currents of the nucleons, our predictions for the

electromagnetic form factors describe well the predictions of the recent experiments.
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4.1 Analysis of the Axial N → ∆ Transition Form Factors

Form factors have great importance in the investigation of the internal structure of

baryons. The inner structure of the nucleon is encoded in several form factors. The

electromagnetic form factors of the nucleon, which parameterize the matrix element

of the electromagnetic current operator, are measured in a wide range of q2 values [17,

18, 19]. The interest in nucleon form factor has been renewed by recent progress in

experimental physics, where it became possible to get polarized beams and polarized

targets. This possibility opened up two new methods [20] to measure the ratio of

the electric and magnetic form factors, namely polarization transfer and beam-target

asymmetry. New experimental data obtained from e + p → e + p reaction, which

is performed at JLAB [7], gave the result that the ratio µρGE/GM decreases from

unity substantially for high Q2 values. Not only form factors relevant for the diagonal

transitions, but also the electromagnetic transition form factors for electro-production

of the ∆ have also been the subject of recent experimental [7, 21, 22] and theoretical

studies [23].

The main advantage of the nucleon to ∆ transition is that, the ∆ is a dominant nu-

cleon resonance and its identification is easy. The N − ∆ transition form factors due

to the weak axial current can give valuable information about the structure of the

baryons, complementary to that obtained from electromagnetic transitions. For ex-

ample, measurement of axial form factors for N − ∆ transition, allows us to check off

diagonal Goldberger-Treiman relation, order of conservation of the axial current and

etc. Weak axial N − ∆ transition form factors are investigated in neutrino (or charged

lepton) scattering on deuterium or hydrogen in the ∆ region experiments. New in-

formation on the weak axial form factors is expected from parity-violating electron

scattering experiments planned at Jefferson Laboratory [24].

In this section, we calculate the axial N → ∆ transition form factors in LCQSR

by the help of the light cone distribution amplitudes (DA’s) of the proton calculated

in [25, 26, 27]. Using these DA’s, the semileptonic Λb → p`ν [28] decay, scalar

form factor of the proton [29, 30], axial and induced pseudo scalar form factors of
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the nucleon [31, 32], Σ − n form factors [33] are studied. In [34], the distribution

amplitudes of Λ in leading conformal spin is calculated and the obtained amplitudes

are used to study the Λc → Λ`ν decay. Note that these form factors are calculated in

lattice QCD in [35, 36], and in chiral constituent quark model in [37].

4.1.1 Sum Rules for the Axial Nucleon to Delta Transition Form Factors

In the present subsection, light cone QCD sum rules for the axial N to ∆ transition

form factors are derived. These form factors are defined by the matrix element of the

axial current (in our case isovector part of the axial current), i.e.,

J3
ν (x) = ψ(x)γνγ5

τ3

2
ψ(x), (4.1)

between the nucleon state with momentum p and the ∆-state with momentum p′ =

p − q, where τ3 is the third Pauli matrix, and q is the transferred momentum. Hence,

the axial N → ∆ transition form factors are defined by the matrix element 〈∆(p′, s′) |
J3
ν | N(p, s)〉. This N to ∆ weak matrix element can be expressed in terms of four

invariant transition form factors as follows [38, 39]:

〈∆(p′, s′) | J3
ν | N(p, s)〉 = iuλ(p′, s′){(CA

3 (q2)
mN

γµ +
CA

4 (q2)
m2

N

p′µ)(gλνgρµ

− gλρgµν)qρ + CA
5 (q2)gλν +

CA
6 (q2)

m2
N

qλqν}u(p, s),

(4.2)

where uλ(p′, s′) is the Rarita-Schwinger spinor for ∆ and u(p, s) is the nucleon spinor.

Note that, the partial conservation of axial current (PCAC) and pion meson domi-

nance leads to the relation [36]

CA
6 (Q2) =

m2
N

Q2 + m2
π

C5(Q2). (4.3)

For the calculation of the above mentioned form factors within the light cone QCD

sum rules method, we consider the matrix element in which one of the hadrons is

described by an interpolating current with the quantum numbers of this hadron and

another one is represented by the state vector. For the construction of the light cone
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sum rules, the distribution amplitudes (DA’s) of hadron state vector is needed. The

nucleon distribution amplitudes for three quark operators are calculated in [25, 26, 27]

and DA’s for ∆ isobar is not yet calculated. For this reason, we consider the following

correlation function where the nucleon is described by the state vector

Πµν(p, q) = i
∫

d4xeiqx〈0 | T {ηµ(0)J3
ν (x)} | N(p)〉. (4.4)

The interpolating current for the ∆+ isobar is chosen in the form [40]:

ηµ(0) =
1√
3
εabc[2(uaT (0)Cγµdb(0))uc(0) + (uaT (0)Cγµub(0))dc(0)], (4.5)

and the axial current is:

J3
ν (x) =

1
2

[u(x)γνγ5u(x) − d(x)γνγ5d(x)].

In order to construct the sum rules for the form factors, the correlation function will be

represented in two different forms, i.e. in terms of hadron parameters and in terms of

the quark-gluon parameters. Let us first consider the representation of the correlation

function in terms of hadron parameters (phenomenological part). Phenomenological

part of the correlation function can be obtained by inserting a complete set of hadronic

states with the same quantum numbers of ηµ(0) inside the correlation function. Sat-

urating the correlator with these hadrons and isolating the contribution coming from

the ground state hadron, we get

Πµν(p, q) =
∑

s′

〈0 | ηµ | ∆+(p′, s′)〉〈∆+(p′, s′) | Jν | N(p, s)〉
m2

∆
− p′2

+ · · · , (4.6)

where m∆ is ∆+ mass and · · · represents contributions from the higher states and the

continuum. The matrix element 〈∆+ | Jν(x) | N〉 entering in Eq. (4.6) is given by Eq.

(4.2) and the matrix element 〈0 | ηµ(0) | ∆+〉 is determined as

〈0 | ηµ(0) | ∆+〉 = λ∆uµ(p′, s′), (4.7)

where λ∆ is the residue of ∆+ isobar and the value of the residue λ∆ is determined

from the two point sum rules [40, 41, 42, 43, 44]. Performing summation over spin

of Rarita-Schwinger spinor using the formula
∑

s

uµ(p′, s)uν(p′, s) = −( 6 p′ + m∆){gµν − 1
3
γµγν −

2p′µp′ν
3m2

∆

+
p′µγν − p′νγµ

3m∆

}, (4.8)
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and using Eqs. (4.2), (4.6), (4.7) and (4.8) the contribution of ∆+ to the correlation

function can be written as

Πµν(p, q) =
−iλ∆

m2
∆
− p′2

( 6 p′ + m∆)
[
gµλ − 1

3
γµγλ −

2p′µp′λ
3m2

∆

+
p′µγλ − p′λγµ

3m∆

]{

[
CA

3 (q2)
mN

γα +
CA

4 (q2)
m2

N

p′α

]
(gλνqα − qλgνα) + CA

5 (q2)gλν

+
CA

6 (q2)

m2
N

qλqν

}
u(p). (4.9)

From Eq. (4.9) it follows that the correlation function contains numerous tensor struc-

tures and not all of them are independent. The dependence can be removed by order-

ing gamma matrices in a specific order. In this work the ordering γµ 6 p′γν 6q is chosen.

With this ordering, the correlation function becomes

Πµν(p, q) =
−iλ∆

m2
∆
− p′2

{
gµν 6qCA

3 (q2) + gµν 6 p′ 6q
CA

3 (q2)
mN

+ gµν( 6 p′ + m∆)

×
(
CA

5 (q2) + CA
4 (q2)

p′q
m2

N

)
− qµ( 6 p′ + m∆)γν

CA
3 (q2)
mN

− qµ( 6 p′ + m∆)p′ν
CA

4 (q2)
m2

N

+ qµqν( 6 p′ + m∆)
CA

6 (q2)

m2
N

}
u(p)

+ other structures with γµ at the beginning or which are

proportional to p′µ. (4.10)

The reason why the structures ∼ p′µ and structures with γµ at the beginning is not

considered is as follows. The interpolating current ηµ couples not only to spin-parity

(3/2)+ states, but also to spin-parity (1/2)− states. In other words, the ηµ has nonzero

overlap with spin 1/2 states. This coupling can be written in the most general form

as:

〈0 | ηµ | 1
2

(p′)〉 = (Ap′µ + Bγµ)u(p). (4.11)

Using the condition γµηµ = 0, which is imposed to decrease the theoric degree of

freedom of spin 3/2 particles to physical degree of freedom, one can easily obtain

that B =
−Am1/2

4 . Therefore, in the general case, the spin 1/2 states give also contribu-

tion to the considered correlation function, but they contribute only to the structures

which contain a γµ at the beginning or which are proportional to p′µ. By choosing the

ordering γµ 6 p′γν 6 q and ignoring the structures proportional to p′µ and the structures
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that contain a γµ at the beginning, the contributions to the correlation function from

states that have spin 1/2 are eliminated.

Now, we turn our attention to the calculation of the correlation function from the QCD

side for the large Euclidean virtuality p′2 = (p − q)2 << 0 in terms of the nucleon

distribution amplitudes. Using the explicit expression for the ∆+ isobar interpolating

current in Eq. (4.5) and axial current in Eq. (4.6), and carrying out all contractions for

the correlation function in Eq. (4.4), we get the following result in x representation:

Πµν(p, q) =
−1

16π2
√

3

∫
d4xeiqx

x4

{
(Cγµ)αβ(γνγ5)ρσεabc〈0 |

[
4ua

η(0)ub
θ(x)dc

φ(0)

{2gαηgσθgβφ( 6 x)λρ + 2gληgσθgβφ( 6 x)αρ + gαηgσθgλφ( 6 x)βρ

+ gβηgσθgλφ( 6 x)αρ} − 4ua
η(0)ub

θ(0)dc
φ(x){2gαηgλθgσφ( 6 x)βρ

+ gαηgβθgσφ( 6 x)λρ}
]
| N(p)〉

}
, (4.12)

where, we have used the light cone expanded light quark propagator as [43]:

S q(x) = S f ree
q (x) − 〈q̄q〉

12

(
1 − i

mq

4
6 x
)
− x2

192
m2

0〈q̄q〉
(
1 − i

mq

6
6 x
)

−igs

∫ 1

0
du

[ 6 x
16π2x2 Gµν(ux)σµν − uxµGµν(ux)γν

i
4π2x2

−i
mq

32π2 Gµνσ
µν

(
ln

(−x2Λ2

4

)
+ 2γE

)]
, (4.13)

where, Λ is the energy cut off separating perturbative and nonperturbative domains.

In order to achieve a factorization of large and small scales in the OPE, all infrared

logarithms should be removed from the coefficient functions and absorbed in the ma-

trix elements of operators. In our case, this means that the lnΛ must be included in

the condensates of different operator or distribution amplitude. A more detailed dis-

cussion on this point can be found in [45]. For this reason, we will choose the scale

parameter Λ as a factorization scale, i.e., Λ = (0.5 − 1) GeV . The free part of the

peopagator in above equation is defined as:

S f ree
q =

i 6 x
2π2x4 −

mq

4π2x2 ,

(4.14)

The terms proportional to the gluon strength tensor can give contribution to four and

five particle distribution functions but they are expected to be small [25, 26, 27] and
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for this reason we will neglect these amplitudes in further analysis. The terms pro-

portional to 〈q̄q〉 can also be omitted because Borel transformation eliminates these

terms. The terms proportional to u and d quark masses are also ignored and hence

only first term in the free part of the propagator is relevant for our discussion. From

Eq. (4.12) it follows that for the calculation of Πµν(p, q) we need to know the matrix

element 〈0 | [4ua
η(0)ub

θ(x)dc
φ(0) | N(p)〉. This three quark matrix element between

vacuum and the proton state is given in [25, 26, 27] as:

4〈0|εabcua
α(a1x)ub

β(a2x)dc
γ(a3x)|P〉 = S1mNCαβ(γ5N)γ + S2m2

NCαβ(/xγ5N)γ

+ P1mN(γ5C)αβNγ + P2m2
N(γ5C)αβ(/xN)γ + (V1 +

x2m2
N

4
VM

1 )(/pC)αβ(γ5N)γ

+ V2mN(/pC)αβ(/xγ5N)γ +V3mN(γµC)αβ(γµγ5N)γ +V4m2
N(/xC)αβ(γ5N)γ

+ V5m2
N(γµC)αβ(iσµνxνγ5N)γ +V6m3

N(/xC)αβ(/xγ5N)γ + (A1

+
x2m2

N

4
AM

1 )(/pγ5C)αβNγ +A2mN(/pγ5C)αβ(/xN)γ +A3mN(γµγ5C)αβ(γµN)γ

+ A4m2
N(/xγ5C)αβNγ +A5m2

N(γµγ5C)αβ(iσµνxνN)γ +A6m3
N(/xγ5C)αβ(/xN)γ

+ (T1 +
x2m2

N

4
T M

1 )(pνiσµνC)αβ(γµγ5N)γ + T2mN(xµpνiσµνC)αβ(γ5N)γ

+ T3mN(σµνC)αβ(σµνγ5N)γ + T4mN(pνσµνC)αβ(σµρxργ5N)γ

+ T5m2
N(xνiσµνC)αβ(γµγ5N)γ + T6m2

N(xµpνiσµνC)αβ(/xγ5N)γ

+ T7m2
N(σµνC)αβ(σµν/xγ5N)γ + T8m3

N(xνσµνC)αβ(σµρxργ5N)γ , (4.15)

where the calligraphic functions are functions of the scalar product (px) and of the

parameters ai, i = 1, 2, 3. These functions can be expressed in terms of the nucleon

distribution amplitudes with increasing twist. Explicit expressions of distribution am-

plitudes with definite twist are (see also [23, 25, 26, 27] ):

S1 = S 1,

2pxS2 = S 1 − S 2,

P1 = P1,

2pxP2 = P1 − P2, (4.16)
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V1 = V1,

2pxV2 = V1 − V2 − V3,

2V3 = V3,

4pxV4 = −2V1 + V3 + V4 + 2V5,

4pxV5 = V4 − V3,

4(px)2V6 = −V1 + V2 + V3 + V4 + V5 − V6, (4.17)

A1 = A1,

2pxA2 = −A1 + A2 − A3,

2A3 = A3,

4pxA4 = −2A1 − A3 − A4 + 2A5,

4pxA5 = A3 − A4

4(px)2A6 = A1 − A2 + A3 + A4 − A5 + A6, (4.18)

T1 = T1,

2pxT2 = T1 + T2 − 2T3,

2T3 = T7,

2pxT4 = T1 − T2 − 2T7,

2pxT5 = −T1 + T5 + 2T8,

4(px)2T6 = 2T2 − 2T3 − 2T4 + 2T5 + 2T7 + 2T8,

4pxT7 = T7 − T8,

4(px)2T8 = −T1 + T2 + T5 − T6 + 2T7 + 2T8. (4.19)

The Eqs. (4.16), (4.17), (4.18) and (4.19) are for scalar, pseudo scalar, vector, axial

vector and tensor distribution amplitudes respectively. The distribution amplitudes

F = S i, Pi, Vi, Ai, Ti can be written as:

F(ai px) =

∫
dx1dx2dx3δ(x1 + x2 + x3 − 1)e−ipxΣi xiai F(xi) , (4.20)

27



where, xi with i = 1, 2, 3 correspond to the longitudinal momentum fractions carried

by the quarks. Using Eqs. (4.12)-(4.20) and after carrying out the Fourier transfor-

mation, the correlation function is obtained in the momentum representation.

In order to construct sum rules for axial N − ∆ transition form factors we need to

choose structures. From Eq. (4.10) it follows that in principle different tensor struc-

tures can be used for obtaining sum rules for axial form factors. We have chosen the

structures proportional to gµν 6 p′ 6 q, qµp′ν 6 p′, gµν 6 p′, qµqν 6 p′ to obtain sum rules for

the form factors CA
3 , CA

4 , CA
5 + CA

4
p′.q
m2

∆

and CA
6 , respectively. Equating the coefficients

of the structures gµν 6 p′ 6 q, qµp′ν 6 p′, gµν 6 p′, qµqν 6 p′ from both sides and applying

the Borel transformation with respect to the variable p′2 = (p − q)2 which suppress

the contributions of the higher states and continuum, we get desired sum rules for the

form factors CA
3 , CA

4 , CA
5 and CA

6 as:

C3(Q2) =
mN√
3λ∆

e
m2

∆

M2
B


∫ 1

t0
dx2

∫ 1−x2

0
dx1

e
− s(x2 ,Q

2)

M2
B

x2
[2V1 − T1] (xi)

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1

e
− s(x3 ,Q

2)

M2
B

x3
T1(x′i)

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1

∫ x3

t0

dt1

t2
1

e
− s(t1 ,Q

2)

M2
B

m2
N

M2
B

(x3 − t1)T234578(x′i)

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1e

− s0
M2

B
m2

N

Q2 + m2
Nt2

0

(−t0 + x3)T234578(x′i)
}
,

(4.21)

C4(Q2) =
m2

N√
3λ∆

e
m2

∆

M2
B


∫ 1

t0
dx2

∫ 1−x2

0
dx1

∫ x2

t0
dt1 e

− s(t1 ,Q
2)

M2
B



+
2mN

M2
Bt1

(V123 − T123)(xi) +
2mN(1 − 2t1)

M2
Bt1

(−A123 + T127)(xi)

+
4m3

N(−1 + t1)(t1 − x2)

M4
Bt1

A123456(xi) +
4m3

N(−1 + t1)(t1 − x2)

M4
Bt1

T125678(xi)
]

+

∫ 1

t0
dx2

∫ 1−x2

0
dx1 e

− s0
M2

B

[
(

2mNt0

Q2 + m2
Nt2

0

)(V123 − T123)(xi)

− 2mNt0(−1 + 2t0)
Q2 + m2

Nt2
0

(−A123 + T127)(xi)
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+
4m3

Nt0

Q2 + m2
Nt2

0

{
(−1 + t0)(−x2 + t0)

(
2m2

Nt5
0

(Q2 + m2
Nt2

0)2
+

1
M2

B

)

− t2
0(4x2 − 5(1 + x2))t0 + 6t2

0)

(Q2 + m2
Nt2

0)

}
(A123456 + T125678)(xi)

]

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1

∫ x3

t0
dt1e

− s(t1 ,Q
2)

M2
B

[
−mN

M2
B

(2V123 +A123)(x′i)

− 2mN(−1 + t1)
M2

Bt1
T127(x′i)

+
m3

N(−1 + t1)(t1 − x3)

M4
Bt1

(−2V123456 −A123456 + 2T125678)(x′i)
]

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1e

− s0
M2

B

[
− mNt2

0

Q2 + m2
Nt2

0

(2V123 +A123)(x′i)

− 2mNt0(−1 + t0)
Q2 + m2

Nt2
0

T127(x′i)

+

(
2m5

N(−1 + t0)t5
0(−x3 + t0)

(Q2 + m2
Nt2

0)3
− m3

Nt3
0(4x3 − 5(1 + x3)t0 + 6t2

0)

(Q2 + m2
Nt2

0)2

+
m3

N(−1 + t0)t0(−x3 + t0)

M2
B(Q2 + m2

Nt2
0)

)
(2V123456 −A123456 + 2T125678)(x′i)

]}
,

(4.22)

C5(Q2) =
1√
3λ∆

e
m2

∆

M2
B

{

×
∫ 1

t0
dx2

∫ 1−x2

0
dx1e

− s(x2 ,Q
2)

M2
B mN(−S 1 + P1 − V3 + A3)(xi)

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1e

− s(x3 ,Q
2)

M2
B mN

(
−V3 +

A3

2

)
(x′i)

+

∫ 1

t0
dx2

∫ 1−x2

0
dx1

∫ x2

t0
dt1e

− s(t1 ,Q
2)

M2
B

mN

t1

×
[(

2 − Q2 + m2
N(−1 + 2t1) + s(t1,Q2)

M2
B

)
V123(xi) +

m2
N(t1 − x2)

M2
B

T125678(xi)

+
Q2 + m2

N(−1 + 2t1) + s(t1,Q2)
2M2

B

(−2A123 + T123 + T127)(xi)
]

+

∫ 1

t0
dx2

∫ 1−x2

0
dx1 e

− s0
M2

B
mNt0

Q2 + m2
Nt2

0

[
+ m2

Nt0(t0 − x2)T125678(xi)
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(−m2
N + Q2 + s(t0,Q2) + 2m2

Nt0)(−V123 −A123 + T123 + T127)(xi)
]

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1

∫ x3

t0
dt1e

− s(t1 ,Q
2)

M2
B

m3
N(t1 − x3)

2M2
Bt1

(2V123456(x′i) −A123456(x′i))

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1e

− s0
M2

B
m3

N(t0 − x3)t0

2(Q2 + M2t2
0)

(2V123456(x′i) −A123456(x′i))
}

− (m2
N − m2

∆
+ Q2)

2m2
N

C4(Q2, M2
B), (4.23)

C6(Q2) =
m2

N√
3λ∆

e
m2

∆

M2
B


∫ 1

t0
dx2

∫ 1−x2

0
dx1

∫ x2

t0
dt1e

− s(t1 ,Q
2)

M2
B

[−2mN(−1 + t1)
M2

Bt1
(−2A123 + T123)(xi) +

−2mN(−1 + t1)(−1 + 2t1)
M2

Bt2
1

T127(xi)

+
2m3

N(2(−1 + t1)2t1 − (1 + 2(−2 + t1)t1)x2)

M4
Bt2

1

(A123456 + T125678)(xi)
]

+

∫ 1

t0
dx2

∫ 1−x2

0
dx1e

− s0
M2

B

[
4mN(−1 + t0)t0

Q2 + m2
Nt2

0

A123(xi)

− 2
mN(−1 + t0)
Q2 + m2

Nt2
0

T123(xi) − 2mN(−1 + t0)(−1 + 2t0)
Q2 + m2

Nt2
0

T127(xi)

+

(
8m5

N(−1 + t0)2t4
0(−x2 + t0)

(Q2 + m2
Nt2

0)3
− 4m3

N(−1 + t0)t2
0(3x2 + t0(−4 − 5x2 + 6t0))

(Q2 + m2
Nt2

0)2

+
4m3

N(−1 + t0)2(−x2 + t0)

M2
B(Q2 + m2

Nt2
0)

)
(A123456 + T125678)(xi)

]

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1

∫ x3

t0
dt1e

− s(t1 ,Q
2)

M2
B

mN(1 − t1)
M2

Bt1[
A123(x′i) +

1
t1
T123(x′i) +

(−1 + 2t1)
t1

T127(x′i)

+
2m2

N(1 − t1)(t1 − x3)
M2

Bt1
(V123456 − 1

2
A123456 + T125678)(x′i)

]

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1e

− s0
M2

B
mN(−1 + t0)
Q2 + m2

Nt2
0

×
[
t0A123(x′i) + T123(x′i) − (−1 + 2t0)T127(x′i)

+ 2m2
N

(
2m2

N(−1 + t0)t4
0(−x3 + t0)

(Q2 + m2
Nt2

0)2
− t2

0(3x3 + t0(−4 − 5x3 + 6t0))

(Q2 + m2
Nt2

0)

+
(−1 + t0)(−x3 + t0)

M2
B

)
(V123456 − 1

2
A123456 + T125678)(x′i)

]}
, (4.24)

where following [26], the following shorthand notations for various combinations of
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the DA’s are employed:

T234578 = T2 − T3 − T4 + T5 + T7 + T8,

T123 = T1 + T2 − 2T3,

T127 = T1 − T2 − 2T7,

T125678 = −T1 + T2 + T5 − T6 + 2T7 + 2T8,

V123 = V1 − V2 − V3,

V123456 = −V1 + V2 + V3 + V4 + V5 − V6,

A123 = A1 − A2 + A3,

A123456 = A1 − A2 + A3 + A4 − A5 + A6, (4.25)

and

F (xi) = F (x1, x2, 1 − x1 − x2),

F (x′i) = F (x1, 1 − x1 − x3, x3). (4.26)

The Borel transformation and the continuum subtraction are performed using the fol-

lowing substitutions in Minkowski space (see [25, 26]):
∫

dt
ρ(t)

(q − tp)2 = −
∫ 1

0

dt
t

ρ(t)
s − p′2

⇒ −
∫ 1

t0

dt
t
ρ(t)e

− s
M2

B ,

∫
dt

ρ(t)
(q − tp)4 =

∫ 1

0

dt
t2

ρ(t)
(s − p′2)2

⇒ 1
M2

B

∫ 1

t0

dt
t2 ρ(t)e

− s
M2

B +
ρ(t0)e

− s0
M2

B

Q2 + t2
0m2

N

,

∫
dt

ρ(t)
(q − tp)6 = −

∫ 1

0

dt
t3

ρ(t)
(s − p′2)3

⇒ − 1
2M4

B

∫ 1

t0

dt
t3 ρ(t)e

− s
M2

B

− ρ(t0)e
− s0

M2
B

2t0(Q2 + t2
0m2

N)M2
B

+
t2
0

2(Q2 + t2
0m2

N)

[
d

dt0

ρ(t0)
t0(Q2 + t2

0m2
N)

]
e
− s0

M2
B ,

s(t,Q2) = (1 − t)M2 +
(1 − t)

t
Q2,

t0(s0,Q2) =

√
(Q2 + s0 − m2

N)2 + 4m2
N Q2 − (Q2 + s0 − m2

N)

2m2
N

,

(4.27)

where Q2 = −q2 and t0 is the solution of the s(t0,Q2) = s0. The terms ∼ e
− s0

M2
B are the
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so-called surface terms which appear in successive partial integrations to reduce the

power of denominators.

4.1.2 Numerical Analysis

From explicit expressions of the sum rules for the axial N−∆ transition form factors, it

follows that the main input parameters are the nucleon distribution amplitudes (DA’s).

In general, these distribution amplitudes contain hadronic parameters which should

be determined by some means. Various methods to determine these parameters give

different results. In this work, we considered all three different determinations of

these parameters: a) QCD sum rules based DA’s, where corrections to the DA’s are

taken into account and the parameters in DA’s are determined from QCD sum rules,

b) A model for nucleon DA’s where parameters are chosen in a such way that the

nucleon electromagnetic and axial form factors are described well within LCQSR

and c) Asymptotic forms of DA’s of all twists (see for example [25] ). The explicit

expressions of corresponding DA’s can be found in [25] and for completeness we

present their expressions in Appendix–A. In this Appendix, the values of the hadronic

parameters obtained from three different methods (three sets) are also presented.

For the numerical evaluation of the sum rules for the N−∆ transition form factors, we

need also specify the values of the residue of ∆ baryon λ∆, the continuum threshold

s0 and Borel parameter M2
B. The residue λ∆ and s0 are determined from analysis of

the mass sum rules: λ∆ = 0.038 GeV3 and s0 = 2.6 − 3 GeV2 [40, 41, 42, 43, 44]

which we have used in numerical calculations. The Borel mass parameter M2
B is the

auxiliary parameter of sum rules. Therefore, we need to find a suitable region of M2
B,

where physical results are independent of this parameter. A suitable region of M2
B

is determined in the following way. From one side, M2
B has to be small enough in

order to guarantee suppression of higher resonances and the continuum contributions

to the correlation function and from other side, it should be large enough in order

to guarantee convergence of the light cone expansion with increasing twist in QCD

calculation.
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In Figs. 4.1, 4.2, 4.3, and 4.4, we present the dependence of the form factors C3(Q2),

C4(Q2), C5(Q2) and C6(Q2) on M2
B for first set of DA’s with two fixed values of s0 and

three fixed values of Q2 respectively. From these figures it follows that all consid-

ered form factors exhibit good stability with respect to variation of M2
B in the region

1.2 GeV2 ≤ M2
B ≤ 2 GeV2, so this region of M2

B can be considered as a working

region where form factors are practically independent of M2
B. We performed similar

analysis for the two other sets of DA’s and obtained that within the above mentioned

region of M2
B, the form factors are rather stable to variation of M2

B.

In Figs. 4.5, 4.6, 4.7 and 4.8, we present the dependence of the form factors Ci(Q2),

i = 3, 4, 5, 6 on Q2 at fixed values of M2
B and s0 for all three sets of DA’s. From these

figures, we see that form factors are very sensitive to the choice of DA’s. For form

factor C3(Q2), the sets 2 and 3 lead to the same result, for C4(Q2) and C5(Q2) form

factors, the sets 1 and 2 give results which are very close to each other and for C6(Q2)

up to Q2 = 4 GeV2 all sets of DA’s lead to the different results and when Q2 ≥ 4 GeV2

all three sets of DA’s lead to indistinguishable predictions. Our results on form factors

C4(Q2) and C5(Q2) for three sets of DA’s satisfy the relation C4(Q2) = C5(Q2)/4

assumed in the experimental analysis.

Figs. 4.7 and 4.8 contain also the predictions of lattice calculations from [36]. The

points correspond to the values obtained using a hybrid action and assuming ZA = 1.1

(see [36] for details of the notation). Note that, due to different conventions used,

the lattice results has been multiplied with
√

2/3. From the figures, it is seen that

there is a good agreement between the lattice results and our predictions within error

bars. Note also that, the biggest difference between sum rules predictions and lattice

calculations is seen in C5(Q2) when the asymptotic distributions are used, i.e. when

the hadronic parameters from Set 3 are used.

And finally, in Fig. 4.9, R(Q2) is plotted as a function of Q2. The function R(Q2) is

defined as:

R(Q2) =
CA

6 (Q2)
CA

5 (Q2)
Q2 + m2

π

m2
N

(4.28)

From Eq. (4.3), it is seen that, assuming PCAC and pion dominance, R(Q2) = 1. From
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Fig. 4.9, it is seen that at Q2 ' 1.5 GeV , PCAC and pion dominance approximations

are valid. But for larger values of Q2, R(Q2) deviates considerable from unity, and

hence we may conclude that PCAC and pion dominance assumptions break down.

As we have already noted, the axial form factors for the ∆ → N transition have

also been calculated in the framework of the constituent quark model in [37]. Our

predictions on these form factors differ from the results of [37].
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Figure 4.1: The dependence of the form factor C3(Q2) on the Borel parameter squared M2
B

for the values of the continuum threshold s0 = 2.6 GeV2 and s0 = 3.0 GeV2 and at the values
of Q2 = 3 ± 1 GeV2.

34



1 1,1 1,2 1,3 1,4 1,5
M

B

2
 (GeV

2
)

0

0,05

0,1

0,15

0,2

C 4(Q
2 )

s
0
 = 2.6 GeV

2
; Q

2
 = 2.0 GeV

2

s
0
 = 2.6 GeV

2
; Q

2
 = 3.0 GeV

2

s
0
 = 2.6 GeV

2
; Q

2
 = 4.0 GeV

2

s
0
 = 3.0 GeV

2
; Q

2
 = 2.0 GeV

2

s
0
 = 3.0 GeV

2
; Q

2
 = 3.0 GeV

2

s
0
 = 3.0 GeV

2
; Q

2
 = 4.0 GeV

2

Figure 4.2: The same as Fig. 4.1 but for the form factor C4(Q2).
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Figure 4.3: The same as Fig. 4.1 but for the form factor C5(Q2).
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Figure 4.4: The same as Fig. 4.1 but for the form factor C6(Q2).
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Figure 4.5: The dependence of the form factor C3(Q2) on Q2 for three different sets of dis-
tribution amplitudes at the continuum threshold s0 = 2.6 GeV2 and the Borel parameter
M2

B = 1.5 GeV2.
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Figure 4.6: The same as Fig. 4.5 but for the form factor C4(Q2).
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Figure 4.7: The same as Fig. 4.5 but for the form factor C5(Q2). Results from the lattice are
also shown.
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Figure 4.8: The same as Fig. 4.7 but for the form factor C6(Q2).
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Figure 4.9: The dependence of R(Q2) as a function of Q2 for the three sets of DA’s.
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4.2 Nucleon Electromagnetic Form Factors

The internal structure of the nucleons are usually described in terms of the electro-

magnetic Dirac and Pauli form factors F1(q2) and F2(q2) or equivalently the electric

and magnetic dipole Sachs form factors GE(q2) and GM(q2), respectively (for a recent

status of experiments and phenomenology of the form factors see [46]).

Until a few years ago, the nucleon electromagnetic form factors are studied in un-

polarized elastic electron-nucleon scattering through a virtual photon exchange. It

is shown in the pioneering work [47] that the polarization effects, i.e., scattering of

polarized electrons from polarized targets, can play essential role for a more accu-

rate determination of the nucleon electromagnetic form factors. The main result of

[47] is that, unlike the unpolarized elastic cross section, which is proportional to the

sum of the squares of the form factors, the polarized cross section contains also inter-

ference terms of the form factors GE(q2) and GM(q2). Studying various polarization

observables allows more accurate determination of these form factors.

Recent developments in experimental instruments allow to produce polarized elec-

tron beams and polarized protons, which gives the opportunity for a more precise

separation of the GE(q2) and GM(q2) form factors. The electron-proton scattering

experiments, which are performed at Jefferson Laboratory using the polarized elec-

trons and polarized proton, show strong deviation from the theoretical predictions

[48, 49, 50, 51], i.e., the ratio F2(q2)/F1(q2) does not behave as is expected from

previous experiments and as is predicted by the perturbative QCD (for a review see

[52] and references therein). For understanding this unexpected result, the model-

independent, non-perturbative, more attractive and powerful QCD sum rules method

can be used. In the next subsection, we calculate the electromagnetic form factors

of nucleon using the LCQSR and most general form of the interpolating current for

nucleon. In this approach, the form factors of the nucleons are expressed in terms of

distribution amplitude of the nucleon. Note that, this problem is investigated for the

Ioffe current in the framework of the LCQSR in [26] and the traditional sum rules in

[53]. In [25], an improved version of the Chernyak-Zhitnitsky current is used.
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4.2.1 Electromagnetic Form Factors of Nucleon in LCQSR

The electromagnetic form factors of nucleon are defined by the matrix element of the

electromagnetic current Jel
λ between the initial and final nucleon states 〈N(p′) | Jel

λ |
N(p)〉. The most general form of this matrix element satisfying the Lorentz invariance

and electromagnetic current conservation is

〈N(p′) | Jel
λ (0) | N(p)〉 = N̄(p′)

[
γλF1(Q2) − i

2mN
σλνqνF2(Q2)

]
N(p),

(4.29)

where Q2 = −q2, is the negative of the square of the virtual photon momentum,

q = p − p′ and F1 and F2 are the Dirac and Pauli form factors, respectively.

Another set of nucleon form factors is the so called Sachs form factors, which are

defined in terms of the F1(Q2) and F2(Q2) as follows:

GM(Q2) = F1(Q2) + F2(Q2),

GE(Q2) = F1(Q2) − Q2

4m2
N

F2(Q2), (4.30)

At the static limit, Q2 = 0, GP
E(0) = 1, Gn

E(0) = 0, GP
M(0) = µP = 2.792847337(29)

and Gn
M(0) = µn = −1.91304272(45), where µP and µn are the anomalous magnetic

moments of the proton and neutron in units of the Bohr magneton.

Analysis of the experimental results (for review see [52] and references therein) lead

that the magnetic form factors of the nucleon are very well described by the dipole

formula

Gn,p
M (Q2) =

µn,p(
1 +

Q2

(0.71 GeV)2

)2 = µn,pGD. (4.31)

The measured values of the electric form factors of the neutron are given in [54, 55].

After these preliminary remarks, we proceed to calculate the electromagnetic form

factors of nucleon in LCQSR. The basic object of the LCQSR is a suitably chosen

correlation function. In this study, it is chosen as:

Πλ(p, q) = i
∫

d4xeiqx〈0 | T {JN(0)Jel
λ (x)} | N(p)〉, (4.32)

40



which describes the transition of the nucleon N(p) to the nucleon N(p−q) via the EM

current. The interpolating current for the nucleon is chosen as

JN(x) = 2εabc
2∑

`=1

(uTa(x)CA`
1db(x))A`

2uc(x), (4.33)

where A1
1 = I, A2

1 = A1
2 = γ5, A2

2 = β, and C is the charge conjugation operator, and a,

b, c are the color indices. The electromagnetic current is:

Jel
λ (x) = euūγλu + edd̄γλd, (4.34)

and the choice β = −1 corresponds to the Ioffe current.

Let us first calculate the physical part of the correlator (4.32). The contribution of the

nucleon to the correlation function (4.32) is given by

Πλ(p, q) =
∑

s

〈0 | JN(0) | N(p′, s)〉〈N(p′, s) | Jel
λ (0) | N(p)〉

m2
N − p′2

. (4.35)

The matrix element 〈0 | JN(0) | N(p′, s)〉 in (4.35) is determined as:

〈0 | JN(0) | N(p′, s)〉 = λN N(p′, s), (4.36)

where λN is the coupling constant of the nucleon to the current JN(0). The matrix

element 〈N(p′, s) | Jel
λ (0) | N(p)〉 is parameterized in terms of the form factors F1 and

F2 via Eq. (4.29). Summing over spins of the nucleons

∑

s

N(p′, s)N(p′, s) =6 p′ + mN , (4.37)

and using Eqs. (4.29), (4.35) and (4.36), we obtain the following expression for the

contribution of nucleon to the correlation function

Πλ(p, q) =
λN

m2
N − p′2

( 6 p′ + mN)
[
γλF1(Q2) − i

2mN
σλνqνF2(Q2)

]
N(p) + · · ·

(4.38)

where · · · stand for the contributions to the correlation functions from the higher

states and continuum. It follows from expression (4.38) that, the correlation function

contains numerous structures and in principle all of them can be used in determination

of the electromagnetic form factors of nucleons. In further analysis, we choose the

independent structures containing pλ, and pλ6q for obtaining F1 and F2, respectively.
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The theoretical part of this correlator can also be calculated in LCQSR in deep Eu-

clidean region p′2 = (p − q)2 << 0 in terms of the nucleon DA’s. Using the explicit

expression for the currents and carrying out all contractions, the correlation function

takes the form

(Πλ)ρ =
i
2

∫
d4xeiqx

2∑

`=1

{

eu(CA`
1)αγ

[
A`

2S u(−x)γλ
]
ρφ

4εabc〈0|ua
α(0)ub

φ(x)dc
γ(0)|N(p)〉

+ eu(A`
2)ρα

[
(CA`

1)T S u(−x)γλ
]
γφ

4εabc〈0|ua
α(0)ub

φ(x)dc
γ(0)|N(p)〉

+ ed(A`
2)ρφ

[
CA`

1S d(−x)γλ
]
αγ

4εabc〈0|ua
α(0)ub

φ(0)dc
γ(x)|N(p)〉

}
, (4.39)

in x representation, where λ is a Lorentz index, and α, γ, ρ and φ are spinor indices.

Using the expressions for the light quark propagators in Eqs. (4.13)-(4.14) and nu-

cleon DA’s in Eq. (4.15) as presented in the previous section, the QCD side of the

correlation function is obtained. Omitting the details of calculations of the theoretical

part, choosing the coefficients of the structures pλ, and pλ 6 q, equating both represen-

tation of the correlation function and applying the Borel transformation with respect

to the variable p′2 = (p − q)2, which suppress the contributions of the higher states

and continuum, we obtain following sum rules for the form factors F1 and F2:

F1(Q2) =
−1
2λN

em2
N/M

2
B

{
eumN

∫ 1

t0
dx2

∫ 1−x2

0
dx1e−s(x2,Q2)/M2

B

[
2H5,−7(xi)(1 − β)

+4(H17(xi) − 2H19(xi))(1 + β) ]

+ eumN

∫ 1

t0
dx2

∫ 1−x2

0
dx1

∫ x2

t0

dt1

t1
e−s(t1,Q2)/M2

B

(

−2
[
H20,−18(xi)(1 + β) −H6(xi)(−1 + β)

]

− 1
M2

B

[ {
2H20,18(xi)(1 + β)(Q2 + s(t1,Q2) + m2

N(−1 + t1))
}
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+m2
N
{H15,−14(xi)t1(1 − β) − 4H21,24(xi)t1(1 + β)

+2H10(xi)(−1 + β)(t1 − x2) + 2(H16(xi)(−1 + β) + 2H24(xi)(1 + β))x2}
])

− eumN

∫ 1

t0
dx2

∫ 1−x2

0
dx1e−s0/M2

B

t0

Q2 + m2
Nt2

0

(
2H20,18(xi)(1 + β)(Q2 + s0 + m2

N(−1 + t0))

+m2
N

[ {H−8,9(xi)(1 − β) − (3H21,24(xi) + 8H23(xi))(1 + β)
}
t0

+2H10(xi)(−1 + β)(t0 − x2) + 2(H16(xi)(−1 + β) +H24(xi)(1 + β))x2

])

+edη
′
1(Q2, β) + euη1(Q2, β)

}
, (4.40)

F2(Q2) =
−mN

λN
em2

N/M
2
B

{
eu

∫ 1

t0
dx2

∫ 1−x2

0
dx1e−s(x2,Q2)/M2

B

[
2H5(xi)(−1 + β)

x2

]
(xi)

−eum2
N

∫ 1

t0
dx2

∫ 1−x2

0
dx1

∫ x2

t0

dt1

t1
e−s(t1,Q2)/M2

B

(

1
M2

B

[
H8,−9(xi)(1 − β) + 2(H18,20(xi) + 2H21,22(xi) + 4H23(xi))(1 + β)

]

− 4
M2

Bt1

[
H22(xi)(1 + β)x2

] )

+ eum2
N

∫ 1

t0
dx2

∫ 1−x2

0
dx1e−s0/M2

B

(
1

Q2 + m2
Nt2

0

[
H8,−9(xi)(−1 + β)t0

−2(H18,20(xi) + 2H21,22(xi) + 4H23(xi))(1 + β)t0 + 4H22(xi)(1 + β)x2

])

+edη
′
2(Q2, β) + euη2(Q2, β)

}
, (4.41)

where

F (xi) = F (x1, x2, 1 − x1 − x2),

F (x′i) = F (x1, 1 − x1 − x3, x3),

s(y,Q2) = (1 − y)m2
N +

(1 − y)
y

Q2, (4.42)
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with t0(s0,Q2) being solution of the equation s(t0,Q2) = s0, and

η1(Q2, β) = mN

{∫ 1

t0
dx3

∫ 1−x3

0
dx1e−s(x3,Q2)/M2

B

[
(H1,17,3(xi) − 2H19(xi))(1 + β) +H13,7(xi)(−1 + β)

]

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1

∫ x3

t0
dt1e−s(t1,Q2)/M2

B

(

1
M4

Bt1

[
−H22(xi)m2

N(−m2
N + Q2 + s(t1,Q2))(1 + β)x3

]

+
1

M4
B

[
H22(xi)m2

N(m2
N(−1 + 2t1 − 2x3) + Q2 + s(t1,Q2))(1 + β)

]

+
1

2M2
Bt1

[
− (m2

N − Q2 − s(t1,Q2)) {(H18(xi) − 3H20(xi))(1 + β)

2H6,12(xi)(−1 + β)} +2(2H22(xi) −H24(xi))m2
N(1 + β)x3

]

+
1

M2
B

[
m2

N
{H−12,15,−6,9(xi)(1 − β) + (H18,−2,24,4,21(xi)

+2H−20,−22,23(xi))(1 + β)
} ]

+
1
t1

[
H12,6(xi)(1 − β) +H−18,20(xi)(1 + β)

] )

+

∫ 1

t0
dx3

∫ 1−x3

0
dx1e−s0/M2

B

(

1
M2

Bt0(Q2 + m2
Nt2

0)

[
H22(xi)m2

N(1 + β)t2
0(Q2 + s0 + m2

N(−1 + 2t0))(t0 − x3)
]

+
1

(Q2 + m2
Nt2

0)3

[
2H22(xi)m4

N(1 + β)t4
0(Q2 + s0 + m2

N(−1 + 2t0))(t0 − x3)
]

− 1
(Q2 + m2

Nt2
0)2

[
H22(xi)m2

N(1 + β)t2
0((Q2 + s0)(2t0 − x3)

+ m2
N(2t0(−1 + 3t0 − 2x3) + x3))

]

+
1

t0(Q2 + m2
Nt2

0)

[
2H22(xi)m2

N(1 + β)t2
0 x3

]
+

1
2(Q2 + m2

Nt2
0)

[

−H20(xi)(1 + β)t0{3(Q2 + s0) + m2
N(−3 + 4t0)}

+2H6,12(xi)(−1 + β)(Q2 + s0 + m2
N(−1 + t0))t0
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+2H24(xi)m2
N(1 + β)t0(t0 − x3)

+2H18(xi)(1 + β)t0(Q2 + s0 + m2
N(−1 + 2t0))

+2m2
NH9,−15(xi)(−1 + β)t2

0 + 2m2
N(H4,−2,21(xi)

+ 2H23,−22(xi))(1 + β)t2
0

]) }
,

(4.43)

η2(Q2, β) =

∫ 1

t0
dx3

∫ 1−x3

0
dx1e−s(x3,Q2)/M2

B

[H11,−5(xi)(−1 + β)
x3

]

+mN

∫ 1

t0
dx3

∫ 1−x3

0
dx1

∫ x3

t0
dt1e−s(t1,Q2)/M2

B

( −2
M4

B

[
H22(xi)m3

N(1 + β)
]

+
1

M4
Bt1

[
H22(xi)mN(1 + β)(−Q2 − s(t1,Q2) + m2

N(1 + 2x3))
]

+
1

M4
Bt2

1

[
H22(xi)mN(1 + β)(Q2 + s(t1,Q2) − m2

N)x3

]

− 3
M2

Bt2
1

[
H22(xi)mN(1 + β)x3

]
+

mN

M2
Bt1

[
H12,15,6,−9(xi)(−1 + β)

+(H2,−20,−21,−4(xi) + 3H22(xi) − 2H23(xi))(1 + β)
])

+mN

∫ 1

t0
dx3

∫ 1−x3

0
dx1e−s0/M2

B

(

− mN

M2
B(Q2 + m2

Nt2
0)

[
H22(xi)(1 + β)(Q2 + s0 + m2

N(−1 + 2t0))(t0 − x3)
]

+
1

(Q2 + m2
Nt2

0)3

[
−2H22(xi)m3

N(1 + β)t3
0(Q2 + s0 + m2

N(−1 + 2t0))(t0 − x3)
]

+
1

(Q2 + m2
Nt2

0)2

[
H22(xi)mN(1 + β)t2

0(Q2 + s0 + m2
N(−1 + 4t0 − 2x3))

]

+
mN

(Q2 + m2
Nt2

0)

[
H−12,−15,−6,9(xi)(1 − β) + (H2,−20,−21,22,−4(xi)

−2H23(xi))(1 + β)t0 −H22(xi)(1 + β)(3x3 − 2t0)
])
.

(4.44)

and η′i(Q
2, β), (i = 1, 2) are obtained from ηi(Q2, β) by replacing x3 with x2 and

replacing F (xi) with F (x′i) in the integrals. In the above equations, we have used the

short hand notations for the functions H±i,± j,... = ±Hi ± H j..., and Hi are defined in
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terms of the distribution amplitudes as follows:

H1 = S 1 H2 = S 1,−2

H3 = P1 H4 = P1,−2

H5 = V1 H6 = V1,−2,−3

H7 = V3 H8 = −2V1,−5 + V3,4

H9 = V4,−3 H10 = −V1,−2,−3,−4,−5,6

H11 = A1 H12 = −A1,−2,3

H13 = A3 H14 = −2A1,−5 − A3,4

H15 = A3,−4 H16 = A1,−2,3,4,−5,6

H17 = T1 H18 = T1,2 − 2T3

H19 = T7 H20 = T1,−2 − 2T7

H21 = −T1,−5 + 2T8 H22 = T2,−3,−4,5,7,8

H23 = T7,−8 H24 = −T1,−2,−5,6 + 2T7,8,

(4.45)

where for any distribution amplitudes, X±i,± j,... = ±Xi±X j... are also used. The overlap

amplitude of the nucleon interpolating current with nucleon is determined from sum

rule and its expression is [56]

λ2
N = em2

N/M
2
B

{
M6

B

256π4 E2(x)(5 + 2β + β2) +
< ūu >

6

[
− 6(1 − β2) < d̄d >

+(−1 + β)2 < ūu >
]
− m2

0

24M2
B

< ūu >
[
− 12(1 − β2) < d̄d >

+(−1 + β)2 < ūu >
]}
, (4.46)

where, x = s0/M2
B and the functions

En(x) = 1 − e−x
n∑

k=1

xk

k!
, (4.47)

are used to subtract the contribution of higher states and continuum.
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4.2.2 Numerical Results

It follows from the explicit expressions of the sum rules for the nucleon electromag-

netic form factors that the nucleon DA’s are the principal input parameters, whose

explicit expressions and the values of parameters inside them is presented in the

Appendix–A.

The continuum threshold that appears in the continuum subtraction is determined

from the mass sum rules as s0 = 2.25 GeV2. There are two auxiliary parameters of

the sum rules: the Borel parameter M2
B and the parameter β. The Borel mass square

M2
B is the artificial parameter of the sum rules and therefore we need to find a region

of M2
B, where physically measurable quantities, in our case electromagnetic form

factors, are independent of M2
B. Lower bound of M2

B is determined from condition

that contribution from higher states and continuum in the correlator should be enough

small, upper bound of M2
B is determined from condition that series of the light cone

expansion with increasing twist should be convergent. Our numerical analysis shows

that both conditions are satisfied in the region 1GeV2 ≤ M2
B ≤ 2GeV2, which we will

use in numerical analysis.

The other auxiliary parameter β is chosen in a region such that, the predictions are

independent of the precise value of β in that region. In our analysis, it is found that

in the region −0.5 ≤ cosθ ≤ 0.5 the form factors are practically insensitive to the

variation of β, where θ is defined as tanθ = β. Note that the analysis of mass sum

rules and magnetic moments of octet baryons [56] leads to the very close region for

cosθ, i.e. −0.6 ≤ cosθ ≤ 0.3. Also, it is observed in [57] that the optimal value of β

is β = −1.2(cos θ = −0.64), which follows from a Monte Carlo analysis.

In Fig. 4.10, we present the dependence of the proton magnetic form factor Gp
M/µpGD

on Q2 at s0 = 2.25 GeV2, M2
B = 1.2 GeV2 for two sets (set1 and set3 or asymptotic)

of DA’s, at fixed values of parameter β. In this figure, we also present the experimen-

tal results [58, 59, 60]. From this figure, we see that the Q2 dependencies, as well

as the magnitude of proton magnetic form factor are in rather good agreement with

the experimental data, especially for the set 1 of DA’s and Ioffe current (β = −1).
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The dependence of the ratio of the proton electric form factor to the magnetic form

factor µpG
p
E/G

p
M on Q2 at s0 = 2.25 GeV2, M2

B = 1.2 GeV2 for two sets of DA’s, at

fixed values of parameter β is depicted in Fig. 4.11. From this figure it follows that,

practically, both sets of DA’s well describe the existing experimental results, except

for β = 5 and β = −1 of set 1. For large values of Q2, Q2 > 4 GeV2, the experimental

results obtained in [49] and in [59, 60] are not in agreement. Whereas β = −1 de-

scribes better the data in [49], larger values of |β| ( smaller value of |cosθ| ) describe

better the data in [60].

The LCQSR results for the neutron magnetic ( normalized to the dipole form factor

) and electric form factors are given in Fig. 4.12 and Fig. 4.13, respectively. From

Fig. 4.12, we see that the magnetic form factor of neutron reproduce experimental

data [61] very well at β = −1 for both sets of DA’s. Neutron electric form factor is in

a good agreement with the experimental result for all cases.

In [62, 63], the following large Q2 behavior of the electromagnetic form factors is

obtained
F2(Q2)
F1(Q2)

∼ ln2(Q2/Λ2)
Q2 (4.48)

where Λ = 300 MeV . In Figs. 4.14 and 4.15 , we present the logarithmic scale

prediction, i.e. (1/15)ln−2(Q2/Λ2)Q2F2(Q2)/F1(Q2) for the proton (neutron), with

available experimental data [64] at fixed values of β for two sets of DA’s. From these

figures, we see that our prediction for the proton for ln−2(Q2/Λ2)Q2F2(Q2)/F1(Q2)

is in good agreement with experimental data except for β = −1 case for both DA’s,

and β = −5 case for set1. For the neutron case only set1 for β = −1 describes quite

successfully the existing experimental data.

Finally, in Fig. 4.16, as an example on the dependence of the predictions on β, we

present the dependence of proton magnetic form factor normalized to the dipole form

factor Gp
M/µpGD on cosθ, for both sets of DA’s at two fixed values of Q2. It follows

from this graph that, in the chosen region of β, i.e. in the region −0.5 ≤ cosθ ≤ 0.5,

the form factor Gp
M is practically insensitive to the variation of β.
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Figure 4.10: The dependence of GP
M/µPGD on Q2 at s0 = 2.25 GeV2,M2

B = 1.2 GeV2 for
β = −1, − 5 and 5. The boxes correspond to experimental data in [58], the diamonds to [59]
and the up-triangles to [60] . The lines with circles correspond to set1 and the lines without
any circles correspond to the asymptotic DA’s.
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Figure 4.11: The same as Fig. 4.10, but for µPGP
E/G

P
M . The boxes/diamonds/up-

triangles/down-triangles/right-triangles/left-triangles correspond to experimental data given
in [58, 59, 51, 49, 50, 48], respectively.
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Figure 4.12: The same as Fig. 4.10 but for Gn
M/µnGD. The boxes correspond to experimental

data ([61]).
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Figure 4.13: The same as Fig. 4.10 but for Gn
E . The boxes are correspond to experimental

data ([61]).

50



2 4 6 8 10
Q

2
(GeV

2
)

0

0.2

0.4

0.6

0.8

1

Q
2 ln

-2
(Q

2 /Λ
2 )F

2P /F
1P

β=-1
β=-5
β= 5

Figure 4.14: The same as Fig. 4.10 but for Q2ln−2( Q2

Λ2 )F p
2 /F

p
1 where Λ = 300MeV . The

boxes correspond to experimental data ([64])
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Figure 4.15: The dependence of 1
15 Q2ln−2( Q2

Λ2 )Fn
2/F

n
1 on Q2 at s0 = 2.25 GeV2,M2

B =

1.2 GeV2,Λ = 300MeV . The boxes correspond to experimental data ([64]).
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Figure 4.16: The dependence of GP
M/µPGD on cosθ at s0 = 2.25 GeV2,M2

B = 1.2 GeV2

for two different values of Q2, i.e. Q2 = 2 GeV2 and Q2 = 4 GeV2. The lines with cir-
cles correspond to set1 and the lines without any circles correspond to the asymptotic wave
functions.
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CHAPTER 5

PHENOMENOLOGY OF THE HEAVY BARYONS

During the last few years, exciting experimental results are obtained in the baryon

sector containing a single b-quark. The CDF Collaboration observed the states Σ±b

and Σ∗±b [8], while both DO [10] and CDF [9] Collaborations have seen Ξb. Recently,

BaBar Collaboration reported the discovery of Ω∗c with mass splitting mΩ∗c − mΩc =

(70.8 ± 1.0 ± 1.1)MeV [11]. The CDF sensitivity appears adequate to observe new

heavy baryons.

The masses of the heavy baryons have been studied in the framework of various

phenomenological models [65]- [73] and also in the framework of QCD sum rules

method [74]- [86]. Along with their masses, another static parameter of the heavy

baryons is their magnetic moment. Study of the magnetic moments can give valuable

information about the internal structures of hadrons.

The magnetic moments of heavy baryons have been studied in the framework of dif-

ferent methods. In [87, 88] the magnetic moments of charmed baryons are calculated

within naive quark model. In [89, 90], magnetic moments of charmed and bottom

baryons are analyzed in quark model and in [91] heavy baryon magnetic moments

are studied in bound state approach. Magnetic moments of heavy baryons are cal-

culated in the relativistic three-quark model [92], hyper central model [93], Chiral

perturbation model [94], soliton model [95], skyrmion model [96] and nonrelativistic

constituent quark model with light and strange q̄q pairs [97]. In [98] the magnetic

moments of Σc and Λc baryons are calculated in QCD sum rules in external electro-

magnetic field. In [99, 100], the light cone QCD sum rules method is applied to study
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the magnetic moments of the ΛQ, (Q = c, b) and ΣQΛQ transitions. For more about

the calculation of the mass and magnetic moments of the heavy flavored baryons in

different approaches see also [101, 102, 103, 104]. In this chapter, first we calculate

the magnetic moments of the heavy spin 1/2, ΞQ baryons. Then, we calculate the

mass and magnetic moments of the heavy flavored spin 3/2 bayons (Σ∗Q, Ξ∗Q and Ω∗Q)

in the framework of the LCQSR.

5.1 Magnetic Moments of Heavy ΞQ Baryons

The aim of the present section is the calculation of the magnetic moments of the Ξb

baryons recently observed by DO and CDF Collaborations within the light cone QCD

sum rules framework. The plan of the section is as follows. In the next subsection,

using the general form of the the baryon current, the light cone QCD sum rules for

magnetic moment of the Ξb and Ξc baryons are calculated. Then, we present our

numerical calculations on the magnetic moment of the Ξb and Ξc baryons and also

present a comparison of our results with the predictions of other approaches.

5.1.1 Light Cone QCD Sum Rules for the ΞQ Magnetic Moments

In order to calculate the magnetic moments of ΞQ (Q = b, c) in the framework of the

light cone QCD sum rules, we need the expression for the interpolating current of ΞQ.

To construct it, we follow [71], i.e., we assume that the strange and light quarks (sq)

in ΞQ are in a relative spin zero state (scalar or pseudo scalar diquarks). Therefore, the

most general current without derivatives and with the quantum numbers of ΞQ can be

constructed from the combination of aforementioned scalar or pseudoscalar diquarks

in the following way

ηQ = εabc[(qaTCsb)γ5 + β(qaTCγ5sb)]Qc, (5.1)

here a, b and c are color indices, C is the charge conjugation operator, Q = b, or c,

q = u, or d and β is an arbitrary parameter. Having the explicit expression for the

interpolating current, our next task is to construct light cone QCD sum rules for the
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magnetic moments of ΞQ baryons. It is constructed from the following correlation

function:

Π(p, q) = i
∫

d4xeipx < γ | T {ηQ(x)η̄Q(0) |}0 > . (5.2)

The calculation of the phenomenological side at the hadronic level proceeds by insert-

ing into the correlation function a complete set of hadronic states with the quantum

numbers of ΞQ. We get

Π =
∑

i

< 0 | ηQ | ΞQi(p2) >
p2

2 − m2
ΞQ

< ΞQi(p2) | ΞQi(p1) >γ
< ΞQi(p1) | η̄Q | 0 >

p2
1 − m2

ΞQ

. (5.3)

Isolating the ground state’s contributions, Eq. (5.3) can be written as

Π =
< 0 | ηQ | ΞQ(p2) >

p2
2 − m2

ΞQ

< ΞQ(p2) | ΞQ(p1) >γ
< ΞQ(p1) | η̄Q | 0 >

p2
1 − m2

ΞQ

+
∑

hi

< 0 | ηQi | hi(p2) >
p2

2 − m2
hi

< hi(p2) | hi(p1) >γ
< hi(p1) | η̄Q | 0 >

p2
1 − m2

hi

,

(5.4)

where p1 = p + q, p2 = p and q is the photon momentum. The second term in Eq.

(5.4) describes the higher resonances and continuum contributions. The coupling of

the interpolating current with the baryons ΞQ is determined as

< 0 | ηQ | ΞQ(p) >= λQuΞQ(p), (5.5)

where uΞQ(p) is a spinor describing the baryon ΞQ with four momentum p and λQ is

the corresponding residue.

The last step for obtaining the expression for the physical part of the correlator func-

tion is to write down the matrix element < ΞQ(p2) | ΞQ(p1) >γ in terms of the form

factors. Using Lorentz covariance, this matrix element can be written as

< ΞQ(p1) | ΞQ(p2) >γ = εµuΞQ(p1)
[

f1γµ − i
σµαqα
2mΞQ

f2

]
uΞQ(p2)

= uΞQ(p1)
[
( f1 + f2)γµ +

(p1 + p2)µ
2mΞQ

f2

]
uΞQ(p2)εµ,

(5.6)

where f1(q2) and f2(q2) are the form factors and εµ is the photon polarization vector.
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For calculation of the ΞQ magnetic moments, the values of the form factors only at

q2 = 0 are needed because the photon is real in our problem. Using Eqs. (5.4-5.6)

for physical part of the correlator and summing over the spins of initial and final ΞQ

baryons, the correlation function becomes

Π = −λ2
Qε

µ
6 p2 + mΞQ

p2
2 − m2

ΞQ

[
( f1 + f2)γµ +

(p1 + p2)µ
2mΞQ

f2

] 6 p1 + mΞQ

p2
1 − m2

ΞQ

.

(5.7)

From this expression, we see that there are various structures which can be chosen

for studying the magnetic moments of ΞQ. In the present work, following [105], we

choose the structure 6 p2 6ε 6q that contains magnetic form factor f1 + f2 and at q2 = 0

it gives the magnetic moment of ΞQ in units of e~/2mΞQ . Choosing this structure in

the physical part of the correlator, for the magnetic moments of ΞQ we obtain

Π = −λ2
Q

1
p2

1 − m2
ΞQ

µΞQ

1
p2

2 − m2
ΞQ

,

(5.8)

where µΞQ = ( f1 + f2) |q2=0 are the magnetic moments of ΞQ in units of e~/2mΞQ .

In order to calculate the magnetic moments of ΞQ baryons, the expression of the

theoretical part of the correlation function is needed. After simple calculations for the

theoretical part of the correlation function in QCD we obtain

Π = −iεabcεa′b′c′

∫
d4xeipx〈γ(q) | {γ5S cc′

Q γ5Tr(S ba′
q S ′ab′

s )

+ βγ5S cc′
Q Tr(S ba′

q γ5S ′ab′
s ) + βS cc′

Q γ5Tr(γ5S ba′
q S ′ab′

s )

+ β2S cc′
Q Tr(γ5S ab′

s γ5S ′ba′
q )} | 0〉, (5.9)

where S ′i = CS T
i C and C and T are the charge conjugation and transposition opera-

tors, respectively and S Q and S q(s) are the heavy and light(strange) quark propagators.

The correlation function from QCD part receives three different contributions: a)

perturbative contributions, b) nonperturbative contributions, where photon is emitted

from the freely propagating quark (in other words at short distance) c) nonperturbative

contributions, when photon is radiated at long distances. To obtain the expression

for the contribution from the emission of photon at short distances, the following
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procedure can be used: Each one of the quarks can emit the photon, and hence each

term in Eq. (5.9) corresponds to three terms in which the propagator of the photon

emitting quark is replaced by:

S ab
αβ ⇒

{∫
d4yS f ree(x − y) 6AS f ree(y)

}ab

αβ

. (5.10)

Note that, the explicit expressions of free and full light quark propagator had been

given in chapter 3. The free part of the heavy quark propagator in x representation is:

S f ree
Q =

m2
Q

4π2

K1(mQ

√
−x2)√

−x2
− i

m2
Q 6 x

4π2x2 K2(mQ

√
−x2),

(5.11)

where Ki are Bessel functions, mu,d = 0 and ms , 0. The expression for the nonper-

turbative contributions to the correlation function can be obtained from Eq. (5.9) by

replacing one of the light quark propagator by

S ab
αβ → −

1
4

q̄aΓ jqb(Γ j)αβ , (5.12)

where Γ j =
{
1, γ5, γα, iγ5γα, σαβ/

√
2
}

and sum over Γ j is implied, and the other two

propagators are the full propagators involving both perturbative and nonperturbative

contributions. In order to calculate the correlation function from QCD side, we need

the explicit expressions of the heavy and light quark propagators in the presence of

external field.

The light cone expansion of the heavy propagator in external field is also obtained in

[43]. It receives contributions from various q̄Gq, q̄GGq, q̄qq̄q nonlocal operators ,

where G is the gluon field strength tensor. In this work, we consider operators with

only one gluon field and contributions coming from three particle nonlocal opera-

tors and neglect terms with two gluons q̄GGq, and four quarks q̄qq̄q [106]. In this

approximation the expressions for the heavy quark propagator is:

iS Q(x) = iS f ree
Q (x) − igs

∫
d4k

(2π)4 e−ikx
∫ 1

0
dv

[ 6k + mQ

(m2
Q − k2)2

Gµν(vx)σµν

+
1

m2
Q − k2

vxµGµνγν

]
,

(5.13)
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In order to calculate the theoretical part, from Eqs. (5.9)-(5.13) it follows that the

matrix elements of nonlocal operators q̄Γiq between the photon and vacuum states

are needed, i.e.〈γ(q) | q̄(x1)Γiq(x2) | 0〉. These matrix elements can be expanded near

the light cone x2 = 0 in terms of the photon distribution amplitudes [16].

〈γ(q)|q̄(x)σµνq(0)|0〉 = −ieqq̄q(εµqν − ενqµ)
∫ 1

0
dueiūqx

(
χϕγ(u) +

x2

16
A(u)

)

− i
2(qx)

eq〈q̄q〉
[
xν

(
εµ − qµ

εx
qx

)
− xµ

(
εν − qν

εx
qx

)] ∫ 1

0
dueiūqxhγ(u)

〈γ(q)|q̄(x)γµq(0)|0〉 = eq f3γ

(
εµ − qµ

εx
qx

) ∫ 1

0
dueiūqxψv(u)

〈γ(q)|q̄(x)γµγ5q(0)|0〉 = −1
4

eq f3γεµναβε
νqαxβ

∫ 1

0
dueiūqxψa(u)

〈γ(q)|q̄(x)gsGµν(vx)q(0)|0〉 = −ieq〈q̄q〉
(
εµqν − ενqµ

) ∫
Dαiei(αq̄+vαg)qxS(αi)

〈γ(q)|q̄(x)gsG̃µνiγ5(vx)q(0)|0〉 = −ieq〈q̄q〉
(
εµqν − ενqµ

) ∫
Dαiei(αq̄+vαg)qxS̃(αi)

〈γ(q)|q̄(x)gsG̃µν(vx)γαγ5q(0)|0〉 = eq f3γqα(εµqν − ενqµ)
∫
Dαiei(αq̄+vαg)qxA(αi)

〈γ(q)|q̄(x)gsGµν(vx)iγαq(0)|0〉 = eq f3γqα(εµqν − ενqµ)
∫
Dαiei(αq̄+vαg)qxV(αi)

〈γ(q)|q̄(x)σαβgsGµν(vx)q(0)|0〉 =

eq〈q̄q〉
{[(

εµ − qµ
εx
qx

) (
gαν − 1

qx
(qαxν + qνxα)

)
qβ

−
(
εµ − qµ

εx
qx

) (
gβν − 1

qx
(qβxν + qνxβ)

)
qα

−
(
εν − qν

εx
qx

) (
gαµ − 1

qx
(qαxµ + qµxα)

)
qβ

+

(
εν − qν

εx
q.x

) (
gβµ − 1

qx
(qβxµ + qµxβ)

)
qα

] ∫
Dαiei(αq̄+vαg)qxT1(αi)

+

[(
εα − qα

εx
qx

) (
gµβ − 1

qx
(qµxβ + qβxµ)

)
qν

−
(
εα − qα

εx
qx

) (
gνβ − 1

qx
(qνxβ + qβxν)

)
qµ

−
(
εβ − qβ

εx
qx

) (
gµα − 1

qx
(qµxα + qαxµ)

)
qν

+

(
εβ − qβ

εx
qx

) (
gνα − 1

qx
(qνxα + qαxν)

)
qµ

] ∫
Dαiei(αq̄+vαg)qxT2(αi)

+
1
qx

(qµxν − qνxµ)(εαqβ − εβqα)
∫
Dαiei(αq̄+vαg)qxT3(αi)
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+
1
qx

(qαxβ − qβxα)(εµqν − ενqµ)
∫
Dαiei(αq̄+vαg)qxT4(αi)

}
, (5.14)

where χ is the magnetic susceptibility of the quarks, ϕγ(u) is the leading twist 2,

ψv(u), ψa(u),A andV are the twist 3 and hγ(u), A, Ti (i = 1, 2, 3, 4) are the twist 4

photon distribution amplitudes (DA’s), respectively. The explicit expressions of DA’s

are presented in numerical analysis section. The mesureDαi is defined as

∫
Dαi =

∫ 1

0
dαq̄

∫ 1

0
dαq

∫ 1

0
dαgδ(1 − αq̄ − αq − αg). (5.15)

The theoretical part of the correlation function can be obtained in terms of QCD

parameters by substituting photon DA’s and expressions for heavy and light quarks

propagators. Sum rules for the ΞQ magnetic moments are obtained by equating two

representations of the correlation function. The higher states and continuum contri-

butions are modeled using the hadron-quark duality. Applying double Borel transfor-

mations on the variables p2
1 = (p + q)2 and p2

2 = p2 on both sides of the correlator, for

the ΞQ baryon magnetic moments we get:

− λ2
Q(β)µΞQe−m2

ΞQ
/M2

B =

∫ s0

m2
Q

e
−s
M2

B ρ(s)ds

+
(β2 − 1)e

−m2
Q

M2
B

288π2

{
γE(6eQ + es)msm2

0 < q̄q >
}

−
(β2 − 1)e

−m2
Q

M2
B m2

Q

72M4
B

{
(es + eq)m2

0 < s̄s >< q̄q > η1

}

+
e
−m2

Q
M2

B m2
Q

432M4
B

{
(β2 − 1)m2

0 < s̄s >< q̄q >
[
36eQ + (es + eq)A(u0)

]

+ (β2 + 1) f3γeqmsm2
0 < s̄s > (η2 + ψa(u0))

}

+
e
−m2

Q
M2

B

72

{
(1 − β2) < s̄s >< q̄q >

[
12eQ − (es + eq)[η1 − m2

0χiϕγ(u0)]
]

− 3eq(β2 + 1) f3γms < s̄s > η2

}
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− (β2 − 1)e
−m2

Q
M2

B M2
Bms

96π2m2
Q

[
(6eQ + es)γEm2

0 < q̄q >
]

− e
−m2

Q
M2

B ms

288π2

3(β2 − 1)eQm2
0 < q̄q >

 − 3 + 2γE + 2ln[
Λ2

m2
Q

]



+ eqm2
0 < s̄s > (1 + β2) + esm2

0 < q̄q >

(1 − β2)(γE + ln[
Λ2

m2
Q

])


)

+
9eQm2

Qms

144π2

{
< s̄s > (1 + β2) + 2 < q̄q > (1 − β2)

}
,

(5.16)

where M2
B =

M2
1 M2

2
M2

1+M2
2

and u0 =
M2

1
M2

1+M2
2
. Since the masses of the initial and final baryons

are the same, we will set M2
1 = M2

2 and u0 = 1/2. The functions appearing in Eq.

(5.16) are defined as:

η1 =

∫
Dαi

∫ 1

0
dvS(αi)δ(αq + vαg − u0),

η2 =

∫
Dαi

∫ 1

0
dvV(αi)δ′(αq + vαg − u0),

ρ(s) =
(β2 − 1)

144π2M2
B

{
m2

0(6eQ + es)ms < q̄q > ln(
−mQ

2 + s
Λ2 )

}

+
3(1 + β2)eQm4

Q

64π4


13
2

+ ψ10 − 1
6
ψ20 − 1

6
ψ30 + [ψ10 +

3
2

]ln(
s

m2
Q

) +
1
6
ψ41



+
(1 − β2)ms < q̄q > ψ10

48π2m2
Q

2eqm2
Qη1 − (es + eq)m2

0

8 + ln(
s − m2

Q

Λ2 )




− ms

288π2m2
Q

{
(β2 − 1)m2

0(es + 6eQ) < q̄q >

3ln(
s − m2

Q

Λ2 ) − (4γE + ln[
Λ2

m2
Q

])



+ 6eQ

[
3m2

Q{(1 + β2) < s̄s > +2(1 − β2) < q̄q >}ψ10

] }

+
m2

Q

576π2

(
(es + 12eQ)

{
(β2 − 1)

m4
Q

m2
0ms < q̄q >

[
− (1 + γE)(ψ22 + 2ψ12)

− ψ02 − ψ32 − ψ22 − γE

2
ψ20
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+ 3(2ψ32 + 3ψ22 + ψ02)ln(
s − m2

Q

Λ2 ) − ln(
Λ2

m2
Q

)




+ 12eq


2

m2
Q

(β2 − 1)ms < q̄q > η1ψ21

+ (1 + β2) f3γη2

ψ21 − ψ10 +
1
2
ψ20 +

1
2
ψ00 + ln(

m2
Q

s
)




 ,

(5.17)

and functions ψnm are defined as

ψnm =
(s − mQ

2)n

sm(m2
Q)n−m . (5.18)

Note that the contributions of the terms ∼< G2 > are also calculated, but their nu-

merical values are very small and therefore for customary in Eq. (5.16) these terms

are omitted. From Eq. (5.16) it follows that for the determination of the ΞQ baryon

magnetic moments, we need to know the residue λQ. The residue can be obtained

from the two-point sum rules and is calculated in [85]. For the current given in eq.

(5.1) it takes the following form:

λ2
Q(β) = emΞQ

2/M2
B


∫ s0

m2
Q

ds e−s/M2
B


(1 + β2)m4

Q

29π4

×
[
(1 − x2)

(
1
x2 −

8
x

+ 1
)
− 12 ln x

]

+
ms

24π2 (1 − x2)
[
(1 − β2)〈q̄q〉 + (1 + b2)〈s̄s〉

2

]

+
(1 + β2) < g2G2 >

2103π4 (1 − x)(1 + 5x)
}

+
ms

25π2

{
(1 + β2)m2

0 < s̄s >
6

e−m2
Q/M

2
B − (1 − β2)m2

0 < q̄q >
[
e−m2

Q/M
2
B

+

∫ 1

0
dα(1 − α)e

−m2
Q

(1−α)M2
B


 −
〈q̄q〉〈s̄s〉

6
(1 − β2)e−m2

Q/M
2
B

 ,

(5.19)

where, x = m2
Q/s.
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5.1.2 Numerical Analysis

The present section is devoted to the numerical analysis of the magnetic moments

of ΞQ baryons. The values of the input parameters, appearing in the sum rules ex-

pression for magnetic moments are: 〈ūu〉(1 GeV) = 〈d̄d〉(1 GeV) = −(0.243)3 GeV3,

〈s̄s〉(1 GeV) = 0.8〈ūu〉(1 GeV), m2
0(1 GeV) = 0.8 GeV2 [107], , Λ = 300 MeV and

f3γ = −0.0039 GeV2 [16]. The value of the magnetic susceptibility χ(1 GeV) =

−3.15 ± 0.3 GeV−2 was obtained by a combination of the local duality approach and

QCD sum rules [16]. Recently, from the analysis of radiative heavy meson decay,

χ(1 GeV) = −(2.85 ± 0.5) GeV−2 was obtained [108], which is in good agreement

with the instanton liquid model prediction [109], but slightly below the QCD sum

rules prediction [16]. Note that firstly the magnetic susceptibility in the framework of

QCD sum rules is calculated in [110] and it is obtained that χ(1 GeV) = −4.4 GeV−2.

In the numerical analysis, we have used all three value of χ existing in the litrature

and obtained that the values of the magnetic moments of ΞQ baryons are practically

insensitive to the value of χ. The photon DA’s entering the sum rules for the magnetic

moments of ΞQ are calculated in [16] and their expressions are:

ϕγ(u) = 6uū
(
1 + ϕ2(µ)C

3
2
2 (u − ū)

)
,

ψv(u) = 3
(
3(2u − 1)2 − 1

)
+

3
64

(
15wV

γ − 5wA
γ

) (
3 − 30(2u − 1)2 + 35(2u − 1)4

)
,

ψa(u) =
(
1 − (2u − 1)2

) (
5(2u − 1)2 − 1

) 5
2

(
1 +

9
16

wV
γ −

3
16

wA
γ

)
,

A(αi) = 360αqαq̄α
2
g

(
1 + wA

γ

1
2

(7αg − 3)
)
,

V(αi) = 540wV
γ (αq − αq̄)αqαq̄α

2
g,

hγ(u) = −10
(
1 + 2κ+)C

1
2
2 (u − ū),

A(u) = 40u2ū2 (
3κ − κ+ + 1

)

+8(ζ+
2 − 3ζ2) [uū(2 + 13uū)

+ 2u3(10 − 15u + 6u2) ln(u) + 2ū3(10 − 15ū + 6ū2) ln(ū)
]
,

T1(αi) = −120(3ζ2 + ζ+
2 )(αq̄ − αq)αq̄αqαg,

T2(αi) = 30α2
g(αq̄ − αq)

(
(κ − κ+) + (ζ1 − ζ+

1 )(1 − 2αg) + ζ2(3 − 4αg)
)
,
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T3(αi) = −120(3ζ2 − ζ+
2 )(αq̄ − αq)αq̄αqαg,

T4(αi) = 30α2
g(αq̄ − αq)

(
(κ + κ+) + (ζ1 + ζ+

1 )(1 − 2αg) + ζ2(3 − 4αg)
)
,

S(αi) = 30α2
g{(κ + κ+)(1 − αg) + (ζ1 + ζ+

1 )(1 − αg)(1 − 2αg)

+ ζ2[3(αq̄ − αq)2 − αg(1 − αg)]},
S̃(αi) = −30α2

g{(κ − κ+)(1 − αg) + (ζ1 − ζ+
1 )(1 − αg)(1 − 2αg)

+ ζ2[3(αq̄ − αq)2 − αg(1 − αg)]}. (5.20)

The constants appearing in the wave functions are given as [16] ϕ2(1 GeV) = 0,

wV
γ = 3.8 ± 1.8, wA

γ = −2.1 ± 1.0, κ = 0.2, κ+ = 0, ζ1 = 0.4, ζ2 = 0.3, ζ+
1 = 0 and

ζ+
2 = 0.

From the explicit expressions of the magnetic moments of ΞQ baryons, it follows that

it contains three auxiliary parameters: Borel mass squared M2
B, continuum threshold

s0 and β which enters the expression of the interpolating current for ΞQ. The physical

quantity, magnetic moment µΞQ , should be independent of these auxiliary parameters.

In other words we should find the ”working regions” of these auxiliary parameters,

where the magnetic moments are independent of them.

The value of the continuum threshold is fixed from the analysis of the two- point

sum rules, where the mass and residue λΞQ of the ΞQ baryons are determined [85],

which leads to the value s0 = 6.52 GeV2 for Ξb and s0 = 3.02 GeV2 for Ξc. If we

choose the value s0 = 6.42 GeV2 for Ξb and s0 = 8 GeV2 for Ξc. the results remain

practically unchanged. Next, we try to find the working region of M2
B where µΞQ are

independent of it at fixed value of β and the above mentioned values of s0. The upper

bound of M2
B is obtained requiring that the continuum contribution should be less

than the contribution of the first resonance. The lower bound of M2
B is determined by

requiring that the highest power of 1/M2
B be less than 300/0 of the highest power of

M2
B. These two conditions are both satisfied in the region 15 GeV2 ≤ M2

B ≤ 20 GeV2

and 5 GeV2 ≤ M2
B ≤ 8 GeV2 for Ξb and Ξc, respectively.

In Figs. 5.1 and 5.2, we depict the dependence of µΞ0
b

and µΞ−b on M2
B at fixed value

of β and s0 = 6.52 GeV2. In Figs. 5.3 and 5.4, we present the dependence of µΞ0
c

and µΞ+
c on M2

B at fixed value of β and s0 = 3.02 GeV2. From these figures, we see
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that the values of the magnetic moments of Ξb and Ξc exhibit good stability when

M2
B varies in the region 15 GeV2 ≤ M2

B ≤ 20 GeV2 and 5 GeV2 ≤ M2
B ≤ 8 GeV2,

respectively. The last step of our analysis is the determination of the working region

for the auxiliary parameter β. For this aim, in Figs. 5.5, 5.6, 5.7, and 5.8 we present

the dependence of the magnetic moments of ΞQ baryons on cos θ where tan θ = β,

using the values of M2
B from the ”working region” which we already determined and

at fixed values of s0.

From these figures we obtained that the prediction of the magnetic moment µΞb (µΞc)

is practically independent of the value of the auxiliary parameter β. From all these

analysis we deduce the final results for the magnetic moments in Table 5.1 for χ =

−3.15 GeV2. Comparison of our results on the magnetic moments of ΞQ baryons with

predictions of other approaches, as we already noted, is also presented in Table 5.1.

Table 5.1: Results for the magnetic moments of ΞQ baryons in different approaches.

µΞ0
b

µΞ−b µΞ0
c

µΞ+
c

Our results −0.045 ± 0.005 −0.08 ± 0.02 0.35 ± 0.05 0.50 ± 0.05
RQM [92] -0.06 -0.06 0.39 0.41
NQM [92] -0.06 -0.06 0.37 0.37

[93] - - −1.02 ÷ −1.06 0.45 ÷ 0.48
[94] - - 0.32 0.42
[95] - - 0.38 0.38
[96] - - 0.28 0.28
[97] - - 0.28 ÷ 0.34 0.39 ÷ 0.46

We see that within errors our predictions on the magnetic moments are in good agree-

ment with the quark model predictions. Our results on the magnetic moments of Ξc

are also close to the predictions of the other approaches except the prediction of [93]

on µΞ0
c
.
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Figure 5.1: The dependence of magnetic moment µΞ0
b

on M2
B at s0 = 6.52 GeV2 and β =

±5, − 1.
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Figure 5.2: The same as Fig. 5.1 but for µΞ−b .
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Figure 5.3: The same as Fig. 5.1 but for µΞ0
c

and at s0 = 3.02 GeV2 .
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Figure 5.4: The same as Fig. 5.3 but for µΞ+
c
.
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Figure 5.5: The dependence of the magnetic moment µΞ0
b

on cosθ at s0 = 6.52 GeV2 and for
M2

B = 15 GeV2 and M2
B = 20 GeV2.
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Figure 5.6: The same as Fig. 5.5 but for µΞ−b .

67



-1 -0.5 0 0.5 1
cosθ

0

0.2

0.4

0.6

0.8

1

µ Ξ0 c

M
B

2
=5GeV

2

 M
B

2
=8GeV

2

Figure 5.7: The same as Fig. 5.5 but for µΞ0
c

and s0 = 3.02 GeV2 and for M2
B = 5 GeV2 and

M2
B = 8 GeV2.
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Figure 5.8: The same as Fig. 5.7 but for µΞ+
c
.
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5.2 Mass and Magnetic Moments of the Heavy Flavored Baryons with J = 3
2

In this section, we study the masses and magnetic moments of the ground state

baryons with total angular momentum 3/2 and containing one heavy quark. First,

the light cone QCD sum rules for mass and magnetic moments of heavy baryons

are calculated. Then, the numerical analysis of the sum rules for mass and magnetic

moments as well as our discussion are presented.

5.2.1 Light Cone QCD Sum Rules for the Mass and Magnetic Moments of the Heavy

Flavored Baryons

To calculate the magnetic moments and masses of the heavy flavored hadrons, we

start again with the basic object in LCSR method which is the correlation function

where hadrons are represented by the interpolating quark currents. For this aim, we

consider the correlator

Tµν = i
∫

d4xeipx〈0 | T {ηµ(x)η̄ν(0)} | 0〉γ, (5.21)

where ηµ is the interpolating current of the heavy baryon and γ means the electro-

magnetic field. In QCD sum rules method, this correlation function is calculated in

two different approaches: On the quark level, it describes a hadron as quarks and glu-

ons interacting in QCD vacuum. In the phenomenological side, it is saturated by a

tower of hadrons with the same flavor quantum numbers.The magnetic moments are

determined by matching two different representations of the correlator function, i.e.,

theoretical and phenomenological forms, using the dispersion relations.

The phenomenological part of the correlation function can be obtained by inserting

the complete set of states between the interpolating currents in (5.21) with quantum

numbers of heavy baryons.

Tµν =
〈0 | ηµ | B(p2)〉

p2
2 − m2

B

〈B(p2) | B(p1)〉γ 〈B(p1) | η̄ν | 0〉
p2

1 − m2
B

, (5.22)

where p1 = p + q, p2 = p and q is the photon momentum. The vacuum to baryon
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matrix element of the interpolating current is defined as

〈0 | ηµ(0) | B(p, s)〉 = λBuµ(p, s), (5.23)

where λB is the residue and uµ(p, s) is the Rarita-Schwinger spinor. The matrix el-

ement 〈B(p2) | B(p1)〉γ entering Eq. (5.22) can be parameterized in the following

way

〈B(p2) | B(p1)〉γ = ερūµ(p2)
{
−gµν

[
γρ( f1 + f2) +

(p1 + p2)ρ
2mB

f2 + qρ f3

]

− qµqν
(2mB)2

[
γρ(G1 + G2) +

(p1 + p2)ρ
2mB

G2 + qρG3

] }
ūν(p1),

(5.24)

where ερ is the photon polarization vector, fi and Gi are the form factors and they

are functions of q2 = (p1 − p2)2. In order to obtain the explicit expressions of the

correlation function, we perform summation over spins of the spin 3/2 particles using

∑

s

uµ(p, s)ūν(p, s) =
( 6 p + m)

2m
{−gµν +

1
3
γµγν −

2pµpν
3m2 −

pµγν − pνγµ
3m

}. (5.25)

Using Eqs. (5.22-5.25) in principle one can write down the phenomenological part

of the correlator. But, the following two drawbacks appear: a) all Lorentz structures

are not independent, b) not only spin 3/2, but spin 1/2 states also contribute to the

correlation function. Indeed the matrix element of the current ηµ between vacuum

and spin 1/2 states is nonzero and is determined as

〈0 | ηµ(0) | B(p, s = 1/2)〉 = α(4pµ − mγµ)u(p, s = 1/2), (5.26)

where the condition γµηµ = 0 is imposed.

There are two different ways to remove the unwanted spin 1/2 contribution and re-

tain only independent structures in the correlation function: 1) Introduce projection

operators for the spin 3/2 states, which kill the spin 1/2 contribution, 2) Order Dirac

matrices in a specific form and eliminate the structures that receive contributions from

spin 1/2 states. In this work, we will follow the second method and choose the or-

dering for Dirac matrices as γµ 6 p 6 ε 6 qγν. With this ordering for the correlator, we
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get

Tµν = λ2
B

1
(p2

1 − m2
B)(p2

2 − m2
B)

[
gµν 6 p 6ε 6qgM

3
+ other structures with γµ at the beginning or γν at the end

or which are proportional to p2µor p1ν

]
, (5.27)

where gM/3 = f1 + f2 and at q2 = 0, gM is the magnetic moment of the baryon

in units of its natural magneton, e}/2mBc. The factor 3 is due the fact that in the

nonrelativistic limit the interaction Hamiltonian with magnetic field is equal to gMB =

3( f1 + f2)B.

From Eq. (5.21), it follows that to calculate the correlation function from QCD side,

we need the explicit expressions of the interpolating currents of heavy baryons with

the angular momentum JP = 3/2+. The main condition for constructing the interpo-

lating currents from quark field is that they should have the same quantum numbers

as the baryons under consideration. For the heavy baryons with JP = 3/2+, the inter-

polating current is chosen in the following general form

ηµ = Aεabc

{
(qaT

1 Cγµqb
2)Qc + (qaT

2 CγµQb)qc
1 + (QaTCγµqb

1)qc
2

}
, (5.28)

where C is the charge conjugation operator and a, b and c are color indices. The value

of A and quark fields q1 and q2 for each heavy baryons is given in Table 5.2. After

Table 5.2: The value of A and quark fields q1 and q2 for the corresponding baryons.

A q1 q2

Σ
∗+(++)
b(c) 1/

√
3 u u

Σ
∗0(+)
b(c)

√
2/3 u d

Σ
∗−(0)
b(c) 1/

√
3 d d

Ξ
∗0(+)
b(c)

√
2/3 s u

Ξ
∗−(0)
b(c)

√
2/3 s d

Ω
∗−(0)
b(c) 1/

√
3 s s

contracting out the quark pairs in Eq. (5.21) using the Wick’s theorem, we get the
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following expression for the correlation function in terms of quark propagators

Πµν = −iA2εabcεa′b′c′

∫
d4xeipx〈0[γ(q)] | {S ca′

Q γνS ′bb′
q2
γµS ac′

q1

+ S cb′
Q γνS ′aa′

q1
γµS bc′

q2
+ S ca′

q2
γνS ′bb′

q1
γµS ac′

Q + S cb′
q2
γνS ′aa′

Q γµS bc′
q1

+ S cb′
q1
γνS ′aa′

q2
γµS bc′

Q + S ca′
q1
γνS ′bb′

Q γµS ac′
q2

+ Tr(γµS ab′
q1
γνS ′ba′

q2
)S cc′

Q

+ Tr(γµS ab′
Q γνS ′ba′

q1
)S cc′

q2
+ Tr(γµS ab′

q2
γνS ′ba′

Q )S cc′
q1
} | 0〉, (5.29)

where S ′ = CS TC and S Q(S q) is the full heavy (light) quark propagator. In calcula-

tion of the correlation function from QCD side, we take into account terms linear in

mq and neglect quadratic terms.The correlator contains three different contributions

(for these three contributions and the methods of their calculations see the previous

section).

Using the expressions of the light and heavy full quark propagators and the photon

DA’s and separating the coefficient of the structure gµν 6 p 6 ε 6 q, the expression of

the correlation function from QCD side is obtained. Separating the coefficient of

the same structure from phenomenological part and equating these representations of

the correlator, we get sum rules for the magnetic moments of the JP = 3/2+ heavy

baryons. In order to suppress the contribution of higher states and continuum, Borel

transformation with respect to the variables p2
2 = p2 and p2

1 = (p + q)2 is applied.

Before presenting the sum rules for the magnetic moments, few words about the rela-

tions between the correlation functions are in order. Note that the correlation function

(more precisely, coefficient of the structure gµν 6 p 6ε 6q) can be written in the form

Π(q1, q2,Q) = eq1Π1(q1, q2,Q) + eq2Π
′
1(q1, q2,Q) + eQΠ2(q1, q2,Q). (5.30)

where Π1 corresponds to the emission of the photon from the quark q1, Π′1 to emis-

sion from q2 and Π2 to emission from the heavy quark Q. Note that the functions

Πi(q1, q2, q3) (i = 1, 2) do not depend on the quark charges in the limit where we

neglect electromagnetic corrections.

From the explicit form of the interpolating current it follows that it is symmetric under

the exchange of the light quarks, i.e. q1 ←→ q2, and for this reason Π1(q1, q2,Q) =

Π′1(q2, q1,Q).
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Due to the symmetries between the interpolating currents, any interpolating current

can be obtained from the interpolating current for Σ
∗0(+)
b(c) . This also leads to rela-

tions between their correlation functions. In terms of the defined Π1(q1, q2,Q) and

Π2(q1, q2,Q), all the correlation functions can be written as:

ΠΣ∗0b = euΠ1(u, d, b) + edΠ1(d, u, b) + ebΠ2(u, d, b),

ΠΣ∗+b = ΠΣ∗0b (d → u) = 2euΠ1(u, u, b) + ebΠ2(u, u, b),

ΠΣ∗−b = ΠΣ∗0b (u→ d) = 2edΠ1(d, d, b) + ebΠ2(d, d, b),

ΠΞ∗0b = ΠΣ∗0b (d → s) = euΠ1(u, s, b) + esΠ1(s, u, b) + ebΠ2(u, s, b),

ΠΞ∗−b = ΠΣ∗0b (u→ s) = esΠ1(s, d, b) + edΠ1(d, s, b) + ebΠ2(s, d, b),

ΠΩ∗−b = ΠΣ∗0b (u→ s, d → s) = 2esΠ1(s, s, b) + ebΠ2(s, s, b), (5.31)

and the relations for the charmed baryons can simply be obtained from Eq. (5.31), by

b→ c. Note that in the S U(3) f limit, the correlation functions can be expressed as:

ΠΣ∗0b =
1
3

Π1(b) − 1
3

Π2(b),

ΠΣ∗+b =
4
3

Π1(b) − 1
3

Π2(b),

ΠΣ∗−b = −2
3

Π1(b) − 1
3

Π2(b),

ΠΞ∗0b =
1
3

Π1(b) − 1
3

Π2(b),

ΠΞ∗−b = −2
3

Π1(b) − 1
3

Π2(b),

ΠΩ∗−b = −2
3

Π1(b) − 1
3

Π2(b), (5.32)

where, for simplicity, we have used the short hand notation Πi(q1, q2,Q) = Πi(Q)

(i = 1, 2) since in the assumed S U(3) f limit, all the light quarks have the same mass,

condensates, etc.

From Eq. (5.32) follows the well known S U(3) f relations between the correlation

functions, and hence the magnetic moments (part of these relations were derived in
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[111]):

ΠΣ∗+b + ΠΣ∗−b = 2ΠΣ∗0b ,

ΠΣ∗−b = ΠΞ∗−b = ΠΩ∗−b ,

ΠΣ∗+b + ΠΩ∗−b = 2ΠΞ∗0b ,

ΠΣ∗+b + 2ΠΞ∗−b = ΠΣ∗−b + 2ΠΞ∗0b ,

ΠΣ∗0b = ΠΞ∗0b , (5.33)

and the corresponding expressions for the charmed baryons. Any deviation from

these relations in the magnetic moments is a sign of S U(3) f violation. Note that the

first relation in Eq. (5.33) is a direct consequence of the isospin subgroup of S U(3) f .

Since in this work, set mu = md and 〈ūu〉 = 〈d̄d〉, i.e. we assume isospin symmetry,

our results satisfy this relation exactly. And hence, in the following, we will not show

numerical results form the magnetic moment of Σ
∗0(+)
b(c) .

Once the explicit forms of the functions Πi(q1, q2,Q)(i = 1, 2) are known, the sum

rules for the magnetic moments can be obtained using Eq. 5.31 and

−λ2
B

µBQ

3
e
−m2

BQ
M2 = A2ΠBQ . (5.34)

The functions Πi(q1, q2,Q) can be written as:

Πi =

∫ s0

m2
Q

e
−s
M2 ρi(s)ds + e

−m2
Q

M2 Γi. (5.35)
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where

ρ1(s) = < q1q1 >< q2q2 >

[
−1

6
χiϕγ(u0)

]

+ m2
0 < q2q2 >

{−
m2

Q

16π2M4 −
19

288π2M2 }mq1ln(
s − m2

Q

Λ2 )

+
1

288π2m2
Q

{8(1 + ψ11)mQ − [−9 + 4ψ02 + 5ψ10 + 8ψ12 − 9ψ21 + 8ψ22

+ 4γE(23 + ψ02 + 2ψ12 + ψ22) + 4ψ32]mq1 − 6(−1 + 2ψ12 + ψ22)mq2

+ 6(16 + 2ψ02 − 18ψ03 − 50ψ10 + 9ψ21 + 93ψ23 − 4ψ32 + 120ψ33 + 45ψ43)

× mq1ln(
s − m2

Q

Λ2 )}
]

+ < q2q2 >
1

16π2

[
4(ψ10 − ψ21)mQ − {−1 + 4ψ01 − ψ02 + 2ψ11 + ψ22

+ 2γE(1 + ψ02 + 2ψ12 + ψ22)}mq1 − (1 + ψ02)mq2 + 2mq1{ln(
Λ2

m2
Q

)

+ (2 − ψ02 − 2ψ10 + 3ψ22 + 2ψ32)ln(
s − m2

Q

Λ2 ) + ln(
m2

Q(s − m2
Q)

Λ2s
)}

]

+ < q1q1 >
1

96π2

[
− 3{(ψ10 − ψ21)mQ + mq2}A(u0)

+ 2
(
{−1 + 4ψ01 − ψ02 + 2ψ11 + ψ22 + 2γE(1 + ψ02 + 2ψ12 + ψ22)}

× mq2(η1 − 3η2) + 2(ψ21 − ψ10){mQ(η1 + 3η2)

+ 2mq2η1 − (mQ + mq2)(η4 − η3)}
− 2(η1 − 3η2)

{
mQln(

s
m2

Q

) + mq2{ln(
Λ2

m2
Q

)

+ (2 − ψ02 − 2ψ10 + 3ψ22 + 2ψ32)ln(
s − m2

Q

Λ2 ) + ln(
m2

Q(s − m2
Q)

Λ2s
)}

}

+ 3m2
Qχi{2mQψ10 − (mQ − mq2)(ψ20 − ψ31) + 2mQln(

m2
Q

s
)} ϕγ(u0)

) ]

+
m3

Q

256π4

[
mQ(12ψ10 − 6ψ20 + 4ψ30 − 5ψ42

− 4ψ52 + mq1(18 − 18ψ01 + 114ψ10

− 66ψ20 + 12ψ31) − 24mq2(2ψ10 − ψ20 + ψ31) − 12{6 + ψ10 + 12ln(
Λ2

m2
Q

)}

× mq1ln(
Λ2

m2
Q

) − 12mQln(
s

m2
Q

) + 12
(
{2 + ψ01 − ln(

Λ2

s
)}mq1 ln(

Λ2

s
)

+ ln(
m2

Q

s
){2(1 − 4ln(

s − m2
Q

Λ2 ))mq1 − 4mq2} + mq1{(1 + ψ01 − 7ψ10 + 3ψ20
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+ 2ln(
s

m2
Q

))ln(
s − m2

Q

Λ2 ) − (3 + ψ10)ln(
m2

Q(s − m2
Q)

Λ2s
)

+ ψ01ln(
s(s − m2

Q)

Λ2m2
Q

)}
)
− 24{4Li2(1 −

m2
Q

s
) − Li2(1 − s

m2
Q

)}mq1

]

+
f3γm2

Q

48π2

 − 2η′{ψ10 + ln(
m2

Q

s
)} + (3ψ31 + 4ψ32 + 3ψ42)ψa(u0)

 ,

(5.36)

ρ2(s) = m2
0 < q1q1 >

×
[
− 5(1 + ψ11)

288π2mQ
+

mq2

18π2M2 ln(
s − m2

Q

Λ2 ) − mq2

36π2m2
Q

{ψ02 − ψ10

+ 2(ψ12 + ψ22) + γE(−4 + ψ02 + 2ψ12 + ψ22) + ψ32 + 3(1 − ψ02 − 2ψ10

+ 3ψ22 + 2ψ32)ln(
s − m2

Q

Λ2 )}
]

+ m2
0 < q2q2 >

×
[
− 5(1 + ψ11)

288π2mQ
+

mq1

18π2M2 ln(
s − m2

Q

Λ2 ) − mq1

36π2m2
Q

{ψ02 − ψ10

+ 2(ψ12 + ψ22) + γE(−4 + ψ02 + 2ψ12 + ψ22) + ψ32 + 3(1 − ψ02 − 2ψ10

+ 3ψ22 + 2ψ32)ln(
s − m2

Q

Λ2 )}
]

+ < q1q1 >
1

16π2

×
[

(ψ02 − 1)mq1 − 2(ψ10 − ψ21)(mQ − 2mq2) + 2mQln(
s

m2
Q

)
]

+ < q2q2 >
1

16π2

×
[

(ψ02 − 1)mq2 − 2(ψ10 − ψ21)(mQ − 2mq1) + 2mQln(
s

m2
Q

)
]

+
m3

Q

768π4

[
(−4ψ30 + 5ψ42 + 4ψ52)mQ + 18ψ31(mq1 + mq2)

− 12ψ10{7mQ − 9(mq1 + mq2)} − 6ψ20{mQ + 3(mq1 + mq2)}

− 24{2(1 + ψ10)mQ − 3(mq1 + mq2)}ln(
m2

Q

s
)

+ 36{mQ − (1 + ψ10)(mq1 + mq2)}ln(
s

m2
Q

)
]
, (5.37)
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Γ1 = m2
0 < q1q1 >< q2q2 >


m5

Qmq2A(u0)

288M8 −
m3

Q

864M6 {−4mq2(η1 − 3η2)

+ (9mQ + 10mq2)A(u0)} − mQ

2164M4 {mq2(η1 − 3η2) + 3mQ(2η1 + η3 − 2η4)

− (mQ + mq2)A(u0) + 3m2
Qmq2χiϕγ(u0)} − mQ

216M2 (9mQ + 4mq2)χiϕγ(u0)

+
5

216
χiϕγ(u0)

]

+ < q1q1 >< q2q2 >

×
−

m3
Qmq2A(u0)

48M4 +
mQ

72M2 {2mq2(−η1 + 3η2) + 3mQA(u0)}

+
1

72
{2(4η1 + 2η3 − 4η4) + 3A(u0) + 6mQmq2χiϕγ(u0)}

]

+ m2
0 < q2q2 >


γEmq1 M2

3π2m2
Q

+
m2

Q

96π2M2 {2mq2 − 3mq1 ln(
Λ2

m2
Q

)}

− 1
288π2 {18mQ + 9mq1 + 14mq1(2γE + ln(

Λ2

m2
Q

)) + 4mq2}

+
f3γm2

Qmq2(η
′ + 4ψa(u0))

216M4

]

+ < q2q2 >

[
γE M2mq1

4π2 − 1
36

f3γmq2(η
′ + 3ψa(u0))

]

− < q1q1 >

[
γE M2mq2

12π2 (η1 − 3η2)
]
, (5.38)

Γ2 = m2
0 < q1q1 >< q2q2 >

−
5m3

Q(mq1 + mq2)

144M6 +
mQ(24mQ + 5(mq1 + mq2)

144M4



+ < q1q1 >< q2q2 >

[
−1

3
+

mQ(mq1 + mq2)
12M2

]

+ m2
0 < q1q1 >

−
γEmq2 M2

12π2m2
Q

+
1

144π2 {(−9 + 8γE + 4ln(
Λ2

m2
Q

))mq2 + mq1}


+ m2
0 < q2q2 >

−
γEmq1 M2

12π2m2
Q

+
1

144π2 {(−9 + 8γE + 4ln(
Λ2

m2
Q

))mq1 + mq2}
 ,

(5.39)

Where Li2(x) is the dilogarithm function. The functions entering Eqs. (5.36-5.39) are
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given as

ηi =

∫
Dαi

∫ 1

0
dv fi(αi)δ(αq + vαg − u0),

η′ =

∫
Dαi

∫ 1

0
dvV(αi)δ′(αq + vαg − u0),

(5.40)

and f1(αi) = S(αi), f2(αi) = S̃(αi), f3(αi) = T4(αi) and f4(αi) = vT4(αi) are the

photon distribution amplitudes. Note that in the above equations, the Borel parameter

M2 is defined as M2 =
M2

1 M2
2

M2
1+M2

2
and u0 =

M2
1

M2
1+M2

2
. Since the masses of the initial and

final baryons are the same, we will set M2
1 = M2

2 = 2M2 and hence u0 = 1/2. The

contributions of the terms ∼< G2 > are also calculated , but their numerical values

are very small and therefore for customary in the expressions these terms are omitted.

For calculation of the magnetic moments of the considered baryons, their residues λB

as well as their masses are needed (see Eq. (5.34)). Note that many of the considered

baryons are not discovered yet in the experiments. The residue is determined from

two point sum rules. For the interpolating current given in Eq. (5.28), we obtain the

following result for λ2
B:

λ2
Be

−m2
BQ

M2 = A2
[
Π′ + Π′(q1 ←→ q2)

]
, (5.41)

where

Π′ =

∫ s0

m2
Q

ds e−s/M2

m2
0 < q1q1 >


(mq1 − 6mQ)(ψ22 + 2ψ12 − 1)

192m2
Qπ

2



− < q1q1 >

[
2(ψ02 + 2ψ10 − 2ψ21 − 1)mQ + (ψ02 − 1)(3mq1 − 2mq2)

32π2

]

−
m3

Q

512π4

[
− 8(3ψ31 + 2ψ32)mq1

+ 3{(2ψ30 − 4ψ41 +
5
2
ψ42 + 2ψ52)mQ − 4ψ42mq1}

+ 6(2ψ10 − ψ20)(
3
2

mQ − 2mq1) − 6(4mq1 − 3mQ)ln(
m2

Q

s
)



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+ e−m2
Q/M

2
{

m2
0 < q1q1 >< q2q2 >

×

−5m3

Qmq1

144M6 +
mQ(mQ + 5mq1)

24M4 − 5
24M2



+ < q1q1 >< q2q2 >

[
1

12
− mQmq1

12M2

]
+ m2

0 < q1q1 >

[
6mq2 − 7mq1

192π2

] }

(5.42)

The masses of the considered baryons can also be determined from sum rules. For

this aim, one can get the derivative from both side of Eq. (5.41) with respect to −1/M2

and divide the obtained result to the Eq. (5.41), i.e.,

m2
BQ

=
− d

d(1/M2)

[
Π′ + Π′(q1 ←→ q2)

]
[
Π′ + Π′(q1 ←→ q2)

] . (5.43)

5.2.2 Numerical Analysis

In this section, we perform numerical analysis for the mass and magnetic moments

of the heavy flavored baryons. Firstly, we present the input parameters used in

the analysis of the sum rules: 〈ūu〉(1 GeV) = 〈d̄d〉(1 GeV) = −(0.243)3 GeV3,

〈s̄s〉(1 GeV) = 0.8〈ūu〉(1 GeV), m2
0(1 GeV) = (0.8 ± 0.2) GeV2 [107], factoriza-

tion parameter in light quark propagator, Λ = 1 GeV and f3γ = −0.0039 GeV2

[16]. The value of the magnetic susceptibility was obtained in various papers as

χ(1 GeV) = −3.15 ± 0.3 GeV−2 [16], χ(1 GeV) = −(2.85 ± 0.5) GeV−2 [108] and

χ(1 GeV) = −4.4 GeV−2[110].

Before proceeding to the results for the magnetic moments, we calculate the masses

of heavy flavored baryons predicted from mass sum rules. Obviously, the masses

should not depend on the Borel mass parameter M2 in a complete theory. This con-

dition for bottom (charmed) baryons are satisfied when M2 varies in the interval

15 GeV2 < M2 < 30 GeV2 ( 4 GeV2 < M2 < 12 GeV2). In Figs. 5.9-5.14, we

presented the dependence of the mass of the heavy flavored baryons on M2. From

these figures, we see very good stability with respect to M2. The sum rule predictions

of the mass of the heavy flavored baryons are presented in Table 5.3 in comparison
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with some theoretical predictions and experimental results. Note that the masses of

the heavy flavored baryons are calculated in the framework of heavy quark effective

theory (HQET) using the QCD sum rules method in [112].

Table 5.3: Comparison of mass of the heavy flavored baryons in GeV from present work and
other approaches and with experiment.

mΩ∗b mΩ∗c mΣ∗b mΣ∗c mΞ∗b mΞ∗c

this work 6.08 ± 0.40 2.72 ± 0.20 5.85 ± 0.35 2.51 ± 0.15 5.97 ± 0.40 2.66 ± 0.18
[112] 6.063+0.083

−0.082 2.790+0.109
−0.105 5.835+0.082

−0.077 2.534+0.096
−0.081 5.929+0.088

−0.079 2.634+0.102
−0.094

[69] 6.088 2.768 5.834 2.518 5.963 2.654
[65] - - 5.805 2.495 - -
[66] 6.090 2.770 5.850 2.520 5.980 2.650

[113] - 2.768 - 2.518 - -
[67] 6.083 2.760 5.840 - 5.966 -
[68] 6.060 2.752 5.871 2.5388 5.959 2.680

Exp[114] - 2.770 5.836 2.520 - 2.645

After determination of the masses as well as residues of the heavy flavored baryons

our next task is the calculation of the numerical values of their magnetic moments.

For this aim, from sum rules for the magnetic moments it follows that the photon

DA’s are needed (see Eq. (5.20)).

The sum rules for magnetic moments also contain the auxiliary parameters: Borel

parameter M2 and continuum threshold s0. Similar to mass sum rules, the magnetic

moments should also be independent of these parameters. In the general case, the

working region of M2 and s0 for the mass and magnetic moments should be differ-

ent. To find the working region for M2, we proceed as follows. The upper bound is

obtained requiring that the contribution of higher states and continuum should be less

than the ground state contribution. The lower bound of M2 is determined from con-

dition that the highest power of 1/M2 be less than say 300/0 of the highest power of

M2. These two conditions are both satisfied in the region 15 GeV2 ≤ M2 ≤ 30 GeV2

and 4 GeV2 ≤ M2 ≤ 12 GeV2 for baryons containing b and c-quark, respectively. The

working region for the Borel parameter for mass and magnetic moments practically

coincide, but again we should stress that, this circumstance is accidental.
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In Figs. 5.15-5.24, we present the dependence of the magnetic moment of heavy

flavored baryons on M2 at two fixed values of continuum threshold s0. From these

figures, we see that the magnetic moments weakly depend on s0. The maximal change

of results is about 10 0/0 with variation of s0. The magnetic moments also are practi-

cally insensitive to the variation of Borel mass parameter when it varies in the work-

ing region. We should also stress that our results practically don’t change considering

three values of χ which we presented at the beginning of this section. Our final re-

sults on the magnetic moments of heavy flavored baryons are presented in Table 5.4.

For comparison, the predictions of hyper central model [93] are also presented. The

quoted errors in Table 5.4 are due to the uncertainties in m2
0, variation of s0 and M2 as

well as errors in the determination of the input parameters.

Table 5.4: The magnetic moments of the heavy flavored baryons in units of nucleon magneton.

Our results hyper central model[93]
µΩ∗−b −1.40 ± 0.35 −1.178 ÷ −1.201
µΩ∗0c

−0.62 ± 0.18 −0.827 ÷ −0.867
µΣ∗−b −1.50 ± 0.36 −1.628 ÷ −1.657
µΣ∗0b

0.50 ± 0.15 0.778 ÷ 0.792
µΣ∗+b

2.52 ± 0.50 3.182 ÷ 3.239
µΣ∗0c

−0.81 ± 0.20 −0.826 ÷ −0.850
µΣ∗+c

2.00 ± 0.46 1.200 ÷ 1.256
µΣ∗++

c
4.81 ± 1.22 3.682 ÷ 3.844

µΞ∗−b −1.42 ± 0.35 −1.048 ÷ −1.098
µΞ∗0b

0.50 ± 0.15 1.024 ÷ 1.042
µΞ∗0c

−0.68 ± 0.18 −0.671 ÷ −0.690
µΞ∗+c

1.68 ± 0.42 1.449 ÷ 1.517

Although the S U(3) f breaking effects have been taken into account through a nonzero

s-quark mass and different strange quark condensate, we predict that S U(3) f symme-

try violation in the magnetic moments is very small, except the relations µΣ∗+c = µΞ∗+c

and ΠΣ∗++
c + ΠΩ∗0c = 2ΠΞ∗+c , where the S U(3) f symmetry violation is large. For the

values of the magnetic moments, our results are consistent with the results of [93] ex-

cept for the µΩ∗−b , µΞ∗−b and especially for the µΣ∗+c , µΞ∗0b
which we see a big discrepancy

between two predictions.
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Figure 5.9: The dependence of mass of the Ω∗b on the Borel parameter M2 for two fixed values
of continuum threshold s0.
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Figure 5.10: The dependence of mass of the Ω∗c on the Borel parameter M2 for two fixed
values of continuum threshold s0.
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Figure 5.11: The same as Fig. 5.9, but for Σ∗b.
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Figure 5.12: The same as Fig. 5.10, but for Σ∗c.
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Figure 5.13: The same as Fig. 5.9, but for Ξ∗b.
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Figure 5.14: The same as Fig. 5.10, but for Ξ∗c.
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Figure 5.15: The dependence of the magnetic moment of Ω∗−b on Borel parameter M2 (in units
of nucleon magneton) at two fixed values of s0.
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Figure 5.16: The dependence of the magnetic moment of Ω∗0c on Borel parameter M2 (in units
of nucleon magneton) at two fixed values of s0.

85



15 20 25 30
M

2
(GeV

2
)

-2

-1

0

µ Σ∗−
b

s
0
=6.0

2
GeV

2

s
0
=6.3

2
GeV

2

Figure 5.17: The same as Fig. 5.15, but for Σ∗−b .
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Figure 5.18: The same as Fig. 5.15, but for Σ∗+b .
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Figure 5.19: The same as Fig. 5.16, but for Σ∗0c .
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Figure 5.20: The same as Fig. 5.16, but for Σ∗++
c .
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Figure 5.21: The same as Fig. 5.15, but for Ξ∗−b .
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Figure 5.22: The same as Fig. 5.15, but for Ξ∗0b .
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Figure 5.23: The same as Fig. 5.16, but for Ξ∗0c .
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Figure 5.24: The same as Fig. 5.16, but for Ξ∗+c .
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CHAPTER 6

CONCLUSION

In this thesis, we investigated some properties, such as transition form factors, mass

and magnetic moments, of the light octet, decuplet and heavy baryons containing

a single heavy quark within the framework of the light cone QCD sum rules as a

more powerful and attractive non-perturbative method. In the recent years, substan-

tial experimental progress has been made in the discovery of those baryons and the

experimental studies on the properties of such baryons and their decays have been

made. Theoretical and phenomenological calculations of those properties and their

comparison with the experimental results can give essential information about the

structure of these baryons and strong interactions inside them.

First, we constructed the light and heavy baryons in the content of the representa-

tion of the unitary groups. Then, the QCD sum rules and one of its extensions, the

light cone QCD sum rules, were discussed. In principle, the QCD Lagrangian is re-

sponsible for all properties of the hadrons and hadronic processes, but a direct use of

that is possible only within the limited framework of the perturbation theory. In very

high energies, the quarks and gluons interact weakly, a property called the asymp-

totic freedom. Therefore, in very high energies, we can use the perturbation theory.

However, in low energy and hadronic size, we need a non-perturbative method to an-

alyze the properties of the baryons and their transitions. Among all non-perturbative

approaches, the QCD sum rules has received special attention since it is based on the

fundamental QCD Lagrangian.

Understanding the nucleons’ properties is one of the major goals of the quantum
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chromodynamics. To investigate the properties of the nucleons, we calculated axial

N − ∆ transition form factors using the nucleon distribution amplitudes and 3 sets of

the independent parameters entered to those DA’s. These form factors play important

role for understanding the dynamics of weak N − ∆ transition as well as the internal

structure of the nucleon and its first resonance ∆, complementary to that obtained

from electromagnetic transition. Furthermore, the measurement of axial form factors

for N −∆ transition, allows us to check off diagonal Goldberger-Treiman relation and

order of conservation of the axial current. We also compared our results for the related

form factors with existing lattice and quark model predictions. Our results reproduce

the existing data from the lattice QCD. Our predictions for these axial form factors

can be tested in the future experiments.

In order to analyze other properties of the nucleon, the nucleon electromagnetic form

factors were calculated using the most general form of the nucleon interpolating cur-

rent in the light cone QCD sum rules. It is more than forty years that the electromag-

netic form factors of the nucleons have been of interest from both experimental and

theoretical points of view. Using two forms of the DA’s, we obtained the sum rules

for these form factors. These form factors were used to calculate the electric and

magnetic dipole moments for the proton and neutron. We also compared the obtained

results for the form factors and electromagnetic moments with existing experimental

data. We obtain that our results are in a good agreement with the existing experi-

mental data. More precisely, at different values of β, which is a general parameter

in the interpolating current of the nucleon, our results for the form factors reproduce

the experimental data. Finally, we obtained the “working region for β”. Our final re-

mark in this regard is that in order to answer the question which β is more preferable,

both theoretical and experimental studies have to be refined. From theoretical part

O(αs) corrections to the distributions amplitudes and more accurate determination of

the DA’s are needed. From experimental side, the discrepancies between various data

have to be eliminated.

As to the phenomenology of the heavy baryons, the magnetic moments of the heavy

spin 1/2, ΞQ baryons, which were discovered recently (more precisely Ξb was discov-
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ered) were calculated in framework of light cone QCD sum rules. To calculate the

magnetic moments of the ΞQ, the general form of their interpolating currents have

been used. Our results on magnetic moments are close to the predictions of the other

non-perturbative approaches existing in the literature. These results can also be tested

in the future experiments.

Finally, inspired by recent experimental discovery of the heavy flavored baryons, the

mass and magnetic moments of these baryons with JP = 3/2+ (Σ∗Q, Ξ∗Q and Ω∗Q)

were calculated within the light cone QCD sum rules. Our results on the masses are

consistent with the experimental data as well as predictions of other approaches. Our

results on the masses of the Ω∗b, and Ξ∗b can be tested in experiments which will be

held in the near future. The predictions on the magnetic moments also can verified in

the future experiments.

The results of this thesis have been published in the following papers:

1) T. M. Aliev, K. Azizi, A. Ozpineci, Nucl. Phys. A 799 (2008) 105.

2) T. M. Aliev, K. Azizi, A. Ozpineci, Phys. Rev. D 77 (2008) 114014.

3) T. M. Aliev, K. Azizi, A. Ozpineci, Phys. Rev. D 77 (2008) 114006.

4) T. M. Aliev, K. Azizi, A. Ozpineci, Nucl. Phys. B 808 (2009) 137.
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APPENDIX A

In Eqs. (4.16), (4.17), (4.18) and (4.19), the distribution amplitudes depend on nor-

malization scale and can be expanded with the conformal operators. To the next-to-

leading conformal spin accuracy, they are obtained as [25, 26, 27]:

V1(xi, µ) = 120x1x2x3[φ0
3(µ) + φ+

3 (µ)(1 − 3x3)],

V2(xi, µ) = 24x1x2[φ0
4(µ) + φ+

3 (µ)(1 − 5x3)],

V3(xi, µ) = 12x3{ψ0
4(µ)(1 − x3) + ψ−4 (µ)[x2

1 + x2
2 − x3(1 − x3)]

+ψ+
4 (µ)(1 − x3 − 10x1x2)},

V4(xi, µ) = 3{ψ0
5(µ)(1 − x3) + ψ−5 (µ)[2x1x2 − x3(1 − x3)]

+ψ+
5 (µ)[1 − x3 − 2(x2

1 + x2
2)]},

V5(xi, µ) = 6x3[φ0
5(µ) + φ+

5 (µ)(1 − 2x3)],

V6(xi, µ) = 2[φ0
6(µ) + φ+

6 (µ)(1 − 3x3)],

A1(xi, µ) = 120x1x2x3φ
−
3 (µ)(x2 − x1),

A2(xi, µ) = 24x1x2φ
−
4 (µ)(x2 − x1),

A3(xi, µ) = 12x3(x2 − x1){(ψ0
4(µ) + ψ+

4 (µ)) + ψ−4 (µ)(1 − 2x3)},
A4(xi, µ) = 3(x2 − x1){−ψ0

5(µ) + ψ−5 (µ)x3 + ψ+
5 (µ)(1 − 2x3)},

A5(xi, µ) = 6x3(x2 − x1)φ−5 (µ)

A6(xi, µ) = 2(x2 − x1)φ−6 (µ),

T1(xi, µ) = 120x1x2x3[φ0
3(µ) +

1
2

(φ−3 − φ+
3 )(µ)(1 − 3x3)],

T2(xi, µ) = 24x1x2[ξ0
4(µ) + ξ+

4 (µ)(1 − 5x3)],
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T3(xi, µ) = 6x3{(ξ0
4 + φ0

4 + ψ0
4)(µ)(1 − x3)

+(ξ−4 + φ−4 − ψ−4 )(µ)[x2
1 + x2

2 − x3(1 − x3)]

+(ξ+
4 + φ+

4 + ψ+
4 )(µ)(1 − x3 − 10x1x2)},

T4(xi, µ) =
3
2
{(ξ0

5 + φ0
5 + ψ0

5)(µ)(1 − x3) + (ξ−5 + φ−5 − ψ−5 )(µ)

[2x1x2 − x3(1 − x3)] + (ξ+
5 + φ+

5 + ψ+
5 )(µ)(1 − x3 − 2(x2

1 + x2
2))},

T5(xi, µ) = 6x3[ξ0
5(µ) + ξ+

5 (µ)(1 − 2x3)],

T6(xi, µ) = 2[φ0
6(µ) +

1
2

(φ−6 − φ+
6 )(µ)(1 − 3x3)],

T7(xi, µ) = 6x3{(−ξ0
4 + φ0

4 + ψ0
4)(µ)(1 − x3) + (−ξ−4 + φ−4 − ψ−4 )(µ)

[x2
1 + x2

2 − x3(1 − x3)] + (−ξ+
4 + φ+

4 + ψ+
4 )(µ)(1 − x3 − 10x1x2)},

T8(xi, µ) =
3
2
{(−ξ0

5 + φ0
5 + ψ0

5)(µ)(1 − x3) + (−ξ−5 + φ−5 − ψ−5 )(µ)

[2x1x2 − x3(1 − x3)] + (−ξ+
5 + φ+

5 + ψ+
5 )(µ)(1 − x3 − 2(x2

1 + x2
2))},

S 1(xi, µ) = 6x3(x2 − x1)
[
(ξ0

4 + φ0
4 + ψ0

4 + ξ+
4 + φ+

4 + ψ+
4 )(µ)

+(ξ−4 + φ−4 − ψ−4 )(µ)(1 − 2x3)
]

S 2(xi, µ) =
3
2

(x2 − x1)
[
−

(
ψ0

5 + φ0
5 + ξ0

5

)
(µ) +

(
ξ−5 + φ−5 − ψ0

5

)
(µ)x3

+
(
ξ+

5 + φ+
5 + ψ0

5

)
(µ)(1 − 2x3)

]

P1(xi, µ) = 6x3(x2 − x1)
[
(ξ0

4 − φ0
4 − ψ0

4 + ξ+
4 − φ+

4 − ψ+
4 )(µ)

+(ξ−4 − φ−4 + ψ−4 )(µ)(1 − 2x3)
]

P2(xi, µ) =
3
2

(x2 − x1)
[(
ψ0

5 + ψ0
5 − ξ0

5

)
(µ) +

(
ξ−5 − φ−5 + ψ0

5

)
(µ)x3

+
(
ξ+

5 − φ+
5 − ψ0

5

)
(µ)(1 − 2x3)

]
. (A.1)

the parameters used above are defined in terms of the following eight independent

parameters fN , λ1, λ2, Vd
1 , Au

1, f 1
d , f 2

d and f 1
u as

φ0
3 = φ0

6 = fN

φ0
4 = φ0

5 =
1
2

(λ1 + fN)

ξ0
4 = ξ0

5 =
1
6
λ2

ψ0
4 = ψ0

5 =
1
2

( fN − λ1)
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φ−3 =
21
2

Au
1,

φ+
3 =

7
2

(1 − 3Vd
1 ),

φ−4 =
5
4

(
λ1(1 − 2 f d

1 − 4 f u
1 ) + fN(2Au

1 − 1)
)
,

φ+
4 =

1
4

(
λ1(3 − 10 f d

1 ) − fN(10Vd
1 − 3)

)
,

ψ−4 = −5
4

(
λ1(2 − 7 f d

1 + f u
1 ) + fN(Au

1 + 3Vd
1 − 2)

)
,

ψ+
4 = −1

4

(
λ1(−2 + 5 f d

1 + 5 f u
1 ) + fN(2 + 5Au

1 − 5Vd
1 )

)
,

ξ−4 =
5

16
λ2(4 − 15 f d

2 ) ,

ξ+
4 =

1
16
λ2(4 − 15 f d

2 ) ,

φ−5 =
5
3

(
λ1( f d

1 − f u
1 ) + fN(2Au

1 − 1)
)
,

φ+
5 = −5

6

(
λ1(4 f d

1 − 1) + fN(3 + 4Vd
1 )

)
,

ψ−5 =
5
3

(
λ1( f d

1 − f u
1 ) + fN(2 − Au

1 − 3Vd
1 )

)
,

ψ+
5 = −5

6

(
λ1(−1 + 2 f d

1 + 2 f u
1 ) + fN(5 + 2Au

1 − 2Vd
1 )

)
,

ξ−5 = −5
4
λ2 f d

2 ,

ξ+
5 =

5
36
λ2(2 − 9 f d

2 ) ,

φ−6 =
1
2

(
λ1(1 − 4 f d

1 − 2 f u
1 ) + fN(1 + 4Au

1)
)
,

φ+
6 = −1

2

(
λ1(1 − 2 f d

1 ) + fN(4Vd
1 − 1)

)
. (A.2)

The numerical values are obtained using:

fN = (5.0 ± 0.5) × 10−3 GeV2,

λ1 = −(2.7 ± 0.9) × 10−2 GeV2,

λ2 = (5.4 ± 1.9) × 10−2 GeV2. (A.3)

For the other five independent parameters, we have used three sets as:

Set 1 : Au
1 = 0.38 ± 0.15, Vd

1 = 0.23 ± 0.03, f d
1 = 0.40 ± 0.05,

f d
2 = 0.22 ± 0.05, f u

1 = 0.07 ± 0.05, (A.4)
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Set 2 : Au
1 =

1
14
, Vd

1 =
13
42
, f d

1 = 0.40 ± 0.05,

f d
2 = 0.22 ± 0.05, f u

1 = 0.07 ± 0.05, (A.5)

Set 3 (asymptotic) : Au
1 = 0, Vd

1 =
1
3
, f d

1 =
3

10
, f d

2 =
4

15
,

f u
1 =

1
10

(A.6)

Note that the asymptotic forms of DA’s can be obtained from Eqs. (A.1) using the

values given in the 3rd set.
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