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ABSTRACT

ANTENNA MUTUAL IMPEDANCE COMPUTATION USING
MEASURED OR COMPUTED ELEMENT FIELDS

OZTURK, MEHMET ALI

Ph.D., Department of Electrical and Electronics Engineering

Supervisor: Prof. Dr. Seyit Sencer Kog

September 2023, [116] pages

This thesis presents a comprehensive study of mutual coupling between two identi-
cal radiators in cases of small element spacing. To calculate the mutual coupling, we
utilize spherical harmonics and the reaction theorem. However, for closely spaced an-
tennas, a challenge arises when the minimum spheres enclosing the antennas overlap,
leading to issues with the convergence of spherical wave expansions on the surface

separating the antennas.

To overcome this problem, our proposed method relies on addition theorems to trans-
late the spherical wave expansions to a different center, effectively redefining the
minimum spheres and convergence regions. We validate our method by analyzing
the coupling of two half-wave dipoles in a side-by-side configuration. The results
show excellent agreement with those obtained from the induced EMF method. Addi-
tionally, we conduct experimental tests using a printed dipole antenna, obtaining its
spherical harmonic coefficients through spherical near-field measurement, and cal-
culate the mutual impedance of two such dipoles using our method. The computed
results for different element spacings in a side-by-side configuration are compared to

those obtained from s-parameter measurements and full-wave simulations.



To address the mutual impedance of two infinitely thin half-wave dipoles, we employ
the plane wave spectrum and the reaction theorem. Through asymptotic evaluation,
we establish a relationship between the spectrum and the far-field pattern function of
an infinitely thin dipole. This relationship and the analiticity of the spectrum enable
to compute the near fields of the dipole using its known far-field pattern function. By
utilizing the computed near fields, we determine the mutual impedance of dipoles in a
side-by-side configuration and compare the calculated results for different separation

distances with those obtained from the induced EMF method.

Keywords: Mutual coupling, Vector spherical harmonic expansion, Rotation and

translation of spherical waves, Addition theorem, Reaction theorem
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0z

OLCULEN VEYA HESAPLANAN ELEMAN ALANLARI KULLANILARAK
ANTEN KARSILIKLI EMPEDANSININ HESAPLANMASI

OZTURK, MEHMET ALI
Doktora, Elektrik ve Elektronik Miihendisligi Boliimii
Tez Yoneticisi: Prof. Dr. Seyit Sencer Kog

Eyliil 2023 , [T16]sayfa

Bu tez, kii¢iik eleman arali§1 durumlarinda iki 6zdes 1s1y1c1 arasindaki karsilikli bag-
lasimin kapsamli bir ¢aligmasini sunmaktadir. Karsilikli baglagimi hesaplamak icin
kiiresel harmoniklerden ve reaksiyon teoreminden yararlaniyoruz. Fakat, yakin ara-
likl1 antenler icin, antenleri kapsayan minimum Kkiireler iist iiste geldiginde, antenleri
ayiran yiizeydeki kiiresel dalga acilimlarinin yakinsamasi ile ilgili sorunlara yol acan

bir zorluk ortaya ¢ikmaktadir.

Bu sorunun iistesinden gelmek i¢in, 6nerdigimiz yontem kiiresel dalga agilimlarini
farkli bir merkeze Otelemek igin toplama teoremlerine dayanir, minimum kiireleri
ve yakinsama bolgelerini etkili bir sekilde yeniden tanimlar. Y6ntemimizi, yan yana
konfigiirasyonda iki yarim dalga dipoliin baglagimini analiz ederek dogruluyoruz. So-
nuglar, indiikklenmis EMF yonteminden elde edilenlerle miikkemmel bir uyum goster-
mektedir. Buna ek olarak, baskili bir dipol anten kullanarak deneysel testler yapi-
yor, kiiresel yakin alan 6lciimii yoluyla kiiresel harmonik katsayilarini elde ediyor ve
yontemimizi kullanarak bu tiir iki dipoliin karsilikli empedansini hesapliyoruz. Yan

yana konfigiirasyonda farkli eleman araliklari i¢in hesaplanan sonuglar, s-parametre

vii



Olctimlerinden ve tam dalga simiilasyonlarindan elde edilenlerle karsilastirilmistir.

Iki sonsuz ince yarim dalga dipoliin karsihikli empedansini ele almak igin diizlem
dalga spektrumunu ve reaksiyon teoremini kullaniyoruz. Asimptotik degerlendirme
yoluyla, spektrum ve sonsuz ince bir dipoliin uzak alan oriintii fonksiyonu arasinda
bir iliski kuruyoruz. Bu iligki ve spektrumun analitikligi, bilinen uzak alan Oriintii
fonksiyonunu kullanarak dipoliin yakin alanlarini hesaplamay1 saglar. Hesaplanan ya-
kin alanlar1 kullanarak, yan yana konfigiirasyondaki dipollerin karsilikli empedansin
belirliyor ve farkli ayirma mesafeleri i¢in hesaplanan sonuclari indiiklenmis EMF

yonteminden elde edilenlerle karsilastiriyoruz.

Anahtar Kelimeler: Kargilikli baglagim, Vektor kiiresel harmonik acilimi, Kiiresel dal-

galarin dondiiriilmesi ve 6telenmesi, Reaksiyon teoremi, Toplama teoremi
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CHAPTER 1

INTRODUCTION

1.1 Problem Definition

A fundamental issue that arises in the design of antenna arrays is the dependence of
the reflection from an individual element’s port on the excitations of all other ele-
ments. This dependency is caused by the interaction between array elements through
electromagnetic fields, known as mutual coupling. When an element is embedded in
an array with all elements excited, the properties of the elements, such as radiation
pattern and input reflection coefficient, differ from the isolated case due to mutual
coupling. This leads to a deterioration in the desired radiation pattern and variations
in the input impedance of the antenna elements. For example, in phased arrays, the
input impedance of an individual element changes with the magnitude and phase of
the element excitations due to mutual coupling [[1]]. This variation can result in ex-
cessive reflections from the element ports, leading to scan blindness at certain scan

angles and potential damage to the power amplifier unit of an individual element.

Multiple antennas are used in MIMO systems to enhance channel capacity. In col-
located MIMO systems, antennas are typically placed close to each other to create
a compact system. However, this proximity increases mutual coupling between the
elements, which can reduce the diversity performance of the MIMO system [2]. It
has also been noted in the literature that antenna coupling can significantly impact
the performance of adaptive arrays, even when large element spacings are used [3].
Therefore, accurately computing the mutual coupling is essential for the successful
design of an antenna array. The mutual impedance serves as one of the qualitative

measures to describe mutual coupling. It is the ratio of the induced voltage at the



open circuit terminal of one element to the current applied to another element while

all other elements are terminated in an open circuit.

The mutual impedance between two radiators can be determined using the reaction
theorem, which uses the known fields associated with both radiators and the port

currents, as mentioned in [4]].

Consider two antennas positioned in their respective coordinate systems as illustrated

in Figure

Z2

Y2

X2

Figure 1.1: Two antennas in their own coordinate systems.

The mutual impedance, z15, can be calculated as follows:

bty = ——— b (By x Hy — By x ) - dS, (L1)

Ly Js,
where S is an arbitrary surface separating the two antennas, which is called the
"reaction surface". In this expression, E,, H, denote the fields of antenna 1, and F,,
H, denote the fields of antenna 2 when both antennas are radiating in the presence of
each other. Typically, the reaction surface 5, lies in the near-field region of antennas,
requiring the evaluation of the near fields of the antennas to calculate the mutual

impedance. One approach to express these fields is to utilize the spherical harmonic

expansion technique. The fields radiated by each antenna can be written as:

2 [e’s) n
E(r,0,0) =kyiy_ Y, > QU.FL).(r0,0) (1.2)

s=1 n=1m=—n
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n

. 2 [e’s)
H(r,0,0) —]722 3 QULEY, . (r6,0) (13)

1 m=—n
where £k = w,/pe is the wavenumber, and 7 is the instrinsic impedance of the
medium. The upper index (c¢) defines the radial dependencies of the spherical wave
function. ¢ = 3 corresponds to spherical Hankel functions of the first kind, repre-
senting an incoming wave, while ¢ = 4 corresponds to spherical Hankel functions of
the second kind, representing an outward propagating wave. The incoming wave ex-
pansion converges inside any sphere that excludes all sources, while outgoing wave
expansion converges outside any sphere that includes all sources. A sphere with a
minimum radius enclosing an antenna is called the minimum sphere. Figure[I.2]illus-
trates the convergence region of the vector wave expansion representing the outgoing

waves, and minimum sphere for an arbitrary antenna.
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Figure 1.2: Convergence region of outgoing spherical waves.

When two antennas are positioned close to each other, the minimum spheres that
enclose both antennas overlap, as depicted in Figure[I.3] Consequently, establishing a

"proper" reaction surface within the region where both spherical harmonic expansions



representing the radiated fields from the antennas converge becomes impossible. The
primary issue addressed in this thesis is to expand the fields of the antennas in new
coordinate frames in order to find a "proper" reaction surface. This is imperative for

computing the mutual impedance between two closely spaced antennas.

Figure 1.3: Overlapping of minimum spheres.

1.2 Literature Survey

This section primarily focuses on conducting a literature survey regarding the use
of spherical harmonics in solving antenna problems and explores various techniques

proposed to analyze the issue of mutual coupling in antenna arrays.

The calculation of mutual impedance between antenna elements can be achieved
by utilizing Richmond’s reaction theorem [4]. This theorem expresses the mutual
impedance as an integral over a closed surface that fully surrounds only one of the
antennas, known as the reaction surface. As stated in [4]], having knowledge of the
port currents, and the fields radiated by the antennas on the reaction surface will be

sufficient for calculating the mutual impedance.

In [3]], a reaction surface is introduced as an infinitely large plane that separates two
antennas and is closed by a hemisphere on one side. The plane wave spectrum tech-
nique is used to express the fields of both antennas, and the coupling coefficient is

computed through an integral over S. However, the effects of the evanescent spec-

4



trum are disregarded, and errors may arise when two antennas are very close, as stated

in the same study.

The work presented in [[6] establishes the mutual admittance formulation between
two identical planar radiators by employing the reaction theorem and the plane wave
spectrum technique. This method allows the mutual admittance to be expressed as
a bidimensional Fourier transform of the inner products of the plane wave spectra
associated with the fields radiated by two rectangular slots. To obtain the plane wave
spectrum of the second slot, the propagation direction of the plane waves is reversed
relative to that of the first slot. The dimensions of the slots are considered small in
comparison to the wavelength, and it is assumed that the fields radiated by the first
slot do not affect the aperture field distribution of the second slot. It is asserted that
when the separation distance is significantly large, the expression can be evaluated
asymptotically. The method is utilized to compute the mutual admittances between

two rectangular slots in various configurations.

In [[7], a novel approach is introduced for estimating the mutual impedance between
radiators. This method uses the radiation pattern of a single isolated antenna to calcu-
late the mutual impedance between two identical elements. By utilizing the radiation
pattern of an antenna and the array factor, the real part of the surface integral of
the Poynting vector on an infinitely distant sphere is determined. The total radiated
power is also expressed in terms of the input port currents and voltages, and the real
part of the mutual impedance is represented as the surface integral of the Poynting
vector. The imaginary part is computed using Kramer-Kronig relations applied to
the real part. The validity of this technique is demonstrated by computing the mu-
tual impedance between half-wave dipoles and microstrip antennas, showing good

agreement with results obtained from other methods.

An analytical method for calculating the mutual impedance between two arbitrary
antennas using vector spherical harmonics and the reaction integral is proposed in
[8]. The fields of the two antennas are expanded into vector spherical harmonics in
their respective coordinate systems, and the fields of the first antenna are translated to
the coordinate system of the second antenna using the addition theorem. This allows

the integrations to be evaluated in closed form over a spherical surface that encloses



the second antenna. As a result, the mutual impedance is expressed as a sum of the
products of the expansion coefficients. The details of the technique is explained in
Appendix [A] since the method is the starting point of the approach proposed in this
study. The final result is given below for convenience which expresses the mutual

impedance as the sum of products of spherical harmonic coefficients of the antennas.

212 = 291 = ——2 — 1) (b, 2l + b 0 (1.4)
12 k n= 1 m=—n

where b} and 5b] 7 are spherical harmonic coefficients of antenna 2. 1b.”  and

1b ., denote spherical harmonic coefficients of antenna 1 in the translated coor-

dinate frame (coordinate frame of the second antenna). The units of the spherical
harmonic coefficients are volts/m and the port currents of the antennas 7; and 75 have
units of amperes. The mutual impedance given in is expressed as a sum of the
products of spherical harmonic coefficients with known currents. However, this an-
alytical method is not applicable for all separation distances. The outgoing waves
represented by spherical harmonics converge within the region outside of the mini-
mum sphere that encloses the antenna. A "proper" reaction surface should be defined
in the region where the expansions of both antennas converge. However, when the
antennas are placed very close to each other, the minimum spheres that enclose these
antennas overlap and the proposed method in [8]] does not work for mutual impedance

computation.

The work described in [[12] eliminates the need for the translation step by directly
utilizing the spherical harmonic expansion to evaluate the fields on the reaction sur-
face, which is a sphere surrounding one of the antennas. To accomplish this, an
FFT/Interpolation method over an eccentric sphere is proposed. The adoption of the
FFT/Interpolation approach allows for rapid computation of the fields on the reaction

surface.

The outgoing vector spherical harmonic expansions converge outside the minimum
sphere of an antenna. If the two antennas are positioned close to each other, their
minimum spheres will overlap, making it impossible to define a reaction surface that
lies entirely within the convergence regions of both antennas. As a result, the methods

described in [8] and [12] are not applicable. The problem of overlapping minimum
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spheres has also been addressed in the literature [13], [[14].

In [13]], a finite-size antenna is modeled using infinitesimal dipoles to ensure that the
minimum spheres of individual dipoles do not overlap. This allows for the applica-
tion of spherical harmonic methods. However, the drawback of this approach is the

challenge of accurately modeling the antenna.

In [14], transformation properties of spherical and plane vector waves are employed
to overcome the problem of overlapping minimum spheres. The spherical modes of
antenna 1 are expressed as plane waves in the coordinate system of antenna 1, then
translated into the coordinate system of antenna 2, and finally expanded in terms of
incoming spherical modes for antenna 2. This approach is similar to applying the
addition theorem. Although it is less efficient, it provides a solution to overcome the

overlapping minimum spheres problem.

The problem of overlapping spheres is also encountered in T-matrix formulation of
multiple obstacles. The method presented in [15] addresses this problem for two
obstacles close to each other, where their enclosing spheres overlap. The idea is
based on shifting the coordinate origin of the spherical harmonic expansion of the
obstacles away from each other. This translation also moves the enclosing spheres so

that they do not overlap.

The following studies emphasize the characteristics, benefits, and practical applica-
tions of employing spherical harmonic expansion in antenna-related problems. The
work in [16], a spherical mode expansion (SME) with cartesian vector coefficients is
utilized to analyze the radiation pattern of arbitrary wire antennas. In order to find
the spherical harmonic coefficients, the proposed method uses a spherical harmonic
series for the free space Green’s function in conjuction with the current distribution
computed with the method of moments. This expansion offers a compact and ac-
curate representation of the radiation patterns of arbitrary shape wire antennas. For
spherical mode expansion, N = kR is chosen as a truncation number to compute
the radiation patterns for several typical wire antennas. 2 denotes the radius of the
minimum sphere that encloses the antenna, while & is the wavenumber. To investi-
gate the convergence of spherical expansion with this truncation number, several wire

antennas are also computed directly from method of moments. The results of trun-



cated SME method are compared to that obtained from method of moments using a
root mean square (rms) error criterion. It is shown that the radiation patterns of ar-
bitrary shape wire antennas are represented using spherical mode expansions and its

accuracy is certainly adequate when arbitrary shape wire antennas are concerned.

The radiation pattern of any antenna can be expressed in a concise manner by em-
ploying spherical harmonic expansion, as suggested in [[17]. Instead of utilizing
vector spherical wave functions, this study proposes the use of scalar spherical har-
monics with vector coefficients to represent the vector-valued transverse electric far-
field. The complex vector-valued expansion coefficients are derived using a linear
least squares approach. The convergence of the expansion is assessed by examin-
ing the relative error between the measured and reconstructed fields, employing a
semi-spherical dual-polarized antenna array. This error is evaluated in relation to the
maximum expansion level, which decreases as the expansion level increases, as men-
tioned in the study. Additionally, it is claimed that this expansion method offers a
convenient way to rotate and interpolate radiation patterns, which is quite useful for
various signal processing algorithms involving sensor arrays, such as beamforming

and direction of arrival estimation.

In [18], vector spherical harmonics are employed to reduce the data required for
representing the radiation pattern of antennas in UWB channel simulations. These
simulations demand the description of the antenna radiation pattern across the en-
tire frequency band over 47 steradians. However, this necessity leads to challenges
such as a large volume of data and long computation times. These problems become
even more pronounced when working with Ray tracing-based propagation simulators,

making signal extraction a highly challenging task.

To address these issues, a solution is proposed using vector spherical harmonic (VSH)
expansion. This approach allows for the compact representation of the vector radia-
tion function F'(6, ¢), where (6, ¢) are the spherical coordinate angles. By employing
VSH expansion, the storage, processing, and analysis of the radiation patterns can be

simplified.

Vector radiation function is expanded in terms of VSH which seems to be efficient

solution for data access and compression. These functions are divided into real and



imaginary parts, and secondly expressed in terms of VSH coefficients. In order to
reconstruct F'(6, ¢) for each frequency and for a given (6, ¢), these coefficients are

utilized. ¢ and 6 components of vector radiation functions is defined as:

N n
Fy(0,0) = Z Z[Vg(brm,n cos M@ — bip, nSinMQ)

n=0 m=0

+ W (= Clpn cOSUP — €Ty psinme)]  (1.5)

n

N
Z (W (bl cOS MD — by STUMD)

n=0 m=0

I

Fy(0,9)

+ V" (ermn cOS MO — Cly nSinme)]  (1.6)

This usage of vector spherical harmonics brings about one of the key benefits in these
simulations: a significant reduction in data requirements when describing the antenna
radiation pattern. Additionally, the evaluation of vector radiation functions can be

performed quickly in the desired directions of interest.

The work in [19] is related to finding SWE coefficients of a A /10 Hertzian dipole that
is shifted by A distance from the origin. These coefficients are computed by utilizing
orthogonality relations with the known FE field of \/10 dipole. FEKO is a numerical
EM solver which directly gives the spherical harmonic coefficients of an arbitrary
antenna as a simulation output. The same dipole configuration is analyzed with this
solver to obtain these coefficients. The magnitude and phase of the SWE coefficients
are compared to that obtained from this numerical EM solver, and the results show
good agreement with %5 maximum error in terms of magnitude. Additionally, the
power distribution of 7 modes is also compared to the results from the numerical

solver in order to validate computations of spherical harmonic coefficients.

1.3 Proposed Method

Consider two antennas positioned in their respective coordinate systems, as illustrated
in Figure [I.4] The feed points of each antenna coincide with the origins of their un-

primed coordinate systems. When the two antennas are very close to each other, their
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Figure 1.4: Overlapping of minimum spheres.

minimum spheres may overlap, as shown in Figure [I.4l  The case of overlapping
minimum spheres makes it difficult to directly apply the spherical harmonic expan-
sion technique for calculating the mutual coupling between elements, since defining
a reaction surface for computing the mutual impedance becomes problematic in such
cases. However, it is possible to address this issue by altering the center of the expan-

sion sphere for each antenna, effectively finding a "proper" reaction surface.

By employing new (primed) coordinate systems, where the minimum spheres no
longer overlap, it becomes feasible to define a "proper" reaction surface within the re-
gion where the spherical harmonics representing the fields of both antennas converge.
Consequently, the mutual impedance can be determined either through numerical in-
tegration over the reaction surface by directly evaluating the fields on this surface or
through analytical integration by transforming the SWE coefficients to the same co-
ordinate frame. The addition theorem for SWE functions can be used to expand the

fields of an antenna in a different coordinate frame.

Translational addition theorem is quite complex in arbitrary directions, but rotation
and translation along the z-axis are simpler. Therefore, a general translation is achieved
by first rotating the z-axis of the coordinate frame in the translation direction. The ro-
tation and translation formulas are available in the literature [[10]], and the coefficients

for z translation can be easily generated by the recursive formulas given in [20].

To illustrate the idea, consider a half-wave dipole antenna positioned in the unprimed

coordinate system, as shown in Figure Suppose that the fields of the dipole
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Figure 1.5: Rotation and translation of spherical waves.

are expanded in the unprimed coordinate frame, with the origin referenced to its feed
point. This original coordinate frame is first rotated about its y-axis by 90 degrees
(through 0), and then translated along the (rotated) z-axis is by a distance A to obtain
the primed coordinate system. The radius of the minimum sphere in the new (primed)

coordinate system is given by

2
=] A2 (2) (1.7)

Since the radius of the minimum sphere is larger, the truncation number N’ for SWE
in the new coordinate system is also larger approximately by the same factor. If the
minimum sphere of the second antenna does not include the sources of the first an-
tenna, translation of a single antenna would be sufficient to find a "proper" reaction
surface as shown in Figure [[.4] However, if we shift both antennas in opposite di-
rections, the required translation distance will be smaller. This approach has two

advantages:

e The radii of the minimum spheres are smaller resulting smaller value of N’
e It is easier to find a "proper" reaction surface that is sufficiently away from the
minimum spheres of both antennas.
In any case, the number of SWE coefficients is higher in the new coordinate system,
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which means that the computational requirements are higher. This is the trade-off we

make to solve the problem.

The proposed method can be utilized to calculate mutual coupling between two an-
tennas using the measured or computed near fields of any antenna. The novelty of this
approach lies in the utilization of a technique that involves relocating the expansion
centers of spherical harmonics for individual antennas to compute mutual impedance.
Spherical near-field measurement systems can easily provide the spherical harmonic
coefficients of the antenna being tested, which can then be directly used by the pro-

posed method for mutual impedance computation.

1.4 The Outline of the Thesis

This section briefly summarizes the general structure of this thesis.

Chapter 2 provides theoretical background necessary for the subsequent chapters by
discussing the reaction theorem and its application to mutual impedance computa-
tions. It offers a comprehensive treatment of vector spherical wave expansions, in-
cluding their definitions and properties. Spherical harmonic expansion constitutes a
complete orthogonal set defined on the surface of a sphere. The chapter highlights the
orthogonality property of spherical harmonic expansion, which allows for the compu-
tation of spherical harmonic coefficients from known fields. This property is briefly

summarized in this chapter.

The addition theorem for spherical harmonics states that a spherical harmonic func-
tion referenced to one coordinate system can be expressed as a summation of spherical
waves referenced to another coordinate system, which is a translated version of the
first one. The chapter also presents the translational addition theorem in the general
case. The formulas describing translation in arbitrary directions are quite complex.
However, translation along the z- axis can be combined with the rotational addition
theorem to achieve general translation in arbitrary directions. The necessary theoret-

ical background for rotation and translation along z-axis is detailed in this chapter.

Chapter 3 briefly discusses the convergence problem of spherical wave expansion

12



when dealing with overlapping minimum spheres. To address this problem, the pro-
posed technique utilizes spherical wave rotation and translation to redefine the region
where the outgoing waves radiated by an antenna converge. While this technique is
applicable to all types of antennas, an infinitely thin half-wave dipole is specifically
chosen as an illustrative example for explaining the concept. To apply the proposed
technique for mutual impedance computation, it is necessary to calculate the spher-
ical harmonic coefficients of these dipoles either analytically or numerically. Since
well-defined analytical expressions for the near fields of an infinitely thin dipole are
available in the literature, the spherical harmonic coefficients are obtained using these
near-field expressions and the orthogonality relation. The proposed technique al-
lows for the numerical computation of mutual impedance between two closely spaced
dipoles using spherical harmonics. Additionally, an analytical expression for the mu-
tual impedance is derived using this technique, spherical harmonic expansion, and the
reaction theorem. The derived analytical formula expresses the mutual impedance as
a sum of the products of the spherical harmonic coefficients of both antennas in the
same coordinate frame. The numerical and analytical implementation of the proposed
method provides a general solution for an array using the known fields of a single el-
ement. It is important to note that the fields of the dipoles in free space are used in the
application of the proposed method, assuming that the presence of the second antenna

does not significantly affect the fields of the first antenna.

Chapter 4 focuses on the application of the proposed technique to the computation of
mutual impedance between two infinitely thin half-wave dipoles, and printed dipole
antennas. The proposed method is validated numerically and analytically by ana-
lyzing the coupling between two half-wave dipoles in a side-by-side configuration.
The results show excellent agreement with those obtained from the induced EMF
method. The theory is also tested experimentally by designing a printed dipole an-
tenna, and obtaining its spherical harmonic coefficients through spherical near-field
measurement. The mutual impedance of two such dipoles is computed using the pro-
posed method, and the results for different element spacings are compared to those
obtained from s-parameter measurements. Furthermore, s- parameters are measured
for a printed dipole array consisting of four elements. Based on the s-parameter mea-

surements, the active return losses of each port are computed. The active return losses
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calculated using the proposed method are then compared to those obtained from the

S-parameter measurements.

Chapter 5 focuses on the computation of mutual impedance between two infinitely
thin dipoles using the plane wave spectrum technique and reaction theorem. The
chapter briefly introduces the plane wave spectrum technique and demonstrates that
the plane wave spectrum is an analytical function of its arguments in a certain com-
plex domain. It also discusses the analytical continuation of the spectrum. By using
analytical continuation of the spectrum and asymptotic evaluation of radiated fields,
the near fields of an infinitely thin half-wave dipole are determined from far-field
function for mutual impedance computation. The magnitude and phase distribution
of the integrand of the reaction integral are investigated to explore the effective size of
the reaction surface. The mutual impedance of two dipoles is computed for different
separation distances on a truncated reaction surface, and the results are compared to

those obtained from the induced EMF method.

Chapter 6 serves as the conclusion and future work section of this thesis. In the
conclusion, we provide a comprehensive summary of our main findings. We ana-
lyze both the computational and experimental outcomes and discuss the limitations
of the proposed method. Additionally, we examine the effects of disregarding multi-
ple reflections between elements and compare the active return loss results obtained

through the proposed method with s-parameter measurements.

In the future work section, we discuss potential extensions of the proposed method,
specifically by incorporating multiple reflections between elements, which were not

addressed in this thesis.
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CHAPTER 2

THEORY

2.1 Reaction theorem and mutual impedance

The concept of reaction, first introduced by Rumsey in [21], describes the interac-
tion between electromagnetic sources through the fields they radiate. This concept
is closely related to the Lorentz reciprocity principle [22],[23],[24]], and it is a good
idea to discuss the reciprocity principle first in order to better understand the reaction

concept.

Consider two sets of electric and magnetic current sources, (J;,M;) and (Jy,M>),
that exist in the same simple (linear and isotropic) medium as shown in Figure

These currents simultaneously radiate at the same frequency and generate (£, H,),

Figure 2.1: Two pair of current sources in the same medium.
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and (F,, H>), respectively. These sources and fields satisfy the differential form of

the Lorentz Reciprocity theorem,[23]], [25], which can be written as:
V(El XHQ—EQXﬁl):Egjl—Elj2+H1M2—H2M1 (21)

This equation can be integrated over a volume V' which encloses all the sources to
obtain:
/V(El XHQ_EQX_Hl)dV:\%(El X_HQ_EQX_Hl)'dg
v s (2.2)
:/(Eg-Jl—El-J2+H1-MQ—HQ-Ml)dV
v

where S is the surface that encloses the volume V', and 7 is the outward normal to the
surface S. Equation is the integral form of the Lorentz Reciprocity theorem. The
surface integral in (2.2)) becomes zero if the currents are confined in a finite region so
that the surface S can be chosen to be a sphere whose radius tends to infinity. Then,

(2.2)) simplifies to:
/(EQ-J]—EI-J2+H1-M2—H2-M1)dvzo 2.3)
1%

This volume integral can be split into two parts if each set of currents are positioned
in separate locations and these sets are included in non-intersecting finite volumes 1

and V; as illustrated in Figure[2.2] yielding:

i
’ E, Hy E;, Hy
P /R U PR
/ 1 / 1
/ M, / Mz.‘
A -8 Vz <8,
...... Vo
,,,,,,,,,,,, g

Figure 2.2: Current pairs defined in V; and V5 volumes.
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2‘j1_ﬁ2']\7[1)d‘/1

Vi

J

V} contains only (J1,M;) and V5 contains only (Jo,Ms5). Then, |i becomes:

VvV
- (E_l‘gjg—ﬁl'MQ)d‘/z

>

2.4)

/ (By - Jy — Hy - N,)dV; — / (By - o — Hy - Ny)dV, 2.5)
Vi

Vo
Another useful form is obtained by considering that the integration is evaluated on
the source free volume as illustrated in Figure [2.3] then the volume integral on the

right hand side of (2.2)) can be decomposed into three surface integrals as:

,,,,,,,,, | S
Ly Hy E, H,
TR e YA
//;Ml //;Mz
\\ Vl ’__:5‘1 “\ Vz ,-":5'2
‘‘‘‘‘ V .
____________________ .

Figure 2.3: Surfaces enclosing source free volume.

%(El XﬁQ—EQXHl)'dS"l—f
S

(El XHQ—EQXHl)'dgl—f—% (E1XE2—E2XH1)'d§2
S1

> (2.6)
where S encloses the volume V, S; and S5 are the surfaces of volumes V; and V5,
respectively. The direction of dS is taken outward from surface enclosing source free
region as shown in Figure [2.3] This implies that normal vectors in the integrals over
Sp and S5 are directed towards the volume including currents. The volume integral
in the right hand side of (2.2)) will be zero because the volume does not include any

sources. The integral over S vanishes when the surface expands to infinity. As a
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result, (2.2) simplifies to:
74 (B XHQ_EQXﬁ1>.d51+7§ (Byx Hy— By x Hy)-dSs =0 (2.7)
Sl S2
If the volume of the integration in (2.2) includes only (J1,My), the integral form of

Lorentz Reciprocity can be written as:
% (El X HQ — E2 X H1> . dgl = / (EQ . j1 — ﬁQ . Ml)d‘/l (28)
51 Vl
A similar expression for (J5,M>) current pair can be obtained.

% (E1XH2—E2XH1)'dS’2:—/ (Ele_HlMQ)d‘/vQ (29)
S2 V2

The right hand sides of equations (2.8)) and (2.9) consist of volume integrals that
represent the interaction or coupling between a set of fields and a set of currents. This
interaction is referred to as "Reaction" in [21], and the volume integrals are denoted
as:

< 1,2 >= / (EQ . jl - H2 4 M1>d‘/1 (210)
1%

< 2,1 >—/ (Eljg—ﬁlMg)d‘/Q 2.11)
Vo

In this notation, the first index refers to the currents within the volume of integration,
while the second index represents the fields produced by the other set of currents that
lie outside of the volume. With the help of equations (2.10) and (2.11)), the reaction

can also represented as surface integrals of the fields, as given in equations (2.12)),

and (2.13).
< 1,2 >:% (El XF[Q—EQ XHl)'ds’l (212)
S1

<2,1>:% (EgXHl—El Xﬁz)'dgz (213)
Sa

Consider two sources j and k embeded in the same medium, and excited with terminal
currents 7;, and 7;. Richmond [4] indicates that the reaction can also be expressed in

terms of network quantities as given in (2.14).
’Uij.j =—<j,k> (2.14)

where vj;, 1s the induced voltage at the open terminals of source j in the existence of

the fields generated by applied current i to the terminal k. In a multiport network
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with NV terminals, voltage at each terminal may be defined in terms of Z matrix and

input currents as

(%1 211 .- Rln le
v 2z eee Zop 1
2| _ [ 2 2 (2.15)
| Un | | Zn1 o Znn | |in]
Using (2.12)), (2.14)), and (2.15]), the mutual impedance can be expressed as
; ; —<Jj k> 1 _ — _ ~ =
ij:& :%:#:—— (EjXHk—EkXHj)'de
Tk im=0,m#k (23 15 15 S;
(2.16)

where v;y, is the induced voltage at the open terminals of source j in the existence of
(Ey, Hy) fields generated by applied current i, to the terminal k. (E;, H;) denotes

the generated fields by terminal current ;.

The mutual impedance between two antennas can be calculated from (2.16) when the
fields produced by each antenna are measured or computed on a surface .S; that en-
closes one of the antennas, given the known terminal currents ; and 7. This formula
only requires knowledge of the port currents and radiated fields, without the need to

determine the current distribution.

The expression for mutual impedance given in (2.16)) implies that the fields radiated
by each source should be known in the presence of the other. Nevertheless, as ex-
plained by Richmond [4]], knowing the radiated fields of antenna 1 in the presence
of antenna 2, along with the fields of antenna 2 in isolation, will be adequate for
computing the mutual impedance. In order to understand this situation, consider two

arbitrary antennas are placed in the same medium as shown in Figure 2.4,  The an-

Figure 2.4: Two antennas are embedded in the same medium.
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tennas are surrounded by the medium whose electrical properties defined by complex
permeability p, and permittivity e. The medium is assumed to be linear, and time
invariant. There is no requirement for the medium to be homogeneous. S; and S,
denote the arbitrary surfaces enclosing antenna 1 and antenna 2, respectively. n is the
unit normal vector whose direction is taken outward from S;. When the antenna 1
is excited with current /5, it radiates in the presence of antenna 2, and generates the
fields (£,,H;). This radiation induces a voltage V5; at the open circuited terminals of

antenna 2.

In the conventional reciprocity derivations, the roles of antennas are interchanged.
This time antenna 2 radiates in the presence of antenna 1, while antenna 1 is termi-
nated with open circuit in the same medium. On the other hand, as claimed in [4],
antenna 2 is considered to radiate in a new medium (y/,¢’) as shown in Figure

This medium does not include antenna 1, and (E, _é) denote the fields generated

- -

orogr o~ ,
E2. Ha s Antenna 2 .-

~—o -

Figure 2.5: Antenna 2 radiates in a new medium.

by antenna 2. Nevertheless, i/ and €' are considered to be the same as unprimed

permittivity and permeability, respectively.

As given in [4], the following equation represents the general formula for the reaction
theorem.

Vol — _/ (B, x Hy — By x L) -dS 2.17)
Sa

The medium given in Figure[2.4need not to be isotropic, while antenna 2 is embedded
in an isotropic medium. /) denotes the current applied to antenna 2. When the induced
voltage V5, is computed using (2.17)), terminal voltages for different load impedances

may be found using Thevenin’s theorem.

It is important to note that V5; denotes the induced voltage in the original case as
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given in Figure 2.4, When the constant current source is utilized to feed antenna 2,
the current /5 will remain unchanged even if antenna 2 is embedded in a different
medium. Consequently, the left hand side of (2.17) is invariant with respect to the
variations in the medium depicted in Figure 2.5 Similarly, this condition applies to
the integral on the right-hand side, even though E% and H} depend on the medium.
As a result, the electrical parameters of the medium (4, €') can be adjust to represent
free space or the same medium in which the antenna 1 radiates. This means that the
fields (F,,H,) of antenna 1 in the presence of the antenna 2, and the fields (£}, H}) of

antenna 2 in isolated case will be sufficient to compute the mutual impedance.

In the literature, the induced EMF is a well-known method for calculating the mutual
impedance between antennas [26], [27], [28]]. This method relies on the free space
fields of the antennas while disregarding the effects of multiple reflections between
elements. When the antennas are positioned close proximity, the multiple reflec-
tions become significant and cannot be ignored. Nevertheless, there is a range of
antenna separations where the multiple reflections become negligible, and the mutual
impedance can be adequately computed using the free space fields of both antennas.
This range is significant in practice since the most antenna arrays employs such dis-
tances. Thus, the multiple reflections between elements are disregarded in this study,
and the free space fields radiated by antennas are used in the calculation of mutual

impedance between antennas.

The subsequent section concentrates on expressing the electromagnetic fields using

vector spherical harmonic functions.

2.2 Spherical wave expansion

Spherical wave expansion is a well-known technique in the literature which provides
particular solutions to Maxwell’s equations [10],[29]]. This expansion is well-defined
and enables to express the electromagnetic fields as a sum of infinite series of discrete
spherical waves. This series expansion constitudes a complete set of orthogonal func-
tions defined on the surface of the sphere. These waves can be widely used in many

different applications of electromagnetism, such as antenna theory, electromagnetic
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scattering, spherical near-field measurements etc. The formulations of spherical har-
monics were first introduced in [30]], and the detailed derivation and formulation are
performed by Stratton in [31]]. A more recent form was derived in [10] for spherical
near-field antenna measurements. These expansions are also treated in several books

in the literature [9], [25], [32], [33], [34].

In a simple (linear, homogeneous and isotropic) medium, Maxwell’s equations can
be written as:

V x E=—jwuH — M (2.18)

V x H=J+ jweE (2.19)

where € and p are permittivity and permeability of the medium. w is the angular fre-
quency of EM waves. E and H denote the electric and magnetic fields, respectively
and these fields are assumed to be time harmonic with e/“* dependence. The electri-
cal and magnetic current sources generating these fields are .J and M, respectively.
Vector wave equation can be easily derived from Maxwell’s equations. This wave

equation given in (2.20) is valid for both E and H fields in a source free region.

Vx(VxC)—kC=0 (2.20)

where k = w,/u€ is the wavenumber. By choosing k£ as a complex value, loss in the
medium can be taken into account. Nevertheless, in our formulations, the medium is

assumed to be lossless.

Consider scalar wave equation is given in a source free region as:
(V2+E)f=0 (2.21)

where f is the generating function and this function can be found by solving (2.21])).
The spherical harmonics are described in the spherical coordinates (r,0,¢) with unit
vectors (a,, ag, ag) as shown in Figure and spherical coordinates (r,6,¢) are

defined in a usual manner with respect to rectangular coordinates (x,y,2).

Vector functions m and 7 can be described as:

m=Vfxr (2.22)



Figure 2.6: Rectangular coordinate system (2,y,z) and spherical coordinate system

(r,0,0).

n=k"'V xm (2.23)

where 7 = ra,. m and 7 functions also satisfy vector wave equation given in (2.20).

Using (2.20) and (2.23)), we can derive (2.24) as:

m=k?Vx(Vxm)=k'Vxn (2.24)

m can be obtained in terms of k and curl of n as given in (2.24). Since the similar
relation exists between E and H fields in a homogeneous and source free medium, /m

and 72 may be used to represent £ and H fields.

By using the method of separation variables given in [31], the power normalized

generating function can be written as:

1 1 (_ﬂ
2 \/n(n+1) i

By substituting the generating function in (2.23) into (2.22) and (2.23)), then we can

Fi(r.0,0) =

) 2 (kr)PI™l(cos §)e’™®  (2.25)

obtain spherical harmonic functions m = F (©) and 7 = F\° . The mathematical

1mn> 2mn*
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expressions of these functions are provided in Appendix and This notation

for vector spherical harmonic functions are used throughout this thesis.

2.2.1 Spherical wave expansion of EM fields

A monochromatic electromagnetic wave can be represented as a combination of spher-
ical waves in a source free region of space. The electric and magnetic fields emitted

by an arbitrary antenna can be expressed using these wave functions, as described in

equations (2.26) and (2.27), respectively.
E(r,0.0) = kv ZZ > QL (6.0) (226)

s=1 n=1 m=—n

A(r.6,6)= 22 ZZ Z Q) Fs%, (1,0, 0) (2.27)

s=1 n=1 m=—n

where £k = w,/ue is the wave number and 7 is the instrinsic impedance of the
medium. The notation is similar to that used in [10] apart from time dependence
which is taken e/*. The upper index (c) defines the radial dependencies of the spher-
ical wave function. ¢ = 3 corresponds to spherical Hankel functions of the first
kind, representing an incoming wave, while ¢ = 4 corresponds to spherical Han-
kel functions of the second kind, representing an outward propagating wave. The
electric and magnetic fields expanded using outgoing spherical waves are only valid
within the region outside of the minimum sphere enloses the antenna. The incoming
wave expansion converges inside any sphere that excludes all sources, while outgo-
ing wave expansion converges outside any sphere that includes all sources. Figure[2.7]
illustrates convergence region of spherical harmonic functions representing outgoing
waves, and the minimum sphere for an arbitrary antenna. When the array elements
are placed very close to each other, the minimum spheres may overlap, making it dif-
ficult to directly utilize the spherical harmonic expansion technique to compute the

mutual coupling between elements.

The index s in the spherical wave functions as given in (2.26)) and (2.27) represents

two different functions, F1 and FQm which are power-normalized spherical vector
wave functions. The function Fl(nzn has no radial component, meaning it describes the

transverse part of an electric or magnetic field with respect to the radial coordinate r.
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Figure 2.7: Convergence region of outgoing spherical waves.

(c)

The electric field of a transverse magnetic (TM) wave is represented by F,.,, , while

its magnetic field is represented by F] 1(271, For transverse electric (TE) waves, the
c)

electric field is represented by F(C)n and the magnetic field is proportional to FQ(mn'

Im
The index s has a slightly different meaning in the definition of Q.. Q1. defines
the strength of the transverse electric (TE) part of an electromagnetic field, while
(QQomn describes the strength of the transverse magnetic (TM) part. The sum of the

index s in the expansion functions as given in (2.26) or (2.27) is always 3.

The spherical wave functions F(C)n and F(c) are dimensionless, while the wave co-

im 2mn

efficients have the dimension of v W.

The variation over the spherical angle ¢ is represented by the index n, while the index
m describes the variation over the spherical angle ¢. The index n takes positive
integer values, while the index m ranges from —n to n. For numerical purposes,
the infinite sum in (2.26) and must be truncated at some N. Although there
are many different formulas proposed for the truncation number /N, in this work N ~
kr,+3+/kr, is used as proposed in [8] and [10], where 7, is the radius of the minimum
sphere enclosing the antenna. However, it should be noted that for points very close
to the boundary of convergence region, a higher truncation number must be chosen.
Even then numerical errors may prevent convergence of the spherical wave expansion

(SWE).
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2.3 Orthogonality relation for spherical harmonic functions

The spherical harmonic functions constitute a complete set of orthogonal functions
defined on the surface of a sphere. The general form of orthogonality relation for

spherical harmonics given in [[10] is expressed as:

27 T
/ / FL9)(r,0,0) - EQ)(r,0, ) sin §dfde =
¢»=0 J 6=0

(¢) (7)*
Os.Orm O (— 1) {R&Q(kr)RSJ)*(kr) +6,0n(n + 1) ,ff” = kf@} (2.28)

The following subsection introduces computation of SWE coefficients of a field using

orthogonality relation.

2.3.1 The computation of SWE coefficients of a field using orthogonality

The orthogonality of spherical harmonics can be utilized to determine SWE coeffi-
cients of a field by taking the inner product of F  and the E field expansion given

in (2.26). Using this inner product with orthogonality integral in (2.28)), the spherical

wave coefficients can be found as:

oo Joo E - Fy,,sin0d0de -
len - k\/ﬁAl(k’r) ) ( . )
27 T = — .
"o oo B - F5sinfdfdo
Qo = —2=2 Joo B 15 (2.30)

/i ["(%;)Al(kr) + Ay (kr)

where Ay (kr) = Ryn(kr) R}, (kr), Ag(kr) = Ron(kr) R, (kr), R (kr) = B (kr),
and Ry, (kr) = %%ﬁgkr)). The sign * denotes complex conjugate operator. If we
have knowledge of the £ field radiated by an antenna, obtained through computation
or measurement on a surface surrounding the antenna, we can then calculate the SWE

coefficients of the antenna using equations (2.29)), and (2.30).

2.4 Addition theorems for vector spherical harmonics

The translational addition theorem for spherical harmonic functions states that a spher-

ical vector wave function defined in one coordinate system can be expressed as a
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linear combination of spherical harmonic functions in another coordinate system ob-

tained by translating the former, as depicted in Figure 2.8  The primed coordinate

X

Figure 2.8: Addition theorem for spherical waves.

system is translated version of unprimed one in an arbitrary direction. The derivation
of formulas for translation in an arbitrary direction is outlined well by [35]. However,
the notation used in [8]] is utilized here to briefly summarize translational addition
theorem in general case. The general addition theorem states that vector spherical

harmonic functions M7, (F) and N}, (F) can be expressed as:

M2, =Y Awainm ML 0 (F) + Bt awrinmn NG o (F) 2.31)

N2 @) =Y AN o (F) + By ML (F) (2.32)

The mathematical expressions of A,/ /.. and By 7. coefficients is given in Ap-
pendix (C.3), (C.4). The coefficients A,/ mm/inm and By mrinm in equation and
(2.32), can be very complex for a translation in a general direction. However, if the
translation is along the z-axis of the original coordinate frame, these expressions can
be greatly simplified, and recursive formulas are available to obtain these coefficients
[20].

Similarly, the rotational addition theorem expresses the spherical vector functions in

a coordinate frame as a linear combination of spherical wave functions in a rotated
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coordinate frame. The coefficients for the rotational addition theorem are relatively

simple.

A general coordinate transformation typically involves three successive transforma-
tions. Firstly, a rotation of the original coordinate frame is done to align the transla-
tion vector along the z-axis, followed by a translation along the z-axis, and finally, a

rotation is performed to align the axes in the desired direction.

2.4.1 Rotational addition theorem

Consider two right-handed rectangular coordinate systems initially referenced to the
same origin and aligned with each other. The unprimed coordinate system remains
unchanged, while the primed coordinate system is rotated around the origin from its
initial position to an arbitrary position in space. The final position of the primed co-
ordinate system can be obtained by applying three consecutive rotations, as shown
in Figure 2.9 [10]. The (1,y1,21) coordinate system shows the coordinate system
after the first rotation about the z-axis through an angle of ¢,. The rotation about the
yo-axis then moves the (x1,y1,21) coordinate frame to the (z2,12,22) frame through an
angle of 6,. Finally, the primed coordinate system is obtained by a rotation of the
(72,y2,22) coordinate frame about the z,-axis through an angle of y,. The rotational
movement from the unprimed to the primed coordinate system is defined by three Eu-
ler angles (x,,0,,%,). A spherical vector wave function associated with the unprimed
coordinate system F§,C,2n(r, 0, ) can be written as a summation of spherical vector
wave functions referenced to primed coordinate system (r’, ', ¢'), which is rotated

with respect to the unprimed one. This expansion is given as:

n

FL.(r,0,0) =Y emdy, (0,)e"F© (.0, ¢)) (2.33)

smn
p=-n

where d};,,(6,) denotes the rotation coefficient and its mathematical expression is

given in Appendix
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Figure 2.9: Rotation of spherical waves.

2.4.2 Translational addition theorem along z- axis

Consider two rectangular coordinate systems which are initially aligned and refer-
enced to the same origin. The first system, denoted as unprimed system (z,y,2),
remains stationary in its initial position. On the other hand, the second system, de-
noted as primed system (z’,y/,2’), is shifted by a distance A in the positive z direc-
tion, as illustrated in Figure 2.10] A spherical vector wave function, represented as
Fl9, (r,0, ¢) and referenced to the unprimed coordinate system, may be expressed as
a sum of vector spherical wave functions referenced to the primed coordinate system
which is translated by distance A. Translation is performed in the z direction by a

distance A. The expressions for two cases are given in (2.34]) and (2.35)).

FOL0.6)= 3 30 CHOGMEL (1, 0.6) 1 <A (2.34)
o=1 v=|ul
v#0

F{.(r,0,0) = Z Z Com (KA ES, (1,0, ¢) 1" > |A] (2.35)

=1 =l
v#£0

where translation coefficient Ciani’ (kA) takes the product of wave number k and
translation distance A as the input argument. The expression for translation coeffi-

cients in the z direction for positive arguments (kA > 0) is given in Appendix
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Figure 2.10: Translation of spherical waves.

It is evident that the spherical wave functions on the right hand side of or
include the same azimuthal index p as the left-hand side. This means that translation
in the 2 direction does not affect the ¢ dependence of spherical wave functions. These
formulas describing z-translation should be considered as a special form of general
translation in arbitrary direction. However, the translation in arbitrary direction may
be achieved by consecutive application of three operations: rotation, axial translation,

and inverse rotation.

Translation coefficients for negative arguments may be evaluated by using simple

symmetry relation given below.

Canl) (—kA) = (—1)*" (=) Canl) (K A) (2.36)

oy opv
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CHAPTER 3

PROPOSED METHOD

3.1 Convergence problem of SWE for overlapping spheres

Consider two dipole antennas positioned in the right hand rectangular coordinate
system as shown in Figure [3.1] The unprimed coordinate frames have their origins
aligned with the feed points of each antenna. The centers of the smallest spheres that
enclose the dipoles are situated at the origins of the unprimed coordinate systems,

namely (z1,y1, 21) and (22, Yo, 22), respectively.

Figure 3.1: Overlapping of minimum spheres.

When the port currents, and the fields of both antennas are known on a "proper" re-
action surface that encloses one of the antennas, the mutual impedance can be found
using reaction theorem. A "proper" reaction surface should entirely encompass one
of the antennas, and lie completely within the region where the spherical harmonics
representing the fields of the two dipoles converge. In a general case, spherical wave

functions that represent outwardly propagating waves converge in the outer region
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of the minimum sphere that surrounds the antenna. However, when two dipoles are
closely positioned as depicted in Figure [3.1] the minimum spheres enclosing the an-
tennas overlap. Consequently, it becomes impossible to establish a "proper" reaction
surface in the area where the spherical harmonic functions, representing outgoing
waves from both antennas, converge. To resolve the problem of overlapping mini-
mum spheres, the proposed technique uses rotation and translation of spherical waves
to move the expansion centers of the spherical harmonic functions away from each

other, and enables to redefine the new minimum spheres as shown in Figure 3.1]

Spherical harmonic expansions are infinite summations and in practice we must trun-
cate these infinite summations. This raises convergence issues in implementing the
proposed algorithm. The translation distance, truncation numbers in the original and
the translated coordinate frames are important parameters that affect numerical accu-

racy of the algorithm. These issues are discussed in the next chapter.

3.2 Rotation and translation of spherical waves

The main objective of this section is to explore the utilization of spherical wave rota-
tion and translation in order to redefine the region where the outgoing waves radiated
by an antenna converge. While this technique can be applied to any type of antenna,
an infinitely thin half-wave dipole has been specifically chosen as the antenna to serve

as an illustrative example for conveying the concept.

Following section describes the rotation and translation along the rotated z-axis to

redefine the convergence region of the outgoing waves associated with antenna 1.

3.2.1 Rotation and translation of spherical waves for antenna 1

Consider an infinitely thin half-wave dipole antenna (antenna 1) which is placed in
the unprimed right handed rectangular coordinate system as shown in Figure[3.2] The
feed point of the dipole is positioned at the origin, and the arms of the dipole extend
along z; axis. The unprimed coordinate system is first rotated about its y; axis by

90 degree (through ), and then translated along the rotated z; axis by a distance A
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Figure 3.2: Translation of coordinate system for antenna 1.

to obtain primed coordinate system. The region outside the new minimum sphere,
which is centered at the origin of the primed coordinate system, and has a radius of
7, now serves as the new convergence region for antenna 1. The outgoing waves
within this region can be expressed using vector spherical harmonics referenced to
the primed coordinate frame. The radius of the minimum sphere in the new (primed)
coordinate system is given by

2
rl =A%+ (%) (3.1)

Since the radius of the minimum sphere in primed coordinate system 7/ is larger than
unprimed case, the truncation number N’ for SWE in the primed coordinate system

is also larger approximately by the same factor.

The translation from unprimed to primed coordinate system is accomplished through
a two-step process. The unprimed coordinate system is first rotated by 90 degrees
(through ) about its y;-axis, then as a second step, the rotated coordinate frame is

translated along its z; axis by a distance A.

The process of rotating the system around the y;-axis by 90 degrees involves ex-
pressing the spherical vector wave functions associated with the unprimed coordinate
system _s(ﬁ%n(r, 0,¢) in terms of the spherical vector wave functions referenced to

the rotated coordinate frame (7 g1, Og1, 1) through the use of the rotational addition
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theorem. Given that the rotation occurs only about the y;-axis with an angle of 90

degrees (i.e., 8, = 90), this expansion takes on a simplified form, as shown in (3.2).

Fsmn T, 0 ¢ Z d s,un(TRthla qul) (32)

p=—n
Then, as the second step, the spherical harmonics referenced to the rotated frame,
Fs(ﬁ%(rm, Or1,®r1), are expressed in terms of spherical harmonics associated with
the primed coordinate frame as:

2

Fs(u)n (TR17 0R17 ¢R1 Z COS'ZI/ apz/ (7”1, ¢1) TZ) > |A| (33)
=1 o=
v#0

where the truncation number /V; for translation is specified as kr] + 3¢/kr.. It is
worth emphasizing that the upper index (c) in the spherical harmonic functions is in-
variant under rotation, as indicated in (3.2). Furthermore, the upper index (c) remains

unchanged when the value of r/ exceeds that of A as given in (3.3).

3.2.2 Rotation and translation of spherical waves for antenna 2

Suppose that an infinitely thin half-wave dipole (antenna 2) is positioned in the un-
primed right handed rectangular coordinate system as illustrated in Figure 3.3] In
this case, the unprimed coordinate system for antenna 2 is rotated about its y, axis
by 90 degree (through ) as we did for antenna 1. Since the expansion centers of the
antennas are shifted away from each other, this time translation in the rotated 2, axis
is done in z, direction by a distance —A. The new convergence region of antenna 2
is again specified by consecutive application of rotation and translation operations as
shown in Figure [3.3] The outwardly propagating waves within this region can be ex-
pressed using vector spherical harmonics referenced to (25, y5, z5) primed coordinate
frame. The same expansion in (3.3)), along with the symmetry relation for translation
coefficients given in enables us to obtain the translation from the rotated frame

to the (2, y4, z5) coordinate system.

() ( /i:A) ( )s+a( )n+ucsn c (kA) (3.4)

ouv ouy
If the minimum sphere of the second antenna does not contain the sources of the first
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Figure 3.3: Translation of coordinate system for antenna 2.

antenna, translation of single antenna would be sufficient to find a "proper" reaction
surface as in the case shown in Figure 3.1l However, if we move the expansion
centers of both antennas away from each other, the required translation distance will

be smaller. This approach offers two advantages:

e The radii of the minimum spheres are reduced, resulting in a smaller value of

N'.

e It becomes easier to find a suitable reaction surface that is sufficiently distant

from the minimum spheres of both antennas.

Nevertheless, it is important to note that the number of SWE (spherical wave expan-
sion) coefficients is higher in the primed coordinate system. This implies a higher

computational load, which is the price we pay in solving the problem.

3.3 Numerical method for computation of mutual impedance between two half-

wave dipoles

The main objective of this section is to apply the proposed method to numerically

compute the mutual impedance between two infinitely thin half-wave dipoles. To
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achieve this, it is necessary to calculate the spherical harmonic coefficients of these
dipoles either analytically or numerically. Since the literature provides well-defined
analytical expressions for the near fields of an infinitely thin dipole, the spherical har-
monic coefficients can be obtained using these near field expressions and the orthogo-
nality relation. The subsequent section provides a concise overview of the derivation

process for the near field expressions of an infinitely thin dipole.

3.3.1 Near-field expressions of infinitely thin half-wave dipole

To compute the mutual impedance between two antennas, the near fields of the ele-
ments must be known. The near fields of an antenna can be calculated either analyti-
cally or numerically using an EM solver. In the literature, there are well-known near-
field expressions for an infinitely thin dipole of arbitrary length, which can be found
in references [26] and [36]. This section provides a brief overview of the derivation

of these analytical expressions.

Consider an infinitely thin half-wave dipole antenna placed in a right handed rectan-
gular coordinate system as illustrated in Figure [3.4] The feed point of the dipole is
positioned at the origin, the arms of the dipole extend along z-axis. The near fields
are derived based on the geometry in Figure In the following derivation, we will
utilize cylindrical coordinate system described in the usual manner with respect to the

rectangular coordinate system.

For an infinitely thin half-wave dipole, the magnetic potential can be obtained by
assuming a sinusoidal current distribution from which the magnetic field can be found

as:
_ 1 - 10A,
H=-VxA=—a,—
It "1 dp

(3.5)

It can be shown that the magnetic field radiated by the dipole is

I, 1 , . kl ;
— e H 4 eIk 9c0g (—) e_]kr} (3.6)
Amjp 2

~

H = €L¢H¢ = —a¢

where [ represents the length of the dipole, and

r=/a2 4y + 22 =\/p? + 22 (3.7)
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Figure 3.4: An infinitely thin dipole geometry for near-field analysis.

AN N\
Rlz\/x2+y2+(z——> :\/p2+(z——) (3.8)

2 2

A AN

as shown in Figure The corresponding E-field can also be found using Maxwell

equations as:

_ 1 _
EFE=—VxH (3.10)

jwe
The exact expression for the £-field of an infinitely thin dipole of arbitrary length [

is:

_ 1 0H, 110
EF=a,F,+a.FE, =—a,- a,———(pH, 3.11
aplop +a apjwe 92 +ajwep8,0(p 5) (3.11)
where
nl, [\ e kR 1\ e kkz kI e Jkr

E, = ! ° 9 i 3.12
P ‘747r,0 {(z 2) Ry T 2 Ry 82 r (3.12)

.?7[0 e—ij1 e—ijg kl e—jkr
E,=—7j— —2 — 3.13
o { B R %\ 2) ©-13)
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The derivation of the £ and H fields relies on the assumption of an infinitely thin
wire. However, practical wire antennas have a thickness that is significantly smaller
compared to the wavelength (typically considered as A\/100). Consequently, the fields
obtained from the aforementioned derivation can be considered a reliable approxima-

tion for thin dipoles.

3.3.2 Computation of SWE coefficients of half-wave dipole

The spherical harmonic coefficients of an arbitrary antenna can be calculated us-

ing measured or computed fields with orthogonality relations as given in (3.14)) and

@.15).

i f;OE Fy. sinfdfde ‘14
271' i
E- F*mnsdeé’dgb
Qomn = o Jo B B (3.15)

k:\/_ [" (D A (k) + AZ(JW)}

where we have defined Ay (kr) = Ry, (kr)R;, (kr), Ao(kr) = Ro,(kr)Rs, (kr),
@) _

Ry, (kr) = h<2)(kr) and RQn(kr) = AW By substituting E field expres-

sions given in (3.12)) and (3.13) into (3.14)), and (3.15)), we can determine the spherical

harmonic coefficients for an infinitely thin half-wave dipole antenna. The literature
already provides analytical formulas for the SWE coefficients of an infinitely thin
dipole [3/]. However, since the proposed technique is applicable to all types of an-

tennas, we provide the computation of SWE coefficients here in a general context.

3.3.3 Mutual impedance between two infinitely thin half-wave dipoles

The fields associated with antenna 1 can be expressed using spherical wave expansion

associated with (), ¢, z]) coordinate system as:
2 Nf n
Ev=kyiy_ D Y QU ESL (6. 61) (3.16)
s=1 n=1 m=—-n

2
7, = I8 ZZ S QUL ED, (100, 61) (3.17)

s=1 n=1 m=—n
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where ngi%n denotes the spherical harmonic coefficients referenced to (2}, v}, ;) co-
ordinate system as depicted in Figure[3.2] The pre-subscript is utilized to indicate that
the coefficients belong to the field expansion of antenna 1. stzn( 1, @) represents

the spherical harmonic functions in the primed (', ¥}, z7) coordinate system.

Considering that the outgoing waves are expanded using spherical harmonics within

the region outside the minimum sphere that encloses the infinitely thin half-wave

dipoles, hence, the upper superscript (c) equals to 4, as specified in (3.16) and (3.17).

The spherical wave coefficients 1@&%,2”1 are obtained from known coefficients (Q1,,1,
(Qomn) referenced to unprimed coordinate frame in two steps: the first step is to rotate
the unprimed coordinate frame about its y; axis by 90 degree, and the second step
is to translate the rotated coordinate frame along its z; axis by a distance A as illus-
trated in Figure The radius of the new minimum sphere 7, in the new (primed)
coordinate system is given by (3.1). The truncation number Ny in the new (primed)
coordinate frame is k7, + 3 {”/k_r(’) . The convergence analysis in the subsequent chap-
ter will demonstrate that this expression for the truncation number is also valid in the
translated frame. Note that the upper index (c¢) in the spherical harmonic functions is
invariant under rotation operation as given in (3.2)). In the translation step, since 7,
is greater than A, the expansion given in indicates that the upper index (c¢) in

spherical harmonic functions remain unchanged under translation.

The fields radiated by antenna 2 are also expanded in terms of spherical waves in the

(x4, yh, 25) coordinate system as:

By = kv ZZ Z 2Q Finh (15, 05, 05) (3.18)

s=1 n=1 m=-—n

_ P _
j ZZ Z Qsmn smn( /27 /27 ,2) (319)

s=1 n=1 m=-n
where 5Q'%,, represent the spherical harmonic coefficients in the (xh, yh, 25) coor-
dinate system. The spherical wave functions, denoted as Fsmn( 5, ¢h), are refer-
enced to the (%}, y, z5) primed coordinate system. However, the computation of the
spherical wave coefficients 2@59171 differs slightly from what was done for antenna 1.
The first step remains the same as that of antenna 1. However, for antenna 2, the ro-

tated frame is translated along the z,-axis by a distance of — A, as depicted in Figure
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[3.3] By redefining convergence regions of spherical harmonic expansions represent-
ing outward propagating £ and H fields of both antennas, a "proper" reaction surface

can be defined as shown in Figure 3.5]  The portion of the reaction surface located

Antenna 1

Antenna 2

Reaction
surface
Figure 3.5: A "proper" reaction surface for mutual impedance computation after ro-

tation and translation of coordinate frames of the antennas.

on the xy plane is chosen to have sufficiently large dimensions (20 x 20)) in order
to make the contribution from other surfaces negligible. It is important to note that
the fields of the dipoles in free space are used, as it is assumed that the presence of the
second antenna does not significantly affect the fields of the first antenna. By com-

puting the outgoing fields provided in equations (3.16), (3.17), (3.18), and (3.19) on
the reaction surface using (3.20), the mutual impedance between two closely spaced

antennas is found by numerical integration.

1 _ _ _ _ _
219 = ——— (El X H2 — EQ X Hl) -dS (320)
LIy Js,
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3.4 Computation of mutual impedance between two infinitely thin half-wave

dipoles

The fields associated with antenna 1 are given in terms of spherical wave expansion

in the (z), vy}, 21) coordinate frame as:

Ei=kyn ZZ Z QW FG) (1,07, 64) (3.21)

s=1 n=1 m=—n

: szz S QUL EL (8 0)) (3.22)

s=1 n=1 m=—n
where Fmn (1, 6}, ¢,) represents the spherical harmonic functions referenced to (2}, /}, 2})
coordinate frame as illustrated in Figure The upper index (c) is 4 as discussed in

the previous section.

In order to obtain an analytical expression, the field expansions for antenna 2 given
in (3.18)), (3.19) must be translated to the coordinate system referenced to (2}, v}, 2).
This translation is illustrated in Figure [3.6f  The fields radiated by antenna 2 are

Antenna 1 Antenna 2

Figure 3.6: Translation of spherical harmonic coefficients of second antenna.

expressed in terms of spherical harmonics referenced to (z/, ¥}, ;) coordinate system

as:

2 Né v
By=kyny Y > 2QW EN (.01, 1) (3.23)

o=1 v=1 p=—v
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_ ]k;
Z Z Qa;w 3— U/,LU( /17917¢1) (324)
o=1 v=1 p=—v
where QQ(()-:BU denotes the spherical harmonic coefficients of antenna 2 after translation
along zi, direction by a distance 2A + d. F;L)v(r’l, 61, ¢') represents the spherical

harmonics corresponding to those coefficients. Since the translation distance 24 + d

is always greater than 7] = /A2 + (2)2, the translation formula given in (3.25) is

used to express the fields of antenna 2 in terms of spherical harmonics referenced to

(2}, Yy, 21) coordinate frame.

2
F T279/27¢2 Z Z O;ZUC) 2A+d)) U#u(rhei?gbl) Ti < |2A+d|
o= 1 v
=
(3.25)
where truncation number for this translation is chosen as N} ~ kr] + 3/kr}. The

truncation number used in equations (3.23) and (3.24) may not have the same value

provided in equation (3.25). Nevertheless, it is satisfactory to employ the same trun-

cation value, denoted as N, ~ kr] + 3¢/kr, in - and i for our

calculations. Note that after this translation the upper index (c) changes to 1 for the

spherical harmonics referenced to (), ¥}, 2).

The mutual impedance expression based on the reaction theorem is given as:

1 _ _ _ _
219 = ——/—— (El X HQ — E2 X Hl) . dSl (326)
L1,

The reaction surface is chosen as the minimum sphere that encloses antenna 1 as

depicted in Figure The center point of this sphere is the origin of (x},y}, 2])
coordinate frame. By substituting the fields (3.21), (3.22), (3.23), and (3.24) into

(3.26), the surface integrals of E; x H,, and E, x H; on reaction surface S, are given

as:

i £ EE T oo

s=1 n=1 m=—n o=1 v=1 p=—v

/ / s;;gn x Iy )qu} 774 sin 0d0yde, (3.27)
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Table 3.1: The constant A7),

A | y=1|y=2|7y=3|y=4
c=1| 0 1 j —j
c=2 —1 0 —1 —1
c=3| —j 1 0 | —2j
c=4 | j 1 2j 0

]{ (Ey x Hy) - dS, —ijZZ Z ZZ Z 2@0,“) Q)

o=1 v=1 py=—-v s=1 n=1 m=—n
27
/ / FG, % B} 71t sin 0o} dg), (3.28)

The orthogonality relations of the spherical harmonics are given in [10] as:

/ {Fs(vffm ;79/17¢/1) X ch,?w(rla0,17¢1 } T’ Ti281n9/1d0/1d¢,1
¢»=0

= s 300m—pOnuo(— 1) RO (kr) RS, (kr)ry (3.29)

T

By inserting lefthand side of (3.29) into (3.27), (3.28) and using Wronksian given in
(.30)

R (krl)RS sn(kr1> R (krl)RS sn(k"’l) —(=1)° (3.30)

where the constant A(*?) is given in Table the surface integral can be simplified
as:

f (El XHQ—EQXﬁl)‘dgl
S1

]Z Z [ lm”ZQl mn( )mA(CFy + Qan 2Q2 mn( 1)mA(C;Y):|

n=1m=-—n

(3.31)

For ¢ = 4 and v = 1, A is determined as j as given in Table [3.1, the mutual

impedance is expressed as a sum of the products of the spherical harmonic coefficients
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for two closely spaced antennas as:

1 _ _ _ _ _
219 = ——— (E1 ><H2—E2><H1)-d51
Ly Js,

| Mo (3.32)
_ _1ym (4) (1) (4) (1)
- 1,1, ngz:l m;n( 1) |:1Q1,m,n QQl,—m,n + 1Q2,m,n 2Q2,—m,n
While the mutual impedance 25 defined in (3.32) may initially appear to be influ-
enced by the port currents /; and I5, it is important to note that the products of the
spherical harmonics within the summation inherently includes these currents. Conse-
quently, the mutual impedance remains invariant with respect to the variations in port

currents, establishing its independence from their effects.
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CHAPTER 4

RESULTS

4.1 Computational results

This chapter focuses on the computational results of the mutual impedance between

antennas using proposed technique.

4.1.1 Numerical computation results for mutual impedance between two in-

finitely thin half-wave dipoles

The reaction theorem states that if the port currents and the fields radiated by the
antennas are known, then the mutual impedance between antennas can be calculated

as follows [4]]:

1 B _ _ _ _
212 g — (El X H2 — EQ X Hl) . dSl (41)
[1[2 S1

If the reaction surface S; lies completely in the convergence region of the spherical
harmonic functions representing outgoing waves of both antennas, it is possible to
directly calculate the fields on .S; and numerically evaluate (4.1). In this subsection,
we present the computational results of the mutual impedance between two infinitely
thin half-wave dipoles by numerically evaluating (4.1). The operating frequency is
set to 300 MHz for infinitely thin half-wave dipoles.

Since the spherical harmonic coefficients of antenna 1 and antenna 2 in the modified
coordinate systems are known, the E and H fields of both antennas on the reaction
surface S can be determined by using (3.16)-(3.19). Then, by numerically evaluating
(4.1), the mutual impedance between two infinitely thin half-wave dipoles positioned
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side-by-side can be calculated for small element spacing as illustrated in Figure

Figure [4.2] shows the real and imaginary parts of the mutual impedance as a function

Antenna 1

Antenna 2

Reaction
surface
Figure 4.1: A "proper" reaction surface for mutual impedance computation after ro-

tation and translation of coordinate frames of the antennas.

of antenna separation, along with those obtained by induced EMF method. The results
are expected to be the same (except for numerical errors) since the induced EMF
method also uses the free space fields. The results clearly demonstrate that mutual
impedance between radiators can be accurately calculated even for small separation

distances for which overlapping minimum sphere problem can occur.

4.1.2 Analytical computation results for mutual impedance between two in-

finitely thin half-wave dipoles

The primary aim of this section is to present the computational results of the mutual
impedance between two infinitely thin half-wave dipoles using the analytical expres-

sion derived in the preceding chapter. The mutual impedance is expressed as a sum
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Figure 4.2: Comparison of mutual impedances of two infinitely thin half-wave dipoles

computed using proposed method and induced EMF method.

of the products of the spherical harmonic coefficients for two closely spaced antennas

as:

1 _ _ _ _ -
219 = ——— (El XHQ—EQ ><H1)-d51
LI Jg,

TR 4.2)
e E Z Z (_1)m [IQS:IT)n,n 2@%{)_,”17”, + 1@;12”/771 2@5%)_7”’”

n=1 m=—n
With known coefficients in the translated coordinate frames, the mutual impedance is
found using (4.2). Figure .3|shows the comparison of the real and imaginary parts of
the mutual impedance as a function of antenna separation, along with those obtained

by induced EMF method.

4.1.3 Convergence analysis

This subsection primarily emphasizes the convergence analysis of the spherical wave
expansion (SWE) when the spherical harmonics are translated from the unprimed
to the primed coordinate frame. This analysis plays crutial role in determining the
appropriate range for selection of the truncation number in the translated coordinate

frame.

The infinite sum in SWE must be truncated for numerical calculations. Different
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Figure 4.3: Comparison of mutual impedances of two infinitely thin half-wave dipoles

computed using proposed method and induced EMF method.

expressions for the truncation value have been proposed in the literature. The choice
of the truncation value affects the accuracy of the calculation: if it is too small, the
series will not converge, while if it is too high, the singularity of wave functions will
result in numerical errors. To address this issue, a convergence analysis based on the

conservation of radiated power is performed.

The radiated power of an infinitely thin half-wave dipole can be calculated using

radiation resistance and input current as:

1
Prad = éRrad‘[oP (43)
or by summing the spherical harmonic coefficients in the translated coordinate frame
as:
1 2 N’ n
> T |2
P’/‘ad = 5 Z Z Z |Qsmn| (44)
s=1 n=1 m=—n
where Q7 represents the spherical harmonic coefficients in the translated coordinate

frame. The relative error between these two methods is defined as:
€Erel = |Prad - prad|/P'rad (45)

Figure [4.4] shows the relative error (in dB) as a function of truncation value in the

translated coordinate frame as a function of N’. In this work, /N’ is chosen as kry +
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3v/kry as suggested in [[10] and Figure shows this choice to be appropriate. The
wide range of N/ for which the error remains low allows for flexibility in choosing
a suitable expression from the various proposals in the literature. In fact, different

expressions suggested in the literature fall within this low-error range.

10

(dB)

s

rel’

10 kr '+ 3 x (kr ')”3‘
o o

A " A 4 A=A A & e

Relative error, €

Figure 4.4: Relative error in radiated power with respect to truncation value, N'.

The convergence of SWE becomes challenging as it approaches the boundary of the
region of convergence. To obtain accurate calculations on the reaction surface, the
translation distance A must be carefully selected. Larger values of A allow for more
accurate results, but they also require a higher value of N’, leading to increased com-
putation. Additionally, larger values of A can result in increased numerical errors.
Therefore, choosing the correct value of A is crucial. Figure 4.5]illustrates the error
as a function of translation distance A for different antenna separations. The error in
this scenario is defined as the difference between the mutual impedances calculated

by the proposed method and the induced EMF method.

The optimal value of A for the given antenna separations is found to be 0.9\, which
places the reaction surface at a distance slightly greater than 0.01\ from the edge of
the region of convergence in the numerical evaluation of reaction integral. Beyond
this point, the error remains low, and the selection of A becomes less critical, as
shown in Figure 4.5] It must be noted that the horizontal axis of Figure {.5] starts
from A = 0.6\ so that for all antenna separations considered, a "proper" reaction

surface can be found.
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Figure 4.5: Relative error in mutual impedance with respect to translation distance A.

4.2 Experimental results

4.2.1 Printed dipole antenna

A printed dipole antenna is a suitable choice for testing the proposed method, pri-
marily due to relatively high level of coupling and ease of fabrication. Therefore, the
printed dipole antenna described in [38]], which incorporates a balun, is selected as the
antenna to test the proposed method and to conduct mutual coupling measurements.
The printed dipole has two layers and its front and back side views are illustrated in
Figure 4.6 along with the design parameters. The antenna is simulated using HFSS
Electromagnetic analysis tool, and its resonance frequency is tuned to 3 GHz which
resulted in the dimensions listed in Table 4.1| The antenna is manufactured using
ROGERS 4003 material (¢, = 3.55, and a loss tangent of 0.002) with 0.813 mm
substrate thickness. The mutual impedance computations and the measurements are

conducted at 3 GHz frequency.

4.2.2 Spherical near-field measurement of the printed dipole

This section primarily focuses on conducting spherical near-field measurements of
the manufactured printed dipole antenna to determine its spherical harmonic coeffi-
cients Q1,n, and Q2. These coefficients are obtained from measurements using the

MVG SATIMO spherical near-field measurement device, as shown in Figure[4.7] The
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Figure 4.6: Printed dipole antenna, (a) front and (b) back view.

Table 4.1: The dimensions of manufactured printed dipole antenna.

Lo =19.9265 mm | Wy, = 44.34 mm
W, =1.818 mm Wiaot = Imm

W5 = 7.548 mm Ly =11.793mm

L, =2.956 mm L3 =9.0322 mm
Loy =1.09 mm L,=17.92 mm
W3 =1 mm

device provides the SWE (Spherical Wave Expansion) coefficients of the measured

antenna, using the same notation for spherical harmonic functions and expansion co-

efficients as outlined in [[10].

Once the SWE coefficients are obtained, the proposed technique is implemented to
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calculate the mutual impedances between two such dipole antennas positioned side-

by-side at different distances, as depicted in Figure {.8]

Figure 4.7: Printed dipole antenna measurement using SATIMO spherical near-field

measurement device.

4.2.3 Numerical computation of mutual impedance between two printed dipoles

The primary focus of this subsection is to compute the mutual impedance between
two side-by-side printed dipoles using the proposed method. This is achieved by

numerically evaluating the reaction integral specified in (#.6).

1 _ _ _ _
Z12 g — (El X H2 — EQ X Hl) . dSl (46)
I 1y

To apply the proposed technique, we utilize the measured coefficients obtained from a
single antenna to determine the fields of both antennas on the reaction surface directly.
This allows us to evaluate the reaction integral numerically. Figure [d.9]illustrates the

placement of the printed dipoles in the primed coordinate systems.

The fields radiated from printed dipole 1 can be expressed using spherical wave ex-

pansion associated with the (2, ¥/, 2) coordinate system as:

2 pr n

Bi=kyn» Y > QO FE (rl,0, ) (4.7)

s=1 n=1 m=—n

52



Figure 4.8: Two printed dipole antennas in a side-by-side configuration.

n

2 Npp
ZZZ@mmm%wm 4.8)

s=1 n=1 m=—n

where 1@5’%” denotes the spherical harmonic coefficients for the printed dipole in the
(2}, y}, 1) coordinate system, as depicted in Figure[.9] The pre-subscript is utilized
to indicate that the coefficients belong to the field expansion of the printed dipole 1.
F), (r], 07, ¢}) represents the spherical harmonic functions in the primed (z, v}, 2)
coordinate system. The SATIMO near-field measurement device uses the e /** time
convention, and the radial variation of the outgoing waves in the outside region of the
minimum sphere encompassing the printed dipole antenna is represented by the first

kind Hankel functions (upper superscript equal to 3, in (4.7) and (4.8)).

Similarly, the fields generated by printed dipole 2 can be expressed using spherical

wave expansion associated with the (), 35, z5) coordinate system as:

Ngp n

s=1 n=1 m=—n

2 pr n

ZZZ@WWW%%M (4.10)

s=1 n=1 m=—n
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Figure 4.9: Numerical computation of mutual impedance between two closely spaced

printed dipoles.

To use the reaction integral provided in (#.6)), it is essential to have knowledge of the
input port currents of the printed dipoles. To determine the input port current, we need

to know both the radiated power and the radiation resistance of the printed dipole
1
Prad - §|I|2Rrad (411)

The radiated power can be obtained by using the measured spherical harmonic coef-

ficients Q1,,,, and Q,y,,, through @.12)).

1 (o.] n
Praa =5, Y |Quunl® + Qe (4.12)

n=1 m=—n
Furthermore, the efficiency formula given in (4.13) establishes a relationship between
the radiation resistance and the real part of the antenna input impedance.

Rra
Ners = d (4.13)

The real part of the input impedance is obtained by measuring the return loss of a

single printed dipole antenna. Additionally, MVG SATIMO provides the efficiency
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of the measured antenna. By utilizing the measured input impedance and efficiency,
we can calculate the radiation resistance of the printed dipole using (#.13)). With the
radiated power known from the measured spherical harmonic coefficients via (¢.12),

we can determine the input port current of the printed dipole using (@.11).

Once the spherical harmonic coefficients are known in the translated coordinate sys-
tems, we determine the fields radiated by printed dipoles in the modified coordinate
frames. Subsequently, utilizing these fields, we numerically evaluate the reaction in-
tegral provided in to find the mutual impedance. We also perform a full-wave
analysis using HFSS to determine the mutual impedance between two printed dipoles

arranged side-by-side.

4.2.4 s-parameter measurement of two-element printed dipole array

Consider two manufactured printed dipoles arranged side-by-side to form a two-
element array, as depicted in Figure 4.8] The s-parameters of the two-element array
are measured for separation distances ranging from d = 0.1\ to d = 2. Based on
these measured s-parameters, the mutual impedance between the elements is deter-

mined.

4.2.5 Comparison of proposed method with s-parameter measurements and

full-wave analysis

Figure 4.10] displays the mutual impedances that were determined using three differ-
ent methods: reaction theorem, s-parameter measurements, and full-wave analysis
using HFSS. It is worth mentioning that we calculate the mutual impedances with-
out translating SWE coefficients when d/\ exceeds 0.6. Overall, the results obtained
from these methods exhibit a high level of agreement, with the exception of the value
for d/A = 0.1. Figure reveals that the proposed method does not encounter any
convergence issues for this distance. The mutual impedances computed using both the
measurement and full-wave analysis methods are consistent with each other, but our
solution differs, suggesting that the discrepancy at d/A = 0.1 is due to the presence

of multiple reflections that were not accounted for in our approach. To better visu-
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alize this error, we present Figure 4.T1] which shows the difference between mutual
impedances calculated by SWE and full-wave analysis. When the antenna separation
is large, the overlapping spheres problem is not a concern, and for very small dis-
tances, multiple reflections cannot be ignored. However, this example indicates that
there is a range of antenna separations where the minimum spheres overlap, and mul-
tiple reflections can be disregarded, and our method provides accurate results. This

range is significant in practice since most antenna arrays employ such distances.

70 ) Real(le) s-parameter measurement
60 (> Imag(le) s-parameter measurement
S0 O Real(Z1 2) SWE
40 x Imag(Z ) SWE
@ 30 +Real(212) Full wave HFSS
N(: 20, é o] 9 # Imag(Z ,) Full wave HFSS
0 & $ % 5 90
10 il @ 8 ? ©o o ®
' i R

010203040506070809 1 1.11213141516171819 2
/A

Figure 4.10: Comparison of mutual impedances of two printed dipoles computed us-
ing the proposed method by numerically evaluating the integral in (#.6)) , s-parameter

measurements, and full-wave analysis.

4.2.6 Mutual impedance in terms of SWE coefficients

Consider two printed dipoles positioned side-by-side, as illustrated in Figure {.12]
The fields radiated from dipole 1 can be expressed in terms of spherical wave expan-

sion referenced to the (x}, v}, 2}) coordinate frame as:

2 N{ n
Er=kynY > > QY FS) (11,01, ) (4.14)

s=1 n=1 m=—n

N/
B ]{/’ 2 1 n B

s=1 n=1m=—n
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Figure 4.11: Absolute error between the proposed method and full-wave analysis.

where Fs(frzn(r’l, 1, @) represents the spherical harmonic functions associated with

the (2, y{, #}) coordinate frame as illustrated in Figure [4.12]

Printed dipole 1 Printed dipole 2

X1 x5
Figure 4.12: Analytical computation of mutual impedance between two closely

spaced printed dipoles.

The fields of the second antenna can also be expanded in the coordinate frame of the
first antenna by using translational addition theorems for spherical wave functions. If
the reaction surface is chosen as a sphere centered at (1, y1, 21 ), the integral in

can be analytically evaluated. As a result, mutual impedance can be expressed as a
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Table 4.2: The constant A7),

A | y=1|y=2|7y=3|y=4
c=1 0 1 7 —J
c=2 —1 0 —1 —1
c=3| —j 1 0 | —2j
c=4 | j 1 2j 0

sum of the product of the SWE coefficients.

To obtain an analytical expression, the field expansions for printed dipole 2 must
be translated to the coordinate system referenced to (2, ], z;). This translation is
illustrated in Figure #.12] The fields radiated by printed dipole 2 are expressed in

terms of spherical harmonics referenced to the (), ¥}, ;) coordinate system as:

2 Né v
By=kyny Y > 2Q0,ED (4,601, 1) (4.16)

o=1 v=1 p=—v

ZZ Z Q) FSD, (1, 01, ) (4.17)

o=1 v=1 p=—v
where QQ((,BU denotes the spherical harmonic coefficients of printed dipole 2 after
translation along the z/, direction by a distance of 2A + d. Fé})q,(r’l, 01, @) represents
the spherical harmonics corresponding to those coefficients. For ¢ = 3 and v =
1, A" is determined as —; as given in Table and the mutual impedance is
expressed as a sum of the products of the spherical harmonic coefficients for two

closely spaced printed dipoles as:
1

219 = ——/—— (El XHQ—EQXﬁl)'dgl
1112

(4.18)
11[2 Z Z |:1Qg?'r)n,n QQS)—m,n + 1@%?1)71,11 QQgT)—m,n

n=1 m=—-n
The mutual impedance between the printed dipoles positioned as shown in Figure
M.12]is calculated using (4.18)). Figure {.13]illustrates the mutual impedances that
were determined using (#.18)), s-parameter measurements, and full-wave analysis us-

ing HFSS. Note that the two approaches give the same result as can be seen from

@.10) and @#.13).
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Figure 4.13: Comparison of mutual impedances of two printed dipoles computed us-
ing the proposed method by evaluating the sum in (4.18)), s-parameter measurements,

and full-wave analysis.

4.2.7 s-parameter measurement of four-element printed dipole array

Consider a uniformly spaced four-element array constructed using manufactured printed
dipoles, where the elements of the array are positioned side-by-side, as shown in Fig-
ure #.14] The s-parameters of the constructed array are measured for three differ-
ent element spacings: d = 0.1\, d = 0.3\, and d = 0.5\. Based on these mea-
sured s-parameters, we calculate the input impedance of each dipole and the mutual

impedance between the elements for various separation distances.

The mutual impedance values obtained from s-parameter measurements for a sepa-
ration distance of 0.1\ are presented in Table Similarly, for separation distances
of 0.3\ and 0.5, the corresponding mutual impedance values between the elements

can be found in Table 4.4 and Table[d.5] respectively.

4.3 Active return loss computation for four-element printed dipole array

Consider a four-element array constructed using manufactured printed dipoles, where

the elements are positioned side-by-side, as shown in Figure To investigate the
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Figure 4.14: Four element printed dipole array in a side-by-side configuration.

Table 4.3: The mutual impedance values of the four-element printed dipole array

determined based on s-parameter measurement for d = 0.1\.

Z12=13.60 + j27.12 Q

Zia =6.07 — j13.96 Q

Zu =6.14 — j14.07 Q

Zsy =14.56 + j28.54 Q

Zsz =14.41 + j28.61 Q

Table 4.4: The mutual impedance values of four-element printed dipole array deter-

mined based on s-parameter measurement for d = 0.3 ).

Z1p=23.49 4 j8.53 Q)

Zi3=—-5.91—j11.3 Q

Z3 = —5.80 — j11.20 Q

Zy = 23.65 + j8.96

Z3p =23.61 + j9.11 Q)

Ty =—5.71 — j12.78 Q

Zi = —5.65 — j12.76 Q

Z34 =26.17 + j14.87 Q

Zyz =26.19 + j15.09 2
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mined based on s-parameter measurement for d = 0.5).

Z1p =20.77 — §5.62 Q

Zy =20.77 — §5.25 Q

Zi3 = —11.66 + j1.35 Q

Z14 =446 + j2.89 Q1

Zy =4.36 + j2.87 Q

Ty = 24.14 — j2.66 Q

Zz4 = —865 - ]048 Q

Ty =22.45 — j2.58 Q

Z43=22.39 — j2.28

Table 4.5: The mutual impedance values of four-element printed dipole array deter-

effects of mutual impedance in the array, we determine the input impedance of each
dipole and the mutual impedance between the elements based on the measured s-
parameters. In this arrangement, we assume that all the elements are excited with
a uniform current, but each subsequent element has a progressive phase lead of ¢

compared to the previous one.

The input impedance of each element can be determined using the mutual impedances

between the elements, as expressed in the following equation:

I, I I
Zing = Zu + Z127 + Z13+ >4 ZuS (4.19)
I I I
L I3 I
Zing = Zon7 + Zoa + Zoz— + Zoy 7 (4.20)
I, I, I,
L I, 1,
Zing = Za17 + Zsa7 + Zsz + Zsa— (4.21)
I3 I3 I3
L I I
Zina = ZnF+ Zin T + Zus T + Zua (4.22)
1, I, I,

The antennas are excited with a uniform current, while the phase difference between

the elements is set to ¢ as indicated below:

I = Ipe’? (4.23)
I, = I,e??® (4.24)
Iy = Iy’ (4.25)
Iy = Ipe!*? (4.26)
The active return loss for each element can be computed as:
Zinn — 2
Linn = m 4.27)
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where Z; is 50€2.

The proposed method also provides mutual impedance values for various separation
distances when two printed dipoles are positioned side-by-side. For example, con-
sider the mutual impedance Z;, between two such dipoles, determined using the pro-
posed method for separation distances of d = 0.3\, d = 0.6\, and d = 0.9\. In
the context of a four-element printed dipole array arranged side-by-side, adjusting
the separation distance to 0.3\ results in the mutual impedance between the first and
third elements being equivalent to the Z;5 value obtained from the proposed method
at a separation distance of d = 0.6, assuming the absence of multiple reflections be-
tween the elements. Under this assumption, the mutual impedance between the first
and the fourth elements in the four-element printed dipole array corresponds to the

Z15 value calculated using the proposed method with a separation distance of 0.9\.

Thus we can estimate the mutual impedance values between individual elements in
this four-element array by utilizing computed mutual impedances with the proposed

method at separation distances of 0.3\, 0.6\, and 0.9\.

4.3.1 Active return loss comparison using s-parameter measurement and the

proposed method

By utilizing the proposed method to compute mutual impedances for a four-element
printed dipole array, we determine the active return loss of each port within the ar-
ray at separation distances of d = 0.3\, and d = 0.5\. For a separation distance of
d = 0.3\, Figure shows a comparison between active return loss variation with ¢
calculated using the proposed method and the value obtained from s-parameter mea-
surements for port 1. Similarly, for the same separation distance, Figure .16 Figure
4.17] and Figure [4.1§]illustrate the comparisons of the active return loss variations
obtained from the proposed method and s-parameter measurements for port 2, port 3,

and port 4, respectively.

The differences between the results of the proposed method and s-parameter measure-
ment are attributed to the multiple reflections between printed dipoles, which are ne-

glected in the computation of the mutual impedance using the proposed method. We
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Figure 4.15: Comparison of the active return loss variations with progressive phase
computed using the proposed method and s-parameter measurement for port 1 (d =

0.3N).

also perform an active return loss comparison for a separation distance of d = 0.5,
and the results for all the ports are given in Figure d.19] [4.20] [4.21] and [4.22] respec-
tively.

As the separation distance between elements increases, the active return loss variation
with ¢ computed using the proposed method approaches the results that obtained from

S-parameter measurements.
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Figure 4.16: Comparison of the active return loss variations with progressive phase

computed using the proposed method and s-parameter measurement for port 2 (d =
0.3N).
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Figure 4.17: Comparison of the active return loss variations with progressive phase
computed using the proposed method and s-parameter measurement for port 3 (d =
0.3)\).
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Figure 4.18: Comparison of the active return loss variations with progressive phase

computed using the proposed method and s-parameter measurement for port 4 (d =
0.3N).
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Figure 4.19: Comparison of the active return loss variations with progressive phase
computed using the proposed method and s-parameter measurement for port 1 (d =
0.5)).
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Figure 4.20: The active return loss variation with progressive phase computed using

the proposed method and s-parameter measurement for port 2 (d = 0.5)).
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Figure 4.21: The active return loss variation with progressive phase computed using

the proposed method and s-parameter measurement for port 3 (d = 0.5).
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Figure 4.22: The active return loss variation with progressive phase computed using

the proposed method and s-parameter measurement for port 4 (d = 0.5)).
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CHAPTER 5

MUTUAL IMPEDANCE COMPUTATION USING PLANE WAVE
SPECTRUM AND REACTION THEOREM

5.1 Plane wave spectrum

An arbitrary monochromatic EM wave can be expanded as a superposition of plane
waves travelling in different directions with different amplitudes [26]. The plane
wave spectrum is a function that defines the complex amplitudes of the plane waves
propagating in all directions. Using the Fourier theory, an electric field, £ can be

expressed as[26]:

1 [e%e) oo -
E(z,y,2) = H/ / fky, ke 5T dk, dk, (5.1)

where 7 = xa, + ya, + za, is the position vector, and k= kya, + kya, + k.a, is the

wavenumber vector. k, is defined in terms of k, and k. as given in (5.2)) and (5.3

ky=+k2—k2—k2 K >k+k (5.2)

k- K < k24 k2 (5.3)

f(kz, k.) represents the plane wave spectrum of the field as:

The H field can also be written as:
_ 1 00 oo _ ik
H(z,y,2) = T /OO /OO (f x k) e %" dk,dk. (5.5)

The next section briefly summarizes the material given in [39] to express the analyt-
iciy of the spectrum and far-field pattern functions. These definitions will be used in
the following sections to compute the near fields of an infinitely thin half-wave dipole

from its far-field pattern function.
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5.2 Analiticity of spectrum, far-field pattern functions

To show that the spectrum and the far-field pattern function are analytical functions
with respect to their arguments in a certain complex domain, we will need the follow-

ing theorem.

Theorem 5-1: Let S be a smooth surface enclosing a finite volume. Suppose that the
complex function g(7, w) is analytic with respect to complex variable w for all 7 € S,

and for all w € A where A is a region in the complex plane. Then,

Glw) = / o(F w)dS (5.6)
S
is also an analytical function of w € A.

Let w = u + jv where u and v are two real variables. If the function g(7,w) is

sufficiently smooth on S, it can be shown that [39], [40].

0 , )
au/g(fr’ u+ ju)dS' = /a—g r' u+ jv)dS (5.7)

;}/g(r u+ jv)dS' = / (r',u+ ju)dsS' (5.8)

Since the analytical function g(7,w) satisfies the Cauchy-Riemann conditions, its
integral ( . ¢ 9(7,w)dS") also satisfies the Cauchy-Riemann conditions which shows

that G(w) is analytic for w € A.

5.2.1 Analyticity of the spectrum

Suppose E(7) and H(7) are known on a closed smooth surface S that encloses all
the sources contained in the volume V', and the surface lies entirely outside of V' as
shown in Figure [5.I] The expressions for the electromagnetic spectra using these

surface fields (Huygens’ sources) are given as:

_ 1 ) .
ot ’ (5.9)
S
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Figure 5.1: The source region V/, the surrounding surface S and the plane y = ,.

where f(k,, k.) is the spectrum function for electric field. Since the surface S is
smooth, and located outside the source region V' as illustrated in Figure f x B(F)
and 7 x H(F) are continuous on S. The spectrum function f(k,, k) has an integral
expression that satisfy the conditions of Theorem 5-1 where k. and £, are the complex
variables. Note that the function e/ (k== +kvy+k=2) /I, ' determines the analyticity of the

spectrum function on the complex variables k, and k..

In order to determine the analyticity region of the spectrum functions in the complex
k. and k. plane, the branch cut of the square root function describing £, must be
specified. This branch cut can be chosen such that it does not go through the real &,
and k, axis, so that the spectrum functions are analytic around the real %, and £, axis,

except the singular point at k,, = 0.

5.2.2 Analyticity of the far-field pattern

The far-field pattern is defined as:

FE(9,¢) = lim re* E(7) (5.10)

700

The far-field pattern function of the F field is expressed in terms of Huygens’ sources

as:
~FE _ Jk . N (= H o N 7 (= JkP gl
a (0,¢)—4—7">< —n' X E(T")+ /=7 x (0' x H(F))| e as’ (5.11)
e S €
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where 7 is unit vector, and 7’ is the outward normal vector to the surface S’. It
is important to note that the vector 7 = Zsinf cos¢ + ysinfsin¢ + Zcosé is an
analytic function that remains valid for all complex values of 6 and ¢. Consequently,
7 represents an entire function of complex # and ¢. Since the fields and the normal
vector 7/ are continuous on S’, utilizing equation (5.11) along with Theorem 5-1,
it can be deduced that the far-field pattern function of the £ field is also an entire

function of complex # and ¢.

The far-field pattern function is related to spectrum through following expression:
FE(9,¢) = jksin@singf(k,, k) 0<f<m 0<o¢p<m (5.12)
where k, = ksinf cos ¢, and k, = kcosf. f(k,, k.) is given in (5.13)

Flko k) = / / E(r)e /et ththaD qudz y > y, (5.13)

Given the existing connections between trigonometric and hyperbolic sine and cosine
functions, it becomes evident that the spectrum within the invisible region k2 + k? >

k? can be determined by analyzing the far-field patterns within the complex region.

5.2.3 Analytic continuation

Analytical continuation allows for the extension of the domain of a complex function,
which is initially defined only in a limited region of the complex plane [41]. Suppose

that f1(z) is a complex function which is expanded in terms of Taylor series as:

filz) =) (=2 (5.14)

n=0
Such a series expansion is generally valid within a convergence region. For this case,
this expansion converges for |z| < 1 in the complex plane, and |z| < 1 corresponds

to a region inside the circle C; with radius 7 as illustrated in Figure

Consider that f5(z) is a complex function which can be written in terms of Taylor

series as:
1 =, z2—7J
z) = —— — -)" 5.15
D= 15 215 519
This series converges for [z — j| < |j + 1| = v/2. The center of the convergence

circle is at zo = j point on the imaginary axis as depicted in Figure f1 and fo
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Figure 5.2: Analytic continuation.

represent analytic functions defined on domains S; and S, respectively. S; and S,
overlaps in the intersection region S; N Sy, and it is known that f; equals f, within
this common region. In such cases, f is referred to as an analytical continuation of
f1 to Ss, and vice versa, as stated in [42]]. Additionally, if an analytical continuation

of fi to S, exists, it is guaranteed to be unique.

(5.14), and (5.15) give two different representation of the same function (f(z) =
1/(1+ z)). Each representation has its own convergence region in the complex plane.
Using analytical continuity, it can be said that f(z) = 1/(1 + 2) is analytical contin-

uation of either of the series given by (5.14)) and (5.15)).

5.3 Mutual impedance between two infinitely thin half-wave dipoles

The reaction theorem states that if the port currents, and the fields associated with the

antennas are known on an arbitrary surface enclosing one of the antennas, then the
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mutual impedance between antennas can be calculated as:

1 _ _ _ _ _
Z12 = —— (El X H2 — E2 X Hl) -dS (516)
12 Jg
An infinitely large plane that separates two antennas, and closed by a hemisphere on

one side is introduced as the reaction surface as illustrated in Figure[5.3] The closed

>0

Antenna 2

Antenna 1

Sla,

Figure 5.3: The modified reaction surface.

surface integral given in can be decomposed into two different surface integrals

as:
f <E1Xﬁ2—E2Xﬁ1)'dg:
S1
/ (B, x H, — B, le)-dSJr/ (B x Hy— By x 1)) -dS (5.17)
Sla Slb

where 57, denotes the infinite plane, while Sy, represents the hemisphere which
closes S, on one side. When Sy, surface extends to infinity, the integrand of the
surface integral F, x H, — Ey x H, becomes zero on Sy, as derived in Appendix [
In this case, the reaction surface can be defined as a plane at y = d/2 which extends

from —oo to oo as shown in Figure[5.4] Since the unit normal vector on the reaction
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plane is along y direction and H, = 0 for both antennas, £, and H, near-field com-
ponents of both antennas will be sufficient for mutual impedance computation using

reaction theorem as given in (5.18).
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Figure 5.4: Two infinitely thin half-wave dipole antennas are separated by a reaction

plane which extends to infinity.

1
Zyp=——— | (E.Hu — E.5H,)dS, (5.18)
LIy Js,.

5.3.1 Asymptotic evaluation of plane wave spectrum integral

Asymptotic evaluation of the plane wave spectrum integral is presented to establish
a relationship between the spectrum and the far-field pattern function of an infinitely
thin half-wave dipole. By utilizing this relationship, the spectrum and its analyticity
allow for the determination of the near-field components £, and H,, from the known

far-field pattern function of an infinitely thin half-wave dipole antenna.

Consider an infinitely thin half-wave dipole is placed on the right-handed rectangular
coordinate system as shown in Figure[5.5] The feed point of the dipole is positioned
at the origin, and its arms extend along z-axis. The plane located at y = y, denotes
the specific region where the near-fields of the dipole will be computed. ~ The F

field of an infinitely thin half-wave dipole can be expressed in terms of plane wave
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L

Figure 5.5: The placement of an infinitely thin half-wave dipole in the right-handed

rectangular coordinate system.

spectrum of the field as:

1 [e’e) oo -
E(z,y,2) = H/ / fky, k)e T dk, dk, (5.19)

where 7 = xa, + ya, + za. is the position vector, and k= kya, + kya, + k.a, is the

wavenumber vector. f(k,,k,) represents the plane wave spectrum of the field as:

f(k:m kz) = fx(k:m kz)dx + fy(kxa kz)&y + fz(kza kz)dz (520)

The H field can also be written as:

_ 1 o0 o T
H(fv,y,Z)z—Wkn/ / (f x k) e " dk,dk. (5.21)

By using asymptotic evaluation of the plane wave spectrum integral, the expression

given in (5.19) can be simplified as:

B 1., —jkr
E(r,0,¢) = %

[Sinesin ¢f (k1 = ksinf cos ¢, ky = k cos 9)] (5.22)

The detailed derivation of the asymptotic evaluation of the plane wave spectrum inte-
gral is given in Appendix |G| In order to find f(k1, k») in terms of & and ¢ in far-zone,
the E(r,0,¢) field expression need to be known in the far-field region. In the liter-

ature [26], the electric field of an infinitely thin half-wave dipole in the far-zone is
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clearly described as:

By

gnl,e Ik {COS(% cos 9)} (5.23)

2mr sin 6
By setting the expression on the right hand side of (5.22)) equal to the right hand side

of (5.23)), fp can be written as:

nl, cos(F cos )

= 5.24
Jo k sin®@sin ¢ (5-24)
Using the vector transformation from spherical to cartesian given in (5.23),
g = Q cos 0 cos ¢ + a,, cos 0 sin ¢ — a, sin (5.25)

we can readily determine the components of plane wave spectrum function f, f,, and

f. in terms of # and ¢ for an infinitely thin half-wave dipole, as indicated in (5.26),

(5.27), and (5.28), respectively.

_ nl, [cos(5cost)] [cosOcos
fo = ko [ sin ¢ } Lin&sin¢} (5:26)
I, [cos(5cosf)] [cosb
Ty = k [ sin 6 sin 6 (5-27)
ol cos(5 cos f) 1
fe = ko [ sin ¢ sin ¢ (5.28)

where the # and ¢ are described in terms of the components of the wavenumber vector

as:

cos :’% (5.29)
— (k) =L B2 R2 (5.30)

sin ¢ = \/m (5.31)
cos ¢ = \/k’;m (5.32)

In order to calculate the fields using (5.19) and (5.27]), the vector components of the

sinf =

plane wave spectrum function f,, f,, and f. need to be expressed in terms of k, k,,

and k.. This can be accomplished by utilizing the relationships provided in (5.29)-
(5.32). Specifically, by inserting (5.29), (5.30), (5.31) into (5.28)), the expression for

f- can be obtained as:

=&

)

cos(%

fo(ky, k) = —nl, (5.33)

o
<

77



By substituting f. (k,, k.) into (5.19), the 2 component of the F field can be found as:

I (zk)]
EZ(:L”y7 = Zﬂg/ / [COS 2k ]€_j(kxx+kyy+kzz)dk;cdkz (534)

Furthermore, the x component of the magnetic field can be written as:

o) =~ | /(

7r
COS Cos(9% )

f
+ k2

k.
k;2 + cos T
5% )> (5.35)

e~ ke thyyth2) g dk,

f2(ks, k.) is an analytical function, except at the point where k, equals to zero. By
employing analytical contiunity and utilizing the plane wave spectrum integral pro-
vided in (5.34), the E, can be determined in the near-field region based on the far-field
pattern function of an infinitely thin half-wave dipole. To consider propagating and
evanescent waves, the integrals in @ and @ need to be evaluated in the visible

and invisible regions. The visible and invisible regions in the k£ domain are depicted

in Figure[5.6

invisible
region

visible
region

Figure 5.6: Representation of the visible (inside circle), and invisible (outside circle)

regions in k-domain.
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k., and k. can be described in terms of p and £ as:

kr = pcosé (5.36)
k, = psin¢ (5.37)
dk,dk, = pdpd§ (5.38)

Using the definitions of &, and k£, in terms of p and &, E, and H, can be written as:

47r2 [cost ] e~ (pcos@u /K2 =p2ytpsin(€)2) e 4
ﬁpm&) (5.39)
COS —j(pcos(&)x—j\/ p2—k2 sin(§)z
47r2 [ k2] e P eos QI pRypsin@)2) pi pde

B cos( ”psmg )(psin £)? mpsin €
H;, = 47r2k;/ /{ ,os1n§) + cos( T )

eI (peos(Qz++/k?—p?y+p SIH(E)Z)pdpd§_|_

cos( T 2512“ )(psin&)? wpsin
47T2k'/ / [ p51n§) +COS( 2k )]

eI (pcos(Q)z+1/k>—p>y+psin(£)z) pdpdé  (5.40)

5.3.2 Results

The primary emphasis of this section lies in presenting the results of the mutual
impedance between two infinitely thin half-wave dipoles computed using PWS-Reaction
theorem. The fields E., H, are computed using (5.39), and (5.40) for both antennas,

and these fields are inserted into (5.41) to determine the mutual impedance between

two infinitely thin half-wave dipoles arranged side by side.

1
Ty = ——— (Elea;Q — B0 Hp)dS (5.41)
However, it should be noted that the reaction surface mentioned in (5.41) is defined
as an infinitely large plane that separates the two antennas. To investigate the lim-
its of this plane, the behaviour of the integrand of the reaction integral, specifically
E.H,» — E.oH,, is examined on a 4\ X 4\ planar reaction surface as illustrated

in Figure This analysis takes into account the magnitude and phase variations of
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Figure 5.7: 4\ x 4] reaction plane separates two half-wave dipoles.

the integrand, which represent the distribution of the coupling on the planar reaction

surface.

Figure [5.8]illustrates the magnitude variation of the integrand of the reaction integral
on a 4\ x 4\ plane for a separation distance of 0.5\. Additionally, Figure|5.9|displays
the phase variation of the integrand of the reaction integral for the same separation
distance. Furthermore, Figure[5.10/and Figure[5.11|provide the magnitude and phase
distributions of the integrand of the reaction integral, respectively, for a separation

distance of d = 1.

By utilizing the plane wave spectrum (PWS) and the reaction theorem, the mutual
impedance between two half-wave dipoles positioned side-by-side is determined us-
ing a 4\ x 4\ reaction plane at various separation distances. Figure depicts a
comparison between the mutual impedance values computed by using PWS-Reaction

theorem and the values obtained from the induced EMF method.

The phase distribution on the planar reaction surface reveals that the phase of the re-
action integrand oscillates between -7 and 7, as the observation point approaches the
far-field region. Moreover, it is evident that the magnitude of the integrand changes

slowly. The phase of the reaction integrand oscillates rapidly outside the region where
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Figure 5.8: The magnitude variation of the integrand of the reaction integral on 4\ x

4\ reaction plane for d = 0.5)\.

stationary points are positioned, but the contribution to mutual impedance from this
region is negligible. Therefore, it is unnecessary to evaluate the reaction integral
across the entire planar reaction surface. The restricted region which involves the
stationary points on planar reaction surface will be sufficient for mutual impedance
computation with very small error. The results clearly show that the reaction integral
evaluated in the region which is positioned outside 4\ X 4\ reaction plane does not

make a major contribution to mutual coupling.

81



\\\\
/IIIIII /,/"!i 0'0»’0 mm '\\‘\\\‘ \\\\\\\\\ \“ u\\\\‘ |

o i ’0’0’3 )

‘ \\\
i \ ,
W ‘Q“ & llllll 01
| , “‘ / ’ - ; / B

Figure 5.9: The phase variation of the integrand of the reaction integral on 4\ x 4\

reaction plane for d = 0.5A.
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Figure 5.10: The magnitude variation of the integrand of the reaction integral on

4\ x 4\ reaction plane for d = 1.
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Figure 5.11: The phase variation of the integrand of the reaction integral on 4\ x 4\

reaction plane for d = 1.
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Figure 5.12: The comparison of the mutual impedance values computed using PWS-

Reaction theorem and the values obtained from induced EMF method.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

The primary goal of this thesis is to determine the mutual impedance between anten-
nas by utilizing either measured or computed fields of a single antenna. Spherical
harmonic expansion is employed to express the fields of an antenna, however this ex-
pansion representing the outgoing fields converges within the external region of the
minimum sphere surrounding the antenna. When two antennas are closely spaced, the
minimum spheres of the antennas overlap, it becomes impossible to define a "proper"

reaction surface to compute the mutual impedance using reaction theorem.

This study extends the method proposed in [8] to include scenarios where the min-
imum spheres of the antennas overlap. The idea is to translate the origin of SWEs
so that the minimum spheres do not overlap in the new coordinate frame. After this
translation, a proper reaction surface is defined in the region where spherical harmon-
ics representing the outgoing waves of both antennas converge. By utilizing spherical
harmonics with reaction theorem, the proposed technique allows for the numerical
computation of mutual impedance between two closely spaced antennas. Addition-
ally, an analytical expression for the mutual impedance is derived using proposed
technique. The resulting analytical formula expresses the mutual impedance as a
sum of products involving the spherical harmonic coefficients of both antennas in the
same coordinate frame. The proposed method is validated by calculating the mutual
impedance between two infinitely thin half-wave dipoles using analytical field expres-
sions and orthogonality relations. The computed values show excellent agreement
with the values that obtained from the induced EMF method. The disadvantage of the
proposed method is the increase in the number of harmonics required to describe the

fields outside the new minimum spheres enclosing the antennas after translation. In
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order to perform numerical calculations in the translated coordinate frame, the infinite
sum in SWE is truncated. The choice of the truncation value affects the accuracy of
the calculation: if it is too small, the series will not converge, while it is too high, nu-
merical errors due to the singularity of wave functions may arise. To adress this issue,
a convergence analysis is conducted based on the conservation of radiated power. The
radiated power of an infinitely thin half-wave dipole is calculated using two different
approaches: by utilizing radiation resistance and input current, or by summing the
magnitude squares of the spherical harmonic coefficients in the translated coordinate
frame. The relative error in radiated power is investigated to determine the limits of
the truncation value, denoted as N’ values where the error remains low, providing
flexibility in selecting an appropriate expression from the various proposals available
in the literature. In fact, different expressions suggested in the literature fall within

this low-error range.

The convergence of SWE becomes challenging as it approaches the boundary of the
region of convergence. On one hand, larger values of A allow for more accurate re-
sults, but on the other hand, it requires a higher value of N’, leading to increased
computation. Additionally larger values of A can result in increased numerical er-
rors. Thus, the value of the translation distance is investigated to obtain accurate
calculations on the reaction surface. The mutual impedance between two infinitely
thin half-wave dipoles are computed as a function of translation distance A values
from 0.6 to 3\ for different antenna separations. The error in this scenario is defined
as the difference between the mutual impedances calculated by proposed method and
the induced EMF method. The optimal value of A for the given antenna separations
is found to be 0.9, which places the reaction surface at a distance greater than 0.01\
from the edge of the region of convergence. Beyond this point, the error remains low,

and the selection of A becomes less critical.

The proposed method is also validated by calculating the mutual impedance between
two printed dipoles using near field measurement data. A single printed dipole an-
tenna is measured using MVG SATIMO spherical near field measurement device.
SATIMO near field measurement device gives the SWE coefficients of the measured
antenna. With the available SWE coefficients, the proposed numerical and analyti-

cal techniques are employed to compute the mutual impedances between two such
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dipoles in a side-by-side configuration at different distances. The mutual impedances
are also determined from measured s-parameters, and the full-wave simulation using
HESS for the same configuration. The results obtained from these methods are con-
sistent with each other, but our solution differs, suggesting that discrepancy is due to
presence of multiple reflections that were not accounted for in our approach. For large
antenna separations (d > dp,x) the minimum spheres of antennas do not overlap. For
very small distances (d > d.;,,) multiple reflections cannot be ignored. Hence, there
is arange of antenna separations (dy,, < d < dpa,) Where the minimum spheres over-
lap, and multiple reflections can be disregarded. This range is significant in practice
since most antenna arrays employ such distances and the proposed method provides

accurate results in this range.

A uniform array is constructed by arranging four printed dipoles side by side. The
input impedance of each dipole and the mutual impedance between them are deter-
mined based on the measured s-parameters. It is assumed that all the elements are
excited with uniform current, but each subsequent element has a progressive phase
lead of ¢ compared to the previous one. For this arrangement, the active return loss
variation with progressive phase lead is investigated to explore the effects of the mu-
tual impedance in the constructed array. Using proposed method, the active return
loss of each port is computed for four-element printed dipole array. The results of
the proposed method are compared to that obtained from s-parameter measurements.
As the distance between elements increases, the active return loss values from the
proposed method converges towards the results that obtained from s-parameter mea-

surements for specific progressive phase angles.

In chapter 5, by using analyticity of spectrum and asymptotic evaluation of radiated
fields, the near fields of an infinitely thin half-wave dipole is found from far-field
pattern function for mutual impedance computation. The magnitude and phase dis-
tribution of the integrand of the reaction integral is investigated to explore the effec-
tive size of the reaction surface. The mutual impedance between two infinitely thin
half-wave dipoles is computed for various separation distances on a limited reaction
surface, and the results show excellent agreement with that obtained from the induced

EMF method.
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The proposed method is currently employed to compute the mutual impedance be-
tween two antennas using the data of the single antenna. This means that the multiple
reflections between these elements are not taken into account. As a potential avenue
for future research, the computation of mutual impedance can be further enhanced
by utilizing the proposed method, which incorporates the consideration of multiple

reflections between elements.
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Appendix A

To explain this analytical technique in detail, let’s consider antenna 1 positioned at
the origin of the unprimed coordinate system, while antenna 2 is placed at the ori-
gin of the primed coordinate system as shown in Figure [A.T| The position vector, T,
is measured from the origin of the unprimed coordinate system. The origin of the
primed coordinate system is aligned with the unprimed coordinate system by the po-
sition vector T’. The position vector T’ is measured from the origin of the primed
coordinate system, and i’ represents the unit vector for this coordinate frame. These

position vectors are related by the addition equation:
r=1v +1" (A.1)

The fields of antenna 1 are expanded in terms of vector spherical harmonics associ-
ated with the unprimed coordinate system as given in (A.2)) and (A.3). However, in
order to compute surface integration on the surface of antenna 2, E; and H; should
be expressed in terms of vector spherical harmonics associated with the primed coor-
dinate system. For this purpose, the addition theorem can be used to translate fields

from the unprimed to the primed coordinate system.

Z Z BTE M), (F) + TN (7)) (A2)

n=1 m=—n

Y LR R @) A p2)

H, = w_ﬁt;m;n[b”’ N (F) + by M2, (F)] (A3)
The normalized vector spherical harmonic functions M}, (F) and N, (F) are de-
fined as given in (A.4),(A.5). The coefficients b, % and b represent the spherical

harmonic coefficients for the TE and TM modes, respectively. The function P (x)
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X

Figure A.1: The placement of two antennas in the right hand coordinate systems.

represents the associated Legendre function. The vector spherical expansions pro-

vided in (A.4), and (A.5) are also known as the multipole expansion in the literature
[9].

eime Jm

W

~

29 (kr) P™(cos )0

sinf "

MO (F) = jCpm

n,m

. d A
+ sin 027(;)(]@7')%P7T(1‘) |.17:C089 ¢] (A4)

eimé (0 (kr)

N (Z) Tr) — 1 m A~
Nn,m(r) ]Cn,m_Qﬁ[ o n(n+ 1)P(cos 0)r
1 0 . ) d R jm N
- (@) _ m m
+ kr Or (TZn (k?"))( Slned&? Pn (.1') ‘m:cos@ 0 + Sin_H Pn (COS (9)¢ ) ] (AS)

where C,, ,,, is determined based on n and m as shown in

_ [@2n+1)(n—m)!
Cnm = \/n(n +1)(n+m)! (A.6)

The spherical Hankel functions, z:(kr), represent different cases as described in
(A.7). The upper index (i) specifies the radial dependencies of the spherical wave
functions, and the time dependence e/“ is assumed in [8]. When i = 1, the ex-
pansion uses the spherical Hankel functions of the first kind, indicating an incoming
wave. On the other hand, when ¢ = 2, the expansion employs the spherical Han-
kel functions of the second kind, representing an outwardly propagating wave. If

the antenna is enclosed by the minimum sphere with a radius of a, the expansion is
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truncated at n = ka + 3v/ka as described in [[10],[[11].

(1 (kr);
(2) R
(kr), 1=
Yn(kr);1 =

Using the addition theorem, 1\_/17(12271@) and N%(f) can be expressed as a sum of
1\_/1(2) (t'), and Nﬁ?}n (T') with coefficients A,/ .nm and By . m. For the translation
T = I + 1, the general addition theorem states that M} m(T) and N m( ) can be
expressed as shown in (A.8)), and (A.9) where A, .5 is determined by (A.10) and
By mtin.m is determined by (A.TT).

M), (T) Z At it M o (F) + Bt N (F) (A.8)
r)= Z An’,m’;n,mNg)’m/ (TI) + Bn’,m’;n,mMS'),m/ (f,) (A.9)
where
2 " "

An’,m’;n,m =

Vnln+ Dn/(n’ + 1)

> (M In(n+ 1) +0/(n +1) = n"(n" +1)]

nll

A(m,m, =m0 ") 25 Ry Yo s (01, 8)) (AL10)

w

and

! —m

21y
VvVl + Dn/(n/ +1)

S (5 Bl =l )25 ') Yoo (0, 60) ) (A1D)

Bn’,m’;n,m =

In (A.10) and (A.11), Y, ,.,(6, ¢) represents the scalar spherical harmonic.

Yom(0, ) = \/ (2”4; D EZ . :3: P (cos )™ (A.12)

The choice of the spherical Bessel function z (kr ) within M(’) ,(T') and fo,)m, (t)
in equations (A.8) and (A.9) depends on the relative sizes of 7’ and " as given in

(A.T3).
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Jur (k") <"
2 (kr') = (A.13)
hf,)(kv"’), >’
The selection rule for the coefficients A,/ /.. and B,y .. 1s provided in (A.14).

Since T and T are constant on the reaction surface, the spherical Bessel functions
are also constant. The expressions for A(m,n, m’',n’,n") and B(m,n,m’,n’,n") are
given in [8]].
hffu)(kr”), r <

20 (k) = (A.14)

G ("), vt > "
By inserting (A.8)) and (A.9) into (A.2) and (A.3)), we obtain the expressions for the
fields of antenna 1 referenced to the prlmed coordinate system as shown in (A.T5),
(A.16).

n

= Z Z bTE Z n' m’;n,mMS,)’m, (f,) + Bnﬁm’;n,qu(@i’),m’ (f’))

n’,m’

+ M (MWWWM®+&WWM%ﬁW(M®

n’,m’
and

H1 = j_ Z Z bTE Z n’ m’m,mNS’),m/ (f/> + Bn’,m’;n,mMs'),m/ (F,))

n=1 m=—n n’,m’

OIS (A e MO (F) + Burrin N L(F))] (AL16)

n',m’
n’,m’

Then, E; and H; are expressed as:

= i Zn: Z [(bgann’,m’;n,m + biﬂn{Bn’,m’;n,m)MS’{m/ (f,)

n=1 m=—nn’/m’

+ (07 B + U5 At i) NG (F)] (AT

and

H, = ]_Z Z Z bTE Apt ot inm + bTMBn m'; nm)NS’),m'(f/)

n=1 m=—nn/,m’

+ (b7 Bt st + bf%An,,m,m,m)ij,{m, ()] (A.18)
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The order of the summation is changed as:

ZZ (1652, MG () + 15 N ()

n'=1m'=—n

and

Hl - ]_ Z Z m’Ng’), ( ) + bn’ m’MS/),m’ (f,))

n'=1m/=—n'

where

szm’ - Z Z bTE n m’inm + bz;%Bn’,m’;n,m)
n=1m=-—n
and

1%%/ — Z Z bTE n’ m/in,m +bTMAn m/ nm)

n=1 m=-—n

(A.19)

(A.20)

(A.21)

(A.22)

The pre-subscripts are utilized to denote the coefficients correspond to the expansion

of the fields associated with antenna 1. The fields of antenna 2 are expanded as

follows:

Z Z (2bp2 MO () + DI ND ()

n'=1m'=

and

HQ—J—Z Z (2625, NG (&) + o624 MY ()

n'=1m/=—n’'

where
9 bTE — bTE

bTM — bTM

e Mutual impedance computation using reaction theorem

(A.23)

(A.24)

(A.25)

(A.26)

The fields radiated by each antenna are expanded in terms of vector spherical

harmonics in the primed coordinate system as:

Z Z bTE /M ( /) + 1b2’%lN7(’bi/),m/(f/))

n'=1m/=

HI—J—Z Z BIELNY @) 4+ M MO ()

n'=1m/=
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B, =Y (2025, M (F) + 26T NG (7)) (A.29)

B - L oo n’ B B B B
H, = j— SN o ND LE) + MY () (A30)

The superscript (¢) on the spherical harmonic functions designate the type of
spherical Bessel functions utilized in the expansion of the fields antenna 1.
Since the fields of antenna 1 have already translated by using addition theorem,
1bT, , and 1bT - denote translated coefficients in the primed coordinate frame.
The relative sizes of the distance from unprimed coordinate origin to primed

—//

origin, ¥, and the distance from primed origin to the field point ¥’ specify the

type of the spherical Bessel functions in (A.27), and (A.28).

The mutual impedance between antennas is computed using reaction theorem

as:

2

219 = 291 = ——— / E1 X H2 — E2 X Hl) &’ sm@’d9’d¢ (A 31)
Z1Z2

where the integral (reaction) surface is defined on the spherical surface with

radius |r’| =constant, and this surface encloses the antenna 2. The reaction

theorem dictates that the reaction surface must enclose one of the antennas to

compute the mutual impedance exactly. Since the reaction sphere includes only

antenna 2, the following relation must hold:
It < || (A.32)

By inserting fields into (@) yields:

TE TE TM ;TM
Z12 = %21 = k2 )" (1 b 2bn,m + 2bn,m 1bnﬁm)
ZIZQ n= 1 m=-—n

(A.33)
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Appendix B

SPHERICAL HARMONIC FUNCTIONS

B.1 General expressions

The general expressions for vector spherical wave functions are given as:

F{y)(r,0,0) = \/127 n(:b+1) <_%)m

. 5lm| plm|
@ (o JER (o8 0) o (o dPy" (cos 0) jmoy
{zn (k'r’)—sine eMPay — 2, (kr)—de e’y

F

zmn (1 6,6) = Fm(_%)m

(Mot D) (k) P (cos 0)e™a,
s d(krz (kr)) dPY™ (cos 0)
kr  d(kr) do
s 1 d(kr2 (kr)) jmPi™ (cos 6)
kr  d(kr) sin 0

where spherical hankel functions are defined as follows:

6] m¢&9

€jm¢d¢)

2N (kr) = jn(kr)
2D (kr) = n, (kr)
2O (kr) = BV (kr) = jo(kr) + jnn(kr)

27(14)(@“) = hg)(k:?“) = ]n(kr) - ]nn(kr>
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The upper index (c) indicates the particular function in the radial dependencies of

spherical wave functions.

¢ = 1 Spherical Bessel function representing a radial standing wave, finite at the

origin.

¢ = 2 Spherical Neumann function representing a radial standing wave, infinite at the

origin.

¢ = 3 Spherical Hankel function of the first kind, representing a radial incoming

wave, infinite at the origin.

¢ = 4 Spherical Hankel function of the second kind, representing a radial outgoing

wave, infinite at the origin.

The normalized associated Legendre function is defined as follows:

- 2n+1(n —|m|)!
|| —(_1y™ Im| B.7
P™(cos 0) = (—1) \/ e \m])!P” (cos 6) (B.7)
where »
, d"™ P, (cos 6)
m| — Im| 22 n\¥> 7 B.8
P!™(cos ) = (sin 0) d(cos )17 (B.8)
and the Legendre function is
P,(cos 0) = (cos?0 — 1) (B.9)

2nn! d(cos O)"
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Appendix C

ADDITION THEOREM
M2,(F) =Y Awainm M 0 (F) + Buawrinm NG o (F) (C.1)
N’sl%z’n(f) - Z An’,m’;n,mNs),m’ (f/) + Bn’,m’;n,mMS/),m/ (f,) (C.2)

21y
Vn(n+ D)n/(n’ +1)

> G Inn+ 1)+ 0/ (0 +1) = n"(n" +1)]

4

An’,m’;n,m =

n

Almyn, =m0, 0") 25 (k1 ) Yo o (01, 611)) (C.3)

and

‘n'—n

_ 21y
Vo + Dn/(n +1)

Z (jn//B(mu n) _m,7 n,7 n/,)zfr(LZ///) (k}’r‘;)yn”’m—m/ (QZN ¢Z}>) (C4)

Bn’,m’;n,m

In (C.3) (C.4), Y,...(0, ) denotes the scalar spherical harmonic which is defined in

C3)

Yom(0, ) = \/ (2”4; D EZ . :3: P (cos 0) ™ (C.5)

The relative sizes of »' and r” determine the choice of spherical Bessel function

zéi,)(kr’) as given in (C.6) and (C.7) in MS)M, (r') and NS,{m, (t') :

g (k") <o
2 (k') = (C.6)

hf,)(kr’), >
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and
in Ay inm and B/ s m
hg/,)(k:r”), <’
20 (k") = (C.7)
G ("), " > "
A(m,n,m',n’,n") and B(m,n,m’',n’,n") are defined as follows:

2 NEn - 1) 02n" + 1
Al ) = (<1ymy [ 22t DT L D@ )
T

n n/ n/l n n/ "

) / (C.8)
-m —m m+m

2n" + 1
2n/ —1

/(W +m) (0 —m/ + 1) +m+m)(n +m+m —1)Am,n,m' — 1,0, n" — 1)

B(m,n,m',n',n") =

(+\/(n’ —m)(n +m/ +1)(n" —m—m)(n —m—m/ — 1) A(m,n,m' + 1,7, n" —1))

—2m/\/(n" —m —m')(n" +m +m/)A(m,n,m’,n',n" — 1)
(C.9)
n n/ n//

and represents Wigner 3-j symbols. The notation used in [8] is slightly
0 0 O

different from that given in [35] for the definition of B(m,n,m’,n’,n").
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Appendix D

TRANSLATION AND ROTATION OF SPHERICAL WAVES

D.1 Rotation formulas for spherical waves

A spherical vector wave function referenced to unprimed coordinate system Fs(,c,zn (r,0,0)
may be expanded as a summation of spherical vector wave functions referenced to
primed coordinate system (r/,6’, ¢’) which is rotated with respect to the unprimed

one. This expansion is given as follows:

F© (r.0,¢) = Ze]m%d" o)X F (1 ¢, &) (D.1)

smn
pu=-—n

The spherical coordinate system is placed in a conventional way with respect to rect-
angular coordinate system. It can be clearly seen that the index, s, remains unchanged
under rotation operation. Also note that the spherical wave functions on the right and
left hand-side have identical n values. The elementary rotations through ¢, and y,
angles only lead to phase shifts in the general formula. However, the rotation through
0, is represented by rotation coefficient dJ;,, (¢,,) whose mathematical formulation is

much more complex than the other elementary rotations.

D.1.1 The rotation coefficient

ar,.(6) = { (n i — 0! }1/2

(n+m)!(n—m)!

n+m n—m 9\ 2otHtm g\ 2n—20—n—m
1)k v .U
Z(n_u_a)< ” )( ) (0082) (sm2)

’ (D.2)

7 7!
(j) G (B

where the symbol



is binomial coefficient.

D.2 Translation formulas for spherical waves

A spherical vector wave function F§fr2n(r, 0, ¢) referenced to unprimed coordinate
system may be expressed as a summation of vector spherical wave functions refer-
enced to primed coordinate system which is translated with respect to the unprimed

one. Translation is performed in the z direction by a distance A. The expressions for

two cases are given in (D.4) and (D.5).

F©) (r,0,¢) = Z Z Can (KAL), (.0, ¢)) ' < |A] (D.4)
o=1v=|u|
v#0

sun(r 0 ¢ Z Z CS'ZV U}U/(T 6/7¢> 7,,/ > ‘A’ (DS)

=1 =l
v#£0

where translation coefficient Cﬁﬁf,c (kA) takes the product of wave number & and
translation distance A as the input argument. It is evident that the spherical wave
functions on the right hand side include the same azimuthal index p as the left-hand
side. This means that translation in the z direction does not affect the ¢ dependence
of spherical wave functions. These formulas describing z-translation should be con-
sidered as a special form of general translation in arbitrary direction. However, the

translation in arbitrary direction may be achieved by consecutive application of three

operations: rotation,axial translation, and inverse rotation.

Translation coefficients in the z direction for positive arguments (kA > 0) may be

calculated as follows:

i nn+1Dvv+1)\ (v—p)n+p)!
Z [(j)_p(és,a {n(n+1)+v(v+1)—pp+1)} (D.6)

p=|n—v|

+ 80 {2j kA )l m, —p1,v, p) 20 (kA) |

where a(u,n, —pu,v,p) is a linearization coefficient. The linearization coefficients

100



may be expressed using Wigner 3 — j symbols as follows:

(n+ (v —p)! }
(n— (v + p)!
n v p n v p

0 00 uwo —p 0

N

alitsms 11, v, p) = (2 + 1) {
(D.7)

It may be demonstrated that Wigner 3 — j symbols are zero when (n + v + p) is odd
number [43]].

n v p

0 00

=0, for (n+ v+ p) is odd number (D.8)

The linearization coefficients for 2 translation can be easily generated by using recur-
rence relations given in [20]. Translation coefficients for negative arguments may be

evaluated by using simple symmetry relation given below.

Csn(c)(_k,A) r (_1)s+a(_1)n+yosn(0)(kA) (D.9)

ouv opv
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Appendix E

S AND Z MATRIX TRANSFORMATIONS

E.1 S toZ Transform

20— (14 S511)(1 — Sa2) + S12591 o,
(1= S11)(1 = Sy) — S125%;
22 = TTen0 2—53222) St 0
Iy = (1—51)(1 2—5222) = S 2
2y — (1 — S11)(1 + Sz) + S125% Ze,

(1 - Sll)(l - 522) - 512521

E.2 Z to S Transform

(Z11 — Zo1)(Zag + Zo2) — Z12Z

S =
H (Z11 + Zo1)(Zaa + Zoo) — Z12Zn
g - 27192
12 =
(Z11 4 Zo1)(Zog + Zoo) — Z19701
g — 2721 Zpy
21 =
(Z11 + Zo1)(Zag + Zoe) — Z12Zn
_ (Zu + Z01)(Zay — Zyp) — Z127n
Sog =

(Z11 + Zo1)(Zaa + Zoo) — Z12Z
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Appendix F

REACTION INTEGRAL ON MODIFIED REACTION SURFACE

If the surface Sy, extends to infinity, only # and ¢ components of the electric and
magnetic fields are dominant on this surface, the field components of antenna 1, and

antenna 2 in the far-zone can be defined as:

By = agEy + 5By (E.1)
Hy = agHgpy + ayHy (F.2)
Ey = agEgs + a4y (E.3)
Hy = igHgy + Gy Hyo (F.4)

Using By = nHy, and E, = —nHy, E, x Hy and F5 x H; can be written in the
far-field region as given in (F.3)), and (F.6)), respectively.

Ey x Hy = a, (EqHyo — Eg1Hpo) = G, (nHyg1 Hyo + nHp1 Hps) (E5)

Ey x Hy = a, (EgoHyp1 — EgoHp1) = G, (nHgoHg1 + nHpaHor) (F.6)

If £, x H, is substracted from F; x Hs in the far-zone region, then the integrand of

the surface integral will be zero as given in (F.7)
E1XHQ—E2X]']1:O (F7)
Then the surface integral will also be zero on Sy, as:

/ (E_l X HQ — E_Q X Hl) . dglb =0 (FS)
S1p
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Appendix G

METHOD OF STATIONARY PHASE

The FE field can be expressed in terms of plane wave spectrum of the field as:

1 [e.9) o .
E(z,y,2) = yo / / fky, k)e 5T dk, dk, (G.1)

The integral given in (G.1) is evaluated asymptotically for large values of kr using
the method of stationary phase to find the E field in terms of f(k,, k.). The first step
in the asymptotic evaluation of (G.1)) is to find the stationary points of k - 7. In order

to do that, k - 7 is written as:

k-7 = (kyay + kyay + k.a,) - a1 (G.2)
where
a, = sin 6 cos ¢a, + sin 8 sin pa,, + cos fa, (G.3)
which reduces
k-7 =r(kysinfcos¢ + k, sin@sin ¢ + k, cos 8) (G.4)

where k, is defined in terms of £, and £, as given in (G.5]) and (G.6)

ky= k2 —k2—k2 K> +E (G.5)

K2+ k2 — k2 kK <K24+ K (G.6)

By inserting (G.5) into (G.4), k - 7 can be defined as:

k-7 =r(k,sinfcos¢+ \/k* — k2 — k2sinfsin ¢ + k, cos 0) (G.7)

The stationary points can be found by exploiting (G.8)) and (G.9).
ok - 7)
Ok,

=0 (G.8)
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k. =0 (G.9)

Substitude (G.7) into (G.8) and (G.9), then the partial derivatives with respect to k,

and k. can be obtained as:

Er —k,
(9(81%7”) — [sin@cos¢+ msin@singb} =0— kysing = ky,cos¢
(G.10)
ok -7 —k,
(ak:) _ [msinesin¢+6089 =0 — k,sinflsin¢ = k, cos 0
(G.11)
Using (G.10) and (G.T1), k, and k, can be defined in terms of k,, ¢, and 0 as:
cos ¢
ky = ky,— G.12
Ysin ¢ ( )
cos 6
k., = kym (G.13)

By using (G.14), k., k,, and k. are derived in terms of &, 6, ¢ as given in (G.15),(G.16)
and (G.1I7), respectively.

K=K+ k) + k2 (G.14)
k, = ksinfcos ¢ = k; (G.15)
k, = ksinfsin ¢ (G.16)
k, = kcost = ko (G.17)

In the vicinity of k; and ks, the function k - 7 can be approximated by utilizing a
truncated Taylor series. This approximation considers the terms up to zeroth, first,

and second order, as demonstrated in equation (G.18]).

- ok-7 ok -7
k-r=k- flklka + <87x)|k17k2(kx - kl) + <872)|k17k2(kz - k2)+
10%(k - 7) 10%(k - 7) (k- 7)
9 ok? ’k1kz(kz_k1>2+§ k2 |y (o —h2)*+ Ok k. ey oo (K —h1) (ko —k2)

(G.18)
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The second and third terms vanish at the stationary points k, = k; and k, = k. The
expression in (G.I§) can be simplified as:

k-72k- Tlgr — AC — Bn* — C(n (G.19)
where

and A, B and C can be written as:

10%(k - 7)
=5 (G.21)
10%(k - 7)
B= gl (G.22)
2T =
L _Odi) (G.23)

After a few calculations, A, B, and C' can be found as given in (G.24), (G.25)), and
(G.26).

r
B r 1 cos f 2 (G.25)
T2k * sin # sin ¢ '

1| cosgcost
= [waimar] 20

Since the startionary points k, = ki, k. = ks, and their neighbourhoods contribute

mostly to the integral, the integral in (G.1]) can be approximately found as:

1 . ‘
E(r.y.2) = / j Flky = ky, ko = ky)e Ikr—AC=BIE=CCn geqn  (G.27)

The assumption is made that f(ky, ko) is a slowly varying function within the station-

ary region. As a result, it can be extracted from the integral, as shown in equation

_ 1 - . )
E(‘T: Y, Z) = 7f(k’1, k2)6_]kr // ej(A§2+B772+CC7])dCdn (G.28)
S1,2
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where S 5 is the surface which covers the region near the stationary point. The sur-

face integral given in (G.29) can be defined as:

. 2 2 271'(5
eI ACHBT+C g = j— G.29
where
1
VIAB—(?=L__ - (G.30)
k sin 0 sin ¢

Three different conditions for ¢ are given in (G.31).

+1 if4AB>C2,A>0
d=4 -1 if4dAB<C?* A<0 (G.31)
—j if 4AB < C*?

Since 4AB > C? and A > 0, the surface integral in (G.28]) can be written as:

. 2
// e](AC2+B772+CC77)dCd77 —d jik sin 6 sin ¢ (G.32)
S1,2 r

Substituting (G.32) into (G.28)), F field can be defined in terms of plane wave func-
tions as:

jkeikr

E(r,0,¢) = [sin@singf (ki = ksin6 cos ¢, ks = kcos0)] (G.33)
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