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OZET
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BAZI LINEER OLMAYAN FARK DENKLEM
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Danmisman: Do¢. Dr. Kemal USLU
2019, 83 Sayfa
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Bu c¢alismada bazi lineer olmayan fark denklem sistemleri arastirilmis, bu sistemlerin
¢oziimlerinin periyodik davranislari incelenmistir. Ayrica bu sistemlerin ¢éziimleri baslangi¢ sartlarma
bagli olarak elde edilmistir.

Anahtar Kelimeler: Lineer olmayan fark denklem sistemleri, ¢dziimlerin periyodu,
rasyonel fark denklem sistemleri.
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Jury
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In this study, some of non-linear difference equation systems are investigated, periodic
behaviors of solutions of these systems are investigated. Also the solutions of these systems are obtained
by initial conditions.

Keywords: Non-linear difference equation systems, the period of solutions, system of the
rational difference equation.
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1. GIRIS

Fark denklem, bir ya da daha ¢ok degiskenli bir fonksiyonun sonlu farklar ile
bagimsiz degiskenleri arasindaki cebirsel bir bagntidir. Diferansiyel denklemlere
benzerlik gdstermesine ragmen inceleme siireci yoniinden diferansiyel denklemlerden
daha yenidir. Diferansiyel denklemlerin temeli dogada kopuklugun olmadig:
varsayimina dayanmaktadir. Birgok olaymn matematiksel modeli, stirekli degisim
oranlar1 arasimndaki denklemler ile ifade ediliyordu. Fakat 20. yiizyilin baslarinda
radyasyondaki quanta ile biyolojide genetik olaylardaki gelismeler tiim doga olaylarinin
siireklilik terimlerinin ile ifade edilemeyecegini gostermistir. Bu nedenle diferansiyel
denklemlerde goriilen siireksizlik halleri, fark denklemleri kullanilarak kaldirilmak

istenmistir.

Diferansiyel denklemlerin bazi baslangic deger problemleri i¢in kapali formda
cOzlimleri yoktur ya da ¢dziimleri bulmak ¢ok zor olabilir. Boyle durumlarda niimerik
yontemlerle ¢oziimlere ulasilmaya c¢alisilir. Bu yontemlerden birisi de fark
denklemlerdir. Fark denklemler yapisi itibariyle temel aritmetik islemlere dayandigi ig¢in

problemin ¢6ziimiinde kolaylik saglar.

Gilinitimiizde bir¢ok alanda uygulanan fark denklemleri daha ¢ok, ekonomide arz
talep dengesi hesabinda, ekonomik dalgalanmalar ile fiyat degisim problemlerinde,
igsizlik oranlar1 hesabinda, kusaklar arasinda genetik baskalasim iliskisinde, spektrum

analizinde filtre dizayn1 gibi alanlarda yaygin olarak kullanilmaktadir.

Son yillarda fark denklemleri ile fark denklem sistemlerinin davranislar1 ve
ozellikle de periyodikligi, kararliligi, smirliligi ve salimimlilig: ile ilgili bir¢cok c¢alisma
yapilmaktadir. Biz de bu ¢alismamizda, bazi fark denklem sistemleri tanimlayarak bu

sistemlerin ¢ozlimlerinin davranislarini inceleyecegiz.

Bu tez ¢alismasinda;

A B A Cr(s_,—r_ —
Doy = + s Gp = + n( n=1_ "n-1 qn_]) ’
Sn _rn _qn qn—] _rn—] Sn _rn _qn rn—]
= L Ky — 2A + Crn (Sn—] _rn—] _qn—]) + D , n 2 0

n+l s

Sn_rn_qn Sn_rn_qn rn—] pn_rn



A B A Cr(s,,—1.,—-4q,,)
pn+l = + H qn+l = + — s s >
B L/ a7 9,1 Syt TV 90 T
A 24 Cr(s ,—r_,— D
L E—————————— S, = + ACHE Sl ' PEY + , n>0
Spo1 — i — 4 D Y P T ) R
— A + B — A + Crn (Sn—3 B rn—3 B Qn—?))
pn+l - H qn+1 -
Sy "ho =49, 4,371 S A T
A 24 Cr(s ,—r ,— D
rn+1 = 4 Sn+1 = + n( n s = qn{%) + ) n 2 0
Sn—2 - rn—2 - qn—2 Sn—Z - rn—Z - qn—Z rn—l pn—Z - }/;1—2

fark denklem sistemlerinin 4=1, B=1, C=1, D=1 oldugu durumda periyodikligi
incelenerek sonrasinda ayni denklemlerin 4, B,C,D €eR-{0} parametrelerine bagl

oldugu durumlarda periyodikligi incelendi. Sonra bu sistemin genel hali olan

_ A B r A + Cr, (S, oy = Toroty = Dsny)
pn+l - + > qn+l - ?
Sn—k - r;z—k - qn—k qn—(k +1) r rn—(k+1) Sn—k - rn—k - Qn—k rn—k
A 24 Cr.(s -7 - D
’”n+1 =5 5, = + /z( n—(k+1) n—(k+1) Qn—(lﬁ—l)) I , N > 0
Snfk - rnfk - qnfk Sn—k - rn—k - qn—k rn—l pn—k - r;l—k

rasyonel fark denklem sistemi ele alinarak bu sistemin de ¢éziimlerinin 4=1, B=1,
C=1, D=1 oldugu durumda ve 4,B,C,DeR-{0} parametrelerine bagl oldugu

durumlarda periyodikligi ayrica incelenmistir.

Son olarak da bu fark denklem sistemleri i¢in niimerik 6rnekler ve bu 6rneklerin

grafikleri verilmistir.



2.FARK DENKLEM SISTEMLERI iLE iLGILi YAPILMIS CALISMALAR

Fark denklemleriyle ilgili son yillarda ¢ok sayida calisma bulunmaktadir. Fark
denklemlerinin davraniglar1 ve fark denklem sistemlerinin 6zellikle periyodikligiyle

ilgili literatiirde son yillarda yapilmis olan bazi ¢caligmalara goz atalim:

Cmar (2004) ¢alismasinda,

fark denkleminin c¢oziimlerini ve bu ¢Oziimlerin lokal asimptotik kararliligmi

incelemistir.

Dehghan ve ark. (2006) calismalarinda,

fark denkleminin,

A,Be(0,0); x,,,,,x s X € (0,0) olmak {izere ¢éziimlerinin & periyotlu oldugunu

=3 k+

gostermislerdir.
Taskara ve ark. (2011) calismalarinda;

keN, x, ,x,,..eR baslangig¢ sartlar1 olmak iizere

_ pnxn +xn—(k+l)
n+l >

9, t X k)

X

fark denkleminin periyodikligini incelemisler ve (k+1) periyotlu oldugunu

gostermislerdir.



Schinas (1997) ¢alismasinda,

+1
X, = al ,n=0,1,... Lyness fark denkleminin ¢6ziimlerinin periyodikligini
xn—]
kullanarak;
+ A A
n+l :ayn—’ n+l :bxn+ ) I’IZO, AE(O’OO)
x’l—] n—1
+ A b
n+l = anyn H n+l T n'xn ’ nz Oa A € (0,00)
x’l—] n-1
maxia y ,A maxi{b x , A
KXol = { s } 5 el { - }, n> O, Ae (0,00)
x"—] yn—]

fark denklem sistemlerini incelemistir. Sonrasinda fark denklem sistemlerinin denge

noktalarini, denklemlerin katsayilarinin a,b pozitif sabit sayilar olmasi1 veya

{a,}, {b,} pozitif sayilarm periyodik dizisi olmasi durumlarda katsayilara ve denklemin

genel terimlerine bagli olarak elde etmistir.
Grove ve ark. (2001) ¢alismalarinda,

a, b, c ve d reel sayilar ve x,,y, keyfi reel sayilar olmak tizere;

X, Y Xy Vu
fark denklem sisteminin, ¢oziimlerinin davranislarini arastirmiglardir.
Clark ve Kulenovi¢ (2002) calismalarinda,

a, b, c ve d pozitif sayilar ve x,,y, baslangi¢ sartlar1 negatif olmayan sayilar olmak

uzere;



X )
_ n _ n
xn+] ’ yn+] -

= , n>0 icin
a+cy, b+dx,

fark denklem sisteminin asimptotik davraniglarin1 ve sistemin ¢oziimlerinin global

asimptotik kararlilik 6zelliklerini incelemislerdir.

Kulenovic ve Nurkanovic (2003) calismalarinda,

A ve B katsayilar1 (0,00) arahginda reel sayilar ve baslangig sartlar1 x,, y, negatif

olmayan keyfi sayilar olmak iizere,

fark denklem sisteminin ¢oziimlerinin global kararliligin1 incelemislerdir.

Cmar (2004) ¢alismasinda,

1 y

_ _ n

Xo1 =5 Yy =
yn xn—]yn—]

fark denklem sistemini inceleyerek ¢éziimlerinin dort periyotlu oldugunu elde etmistir.

Cmar ve Yal¢inkaya (2004) ¢alismalarinda,

1 1 1
X1 =7 Yy =
Zn xn—]yn—] xn—]

N
I

fark denklem sisteminin pozitif ¢éziimlerinin periyodikligini inceleyerek {x,}, {z,}
¢Ozlimlerinin {i¢ periyotlu, { yn} ¢Ozlimlerinin ise on iki periyotlu oldugunu
gostermislerdir.

Camouzis ve Papaschinopoulos (2004) calismalarinda,

pozitif baslangic sartlar1 altinda,



yn—ﬂl - xn—m
fark denklem sisteminin pozitif ¢éziimlerinin davranislarini incelemislerdir.

Kulenovic ve Nurkanovic (2005) calismalarinda,

a,b,c,d,e ve f, (0,oo) araliginda keyfi secilen reel sayilar ve baslangic sartlari

Xy, V,»Z, negatif olmayan keyfi sayilar olmak tiizere,

_a+x, _cty, etz

X, = s Vo = s Zy = , n=0,12,...
bty " d+z, " f+x,

fark denklem sistemin ¢ozlimlerinin global kararliligini incelemislerdir.

Ozban (2006) calismasinda;

tiim baslangi¢ sartlar1 ve parametreler pozitif olmak tizere,

. P , yn+]:l+L, n=0
yn—k xn—myn—m—k

fark denklem sisteminin biitiin pozitif ¢oziimlerinin periyodikligini incelemistir.

Iricanin ve Stevic (2006) calismalarinda;

(2) 3) (O]
o 1+x, o 1+x, w _1+x,
n+l = (3) b n+l = 4 > v omdl T (2)

xn—] xn—] xn—l
o 1+ xS o 1+ +x o 1+ +x®
==, x| =—"0"=, ... X, = keN

n+l 4) H n+l (5) H >V n+l 3)

xn—2 xn—Z xn—2

fark denklem sisteminin pozitif ¢oziimlerini incelemistir.



Papaschinopoulos ve ark. (2007) caligmalarinda;

a,b,(i=1,2,..,k)pozitif sabitler , k>3 tamsay1 ve biitiin baslangi¢ sartlar1 pozitif

olmak iizere,

x](n+1) — akxk(n)+bk ,
Xy (n—1)
x,(n+1)= a,x,(n)+b ’
x,(n-1)
1) =G0, 3y g
X, (n—1)

denklem sisteminin ¢dziimlerinin davraniglarini incelemislerdir.

Simsek ve ark. (2009) calismalarinda;

A katsayisi ve x,,y, baslangi¢ sartlar: (0,oo) araliginda reel sayilar olmak tizere,

A A
xn+l =max {_’&} ’ yn+] = max {_,ﬁ} n> 0
X, X, Yo YV

fark denklem sisteminin ¢ozlimlerini incelemislerdir.
Kose ve ark. (2010) calismalarinda;

A Bx,
X1 = Vuur =

n n/ n-1

, 1=0,1,2,... ve x_,X,, ¥, 4,B e R-{0}

denklem sisteminin ¢dziimlerinin davraniglarini incelemislerdir.



Kilikh (2011) tez calismasinda;

A B B
X = V= Z,4 :L, n:0,1,2,... VeA,BE R-{O}

yn—k Zn—k ynxn—(k+])
denklem sisteminin ¢oziimlerinin periyodikligini incelemistir.
Emre (2014) tez ¢alismasinda;

A B B 4
— yn—] + , yn+]:_’ Zn+]:—’ nZO

ynZn—3 Zn—2 Zn—2 xn—2 - yn—2

X

n+l

fark denklem sisteminin A,BER—{O} durumunda c¢oziimlerinin periyodikligini

incelemistir.
Uslu ve Esen (2015) calismalarinda;

A B Ax, A
xn+]: ’yn+]: ’Zn+]: + ,I’ZZO

Y- Zyn T Xy XoVn-2  Van
lineer olmayan fark denklem sisteminin 4,B € ]R—{O} durumunda ¢6ziimlerinin

periyodikligini incelemistir.
Uslu ve Ugurlu (2016) caligmalarinda;

1 1 1 1
Xps1 = > Vo1 = - s Zp = s + ,I’ZZO

- n+l
xn—] + yn—] z _xn—l xn—l + yn—l xn (xn—Z + yn—Z) ‘xn—l + yn—l

n—l1

rasyonel fark denklem sisteminin ¢éziimlerinin periyodikligini incelemiglerdir.



3.FARK DENKLEMLERI

Bu boliimde fark denklemleri ile ilgili literatiirde yer alan bazi genel tanimlara

ve teoremlere yer verilecektir.
Tanmim 3.1. n € N bagimsiz degisken ve x bilinmeyen fonksiyon olmak iizere;

Fn,x(n),x(n+1),..,x(n+k))=0 3.1

esitligine bir fark denklemi denir (Bereketoglu ve Kutay, 2012).

Tamm 3.2. Bir fark denkleminde bilinmeyen fonksiyonun mevcut en biiyiik ve en
kii¢iik argiimentlerinin farkina o denklemin mertebesi (basamagi) denir (Bereketoglu ve

Kutay, 2012).

Tamm 3.3. aq,(n),a,(n),...,a,(n), katsayilariile g(n), n>n, i¢in tanimh reel degerli

fonksiyonlar ve [r,,%0) = {n,,n, +1,n,+2,...} iizerinde a,(n)# 0 olmak iizere
x(n+k)+a(n)x(n+k-1)+..+a,(n)x(n)=g(n) (3.2)

bicimindeki bir denkleme % yinci basamaktan lineer fark denklem denir. Bu denklem,

g(n) =0 oldugu zaman homojen fark denklemi, aksi durumda homojen olmayan fark

denklemi olarak adlandirilir. Buna gore k& ymci basamaktan bir lineer homojen fark

denklem

x(n+k)+a(m)x(n+k-1)+..+a,(n)x(n)=0 (3.3)

seklinde ifade edilir. Ayrica, biitiin a,(n) katsayilar1 a,(n)=a, seklinde sabitse, (3.2)

denklemine sabit katsayili, aksi halde degisken katsayili fark denklem denir
(Bereketoglu ve Kutay, 2012).

Tamm 3.4. f (n), f,(n),..., f,(n) , fonksiyonlar1 n > n, i¢in tanimli olsunlar.
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Her n>n, icin
ofi(m)y+c, fo(n)+..4+c. f(n)=0 (3.4)

olacak bicimde hepsi birden sifir olmayan c,,c,,...,c, sabitleri var ise, bu durumda
{ fi(n), fo(n),..., f. (n)} ciimlesine [n,,00) lzerinde lineer bagimhidir denir. (3.4) esitligi
her n=>nji¢cin sadece ve sadece ¢ =c,=..=c, =0 durumunda saglaniyorsa,

{ fi(n), fo(n),..., f. (n)} cimlesine [n,,0) lizerinde lineer bagimsizdir denir

(Bereketoglu ve Kutay, 2012).

Teorem 3.1. I reel sayilarin herhangi bir alt aralig1 olmak tizere, f:7/xI — I siirekli

diferansiyellenebilen bir fonksiyon olmak tizere V x_,x, € I baslangig sartlar1 i¢in
X =f(x,x,) n=0 (3.5)
denklemi bir tek {x,}”  ¢oziimiine sahiptir (Elaydi, 1995).

Tamim 3.5. Eger x noktasi icin f(X,x) =X ise X ’e (3.5) denkleminin denge noktasi

denir (Elaydi, 1995).

Tanim 3.6. Eger Vn>01¢in x_,x, €J iken x, € Jolacak sekilde bir J < I alt aralig

varsa, bu araliga (3.5) denkleminin degismez aralig1 denir (Elaydi, 1995).

Tanim 3.7. x, (3.5) denkleminin denge noktas1 olmak {iizere:

e Eger x ,x,€J olmak tlizere her ¢ >0 igin,

X, —f|+|x_, —f| <6 1iken her

n>0 i¢in, [x, —Xx | < ¢ olacak sekilde bir § > 0 sayis1 varsa, x denge noktasi
kararhdr,

e Eger x denge noktas1 kararli ve x ,,x, €J iken limx, =X olacak sekilde,

n—>0
|xO —f|+|x_, —f|< y sartin1 saglayan y >0 sayis1 varsa, x denge noktasi
lokal asimptotik kararhdir,

e Egerher x ,x,eJ iken limx, =X ise, X denge noktasina ¢ekim noktasi,

n—®0
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e [Eger x denge noktas: kararli ve ¢ekim noktas1 ise, x denge noktas1 global
asimptotik kararhdir,

e Eger x denge noktasi kararl degil ise, kararsizdir,
e Eger x ,,x,eJ iken |xO —f|+|x_, —f|<7/ ve bazi N >-1 sayilar i¢in
|xN -X | > r olacak sekilde bir » >0 sayis1 varsa, x denge noktasina repeller

denir

(Elaydi, 1995).

Tamm 3.8. Eger {x,} dizisi igin p, x,,, =x, esitligini saglayan en kiigiik pozitif

n+p

tamsay1 olmak iizere, {x,} dizisi p periyotludur denir (Elaydi, 1995).

Tanim 3.9. Eger {xn} dizisinde sonlu sayida terim hari¢ tutuldugunda, geriye kalan

sonsuz sayidaki terim i¢in p, x,, =x, esitligini saglayan en kugiik pozitif tamsay1

n

olmak iizere, {x,} dizisine er ge¢ p periyotludur denir (Elaydi, 1995).

Tanim 3.10. (3.5) denkleminde, f(x,,x, ) fonksiyonunu f(u,v) seklinde alirsak;

o of (x,x) ve s— of (x,x)
ou ov

olmak tizere;
yn+] :ryn +Syn—] (36)

denklemi elde edilir. Bu denkleme (3.5) denkleminin x denge noktasi civarindaki

lineer denklemi denir.

(3.6) denkleminin karakteristik denklemi ise;

A —rd—-s5=0 3.7
seklindedir (Elaydi, 1995) .

Teorem 3.2.(Lineer Kararhlik Teoremi)

a. Eger (3.7) denkleminin her iki kokii de mutlak degerce 1’den kiigiik ise, x

denge noktasi lokal asimptotik kararhdir.
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Eger (3.7) denkleminin kdklerinden en az biri mutlak degerce 1’den biiyiik
ise, x denge noktasi kararsizdir.

Eger (3.7) denkleminin her iki kokiiniin de mutlak degerce 1’den kiiciik

olmas1 i¢in gerek ve yeter sart |r|<1—s<2 olmasidir. Bu durumda, x

denge noktasi lokal asimptotik kararhdir.

. Eger (3.7) denkleminin her iki kokiiniin de mutlak degerce 1’ den biiyiik

olmasi i¢in gerek ve yeter sartlar |s| >1 ve |r| < |1 - s| olmasidir. Bu durumda,

X denge noktasi repellerdir.

Her x ,x,€/ igin eger limx, =X ise; o zaman X denge noktasi global

cekimlidir denir.
Eger x denge noktas: kararli ve global ¢ekimli ise x ’e global asimptotik

kararhidir denir.

. Eger (3.7) denkleminin, bir kokiiniin mutlak degerce 1’den biiyiik, diger

kokiiniin mutlak degerce 1’den kiiciik olmasi igin gerek ve yeter sartlar
r*+4s>0 ve |f|>|I-s| olmasidir. Bu durumda, ¥ denge noktasi

kararsizdir

(Chatterjee ve ark., 2003).

Tanm 3.11. {xn }j:_] dizisinde her n i¢in P<x, <(Q olacak sekilde P ve Q pozitif

sayilar1 varsa {xn }j:_] dizisine sinirhidir denir (Elaydi, 1995).

Tanim 3.12.

xn+] :ﬁ(xn’yn’zn)
Vs = 5 (X,55,,2,) (3.8)
Zn+] :f;s(xn’yn’zn)

fark denklem sistemi verilsin. Eger x,y,z (3.9) sartlar1 saglarsa, (X,y,z) el x1, x1,

noktasi (3.8) denklem sisteminin denge noktasi olarak adlandirilir

=l

N| <

= 4(x,7,2)
=L (*.y,2) (3.9)
= (.7.2)

(Nasri ve ark., 2005).
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Tamim 3.13. Ve >0 igin ||(x0,y0,zo)—(f, )7,2)” <06 iken ((x,,¥,,2,) €1, x1,x1,)
Vn=0 i¢in |(x,,,.2,) - (X.7,2)|< ¢
olacak sekilde 6 >0 mevcut ise (3.8) sisteminin denge noktasi olan (x,y,z) kararhdir

denir. Aksi halde, kararsizdir (Nasri ve ark., 2005).

Tanim 3.14. Eger (3.8) sisteminin denge noktasi1 kararhi ve V(x,, y,,z,) € I, x I, xI; igin

”(xo’yo’zo)_(fd_’af)” <7y

olacak sekilde y >0 varsa ve
lim|(x,..v,.2,)=(%.7.2)] =0

ise (3.8) sisteminin denge noktas1 asimptotik kararlidir (Nasri ve ark., 2005) .

Tanim 3.15. Eger (3.8) sisteminin denge noktas1 kararhi ve V(x,, y,,z,) € I, x I, xI; igin
il 5,2~ .5,2)|=0

ise (3.8) sisteminin denge noktasi olan (x,),z) global asimptotik kararlidir denir (Nasri

ve ark., 2005).

Teorem 3.3. (3.8) denklem sisteminin (X, y,z) denge noktasinda jakobiyen matrisi

(% ah (%
dx )iz 5.2) dy F5.5) dz )iz 5.2
ero-(L) (L) (L
dx )e5z5 \ W )5z \dzZ )s5z
(% af (%
dx )iz \dy (%.5.5) dz )52

olup, bu jakobiyen matrisinin karakteristik polinomu
P(L)= det[J()?,)_;,E) —AI] =0
ile verilsin.

Bu polinomda asagidaki esitlikler dogrudur;
e P(A) nin biitlin kokleri 1 den kiiglikse denge noktas1 (x,y,z) kararhdir.
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e P(A) nmn koklerinden en az biri 1 den biiylikse denge noktast (¥,y,z)

kararsizdir

(Nasri ve ark., 2005).
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4. BAZI LINEER OLMAYAN FARK DENKLEM SISTEMLERININ
COZUMLERININ PERiIYODIKLIiGI

Bu boliimde elde edilen sonuclar Kilikli (2011), Emre (2014) ve Hanedar’in
(2014) caligmalarindaki yontemlerden yararlanilarak elde edilmis olup ilk kez ele alinan

orijinal sonuclardir.

Sekiz alt boliimden olusan bu boliimde ilk olarak,

DPos> 91> Go» V15 Ty> S5 8o €(0,00) ve p, # 1y, s, #q,+71., q, # 7, i:{—l,O} olmak iizere,

1 1 1 r(s _,—r_ —
pn+] =~ + H qn+] = + n( = o qn—l) >
Sn _rn _qn qn—] _rn—] Sn _rn _qn rn—]
1 2 r(s_—-r_.—q._) 1
_ N -1 n—1 -1
n+l > Sn+] - + - - - + (41)
Sn_rn_qn Sn_rn_qn rn—] pn_rn

lineer olmayan fark denklem sisteminin ¢éziimiiniin periyodikligi incelenmistir.

Sonrasinda (4.1) sisteminde 4,B,C,pDeR—{0} parametreleri kullanilarak yazilan,

A B A Cr(s,,—r =4,
pn+] = + . qn+] = + 1 1 1 ’
Sn _rn _qn qn_] _rn_] SV! _rn _qn rn—]
PP S — A S ) 4.2)
Sn_rn_qn Sn_rn_qn Fn_] pn_rn

lineer olmayan fark denklem sisteminin ¢éziimiiniin periyodikligi incelenmistir.

Benzer sekilde (4.3) boliimiinde,
P> P09 259159057 257 157555 255158, €(0,0), Siiqi+7}’qi¢7}’i:{_2’_l’0} ve

p, # i ={-1,0} olmak iizere;
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1 1 1 r(s _,—r_,—q,,)
2 2 -2
pn+] = + > qn+] = + - - - - >
Spt =l =9 9~ Syt =1 — Y9 71
1 2 r(s _,—r_,—q,,) 1
_ _ n\“n-2 n—2 n—2
rn+] - > Sn+] - + + (43)
Sn—] - rn—] - qn—] Sn—] - rn—] - qn—] n—1 pn—l - rn—l

lineer olmayan fark denklem sisteminin ¢éziimiiniin periyodikligi incelenmistir.

Sonrasinda (4.3) sisteminde 4,B,C,DeR—{0} parametreleri kullanilarak yazilan,

A B A Cr(s ,—r_,—q, )
_ _ n\"n-2 n—2 n—2
pn+] - + > qn+] - + >
Spt =l =9 9~ Syt ~ Vo1 — Y9 Vi
A 24 Cr(s, _,—r_,—q, ) D
- _ e 274,
T = s Sy T r— - + (4.4)
Syt — Vo1 —Y9ua Sy =Vt Y9 o Pra— o

lineer olmayan fark denklem sisteminin ¢éziimiiniin periyodikligi incelenmistir.

Calismanin (4.5) boliimiinde,
p_zap_]apoaq_3aq_2aq_]aQoar_j,ar_zar_]ar()aS_j,aS_z’S_]’So € (0,00) 5 pi * Kal = {_2a_1a0} \S

S, #q,+r,q, #71,,i={-3,-2,-1,0}  olmak iizere;

— 1 1 — 1 rn (Sn—3 — rn—3 — qn—3)
pn+] - + > qn+] - + >
Sn—2 - rn—2 - qn—2 qn—3 - rn—3 Sn—2 - rn—2 - qn—2 rn—]
1 2 r(s ,—r_.—q, ) 1
— _ n\"n-3 n-3 n=3
rn+] - > Sn+] - + + (45)
Sp-2 2 T qn2 Sn-2 " l2 T qu B Ppo =l

lineer olmayan fark denklem sisteminin ¢éziimiiniin periyodikligi incelenmistir.

(4.6) boliimiinde ise (4.5) sisteminde 4,B,C,D<R—-{0} parametreleri kullanilarak

yazilan,
pn+] = A + B , qn+] = A + Crn (Sn—3 _rn—3 _qn—3)
Sp2Th2 T2 Gns Thas Sp-2 "2 T qu2 B
4 24 - D
r,H_] = . Sn+l = + Crn (Sn—3 rn—3 qn—}) + (46)

Sn—2 - rn—2 - qn—2 Sn—2 - rn—2 - qn—Z rn—l pn—2 - rn—Z
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lineer olmayan fark denklem sisteminin ¢éziimiiniin periyodikligi incelenmistir.

Sonrasinda onceki alt1 boliimde incelenen sistemlerin periyotlarmin belirli bir

diizen icerinde oldugu g6z dniine almarak bu sistemlerin genel hali olan;
DoisPostseos Pis PosGirtsQgoeosG1oGos T ksl poeeesl s TysS g 158 go-eesS_15 8y € (0,00) ve
p#ri={—k,~k+1,..,0}, s, #q,+r,q,#1,,i={-k—1,-k,..,0}, keN

olmak tizere;

1 1 1 1ty = heeny = Do)
_ _ ~k+1) k) n—(k+1)
pn+l - + ’ Qn+l - +
Snfk _rnfk _qnfk qnf(kJrl) _rn—(k+l) Sn—k _rn—k _qn—k rn—l
1 2 108ty =Ty = Doiinny) 1
Vog=——————————— §, = AR MG _aGL A 4.7)
Snfk - rnfk ™ qnfk Snfk - rnfk - qnfk rnfl pnfk - rnfk

lineer olmayan fark denklem sisteminin ¢éziimiiniin periyodikligi incelenmistir.

Son olarak (4.7) sisteminde 4, B,C,DeR—{0} parametreleri kullanilarak yazilan,

b= A . B . g = A + Cr, (Sn—(k+l) ~h k) _qn—(k+l)) ,
n+l T n+l T
S:z—k _rzz—k _qn—k qn—(k+l) _rn—(k-H) n-k rn—k _qn—k rn—k
A 24 Cr (s —r -q ) D
—(k+1 —(k+1 —(k+1
Fos1 = 58, = 4" n—(k+1)  "n—(k+l) n—(k+1) + (48)
Snte Vot ~ G Spk " Vk —Duik Pk )2

lineer olmayan fark denklem sisteminin ¢éziimiiniin periyodikligi incelenmistir.
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4.1. (4.1) FARK DENKLEM SIiSTEMININ PERiYODIKLIiGi

Bu boliimde;

DPos> 91> o> V15 Ty» S5 8o €(0,00) ve p, # 1y, s, #q,+71., q, # 7, i:{—l,O} olmak tizere;

1 1 1 r(s _,—r_.—4q,,)
— _ -1 -1 —1

pn+] - + > qn+] - + - - - - >

Sn _rn _qn qn—] _rn—] Sn _rn _qn rn—]

1 2 r(s _,—r_.—4q,,) 1
— _ -1 -1 —1

rn+] - > Sn+] - + — - - + (41)

Sn_rn_qn Sn_rn_qn rn—] pn_rn

lineer olmayan fark denklem sisteminin ¢éziimlerinin periyodikligi incelenmistir.

Oncelikle sistemde bulunan denklemlerin iyi tanimli olup olmadiklarina
bakalm.  p,,q ,,q,.7,%,5_ .S, € (0,0), po;tro,sl.;tql.+rl.,qiirl.,iz{—l,O} ve
DPosq1-90-" 11,5 ,8, herhangi pozitif  baslangig sartlar1 olmak iizere (4.1)

denkleminde n =0 alirsak;

1 1 1 (s, —r,—q_)
p]: + s q] = + 0 ! ! 1 ,
So~=h —4y 49— So — 7 — 4o 7
r]:;’ s, = 2 +I”0(S_]—I’_]—q_])+ 1
So~ "~ Yo So =1 — 4 r Po— 1

esitlikleri elde edilir. Sonraki her adimlarda indisler birer arttirilir ve bir Onceki
adimlarda elde edilen sonuclar1 yerine koyarak gerekli sadelestirmeleri yaparsak

asagidaki esitlikler elde edilir;

1 1 1 1 n(s,—1—q,) 1
p, = + =p,— T+ . g, = 4 8% T 7, =po—Th+—>
SSTh=4 49— h 40— 1 Si—h—4 o e
1 2 rn(sy =7 —q,) 1 1
h=————=p,— Ty S,= + % 7740 =2(p,—1)+—+q -1,
Si—h 4, S —h—4 Ty b~ o
1 r, 1 1
pPs=p—ht = » 3= Th T = T80 =7% ~ 9>
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1 2
n=p—h= , S3=2p —r)t—+q,—1, = TS0 =1 =49 T 49, 1
q.,—7, i IR
1 A 1 1 1
Py = - T, 4= TSR 4 = + )
Go-7 nH(So—1nh—=49) qo—T qo =7 4o—7 Po— 1
1 1 r(s,—r,—q.)
r = . Sy = +(s, -1 —q)+(q, 1) = + e
qo =" qo— 1 4o—7 Po— 1 7
1 r, 1
Ps = +n= + >
q,—h W —ri—q.,) so—1r—4q,
1 1 r,
qs = + = tq.,—r,,
g-n p—h nR(s,-r,—q,)
= 1 — r_]
g-n n(s,-r,—q,)
o) r . _
55 = " 1 +’i(so " %): 2r, +q_]_r_]+l
9—h bPi—h " (s, —r,—q.) o
i
Ps = =t DPy=1 =Py
H(So =7y —qy) S =1 —¢
o
Qo =—— T4y~ =K +q9y— 1, =9
1(So =% —4)
"
e
1 (8o =7 —4o)
2r, 1
Sg=————————+q,—l,+—=21+q,— 1, +S,— 1, —q, =S,
1(So =1 —4,) i

Bu sekilde isleme devam edersek, p, #r, s, #q,+71, q #1.,i ={-1,0}
oldugundan hicbir adimda rasyonel ifadelerin paydasinin sifir olmadig1 goriilmektedir.
Elde edilen tim ifadeler p,,q ,,q,.7,.7,,5,,5, baslangi¢ sartlarina bagln olarak

yazilabilmektedir. Baslangi¢c sartlar1 ne olursa olsun bu durum degismeyecegi icin

sistemdeki biitiin denklemler i1yi tanimlidir. O halde asagidaki teoremi verebiliriz.
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Teorem 4.1.1. p,.q ,.q,,7,,%,5 .8, €(0,0) ve p, #¥1, s, #q,+1,,q, #1,,i = {—1,0}
olmak iizere, (4.1) denklem sisteminin ¢6ziimii {p,,q,.7,,s,} olsun. Bu durumda (4.1)

denklem sisteminin ¢oziimleri periyodiktir ve periyodu altidir.

Ispat: (4.1) fark denklem sisteminde her bir adimda n yerine (n+1) yazarak iterasyon

yontemi uygularsak asagidaki esitlikler elde edilir;

1 1 1 r(s_,—r_.—4q,,)
_ _ -1 -1 —1
pn+]_ + > qn+]_ + - - - - >
Sn _rn _qn qn—] _rn—] Sn _rn _qn rn—]
1 2 r(s_—r_.—q._) 1
_ _ -1 -1 —1
= s S T + - —+
Sn_rn_qn Sn_rn_qn rn—] pn_rn
1 1 1
pn+2: + :pn_rn+ 4
Sn+]_rn+]_qn+] Qn_rn Qn_rn
1 r.(s —r—q) 1
_ n+l\"n _
qn+2_ + . - _pn_rn+_’
Sn+] _rn+] _qn+] rn rn
_ 1
B = =Pn s
Sn+] _rn+] _qn+]
2 r.(s —r—q) 1 1
— +1 —
Sn+2 - + - - - - + _2(pn _rn)+_+qn—] _rn—]

Sn+] _rn+] _qn+] I"n pn+] —Vn+1 rn

1 1 .

— _ _ n—

pn+3 _pn+] I"n+]+ - + 5

wit "l Gt~ TS =T = G,0)

1

qn+3_pn+]_rn+]+ - +Sn_rn_qn’

n+l qn—] —I"n_]

1

iz = Pt —hn = >

n—1 _rn—]
Sn+3:2(pn+]_rn+])+ +Qn_rn: +Sn_rn_qn+qn_rn

n+l n-1



1 , 1
pn+4 = + = + I"n s
qn _rn rn+] (Sn _rn _Qn) qn _rn
1 1
qn+4 - +Sn+] _rn+] _qn+] - + >
n_rn qn_rn pn_rn
1
rn+4 - ’
q, 7"
2 2 1 r(s r.—q, )
— _ n\"n-l n—1 n—1
Sn+4 =—+ (Sn+] - rn+] - qn+]) + (qn+] - rn+]) - +
qn_rn qn_rn pn_rn rn—]
1 rn—] 1
pn+5 = + rn+] = + >
n+l _rn+] rn (Sn—] _rn—] _qn—]) Sn _rn _qn
1 1 7,
qn+5 = i = + qn—] _rn—] H
ot ~Toit Posi — T LS =1 —4,0)
P 1 _ i
n+5 . ’
qn+] _rn+] rn (Sn—] _rn—] _qn—])
2 1 r.(s —r—q.) 2r
— n+l\"n n n/ __ n—l1
Sn+5 - + + r + qn—] - rn—l +—
qn+] - I"n+] pn+] P rn+] rn rn (Sn—] - l"n_] - qn—l) n
, 1
pn+6: + :rn+pn_rn:pn’
rn+](sn_rn_Qn) Sn+]_rn+]_qn+]
rn
qn+6: +qn_rn:rn+qn_rn:qn’
rn+](sn _rn _Qn)
rn
rn+6 - “'no
rn+](sn _rn _qn)
2r, 1 )
n+6 +qn_rn+ - rn+qn_rn+sn_rn_qn_sn
rn+](sn_rn_Qn) I"n+]

bulunur ve (4.1) fark denklem sisteminin alt1 periyotlu oldugu goriiliir.

21
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4.2. (4.2) FARK DENKLEM SIiSTEMININ PERiYODIKLIiGi

Bu boliimde,

Po>9_1590>71575>5_155, E(OJOO),pO ;él’b,si ;éqi+l’;,qi ;él’lf,i:{—l,O} veE A,B,C,DER—{O} olmak

lzere,
A B A Cr(s,_,—r_—9q,,)
— _ -1 -1 —1
pn+] - + > qn+] - + - - - - >
Sn _rn _qn qn—] _rn—] Sn _rn _qn rn—]
A 2A Cr(s_—r_—q, ) D
— _ -1 -1 —1
rn+] - > Sn+] - + — - - + (42)
Sn_rn_qn Sn_rn_qn rn—] pn_rn

lineer olmayan fark denklem sisteminin ¢éziimlerinin periyodikligi incelenmistir.

Oncelikle sistemde bulunan denklemlerin iyi tanimli olup olmadiklarina
bakalim. (4.2) fark denklem sistemi (4.1) sisteminin 4, B,C,D parametrelerine bagl
sekildeki ifade edilmis hali oldugundan, (4.1) sistemindeki denklemler 1yi tanimli ve
4,B,C,DeR—{0} oldugu igin (4.2) sistemindeki denklemler de iyi tammlidir. O halde
asagidaki teoremleri verebiliriz.

Teorem 4.2.1. p,,q ,.q,,7,%,5 .S, €(0,0), p, #¥, S, #q,+1,,q, #1,,i= {—1,0} ve

A,B,C,DeR-{0} olmak iizere, (4.2) denklem sisteminin ¢oziimii {p,.q,.7,.s,}

olsun. Bu durumda (4.2) denklem sisteminin ¢dziimlerinin alt1 periyotlu olmasi i¢in

gerek ve yeter sart B = DC olmasidir.

Ispat: Yukarida belirtilen baslangic sartlar1 altinda (4.2) denklem sisteminin
¢Ozlimlerinin alt1 periyotlu oldugunu varsayalim. Bu durumda (4.2) denklem sisteminde

iterasyon yontemi kullanilarak asagidaki esitlikler yazilabilir.
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A B A Crn(sn— _rn— _qn—)
pn+1 = + > qn+] = + ] ] ] 5
Sn _rn _qn qn—] _rn—] Sn _rn _qn rn—]
ro = A , s, = 24 n Cr, (8, =1 —4,1) " D
Sn_rn_qn Sn_rn_qn rn—] pn_rn
A —
pn+2 = A + B = (pn rn) + B s
Sn+]_rn+]_qn+] qn_rn D Qn_rn
G- 4 LG, —n—q,) _Alp,—1)  AC ’
Sn+] _rn+] _qn+] rn D rn
A A(p, —1,)
rn+2 = = s
Sn+] _rn+] _qn+] D
Sn+2 A + Crn+] (Sn _rn _qn) + D — 2A(pn _rn) oL AC + D(qn—] _rn—])
Sn+] _rn+] _qn+] I"n pn+] —I"n+] D rn B
pn+3 — A(pn+] E I"n+]) + B — AB + Bl"n_] ,
D qn+] —I"n+] D(qn—] _rn—l) Crn (Sn—] _rn—] _qn—l)
A - A AB
qn+3: (pn+] rn+])+ C: +C(Sn—]/‘n—qn)’
D rn+] D(Qn—] _rn—])
7 _ A(pn+] _rn+]) _ AB
n+3 - s
D D(qn—] _rn—])
24 - D(g - D(g -
Sn+3 — (pn+] rn+]) + AC + (qn rn) — 2AB +C(Sn _rn _qn)+ (qn rn)
D rn+] B D(Qn—] _rn—]) B
AB Br, AB  Br,
pn+4 = + = + >
D(qn_rn) Crn+](Sn_rn_qn) D(qn _rn) AC
AB AB CD
qn+4 =7+ C(Sn+] _rn+] _qn+]) = + >
D(q,~-r1,) D(q,~-1,) p,—1,
AB

Vova =0 >
D(q, -r,)

2AB + C(Sn+l - rn+l - qn+l) + D(q'HI — rn+l) = 2AB + CD + CDrn (Snil _ rnil _ qnil)

Sn+ I
! D(qn - I"n) B D(qn - rn) pn - rn Brnfl
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AB Br,,, ABr, B
pn+5 = + = + 4
D(qn+] - rn+]) AC CDrn (Sn—] _rn—] _Qn—l) C(Sn - rn - qn)
g = AB N CD _ ABr, N CD(q, -1, ) ’
D(q,.— ) Pua—Tw CDr(s,,-1.-9q,,) B
P AB B ABr,
e D(qn+] - rn+] ) CDrn (Sn—] - rn—] - qn—] ) ’
g o248 D D=4 _ 24Br, L AXg,.,—1.) ACD
" DG, 1) Pui—Th Br, CDr, (s, =14 —4,) B Br,
B ABr, N B _ br, N B(p,-r,) Bp,
e = Cr (5, -1,~4,) CGsyn—tu—d,) CD _CD (D’
r D(g —
by, ABr, . CD(g,~1,) _Br,  CD(, rn):( B _chrnJrCan’
CDr,, (s, =1, —q,) B CD B DC B B
ABr Br

n n

]/‘ = = ,
" cDr,,(s,~r,—q,) CD

o 2ABr, Py CD(q,—r,) N ACD
"¢ CDr. (s, ~r,—q,) B Br,
2Br, CD DC 2B 2CD DC
=—2+—~q,-1)+—(,-1r,—q,)=| ——— |1, +—5,
CD B B CD B B

bulunur. Sistemin alt1 periyotlu olabilmesi i¢in son esitliklerden B=DC olacagi
agiktir.
Teoremin yeter sartinin ispat: i¢cin (4.2) denklem sisteminde B = DC alarak

sistemimizin alt1 periyotlu oldugunu gostermeliyiz. (4.2) denklem sisteminde B = DC

olsun;
A DC A Cr(s_—r_—q, )
— _ n\"n-l n—1 n—1
pn+] - + > qn+] - + >
Sn - rn - qn qn—] - rn—] Sn - rn - qn rn—]
A 2A Cr(s_—r_—q, ) D
— — n\"n-1 n—1 n—1
rn+] - > Sn+] - + +
Sn_rn_qn Sn_rn_qn rn—] pn_rn

A(p, — DC A(p, — AC
nt2 (p” r”) + b qn+2 = (p” r”) + >
D q,—r, D T

n

_Awp,-r) o _24(p,-1) AC 4,1
n+2 D > n+2 D r C

n




25

AC Dr._, AC
Pz = + s Gy =—+C(s,—1,—4q,),
qn—] - rn—] rn (Sn—] - rn—] - qn—] ) qn—] - rn—]
AC 24 -
rn+3:—’ Sn+3:—C+C(Sn_rn_Qn)+u
qn—] - rn—] qn—] - rn—] C
AC  Dr, AC  CD
pn+4 = + 4 n+4 = + 4
q,-n, 4 4 ~T, D,
.= AC s = 2AC N CD  r(s,_,—1.,-49,,)
qn_rn qn_rn pn_rn rn—]
p, N Ar, N D M Ar,_, (g Y
" rn (Sn—] - rn—l = qn—]) (Sn i I"n F qn) ’ g rn (Sn—] i rn—l r qn—]) i S
Ar, 24r, A
rn+5 = > Sn+5 = + (qn—] 3 rn—] ) +—
rn (Sn—] - rn—] b qn—] ) rn (Sn—] - rn—] d qn—] ) rn

pn+6:rn+pn_rn:pn’ qn+6:rn+qn_rnZQn’
T =V, S,.¢=2r+q —r +s —r,—q,=Ss,

n+6 n n

sistemin alt1 periyotlu oldugu goriiliir ve ispat tamamlanmis olur.

Teorem 4.2.2 p,.q ,.q,.7 .75 1,5, €(0,0), p, #¥, S, #q,+1,q, #1,,i= {—1,0},
baslangi¢ sartlari, A4,B,C,D eR-{0} olmak iizere ve B=DC durumunda (4.2)

denklem sisteminin ¢ziimiiniin {p,,q,.7,,s,} oldugunu varsayalm. Bu durumda » >0

icin (4.2) denklem sisteminin ¢oziimleri;

A DC A Cr (S_ —r,—q. )
Pen = + s ey = LSS T )
So=hh =4y 91— 7, So =Ty — 9, r,
4 24 Cr(s. . —r — D
Tt = > Sgnu1 = + nGL - —4q.,) +
So =1 — 4o So—T — 4o r, Dot
Alpy =) | DC Ap,—1,)  AC
Poniz = <0+ s Gepin = 00/ 4 ’
D qo =1 D 7,
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_A(po_ro) g _2A(p0—r0)+AC+q_,—r_]

T - ’ n+2
6n+2 D 6n+2 D l"o C
AC Dr AC
Pepiz = ] > Yonez = +C(sy—7—9,),
g1, nr(s,—r,—q.,) q.,.—1r,
AC 2AC q, T,
Fonss = > Senez = +C(sy =1y —qo) +——=
q., -7, q.,—1, C
AC Dy, AC CD
Popia = t—, Gepia = + )
qgo—t A o= Po— 1
Forea :i’ Sy = 24C n CD n R(s,—r,—q,)
qo— " 90 =% Po— 1 7
Ar, D Ar
Penis = + > Yepis = +q.,-1,
s —r,—q,) s,—1,—4, (s, —r,—=9.)
Ar_] 2AI’_] A
Pones = > Senss = +q, -1, +t—
s, —r,—q.) s, —r,—q.,) T

Psnisc = Pos Genre = 40>

Fsne =105 Senss = So
seklindedir.

Ispat: n=0 icin ¢oziimiin saglandig1 agiktr. Simdi # i¢in teoremin saglandig1 yani

yukaridaki esitliklerin dogru oldugunu varsayarak (7 +1) icin saglandigini gésterelim;

B A DC A DC
Pepi7 = + = + )
Sen+6 ~Tonse “Donse  Donss “Tones  So ~H—4o 417
_ A n Crii6Senis —Tonss —Donss) A " Cry(s,—r,—q,)
Deni1 = = 5
Sen+6 ~ Tonss ~ on+6 Tsnss So = — 94 7
A A
Fonsr = =

b
Sent6 ~Tonse “enre  So —To — o
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Sgrur = 24 + Crinis Sonss —Tonss ~ Donss) + D
Sen+6 ~ Tonss ~ Don+e Fsnss Psni ~Tonss
_ 24 N Cry(s_,—r,—q) N D
So — 7 — 4 T, Py~ 1
A(Pgis = Tons DC A(p,—r, DC
Derve = (D6 ~Tonse) + _ A, —1) + ’
D Den+6 ~ Ton+s D qo =1
A(Pgpis —TYens)  AC  A(p,—1) AC
oy = onr6 ~Tonve) | _ 0 =) ’
D Tsn+6 D o
P A(Ponis —Tsnss) _ A(py —1)
6n+8 D D s
Serg = 2A(Pgy16 = Tones) + AC 4 Donss “Tonss _ 24(p, —1,) - AC LT
D Tonst C D A C
AC Dr, s AC Dr
= + =
p6n+9 D
ons ~Tonss  Yon(Senss —Yonss —onss) 4 —Ta K, —-7,—9,)
AC AC
Deno = +C(Sg, = Ton —Gen) = +C(sy =1 —9,)
Don+s — Tonss Sy
AC AC
Fonso = = )
Donss ~Tonss 41— 7
24C Genis —ons 24C qo—T;
Sento = +C( g6 ~Tonss ~Donse) + butb _nth — +C(sy =7, —4,) +—L
6n+5 _}/‘6n+5 C q_1 _r—l C
AC Dr,. AC  Dr,
Pspii0 = + = + 5
6n+6 ~ Tons6 A g1 A
AC CD AC CD
Dsnr0 = + = + 5
Qenv6 ~Tonis  Pense " Tonse 9o~ 1o  Po— 1
AC AC
Fons10 = = )
Qenie " Tonsse 4o~ To
S6n+]() — 2AC + CD + rén+6 (S6n+5 _}/‘6n+5 _q6n+5) — 2AC + CD + }/E](S—l —7"_1 _q—l)
Donis ~Tonss  Ponss ~Tonss Fonss 4 =% Py—h r,
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— Arg, .5 + D _ Ar, + D
p6n+]] - -
Vonis(Senss —Tones —Donss)  Sense —Tonve —Donse  To(Si—T71—q) S =Ty — 4,
Ar Ar
— 6n+5 _ —1
Dons11 = +(Gones —Tonss) = +(q,—ry)
Tonse Sonis —Tonss — Donss) n(s,—r,—q.,)
_ Ar,, . _ Ar,
Ton11 = = >
n+
Tons6Sonss —Tomes —Gonss) TS =71 —4)
2Ar, A 2Ar A
_ 6n+5 _ —1
Sen+1l = +(Gones ~Tonss) T = +(g,—r)+—
Tonvs Senss —Tonss —Gonss) Tonso To(S_, =71 —4)) %
Peni12 = Tonse T Ponve " Tonse =10 T Po — 1 = Po>»
oni12 = Tonie T Donse ~Tonve =10 T 40 =1 = 4>
Fons12 = Tonre = 10>
Sent12 = 2sne T Aenss ~ Yonss T Senre ~ Tonss ~ Donss = Sense = S0

oldugu goriiliir ve tlimevarim yontemiyle ispat tamamlanmis olur.
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4.3. (4.3) FARK DENKLEM SiSTEMININ PERiYODIKLiGI

Bu boliimde;
D15 Posq2>q 15057257 15Ty>S 55818, €(0,0) , s, #q, +71,,q, # rl.,i:{—Z,—l,O} ve

p, # i ={-1,0} olmak iizere;

1 1 1 r(s _,—r_,—q,,)
_ _ 2 ) -2

Pun = + s dun = + == < = .

Sp =l =9 9 "o Syt =1 — Y9 -1

1 2 r(s _,—r_,—q,,) 1
_ _ n\“n-2 n—2 n—2

rn+] e b Sn+] - + i (43)

St = — 490 Syt =1 T4 71 P — 1o

lineer olmayan fark denklem sisteminin ¢éziimlerinin periyodikligi incelenmistir.

Oncelikle sistemde bulunan denklemlerin iyi tanimli olup olmadiklarina
bakalim.  p ., Pysq 5,9 15G0>7 557 1>Ty>S 555 1,8, €(0,0), 8, #q,+F,q, ;trl.,i:{—2,—l,0}
)2 ;ti;.,i:{—l,O} V€ D 1y Po>q -9 505" 557 15755 5,5 1,8, herhangi pozitif baslangig

sartlar1 olmak tizere (4.3) denkleminde n =0 alirsak;

1 1 1 (s, —r,—q.,)
p] = + s q] = + 0 2 2 2 ,
Sa=ri =49, 4,77, S —r,—q r,
r]:;’ s, = 2 +r0(s_2—r_2—q_2)+ 1
S~ —4 S =1, —4q,4 r, pP—T,

esitlikleri elde edilir. Sonraki her adimlarda indisler birer arttirilir ve bir Onceki
adimlarda elde edilen sonuglar yerine koyarak gerekli sadelestirmeleri yaparsak

asagidaki esitlikler elde edilir;

1 1 1 1
P2: + 9 %Z Y
So=hHh—4y 4917, So~=hh =49y N
1 2 1 1
7 = , 8, = —+
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1 1 1 1 1
Dy = + =p_,—r, + , gy = +—=p,—r, 5,1, —q,,
S—h—=4q, 4y~ qy =7 S—h—4, n
1 2 1 1
n=———m—=p,~Fr,, S=——+—+ =2(p,—r)+s,-r,—q,+tq,-r,
S —h —4, STh=4 h b—h
1 7,
Py=DPy—ht——=py,—Ih + s Gs =Py TSy~ =4,
9, —h hs,-1r,-9,)

Ba=Do—Tys S4=2(py—1)+Sy—hHh—qy+q.,—1,

A 1 1 1
ps=p—ht = 7, 4s=p—htS —h—q = + )
HGs —r,—q,) q,-r, 9,1, D,,—r,
1 2 1
=p —h= s Ss=2p —R)ES g g, 1 = + +q, -1,
9,1, q,~1, P~
1 1 1 1 1
p6 = +]/'] = + , q6 = + ;
q.,.—1r, g~ Tr S~ =44 g7 Po— 1
= 1 . s 2 A 1 A, _ 2 N 1 7(S,—7,—q,)
q., -7 .71 DPy— 1 q.-7, Py h 7
1 1 1 1 1
p7 = + , q7 = + = +q_2 r_z,
Go—" So~1 Y 4o=4h% Pi—h 4Go—h
r, = ! , 8, = 2 + ! +r](s_]—r_]—q_]): 2 +q_2—r_2+l
qo =1 9o—"h P1—h K qo =" o
1 1 r, 1 r,
D= + = tp,—ry, =——=+q,r\=————+tq,~ 1,
G S —h=q L(S,-r,—q,) G, 1(S5=7,=45)
1 r, 2 1 2r,
= = = tq, -1 t—= q,—rts,—r—q,

.S —
q-n n(s,-r,—q,) 9 1(s,-7r,—q,)
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o

’ (s, —r,—q.)
2r

0

1y,

So = +
s, —r,—q.)

Go—To+So—To—qy =21y +qy =Ty +So =1y —q, =5,

Bu sekilde devam edersek, s,#q,+7,q, #r,i={-2,-10} p #r,i={-10} oldugundan

hicbir adimda rasyonel ifadelerin paydasmin sifir olmadig1 goriilmektedir. Elde edilen

tim ifadeler p_,, p,,9,.9 ,,9,."

sV 151y, S 5,8 ,,8, baslangic sartlarina bagli olarak
yazilabilmektedir. Baslangi¢c sartlar1 ne olursa olsun bu durum degismeyecegi icin

sistemdeki biitiin denklemler i1yi tanimhidir. O halde asagidaki teoremi verebiliriz.

Teorem 4.3.1.  p ., P0.q .G 5Gy>T 557 157y>S 5,8 1,8, €(0,00) , p,#r,i= {—1,0} ve
S, #q,+r,q,#r,i={-2,-1,0} olmak iizere, (4.3) denklem sisteminin ¢dziimii
{P,-4,.1,,5,} olsun. Bu durumda (4.3) denklem sisteminin ¢oziimleri periyodiktir ve

periyodu dokuzdur.

Ispat: (4.1) fark denklem sisteminde her bir adimda # yerine (n+1) yazarak iterasyon

yontemi uygularsak asagidaki esitlikler elde edilir;

1 1 1 r(s _,—r_,—q, )
-2 n—2 n—2
pn+] = + > qn+] = + - - >
Spt TVt "4p1 Gu2 " Sp1 TV TG n—1
1 2 r(s _,—r_,—q,,) 1
— — n\"n=2 n—2 n—2
Lo = s Sy = + +
Sn—] - rn—] - qn—] Sn—] - rn—] - qn—] n-1 pn—l - rn—l
1 1 1 r.(s_—r..—q,,) 1 1
1\"n-1 n—1 n—1
p"+2 - + > qn+2 = +- = +—,
Sn - rn _qn qn—] - rn—] Sn _rn _qn }/;’l Sn _rn _qn ]/;1
1 2 r.(s_ —r_.—q. ) 1 2 1 1
_ _ n+1 \"'n—1 n—1 n—1 _ -
7;1+2 > Opy2 T + + - + +
Sn_rn_ n Sn _rn _qn rn pn _rn Sn_r;a_qn rn pn_r;q



1 1 1
Pz = + =P hat )
Sn+]_rn+]_qn+] qn_rn Qn_rn
1 1
qn+3 - + - pn—] - rn—] + Sn—] - rn—l - qn—l s
Sn+] - rn+] - qn+] I"n+]
1
rn+3 - pn—] _rn—] s
Sn+] - rn+] - qn+]
2 1 1
Sn+3 = + + = 2(pn—l - 7""_1) + (Sn—l - rn—
Sn+l - rn+l - qn+l rn+l pn+l - rn+1
1 .
pn+4:pn_rn+ :pn_rn+ 4
qn+] - rn+] I"n (Sn—2 - rn—2 - qn—2)

I"n+4 :pn _rn > Sn+4 :2(pn _rn)+(sn _rn _qn)+(qn—] _rn—])

1 qn—l ) + (qn—l - rn—l)

qn+4 :pn _rn +Sn _rn _qn’

r 1

— n r_

pn+5_pn+]_rn+]+ - +rn’
rn+] (Sn—] —I"n_] _qn—]) Qn—2 _rn—2

_ y 1 1

q,.s _(pn+] _rn+])+(Sn+] i _qn+])_ + >
n-2 rn—2 pn—] . I"n_]

_ _ 1

rn+5_pn+]_rn+]_ ’
n-2 _rn—2
2 1
Sn+5:2(pn+]—l"n+])+(Sn+]—l"n+]—qn+])+(qn—l"n): + +qn_rn
n-2 _rn—2 n-1 rn—]

o o 1 o 1

pn+6 - +I"n+] + ’ qn+6 + ’
n—1 _rn 1 n—1 _rn 1 Sn—] _rn—l _qn—l qn—] _rn 1 pn _rn

_ 1

Five = ’
qn—] _rn—]
2 1 2 1 r(s _,—r_,—q,,)

— _ n\"n=2 n—2 n—2

Sn+6 - + +qn+] —I"n+] - + +
qn—] _rn—] pn _rn n-1 _rn—] pn _rn rn—]

1 1 1 11

Puir = + > Gniq + = T4, 2= s

32



1
rn+7 >
q, 1,
2 1 r.(s_—r_—q, ) 2
_ n+l n—1 n—1 n-1/ __
Sn+7 - + + - + n-2 rn 2 +—
qn_rn pn+]—l"n+] I"n Qn_rn rn
1 1 7,
pn+8 = + = +pn—] _rn—] H
qn+] _rn+] Sn+] _rn+] _Qn+] rn (Sn—2 _rn—2 _qn—Z)
=—+q, _, —7,_ = = +q, _ -7
qn+8 - qn—] n-1 qn—] n—12
n+l —I"n+] rn(Sn—Z _rn—2 _qn—Z)
1 T,
v = =
n+8 4
Goir 1 5(S0 — T —G,5)
= 1 2rn—]
Sn+8 - + qn—] _rn—] + - + qn—] - rn—] +Sn—l -
/P R 0 T 08,0 = 10— 4,)
7
pn+9_ +pn_rn_rn+pn_rn_pn’
rn+] (Sn—] _rn—] _qn—])
7
qn+9_ +qn_rn_rn+qn_rn_qn’
(S =1 = 4,00)
7
rn+9 - o
rn+] (Sn—] _rn—] _qn—])
2r, 5
Sn+9_ +qn_rn+sn_rn_Qn_ rn+qn_rn+sn_rn_q

rn+] (Sn—] - rn—] - qn—] )

bulunur ve (4.3) denklem sisteminin dokuz periyotlu oldugu goriiliir.

v

n—

n

1

=S

- qn—l

33
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4.4. (4.4) FARK DENKLEM SiSTEMININ PERiIYODIKLIiGI

Bu boliimde;
P> P09 259159057257 157555 255158y €(0,00) , s, #q,+1,,9, # I/i’i:{_z’_l’o}’

p, #r,i={-1,0}, ve 4,B,C,DcR—{0}olmak iizere;

A B A Cr(s ,—r_,—q. )
_ _ n\“n-2 n—2 n—2
pn+] - + > qn+] - + >
Sp =l =9 9~ I R Y T
A 2A Cr(s, _,—r_,—q, ) D
_ _ n\“"n-2 n—2 n—2
nil = s Sy = + + (4.4)
Sn—] L rn—] - qn—] Sn—] - rn—] - qn—] rn—] pn—l - rn—l

lineer olmayan fark denklem sisteminin ¢éziimlerinin periyodikligi incelenmistir.

Oncelikle sistemde bulunan denklemlerin iyi tanimli olup olmadiklarina
bakalim. (4.4) fark denklem sistemi (4.3) sisteminin 4, B,C, D parametrelerine bagl
sekildeki ifade edilmis hali oldugundan, (4.3) sistemindeki denklemler iyi tanimli ve

4,B,C,DeR—{0} oldugu icin (4.4) sistemindeki denklemler de iyi tammlidir. O halde

asagidaki teoremleri verebiliriz.

Teorem 4.4.1. D15 Posq2>q 1505725 157y>8 5,8 1,8, €(0,00) , p,#r,i= {—1,0} ,
S, #q,+r,q,#r,i={-2,-1,0} ve 4,B,C,DeR—-{0}olmak iizere, (4.4) denklem
sisteminin ¢oziimii {p,,q,.r,,s,} olsun. Bu durumda (4.4) denklem sisteminin biitiin

¢Ozlimlerinin dokuz periyotlu olmasi i¢in gerek ve yeter sart B = DC olmasidur.

Ispat: Yukarida belirtilen baslangic sartlar1 altinda (4.4) denklem sisteminin
¢ozlimlerinin dokuz periyotlu oldugunu varsayalim. Bu durumda (4.4) denklem

sisteminde iterasyon yontemi kullanilarak asagidaki esitlikler yazilabilir.
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pn+] — A + B , qn+] — A + Crn (Sn—2 _rn—2 _Qn—Z) ,
St "l =4 9u2 "N Saa — i — 40 P
rn+] = 4 5 Sn+] = 24 + Crn (Sn—2 _rn—2 _qn—Z) + D
Sn—] - rn—] - qn—] Sn—] - rn—] - qn—] rn—] pn—l - rn—l
A B A —-r - A A
pn+2 — + s Gyer — + C}/;l+](sn—l }/;’l—] qn—l) — +_C ,
Sn_rn_qn qn—l_rn—l Sn_}/;l_qn }/;’l Sn _7;1 _qn rn
P A ¢ 24 G, (G,,-rn,—q.), D 24 AC D
e L e r R e
A —
Pz = 4 + B _Apuiri) + 5 )
Sn+]_rn+]_qn+] qn_rn D Qn_rn
A AC A -7
qn+3 = + = (pn_] 2t ) + C(Sn—] - rn—] - qn—l ) >
Sn+] - rn+] ™ qn+] I"n+]
7 A _ A(pn—] r rn—])
n+3 4 ’
Sn+] _rn+] _qn+] D
24 A D A - D -
S, = + ¢ + =2 (P =1,1) +C(s, -1, —qn_1)+—(q"‘2 fu-2)
Sn+l _rn+l _qn+l rn+l pn+l —I’n+1 D B
— _ A —
pua=th), B _Apn), < s G - Ap.~n) +C(s, =7, =4,)
D [ D G (8,2 12=9,2)
A(p, —1,) 24(p,—1,) D(q,. — 1.
n+4:T’ Sn+4:T+C(Sn_rn_qn)+u
b AP Br, _ 4B By
" D Crn+] (Sn—] - rn—] - qn—] ) D (qn—Z - rn—2 ) AC
AP, =10) AB CD
n+5 = —m o + C(Sn+] - rn+] - Qn+]) = + 9
D D (qn—Z - rn—2 ) pn—] - rn—]
_ A(pn+] _rn+]) _ AB
n+s5 - ’
D D(qn—Z _rn—Z)
24 - D\q,—r, 2 D D(\q,-r,
M) o o Ph) 248 D Dlg,n)
D B D,-7,) Pu—t. B
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AB B,  AB B B AB CD
D(qn—] _’;1—1> L AC _D(qn—] _’"n—1> | C(Sn—l L _qn—l> > e = D(qn—] o ) " P, ’
" D(qn—] _rn—])

24B__ CD_ D(4,u=t)__ 24B (D CDi(s,,=1,—9,,)

pn+6 =

S =

" D(g 1) P B D(g,,~1.) p,-T, Br,,
b= AB + B
7 D(q,-r,) C(sn—rn—qn)’
Dusr = B D 4B | D42 712) ,
D(qn_rn) pn+]_rn+] D(qn_rn) B
. __ 4B
n+7 D (qn _ I"n ) s
Sn+7 — 2AB + CD + CDrn+] (Sn—] _rn—] _Qn—]) — 2AB + CD(qn—Z _rn—2) + ACD
D(qn _rn) pn+] _rn+] Brn D(qn _rn) B Brn
o= AB . B _ ABr, .\ B(p,.—r.) ’
D(qn+] _rn+]) C(Sn+] Tl _qn+l) CDr, (s, , =1 5—9,,) CD
g AB D) ABr, L D4, 1)
" D(qn+] - I"n+] ) B CDrn (Sn—2 - rn—2 - qn—Z) B ’
AB ABr,
2

" D(qn+] —I"n+]) - CDI"n (Sn—2 _rn—2 _qn—Z) ’

248 CD(g,.,-r1,.,) L Acp

n

S =

" D (qn+] - rn+] ) B Brn+]
— 2ABrn_] + CD(qn—] _rn—]) + DC(Sn—] _rn—] _qn—])
CDrn (Sn—2 - rn—2 - Qn—Z) B B
— ABrn +B(pn_rn)_Brn+B(pn_rn)_Bpn
pn+9 CDrn+] (Sn—] - rn—] - qn—] ) CD CD CD CD ’
_ ABr, +CD(qn—rn)_ﬂ+CD(qn—rn)_( B _chr CD
T CDr. (S, —F = q,) B CD B pc B )" B
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. _ ABFn _ Brn
" CDr, (S, =1 =4,) €D ’
o 24Br, . CD(g,~1,) DC(s,~1,~4,)
"o CDrn+] (Sn—] _rn—l _qn—]) B B
2Br, CD DC B CD DC
= n+_(qn_rn)+_(sn_rn_qu):2 g TR S

bulunur. Sistemin dokuz periyotlu olabilmesi i¢in son esitliklerden B = DC olacagi
agiktir.

Teoremin yeter sartinin ispat1 icin (4.4) denklem sisteminde B = DC alarak
sistemimizin dokuz periyotlu oldugunu gostermeliyiz. (4.4) denklem sisteminde

B =DC olsun;

A DC A Cr(s,,—1._,—q,,)
pn+] = + > qn+] F + 2 2 2 >
St "l =4 9u2 "o Sa — i — 40 B
rn+] = 4 5 Sn+] = 24 + Crn (Sn—2 _rn—2 _qn—Z) + D
Sa — i — 4 Su1 Tl =40 Fo Y2 R
A DC A AC
pn+2 = + > qn+2 = + >
Sn _rn _qn qn—] _rn—] Sn _rn _qn rn
A 24 AC D
rn+2 D Sn+2 = + +
S, —h =4, S, — 1 —4, r P,
A - D A -
n+3 = (p”_] r”_]) + C H n+3 = (p"_] r"_]) + C(Sn 1 rn—] - qn—])’
D q,-r, D
A(p,, =1 AP, =1, Dyr =T,
rn+3 = # H Sn+3 = 2#4_ C(Sn—] - rn—] - Qn—] ) + #
A(p, — D A(p, —
n+4: (pn rn)+ rn—] , qn+4:M+C(Sn_rn_qn)’
D rn (Sn—2 _rn—2 _qn—Z) D

(qn—] - rn—] )

_Ap,-1) s :%+C(sn—rn—qn)+ c

n+4 D > n+4
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, - AC__ D __4C____ CD
" ( n-2 rn—2 ) A ’ " (qn—Z - rn—Z) pn—] rn—l ’
This = 4C > n+s 24C + D + (qn _rn)
(‘]n—z _rn—Z) (qn—Z _rn—Z) P~ C
b = AC N D g = AC N CD
" (qn—] - rn—]) (Sn—] - rn—] - qn—l ) ’ " (qn—] _rn—]) pn - rn ’
.= AC L s= 24C N CD L (S, =7 5—-9,,)
(qn—] - rn—] ) (qn—] I ) pn - rn rn—l
, __Ac_ D g - AC o,
n+7 (qn —I"n) (Sn —I"n _qn) s n+7 (qn _ n) n-2 n-2°
, __AC o _24C 4
n+7 (qn - I"n) s n+7 (qn _ I"n) n-2 n-2 I"n
p _ Arn_] +p —r q _ Arn_] +q _,
" rn (Sn—2 _rn—2 - Qn—Z) " " " rn (Sn—2 - rn—2 B Qn—Z) s "
A 24
Vg = = ne8 & (qn—] _rn—])+(sn—l Tl _qn—l)

, S = +
rn (Sn—2 - rn—2 - Qn—Z) rn (Sn—2 - rn—2 - Qn—Z)

pn+9:rn+pn_rn:pn’ qn+9:rn+qn_rn:qn’

=l Sn+9:2rn+qn_rn+sn_rn_Qn:Sn

n+9 n

sistemin dokuz periyotlu oldugu goriiliir ve ispat tamamlanmis olur.

Teorem 4.4.2 p ,p0.q 5.9 -qo>7 557 15198 5,5 1,8, €(0,00) , p,#r,i= {—1,0} ,
s, #4q,+r,q, #71,,i={-2,—-1,0} baslangi¢ sartlar, 4,B,C,DcR—{0} olmak iizere ve
B=DC durumunda, (4.4) denklem sisteminin ¢oziimiinin {p,.q,,7,,s,} oldugunu

varsayalim. Bu durumda » >0 i¢in (4.4) denklem sisteminin ¢éziimleri;
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Poni 4 + be s Yopy 4 + Cro(5 5 =1y = 40) )
T4 4T, I A R/ 7
Bop = 4 > S9u4 24 + C”o (S_Z e _q_Z) + D
S~ =4, S 1 —4q 7 2
A DC A C4
Poni2 = + > Qopsa = —>
So~ =4y 4,7 o~ h~=49 N
A 24 CA D
Tonia = > Sopi = t—
So — 7 — 4o So~h =4 Hh PN
A(p —r DC A(p,—r
Ponsz = ( I]) ])+‘]o_ro > Yopz = ( Z]) ])+C(S—1 r, q—])’
A - 24 - -
r9n+3 = (p]D r_] ) 2 S9n+3 (pl)] r_]) + C(S—l —I"_] _q—] ) + (q_zc r_Z)
A(Po ro) Dr, A(po ro)
= ) = C Iy ’
Ponia D + o (5a—12—4) Qops4 D + (So 4 %)
A(p,— 7 24(p, -, q.,—r
r9n+4:%’ S9n+4:¥+c’(5‘0—1’0—q0)+( ]C ])
b= AC N Dr, g = AC N CD
In+5 ( , _r_z) A H In+5 (q_2 _r_z) p_] —I"_] H
AC 24C D (4-1)
Fypos = ) Sop.s = + +
o ((]_2_’”_2) e ((]_2_’”_2) P, —r, C
b= AC N D 4 = AC N CD
e (‘]—1 _r—]) (S—] -, _q—l) e (q—] _r—]) Py~ 1 ’
. AC s .= 2AC N CD Lo (s,-7r,—q,)
( a4 -1) (q—] _r—]) Py~ 1 7
b= AC N D q _ AC +((] _, )
In+7 (qo VO) (SO ”'0 _qo) s In+7 (qo _ro) -2 -2)°
AC 24C A
Boni7 = > Sops7 = tq, -1, +—
0o~ 7 (‘]o ro) 4
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Ar, B Ar,
Popig = TP, Gops = +q.,—1,,
n(s,—r,—q,) WS, —-1,-9,)
_ Ar, B 24r
18 = > Sopg = tq, -S4
n(s,—r,—q.,) WS, —1r,—4,)
Ponio = Pos Yono =4
Byuro =T Sonso = So
seklindedir.

Ispat: n=0 icin ¢oziimiin saglandig1 agiktir. Simdi » i¢in teoremin saglandig1 yani

yukaridaki esitliklerin dogru oldugunu varsayarak (n+1) icin saglandigini gésterelim;

B A DC A DC
p9n+]0 - + - + H
Son+8 T Ton8 "9onss  YGons7 "Tonsr ST T4y 4, T,
_ A n C¥y,40(S90s7 = Yo — Qonsr) _ A " Cry(s,—r,—q,)
q9n+]0 - _
89448 ~Tont8 ~ onss 19,48 Sy =V =4 r
A A
%410 = - ’
Son8 T Tonis "donss S TV T4
_ 24 Cry,0(So,7 =17 — Gonsr) D
S9n+]0 - + +
9n+8 ~ Top48 T 9op4s 59,48 Popis 7 Tonig
_ 24 N Cry(s,—1,—9q,) N D
S~ =4, 7 b,
B A DC A DC
p9n+]] - + - + H
80049 T 1910 TGonro  Yonig “Tons So ~Ho 4o 41 T,
B A AC A AC
q9n+]] - + - + H
Sont90 T1ou10 TGonro  Toure  So " —dqo Ty
A A
Byt = - ?
S9n9 T 1940 “Gonrg  So —To — 4
24 AC D 24 AC D
Son+11 = + + =
89019 T 10019 Tdonro  Tonro  Ponso “Hppe  So~Hh—dy Ty Po—h



Popi12 =

Popiz =

p9n+]4 = (
q9n+]4 = (
n+14 = (

S9n+]4 = (

A(p9n+8_r9n+8)+ DC :A(p_l_r_1)+ DC

D 9on+9 ~Tonso D qo =1

A Popig — 1o, A p_,— 1
(9;) : 8)+C(S9n+8_r9n+8_q9n+8): ( I]) 1)+C(S_1—r_l q_l),
_A(p9n+8_r9n+8):A(p—]_r_])
D D ’

_ 2A(Py,s ~Tonis) (q9n+7 _r9n+7)

+ C(S9n+8 1048 T onsg ) +

D C
24d(p_, —r. q.,—r
=%+C(s_]—r_]—q_])+( 2C 2)
A(p9n+9_r9n+9)+ Dr,, _ A(po—r0)+ Dr,
D Yonso(S9n7 —Tons7 = Gons7) D (s, —ry—q,)
A( Poyio —Tons A(p, -7
( ’ ;) : 9)+C(S9n+9_r9n+9_q9n+9):%+c(s0 Ty qo)’
A(p9n+9_r9n+9):A(p0_r0)
D D

_2A(Py,0 = Toio)

+ C(S9n+9 049 T Gopio ) +

D C
24(p, —r. q.,—r
:—(}20) °)+C(s0—r0—q0)+( ]C ])
AC Dr,, AC Dr,
+ = + =0
Dons7 _r9n+7) A (‘]_2 _r—z) A
AC CD AC CD
+ = + :
Dops7 _r9n+7) Ponis T Hopss (q—z _r—z) P —r,
AC _AC
9n+7_r9n+7) ((]_2—’”_2) ’
24C N CD + (q9n+9 _7”9n+9) _ 24C + CD + (% _ro)
Qons7 _’”9n+7) DPonis —Tonss C (qu _’12) P~ C
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AC N D AC N D
Poyiis = = )
( 9n+8 _r9n+8) (S9n+8 “Fonig _q9n+8) (q—l - 1) (S—l - _q_l)
AC CD AC CD
Qon1s = + = + )
( 9n+8 _r9n+8) Ponro T Hug (q—l _r—l) Py— 1
AC AC
V. = =
In+l15 D
(‘]9n+8 _r9n+8) (‘]_1 _r—])
g _ 24C + D 4 Jonso (S94:7 = Tons = onsr)
In+l15
(q9n+8 - ’5n+8) Poyro = oni9 19,48
_ 24C CD N 75(S,—7,—q,)
(q—]_r—]) Py~ 1 ",
AC N D AC A D
Poyiie = = )
( 919 _’§n+9) (S9n+9 o9 _Q9n+9) (% _ro) (So — _%)
AC AC
Qopi16 = tQonsr " Toper = +q.,-1,,
( 9n+9_r9n+9) (qo_FO)
AC AC
V. = =
In+16 D
(q9n+9_r9n+9) (qo_FO)
24C A 24C
Sont16 = t 9907 ~Topr T = tq, -1, +t—
(q9n+9 - ’3n+9) On+9 (qo - ro) I
Ar. Ar
_ On+8 _ L
Pop7 = - + Popis ~Tops = +p, -
B0 (Sons7 —Touss — Qonsr) 1(s,-1r,-4q,)
Ar. Ar
_ One8 _ 1
Qopi17 = - T Qonis ~Tonis = +q.,-1,
Bonso (50,7 —Fons7 ~Gonsr) Hh(s,-r,—95)
P Ary, 5 _ Ar,
In+17 D
Tonso(Son7 = Tones —Gonss)  To(S, =15 —q,)
_ 247y, + T .
Sop17 = Donss ~Ton8 T S0n18 19548 ~ dopus
Tonso (o = Tonss — Goni7)
24r,
= tq, -, ts, o —4q
n(s,=r,—q,)

Poni1s =Tonio ¥ Poyio =Ty =1y T Py =1y = Py»
oniis = Tonso Topio 1000 =1 T 40 =1 =45
118 = Topnro = 1o
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2r.

Son18 = “Tons0 T opi0 T 19510 780,00 19,10 T oy =S

oldugu goriiliir ve tlimevarim yontemiyle ispat tamamlanmis olur.

4.5. (4.5) FARK DENKLEM SIiSTEMININ PERiYODIKLIiGi

Bu boliimde;
p_zap_]apoaq_3aq_2aq_]aQoar_j,ar_zar_]ar()aS_pS_z’S_]’So E(0,00) ’ pi i?},i:{—z,—l,()} ve

S, #q,+r,q, #r,i={-3,-2,—-1,0}  olmak iizere;

_ 1 + 1 _ 1 + rn (Sn—3 F rn—3 - qn—3)
pn+] - > qn+] 2 >
S22 "9n 4,313 Sp2 T2 =4, T
1 2 r(s ,—r_.—q, ) 1
_ _ n\“n-3 n—3 n—3
rn+] - b Sn+] - + + (45)
Sy =279, S22 74, o Pur—lo

lineer olmayan fark denklem sisteminin ¢éziimlerinin periyodikligi incelenmistir.

Oncelikle sistemde bulunan denklemlerin iyi tanimli olup olmadiklarina
bakalim. p,,p 1, P09 3:95:9 1G>V 357 257 157938 358 555 158, €(0,00), p, #71,i= {—2,—1,0}

S, 74, +1, 4, 1, i:{_3’_2’_1’0} V€ D s P 15P0sd 359 25 1505735705715 758 355 555158

herhangi pozitif baslangic sartlar1 olmak tlizere (4.5) denkleminde » =0 alirsak;

1 1 1 r(s,—r,—q.,)
p] = + , q] — + 0 3 3 3 ,
S, V=49, 45775 S,=F,—q, r,
n:;’ s, = 2 +’”o(s_3_”_3—q_3)+ 1
S, 71,4, S, =4, r, Po—T,

esitlikleri elde edilir. Sonraki her adimlarda indisler birer arttirilir ve bir Onceki
adimlarda elde edilen sonuclar1 yerine koyarak gerekli sadelestirmeleri yaparsak

asagidaki esitlikler elde edilir;
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1 1 1 r(s,—r,—q.,) 1 1
p2: + ) q2: + ! 2 2 2 = +_’
ST Tqa 4 ST T g4 ) ST T4k
. 1 s = 2 +r](s_2—r_2—q_2)+ 1 _ 2 +l+ 1
ST —Yq S, =49, % po—ry S,-r—q, n p,Tr
1 1 1 1 1
P = + s 43 = —= S, -1, —4q,,
So~"H% =4 4,71, So="h =4 h So~T1h Y
1 2 1 1 1
v, = , S = +—+ = +S_2 I"z q_2+
So =1 — 4 So= =49 h DPo—Hh So—h—4 DPo— 1
1 1 1
Ps= + =p, It )
Si—h=41 90— 1% qo— 7
qs = +S g =P, T, S T 4,
S —h—4,
1
Ty = =P, I,
S —h—4q,
Sy = t+s_,—r,—q,+ =2(p,—ry)ts,—r,—q,tq -1,
S —h—4q, D —h
7
pPs=p,,—r,+ =p,—r,t s s =P 1S~ =4,
q,—h (S5 —r3—q3)

=p,—ry, Ss=2(p —r)+s,—Thi—q,tq,-71,

7 1
Ps=P—ht ° =Py hth =Py 4 =Py~ HhtS—h—¢ =PIt >
n(s,=r,—q,) P,
1
Te =Dy~ Ty» s6:2(p0—r0)+s]—r]—ql+q_l—r_l:2(p0—r0)+—+q_l—r_l
P71,
1 1 1 1
P, =p= + » 4, =p—nh+t = + 5
q3—13 S,—1,—4, e S R A L 2
1 1 2 1
n=p—h= ) S7:2(p] ”1)"‘ +q,— 1 = + 4,1
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1 1 1 1
p8: + s qu + ’
g1, S,—-I,—4, 9,1, Po—h
1 2 1 2 1 (s ,—r,—
R = , 8= + +q, -1 = n (55 -715-95)
4,1, 4, V, DPy— 1 4,1V, DPy—1h "
1 1 1 1 1
Py = + s 4o = + = 453715,
g1 So—1hh—4, q.,.=1y bh—h 4q4,-r,
1 2 1 r(s,—r,— 2
7= , Sy = + i (s, —r,—q,) _ Fq =
q_,—T1, q.—1" 1 P1—h ) q_,—T1, n
1 1 1
b = + = tP,T,, 4= tq.,—1,,
o= SS—h=4 4qy—h 0o~ T
1 2 1
ho = > S0 = tq, 1, +t—= tq,—r,t8,—1r,—q,
qo— " qo =" no 4 —n
7
P = tp, -, = t+p, T,
q,—h (S5 —r3—4q3)
S
q9, = tq,—-r,= +q9_,—1,,
q,—h (S5 —r5—43)
1 r,
]/i] = = ,
g -n n(ss-r;—q5)
2r,
S = Tq s, T g, = tq ,—r,+s,—r,—q
q,—h 1(s3—r3—4q3)
Po=KTPy=1 =Dy 9, =% +t49 — 1% =9
Ty =Ty, Siy =28 +q, — 1y +Sy—Fy—q, =S,

Bu sckilde isleme devam edersek, p,#r,i={-2,-10}, s #q,+r,q =",
i= {—3, -2,-1, 0} oldugundan hicbir adimda rasyonel ifadelerin paydasmnin sifir olmadigi

goriilmektedir. Elde edilen tiim ifadeler p,,p . Py,93:9 -9 15G0>F 357 257 15795 355 255 155,

baslangi¢ sartlarina bagh olarak yazilabilmektedir. Baslangi¢ sartlar1 ne olursa olsun bu
durum degismeyecegi i¢in sistemdeki biitiin denklemler iyi tanimlidir. O halde

asagidaki teoremi verebiliriz.
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Teorem  4.5.1. DorsPisPosd 3G 29 15QosF 357251 15TysS8 358 5,5 1,8, € (0,00) ,
p#r,i={-2,-1,0} ve s #q+r,q #r,i={-3,-2,-1,0} olmak iizere, (4.5)
denklem sisteminin ¢éziimii {p,,q,.r,,s,} olsun. Bu durumda (4.5) denklem sisteminin

biitiin ¢6zlimleri periyodiktir ve periyodu on ikidir.

Ispat: (4.5) fark denklem sisteminde her bir adimda n yerine (n+1) yazarak iterasyon

yontemi uygularsak asagidaki esitlikler elde edilir;

— 1 + 1 — 1 + rn (Sn—3 B rn—3 B Qn—3)
pn+] - > qn+] - >
Sn—2 - rn—2 - qn—2 qn—3 - rn—3 Sn—2 — rn—2 - qn—2 rn—]
— 1 S — 2 + rn (Sn—3 r I"n_3 i Qn—3) + 1
n+l > n+l
Sp-2 -2 = qn2 Sp-2 "2 =42 B Ppo =l
~ 1 1
pn+2 - + s
Sn—] - rn—] - qn—] qn—2 - rn—2
_ 1 + rn+] (Sn—2 B rn—2 - Qn—2) _ 1 + l
qn+2 - - s
Sn—] - rn—] - Qn—] rn Sn—] - rn—l - qn—l rn
_ 1
rn+2 - >
Sn—] - rn—] - qn—]
2 r.(s ,—r  — 1 2 1 1
Sn+2 — + n+]( n—2 n—2 Qn—Z) + — +— 4+
Sn—] - rn—] - qn—] rn pn—] - rn—] Sn—l - rn—l - qn—l rn pn—l - r;/t—l
o 1 1 1
pn+3 + s qn+3 - + - + Sn—2 - rn 2 Qn—Z s
Sn _rn _qn qn—] _rn—] Sn _rn _qn rn+] Sn _rn _qn
o 2 11 2 1
Fovs = > Spz = T—+ = TSl t
Sn_rn_qn Sn_}/;l_qn 7""+] pn_rn Sn_r;t_qn n_rn
~ 1 1 1
pn+4 - + _pn—Z_rn—Z + >
Sn+]_rn+]_qn+] qn_rn Qn_rn
_ 1
pia = TS a9 T Py T TS T T s

Sn+] _rn+] _qn+]
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1

rn+4 = = pn—2 _rn—2 s

Sn+] - rn+] - qn+]

2 1

Spra = TS =ha =49t =2,y =1 )+ S =l — G s s

Sn+l _rn+l _qn+l pn+l _rn+1

1 rn—]
pn+5 _pn—] _rn—] + _pn—] _rn—] + s
qn+] - rn+] I"n (Sn—3 - rn—3 - qn—3)

qn+5 :pn—] _rn—] +Sn _rn _Qn’

rn+5 = pn—] - rn—] H Sn+5 = 2(pn—] - rn—] ) + Sn - rn - qn + qn—Z - rn—2

1
Pue =Py 1, t0h =P Qe =Py 1 TSyt 49 =P, — 1+ >
n-2 _rn 2
_ 1
Toos =Py~ Ts 06 =2 D= 1) S0 Tt =G+ T =2(P, =1 ) F———4q, T,
pn—2 )
1 1 1 1 1
pn+7 :pn+l = + b qn+7 :pn+] _rn+l + = +
Sp2"h2"49 2 43—l PN Gzl Pua—ha
_ K 1
rn+7_pn+]_rn+]_ ’
n3 T3
1 2 1
Sn+7:2(pn+]_rn+])+ +qn_rn: + +qn_rn
n-1 — Fact /P T M S 2 Rl
1 1 1 1
pn+8 = + H qn+8 = + H
n2 Tz Spo TN T4 92~ hha Pn—T
_ 1
rn+8 - s
qn—2 _rn—2
2 1 2 1 r(s ,—r._,—q, )
— _ n\“n-3 n-3 n—-3
Sn+8 - + +qn+] —I"n+] - + +
qn—2 - rn—2 pn - rn Qn—Z - rn—2 pn - rn rn—]
_ 1 1 _ 1 1 1
P = + > po = + +4q, 5713

qn—] - rn—] Sn - rn - qn qn—] - rn—] pn+] - rn+] qn—] - rn—]
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1
rn+9 H
/P
2 1 r.(s _ —r_, — 2
Sn+9 _ + + n+]( n-2 n—2 qn—2) — +qn_3 _rn s 4+
qn—l_rn] pn+]_rn+] I"n Qn—]_rnl n
1 1
Puio = TP Qo= T4, =1
n n T
1 12
Fivio = > Spri0 = T4, "ot = TG =Nt S, "4,
qn _rn qn _rn rn+] Qn _rn
1 .
Pnin = TP = TP~
n+l —I"n+] I"n (Sn—3 _rn—3 _qn—3)
1 rn—]
9pin1 = T4 1o = R/ A
n+l —I"n+] I"n (Sn—3 _rn—3 _qn—3)
1 T
rn+]] - - s
qn+] —I"n+] I"n (Sn—3 _rn—3 _qn—3)
2rn—]
Spetl = T4 TS T ha 4 = TG =T TS~
n+l —I"n+] I"n (Sn—3 _rn—3 _Qn—fs)
r
pn+]2_ +pn_rn:rn+pn_rn:pn’
rn+] (Sn—2 _rn—2 _qn—2)
7
qn+]2_ +qn_rn:rn+qn_rn:qn’
rn+] (Sn—2 _rn—2 _qn—2)
7
Fovin = =1
rn+] (Sn—2 _rn—2 _qn—2)
2r, 5
Sn+]2_ +qn_rn+sn_rn_qn_ rn+qn_rn+sn_rn_qn_sn

rn+] (Sn—2 - rn—2 - Qn—2)

bulunur ve (4.5.2) denklem sisteminin on iki periyotlu oldugu goriiliir.

- qn—l
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4.6. (4.6) FARK DENKLEM SiSTEMININ PERiIYODIKLIiGI

Bu boliimde;
p_zap_]apoaq_3aq_2aq_1aQoar_j,ar_zar_]ar()aS_j,aS_z’S_]’So € (0,00) 5 pi * 7;., [ :{_23_1a0} 5

S, Eq, 1, g, #1, i={—3,—2,—1,0} ve A4,B,C,D e]R—{O} olmak iizere;

A B A Cr(s ,—r .—q, 5)
— _ -3 -3 -3
pn+] - + 4 qn+l - + — - -
Sn—2 - rn—2 - qn—2 qn—3 - rn—3 Sn—Z - rn—z - qn—z rn—l
A 24 Cr(s, ;=" _s—4q,3) D
— _ -3 -3 -3

T = O p—ansd ad Teds g (4.6)

Sn—2 - rn—2 K qn—2 Sn—Z e rn—z - qn—Z 7"”_1 pn—2 - 7""_2

lineer olmayan fark denklem sisteminin ¢dziimlerinin periyodikligi incelenmistir.

Oncelikle sistemde bulunan denklemlerin iyi tanimli olup olmadiklarina
bakalim. (4.6) fark denklem sistemi (4.5) sisteminin 4, B,C,D parametrelerine bagli
sekildeki ifade edilmis hali oldugundan, (4.5) sistemindeki denklemler iyi tanimh ve

4,B,C,DeR—{0} oldugu icin (4.6) sistemindeki denklemler de iyi tamimlidir. O halde

asagidaki teoremleri verebiliriz.

Teorem 4.6.1. PasPisPosq 39259 15905 357 257 151555 358 555158, € (0,00) )
p#r,i={-2,-1,0}, s, #q,+r, q, #r,i={-3,-2,-1,0} ve 4,B,C,DecR-{0}olmak
iizere, (4.6.2) denklem sisteminin ¢6ziimii {p,,q,.7,,s,} olsun. Bu durumda (4.6)

denklem sisteminin ¢ozlimlerinin on iki periyotlu olmasi i¢cin gerek ve yeter sart

B = DC olmasidir.

Ispat: Yukarida belirtilen baslangic sartlar1 altinda (4.6) denklem sisteminin
coziimlerinin on iki periyotlu oldugunu varsayalim. Bu durumda (4.6) denklem

sisteminde iterasyon yontemi kullanilarak asagidaki esitlikler yazilabilir.
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4 B 4 S I St PY)
pn+] = + > qn+] = + 2 2 2 >
So2 "2 92 Yu3 s Sp-2 "2 T qu2 P
. A s = 24 N Cr(s,s—1_5-4,3) N D
Sp2 Vi 79,2 Sp-2 "2 T qu2 P P21
A B
pn+2 = + s
Sn—] _rn—] _qn—] qn—2 _rn—2
qn+2 — A + Crn+] (Sn—2 _rn—2 _qn—Z) — A + AC ,
Sn—] _rn—] _qn—] rn Sn—] _rn—] _Qn—l rn
A
rn+2 = s
Sp1 T 1 TG
g e 2 Ciuhomen), D 24 AC D
Spt ~Hha T r Poa= Tl S ha~%a N P ha
A B
pn+3 = + >
Sn - rn - qn Qn—] - rn—]
A AC A
qn+3 = — + C(Sn—2 F rn—2 qn—2) b
Sn_rn_qn rn+l Sn_rn_Qn
A
Fn+3 = >
S, —h =4,
24 AC D 24 D
Sz = = +C(Sn—2 ) qn—2)+
Sn_rn_qn rn+] pn_rn Sn_rn_qn pn_rn
A B A —r B
pn+4 — + — (pn—Z n—2) + ,
Sn+]_rn+]_Qn+] Qn_rn D qn_rn
A A(p o -2)
= +C(s,, -1, = - —+C(s,, -7, — ,
qn+4 Sn+] _ I"n+] _ qn+] ( n—1 n—1 qn—] ) D ( n—1 n—1 Qn—l )
” _ A _A(pn—Z_rn—Z)
n+4 - b
Sn+] - rn+] - Qn+] D
24 D 24 —r D(q .—r
Spa=— +C(Sn—] T _qn—]) : = (pn—Z n_Z) +C(Sn—] i _qn—l)+M
St " — G P~ D B



51

p :A(pn—]_rn—])+ B :A(pn—]_rn—])+ Brn—]
" D Qn+] —I"n+] D C]"n (Sn—3 _rn—3 _Qn—fs) ’
qn+5:A(pn_l]) n_])+C(Sn_rn_Qn)a
rn+5 = A(p"_] r"_]) s n+5 = 2A(p"_] _rn_] ) +C(Sn _rn _qn)+ D(qn_z _rn_Z)
D D B
_A(pn—f‘n)+ Bl”n _A(pn_rn) Bf‘n
pn+6 - D Crn+] (Sn—2 _rn—2 _Qn—Z) - D AC ’
A(p, -, A(p,—r, CD
qn+6 = %4_ C(Sn+] _rn+l - Qn+l ) = (pD ) + pn_z —I"n_z >
Alp, —1,
rn+6 = ( D ) >
Sue = 2A([;;_r") +C(Sn+l “ln "D )+D(qn_;-}_rn_]) - 2A(p];_rn) + D +D(q"‘] _r"‘])
pn—2 _r;z—Z B
o AP ) Bra__ AB | B
" D AC D(qn—3 _rn—3) C(Sn—z T _qn—z) ’
q — A(pn+l _rn+])+ CD _ AB + CD
" D pn—] _rn—] D(qn—3 _rn—3) pn—] - rn—l ’
7 — A(pn+] _rn+]) — AB
" D D(qn—3 _rn—3) ’
. _24Pwi=ta), _CD  D(g,-n)__ 248 _ _CD  D(q,-r)
" D pn—] _rn—] B D(qn—3 _rn—3) pn—l _rn—l B
b= AB N B g = AB N CD
" D( n-2 n—2) C(Sn—] _rn—] qn—l) ’ " D(qn—Z - n—2) pn ' ’
L __ 4B
" D(qn—Z - n—2) ’
o 2B D DGu=r)_ 24B D CD(s,a=ra=4,)

- D(qn—Z _’/;1—2) pn _rn B D(qn—Z _I/;I—Z) pn _rn Brn—l
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b= AB N B
" D( n-1 rn—]) C(Sn_rn_qn)’
.= AB ,_CD  _ AB .\ CD(q, -7, ) ’
D(qn—] _rn—]) pn+] _rn+] D(qn—l _rn—l) B
. __ 4B
" D(qn—] - n—]) ’
S,H_g — D 2AB + CD + CDI/;H] (Sn—2 _rn—2 _Qn—Z) — 2AB + CD(qn—3 _’/;1—3) + ACD
(‘]n—l _’/;1—]) P i Br, D (qn—l _7;1—1) B Br,
AB B AB B(p,,-r,,)
pn+ = + = + >
v D(qn_rn) C(Sn+] _rn+] _qn+]) D(qn_rn) CD

__ 4B CD(q,,-1,,)
pi10 = D(q,, _r,,) B ’

4B
n+10 D(q,, —l”,,) ’
¢ = 24B CD(qn—Z —7;,_2)+ACD: 24B CD(qn—Z 4 2) CD(Sn—2 —t _qn—z)
" D(q,-1,) B Br,, D(q,~r,) B

_ AB B(pn—] _r"—]) _ ABrn—] B(pn—] _rn—l)
pn+]] - D _ + - _ _ + »

( n+l I"n+] ) CD CDrn (Sn—3 rn—3 qn—3) CD

_ AB " CD(qn—] _rn—]) _ ABr,_, + CD(qn—] —rn_])

q’”’” D( n+l —I"n+]) B CDrn (Sn—3 _rn—3 _qn—3) B ’
AB ABr,

r

! D (Qn+] - rn+] ) CDrn (Sn—3 - rn—} - qn—3) ’

24B | CD(q,,-7,,) N CD(s, ,~r,,—q,,)

n

i _D(qn+]_rn+]) B B
2ABr CD(g,1=11)  CD(8,1 =11 = 4t)

n—1

= +
CDrn (Sn—3 - rn—3 - Qn—3) B B
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by B(pn) B Blaon)_fp,
pn+]2 CDrn+] (Sn—2 - rn—2 - qn—Z) CD CD CD CD ’
ABr, CD(q,-1,) _ Br, CD(q,~1) (B CD] cD
qn+]2: + =—"+ il I ”n+_q,,a
CDr, (8,5 =10 =) B CD B CD B B
ABr, B
Bz = = 7.,
CDrnH (Sn—2 - rn—2 - qn—2) CD
CD(q,— CD(s,—r, — B CD D
Spri2 = 2ABI”,I + (q,, I’n) + (Sn I q,,) 22(——(7—]’”,, +C—S,,
CDrn+] (Sn—2 _rn—2 _qn—z) B B CD B B

bulunur. Sistemin on iki periyotlu olabilmesi i¢in son esitliklerden B=DC olacagi

agiktir.

Teoremin yeter sartinin ispati i¢cin (4.6) denklem sisteminde B = DC alarak
sistemimizin on iki periyotlu oldugunu gdostermeliyiz. (4.6) denklem sisteminde

B =DC olsun;

D A C -7 _,—
pn+] = A + C , an =4 L rn (Sn—3 rn—3 Qn—3) ,
Sn—2 - rn—2 - qn—2 qn—3 - rn—3 Sn—2 - rn—2 - qn—2 rn—]
. A s = 24 N Cr(s,s—1_5-4,3) N D
Sp-2 "2 T qn2 Sp-2 2 T qu2 B Pp2 =l
A DC A AC
pn+2 = + > qn+2 = + >
S —haa =4 Yu2 T Sot ~ha =40 T
A 24 AC D
rn+2 = > Sn+2 = + +
Sn—] - rn—] - qn—] Sn—] - rn—] - qn—] rn pn—] - rn—l
A DC A
pn+3 = + H qn+3 :—+C(Sn—2 _rn—2 _Qn—Z)’
Sn _rn _qn qn—] _rn—] Sn _rn _qn
A 24 D
iy = > Sn+3:—+C(Sn—2_rn—2_qn—2)+
S, = =4, S, —h —4, b~
A(p,_,—r._ DC APy =7,
Pria = ( : 2) + s Gues = ( - 2) + C(Sn—l ~l T4 ) ’




o= M) M ha) oy g ) (e
J A(pn—] ~ ) + Drn—] Qs = A(pn—] rn—])
D rn (Sn—3 _rn—3 _Qn—3) D
rn+5 = A(p"—l]) rn—l) s Sn+5 = 2A(pn5_r_n_])+C(Sn —I",, _qn)+(qn_2(:rn_2)
pn+6:A(pn_rn)+Brn s qn+6:A(pn_rn)+ €D 5
D AC D Do —ts
7 _A(pn—l"n) _2A(pn_rn) CD +(qn—]_rn—])
n+6 ’ n+6
D D pn—2 _rn—2 C
__4c D y,-_AD ___cD
Puer ( =3 rn—3) (Sn—2 ) qn—Z) T C( A rn—3) Py T
AC 24C CD (q,-r,)
rn+7 = > Sn+7 = + +
(qn—3 - rn—3) (qn—3 - rn—3) pn—] 7""_1 C
b= AC N D g . = AC N CD
" ( n-2 rn—Z) (Sn—] _rn—] _qn—l) ’ " (qn—Z _rn—Z) pn _rn ’
- AC L s= 2A4C N CD L (S, 5=7 3—q,3)
(qn—Z - rn—Z) (qn—Z - rn—Z) pn - rn rn—]
, - Ac_ D g - AC L,
" ( n—1 _rn—]) (Sn _rn _qn) ’ " ( n—1 rn—]) " "
r = AC S = 24C + q v o,+—
n+9 (qn_] —I"n_]) H n+9 (qn_] _ n_]) n-3 n-3 rn

pn+]0 = (

r

AC

q,-1,)

AC

n+l10 = (qn _rn) 4

AC

n

+pn—2 _rn—2 H qn+]0 = (

2A4C

Sn+]0 = (q _rn

n

+qn—2 _rn—2 >
—r )
n

) + qn—2 - rn—2 + Sn—2 - rn—2 - qn—Z

54
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Arn_] Arn—]
Puin = TPl 4 = T4~
rn (Sn—3 - rn—3 - Qn—3) rn (Sn—3 - rn—3 - Qn—3)
Ar, 24r,
o1 = > Syt = 4,0~ TS, o T4,
rn (Sn—3 - rn—3 - Qn—3) rn (Sn—3 - rn—3 - Qn—3)
pn+]2:rn+pn_rn:pn’ qn+]2:rn+qn_rnZQn’
rn+]2:rn’ Sn+]2:2rn+qn_rn+sn_rn_qnzsn

sistemin on iki periyotlu oldugu goriiliir ve ispat tamamlanmis olur.

Teorem 4.6.2 PosDi>Posd 359259159057 351251 15158355 55,5158, € (0,0) )
p#r,i={-2,-10}, s #q,+r,q #r,i={-3,-2,-1,0}, baslangic  sartlar,
4,B,C,DeR—{0} olmak iizere ve B=DC durumunda (4.6) denklem sisteminin

¢dziimiiniin {p,,q,.r,,s,} oldugunu varsayalim. Bu durumda n >0 igin (4.6) denklem

sisteminin ¢oziimlerti,

A DC A Cry(ss—rys—q5)
Piopn = + s Giopn = +—=3 : 2,
S,V =q, 453775 S, =1, =4, 7
A 24 C -7, —
Nowt =5 St — + rO(S_3 & q_3) + =
S, =1, =4, S, =1, =4, 7 DL,
A DC A AC
Piopir = + s Giopn = + )
SV =4, 4,771, S —r,—4 )
A 24 AC D
Nower =5 Sz = + +
S —r,—4 Sy =1y =4 n P~y
A DC A
Pranz = + > Qione3 :—+C(S—2 —7, _q_z)’
So~"h =4y 4,7, So — 1 — 4
A 24 D
Nonis =5 Stams =—+C(S_2—r_2—q_2)+
So =1 — 4 So — 7 — 4 Po— 1
A(p,-r,) DC A(p,-1,)
Pionia = 12) 2+ o1, > Gionia :#-FC(S—I -, _q_l)a
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A(p_, -1 24(p_, — 1. q.,—1r
12044 = ( 12) 2), 12044 = (p;) r2)+c(s—1_r_1 q_1)+( 3C 3)
Al(p., —r Dr. A(p_ —r
Piones = ( l]) ]) (5 _r_; “4) s Giopes = ( l]) ])+C(S0 N %) ’
A -7 24(p_, —r. q.,—r
Honss = (pl]) ])’ 12n+5 = ( Z; ])"'C(So 0 qo)+( 2C 2)
p]2n+6 = A(po FO) + Dr() b q]2n+6 = A(pO rO) + CD ’
D A D P,—r,
_A(po FO) _2A(p0—r0) CD (q—l_r—l)
Nonve = > Stonse = +
D D P, C
» _ AC N D v 4 AC N CD
12n+7 ( _3 1’3) (S_2 _r_z _q_z) > 12n+7 (q_3 —I"_3) p ] I"] >
Noner = 4C > St = 24¢ + D (qo rO)
(‘]—3 r_3) (‘]—3 r_3) pb,—r, C
» _AC N D q _ AC N CD
e ( _2—1’_2) (S 1~ q_l) o ( —2_r—2) Py~ 1 ’
AC 24C CD  r(s,-r;—q.)
Ronss = > S =
((]_2—”_2) ((]_2—”_2) Po—1 r
» _ AC N D q _ AC p .
12n+9 ( ] r ]) (SO ”'0 qo) H 12n+9 ( y —7‘_] -3 -3
; _ AC s _ AC +( _, )+£
12n+9 (q_] —I"_]) H 12n+9 ( y —I"_]) q—3 -3 ro

AC AC

Praus10 :ﬁ"'p_z s G0 :(—

qo ="
AC 24C

n 7 _"o) > Siops0 = (‘]o _ro)

121410 :( tq, 1, S, T, 4,
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Ar, Ar
Pipn1 = TP, Gopen = tq.,—-r,,
(S5 —r3-43) (S5 —r3—q3)
Ar 24r,
Nonet1 = s St = +q, -, ts, o, —4q
n(s5—r;—q3) (S5 —r5—43)
Pioniiz = Py 92012 = 94>
Noneiz =Ty Stz =S
seklindedir.

Ispat: n=0 icin ¢oziimiin saglandig1 agiktir. Simdi n i¢in teoremin saglandig1 yani

yukaridaki esitliklerin dogru oldugunu varsayarak (n+1) i¢cin saglandigini gésterelim;

A DC A DC
Prowiz = + = + )
120410 ~ H2ns10 " Gi2010 Gi2nso " Honso ST =4, g 3775
_ A " Cry,, (S12010 = Tianso = Giznso) _ A b Cr(s3-r;—-q5)
q|2n+|3 - i
S120410 T N2ns10 ~ Gi2ns10 Nons S, =1, =4, r,
A A
Nons1z = - ’
S12n410 ~N2ntto ~Gi2nii0 S TV 74
s _ 24 + C’izn (S]2n+9 ~Nonso _Q12n+9) n D
12n+13 —
120410 ~N2n+10 ~ Gi2n+10 Hons Pionao ~ Hansio
24 Cr(s,—r,— D
_ n o(S3—75—q5) +
S,=V,—4, r P~
A DC A DC
Piopa = + = + )
Stonett T Hhopet “9i2pt Qi2nn0o " hopno ST T4y 4, T,
A AC A AC
9ion1s = + = + >
Sionett “Hhopet “9i2pet Ho2n ST T4 o
A A
Nonsia = - ’
St2na1 T hopat Q21 S TV T4
24 AC D 24 AC D
Sion+1s = + + = + +
Stopat T Nonett " 91201 Non Progenn " honen So T T4 n Py~
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_ A DC _ A DC
Pioppis = + = + )
Stone12 T Nonsiz " Gionn2 Qionen “honn So—Hh — 40 4o T
A A
Qions1s = +C(S12n+10 ~Nanti0 _Q12n+10) = + C(S—z —7, _Q—z)’
S12p412 T None12 912412 So —1 4o
_ A _ A
Nons1s = - ’
St2n412 " Honsiz “Gi2n12 - So 1 Yo
24 D
Sion+1s = +C(S]2n+]0 ~Nan+10 _Q12n+10)+
12012 " Nonsi2 ~ Qi2na2 12012~ Nons12
24 D
=——+C(s,—r,—q,)+——
So =1 — 4o Po 1
_ A(p]2n+10 _’/‘]2n+10) DC _ A(p_z rz) DC
Pionsie = D + = D + >
9120412 ~ N2ns12 qo ="
A(Pranio ~Tizneno) A(p,—1,)
_ 120410 — T2n410 _ LT,
920416 = D +C(S]2n+]] ~Nanet1 — Gi2n+11 ) = D +C(S—1 -1, q—l)
_ A(p]2n+10 _rizn+1o) _ A(p_z _r—z)
r]2n+]6 - D - D ’
_ 2A(p]2n+10 _}/i2n+10) C (Q1zn+9 _’/i2n+9)
Si2n+16 = D + (S]2n+ll ~Nonsn _Q12n+11)+ C
24 -r q.,—r
— (pg _2)+C(S_]—I"_]—q_])+( 3C 3)
_ A(p12n+ll _r12n+11)+ Dry,i _ A(pfl —111) n Dr,
Pionar = D = D
Bian12 (S12000 = Hanio — Qianso) H(s5—r3-43)
A(Prayers ~Tizpn) A(p,—r.)
_ 12n+11 ~ Nopsn _ S
Qion17 = D + C(S]2n+]2 ~Nons12 _Q12n+12) - + C(So N qo) >
_ A(p]2n+]] _’/']2n+]]) _ A(p—] _r—l)
r]2n+]7 - D - D ’
. 2A(p]2n+]] _’/12n+ll) C (Q12n+10 _rlzn+10)
Sione17 = D + (S12n+12 ~Nansi2 _Q12n+12)+ C
_ 24(p_, - (q-z _r—z)

r'])+C(sO—r0—q0)+

D C
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A(p]2n+]2_r]2n+]2) Br,,.1 A(po_ro) Br,

Pionais D AC D AC
p _ A(p]2n+]2 _’izn+12) n CD _ A(po _ro) " CD
s D Pi2p10 ~ Nansio D D,—1,
_ A(p]2n+]2 _’izn+12) _ A(po _ro)
Rons1s = D = D )
. 2A(p]2n+]2 _’izn+12) CD (Q12n+11 _rlzn+11)
Si2nt18 = + +
D Pr2n10 ~ Nansio C
:2A(p0—l’0)+ CD +(q_1_r—1)
D P,—T, C
P B AC N D _AC N D
- (q]2n+9 _rlzn+9) (S]2n+]0 ~Nan+10 _Q12n+10) (Q—s _r—s) (S—z -, _Q—z)
AC CD AC CD
9i2ns19 = + = + )
(‘I12n+9 _’izn+9) Piopi1 T Nonsni (Q-3 —7‘_3) 2
; B AC _AC
e (‘]12n+9 _”12n+9) (q—s —r_3) ’
o, o 24C D  lGuwn=laws) _24C €D (40—1)
(‘I12n+9 _”12n+9) Pronait ~Nansnt C (‘L} _r—3) P —r, C
» B AC N D _AC N D
e ( 121410 _rizn+1o) (S12n+11 ~Nonsi _%znm) (Q—z _r—z) (S—l -, _q_l)
AC CD AC CD
Q120420 = + = + )
(‘]12n+10 _7'12n+10) Piopi2 ~None2 (q_z _r—z) Dy 1
; B AC _AC
e (‘I12n+10 _7'12n+10) (Q-z _r-z) ’
s _ 24C + CD + r]2n+]2(S]2n+9 ~Nonso _Q12n+9)
12n+20
(‘I12n+1o _’izn+1o) Proniz T None2 Ronsi
__24C N CD Ll (s5-r;—q3)
((]_2_’”_2) Po—1 r
» B AC N D _AC N D
e (‘I]znm _’/']2n+ll) (S12n+12 ~Nons12 _Q12n+12) (Q—l _r—l) (So ) _QO) ’
AC AC
Qi2ni21 = Fq000 " Nhopeo =7~ T453 713,
(‘]12n+11 _’/i2n+ll) (q—l _r—l)



AC AC
Noweot = = >
(‘]]2n+11 _r]znm) (q—l _r—l)
24C A 24C A
Sians21 = + 12000 ~Noneo T = tq5 -1+ —
(q12n+ll _rlznm) (”mmz) (q—l _’11) N
_ AC _ AC
Piopin = *+ Pioniio T Nansio = +p,—1,,
(‘]12n+12 _’/']2n+]2) (% _ro)
AC N AC N
= —I” == q _r
9i2n+2 912n+10 ~ Nansio R
(‘]12n+12 _7'12n+12) (% _ro)
AC AC
Nonsan = - ’
(‘]12n+12 _7'12n+12) (% _ro)
24C
Sionsm = 9120010 7 H2ne10 T S120410 T 20410 ~ Gi2ns10
(‘I12n+12 _}/']2n+]2)
24C
= tq, 1, S, o, 4,
(‘]o _ro)
Ar, Ar
_ 120411 4 "
P = + Pt T lonenn = +p,—r,
Biani12 (12040 —Hianso = Gianso) n(s3=rs—q.)
Ar, Ar
4 120411 _ .
Di2ni3 = Gt " o = +q.,—r,
12012 (512000 = haneo ~ Gianso) H(s,—ry—q3)
7 _ Ar]2n+]] _ A’”_l
120423 = = >
Fane2 12040 = Fianso — Gianse)  To(S3—73—q3)
2A4r,
_ 120411 _ _ _
Siops23 = F 912001 7 Nanet T2 T Honstt ~ Qiznsn
7izn+12(S12n+9 ~Nonso _Q12n+9)
2A4r,
= tq S, g
R(s5—r3=q3)
=7 + p — I = p q =7 + q — 7 = q
Pioni2a = Nons2 120412 ~ H2ns12 120412 2 120424 = Nons12 120412 ~ N20412 120412 »
Nons2a = Nonsi2 Sion+os = 2’]2n+12 T G202 7 Nansiz TS120012 72z ~Giznsz = Siznsi2

oldugu goriiliir ve tlimevarim yontemiyle ispat tamamlanmis olur.
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4.7. (4.7) FARK DENKLEM SIiSTEMININ PERiYODIKLIiGi

Bu boliimde;
DoioPoistseos Pis PorGiisQps-sdisQosVgioF ool 15 TysS s 158 gseeesS_15 S, €(0,00) Ve
D, ET, 1 :{—k,—k+1,...,0}, S, #£q,+r,q, #71,, iz{—k—l,—k,...,O}, keN

1

olmak tizere;

1 1 1 1Sy =7, —q )
_ _ —(k+1) n—(k+1) n—(k+1)
pn+] - + ’ q"+] - +
Snfk - rnfk - qnfk qnf(kJr]) - rn—(k+]) Snfk - rnfk - qnfk rn—]
_ 1 _ 2 1Sty = Tothsty — Dueiisny) 1
rn+1 - > Sn+1 - + +
Sn—k - rn—k K qn—k Sn—k - rn—k = qn—k rn—l pn—k - rn—k

lineer olmayan fark denklem sisteminin ¢éziimlerinin periyodikligi incelenmistir.

Oncelikle sistemde bulunan denklemlerin iyi tanimli olup olmadiklarmna
bakalim. (4.7) fark denklem sistemi (4.1), (4.3) ve (4.5) sistemlerinin genel hali olmas1
nedeniyle bu sistemlere benzer sekilde her keN icin,
s, £q,+r, q,#r, i={-k-1,-k,..,0}, p,#r,i={-k,—k+1,..,0} oldugundan higbir
adimda rasyonel ifadenin paydasi sifir olmayacak, elde edilen tiim ifadeler
DoisDogarsos Dots PorGsrsDioosGrsQosV ksl gseeesV15TosS s 1S oo 158,  Daslangic
sartlarma bagli olarak yazilabilecektir. Baslangi¢ sartlari ne olursa olsun bu durum

degismeyecegi icin sistemdeki biitiin denklemeler iyi tanimhidir. O halde asagidaki

teoremi verebiliriz.

Teorem 4.7.1.
DoisPistss Pots PosGs1sQposGys oo yo¥pseees? 1sTgsS 158 s seeesS 158, € (0,00) ve

D, #ET, 0 z{—k,—k+l,...,0}, S, #£q,+r,q, #71,, iz{—k—l,—k,...,O}, k eN olmak tizere
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(4.7) denklem sisteminin ¢éziimii {p,.q,.r,,s,} olsun. Bu durumda (4.7) denklem

sisteminin biitiin ¢ozlimleri periyodiktir ve periyodu (3k+6) dir.

Ispat: (4.7) fark denklem sisteminde her bir adimda n yerine (n+k) veya (n+1) yazarak

iterasyon yontemi uygularsak asagidaki esitlikler elde edilir;

_ 1 1 _ 1 r (Sn—(k+1) V) — Qn—(kﬂ))
Pua = + > Gy = +
Spck Thok Dk Doy ~ Ve Spke T hk T uk LA
P 1 _ 2 r (Sn—(k+1) Ve ks1) _qn—(lm)) 1
n+l T ’ Spel = + +
Sn—k - rn—k - qn—k Sn—k - rn—k - qn—k rn—l pn—k - rn—k
= 1 + 1 _ 1 Vot (Sn—] =~ qn_])
pn+k+] - ’ qn+k+] r + ’
Sn . rn - Qn Qn—] - rn—] Sn - rn r qn rn+k—]
” _ 1 2 rn+k (Sn—] - rn 1 qn—] ) 1
neke1 s Sk +
Sn - rn - Qn Sn - rn - qn rn+k—] pn - rn
Priksa = Ppi —ha T > Guikia = Pok Tl )
n~ 'n n+k

1
rn+k+2 = pn—k - rn—k H Sn+k+2 = 2(pn—k - rn—k ) + + qn—k—] - rn—k—]

n+k

7

n—1

5
rn (Sn—k—] - rn—k—] - Qn—k—] )

Puikss = Pooiest "l T Qi3 = Lokt “hain T8, =1, =4,

rn+k+3 = pn—k+] - rn—k+] H Sn+k+3 = 2(pn—k+l - rn—k+l ) + Sn - rn - qn + qn—k - rn—k

_ 1 + rn+k—l — 1 +5 -7 —

pn+2k+3 - ’ qn+2k+3 - n+k n+k qn+k ’

/S R A R S (Sn—l e _qn—l) 9y i1~ Vi

1

rn+2k+3 - s Sn+2k+3 - + Sn+k _rn+k _qn+k +qn _rn

/P R Dyt-1 — Dkl

1 1

pn+2k+4 - + rn+k ’ qn+2k+4 - +

5
n—k rn—k qn—k - rn—k pn - rn
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7 — 1 s _ 2 + 1 + rn (Sn—k—] B rn—k—] B Qn—k—] )
n+2k+4 > n+2k+4
n—k rn—k n—k rn k pn - rn rn—]
1 1 1
Pruiokss = + > piokes = R/ PP R AP
qn—k+] - rn—k+] Sn - rn - Qn qn—k+] - rn—k+]
1 1
Bavakes = > Sprakes = T4kl T
n—k+1 "~ rn—k+] n—k+1 rn—k+] rn
[ 1 _ rn—l
Doisiss = — + > uizkes = 49,
r (sn—k—l B qn—k—l) Sk ~ Dok ~Dusk r (Sn—k—l k1T qn—k—l)
7 = = s = 27, +q, , —1_ +—
n3k+s > Suidkes = 4y~ T
1 (St = Vit = D) 1 (Sciat = Vit = D) Fovk

pn+3k+6 :rn+pn_rn :pn’

rn+3k+6 = rn ’

qn+3k+6 = rn + qn - rn = qn >

Sn+3k+6 :2”'" +Qn _rn +Sn _rn _q =S

n n

bulunur ve (4.7) denklem sisteminin (3k+6) periyotlu oldugu goriiliir.

4.8. (4.8) FARK DENKLEM SIiSTEMININ PERiYODIKLIiGi

Bu boliimde;

Do Pistss Pots PosGi1sQisosGys oo go¥pseees? 1sTgsS 158 s seeesS 158, € (0,00) ve
pl.;trl.,iz{—k,—k+l,...,0}, sl.;tql.+rl.,ql.;éi;,iz{—k—l,—k,...,O}, keN
4,B,C,DeR—{0} olmak iizere;
P = A + B 900 = 4 + Crn (Sni(kﬂ) _ rni(kﬂ) _Qn—(k+])) 5
n—k rn—k - qn—k qn—(k+1) - rn—(k+l) Snfk _rnfk _qnfk rnfk
24 Cr (S, eny = Bgierty ~ Doiisny) D
_ _ —(k+1) — Tn—(k+1) n—(k+1)

B > Sy T + +

Sn—k - rn—k - qn—k Sn—k _rn—k _qn—k rn—k pn—k - rn—k
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lineer olmayan fark denklem sisteminin ¢éziimlerinin periyodikligi incelenmistir.

Oncelikle sistemde bulunan denklemlerin iyi tanimli olup olmadiklarina
bakalim. (4.8) fark denklem sistemi (4.7) sisteminin 4,B,C,p parametrelerine baglh
sekildeki ifade edilmis hali oldugundan, (4.7) sistemindeki denklemler iyi tanimli ve

4,B,C,DeR—{0} oldugu icin (4.8) sistemindeki denklemler de iyi tamimlidir. O halde

asagidaki teoremleri verebiliriz.

Teorem 4.8.1.

DoisPpstss P> PosGs1sQiosGys Qoo gyo¥pseees? 1sTgsS 158 sseeesS 158, € (0,00) ve
pl.irl.,i:{—k,—k+l,...,0}, sl.;tql.+rl.,ql.;éi;,iz{—k—l,—k,...,O}, keN
4,B,C,DeR—-{0}  olmak iizere; (4.8) denklem sisteminin ¢oziimii {p,.q,.r,.s,}

olsun. Bu durumda (4.8) denklem sisteminin biitliin ¢oziimlerinin (3k+6) periyotlu

olabilmesi i¢in gerek ve yeter sart B = DC olmasidir.

Ispat: Yukarida belirtilen baslangic sartlar1 altinda (4.8) denklem sisteminin
¢Ozlimlerinin (34+6) periyotlu oldugunu varsayalim. Bu durumda (4.8) denklem

sisteminde iterasyon yontemi kullanilarak asagidaki esitlikler yazilabilir.

A B A Cr, (S, ey = Ty —Dniisry)
_ —k+1) ~ Tn(k+l) T Dn—(k+1)
P = + > o = +——
Spoke Tk "Dk Dn-k1y ~ Da—is1) Syt "ok ~Dnk ra
_ A 24 Cr, (Sn—(k+1) ey T qn—(k+1)) D
Vo = > Sy = + +
Sn—k - rn—k - qn—k Sn—k _rn—k - qn—k rn—l pn—k - rn—k
A B A Crn+k (Sn—] - rn—] - qn—] )
pn+k+] + s qn+k+] = + s
Sn _rn _qn qn—] _rn—] Sn _rn _qn rn+k—]
_ A _ 2A Crn+k (Sn—] - rn—] - Qn—] ) D
rn+k+] - s Sikal + +

Sn_rn_qn Sn_rn_qn rn+k—] pn_rn
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R APri =) + q,,ljrn s Gk = A(Pn_kD ) :KZ ’
s :M’ o= 2A(p,,_Dk—rn_k) . :IC . D(qn_k;_ ros)
"

Pukes = APyt = lrst) | Br,, :

D Cr(Syict =Tkt =i
G = 2 ”*’”‘D_ fiekn) C(s,~r,~q,),

4B Br,
P =D, e .
Tnszhss = D(qn_:B_ Fes) + C Sk =Tk =G )
(s D(qrn_;:llj}i ) A D(q:j in_k_l )" €= =) * D(an_ :

AB Br,.. AR CD

Proowa = D(q, 47 4) Ty T D(q,—"y) ’ p -7’
Fvaksd :ﬁa Swaks = (q,,z_jl—;r,,_k) + pnci)rn Lo, (S"—k—ll;r::—k—] /)
e D(qn_jB— )T D(q,jj l—gr,,_kﬂ )" CD(qn_k; el AB(Z)

ABrn—l + B
CD’I;’ (s”_k_l Tk T q”’—k—l) c (sn+k ik Tk )

pn+3k+5 = 9

— ABrn—l + CD(qn—l B rn—l )
9+3k+s CDr, (S, 41—k —rsr) B

2
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ABr

7 — n—1
n+3k+5 ’
CDrn (Sn—k—] - rn—k—] - Qn—k—])

2/‘lBrn—] CD (qn_] - I"n_] ) ACD
Syt3kes = + +
CDrn (Sn—k—] - rn—k—] - qn—k—] ) B Brn+k
Br, B n B B CD — B 'D 'D
Prizire = ~+ (p ): P i qn+3k+6=i+M: —_C— F,,+C—qn,
cD' D CD cD B D B B
B 2B CD(q, - CD(s —r —
rn+3k+6 = i > Suizkie “ + (qn rn) + (Sn £ qn) =2 B - D v, = D S,
CD CD B B CD B B

bulunur. Sistemin (34k+6) periyotlu olabilmesi i¢in son esitliklerden B=DC olacagi
agiktir.
Teoremin yeter sartinin ispati: i¢cin (4.8) denklem sisteminde B = DC alarak

sistemimizin (3k+6) periyotlu oldugunu gostermeliyiz. (4.8) denklem sisteminde
B =DC olsun;

A DC A Cr(8geey = oty = Guiisny)
_ —(k+1) —(k+1) —(k+1)
P = + > g = +—— - -
Skt "k "Dk Dn-k1y ~ Da—pis1) Sucke Tk Dk ra
_ A _ 24 Cr (S iesty = Taehst) — Quecisy) D
n+l T H Sn+1 - + +
Sn—k - rn—k - qn—k Sn—k - rn—k - qn—k rn—l pn—k - rn—k
= A + DC _ A Cru (Sn—] ~ _qn—])
pn+k+] - ’ qn+k+] - + ’
Sn _rn _qn qn—] _rn—] Sn _rn _qn rn+k—]
_ A _ 2A Crn+k (Sn—] - rn—] - Qn—] ) D
n+k+l ’ Sn+k+] - + +
Sn _rn _qn Sn _rn _qn rn+k—] pn _rn
_ A(pn—k_rn—k) DC _ A(pn—k ’”n—k) AC
pn+k+2 - + b qn+k+2 - D ’
qn - rn rn+k
_ A(pn—k _rn—k) _ 2A(pn—k _rn—k) AC (qn—k—] _rn—k—])
rn+k+2 - ’ Sn+k+2 - + B + C



_ A(pn—k+] _rn—k+]) Dr,_,
pn+k+3 - D + >
rn (Sn—k—] - rn—k—] - Qn—k—] )
A ( P -7 )
_ n—k+1 n—k+1
qn+k+3_ D +C(Sn_rn_qn)’
_ A(pn—k+] _rn—k+]) _ 2A(pn—k+l _rn—k+l)+c _ _ +(qn—k_rn—k)
rn+k+3 - D ’ Sn+k+3 - D (Sn I"n qn) C
AC Dr,
pn+2k+3 = + s
( n—k-1_ rn—k—] ) rn+k (Sn—] - rn—] - qn—] )
AC
qn+2k+3 = + C (Sn+k - rn+k - qn+k ) H
( n—k-1_ rn—k—] )
AC 24C (g,-r,)
Vivakes = > Spokes T + C(Sn+k Tk T Dk ) + C
(n%4_6%4) (n%q_ﬂwq)
AC Dr.,, AC CD
pn+2k+4 = §r A b qn+2k+4 e + b
( n—k _rn—k) (qn—k _rn—k) pn _rn
, _ AC g _ . 24C 4 CD +KK%%4‘&%4_qme
n+2k+4 ’ n+2k+4 T
(qn—k - rn—k ) (qn—k - rn—k ) pn - rn rn—]
_AC D AC
Puiokes = + > Guiokes = R/ O Rt L
( n—k+1 rn—k+1 ) (Sn - rn - qn ) ( n—k+1 rn—k+1 )
AC 24C
Bivakes = > Sprakes = +(qmb4_n%4)+_‘
(%%H_n%ﬂ) (%%H_n%ﬂ) Y
Ar D _ Ar 4
Prizirs = = + > Quizpes = . + q9,,°1
n (sn—k—l L qr/—k—l) (sn+k “hk "Dk ) ri’l (Sn7k71 - rnfkfl - qn,k,l )
Ar, 24r,
Fvskes = > Sui3kes = T4, ot
rn (Sn—k—] - rn—k—] - Qn—k—] ) rn (Sn—k—] - rn—k—] - Qn—k—] ) rn+k

pn+3k+6 :rn +pn _rn

rn+3k+6 = rn ’

= pn 4 qn+3k+6

Sut3k+6

=rn+qn_rn =Qn’

=2r,+q,-1,+s,-1,—q,=S

n

n—

67
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bulunur ve (4.8) denklem sisteminin (3k+6) periyotlu oldugu goriiliir.

Teorem 4.8.2.

Do Ppitss Dots PorGs1sQpoosGysQos ¥ gyoVpseesVyslysS 158 gseeerS_y58, € (0,00),

D, ET, 0= {—k,—k+1,...,0} , S, #EG 1, q L, 1= {—k—l,—k,...,O} , keN, baslangi¢
sartlar,, 4,B,C,DeR—{0} olmak iizere ve. B=DC durumunda (4.8) denklem
sisteminin ¢dziimiiniin {p,,q,.r,,s,} oldugunu varsayalim. Bu durumda n>0 igin

(4.8) denklem sisteminin ¢éziimleri;

_ A DC _ A cr, (S—(k+1) L) _qf(m))
PGy = + > GuGr6) = +
Sl =90 9~ S =49 T
_ A _ 24 Cr, (S—(k+1) (k1) _Q—(k+1)) D
FaGke6)e1 = > SuGk+6)+l — + +
STy — 4 S TV Tk r, Py — T,
_ A DC A Cr, (S—] -, _q—l)
Pri6)yeke1 = + > GnGrs6)rksl — + )
So=h =49 4,1, So— "~ 4 T
il A 24 Cr, (S—] —7; _q_l) D
T Gk+6)k+l — > Su3k46)+k+l — + +
So =1 4 So—7 — 4 i Py~ 1
_A(py-ry) DC _A(p—ry) , AC
Puik+6)+ke2 = D + s Guke6)rh+2 = D + )
qo— 7 e
, _A(p—k_r—k) g _2A(p—k_rk)+AC+(‘]-k-1_r-k-1)
n(3k+6)+k+2 — s n(3k+6)+k+2 T
D 7 C
_ A(p—k+] _r—k+]) Dr_]
pn(3k+6)+k+3 - D + ’
(S =T — 9 5)
A(p -r )
_ —k+1 —k+1
9y Gr6)rk+3 = D +C(So —7 _qo) )
_ A(p—/m _r—k+l) _ 2A(p—k+l _’Clm) C (q—k _r—k)
ViGk+6)+k+3 = D > SpGBkr6)rh+3 T D + (So —" _QO)+ C
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» _ AC N Dr_,
n(3k+6)+2k+3 (q_k_] _ r_k_]) r, (S_] —r,—q, ) ’
AC
9,Gir6)+2k43 — ﬁ + C(Sk =1, —q, ) 5
Y
AC 24C (9 —1)
= , e C — — -
rn(3k+6)+2k+3 (q_k_l . r_k_l ) Sn(3k+6)+2k+3 (q_k_l _ r_k_l ) + (Sk rk Qk ) + C
__AC Dy __AC . D
pn(3k+6)+2k+4 (q_k —r, ) 4 ’ qn(3k+6)+2k+4 (q_k —r, ) Do—To ’
A 24C CD  r(s, =7, —q )
o Gh+6)+2k+4 — ( - _r_k) s SuBk+6)+2k+4 — (q_k _r_k) + Do, + - r_I]{ ] -
__ 4 D __ac
P3k+6)+2k+5 (‘]-k+1 _r—k+l) (So . _qo) > Gu3k+6)+2k+5 (Q-kn _r—k+]) q_i1 — Vg
- - 4c .24 -, A4
n(3k+6)+2k+5 (q_k+] _ r_k+] ) b n(3k+6)+2k+5 (q_k+] i V_k+] ) Q—k—l —k-1 ”'0
Ar D A’Cl

-1

4,1,

Puk+6)+3k45 = ) > G p3kr6)43k+5

+
T (S =T =G 4) (sk 1 —4; N (kafl AT qfk—l)

Ar, 24r
> S 3k+6)43k+5
(S =7 —94)

A
T, Tt

v =
n(3k+6)+3k+5
o (S =T =G 4) e

Piroyraess = Po> Duirs)siss — 9o

Fakre)sskes — 100 Sukre)anss — S0
seklindedir.

Ispat: n=0 icin ¢oziimiin saglandig1 agiktir. Simdi » i¢in teoremin saglandig1 yani

yukaridaki esitliklerin dogru oldugunu varsayarak (n+1) icin saglandigimni gosterelim.
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B A DC
Pucks6)3k+1 = +
nGk+6)+2k+6 — Tn3k+6)+2k+6 — DnGks6)12k+6  DnGh+6)r2k+5 ~ Tu(3k+6)+24+5
b
A DC
= +
S~V =49 9y T
A

9, (3k+6)3k+7 —
SuGk+6)+2k+6 — TnGk+6)+2k+6 — Dn(3k+6)+2k+6

+ Crn(3k+6)+3k+6 (Sn(3k+6)+2k+5 ~lGBk+6)+2k+5 qn(3k+6)+2k+5)

VBk+6)+3k+5
_ Y| + Cr, (S—(k+]) TV (k41) _q—(k+]))
S =TV =49 r
A A
1 Gh+6)43k+7 — = )
SuGk+6)+2k+6 — TnGk+6)+2k+6 ~ Dnhro)r2kre Sk Tk —d
24
S (3k+6)+3k+7 —
n3k+6)+2k+6 — Tn3k+6)+2k+6 — Dn(3k+6)+2k+6
h Crn(3k+6)+3k+6 (Sn(3k+6)+2k+5 i Bk+6)12k+5 qn(3k+6)+2k+5) + D
T (3k+6)+3k+5 Priir6)+2k46 ~ TnGk+6)42k+6
24 CrO(S—(k+1) (ke _q—(k+1)) D
= + +
S TV — 49 r, P~y
B A DC
PrGrre)eaks1 = +
Suh+6)3k+6 ~ Tak+6)+3k+6 ~ Dn3hr6)r3k+6  Dn3k+6)+3k+5 — Ta3k+6)+3k+5
b
A DC
= +
So~hHh =49 4,71,
_ A Crarv6)eat6 (Sn(3k+6)+3k+5 T haGke6)3k+5 T qn(3k+6)+3k+5)
9 ,(k+6)+4k+7 = +
Su3k+6)+3k+6 ~ Tn3k+6)43k+6 — Dn(3k+6)+3k+6 1 (3k+6)+4k+5
B A N Cr, (sf, -7, —qﬁ,)
So =7 — 4 T
A A
o Gh+6)+ak+T = = )
S k+6)+3k+6 ~ TaGr+6)i3k+6 — nik+6)+3k+6 S0 —To — 4o
24
S (Bk+6)+4k+T —
n(3k+6)3k+6 ~ Ta3k+6)+3k+6 ~ An(3k+6)+3k+6
N Crn(3k+6)+4k+6 (Sn(3k+6)+3k+5 Tl Gk+6)+3k+5 qn(3k+6)+3k+5) N D
a3k +6)+4k+5 PrGi+6)+3k+6 — Ta3k+6)+3k+6
2 7, (s -7, —q ) 1
S~ 4
= + +

So — T — 4 Ve Py~
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B A (pn(3k+6)+2k+6 - rn(3k+6)+2k+6) DC B A (p,k -r, ) DC
DGis6)+ak+8 = D + = D + ,
9 1G3k+6)+3k+6 ~ Tn(3k+6)+3k+6 90— "

A(pn(3k+6)+2k+6 _rn(3k+6)+2k+6) N AC A(P_k —V_k) N AC

Qnk+6)rakss = D = D )

a3k +6)+4k+6 iy

A (pn(3k+6)+2k+6 - rn(3k+6)+2k+6) _ A (P_k —-r, )

1 Gh+6)+4k+8 — D D )

_ 2A(pn(3k+6)+2k+6 _rn(3k+6)+2k+6) AC (qn(3k+6)+2k+5 _rn(3k+6)+2k+5)
S n(3k+6)+4k+8 — D + +

Va(k+6)+4k+6 C
2A(P—k _r—k) AC (q—k—] _r—k—])
= +—+
D 2 C
_ A (pn(3k+6)+2k+7 - rn(3k+6)+2k+7) Dr, o)k
PrGrs6)rakso = D +
TGk +6)+3k+6 (Sn(3k+6)+2k+5 T e qnmmmw) ’
— A(p—k+l _r—k+l ) + Dr_]
D LS =T =4 )
y A(pn(3k+6)+2k+7 _rn(3k+6)+2k+7) C
G, (3k+6)+4k+9 = D (Sn(3k+6)+3k+6 ~VaGk+6)43k+6 qn(3k+6)+3k+6)
b
A(p—k+] - r—k+] )

= 5 +C(s0—r0—q0)

A(pn(3k+6)+2k+7 _rn(3k+6)+2k+7) _ A(p—k+] _r—k+])

1 Gh+6) 4449 — D D )

_ 2A(pn(3k+6)+2k+7 _rn(3k+6)+2k+7) C
Sn(3k+6)+4k+9 — D (Sn(3k+6)+3k+6 T Gk46)+3k+6 qn(3k+6)+3k+6)

(q_k _r—k)
C

N (qn(3k+6)+2k+6 _rn(3k+6)+2k+6) _ 2A(p—k+] _r—k+])
C D

+C(s0—r0—q0)+
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AC Drn(3k+6)+4k+5
PuGirc)iskro = +
(qn(3k+6)+2k+5 -7 n(3k+6)+2k+5) 1 (Bk+6)+4k+6 (Sn(3k+6)+3k+5 Tl 3k+6)+3k+5 _qn(3k+6)+3k+5)
AC Dr_,
= +
(q—k—] _r—k—]) e (S—] -, _q—l)
AC

G (3k+6)+5k+9 — ( ) + C(Sn(3k+6)+4k+6 Tl GBk+6)+4k46 qn(3k+6)+4k+6)

G 3k+6)+2k+5 — Ta3k+6)+2k+5

AC
=——+C(s, -1, —¢q
(drr—710) (=1 —4,)

AC AC

2

1 Gh+6)+5k+9 = ( )

q,,(3k+6)+2k+5 _rn(3k+6)+2k+5) (q—k—l _r—k—])

B 24C
S (3k+6)+5k+9 — + C(Sn(3k+6)+4k+6 i Gk+6)+ak+6 qn(3k+6)+4k+6)
( H(3k+6)+2k+5 _rn(3k+6)+2k+5)
(qn(3k+6)+3k+6 TGk 6)+3k+6 ) 24C (qo —7, )
b = +C(sk—rk—qk)+—
C —r C
(‘]-k—] k-1 )
B AC D(rn(3k+6)+4k+6) _AC Dr,
PrGi+6)+sko = + p, = + Vi
(qn(3k+6)+2k+6 - rn(3k+6)+2k+6) (‘]—k - r—k)
B AC CD AC CD
4, (3k+6)+5k+10 — + = + s
( n(3k+6)+2k+6 _rn(3k+6)+2k+6) PrGrs6)+3k+6 ~ Ta3k+6)+3k+6 (q—k - r—k) Py~
B AC B AC
1 Gk+6)+5k+10 — += )
(qn(3k+6)+2k+6 i Bk+6)+2k+6 ) ((]_k - r—k)
24C CD

+

S (3k+6)+5k+10 —
q,(3k+6)+2k+6 _rn(3k+6)+2k+6) PrGir6)13k+6 — TnBk+6)+3k+6

+ 1 (3k+6)+3k+6 (Sn(3k+6)+2k+5 Tl Gk+6)+2k+5 — Dn(3k+6)+2k+5 )

1 Gk +6)+3k+5
24C | CD  1y(Sy =T =4 4)
(g.4-72) P01y g
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_ AC D
PrGrre)eskeil — +
(qn(3k+6)+2k+7 _rn(3k+6)+2k+7) (Sn(3k+6)+3k+6 =V Bk+6)+3k+6 _qn(3k+6)+3k+6)
b
AC N D
(‘]_k+1 _r—k+]) (So ) _%)
B AC
90 3ir6)+5k+11 — t GuGrr6y2ke5 T TaGhe6)2k+5
(qn(3k+6)+2k+7 = Va3k+6)42k+7 )
B AC
= R/ A e P
(q—k+] - r—k+] )
B AC B AC
1 Gh+6)+5k+11 — = ~ )
(qn(3k+6)+2k+7 _rn(3k+6)+2k+7) (q—k+l r—k+l)
B 24C A
S w346 +5k+11 — t Gucrr6r2kes T TaGrao)akes T
(qn(3k+6)+2k+7 - rn(3k+6)+2k+7 ) rn(3k+6)+3k+6
B 24C A
=2 _qfl-r,  +5
(‘]_k+1 _r—k+]) %
_ Arn(3k+6)+3k+5
PuGrsyrors1 =
rn(3k+6)+3k+6(Sn(3k+6)+2k+5 i 3k+6)42k45 qn(3k+6)+2k+5) ,
D Ar, D
+ —

= +
(Sn(3k+6)+4k+6 T (3k+6)+4k+6 _qn(3k+6)+4k+6) G == (sc—1—q,)

_ ALy 3p6y38ss
G (3k+6)+6k+11 —
a3k +6)+3k+6 (Sn(3k+6)+2k+5 ~Gk+6)+2k+5 qn(3k+6)+2k+5)
b
Ar,
t GuGrr6)e3k+5s T TaGh+6)43k+5 = +tq.,—-1,
WS =T =9 )
_ AL, 6y 30es _ Ar
VaGh+6)+6k+11 = = s
13k +6)43k+6 (Sn(3k+6)+2k+5 i Gk+6)+2k45 qn(3k+6)+2k+5) (S =T =9 4 )
_ 2A’;z(3k+6)+3k+5 + B
S (3k+6)+6k+11 — _ o k+6)3k+5 ~ Tn(3k+6)+3k+5
1 B+6)+3k+6 (Sn(3k+6)+2k+5 aGir6)12k+5 ~ Dn(3kr6)+2k+5 )
A 24r, A
+ = g T,
1 Gl46)+4k+6 G T I I

Dokssyrokiiz = Takr6)skrs T PuGkse)iskrs ~ Tnkre)izkrs — To T Po =1 = Po>

Gusis6)reks12 = Tu(rs6)ssnse T Du(skre)yiskrs ~ Tskre)aks — 10 T 4o =1~ o



r

n(3ke6)reki12 — 1

n(3k+6)+3k+6 — 1

0>

=2r

n(3k+6)+3k+6 + qn(3k+6)+3k+6 _rrx(3k+6)+3k+6 s

+ S n(3k46)13k+6 — Du(3k+6)43k+6

S{3k+6)r6k+2 k4643546

=21 4Gy T+ =1~y =5

oldugu goriiliir ve tlimevarim yontemiyle ispat tamamlanmis olur.
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5. NUMERIK ORNEKLER VE SEKILLERI

Ornek 5.1. (4.8) fark denklem sisteminde 4=1, B=1, C=1, D=1, k=0 ve
baslangi¢ sartlarnn p, =3, ¢ ,=15, ¢q,=5, r,=0,5, r,=2, s, =4, 5,=9 olsun.

Asagidaki tablodan sistemin alt1 periyotlu ve periyodik oldugu goriiliir.

Cizelge 5.1

n b, q, . Sn
0 5 2 9

1 1,5 8,5 0,5 10
2 1,333 1,5 1 3,5
3 1,125 3 1 7

4 2,333 1,333 0,333 9,666
5 0,625 1,125 0,125 1,750
6 3 5 ) 9

7 1,5 8,5 0,5 10
8 1,333 1,5 1 3,5
9 1,125 3 1 7
10 2,333 1,333 0,333 9,666
11 0,625 1,125 0,125 1,750
12 3 5 2 9
13 1,5 8,5 0,5 10
14 1,333 1,5 1 3,5
15 1,125 3 1 7
16 2,333 1,333 0,333 9,666
17 0,625 1,125 0,125 1,750
18 3 5 2 9
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Sekil 5.1. : Alt1 periyotlu fark denklem sisteminin grafigi
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=p(n)
===q(n)

r(n)

s(n)

Ornek 5.2 (4.8) fark denklem sisteminde 4=1, B=1, C=1, D=1 k=1 ve baslangig

sartlart p =35,

oldugu goriiliir.

po:4’

q,=3,5,

q_, =3,

q,=6, r,=15,

r

-1

L,

=2,

s,=T7,5,=8,5,=9 olsun. Asagidaki tablodan sistemin dokuz periyotlu ve periyodik

Cizelge 5.2
n P, q, n S,
0 4 6 2 9
1 0,75 4,25 0,25 4,75
2 1,5 1,5 1 3
3 4,25 8 4 18
4 2,25 3 2 7
5 2,50 0,75 0,50 5,25
6 0,75 1 0,50 5,50
7 1,25 2,25 0,25 3
8 4,25 2,25 0,25 6,5
9 4 6 2 9
10 0,75 4,25 0,25 4,75
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1 15 15 1 3

12 4,25 g 4 18

13 2,25 3 2 7

14 2,50 0,75 0,50 5.25

15 0,75 1 0,50 5,50

16 1,25 2.25 0.25 3

17 4,25 2.25 0.25 6,5

8 4 6 2 9

19 0,75 425 0.25 4,75

20 15 15 1 3

21 4,25 g 4 18

2 2.25 3 2 7

23 2,50 0,75 0,50 5.25

24 0,75 1 0,50 5,50

25 1,25 2.25 0,25 3

26 425 2.25 0,25 6,5

27 4 6 2 9
12
11
10

9

i i i o
N A N N o)
M MA/A V; W/A N —q(n)
-

A VA IV AR

0 T —

N R R o

Sekil 5.2. : Dokuz periyotlu fark denklem sisteminin grafigi




78

Ornek 5.3. (4.8) fark denklem sisteminde A=1, B=1, C=1, D=1 k=2 ve
baslangic sartlann p,=8, p =10, p,=9, ¢,=2,5, q,=6, q,=3, q,=7,
ry=05,r,=4, r,=2, =1, s,=5, s,=12, s, =11, s, =13 olsun. Asagidaki

tablodan sistemin on iki periyotlu ve periyodik oldugu goriiliir.

Cizelge 5.3
n P, q, T S
0 9 7 1 13
1 1 1,5 0,5 2,25
2 0,66666 1,16666 0,16666 1,45833
3 1,2 2,2 0,2 2,525
4 4,16666 10 4 16
5 9 13 8 31
6 9 8,25 8 17,25
7 1 0,625 0,5 7,125
8 0,66666 0,625 0,5 2,125
9 1,2 3 1 5
10 4,16666 0,66666 0,16666 2,83333
11 9 2 1 9
12 9 7 1 13
13 1 1,5 0,5 2,25
14 0,66666 1,16666 0,16666 1,45833
15 1,2 2,2 0,2 2,525
16 4,16666 10 4 16
17 9 13 8 31
18 9 8,25 8 17,25
19 1 0,625 0,5 7,125
20 0,66666 0,625 0,5 2,125
21 1,2 3 1 5
22 4,16666 0,66666 0,16666 2,83333
23 9 2 1 9
24 9 7 1 13




0 2 4 6 8 10 12 14 16 18 20 22 24

Sekil 5.3. : On iki periyotlu fark denklem sisteminin grafigi

5.1. Niimerik Orneklerden Elde Edilen Sonuglar
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=p(n)
=q(n)
r(n)

s(n)

Yukarida niimerik Ornekleri ve grafikleri verilen fark denklem sistemleri i¢in

asagidaki sonuclar elde edilebilir;

1. (4.8) fark denklem sisteminde 4=1, B=1, C=1, D=1 k=0,1,..

durumda fark denklem sistemleri periyodik, sinirl ve kararsizdir.

oldugu

2. (4.8) fark denklem sisteminde 4,B,C,DeR—{0}, k=0,1,.. ve B=DC olmasi

durumda fark denklem sistemleri periyodik, sinirli ve kararsizdir.

3. (4.8) fark denklem sisteminde 4,B,C,DeR-{0}, k=0,1,.. ve B=DC oldugu

durumda ise fark denklem sistemleri periyodik degildir.
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6. SONUCLAR VE ONERILER

6.1. Sonuclar

Bu calismada;
b= A N B , g = A N Cr, (Sn—(lm) k4 _qn—(kJrl)) ,
n+l T n+l
wek " Vk "Dk Dty T Tamksn) nk " Pk T Dk Tk
_ A _ 24 Cr, (Sn—(k+1) L) _Qn—(kﬂ)) D
n+l = > S T + +
Sk " hak —9ni Spcke " Vk 9k Tk Pok — Tl

fark denklem sisteminin 4=1, B=1, C=1, D=1 1iken k=0, k=1, k=2 ve keN
durumlarinda sistemlerin ¢dziimlerinin periyodikligi incelenmis, sonrasinda ayni
sistemlerin A4, B,C,D €R- {0} , keN oldugu durumda c¢oziimlerinin periyodikligi
ayrica incelenmistir. Calismanin sonunda da ele alinan her sistemin periyodu grafiklerle

gosterilmistir.
6.2. Oneriler

Bu c¢alismada ele alinan fark denklem sistemlerinin denge noktalar1 ve (4.8)

sisteminde B # DC durumunda sistemin ¢éziimlerinin davraniglar1 incelenebilir.
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