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ABSTRACT

PRE- AND POST-BUCKLING ANALYSIS OF
NANOBEAMS

Onur Vardar
M.S. in Mechanical Engineering

Advisor: Ali Javili
February 2019

Interest in nanobeams is increasing as their application areas widen and new
properties are discovered. These structures exhibit size dependent intrinsic prop-
erties that are absent in macroscale. This requires employment of new material
models as bulk models by themself are not sufficient to describe the physics unless
one considers the domain as a composite material, which is undesirable. In this
work it was confirmed that incorporation of surface elasticity results in a good
match with experiments. Moreover it was shown that due to lack of out-of-plane
shear support of surfaces and curves, Euler beam assumptions fail for numerical
implementations when the beam size reduces. This phenomenon was shown to
be a severe drawback for curved energetic domains with a still noticable effect for
surface energies. A geometrically nonlinear buckling model is proposed based on
linear elastic material model. It is implemented in an ordinary differential equa-
tions solver and the solutions were confirmed to meet the finite element method
(FEM) results to a very high degree. The theory is integrated with surface layers
in which its accuracy was confirmed when compared with FEM results.

Keywords: Bistable beam, Snap-through, Buckling, Nanobeam, Surface effect.
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ÖZET

NANOKİRİŞLERİN BURKULMA ÖNCESİ VE
SONRASI ANALİZİ

Onur Vardar
Makine Mühendisliği, Yüksek Lisans

Tez Danışmanı: Ali Javili
Şubat 2019

Nanokirişlerin yeni özellikleri keşfedilip uygulama alanları çoğaldıkça üzerlerine
yapılan araştırmalar yoğunlaşmaktadır. Bahsedilen yapılar makro ölçekte gözlem-
lenemeyen, boyutlarına bağlı değişken özellikler göstermektedirler. Bu durumda
malzeme çoklu kütle bileşenlerinden oluşan bir kompozit şeklinde modellenmediği
müddetçe, ki bu da istenilen bir durum değildir, bahsedilen değişken özellikler an-
cak yeni bir modelle gözlemlenebilir. Bu tezde yüzey esnekliği modelinin var olan
kütlelere eklenmesinin deneylerle uyuşan sonuçlar çıkardığı gösterilmiştir. Ayrıca,
bahsi geçen yüzeylerin ve çizgilerin düzlem dışı kesme dayanımı olmadığından
Euler kirişi varsayımlarının küçülen boyutlar için hesapsal sonuçlarda geçersiz-
leştiği gösterilmiştir. Bu durum çizgiler için ciddi derecede etkili olmakla birlikte
yüzeylerde de etkisini görmek mümkündür. Kirişler için malzeme modeli doğrusal
olan, geometrisi doğrusal olmayan bir burkulma formülasyonu sunulmuştur. Bu
formülasyon sayısal olarak bir diferansiyel denklem çözücüye uygulanmıştır ve
sonuçların sonlu elemanlar yöntemiyle elde edilen bulgularla oldukça yakın olduğu
gösterilmiştir. Son olarak yüzey etkilerinin de hacme eklenmesiyle elde edilen
sayısal sonuçların doğruluğu sonlu elemanlarla kıyaslanıp onaylanmıştır.

Anahtar sözcükler : İkikararlı kiriş, Burkulma, Nanokiriş, Yüzey etkisi.
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Î Second area moment of surface (cross-sectional)
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Chapter 1

Introduction

This thesis incorporates surface and curve energy models in a finite element
setting to study bending and buckling behaviors of nanobeams and nanowires.
Nanobeams and nanowires are slender structures that typically have at least one
sub-micron dimension. These type of structures have a wide range of use, such as
nano-electromechanical systems that are used to sense nanoparticles with a high
degree of accuracy [1]. The small sized nature of these devices brings along some
other interesting properties. The work presented here aims to incorporate the size
dependent behavior into the continuum mechanics framework and implement it
in a numerical setting that is the Finite Element Method (FEM).

The mechanical properties of nanowires are size dependent and this fact has
been well established in the past years [2, 3]. Various explanations for this phe-
nomenon are proposed. This behavior is generally attributed to the existence of
a layer of oxidation or some other form of coating around the beam. Since these
layers have an average thickness that is not dependent on the diameter of the
nanowires, they can be formulated with surface parameters. In this work, the
surface energy formulation in a continuum mechanical framework is numerically
implemented and the corresponding results are compared to experimental values
from the literature.
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Similar to bending of nanowires, buckling in nanobeams have become a fre-
quent focus of research. The post buckling behavior of a beam had not been a
focus of interest from an engineering standpoint since it is generally deemed a
situation that has to be avoided. Though, with the invention of new production
techniques and growing interest of study around buckling in nano scale, this sit-
uation is gradually changing. For instance in [4], a way to use double clamped
buckled nanobeams as a non-volatile mechanical memory is suggested. Likewise,
[5] discusses a micromechanical buckled beam that is forced to switch between
its bistable modes through the use of an actuator that applies a transverse force
at the middle of the beam. These research areas neccessitate inclusion of size
dependent behavior of such structures.

1.1 Outline

The structure of the thesis is divided into three parts. In chapter 2, the con-
tinuum mechanics formulation of surface and curve energies are presented. The
mathematical conventions and notations are briefly defined in the initial stage
followed with the general variation calculations of bulk, surface and curve ener-
gies. The equivalent set of partial differential equations are derived as a result
of this process. Then the specific energy models that are incorporated in the
rest of the thesis are presented. The remaining part of the chapter explains the
implementation of the theory in a finite element setting.

The chapter 2 begins by reminding briefly Euler and Timoshenko beam theo-
ries. The analytical equivalent stiffness terms are derived when taking surface and
curve effects into consideration. Then these analytical results are compared to
values obtained from finite element simulations and published experiments. The
numerical results can be categorized into two groups: one assuming the validity
of Euler beam theory and the other Timoshenko beam theory. A discussion on
the validity of Euler beam assumptions are given.

Chapter 4 deals with bi-stable beams and buckling where an analytical model

2



for buckled beams that are subjected to transverse forces is proposed. Comparison
of this model with similar studies found in the literature are discussed. Similar to
beam bending study, equivalent stiffness terms are incorporated into the equation
to take surface effects into account. The snap-through phenomenon on silicon
nano beams are solved with the analytical model and it was found that the
solutions match nonlinear finite elements results to a very high degree. In the
last part of this chapter transformation of bending and stretch energies during the
snap through process are presented for a wide range of compression amounts.
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Chapter 2

Governing Equations and
Material Modeling

2.1 Mathematical notations

The theory of continuum mechanics heavily revolves around the notion of tensors
and a clear convention is an important aspect of the subject. One important
notation is Einstein’s summation convention. It relieves the theory from an en-
cumbering baggage that is the summation symbol Σ in many cases. In its simplest
form, it states that the summation symbol shall be dropped for any composite
term in which an index symbol appears exactly twice. Composite term in this
context is used to refer to a mathematical expression that consists of algebraic
operations of terms, barring summation and subtraction. A simple example for
this would be

aibi =
N∑
i=1

aibi = a1b1 + a2b2 + · · ·+ aNbN (2.1)

In this thesis, the tensors used to describe the physical phenomena are exclu-
sively confined to zeroth, first, second and fourth orders. So we introduce them
accordingly. One should note that the notation aims to differentiate between
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these terms by going from lower case to upper case letters along with a change
of calligraphic style. The notation is

φ, ϕ→ scalar (lower case)

u,v → first order tensor (bold lower case)

A,B → second order tensor (bold upper case)

C→ fourth order tensor (calligraphic upper case).

(2.2)

The scalar product {·} of first order and second order tensors are defined as

u · v = uivi, (A ·B)ij = AikBkj, (2.3)

whereas the double contraction {:} is defined with

A : B = AijBij, (C ·B)ij = CijklBkl. (2.4)

The dyadic product {⊗} of two first or second order tensors are

(u⊗ v)ij = uivj, (A⊗B)ijkl = AijBkl (2.5)

and the non-standard dyadic products {⊗ } and {⊗ } of two second order tensors
are

(A⊗B)ijkl = AikBjl, (A⊗B)ijkl = AilBjk. (2.6)

2.2 Kinematics

In this thesis the notation is mainly adopted from [6, 7, 8], with slight modifica-
tions. X is used to describe the reference material coordinates inside the domain
B0 ⊂ R3. The domain B0 is a 3D smooth manifold with boundary. It is assumed
here that boundary of B0, namely ∂B0, is a 2D piecewise smooth manifold without
boundary which will be called a surface. The finitely many 1-dimensional parts
of the surface which break the smoothness of the boundary ∂B0 are regarded as
curves with the notation Cj whereas the smooth subsets of the surface are denoted
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Figure 2.1: The map ϕ along with the deformation gradient F

as Si. Different indices i and j are used for surfaces and curves in order to make
the distinction that their numbers in general are different.

Here, we assume that the reference domain is mapped into the deformed state
by a function ϕ : B0 → B ⊂ R3, X 7→ ϕ(X) = x and that ϕ along with its
inverse map ϕ-1 are continuously differentiable. The derivative of the map ϕ at a
point X ∈ B0 is denoted as F (X) := ∇ϕ. Then the deformation gradient tensor
is F : B0 → L(R3,R3).

All the dependent variables such as vector fields, tensor fields etc. that are
defined on the domains B0 or B are referred as bulk quantities. In contrast, the
quantities that admit Si as their domains are associated with the term surface and
the quantities that admit Ci as their domains are associated with the term curve.
The domain of such objects might also be deduced from the independent variables:
usage of X should emphasize that the domain of the associated mapping is the
bulk, whereas X̂ and X̃ indicate that the related domains are the surface and
curve, respectively.

The restriction of the deformation mapping to the surface and the curve are
defined as

ϕ̂ := ϕ|Si , ϕ̃ := ϕ|Cj . (2.7)

6



Figure 2.2: Illustration of normals and tangents

The bulk deformation gradient is defined simply as the derivative of the map
ϕ. Before introducing the surface and curve gradients Ĝrad {•} and G̃rad {•},
we define the surface projection tensors Î , î and the curve projection tensors Ĩ ,
ĩ. Projection tensors for the surfaces and curves are defined as

Î := I − N ⊗ N , î := i − n ⊗ n,

Ĩ := Ñ ⊗ Ñ , ĩ := ñ ⊗ ñ.
(2.8)

In the equation, N and n are the unit normal vectors on the surfaces of the
undeformed and deformed states while Ñ and ñ are the unit tangent vectors to
the curves of the undeformed and deformed states, respectively. Also I and i are
identity transformations in the reference and deformed configurations. We also
define N̂ as the normal to a surface at its boundary, as seen in Fig. 2.2. The
surface and curve deformation tensors are

F̂ (X̂, t) : = Ĝrad ϕ̂ (X̂, t) = F · Î,

F̃ (X̃, t) : = G̃rad ϕ̃ (X̃, t) = F · Ĩ.
(2.9)

Since the projection tensors have non-empty null spaces, these tensors are rank
deficient so they lack invertibility. However, one can define f̂ := F -1 · î and
f̃ := F -1 · ĩ which satisfy the conditions F̂ · f̂ = î, f̂ · F̂ = Î and F̃ · f̃ =
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ĩ, f̂ · F̃ = Ĩ. As usual, f is defined as the inverse of F . See [9] for further
details.

The determinant -or the Jacobians- of a linear mapping whose domain is the
tangent space at a point on the volume, surface or curve is defined as

Det {•} :=
[{•} · V1] ·

[
[{•} · V2]× [{•} · V3]

]
V1 · [V2 × V3] , V1,V2,V3 linearly independent

D̂et {•̂} := ‖ [{•̂} · V1]× [{•̂} · V2] ‖
‖V1 × V2‖

, V1,V2 linearly independent

D̃et {•̃} := ‖{•} · V1‖
‖V1‖

.

(2.10)
Here, the linearly independent vectors are assumed to lie on the respective tan-
gent spaces. As a particular case, J, Ĵ and J̃ are used to denote the Jacobians
DetF , D̂et F̂ and D̃et F̃ , respectively.

2.3 Minimum energy principle

In this section, the time independent governing equations of balance laws in
localized form are retrieved from the minimum energy principle.

Consider a generalized form of internal energy ψint which depends not only
on the bulk, but also on the boundary surface and some curves that lie on the
boundary. Then, in general the total energy can be written in the form

ψtot = ψext + ψint

= ψext +
∫
B0
ψ (F ) dV +

∑
i

∫
Si
ψ̂ (F̂ ) dA+

∑
j

∫
Cj
ψ̃ (F̃ ) dL. (2.11)

Here, the bulk form ψ (F ) and its surface and curve counterparts are assumed
instead of the more general form ψ (ϕ,F ). This restricted assumption is consid-
ered in order to disregard the effects of external sources of energy such as gravity

8



or electric potential fields (for the bulk) that contribute to the energy density de-
pending only on the displacement of the material point for the time being: such
terms are assumed to be included in ψext.

Seeking the solution of a mechanical problem where there exists a functional
ψtot describing the total energy of the system in terms of the displacement field
ϕ is equivalent to finding the global minimizer of such a functional. The total
energy functional ψtot is assumed to depend only on ϕ. Hence its first varia-
tion δψtot(ϕ, δϕ) is necessarily equal to 0 for any admissible increment δϕ of ϕ.
Writing the total energy explicitly

ψtot = ψext + ψint

= ψext + ψintb + ψints + ψintc

= ψext +
∫
B0
ψ (F ) dV +

∑
i

∫
Si
ψ̂ (F̂ ) dA+

∑
j

∫
Cj
ψ̃ (F̃ ) dL

(2.12)

implies that the necessary condition

δψtot(ϕ, δϕ) = δψext(ϕ, δϕ) + δψintb (ϕ, δϕ) + δψints (ϕ, δϕ) + δψintc (ϕ, δϕ)

= δψext(ϕ, δϕ) + δψintb

δϕ
+ δψints

δϕ̂
+ δψintc

δϕ̃

= 0
(2.13)

holds for every appropriate δϕ, sinceϕ reduces to the appropriate terms according
to (2.7).

δψint(ϕ, δϕ) = δ

δϕ

∫
B0
ψ (F ) dV︸ ︷︷ ︸

bulk term

+
∑
i

δ

δϕ̂

∫
Si
ψ̂ (F̂ ) dA︸ ︷︷ ︸

surface terms

+
∑
j

δ

δϕ̃

∫
Cj
ψ̃ (F̃ ) dL︸ ︷︷ ︸

curve terms
(2.14)

Each one of the bulk, surface and curve terms are studied individually in the
following sections.
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2.3.1 Bulk energy variation

We now turn our attention to bulk energy variation. The variation is equal to

δ

δϕ

∫
B0
ψ (F ) dV =

∫
B0

∂ψ

∂F︸︷︷︸
P

: δF dV =
∫
B0
P : δF dV. (2.15)

In order to proceed further, one has to write the term δF in terms of δϕ. One
might argue that since the gradient is a linear operator and that F = Gradϕ, it
is possible to write F + δF = Grad (ϕ+ δϕ) which implies that δF = Grad δϕ.
Then one can write

∫
B0
P : δF dV =

∫
B0
P : Grad δϕdV. (2.16)

Integration by parts implies

Div{δϕ · P } = δϕ ·DivP + P : Gradϕ (2.17)

which then can be substituted into the equation (2.15), with the result being
∫
B0
P : Grad δϕ dV =

∫
B0

Div{δϕ · P } dV −
∫
B0
δϕ ·DivP dV

=
∫
∂B0

δϕ · P ·N dA −
∫
B0
δϕ ·DivP dV

=
∑
i

∫
Si
δϕ · P ·N dA −

∫
B0
δϕ ·DivP dV

(2.18)

due to Gauss’ Theorem (where N is the outward unit vector from the surface at
the reference configuration).

2.3.2 Surface energy variation

The variation of surface energy is

δψints (ϕ̂, δϕ̂) =
∑
i

δ

δϕ̂

∫
Si
ψ̂ (F̂ ) dA (2.19)
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where F̂ is the reduced rank form of the original gradient F , with the notation
Ĝrad{◦} = Grad{◦} · Î = Grad{◦} · (I − N ⊗ N ). This quantity represents
deformation gradient F , while ignoring the components normal to the surface.
F̂ complies with the deformation gradient F along the surface, but satisfies the
property F̂ ·N = 0.

Then,

δ

δϕ̂

∫
Si
ψ̂ (F̂ ) dA =

∫
Si

∂ψ̂

∂F̂
: δF̂ dA

=
∫
Si
P̂ : δF̂ dA

=−
∫
Si
δ ϕ̂ · D̂iv P̂ dA+

∫
Si
D̂iv{δ ϕ̂ · P̂ } dA

=−
∫
Si
δ ϕ̂ · D̂iv P̂ dA+

∫
Si
Ĉ δ ϕ̂ · P̂ ·N dA︸ ︷︷ ︸

curvature term

+
∫
∂Si

δ ϕ̃ · P̂ · N̂ dL.

(2.20)
The curvature term needs attention. The term denoted as Ĉ is the surface di-
vergence of the surface normal N and is defined as Ĉ = −D̂ivN . This term in
general exists because of the fact that (see [10])

∫
Si
D̂iv{◦} dA =

∫
∂Si
{◦} · N̂ dL−

∫
Si
Ĉ {◦} ·N dA. (2.21)

If one has the property that {◦} = {◦}·Î, (in other words, if the vector’s projection
onto the tangent plane is equal to itself), then the curvature term vanishes. In
the current case, however, this cannot be said. On the other hand, the equality
P̂ ·N = 0 holds, causing the curvature term to ultimately vanish, since

∫
S0
Ĉ δ ϕ̂ · P̂ ·N dA =

∫
S0
Ĉ δ ϕ̂ · 0 dA = 0. (2.22)

The end result is that the sum of the variations of surface energies become

∑
i

 ∫
∂Si

δ ϕ̂ · P̂ · N̂ dL −
∫
Si
δ ϕ̂ · D̂iv P̂ dA

. (2.23)

Now, assume that the number of smooth surfaces that together comprise the
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Figure 2.3: Decomposition of the surface. Note that N̂ 1 = −N̂ 2 on the curve C ′.

boundary ∂B0 is more than 1. Then it should be observed that every curve
happens to be the intersection of two distinct surfaces, and the boundaries of the
surfaces ∂Si happen to be some union of these curves. This means that the first
term in (2.23) can be replaced with a summation over the curves Ci, though with
a caveat: Since each curve belongs to the boundary of two surfaces, there will be
a contribution from each neighbouring surface for a given curve. The result after
this operation is that

δψints (ϕ̂, δϕ̂) =
∑
j

∫
Cj
δ ϕ̂ · [[P̂ · N̂ ]] dL −

∑
i

∫
Si
δ ϕ̂ · D̂iv P̂ dA (2.24)

where [[{•}]] denotes the sum of contributions from two neighbouring surfaces.

If the number of smooth surfaces is equal to one, the argument above may
seem to not work, since there cannot be two terms in the integral. In that case,
one can simply decompose the surface S0 into two surfaces S ′1 and S ′2 with the
following property: S ′1 ∩ S ′2 = C0 ∪ C ′. Here, C0 is the already existing curve
that happens to break the smoothness of the boundary whereas C ′ is a curve that
does not break the smoothness between S ′1 and S ′2. This smoothness preserving
property of C ′ implies that N̂ 1 = −N̂ 2 so that P̂ · [N̂ 1 +N̂ 2] = 0, while the term
for C0 is preserved. Eventually, this situation does not cause a loss of generality.
The process is illustrated in Fig. 2.3.
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2.3.3 Curve energy variation

The approach for curves on the boundary is similar to that of the surfaces’,

δψintc (ϕ̃, δϕ̃) =
∑
j

δ

δϕ̃

∫
Cj
ψ̃ (F̃ ) dL (2.25)

where, F̃ is the reduced rank form of the original gradient F , G̃rad{◦} =
Grad{◦} · Ĩ = Grad{◦} · [Ñ ⊗ Ñ ]. Here, Ñ denotes the tangent unit vector
to the curve at any point. In this context, the following summation terms employ
m̃ to denote the tangent outward unit vector on the curves’ endpoints. So a
clarification about this should be given outright. Also, ϕ̇ is used in this part to
denote the restriction of ϕ to the boundaries of the curves.

Then we have that

δ

δϕ̃

∫
Cj
ψ̃ (F̃ ) dL =

∫
Cj

∂ψ̃

∂F̃
: δF̃ dL

=
∫
Cj
P̃ : δF̃ dL

=−
∫
Cj
δ ϕ̃ · D̃iv P̃ dL+

∫
Cj
D̃iv{δ ϕ̃ · P̃ } dL

=−
∫
Cj
δ ϕ̃ · D̃iv P̃ dL+

∫
Cj
C̃ δ ϕ̃ · P̃ · Ñ dL︸ ︷︷ ︸

curvature term

+
∑
∂Cj

δ ϕ̇ · P̃ · m̃.

(2.26)

The curvature term, similar to the surface energy integrals, again exists and
is equal to zero since P̃ · m̃ = 0. Then the result becomes

δψintc (ϕ̇, δϕ̃) =
∑
j

∑
∂Cj

δ ϕ̃ · P̃ · m̃−
∑
j

∫
Cj
δ ϕ̃ · D̃iv P̃ dL (2.27)
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Linear Momentum Balance Equations

Bulk DivP +B0 = 0
Surface D̂iv P̂ − P ·N + B̂0 = 0
Curve D̃iv P̃ − [[P̂ · N̂ ]] + B̃0 = 0
Point P̃ · m̃+ ˜̃B0 = 0

Table 2.1: Balance equations for the regions in the domain

2.3.4 Resulting equation

The variations computed up to this point together read

δψtot

δϕ
= δψext

δϕ
−
∫
B0
δϕ ·DivP dV

+
∑
i

∫
Si
δϕ̂ ·

[
P ·N − D̂iv P̂

]
dA

+
∑
j

∫
Cj
δ ϕ̃ ·

[
[[P̂ · N̂ ]]− D̃iv P̃

]
dL

+
∑
j

∑
∂Cj

δ ϕ̇ · P̃ · m̃

= 0

(2.28)

Since the equality has to be achieved in every admissible δϕ, each integral and
summation have to be equal to zero. This means that the multiplying terms for
δϕ, δϕ̂, δϕ̃ and δϕ̇ have to be equal to zero. Even though an explicit formula
for external energy was not assumed up to this point, the constraint described
implies that the form it assumes has to be such that it eventually appears as an
additional vector in each of the relevant terms, denoted with various modifications
of B0. Since these conditions are valid for each surface and curve individually,
we can generalize the results under the categories of bulk, surface and curve. The
general equations can be found in Table 2.1
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2.4 Material model

In order to solve the equations in (2.1), one needs to have explicit formulae for
P , P̃ and P̃ which describe the material model. In this section, Neo-Hookean
material model is described along with similar quantifiers that are used to describe
deformations and stresses.

2.4.1 Strain and stress measures

Different strain and stress descriptors turn out to be equivalent in linear modeling,
but this is not the case for non-linear models. This means that one can choose
among many different strain and stress measures. Here, the scope is limited to
the descriptors whose domain is the undeformed configuration. Hence we include
the formulations of Piola stress P and Piola-Kirchhoff stress S, along with their
surface and curve counterparts. As for the strain measures, the deformation
gradient F and right Cauchy-Green deformation tensor C are formulated.

The deformation gradient F has already been introduced. Right Cauchy-Green
deformation tensor C is defined by

C = F t · F (2.29)

where the definition is such that pure rotations are eliminated from the original
deformation gradient F , leaving only the stretches in the tensor. This can be also
observed by the identity dx·dx = dX ·C ·X. The surface and curve counterparts
of right Cauchy-Green deformation tensor are also defined similarly:

Ĉ = F̂ t · F̂ , C̃ = F̃ t · F̃ (2.30)

The Piola stress tensors were already introduced in the previous sections via

P = ∂ψ

∂F
, P̂ = ∂ψ̂

∂F̂
, P̃ = ∂ψ̃

∂F̃
. (2.31)
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Piola-Kirchhoff stress tensor, on the other hand, is defined as twice the derivative
of the energy measure with respect to right Cauchy-Green deformation tensor.
This reads

S := 2 ∂ψ
∂C

, Ŝ := 2 ∂ψ̂
∂Ĉ

, S̃ := 2 ∂ψ̃
∂C̃

. (2.32)

Another important quantity for finite element computations is the fourth order
elasticity tensors. Their definitions are

A := ∂P

∂F
, Â := ∂P̂

∂F̂
, Ã := ∂P̃

∂F̃
,

C := 2 ∂S
∂C

, Ĉ := 2 ∂Ŝ
∂Ĉ

, C̃ := 2 ∂S̃
∂C̃

.

(2.33)

2.4.2 Neo-Hookean model

In the following sections, along with the finite element implementation, the re-
sponse of the domain is modeled after hyperelastic materials. For the specific
implementation, neo-Hookean type Helmholtz energy ψ was used. The exact
form of this energy is given as

ψ (F ) = 1
2λ ln2 J + 1

2µ [F : F − 3− 2 ln J ] (2.34)

where J > 0 is assumed. ψ can also be written as a function of the right Cauchy-
Green deformation tensor, in which case the form of it becomes

ψ (C) = 1
2λ ln2 J + 1

2µ [TrC − 3− 2 ln J ] . (2.35)

Here, J = DetF =
√
DetC and Tr{•} denotes the trace of the tensor. In

equations (2.34) and (2.35), λ and µ happen to be the material parameters that
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are called the Lamé constants. Similarly, we define the surface energies:

ψ̂(F̂ ) = γ̂Ĵ + 1
2 λ̂ ln2 Ĵ + 1

2 µ̂ [F̂ : F̂ − 2− 2 ln Ĵ ]

ψ̂(Ĉ) = γ̂Ĵ + 1
2 λ̂ ln2 Ĵ + 1

2 µ̂ [T̂r Ĉ − 2− 2 ln Ĵ ].
(2.36)

In equation (2.36), two Lamé constants for the surface are accompanied by a
surface tension parameter γ̂, which is a term that is included to describe the
area minimization effort of the material. When γ̂ is non-zero, the surface is not
stress-free even in the undeformed configuration, which explains the lack of a
similar term in the bulk. For visual examples one may refer to the appendices.
The subtraction of 2 instead of 3 from F̂ : F̂ is because of the fact that trace
of the surface identity Î operator is 2, instead of 3 which is the case for bulk.
One could write an analogous expression for the curves but the fact that curves
are one dimensional means that only one material constant for describing the
extension suffices. In this case, after eliminating λ̃, the curve energy becomes

ψ̃(F̃ ) = γ̃J̃ + 1
2 µ̃ [F̃ : F̃ − 1− 2 ln J̃ ]

ψ̃(C̃) = γ̃J̃ + 1
2 µ̃ [T̃r C̃ − 1− 2 ln J̃ ].

(2.37)

2.4.2.1 Bulk model

Here, we present the form that stress tensors assume for the bulk.

P (F ) = ∂ψ(F )
∂F

= µ[F − f t],

S(F ) = 2∂ψ(C)
∂C

= µ[I −C -1].
(2.38)

It is important to have an expression for the linearized version of Piola stress
P for small deformation problems. In this case, first order Taylor expansion gives
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the result:

LinP = P |F=I +A|F=I : [F − I] = 3λεvol + 2µε,

LinC = S|C=I + 1
2C|C=I : [C − I] = 3λεvol + 2µε.

(2.39)

Here, ε is the infinitesimal strain tensor that is defined by ε = 1
2 [I ⊗ I + I ⊗ I] :

[F − I]. Then εvol = 1
3 [I ⊗ I] : ε. In equation (2.39), A is the fourth order

elasticity tensor and it is defined as

A = ∂P

∂F
= λ[f t ⊗ f t + ln J D] + µ[I−D], with

D = ∂f t

∂F
= −f t⊗f , I = ∂F

∂F
= i⊗ I.

(2.40)

Similarly, C is defined as

C = 2 ∂S
∂C

= λ[1
2C

-1 ⊗C -1 + ln J H]− µH with

H = ∂C -1

∂C
= −1

2 [C -1⊗C -1 +C -1⊗C -1].
(2.41)

2.4.2.2 Surface model

P̂ (F̂ ) = ∂ψ(F̂ )
∂F̂

= γ̂Ĵ f̂ t + λ̂ ln Ĵ f̂ t + µ̂[F̂ − f̂ t],

Ŝ(Ĉ) = 2∂ψ(F̂ )
∂F̂

= γ̂Ĵ Ĉ -1 + λ̂ ln Ĵ Ĉ -1 + µ̂[Î − Ĉ -1].

(2.42)

The expressions for linearized surface stresses are derived similar to the case
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of bulk’s. It reads

Lin P̂ = P̂ |
F̂=Î + Â|

F̂=Î : [F̂ − Î]

= γ̂ Î + 2[λ̂+ γ̂]ε̂vol + 2[µ̂− γ̂]ε̂+ γ̂ [F̂ − Î],

Lin Ŝ = Ŝ|
Ĉ=Î + 1

2Ĉ|Ĉ=Î : [Ĉ − Î]

= γ̂ Î + 2[λ̂+ γ̂]ε̂vol + 2[µ̂− γ̂]ε̂.

(2.43)

Similar to the case for bulk, ε is the infinitesimal strain tensor and is equal to
ε̂ = 1

2 [Î ⊗ Î + Î ⊗ Î] : [F̂ − Î]. On the contrary ε̂vol = 1
2 [Î ⊗ Î] : ε̂ is the

volumetric strain. Note that the factor is 1
2 instead of 1

3 , which is the situation
for the bulk. Even though it is called volumetric, the term actually refers to the
relevant measure at the considered space, which is area for surfaces. Â is the
fourth order elasticity tensor and it is defined as

Â = ∂P̂

∂F̂
= γ̂Ĵ [f̂ t ⊗ f̂ t + D̂] + λ[f̂ t ⊗ f̂ t + ln Ĵ D̂] + µ̂[Î− D̂] with

D̂ = ∂f̂ t

∂F̂
= −f̂ t⊗ f̂ + [i− î]⊗ [f̂ · f̂ t], Î = ∂F̂

∂F̂
= i⊗ Î.

(2.44)
Similarly, Ĉ is

Ĉ = 2 ∂Ŝ
∂Ĉ

= γ̂Ĵ [1
2Ĉ

-1 ⊗ Ĉ -1 + Ĥ] + λ̂[1
2Ĉ

-1 ⊗ Ĉ -1 + ln Ĵ Ĥ]− µĤ with

Ĥ = ∂Ĉ -1

∂Ĉ
= −1

2[Ĉ -1⊗ Ĉ -1 + Ĉ -1⊗ Ĉ -1].
(2.45)

2.4.2.3 Curve model

P̃ (F̃ ) = ∂ψ(F̃ )
∂F̃

= γ̃J̃ f̃ t + µ̃[F̃ − f̃ t],

S̃(C̃) = 2∂ψ(F̃ )
∂F̃

= γ̃J̃ C̃ -1 + µ̃[Ĩ − C̃ -1].

(2.46)

19



It is important to have an expression for the linearized version of Piola stress
P for small deformation problems. In this case, first order Taylor expansion gives
the result:

Lin P̃ = P̃ |
F̃=Ĩ + Ã|

F̃=Ĩ : [F̃ − Ĩ]

= γ̃ [Ĩ + ε̃vol] + 2[µ̃− γ̃]ε̃+ γ̃ [F̃ − Ĩ],

Lin S̃ = S̃|
C̃=Ĩ + 1

2C̃|C̃=Ĩ : [C̃ − Ĩ]

= γ̃ [Ĩ + ε̃vol] + 2[µ̃− γ̃]ε̃.

(2.47)

In equation (2.47), Ã is the fourth order elasticity tensor and it is defined as

Ã = ∂P̃

∂F̃
= γ̃J̃ [f̃ t ⊗ f̃ t + D̃] + µ̃[Ĩ− D̃] with

D̃ = ∂f̃ t

∂F̃
= −f̃ t⊗ f̃ + [i− ĩ]⊗ [f̃ · f̃ t], Ĩ = ∂F̃

∂F̃
= i⊗ Ĩ.

(2.48)

Similarly, C̃ is defined as

C̃ = 2 ∂S̃
∂C̃

= γ̃J̃ [1
2C̃

-1 ⊗ C̃ -1 + H̃]− µH̃ with

H̃ = ∂C̃ -1

∂C̃
= −1

2[C̃ -1⊗ C̃ -1 + C̃ -1⊗ C̃ -1].

(2.49)

2.5 Finite element implementation

2.5.1 Discretization

The numerical implementation of the model is done via finite elements method.
The domain is decomposed into subdomains, which are called elements, and to
each element is attached a local set of functions that approximate the displace-
ment field. These functions are called the shape functions. To ensure continuity
of the material, continuity of the total function is necessary. In this case, the
shape functions are chosen as Lagrange polynomials of order 1 and 2, which

20



are C0 continuous globally. The shape of elements used are hexahedra. These
polynomials are assigned to nodes that reside on each element, and the value of
displacements on a point inside the element are computed by adding individual
contributions of each shape function. The result reads

ϕ =
Ne∑
i=1

N i(ξ)ϕi, ϕ̂ =
Ne∑
i=1

N̂ i(ξ̂)ϕ̂i, ϕ̃ =
Ne∑
i=1

Ñ i(ξ̃)ϕ̃i. (2.50)

Here, ξ = (ξ1, ξ2, ξ3) denotes the coordinates in the reference unit element, while
Ne is the number of nodes per element. Similarly, ξ̂ = (ξ̂1, ξ̂2) denote the local
coordinates in the shape function for surfaces and ξ̃ denotes the coordinate in the
local curve coordinates. With this definition the deformation gradients become

F = Gradϕ ≈
Ne∑
i=1
ϕi ⊗GradN i

F̂ = Ĝradϕ̂ ≈
Ne∑
i=1
ϕ̂i ⊗ ĜradN̂ i

F̃ = G̃radϕ̃ ≈
Ne∑
i=1
ϕ̃i ⊗ G̃radN̂ i

(2.51)

where

GradN i = ∂N i

∂ξ

∂ξ

∂X
, ĜradN̂ i = ∂N̂ i

∂ξ̂

∂ξ̂

∂X̂
, G̃radÑ i = ∂Ñ i

∂ξ̃

∂ξ̃

∂X̃
. (2.52)

Alhough it is possible to implement these quantities using local surface and curve
coordinates, it requires a change of basis for every face and edge where the surface
and curve energies are defined. This was not done in the actual finite element
implementation. Rather, for all energetic faces and edges of an element, the
actual value of F is computed on the relevant face or edge just like it is done
for the bulk. Then, simply resorting to the equality in (2.9), the deformation
gradients on the faces and edges are retrieved by multiplying F with the relevant
projection operators. A similar procedure is repeated whenever f is required, too.
The rationale behind this procedure is that the implementation of this method
can be seamlessly made, since F is being computed for the bulk either way. This
way, the same code that computes F on arbitrary points can be reused without
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any extra work. The difficulty this method brings along is the need to compute
Î, Ĩ, î and ĩ. For this task, Nanson’s formula is used extensively. It reads

dan = J dAF -t ·N (2.53)

in which the scalar coefficients need not be calculated: one can simply normalize
the vector after computing F -t·N . Note that, in equation (2.53),N is substituted
with the known unit normal vectors on the faces of the reference coordinates,
i.e. ξ, whereas the result n is the unit normal vectors in either deformed or
undeformed configurations.

Keeping in mind the shape functions described previously and the intent to
use them as an approximation for the actual displacement field, finite element
method aims to approximate the total energy of the system described in (2.11)
as a function of finitely many variables, namely d, and then minimize it. Here,
d is esentially a vector of global degrees of freedom of the system. So writing
explicitly, a nonlinear function is being minimized

ψtot(ϕ) ≈ ψ(d). (2.54)

This minimization effort is then equivalent to finding the zeros of the derivative
- called the global residual

R(d) := ∂ψ

∂d
. (2.55)

The nonlinear formulation of the material means that the residual is not linear
in d. Hence, finding the zeros of the residual requires an iterative approach. In
the context of this thesis, Newton-Raphson scheme is applied to find the roots of
the residual vector. This scheme linearizes the current state with

R(d) + ∂R

∂d

∣∣∣∣∣
dn

∆d = 0, ∆d = dn+1 − dn (2.56)

The term K = ∂R/∂d is the stiffness matrix. To compute a specific entry RI ,
one has to add individual contributions from each element that the relevant node
belongs to. Same is true for the stiffness matrix, too. In that case, it makes sense
to traverse each element one by one, and assemble the residual vector and the
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stiffness matrix as one goes along. This operation is denoted by the operator A.
Since each computation in an element is done with local node numbering, one
has to find the corresponding global label of the relevant degrees of freedom of
a node and add the contributions according to that global labels. The operator
signifies this procedure. In this case we write

RI =
Nel

A
e=1
Ri
e, KIJ =

Nel

A
e=1
Kij

e .
(2.57)

Here, Ri
e is the local residual vector andKij

e is the local stiffness matrix with the
local node labels i and j.

The explicit form of the local residual vector is

Ri
e =

∫
Bβ0
P ·GradN i dV −

∫
Bβ0
bp0 N

i dV

+
∫
Sβ0
P̂ · ĜradN̂ i dA−

∫
Sβ0
b̂
p

0 N̂
i dA

+
∫
Cβ0
P̃ · G̃radÑ i dL−

∫
Cβ0
b̃
p

0 Ñ
i dL

(2.58)

and the form of local stiffness matrix is

Kij
e =

∫
Bβ0
A :

[
GradN i ⊗GradN j

]
dV

+
∫
Sβ0
Â :

[
ĜradN̂ i ⊗ ĜradN̂ j

]
dA

+
∫
Cβ0
Ã :

[
G̃radÑ i ⊗ G̃radÑ j

]
dL

(2.59)

where [T :S]ab = TacbdScd.

There is a critical observation about equations (2.58) and (2.59) that has to
be discussed. The hexahedral Langrange polynomials are obtained as a product
of one dimensional shape functions. This is formulated as

N i(ξ1, ξ2, ξ3) = Np(ξ1)N r(ξ2)N s(ξ3) (2.60)
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where p, r, s ∈ {0, . . . ,M} are the indices that map the node to its one di-
mensional counterparts, and M is the polynomial order. There is a one to one
correspondence between the node index i in the element and (p, r, s) index num-
bering. The importance of this property is that, the value of the shape function
of a node, say i, is equal to zero at every plane and line that it does not reside
on.

Figure 2.4: The tangential component of a shape function’s gradient is zero when
the node is outside the plane. 27 node Lagrange element is used as example

Consider the node labeled with red colour in Fig. 2.4 and the associated shape
function’s value at a point that is on the top face. For this node, value of N i(ξ)
is equal to zero on the top face, because N(ξ3) is identically zero at every point
on that plane. This means that the directional derivatives on the top plane,
namely v ·GradN i are equal to zero for every tangent vector v so that only the
normal component is non zero. But then since GradN · Î computes the projection
onto the plane, the result obtained after computing ĜradN̂ i is identically zero
whenever node i does not reside on the plane of interest. This means that we
can assemble the residual vectors’ and stiffness matrices’ surface contributions
without discriminating the nodes that do not reside on the surface. This again
allows code reusability while bringing an insignificant inefficiency. The same

24



argument also holds for curves.

2.5.2 Implementation

The code used in this thesis is written in C++ from scratch. GiD is used as
the meshing tool and the program begins by reading the mesh file, though it is
adaptable to other mesh file types. Then it creates the element-face-edge topol-
ogy. Currently it is able to do computations with linear 8 noded and quadratic
27 noded three dimensional Lagrange elements, but the restriction in this regard
comes from the types of elements supported in GiD, rather than the code itself.

The integrals in equations (2.58) and (2.59) are computed using Legendre-
Gauss quadrature method, which is a numerical approximation for integrals. User
provides the number of quadrature points per dimension as an input and values
up to 20 are supported.

Templates are heavily used for the functions that are called during the assembly
phase. This allows the compiler to do some important optimizations such as
loop unrolling and produce binaries that access elements of multi-dimensional
arrays with constant, rather than needing to be provided the inner sizes of such
arrays. These together allow generation of faster binaries, with the downside
being requiring recompilation for each mesh file.

Since assembly is a procedure that is repeated for each element, it is a good
candidate for parallelization. For this purpose, OpenMP, which is an application
programming interface that is supported by major compiler vendors is used. Sim-
ple #pragma directives are included into the code to achieve parallelism. The
global stiffness matrix and global residual vectors are the main shared variables
that are being written, so an atomic lock is placed wherever required to prevent
different threads from trying to access the same element simultaneously. This
in general may happen when two elements that share common nodes are being
assembled at the same time.
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The main solver of preference is PARDISO [11, 12, 13]. PARDISO is a direct
sparse system solver that fits the task perfectly, but it is not open source. As
an alternative to PARDISO, MUMPS [14, 15], which is also a direct sparse
solver, is implemented. MUMPS is an open source project contrary to PARDISO,
which provides binaries and a license to acamedicians that lasts for only a short
amount of time. The downside of MUMPS is that its speed depends on the
graph partitioning libraries that are provided by the user during its build and the
building phase is not so straightforward. Also, MUMPS’ speed was found out to
be typically 25-30% slower than that of PARDISO’s in GNU/Linux environment
and much slower in MAC OS X. Direct solvers’ memory usage grow rapidly
with problem size, so for large problems the iterative solvers of ViennaCL [16]
are implemented. The advantage of ViennaCL is that with simple preprocessor
directives the computation can be offloaded from CPU environment to GPU
devices, which in this case is done with OpenCL environment. Another advantage
is that ViennaCL is a header only library, though this results in longer compilation
times.

Although the code was first written for GCC (GNU Compiler Collection), in
its current form it also supports Intel Compiler through conditional compilation
and is known to work with versions 17, 18 and 19. The advantage of Intel’s
compiler is that it produces very fast binaries by producing better vectorized
codes and Intel’s proprietary math library MKL includes a version of PARDISO
that is observed to be faster than the regular one. The vectorization subject
requires a comment: even though the current version of GCC 8 has improved
vectorization support over its predecessors, it somehow still lacks this ability in
nested loops compared to Intel Compiler, though the latter also has some room
for improvement.

The performance of the code was analyzed with Intel Advisor profile program
and it was observed that the most critical time consuming loop is the one where
computation of the local stiffness matrix happens. The disassembly files of both
compilers suggest that vectorization is poorly performed, if any. Hence, imple-
mentation of some intrinsic functions that map to hardware vector instructions
such as AVX and FMA were found to improve assembly speed by up to 60% and
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80%, respectively. Also, the symmetric structure of stiffness matrices were taken
advantage of, whenever possible.
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Chapter 3

Surface and Curve Effects on
Beam Bending

3.1 Introduction

With the advent of nano manufacturing, some physical effects that are too weak
to be observed in the macro scale have started to become prominent. There have
been many publications on the effects of surface coating over bending stiffness of
nanowires in the previous years, such as [3, 17]. A common observation made in
these articles is that, for a silver or lead nanowire, the predicted -or equivalent-
Young’s modulus increases after some point when the wires’ radius is decreased
while keeping the length constant. This behavior in general is attributed to the ex-
istence of a fixed thickness surface coating that is formed around these nanowires.
Naturally, the general tendency is to model this extra set of parameters on the
surface of the structure, at which point the constant thickness of the boundary
layer plays an important role.

In this chapter, surface effects on beams are studied, along with curves. We
first begin by formulation of Euler and Timoshenko beam theories.
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3.2 Euler and Timoshenko beam theories

In this part, we present the Euler and Timoshenko beam theory formulations.
The main kinematic descriptors of these two formulations can be seen in figure
3.1. Although both theories assume that plane cross section of the beams remain
as planes in the deformed configurations, Timoshenko beams include the assupt-
mion that these cross sections need not be orthogonal to the neutral axis. This
necessitates inclusion of another kinematic variable, namely φ, that is required
to describe this relaxed assumption, whereas for Euler beams just one dependent
variable i.e. u, the vertical displacement of a point, suffices. For further reference,
one can consult [18].

Figure 3.1: Kinematic variables in Euler and Timoshenko beams.

3.2.1 Euler beam theory

Since the cross section planes remain orthogonal to the neutral axis in Euler
beams, there is no shear energy associated with the energy densities. Hence,
the internal energy comprises only the bending energy. The total energy of the
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system -including the energy associated with the external force field f - is

L =
∫ L

0
fu dx︸ ︷︷ ︸

external energy

+
∫ L

0

1
2EI [u′′]2 dx︸ ︷︷ ︸

internal energy

. (3.1)

Here, E,G, I, A are Young’s modulus, shear modulus, moment of area and cross
section of the beam, respectively.

Finding the minimizer of the total energy functional is equivalent to setting
its variation equal to zero. The variation of the total energy L is

δL (δu) =
∫ L

0
fδu dx+

∫ L

0
EIu′′δu′′ dx+

=
∫ L

0
fδu dx−

∫ L

0

d

dx
(EIu′′)δu′ dx

=
∫ L

0

[
d2

dx2 (EIu′′) + f

]
δu dx = 0

(3.2)

which yields the Euler beam equation

d2

dx2

(
EI

d2u

dx2

)
+ f = 0 (3.3)

where the boundary conditions are imposed during the solution.

3.2.2 Timoshenko beam theory

Timoshenko beams have an additional shear term due to the relaxed assumptions
about the cross sections. The total energy for a Timoshenko beam reads

L =
∫ L

0
fu dx+

∫ L

0

1
2EI [φ′]2 dx︸ ︷︷ ︸

bending energy

+
∫ L

0

1
2CAG [φ+ u′]2 dx︸ ︷︷ ︸

shear energy

. (3.4)
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Then the variation is

δL (δu, δφ) =

=
∫ L

0
f δu dx+

∫ L

0
EIφ′ δφ′ dx+

∫ L

0
CAG [φ+ u′] δu′dx+

∫ L

0
CAG [φ+ u′] δφ dx

=
∫ L

0

[
f − d

dx

(
CAG [φ+ u′]

)]
δu dx+

∫ L

0

[
CAG [φ+ u′]− d

dx
(EIφ′)

]
δφ dx.

(3.5)
The resulting set of differential equations can be written down as

d

dx

(
CAG [φ+ u′]

)
− f = 0

CAG [φ+ u′]− d

dx
(EIφ′) = 0.

(3.6)

In equation (3.6), C is the shear correction factor. It is necessarily included
because the shear stress profile on the cross section of the beam is assumed to
be uniform although in reality it cannot be so because the shear stresses have
to be zero at the top and bottom surfaces of the beam. Some values derived
analytically can be found in [19].

The coefficients related to bending and shear in equations (3.3) and (3.6)
can be replaced with their equivalent counterparts. This lets one use a clearer
notation and simultaneously include surface and curve contributions into a single
term. Henceforth, we will use the term Kκ for bending stiffness and Kγ for
shear stiffness. Of course, in the sole presence of bulk parameters, we have that
Kκ = EI and Kγ = CAG.

Now, we present solutions of two specific boundary value problems for Euler
beams and Timoshenko beams. First one of these problems concerns displacement
of a double clamped beam under shear. Second one models the hinged beam
subjected to pure moments. In both models, it is assumed that the cross section
profile is uniform, so that they can be treated as constants. Also, it is assumed
that no vertical force profile is present on the beams, i.e. f = 0.
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3.2.3 Shear problem

Consider a double clamped beam with length L subjected to a displacement of
d on the right end. The precise description of this problem for an Euler beam is
formulated as such:

Kκ u
(4) = 0 subject to

u(0) = 0, u(L) = d, u′(0) = 0, u′(L) = 0.
(3.7)

The solution to this problem fairly straightforward, so the derivation is ommitted.
The solution reads

u(x) = −2d
L3x

3 + 3d
L2x

2. (3.8)

The shear force v can be found by using the identity v(x) = M ′(x), where M is
the internal moment distribution of the beam. In this case, the shear force simply
becomes

v = −12Kκd

L3 . (3.9)

The internal shear force is constant and is equal in magnitude to the reaction
forces at both ends. This fact is used in later sections.

The formulation of the Timoshenko beam is similar:

Kγ[φ+ u′]−Kκφ
′′ = 0, Kγ[φ′ + u′′] = 0 along with

u(0) = 0, u(L) = d, φ(0) = 0, φ(L) = 0.
(3.10)

First two boundary conditions are common with Euler beams, whereas the last
two simply mean that for a double clamped beam, the cross sections at both ends
have to stay parallel to the wall that the beam is attached to. The equation can
be reduced by observing that φ+u′ has to be constant along the beam, since the
second differential equation states that this term’s derivative is identically zero.
Skipping the intermediate steps, we end up with

u(x) = − 2Rd
RL3 + 12Lx

3 + 3Rd
RL2 + 12x

2 + 12d
RL3 + 12Lx,

φ(x) = 6Rd
RL3 + 12Lx

2 − 6Rd
RL2 + 12

(3.11)
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where, R = Kγ/Kκ is the term describing the ratio between stiffnesses against
shear to bending. It should be noted that RL2 is a fundamental constant of this
problem and also as RL2 diverges to infinity, Timoshenko solution converges to
that of Euler’s, confirming the assumption on Euler beams having a much greater
stiffness against shearing, which is then ommitted. For the Timoshenko beam,
internal shear distribution is

v = Kγ[φ+ u′] = 12Kγd

RL3 + 12L.
(3.12)

Again, in the limit case RL2 → ∞, internal shear of the Timoshenko beam is
identical to that of Euler beam’s, albeit with a sign difference that is due to the
internal representation contrast between the formulations.

3.2.4 Pure moment problem

Next, the solution of pure moment problem is presented. Since the internal
moment is constant in such a beam, the shear force is equal to zero in both models.
This means that no terms related to shear appears in the Timoshenko beam,
causing the solutions to be identical. Here, we present the relevant boundary
conditions for both cases along with the solution. The derivations are fairly
straightforward and not included because of this reason.

The relevant boundary conditions for Euler beams are

u(0) = 0, u(L) = 0, Kκu
′′(0) = M0, Kκu

′′(L) = M0. (3.13)

The first two boundary conditions in (3.13) are common with the Timoshenko
beams. Because moments in Timoshenko beams are described as M = −Kκφ

′

(negative sign is required since φ′ > 0 implies negative curvature), the latter two
boundary conditions’ equivalents for Timoshenko beams are

−Kκφ
′(0) = M0, −Kκφ

′(L) = M0. (3.14)
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The solution to both problems then reads

u(x) = M0

2Kκ

x2 − M0L

2Kκ

x. (3.15)

3.3 Numerical Examples

Experiments done with silver and lead nanowires suggest that these structures
present a higher stiffness against bending in certain cases. This is reported as
higher than normal Young’s modulus measurements in the literature, see for
instance [3, 17]. Although this work focuses on silver, the effects can be observed
in other materials, one such example is the work in [20]. Stiffness in general
increases when the thickness of a nanowire is decreased while keeping the total
length fixed. The most frequent explanation of the phenomenon is based on the
existence of surface effects which happen to become more prominent as the sizes
decrease.

In [2], the surface effects are incorporated via an elastic model. The reason of
surface effects becoming more prominent with shrinking cross section is attributed
in many cases to the existence of a surface coating material that is formed either
during the manufacturing process or due to oxidation. Since such layers have
constant thicknesses, the equivalent surface material parameters are constant even
when the diameter changes. This causes surface effects to have more influence on
the overall behavior of the material as the diameter decreases. In [2, 21], surface
parameters are incorporated into the models like a bulk material that is confined
to a thickness ts. We follow a similar pattern here and convert such oxidation
layers’ properties into fixed surface parameters by multiplying their respective
bulk parameters by the coating thickness. Before proceeding further, the general
formula for equivalent bending stiffness Kκ is presented.

Consider a small cross sectional element of a beam like the one shown in Fig.
3.2. In order to find Kκ, one has to add all the contributions from the bulk,
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Figure 3.2: Rectangular cross section of a beam.

surfaces and curves. The general form of the bending stiffness becomes

Kκ = EI + ÊÎ + ẼĨ,

I =
∫
A
y2 dA, Î =

∮
L
ŷ2 dL, Ĩ =

∑
i

ỹi
2.

(3.16)

In equation (3.16), A is the cross sectional region while L comprises the lines
that surround the cross sectional area and the summation index runs over all the
points on the cross section that belong to an energetic curve. As usual, for a
rectangular cross section with a width of b and height h,

∫
A
y2 dA =

b∫
0

h/2∫
−h/2

y2 dy dx = 1
12bh

3 (3.17)

is the second moment of area that is assigned to the bulk. One has to consider
the surfaces in two groups, as demonstrated in figure 3.2. In that case we have

∮
L
ŷ2 dL = 2

b∫
0

h2

4 dx+ 2
h/2∫
−h/2

y2 dy = 1
2bh

2 + 1
6h

3 (3.18)

and for the curves the result becomes

∑
i

ỹi
2 =

4∑
i=1

h2

4 = h2. (3.19)
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As a result, for a square cross sectional beam (h = b) the equivalent bending
stiffness is

Kκ = 1
12Eh

4 + 2
3Êh

3 + Ẽh2. (3.20)

Equation (3.20) has a similar form with different coefficients for other cross sec-
tions: the exponents on h remain the same for all cases. The form of the bending
stiffness is useful in explaining the increasing Young’s modulus for small diame-
ters. Asymptotically, the ratio between bulk and surface contributions are deter-
mined by the exponents of h. It is clear that as h → ∞, the equivalent stiffness
is dominated by that of bulk’s while as h → 0, surface effect is the prominent
factor. Of course, theoretically curve effects would dominate the behavior for
small scales but there are yet no scientific findings that would necessitate their
inclusion.

In order to demonstrate such effects, we set up a hypothetical beam problem
where the scale of the entire beam is an adjustable parameter and the length
to thickness and thickness to width ratios of the beam are preserved. For the
following studies, the material parameters are fixed as: λ = 4000, µ = 1000,
λ̂ = 4, µ̂ = 1, µ̃ = 0.1. The linearized material model of the theory described in
the previous chapter is implemented in the numerical simulations.

Figure 3.3: Illustration of the problem on the mesh used.

The beam of interest is chosen to be defined in terms of the parameter h, which
is equal to its thickness. As can be seen in figure 3.3, the length of the beam is
20h whereas the width of the beam is taken to be equal to its thickness, h. The
beam is subjected to a vertical displacement of d at its middle plane, and after
the solution of each separate problem the vertical residuals of the nodes lying
on the middle plane are added to compute the reaction force. The analytical
Euler and Timoshenko solutions to this problem are identical to the ones found
in 3.2.3. The only difference is that the problem described there represents half of
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the problem considered here, due to mirror symmetry of the system with respect
to the middle of the beam.

The finite element mesh consists of 6 × 6 × 120 quadratic elements. A table
that shows the computed equivalent stiffness values for different element types
and numbers is also included in 3.1. Note that values in table 3.1 are results
obtained from the solution of the pure bending problem, not the problem that is
being considered right now. Results confirm that 6× 6× 120 quadratic elements
are adequate for obtaining accurate results thus in the following studies this mesh
is utilized.

Linear Elements Quadratic Elements
Analytical

h 6 (4320) 8 (10240) 16 (81920) 6 (4320) 8 (10240) 12 (34560)

Bulk
10−1 2.3821e-2 2.3609e-2 2.3404e-2 2.3336e-2 2.3335e-2 2.3335e-2 2.3333e-2
10−2 2.3821e-6 2.3609e-6 2.3404e-6 2.3336e-6 2.3335e-6 2.3335e-6 2.3333e-6
10−3 2.3821e-10 2.3609e-10 2.3404e-10 2.3336e-10 2.3335e-10 2.3335e-10 2.3333e-10

Bulk & Surface
10−1 2.6299e-2 2.6083e-2 2.5872e-2 2.5803e-2 2.5801e-2 2.5799e-2 2.5555e-2
10−2 4.7474e-6 4.7156e-6 4.6820e-6 4.6727e-6 4.6710e-6 4.6696e-6 4.5555e-6
10−3 2.5022e-9 2.4915e-9 2.4809e-9 2.4776e-9 2.4774e-9 2.4773e-9 2.4555e-9

Table 3.1: Bending stiffness Kκ values for different beam sizes characterized by
h and various number of elements across the domain. Problem is described in
3.2.4. Total number of elements written in the paranthesis.

3.3.1 Solutions to shear problem

We now turn our attention to the shear problem. For a rectangular beam with
dimensions of h× h× 20h that is subjected to a vertical displacement of d at the
middle, Euler beam theory states that bending stiffness can be computed using
the formula

Kκ = −L
3v

12d .
(3.21)

The error between the theoretical and simulation values for bulk only material
can be considered in the acceptable range: when the beam has the dimensions of
1m × 1m × 20m, the calculated bending stiffness is 230.1 Nm2 compared to the
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theoretical value of 233.3 Nm2. Consider the analytical expression for Kκ derived
in (3.20). In order to compute the asymptotical behavior of the expression in
terms of exponents, one may compute the logarithm of Kκ. In table 3.2, the
limit behaviors of bending stiffness are summarized. The conclusion to be drawn
is that while all materials are expected to have a slope of 4 for large h values,
bulk and surface combination yields a slope of 3 as h goes to 0 and in this case
it further decreases to 2 when curve is also included.

Bulk Bulk & Surface Bulk, Surface & Curve

General Form log( 1
12Eh

4) log( 1
12Eh

4 + 2
3Êh

3) log( 1
12Eh

4 + 2
3Êh

3 + Ẽh2)
h→∞ 4 log h+ log( 1

12E) 4 log h+ log( 1
12E) 4 log h+ log( 1

12E)
h→ 0 4 log h+ log( 1

12E) 3 log h+ log(2
3Ê) 2 log h+ log Ẽ

Table 3.2: Asymptotical behavior of logKκ vs. log h.

Keeping table 3.2 in mind, we now turn our attention to the log− log graph of
the computed stiffness values, which is generated by utilizing Euler beam theory.
Figure 3.4 shows that while the limiting behavior for bulk and surface meets the
expectation, results obtained turn out to be wrong when curves are included. The
reason for this is that, the existence of curves determine the bending stiffness for
small sizes, but they show no effect whatsoever on the shear modulus of the beam.
This causes the beam to have a greatly increased bending stiffness, while having
shear stiffness values that simply cannot keep up with bending. Ultimately, Euler
beam assumption about plane sections remaining orthogonal to the neutral axis
fails, since the beam has greatly reduced shear resistance compared to bending.
Note that, this happens although the ratios between the dimensions of the beam
are preserved.

The explanation can be verified by looking at a resulting mesh. In figure 3.5
an exaggerated solution for the curve energy problem can be seen. It is clear that
the resulting beam is under shear deformation, hence cannot be regarded as an
Euler beam. It should be noted that the predicted Kκ values for bulk & surfaces
also have high amount of disagreements with the analytical values. For instance,
when h = 10−7 m, the analytical bending stiffness is Kκ = 2.22 × 10−21 Nm2

compared to the computed value of Kκ = 1.96 × 10−21 Nm2. The reason for
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Figure 3.4: Size dependent stiffness of the Euler beam.

surfaces is more subtle than that of curves’: although top and bottom surfaces
comprise the majority of the bending stiffness (i.e. compared to the sides with
the ratio being 3:1), they do not form any resistance against the beam’s shear
because these surfaces are subjected to out-of-plane motions.

There are two ways to overcome the problem of finding the bending stiffness:
one might simply use a specific problem that eliminates the shear, or use the
Timoshenko beam formulation to find the values. Applying pure moments on
both ends eliminates internal shear, so that is the method we will use next.
Before proceeding however, we shall provide the higher order beam formulation
and derive an expression for bending stiffness in Timoshenko beams.

In Timoshenko beams, the term R = Kγ/Kκ includes two unknowns and this
means that there is no way to determine both stiffnesses at the same time with
just one measurement. Hence, let us assume that we measure the displacement of
one other point without influencing the setup. Assuming that the total length of
the beam is 2L, and the problem described in Sec. 3.2.3 is defined on the interval
[0, L], one needs to determine another point x ∈ [0, L]. This point cannot be
L/2 because the problem has odd symmetry with respect to x = L/2, that is the
displacement at x = L/2 is equal to d/2, independent of the material parameters.
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Figure 3.5: Progress from Euler beam to Timoshenko beam with decreasing h.
The displacements are scaled for clarity.

So let us fix x = L/4 and denote the measured displacement at x = L/4, i.e.
u(L/4) with u. In this case we have

u(L/4) = u = − 2Rd
RL3 + 12L

L3

64 + 3Rd
RL2 + 12

L2

16 + 12d
RL3 + 12L

L

4
(3.22)

in which it is possible to isolate RL2 as

RL2 = 12
[
d/4 + u

u− 5/32 d

]
, and also R−1 = L2

12

[
u− 5/32 d
d/4− u

]
. (3.23)

Now, substituting R in equation (3.12) lets one obtain the expression for Kγ,

Kγ = vL [RL2 + 12]
12d = 3vL

32

[
1

u− 5/32 d

]
. (3.24)

Since R = Kγ/Kκ, one can retrieve Kκ via

Kκ = R−1Kγ = L2

12

[
u− 5/32 d
d/4− u

]
3vL
32

[
1

u− 5/32 d

]
= vL3

32 [d− 4u] . (3.25)

The computed stiffness values by the utilization of equation (3.25) are presented in
Fig. 3.6. This time, the asymptotic behavior that curves are expected to display
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can be observed clearly, with numerical values also matching the analytical results
fairly close. Again considering the case of h = 10−7 m, numerically computed
bending stiffness is 2.046 × 10−15 Nm2 whereas the analytically derived value is
equal to 2.000× 10−15 Nm2.

10−20

10−10

100

10−6 10−4 10−2 100

Scale

Timoshenko Bending Stiffness vs. Scale Length

bulk
bulk+surf

bulk+surf+curve

Figure 3.6: Size dependent stiffness of the Timoshenko beam.

h

10−1 10−3 10−5 10−7

Computational
Bulk 2.3737e-2 2.3737e-10 2.3737e-18 2.3737e-26

Bulk & Surface 2.6288e-2 2.5734e-9 2.3209e-15 2.3184e-21
Bulk, Surface & Curve 2.8298e-2 1.9298e-7 2.0425e-11 2.0466e-15

Analytical
Bulk 2.3333e-2 2.3333e-10 2.3333e-18 2.3333e-26

Bulk & Surface 2.5555e-2 2.4555e-9 2.2245e-15 2.2222e-21
Bulk, Surface & Curve 2.7555e-2 2.0245e-7 2.0000e-11 2.0000e-15

Table 3.3: Bending stiffness calculations for the shear problem using Timoshenko
beam.

As stated before, the value RL2/12 esentially quantizes how well Euler’s model
predicts the reality: as the value approaches 1, shear effects set in and the beam
can no longer be viewed through it. Thus, visualizing the evolution of RL2/12
gives valuable insight about the problem. In figure 3.7, a comparison of numerical
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Figure 3.7: L2Kγ
12Kκ vs. thickness h for different material combinations.

and analytical values can be found. In order to compute the analytical value, one
has to find Kγ through

Kγ = CAG+ ĈÂĜ = C ′
[
AG+ ÂĜ

]
(3.26)

where the term Â is used to denote the total length of projection of the boundary
on the vertical axis. One has to compute the projection instead of the total length
because the orthogonal components have no shear resistance. The notation Â is
kept for the sake of consistency, and it should not be confused with area. C ′ is the
equivalent correction factor that in a sense averages the contributing correction
factors. For square cross sections

Kγ = C ′
[
Gh2 + 2Ĝh

]
(3.27)

holds.

With the formulation above kept in mind, the comparison of numerical and
analytical RL2/12 values can be found in figure 3.7. Note that for the analytical
model, correction factors are not included and the disparity between the lines
stem from this. One may even retrieve correction factors from the graph.

It is clear that RL2/12 converges to 0 when curve effects are present, and
the problem becomes shear dominant. This causes Euler’s model to completely
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mispredict the behavior of the beam, whereas for surfaces RL2/12 converges to
a value greater than 1, but still on the same order of magnitude, causing an
observable amount of disparity between stiffness values.

3.3.2 Solutions to pure moment problem

The solutions to pure moment bending is much easier to analyze due to lack of
internal shear. All that one has to do is measure the displacement of the beam
at the middle, i.e. d = u(L/2). Here, L represents the whole length of the beam,
instead of half of it like in the previous section. In this case for both Euler and
Timoshenko beams one may recover the bending stiffness by utilizing the equality

u(L/2) = d = M0

2Kκ

L2

4 −
M0L

2Kκ

L

2 , Kκ = −M0L
2

8d . (3.28)

The moments at the endpoints are implemented with fource couples F0, where
F0h = M0. The total force F0 is distributed equally among the nodes which lie
along the width of the beam. Figure (3.8) summarizes the setup.

Figure 3.8: Pure moment problem illustration.

For this problem, the value of µ̃ is taken as µ̃ = 0.0001, contrary to the previous
examples. This is due to numerical stability problems associated with applica-
tion of boundary conditions on a very few number of nodes. The comparison of
analytical and numerical stiffness values can be found in 3.4.

The results indicate that pure moment application yields more accurate results
while avoiding the extra formulation burden that is required for shearing beams.

We now proceed to comparison of experimental results in the literature with
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h

1 10−2 10−4 10−6

Computational
Bulk 233.360 2.3336e-6 2.3336e-14 2.3336e-22

Bulk & Surface 235.861 4.6727e-6 2.2528e-12 2.2281e-18
Bulk, Surface & Curve 235.862 4.6927e-5 4.2634e-9 2.0725e-15

Analytical
Bulk 233.333 2.3333e-6 2.3333e-14 2.3333e-22

Bulk & Surface 235.555 4.5555e-6 2.2455e-12 2.2224e-18
Bulk, Surface & Curve 235.755 4.5755e-5 4.2455e-9 2.0222e-13

Table 3.4: Bending stiffness calculations for the pure moment problem using
Euler/Timoshenko beam.

numerical solutions.

3.3.3 Comparison with experimental results

In this section we model a real silver nanowire with realistic parameters and
compare the effective Young’s modulus predictions of the model (effective means
finding the value Ee such that EeI = Kκ) with published experimental data. The
experimental results are gathered from the work in [17], but one can find fairly
similar results in [3], too.

In [17], authors manufacture several silver nanowires with same length but
various diameters. The length of the suspended part of the nanowire is reported
as 1µm. The largest diameter tested is around 140nm while the smallest diameter
is about 15nm. The beams are subjected to a vertical force at the middle by AFM
(Atomic Force Microscope), a problem which was described in the section 3.2.3.
For numerical simulations, we again adopt a rectangular mesh with 6 × 6 × 240
elements. Although nanowires have circular cross sections, using a square cross
section only marginally alters the value of RL2/12, so that we end up with fairly
close results to what we would otherwise obtain. The length of the beam is set
to 1µm and the thickness of the beam is varied through 15nm to 150nm. The
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studies presented in [2, 17] compute an effective Young’s modulus Ee by dividing
the computed stiffness of the beam to moment of area. In those studies, stiffness is
computed according to Euler’s beam model. Here, we compare those experimental
data with the analytical values and also numerical values that result from the
simulations. For numerical values, we include both Euler and Timoshenko beam
models’ predictions. To model the surface, typical values for silver-oxide are used.
In [17], the oxide layer’s thickness is reported to be around 4nm, so that is the
value used here.
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Figure 3.9: Experimental, analytical and numerical results compared. E =
71.5GPa, ν = 0.37 for silver and E = 51.5GPa, ν = 0.25 for silver oxide.

In figure 3.9a, one can track the effective Young’s modulus values. The experi-
mental results are obtained from Euler beam model, so they are in fact closest to
our numerical values obtained through Euler’s formula. We also include the nu-
merical results for beams that have no surface components under the name bulk,
which would correspond to a beam that lacks an oxidation layer. The reason they
are included is that those values are expected to be fairly close to the Young’s
modulus of silver, and any variation signals some incompatibility with the under-
lying assumptions. One can see that experimentally obtained values drop below
the Young’s modulus of silver, which is normally an unexpected behavior. On
the other hand, bulk only Euler beam’s measurements (obtained from the finite
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element model) also drop below that value. The reason for this is that the for
large diameter values Euler beam model begins to fail. This can also be con-
firmed by the RL2/12 graph seen in figure 3.9b. Both analytical and numerical
results drop to around 3 for large diameters. This shows that one has to resort to
Timoshenko beam theory for such large values. The underlying cause is purely
geometrical unlike the case discussed in the previous chapters.

For small diameters, RL2/12 is sufficiently large so that Timoshenko and Eu-
ler models agree. In that case, it is possible to observe the increase in effective
Young’s modulus and the experimental data match numerical values. This con-
firms that surface layers with constant thicknesses can indeed be modeled with
the 2D surface theory described in the previous chapter.
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Chapter 4

Bistable Beam Formulation

4.1 Introduction

The behavior that a buckled beam exhibits while transforming from one of the
bistable states to the other is called snap-through. The reason is that a trans-
verse force that forces beam to move between its two states is only required until
a certain point after which the beam quickly snaps to its other stable state. This
chapter is devoted to the formulation of an analytical model for beam buckling
and is accompanied with numerical implementations. Comparisons with nonlin-
ear finite element model are presented to justify the accuracy of the model. The
surface effects are also incorporated in order to cover nano sized beams.

4.2 Kinematic variables

First, the kinematic model is introduced. The kinematic model is perhaps the
single most important aspect of this study. The reason is that, a poorly chosen
kinematic model has the potential to make the theory outright impractical for
numerical simulations. For instance in [22], one of the kinematic descriptors is
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chosen as the longitudinal displacement while the other variable is the tangent
angle of the deformed beam. Although the latter is also used here, the former de-
scriptor results in a more complicated formulation compared to what is obtained
here. There are some other formulations that has been proposed in the literature,
such as [23]. In [24], the equation is explicitly derived with taking the oddity of
the buckling modes into account, again resulting in complicated equations. There
are also some other works such as [25] that deal with the buckling behavior of
other slender structures under distributed loads.

The formulation presented here is closest to the one derived in [26]. The main
difference is that here we include one additional term which does not show up
there. Also, the examples given in [26] belong to beams fixed with hinge supports,
whereas we show results for double clamped beams, too.

The undeformed beam which is doubly clamped on its ends are assumed to
be of length L. The reference configuration’s coordinates are denoted by S.
This beam is assumed to be deformed and that a function φ : [0, L] → R2

maps the points on the undeformed line onto the current configuration by S 7→
(φ1(S), φ2(S)). Although one can work with coordinate functions, we switch to
a more convenient representation of the deformation, namely: ϕ : S 7→ ϕ(S) =
(Λ(S) , θ(S)). Here, Λ denotes the stretch of the original map φ at the point S,
i.e. Λ =

√
(φ′1)2 + (φ′2)2 whereas θ denotes the angle that the tangent line at the

current configuration does with the abscissa, i.e. tan θ = φ′2/φ
′
1, provided that

the right hand side exists.

Along with stretch, curvature is an essential quantifier in bending, so it has to
be introduced in terms of the functions that we desire to use. Here, curvature is
denoted by κ and satisfies the property that |κ| = |dT /dS| where T is the unit
tangent vector and s is the arc length parametrization in the final configuration.
In terms of Λ and θ, this equality becomes

κ = 1
Λ
dθ

dS
, where Λ = ds

dS
(4.1)

Stretch and curvature are the main two quantities that are used here to describe
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Figure 4.1: Composite mapping from the unit reference configuration to the
current configuration. The map from unit ref. configuration to the reference
configuration is linear.

Figure 4.2: Small
line element from
the unit reference
domain mapped
to the current
configuration.

the internal energy of the beam. In the next section, the energy function for the
specific problem is constructed.

With this kinematic model, we can relate a point’s (say, p) position in the
undeformed configuration Sp to its position (x, y) in the deformed configuration
via

x(Sp) =
∫ Sp

0
Λ cos θ dS,

y(Sp) =
∫ Sp

0
Λ sin θ dS.

(4.2)

We also introduce a unit reference ξ ∈ [0, 1] to normalize the arguments. This
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is not necessary but it becomes useful when both doing a scale analysis of the
problem and picking initial values for the numerical implementation, as explained
in the later sections. No special letter is reserved for this map because it is simple
in its explicit form: ξ 7→ Lξ = S.

4.3 Energy functional

The problem that is of interest is the buckling behavior of a double clamped
or double hinged beam under compression while a downward transverse force is
applied at a specified position on the beam. These problems may be presented
in two ways: One may either prescribe the relevant forces and try to find the
solution to that problem or alternatively fix the displacements that are assumed
to be the results of those unknown forces and then try to recover the values. As
it is the case, prescribing forces is practically less useful but side-by-side com-
parison of the terms gives valuable information about recovering the forces after
solving the latter problem. The relevant details are presented in Sec. 4.3.2.1.
In each of the following sections, the following procedure is followed: First, the
relevant quantities are expressed in terms of the reference coordinate S. Then,
the equivalent form based on the unit reference coordinate ξ is presented. Lastly,
the functional that is to be minimized is written after all the energy terms are
introduced.

4.3.1 Internal energy

The material model is assumed to be linear elastic throughout the whole domain.
The non-linearity of the theory originates from the geometry, as opposed to the
material model itself. Hence, the contributions of stretch and bending may be
separated and considered individually. The stretch Λ has to be sufficiently close
to 1 in order to let one incorporate linear elasticity. The bending term warrants a
remark: the curvature term is used without the stretch factor Λ−1. This simpli-
fication is done because although large curvature values may ultimately appear,
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the difference caused by the stretch will be negligible in comparison. Then the
internal energy becomes

U =
L∫

0

1
2KΛ [Λ− 1]2 dS +

L∫
0

1
2Kθ

[
dθ

dX

]2

dS

=
1∫

0

1
2KΛL [Λ− 1]2 dξ +

1∫
0

1
2
Kθ

L

[
dθ

dξ

]2

dξ.

(4.3)

The terms KΛ and Kθ denote the stiffness of the beam exhibits against stretch
and bending, respectively. They are general in that, the energy functionals are
still valid for the cases which include surface effects. In such cases, all that has
to be done is to substitute the equivalent values, which are the sum of bulk and
surface effects. Explicitly,

KΛ = EA+ ÊÂ,

Kθ = EI + ÊÎ.
(4.4)

Here, Kθ is identical with Kκ which was introduced in chapter 3, and one may
refer to (3.16) for its formulation. The name change is for the sake of consis-
tency of subscripts being related to kinematic variables. The term Â denotes
the perimeter of the cross section, as the surface stretch energies reside there.
Again, the naming is chosen to preserve consistency across notations. Though, a
warning is necessary: Â denotes the total curve length around the cross section
in this study, whereas it was used to refer to the length of the curves that resist
shearing in (3.26) in chapter 3, so that they are not necessarily equal.

4.3.2 External energy and geometric constraints

As explained in the Sec. 4.3, two different approaches to the same problems
are presented. Namely: a force based and a displacement based formulation is
presented in the sections 4.3.2.2 and 4.3.2.3. The force based approach is not
useful in practice, though its usefulness will be apparent shortly.
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4.3.2.1 Boundary conditions

For double clamped beams, the requirement is that the angle θ be zero at both
ends:

θ (0) = θ (1) = 0 (4.5)

Double hinged beams, on the other hand, do not support any moments on the
boundaries so that

θ′(0) = θ′(1) = 0 (4.6)

holds.

4.3.2.2 External energy

In the case that two external forces F (transverse) and P (compressive) are
applied to the beam, corresponding potential energies can be written as

F = F

s0∫
0

Λ sin θ dS = FL

ξ0∫
0

Λ sin θ dξ = FL

1∫
0

1ξ0Λ sin θ dξ

P = P

L∫
0

Λ cos θ dS = PL

1∫
0

Λ cos θ dξ

(4.7)

Here, 1ξ0 is the characteristic function of the interval [0, ξ0]. Again, note that
this part is not included in the formulation: the geometric constraints are used
instead.

4.3.2.3 Geometric constraints

A short notice is required in this section. Since the quantities here are not free
functionals to be minimized (or some combination thereof), the variations of
these functionals have to be incorporated into the main equation along with their
respective Lagrange multipliers. The symbols η1, η2 and η3 are reserved as the
three relevant Lagrange multipliers in this section and henceforth.
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The main geometric constraint originates from the requirement that both ends
of the beam be at the same height. This requirement reads

C1 = 1
L

L∫
0

Λ sin θ dS =
1∫

0

Λ sin θ dξ = 0 (4.8)

The second and third constraints are the displacement type counterparts of the
terms derived in the previous section. If one assumes that the beam is compressed
by an amount of ∆L and a specific point on the beam is forced to be at a height
H then,

C2 = 1
L

L∫
0

Λ cos θ dS =
1∫

0

Λ cos θ dξ = 1− ∆L
L

(4.9)

and

C3 = 1
L

s0∫
0

Λ sin θ dS =
1∫

0

1ξ0Λ sin θ dξ = H

L
(4.10)

4.4 Resulting differential equation

To obtain the resulting differential equation, one has to compute the variation
of the total energy along with the constraints, which are multiplied by their
respective coefficients i.e. Lagrange multipliers. This requirement can be written
as

δL (δΛ, δθ) = δ [U + η1 C1 + η2 C2 + η3 C3] (δΛ, δθ) = 0 along with

C1 = 0, C2 = 1− ∆L
L
, C3 = H

L
.

(4.11)

53



The variations of each term are as follows:

δU (δΛ, δθ) =
1∫

0

KΛL [Λ− 1] δΛdξ +
1∫

0

Kθ

L
θ′ δθ′ dξ

=
1∫

0

KΛL [Λ− 1] δΛdξ −
1∫

0

Kθ

L
θ′′ δθ dξ

(4.12)

where θ′ and θ′′ denote dθ/dξ and d2θ/dξ2, respectively.

η1 δC1 (δΛ, δθ) = η1

1∫
0

[sin θ δΛ + Λ cos θ δθ] dξ

η2 δC2 (δΛ, δθ) = η2

1∫
0

[cos θ δΛ− Λ sin θ δθ] dξ

η3 δC3 (δΛ, δθ) = η3

1∫
0

1ξ0 [sin θ δΛ + Λ cos θ δθ] dξ

(4.13)

Additionally, the variations of the terms found in (4.7) are presented. Note
the similarity between the form of functionals found in (4.13) and in (4.14).

δF (δΛ, δθ) = FL

1∫
0

1ξ0 [sin θ δΛ + Λ cos θ δθ] dξ

δP (δΛ, δθ) = PL

1∫
0

[cos θ δΛ− Λ sin θ δθ] dξ

(4.14)

One could have formulated the Lagrangian by replacing the constraints C2 and
C3 with the potential functionals defined in Eq. (4.7). Although this does not help
the actual computations, it is possible to see that the terms δP and η2δC2 differ
only by the leading coefficients PL and η2. The same holds for δF and η3δC3, with
the coefficients being FL and η3. This means that once the relevant Lagrange
multipliers are found, it is possible to directly recover the required transverse and
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longitudinal forces to keep the beam at the configuration of interest.

The practical value that this approach brings to the problem is that with a force
value guess, the beam might attain stability at two or more completely different
configurations, making it hard to predict the height ratio for that specific quantity.
This is because as the later sections show, the graph ofH/L vs. F is not one to one
even in very small compression values. On the other hand, when the constraints
along with their Lagrange multipliers are implemented, the uncertainty about the
length or height disappears, helping reach the desired solution faster. This is the
main advantage of the formulation proposed here compared to the formulation
used in [27], where the forces are unknown. Though it should be clarified that
in [27], the abscissa of the force application point is assumed to be given in the
deformed configuration whereas here it is modeled as a fixed point in the initial
configuration. The difference is quite trivial, since the library used to implement
this model is flexible enough to adapt to that scenario without much hassle.

Next, the equations are written down explicitly. Standard procedure is fol-
lowed: the terms inside the integral with δΛ and δθ coefficients are gathered
together. That is,

[
KΛL [Λ− 1] + [η1 + 1ξ0η3] sin θ + η2 cos θ

]
δΛ = 0[

− KΛ

L
θ′′ + [η1 + 1ξ0η3] Λ cos θ − η2Λ cos θ

]
δθ = 0.

(4.15)

The equations in (4.15) hold for all admissible δΛ and δθ, thus the terms in
parantheses have to be equal to zero. Although originally there are two unknowns,
namely Λ and θ, it is possible to express Λ in terms of θ and write θ in a separate
second order non-linear differential equation. Isolating Λ in the first equation of
(4.15) by simply subtracting the other terms from both sides yields

Λ = 1
KΛL

[
KΛL− [η1 + 1ξ0η3] sin θ − η2 cos θ

]
. (4.16)

Then, substituting the value of Λ from (4.16) into the second equation in (4.15)
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results with

θ′′ = 1
KΛKθ

[
KΛL− [η1 + 1ξ0η3] sin θ − η2 cos θ

] [
[η1 + 1ξ0η3] cos θ − η2 sin θ

]
(4.17)

along with the relevant boundary conditions for θ and the additional constraints
described in (4.11). Note that now the formulation of zero transverse force prob-
lem can be reduced to a special case of (4.17). Setting η3 = 0 and getting rid of
constraint C3 gives the result.

4.5 Numerical implementation

Numerical implementation of Eq. (4.17) is done with the open source ODE
solver CVODES [28]. CVODES is a non-linear initial value ODE system solver
with additional sensitivity analysis capabilities. In order to use any initial value
problem library to solve the boundary value problem of interest, an iterative
method has to be performed. In this case, non-linear shooting method is used
not only to find the unknown initial value of θ(0) and θ′(0) (for double hinged
and double clamped problems, respectively), but also to find the values of the
Lagrange multipliers η1, η2 and η3 simultaneously.

There are two different sensitivity capabilities that CVODES provides, which
are used extensively to solve the equations (4.11) and (4.17). First of these
functionalities is the forward sensitivity analysis (FSA). FSA is used to find the
sensitivities of θ and θ′ at some fixed points (in this case points ξ0 and 1) with
respect to problem parameters η1, η2, η3 and the initial value θ(0) or θ′(0). The
other functionality is the adjoint sensitivity analysis (ASA). ASA is used to com-
pute the values ∂Ci/∂ηj, i, j ∈ {1, 2, 3} and also the sensitivites of Ci, i ∈ {1, 2, 3}
with respect to the unknown initial value. CVODES also has the functionality to
compute any additional quadratures, so at each step the values of Ci are known.

In both problem types, the initial step is to compute the modified buckling
problem in which the C3 constraint is relieved. The solution to this particular
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problem is the one where no transverse force F is present. An initial set of values
is guessed and the problem is solved for a small compression value ∆L

L
. Then the

parameter set found after the solution of this first problem is used as the guess
for the second, higher compression value. The pseudocode is as follows:

Algorithm 1 Relaxed buckling solution - H = H0

1: θ(0)← initial guess . Green coloured lines for double hinged
2: θ′(0)← initial guess . Blue coloured lines for double clamped
3: η1 ← 0
4: η2 ← π2EI

K2L
. Use crit. value from linear theory

5: for ∆L← ∆L1 to ∆Lf do
6: while err > ε do
7: A← ∂(C1, C2, θ

′(1))/∂(η1, η2, θ(0))
8: b← (C1, C2, θ

′(1))
9: A← ∂(C1, C2, θ(1))/∂(η1, η2, θ

′(0))
10: b← (C1, C2, θ(1))
11: err ← ‖b‖
12: solve Ax = b
13: update values
14: end while
15: write values to a file
16: end for

The potential problem with this implementation is the possibility to converge
to higher order modes of buckling. However, a couple of observations help to
overcome this. First, the η1 value associated to the first mode is always equal to 0.
So a non zero value immediately tells the user that a higher order mode is found.
Hence, it makes sense to set η1 to 0 in the first iteration. The second observation is
that for small compression values, the critical force that the linear theory suggests
for the particular problem is a good enough initial guess. However, no general
initial guess methodology was found for θ(0) or θ′(0) values and providing a well
enough guess for those values remains the only challenging part in this approach.

The next step is to sweep through the height ratio values 0 ≤ H/L ≤ H0/L

while fixing the compression ratio ∆L/L. A problem arises for both type of
supports in this situation. At first sight, gradually decreasing H/L would seem
to be the natural thing to do but this method incorrectly follows a higher energy
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path than the actual progress does. To circumvent this problem, the parameter
set that was found in the previous part is modified to directly solve the state with
H/L = 0. After this case is solved, H/L is gradually increased back to H0/L and
the correct result is obtained.

Algorithm 2 Transverse force implementation - Clamped
1: ∆L← fix value
2: θ′(0), η1, η2 ← read saved values
3: η3 ← 0
4: (θ′(0), η2)← 1.5× (θ′(0), η2)
5: H ← 0
6: while err > ε do
7: A← ∂(C1, C2, C3, θ(1))/∂(η1, η2, η3, θ

′(0))
8: b← (C1, C2, C3, θ(1))
9: err ← ‖b‖

10: solve Ax = b
11: update values
12: end while
13: for H ← 0 to Hf do
14: while err > ε do
15: A← ∂(C1, C2, C3, θ(1))/∂(η1, η2, η3, θ

′(0))
16: b← (C1, C2, C3, θ(1))
17: err ← ‖b‖
18: solve Ax = b
19: update values
20: end while
21: save values
22: end for

The problem with the both configurations is summarized in Fig. 4.3. After
the problem with zero transverse force is solved, while the height is decreased
step by step there comes a bifurcation point at which a second solution set that
has a lower energy emerges and diverges from the original one. The higher energy
solution has mirror symmetry with respect to the center, while the lower energy
solution breaks this symmetry. It was found out that the implementation had a
tendency to follow the higher energy solution when H/L was reduced to 0 from
H0/L, thus giving incorrect results in terms of what is matching the reality. To
circumvent this, using the zero transverse force H0 solution, the problem with
H = 0 is solved directly. The parameter set is adjusted accordingly so that the

58



Figure 4.3: The two possible local minima for the double clamped beam when the
height is reduced. State 2 corresponds to the lower energy solution while State
1 represents the higher energy solution, which is unrealistic. Comparatively,
F1 > F2 and the boundary forces are much higher.

Support Type Physical ∆L/L Non-physical

Hinged 0.05

 0

 0.2

 0.4

 0.6

 0.8

 1

 0
 0.95

H/H
0

 0

 0.2

 0.4

 0.6

 0.8

 1

 0
 0.95

H/H
0

Clamped

 0

 0.2

 0.4

 0.6

 0.8

 1

 0
 0.95

H/H
0

 0

 0.2

 0.4

 0.6

 0.8

 1

 0
 0.95

H/H
0

Hinged 0.40

 0

 0.2

 0.4

 0.6

 0.8

 1

 0
 0.6

H/H
0

 0

 0.2

 0.4

 0.6

 0.8

 1

 0
 0.6

H/H
0

Clamped

 0

 0.2

 0.4

 0.6

 0.8

 1

 0
 0.6

H/H
0

 0

 0.2

 0.4

 0.6

 0.8

 1

 0
 0.6

H/H
0

Table 4.1: Physical and non-physical buckled beam deformations of hinged and
clamped beams.
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result found in this step is the actual solution on the lower energy branch. Then,
the heightH is increased back to the original heightH0. The low energy transition
passes through the second mode of the buckled beam. This is expected since it
is actually the second lowest energy state for the buckled beam when there is no
transverse force.

A sample group of transition graphs between bistable states for both types of
beams can be seen in Fig. 4.1. It can be seen that the lower energy beams lose
the symmetry with respect to the middle plane early on, while the higher energy
solutions preserve it as the transition proceeds.

Fig. 4.4 shows the bifurcation diagrams of end-shortening vs. compressive
load. The loads are normalized to the respective critical loads of the support
types. In the graphs first mode branches are generated by lifting the restriction
C3 from the the equations which enforce a particular H/L ratio. Without this
ratio present the first mode of buckling is easily generated. On the contrary,
second mode diagrams are generated by enforcing H/L = 0 at each step while
varying the compression ratios. It can be observed that reaching the buckling
point for the second mode requires proportionally more force for hinged beams
compared to clamped ones, i.e. 4 times the load of first mode buckling critical
force is required for hinged beams to buckle into the second mode whereas this
ratio is 2 for double clamped beams. It can also be seen that double clamped
beams begin to exhibit negative stiffness against P around ∆L/L = 0.5 and that
the force associated to the first mode actually exceeds that of second mode around
∆L/L = 0.7.

In this section, some comparisons between the results obtained from the formu-
lation discussed in the previous sections and finite element model are presented.
The model of interest is chosen to be a silicon nanobeam with a length of 40µm
and a cross section of 200nm × 200nm. In addition to the analysis focusing
only on the existence of bulk parameters, a study that takes surface parameters
into account is also presented. The bulk parameter is modeled after silicon, whose
Young’s Modulus has an approximate value of 165GPa and has a typical Poisson’s
ratio of 0.25. The surface is modeled after SiO2 which has a Young’s Modulus
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Figure 4.4: End-shortening vs. compressive load. Compressive load is normalized
to critical load that is determined from linear theory. Beam properties same with
those in 4.5. Mode shapes drawn for ∆L/L = 0.05, 0.25, and 0.40 for both
support types in addition to ∆L/L = 0.714 and 0.8 for double clamped beams.

around 103GPa. With a surface coating thickness of 1.5nm, this corresponds to
the surface parameters λ̂ = 43Pa and µ̂ = 38Pa, since Ê = Es × ∆t. Bending
stiffness of the surface is modeled like it is done in [2].

In table 4.2, a convergence study for the finite element model, along with the
results obtained from the numerical implementation of the model developed in
the previous sections can be found. The values in the table are the computed
forces corresponding the various height values H at the fixed compression ratio of
∆L/L = 0.15. For the specific compression ratio, maximum value of H is found
to be H0 = 0.23466.

It can be seen that the linear elements yield high error compared to the
quadratic elements, even though the aspect ratio of some quadratic elements
are worse than that of linear elements’. Each element in the 640 element model
has an aspect ratio of 1:2.5 compared to 1:1.25 that the 1280 element model has.
However the results in the table show that the former is sufficiently accurate.

Due to time constraints 640 element quadratic model was used in the conse-
quent studies instead of the better 1280 element model. For instance, sweeping
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Linear Elements Quadratic Elements
Analytical

H/L 320 640 1280 320 640 1280

Bulk
0.05 5.52982 2.58335 1.84802 1.56706 1.56422 1.56361 1.56339
0.10 11.1245 5.19678 3.71752 3.15254 3.14663 3.14539 3.14500
0.20 23.2732 10.8671 7.77292 6.59528 6.57919 6.57630 6.57584

Bulk & Surface
0.05 5.59261 2.62912 1.84802 1.60686 1.60397 1.60336 1.60260
0.10 11.2508 5.28885 3.71752 3.23261 3.22660 3.22536 3.22389
0.20 23.5374 11.0596 7.77292 6.76273 6.74642 6.74349 6.74080

Table 4.2: Transverse reaction force F/10−7 in N for various H/L and fixed
∆L/L = 0.15. Beam size of 200nm×200nm×40µm. λ = 6.6 GPa, µ = 6.6 GPa,
λ̂ = 43 Pa, µ̂ = 38 Pa. 4 elements on the cross section, varying among the length
of the beam.

through the range H = 0 → H0 with ∆L/L = 0.25 requires applying the dis-
placement increments approximately 1200 times. Solving each of these nonlinear
problems takes around 1.2 and 3 seconds for 640 element model and 1280 element
model, respectively. Also, since the nodes are more frequent along the length of
the beam in the latter model, the number of displacement increments have to be
approximately twice as much during the initial compression stage. This means
that using 640 element model is much more feasible while not sacrificing much of
the accuracy, as the study shows.

Next, actual graphs comparing the results obtained from FEM and numerical
implementation are presented. In each graph, both the bulk energy and bulk &
surface energy comparisons are presented.

Fig. 4.5 shows that the numerical model adopted matches the nonlinear finite
element model to a high level of accuracy even when high compression ratios
are applied. The finite element model considered here is both geometrically and
materially nonlinear. The thickness of the surface layer, along with the mate-
rial parameters for silicon dioxide result in only a slight variation of computed
transverse force though for other materials the results may vary.
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Figure 4.5: Finite element and numerical implementation comparisons of double
clamped beam. Y axis represents transverse reaction force F/10−7 in N. X axis
represents height ratio H/L.

One has to verify that the strain levels developed in the analytical model reside
in the proportionality limits as to ensure that linear material response assumption
is valid. To demonstrate that this is the case for both ∆L/L values considered,
we show that the maximum of Ezz, Ezy and Eyy values are in the acceptable
range. Here, E is the Green-Lagrange strain tensor, i.e. E = F t · F − I and z
and y are the longitudinal and transverse direction of the beam, respectively.

Fig. 4.6 shows the maximum strain levels developed inside the beam. It is
expected that higher ∆L/L values result in increased levels of strains, and the
graphs confirm this. The maximum amount of normal strains developed in the
beams are below 3% even for ∆L/L = 0.25. According to the work presented
in [29], normal strain levels below 3% are well inside the proportionality limit
for silicon nanobeams, which confirms that the analytical model is successfull in
predicting the behavior of silicon nanobeams. The transverse shear is in gen-
eral an order of magnitude smaller, which confirms the validity of the linearity
assumption.

Next, we present force and energy plots that are obtained by sweeping the full
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Figure 4.6: Absolute value of maximum strains developed inside the beams at
various H/L values according to the nonlinear finite element model. Strains de-
noted in percents. Axes z and y denote the longitudinal and transverse directions
of the beam, respectively.
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range of 0 ≤ H0/H ≤ 1 for 20 different ∆L/L values between 0.05 and 0.40.

Before proceeding further, some performance results may give a better idea
about the advantage that the analytical model has over the finite element code.
Sweeping for 20 different values for 0.005 ≤ ∆L/L ≤ 0.400 with 50 equally
spaced 0 ≤ H/H0 ≤ 1 takes around 4 seconds for the numerical implementation
to complete. On the other hand FEM model takes around 20 minutes to complete
for a fixed ∆L/L value, on average. This means that replicating the graphs in
the next section would take at least 5 hours for the FEM, excluding the user
interrupts.

The finite element meshes for two compression ratio values are depicted in
figure 4.7. Note that the length of the buckled beams are not equal in reality.
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(a) FEM model. ∆L/L = 0.05

(b) FEM model. ∆L/L = 0.25

Figure 4.7: Snap-through behavior observed in FEM model.
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Table 4.3: Transverse reaction force F/10−7 in N for clamped beams. Blue colours
depict the high energy non-physical solutions while purples depict the lower en-
ergy physical ones.
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Figure 4.8: F vs. H/L graphs for clamped beams for various ∆L/L values.
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Table 4.4: Transverse reaction force F/10−7 in N for hinged beams. Red colours
depict the high energy non-physical solutions while greens depict the lower energy
physical ones.
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Figure 4.9: F vs. H/L graphs for hinged beams for various ∆L/L values.
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Tables 4.3 and 4.4 show the surface plots which map a given ∆L/L and H/H0

value (where 0 ≤ H ≤ H0) to their corresponding transverse force F . To increase
clarity, each surface is shown from two different angles in separate rows of the
table. Fig. 4.8 and 4.9 are two dimensional plots that show the progression of
H/L vs F for three fixed compression ratio values of ∆L/L = 0.0.5, 0.25, 0.40.
These figures also include the profiles of the beams along differing H/L values.

An initial observation that is valid for all ∆L/L values is that the onset of bi-
furcation is much earlier (considered whenH/H0 is decreased) for double clamped
beams compared to double hinged beams. Because of this fact, externally influ-
encing a clamped beam to follow the higher energy path is more difficult than
doing the same for a hinged beam. This can also be seen in the later figurs that
compare the internal stretch and bending energies of the beams.

The decreasing transverse force (reported as negative stiffness) after bifurcation
point is one of the typical properties of snap-through behavior. This trend is also
observed to both types of beams but it can be seen that for sufficiently high
compression values, the double hinged beam actually starts to have a positive
stiffness just after the bifurcation point, up to some value. Figure 4.9c illustrates
this. This behavior is not observed on the clamped beams, however.

Similar transverse force graphs for hinged beams can be found in [27, 26], which
also include high energy transitions in the graphs along with physical solutions.
For double clamped beams, one may refer to [30, 31].
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Table 4.5: Stretch energy EΛ/10−16 in J for clamped beams.
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Figure 4.10: H/L vs. EΛ graphs for clamped beams for various ∆L/L values.
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Table 4.6: Stretch energy EΛ/10−16 in J for hinged beams.
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Figure 4.11: H/L vs. EΛ graphs for hinged beams for various ∆L/L values.
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Table 4.7: Bending energy Eθ/10−12 in J for clamped beams.
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Figure 4.12: H/L vs. Eθ graphs for clamped beams for various ∆L/L values.
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Table 4.8: Bending energy Eθ/10−12 in J for hinged beams.
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Figure 4.13: H/L vs. Eθ graphs for hinged beams for various ∆L/L values.
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It can be seen from Fig. 4.5 through 4.8 that the dominant part of energy
in high compression values comes from bending. This is of course a function
of the amount of buckling: at the onset of buckling the bending energy is non
existent but becomes more prominent as the beam buckles more. Bending energy
graphs suggest that the ratio between non-physical and physical energies is higher
for double clamped beams, as opposed to double hinged beams: this ratio is
close to 4 for clamped beams and 2 for hinged supports. This reassures that
forcing the beam to follow the higher energy states with the assistance of some
additional external factors is more difficult for double clamped beams. Likewise,
the bifurcation for transverse forces occur much earlier for clamped beams.

The stretch energies are similar to the vertical graphs in that they also have a
bifurcation point which can be clearly seen. On the other hand, bending energies
seem to depart in a smoother way. It is also interesting that the non-physical
energy graphs assume identical forms, differing only by their scales, whereas this
is not true for their physical counterparts.
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Chapter 5

Conclusion and Future Work

The aim of this study was two-fold: in the first part, we analyzed silver nanowires’
varying effective Young’s Modulus as a function of diameter at the presence verti-
cal forces. In the second part, we derived a model for nonlinear beam buckling and
displayed the snap-through phenomenon. In order to perform these analyses, the
surface and curve model extensions of continuum mechanics were implemented
in a finite element setting and the derived buckling formulation was implemented
in an ordinary differential equation solver.

Modeling the oxidation layers of a silver nanowire with surface parameters has
shown that the trend of growing Young’s Modulus with decreasing diameter can
be replicated numerically without modeling the coatings in 3-D. Incorporating
curves has shown a deficit of the theory: since the curves show no resistance
against shear, the ratio of shear to bending stiffness rapidly decreases. In this
case, on has to resort to Timoshenko’s beam theory to compute effective Young’s
Modulus. The reason this is considered as a backdraw is that in nanowires and
beams, oxidation layers bond with the beams thus it cannot be said that they
do not support shear stresses. Similar behavior was also observed with surface
layers to some extent in which case the top and bottom parts which contribute
the most to bending stiffness do not support shear forces.
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In the last chapter a nonlinear beam buckling model was derived based on
material linearity and geometric nonlinearity assumptions. The model derived
has some advantageous differences from similar formulations that allows the im-
plementation of a robust solver. The solutions obtained by utilization of this
solver was compared to the finite element model results. The comparisons were
performed on double clamped silicon nanobeams both with and without silicon
dioxide surface layers. The results were found to match perfectly, confirming the
validity of the buckling theory. Moreover, the bifurcation points on the snap
through problem were demonstrated. The lower energetic bifurcation behavior
were demonstrated for both double clamped and double hinged beams.

Future works will include retrieval of shear correction factor numerically for
surfaces. The ODE solver will be modified to accept mixed boundary condi-
tions, distributed vertical load and most importantly implementing fixed force
application positions in the deformed configuration.
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Appendix A

Functional variation

This appendix is a brief collection of information on functional derivatives. One
may refer to [32] for a more in depth introduction.

Let X be a normed vector space over R. The (Frechet) derivative of a func-
tional J : X → R is said to exist at a point x ∈ X if

lim
h→0

J(x+ h)− J(x)− Ax(h)
‖h‖

= 0 (A.1)

is satisfied for some bounded linear map Ax : X → R. In this case, the linear
map Ax is the (Frechet) derivative of J at point x.

The fact that the variation of a functional at a point is unique is trivial. The
position subscript attached to the derivative exists to remind the reader that while
the derivative is unique as a bounded linear map at a point, it indeed depends
on the point x.

A functional J may not necessarily have a derivative at a point but it might
have derivatives along directions h, which allow one to define a linear functional.
In this case, the Gateaux derivative is defined as such:

Let J : X → R be a functional. If a linear map B : X → R satisfies the
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condition
lim
λ→0

J(x+ λh)− J(x)− λB(h)
λ

= 0 (A.2)

for every h 6= 0, h ∈ X, then J is said to be Gateaux differentiable at x, and B
is its Gateaux derivative.

The existence of (Frechet) derivative of a functional implies its continuity but
the same cannot be said for Gateaux derivative. That is, a functional might have
a Gateaux derivative at a point x, yet still be discontinuous at x. This fact would
persist even if we assumed that Gateaux derivatives are bounded. The result is
akin to the finite dimensional case where the existence of directional derivatives
do not imply continuity of a function.

If a functional J has a derivative Ax at a point x ∈ X then its Gateaux
derivative at x also exists and moreover A = B. The proof is simple. Assume
that the derivative of J at x, A exists. Then one has that, for any fixed h ∈ X

0 = lim
λ→0

J(x+ λh)− J(x)− Ax(λh)
‖λh‖

= lim
λ→0

J(x+ λh)− J(x)− λAx(h)
|λ| · ‖h‖

= 1
‖h‖

lim
λ→0

J(x+ λh)− J(x)− λAx(h)
|λ|

(A.3)
then the desired result is obtained, where the derivative Ax is equal to the Gateaux
derivative Bx.

In this thesis, the derivative of a functional J at the point x acted on h is
denoted as δJ(x, h). Since the direction h is viewed as a virtual increment in the
context of mechanics, it is replaced with δx, resulting in the expression δJ(x, δx).
Because δJ has to be also equal to the Gateaux derivative, computing the general
derivative is not difficult. This is because

lim
λ→0

J(x+ λδx)− J(x)
λ

= δJ(x, δx) (A.4)

due to equation (A.2). Then assuming that the derivative exists, computing it is
a rather straightforward task.
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Appendix B

Surface and curve tension

Some surface and curve tension examples can be found in this appendix.

In figure B.1, the effect that increasing surface tension has over the deformation
of the material can be observed. Note that the configurations presented in this
appendix are pre-stressed. The net effect of surface tension is area minimization
which can be clearly seen in the figures.

In figure B.2, the additional effects of curve tension can be observed. As the
ratio of curve to surface tension increases, the shrinking on the edges become
more pronounced.
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(a) γ̂/µ = 0 (b) γ̂/µ = 0.2 (c) γ̂/µ = 0.4

(d) γ̂/µ = 0.6 (e) γ̂/µ = 0.8 (f) γ̂/µ = 1

Figure B.1: Effect of increasing surface tension γ̂ with fixed µ.

(a) 1 : 0.3 : 0.15 (b) 1 : 0.6 : 0.3 (c) 1 : 0.9 : 0.45

(d) 1 : 0.3 : 0.3 (e) 1 : 0.6 : 0.6 (f) 1 : 0.9 : 0.45

(g) 1 : 0.3 : 0.45 (h) 1 : 0.3 : 0.9 (i) 1 : 0.9 : 1.35

Figure B.2: Effect of increasing surface and curve tensions γ̂, γ̃ with fixed µ.
Ratios denote the quantity µ : γ̂ : γ̃. Color map depicting tr(P ).
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Appendix C

Main function of the FEM code

This part includes the main function of the program used along with brief expla-
nations to give the reader a general idea of the structure of the code.

# i n c l u d e <c s t d i o >
# i n c l u d e <vector >

# i n c l u d e " g l o b a l _ v a r s . h p p "

# i n c l u d e " e l e m e n t . h p p "

# i n c l u d e " n o d e . h p p "

# i n c l u d e " e d g e . h p p "

# i n c l u d e " f a c e . h p p "

# i n c l u d e " a d d _ t o _ n o d e . h p p "

# i n c l u d e " s e t _ n e i g h b o u r s . h p p "

# i n c l u d e " c r e a t e . h p p "

# i n c l u d e " f a c e _ e d g e . h p p "

# i n c l u d e " m e s h _ i n f o . h p p "

# i n c l u d e " g e t _ m e s h . h p p "

# i n c l u d e " d i s p _ e l e m e n t _ i n f o . h p p "

# i n c l u d e " w r i t e _ i n f o . h p p "

# i n c l u d e " s e t _ b o u n d a r y _ c o n d i t i o n s . h p p "

# i n c l u d e " s e t _ d o f . h p p "

# i n c l u d e " f e m _ s o l v e . h p p "

i n t main ( ) {

/*

1. F i r s t , v e c t o r t h a t h o l d s n o d e c o o r d i n a t e s a n d e l e m e n t r e l a t i o n s a r e c r e a t e d ,

g e t _ m e s t r e a d s t h e m e s h f i l e a n d s e t s t h e n o d e c o o r d i n a t e s a n d e l e m e n t - n o d e

i n f o

*/

std : : vector <std : : vector <d o u b l e > > node_coor ( total_node , std : : vector <d o u b l e >(NDIM) ) ;
std : : vector <std : : vector <int> > element_node ( total_elem , std : : vector <int >(NPE) ) ;

get_mesh ( file_name , NDIM, total_elem , total_node , NPE, node_coor , element_node ) ;

std : : vector <Element> ElementList ;
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std : : vector <Node> NodeList ;
std : : vector <Edge> EdgeList ;
std : : vector <Face> F a c e L i s t ;
f o r ( i n t i = 0 ; i < total_elem ; ++i ){

ElementList . push_back ( Element ( element_node [ i ] ) ) ;
}
f o r ( i n t i = 0 ; i < total_node ; ++i ){

NodeList . push_back ( Node ( node_coor [ i ] ) ) ;
}

/*

2. N e x t s t e p is to s e t t h e t o p o l o g y . E a c h n o d e is a s s i g n e d to h o l d t h e i n f o

of a l l e l e m e n t s t h a t it b e l o n g s to . T h e n u s i n g t h i s n e i g h b o u r s of e l e m e n t s

a r e s e t . T h i s is an i m p o r t a n t s t e p in o r d e r to p r e s e r v e e f f i c i e n c y in t h e

n e x t p r o c e d u r e s . T h e e d g e a n d f a c e i n f o a r e c r e a t e d , a n d t h e s e h o l d s i m i l a r

m e m b e r s to e l e m e n t s . T h e n o d e s a r e a l s o u p d a t e d w i t h t h e a d d i t i o n of e d g e

a n d f a c e s . A f t e r f a c e _ e d g e () is c a l l e d , t h e t o p o l o g y is s e t .

*/

add_elem_to_node ( ElementList , NodeList ) ;
set_neighbours ( ElementList , NodeList ) ;
cre ate_ edge s ( mesh_type , NPG, ElementList , EdgeList ) ;
c r e a t e _ f a c e s ( mesh_type , NPF, ElementList , F a c e L i s t ) ;
add_edge_to_node ( EdgeList , NodeList ) ;
add_face_to_node ( FaceList , NodeList ) ;
face_edge ( EdgeList , FaceList , NodeList ) ;

/*

3. T h e g l o b a l d e g r e e of f r e e d o m s ( d o f ) a n d c o n s t r a i n t s ( d o c ) a r e s e t a f t e r

s e t _ b o u n d a r y _ c o n d i t i o n () is c a l l e d . T h e s e t _ b o u n d a r y _ c o n d i t i o n s () f u n c t i o n s e t s t h e

g l o b a l d e g r e e of f r e e d o m s w h i l e e l i m i n a t i n g t h e c o n s t r a i n t s t h a t a r e t h e r e d u e

to d i s p l a c e m e n t t y p e b o u n d a r y c o n d i t i o n s . b u l k _ d o f a n d s u r f a c e _ d o f a r e t h e n u m b e r

of d e g r e e s of f r e e d o m s of t h e post - p r o c e s s i n g F E M c o d e t h a t f i n d s t h e s c a l a r f i e l d

on t h e n o d e s w h i c h m i n i m i z e s 2 - n o r m d i s t a n c e to t h e a c t u a l s o l u t i o n f o u n d .

f e m _ s o l v e () s e t s up t h e a s s e m b l y a n d l i n e a r s o l v e r r o u t i n e s .

*/

i n t dof , doc ;
i n t bulk_dof , s u r f a c e _ d o f ; .

set_boundary_conditions ( NodeList , FaceList , EdgeList ) ;
set_dof (NDIM, &dof , &doc , &bulk_dof , &surface_dof , NodeList , F a c e L i s t ) ;
fem_solve(& p o s t p r o c e s s , dof , doc , bulk_dof , surface_dof , ElementList , \

NodeList , FaceList , EdgeList ) ;
write_solution_mesh ( ElementList , NodeList ) ;

/*

3. T h e s o l u t i o n s a r e c o n v e r t e d i n t o . v t k f i l e s in t h i s s t a g e . At t h i s s t a g e t h e

p r o b l e m is s o l v e d , a n d p o s t p r o c e s s i n g f i l e s a r e r e a d y to be g e n e r a t e d .

F i r s t r o u t i n e g e n e r a t e s a 3 D . v t k f i l e w i t h 3 D b u l k e l e m e n t s , w h i l e t h e l a t t e r

g e n e r a t e s a 3 D . v t k f i l e w i t h 2 D s u r f a c e e l e m e n t s .

*/

write_solution_mesh_paraview ( 1 , ElementList , FaceList , NodeList ) ;
write_solution_mesh_paraview_surface ( FaceList , NodeList ) ;

r e t u r n 0 ;
}
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