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ABSTRACT

Exceptional Points in Real Potential Scattering
Sezin Su Elden
Master of Science in Physics
September, 2023

Exceptional points are non-Hermitian degeneracies that appear in parameter-dependent
eigenvalue problems, where two or more eigenvalues and their corresponding eigen-
vectors coalesce. These types of degeneracies can only be observed in non-Hermitian
operators, which leads to the idea that exceptional points are exclusive to open
quantum systems. We utilized the dynamical formulation of stationary scattering
to study the scattering of waves by two- and three-dimensional finite-length waveg-
uides filled with inactive and lossless material. With this formulation, the transfer
matrix for these higher-dimensional setups is associated with the pseudo-Hermitian
Hamiltonian of a two-level effective quantum system. This Hamiltonian is related to
the transfer matrix by a function that exhibits exceptional points. Although these
scattering setups are modeled by real potentials, we demonstrate that exceptional
points can have a physical effect in these systems. Moreover, we use the compo-
sition property of the transfer matrix to solve the scattering problem for a system
consisting of multiple finite waveguides and show that exceptional points also have

physical realizations at these points.
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Chapter 1

INTRODUCTION

Singularities are a significant part of physics that appear in many research areas.
One of the types of singularities that will be the focal point of this thesis are excep-
tional points, which appear in eigenvalue problems that depend on parameters. At
an exceptional point, two or more eigenvalues and their corresponding eigenvectors
coalesce. It is a well known fact that this cannot happen for a Hermitian operator.
This is the reason why the main focus on exceptional points involves open quantum
systems where the Hamiltonian is a non-Hermitian operator.

EPs first appeared in physics literature while studying the perturbation of linear
non-Hermitian operators [1]. Later works illustrated the physical significance of EPs
2, 3]. Experimental studies showed the topological structure of EPs [4, 5].

Recently the interest in EPs turned to non-Hermitian Hamiltonians that are
symmetric under the combined parity and time reversal operators (P7T-symmetric
operators). The fact that the spectrum of these Hamiltonians can be real made
them interesting to study [6, 7]. P7-symmetric Hamiltonians can go under sym-
metry breaking where the eigenvalues become complex. This happens as a result
of parametric variation of the Hamiltonian. The point when this happens on the
parameter space turns out to be the exceptional point of the system [8, 9, 10]. The
theoretical effects of this phenomena [11, 12, 13, 14, 15]. Optics and photonics
include active or lossy material, which require non-Hermitian Hamiltonians. The
effects of EPs can be observed in optics and photonics [16, 17, 18, 19, 20, 21, 22].

Recently, [23] showed that affects of EPs appear in quantum problems concerning
real potentials in particular, in the scattering of a wave by a two-dimensional finite

waveguide. In this thesis, we will investigate scattering of a wave by a three dimen-
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sional finite waveguide, illustrate the consequences of the existence of an exceptional
point in this scattering setup, and discuss the similarities and differences between
scattering from two- and three-dimensional waveguide. We show the emergence of
EPs in the treatment of scattering by a potential of the form,

o(g.7) = V(z,y) forz € [a_,ay] | )

0 for 2 ¢ [a_,a.]

where V(z,y) is a real-valued function and a4 are real parameters that satisfies
a_ < ay. We study the scattering of by this potential by utilizing a newly de-
veloped multidimensional generalization of the transfer-matrix [24, 25]. This is a
generalization of the dynamical formulation of stationary scattering (DFSS) in one
dimension, where the transfer matrix is associated with the S-matrix of an effective
two-level non-unitary quantum system [26, 27]. The fact that the resulting effective
quantum system is described by a non-Hermitian Hamiltonian allows exceptional
points to be possible in the treatment of scattering by the potential (1.1). In order
to find the transfer matrix for this potential we have to find an explicit expression
for the Hamiltonian ﬂ(z) of the fore mentioned effective quantum system.

The organization of this thesis is as follows. In Chapter 2 we give a brief in-
troduction to non-Hermitian operators and exceptional points, as well as, some
mathematical tools that we used in the following chapters. In Chapters 3 we discuss
dynamical formulation of stationary scattering (DFSS), and in chapter 4 we intro-
duce the transfer matrix and generalize DFSS for higher dimensional scattering. We
derive results of Ref. [23] and generalize them to three-dimensions in chapter 5. Here
we also discuss the differences between scattering from two- and three-dimensional
finite waveguides. In chapter 6 we make use of the composition property of the
transfer matrix to investigate the scattering problem for a configuration of different

waveguides.
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Chapter 2

NON-HERMITIAN OPERATORS AND EXCEPTIONAL
POINTS

In standard quantum mechanics the Hamiltonian is required to be a Hermitian
operator. This Hermiticity condition for the Hamiltonian offers significant advan-
tages. Most notably, it ensures that energy eigenvalues are real, and it establishes
the existence of a complete set of orthonormal basis vectors comprising the Hamilto-
nian’s eigenvectors. This property greatly simplifies computational tasks. Addition-
ally, the Hermitian nature guarantees the unitary behavior of the time-evolution op-
erator, thus upholding the conservation of probability for isolated systems. However,
there are open systems that exchanges energy with their surrounding environment .
In such cases, the probabilities are not conserved, making Hermitian Hamiltonians
inadequate for the describtion these systems.

Non-Hermitian operators exhibit distinct characteristics. The realness of eigen-
values is not guaranteed, in general eigenvalues are complex numbers. The inherent
orthogonality of eigenvectors and existence of an eigenbasis are no longer certain.
Another notable contrast concerns degeneracies: non-Hermitian operators manifest
distinct behaviours from their Hermitian counterparts.

Particularly intriguing are the “exceptional points” that emerge within non-
Hermitian operators in their parameter space. These points signify instances where
eigenvalues and the corresponding eigenvectors coalesce. This phenomenon diverges
significantly from the diabolic points in Hermitian systems, where eigenvalues coin-
cide while their corresponding eigenvectors remain linearly independent.

The primary objective of this chapter is to delve into exceptional points while
providing useful tools to work with non-Hermitian operators. The chapter sets out

to establish key definitions and outcomes in linear algebra, offering a foundation to
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comprehend the spectra of parameter-dependent linear operators. These tools will

be instrumental in handling non-Hermitian Hamiltonians in subsequent chapters.

2.1 Vector Spaces

Consider an inner product space V. The sum of vector spaces @f\il U; is called a
direct sum, if every u € 692111 U; can be written uniquely as a sum uy + ug + - - - u,
where u; € U; for all j € {1,2,--- . n}.

A list of vectors vy, vy, - - - v, is said to be linearly independent if a;v; + agvs +
-~ apv, = 0 implies a; = as = ---a,, = 0. The largest number of linearly indepen-
dent vectors that can exist in V' is called the dimension of V and denoted by dimV'.
If there is no such finite number V' is said to be an infinite-dimensional vector space
and we set dimV = oo.

A set of linearly independent vectors {vy, vq, - - - vy} is said to be a basis, if every

element v € V' can be written uniquely as

N
v = chvn, (2.1)
n=1

for complex coefficients ¢,,. However, for the infinite-dimensional case this summa-
tion must be convergent. In the rest of this text we assume this condition holds for
every basis. Here the norm for the convergence is derived by the inner product.

A basis vy, v9,- -+ , vy of an inner product space V is said to be orthonormal if
<'UZ'|UJ'> = 51']' for all Z,j S {1, 2, cee ,N}, (22)
where 9;; is the Kronecker delta symbol defined as

1 ifi =5,
dij = (2.3)
0 ifi # 7,
However, we note that the orthonormality of vectors depend on the choice of inner
product. For details see [28].

If the basis is orthonormal for this inner product space, terms that appear in

(2.1) are given by

Cn = (v, |v). (2.4)
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Moreover we have,

N N
(ulv) = (ulvn) (valv) = (ul (Y o) (val) [0) (2.5)
n=1 n=1
for all u,v € V. This implies the completeness relation,
N
1= o)l (26)
n=1

where [ is the identity operator on V. Any given basis can be transformed to an
orthonormal basis with the Gram-Schimidt process [29].

For V = CV, the standard basis e, e, -+ ,ex consists of vectors e; whose ith
entry in equal to 1 all other entries are zeros.

Now, we introduce a generalization of orthogonal basis. A system of vectors

Upy* et 5 U, Ug, - - - Uy, 18 called a biorthonormal system if
(viluz) = b (2.7)

for all i,5 € {1,--- ;m}. A biorthonormal system that satisfies

Z |vi) (ui| =1 (2.8)

is said to be complete.
Given a basis {v;} of a finite-dimensional inner product space V', it is possible to
construct another basis {u;} such that {v;,u;} is a complete biorthogonal system.

To see this let {e,} be an orthonormal basis of V. Then we have,

Un =Y (em|vn)em. (2.9)
Since {v;} is a basis of V' we have

en =3 Auntn, (2.10)

for some complex coefficients A,,,. By substituting equation (2.9) into equation

(2.10), we obtain

ey = ZAnm(ek|vm>ek. (2.11)
k,m
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Since {e;} is a orthonormal basis we must have
ZAnm<€k’Um> == 5km7
k,m

which implies A, # 0. Consequently,let A1 = (e,,|v) and define

U =Y (Ah)em (2.12)

for all i« € {1,---,N}. It is straight forward to show that {u;} a basis of V' and
{v1,++ ,uNy,u1, - ,un} is a biorthonormal system. The basis {u;} is called the
biorthonormal extension of {v;}. In order to see the completeness of this biorthonor-

mal system note that,

> o) (url =T Jog) (wel I = Z len) el > o) (ul D ler) (el
= {ejlve) (uilen)les) e = (A, ™" ) Ajle;) (el

Kl Kyl

=Z|€j><€j|=f~

Here, we made use of (2.9) and (2.11).

For the infinite-dimensional case, constructing and biorthonormal extension for
a given basis is not possible in general. For such basis to exist, the right-hand side
of (2.12) must be convergent. This happens if and only if >~ (A, 1)* < oo [28].

A theorem by Bari states that, if {v,} is a Riesz basis, then {u,} is also a Riesz

basis and {(vy, u,)} is the unique biorthonormal extension of {v,}. [30].

2.2 Linear operators

An operator T': D(T) C V — V is said to be linear if T'(au 4 bv) = aTu + bT'v for
all u,v € V and a,b € C. Here D(T') is called the domain of 7. We assume the all
operators considered in this thesis to be bounded operators [28].

The null space of a linear operator T, denoted by nullT’, is the subspace of V
consisting of the vector that 7" maps to 0, i.e, null(7') = {v € V|T'v = 0}. Nullity of

the operator T on a finite inner product space is defined as null(7T") = dim(null(7)).
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The range of an operator T is the subspace of V' that can be expressed as Tu for
some u € V, i.e, range = TV := {Tv|v € V}. The dimension of the range of T’
on a finite dimensional inner product space is called the rank of 7" and denoted by
rank (7).

If nullT" = 0 and D(T") = V/, the linear operator T is invertible, that is, there exist
a unique linear operator, say 77!, such that 77! = T-'T = I. If T~! does not
exist T' is called a singular operator. Let vy, vy, - - vy be a basis and v}, v5, - vy
be orthonormal basis of V. Then the matrix representation M(T") of T, isa N x N

matrix whose entries defined as
M(T);; = (vj|Tv;) for each 7,5 € {1,--- ,N}. (2.13)

A subspace U of V is said to be an invariant subspace of T, if Tu € U for all
u € U. In this case T induces a linear operator Ty : U — U, which is defined
by Tyu = Tu for v € U and it is called the restriction of 7" on U. If there exists
subspaces Uy, -- ,U, such that V = @?:1 U; and each U; is invariant under the
operator T', we can write T' = @?:1 T;, where T; := Ty,.

A linear operator P is a projection if P> = P and D(P) = V. This means P
leaves its range unchanged. Notice that if P is a projection I — P is also a projection.
Let M be the image of the projection operator P and let N be the image of —P. P is
said to be the projection on M along N. For any element v of V' can be decomposed
uniquely as have v = v 4+ v” where v = Pv and v" = (1 — P)v. This shows
that, V = M @& N. Assume that the subspaces Uy, Us, - - - U; satisty V = &;_,Uy.
Then each u € V can be decomposed uniquely as u = Y ;_, u, where u, € U. The
operator defined as Pju = u; is the projection on U; along N; := @;_, ;Ui Notice

that we have,
By Py = 013 P, > =1 (2.14)

Another important property of projection operators is the fact that when U is an
invariant subspace of T, then T and the projection defined on U commute.
Now let V' be a finite-dimensional vector space. A linear operator N is called a

nilpotent if N = 0 for some n € N*, note that this implies N4(V) = 0. Another
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important property of a nilpotent operator IV, is that there exists vectors vy, -+ , v,
such that {N™wv;, -+, Nvy, vy, N™u,,---v,} is a basis of V and N™iTly; = 0
for every i € {1,2,--- ,n}, for the verification of existence of such an basis see
[29]. Notice that, for ¢ € {1,---,n}, in this choice of basis,the list of vectors
{N™iv;, -+ Nv;,v;}, the operator N takes the jth element of list to (j—1)st element
for j € {2,--- ,m;—1} and N takes N™ to 0. This demonstrates that, with respect

to this choice of basis, the matrix representation of N has the form,

: (2.15)

where unspecified elements are zero.

2.3 The Eigenvalue Problem

A complex number A is called an eigenvalue of an linear operator T': V' — V if there

exists a nonzero vector v € V such that
Tv = . (2.16)

Any vector that satisfies (2.16) is called an eigenvector of T' corresponding to the
eigenvalue A. In the rest of the text we assume that all the linear operators defined on
infinite-dimensional inner product spaces have discrete spectrum. It is important to
note that eigenvectors corresponding to distinct eigenvalues are linearly dependent.
The eigenspace of T' corresponding to the eigenvalue A is denoted by E(A,T") and
defined as

E\T):={ueV|Tu=N}=null(T — ). (2.17)

It is easy to see that eigenspaces of T are invariant under 7. The dimension

of E(A\,T) is called the geometric multiplicity of the eigenvalue A\, ie., m§ =

dim(E(\, T)).
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Solving the eigenvalue problem involves determining the eigenvalues and their
corresponding eigenvectors. Notice that if A is an eigenvalue of T, T' — Al is a
singular operator. If V' is a finite-dimensional vector space, this is equivalent to
det(T — M) = 0. For this case, the characteristic polynomial of the operator T is
defined as

pr(A) = det(T" — ) (2.18)

This is a polynomial of degree N = dimV', with zeros corresponding to the eigen-

values of T'. This shows that T" can have at most N eigenvalues.

2.3.1 Generalized eigenvectors

We wish to express the vector space V as a direct sum of invariant subspace of a
given linear operator 7. While the eigenspaces are invariant under 7', in general,
the direct sum of these eigenspaces is smaller than a proper subspace V.

A vector v € V is called a generalized eigenvector of T' corresponding to an

eigenvalue \ if there exists m € Z* such that
(T — XI)™v = 0. (2.19)

The subspace consisting of all generalized eigenvalues of T' corresponding to the

eigenvalue A is called the generalized eigenspace of T. We denote it by G(A,T), i.e,
G\, T) :={v e V|(T —\)™v =0 for some m € N}. (2.20)

The dimension of the generalized eigenspace corresponding to A is called the al-
gebraic multiplicity of the eigenvalue A, let m$ := dim(G(\,T)). Notice that,
E(\T) C G(A,T), which implies

m$ < m§. (2.21)

It is easy to show that generalized eigenspaces are invariant under the operator they
are defined for. Additionally, generalized eigenvectors corresponding to different

eigenvalues are linearly independent.
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The most significant result about the generalized eigenspaces is that the a finite-
dimensional vector space V can be decomposed into a direct sum of all generalized
eigenspaces of T' [29], that is,

S

V=Pacn.1). (2.22)

i=N
2.3.2  Diagonalizability

An operator is said to be diagonalizable if there is a basis in the operator is repre-
sented by a diagonal matrix. Diagonalizability of an operator is equivalent to the
existence of a basis of V' consisting of the eigenvectors of that operator. This, in
turn, implies that if the operator is diagonalizable, the generalized eigenspace and
eigenspace corresponding to all eigenvalues coinside. Consequently, m$ = m$ holds
for all eigenvalues, and if the vector space V' is finite-dimensional it can be expressed

as a direct sum of eigenspaces of the operator.

2.3.3  The Hermitian Adjoint

The Hermitian adjoint of a operator 7" is denoted by T and satisfies
<Ul|TUQ> = <TTU1|’U2>, (223)

for every vi,vy € V. An operator is called Hermitian if it is equal to its Hermitian

adjoint, T = T1, i.e.,
(v[Tw2) = (v1]v2) (2.24)

for every vi,v, € V. It is a very well known fact that the eigenvalues of Hermitian
operators is defined on a finite vector space are real, and they possess a complete
set of orthonormal eigenvectors, which implies that Hermitian operators are diag-
onalizable. The matrix representation of a Hermitian operator with respect to its
eigenbasis is a diagonal matrix whose diagonal entries are the eigenvalues of the
operator.

Let A, be an eigenvalue of a Hermitian operator A with algebraic multiplicity

a
n’

me, and {vp1, - Upme } be the corresponding eigenvectors which are orthonormal.
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Then the completeness relation holds,

S mg
I=>" " |vna)(nal, (2.25)

here S is the number of distinct eigenvalues of A. This leads to

A= Nlvna) (Wnal, (2.26)

which is known as the spectral representation of A.
A more general class of operators than Hermitian ones are the normal operators,
which commute with their Hermitian adjoint, that is, an operator N is said to be a

normal operator if
W, N1 =0. (2.27)

It is obvious that a Hermitian operator is also a normal operator. Similar to Hermi-
tian operators, normal operators admit a orthonormal basis consisting of its eigen-
vectors, which shows that normal operators are diagonalizable.

Let A be a non-Hermitian linear operator which is diagonalizable and has a
discrete spectrum. Let A, be a eigenvalue of A of multiplicity m¢ and let v, , for
a € {1,---,d,} be the corresponding eigenvectors. Then there exists a complete

biorthonormal system of eigenvectors {|vn.q), |tunq)} which satisfies the following

relations.
H|vpa) = A\i|Vna), H”un,a> =\ |Un.a), (2.28)
<um,b|vn,a> - 5mn5ab7 (229)

N dy
Z Z |un,a><vn,a| = I, (230)
a=1

n

2.3.4 Pseudo-Hermitian Operators

A linear operator A is said to be pseudo-Hermitian if there exists a Hermitian

automorphism 7 such that

Al =nAn!. (2.31)
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In this case, we call it a n-pseudo Hermitian operator. Notice that if an operator is
pseudo-Hermitian the operator 7 is not unique [28].

let X\ be an eigenvalue of n-pseudo Hermitian operator A. Then A — AI is not
invertible which implies (A — AI)np~! = A" — AI is not invertible. This shows that
A is also an eigenvalue of AT which in turn shows that \* is an eigenvalue of A. In
other words if a pseudo-Hermitian operator has a discrete spectrum, this spectrum

consists of real or complex conjugate pairs of eigenvalues.

2.8.5 The Jordan Normal Form

Any linear operator T' defined on a finite-dimensional complex vector space can be

written in the following form.
T=8+N, (2.32)

Here S is a diagonalizable operator defined as

S — Z NP (2.33)

where P, is a projection onto the generalized eigenspace corresponding to eigenvalue
A;. This projection is called the eigenprojection corresponding to A\;. The operator

N is a nilpotent operator that can be defined as

N=>"N (2.34)

where N; is called the eigennilpotent corresponding to the eigenvalue \; and defined

as
Ni = TG()\i,T) - >\1P1 (235)

It is straight forward to show that Nim N 0, thus they are nilpotent operators.
This also implies that N is a nilpotent operator.

Notice that since P, commutes with Tz, ) for every i € {1,--- S}, N and S
commutes.

The equality given by (2.26) is called the Jordan-Chevallay decomposition.
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Previously, we showed that it is possible to find a basis for a nilpotent op-
erator so that the matrix representation with respect to this bases has the form
(2.18). Then we can choose a basis, say B, := {vn1, -, Upma }, in G(A,,T) such
that, the eigennilpotent N, defined as (2.34) has this form. Note that, in this
basis the term \,P, has a diagonal matrix representation with A, on the diago-
nal. Combining these bases for all G(\,,T), which is equal to B = (J>_, B, =
{vi1,--- s V1ms "t 5 US 1, 'U&mg}, is called a Jordan basis. The matrix represen-

tation of 7" in this basis has the form,

Jii 0 - 0
Jl,ml
J= (2.36)
Js1
0
0o .- 0 Jsms
where S is the number of distinct eigenvalues of 7" and J;,, for j € {1,---,S5} and
m e {l,---,m;},

Ajo 1 0

0 A 0
Jj,m - (237)

1

0 0 A

j
where the unspecified elements of both matrices are zero. A matrix of the form
(2.33) is called a Jordan block and n; for each j is the number of Jordan blocks for
Aj.

Note that, for every j € {1,--- , S}, the matrix representation of T restricted to
G();,T) is equal to the direct sum of Jordan blocks for ),

jn
M(Top,m) = €D i (2.38)
k=1

Let n; be the size of the kth Jordan form of eigenvalue A;.
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The number of Jordan blocks for a given eigenvalue is equal to its geometric
multiplicity, which in turn is equal to linearly independent eigenvectors correspond-
ing to that eigenvalue. Moreover, the number of times a eigenvalue appears in the
total Jordan normal or equivalently the summation of sizes of all Jordan blacks for
that eigenvalue is the algebraic multiplicity of that eigenvalue. Considering, these
facts about the algebraic and geometric multiplicity of an eigenvalue );, it is easy to
show that the number 1’s that appear in the super-diagonal of (2.38) is equal to the
difference of m§ — m? , which is equal to number of linearly independent generalized

eigenvector not including the eigenvectors corresponding to A;.

2.3.6  Function of an operator

Let f(z) : C — C be an analytical function. Then [1] shows that,

S
F(T)=>f(\)P+ D, (2.39)
j=1
where
00
Dj= ) =D (2.40)
=1

and fU is the Ith derivative of f with respect to . In the Jordan basis of T, f(T)

has the form The Jordan block becomes

B e . (md=1)(y.)]
f()\]) f/(>\j) f(2/\g) . f(n,-—lg!)\])
0 FO) FOy) e D20
f | 0T T T (2.41)
|0 0 f)

Moreover, the matrix representation of f(7') with respect to the Jordan basis that

gives (2.36) is in the form

S
f(J) =P FJ;n) (2.42)

2.4 Parameter-Dependent Operators

We want to examine the eigenvalue problem for an analytic operator valued function

that dependent on a complex parameter £. A linear operator 7T is said to be analytic
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in a region G, if T'(§) for all £ € G and if in a neighbourhood of each point & € G,

the operator valued function T'(§) can be expended in a series

T(€) =T(&) + Y (€~ &)C, (2.43)
j=1
where C; is a linear operator for every j € {1,---} [30]. Here, the convergence of

the series id defined with the uniform form, which is defined as

2.4.1 The Eigenvalue Problem

We can find the eigenvalues of T'(§) in the previous section, A is an eigenvalue if
there exist a non-zero vector v that satisfies T'()v = Av, notice that A is a function
of £&. Now, we examine the behavior of A as we change the parameters. For the

finite-dimensional case, consider the function

(p(N)) () = det(T(§) = M) (2.44)

This is a polynomial of degree N = dimV whose coefficients are functions of £. The
zeros of (2.40) are the eigenvalues of T'(§). There are some important properties of

this function which are listed below.

1. Coefficients are analytical functions of .
2. There is at most NNV distinct zeros of (p(\)) (§).

3. Zeros of (p(N)) (&) are almost everywhere analytical functions except at some

isolated points.
4. The number of zeros of (p(\)) (£) is constant almost everywhere.

5. The number of zeros can only decrease at these isolates points and remain

constant at other points.
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Property 1 can be seen by considering the determinant of a matrix representation of
the operator T'. As shown in [29], the coefficients are sums and products of entries of
the matrix representation of 7" which are analytical functions. The second property
is trivial. The third property is a well-known result [31] which implies the fourth.
The fifth property can be seen by considering the opposite, if the number of zeros
increase this violates the continuity of the zeros which contradicts the third property
[32]. These facts show that, the eigenvalues of T'(n) are analytical functions of £, the
number of eigenvalues is constant smaller or equal to the dimension of the vector
space except some isolated points, where this number decreases. In the book [1],
these points where the number of eigenvalues decreases are labeled as exceptional
points. It is important to note that this is a more extensive definition that the

exceptional points considered in physics literature.

2.4.2 The Jordan Normal Form

T(£) is a linear operator, then it has a Jordan normal form. However, like the eigen-
values, the Jordan normal form changes with the parameter £&. In this subsection,
we study the relationship of Jordan normal form of T'(¢) and the parameter £. In
particular, we examine the structural changes of the Jordan normal form.

Changes in the Jordan normal form can appear in the diagonal part with the
eigenvalues, since the eigenvalues are continuous function of the parameter £ the
diagonal elements vary continuously, and as we explained in the previous chapter
the number of eigenvalues is constant almost everywhere. This implies that the
algebraic multiplicities of the eigenvalues are constant except at some isolated points.
A structural change in the diagonal happens, if the number of eigenvalues decreases,
that is some of the eigenvalues coalesce and the number of times that particular
eigenvalue appears on the diagonal increases.

The other type of change in the Jordan form is the change in the super-diagonal
which consists of zeros and ones. The number of ones can increase or decrease.
Obviously there is two ways this can happen; if the eigenvalue is permanently de-

generate the number of corresponding eigenvectors can increase or decrease or when
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some of the eigenvalues coalesce some of the corresponding eigenvectors can also
coalesce, resulting in more ones in the super-diagonal of the corresponding part of
the Jordan normal form.

We will examine these possibilities separately, which are

1. Only eigenvalues coalesce,
2. Only eigenvectors coalesce,

3. Both eigenvalues and some of the corresponding eigenvectors coalesce.

For first possibility, where just the eigenvalues coalesce, consider the operator T,

which has the following matrix representation with respect to the standard basis.

A0
T. () = , (2.45)

0 ¢
The eigenvalues are A and £&. When £ # A, there is two eigenvalues, the multiplicity
of each is equal to one. There is two 1 x 1 Jordan blocks. The Jordan normal form

is equal to Ty (§). At £ = A, the eigenvalues are equal the multiplicity becomes two.

Notice in both cases the operator is diagonizable and it has two distinct eigenvectors

1 0
= and vy =
0 1
For the second case consider a permanently degenerate operator 75, with matrix
representation
A g
T:(§) = . (2.46)
0 A

The only eigenvalue is A. The number of eigenvalues is 1 with algebraic multiplicity

2 for all £&. For & # 0. The Jordan normal form of this operator is

Al
(2.47)
0 A
In this case there is one eigenvector of this matrix, namely v; = . The eigenspace

1
which is given by E(A,T7) = span(v;) is one-dimensional. Therefor its geometric
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multiplicity m9(A) = 1. At the point £ = 0, the operator becomes diagonalizable

and its Jordan normal form takes the form

A0
0 A

(2.48)

A discontinuous change happens at this point. The number of ones at the superdiag-

onal changes. In this case there is another eigenvector vy = in addition to vy.

0
The eigenspace is E(A, T}) = span(vy, v3) which is equal to the algebraic eigenspace.

The geometric multiplicity becomes 2.

For the third case, consider the operator with the following matrix representation.

01
Ts() = : (2.49)
¢ 0
The eigenvalues are A\ = #+/€ and the corresponding eigenvectors are vy =

(1,£€)T. The eigenvalues coalesce at & = 0. When £ # 0 there is two linearly
independent eigenvectors, so the matrix is diagonalizable. In this case the Jordan

normal form is

VE 0
0 —vZ

At €& = 0 the two eigenvalues coalesce and vanish, the multiplicity becomes two.

(2.50)

At this point the eigenvectors also coalesce and become . The matrix becomes
0

non-diagonalizble and the Jordan normal form becomes

01
0 0

(2.51)

2.5 Exceptional Points

The term exceptional point was first introduces by Kato [1] as points that are branch
points of some of the eigenvalues or regular points for all eigenvalues but at this
regular points some of the eigenvalues coincide. Notice that this description is

different from the definition given at the beginning of this chapter. This description
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includes two type of points examined in the previous section, the first and the third
kind. In the physics literature the third type of points, where both eigenvalues
and eigenvector coalesce are considered exceptional points. This definition is also
equivalent to branch point singularities of some of the eigenvalues [32]. In the
previous section, we defined this points for linear operators defined on finite vector
spaces. However, in an infinite-dimensional inner-product space, if an operator-
valued function has a discrete basis, we can define the exceptional points as we
defined for the finite-dimensional cases. This is the definition used for exceptional
points in the remainder of the text. The first type of points where just the eigenvalues
coalesce are called diabolic points.

It is clear that normal operators cannot have exceptional points. In particular,
Hermitian operators cannot exhibit exceptional points. In the physical applications
of non-Hermitian operators, the operators that are considered are diagonalizable
except at their exceptional points where they become non-diagonalizable.

As an example that appears in many physical systems we consider the following

2 x 2 non-Hermitian matrix Hamiltonian

wy — 1 K
K Wo — 1Y

The eigenvalues of H are given by

A =wy —iyy £ A (2.53)
where

Wy = @, Vi = n j2:72, A= /(w_+iy )2 +Kk2=0  (2.54)
The eigenvalues can coalesce when A vanishes. This can happen when w_ = 0 and
k= xv_,or v. =0 and k = +iw_. We continue with the second case and define

M = —7 =:7 and 4, = —d3 =: . The Hamiltonian becomes,

w — 17y K
H = (2.55)
K w + 179
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and the eigenvalues and the corresponding eigenvectors become

A =wE VK2 =62 vy = " . (2.56)
1

There are two exceptional points k¥F = 4+, where the eigenvalues are equal to

A(£7) = w and the eigenvectors are equal to v(£7) = [£4, 1]7.
Figure 1 shows how the real and imaginary parts of the eigenvalues given by the
first equation of (2.53) for w =, = 1 and x € (0,2). When k = ¢ = 1, both the

real and imaginary parts of the eigenvalues are equal.

real part imaginary part

25!
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Figure 2.1: real and imaginary part of eigenvalues
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Figure 2.2: eigenvalues of Hermitian Hamiltonian for different wy

The Hamiltonian (2.49) is Hermitian only when §; = d = 0,

w1 K

(2.57)

K Wy
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with eigenvalues

A =wy £ /K2 +w?. (2.58)

A diabolic point occurs when £ = 0 and w; = ws =: w where the eigenvalues
become Ay = A\_ = w. At this point the eigenvectors become (1,0)” and (0,1)” and
(56) is no longer valid. There is still two orthogonal eigenvectors as we expected.
Figure 2 shows the eigenvalues (2.55) for w; = 1 in two cases for wy = 0 and wy = 1.

A diabolic point occurs just in the second case where w; = ws and k£ = 0.

2.6 Function of a linear operator at an exceptional point

Let T'(£) be a bounded linear operator on an inner product space of infinite or finite
degree. Moreover, assume that this operator has a discrete spectrum and all the
bases that is discussed in this chapter are Riesz bases. Assume this operator is
diagonalizable every where except a point {gp,, at which it has a exceptional point
of order n and the first n distinct eigenvalues and the corresponding eigenvectors
coalesce.

Let B be a basis consisting of eigenvectors of T

B = {1)1717 e ’1)17m111’ SR - P 7U57mg}, (259)

where s is the number of distinct eigenvalues of T', m is the algebraic multiplicity of
the jth eigenvalue of T, and for all j € {1,---,s} and a € {1,--- ,m$} v;, are the
eigenvectors corresponding to jth eigenvalue. This basis exists for every &£ except at
Eppn. In subsection (2.3.3), we showed that when £ # £gp, the operator T' can be

written as

]
e

T= Aj|t.a) (j.al, (2.60)

1 1

e
Il

J

where Bt := {v,,,} is the biorthonormal extension of B.
At the exceptional point the first n eigenvalues and the corresponding eigenvec-
tors coalesce. Define A\ := A\ (§ppn) = -+ = M (€rpn) and vy be the eigenvector
corresponding this eigenvector. At this point the set of eigenvector is not a com-

plete basis, however, we can extend it to a complete basis with the addition of
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generalized eigenvectors corresponding to A, there must be n — 1 generalized eigen-
vectors, that can be defined as the vectors that satisfy (7' — AI)*"1v, = 0 for each
ke {l,--- ,n—2}. Note that this also implies

(T — N )vg = vg—1, (2.61)
for all k € {1,---,n — 2}. Then the set of generalized eigenvectors

N s
Bep = {vo,v1,- -+ ,vp_1} U U{Uj,% e >Uj,m?} U U {vja, - 7Uj,m;}, (2.62)
i—1

j=N+1

is a complete basis, and has the following biorthonormal extension

N S
Bip = {uo,ur, - un 1 YU o, gm0 U {wgn, o wgme ) (263)
j=1 j=N+1

Since {Bgp, Bip} is a complete biorthonormal system and the vector u; for j €
{1,---, N — 1} are the generalized eigenvectors of the operator 7" corresponding to
the eigenvalue A\*,i.e, they satisfy (71— \*I)7T1u; = 0. With these, identity operator
can be written as

Z’vj UJ‘+ZZ’UJG uja’+ZZ’Uga uja\ (264)

j=1 a=2 j=2 a=1
Making use of this and (2.79) we get

T= Z)\|U] u]|+Z!v] Uj— 1|+ZZ)\‘UJG umH’ZZ)‘WJa (Wjal- (2.65)

Jj=1 a=2 j=2 a=1

Here the second summation is a result of (2.79). For a finite dimensional vector
space the expression (2.82) gives the Jordan Normal form of the operator at gpy,,

which has the form

T(ep,) = T1(&ep,) ® To(&ep,) © T5(¢EP,) (2.66)

where the term T} (€gp,) is the matrix representation of the first and the second

summation of (2.82) and has the form

A1 0 -+ 0
0 A 1
Ti(ep,) = AT : (2.67)
1
0 0 A

(nxmn)
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The terms T5({gpy) and T3(Eppy) correspond to the third and the forth summations

in (2.83) respectivly and they have the following matrix representations.

A0 0 -+ 0
0 A0
Tr(ep,) = A (2.68)
0
0 0 A
An41(§) 0 0 0
0 0
An+1(§)
T(spr,) =
As(€) 0
0 0 As(§) (7 xn)
Here n' := Zivzl(m? —1) and n” := Z?:NH m§. Note that by m$, we mean the

algebraic multiplicity of the jth eigenvalue at the points except the exceptional
point.

The function of a linear operator 1" is defined as

[e.9]

F(T) =) a,T". (2.69)

n=0

It is easy to see that when T satisfies the conditions given in the beginning of

this chapter, (2.78) and (2.86) implies

FT) =" FN)lsa) (val, (2.70)

7=0 a=1

however this relation does not hold if the operator is not diagonalizable. Then in
order to find an expression for f(7T') at an exceptional point, we need to find how
T™ acts on a generalized eigenvector of T', which can be found with the following

result.

k=)
F(Toe =" ﬁvk (2.71)

1=0
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here f*=)()\) is the (k — i)th derivative of f(z) evaluated at A. Then (2.83), (2.87)
and (2.89) implies that

N-1 j J
f9- (
f(T):Z |Ul u]|+ZZf )[V,a) (Ujal
j=0 [=0 (‘] j=1 a=2
o (2.72)
+ 3 ) FO)Iva) (wjal,
j=2 a=1
rearranging the terms we get
N-1 N ™ mg
(Zf )[vj) uJH’Z FMvja) u3a|+ F)vja) u]d|>
=0 j=1 a=2 j=2 a=1
N-1j-1 :
fUO
+ (-l)‘ |vl><uj|
7j=11 J ’
(2.73)

The summation inside the parenthesis has the same structure of f(7") for a regular
point, at the exceptional the summation outside the parenthesis appears as extra
terms. Note that the equation is valid for a diabolic point, which shows another
different features of exceptional points that cannot occur in diabolic points. For a
second degree EP, the extra term becomes

f’;k) o) aa (2.74)

and for a third degree EP, the extra term is

') ")
2 3!

|vo) ((ua| + (uzl) + |01) (uz- (2.75)

Notice that, if the operator is defined on a vector space, (2.92) implies the results

given in subsection (2.3.6).
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Chapter 3

STATIONARY SCATTERING IN ONE DIMENSION

In this chapter we introduce the basics of stationary scattering in one-dimensional
systems, the transfer matrix and a dynamical formulation of one-dimensional scat-
tering recently developed by [26, 27].

Consider the one-dimensional time-independent Schrodinger equation,

—¢"(2) +v(@)(z) = kY (), (3.1)

where v(z) : R — C and k € RY is the wavenumber. If this potential vanishes as
r — +oo, it is called a scattering potential. A short range potential is a special

kind of scattering potential that satisfies

lv(x)] < % for |x| > M, (3.2)

for some positive real numbers C, M, > 1 and all x € R.
Every solution of (3.1) with a short range potential tends to the solution of this
equation for a free particle far away from the origin, that is, if ¢)(x) is such a solution,

it must satisfy the following asymptotic boundary condition.

A_ek* 4 B e~ for x — —o0,
V() = (3.3)

A et*® 4 B e for x — oo,

for some Ay, By € C. It is important to note that, this does not hold for solutions

to (3.1) for any scattering potential, the short-range criteria for the potential is

necessary [33]. Here the terms e**®

are called right/left moving wave respectively.
A potential v(z) is said to be finite range if it vanishes outside some interval
l[a_,a,] where ay > a_, i.e,

V(x) for x € a_,ay],
v(x) = (@) =l | (3.4)

0 for z ¢ [a_,ay],
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—_— A_ev,kﬂ: —_— A_ev,kﬂ:
(_ B,e”ikm (_ B+e—-z‘kx

Figure 3.1: Scattering from a short-range potential

for some function V' (z) : [a_, ay] — C. The support of a finite-range potential is the
largest interval outside which the potential vanishes. It is easy to see that a finite

range potential is a short range potential and its solutions satisfy

A_e** B e7* forx <a_,
U(z) = (3.5)

Ape*® + Bie7%® for x > ay.
3.1 Scattering from the left and the right
A scattering experiment consists of three ingredients:

1. The source of the incident wave,
2. The scattering potential,

3. The detectors.

The source and the detectors can be placed at x = 00 and x = F-00 respectively.
Assume the source of the incident wave is placed at x = —oo, then it moves
towards the right. We name it left-incident wave 1!(x). When the incident wave
interacts with the potential it will be partially reflected and partially transmitted.

The reflected wave must propagate towards the source and it is a left-moving wave
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that propagates towards x = —oo. Then the reflected wave is a wave that is pro-
portional to e=** at x = —oco. The transmitted wave must be a right-moving wave
and moves towards z = oo, thus the transmitted wave is proportional to e** as
x = 0o. In order to distinguish a left-incident wave, we use the superscript I’ for
the coefficients A', BL that appear at (3.3). Notice that, for a left-incident wave
there must not be a term that is left-moving at = oo, that is, BY. = 0. Then (3.3)
for a left-incident wave becomes
Al etkr 4 Bl e~k for o — —o0,

PH(x) — (3.6)

Aﬂrei’” for z — oo.

We can take the coefficient A® o utside of this expression and find

Pw) o A eke + Bt JA e7*®  for z — —o0,
) — A_
Al AL gtke for x — 0.

According to the description above we define,

B! Al
. - l.__ +
R= =5

(3.7)
Here R, T' € C are called left reflection and transmission amplitudes respectively.

Now, assume the source of the incident wave is placed at x = oco. It is a right-
moving wave and we name it right-incident wave ¢"(z). When the wave interacts
with the potential, the reflected wave will be a left-moving wave that travels towards
x = 0o and the transmitted wave will a right-moving wave © = —oo. So, 9" (z) must
have the following form,

Are—ike for x — —o0,

Pr(z) — (3-8)

Brem*e 4+ Bretkr for x — oo,

Similarly to a left-incident wave, we define

A B
T — 2= 3.9
By’ (3:9)

R’ —
B’

where R",T" € C which are called right reflection and transmission amplitudes

respectively.
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Now consider ¢(x) = (¢! (z) — R"¢!(x))/T"". For a real potential v(x), ' () is
also a solution of (3.1), then ¢(x) is a solution of (3.1) as it is a linear combination
of solutions. Notice that,

(1 —|RY?)/T" e = for z — —oo0,

() — (3.10)
TV )TV e=he — RETY T e*®  for 2 — oo,

Comparing (3.10) and (3.12) we can see that

1 — |Rl|2 B Tl* RZ*TZ

r . l

Therefore we have T' = T, this is called transmission reciprocity. In the remainder

of this text we drop the superscripts for the transmission coefficient and define
T:=T =1". (3.12)

The transmission reciprocity is also valid for complex potentials, for the proof
see [33].

Another implication of equations (3.13) is the fact that if the potential is real R!
and R" differ only by a phase factor. It is important to note that, this result does
not hold for complex potentials.

Solving the scattering problems for a short range potential v(x) means finding

RY" and T for wavenumber k.

3.2 Transfer matrix and the S-matrix

Now, we summarize the results of chapter 2.2, [33], which defines the transfer matrix.
Consider a finite range potential in the form (3.4) and let ¢ (z) be a solution
of (3.1) for this potential. Then (z) and ¢'(z) := 0,%(x) must be continuous

everywhere. Let,

(
Yo forx <a_,

Y(x) = oy for a_ <z <ag,

\¢+ forz > ay,
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which must satisfy

O2p_ =k*)p_forw <a_, (3.13)
(92 = V(x))1ho = K>ty for a_ < z < ay, (3.14)
3§¢+ = k21/1+ for z < a, (315)

The solutions of (3.13) and (3.15) are in the form
Vi(z) = Are™ 4 Bie ™ for + 1 > +ax. (3.16)
and the solution of (3.14) is in the form

Yo(z) = a1y (z) + c2ppa (), (3.17)

where 11 and 1), are twice differentiable solutions of (3.1) that vanish outside [a_, a]

and ¢ o are complex coefficients. Then, we must have

lim vy (v) = lim o(x), lim 4 (z) = lim ¢p(w), (3.18)
lim o, (z) = lim 1)y () lim, Y (z) = lim to(z), (3.19)

Here the superscripts + and — mean that the limit approaches to the limiting point
from left and right respectively. Taking (3.16) and (3.17) we can write this conditions

in the following form.

Aieikai + Bie_ikai = 1/)1 (ai) + ¢2(ai),

’L'kAieikai — Z'kBieiikai = wi (ai) + wé(ai),

which can be written as

eikai e—ik’ai A:t 1 1 eik’aias A:I: ¢1 (a:t) ¢2 (a’i>

ikekax  —jke~ikex | | B, ik —ik By Yi(ar)  Yhlax)
Here o3 is the third Pauli matrix

o0

. ik n eikai 0
ezkaiag — Z (Z CL:I:US) _ (320)

1 n! 0 e—z‘kai

C1

C2
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Define
1 1 T T
K= , F(z) := vile)  val(@) . (3.21)
ik —ik Yi(z)  Py(w)
Note that we have
1 ) A
Y = F ol (an)Ketewes |
(&) By

Here, we note that, F(z) is invertible for every x, since det(F(z)) = Wi (x), o(x)]

is the Wronskian of ¢; and ¥y which is always nonzero. Then we have

; A ; »
F—l(a+)Kezka+03 + _ F—l(a_)Kezka,ag
By B_
which implies
Ay A_
M (3.22)
B B_
where
M := e "+ 3K F(a )F o )Ke*-o2 (3.23)

The matrix M that satisfies (3.22) is called the transfer matrix. Equation (3.23)
agrees with the formula of the transfer matrix given by [33].

Equations (3.6), (3.8) and (3.22) imply

Al My M| | AL A My M 0
+| | M 7 o P . (3.24)
0 My My | | BL BT My M| | BZ
Solving these for the entries M;; of the transfer matrix M we find
R'R" R'
T
M = T, (3.25)
R 1
T T

Notice that the transmission reciprocity and (3.18) implies

detM = 1. (3.26)
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We can use (3.7), (3.9) and (3.25) to find the reflection and the transmission ampli-

tudes in terms of the entries of M,

_M21
]\4227

o M12 1

Rl g = —, T = —.
Mo My

R’ (3.27)

This shows that finding the transfer matrix is enough to solve the scattering problem.

Another important property of the transfer matrix is its composition property
which motivated its definition [34]. Suppose v; and vy are short range potentials
vanishing outside intervals I; = [a;, as] and Iy = [ag, a3] such that [; and Iy do not
intersect, and I; lies the to the right of I,. Let v = vy + vy and, M, My, and Mj be
transfer matrices for v, v, and vy respectively. We can find these transfer matrices

using (3.23).

M = efiagkagKle(a:i)Ffl(CLl)Keikalag7
Ml — e—iazkagK—lF(a2)F—1(a1>K€ik2a10’3’

M, = e 3" K F(a3)F ' (ap) K™%,
which implies

M= MM, (3.28)
Let us repeat the same procedure for the short-range potentials defined as,

v(z) for z € [aj_1,a;)
v = 7 (3.29)
0 for x ¢ [a;_1, a; )

with transfer matrices M, for j € {1,2,--- ,n} and a,, > a,, > --- > a;. Then the

transfer matrix M for the potential v = v; + vo + - - - + v,, can be written as
M=MM,_;---M;. (3.30)

The decomposition property can be generalized to potentials with overlapping sup-

ports [35].
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Scattering Matrix
The scattering matrix or the S-matrix for potential v is defined by the relation

A, A
=S . (3.31)
B_ B.

Combining equations (3.6), (3.8) and (3.31) we arrive at

Al Sy S Al A S S 0
+| _ [ S -1 o[5S (3.32)
BL So1 Sao 0 B So1 S| | BL

3

and solving for the components for S and using (3.7), (3.11) and (3,14) we get
SH = 522 - T, 512 = Rr, 521 = Rl. (333)

The transfer matrix takes the coefficients of the left side of the potential to the
right side, while the S-matrix takes the coefficients of incoming waves to coefficients
of outgoing waves.

Comparing (3.27) and (3.33), solving the scattering problem with S seems more
efficient compared to M. However, S does not have the composition property that
M has, which makes it a useful tool for a variety of physical problems including
modeling and numerical investigation of optics [36, 37, 38|; condensed matter physics
[39, 40, 41] and acoustics [42, 43, 44]. Designing optical potential with interesting
properties useful in condensed matter and atomic physics described with transfer

matrix approach [45, 46].

3.3 Dynamical formulation of one-dimensional stationary scattering

Similar to the transfer matrix, the evolution operator U(t,ty) of any Hamiltonian
also has the composition property. This relation leads to searching a connection
between the evolution operator of a quantum system and the transfer matrix M of
a short-range potential [26, 27]. Since M is a 2 x 2 matrix the quantum system we
are looking for must be a two-level system.

Additionally, for every linear ordinary differential equation of order n, there

is an equivalent system of n linear first order equations. The time independent
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Schrédinger equation (3.1) is a second order linear differential equation, then we
can find a system of two first order linear differential equations that is equivalent
to it. This system of equations can be related to the time-dependent Schrodinger

equation for a two level quantum system
10, ¥ (z) = H(x)¥(x), (3.34)

where x takes the role of time. Here the state vector ¥(z) is an element of the
Hilbert space ## := C* @ H and H(z) : S — A is a linear operator. Notice
that this system of equations is not unique. Since (3.34) is equivalent to (3.1), the
components of ¥(x) must be linear combinations of a solution ¢ of (3.1) and its first

derivative v’. Define

x)(x) + )Y (x
U(r) = fu(@)b(z) + fra(@)y'(2) (3.35)
Ja(@)Y(z) + for(z)y'(z)
for some functions f;; for 4,5 € {1,2}. We have infinitely many choices for these
functions. However, there is a choice for these functions that is significant to the mo-

tivation mentioned in the beginning of this chapter. We want to set M = U (z,,x_)

for some x4, then we must have
V() =U(ry, v )¥(z_). (3.36)
Looking at (3.15) we let z; = 00 and arrive at,

M =U(c0,—00) = lim U(xy,x_) (3.37)

T4+ —Foo

then the wavevector must satisfy the following.

. Ay
lim ¥(z) = : (3.38)
T—Fo00 B:t

If we enforce (3.38) on (3.35) and use the boundary condition (3.3), we arrive at

: fin(@)(Are™ 4 Brew*) ik fio(x)(Are™™ — Bie o) AL
lim ¥(x) = A | | | _
z—+00 for () (Aie“” + Bie—zkz) + ik foo () (Aiezka: - Bie—zk;m) By

Rearranging this we get,

xglfm{Ai(fn + ikfu)eikx + B(fi1 — ikf12)€_ikx} = Ay,
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and
IEIEOO{Ai(fm + ik f22)€™ + By(for — ik fas)e ™"} = By.
The coefficients of A4 and By in these equations must be equal.

fi1 + ik fip = e, fur — ik fi2 =0,
far(x) + ik fae = 0, for — ik fay = €™,

There are unique functions that can satisfy these equations,

1 _. i
fll = ée—zkx’ f12 = _ﬂe—zkx7
1. i .
f21 - §ezkx f22 — _ﬁezkx.
Then we can write equation (3.35) as,
1 . x) — ik Y/ (z
U(x) = e s Vi) vie) (3.39)
7 () + ik~ ()
where
1 0
O3 = (340)
0 -1
is the third Pauli matrix, and
e ko8 s =N (—ikr)"e = (1) (k)T 4y (—1)"(kx)" oy
n=1 n=1 n=1
. 3.41
e—zkax 0 ( )
0 eikx

We find the left-hand side of equation (3.34) becomes by differentiating (3.39) with

respect to z and find

10,9 (z) = —z’—”(x;;f(x) ¢ kaos _11 (3.42)

where we used (3.1). We can find H(z) by inserting (3.39) and (3.42) into (3.34).

H(z) = %e_im”?’ﬁe—ikz” (3.43)
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where

1 1
K= : (3.44)
-1 -1
If we identify U (x, xy) with the evolution operator for the system in the interac-
tion picture, (3.29) implies M is the S-matrix of the of the quantum system described
with the Hamiltonian H(x) [47].
We let H(x) be the interaction picture Hamiltonian, then (3.43) gives us the free

Hamiltonian,
HO = —]{50’3. (345)
and the interaction Hamiltonian

_ (=)
H, =K (3.46)

Then the Schrodinger picture state vector and Hamiltonian are

() = - vlo) =ik (e) | (3.47)

2 [0 + ik ()
1 |v(z) —2k* v(z)

xTr) = M’C — kO’g = —
H(z) 2k 2k —v(x) —v(z) + 2k*

(3.48)

Notice that if v(x) is a real-valued function both H(z) and H(z) are o3-pseudo
Hermitian. The advantage of H(z) over H(z) is the fact that the former is diago-
nalizable and has a biorthonormal system.

Next we use the result of Appendix A to show that

M =U(+00, —00) = lim e 93U (zy, x_)e -3, (3.49)

T4 —Foo
where we let = 0. In particular, for a finite range potential with support [a_, ay]

we have

M = U (+00, —00) =U(00, a4 U(a, a_U(a_,—o0) (3.50)

=U(ay,a_) = e 73U (ay,a_)e -5

where we used (3.48) to show if x ¢ [a_, a ]

H(z) =0, U(x,xp) =1 (3.51)
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Chapter 4

DYNAMICAL FORMULATION OF STATIONARY
SCATTERING IN HIGHER DIMENSIONS

We discussed the significant role of the transfer matrix and its composition
property in the previous chapter, however their applications are limited to one-
dimensional scattering problems. The usual higher dimensional generalization of
the transfer matrix involves discretization of the momentum or configuration space
that is normal to the scattering axis. These transfer matrices are large numerical
matrices and require numerical treatments. Refs. [24],]25], give a different higher-
dimensional generalization of transfer matrix that do not require discretization. In
fact, instead of complex numbers like its one-dimensional counterpart, this defini-
tion of the transfer matrix gives a linear operator acting on an infinite-dimensional
function space. In addition, these references generalize the dynamical formulation
of stationary scattering to higher dimensions by relating the transfer matrix to the
time-evolution of an effective quantum system. Moreover, this transfer matrix shares
the composition property of the one-dimensional transfer matrix. The first half of
this chapter explains some of the results found in these papers for d-dimensional
cases.

Generally, the standard approach to two- and three-dimensional scattering as-
sumes that the scattering potential vanishes at spatial infinities. However with the
DFSS in higher dimensions, it is possible to solve the scattering problem for po-
tentials that are nonzero in an infinitely extended region of space. The authors of
[23] use DFSS to study the scattering properties of this kind of potential in two-
dimensions. In particular, they derive an explicit form of the transfer matrix for
two-dimensional potentials that are short range along the scattering axis but get

infinitely strong as its gets away from the origin along normal directions to this
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axis. In the remainder of the chapter, we derive the transfer matrix for this kind of
potentials in d-dimensions.
In both dimensions, the scattering axis is the z-axis, the source of the incident

wave and the detector are placed on the planes z = +o0.

4.1 Basic setup for stationary scattering in d-dimensions

First, focus on two dimensional stationary scattering. We define the polar coordi-

nates of our system as
r= Va2 + 22 0 = arctanx/z,

where 6 € [—7/2,3mw/2]. The two-dimensional time-independent Schédinger equa-
tion for a short-range potential v : R?> — C and a wavenumber & € R* has the

form

—2(x, 2) — (. 2) + vz, 2)(2) = K(x, 2), (4.1)
A potential is said to be short-range if it satisfies

rlv] — 0 as r — oc. (4.2)

There is a unique solution of this equation that satisfies the following asymptotic

boundary equation.

() — e 4 \/%f(@) e for r — oo, (4.3)

r
Here, the term %07 is the incident plane wave, Eo = k(cos bpé. +sinhyé,) € R? is the
incident wavevector, and 6 is the incidence angle. The second term which involves
e*" /1 is the scattered spherical wave and the function f(6) is the scattering ampli-
tude. Solving the scattering problem is equivalent to find the scattering amplitude
for each wavenumber k and incident angle 6,.

Now, consider a potential whose support lies z = a4y for some real number

ay > a_, li.e.,

v(z,z) =0 for z ¢ [a_,ay]. (4.4)



Chapter 4: Dynamical Formulation of Stationary Scattering in Higher Dimensions 38

z2=—00 zZ =00 z=—00 2 =00
' detector | | ! source ' detector | | I source
I I I I

Figure 4.1: Schematic view of scattering of left-and right-incident waves. The figure
on the right is a right-incident wave with incidence angle 6 € (7/2,37/2). The left
figure represents a left-incident wave with the incidence angle 6 € (—7/2,7/2). In
both figures the support of the potential lies between the lines z = a_ and z = a,.

There is ;however, no restriction on the value of the potential in the region bounded
by the lines. The solution of (4.1) for this equation satisfies the asymptotic boundary
condition (4.3), except in the vicinity of the z-axis, that is when 6 = +7/2.
Consider the case where the source is located at z = —oo, then the 6y €
(—m/2,7/2), and we call it a left-incident wave. Similarly, if the source of the
wave is located at z = oo, 0y € (7/2,37/2), and we have a right-incident wave. Let
fY0) and fr(#) be the scattering amplitudes for left- and right-incident waves re-
spectively. In the following we use superscripts [ /r to label the scattering amplitudes
of the left and right incident waves respectively. Then
7(6) fYo) for Oy € (—m/2,7/2), (45)
fr(0) for 6y € (w/2,37/2).
Now, consider the three-dimensional case, where we use the spherical coordinates

defined as follows

ri= /22 + y? + 22, 6 := arccos (z/+/ 2% + y?), ¢ = arctan (z/y).

where 6 € [0,7] and ¢ € [0,27). The solution of the stationary time-independent

Schrodinger equation in three dimensions

—(02 4 02+ ) (x,y, 2) + (2, y, 2)U(x,y, 2) = K*Y(x,y, 2) (4.6)
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where v(z,y, 2) : R — C is a short range potential, satisfies the following boundary
condition

ikr

Y(r) — e*om 4 f(0), gp)e for r — oo. (4.7)

”
Here e is the incident plane wave and ky € R* is the incident wave vector,
which is defined as /;0 € R3 = k(sin 6 cos o, sin Oy sin ¢y, cos ) where 6 and ¢ are
incidence angles. The term f (6, ¢)e*” /r is the scattered spherical wave and f(6, ¢)
is the scattering amplitude.

For a potential that is supported between the planes z = Z+a4, need not to
vanish along the z- and y-axes. In this case the solutions of (4.6) satisfies (4.7)
when 6 # /2.

If the incident wave is located at the plane z = —oo we name it a left-incident

™

wave. In this case the incidence angle 6 ranges over [0, 7). Similarly for a right-

incident wave 6y € (5, ], and we have

10, ¢) for 6 € (0, 5],
f0,9) = (4.8)

fr(@) 90) for 90 € (gﬂT]'
We aim to express both two and three dimensional cases in the same expressions.
Let d € {2,3} be the dimension of the space. d-dimensional vectors are denoted
by bold symbols and (d — 1) dimensional vectors are denoted with symbols with

arrows on them. Let é; be the unit vector along the j-axis for j € {z,y,2}. Let

r = (7, z) € R? where, 7 is a (d — 1) dimensional vector defined as

x for d = 2,
7=
(x,y) for d=3.
Let 7 := 7/r, where r is the norm of the vector 7. Define the angle 6 as the

angle § = arccos z/|7] in the respective ranges for each d. For d = 3, define ¢ :=
arctan (y/x) € [0,2m). Let

. 0 for d = 2,
Q= (4.9)

0,¢) for d=3.
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z=—00 Z=—00
detector T source
~

Figure 4.2: Schematic view of scattering of left-incident wave. The incidence angle
6 € (0,7/2]. The support of the potential lies between the surfaces z = a_ and
z = a+.

Zz = —00 zZ=—00
source T detector

A

Figure 4.3: Schematic view of scattering of right-incident wave. The incidence angle
0 € (m/2,7]. The support of the potential lies between the surfaces z = a_ and
z = a+.
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With this notation the time dependent Schrodinger equations (4.1) and (4.5) can

be written as
(_VZ—I - 83 + U(Fa Z))¢<Fa Z) = k2¢(7?7 Z)7 (410)

where V2, is the (d — 1) dimensional Laplacian. Consider a potential that is

supported between z = a4, i.e,
v(r,z) =0 for z ¢ [a_,ay]. (4.11)

The solutions of (4.10) for this choice of potential have the following asymtotic

boundary condition.

3—d

U Titery (22 pen €
The term Yincigent(T) = eiEO'F, is the incident plane wave that travels towards the

potential. The incident wave vector Eo = k(cos 0o, sin HOf), where 7 is the unit vector
in the direction of 7. The second term is the scattered wave,

ikr
— L —1\3— AL €
wscattered(r) = (Zk 1)3 df(ﬂ) =T as T — OQ.

r2

where the complex valued function f (Q) is the scattering amplitude. Solving the
scattering problem for a given potential is to determine f for every incident wave
vector /50.

The conditions for 6, we discussed above for a left- and right-incident waves is
equivalent to cos@ > 0 and cos@ < 0 respectively. Again we use the terms f! and
f7 to label scattering amplitude for right- and left-incident waves,

) Q) f 0y > 0,
Q) f1(Q)  for cosfy >0 (4.13)

Fr(Q)  for cosby < 0.
Let the Fourier transformation and its inverse be defined by,

Fepl f(7)} = f() = - dre” 7T f(7), (4.14)

—

FeHo) = 00 = s [ are o), (415)
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where f,g : R™? — C are functions. Equation (4.10) is a second degree partial
differential equation. Taking its Fourier transform with respect to 7 we arrive a the

following second order ordinary differential equation

A~ ~ ~

—4"(5,2) + (V) (5. 2) = D (D) (7, ), (4.16)
where
V(B 2) = Frplw(7, 2)}, (4.17)
(73)(.2) o= Frlo(r2), 00720 = o [ dail=.2)9(7.2)
(4.18)
and
k2 —p?  for k,
=(p) = P " 4 (4.19)
i/p*—k? forp>k.
where p = [p].

Since the potential is supported between the planes z = a, and z = a_, (77 1;)

vanishes outside the support of the potential and (4.16) becomes

V"7, 2) + (D) *(p.z) = 0 for = ¢ [a—, ay]. (4.20)
It is easy to see that the bounded solution of this equation has the form

35.2) . AL (p)e®P? + By (p)e™ @2 for £z >ay and k > |, (421)
pyz) =w X :
C(p)eF=P)= for +£2 > ay and k < |p],

where Ay, B.,Cy € F, where we define F as the set of complex valued generalized
functions of d — 1 real variables. Without loss of generality we set Ay, By = 0 for
p < kand Cy = 0 for p > k. Here the factor ™! to ensure that the coefficient
functions A4, B4, Cy are dimensionless. Note that there is no term of the form
e*@P)? for 42 > a4, since, otherwise we would have ||[v(p, 2)|| = |[¢(7, 2)|| — oo
as z — oo, which contradicts with the the boundedness of the solutions. We can

recover the solution of (4.10) by taking the inverse Fourier transform of (4.21). This

gives

U(F, 2) = (T, 2) + (7, 2) for £ 2> +as (4.22)
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where

+ 7o2) = dﬁ ezw (p)= e w(p)z] ,—irp
G50 = | it AP Bpe TP (42)

dp
:l: _) p— —m
ev(ryz) /IRdl\Dk (27r)d*1w(p)

where Dy := {p'€ REA=V||p] < k}. The part of the solution (4.32) that is labeled as

C(p)eFePze=ip, (4.24)

1,s and defined by (4.33) describes the oscillating part of the solution. The other

part is the evanescent wave and it satisfies [1)=| — 0 as z — 400 which implies
Y — YL as z — Foo. (4.25)
Define

~ for k,
(ko) (p) := ) 7 (4.26)
0 for |p] > k.

Notice that we have ﬁi = ﬁk, which indicates that this is a projection operator and
its range is Fy := {¢p € Fl(p) = 0 for k < |p]}. To simplify the expression (4.23)

we define

o, = A, + Oy, HB_=DB_+C_. (4.27)
Notice that,

Mo, = A, ,%_ = B_. (4.28)
Then (4.21) can be written as

3.2) ) A_e=0)z 4 B =i w02 for z < a_, (4.20)
p,z)=w 4.29
o, P 4 B 7P for 2 > ay,

and we can get the solution to the Schrodinger equation outside the range of the

potential by calculating the Fourier transform (4.29) and get

—

fRd*l#% [A_(p)e=P)* + B_(p)e”"=P)2)e?PT™ for z <a_,

Jeos Gyt [ @)=V + By(@em =P for 2> a..

¢(F7 Z) =
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(4.30)

Now, we combine the two boundary conditions (4.25) and (4.30) using [[35],Ap-

pendix A] and [[35],Appendix B]. Following the example of the one-dimensional case

we use the superscripts [/r to distinguish between left- and right-incident waves.

For a left-incident wave we have
B\ =0, AL = 27) o ()65

Then the scattering function becomes

i AL (p) — (2m) " (5o)d (P — po)

B (p)

£ = -

For a right incident wave we must have

AT =0, B, = (2m)" '@ (o) 07,
and we get
2, ' AL (p
f’"(Q):—221>< +(H)
@m)= | B () — @m) e ()57 - o)
where

Po= /;0811190, ﬁzk:sin@ﬁ’.
Note that, (4.19) and (4.35) implies

w(po) = k| cos by

for cosf > 0,

for cosf < 0.

for cosf > 0,

for cosf < 0.

We also define the reflection and transmission coefficients as

T : !
= ) &
T (5) : '

A
2 (27‘(‘)7

ﬁf‘ﬁr (P),

2

B (p).

d—1

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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4.2 Transfer matrix in higher dimensions

In analogy with one dimension, we define the transfer matrix M by,

Al fa
=M (4.39)
B, B
Mij : Jrk — fk,

M : C>*! @ F, — C*> @ F

Here the entries of the transfer matrix are not complex numbers like its one-dimensional
counterpart, but are operators acting on JF,. Similarly, we define the scattering ma-

trix S as the 2 x 2 matrix with operator entries that satisfy

Applying (4.31) and (4.33) to (4.39) we get

| emt i) A _|o AL

B- 0 Bl (2m)4 w (Po) 5,
which is equivalent to
(Qﬂ)d_lﬂnw(ﬁo)%o + ]\/4\1232 = A",
<2W>d71]ﬁ21w<ﬁ0)5ﬁ0 + ]/\/TQQBZ_ = 0,
M,B" = A,

Mo BE = (2m)" @ ()95, -
Solving these we arrive at

B! = —(QW)d_lw(ﬁo)M\ilﬁlﬁma

I
o~
\S)

— —~ —~ ~—~
' Ll ¥
M~
w
S~— N— SN— S~—

AL = (2m) " w(fio) (Myy — Mo Moz My )65,
B = (27T>d71w(ﬁ0)M27216ﬁ07

A = (2m) " o (o) Mo My, 0,
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where
(Mi;05,)(F) = (p| M| o) for i, 5 € 1,2, 870 = O (4.45)

We can find the scattering amplitude f¥/7(Q) by inserting (4.41) and (4.42) to
(4.32), and (4,43) and (4,44) to (4,34). This means that, the scattering problem can

be solved with the transfer matrix. Similarly for the scattering matrix we get

g | @I, | [AL] 5 0 A
0 Bt (2m) o (o) B
which imply
~ AlAr
(2m)* '@ (fio)Sdz = ;;. (4.46)
where
(S:07)(B) = (p1Si1po) for 4,5 € 1,2. (4.47)

Again, we can insert the entries of S to (4,40)-(4,43) to (4.32) and (4.34) to solve

the scattering problem.

4.3 Dynamical Formulation of Higher Dimensional Stationary Scat-

tering

Following the example of dynamical formulation of one-dimensional stationary scat-
tering , we seek to relate the transfer matrix for a given potential v to the time-
evolution operator of an effective quantum system. In order to achieve this, we
follow the steps of the previous chapter for equation (4.16). Since this is a second
order ordinary differential equation of second order , we can find a system of two
first order ordinary differential equations that is equivalent to (4.16). Which can be

described by the time-dependent Scrodinger equation of a two-level system,

i0,W(z) = H¥(2), (4.48)
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where z plays the role of time and ¥(z) : R4~2 — C. Following the example of the

previous chapter we define,

1 . @ (P)(P, 2) — il (P, 2
()7 = o= | FOIED WG (4.49)
@ (P) (P, 2) + i (P, 2)
where ¢/(7, z) = 0.4(p, z) . The left-hand side of (4.48) is given by
1 . Vi
ZaZ‘I’<Z) _ _e—zw(ﬁ')ztm iﬁA‘ ,
2 — V)
where we used (4.16). Inserting this and (4.49) to equation (4.48) we find
. 1 - :
’H(Z) — §e—zw(p*)zogny<ﬁ’ Z)@*l(ﬁ)Ke*lw(mza‘g’ (4.50)

where K is given by (3.44) and

=@ = [ @R, (451

Notice that (4.29) and (4.49) imply

A_ %4-
(¥(2))(p) = ®) for z <a_, (¥(2))(p) = ®) for z > ay. (4.52)
B_(p) B (p)

The time-evolution operator U(z, zp) is a 2 x 2 matrix with operator entries,

defined as,
V(z) =U(z, 20)¥(20) (4.53)
Inserting (4.52) to (4.53) we find

“(P) =U(ar,a_) A=) : (4.54)
B, (7) #_(7)

Equation (4.39) shows that the evolution operator U is not the same as the transfer

matrix. However it turns out to be useful, so we define the auxiliary transfer matrix

—

M as,

o~

M =U(+00, —o0) == lim U(z.,z). (4.55)

Z4—rF00
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If the support of the potential v(r) lies between the surfaces z = a4, the
Hamiltonian ﬁ(z) vanishes outside the this region. This shows U(zy,z_) = I for

2y ¢ [a_,a.]. Using the composition property of the evolution operator we get,
U(+00, —00) =U (+00,—ay) Ulay,a_) Ula_,—o0) =U(ay,a_).

This implies

— ~

M=U(a,a_), (4.56)
for a finite range potential whose support lies on [a_, a|. Define,

I, = II,1, (4.57)
where I, is defined by (4.26). Notice that, (4.28) implies

Aam| _g [40] A0 _g |40 sy

B_(p) % (D) B(p) B(p)

Then equations (4.39), (4.54), (4.55) and (4.58) imply,
M = II, M 1I,. (4.59)

We call M the fundamental transfer matrix.
It is possible to recover the fundamental transfer matrix in another way. As-
sume the Hamiltonian ’f/-\l(z) defined by the equation (4.41) is the interaction picture

Hamiltonian, then the free Hamiltonian as,
H, = —%(p)5s. (4.60)

and the Schrodinger picture Hamiltonian and and the Schrodinger picture state

vector are given by

H:= -7 ()K& '(p) — w(p)os, (4.61)

N | —

S

@ (D)5, 2) — i

1 (7, 2)
2 () (F, 2) +i

(7, 2)

(®(2))(P) = (4.62)

2
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Then time evolution operator U(z,, z_) satisfies,

—~~

M = U(+00, —00) := lim U(z;, 2). (4.63)

z4+—+o0

where we made use of (4.38), (4.62) and 4).

(4.6
We can use the relationship between fJ(z+, _) and U (24, z_) given in Appendix
A to show that,

A~

U(zy,2) = e_iz+a(m33ljl(z+, 2_) - F s (4.64)

which together with (4.63) imply

—~

M= lim e *=00Y(1z, —z) =00 (4.65)

Z4—rF00

In particular for a potential that is supported in the region [a_,a, ] we have,

M = e_i“+w(m°3ﬁ(a+, a_)ela-=Pes, (4.66)
Notice that neither of ’fl(z) and H(z) is a Hermitian operator. However, these
are oz-pseudo Hermitian operators if the potential v is real valued. Moreover, ﬁ(z)
is diagonalizable can be diagonalizable unlike 'fl(z)
Assume the potential (4.11) is z-independent for z € [a_,a], i.e.,

o(F.2) = YV (r) for z € la_,ay], (467)

0 for z ¢ [a_,ay].
Then H is z-independent and we have ﬁ(z+,z_) = e~il+—=)H, Using (4.56) we
find

.//‘/t\ _ efia+z%a3efiaﬁeia,1%a3 (468)
and, using (4.59) we get,

—~~

M — ﬁkefia_Fﬁ'ag efiaﬁeia_ﬁzagﬁk (469)
— i+ @[], o—iaH]] io-Fo (4.70)

This shows that for this kind of potentials, finding the transfer matrix reduces to

calculating e~
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4.4 The composition property of the transfer matrix in d-dimensions

Now we can show that the auxiliary transfer matrix has the composition property.
First we arbitrarily slice a part of the z-axis where the support of the potential lies.

Let n € N*, and ag,aq,- - ,a, and z4 be real numbers such that
. <a . =aq<a<a<-<apq<a,=a; < zy. (4.71)
The evolution operator U (21, z_) has the composition property, then we can write
Uz, 2 ) =U(ze, a)U(an, an,) - - Ulay, ao)d (ag, 2_). (4.72)
Now, divide the potential v into potentials v; with smaller supports defined as,

v(r,z) for z € (a;_1, a4,
Vi (7, 2) 1= ( (-1, (4.73)
0 for = ¢ (a;_1,q,],

This implies ”/};(ﬁ, z) = 0, then equation (4.50) implies

H(z) for z € [a;_1,a;],

H;(2) = (4.74)
0 for z ¢ [aj_1, aj],
(/\
1 for 2= <z <a;_4,
Uj(zp,2-) = I:\I(ZJF, z_) foraj_ <z_ <aj, (4.75)
1 for a; < z_ <z,

\

where 7/-2](2) and I,Alj(z+, z_) are defined by equation (4.50) and (4.55) for potential

vj. Moreover we define the auxiliary transfer matrix for potential v; as,

Z4—Fo00

M; = lim Uz, 2-) =U;(00, 2 U(az, a; )Uj(a; 1, —00)
(4.76)

(aj, a;1).

Here we used the composition property of u ; and equation (4.75). Notice that (4.71)

also implies Z:\l(er, a,) = L?(z+, a,) = I, then we have,

A~ A~ ~

U(zy, 2 ) =U(z, aUn(an, an U1 (a1, an_s) - - Uy (a1, ao U (ag, z_) (477

= i\ln(ana an—l)an—l(an—la an—2) e 'al(ala aO)'



Chapter 4: Dynamical Formulation of Stationary Scattering in Higher Dimensions 51

Then (4.55), (4.76) and (4.77) proves the composition property of the auxiliary

transfer matrix,
M=MM, M (4.78)

Note that I =U(zy, a,) = e U(z,, a,)e~=® implies U(z,, a,) = e~ G+—am=@),
Similarly we find ﬁ(ao, z_) = €'*==0)®) These, (4.63) and the composition prop-
erty of the evolution operator ﬁ(z+, z_) imply

—~

M= lim e % mU (G, Gy 1)ﬁn_1(an,an_1)---ﬁl(al,ao)eisz(@. (4.79)

Z4—rF0o0

Note that, we cannot apply the same procedure to the fundamental transfer
matrix since the Schrodinger picture evolution operator U, (24, z_) for potential v;
does not have the form (4.75). As a consequence, ﬁj(z+, 2 ) #1 for z_ ¢ laj_1,a;]
and (4.76) and (4.737 does not hold. This shows the importance of including the

evanescent waves in the DFSS in higher dimensions.

4.5 An explicit formula for the transfer matrix

The Hamiltonians H(z) and ’ft(z) are not Hermitian, so there is no spectral theorem
that guarantee the existence of a complete set of eigenfunctions. This makes finding
an explicit formula for the transfer matrix difficult. However, [23] shows that if we
restrict the scattering systems such that ﬁ(z) has a discrete spectrum, it is possible
to construct a biorthogonal system for ﬁ(z) In the rest of this chapter we give the
details of this construction.

We focus our attention on potentials of the form (4.67) where ¥(r) is a real
confining potential, that is #(¥) — oo as r := |f] — oo. Define the operator
h=p2+ 77(F), where p be the (d — 1) dimensional momentum operator acting on
the Hilbert space L2(R%1) and p? = p’- p. Then this operator has a real discrete

spectrum {E,} and a complete set of orthonormal eigenbasis {|¢,, a)} such that

(8 + 7 (1) 6, @) = Bulén, a) (4.80)

oo dp
ZZ |6 a){Gn,al = 1, (4.81)
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|¢m> b) <¢na CL| = 5mn6ab (482)
where n € NT, d, is the multiplicity of the eigenvalue FE,,, I is the identity operator
defined on L*(R%1) and a,b € {1,--- ,d,}. Define,

Wi=\&2-7. (4.83)
Equations (4.19), (4.51) and (4.83) imply,

(&2 = )| pn, a) = w2|bn, ) (4.84)

where

k2 — E, for E, <k?,
Wy = (4.85)

ivE, — k2 for E, > k?
then we get,

0o dn

W =3 wuln, a){¢n,al. (4.86)

n=1 a=1

It is easy to show that the vectors given by [23]

1 |lzFW 1 |t Ew
|\Il’rﬂl:,a> =57 — |¢TL7 a>7 |q)7:|l:’a> = o |¢n7 a>, (487)
2k |+ W 2k | 1t £ W
satisfy
HWE ) = dw, [UF,), H'|0%,) = 4w | ), (4.88)
<(I)rin,b|‘:[l1j1:,a> - 6mn5ab; (489)
oo dn R
SO>S (wE@ ]+, (@) =1, (4.90)
n=1 a=1

where T is the identity operator on C? @ L2(R2). The definitions in section 2 show
that {|‘Ilfa>, |<I>fa)} forms a complete biorthonormal basis. As we expected the
spectrum of H consists of real and complex conjugate pairs of imaginary eigenval-
ues. The definition of the eigenvalues (4.85) shows that there is finitely many or no

real eigenvalues of H and there are infinitely many complex conjugate eigenvalues.
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When k = v/E,, both the eigenvalues +w,, vanishes, which shows that these eigen-
values coalesce. Moreover the first relation in (4.87) shows that the corresponding
eigenvectors |\Il§a> also coalesce at this value of k. Then the wavenumber k = /E,,
is an exceptional point. We name k, = \/E as exceptional wavenumber. Since the
eigenvectors coalesce, there is no longer a complete set of biorthonormal eigenvectors
and H is no longer diagonalizable, this makes w,,, a defective eigenvalue of H.

In order to get an explicit form of the transfer matrix. First we assume there is
no exceptional point, that is k? # E,, for any n € N*. Then the system of vector
{\\IIWJ7 @0, } forms a complete biorthonormal system of eigenvectors of H and

IA{T for the Hilbert space 7.

125 @EW-1+WaY) EWL-Wa?
W o) @F,a - [PTEW A WE D EEW EWE D 6l
FoWl-Wzt 24+ (@Wl+Wao)
(4.91)

where we used (4.87).
Moreover we have the following spectral representation for H(z).

oo dn

ZZ wa | W ) (BF | = w,[T7 ) (B, ) (4.92)

oo d ~T1/— 17— ~Tir_ T~
i —(wW '+ wa™) (W -wa )
;;w" —(@EW-WaY) (BW-l+Wa ) (o 0100
(4.93)
and
oo dn
e = SN (eTEe W N (B 4 e W, ) (@) (4.94)
n=1 a=1
_ Z %{ I +00) + C)(1 - a0) +i(28(2)5 K+ B5 ()K" |
n=1n;
(4.95)
where
oo dn
C(z) == Z Zcos (0 2)| G, a){ P, al = cos (W), (4.96)

n=1 a
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and

oo dn

S(2) = w, " sin (wn2) ¢, a) (b, al = W sin (W). (4.97)

n=1 a
Inserting (4.95) to (4.70) we find the explicit formula of the transfer matrix found
by [23]

C:= I1,C(a)1g, R = HkWQS\(a)ﬁk, S:= ﬁk?(a)nh (4.99)

C.=wCe ' £C, Sy =i(R&™ + &8), (4.100)
to simplify the expression (4.98) and we arrive at

_ e—ta+® CA +§ pla-&  o—iay® é\, +,§7 e—ia—@
M = .A(f A+>,A ,A(A A),A . (4.101)
eza+w(c_ _ 8_)6m_w em+w(c+ _ S+)€fza_w
Now, consider the case when we have a exceptional wavenumber k,, = \/F,,.
Then w,, = 0, W is not invertible and H is not diagonalizable. In section two we
showed that it is possible to get a complete basis by extending the previous basis

with the generalized eigenvector corresponding to the defective eigenvalue. The

corresponding eigenvectors of +w,,, become

A~

1
(Vo)) i= 1) = W) = 5 || W)y foreacha€dn (4102)

The generalized eigenvectors are the vectors |(¥,,, ,)—) that satisfies

I/:I|(\I’n*,a)*> = Wn,

(W,,q)+) =0, foreachaed,,

Equations (4.92) shows that

(U 0)-) = Vn, ), for each a € d,, (4.103)

DN | —

1
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are the vectors we are looking for.
Similarly w,, is an defective eigenvalue of H' and the corresponding eigenvectors

|®X ) coalesce and we define

TN, @

1
(@, 0)") =k , & Mg, o) for each a € d,,. (4.104)

We find that the generalized eigenvector corresponding to w,,, is

1
(¥, 0)”) = |pn.a) foreacha € d,,. (4.105)
1

Now, define the sets

B = {1¥7,)

n € 2\ {n}} U {12 0. (T ) ) ), (4.106)

Boo={I8t,) |neZ\ {n}} U{|@na)). (@0 )} (4.107)

A~

Considering the fact that (4.95) is an analytical function of the operator H

and equation (2.74) shows that the expression (4.101) still holds for exceptional
wavenumbers. This agrees with the results of [23]. Note that, for an exceptional
wavenumber, the operator W is not invertible, however, the operator S (2) is still
can be defined as 5(z) = Zn(—l)"WQ”/(Qn +1).

At the exceptional point e~ has an extra term which can be found by (2.76).

dny

S () ) (@)l + e 0,0 (@)
=3 (100 D)ol 4 () (@) )
= Lal 1.} Ol T K

Therefore the contribution of the exceptional point to the fundamental transfer

matrix is linear in a.

4.6 Solution of the scattering problem

Solving the scattering problem requires to find the scattering amplitude f(£2) for all

wavenumbers and incident angles. This can be achieved by calculation the scattering
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matrix S or finding M and solving for the coefficients AL, By. Then we can insert

the reflection and transmission amplitudes to (4.32) and (4.34).

First, we solve the scattering problem using M. We begin by calculating B (p).

B (p) = —(27)“ V& My, Moy b5,
= —(pl@e 7 (C} - Sy)

~ -~

1 ia+%e*i“+%(C_ _ S_)em‘%|ﬁ0>

_ _eia_(fw(p)Jr‘W(ﬁO))a(ﬁ’) <]§" (é:r — §+)71<é\, — gf)‘ﬁ(ﬁ

= el Dg () (p1(Cr — 84) 7N (€~ 81)lh).

Here we have used (4.41) and (4.101) and the fact that cosfy > 0 for a left-incident

wave. Similarly, we find

Rl(ﬁ) - Z-(2ﬂ_)%ez’a,k(coseo—cosﬂ)w(m <]7| ((Z_ _ §+)—1(é\_ _ S\_)|ﬁ0>7 (4108)

-~ ~

T'(5) = i(27) T w () (BI(C) +Sy) — (C- —8-)(Cr — 84)"H(C- + 8-)|fv),

(
R () = i(2m) 7 e eHeos s () (5|(C. + 84) 71 (C- = SO)li),
(

T"(§) = i(2m) "7 Mo oshome Do (5) (5| C — 84) 7).

4.109)
4.110)

4.111)

Here we used w(p) = kcosty and w(py) = k|cosby|, also the fact that cosfy > 0

for a left-incident wave and cosfy < 0 for a right-incident wave. The authors of

[23] showed that the scattering matrix S for this system is given by the following

expression.
S=I1,zE,TE_&*

where

and

o~ —

(4.112)
. |T, T.
r=|"_ (4.113)
I_ T+
(4.114)

Que = W cos (gW) + sin (gW)fﬂ\, Qor = cos (gW)Y% + +iW sin (g/W) (4.115)
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Inserting (4.35) and (4.36) to (4.34) we get

T R P
—i(2m)"  w(po)Sdz,, (4.116)
RY T"

These imply
. e—ia+z%f+ eia,@ e—ia+z%f_€—ia+ﬁf
S = R (4.117)

eza_wF_eza_w eza_wr+671a+w‘

Using (4.116) we get the left/right reflection and transmission amplitudes.

RY(0,0) =i(2 ) 7 k cos e F(cosbo SO _ (5, pp), (4.118)

70, 0) = —z(27r) 7 k cos fe*(a~ cos (Bo) —ay csOT (5, p), (4.119)

R"(0,p) = —i(2m) T k cos feia+k(eos (Fo)—cos () _ (7, 10), (4.120)

T7(0, ) = i(2m) T k cos G+ cos @o)—a—cos O (5 5. (4.121)
where

Pe(7.50) = (AT [0). (4.122)

This shows that solving the scattering problem reduces to calculation of Iy (p, pp).
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Chapter 5

FINITE LENGTH WAVEGUIDES

In this chapter we use the machinery developed in the previous chapter to study
scattering of wave from a finite length waveguide with impenetrable walls of infinite
thickness filled with a homogeneous inactive and lossless material. Fig. 5.1 and
Fig. 5.7 show the schematic views of such waveguide for two- and three-dimensions
respectively. The two dimensional case of this problem is studied in [23], where
the scattering from the finite length waveguide is due to two different parts; from
the impenetrable walls and from the material inside the waveguide. We generalize
this approach to three-dimensional finite waveguide and discuss its differences and

similarities with its two-dimensional counterpart.

5.1 Scattering from a d-dimensional finite length waveguide

Consider potentials defined as (4.67) where

2 for 7 € box,
+oo  for 7 ¢ box,

7 € R,

[0, L] for d = 2,
box := (5.2)

[0,L,] x[0,L,] ford=3,
and L, and L, are positive real parameters. This potential describes a d-dimensional
rectangular waveguide of length a, width L,, and height L, for d = 3. The waveguide
is filled with passive and lossless material and it has impenetrable walls with infinite
thickness. The scattering properties of the material is determined by the parameter
7. Figures (5.1) and (5.3) show schematic view of such waveguides in two- and

three-dimensions respectively.
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With the choice of the potential (5.1), the operator h = ]32 + ¥ becomes the
Hamiltonian of the quantum system describing a particle confined in a (d — 1)-
dimensional infinite rectangular well. The energy eigenvalues and the correspond-
ing eigenvectors can be found in every introductory quantum mechanics textbook.
Generally, this problem is considered in the Hilbert space L?(box), however, in order
to take the impenetrable walls into consideration, we examine the problem in the

Hilbert space L*[R47!]. It is easy to see that
L*[RY = L2[box] @ L*[R '\ box] (5.3)

where @ stands for direct sum. This means that for every ¢ € L2[R?"!] there exist

unique functions ¢ € L%(box) and ¢ € L2(R@\box) such that,

o) for e b
o(r) = qf(f’) or 7 € box, 5.4
o(r)  for 7 ¢ box.

Let A be the projection onto L2[box] defined as

~ o(7) for 7 € box,
Ro(r) = (5.5)
0 for 7" ¢ box.
Since we are working in a Hilbert space, Ais an orthogonal projection. This implies
that (I — A) is the orthogonal projection onto L2[R% 1\ box];
~ 0 for 7 € box,

(- Mo = { 56)
() for 7 ¢ box.

In particular we have
L?[box] = AL*[R*], LR\ box] = (I — A)LA[R1]. (5.7)

The energy eigenvalue E and corresponding eigenfunction ¢(7) = (7]t)) € L2[R(@Y)]
of h must satisfy (7](p? + ”/7)|gz5) = FE¢(7). Outside the boz, the potential is infinite.
Therefore eigenvalue problem becomes

—V2_ O(F)+ V() for ¥ € box,

(r|(p* + V)|¢) = (5.8)
0 for 7 ¢ box,
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where ¢ are twice differentiable functions of 7, that satisfy

$(0) = ¢(Ly) = 0 for d = 2, (5.9)

$(0,y) = ¢(La,y) = ¢(z,0) = d(x, L,) = 0 for d = 3. (5.10)

Equation (5.8) shows that the eigenvalues of ARA = -V2  + ¥ are also eigen-
values of h with the same eigenvectors which vanish when 7 ¢ box. Moreover, zero
is an infinitely degenerate eigenvalue of h and the corresponding eigenvectors are all
functions in L2[R@1\ box]. The total spectrum of i becomes the spectrum of ARA
combined with zero. The following are the eigenvalues and and the corresponding
eigenfunctions of h.

Ona(P)  for 7 € box,
E, =&, + %, O a(F) = (5.11)

0 for 7 ¢ box.

Here &, and gzoﬁma € L?[bozx] are eigenvalues and the corresponding eigenfunctions of

/A\iL/A\, i.e., they satisfy
V?l—lgzn,a + Engzn,a =0.

for all n € Z+.
Notice that the regular completeness relation for the eigenfunctions of h does
not hold. Instead we get

oo dn

SN [bna)(dnal = A (5.12)

n=1 a=1
The scattering from the potential (5.1) is due to two different interactions, namely
the interactions with the walls and the material inside the waveguide. The part
of the wave that interacts with the vertical boundaries of impenetrable walls gets
reflected. The remaining part of the wave interacts with the material inside the
waveguide and gets partially reflected and partially transmitted. The linearity of the
Schrodinger equation allows us to consider the scattered wave as the superposition
of the contribution of interior of the waveguide and the vertical boundaries of the

impenetrable wall. The vertical boundaries of impenetrable walls are represented
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by thick dark red lines in Figure (5.1) and pink walls dashed with dark red lines in
Figure (5.3).

Let 9(7, z) be a solution of the Schrédinger equation (4.10) that satisfies the
boundary condition (4.12). Let |[¢(z)) be the function that satisfies (r]i(z)) =
(7, z). This allows us to consider 1(7, z) := (pl¢)(2)). In particular, (4.21) implies

-1 eFFIA) + e | B) forz<a_,

[¥(2)) = —a= % (5.13)

2mz e\t ) + e ¥ By)  for z > ay,

where we used the fact that (7]p) = (27?)%6”7? and (pleo = (plw(p).

As a solution of the Schiodinger equation (4.10) for potential (5.1), (7, z) must
be a continuous function that vanishes inside the vertical boundaries of the impen-
etrable walls. This is equivalent to the condition, ¥ (7, ay) = 0 when 7 ¢ box, which

implies
(I = N)[¢(az)) =0. (5.14)

Inserting (5.14) to (5.13), we get

(A —T1)|B_) = (I —N)e*%|A), (5.15)
(A= TD)|ey) = (I = A)e ™% |B,). (5.16)

We want to solve these for |#_), |47, ) respectively. Since these are non-homogeneous

linear equations, the solutions are of the form

| B_) = |Bo-) + (I — N)e**~%|A_), (5.17)

| 2,) = |toy) + (T — R)e™2*+%|B,), (5.18)
where

(A—1)|%,-) =0, (A= 1)) =0, (5.19)

which show that |%,_) and |7 ) are solutions of the homogeneous linear equation
(A — D)|v) = 0. Noting that (I — A)2 = (I — A), it is easy to check that (5.17) and
(5.18) are solutions of (5.15) and (5.16) respectively.
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In view of (5.19) |%y_) and | %, ) are associated with the Hilbert space L%[box],
and (I — A)e%=2|A_) and (I — A)e2+%|B, ) are associated with L2[R? \ boz].

Consider a left-incident wave where according to (4.31) |BL) = 0 and |A") =
(2m)4 @ (po)|po). This implies AL (p) = (p|AL) = (2m)¥ '@ (py)dz,. Next consider
(5.15) and (5.16) for a left incident wave, and apply I}, to both sides of these

equations to obtain
|BL) = I %) + (2m)" (o) e*** “TL(I — A)| 7). (5.20)
ALY = Tiilaf,). (5.21)

Applying (p] from left to both sides of this equation we get

B (p) = #)_(p) + B}_(p), (5.22)
A (p) = o, (5.23)
where
BL_(p) == (p12m)*  w(po)e® ™ = (T — R)|po)
0o dn ) (5.24)
= o (F0)e™ = |2 05— 30D GualFo) G|

and ¢, o(P) = (27)1(pl¢) is the Fourier transform of ¢, ,(7).

The functions B. and A" describe the reflection and transmission of the left-
incident wave respectively. %}_(p) and 7}, (p) are associated with the Hilbert space
describing the interaction of the wave with the interior of the waveguide. We can
identify them with the reflection and transmission coefficients of the part of the left-
incident wave that interacts with the interior of the waveguide. The same argument
applies to B!_ and we associate it with the reflection from the vertical boundaries
at z = a_ of the impenetrable walls.

Following the same procedure for right-incident waves we have

BY(5) = By (7). (5.25)
A7 (5) = 5, (7) + A3, (D), (5.26)

where

AL (P) = @(po)e =N ((2m) 5 (5 — o) — Y Y & a(Po)bna(P)  (5.27)
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Again, we associate the functions Z_(p) and <7 (p) with the interior of the waveg-
uide and A7, (p) with the vertical boundary of the walls located at z = a..

Notice that, as expected, equations (5.22) and (5.25) show that there is no con-
tribution to transmission amplitude from the impenetrable walls.

The scattering problem can be solved by inserting (5.22), (5.23) to (4.32), and
(5.25), (5.26) to (4.34). This reduces to the calculation of yfolf and %’é/f, which can
be done with the results of section 4 either with the transfer matrix or the scattering

matrix.

5.1.1 The contribution of the interior of the waveguide to the scattering problem

We aim to use the machinery developed in chapter 4 to determine the contribution
of the interior of the waveguide. To achieve this, we need to redefine some operators
defined in the section 4 so they are associated with the interior of the waveguide.
The operator W can be expressed in the form (4.86) with the eigenvectors (5.11)
and considering ¢y, (7) = (7]¢n,q), which implies

WA =AW =W. (5.28)

Note that this shows /I/I?v,b(f') = 0 if o (7) € L*[R?!\ box] which implies that zero is
an infinitely degenerate eigenvalue of W with corresponding eigenvectors being the

elements of L?2[R%!\ box]. This implies

0o dn

W =" walona)(nal: (5.29)

n=1 a=1
where

VEE—=E,— Y  for VE, + Y <k,
Wy = (5.30)

VE,+ Vo — k2 for VE, + Y > k.
Now, we consider the operator @ defined by (4.51). Let ¥ (7, z) be a solution of the
time-independent Schodinger equation (4.21) with potential (5.1). Then ¢ (7, z) = 0
when 7 ¢ box and z € [a_,a.]. This can be written as (I — A)[)(z)) = 0, which

implies 1 (7, z) € L*[box]. Equation (4.57) shows that this is also true for the solution
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W¥(2) of the time-dependent Schodinger equation (4.48). Let us define
% = Aw(p)A. (5.31)

which together with (5.1) imply

_ N3

> efi%zoslcefiawi*{ﬁ*l(ﬁ);\\, for z € [CL,CEJF]- (5.32)

Hz)

Using (5.29), (5.31) and (5.32), we can employ the methods developed in chapter 4
to solve the scattering problem for the interior of the waveguide.

First we observe that (5.31) implies
[@,A] = 0. (5.33)

Now, we consider @|¢, ), since @ is a function of p?, we need to find how p? act on

|¢na) By definition we have

<F|ﬁ2|§2n,a> = _v?l—lqzn,a(r) — gng%n,a(f‘)-
Combining this, (4.19), (4.51) and (5.11), we obtain

. WyPna(T)  for 7 € box,
(r|@|Pn.a) =
0 for ¥ ¢ box,

where

k2 —E&, for &, <k,
Wy 1= (5.34)

iVE, — k2 for /&, > k.

This in turn implies

@ Pn,a) = @nldn.a), (5.35)

and we find

0o dn

G=A=) ) @uldna)(dnal. (5.36)

n=1 a=1
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In particular we can show that @ and 1% commute,

—~

W, %] = W& —aW = Wah — aW

oo dn 0o dn
= szwn‘¢n,a><¢n,a’ - @Zzwn‘¢n,a><¢n,a’ (537)
n=1 a=1 n=1 a=1
oo dp oo dp
= Z Z wnwn’¢n,a><¢n,a| - Z Z wnwn‘¢n,a><¢n,a’ =0.
n=1 a=1 n=1 a=1

This property simplifies the calculations of [, and the elements of the transfer

matrix M. In particular, for non-exceptional wavenumbers we get

o _ [PV @E TP - @ - W] (@ - W1 - e
QW@ (ﬁ/\2 — &?) (1 _ €2iaW) [e%aw({ﬁ _ W\)Q &+ /W)Q]
(5.38)

)

which can be inserted to first (4.70) and then (4.41)-(4.44) to solve the scattering

problem. Moreover, I'y become

~ [ 4B eiaW 1~
I#:1a+WV—@—ﬁW&W_A (5:39)
/f _ <W2 - @2)(] o eZiaW) K (5 40)
@AWz (& - W)zetiaW | '

These can be inserted to (4.118)-(4.121) in order to solve the scattering problem.
These equations also hold for exceptional wavenumbers if 75 # 0. The same ex-
pressions can be found for an empty waveguide with an exceptional wavenumber by
taking the limit %5 — 0.

It is straight forward to show that
M\g_zl = —(]\/4\11 — ]/\212]/\4\2_21]/\4\21) = —f+7
M251M21 — —M12M251 - f,.
Let n, be the largest positive integer such that k < \/&,. + %. If n, > 1, (5.30)

implies w,, = |w,| if n < n, and w,, = ilw,| if n > n,, which allows us to write 'y

as

Ths S8 dn

dn
Te=> > réna)Gnal + D D 5Llbna)(bna | (5.41)

n=1 a=1 n=nx+1 a=1
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where
4w, |, eielen
yo= e : 5.42
T @+ [l = (@ — Pl (542)
4i|w, |, ealen]
o= o 5.43
R G P | Cr P (543)
N 2 _ 52)(] — 2ia|wn|)
P (1wl Gl — (5.44)
(n + |wal)? = (Wn — |wn)2e?iakn]
n2 2)(1 — —2a|wn |
SN " 1C et el N 549
(con + tlwn])? — (o, — t|wy|)?e—2alwnl
Then inserting (4.122) to (5.41) we find
L (7.7) = (polTl7)
[ dn A B ©  dn .- B (5.46)
=@ DD @) @)+ Y D s oF) o)
n=1 a=1 n=nx—+1 a=1

5.2 Two-dimensional finite waveguide

Now, we focus on the two dimensional case, and derive the results of [23]. For d = 2,
we drop the label for degeneracy and the summation over d,, since energy eigenvalues
particle trapped in a two-dimensional rectangular box are non-degenerate. Then

(5.10) becomes

2

V2/L.sin ™z f 0,L,],
ou() = [Lysin = for x € [ ] (5.48)
0 for x ¢ [0, L,].

Moreover, (5.28) and (5.33) become

(

o \/kQ — (mn/L.)* =%  for \/(Wn/Lz)2 th <k, (5.49)

i/ (mn/Ly)? + ¥ — k% for \/(mn/L,)*+ % > k.

— VK2 — (mn/L.)? — Y, for (7n/L,) <k, (5.50)

in/(mn/L.)? + % — k*  for (mn/L,) > k.
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Figure 5.1: Schematic view of two dimensional waveguide of finite length a and
height L,. The potential is infinite inside the impenetrable walls which are illustrated
as pink walls. Inside the waveguide there is a homogeneous lossless material(the
region colored in blue). The thick dark red lines are the vertical boundaries of the
impenetrable walls which contribute to the reflection of the waves.

Also we have,

7ny/2L e~ (Lap—mn)] f
_ T (o) or p # mn/ Ly,
Gulp) = ¢ (el (5.51)

—iy/ Ly /2 for p=mn/L,,
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Figure 5.2: The eigenvalues +w, of H of a two dimensional waveguide for different
potentials inside the waveguide. The solid lines are the real parts and the dashed
lines are the imaginary parts of +w,. The points of crossing with the k-axis are
the exceptional points. The blue and orange, green and light red, magenta and
yellow, black and pink, light green and light blue curves correspond to w, and —w,,
respectively for n = 1,2,3,4,5. The upper figure has negative potential, the middle
has no potential and lower figure has positive potential.

Fig (5.2) shows the plots of the eigenvalues +w, of the effective Hamiltonian
H for n = 1,2,3,4,5 for negative, zero and positive potentials. The points where
4w, intersect are the exceptional points of H. As the parameter k increases, the
values +w, decrease and eventually reach zero at the exceptional point. Beyond
this exceptional point, they transition into imaginary values.

The largest integer n, that makes 4w, real is

n, = EMJ (5.52)

where |z] is the largest integer that is smaller than x.
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Now, we examine some limiting cases. Assume that the length of the waveguide

is much larger than its width, that is @ > L,. Then for n > n, we find

e <[ (2) -] 2 () ] [2]

This implies a|w,| > 1 for n > n,. Also we have

st — 0 as alw,| — oo, (5.53)

S, — tn as alw,| — oo, (5.54)

where s* are defined as (5.43) and (5.45), and

|wy| + iy,

ty = (5.55)

|wy| — ooy,

Using these results and (5.46) become

L'y (fo. ) ~ Zr+¢n (D), (5.56)

f,(ﬁo,ﬁ) ~ — Zr ¢n pO (bn ]7) + Z tn¢n pO ¢n(]§> (557)

n=n,+1
This shows that the transmitted wave is determined by the Fourier transform of the
first n. eigenfunctions of the particle trapped in [0, L,].

In the limit « — oo the approximations (5.56) and (5.57) become exact which
agrees with the fact that there are finitely many waves that can propagate through
a regular infinitely long waveguide.

Next, we focus on the cases where the wavenumber is smaller than any possible
exceptional wavenumber, that is k* < 72/L2 + ¥,. Then w,, = i|w,| for all n € NT

and (5.46) becomes

[e.9]

=~ 1

i(pp0) = 5= 3 5udn(p0) dnlp). (5.58)

n=1

In addition with the condition a > L, we can use (5.53) and (5.54) to show that
(5.58) becomes

T4 (p,po) ~ 0, T4 (p, po) Ztn% P0)"¢n(D)- (5.59)
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The first approximation indicates that there is no transmitted wave from the waveg-
uide whose length is much larger than its width i.e, act like a filter for waves with
wavenumber k? < 72/L2 + %.

Now, assume that the waveguide is empty, i.e., %, = 0, which implies w,, = w,,

which suggests W = &, (5.39) and (5.40) reduce to

—~

T, =é"", I_ =0, (5.60)

and (pg |f:t |p) become

~ ~

L' (p, po) Zemw”d) Po)*(p), T4 (p, po) = 0. (5.61)

The second equality shows that there is no contribution to the reflection from the

interior of the waveguide as expected. We can express the first equality as

~

I+ (p, po) Zemlw"|¢ (po)* ¢n Z e vnlg, (po)* ¢n( ) (5.62)

n=nsx+1

and if we have a > L, we find

T+ (p, po) Z o/ R/ L2l (90)" fu (). (5.63)

Then the transmission is determined by qbn where << n, Fourier transform of ¢(z).
Let k be the smallest possible exceptional wavenumber, i.e., k = 7n/L,, then (194)

reduces to

B4, 0) = 5-61(00)"1(0) (5.64)

This shows that the transmitted part of the scattered wave is independent of the
length of the waveguide a. This is consequence of the emergence an exceptional
point in the scattering problem.

Note that, for a nonempty waveguide, if k = /L, + %, (5.56) reduces to

~

. (p,o) ~ i 61 () (o), (5.65)

where 7" can be calculated from (5.42) by taking the limit |w;| — 0. Using L'Hopital

rule, we can show that

2 [lwalmetaen] .
lim 77 =4 lim = . (5.66)

e G e G P ] e




Chapter 5: Finite Length Waveguides 71

where we assume a > L, for a non-empty waveguide

V7 for % >0,
Wy, = (5.67)

Yy for ¥ < 0.
(5.65) is not independent of the length a of the waveguide. The a dependence is
given by (5.66).

Consider an empty two-dimensional waveguide of length a and height L,, located
between the lines z = 0 and z = —a, and a > L,. We send a left-incident wave with
wavenumber k = \/57?/ L, and incidence angle # = 0. In this case, pg = ksinfy =0
and w(py) = k. Since the waveguide is empty, there is no reflection from the
interior of the waveguide, we focus on the transmission which can be calculated
using (5.63). With this choice of the wavenumber, only the Fourier transform of
the first eigenfunction of particle in a box determines the transmission, and (5.63)
becomes

B1.4(6,0) = 5™/ 53(0)1 (). (5.68)

Using (5.51) we find,

/ L;v e—i\/§7rsin6 -
~ 2m ? (7rcos2€ = for ¢ 7é :i:Z’
il = Y2 sind) = ,
T . L, _ s
—iy/ 5 for § = £7,
< Lx
¢1(po=0) =i 5

Inserting these to (5.68) and making use of (4.121) we find the transmission ampli-

tude,
Cnidaiine 2 for 0 # =
Tll (6) = COS eeiﬂ'c(e) T cos 20 T
_Z’\/T% for = Z,

where c(f) := [(1 — v/2cos0)a; + (vV2 —1)a_]/L,.
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real part of the transmission coefficient imaginary part of the transmission coefficient
0.6
0.2
0.4
0.01
0.2
—0.24
0.01
—0.4 4
—0.24
T T T T T T T —0.6 1— T T T T T T
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
2 2

Figure 5.3: Real and imaginary parts of transmission amplitude of an empty 2D
finite waveguide, for a, = 0,a_ = —1000L, and k = v/27/L, and incidence angle
6o = 0.

Using (4.12) for d = 2, the transmitted wave becomes

(6_i\/§ﬂ sin 9+1)

— Lx ; for 6 7£ E,
Dtrans (1 i)eﬁm’/Lﬂ | — cos eemc(ﬁ) X V3 cos 20 4
r 1 i

—lg for 0 = 7,

where we used (4.12).



Chapter 5: Finite Length Waveguides 73

Real part of transmitted wave

0.02
0.01
0.02 i
0.00
0.00 -
/ | -0.01
-0.02 f,,-~A“W~ —
B v /120 0.02
—/ 121
120 121 15, 122 %

Figure 5.4: Real part of transmitted wave from a finite waveguide, where a, =
0,a_ = —1000L, and k = v/27/L, and incident angle § = 0, in the range 120 <
x <122
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Imaginary part of transmitted wave

0.02
0.00
-0.02
X
y

Figure 5.5: Real part of transmitted wave from a finite waveguide, where a
0,a_ = —1000L, and k = v/27/L, and incident angle §# = 0, in the range 120

r <122

heat map of real part of transmitted wave
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0.01
0.00
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heat map of imaginary part of transmitted wave

121.75 121.75 B

121.50 121.50 B

121.25 121.25 B
> 121.00 > 121.00 B
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120.50 120.50

120.25 120.25
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120 00120.25120.50120. 75121 00121.25121.50121.75

-0.01

—-0.02

—-0.03

—-0.04

Figure 5.6: Heat map of real and imaginary parts of transmitted wave from a finite
waveguide, where a;, = 0,a_ = —1000L, and k = /27 /L, and incident angle § = 0,

in the range 120 < z < 122
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5.3 Three dimensional finite waveguide

Now, we focus on a three-dimensional finite waveguides. In this case the operator h
describes the problem of a quantum particle trapped in a two-dimensional rectan-
gular well [0, L,] x [0, L,]. The energy eigenvalues and corresponding eigenvectors

of this problem are given by

2 2
™m ™m
E, . = _ (M= Ty .
Nz, Ny gnx,ny + 7/()’ gnx,ny ( Lz ) + < Ly ) 5 (5 69)
\/2/ L, sin ™22 /2 /[, sin =Y if (z,y) € box,
an;c,ny (T) - b ! Ly (570)
0 if (x,y) ¢ bozx,

+
where n,,n, € Z7.

G, (T)Pn, (y)  if (2,y) € oz,

0 if (x,y) ¢ boz,

¢nz,ny (’I") =

where

bn, (2) = \/2/ L, sin szx’

xT

On, () = 1/2/Lysin Wzyy,

Y

Moreover we have
¢nz,ny = qbnz ¢ny

where &nz and qgny can be found by (5.51) replacing n and L with n, and L,, and
n, and L, respectively. Unlike its one dimensional counterpart, the energy eigen-
values of particle trapped in a two-dimensional rectangular well can be degenerate
depending on the ratio L,/L,. We examine all the possible cases of degeneracies

below.

1. If i—z =p € QF, then energy levels En,n, and By, ), are equal if n, = Na,n, =

b and n), = a,n;, = Nb, where p = a/b and ged(a,b) = 1.

2
2. If <£—z> = p = a/b € QF, the energy levels E, n, and En;mn; are equal if

b(n; —nf) = a(n; —n?). For example if ’i—z =2, Ey5 = Eg3.
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2
3. If <§—“> is an irrational number, there are no energy levels £, ,,, and Ey .,
Yy T

J;vny

that are equal for distinct pairs of (n,,n,) and (n,n,).

We aim to use the machinery developed in section 5.1, which requires to la-
bel energy eigenvalues and the corresponding eigenvectors like the two-dimensional
problem, where &, denotes the nth smallest energy eigenvalue. Clearly, the labels
(ng, ny) introduced in (5.69) do not fulfill this condition. To fix this, let E,, be the
nth energy eigenvalue of h and let (ng,ny) € Nt such that &, = Enym, and let
an = wnzny If there is degeneracy there can be multiple pairs of (n,,n,) that
correspond to n. Let d, be the degeneracy level of E,,, in this case n is still the label
for the nth largest eigenvalue nothing changes for the energy levels. To differenti-
ate between two different eigenvectors, we use the label a as qzma = anMy, where
a€l,2,---,d,. Then each pair (n,,n,) is uniquely mapped to the pair (n,a)i and

we can express (5.69) and (5.70) as

2
B, =&, + %, Ea=E0 . = (Tx> , (5.71)

gzoﬁnﬂ(a:, y) for (z,y) € box,
Pna(T,y) = (5.72)
0 for (z,y) ¢ boz,

Here,

gzoSn,a :=/2/L,sin sz:v \/2/L,sin Wzyy
x y

and (ng, n,) are the pair of positive natural numbers associated uniquely with (n, a).

Fig. (5.4) shows the eigenvalues +w, of the effective Hamiltonian H for the

three-dimensional waveguide. Then following the example of the previous section

we define
oo dn
% = Zzwn|¢n,a><¢n,a|7 (573)
n=1 a=1
where

K2 —&, for k>+/6E,,
Wy 1= (5.74)

iVE, — k2 for k < VE,.
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Figure 5.7: Schematic view of three-dimensional waveguide of finite length a, height
L, and width L,. The potential is infinite inside the impenetrable walls which
are illustrated as pink walls. Inside the waveguide there is a homogeneous lossless
material(the region colored in blue). The pinks walls with red dashed lines are the
vertical boundaries of the impenetrable walls which contribute to the reflection of
the waves.
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Similarly, the operator Wis

0o dn
W = Z Z wn‘¢n,a><¢n,a’a (575)
n=1 a=1
where
V2 =& = for k> VE,+ N,
Wy, 1= (5.76)

WE, + Y — k% for k < VE,+ Y.

Here we used (4.85),(4.86) and (5.71).
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Figure 5.8: Plots of real and imaginary parts of the eigenvalues +w,, of H for three-
dimensional waveguides L, = L, (on the left) and L, = 1.5L, (on the right) for
n=1,2,3, 7y = 0. The solid lines are real parts and dashed lines are imaginary part
of +w,,. The points of crossing with the k-axis are the exceptional points. The blue
and orange, green and light red, magenta and yellow, black and pink, light green
and light blue curves correspond to w, and —w, respectively for n = 1,2,3,4,5.
The upper figures have negative potential, the middle figures have no potential and
lower figures have positive potential.

Another difference of the three dimensional problem is that we have two length
scales (L, L) instead of one (L,). This changes the comparison between the length
of the waveguide a with its width. First assume that the length of the waveguide is
much larger than both its width L, and its height L,, that is a > L, and a > L,.

For simplicity assume L, = L,. Let n, be the largest integer such that £, > k.
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Then for n > n, we find
2 "y \ ny\ 2
honl® = (7 )+ () + -4
/2 2\ 2
> aq? (L_x> (ni—ni)—i— (L_> (ni—ni)}
- 2\ 2 RE
:“2_(5) (2n,. _1)} >{L—] > 1.

where (n,,n,) are one of the pair of labels that is associated to n and (n,,,n,,) are

one of the pair of labels that is associated with n,.
Now we consider the waveguide where its width L, is comparable to its length
a, i.e., L, ~ a and its height L, is mush smaller than its length, i.e., a > L,. In

order to make the calculations easier let a« = L,. Then for n > n, we get
2 [ (g \’ ™y \’
= a’ i A Y — k2
=) + () +%-#
T 7\° 7\
> 2 (L_> (n2 —n2) + (L—y> (n? = ni)]

. (7 2+ 7\ 2 oo [@ a 2>
a” || — — =a‘m
-\ L L, Ly

It is easy to see that this holds for @ > L, and and L, ~ L,. In the following we

2
> 1.

L

Y

assume L, > L.
In both cases, a > L,,L, and L, ~ L,, and a ~ L, and a > L,, we have
alw,| > 1 which implies that the limits (5.53) and (5.54) hold for the three-

dimensional problems and we find

F pOa 4 QZZT+¢na pO ¢na(") (577)

n=1 a=1
R 1 nx  dp _ _
I (p07p) 47’(’2 er;(bn,a(ﬁ())*(ﬁn,a(ﬁj
n=1 a=1 (578)
+ Z me ) n.a()-
n=ns+1 a=1

where t,, is given by (5.55). Similar to the two-dimensional waveguide, in the limit
a — 00, the approximations become exact, which agrees with the fact that there
are finitely many modes that are allowed to travel inside an infinite waveguide. For

the case a ~ L, this is equivalent to a parallel plate waveguide.
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Assume the wavenumber is smaller than all possible exceptional wavenumbers,

ie, k<m\/(1/L;)? + (1/L,)? Then w, = iJw,| for all n € N* and (5.46) becomes

/f ppo _%ZZ igbn pO an ) (579)

In addition with the condition a > L,, (5.77) and (5.78) reduce to

oo dn

er(p,po) ~ 0, F p po 4 ) Zztngbn pO ¢n ) (580)

n=1 a=1
The first approximation indicates that there is no transmission which means a waveg-
uide filled with inactive material, whose length is much larger than its width acts
like a filter for waves with wavenumber k* < 7*(1/L% + 1/L2) + ¥%.

If the waveguide is empty, that is, %, = 0, we have W =& and (5.46) becomes

T, =W, =0 (5.81)
oo dnp .

Bipm) = 15 20 9 bnalpo) bualp),  T-op) =0 (5.82)
n=1 n,a

The second equality implies that there is no contribution to reflection from the

interior of the waveguide as expected. We can express the first equality as

F ppO 4 222 za|wn|¢ pO ¢na 47_(_2 Z Z a|wn\¢ pO) gbna( )

n=1 n,a n=nx+1 n,a

(5.83)

and if a > L, or a ~ L, and a > L,, then a|w,| > 1 for n > n, and we find

Ny dn

BN 1 e~ L~

L'y (p,po) = ) 3N VG (po) du () (5.84)
n=1 a=1

Let k be the smallest possible exceptional wavenumber, i.e., k = & = m,/1/L2 + 1/L ,
then (5.84) reduces to

By (o) = 361 (p0) " (p). (5:55)
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Here we dropped the label of degeneracy since the first energy level is always non
degenerate. This implies that the transmitted part of the scattered wave is indepen-
dent of the length of the waveguide a. Again this is a direct result of exceptional
points in the scattering problem.

Note that, for a nonempty waveguide, if k = m/1/L2 +1/L2, (5.77) reduces to

~

Iy (P, po) =~ %ﬂrf@(po)*cgl (), (5.86)

where 7} for any exceptional wavenumber is given by (5.66).

Let £ = \/§7T/Lx and the incident angle 6, = 0 and ¥y = 0. This makes
Pe = 21/ Lysinf cos @, p, = V21 / L, sinfsin o, p, = 0 and w(py) = k.

Assume that the waveguides has equal height and width L, = L,. For this choice

of the wavenumber we have an exceptional point, (5.85) applies and

~

By = 15610607 (5:87)

Here,

$1.1(0) = ¢1(F2) o1 (F,), $1.1(Fo = 0) = $1(0)$1(0)

where ¢ (f,,) can be found using (5.51). Here we focus on ¢ = 0 and ¢ = 7/4.
For ¢ = 0, p, = p and p, = 0 and ¢,,1(0)*é;.1(7) becomes

/2Lw e*i\/g‘irsine 1 -
&)3/2 x (7rc0526 = fore#z
2

P (0) 60, (7) = (

for 6 = 7,

Lg(efi\/ﬁ‘/r sin9+1) -
27 cos 20 for ¢ 7& 4

for 0 =7 /4

=15

Inserting this to (5.85) we find
Li(efi\/iﬂsine_&_l) -
= 873 cos 20 for 6 7& 1

T.(0,0) =
A0 Ly for 6 = 7 /4.

1672

Then, the transmission coefficient for ¢ = 0 becomes

L —iv27 sin 0 1
1 . ik /] w(2€\/§7r2 Cos29+ ) for ¢ 7é %’
T°(0,0) = icosfe’ (a——a4cosf)

4\L/%7r for 6 = /4.
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real part of the transmission coefficient for ¢ =0 imaginary part of the transmission coefficient for ¢ =0
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Figure 5.9: Real and imaginary part of transmission coefficient of a three-
dimensional waveguide of height and width L,, located between the planes z =
—1000L, and z = 0, where the incident wavenumber is k = /27 /L, and incident
angle 6y = 0,y = 0 , calculated at ¢ = 0.

Inserting the transmission coefficient to equation (4.12), we find the scattered

wave,

Z‘(efi\/iﬂ sin 9+1)

ikr for 0 z
¢imns _ e Ly cos Petkla——at cosb) o 2v/272 cos 20 Rr 7& 47 (588)
" 4\}'% for 0 = /4.
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Real part of transmitted wave for ¢ =0
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[0-002 i1 0.002
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Figure 5.10: Real part of transmitted wave from a three-dimensional finite of height
and width L,waveguide, located between the planes z = 0,z = —1000L,,, in the
range 120 < r < 122 and ¢ = 0. The incident wavenumber is k = \/§7r/ L, and
incident angles are 6y, pg = 0.

Imaginary part of transmitted wave for ¢ =0
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Figure 5.11: Real part of transmitted wave from a three-dimensional finite of height
and width L,waveguide, located between the planes z = 0,z = —1000L,,, in the
range 120 < r < 122 and ¢ = 0. The incident wavenumber is k = v/27/L, and
incident angles are 6y, pg = 0.
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ieat map of the real part of transmitted wave for ¢ =0 heat map of the imaginary part of transmitted wave for ¢ =0
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Figure 5.12: Heat map of the real and the imaginary parts of transmitted wave from
a three-dimensional finite waveguide where ¢ = 0.

For ¢ = 7/4, p, = py = 7/L,sin6 and the (5.84) becomes

Li(e—zﬁrsinﬁ? P 1)2
474 cos? 0

+(0,0) =

Inserting this to (4.119) we find the transmission coefficient for ¢ = 7/4,

'Lx(e—ifrsine + 1)2
1

l
T'(6,0) = — -
V273 cos 6
real part of the transmission coefficient for ¢ = n/4 imaginart part of the transmission coefficient for ¢ = /4
0.02
0.00 4
—0.01 A 0.00 1
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00 02 04 06 08 10 12 14 16 00 02 04 06 08 1.0 12 14 16
o 6

Figure 5.13: CReal and imaginary part of transmission coefficient of a three-
dimensional waveguide of height and width L,, located between the planes z =
—1000L, and z = 0, where the incident wavenumber is k = \/§7r/ L, and incident
angle 0y = 0, = 0 , calculated at p = 7/4.
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Using (4.12), we get the transmitted wave,

¢ 'ei\/im"/LwLx (e—iwsine =+ 1)2
= —i :
frans r V/2m3 cos 0

Real part of transmitted wave for ¢ = /4

B 0.000110
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0.00020 ||||| I | 0.000100
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0.0001d//1/1/1 S L 0.000095
0-0001f 120.0 0.000090
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0.0001d \ l 121.0
190 1215 "
121 122.0
V4

Figure 5.14: Real part of transmitted wave from a three-dimensional finite of height
and width L,waveguide, located between the planes z = 0,z = —1000L,, in the
range 120 < r < 122 and ¢ = 0. The incident wavenumber is k = \/§7T/Lx and
incident angles are 6y, o = /4.
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Imaginary part of transmitted wave for ¢ =mn/4

—0.00018

—0.00020

gL
i

Figure 5.15: Imaginary part of transmitted wave from a three-dimensional finite of
height and width L,waveguide, located between the planes z = 0, 2z = —1000L,, in
the range 120 < r < 122 and ¢ = 0. The incident wavenumber is k = \/§7r/ L, and
incident angles are 6y, o = /4.
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Figure 5.16: Caption
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5.4 Comparision of two-dimensional and three-dimensional waveguides

The properties of two- and three-dimensional waveguides are mostly similar. Con-
sider cases when the waveguides whose length a is much larger than its height L,
for both dimensions. Then the transmission amplitude is determined by the Fourier
transform of ¢, , for n < n,. If the incident wavenumber is smaller than the smallest
possible wavenumber, the waveguides act like a filter for these wavenumbers. For an
empty waveguide, if the wavenumber is equal to the smallest possible wavenumber,
the transmission is independent of the length of the waveguide.

There is two additional properties of the three-dimensional case over the two-
dimensional one; the effective Hamiltonian H of the three-dimensional case can have
degenerate eigenvalues and there is an extra length parameter L,. Fig (5.8) shows
that the exceptional wavenumbers of a three- dimensional waveguide gets closer to
each other as L, increases. This happens because the differences between energy
levels of the particle trapped in a two-dimensional rectangular well gets smaller as
L, increases.

As k increases the number of an,a that are included in the summations (5.63)
and (5.82) increases. Since the exceptional wavenumbers of a three-dimensional
waveguide gets closer as L, increases, wider three-dimensional waveguides are more
sensitive to the changes in k, than other three-dimensional waveguides and two-
dimensional waveguides of the same height. Here more sensitive we mean that as k
increases a larger number of éma determine the transmission amplitude. Since the
restriction a > L, is enough for (5.82), we are free to choose L,.

To see this difference we consider six empty waveguides of the same length a and
same height L,. The first waveguide is two-dimensional. The second, third, fourth,
fifth and sixth waveguides are three-dimensional of width L, (7/3)L,,10L,, 50L,
and 100L,. Fig (5.17) shows the exceptional wavenumbers of each waveguide. The
number of dots that appears it the left-hand side of a vertical line gives the largest
positive integer that makes w,, for each waveguide positive, that is it is n, we used
in this chapter. Consider the transmission amplitudes of these waveguides. The

fact that a > L, for all waveguides allows us to use (5.62) for the two-dimensional
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Figure 5.17: Plot of exceptional points of different waveguides all of thich have
the same heigth L,. Each point indicates that k is the nth smallest exceptional
wavenumber, that is k> = &, for different waveguides. The black and the grey
vertical lines is equal to k/Lz = /27 and k/Lx = 27, the pink and the purple
vertical lines are 12% larger than k, respectively.

waveguide and (5.80) for the three-dimensional waveguides. Table (5.1) shows n.
and the number of &n,a that determine the transmission amplitudes. Both n, and the
number of qgn,a for waveguides that have larger width compared to their height grow
faster as k increases. Note that the number of gzgn,a and n, for k = 1.12k, are different
for the second, forth, fifth and the sixth waveguides. This is because there are
degenerate energy levels. This cannot happen for the first and the third waveguides.
Also note that the the third waveguide is wider than the second waveguide, so n, for
the third waveguide is larger than or equal to n, for the second waveguide for any
wavenumber. However, for k& = 1.12k,, the number of Fourier transforms of ¢, , that
determines the transmission from the third waveguide is smaller than the number
that determined the transmission of the second one. This is a result of degeneracy

in our systems.
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1st wg 2nd wg 3rd wg 4th wg 5th wg 6th wg

N | #0na | 1 | #0na | e | #Ona | 1 | #bna | 1e | #na | 1e | #na
Ky 1 |1 1 |1 1 |1 919 49 | 49 99 199
112k |1 |1 1 |1 1 |1 12 ] 12 61 |61 122 | 122
ko 1 |1 1 |1 1 |1 17 | 17 86 | 86 173 | 173
1.12ky [ 2 | 2 2 |3 2 |2 29 | 30 149 | 150 298 | 300

Table 5.1: Table of n, and the number of ggnja, denoted as (#qgn,a),that determines
the transmission coefficient for six different waveguides. The wavenumbers k; =

V21 /L, and ky = 21/ L,.
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Chapter 6

CONNECTING DIFFERENT FINITE LENGTH
WAVEGUIDES

In this chapter we solve the scattering from a system of N, d-dimensional, fi-
nite waveguides of different sizes and filled with different, homogeneous, non-active
material. First, we introduce new notation to distinguish between each waveguide.
Consider the jth waveguide where j € {1,2,---, N}, which is bounded between the
walls 2 = a;4 and 2z = a;_ where a;1 are real parameters such that a;y > a;_, and
define I; = [a;_,a;+] C R. Also we require that, either the support of the potentials
separate and nonadjacent, i.e., I; N[, = @ for k € {1,2,--- ,N} and k # j,and
a;jy > apy if k& < j or the supports potentials of different waveguides are separate
but adjacent, ie., [; NI, = & for k € {1,2,--- ,N}, k # j and j # k£ 1, and
aj+ = apy if j = k= 1. Then, analog of potential (4.11) that describes the jth

waveguide is given by

Vi(r) forzel;,
vj(r, 2) = i(r) ! (6.1)

0 for z ¢ I;.

where

v for r € box;,
¥i(r) = (6.2)

+oo  for r ¢ box;.

Here 7; is a real parameter and

[O, Lx,j] for d = 27
box; = (6.3)
0, L, ;] x[0,L, ] ford=a3,
where Li/yyj > L;/y’j are real parameters. Define [; := a;; — a;_, which are the

height the jth waveguide. The size parameters of waveguide j, are its height and

width.
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The transfer matrix /1\/\Ij and the auxiliary transfer matrix ./\A/ij associated with

the jth waveguide are

o~

Mj — e—zaj+wa3e—zlej 6iaj,w0'3’ (64)

Mj — 6—iaj+w03nk€—ilejer’iaj_wa'B7 (65)
where

~ 1 S~ 1 N

Hj = 5%@ K — wao 3, (66)

and ”/}; = Y;(r).
The total potential of the total system is

v(r,z) = Zvj, (6.7)

which is bounded between the planes z = a;_ and 2z = ay. We can utilize the com-
position property of the auxiliary transfer matrix to find the fundamental transfer
matrix M of the whole system. Equations (4.59) and (4.80) imply

ﬁ = ﬁkM\N.//\\/tN_1 M -A//\tlﬁk

— ﬁkefiaNJri%a'g,efilNﬁNeiaN,%a'g, . e*ial+750'3€*illﬁle’ial—‘l%ﬂ'Sﬁk

(6.8)

Define

~

T := eiaN,_,_%agﬁkﬁﬁkefial,_%ag’ (69)

which can be written as
R N-—2 R .
ri\\ — er—ilNHNeiaN,Z%No'g |: I I e—iaN,n,+aN,n0'3e—ilN,nHN,neiaN,m,‘Z%N,noﬁ 6—ia171%10'36’illH1Hk‘

n=1

(6.10)

Then ﬁ becomes

/\ Y P e—mNJFwTHeml,w €_mN+wT12€_w17w
M = ¢ "N+ Te'4.-%8 = (6.11)

ezaN+wT2leza1_w ezaN+wT22671a1_w
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and equations (4.41)-(4.44) can be written as

B = _(27T>d—1w(p )eial,k(cosﬁ—i-cosﬁo)<]§»|f2—21f21|ﬁo>’ (6.12)
Aer _ <2W>d71w(ﬁ0)671ﬁk(a]\;+ cosf—aj_ cos@o)<ﬁ" (T\n B f12f251f21>|ﬁ0>7 (6.13)
B — (QW)d—lw(ﬁo)eml_k(coso—cosoo)<ﬂf2—21|ﬁ0>7 (6.14)
A:L _ (27r)d_1w(ﬁ )e—ik(aN+ cos f+ay— c0590)<]5*|7/—\v12j—\v2—21 |ﬁ0>’ (6.15)

where we used w(p) = k|cosf| and w(py) = k| cosby|. These equations show that
solving the scattering problem reduces to calculating the operator T.

The machinery introduced in section 5.1 is still valid for the jth waveguide. To see
this, note that with the choise of potential (6.2), the operator izj — 152—1-7//;-, describes
the problem of a particle trapped in a (d — 1)-dimensional, infinite rectangular well
considered in the Hilbert space L?[R?"!], instead of the usual Hilbert space L?(box;)
this problem descibed in. Following the example of section 5.1, we consider this
problem on the Hilbert space L?(box;), instead of the usual Hilbert space L*[R?1].
Let /A\j be the orthogonal projection operator onto L?*[boz;|. Then (I- /A\J) is the

orthogonal projection onto L2[R%~1\ box;] and we have the direct sum decomposition
L?[R*) = L?[box;] ® L*[R* \ box;].

This implies that for every ¢ € L%[box;], there exist unique ¢ € L2[box;] and ¢ €
L2[R%] such that ¢ = ¢+ ¢. Let &, be the energy eigenvalue and o) € L2 [box;]
be the corresponding eigenfunction of /A\j ﬁj/AXj, that is,

A~ 0.

E;, and o), are given by the equations (5.47) and (5.48) for d = 2, and by equa-
tions (5.71) and (5.72) for d = 3. Then the ecigenvalues and the corresponding

eigenfunctions of h; are

. gbfle(r) for r € box;,
0 for r ¢ box;.

Moreover, the regular completeness relation becomes

oo dp

SO o6 = A, (6.17)
n=1 a=1
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where /A\j is the orthogonal projection operator onto L?*[box;].

The scattering of the incident wave by the system of N finite length waveguides
is due to two different interactions, a part of the incident wave enters to the waveg-
uide, interacts with the material inside it, and gets partially reflected and partially
transmitted. The other part of the wave hits the vertical boundaries of impenetra-
ble walls of the first waveguide at z = a;_ or the impenetrable walls of the Nth
waveguide at z = ay, gets fully reflected back. If there is a vertical boundary of a
impenetrable wall inside, the part of the incident wave that enters inside the waveg-
uide will get reflected by this boundary, if there is a potential before this boundary,
the reflection gets complicated. In order to avoid this complication, we consider the
cases boxry = boxy C box; for j € {2,--- N — 1}. See fig (6.1). Then a part of the
left-incident wave interacts with the vertical boundaries of the impenetrable wall
of the first waveguide and a part of the right-incident wave hits impenetrable wall
of the Nth waveguide and get fully reflected. In this case, the boundary condition
analog to the scattering from a single finite length waveguide becomes, ¥ (r,a;_) = 0

when 7 ¢ box; andy(r,ay,) = 0 when r ¢ boxy, which allows is equivalent to

(T = B)(ar,-)) =0, (I —R)(an)) =0, (6.18)

where A := A; = Ay. Inserting these to (5.13) we find

~ o~

By = (T — R)e¥i-=|A4_), (6.19)

)

(A—1)

~ ~

= Dety) = (I = R)e >*+%|By), (6.20)

=)

Solving these for |%_) and |7, ), we find

|1B-) = |Bo-) + (I = A)e"™F|A), (6.21)
| y) = |ey) + (I = R)e >+ %|By), (6.22)

where |Z,_) and | . ) are the solutions of the homogeneous linear equations (A —
DY) = 0 and (A — T)y)) = 0 respectively. Following the procedure of section 5.1,

we consider left- and right-incident weaves separately and find that (5.22), (5.23),
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(5.25) and (5.26) still hold and can be written as

(9) = %y (P) + B1_ (), (
L (9) = oA, (
“(p) = % (D) (6.
L(9) = o} + AL (P) (

o
[\
NG

[@))
[\]
ot
~—  ~— ~— =

B
A
B
A

where

(D) = (p|(2m) " w(py) e = (T — K>|po>

, (6.27)
= @(py)e == (2m)* 1, Z Z A1A(po) 3i1A(p)]
AL_(p) = (pl(2m)* w(py)e ¥ +Z (I — A)|p,)
, < dn (6.28)
5 w(p0)€—2mN+w [ d 15 Z Z ¢n a (Po)” n a ( )] :

The terms e%’é/_r (p) and szolf(p) are associated with the scattering due to interior
part of the waveguide system. The solution of the scattering problem reduces to

calculating these functions.
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aN+

Figure 6.1: Schematic views of a system of waveguides. In both pictures, light
red parts describes impenetrable walls, and the vertical boundaries of impenetrable
walls that a left- and right incident wave are shown as thick dark red and blue
lines respectively. The light purple, blue, green pink and yellow parts represent the
different potentials of the waveguides.

6.1 Contribution of the interior to the scattering problem

We can use the composition property of the transfer matrix to determine the con-
tribution of the interior of the waveguide system to the scattering problem. Let M
be the transfer matrix associated with the interior of the waveguide. Considering

equation (4.58) and (4.79) we find
/M = ﬁkﬂNﬂN_l .- '.A/;ilﬁk (629)

where .//\\4j is the auxiliary transfer matrix associated with the interior of the jth
waveguide, which we aim to calculate. In order to achieve this, we follow the example
of subsection (5.1.1) and define the operator /I/V] for the interior of the j waveguide

as (4.98) with eigenvector [¢], ,), i.e.,

N
Wi = winldl )(Shal, (6.30)
n=1
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where

k2_5j7n_7/j forkrgng,nJr”//j,
Wijn = (631)

iEin—"1;— k2 fork>\/E .+,

Additionally, we define
@; =A@ (DA, (6.32)

equations (4.30) and (5.11) imply

oo dn

=D @inldha) (Shal, (6.33)

n=1 a=1

where

k% — gj,n for k S \/gj,n;

Win = (634)

Z‘\/Sj’n — k2 for k > \/gjm.

Equations (6.30) and (6.33) imply,

which allows us to write

~ —iljﬁ/\j A.* _A.
ity _ 0 G o) (6.36)
2W;@; | o dr
where
dF = (&) + W))?) — 2575 (&, 5 W), (6.37)
5, 1= I, (W2 — &2)(1 — 2 Wi, (6.38)

Here, we used the expression (5.38). Also we have

oo dn

df = A;df =22di|¢m (Gl

- Z Z :F((wj,n * wj»n)Q - €2iljwj’n (wj,n + wj,n)2) ‘¢n,a><¢n,a"

n=1 a=1

(6.39)
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Similarly we get

oo dn
10, = £y > (wh, — w2, ) (1= €55 6 o) (Bnal. (6.40)
n=1 a=1
Let us define
d;-%n = :F((wj’n 4 wj’n)2 — 2l win (wjn F wjvn)2), (6.41)
0jm = (w3, — @2, ) (1 — e¥lmim), (6.42)

These definitions allows us to write (6.44) and (6.45) as

oo dp oo dn
4= 2.2 dalona) (Gl %= 2 0inlna) (dnal (6.43)

Inserting these in (6.4) we find

oo d . —_
. .A ' n G_lewj’” d _0 .,
e il;H; - E § 5 7, J,n |¢n,a><¢n7a| (644)
n=1 a=1 wj,nwj,n Oj,n dj:n

It is easy to see that if ¢Y) # ¢\¥) for k # j, the operators e~1Hi and e~ do not
commute, which makes the calculation of the transfer matrix for the whole system
complicated. To avoid this, we assume that for all the waveguides the functions ¢$l]; 21
are equal, this can happen if L,,, ; = Ly, for all j,k € {1,---,N}. Notice that
if this condition holds we have &;,, = &, and @; = @y. In the remainder we drop

the label j from boz;, 169, Ein,w; and w, ;.

6.2 Adjacent waveguides with same size parameters

In this section, we consider waveguides that are adjacent, ie., a; = a;r_l VS
{2,---, N}, and have same size parameters ,i.e., and L;t/y,j = Lf/y,k for all j, k €
{1,---,N} . In this case we have [W;,Wi] = 0, and @ = @; = @; for all
J,k€{l,---,N}. In this case, (6.9) reduces to

T =10 [] eH1I,, (6.45)

n=0

or taking (6.37) and (6.36) into consideration we get

A —i(CN W) N —ONn

T © Neno TN (6.46)

—v 1
n-—_n ~ +
2rw Hn:l Wn n=0 | ON—n dN—n
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For simplicity, we let L, . =0 and L'

/i aryq = Lasy for all j € {1,---, N}. Addition-

ally, since all box; are the same, we drop the label (j) and define ¢,,, := (257(1]; 21 and

En=E&pforallje{l,--- N}

6.2.1 Three adjacent wavequides

Consider three adjacent waveguides with the same size parameters, where the first
and the third waveguides are empty and the second waveguide is filled, i.e., ¥; =

¥ =0 and ¥ # 0. Then, we can define @ := ﬁ/\l = /I/I73 = @, = Wy = ws. Then T

becomes,
~ o—ilaWz | gils® 0 32— —0y| |eh® 0 6.47)
2 Wo 0 e ils® 0y d;_ 0 o—ih®
677;[2‘/[/2 ei(l3+ll)wd2— _ei(l3711)w82 (6 48)
285Wy |e-ila-@p,  —illa+i)@ gy |

Let n, and m, be largest integers such that w,,, and =, are real. Then we have the

following relationship between them.

Ny, < my if 75 >0,
(6.49)

m, < n, if %5 < 0.

Consider the transmission and reflection coefficients for a right-incident wave,

which is determined by Ty,' and T15T5," respectively. Using (6.48) we get

27%/1/[726”2”/2 Z%Wﬁi(l”ll)aeibWQ

Ty! = — — , 6.50
22 e ills )3t i (6.50)
and
2il3T
T12T2_21 - —ﬁ (651)
d3
Consider, the right-reflection coefficient.
L €2il3wn0 "
(PIT2Ts" o) = ———— (6.52)

+
d?,n
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Positive Potential

If 75 >0, (6.50) and (6.51= can be expressed as

Ny dn
T2_21 = Z Z r+|¢n,a><¢n,a|
n=1 a=1
Mk dn o d, (653)
+ Y Y una)(bnal + D D 5ilbna)(Bnal,
n=nx+1 a=1 n=mx+1 a=1
and
Ny dn
T12T2_21 = Z Z r_ |¢n,a> <¢n,a‘
n=1 a=1
M dn, ) dn (654)
+ Z Zuf’¢n,a><¢n,a| + Z Z 57‘¢n,a><¢n,a|a
n=nx+1 a=1 n=mx+1 a=1
where
Q‘Wn’ ’wn 2‘ei(l1+l3)|wn‘eil2|lwn,2| 62i13‘w"|02 .
= ’ ; _ = e 6.55
" a3, ' i, (6.55)
21|wn| ‘wn 9 |€i(l1+l3)|wn|€—l2|wn72| eQilg\wn|O2 "
- ’ ; = 6.56
a3, ! i, (6.56)
—2lwo, | |w,, o|e~ 1t l@n| g—l2fwn.2| —2s|wnl g,
2.n 2.n

We can solve the scattering problem for a right-incident wave by ea (p] from the left
and |pp) to (6.53) and (6.54) and inserting the result to (6.14) and (6.15). First, we

focus on the reflection. Consider

Ny dn
(T12T2_21) (ﬁOa 17) = Z Z T;QE:,,(J (ﬁ[))qgn,a (ﬁ)
e - (6.58)
+ Z Z ugé;,a (ﬁO)(Bn,a (ﬁ) + Z Z 87:&’:/,0, (ﬁO)an,a (ﬁ)
n=ns+1 a=1 n=ms«+1 a=1

Let l; > L,, then we have [y|w,| > 1 for all n < m,. Then is the length of a

waveguide is much larger than its height, the reflection is determined by

ni« dpn M dn
(T T" ) (B0, D) = Y Y 10 a(50)Pna @)+ D D un @i o (50)Ina(B). (6.59)
n=1 a=1 n=n«+1 a=1

This shows that the reflection is determined by the Fourier transform ¢, , that
corresponds to the the first m, energy levels. As we showed in the previous section,

this is not possible for a single finite waveguide.



Chapter 6: Connecting different finite length waveguides 101

Now, let’s consider the transmission of a right-incident wave.

izrﬂbm (Bo) Pna (D) + Z Zu+¢na P0)bna(P)

n=1 a=1 n=ns+1 a=1

00 dn,
+ 30 S 550 () bua(D).

n=msx+1 a=1

(6.60)

Now, we consider the cases where the length of the first waveguide I3 is much larger
than the height of the system, but not the length of the second waveguide,that is,
I3 > L, but Iy ~ L,. Then (6.60) reduces to

dn,
'(7.py) ~Z§jr:¢mpo On,a(D) + Z Zuwmm Gna(D),  (6.61)
n=1 a=1 n=nx+1 a=1

which means that the transmission is determined by the Fourier transform of the
®n,q that corresponds to the first m,. Now, assume the incident wave is the mth
exceptional wavenumber of the empty waveguides, i.e, k2 = &,,.. Then we get

W, = 0 and (6.56) implies
ut = 0. (6.62)

Then there is no contribution of gzgm*ya, the transmission of the left-incident wave is
determined by ggn,a for1<n<m, —1.

Let 75 =& — & and k = &+ 75 = &>, which is the first exceptional wavenumber
of the second waveguide and the second exceptional wavenumbers of the first and the

third waveguide. Then, |wq;| = 0 and |ws| = 0. Additionally, when iy = I3 > L,

/F\ Z*ZT ¢na pO ¢nam+ Z* Zu ¢nap0 ¢na(") (663)

n=1 a=1 n=n*+1 a=1

With these choices of potential and the wavenumber, ri and ui can be calculated

by taking the limit |wg 1| — 0 of (6.55) and |ws| — 0 of (6.56). The later gives

|waa|*(1 — e~?2lw2al) 1
P 1)



Chapter 6: Connecting different finite length waveguides 102

Using the L’Hopitals rule for rF we get
) 3 62il1‘“/2|
lim rf = ———
|wa,1|—0 14 VA

i o = SOV
|wa,1]—0 ! o/ Yy — 2

where we made use of the fact wwy = \/_ ¥ ) for this choice of k. Then (6.61) becomes

~ l1+ls) /%

F+(pap0) ~ Zlg\/% 9 le 1( 0)&1,1(15») (664)
and
b p2ili| 7] d2 _
L_(7.50) ~ T¢1 1(P0)011(8) + D 030(Po)024(P) (6.65)
\/7 a=1

Negative Potential

If 75 <0, (6.52) and (6.53) can be expressed as

ms« dn
D, _‘O) = Z Zrigbz,a(ﬁ(])(ﬁn,a(ﬁ)
n=1 a=1
s dn ~ ~ oo dn . . (666)
+ D Ui Gha0)0na@ + D Y 5D (B0) PnalB),
n=ms«+1 a=1 n=nsx+1 a=1
and
My dp
(T12T22 b,p ZZT gbna (_j
e N (6.67)
+ Z Zv ¢nap0 ¢na@+ Z ZS ¢nap0 gbna(H)
n=msx—+1 a=1 n=nx+1 a=1
where
%, | lw, —(l1+13)|wn| pil2|wn| —21I3|wn| .
ot = i|on||lwn2le : e ’ - _ﬁ’ (6.68)
d2,n dQ,n

and r* and s* are defined by (6.55) and (6.57) respectively.
Now, we assume ly > L, and ly,l3 ~ L,. If k < &,,, (6.50) and (6.51) reduce to

p7p0 z*:z +¢na pO ¢na @ + Z ZU+¢na pO ¢n a(@ (669)

n=1 a=1 n=msx+1 a=1
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TG ~ S S o )ma @+ 3 S b dnal). (6.70)

n=1 a=1 n=msx+1 a=1

which implies that the transmission and reflection are determined with the first n,.
As the positive potential filled waveguide, the reflection transmission is determined
by a finite number of an,a.

Let the wavenumber be the [th exceptional wavenumber of the filled waveguide,
ie, k* = &+ Y4, V5 = E;— & for some positive integer j < [, then the wavenumber is
also equal to the jth exceptional wavenumber of the empty waveguides, i.e, k* = &;.

Then we get w; = 0 and ws; = 0. Then using (6.55) and (6.68), we find

P o Caa il - e—2l|%| (6.71)
v = V= .
ry =0 ry =1, (6.72)

where we used the L'Hospitals rule to calculate v;® and the fact that || = i\/| .
This shows that, the transmission is determined by the Fourier transform of ¢, ,

that corresponds to the first j energy levels except [.

If ¥ =& — &, and k? = E3 + V5 = &5, (6.69) becomes

T5,' (7, 70) ~ 7 671 (7o ¢11+Z 3 03.0(00)$3.0 (D) (6.73)

The transmission of this waveguide is determined by the Fourier transform of the
first and the third ¢, ,. For a two-dimensional there is always one ¢3. However, in
three-dimensions we can choose the height to width ratio of the waveguide, so that
there is one or two ¢3,.

If 5 =& — & and k? = & + V5 = &1, (6.78) becomes

B2 s o(litls)y/ el ( )~ @ 6.74)
———==034(P0)$2.4(P), 6.74
a=1 2 - l2 V |V2‘

where we used (6.71). This shows that we can choose the wavenumber, the potential

T2_21 (ﬁv ﬁO) ~

and the lengths of the each waveguide such that the transmission of a left-incident
wave is determined by just the Fourier transform of ¢ that corresponds to the
second energy level. If these waveguides are tow-dimensional of three-dimensional

with height to width ratio other than one, this is only one function. If these are
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three-dimensional waveguides have equal height and width, (6.74) has two terms
in the summations. This is another difference that can be observed only in three-
dimensional cases.

Now, consider the right reflection coefficient. We can choose 75 and k such that

k=& < &+ . Then (6.70) reduces to

(T T5") (o, B) = &} (50) 01 (P) (6.75)

which is independent of lengths [y, [5, I3 of the system provided that [2 > L, that is,
the part filled with negative potential is long. This is another result of exceptional

points in real potential scattering and a multiple finite waveguide system.

6.3 Non-adjecent waveguides

Consider two waveguides with the same size parameters that are not adjacent which

means as_ 7 ap.. Then the operator T becomes

A~

T — e*ilQHzeiazfﬁdgefia1+7%a‘3e*illHl — efilgngiaﬁa‘[;efillHl (676)

where a := as— — a4. Using (6.38), we arrive at

—ilaWa ,—ily W [~ =~ iaw T ~
r/f\ _ e zlgWge iy W1 d2 —09 ela@ 0 dl N
4Wl W2w2 /0\2 dér 0 e 1w 61 d;r
- (6.77)
6—il2W2 e—il1W1 el‘lwd;dl* _ e—zaw/O\Q/O\l _ezawdg/o\l . e_ww/O\gdir
AWIWow? | e9%d 0y + e Fdio,  —€9%0,0, + e 9T dSdf
j:'—l 4€zle2 ell2W1 Wl WQ,@Q 4ezl2 Wa 6zl2W1 pla® Wl W2a2 (6 78)
22 T PN = = == — .
— €% 0,01 + e~0® S df dydf — e29%0,0,
2iass J-~ JONIREN
~ 5 e "d, o1 +d 1o
—1 2 V1 2
TinTyy = — (6.79)

Trdr — im0,
Since the size parameters are the same for all waveguides considered here, we

can define w = w; = w».
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Nonadjacent wavequides filled with equal positive potentials

If the potentials of the waveguides are equal we get, 171/\1 = /VI72 =: ﬁ/\, then c?f =

di . d* and & 01 = 0y =: 0, then T becomes

R e_i(llJrlQ)W eim%(df)Q . e*"‘“%bﬂ _eia‘z%df/o\_ efiai%b\dJr
T o e (6.80)
AW?2 ela@ —O+€—zawd ) —elawy +€—mw(d )

and Ty,' becomes

R AW 252 i1 +H2)W ia®
i — (6.81)
e*27,(17ﬂ(d+)2 _ 6‘2

Let n,, m, be the largest positive integers that makes w,, and w,, are real respectively.

Additionally, if we assume ¥ > 0, we can use (6.81) to write

pap() Z*Zrn(bna po ¢na Z* Zun¢na pO ( )

n=1 n=a n=n*+1 n=a

= (6.82)
+ Z Z Snﬂgz7a(p0)§gn,a(p)
n=m*+1 n=a
where
A Pl el =
rn = e_%a|w"|<d+>2 _ 02 ) (683)
_ il Pe el (6:849)
n — e_2ia|wn|<d+>2 — 02 ) .

B e o (6.85)

n 6—2a\wn|(d+)2 — 02 ’

If we let @ > L, and [y,ly ~ L,, we have a|w,| > 1 for all n > m, and (6.82) can

be written as

p7p0 ernqbna pO ¢na m + Z* Zun¢na p() ¢na(4) (686)

n=1 n=a n=n*+1n=a
This shows that the transmission is determined by the Fourier transform of ¢, , that
corresponds to the first m, energy levels. This result is similar to what we found in
chapter 5 for a single finite waveguide. However, note that for this result to hold the
length of the single waveguide must be larger than its height. If there is two finite

waveguides filled with positive and equal potentials, the lenght of the waveguides
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must be similar to their height, however, the length of the empty space between
the them must be larger than their height. Moreover, unlike a single waveguide,
the number of ggn,a is not independent of the potential. This is because m,, which
appears in the second summation of (6.86), is determined by the wavenumber and

size parameters of the waveguides.

Nonadjacent wavequides filled with equal negative potentials

If ¥ <0, we get m, < n,. Here n, and m, are defined as previously. Then (6.82)

implies
R Ny dp ~ B - dn i )
T' (3,00) = D > 10 a(@0)na @)+ Y D b o(P0)na(p)
.~ y (6.87)
+ Z anggz,a<p0>&n,a(]§)7
n=m*+1 n=a
where
— 4|wn|2|wn|2€2il|w”‘6m|w"| 6 58
n — e2ia|wn|<d+>2 . 02 ) ( ) )
Pl el et y
n — 6—2a\wn|(d+)2 — 02 ) ( . )
_4|wn|2|wn|26_2l|w"‘€_a|w”‘
T ekamal(dh)2 =2 (6.90)
Moreover, let [ :=l; =5, 1> L, and a ~ L,. Then (6.87) becomes
ms«  dp ~ 3 N dn i )
Til(ﬁa ﬁO) ~ Z Zrn¢;,a(p0)¢n,a(ﬁj + Z Zvn¢z,a(ﬁ0)¢n,a(p>- (691)
n=1 n=a n=m*+1 n=a

The transmission is determined by the Fourier transform of ¢, , corresponding to
the first m, energy levels. However, these waveguides must have much larger length
compared to the their positive potential filled counterparts. Let k? = & and ¥ =
& — &; for some positive integer j > . Then the wavenumber is equal to the jth

exceptional wavenumber of the waveguides. Moreover we have,

w) = O, w; =V - (692)
w; = 1V —7/, w; = 0. (693)
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These imply
—diY e~V
e 20V=T (24 — 4in/—7)2 — (2ilV)?

r =0, v = (6.94)

Here, we found the second equality by calculation the limit of (6.89) as |w;| — 0
and used the L’Hospitals rule twice. Then the transmission is determined by the
Fourier transform of ¢, , corresponding to the first j energy levels except the jth

energy level.

Let k =& and ¥ = & — &3, then (6.91) becomes

d2
Toy' (7, 0) = 1107 o (F0)¢1,0(P) + Z V295 (P0) P2,a(D)- (6.95)
Here we dropped the summation in the first term because the first energy level is
always nondegenerate.

Let k=& and ¥ = & — &, then (6.91) becomes

da

T3 (P, o) = Z 0203 4 (F0) 2.0 (P). (6.96)

n=a
The transmitted wave from this system is determined by just the second energy level
and corresponding eigenfunctions of particle in box. This result cannot be obtained
by a single finite waveguide. This is a result existence exceptional point in our
systems. The nonadjecent two finite waveguides filled with negative potential can
be used to filter the effects all eigenfunctions except the second. Moreover, we can
see the effects of existence of degenerate energy levels in the three-dimensional case.
It is possible to choose the height to witdh ratio of the waveguide so that there is
Fourier transforms one or two ¢, , appear in (6.96). However, for a two-dimensional

waveguide there is always one.

6.4 Waveguides with different size parameters

Consider three empty two-dimensional waveguides, such that L, ; =0, L* := ch"l =

L;;g < L;Q =: b for all 4,j € {1,2,3}. Since the waveguides are empty /I/IZ = w; for
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i € {1,2,3}. The operator T becomes

T = e—zlgng—zleze—zllHl — ezlgw303 62l2w20’3 ezhwlag
eilg‘l/r\/g eilQﬁQ eill?}:’l 0 (697)
O e*ilgﬁ3 6775127%2677:[11%1

The operators @, and @, commute with each other, however do not commute with
@3, which makes calculation more complicated compared to previous examples.
Notice that we can write
oo dn
T =N N e iTin gD (¢, (6.98)
n=1 a=1

which implies

6iil3z%3 e:l:ilg?%z e:til12%1 r

Z Z +ilzws n |¢n a>< Z Z +ilowo,m |¢m ), ¢ Z :I:zl1w1 t |¢ ,a ¢(1) |)

n=1 a=1 m=1 b=1 t=1 c=1

DI G I IS L
n,m,t=1
= D et T T (G000 (Dbl dr DS
n,m,t=1
(6.99)
Inserting this to (6.97) we get
Tu(p o) = T (p,po) = Y, elsTonele=ameimiays GRG0 (o) by ()
n,m,t=1
(6.100)
where CIk = (¢ ) gbffb?b>, which can be found with the following integral.
La T TMI
/_Oo 2 (W) (2] ™)) \/ﬁ/ dx sin ( I ) sin ( 2 )
1 [
vl dx [cos (ng - W—zm) — oS (ng + W?;)m)} (6.101)
_ ! Lxd:v cos(ﬂ (nb—mL ))—cos(ﬂx(nbjtmL ))
VLD Jo DL, 0L, g
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Consider the integrals separately,

bL,sin (5= (nb+mL,))|"

Ly
/ dz cos ( m (nb+mL,)) =
0

bL, 7(nb+ mLzx) 0
(1)L,
=) O I
m(nb+mLy) sin (mmLa/b)

If nb =mL,

La T La
/ dz cos (-—(nb —mL,)) = / drcos0 = L,
0 bL, 0

otherwise

bL, sin (%(nb —mLy)) [*

La T
/o dx cos (bL (nb—mL,)) =

. w(nb —mLzx) 0
(—1)"bL, .
= B G oL ),
o sin (mmL,/b)

Inserting these into (6.101), we get the following expression for Cik .
Ls 4 frznlgi—m 'bLL;) sin (mmL,/b) if nb =mL,,

(—1)"4by/bLy - .
———=Y 2 _gin(mmlL,/b if nb # mL,,
ﬂ((nb)2—(mLI)2) ( / ) %

Cik = (6.102)

Note that if b = L,, C* = §,,, as expected.
Let n., m, be the largest integers such that @, ,, and ws,, are real respectively.
Since b > L,, we have &, > & ,, which implies m, > n,. Then (6.99) can be

written as

T

Ty (Boo) =y elllmnltllmileialzaml ol C2% 4r (5) i ()

n,m,t=1

+ Z e*(ll|W1,n|+l3|w1,p|)eil2|wz,nL|C’TlL:$nC72rz}]J ~:<L (ﬁo)(gt (m (6.103)

nym,t=n«+1
%)

bSO G () )

n,m,t=ms+1

Let [ := 1y = I3 > L,, then (li|wy | + l3|w1,]) > 1 for n,p > n,, and the
equation (6.103) becomes

Tx

T3t (7, o) =~ Z eil(lm,n|+Im,t|)eilz|m,m|Crllfngfr;,ltgg;(ﬁo)q;t(m (6.104)

n,m,t=1
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which can be rearranged as

T3, (P, 0) ~ Z( > eiﬂm,nﬂzwwc;:;cf,;}@;m)e”m,tlét(ﬁ). (6.105)

t=1 “n,m=1

Compared to Ty, for a single empty waveguide of length l,o; = I} + Iy + I3 and
height L,. We can use equations and find

%

To' (5, 7o) = Y X767 () n (B)- (6.106)

=1

The coefficient of ¢;(p) that appears in T5," for these waveguides are different.
In order to observe the effects of this difference we let the incident angle 6y = 0.
Then (4.35) implies py = 0, and
~g 6.107
- (6.107)
Here we used (5.51). The coefficient of ¢;(p) for a single waveguide becomes

w . Lo 4 1 /e
GZLwl’th:(ﬁo) — 761ltotk 1—7r2t2/L% (6108)

and the coefficient of ¢,(p) for the three waveguide system we considered in this

subsection is

T

3 2,1 7 -
E ez(lw17n+l2W2,m)O7ll:2 % *(pO)

m~m,t"n
n,m=1

Ty
L )
=3 x ezk(l\/177r2n2/k2L§+l2\/177r2m2/k2b2)01,2 02,1 )
9 n,m~"m,t

n,m=1

(6.109)
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Chapter 7

CONCLUSIONS

Exceptional points are kind of isolated singularities that can appear in non-
Hermitian operators that have significant physical consequences. At these points,
two or more eigenvalues and the corresponding eigenvectors coalesce, rendering the
operator non-diagonalizable. In chapter 2, we examine a parameter dependent eigen-
value problem and the behaviour of the Jordan Normal form of an linear operator
at certain kinds points, one of which is defined as exceptional points. Chapter 2,
shows how an analytical function of an almost everywhere diagonalizable behaves
at an exceptional point.

Exceptional points can be observed exclusively in non-Hermitian operators. The
fact that closed systems considered in standard quantum mechanics require Hermi-
tian Hamiltonian operators, lead to the idea that exceptional points are irrelevant to
quantum mechanics of such systems. The paper [23], proves the contrary by showing
that exceptional points can be relevant to stationary scattering from a real poten-
tial, which is a closed system. In this paper, scattering from a two-dimensional finite
waveguide filled with some non-active, homogeneous material is examined using the
dynamical formulation of two-dimensional stationary scattering. This formulation,
allows a generalization of the transfer matrix to higher dimensions, which was pre-
viously restricted to one-dimensional scattering, by associating the transfer matrix
with the time-evaluation operator for a non-Hermitian effective Hamiltonian. The
non-Herminicity of this effective Hamiltonian, makes it possible to observe excep-
tional points, even for real potential scattering problems. The significant results
found in this paper are, In this thesis, we extend this scattering problem to three-
dimensions by examining the stationary scattering from a finite three-dimensional
waveguide filled homogeneously with non-active and lossless material. Chapter 3,

provides the DFSS in one dimensions, which is first introduced by [26], [27]. In
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chapter 4, we extend this formulation for higher-dimensional stationary scattering
problems and define a higher-dimensional counterpart of the transfer matrix, which
[24] and [25] showed previously for two- and three-dimensional systems. In partic-
ular, we showed the composition property for higher-dimensional transfer matrix
and find an expression for the transfer matrix for a potential that is bounded in its
scattering axis and is a confining potential in the axes that are perpendicular to the
scattering axis. The latter property of the potential, the effective Hamiltonian of
the system has a discrete spectrum which in turn allows us to find an explicit for-
mula for the transfer matrix. Moreover, for real potential, the effective Hamiltonian
turns out to be a pseudo-Hermitian operator, and as discussed in chapter 2, it has a
spectrum consists of real and complex conjugate pairs numbers. In particular, the
spectrum of the effective Hamiltonian for the

Chapter 5 uses the machinary developed in chapter 4 to solve the scattering prob-
lem for finite waveguides for two-and three-dimensions, and analyzes the reflection
and transmission of the the incident wave for different cases of waveguides and find
an excplicit expression for the transfer matrix. This choise of potential reduces the
calculation of the transfer matrix to the exponential of the effective Hamiltonian.
This is an eigenvalue problem that is dependent to the wavenumber of the incident
wave.

Section 5.4 discusses the similarities and differences of two-and three-dimensional
finite waveguides. For both two and three-dimensional waveguides, we can choose
the length of the waveguide such that the transmission is determined by the first n
energy levels of a particle in a box and the Fourier transforms of the eigenfunctions
corresponding to these energy levels. Moreover, we can choose the size parameters of
an empty waveguide such that the transmission is determined by the Fourier trans-
form of the first eigenfunction and the transmission is independent of the length of
the waveguide. The difference of the three-dimensional case over its two-dimensional
counterpart are that the energy levels can be degenerate and in addition to the length
and the height of the waveguide, the width is an additional parameter. By changing
the width parameter and keeping the height same, the number of Fourier trans-

forms of eigenfunctions that determined the transmission amplitude becomes more
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sensitive to the change of the wavenumber of the incident wave. In particular, if
the width of a three-dimensional waveguide increases the number of this number in-
creases. However, it is possible make use of the possible degeneracy of the spectrum,
and choose the wavenumber such that a waveguide of smaller waveguide is equal to
the the number for the wider waveguide. These properties cannot be observed in a
two-dimensional waveguide.

In chapter 6, we made use of the composition property of the transfer matrix to
examine the scattering problem of a system that consists of multiple finite waveg-
uide in both two- and three-dimensions. First we consider waveguides such that
the height, and the width if the waveguide is three-dimensional, are equal. This
restriction makes the calculations simpler. We showed that for two filled waveguides
separated by an empty waveguide, we can choose the sizes of the waveguides, the
potential that describes the material inside the filled waveguides and such that the
incident wavenumber is equal to the first and the third exceptional wavenumber
of the filled and empty waveguides respectively. In this case, transmission is de-
termined by the Fourier transform of the second eigenvalue and the corresponding
eigenfunctions. For the two-dimensional case there is one wavefunction, however for
the three-dimensional case we can choose the height to width ratio of the waveguide
such that the second energy level is doubly degenerate, that is, there is two eigen-
functions corresponding to the second energy level and the transmission from this
waveguide is determined by the Fourier transform of these eigenfunctions. This is
an another difference of the two- and three-dimensional waveguides. Additionally,
we showed that it is possible to choose the potential and the sizes of the waveguides
such that, the transmission is determined by the first n Fourier transform except
one. The combination of the the different waveguides, allows us to set up a system
such that the reflection is determined by the first n Fourier transforms, this property

does not exist for one finite waveguide.
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Appendix A

DYNAMICS OF A TWO-LEVEL QUANTUM SYSTEM

Consider a two level quantum system with a Hilbert space .7 that is isomorphic
to C2. Every vector ¢ € J# and linear operator O : 5 — S, can be expressed int

he following form,
U= : (A.1)

The Hamiltonian H = Hy+ 'V, where Hj, is called the free Hamiltonian and V is the
interaction Hamiltonian The dynamics of this system is given by the time-dependent

Schrodinger equation,

10:®(t) = H(t)®(1). (A.2)
The time-evolution operator U(t, () is defined as,

&(t) = U(t, to)P(1). (A.3)
It must satisfy,

10, U(t,to) = H(t)U(t, to), Ulto, to) =1, (A.4)

where I is the identity operator defined on 7.

The time evolution operator has the composition property, i.e,
U(ta, t1)U(t1, to) = Ul(ta, to), (A.5)
where ty,t; and ty are real parameters that satisfy. This also implies,
U(t,to) " = Ultg, t). (A.6)

Now, we define the interaction picture of this system. The interaction picture

Hamiltonian H(t), state-vector ¥(¢) and evolution operator U(t,ty) are related to
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H(t),%(t) and U(t, to) as follows.
H(t) — ei(t*tO)HOH(t)e*i(t*tO)HO _ HO,

U(t) = et o (¢),

z'l(ta tO) = 6i(t_tO)I_IOU(th to)



