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ABSTRACT
In this thesis, we develop better formulas for the distribution of quadratic residues in
certain subsets of finite fields. For this purpose, we consider the sets = { °: }and =
{ 3. }, and we use the results on Gauss and Kummer sums. We prove that for any integer

= 3 and for an odd prime number , the number of -term arithmetic progressions in  is given
by

where

-2 -2\ 3
=(—-5=) 2+

4 2
and is a computable constant depending only on . The proof also uses finite Fourier analysis
and certain types of Weil estimates. Also, we obtain some formulas that give the exact number of
arithmetic progressions of length € in the set  when £ {3,4,5} and is an odd prime number.
For € = 4,5, our formulas are based on the number of points on certain elliptic curves, and the error
term is best possible due to the Sato-Tate conjecture.
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Bu tezde, sonlu cisimlerin belirli alt kiimelerindeki aritmetik dizilerin sayisin1 bulmaya
odaklandik. Bu ama¢ dogrultusunda, sonlu cisimlerin karesel ve kiipsel sayilarin olusturdugu =

{2: } ve = { 3. } kiimelerini ele alip Gauss ve Kummer toplamlari {izerine var

olan sonuglart kullandik. Tezimizin esas bulgusu olan = 3 tam sayist ve  tek asal sayisi i¢in
'deki uzunluklu aritmetik dizilerin sayisinin, hata terimi

-2 -2 3
=) b

2

—+
2

olacak sekilde

ile verildigini ispat ettik. Buradaki degeri, sadece  degerine bagli hesaplanabilir bir sabittir.
Ispatimiz igerigi sonlu Fourier analizi ve birlirli tipteki Weil sanilarindan olusmaktadir. Ayrica
tezimizde sirasiyla € =3,4,5 icin  'deki € uzunluklu asikar olmayan aritmetik dizilerin sayisini
tam olarak hesaplayan formiiller elde edildi. € = 4,5 durumunda elde edilen formiiller igerisinde
eliptik egriler mevcuttur. € = 4,5 i¢in formiiller eliptik egriler igerdiginden hata terimi mevcuttur
ve bu hata teriminin en iyisi oldugu Sato-Tate sanisini kullanilarak gosterildi. Son boliimde, sonlu
cisimlerde kiimesindeki 3 uzunluklu aritmetik dizilerin saymi bulma problemini, kiipsel
elemanlarin olusturdugu  kiimesinde ele alinmustir.

Anahtar Kelimeler: Aritmetik diziler, Aritmetik geometri, Weil sanilari, Sato-Tate sanisi.
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GENISLETILMIS OZET

IF, sonlu bir cisim olmak iizere, IF,, lizerindeki karesel sayilarin olugturdugu S, = {t2 :
t € F,} kiimesi tanimlansin. Tarihsel siirece baktigimizda sonlu cisimler iizerindeki karesel
sayilarin dagilimi farkli bir cok matematik¢i tarafindan calisilmistir. Gegmis 100 yildan
fazla siiregte k > 1 ve p > k tek asal sayisii¢in )y = I, \ {0} de kag tane davranigt dnceden
belirlenen karesel veya karesel olmayan (a,a+ 1,...,a+k — 1) k’lisinin mevcut oldugu en
iyi sekilde saymak istenmigtir. Daha iyi ifade edilecek olunursa, secilen k tane &1,...,& €

{£1} isaretleri i¢in

— 1
Np(el,...,ek):‘{aeIF; : <a+l ) :8,'f0ri:1,...,k}‘

P

degerini hesaplamak asil amactir. Buradaki (1—9> gosterimi Legendre sembolii olup IF),’deki
bir elemanin karesel olup olmagimna karar verir. Ayrica (a,a+1,...,a+k—1) k’lisina, k
uzunluklu karesel yol deseni denir.

1896 yilinda Aladov yayinladigi (Aladov, 1896) caligmasiyla [ deki 2 uzunluklu
karesel tiim yol desenlerin sayisim1 ve 3 uzunluklu karesel bazi yol desenlerin sayisini
belirlemistir. 1930’larin basinda ise Davenport, (Davenport, 1931 ve 1933) calismalarinda
k > 4 icin bu problemi ele almistir. Ilerleyen siirecte Kazt’'in (Chapter 9, Katz, 1988)

calismasinda verilen bir k£ uzunluklu karesel yol deseni ve p > k tek asal sayis1 i¢in

Np(el,...,sk)—£

k
" <(k—1)\/1_9+§

esitsizliginin saglandig1 gosterilmistir. Ustelik karesel yol desenin ardisik olma sartin1 da
ortadan kaldirarak keyfi farklardan olusan desenler i¢in de hesaplanmugtir:

p > k asal say1 ve cy,...,cx € F), de farkli degerler olmak iizere

{ae]F; : (a+ci> :Siforizl,...,k}
P

kiimesinin eleman sayis1 N, ile gosterelim. Bu durumda,

p k
Np—ﬁ <(k—1>\/ﬁ+§

esitsizligi saglanir.
Her bir i degeri i¢in & = 1 olarak alimirsa, yukaridaki sonugtan S,’deki k uzunluklu

aritmetik dizi (k — APs)’lerin sayinin hata terimi
3
[H| < (k—1)-p> +Ok(p)
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olacak sekilde
»?
oK +H
ile verildigi sonucuna ulagilir. Bu tezde, ilk olarak §,’deki k uzunluklu aritmetik dizilerin
sayisin1 daha iyi hata terimi ile hesaplayan ana teoremimizi ispatlayacagiz. Simdi bu
teoremimizi ifade edelim:
k > 4 tam sayis1 ve p > 3 asal sayis1 i¢in S),’deki k uzunluklu aritmetik dizilerin sayisi,

hata terimi
k—2 k-2 3
R| < 4 o1 ) Prtacp

olacak sekilde

ile verilir.

Ayrica tezimizde sirastyla k = 3,4,5 i¢in S),’deki k uzunluklu agikar olmayan aritmetik
dizilerin sayisini tam olarak hesaplayan formiiller elde edildi. k& = 4,5 durumunda elde
edilen formiiller, icerisinde eliptik egriler barindirir. k = 4,5 icin formiiller eliptik egriler
icerdiginden hata terimi mevcuttur ve bu hata teriminin en iyisi oldugu Sato-Tate sanisini
kullanilarak gosterildi. Formiillerimizin bazilarinda eliptik egrileri mevcut oldugundan,
eliptik egrilerin ¢aligilmasinin 6nemli bir yOniiniin, egri lizerindeki noktalarin etkili bir
sekilde sayilmasina dair yontemler gelistirmek oldugunu belirtmek gerekir.

Son boliimde, F),’deki karesel elemanlarin olusturdugu kiimedeki 3 uzunluklu aritmetik

dizilerin sayini bulma problemini, kiipsel elemanlarin olusturdugu
Cp={t’:1€F,}

kiimesinde ele alinmugtir.  §),’deki 3 uzunluklu aritmetik dizilerin sayisini belirlemede
Gauss toplamlar1 kullanilirken Cj,’deki 3 uzunluklu aritmetik dizilerin sayisin1 belirlemede

Kummer toplamlar1 kullanilarak formiil elde edildi.
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1. INTRODUCTION

In 1927, van der Waerden (van der Waerden, 1927) proved a celebrated theorem regarding
the existence of arithmetic progressions in any partition of the positive integers with finitely
many classes. This is one of the fundamental results of Ramsey theory, and this theorem
has been strengthened in many different directions. In 1936, a strengthening of van der
Waerden’s theorem was conjectured by Erdds and Turdn (Erdds and Turdn, 1936), which
states that any subset of positive integers with a positive upper density contains arbitrarily
long arithmetic progressions. For a subset A of positive integers, its upper density is defined

as

- ANql,...,N
d(A)zlimsup| .., }|
N—roo N

In 1953, this conjecture was confirmed by Roth (Roth, 1953) for arithmetic progressions
of length three. Actually, his proof shows not only the conjecture is true for arithmetic
progressions of length three, but it also provides an explicit upper bound for the largest size
of a subset of {1,...,N} with no non-trivial arithmetic progressions of length three (which
is denoted by r3 (N)). In 1969, Szemerédi (Szemerédi, 1965) extended the aforementioned
result to arithmetic progressions of length four, and then in 1975 he developed his
combinatorial method to resolve the conjecture for arbitrarily long arithmetic progressions,
see (Szemerédi, 1975). The affirmative answer to Erdés and Turdn’s conjecture is now
known as Szemerédi’s theorem, which is one of the cornerstones of additive combinatorics.
There is also a finitary version of Szemerédi’s theorem which is equivalent to Szemerédi’s
theorem itself. Let € > 0, and let k be a positive integer. Then, there is some N(&,k) such
that if n > N(€,k), then any subset of {1,2,...,n} with at least en elements contains a
k-term arithmetic progression. The smallest such N(&,k) is called the Szemerédi number

denoted by S(g,k).

A second proof of Szemerédi’s theorem was given by Furstenberg (Furstenberg, 1977)
using ergodic theory in 1977. Furstenberg’s proof was a major breakthrough in terms of both
his techniques, which gave rise to many natural generalizations of the theorem, for example
the density version of the Hales-Jewett theorem (Furstenberg, 1991) and the polynomial
Szemerédi theorem (Bergelson and Leibman, 1996). Despite their depths and impacts, the
proofs of Szemerédi and Furstenberg fail to give upper bounds for ry (N) (which is the

largest size of a subset of {1,...,N} with no non-trivial k-term arithmetic progressions),



since Szemerédi’s proof applies van der Waerden’s theorem and Furstenberg’s proof uses

the axiom of choice.

Gowers developed new Fourier analytic methods to reprove Szemerédi’s theorem
for arithmetic progressions of length four (Gowers, 1998) in 1998, and arbitrarily long
arithmetic progressions (Gowers, 2001) in 2001. In fact, he gave not only a proof of the full

Szemerédi’s theorem but also a quantitative bound for ry (N).

As well as in the integers, Szemerédi-type problems have been extensively studied in
subsets of finite fields. While much work has been done on the problem of whether subsets
of finite fields contain arithmetic progressions, in this study we concentrate on how many
arithmetic progressions we have in certain subsets of finite fields. Here, we consider the set
S, ={t>:t € F,} and we obtain the exact asymptotic for the number of k-term arithmetic
progressions in this set. Our approach relies on the estimation of character sums, which has
been a recurrent topic in number theory. A typical exponential and character sum is of the

form

I = Z W<Q(x17"'7xn))

and

n= Z X(Q(xlv'"vxn))a

(xl,...,xn)eIFg
where g(x1,...,x,) € Fp[x1,...,x,] of degree d, y(x) is a non-trivial additive character and
X (x) is a non-trivial multiplicative character on the finite field IF,. The expectation is the
estimate

IT;| < cp'’?, (1.1)

where ¢ is a constant depending on n and the degree d of the polynomial g(xi,...,xy,),
and this is sort of a randomness. The above estimation corresponds to the Riemann
hypothesis in finite fields. The estimation (I.1)) was first achieved by Hasse (Hasse, 1936)
for single-variable smooth cubics and then generalized by Weil (Weil, 1948). For each odd
prime number p and for each non-linear polynomial f € Z[X], we denote the Weil sum by

s(fip) =} ep(f(x)),

xelF,



where e, (x) = eX™ix/P 1n 1948, Weil proved as a consequence of his work (Weil, 1948) in
algebraic geometry that if p is an odd prime number and f € Z[X] is a non-linear polynomial

with f ¢ pZ[X], then we have

Is(f,p)| < (degf—1)-/p.

The higher dimensional version for the estimation of the exponential sum 77 was obtained
in the seminal works of Deligne (Deligne, 1974 and 1980) where he proved the Riemann
hypothesis for finite fields that was also conjectured by Weil. More precisely, Deligne
(Deligne, 1974) proved that if p does not divide d and if the homogeneous part g; with degree
d of g defines a smooth hypersurface in P"~!, then the expected estimation for 77 holds with
¢ = (d —1)". Later on, Katz (Katz, 2002) proved the multiplicative version of Deligne’s
result and obtained an estimation for the sum 75. In this article, our algebraic sets that we
encounter are highly singular and this is why we need singular character sum estimations.
An estimation of this type was proved by Rojas-Ledn (Rojas-Ledn, 2005), extending the
work of Katz. In a very recent work, Rojas-Ledn (Rojas-Ledn, 2022) deduced an estimation
for multi-variable multiplicative character sums, which extends the well-known estimates for
both classical Jacobi sums and one-variable polynomial multiplicative character sums. The
result of Rojas-Ledn (Rojas-Ledn, 2022) will be crucial to prove our first theorem of this
paper, and we obtain an asymptotic for the number of k-term arithmetic progressions (k-APs)
in S, with a better error term. Moreover, our error term is sharp and best possible when
k € {4,5}, owing to the celebrated Sato-Tate conjecture (a theorem now), see (Barnet-Lamb
et al., 2011, Clozel et al., 2008, Harris et al., 2010, Taylor, 2008). Observe that our estimate

in the next theorem is reminiscent of the Riemann hypothesis in the sense of finite fields.

Theorem 1.1 Let k > 4 be a positive integer and p > 3 be a prime number. The number of

k-APs in S, is given by
2

P

k—2 k-2 3
IR| < 4 o1 ) Prtacp

and ¢y 1s an explicit computable constant depending only on k.

where

When we look at the historical process of the distribution of quadratic residues or
counting quadratic residue patterns in finite fields, it is seen that it has been widely handled

by different mathematicians. Over the past 100 years, for k > 1 and an odd prime p > k, it



has been desirable to count how many k-tuples of consecutive numbers a,a+1,...,a+k—1
in F; have predetermined quadratic residue or nonresidue behavior. For a choice of k signs

€1,...,& € {:l:l}, set

— 1
Np(81,...,8k)=‘{a€F; : (a+l ) =8,-fori=1,...,k}',

p

where (;) is the Legendre symbol. In 1896, Aladov (Aladov, 1896) counted each quadratic
residue patterns of length 2, and some quadratic residue patterns of length 3 in F; In the
1930s, Davenport (Davenport, 1931 and 1933) considered this counting problem for k > 4.
It was shown (Chapter 9, Katz, 1988) that for k signs €,...,& € {1}, and an odd prime
p>k,

14

k
Np(el,...,ek)—? < (k—l)\/ﬁ+§.

Moreover, quadratic residue patterns with gaps that are not necessarily consecutive was also

counted: if p > k and cy,...,c are distinct in [, the set

{ae]F; : (“+ci> :e,-forizl,...,k}
p

has a size N, and it satisfies

p k
Np_? <(k—1)\/ﬁ+§.

See also (Conrad, 2018). When we fix & = 1 for each i, this yields that the number of k-APs
in §) is given by

2
oK +H, (1.2)
where

|H| < (k—1)-p? +Ok(p).

In this case, it is seen that the estimate in Theorem for the number of k-APs in S, has a
better error term than that of (T.2).

In our following result, we obtain the formulas which give the exact number of non-trivial
arithmetic progressions of length 3 in the set S,. Note that “non-trivial” means that the

common difference of the arithmetic progression is not zero.

Proposition 1.2 Let p be an odd prime number. The number of non-trivial 3-APs in S, is

given by the following table:



The formula The prime number p
(p+3)(p-1) p=1 (mod §)
S(p=3) (1) p=3 (mod 8)
%(p—l)(p—l) p=5 (mod 8)
é(p+1)(p—1) p=7 (mod 8)

A formula that determines the number of non-trivial 4-APs in §, can be given in the

following result, and it depends on the number of points on the elliptic curve
E:y* =x(x+3)(x+4).

Since we will use elliptic curves in some of our formulas, it would be necessary to point out
that an important aspect of the study of elliptic curves is devising effective ways of counting
points on the curve. There are several approaches to do so, and the algorithms devised have
been proved to be useful tools in the study of various fields, see (Lercier and Morain, 1995,

Schoof, 1985 and 1995).

We also note that the error term in the following theorem is sharp.

Theorem 1.3 Let p > 3 be a prime number. The number of non-trivial 4-APs in S, is given

by the following formula:

(p+1)*  (p—1)(5p+1) p+1

T L) (9 () ) ()

+1i6- (%) (p—1)#E(F,)—p—1),

where the elliptic curve E over I, is defined by
E:y =x(x+3)(x+4),

and (E) is the Legendre symbol. Moreover, the number of non-trivial 4-APs in §), is given

by
pZ

Z 4R
16+ P



where
1 3
Ryl < ¢ -p2+0(p),
and the error term R), and the above coefficient % are best possible in the sense that O(p%)

cannot be replaced by a smaller function of p, and % cannot be replaced by a smaller constant.

The resulting formula for the number of 5-APs in §), is quite long and involves more

elliptic curves. The exact formula can be found in its proof.

Theorem 1.4 Let p > 3 be a prime number. There exist explicitly computable polynomials
[ E€ZX], g € Z[X1,X2,X3,X4] and h; € Z[X1, X;] with deg f = 3, degy, g = 3 and degy, h; =2
for i € {1,2,3} such that the number of 5-APs in S, is given by

e g (0 GVE-G) ah @)

32p3 32p3 32p? 32p

Y

i=1

where the elliptic curve E; over I, is defined by
Ep:y* =x(x+3)(x+4),
Esr:y* = x(x+4)(x+6),
Es:y? = x(x+8)(x+9),

and <;) is the Legendre symbol. Moreover, the number of 5-APs in §), is given by

|
+
i~
Do

and the error term is best possible in the sense that O( p%) cannot be replaced by a smaller

function of p.

Can we take our question above a step further, and give a formula that calculates the

number of 3-APs in the set of cubes
C,={r:teF,}

in IF,? In addition to our results which make use of Gauss sums for the number of non-trivial
3-APs in S, we give the following result using Kummer sums for the number of non-trivial

3-APs in C,.

Theorem 1.5 Let p be a prime number with p =1 (mod 3). Let Q,, denote the number of

non-trivial 3-APs in C,. Then,

(p+2)*  p-—1
4p+8) —
7 + 7 (pcp+4p+38)

p+2

Qp: 3




where ¢, € Z with ¢, = O(,/p) is a computable constant which depends on p. If p is of the

form u? +27v? for some integers u and v with u =2 (mod 3), then

(p+2)° p-1
dup+12p+8

_pt2
T

Qp:

In the following table, using SageMath (SageMath, 2018), we give the calculations of the
formulas, we obtained in our theorems above, for some certain values. Note that if p # 1

(mod 3), then C, =F, andso Q, = p(p—1).

Table 1.1 The number of non-trivial 3 and 4 -APs in S, and C,, for prime numbers p between 20 and 50.

20< p <50 #3-APsin S, #4-APs in S, #3-APs in C,,
23 66 44 23x22

29 98 28 29x28

31 120 30 50

37 162 54 60

41 220 120 41x40

43 210 84 70

47 276 138 47x46







2. PRELIMINARIES

In this paper, we make use of Fourier analysis on finite abelian groups. In particular, our
main tool will be the Fourier transform of functions which are defined on the finite cyclic
group Zy. Throughout this note, ey : Zy — C is defined as ey (x) = ¢***/N for any x € Zy.

This function has the following well-known property, which is known as orthogonality:

0 ifu#0,
Z ey(mu) = 2.1

meZy N ifu=0.

Given a function f : Zy — C, its Fourier transform fat m € Zy 1is defined by

fm)=N""Y en(—xm)f(x). (2.2)

XEZy
Basically, the Fourier transform of f : Zy — C is another function that is defined as the
average of the values f(x) multiplied by the corresponding roots of unity, namely ey (—xm),
x € Zy. It has numerous useful properties. Among them, the one we require is the inversion
formula. The inversion formula states that with the above definition of the Fourier transform,

we can recover f from its Fourier coefficients via the formula

f@)=Y en(um)f(m). (2.3)

mezy

This basic feature of the Fourier transform appears frequently in the proof of our results.
Surely, there are much more practical properties of the Fourier transform. For more detailed

information about Fourier analysis on Zy, one can consult (Stein and Shakarchi, 2003).

In the following definition, we describe an arithmetic progression in Z.

Definition 2.1 (Arithmetic Progressions) An arithmetic progression of length k (k-AP) in Z
is a sequence of k-integers such that each difference between two consecutive terms is the

same constant.

We say that a set A C Z contains arbitrarily long arithmetic progressions if for any k£ € N,
there is a non-trivial k-AP in A. There are some distinctions between arithmetic progressions

in Z and Zy. We define an arithmetic progression in Zy in the following way.



Definition 2.2 A k-term arithmetic progression in Zy, Xo,X2,...,Xk_1, 1S a sequence of
integers satisfying

2x; = Xi—1 +Xit1 (mod N),
foralli=1,....k—2.

The disadvantage is that arithmetic progressions in Zy are not necessarily arithmetic
progressions in Z (they might "wrap around”). For instance, in Zjgy, {65,100,33} is a
3-term arithmetic progression but not in Z. Nevertheless, there is a relation between lengths
of arithmetic progressions in Z and Zy. The following proposition was stated by Bourgain

without proof in (Bourgain, 1990). Thus, we felt the need to prove this proposition.

Proposition 2.3 If there exists a non-trivial (2k2—2k—|— 1)—AP in Zy, then there is a
non-trivial arithmetic progression in 7Z of length k contained in this given arithmetic

progression in Zy.

Proof: Let x1,X2,...,Xy2 o, be a non-trivial (2k* —2k+ 1)-AP in Zy. Now, we divide

the interval [0, N) into k disjoint parts

O )

i=1

By the pigeonhole principle, there exist an interval [(i_kl )N, %) anda,b € {1,...,k+ 1} with
a<bandie€{l,... k} such that

| —1)N IN
Xay Xp € [(l k) ,l?) and x, # xp :
l l l l l l l
| | | | | | | |
0 N (i-)N  Xa  Xp iN (k—1)N N
k k k k
-
d<N/k

Note that after choosing the appropriate representation of the elements of the arithmetic

progression on classes modulo N, we consider the elements as integers.

Hence, the set {xa,xb,xa+2(b_a), e ,xa+(2k_2)(b_a)} has the following properties:
* [Xas(i=1)(b—a) = Xatip—a)l =d fori € {1,2,...,2k =2},

ca+(2k—2)-(b—a) <2k*>—2k+1fora,be{1,....k+1}.

10



It means that {xa—‘,—i(b—a)}l-zigz is an arithmetic progression on one of the intervals
(—2N,N) and [0,3N). Now, without loss of generality, we assume that {xaﬂ(b_a)}igz is
a (2k—1)-AP on [0,3N). If {x,4i(p—a) izigz N[2N,3N) # 0, then there exists an arithmetic
progression of length at least k on the intervals [N,2N) since d < N/k. For the other case, if

?igz N[2N,3N) = 0, by the pigeonhole principle and as d < N /k, there exists an

{xa—l—i(b—a)
arithmetic progression of length at least k£ on one of the intervals [0, N) and [N,2N). Thus,
we conclude that there exists a non-trivial k-AP in Z obtained from the k-AP on one of the

intervals [0,N) and [N,2N). O

The proposition above provides a way to connect Zy-progressions to Z-progressions.
In particular, finding a (2k* —k+1)-AP in Zy gives rise to the existence of a k-AP in
{1,...,N}. In the further parts of this note, we prove that there are long APs in some special
subsets of Zy. Hence, if we lift those sets up to Z, that is to say, see them as a subset of Z,

then we obtain Z-APs.

The characteristic function A(x) of a set A C Zy is defined as

1 ifxeA,
A(x) =
0 ifx¢A.
We will often use the following lemma, which determines the number of k-APs in the set

ACZy.

Lemma 2.4 Let A be any subset of Zy and k > 3. Then, the number of k-APs in the set A is
N2 |A|k
Nk

where

I‘I:]\I2 Z A\<xl)--.A\(xk—2)A\(xl+2X2—|—..._|_(k_2)xk_2)
(%1520 Xk —2) #0

A(=2x1 = 3xp — -+ — (k— Dxg_2).
Proof: Let A be any subset of Zy and k > 3. Define
On(1) = {(1,y2,- o) €Ay —yi=tforie{l,....k—1}}|

as the number of k-term arithmetic progressions in A with common difference ¢.

So, the number of k-APs in A is equal to

Y ov(@) =Y Y AQGDA(G1+1)--A(yi 4 (k—1)). (2.4)

t€Zy VIEZNELN

11



If we use the Fourier inversion formula (2.3) for each of the terms in Equation (2.4), namely
for

A(y1 +1),A(y1 +2t),...,A(y1 + (k—1)1),

we obtain the following sums which depend on the Fourier coefficients of A:

Yovit)= Y A0 Y en(xoOi+))A(x0)- Y en(u—a(yr + (k= 1))A(xk—2)

teZyn yl,ZGZN X()EZN xk,zEZN

= Y ADAM) - Alu—2)en(yi(xo +x1 4 +x-2))

(71 %0,X1,++- Xk —2)

: Z en(t(xo+2x;1 4+ (k—1)x;_2)).
teZyn

By orthogonality, we have

N ifxo+2x1+--+(k—1)x_2 =0,
Z eN(l()C() +2x14+---+ (k— l)xk_2)> =
tE€LN 0 otherwise.

From this orthogonality relation, we obtain that

Yov) =N Y AGDAM) Al 2)A(=2x0 — - — (k= 1)x o)

IGZN (y17x17x27“'>xk—2)

en(y1(=x1 —2x2 — - — (k= 2)x,_2)).
Then, one can conclude that

Y on(t)=N* Y A(x1)AGu2)A(x1 20+ 3x3+ -+ (k—2)x0)

tELN X1,X2 5000y Xg—2
A(=2x1 —=3xp— -+ — (k— Dxg_2).
We denote this again by
NZ A k
Y ovi =" 1 n
teZn
where
H=N> Y A1) Al 2)A(x) +2x0+ -+ (k—2)x_2)
(x17-x27"’7xk72)§£0
A(=2x1 = 3xp — -+ — (k— 1)xg_2),

and the proof is complete. 0
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Definition 2.5 Let p be an odd prime number. An integer a which is not divisible by p is
said to be a quadratic residue modulo p if it is congruent to a perfect square modulo p and is
a quadratic nonresidue modulo p otherwise. The Legendre symbol is a function of a and p

and it is defined as

(5

Below we list three important properties of the Legendre symbol which will be frequently

1 if a is a quadratic residue modulo p,

) =4 —1 if ais a quadratic nonresidue modulo p,

0 ifp|a

used.

Proposition 2.6 (Pandey, 2018) For integers b and ¢ with p t b,

l’i <b£+c) A

(=0 \ P

Proposition 2.7 (Pandey, 2018) Let a,b and c be integers, and let p be an odd prime. Then
pZ:l(agZ_i_bg_i_c)_ _<%) if pt (b2 — dac),
P (g) (p—1) ifp| (b*—4ac).

(=0
Remark 2.8 Let k be an odd positive integer and m > 1. Let a;; € F), for 1 <i < k and
1 < j <m. Then

Z (a11x1+--~—|—a1mxm)“.(ak1x1+---+akmxm> —0

X1,%2,.. X €EFp p p

This equation is quickly obtained by defining new variables y; = ax; for a chosen a € IF, with

(%) = —1. This property will be used frequently without being specified in the following

sections.

In 1924, Artin estimated the correctness of the following theorem on elliptic curves.
However, Artin was not able to prove his estimate. In 1933, Hasse proved the estimate of
Artin. Then, Weil generalized the result of Hasse, as we mentioned in the previous section.
The following two theorems will play an important role in finding the number of arithmetic

progressions of length 4 and 5 in S,.

Theorem 2.9 (Hasse) (Theorem 4.2, Washington, 2008) Let E be an elliptic curve over the
finite field ). Then, the order of E(IF,) satisfies

[p+1—#E(F),)| <2Vp.

13



Theorem 2.10 (Theorem 4.14, Washington, 2008) Let E be an elliptic curve defined by
y? = x> + Ax+ B over the finite field IF,, where p is an odd prime. Then,
#E(F,)=p+1+ ) <x3+A—x+B).
x€F, p
Around 1960, independently, Mikio Sato and John Tate inquired about the distribution
of numbers #E@F”% within the interval [—2,2] as p approaches to infinity. The question

of whether these numbers are uniformly distributed within the interval is the first one that

comes to mind. In other words, is it true that for any interval [a,b] C [2,2], we have

i (PN BEE,) = p=1)//p € [a.b]}

=b—a?
N—eo {p < N}

This question marks the origin of the Sato-Tate conjecture (see Murty and Murty, 2009). The
available numerical data appeared to indicate a different outcome. To be more specific, Sato
and Tate were inclined to predict the following statement for elliptic curves without complex

multiplication. If we write
(#E(F,)—p—1)/\/p=2c0s0,, 0<6,<T
and [a, B] C [0, x|, then, their conjecture says

lim
N—eo [{p <N}

<N: B —
{p=N:8, € o]} :z/ sin” 6 dO:ﬁ—a—i(sinMS—sinQa).
o /4 2n

The original conjecture and its generalization to all totally real fields was proved by
Laurent Clozel, Michael Harris, Nicholas Shepherd-Barron, and Richard Taylor under mild
assumptions in 2008 (Clozel et al, 2008), and completed by Thomas Barnet-Lamb, David
Geraghty, Harris, and Taylor in 2011 (Barnet-Lamb et al, 2011).

In this thesis, we will use a corollary of Chebotarev—Sato—Tate theorem to show that the
formulas that give the number of non-trivial 4 and 5-APs in §), have the error term which
is best possible. Since Barnet-Lamb et al proved Sato-Tate conjecture by removing mild
assumptions, we can also remove this assumption from Murty’s result (Corollary 2, Murty

and Murty, 2009). Thus, we can give the following theorem.

Theorem 2.11 Let E be an elliptic curve defined over the rational numbers without complex
multiplication. Let ¢ be a natural number and a an integer with (a,q) =1. For0 <o < f8 <,
the density of primes p for which 6, € [, ] and p=a mod g is

B
2 / sin% 0 do.
no(q) Ja
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Let k > 6 be a positive integer. When estimating the number of arithmetic progressions
of length k in S,, we need a conclusion that yields more than Hasse’s theorem. In 2022,
Rojas-Ledn proved an estimate for multi-variable multiplicative character sums over affine
subspaces of A?, which generalizes the well-known estimates for both classical Jacobi
sums and one-variable polynomial multiplicative character sums (Rojas-Leon, 2022). The
following theorem proved by Rojas-Leon is of fundamental importance in finding the number

of arithmetic progressions of length k in §), with a better error term.

Theorem 2.12 (Corollary 2, Rojas-Leon, 2022) Let k = [, be a finite field, with g = p“
a prime power. Let x1,..., %, : F; — C* be n non-trivial multiplicative characters. Let
Li,....L,: Ag — A,l be affine linear forms, with L;(t) = a;1t1 + --- + aj 4tq + b;, and let
V; C A? be the hyperplane defined by L;() = 0. Suppose that the affine map AY — A”
defined by the L; is injective (that is, that the matrix (a; j) has rank d), and that for every
I C{1,...,n} with |I| <d+ 1 we have dim (Nj¢;V;) < d — |I|. Then, we have the estimate

Y 2 (Li()+ xn (Ln())| < DL~ g2,

rekd

where

d .
Dy = (—1)d+ Z (—l)dﬂaj,
=1
and a; is the number of subsets I C {1,...,n} with |I| = j such that N;c;V; # 0.

Observe that the algebraic sets occurring in the previous theorem are highly singular, so
one cannot apply the results of (Katz, 2002) and (Rojas-Le6n, 2005) immediately. Although
the character sum estimates are in the realm of analytic number theory, the technique behind
them is the use of ¢-adic cohomology and Grothendieck’s trace formula, see also the works
of Deligne (Deligne, 1977a and 1977b).

Given that p and ¢ are two distinct odd primes, suppose we know whether ¢ is a quadratic
residue of p or not. The natural question is as follows: will p be a quadratic residue of g? One
of Gauss’ favorite theorems, which is the law of quadratic reciprocity answers this question.

The law of quadratic reciprocity is a very deep theorem with over two hundred fifty proofs.

Proposition 2.13 (Law of Quadratic Reciprocity) (Berndt et al., 1998) Let p and g be two

distinct odd prime numbers. Then,
p q Pl g
Y. (L) = (=12
(5)(5)=c

15
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For an odd prime number p, an integer a and k € Z-, a general Gauss sum is defined as

p—1
Gila,p) = Z ep(am). (2.5)
m=0

When k£ = 1 and p 1 a, as mentioned before, the sum of all p-th roots of unity, which is a
geometric sum and can be easily evaluated to be zero. When k > 2, the task of determining
the sum then becomes considerably more difficult. In fact, even for the initial case k = 2, it
took Gauss several years to accomplish this. In late May of 1801, Gauss conjectured that

p ifp=1 (mod4),

iy/p ifp=3 (mod4).

On August 30, 1805, Gauss wrote in his diary that he devoted some time to this problem
every week for more than four years before he was able to prove his conjecture on the signs
of these sums (Berndt and Evans, 1981). The sum G;(a, p) introduced by Gauss in 1801 is

now called the quadratic Gauss sum.

Theorem 2.14 (Theorem 1.5.2, Berndt et al., 1998) Let a be an integer not divisible by a
prime p > 2. Then

(g Jp ifp=1 (mod4),

p—1 a
Galap) = X, eplan) = (4 Gal.p) =
=0 i%)ﬁ ifp=3 (mod4).

p

We also recall Weil’s theorem from the introduction.

Theorem 2.15 (Weil, 1948) Let p be an odd prime number. Let f € Z[X] be a non-linear
polynomial such that f ¢ pZ[X]|. We denote the Weil sum by

s(fip) =} ep(f(x)),

xelF,

where e,,(x) = e>**/P. Then, we have

|s(f,p)| < (degf—1)-/p.

16



3. PROOF OF THEOREM 1.1l

Let p > k be an odd prime number. Let
Qp(t) = [{(x1,...,.x) €S} | xiz1 —xi =t fori € {1,....k—1}}] (3.1)

denote the number of k-term arithmetic progressions in S, with common difference . By

Lemma 2.4] the number of k-APs in S, is equal to

Pz‘Sp’k
V4

+R,

where

~

R=p* ) Sy(x1) - Sp(xx-2)Sp(x1 +2x2 + - -+ (k—2)x,_2)

(x1,X2,..,Xk—2)7#0

~SAp(—2x1 =3 3X2  ° ° ° o (k— 1)xk,2).
Note that when 0 #m € F,,
~ 1
Sp(m) = — Z ep(—mx)Sp(x)
pxe]F,,
1
= — Z ep(—mx)
pxeS,,
1
=— ( Z ep(—mt*) + 1>
2p \/cF,
m

_1+18<—m)
2p 2yp \p )’

where
1 ifp=1 (mod4)
E =
i ifp=3 (mod4),
~ S 1
and S,(0) = ISy _Pt in case m = 0.
p 2p

Next, we find the upper bound mentioned for the error term R. By the expression of R and
the Fourier transform of §,, which were given above, it is sufficient to find an upper bound

for the following expressions in forms A, B,C and D since they are the largest ones:

17



A= 2, p_—H o . 1 Z —Xa, o —Xa,, —a1Xg, — - — AmXg,
- P 2 m—+2
p (2\/]_?) Xay s Xap p p p

(3.2)

_((a1—|—1)xa1—|—---+(am—|—1)xam>
p Y

B— 2.(P+1)k1m, 1 Z <_x“1)...<ﬂ> (3.3)
AN (2,/p)""! ray P p '

(a1+1)xq) +++(am+1)xq,, =0

<_alxa1 — _amxam)
9
p

C— 2,(P+1>k_l_m, 1 Z (_x“l)..‘(_x“m> (3.4)
P\ "o EN) R e p p '

—a1Xq; =+ —AmXay, =0

((al +1)x(ll ++(am+ l)xaln)

D:pz,(P_H)k"".; y (1)(1) 35)
2p 2yp)" Yy otk p p )’ '

— 01X — Xy =0
(a1+1)xg +++(am+1)xq,, =0

where g; € {1,2,...,k—2} such that a; # aj when i # j, and m € {2,...,k—2}. Now, we
observe that in case of m = 1, the equations from (3.2)) to (3.5)) are equal to zero. By the

properties of the Legendre symbol, we get

() 5 ) = ()2 ()

Then, it follows from orthogonality that

()R o

Thus, equation (3.2)) is equal to zero. As a; € {1,2,...,k—2}, we also have

: ()E)-

(a1+1)xq; =0

Similarly, the other equations are shown to be equal to zero.

18



We first find the upper bound for (3.2). Since we cannot apply Theorem [2.12]immediately
to the sum, we bring the expressions to the appropriate forms. Using change of variables,
namely x4, = X4, %, fori € {1,...,m— 1}, and by the properties of the Legendre symbol, A

above becomes

+1k2m —X xm
P p () ()
2 mp2 xa17 ’x“ml p

p
(—alxal—- — Am—1Xa,, | — ) < (a1 +1)xq, +--+ (am—1+1)xq, 1+am+1>
p p '
Now, we calculate (3.6) with the help of Theorem 2.12]

Take affine linear forms Ly,...,Ly1 : Akm’I — A}{ as

Li(x)=—1-xq

Ly(x)=—1-x4,

Lm_l(x) =—1 -Xam71
Lin(X) = =1 Xg, +++*+ —Am—1"Xa,_; — Gm

Lypi1(x) =(a1+1) x4+ + (am1+1) x4, +(am+1).

The affine map defined by L; is injective since the matrix (a,- j) has rank m — 1. Now, let
V; C AZ’_I be the hyperplane defined by L;(x) = 0 for each i € {1,...,m+1}, and I C
{1,...,m+ 1} be a subset with |I| < m. When |I| =m

ﬂ Vi= 07

icl
that is to say dim (N;e;V;) = —1. When |[I| <m— 1,

mm<ﬂw>gm—1—m
icl

holds since the intersections of the hyperplanes V; do not coincide with themselves. Hence,

by applying Theorem[2.12] we get the following inequality

1 3 1
A< 5 -Dr-p? + Ox(p?), (3.7)
where
: m—1 L
Dp:=(—1)"""+ Z (=)™ +]cj
j=1
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and c; is the number of subsets I C {1,...,m+ 1} with |I| = j such that

(Vi #0.

icl

m+1
Cj: ]

when j € {1,...,m — 1}. Using the well-known identity

"f<—1>f<’"+.l) ~o,

j=0 J

Notice that

the value D; becomes

Therefore, (3.7) and the previous equality yield that

=

).

1 3
\A|§§~m-p2+0k(p

Now, we rewrite the other forms and bring them to the form A. Note that the properties

of the Legendre symbol and change of variables will be used again. If we arrange the indices

on (3.3) and (3.4)) using
(a1 +1)xg +--+(am+1)x4, =0 and —ajx,, — - — amxa, =0,
we get the following sums:

PR (pt1yfiom y (i) (_—x_am—1> (3.9)

zkpkilimp xal““’x‘lm—l p p

) ((al + 1) xg + -+ (am—1 + l)xam1> <(am_al)xa1 et (am_am—l)xaml)
p p ’

p>-(p+1)ktom y (ﬂ) (L) (3.10)

2k pk*l*m . p 2 xal 7'“7xﬂm_1 p p

. <a1xa1 +"'+am—1xam1> ((am_al)xm T+t (am_am—l)xaml)
p P
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Similarly, if the same method as in form A is applied for (3.9) and (3.10), we get

m 3 1
|B|§?-p2+0k(172), (3.11)

m 3 1
ICl = 55 - P2 + Ok(p2). (3.12)
If we first use —ajxq, — -+ — amXq, = 0 to rewrite the indices of the form D, we get the

following sum in order to find the upper bound for (3.3)):

P (p+ 1)";’" y (ﬂ) (—_x“*"l) (3.13)
k. pk*m -p2 Xay ye-Xay, p p
(1-ay,'ay)xa, ++(1—ay, am—1 )xa,, ;=0
_ (alxal +- +am1xam_1)
5 :

Then, again if the same method is used as in forms B and C, we deduce that
m 3 1
|D|§§-p7 +Or(p2). 3.14)

There can be at most 2¥=2 expressions for (3.2), (3.3), (3.4) and (3.3) in the error term R.
We also know that half of these expressions are zero by Remark [2.8] Thus, we deduce the

upper bound for R as

k=2
k—2\ m 3 k=2 k-2 3
‘RISZ'Z( m )‘g'PzﬂLOk(P): (T—W)‘PHOk(P)
m=2

using the equality

Moreover, if the sums for the error term contributing to p are determined and calculated, as

in our proof, the constant ¢ can be found explicitly. U

An Application of Theorem Let {S,, }._y be a sequence of sets such that p; =5 and
pi is a prime number. This time, we consider S, as a subset of {1,...,p;} C N. Let us make

an assumption for now. Assume that wheni > j > 1,

Spn{1,2,...,pj} =S,

Let us define

A={]S,,

i>1
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Claim: The set A contains arbitrarily long arithmetic progressions.

Proof: Let k > 3 be a positive integer. By Theorem|[I.1] for a sufficiently large prime number
pi» the set S, contains non-trivial arithmetic progressions of length 2k? — 2k + 1 modulo p;.
It follows from Proposition@that Sp; contains non-trivial arithmetic progressions of length
k in Z. Hence, A contains arbitrarily long arithmetic progressions. (Thus, we proved the
claim without using Szemerédi’s theorem.)

Now, let us prove the above assumption, namely the existence of such sequences.

Proposition 3.1 Let ¢ be a prime number such that ¢ =5 (mod 8) and S, be the set of
quadratic residues modulo g, that is S, = {k € {1,2,...,q} : x> = k (mod g) for some x}.

Then, there exists a prime number p > ¢ such that p =5 (mod 8) with
S,N{1,2,...,q} =S,

Proof: Let g be a prime number such that ¢ =5 (mod 8). Now, let us divide the primes

in {1,2,...,q} into two sets according to be quadratic or quadratic nonresidue modulo g.
Let p1,...,pr € {1,2,...,q} be the list of primes where (&> =1land 2 =g¢y,...,q, €
q

e the list of primes where 1 =—1.
{1,2,...,q} be the list of pri h <q’> |
q

For i € {2,...,r}, choose a; € {1,...,q;} such that <ﬁ

) = —1. Consider the following
qi

congruences:

5 (mod ),

X
X=1 (mod p;),foreachie {1,2,... k},
X

a; (mod g;),foreachie {2,3,...,r}.
By Chinese Remainder theorem, the solution set is an arithmetic progression

(a+n-8p1---pegz---4qr),,

where 0 <a < 8p;---prqa---qr. Moreover, gcd(a,8p1 - prg2 - --qr) = 1. Recall Dirichlet’s
theorem on arithmetic progressions (Theorem 7.9, Apostol, 1976), which states that if a and
¢ are relatively prime positive integers, then there are infinitely many primes of the form
a+nl with n € N. By Dirichlet’s theorem, the above arithmetic progression contains a
prime number, say p > ¢. Combining the law of quadratic reciprocity and p =5 (mod 8),

we obtain that for any odd prime s,

2 ()=
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1
Thus, (£> =1 if and only if (i) =1. As (2) = (—> =1 foreachi € {1,2,...,k},
p

s Pi pi
pi\ . Py (a4 .
we get (—) = 1. Similarly, as (—) =|— ) =—1foreach i€ {2,3,...,r}, we have
p qi qi
~ 2
L Y Also, as p =5 (mod 8), we obtain that (—) =—1. O
p p
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4. SOME APPLICATIONS OF QUADRATIC GAUSS SUMS

4.1. Proof of Proposition

In this section, we prove Proposition[T.2 using quadratic Gauss sums.

Proof of Proposition[I.2] Let p be an odd prime. Let

0,(t) =[{(x,y.2) €S, |y—x=z—y=1}| 4.1)

denote the number of 3-term arithmetic progressions in S, with common difference ¢.

By Lemma[2.4] we have that

PSP ave ome e o
Y 0= +07 ) Sp(0S,(0)Sp(—20). (4.2)

3
teF, p 120

Recall that when 0 #m € ),

~ 1 1 —m
Sy = e (22),
where

1 ifp=1 (mod4),
E =

i ifp=3 (mod4).

/¢
Using Z <—) =0, we conclude that
(#0 \P

Note that
—1 _ 1 ifp=1 (mod4),
<_) —(~1)7 = ( ) (4.3)
p —1 ifp=3 (mod 4).
and
2 2 1 ifp=1lor7 (mod8),
(—) — (-1 = (mod §) (4.4)
p

—1 ifp=3or5 (mod8).

When we assume p =1 (mod 8), it follows from equations (4.3)) and (@.4)) that

P Y Sp05,(08,(-20) = - Bp+ 1) (p- 1)
(70 p
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Hence, we find that the number of non-trivial 3-APs in §), is

Y onl)—1S,| = (p2 <”2—+pl)3+ (’"”(3”“)) (")

teZ, 8p
_(p=D+3)
8

In addition, if the processes are done by considering, respectively, conditions p =3 (mod 8),

p=5 (mod 8) and p =7 (mod 8) in the same way, we obtain the following formulas

(p—D(-3) (p—Dp-1) and (p—D(p+1)
8 ’ 8 8 '

O

The above proposition actually gives the number of non-trivial solutions of the
Diophantine congruence x> + y?> = 2z> (mod p). Now, we consider this situation from
another perspective. =~ When we look at the significant developments on arithmetic
progressions in recent years, it can be seen that the Diophantine equation x" 4 y"* = 27"
has no non-trivial primitive solutions in Z~y when n > 3, and this was proved by Darmon
and Merel (Darmon and Merel, 1997). An integer solution (x,y,z) is called primitive if
ged(x,y,z) = 1. In contrast to the Darmon-Merel Theorem, we will observe that for n > 3,
the congruence x" +y" =27" (mod p) has a non-trivial solution when p is a sufficiently large
prime number. In order to get this observation, it is enough to show that there exist non-trivial
arithmetic progressions of length 3 in Q7 = {x": x € F, }, and this can be achieved by van

der Waerden’s theorem (van der Waerden, 1927).

Remark 4.1 Forn >3, Q7 = {x": x€F,} contains non-trivial arithmetic progressions of

length 3 when p is a sufficiently large prime number.

Proof: Let m = ‘F;/(F;)q Note that 1 < m < n. Let {g1,82,...,8m} be a set of

representatives of I}/ (IF; )n , in other words
m
n
Fy =& ()"
i=1

Define a coloring y of {1,2,...,p—1} by m—many colors as follows. For each a €
{1,2,...,p— 1}, there is a unique g; such that a € g; (]F;)n Set y(a) =i. By van der
Waerden’s theorem (van der Waerden, 1927), if p is large enough, there are distinct elements

X,),2 € IF; such that
x+y=2zand y(x) = y(y) = y(z) =i
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As we can write x = g;x|, y = g;y], 2= giZ{, we obtain nonzero distinct elements x|, ",z €

(F;)n = Q7 \ {0} such that x| +y] = 27].

4.2. Proof of Theorem

First, let us calculate the sums specified in the following lemma, which we will need in

the proofs of Theorem [[.3]and Theorem [T.4]

Lemma 4.2 Let p > 3 be a prime number and for nonzero m € ¥,
~ 1 1 —m
Sym =L ().

1 ifp=1 (mod 4),

where

E =
i ifp=3 (mod4).

Then, for a,b,c,d € F), with abcd(ad — bc) # 0, we have

o B simsimim- (g () () ()

@ Y S,(m)Sp(ma)Sy(cmy +dmy)
cmy+dmy#0
amy+bmy=0
my#0, m#0

(b () (5520) (252 o

@D Y S,(m)Sp(m2)S,(am) +bmy)S,(cmy + dmy)

_ <P—11;;’j‘3) T mlpz (p—1) (_71) (HE(F,) —p—1)
o= ((5) (6 (3)+ (5)) v
(P fo
(. (b
o ((57) - (5)+(5) () e



where the elliptic curve E over [, is defined by
E :y* =x(x—bc)(x—ad).

Proof: (I). As ab # 0, we see that

o~

Zsp<m>§p<am>§p<bm>

m#0
-2 (0) s (7)) (s (57)

Since we know that the sum of product of terms containing an odd number of Legendre

symbols is zero, we just need to calculate the product of terms containing an even number of

Legendre symbols. Thus, we obtain that
1 1 b b
L Simsenion = T (g5 ((5) +(5) (7))
52 ((5)+ G+ G))
=|sxzt+ts5€ — S| — Sl p—1).
<8p3 8p? p p »))) Y

(II). Since ami + bmy = 0, we have

Y S, (m)Sy(ma)Sp(emy +dmp) = Y S,(m1)S,(—b am)S,((c —db~ a)my).
cmy+dmy#0 my#0
amy+bmy=0
my 70, my 70

Then, by () the desired equality is obtained.

(III). Now, let us calculate the last sum:

Y S,(m1)S,(m2)S,(amy +bmy)S,(cmy +dmy) =T(1) +T(2) +T(3)+T(4),
cmy+dmy#0
am|+bmy#0
my#0, m#0

where
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1
T()= Y S€°
cem+dmy#£0 16p
amy+bmy#0
m27é07 mj 7&0
1 2
+ ) S€
cemy+dmy#£0 16[)
amy+bmy#0
my#0, m 70
1 2
+ ) S€
cmy+dmy#0 16p
amy+bmy#0
my#0, my#0

+ ) 3¢
cm+dmy#0 16p
am|+bmy#0
my#0, my#0

+ ) 3¢
cmy+dmy#0 16p
am)+bmy#0
my#0, my#0

+ ) Z€
cmy+dmy#0 16p
amy+bmy#0
m2#07 ml#o

TQ)= Y 1
cmy+dmy#£0 16p
amy+bmy#0

my#0, m17#0

—cmy —dmy

1 —my —my —am| — bmy
"> 16p2( )(p>< P

cmy+dmy#0 p

am|+bmy#0
my#0, my#0

1
3= Y e (
cm+dmy#0 16]77/2
amy+bmy#0

m27£07 mi 750
1

)

+ L
cmy+dmy#£0
amy+bmy#0

my#0, m 70

o)

16p7/28

1

()

cmy+dmy#0 16p7/2

amy+bmy#0
my#0, m#0

1

. (—cm1 —dmz)
p

+ X
cmy+dmy#0
am|+bmy#0

my#0, m#0

16p7/28

29

)

p

).

(4.5)

(4.6)

4.7)

(4.8)

4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)



@=L 16;5/2 ( )

cmy+dmy#0

mz) <—cm1—dm2> G.17)
p p
amy+bmy#0
my#0, m#0

m —am; —bm2>
+ 4.18
cmlg‘n#o 16195/2 ( p ) ( )( p (4.18)

am|+bmy#0
(—aml bmz) (—cml —dmz) 4.19)
p

my#0, m#0
(—aml bmz) (—cml—dmz) ‘ 4.20)
p

my
+ Y (
cm+dmy#0 16]?5/2 p
We start by calculating (@.3).  First, we edit the index of the sum by the

am|+bmy#0
m27§07 m 750

ny
+ ) (
cmy+dmy#£0 16p5/2 p
amy+bmy#0

m27é07 mi #0

inclusion-exclusion principle:

1 5, (—m —cmy —dmyp I, [(—m —cmy —dmy
Z 16 38 = Z 16 38
emy+dmy 70 *OP p y my£0.m £0 + OP p p

amy+bmy#0
my#0, m#0

4.21)

1 5 [(—m —cmy —dmy
- Z 16 5€
emy+dmy=0 +OP p p

amy+bmy#0
my#0, m#0

B Z 1 o2 (—m1> (—cml —dm2>
cmy+dmy#0 16p° p p

ami+bmy=0
my 70, m#0

Then, by Proposition[2.7]or by a change of variable, we obtain that

1 - —cmy —d
Y 382( ml)( o mz) (4.22)
cmy+dmy 70 p p p

amy +bmr #0
e () ()

my#0, my#0
By arranging the coefficients in equation (@.22), we calculate @.6), (@.7) and (&.3),

respectively:
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1 —m —am — bmy 1 a d-(ad —bc)
2 e (5 () = () (24572) o,
ey Lm0 16P p p P p p

ami+bmy#0
m 70, my#0

1 —my —cmy —dm» 1 d a-(ad —bc)
L i (50) 57 ) =i ((5)+ (957) ) oo
cmy+dmy#0 P p p p p p

amy+bmy#0
mp#0, my#0

B e () () e (8) s () o,

ami+bmy#0
ny ‘/%07 mj #0

If the same method in {@.21)) is applied for (.9) and {@.10), then we deduce that

1 — —b — —d 1 bd
L 1 382( - m2)< > mz):_16 382((@)+<_>)(p_1)’
cmy+dmo7#0 P p p 14 p p

ami+bmy#0
my7#0, my#0

Cm1+§"2#0 1611’382 (_Zl) <—212> & 1611r93"32 ((_;lb) " (_Tal» (p=1).

ami+bmy#0
my#0, my#0

Also, it is quickly obtained that

16p* 16p*

y L _(=-Dp-3)

cemy+dmy#£0
amy+bmy#0
my#0, m 70

Now, we compute (.12)) with the help of Theorem [2.10] Observe that

Z 1 (—m1> <—m2> (—am1 —bm2> (—cml—dmz)
cmy+dmy#0 16p2 p p p p

am|+bmy#0
mp#0, my#0

_ Z 12 (—ml) (—m2> <—am1—bm2> (—cml—dm2>. 4.23)
my#0,m #0 16p p p p p

First, let us make (4.23) convenient to use Theorem [2.10} The change of variable

my =m-m

is bijective, so we have
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e, E () (5 () ()
e 0 (5) (5 () ()

Next, we deal with the sum

ngo(_pm) <_bn;_a) <_dn;_c)' (4.24)

Consider the curve y? = —x(—bx —a)(—dx—c) = —bdx> — (bc + ad)x* — acx, which can

be rewritten as (—bdy)? = (—bdx)*> — (bc+ ad)(—bdx)? + acbd(—bdx). By replacing —bdx

with x and —bdy with y, we arrive at the elliptic curve
E :y* = x* — (bc + ad)x* + achdx = x(x — bc) (x — ad). (4.25)

Hence, by Theorem [2.10] we obtain that

—m(bm+a)(dm+c)
L (=

> —#E(F,)—p—1 (4.26)

melf,

where the elliptic curve E over I, is defined as above (4.23).

By Remark [2.8] we compute that each sum in 7'(3) and T'(4) is zero. Thus, we conclude

that
T+ TR)+T(3)+TM) = ¢ 5 2<(§>+<_b'(az_bc))>( —1)
o ()= (545 o
el
e ((5) (5o
e ((5)+(5)) o
o ((5)+(5)) o
+(p—1lg;131—3)
a0 (1) #EE) <),



Now, we are ready to prove Theorem[I.3]

Proof of Theorem[1.3|Let p > 3 be a prime number. Let
0p(1) =[{(x,y,z,v) €Sy |[y—x=z—y=v—z=1}| (4.27)

denote the number of 4-term arithmetic progressions in S, with common difference ¢.

By Lemma 2.4} the number of 4-APs in S, is equal to

~

Sp|* ~ ~ .
Z Qp(t) = |L2| +p2 Z Sp(ml)Sp(mz)Sp(—Zml — 3I’I12)Sp(ml +2I’I12). (4.28)
S (m1,m2)#(0,0)

Note that the following system of equations

—2x1 — 3X2 =0
X1 +2x =0
has a unique solution since we have
-2 =3
=1,
1 2

which is invertible in IF,. Denote the last splitted term by

H= p2 Z §P(m1)§p(m2>§p(_2ml - 3H12)§p(m1 +2my)
(m1,m2)#(0,0)

= p|S) Z Sp(m2)Sp(—3m2)S,(2my)
mp7#0, m;=0

+P|Sp| Z §p(ml>§p<_2m1)§p(ml)
mi 750, m2:0

+P|Sp| Z §p(m1)§17(m2)§p(ml +2my)

mi+2my#0
—2m1—3mp=0
my#0, m#0

+pSpl Y Sp(m)Sp(ma)Sy(—2m1 —3my)
—2my—3my#0
my+2my=0
m2#07 m17é0
+p2 Y Sp(m1)Sp(ma)S,(—2my —3m2)S,(my +2ms).
—2m1—3my#0
mi+2my#0
my#0, m#0

By Lemmaf.2] we compute the five sums mentioned above respectively:
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=Y S,(m1)S,(m)S, (my +2my)

my+2my#0
—2m1—3mp=0
my#0, my#0

(e () 2)- B

L= Y Sp(m)Sy(m2)S,(—2my —3my)
—2my—3my#0
my+2my=0
m27é07 ml#o

(o ((5)(5)())en

Now, let us calculate the last sum by (I1I) of Lemma[4.2}

Ts= Y Sp(m1)Sy(m2)Sp(—2my —3mz)Sy(mi +2my)
—2m1—3my#0
my+2my#0
my#0, my#0
(p—1(p-3), 1 —
= -1 — |#E(F,)—p—1
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where the elliptic curve E over [, is defined by

E:y? =x(x+4)(x+3).

Thus, we conclude that the number of non-trivial 4-APs in S, is given by the following

formula:

‘ 4

S
Y 0,0 -Is] = 2

sl (g e ((5) ()
sl (g e ((5)+(5)
ol (g2 ((5)+(5)
o (e ((5) 1 (5)
g a0 (5 e
() ()(5)+(F)
()1 (5)) e

5 (7))o

o () () (G) (5
= ISpl-

When the above equation is rearranged, the desired formula is deduced.

Next, we prove the second part of the theorem by applying the Sato-Tate conjecture,

which is a theorem now. Recall by Hasse’s theorem that

p+1—#E(F,)| < 2.

Write
#E(Fp) —p—1
V/

where 6, € [0, 7]. By SageMath (SageMath, 2018), our elliptic curve

2cos 6, =

E:y?* =x(x+3)(x+4)
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has no complex multiplication and its j-invariant is 35152/9 ¢ Z. Then by the Sato-Tate

conjecture (Barnet-Lamb et al., 2011, Harris et al., 2010), we know that

<N:0<6, < 2 (o 1
lim p= =6 < o :—/ sin®@ d6 = — (o —sin o - cos o)
N—seo [{p <N}| 7 Jo n

for any o € [0,7]. Let € > 0 be given. Then, choosing o € (0, 7] sufficiently small with
respect to € and assembling the first part of the theorem, the Hasse bound and the previous

consequence of the Sato-Tate conjecture, the number of non-trivial 4-APs in S, is given by

where

holds for infinitely many prime numbers p. Hence, the error term O( p%) and the constant %

are both best possible. l
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5. PROOF OF THEOREM 1.4

We will make use of the following two lemmas in the proof Theorem [T.4]

Lemma 5.1 Let p > 3 be a prime number and for nonzero m € [,
~ 1 1 —m
Sy(m)=—+-——=¢€ (—) ,
=3, 2yp \ p

1 ifp=1 (mod4),

where

E =
i ifp=3 (mod4).

Then, for a,b,c,d,e € F, with
abed(ad — be) # 0 and e(a —cd)(b—ce) # 0,

respectively, we have

~

() Y Sp(m1)Sy(m2)S,(amy +bmy)S,(cmy +dma)

m1#0, my#0
(2)-((2)- ()

L
-\ 8p3  8p?
1 1 2((—cd) (—d(bc—ad)) (c(bc—ad)))>p2—1
(s — )+ ———= )+
<8p3 8p? p p p 2p
n 1 —1

2D L) () e - -

() ()- () ()

(e e,

() ()
o () ())&

m

m

16p3

where the elliptic curve E over I, is defined by

E :y* = x(x—bc)(x—ad).

(1r') Y 8,(m1)S,(m2)S,(m3)S, (amy + bmy + cm3)

amy+bmy+cm3#0
dmi+emy+m3=0
mi #07’{”27&03’"3 7&0

= Yy S,(m1)S,(m2)S,(—dmy — em3)S,((a — cd)my + (b — ce)my).
(a—cd)my+(b—ce)my#0
—dm|—emy#0
mp#0, m#0
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Proof: (I’). Combining (II) and (111) in Lemma[4.2] we obtain (I’).
(1I'). Using dm + emy +m3 = 0, we get (II').

Lemma 5.2 (I") Fora,b,c,B,y € F), with abcBy(c —ay) # 0, we have

o Z ) (50) () (5w

my+Bmy+ym3#0
mi #07’”2 #Oam:i #0

(II") Fora,b,c,a,B,y € F), with abcafy +# 0, we have

Z <—m2> (am1+bm2+cm3>
omi+Bmy+ymi£0 \ P p

mi #07m27é0,m3 #0

() () (o

Proof: (I”) By the inclusion-exclusion principle and the properties of the Legendre symbol,

£ G- G e
am+bmy+cm3#£0 p g am+bmy+cm3#0 p p

m#0,my#0,m3 0 my +Bmy+ym3=0
mj #07m2¢07m3 #0

PRI GO R N G G
my #0,my#0,m37#0 p p ami+bma~+cmz=0 p p

mj #07m2 7507}1’!3 #0

N y (Bm2+ym3) (—mz)
(b—aB)ma-+(c—ay)m3#0 p p

my7#0,m370

o Z (a_lbm2+a_lcm3> (—m2> B Z (ﬁmz—l—}/mg) (—mz)
mp#0,m37#0 p p my#0,m3#0 p p

+ Z (Bm2+ym3> <—m2>
(b—aP)ma+(c—ay)m3=0 p )4

my#0,m3#0

o Z (bm2+cm3> (—amz)_ Z (Bm2+7m3) (—m2>
my£0.m3 0 p p my0.m3£0 p p

+y ((ﬁC—Yb)”b) (—(c—ay)m2>‘

my7#0 p p
It follows from Proposition [2.7] that

0- ¥ (“2)+ p (L) g (Hemiean)

ms#0 \ P m3#0 my#0 p
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Then, this yields (1”).

(II") By the inclusion-exclusion principle,

Z ( > (aml +bm2—|—cm3>
amy+Bmy+ym3#0

m#0,my7#0,m37#0

B ( 2) (am1+bm2+cm3> Z (—mz) <am1—i—bm2—l—cm3)
my#£0, mﬁéO m3#£0 p omy+PBmy+ym3=0 p p

m#0,my#0,m370

B Z ( )Z(am1+bm2—|—cm3) B Z <—m2) (bm2+cm3>
mz;ﬁ() m33£0 1 mz#o,n’g#o p p

B (’" ) ( (b— aOC_]B)MQ;-(C—aOC_]}/)m3)

- lﬁmz o Lymy#0
my7#0,m37#0

_ Z (—mz)z(am1+bm2+cm3)_ Z (—mz) (bm2+cm3) 52)
mA0ms#0 N P/ my p my#£0m3#0 \ P P

I (_O;mz) ((ba —ap)my ;r (ca— ay)m3)

-y (o) ((ba—aﬁ)mz—(ca—ay)ylﬁmz).

my#0 p

Then, it follows Proposition [2.6 Proposition[2.7]and change of variables that

6= (=) -0+ (FHE=E) ooy (B ),

Now, we are ready to prove Theorem [T.4]

Proof of Theorem [I.4Let p > 3 be a prime number. Let

0y (1) = [{(x1,%2,%3,%4,x5) € S5 | xip1 —x; =1t fori € {1,...,4}}| (5.3)

denote the number of 5-term arithmetic progressions in S, with common difference ¢.

By Lemma 2.4} the number of 5-APs in S, is equal to

Y Q1)

telf,

!SpI5

+p? Y 8,(m1)S,(m2)S,(m3)S,(—2m1 — 3my — 4m3)S, (my +2my + 3m3).
(my,ma,m3)#(0,0,0)
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Denote the last splitted term by

H=p|S,| Y Sp(m1)Sy(ma)Sy(—2m1 —3mz)S,(my +2my) (5.4)
mi 7’507”127&0

+ S| Z §p(ml)§p(m3)§p(_2ml —4m3)§p(m1 +3m3)
my#0,m3#£0

oISyl Y Sp(m2)Sy(m3)S,(—3my — 4m3)S ,(2m + 3ms)
my#0,m37#0

+[8p12 Y. Sp(m3)S,(—4m3)S,(3m3)
m3#0

+1S,P Y 8,(m2)S,(—3m2)S ,(2m»)
mz#o

18,2 Y S, (m1)Sy(—2m1)S,(mi)
}’I’Lﬁﬁo

+pIS)l X Splmi)Sp(m)Sy(m3)Sy(=2m1 —3my —dms)
—2my —3my—4m3#0
mi+2my+3m3=0
m1#£0,my#0,m3#0

+p[Sp| Y Sp(m1)Sy(m2)Sp(m3)Sp(mi +2m; +3m3)
72m| 73m274m3 =0
my+2my~+3m3#0
my#0,my7#0,m37#0

2 ~ ~ ~
+[Sp| Z Sp(m1)Sy(m2)S,(m3)
72m1 73)71274}’713 =0
m1+2my+3mz=0
mi #Oam2 #071’1’!3 #0

+ p? Z §p(m1)§p(m2)§p(m3)§p(—2m1 —3m2—4m3)§p(m1+2m2—|—3m3).

—2my—3my—4m3#£0
my+2my~+3m3#£0
my#0,my#0,m37#0

By (I') in Lemma we compute the first three sums mentioned above, respectively:

pISyl Y S, (m1)Sy(m2)Sy(—2my — 3m2)S,(my + 2my) (5.5)
my #0,my7#0
i, 2 ((3)-()-6))
- 32p3 32p?
1, —1
+ 03 (=1 (S ) -,

where f1 and g are two polynomials of degree 3 with respect to p, and the elliptic curve E;

over I, is defined by
By = 478 D (e 4 (e ).
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pISl Y S, (m1)S,(m3)Sy(—2my — 4m3)S,(my + 3m3) (5.6)

ml#07m35£0
—1 2 3
s, 2 (5).().G))
32p3 32p?
1 ) —1
— —1)| — | #E2(F,) —p—1
#0321 () GaE) - p- 1),
where f, and g; are two polynomials of degree 3 with respect to p, and the elliptic curve E;
over I, is defined by
Er:y* = x>+ 1062 +24x = x(x+4) (x +6).
pISol Y Sp(m)S,(m3)S,(—3ma — 4ms3)S,(2ma + 3ms) (5.7)
my#0,m3#0
—1 2 3
5w, #((5):().G))
32p3 32p?
(-1 (L) (s (F,) - p—1)
32p p u ’

where f3 and g3 are two polynomials of degree 3 with respect to p, and the elliptic curve E3

over [, is defined by
E3:y* =X + 176> +72x = x(x+8) (x +9).

By (1) in Lemma@ we calculate the other three following sums in (5.4), respectively.

«(r(7).()-G))

2 e e 3 fa(p)
57l 1, Splms)Sp(=dm3)Sp(3ms) = 35 5+ 2 SN
370
where f4 and g4 are two polynomials of degree 3 with respect to p.
—1 2 3
v s e b0 s (F)()-())
1S, mZ Sp(m2)S,(=3m2)S,(2my) = 32,7 + 32,2 7 (5.9)
270
where f5 and g5 are two polynomials of degree 3 with respect to p.
—1 2 3
o o(r ().()- ()
S, X Splm)Sy(—2m)S, () = L2 TS (5.10)

20 32p3
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where fg and gg are two polynomials of degree 3 with respect to p.

Combining (/') in Lemma|[5.1 with (1I) in Lemma[4.2] we arrive at

PIS,| Yy 8, (m1)S,(m2)S,(m3)S,(—2my —3my — 4ms3) (5.11)
—2my —3my—4m3#0
m1+2m2+3m3=0
my#£0,my#0,m3#0

i, 0 (7):6).0))

32p 32p
1
— — 1 (#E ( —1
+32p P ( ) i( ),
pISy| Z §P(m1)§p<m2)§p(m3)§p(ml +2my +3m3) (5.12)

—2my—3my—4m3=0
my+2my~+3m3#0
m#0,my#0,m37#0
=pISpl Y 5,(2m2)S,(2m3)S,(—3my — 4m3)S,, (my +2m3)

—3my—4m3#0
my~+2m37#0
m3#0, my7#0

_aw) o (5)(G).6))

32p3 32p?

" A A

— —1) | — ) #E4(F,)—p—1
b (P 1) () (S - ),

where f7 and g7 are two polynomials of degree 3 with respect to p, and the elliptic curve E4

over [F), is defined by

Ey4:y?* = x> +40x% +384x = x(x + 16) (x4 24).

Notice that

RS (x(x4+16)(x+24)\ RS [4x(4x+16)(4x+24)
#E4(Fp)_p_1_xo( p >_XZE)< p )
_p_l x(x+4)(x+6)\
—x_o( b )—#Ez(Fp)—p—l
By (5.10), we have
S, Y Sp(m)S,(m)Sp(ms) =[S, Y S,(m)Sp(—2m)S,(m)  (5.13)
—2my—3my—4m3=0 m#0

m +2m2+3m3 =0
my#0,my#0,m37#0

s (0 (5):6)6)

- 32p3 32p?
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Now, we calculate the last sum in (5.4) using Lemma 5.2}

~

P’ Z Sp(ml)§p(m2)§p(m3)§p(—2m1 —3m2—4m3)§p(m1 +2my +3m3)

72m1 73m2 741’)13 750
mi+2my+3m3#0
m1#0,my7#0,m37#0

(5.14)

— R(1)+R(2) +R(3),

where

R(l)zpz Z 13 (—m2> (—m3> (—m1—2m2—3m3) <2m1+3m2+4m3)
g — 3y — 4y £0 S 2P 2 p p p

my+2my+3mz#0
my#0,my#0,m37#0

(5.15)

L Z 1 (—ml) (—m3) <—m1—2m2—3m3) (2m1+3m2+4m3)
o —3m—dmy 20 320>\ P P P P

my+2my+3m3#0
mi #07m2§£03m3 7&0

(5.16)

L Z 1 (—ml) (—mz) (—m1—2m2—3m3) (2m1+3m2+4m3)
o —3m—dmy20 329>\ P P p P

my+2my~+3m3#0
mi #07m25£0am3 #O

(5.17)

) 1 —my —my —m3 2my + 3my +4m;3
r L 32p3(p)<p)<p>( p )(5'18)

72m1 73]’)’!2 74m3 7&0
my+2my~+3m3#0
mi #07m25£0’m37é0

+p2 Z 1 (_ml) <—m2> <—m3> (—m1—2m2—3m3)
o —3m—dmy20 320>\ P P P p

my+2my~+3m3#0
mi #07m2¢01m3 #O

(5.19)

and
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2
R(Z) 4 Z 32—
—2my —3my—4m3£0 V=P
my+2my~+3m3#0
ml#07m23&01m3#0

2 1 2

+p
—2my —3my—4m3#0 pP
my+2my~+3m3#£0
my#0,my#0,m37#0
1
+p? Y €’
—2my—3my—4m3#0
my+2my~+3m37#0
nm 7&07]1127507”13 7&0

(

(
L e ()

(

4
72m1 73m2 74m3750 32p p
mj +2m2+3m3760
m1#07m27é03m3 #O
1 —m —m
2 2 2 3
€
& 32p* p ) p ) ’

—2m—3my—4m3#0
mi+2my+3m3#0
m#0,my7#0,m3#0

and

2
R(3)=p Y 7€
—2my —3my—4m3#£0
my+2my~+3m3#£0
my#0,my#0,m3#0

1 —m
2 2 3
+p )y 3€
—2my—3my—4m3#0 32p p
my+2my+3m3#£0
mi #Oamz#()»m:i#o
1 2m1 +3my +4m
2 2 1 2 3
£
P 2pt )

721’)11 73}’}’!2 74m3 750
my+2my~+3m3#£0
mi 7&07m25£07m3 #O

S
(
(
S
(
(

+p 7€
oy — 3y — im0 S 2P p
my+2my~+3m3#0
m1#0,my7#0,m37#0
1 —m 2mq +3my +4m
+ P2 5o 82 1 1 2 3 )
—2my —3my—4m3#0 2 <P p

my+2my~+3m3#£0
my1#0,my#0,m37#0
1
2 2
+p Y L€
—2m1—3my—4m3#£0
my+2my+3m3#£0
mj #0,}’}12#0,"’!3 7é0

Let us calculate (5.13]). Observe that
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—my —2my — 3m3 ) (2m1 +3my +4ms

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)



1 Z (—mz) <—m3> (—m1—2m2—3m3) <2m1+3m2+4m3)
32D gy —m—dmyz0 \ P p p p

my+2my~+3m3#0
mp #07’"2#01’"3 #O

1
- 32p

m2m3) (—2m% — (7m2 + 10m3)m1 — (2m2 + 3m3) (3m2 —|—4m3))
p

1 £0,my20,m3£0 ( p
(5.31)

We rewrite (5.31)) in order to use Proposition Since

b —4ac = (Tmy+ 10m3)> —4-2- (2ma +3m3) - (3ma +4m3) = (my +2m3)?

equation (5.31)) becomes

1

% Z Z (m2m3) (—ml —2m2—3m3> (2m1+3m2+4m3> (5.32)

my+2m3=0 m;#0 i p p
my7#0,m37#0
+L (m2m3> (—m1—2m2—3m3> <2m1+3m2+4m3)' (5.33)
32D iy iz o mzo N P p p
my#0,m3#0

Now, we compute (5.32)) with the help of Proposition [2.7}

1 moms —m —2my — 3m3 2my + 3my +4m;3
-5, L2 ) )
p m2+2m3:0 mi p p p
my#0,m37£0
B 1 Z <m2m3> (—2m2—3m3) <3m2—|—4m3>
32D iy iams=o \ P p p
m7#0,m37#0
1 1
=5, L (-D-5- ¥ 1
32p my+2m3=0 32p my+2m3=0
my70,m370 m7#0,m37#0

— 55, (=12 == 1).

By Proposition[2.7] the inclusion-exclusion principle and Equation (4.26), we get that
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1 moms —my —2my — 3m3 2my + 3my + 4m;
B-m, T () ) )

my+2m3£0 mq p p p
my#0,m37#0

1 Z <m2m3> (—2m2—3m3) <3m2—|—4m3>
32D iy izmszo \ P p p

my#0,m37#0
1

-y _( —2mams
_32p p

my~+2m3#0
m27é0>m3 750
1

Z (m2m3> (—2m2—3m3) (3m2—|—4m3>
32p my+2m3#0 p p p

m27é07m3 #0

— % <2(p— 1)— (_71) (p—1) (#E3(Fp) —p— 1)) :

Thus, we obtain that

6=, (-0 () o-DEEE) 1)

The other terms are quickly determined if the method when calculating (5.13)) is applied.

Thus, the following calculations are obtained:

68—, () ro-0- () - D@EaE) -p-1),
61D -5 ((2) -1 () - nemE)-p-1).
@ﬁﬁqg)p(p—l)—(%) (p—1) (HEL(F )—p—1)>,
-5, ((3) -0~ (5) -0 @#EatE) -p-1).
@:(p—l)(p2—4p+5)

-5 ((7)+(5)+(F)) w0

Also, applying (I”) of Lemma[5.2)to R(2) and applying (II") of Lemmal[5.2]to R(3), we
obtain that

-5 (2)+(2)+ (2o
-5 (3)+ () )

25 ((5) () (5)) o
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2-55((5) () () e,
63 (() 11+ ;) o
=5z ((5) 1+ (5)) o
=55 ((;)+ (5)+ (5)) o0,
®-5:((5)+(5) (7))
6= (1(5)+ (7)) o0

Considering the equations from (5.13)) to (5.30), we have calculated Equation (5.14).

Thus, we obtain an explicit formula as expressed in the theorem.

Next, we prove the second part of the theorem by making use of a version of the Sato-Tate
conjecture, and for this we refer the reader to (Barnet-Lamb et al., 2011, Harris et al., 2010)
and the generalized version of (Corollary 2, Murty and Murty, 2009). By the first part of the

. . 3
theorem and the Hasse bound, observe that the contributions for the error term O(p2) come

from a subsum in Equations (3.3)), (5.6), (5.7), (5.11) and (5.12), and they are all of the form

2 (PP 1) (‘71) (HE(F,) —p— 1)

for some i € {1,2,3}, as
H#E4(F,)—p— 1 =#E>(F,) — p— 1.
Let Vi =Vi(a,b) and Vo = V»(a,b) be the following two elliptic curves
y2 = x>+ ax® +bx

and
y? = x> —2ax® 4 (a* — 4b)x
respectively, where a,b € Z and b(a® —4b) # 0. Then the map

o(x,y) = <x+a+%,y<l—§>>

yields an isogeny from V; to V, with kernel {O,(0,0)}, see (pp. 110, Silverman, 1999).
Thus, one infers that the elliptic curve C; defined by y? = x(x+ 1)(x+4) = x> + 5x> + 4x
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and the elliptic curve C; defined by y* = x(x — 1)(x —9) = x> — 10x? + 9x are isogenous over
Q. Therefore, for any prime number p > 3, the elliptic curves C; and C, are isogenous over

¥, and hence

#C1(F),) =#Co(F))

by Tate’s isogeny theorem (Tate, 1966).

For the rest of the proof, let p =1 (mod 4) so that (%) = 1. Next, we will obtain that
E((F,)—p—1=E3(F,) — p—1. Now, for any prime p >3

= —l/x(—x —X
#EI(FP)_p_lz”_O(X(X+3;(x+4)>:”_0( ( +;)( +4))

RS (xx=3)(—4) ) RS (x+ D) +4)
_x—O( p >_x—O( p )
=#C1(Fp) —p—1=H#Cy(Fp) —p—1
A (=) (x—9)\ A (x(x+8)(x+9)
_x—O( p >_x—0 P )
=#E3(Fp) —p—1.

In other words, the correspondig subsums of (5.5) and (5.7) coming from the elliptic

curves are equal. Recall the elliptic curve
Ep:y? =x(x+3)(x+4)

has no complex multiplication and its j-invariant is 35152/9 ¢ 7Z. As in the previous theorem,

set
#E,(Fp) —p—1

N ,

where 6, € [0, 7]. Then by the proof of the Sato-Tate conjecture (Barnet-Lamb et al., 2011,

2cos 6, =

Harris et al., 2010), one immediately gets that

. H{p<N:0<6,<m/6}| _ 2
N—e|{p<N:p=1 (mod4)}| o4

/6 1
r / sin® 6 d6 — (27— 3v/3) ~ 0022646,
0

and cos(7/6) = v/3/2. Express the number of 5-APs in S, as

p2

Z_ 4R
32+ P
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where R, = O( p%) By the consequence of the Sato-Tate conjecture, for infinitely many

primes p =1 (mod 4), Equations (53.5), (5.7) and (5.11)) will bring an error term 7}, and

1 1
Ty > 33, (p? =1) 6c0s(m/6)/p = 37 (P = 1)3V3Vp, (5.34)

The subsums in (5.6) and (5.12), namely

71 () () - 1)

and

can cancel out at most

1
@( *—1)4/p

of the term in (5.34)), by Hasse’s estimate. Hence, there are two positive absolute constants

c1 and ¢, such that the inequality

01p% <IRy| < czp%

holds for infinitely many prime numbers p. This yields that the error term O(p%) is best

possible. U
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6. KUMMER SUMS AND 3-APs

) ) . —1 +2
Let p be an odd prime with p = 1 (mod 3). Then, one has that |C,| = 1+ 55~ = 5=
where C, = {£* :1 € F,,}. Let
p—1
3
K(p)=Y ep(x)
x=0
be the Kummer sum. The Kummer sum is related to a cubic Gauss sum which we define

2mi/3

next. Let g be a primitive root modulo p and w = e . Define the multiplicative cubic

character

x:F,— {0,1,w,w2}

as follows: x(0) = 0 and x(g) = w. Thus, x(g") = w", where r is the remainder when m is

divided by 3. Note also that y extends to N as a Dirichlet character. Let

p—1
T, =Y, x(x)ep(x)
x=0
be the cubic Gauss sum. One can observe that
p—1
T = Z Z(x)ep(x)
x=0

as x(—1) = 1. We have that T, has norm \/ﬁ from (Chapter 3, Davenport, 1980). Thus,
T, = \/ﬁeieﬂ and T, = \/ﬁe*iep for some angle 6,,. Unlike the quadratic Gauss sum, there
is no specific formula for 6, and in fact there is an equidistribution result by Heath-Brown
and Patterson in (Heath-Brown and Patterson, 1979) as p varies, and this refuted Kummer’s

guess.

For x # 0, note that 14 x(x) + ¥(x) =3 if x is in C), and otherwise 1+ x(x) + ¥ (x) = 0.
This yields that

—1
K(p) = p_zoa () E@)epx) = T+ T = 2/Feos(6y).
Similarly, for a # 0,
p—1 p—1
K(a,p) = ;)ep(ax3) = ;)(1 +x(x) +%(x))ep(ax)

p—1 p=1
= ;)x(x)ep(aX) + ;)Z(x)ep(ax)
=x(a) %+ 2(a)T.
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The following lemma yields the Fourier transform of the set C,,.

Lemma 6.1 For any nonzero integer m modulo p,

Cy(m) = %(W)rp ()T +2).

Proof: Let m be a nonzero integer modulo p. Then

P 17 1
Cp(m) = ; ;)ep(—mx)cp(x) = E Z ep(—mx)

xeCp

_ l(1+ y ep(—mx)) - 1(1 +%§ep<—mx3>)

p xeC,—{0} p

“1
-4 (2+’§ep<—mx3>) = 3 (T, + ()75 +2),

as x(m) = x(—m), and we also apply the previous observation above.

Now, we are ready to count the number of non-trivial 3-term arithmetic progressions in

Cp.

Proof of Theorem [1.5] As we did in the proof of Lemma[2.4]

2N 4 2 N A e p+2
0, =p7(Cp(0))” +p Zcp(m)cp(m)cp<_2m)_T
m=1
T R e S 12
_ % + T GomCymCy(—2m) - e ©6.1)

Notice that 7,7, = p, one has C,(m) = Cp(—m), Z(m)x(m) = 1 and x(m?) = x(m)? =

% (m) for any nonzero m modulo p. Then, using the observations above, for any nonzero m

modulo p, one sees that

o~~~

Com)Cp(m)Cp(2m) = ~—— (T (m) Ty + 2 ()T +2)° (7 (2m), + 1 (2m)T, +2)

27p3
1
~ 37,
+ax(m)Ty) - (X (2m)7, + % (2m)7T, +2)
1
~ 37,

(Z(m*) Ty + 2 (m*)T> +4+2p+ 47 (m)7,

(7(2)7,3 +2(m)x (2) T2, +2x (m) T2 + 2 (m) X ()T, 7, + 2(2)T,°

+2X(m)T,° + (2p+4) X (2m) T, + (2p+4) x (2m)T, +4p + 8+ 4% (2) 1 (m) 75

+4x(2)p+87(m)fp+47(2)p+4x(2)7(m)f_pz+8%(m)f_p>-
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By orthogonality, for any non-principal Dirichlet character # modulo p, we have that

p—1
Z_:lh(m) =0.

By the previous calculations and orthogonality of y and ¥, Equation (6.1]) becomes

2
(X5 + 225 +4p+8-+472)p+4T@)p) - 2= (62)

Op = @;;)3 * pz;pl
As 1, = \/pe'%, we have the first part of the theorem. Note that ¥ (2) +7(2) =2 if 2
is a cubic residue, and otherwise x(2) +%(2) = —1. Also 73 +7,° = 2p*/?cos(36,). By
(Chapter 3, Davenport, 1980), one has that
a
m,

where 4p = a> +27b* and a= 1 (mod p). By (Chapter 3, Davenport, 1980), we know that

cos(36,) =

p—1
=D Zl x(t(1+1)) = p(A+Bw),
=
for some integers A and B. Thus, T,> = p(A + Bw?). Moreover p = A> — AB+ B and 4p =

(24 — B)? +3B2. This yields that

2A—B
cos(360,) =
2\/p
and
Bv3
sin(36,) = i
2./p

Next, we compute the sum
2 =TT+ 12T

If x(2) = 1 =7%(2), we already computed the sum. Now, suppose ¥(2) = w = e*%/3 Then,

2p = 2p¥2cos(36, +21/3) = 2p2 (_008(239p) B sin(Stzp)\/g) 6.3)
-9 3/2<_2A_B_3_B>:_ A-+B). 6.4
p ivp  4yp p(A+B) (6.4)

Similarly, if %(2) = w? = e~ 2%/3, then

2A—B 3B

p = 2p3/zcos(39p —2m/3) =2p3/? ( W + m

) ——p(A-2B). (6.5
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By assembling (6.2)), (6.3), (6.5) and the value of x(2)+¥/(2), which is an element of the
set {2, —1}, we deduce that
(p+2)°* p-1

= 4 8

where ¢, € Z is a computable constant which depends on p.

_pt2
3 b

Lastly, suppose that p is of the form u? 4 27v? for some integers u and v with u = 2
(mod 3). Thus 4p = (2u)? 427(2v)?. Then by (Theorem 4.15, Cox, 1986), we know that 2
is a cubic residue, in other words ¥ (2) = 1 = ¥(2). Then, by (6.2) we conclude that

Op = (p;;)3 + Pz;pl (5 4+ +12p+8) - pTH
_ (P ;;?3 + ”z;pl (2p*2cos(36,) + 12p+8) — ’%2
= (p;;)3 + pz;pl (2p3/22% +12p+8) - 1%2
— (p2—;§)3 + lﬂz;pl (Qup+12p+8) — pT—i—Z

Example 6.2 Let p =31. Then p = u? +27v?> where u =2 and v = 1. Applying our theorem,
we deduce that there are 50 many non-trivial 3-term arithmetic progressions in C3;. Let
p =43. Then p = u? +27v* where u = —4 and v = 1. Applying our theorem, we deduce that

there are 70 many non-trivial 3-term arithmetic progressions in Cy43.
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doktora egitimine basladi ve 2023 yilinda doktora egitimini tamamladi.
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