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ABSTRACT

Generalized Theories of Gravity and Supergravity
in Three Dimensions
Cem Yetigsmisoglu
Doctor of Philosophy in Physics
August 1, 2022

Some generalizations inspired by the high and low energy modifications of general
relativity have been studied in three dimensions. In particular modifications of mas-
sive gravity models have been considered. These generalizations have been studied
using language of exterior algebra on Riemann-Cartan-Weyl space-times. All gen-
eralizations are defined in terms of a Lagrangian and variational field equations
have been found using a first order variational formalism. Some exact solutions and

properties of these models have been discussed.
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OZETCE

Uc Boyutlu Genellesmis Kiitlecekimi ve Siiperkiitlecekimi Kuramlar:
Cem Yetismisoglu
Fizik, Doktora
1 Agustos 2022

Genel gorelilik kuraminin yiiksek ve diiglik enerjilerdeki gesitli modifikasyonlari,
iic boyutta incelenmistir. Ozellikle kiitleli kiitlecekimi kuramlarmm genellemeleri
caligitlmigtir. Calismalarin formiilasyonunda Riemann-Cartan-Weyl uzay-zamanlar:
uzerinde dig cebir lisan1 kullanilmigtir. Biitiin genellemeler Lagrange fonksiyonelleri
cinsinden ifade edilmisgtir ve alan denklemleri birinci mertebeden varyasyonel pren-
sip kullanilarak hesaplanmigtir. Genellemelerin baz1 analitik ¢oziimleri ve 6zellikleri

tartigilmigtir.
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Chapter 1

INTRODUCTION

General relativity, as proposed in 1916 by Einstein, has been verified by many
solar tests such as advance of the precession of the perihelion of Mercury, deflection
of light rays by massive objects, and lately the gravitational wave observations made
by LIGO [Abbott et al., 2016]. However despite this success, as an effective field
theory, in the extreme limits of both lower and higher energies, it still has some
shortcomings. On the one hand, at the cosmic scales, it cannot explain the late
time accelerated expansion of the universe with the given observed matter distri-
bution [Astier and Pain, 2012]. In addition, observational rotation curves of disc
galaxies are not in agreement with that of the theoretical predictions of general rel-
ativity [Casertano and Van Gorkom, 1991]. On the other hand, at high energies, it
suffers from singularity theorems [Senovilla, 2012] as well as lacking a renormaliz-
able, perturbative quantum field theory description [‘t Hooft and Veltman, 1993].
Consequently, different modifications of general relativity have been considered to

tackle these problems.

For modifications at low energies, various alternative approaches have been stud-
ied. One of the phenomenological modifications for cosmological observations, leav-
ing general relativity intact, is the extension by an addition of a dark sector which
includes a cosmological constant, and non-baryonic cold dark matter [Padmanabhan,
2003]. The cosmological constant acts as a negative pressure dark energy, and cold
dark matter does not interact via electromagnetic interactions. Together with a ho-
mogeneous, isotropic universe described by the constant (positive) curvature FLRW

metric, it models the observed universe. This model is called lambda-cold dark
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matter, and although it provides a good fit for large set of cosmological data [Ade
et al., 2014a, Ade et al., 2014b], it suffers from other problems such as the infamous
cosmological constant problem [Weinberg, 1989] and the tension due to discrepancy
between the observed and predicted values of the Hubble constant |[Riess et al.,
2021]. Another modification at long distances is obtained by allowing the graviton
to become massive. Due to this reason such models are termed massive gravity mod-
els. Having mass, the gravitational fields meditate forces described by a Yukawa-like
potential. This weakens the strength of gravitational interactions at larger distances.
One of the earliest of such modification was constructed by Pauli and Fierz [Fierz
and Pauli, 1939]. This model suffers from pathologies such as vDVZ discontinuity
(not yielding general relativity in the limit the mass of the graviton vanishes) [Za-
kharov, 1970], and a ghost like instability termed Boulware-Deser ghost [Boulware
and Deser, 1972].

For an improved behaviour at high energies, numerous modifications have been
considered. Some of the important ones that motivated part of the studies in this
thesis are quadratic curvature modifications [Utiyama and DeWitt, 1962], scale
(Weyl) covariant generalizations [O’Raifeartaigh et al., 1996, Iorio et al., 1997,
and supersymmetric models [Deser and Zumino, 1976, Freedman and Van Nieuwen-
huizen, 1976]. Quadratic curvature gravity model is a higher derivative generaliza-
tion which yields a renormalizable theory at the quantum level, however it suffers
from ghost modes (Ostrogradsky instabilities). The scale covariant models are ob-
tained by promoting the rigid scale invariance into a local one, yielding a gauge
theory of scale transformations. Due to local scale covariance, these models are
described by Lagrangians with dimensionless coupling constants. Therefore these
models also provide viable alternatives for renormalizability purposes. Finally su-
persymmetric generalizations of gravity models are called supergravity models. It
has been shown that they also have improved renormalizability properties due to

having extra symmetries [Deser et al., 1977].
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Despite a plethora of different generalizations to general relativity, they seem
to have their own deficiencies. Due to this reason, three dimensions has the virtue
of providing many interesting toy models to try new ideas without introducing too
many difficulties [Carlip, 2003]. This is the main reason that we choose to work in

three dimensions.

The organization of the thesis is as follows. In Chapter 2 we start by discussing
main three dimensional gravity models (general relativity, topologically massive
gravity, minimally massive gravity, and quadratic curvature gravity) models that
the following works are based on. Then in Chapter 3 we discuss models given
in [Dereli and Yetigsmisoglu, 2016] and [Unliitiirk and Yetigmisoglu, 2022]. In [Dereli
and Yetigmigoglu, 2016] we study a model which combines topologically, minimally,
and new massive gravity models. We derive its field equations both in the presence
and absence of torsion, and show that there are exact constant negative curva-
ture and constant torsion solutions to this model. In [Unliitiirk and Yetismisoglu,
2022] we study a model which combines topologically massive gravity, topologically
massive electrodynamics with the most general non-minimal RE?-type couplings
between the gravitational and electromagnetic fields. We then show that this model
admits constant negative curvature background solutions with self-dual electromag-
netic fields. In Chapter 4 we discuss locally scale (Weyl) covariant generalizations
of all the models noted in Chapter 2 which are studied in [Dereli and Yetigmigoglu,
2019b] and [Dereli and Yetigsmigoglu, 2019a]. In [Dereli and Yetigmisoglu, 2019b] we
study scale covariant generalizations of topologically and minimally massive gravity
models using Riemann-Cartan-Weyl space-times. We show that this way of gauging
the scale group is consistent. Afterwards in [Dereli and Yetigmigoglu, 2019a] we
study the Weyl gauging of quadratic curvature gravity and note the complications
coming from the quadratic curvature invariants when working on a Riemann-Weyl
space-time. Moreover in the last section of Chapter 4, we present an unpublished
work on an exact class of self-dual solutions to the scale covariant topologically mas-

sive gravity model. We show that these solutions form a non-trivial class. Then in
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Chapter 5 we discuss supergravity models based on [Dereli and Yetismigoglu, 2021].
We study the supersymmetric generalizations of cosmological general relativity and
topologically massive gravity. We derive the exact field equations and study proper-
ties of Cotton and Cottino tensors. In Chapter 6 we present our concluding remarks.
In Appendix A we outline the definitions of mathematical structures that we use
throughout this thesis. In Appendix B we give some useful identities. In Appendix
C we derive the solution to the anti-symmetric connection equation that is used
throughout the thesis. In Appendix D we explicitly derive the left-invariant 1-forms
on AdS; making use of the homogeneous space structure. In Appendix E we give

the Majorana realization of spinors that we use in Chapter 5.
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Chapter 2

THREE DIMENSIONAL GRAVITY MODELS

Throughout this thesis, we use the language of exterior differential forms on
Riemann-Cartan-Weyl space-times. We study models defined via an action principle
and derive field equations using a first order variational formalism. That is, the basic
fields associated to gravitation are co-frame and connection 1-forms and they are
varied independently. The independent variations of connection and co-frames are
important because we are interested in generalized theories of gravitation where
one is not always interested to work in a Riemannian context. Particularly this
importance is highlighted when we work on scale covariant, and supergravity models.
Moreover, we can accompany first order order variational principle with constraint
terms to impose conditions such as setting the torsion to zero. With the constraint
terms, the first order variational field equations can be put in agreement with the
more conventional second order variational field equations. We denote the variations
of an independent variable by a dot over that variable, and we discard possible
boundary terms. We now start describing our essential models that we will build

upon in the following chapters.

2.1 General Relativity

Three dimensional general relativity (GR) is dynamically trivial. Outside matter
sources, it describes constant curvature space-times [Deser et al., 1984, Deser and
Jackiw, 1984]. It is equivalent to a Chern-Simons theory where the gauge group is
identified with isometries of the model space-time [Witten, 1988, Wise et al., 2009].
In the presence of a negative cosmological constant, it demonstrates non-trivial
global features of a four dimensional gravitational model. For asymptotically anti-

de Sitter (AdS) boundary conditions, it is dual to a two dimensional conformal field
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theory at the boundary [Brown and Henneaux, 1986, and it admits a celebrated
rotating charged black-hole solution [Banados et al., 1992] whose entropy is propor-

tional to the perimeter of its horizon.

Independent variables that describe our model are the co-frame 1-forms {e®},
metric connection 1-forms {Q%}, and Lagrange multiplier valued 1-forms {\,}. The

Lagrangian density 3-form is given by:

1 a a
‘CGR:ﬁ G Axe FAx T+ N AT, (2.1)

where K is the three dimensional gravitational constant, and A is the cosmological
constant. We note that instead of starting with a metric connection 1-forms, we
could have started with a general non-metric affine connection, and imposed metric-
ity condition through another set of Lagrange multipliers. It can be shown that this

method also yields the same results and for technical ease we will not do this here.

The total variational derivative of Lgr with respect to three independent vari-

ables is found to be:

. 1 .
Lir = 6% A {Rb eabC+A*ea+D)\a} A AT

2K ¢
a 1 a c 1 b b
+ Q9 A 2—KebcT +§(e AXg—€a AX)p. (2.2)

Here a dot over a field variable denotes the variation of that variable. As a result
of the Lagrange constraint equation, torsion vanishes, that is 7% = 0. Consequently
we work with the unique Levi-Civita connection 1-forms, i.e., Q% = w? and all
curvature quantities and covariant derivatives are taken with respect to Levi-Civita
connection. Looking at the connection variation equation we find that the Lagrange
multiplier 1-forms vanish identically, A, = 0. Finally, the remaining part is the

Einstein field equations:

1
?R“” +Ae® =0. (2.3)

The only solution to Equation (2.3) are the spaces of constant curvatures. This

implies that 3D GR is not a dynamical theory. Another way to see this is to express
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this model equivalently in terms of a Chern-Simons action where the gauge group

is identified with the isometry group of 3D constant curvature space-times.

2.2 Topologically Massive Gravity

Topologically Massive Gravity (TMG) [Deser et al., 1982], is a dynamically non-
trivial extension of GR obtained by augmenting the Lagrangian density (2.1) by a

Lorentz Chern-Simons (CS) term. The Lagrangian of TMG reads:

1 2 1
Love = —(Q4 N, + gQ“,,/\ch/\Qca) + 5 BN sel FAF T+ A AT, (2.4)
7

Due to the CS term, it is a parity non-invariant extension which involves third
derivative orders of the metric coefficients. TMG describes a single helicity, spin-2,
massive propagating degree of freedom on a flat or negative curvature bulk. This
degree of freedom has positive kinetic energy as long as the theory has the wrong
sign for the Einstein-Hilbert term. With the asymptotically AdS; Brown-Henneaux
boundary conditions, it yields two (chiral) copies of the Virasoro algebra, and one
can guarantee that the bulk degree of freedom has positive energy by fine tuning
the coupling constants to be at the chiral limit [Li et al., 2008]. At the chiral limit,
it is shown that the boundary conformal field theory has log-modes with negative
energies which make it non-unitary [Grumiller and Johansson, 2008]. This problem

is called the bulk-boundary clash problem.

The total variation of the Lagrangian density (2.4) yields

: 1 .
Lrva = €" A {QKRbcEazf + Axe, + DAQ} + A AT

+ Q% A {ina - ;(e“bcTC + ;(eb Adg —€q N /\b)} : (2.5)
The Lagrange multiplier 1-forms makes sure that we are working with the Levi-
Civita connection 1-forms. The equations coming from the variation of the connec-
tion can be put in the form of Equation (C.1) and it’s solution involves the Schouten
1-forms {Y, := Ric, — (1/4)Re,} as

4

Ao =——Y,. 2.6
p (2.6)



Chapter 2: Three Dimensional Gravity Models 8

Finally putting this result back in the co-frame variation equation, we obtain the
Einstein field equations

1 4
—R¥® 4+ Ae®™® — 20, =0, 2.7
% p (2.7)

where {C, := DY, } are the Cotton 2-forms.

2.3 Minimally Massive Gravity

Minimally Massive Gravity (MMG) model is introduced as an alternative to the
TMG model which solves the bulk-boundary clash problem [Afshar et al., 2014,
Bergshoeff et al., 2014]. Similar to TMG, it describes a single, massive, spin-2 de-
gree of freedom at the bulk [Alishahiha et al., 2014]; and differently from TMG, the
boundary conformal field theory around AdS; bulk is unitary. Its chiral limit and
conserved charges are studied in [Tekin, 2014]. Due to lack of a Bianchi identity, con-
sistency of its field equations in relation to certain solutions of TMG are investigated
in [Altas and Tekin, 2015]. For the action formulation of MMG in Riemann-Cartan

space-times we refer to [Baykal, 2014]:

1 2 1
Lanie = —(Q% A dQ°, + 3% A QNQC) + ——RY% Axel + Ax1

u 2K
+Aa/\T‘1+%/\a/\)\b/\*e“b. (2.8)
The total variation of the Lagrangian density (2.8) yields:

. 1
Lyivg = €% A {eabcRbC +Axe, + DA, + geabc)\b A )\C}

2K
O A 2R TC+1(e Ada— €a ANp)
1 ba 2K€abc 9 b a a b
+ A A {T“ + v A *eab} : (2.9)

Notice that due to to the non-linear term in the 1-form field {\,}, there is a dynam-

ical space-time torsion which can be solved as:

T = —v)p A %e® <= Ko = Ve \©. (2.10)
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Putting this back into the connection variation equation, we can express it in the

form of Equation (C.1), where

1 v\ '2
Sy = — (2 - 2K> R (2.11)

Its solution using Equation (C.4) involves the Schouten tensor {Y, = Ric,—1/4Re,}

as

1 v\ 12
A=—|=— — -Y, . 2.12
¢ (2 2K> o (2.12)

Finally putting this back into the co-frame variation equations, we arrive at the

Einstein field equations:

1 1 v\ '2 1 v\ 24
acRbc A a ~ (_ ) 70{1 ( > Y acyb/\yczo‘
g Celt tAxC= g m o) ST gt o)

(2.13)

We again stress that here all the covariant derivatives and curvature quantities in

this model are calculated using the torsionful connection {Q% = w? + K%}.

2.4 Quadratic Curvature Gravity

Quadratic curvature gravity is a fourth order modification of general relativity by

the addition of quadratic curvature invariants:

Loca = 22 % Nke Ak T+ A AT 4k R AR P+ Ro Ric* A% Ricy+rsR*+1. (2.14)
where k1, k9 and k3 are coupling constants with dimensions of inverse length. These
quadratic curvature modifications can be interpreted as high energy corrections to
general relativity. Particularly, this family of Lagrangian densities also cover the La-
grangian density of the New Massive Gravity (NMG) model for the particular values
of k1 =0, ke = 1 and k3 = —3/8 [Bergshoeff et al., 2009a, Bergshoeff et al., 2009b].
NMG model is a parity invariant model describing two massive, spin-2 degree of
freedoms (with both helicities). It is a nonlinear unitary theory which extends the

Pauli-Fierz model. The canonical analysis of this model is carried out it [Gilld

et al., 2010].
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The total variational derivative of Lqcg with respect to three independent vari-

ables is found to be:

. 1
Lqoce = €N {QKRbceabC +Axe, + DN, — lﬁﬁl[Rbc] + Ko {La(Ricb A xRicy)

+20 Rye N 1P % Ricc} + k3(2RRY e )¢ — R? « ea)}

. 1
+ Q9 A {QKD * eab +e" AN, +2D [/{1 * Rab — Koty * Ric® + k3R * eab} }

A AT, (2.15)
where
7[RY] = taR®, A % R,S — R® (14 % R,°) (2.16)

denotes the stress-energy 2-form of the curvature 2-form coming from the quadratic

term proportional to k.

First, due to Lagrange constraint equation, torsion vanishes and we will be work-
ing with the unique Levi-Civita connection 1-forms {Q% = w%}. Then, we solve the
Lagrange multiplier 1-forms from the connection variation equation. For this, we

write the connection variation in the form of Equation (C.1), where
Yap = 4D (/ﬁ * Rap — Kotpg * Ricy + k3R * eab>

is anti-symmetric due to anti-symmetry of the Levi-Civita connection 1-forms. Then,

using Equation (C.4) the unique solution for the Lagrange multiplier 1-forms reads:

A\, = 4D (/-@1 * Rypq — Kotp * Ricy + kgl * eba)

— [LbCD (/@1 * Rey — Kotje * Ricy + k3R * ecb)} €q - (2.17)

Finally, Einstein field equations are determined to be:

1
—5cGa+ Axeqt DA — k1F[RY] + ks(2RRY €,,° — R* % eg)

+ kiy [ta(Ric” A Ricy) + 21 Roe At 5 Ric®| = 0, (2.18)

where the Lagrange multiplier 1-forms are given by Equation (2.17).
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Chapter 3

TWO DIFFERENT EXTENSIONS OF MASSIVE
GRAVITY MODELS

3.1 Non-minimally Coupled Electrodynamics and Gravity

In this section we are going to study a model where we extend the TMG model
with electrodynamics together with REF-type non-minimal couplings between elec-
trodynamics and gravity. Similar toy models in four dimensions has been considered
in [Dereli and Sert, 2011¢c, Dereli and Sert, 2011a, Dereli and Sert, 2011b, Adak et al.,
2017, Dereli and Senikoglu, 2020] where in general a single RE?-type interaction is
added to the Einstein-Maxwell theory. Although four dimensional Einstein-Maxwell
theory, where the electromagnetic field is minimally coupled to gravity, is classically
a well-established theory, non-minimal coupling terms between curvature and elec-
trodynamics may be introduced, motivated by perturbative QED on curved back-
grounds, in particular coming from vacuum polarization. On the tree level, photons
propagate along null geodesics, whereas at the 1-loop level, due to vacuum polariza-
tion, a photon may exist as a virtual electron-positron pair. Consequently, photons
attain a size at the order of magnitude of the Compton wavelength of the elec-
tron. Therefore, photon propagation can be influenced by the space-time curvature
where a curved space-time acts as an optically active medium. Such effects can
be conveniently described by non-minimal couplings of the electromagnetic field to
gravity [Drummond and Hathrell, 1980]. Indeed, the effective action density that
arises in QED at the 1-loop level is given by [Drummond and Hathrell, 1980]

%RabAFGb*F+%R¢CQAL“FA*F+%RF/\*F+%d*F/\*(d*F),

where the coupling constants {7;} depend on the fine structure constant and mass

of the electron.
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Motivated by these interactions, in [Dereli and Sert, 2011c, Dereli and Sert,
2011a, Dereli and Sert, 2011b, Adak et al., 2017, Dereli and Senikoglu, 2020] the au-
thors consider various extensions of Einstein-Maxwell theory with REF2-type interac-
tion terms and look for solutions. Particularly these authors consider an RgyAF®* F
coupling term and show that a class of exact non-trivial pp-wave solutions ex-
ist [Dereli and Sert, 2011lc]; add coupling terms of the form Y (R)F A *F and
show that static, spherically symmetric solutions exist; look at exact solutions of
anisotropic inflation for the same coupling [Adak et al., 2017]. Finally in [Dereli and
Senikoglu, 2020], the authors consider RF A xF and RF A F couplings and show
that there exists a charge screening solution (with vanishing total charge) for this
model. That is, a spherically symmetric, asymptotically de Sitter solution with a
constant electromagnetic field 2-form exists, provided that the coupling constant for

the non-minimal coupling term is related to the radius of space-time in a certain way.

Here, we extend three dimensional TMG with electrodynamics to a model that
contains all of the non-minimal coupling terms coming from QED. It is noteworthy
to see similar effects coming from the non-minimal coupling terms of this toy model.
We derive the field equations using first order constrained variational principle. We
then study an exact class of AdS solutions with a constant self-dual electromagnetic
field. The notion of a self-dual electromagnetic 2-form in three dimensions is intro-
duced for the study of exact solutions of Einstein-Maxwell-Chern-Simons [Dereli and
Obukhov, 2000] and TMG with electrodynamics [Dereli and Sarioglu, 2000, Dereli
and Sarioglu, 2001]. Here, what we mean by self-duality! is that the Faraday 2-form
contains a single electric field component and a magnetic field whose magnitudes
are equal. We show that similar to the result in [Dereli and Senikoglu, 2020], our
model admits exact constant self-dual solutions on AdS space-time given that the

coupling constants of the model are constrained by two algebraic relations.

'In three dimensions, electromagnetic 2-form cannot be self-dual in the sense that it cannot be

in an eigenspace of the Hodge duality operator.
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Action and Variational Field Equations: The action functional for our model,
Sfet, 24, X%, A = [ £, (3.1)
M

depends on co-frame 1-forms {e®}, metric connection 1-forms {Q% }, Lagrange multi-
plier 1-forms {A“}, and electromagnetic potential 1-form A with Faraday 2-form F' =

dA. The Lagrangian 3-form can be decomposed into four parts as
L= ETMG + EEM + Ecoup + ['constraint . (32)

In this study we have set the 3D Newton’s constant to unity, that is K = 1 in Lryg-
The electromagnetic action density contains the Maxwell term alongside Maxwell

Chern-Simons term with the coupling constant m:

1
L‘EM:—§F/\*F—%A/\F. (3.3)

We consider the non-minimal couplings of type RE? between the electromagnetic

and gravitational fields, i.e.,

Looup = %FubRab A *F + %Rica ACF A %F + %RF A%F

_ (L4 02 pab ML
—<2+4>F RabA*F+<4+2>RF/\*F, (3.4)

where we use the curvature identity (B.11) to obtain the second equality. Finally,

the constraint density
£Constraint = )\a NT® (35)

ensures that, upon the variation of Lagrange multiplier 1-forms that the torsion
2-forms vanish identically. Hence we will be working with the unique Levi-Civita
connection 1-forms, that is Q% = w®. Therefore it is understood that all covariant

derivatives and curvatures are calculated using the Levi-Civita connection.
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The variation with respect to the electromagnetic potential 1-form yields modi-

fied Maxwell’s equations

2 4

n (742 + 723) d(2R * F) . (3.6)

Oz—d*F—ijL(%+72)d{R*F—Z(ﬂ*F)Rz’cajLFab*R“b}

The variation with respect to the connection 1-forms {w®} yields

1 2 1 T Y2
(o ANy — €5 AN = — = Ry + =D % e ( 1
2(6 b — €p ) " b—|—2 * €qp + 2+4

- (”42 4 7;) Dig (F A +F). (3.7)

)D(Fab*F)

This equation may be put in the form of Equation (C.1) and may be solved alge-
braically for the Lagrange multiplier 1-forms using Equation (C.4). The solution

reads
- 72 b L
Aa=—-Y, + 71—1—5 LD(Fba*F)—EL D (Fye x F) e,
i
V2 b 1 cb
+ 5 + 73 ) [¢"Digy (F N *F) — 1 Digy (FN%F) e, (3.8)

where {Y,} denote the Schouten 1-forms. Finally, the co-frame variation produces

the Einstein field equations

1 A 1 1
0— §€abc}zbc - §eabcebc — §LaF A xF + 3 (ta* F)F 4+ D),

1

1
+2F.° (1% F) Ry + 5Fbc (1g % F) RbC]

4 (742 + 723) { e # (F A%F) B — 2RicoF A *F} (3.9)
where the Lagrange multiplier 1-forms are given by (3.8). We note that when the
non-minimal coupling constants are taken to be zero, the Einstein field equations
(3.9) and modified Maxwell’s equations (3.6) become that of TMG with topologically

massive electrodynamics as expected. Now, we will be looking for exact solutions of

these equations.
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AdS; Solution with Constant Electromagnetic Field: The solutions that we
will be investigating will be on constant negative curvature backgrgound, that is
AdS3 and we will be working with the left invariant 1-forms. A detailed analysis of
this coordinate frame is given in Appendix D for AdSs3 of unit radius. On AdSs of
radius p, the left-invariant 1-forms satisfy the Maurer-Cartan equation (notice the

difference with Equation (D.15) due to radius p)
a 1 a b c
de® = ——€.e” N e, (3.10)
)
where p = (—A)~/2. Consequently the Levi-Civita connection 1-forms are given by
“ 1

W b = _*Eabcec . (311)

Finally, the curvature 2-forms, Ricci 1-forms and curvature scalar are given by

1 2 6

Rab: —Eea/\eb, Rica: —?6a, R = _Ea (312)
respectively. For the electromagnetic field, we take the “self-dual” ansatz
F = —Ee" + Be'?, (3.13)

with £ = kB where k? = 1. Furthermore we assume that the electric and magnetic
fields are constant. These assumptions give, in particular, F' A xF' = 0 which leads
to great simplifications. After a tedious computation, Einstein field equations (3.9)
and modified Maxwell’s equation (3.6) become algebraic relations in terms of the

AdS radius and coupling constants:

2p% + 1471 + 7o — 1293 = 0, (3.14)

mp® +2p* + 47y, + 8y, + 1293 =0. (3.15)

These equations effectively carve out a three dimensional subspace of the parameter
space {p,m,v1,7v2,7v3}. To be concrete, we can take the coupling constants 71, v, V3
for the non-minimal couplings to be arbitrary and they completely determine the
AdS radius and electromagnetic Chern-Simons coupling constant. Although the

standard values of the parameters ~; are calculated in four dimensions, to get a
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rough idea one may calculate the orders of magnitude of p and m using these values.

This yields

p~1072X ~ 107" m,

m ~10-m, ~ 1072 kg,

where A, = ii/mec is the reduced Compton wavelength of the electron.

Remarks: We showed that there exists exact constant negative curvature back-
ground with constant self-dual electromagnetic fields provided that the parameters
of the model satisfy the constraints (3.14) - (3.15). Although the solution given
in this work is a highly restrictive one, the existence of a solution is theoretically
stimulating since this shows, in particular, that the model is not inconsistent. More-
over, this simple solution may serve as a starting point for looking for more general
solutions. The solution we have found is similar to the work [Dereli and Senikoglu,
2020], where the existence of a spherically symmetric, asymptotically de Sitter so-
lution in four dimensions with a constant electromagnetic field 2-form was shown,

for a simple RF?-type non-minimal interaction.

3.2 New Improved Massive Gravity

Here we consider a model which encompasses TMG, MMG, and NMG models as
particular sub-cases. The action is given by the MMG action extended by the
most general quadratic curvature terms, that is Riemann, Ricci and scalar cur-
vature squared terms. For the quadratic curvature invariants, we make use of the
curvature idendity (B.11) to replace Ricci squared term in terms of others. We make
this choice for technical ease and note that this is different than how quadratic cur-
vature terms are used in the formulation in NMG model. Moreover this choice
also helps us present the variational field equations in a compact and geometrically
transparent way. We show that this model admits exact classes of solutions that are
Riemann-Cartan space-times of constant curvature and torsion. We then classify the

possible solutions with respect to the free parameter of the model in the Lagrangian.
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Action and Variational Field Equations: The field equations of our model will

be determined by the constrained variations of an action integral,
I[e®, 0%, \] = / c (3.16)
M

where M is a compact region on some chart on a (1+42)-dimensional Riemann-
Cartan manifold. The independent variables on which the action depends are the
co-frame 1-forms {e}, metric connection 1-forms {Q2%}, and Lagrange multiplier

1-forms {\,}. We consider a Lagrangian density 3-form

L= Lrvc + Lo+ Lc, (3.17)
where

Lo = aR™ A xRy + BRic® A %Ric, + YR % 1 (3.18)

is a generic quadratic curvature term with three coupling constants «, 5, and . It
should be remarked that, there are alternative ways of specifying a generic quadratic
curvature invariant in three dimensions. Due to the identity (B.11), either one of
the terms R® A xR,,, Ric* A *Ric, or R? *x 1 may be made redundant in favor of
others. Therefore, still keeping the coupling constants «, 5 and -, we may consider

without loss of generality, any one of the following combinations:
Ly = (2a+ B)Ric* A *Ric, + (7 — g) R*x1,
Ly = (a—i—g) R® A %Ry + (74—5) R*x1,
Ly = (a0 —27)R™ A xRy + (B + 47) Ric" A xRic, . (3.19)

For technical ease we prefer to work with the second alternative. Finally,

Lo=T"AN + g)\a ANy A e (3.20)

is the constraint-like Lagrangian density involving terms proportional to the La-

grange multiplier 1-forms. In the case v = 0, it imposes the constraint that the
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connection is the torsion-free Levi-Civita connection. On the other hand if v # 0,
the torsion 2-forms would be related with the Lagrange multiplier 1-forms in a non-
trivial way. All the previously studied models such as TMG, NMG or MMG are

covered as sub-cases of the action defined by Equation (3.17).

We evaluate the variational derivative of the total Lagrangian and find (upto a

closed form)

. 1
L=¢e"N {MeabCRbc +Axe, + (a + g) (LaRbC A *Rpe — R A g % Rbc>

= (’V + i) <2€abCRRbc -2 R2 * €a> + D)\a + geabc)\b A AC}

. 2 1
+ Qab A {MRba + ﬁﬁabcTc + (205 + B)D * Rab

1
= (2’7 2= g) D(R * eab) + 5(617 VAN /\a —ea N\ )\b)}
+ Ay A {Ta + v A *e“b} . (3.21)

Here a dot over a field variable denotes the variation of the corresponding field. We

first impose the constraint
T = —udy A %€ <= Ko = Vege\C . (3.22)

Therefore unless v = 0, we are working with a connection with torsion. Then we go

to connection variation equations which now read
€a AN /\b —ep N\ )\a = Q_IEab, (323)

where we set

1 v 15}
Q—Q—M—V<2’7+2>R, (324)

and

2
ZJab = _pRab + (204 + B)D * Rab + (27 + g) dR N\ *Cap - (325)
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We solve (3.23) algebraically using equation (C.4) for the Lagrange multiplier 1-

forms and determine
1 2 3
)\a:Q _;n+(2a+B)Wa+ 27"’5 (['a*dR) ) (326)
where {Y,} denote the Schouten 1-forms and we further introduce the abbreviations
1
Wo = 1"(D * Ryy) — Z(J’CD * Rep)eq . (3.27)

Finally we substitute (3.26) into the co-frame variation equations and arrive at the

Einstein field equations given as follows:

(s o+ 2) ) s (2

+ <a + g) (LaRbC A %Ry, — RY A 1, % Rbc>
+ DA\, + %)\b A X % eqpe = 0. (3.28)

We note that these equations include among other terms, the Cotton 2-forms {C, =
DY,} calculated from the torsionful connection 1-forms {Q% = w% + K%} as well

as the 2-forms
_ b 1 be
D,=DW, =D <L (D Rio) = ("(D * Ray)) ea> (3.29)

that involve fourth derivatives of the metric components. We also note that Einstein

field equations in the case of zero-torsion (v = 0) are given by

1 5 » | Hbe é P2
<2K+<27+2>R>R /\*eabc—i—<A (7—}—4)]% % €,

+ <a + g) (Laﬁ’bc A *}?bc — R A g * fibc>

- iéa + (4a +2B)D, + (4y + B)D(1, ¥ dR) = 0. (3.30)

For clarity, both in the above equation and up until the end of this chapter we denote
the quantities calculated by the Levi-Civita connection with a hat. Field equations
(3.30) descend consistently to the TMG field equations (2.7) if the quadratic cur-

vature terms are absent, i.e., if we set &« = § = v = 0 above. Finally we re-write
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Einstein field equations in two special cases of interest:
(i) NMG:i—>0,A:O,a:0,5:1,7:—%,y:0.

1 14\a 14 L A A 2 ?
<2_[( — 4R> Rbc N *€qpe + §R2 * eq + 5 (LaRbc A *Rbc - Rbc A Lg * RbC)

N 1 A .
+2D, — =D(1axdR) =0. (3.31)

(\]

(ii) MMG: a = =7 =0, v # 0.

1 4K SK?v
— —Ga+Axe, — C, aYPAYE =0,
Koo TR T K =) T e =
4Kv
Kap+ ———€ape Y= 0. (3.32)
n(K —v)

Exact Solutions with Constant Curvature and Torsion: In order to pro-
ceed with the study of a quantized theory of gravity based on our model, its so-
lutions should be found. Towards that end, here we consider three dimensional
non-Riemannian space-times of constant curvature and constant torsion. This is a
notion introduced many years ago, but has been overlooked up till now [Dereli and
Vergin, 1991]. We also conveniently work with coordinate independent methods.
That is to say, we evaluate curvatures and their derivatives without differentiating
any functions. The relevant differential geometric techniques are briefly explained
in an Appendix D for left-invariant 1-forms on AdSs. The Riemannian part of the
curvature 2-forms calculated from the Levi-Civita connection is:

A

1
RY% = ——e" Ney, (3.33)
p

where p is the radius of AdS;. Now we set the torsion 2-forms to be

2 1
T = "xe", o’ #p* = K%=——€%.c". (3.34)
o o

Then the full curvature 2-forms turn out to be

2 _ 2
a p-—a a
R = (,0202 ) e’ Nep. (3.35)

Their contractions give

2 2 2 2
. p — 0 p—a
RZCa =2 ( p20'2 > €aq 5 R=6 <p20'2> . (336)
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Substituting these in (3.24), we find

1 v B\ [ p*—o?
=————06v|2y+ = 3.37
Q-3 -o(n+5) (7). 3.37)
and in (3.26), we find
1 2 2 2
RSV R el DAy (3.38)
[ o 0202
We must first check (3.22) for consistency:
1 1 2 2 — o2
:Q—1<+ O‘+5><p2;’>. (3.39)
vo 1 o p?o

Substituting for @ from Equation (3.37), we get an algebraic consistency equation

as follows:

2 2
o p-—0 K —v
2(—+2 4 12 = . 3.40
<u+ a+48 + 7)( o ) 0 (3.40)

Next we consider the Einstein field Equations (3.28) with
Ao = ——eq, (3.41)

and organise terms to arrive at

(4a—6—12’y)<p22_0;72> +[1(<p2_02>+</\—1):0. (3.42)

pro? vo?

Thus we have two algebraic Equations (3.40) and (3.42) to solve simultaneously for

p and o in terms of the coupling parameters K, A, a, 5,7, i and v.

To proceed further, we concentrate first on a simpler case and discuss solutions

of this algebraic system for MMG with a = = v = 0. We rename our variables as

1 1
S=¢, S=v, (3.43)
o P
and let
w1 1)
=—(-—=—=). 44
¢ 4(1/ K (3:44)
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Then our coupled system of equations reduce to the equations of two conic sections

in the (¢, n)-plane given by

(E—a) 7
and
1 1 52 772
K<I/_K> KA T RA T (3.46)

We take K > 0 without loss of generality at this point, since our model is not
yet coupled to matter. We also point out that solutions come in pairs with values
n <> —n, as a change in sign of 77 means going from one orientation of the co-basis to
the other, or vice versa. In what follows, we restrict attention to the cases 0 < n, but
extension to cases 7 < 0 is easy. Then we classify possible pairs (£,7) in accordance

with the following ranges of our free parameters:

For A < 0 and —oo < pu < 00; no solution exists with 0 < v < K.

A<O,u>0,vr<0or K <vw.
There is a solution for 0 < ¢ < ‘LV_”)KA‘ and 0 < n < oo.

A second one may exist for —y/ \@KM < € < —p|%=1) | depending on the

2Kv

magnitude of .

e A<O,u<0,v<0or K <v.

There is a solution for £ < — |@KA\ and 0 < n < oo.

A second one may exist for \/|@K Al <¢€< ,u(;;;’), depending on the
magnitude of .

e A>0,u>0,0<v<K.
Solutions exist for 0 < n < VKA. Then there is a solution for —/X=* KA <
£<0.
A second one may exist for \/W <¢<L ,u(Kfl'j), depending on the mag-

2K

nitude of p.
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e A>0,u<0,vr<0or K<v.

Two solutions exist for v KA <n and with either £ <0 or u% <&

e A>0,u>0,r<0or K <vw.

Two solutions exist for v KA < 7 and with either ¢ < —u% or 0 <¢.

e A>0,u<0,0<v<K.
Solutions exist for vV KA < 7. One solution has 0 < ¢ < |/~ KA.

A second one may exist, for —, /%= KA <& < —/ |u\@, depending on the

magnitude of .

Remarks: It should be emphasised that our discussion based on the choice (3.17)
of the action encompasses all currently studied models such as NMG or MMG as
particular sub-cases. In recent literature, the generic quadratic curvature term in
the action that is commonly used is given by the first alternative in Equation (3.19).
Here we use the second alternative for technical ease and were able to present the
variational field equations in a compact and geometrically transparent way. More-
over, the coupled algebraic equations (3.40) and (3.42) describe a cubic and a quartic
curve, respectively, in the (p,o)-plane. We chose to discuss the existence of solu-
tions of the intersection points for these curves in the special case of MMG, that is
( = =7 = 0), and similar analysis can be carried out with more technicalities

for other cases as well.
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Chapter 4

WEYL COVARIANT GRAVITY MODELS

In this chapter we study scale (Weyl) covariant generalizations of TMG, MMG
and quadratic curvature gravity models. By a Weyl covariant generalization, we
mean a gravity model extended by a gauge field, called the Weyl connection 1-form,
compensating for the scale transformations. Due to Weyl connection 1-form, these
models, with the addition of a dilaton scalar, field are ungauged generalizations of
scalar-tensor models of gravity. That is, after fixing the Weyl gauge, one obtains a
scalar-tensor model. Moreover, the number of symmetries these models contain are
more than a pure gravity model and less than a conformal gravity model. There-
fore these models provide a viable middle step where one may study gravity models
without too many additional symmetries. Furthermore scale covariance mandates
having dimensionless coupling constants, which helps construct low and high energy

complete models of gravitation [O’Raifeartaigh et al., 1996, Dereli and Tucker, 2002].

The group of scale transformations is a non-compact, 1-parameter, abelian Lie
group R, called the Weyl! group. To obtain scale covariant theories, we promote
global scale transformations into local ones. Consequently in a scale covariant field
theory, there is a principal bundle structure over space-time where the structure
group is the Weyl group. On this bundle, a Weyl connection 1-form taking values in
the Lie algebra R introduces a scale covariant exterior derivative that is compatible
with the action of the Weyl group. The fields over the space-time are allowed to

carry a representation of this group, and their Weyl charge assignments are made

"'Weyl group is generally used for the symmetry groups of Weyl chambers of root spaces of
Lie algebras. Throughout this thesis, by a Weyl group we always mean the identity component of

GL(1,R) associated to scale transformations.
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according to their physical dimensions.

We employ the Weyl gauging in the geometrical context of Riemann-Cartan-
Weyl (RCW) space-times which provide a natural framework to discuss locally scale
covariant theories of gravitation. A RCW space-time is a metric affine geometry
(M, g, V) where the non-metricity tensor has only non-vanishing trace part that is

identified with the Weyl connection 1-form @ via

Vg=20®9 <= Qu=—QNuw. (4.1)

This identification relates the origin of local changes of scale to the geometry of
space-time. In a Weyl covariant model, we work with the non-metric connection

1-forms

To make the distinction clearer, throughout this chapter we put the symbol (A) over

the quantities calculated from the connection 1-forms {A%}.

As discussed above, a field ® over the space-time is allowed to carry a represen-

tation of this group, that is under a local change of scale
O—e 1, (4.3)

where the dimensionless parameter g is the Weyl charge of the field ® and o is
a dimensionless real scalar field on space-time, sometimes called the scale factor.
Conventionally, because it has dimensions of length squared, metric is assigned a

Weyl charge of —2, that is
g e¥g. (4.4)

Then assignment of Weyl charges of other fields are made according to this choice.
For instance, using Equations (4.1) and (4.4), we can determine the transformation

rules of co-frame and connection 1-forms as

e —e%e’, A% — Ay —ndo, (4.5)
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respectively. Then, we can calculate the transformation rules for torsion 2-forms

and curvature 2-forms as

(A) )
T — e’T", 4 = RY . (4.6)

For the affine connection, we adopt the Weyl transformation rule
V= V. (4.7)

This choice is consistent with our framework, because connection is not a tensorial
quantity, and therefore has no assigned dimension; it stays inert under local scale
transformations [Dereli and Tucker, 2002]. Also, there need not be any correla-
tions between metric scaling and transformation of the linear connection in a RCW
space. To be able to make this choice, one has to have at least one of the torsion
or non-metricity tensors to be nonzero. Otherwise, in a Riemannian space-time, the

transformation property of the connection is determined by the metric tensor only.

Under a local change of scale the Weyl connection 1-form transforms as

Q+— Q+do. (4.8)

(1)
Space-time exterior covariant derivative D does not transform covariantly under

local changes of scale. Therefore by coupling it with the Weyl connection 1-form,
we can define a Weyl exterior covariant derivative D. In particular on a p-form &7
with Weyl charge ¢, its action is given by

Do} = (ZA?)CDZ’ +qQ N Py, (4.9)
so that under a local scale transformation, D®? — e~9D®P. We note that, using
the Weyl exterior covariant derivative with a slight abuse of notation, the Weyl ge-

ometry condition (4.1) can be equivalently expressed as Dg =0 .

The metric tensors related by a local change of scale form an equivalence class [g]

under the relation (4.4). This equivalence class is called a conformal structure on M.
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For a conformal class, one can associate a class of Hodge stars [*]. Then, under the

action of Hodge map, one has

3—
D0 =3 (4.10)
P =) p P
D+ ®F = D x PP 4 (¢ — (3 —2p))Q N PP (4.11)

In addition, under contractions with the interior product operation, Weyl charge of

the fields increase by 1, i.e.,
L@ =P ] (4.12)

To obtain a scale covariant generalization, we introduce two ingredients to the
original models. First element is the dilaton field «. It has the dimensions of
inverse length and is used to write scale invariant terms for Lagrangian. The second
ingredient is the Weyl connection 1-form (), which helps compensate for the local
changes of scale. Both the dilaton field and Weyl connection 1-form are introduced
as independent variables, the latter being introduced through the symmetric part of

the connection 1-forms. Therefore, in comparison with Equation (4.2), we have

. 1 .
Q= — 51, (4.13)

As an explicit example let us see how the Einstein-Hilbert term

L@
EEH = %R b A *e, (414)

would get modified. It depends on the co-frame {e*} and metric compatible con-
nection 1-forms {Q2%} and in three dimensions has scale weight 1. Therefore we can
discard the dimensionful Newton’s constant K and couple the dilaton field to obtain

a scale invariant Einstein-Hilbert term as:

(A)
EWEH = O[Rab N *e b (415)

a

In (4.15) we also promoted the metric connection 1-forms {Q2%} to the non-metric

connection 1-forms {A% = Q% — @Qn%}. The scale covariant Einstein-Hilbert term
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depends on the co-frame fields {e*}, dilaton field «, anti-symmetric part of connec-

tion 1-forms {Q%}, and Weyl connection 1-form Q.

The consistency of any scale covariant generalization is checked by following the

following diagram:

introduce o & Q
L ————— Lwr

variation variation

Lt =L 00 Ly

We introduce scale invariant terms to the Lagrangian Lt of the original model
using the dilaton field @ and Weyl connection 1-form (@), vary the scale invariant
Lagrangian Ly, and obtain the scale covariant variational field equations L. If
these field equations agree with the field equations of original theory L for a fixed

scale & = 1, and vanishing non-metricity ) = 0, the above diagram commutes and

we say that the generalization is consistent.

A consistent generalization means that the scale covariant theory contains the
original theory in its vacuum configuration for the Weyl sector. The vacuum con-
figuration means the Weyl connection 1-form has a vanishing field strength, i.e., it
is flat. In this case, any solution of the original theory defines an equivalence class
of solutions for the scale covariant theory, where two solutions are related by a pure

gauge transformation.

We note that scale covariant TMG and quadratic curvature theories have been
studied using a similar technique in [Dengiz et al., 2012] and [Tanhayi et al., 2012],
respectively. Scale covariant MMG is a new model. Due to the dynamical torsion
present in the theory, it is more complicated but it becomes clear by the use of
exterior algebra. Moreover in [Dengiz et al., 2012], contrary to our approach, the

authors interpret the Weyl vector boson as a potential for the gauge group U(1) of
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electrodynamics. Since Weyl connection 1-form is purely real we do not make this
identification. Also, when interpreted as a linear connection, it has a geometrical
meaning over space-time. For a U(1) connection this geometrical meaning is rather
obscure, because it is a purely imaginary 1-form. In the remainder of this chapter
we present a formulation of scale covariant generalizations of the models considered

in Chapter 2.

4.1 General Relativity
We consider the following Weyl invariant Lagrangian density:

(A)
Lwer = aR% A *eab + A%l +ad\, ATC — 212)04 A xDoy
«

,.y/
— 5-dQ A %dQ. (4.16)

In addition to modifying the terms in the original action (2.1), we also added the
kinetic terms of the fields a and @ to promote them to dynamical fields. In (4.16), v
and +/ are dimensionless coupling constants due to scale invariance. The total vari-

ational of the above action density yield:
Q
Q) ~y

. ()
Lwar = €* A {aRb €S+ PNxe, + D(ad,) +aQ AN, + 5

L 7.[D
c O(T[ Oz]

7/ A : (Q) b b
+ %Ta[dQ] + Q% A D(axe,)+ae’ AN,
+Q/\{o¢)\a/\e“—7*Da—7’d<*dQ)} + A A (aT“)
!

()
—I—d{ ab/\*eab—|—3oz2A>|<1—|—/\a/\T“+%DaA*Da
a

1 /
4+ D[ = %Da| + LodQ A+dQ (4.17)
« 202

where the shorthand expressions

T.[Da) = (t4Da) * Do+ Do A 1y % D, (4.18)
TaldQ] = 1adQ N *dQ — dQ(Lq * dQ), (4.19)
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are the scale covariant stress-energy forms of the dilaton field o and the Weyl vector

boson field @, respectively.

We first note from Lagrange constraint equation, since o # 0, that the torsion
2-forms identically vanish, i.e., T* = 0. The field equations are to be solved under
this constraint. The scalar field equation can be replaced by a simpler expression.
In order to demonstrate this, we take the trace of the co-frame equation by taking
a left exterior multiplication with e, and compare this expression with the dilaton

variation equation to obtain:
d(ae, NN +vxDa) =0. (4.20)

Next, we solve the anti-symmetric connection equation. To do this, we lower an
index using

@ Y . .

D(axe,) = D(axe,)=DaAxe, (4.21)

and write this equation in the form of Equation (C.1) as

%(ea A )\b —ep N\ )\a) = Zab s (422)
where
Yap := Da N\ *egy, . (4.23)

The unique solution for the Lagrange multiplier 1-forms can be calculated using

Equation (C.4), which is given by:

2
Ao = — g * Dav. (4.24)

«

Finally, after substituting the solution for Lagrange multiplier 1-forms, the varia-
tional field equations for the scale covariant general relativity theory read:
(Q)

() !
OszCeabc+a3A*ea+2D(La*Da)+2Q/\(La*Da)jL%Ta[Da]—i—;—afa[dQ] =0, (4.25)

(v+4) *Da—l—’y’d(olé *dQ) =0, (4.26)
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(y+4)d*Da = 0. (4.27)

We note that, the dilaton field equation (4.27) is given by the Weyl vector field
equation (4.26) by taking an exterior derivative. In addition, the dilaton field does
not provide an extra degree of freedom [Jackiw and Pi, 2015] because it can be com-
pletely gauged away through gauge fixing the Weyl symmetry, i.e., setting a = 1.
After gauge fixing, Equation (4.26) contains an effective mass term for the Weyl

connection 1-form, which means that the Weyl vector boson is a Proca field.

Before checking the consistency of this generalization, we can gauge fix the Weyl

sector by setting

Da=0 & Q:—do(j. (4.28)

Consequently d@ = 0, and we are looking for a vacuum class (7.e., with vanishing
field strength) of solutions for the Weyl sector. For this choice, Lagrange multiplier
1-forms vanish identically, i.e., A, = 0, and equations (4.26) and (4.27) are trivially
satisfied. We are only left with the Einstein field equation:

(@)
aR e, +aPAxe, =0. (4.29)

Cc

This is the field equation of a scalar-tensor model obtained by just introducing dila-

ton field and its kinetic term to the action of general relativity.

To check the consistency of our generalized model, we can either set a = 1 in
Equation (4.29), or set @ = 1 and @ = 0 in Equations (4.25), (4.26) and (4.27).
In both cases, setting o = 1 amounts to choosing a global units frame in which
2K = 1. Moreover the field equations reduce to the original Einstein’s Equations

(2.3). Therefore this is a consistent Weyl gauged model.
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4.2 'Topologically Massive Gravity

For the the scale covariant TMG model, we analyze the following Weyl invariant

Lagrangian density:

Lwrma = ;(Aab A dAP, + zA“b AN, A AC)) + ;,Q AdQ + a;%A“)b A xe,l

L aPA k1t ar AT — LD A xDa — 1dQ A #dO. (4.30)

2a 2a

Here we added the abelian Chern-Simons term for the Weyl connection 1-form @)
in addition to the kinetic terms of the a and () fields. When we separate the con-
nection 1-forms {A%} into its skew-symmetric and symmetric parts, the abelian
Chern-Simons term naturally arises with the same coupling constant p as the grav-
itational one. To keep the final expressions coming from the gravitational and the

abelian Chern-Simons terms independent, the abelian Chern-Simons term with the

coupling constant p' is also added.

The total variational derivative of the Lagrangian is found to be:

. © @
Lwrme = €* A {osz €’ + A xeg+ D(ada) + aQ AN, + QLTQ[DOZ]
(6

v . 9 (@) (0
+ fa[dQ]} + Q% A {Rba + D(axel) + ae’ A )\a}
2cy W

. 6 2 (1

+QAN{| =+ ]dQ +arg ANe” —y*xDa —~'d| — *dQ
T a

()
+éz{ “b/\*eab—l—?)aQA*1+/\a/\Ta+%Da/\*Da
a

1 ! :
+D| — *Da | + LdQ AxdQ p + Ay A (aT“) : (4.31)
a 202
First, from the Lagrange constraint equation, torsion 2-forms identically vanish.

Then, by comparing the trace of the co-frame equation to the dilaton field equation,

we obtain:
d(ae, NA*+v%Da) =0. (4.32)

Next, we solve the anti-symmetric part of connection equation for Lagrange mul-

tiplier 1-forms. To lower an index in this equation, we use (4.21) and write the
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anti-symmetric part of the connection equation in the form of Equation (C.1). From
Equation (C.4), the unique solution for the Lagrange multiplier 1-forms is found to

be:

4 ) 2
AN =—Y, + —t,*Da. (4.33)
Jites e

The Schouten 1-forms of the anti-symmetric part of connection 1-forms {Q% =
w% + q%} are given by:

@ @ 1 ,®

Ya =1 Rba — Z<Lc Rbc)eaQ (434)

Finally, the variational field equations of the scale covariant TMG theory read:

() 5 4 ) 4 () ()
—2aG,+a’ANxe, — —DY, — —QA Y, +2D (1, * Da)
u u

/

+2Q A (10 % Da) + %Ta[pa] + ;—afa[dQ] ~0, (4.35)

(y+4) * Da = (6 + %)d@ = w(l x dQ) , (4.36)
fnoop a

(y+4)d*Da =0. (4.37)

To check the scalar-tensor generalization we set Da = 0. For this choice, equa-

tions (4.36) and (4.37) are trivially satisfied. We are only left with:

)

40 ©
doa NY, =0. (4.38)

)4
~C, +
L

(©) 5
—20G, + a’A xe, — —
jite’
Fixing the residual gauge freedom by setting o = 1 annihilates the Weyl connection
1-form, i.e., Q = 0, and we are left with the unique Levi-Civita connection 1-
forms {w?%}. Consequently the last term in equation (4.38) vanishes, the third

term becomes the Cotton 2-form of Levi-Civita connection, and the field equations

consistently reduce to the field Equations (2.7) of original TMG model.
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4.3 Minimal Massive Gravity

The Weyl invariant Lagrangian density that we consider for the scale covariant
theory is given by:

1 2 1 (A)
Lwnime = — (A% AdA®, + §A“b AN AAC) + =Q AN dQ + aRY A xe,
7 u

/
+a3A*1—lDa/\*Da—ldQ/\*dQ—i—a)\a/\T“
2a 2

+ %Aa ANy A K6 (4.39)

Here the coupling constants p, i/, v, 7' and v are dimensionless due to Weyl invari-

ance.

Weyl covariant field equations are found by taking the variational derivative of
the Lagrangian density 3-form which reads:
Q
Q) Q) ~y

Lynme = €* A {aRbceabc +aPAxe, + D(adg) + aQ AN + 307 [Da]
(e

/

. 9 ) (0
+ LR ldQ) + e h A AC} +0% A {R"a + D(axe,) +ae’ A Aa}
o 1%

()

+ Xa A {a(T“ + v\ A *e“b)} + d{ oW A xe 4+ 30w 1+ %Da A *Da
et

+7D<; *Da> + z;dQ A*dQ + Xy N T + gAa A Xp A *eab}

—i—Q/\{(i+j,>dQ+a/\a/\e“—7*Da—w’d<;*dQ)}. (4.40)
We start by solving the Lagrange multiplier equation for torsion 2-forms.

T = —vy A xe®. (4.41)

Therefore, the auxiliary field 1-forms are proportional to dualized contortion 1-forms.
The dilaton field equation can be simplified greatly by comparing with the trace of

co-frame variation equation, which reads:

i) b 2 v v
04Rab/\>l<ea—|—304A>|<1—2 Da/\*Da+2 dQ A *dQ
a a

+ar AT + ?)\a A Xy A xe™ —d(ae, ANY) =0. (4.42)
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Therefore the simplified dilaton field equation reads:
d(ae, NA*+vxDa) =0. (4.43)

Next, using Equation (4.21) together with the expression for torsion 2-forms (4.41),
we rewrite the anti-symmetric part of the connection equation in the form of Equa-

tion (C.1) as:
M(ea A )\b —ep N\ )\a) = Zab s (444)

where the shorthand expressions read:

N 9 (©)
M = 5 — av, Yiab = ——Ragp + Da A xegyy, . (445)
L

From equation (4.44), auxiliary field 1-forms {)\,} can be solved uniquely as:

4 ) 2

>\a = a
pa(l — 2v) a(l —2v)

te * Dav. (4.46)
Finally, the variational field equations of the scale covariant MMG theory read:

200G + a*A % 0 + JralDa] + Lt [d L (DY sony.
— 2« a—l-OZ *ea—i_%Ta[ O./]‘f'%’ra[ Q]—m a+Q a

2 (@ ow L [4©® @
> D (1q * Dar) + Q A (Lq * Dav) +mea EY},/\YC

1-2
2 () ()

— |\ Yy AtexDa—Y, ANyxDa | + 1 *DaAi.xDa|l =0, (4.47)
w
4

6 2 4 (1
e R v i) e R B
4
<7+ 1_2y>d*Da:0. (4.49)

Now, we show that original field equations of MMG theory lie in the vacuum

configuration of Weyl sector. After we make the choice Da = 0, the field equations
(4.48) and (4.49) vanish identically; and the Einstein field equations (4.47) reduce

to:
(V) 4 MOQ) da © 8 @) @
—2aG,+aPAxe,— <D a > v

be
a— a Y, Y, =0. (4.50
(1l —2v) a +ap2(1 —2v) fa 70 (4.50)
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Furthermore by setting o = 1, Weyl connection 1-form vanishes and connection
1-forms become the metric compatible connection 1-forms {Q% = w® + K%}. Then,
the Einstein field equations reduce to the original MMG field equations (2.13):

20 4+ A I SN A N 451
SR ) e e

This calculation demonstrates that Weyl covariant MMG theory contains the orig-
inal model in the vacuum configuration of its Weyl sector. Hence, scale covariant

MMG theory defined by the Lagrangian (4.40) is a consistent generalization.

4.4 Quadratic Curvature Gravity

We start with the following Weyl invariant Lagrangian density 3-form

Lwqca = a;é\a?b A *eab + A%l +ad\, ATC — %Da A Do — ;(;d@ A *d(Q)
1 (A) (A) (A) (A) (A)

+ — [F R A %R+ koRic® A xRicy + kgR? % 1] . (4.52)
Notice that in earlier studies, we used the quadratic curvature identity (B.11) to
replace the Ricci-squared term in terms of the other two. Instead of this, we keep all
quadratic curvature invariants here. To justify this, let us study the decomposition
of quadratic curvature invariants in a Weyl geometry.
First, we can uniquely decompose the curvature 2-forms into their symmetric and

anti-symmetric parts according to

W _ @,

Then we also have by contractions
(A) (£2) GV (Y)]
Ric, = Ric, —1,dQQ, R = R. (4.54)
Moreover the co-frame variations of the Einstein-Hilbert term yield
1 @  1©
—§R “Cave = *Ric, — 3 R xe,. (4.55)

By virtue of working in three dimensions, the preceding equation can be inverted as

Q) Q) 1(9)
Rbe = —¢abe (*Rica ~3 R ea> : (4.56)
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Squaring both sides and simplifying, we arrive at the following identity (c.f. Equa-
tion (B.11)) for the quadratic curvature invariants:

Q) (@) Q) Q) 1)
R A *R,” = 2Ric, N\ xRic" — 532 1. (4.57)

On the other hand from Equation (4.53), we have

(A) ) Q) (@)
R AxR,” = R% AN xR, +3dQ A xdQ (4.58)

and
(A) (A) (2) (22) (22)
Ricy, A xRic® = Ricy N *Ric® + 2dQ N *d(Q) — 2Ric®* N *1,dQ) . (4.59)

In order to simplify the third term on the right hand side, we consider the second

Bianchi identity written in the form
@ oN,
RiynNe”—dQ Ne* = DT, (4.60)

and contract on both sides to get

(2) (A)
Ricy Ne® =dQ + 1o(DT?). (4.61)
Therefore

(22) () (A)
—2Ric® N\ *x1,dQ = 2Ricy N €* A\ xd(Q) = 2dQ N *dQ + 21,( DT*) A %dQ . (4.62)

Putting all these back into our basic quadratic curvature identity B.11, we may write
it as

(A) (A) (A) (A) 1W (A)

R A*R," —2Ric, N *Ric" + 5R2 ¥ 1= —5dQ A*dQ — 41,( DT*) A xdQ . (4.63)
Consequently the quadratic curvature invariants do not satisfy the identity (B.11),
which holds in a Riemann-Cartan space-time. Therefore we will take generic quadratic

curvature invariants in our action density (4.52).

While finding variational field equations, we vary the Lagrangian density with
respect to the total connection 1-forms {A%}. Then, we separate the connection

variation equations according to

As, = Qo — 20 (4.64)
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Variation of the Lagrangian density (4.52) is found to be:
. (A) (A) v vy
Lwaqca = €¢* A {aRbceabc +aPAxe, + D(ad,) + 2—7'(1[2)04] - T%a[dQ]
a o
(A) (A) (A) (A) (A)
— ﬂfa [Rbc] + B2 [La (Ricb A *Ricb) + 204 Rpe N 10 % Rz'ccl
a a

A) M) (A) .
+ 58 [2 RR'€,° — R? ea] } + X A (aT?)

«

() 2/4/1 2/‘%}2 (A) 2/€3 () b
xe
o o o @

. (A)
+A“b/\{D[a*eab+*Rab—ba*Ricb+R
b 1 b 1 b o/ 1
+ae’ Ao+ =1’y *Da+ —n’ A d| — *dQ
3 3 e}
<) b 2 B/ 1
+ &g R N xe, + 3« A*l—i—ﬁDaA*Da—l—”yD a*Da + A AT

_|_

~ 1 (A) (A) (A) (A) )
5 2dQ A xd(@) — r l/ﬁR“b A *Rab + kaRic® A *Ric, + ks R? * 11 } . (4.65)
o o

We start simplifying this relation by first noting that the torsion 2-forms vanish.
Then, we first go to dilaton field equation. To do this, we compare the trace of the

co-frame equations,

oL (A) !
et N VGG _ “b/\*eab+3a3A*1—lDa/\*DaledQ/\*dQ
de 200 20
(A) (A) 3. () (A)
+ar AT —d(ae® AN N,) — ﬂR”‘b AR+ 22 Rict A *Ric,
a a
Apo (N A) A)
4+ 22 pi Ay Rid — TR =0, (4.66)
a a

with the dilaton field equation in (4.65) and obtain:
d(ae, NA*+~v*Da) =0. (4.67)

Next, we separate the symmetric and anti-symmetric parts of the connection varia-
tion equations by lowering an index. In order to lower an index inside a covariant

derivative, we make use of Equation (4.21) together with the identities:

w1 W 9 W g @y 1 ) W
« « (6%

a a

/1 ) 2 (A) d ) 1 .4 (A)
D ( s Ricb> = —"Z Nty * Ric® — ﬁ; Atg* Ric® + —n® D (1, * Ric,), (4.69)
« «

(67 «
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(4.70)

a

N /1W ) 1 W) d )
D(R *ef) :—/\R*eab+—dR/\*eab——(;/\R*eb
« (0]

(0% (%

On the right-hand side of these identities, there are terms proportional to the torsion

2-forms in general. These should be omitted as they identically vanish.

After lowering an index and using (4.64), the symmetric and anti-symmetric

parts of the connection variation equations read:

1
ae® ANy +v*Da = (6K + 6ky — 7/)d<a * dQ) , (4.71)
and
!
5(6(1 A )\b —ep N\ )\a) = Zab, (472)

respectively, where

e[ @ @ da®@
S, = [DaJrKS(dR YQR - O‘R)
(64 (8

@/ @@
N *eqp + 2H1D — X Rab
Q
/1 1 @)
+ 2k D | —tfq * ty)dQ — —1[o * Ricy | .
a Q

When writing the anti-symmetric part of the connection variation equations in
(4.65), we used the fact that index raising and lowering operations commute with
the covariant derivative operation with respect to the anti-symmetric connection
1-forms {2%}. We algebraically solve (4.72) for the Lagrange multiplier 1-forms as
in Equation (C.4):

2 1
Ao = aLbea — %(LbCZcb)ea. (4.73)

The substitution of (4.73) in Einstein field equations of the Weyl covariant theory
(4.65) gives:

() () /

—2aG, +a’*A*e, + D(ad,) +aQ A g + lTa['DOé] + (7 — z))Iﬁ)%a[alQ]
2c0 2c «
) Q) () Q) Q)

— %%a[Rbc] + % [La (Ricb A *Ricb) + 200 Rpe A 10 % Ric® + 41,(dQ N *dQ)

Q) Ky [ () @) Q)
— 20 Ry A 1% % 1°dQ — 61,dQ N *dQ} + — [2 RR e,  — R** ea] =0. (4.74)
[0
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Therefore the Weyl covariant quadratic curvature theory defined via the action (4.52)
yields three sets of field equations: (4.67), (4.71), and (4.74). In order to show the
consistency of this generalization, we restrict the Weyl sector of the theory to its
vacuum sector and show that the original quadratic curvature theory field equations

are contained in this configuration. To this end, we make the following choices:
Da=0, a=1 = Q=0. (4.75)

The first choice sets the Weyl connection to be a flat connection, then the second
choice fixes a global units scale. Consequently, the Weyl connection 1-form gets
cancelled out and we are left with a pseudo-Riemannian geometry. Then the field

equations reduce to:

(w) (w) (w) (w) @) (w)
—2G, +Axeg+ DNy — k1 7[R + k3(2R R ¢,,° — R % eg)

(@) (@) () (@)
+ Ko [La(RiCb A *Ricy) 4 20q Ry A 1 % Ric’] =0, (4.76)

and
e AN, =0, de®* A X,) =0, (4.77)
where
b 1 be
Ao = 20°8p, — i(L Yep)eq, and
(w) (w) (w) (w)

Eab = 2D(/€1 * Rab — Rallq * RZ.Cb} + /‘igR * eab) .

Although Equations (4.76) agree with the field equations (2.18) of quadratic curva-
ture gravity, Equations (4.77) are extra. One must make sure that Equation (4.77)
vanishes identically, so that the Weyl covariant generalization is consistent. Notice

that vanishing of Equation (4.77) guarantees that d(e® A \,;) = 0.

Before starting to calculate (4.77), we note that

€A dg =2 NP8 = 2°(e* AN ). (4.78)
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Now, we redecorate the anti-symmetric 2-forms {¥,,}. First using identity (B.1),

Wwe see

(w) (w)
Lo * Ricy, = x(Ricy N eg), (4.79)

where we also made use of x % y = —y for a 2-form x. Using (4.79), anti-symmetric

2-forms {X,} now read

() Ko () (@) (@)
by ab = =2D % IilRab + — 9 (€a AN RZCb —ep N\ RZCQ) + K3 Reab s

(4.80)
Then using the fact that geometry is torsion free, we can write

() (w) Ko (w) (w) (w)
e NXgp = —2D e ANx| ki Rgp + — 5 (ea N Ricy, — ey A Ricy) + k3 Reg || . (4.81)

Identity (B.1) implies e* Axy = —*¢*y and we can put Equation (4.81) in the form:

) @ @) py («) () («)
20°(e* A Xgp) = 4D° % 1% | K1 Rap + ?(ea A Ricy, — ey A Ric,) + k3 Regp

= 4%221 * Km + )cha <2m3 + ) fz 1 (4.82)

Finally equating (4.82) to zero, we deduce
(w)
AN =0 < (261 4+ 3Ky +8k3)taxdR =0. (4.83)

Then, either the space-time has constant curvature or else in a generic space-time,

only certain combinations of quadratic curvature invariants for which
2/‘61 + 3:"{32 —+ 853 =0 (484)

are allowed. It is remarkable that NMG model, with k; = 0,k = 1,k3 = —

oolw

b

meets this condition.

4.5 A Class of Nontrivial Exact Solutions to TMG

Now we consider scale covariant TMG model, and look for exact solutions. We start

by restating the variational field equations of the model:

3 4 D@ 4 ) Q)
—2aG —a’Axe,—— DY, — —QANY,+2D (1, * Do)
H1 H1

+2Q A (1o * Da) + %TQ[DQ] + ?Ta[dQ] =0, (4.85)
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(71 +4)*Da = (2 + 2) dQ — 72d<1 * dQ> , (4.86)
M1 M2 «Q

(1 +4)d*Da=0, (4.87)

where the stress-energy 2-forms of dilaton o and Weyl connection 1-form () read

1.|Da) = (tsDa) * Dac+ Da A 1 * D, (4.88)
7aldQ] = 1,dQ N ¥dQ — dQ(1, * dQ) (4.89)

respectively. Notice that we replace p and p/ with gy and po; and v and " with

and s, respectively.

At this point we take a negative cosmological constant A = —2/I% and choose a
constant local units frame by setting & = 1. As the dilaton field equation (4.87) is
already contained in the Weyl 1-form equation (4.86), the choice a = 1 also amounts
to a gauge fixing. Furthermore we set y; = —4 which is the value of the coupling
constant of the scalar field in 3D Brans-Dicke theory which makes that theory scale
covariant. These conditions make significant simplifications to the field equations.
For instance we have Da = () and many terms directly drop out. The simplified

form of the field equations read:

Q2 4 € 4 ) ()

—2(Ga+— keg— — DY, — —QANY, +2D (1, % Q)
[? p1 Ha
+2Q A (1% Q) = 2m[Q) + S A,[dQ] = 0., (4.90)
(2 + 2) dQ — v2d xdQ =0, (4.91)
M1 M2
dxQ=0. (4.92)

Notice that after setting 74 = —4, we do not get rid of the dilaton field equation
(4.87). Later we use this equation for the component @7 of the Weyl 1-form which
cannot be obtained from the Weyl connection equation (4.91). Actually (4.92) is
just the partial gauge fixing condition for the Lorenz gauge. We now move to our

ansatz for the solution of metric functions and Weyl 1-form.
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We choose a local coordinate system (¢, p, @) to express our ansatz for the co-

frame 1-forms:

e’ = f(p)dt, e =dp, e*=h(p)(dp+alp)dt). (4.93)
The resulting metric

g=—-" e +e'@e +e?®e? (4.94)

is well-suited for the study of stationary and rotationally symmetric solutions. Fur-

thermore the ansatz for the Weyl 1-form is

Q = Qo(p)e” + Qu(p)e’ + Qa(p)e” (4.95)

whose field strength 2-form may be expressed as:
dQ = Ee™ + Be'?. (4.96)

Here we denote the components of field strength with £ and B but note that they
take values in a purely real algebra, not a pure imaginary one. Although they are

analogous to electric and magnetic fields, they are different. The components

E=-Q)—0Qo—5Q:, B=Q3+0Q (4.97)

of the field strength for the Weyl connection are defined in terms of the components

of Weyl 1-form and Levi-Civita connection functions

:i” gzafh, 0:2, (4.98)

where a prime over a function denotes derivation with respect to the variable p. In

J

terms of the Levi-Civita part of the connection components (4.98), we define the

Riemann curvature functions which are useful when expressing the field equations:

2 /
W:6’+62—%, X:é—l—ﬁa,
4 2
2 2
Y =60+ —, Z =040+ . (4.99)

4 4
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Under this choice, Einstein field equations (4.90) read:

2 4 54 72
—2Z+ -+ — | X' +oX+-(Y-W)| == (E*+B° 4.100
+l2+u1[ +oX + o )1 5 (B2+5%), (4.100)
471 , 3
—2X o [2(Z—W—Y) +5(Z—Y)+26X] _ _,EB, (4.101)
1
2 4 6] Y2 2 2
2Y — -+ — - )X + = —-Z)|=——=(E°"—B 4.102
2o o-ax s for-2)| =2 (- ), (4.102)
ow— 244 X’+5X+Q(Y+Z—2W) :@(EMB?). (4.103)
[2 [25% 2 2
Weyl connection 1-form equations (4.91) read:
2 2 ,
= 4 2 \B4+p(E +0E)=0, (4.104)
M1 M2
2 2 ,
=+ 2 |E4+%(B' +6B—-BE)=0. (4.105)
M1 M2
Finally, the dilaton field equation (4.92) reads:
Q,+(0+0)Q;=0. (4.106)

The field equations (4.100 - 4.105), are very similar to the ones coming from TMG
coupled with Maxell-Chern-Simons theory. This is mainly because we imposed v; =
—4, otherwise the field equations would be too complicated. However the additional
dilaton field equation (4.106) is new and will be used to determine the ()1 component
of the Weyl 1-form. It can be integrated to yield:
Co

leﬁa

(4.107)

where ¢, is an integration constant and from now on quantities with a tilde on top

denote integration constants till the end of this section.

The remaining components )y and ()5 are related to each other by imposing the

self-duality condition
Qo = —kQ-, E =kB, =1, keR. (4.108)

In earlier studies of the self-dual solutions [Dereli and Sarioglu, 2000, Dereli and

Sarioglu, 2001, Dereli and Obukhov, 2000], the self-duality condition is imposed
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directly on the components of the field strength d(), however here we are interested
in the solution of the components of the Weyl connection 1-form as it solely governs
the non-metric contributions coming to the geometry. Consequently we have to
impose the self-duality condition at the level of components of Weyl connection
I-form. Self-duality (4.108) is satisfied given that connection functions (4.98) are
related by o + kS = §. Putting this in (4.102) and noting that the right hand side
vanishes, we find that the Levi-Civita connection components are described by the

single function [ as:

Lok 1B
L 2

§=>4+—%, o (4.109)

As a result the components (4.99) of the Riemannian part of curvature 2-forms

simplify and read

1 1
where we defined the function
k' kB B
= — 4+ — — —. 4.111
YT T (4.111)

Imposing (4.110), we find that the field equations (4.100 - 4.105) are satisfied simul-

taneously given that the following coupled equations hold:

1k

' — kBu + <l + g“)u ~0, (4.112)
2 4k(1 1

y — kBy + l +<+ >] =0. (4.113)
Loy \ o e

where y = (kui7y2/4)E*. First, the equations (4.112) and (4.113) are solved for the
variables § and y and afterwards using the solution for y, we are going to solve for

the remaining Weyl 1-form components.

In (4.112), we make the change of variable y = ku/z to obtain a first order
differential equation for the function z:

1 k 4k (1 1
2+ ——|—M—<—|—>]Z:]{7. (4114)
[ 2 Y2 \ M1 pe
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The solution of equation (4.114) is

T i kzlk(l n 1>[1+€16(%_@+$<é+'}2))p] (4.115)
Ly hn k(L

2

prop2

for some integration constant ¢;. Putting this result back in (4.112), we obtain
1 kg 4k (1 1

Lk ! 21 - V2 (.ul ™ M2)

/—k —
T e ()

Setting v = kf/v, in (4.116) we find a linear equation for the variable v:

u=0. (4.116)

1 k 4k (1 1
Lok -Gt )

/ — M1 L
A 1 2 1_m+@(g+i>)p v=2, (4.117)
1+ ce L2 Tyg\ k1 om2
which we can solve as
2 aet [(HGm))
’U:?; Y = 1 ku - %(Lﬁ_i) + C2, (4118)
! 2 Y2 \ M1 H2

where ¢; is some integration constant and ¢ is a function that we have defined for
simplifying the forthcoming calculations. Putting this into the expression (4.111),

we obtain a non-linear equation for the function :

2 /
8+ (l_";>ﬁ_k52:0, (4.119)
Making the change of variable w = 1//3, we obtain a linear equation
2
W+ (90 - ) w=—Fk. (4.120)
o 1

The solution of equation (4.120) may be expressed as:

Q y
w = 72 o Q=6 /p e~ T o()dp' . (4.121)
e L

Using (4.121), we can express the sole connection function as:

B = ke ty (4.122)
- === .
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Using (4.122) in (4.109) and then using the definition of metric functions (4.98), we

obtain first order equations for the metric functions which we integrate to yield:

f = foetQ™?, (4.123)
h = hoeTQY? (4.124)
k;lf 07+ dp . (4.125)

0

Going back to the definition y = (kuyv2/4)E?, we find the components of the field
strength as
1/2
_2p

2k 1 8 ( 1 22
— R - = 1
( p1y2l + y2 o omvE \m

1 ple”
(lMiLL ’
Q(l—{—@lel 2 H A >

Using the definition (4.97) together with the self-duality condition (4.108), we can

E = B=kE. (4.126)

obtain a first order linear equation for the remaining component of the Weyl 1-form:

1/2
Q;+<Q/ 1>Q2= (St + 5~ g G+ ) 7% . (4127)

! Q<1+C~16<1_kgl £ () p)

20 1
Equation (4.127) may be integrated to obtain a solution for the remaining compo-

nents of the Weyl 1-form:

(1 INT'] ke o 2 (1 Tk
O e i |
(2 () [ - )p]

1+ e \F r (4.128)

Qo = —kQs. (4.129)

Finally using (4.123) and (4.124) in (4.107) we obtain the last component of Weyl

connection as

Oy = 0 % (4.130)
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Remarks: We start by showing that our solution is nontrivial in the sense that it
cannot be obtained from a solution of TMG theory by a local gauge transformation.
This can be observed by noting that such solutions satisfy the condition Da = 0.

Because when this condition is satisfied, the Weyl 1-form is given by
Q=—d(loga) = dQ=0. (4.131)

Such solutions are pure gauge and consequently can be obtained directly starting
from a solution of the TMG model. In our case, we have a = 1, dQ) # 0 and there-

fore our solution is not a pure gauge in the Weyl sector.

Next, we make some remarks about the self-duality condition for the Weyl con-
nection and field strength. For the solutions we have found, if one calculates the

Chern-Simons and Chern-Pontryagin densities for the Weyl connection, one obtains
QRQANdIQ =0, dQ N *dQ = 0. (4.132)

This is because we take our ansatz to be only dependent on the radial coordinate
on a rotationally symmetric and stationary background. If we were to take a Weyl
1-form which also depended on an angular variable, then this would not be the case
in general. Furthermore the conditions (4.132) show that self-dual ansatz is partic-
ularly effective to study models that have abelian gauge symmetries. We suspect
that non-abelian analogues of self-dual ansatz would be as effective and note that it

would be interesting to see such examples.

As advertised, this solution describes a non-metric geometry because Weyl 1-
form contributes to the connection 1-forms and curvature 2-forms, which may be

readily seen from the decompositions:

A% =% + Q% — Qpe” — Q1 (4.133)
W @ @ . )
y = RY% + D(Q%p — Qpe®) — dQn®,. (4.134)

In spite of these contributions, it is curious to see that the Chern-Pontryagin density

of the full linear connection is completely determined by the Riemannian piece. To
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verify this, we can decompose the Chern-Pontryagin density as

(A) ) Q) (@)
4 ANxR = R% AxR} +3dQ A *dQ,

and each term on the right hand side reads

Q) (©2) (w) (w) 3
Y NxRP=RY AN*RS = — dQ A *dQ = 0.

[+’

(4.135)

(4.136)

This calculation also shows that the Chern-Pontryagin invariant is regular every-

where for our solution.
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Chapter 5

SUPERGRAVITY MODELS

We now move on to the formulation of supergravity models. Supergravity mod-
els are supersymmetric generalizations of gravity models. Supersymmetry is a sym-
metry between the bosonic and fermionic degrees of freedom in a model which is
implemented by the use of a Zs-graded symmetry algebras. The even symmetry gen-
erators are associated with bosonic symmetries whereas the odd ones with fermionic
ones. For details and more motivation on supergravity models, we refer to [Gates Jr
et al., 2001, Freedman and Van Proeyen, 2012] and now move on to three dimen-

sional models.

As noted earlier, Einstein’s GR in three dimensions has no propagating gravita-
tional degree of freedom. In a similar way, its simple (A = 1) locally supersymmetric
generalization has no propagating degree of freedom either. It may be possible to
introduce a cosmological constant A and a mass constant m for the gravitino as well
and it is still possible to maintain local supersymmetry provided A = —m? [Howe
and Tucker, 1978]. Then for A # —m?, this would mean that there is one massive
gravitino degree of freedom with a non-dynamical background metric and an alge-

braic torsion that is quadratic in the gravitino field [Dereli and Deser, 1978].

As discussed before, a propagating graviton degree of freedom to GR can be
induced by introducing a gravitational Chern-Simons density 3-form. This term
generates the Cotton tensor with components that involve third derivatives of the
metric components. These higher derivatives are the reason why the theory is now
dynamical. Despite having third order field equations in metric components, the

theory turns out to be ghost-free and implies causal propagation and has been ex-
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tensively studied in the literature. An obvious question could be raised at this point:
Is there a simple (N = 1) cosmological topologically massive supergravity theory?
The answer is yes. This theory is discovered many years ago, without the cosmolog-
ical constant in [Deser and Kay, 1989] and with the cosmological constant in [Deser,
1984]. Both in [Deser and Kay, 1989] and [Deser, 1984], a locally supersymmetric
action density 3-form with both of its bosonic and fermionic sectors is written down
and treated using second order variational formalism. That is, the connection coeffi-
cients were assumed to be fixed in terms of the dreibein and gravitino fields and not
treated as independent variables. Some families of its supersymmetric solutions and
several generalizations of it were studied since then [Aragone, 1987, Gibbons et al.,
2008, Abecasis and Zandron, 2010, Becker et al., 2009, Routh, 2013, Percacci et al.,
2014]. Yet the complete, explicit expressions for the variational field equations of

the theory are still missing to the best of our knowledge.

Our aim in this chapter is a pedagogical one. Firstly, we explicitly demonstrate
the local supersymmetry of cosmological topologically massive supergravity action.
Next we derive the consistent set of its variational field equations. All the details
of calculation are shown. The fact that long time has passed since the theory has
been introduced, and yet there is an the apparent lack of explicit derivation of the
complete set of variational field equations may be considered sufficient. For the
variational principle in our formulations, we use the so-called 1.5-formalism. That
is for the variational formalism, connection, co-frame and gravitino fields are taken
as independent. However the local supersymmetry transformation of the connection
field is not independent and will be solved from that of co-frame and gravitino fields.

Now we move on to formulate supergravity models.
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5.1 Cosmological Supergravity

The action for cosmological supergravity theory [Howe and Tucker, 1978, Dereli and

Deser, 1978]

Sle®,w x]= | L 5.1
e X = [ Loso, (5.1

where the Lagrangian density Lcsg = Lsg + L can be decomposed in terms of the

action densities for the simple supergravity and the cosmological sectors given by
1 ab i
Lsa = _iR N x€qp — §X/\Dx,, (5.2)
and
Ec:A*l—%X/\vAx, (5.3)

respectively. Here we set the gravitational constant K = 1, A is a cosmological
constant and m is a mass parameter. The fermionic part of the supergravity and
cosmological sectors are the kinetic and non-topological mass terms for the Rarita-
Schwinger (gravitino) field. The gravitino field y and its field strength Dy are

Majorana spinor valued 1- and 2-form fields, respectively:
a a 1 a a
X = (taX)e” = Xae", DX = S(aDX)e” = (DX)pae™ - (5.4)

Furthermore we introduced a gamma matrix valued 1-form v = v,e* to write down
the mass term for the gravitino field. The cosmological constant and the "mass" of

the gravitino field shall be related below via A = —m? for local supersymmetry.

Then the total variation of the action reads (upto a closed form)

; . 1
L=e*N { - 2€abCRbC+7;ZLX/\7aX+A*ea}

1 1 . , m
+ WA { — Qeabc<Tc—4>Z/\vcx>} +XA { — 1Dy — 27/\)(}. (5.5)

We determine from this expression the coupled field equations of the cosmological
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supergravity theory:

Ga—i—A*ea—l—z’%)’(/\%X:O, (5.6)
Dx+%fy/\xzo, (5.7)
a Z’* a

T zzx/\v X - (5.8)

The (infinitesimal) local supersymmetry transformations of the supergravity mul-

tiplet are given as usual by:
et = iay™y, X = 2Da + mrya, (5.9)

where the local supersymmetry parameter o = a(z) is an arbitrary odd-Grassmann
valued Majorana spinor. In order to determine the supersymmetry transformation
law for the connection field, we look at the variation of the first Cartan structure

equation correct this ref. later in the appendix (4.119) which yields

Wap N €7 = —iD(ay.x) + T, = %c_w% A X —iay,Dx =: Z,. (5.10)

The final simplification follows from the field equations (5.8). The solution to the

system of equations (5.10) is obtained algebraically as
20%5 = LaZb — [/bZa - €C(LabZC) . (51]_)

that explicitly yields

Wap = ;(a%bb(DX) - &’7bba(DX) + O/ybab(DX)>
- 5 camta0 + @) ~ efava)). (5.2

Although this does not contribute to the transformation of the action density on-
shell, we give the transformation law (5.12) for the connection 1-forms for complete-
ness. This result will be relevant when we discuss cosmological topologically massive

supergravity theory in what follows.
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We now prove the local supersymmetry of cosmological supergravity theory. Let
us first consider the contributions that are independent of m in the variations of the

action density under our local supersymmetry transformations:

l

Lsa(m=0) = — 5 €ane(7"X) A RY* —2iDa A Dy . (5.13)
This particular combination may be shown to add up to a closed form by noting
that:

—éeabc(owax) A R = —iaR™ 0. A X, (5.14)
and

—2iDa A Dy = iaR™0 4 A x + d(—2iaDy). (5.15)

The rest of the contributions (m # 0) are given by

im?

. _ m,_ ., b
'LA&*VAXJrT(w/\vAx—Z(Ow X) A (X A YaX)
—imDa ANy Ax+ima ANy A Dy. (5.16)

The first two terms cancel each other out when we set A = —m? and use the identity

v Ay =2x%~. The last two terms on the other hand can be combined to give

m

7 @) AXAYX) - (5:17)

—imDa Ay A x+imaAyADyx = —d(imayAx)

When all the above contributions are put together, we are left with a closed form

plus a non-linear spinorial expression

~ (@) A (XA 7). (5.18)

It is not difficult to verify that (5.18) vanishes identically by performing a Fierz rear-
rangement. However, some care is needed for signs during the Fierz rearrangements
because we are dealing with spinor valued differential forms. One must first open
up an expression in the co-frame basis, apply the Fierz rearrangement formula to

the components and then bring back in the basis forms. The final outcome reads

— (@) A (XA 7aX) = =5 (@) A (XA X) = 0. (5.19)

With this result, the local supersymmetry of the cosmological supergravity action

(5.1) is proven.
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5.2 Cosmological Topologically Massive Supergravity

The action functional of this model is given by

S[Qa, waby X5 )\a] = /M £Total (520)

that will be varied independently with respect to the co-frames {e®}, connection
I-forms {w®} and the gravitino 1-form x as before. We further introduce below

Lagrange multipliers 1-forms {)\,} that are also varied as independent variables.

Now our Lagrangian density 3-form decomposes according to,
£T0ta1 = £CS + 'CSG + *CC + *CConstraint > (521)

where we added on to the cosmological supergravity action density (5.2) of the
previous section, the topological Chern-Simons density 3-form
i

1

1 2
Los = — (w“b A dwba+§w“b Awb, A wca>
I

(D)Z ANxDx +*xDx Av A *Dx) .
(5.22)

Here p is a new coupling constant. It should be noted that the fermionic part of the
Chern-Simons density (5.22) contains derivatives of order 2 of the gravitino field.
This is consistent with the fact that third order derivatives of metric components ap-
pear in the usual bosonic part of Chern-Simons density. Alternatively, the fermionic
part of the Chern-Simons density 3-form could have been expressed as

i

—<2Dx/\*Dx—DxA7* (7/\Dx)> ,

1
which seems more suitable for a Hamiltonian description. However, as far as the
variations of the action are concerned this form is considerably harder to work with
and we prefer to use our form of the topological action density. We furthermore

introduced a set of Lagrange multiplier 1-forms {)\,} that appear linearly in the

constraint Lagrangian density

EConstraint - (Ta - %X A 7aX> A /\lz . (523)
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Then independent variations of the action relative to the Lagrange multipliers
impose the constraint that the space-time torsion 2-forms are given algebraically by
(5.8) as in the previous section. The remaining variational field equations are to
be solved subject to this Lagrangian constraint. In Riemannian space-times, in a
similar way, one may introduce a constraint term of the form 7% A A, in the action
whose variations with respect to the multipliers set the space-time torsion to zero
in a first order constrained variational formulation of gravitational theories. How-
ever, since we are working with a supergravity theory we don’t want the torsion to
vanish, but be equal to the quadratic expression given by (5.8). As we are going
to show later on, the origin of the Cotton tensor which involves third derivatives of
the metric components in the Einstein field equations is due to this constraint term.
The torsion constraint furthermore ensures that the supersymmetry transformation

law (5.12) of the connection 1-forms remains as it is in the previous section.

The variation of the total action with respect to the independent field variables

turns out to be, modulo a closed form,
: . 1 be 2 M _
ETotal =e*Nq — ieabcR —m-xe, + ZZX N YaX
L (LGDX A DY — DXty % Dx + DX A ~a % Dy
1
— 204 % DXy AN %Dy + 21, Dx A *x(y A *DX)> + D)\a}

1 ) 2 1
+ W™ A { — 2€abc<Tc — i){ /\7%() — ﬁRab — 5()\& Aep — Xy A ea)

7
+2M€abc<>2/\70*DX+>_</\WC*(VA*DX)>}

_ 9 .
+ XA { —li—i%'yAx— Z<D>x<DX+D>k(’y/\>|<DX)> +;)\a/\vax}
1
+ Ao A {T“ — %)Z A fyax} ) (5.24)
We will first demonstrate the local supersymmetry of the action (5.20) under the

usual transformations of the co-frame, connection and gravitino fields given by (5.9)

and (5.12). The explicit supersymmetry transformations of the Lagrange multiplier
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1-forms {\*} are not necessary because transformation of the connection is obtained
using the torsion field. Therefore the last term in (5.24) does not make any contri-

bution to the variations on-shell.

Under local supersymmetry transformations (5.9) and (5.12), the variation of

the action density decomposes as follows:
Logar = Los + Lsg + Lo + Loonstrains (5.25)

where the contribution Lg¢+Le from the cosmological supergravity sector is already
shown to yield a closed form given by (5.15). We are left to deal with contributions
coming from the topological sector and the constraint term. The contributions from
the constraint term can be seen to produce just a closed form by a straightforward

computation:
; o= e .m _
£C0nstraint = Z(aﬁan) A D)\a + ZDCY A )\a A YaX — ZEO{,.}/,.YG A X A )\a
- ;<a7“Lb(Dx) — a1 (Dy) + ozw“b(Dx)> A Xa N €
m

Y (e“bc(@%x) +e(ax®) — eb(&xa)> Aep AN,

= 1D(QA") A Yax — 1QA A v, Dx = id(A* A\ ayaX) - (5.26)
We note that the result (5.26) does not depend on the explicit form of the Lagrange
multiplier 1-forms. We therefore must only check those contributions coming from

the topological Chern-Simons density. In order to ease the discussion, we are going

to deal separately with terms obtained when m = 0 and rest of the terms for m # 0.

Case: m=0
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The supersymmetry transformation of the Chern-Simons density gives

?

Los(m =0) = <20zfyaLb(Dx) + oz*ya“b(Dx)> A Rgp — “ D% A (* Dy
7 7
1
+x(y A *Dx)> — —(ay*x) A (LQDX AN*xDx — DX A tq % Dx
1
+ DX Ay % DX — 204 % DXy A xDx + 20, DX N *(y A *Dx)>

1
-5 (2@7“Lb(D><) " wbwm) A <eabcw A (DX 47 A *Dx)> |
(5.27)

Showing that this unpromising expression vanishes in fact is laborious but can be
done by pursuing the following steps. First we start by manipulating the third and
fourth terms in (5.27) to cancel the first two terms which are proportional to the
curvature 2-forms. Next we perform a Fierz rearrangement once on the remaining
terms to bring them into the form of (ay)(DxDx). Then we will be able to group
terms into three distinct generic types that do not mix with each other. Then we

finally show that each of these group of terms vanish on their own.

Let us start by manipulating the third term in (5.27):

4 .
~2p2aa xDy = ieabc(&vc * DY) A R®
pu I

= %(&ycalka)eabc x e A RO
1
i — ab 21 — b ac
= —— (v Dx) N R + — (a7’ tpa DX)R* N e,
[ [
i, . 1, _ 4
= —;(a’ybban) A R® — ;(Oz'ybaban) A (Dx Ay*x) . (5.28)

Above, in the first equality we used the Ricci’s identity (E.19), in the second line we
opened the gravitino field in terms of the co-frame basis as in (5.4), in the third line
we used the co-frame identity (B.6) and in the final line we used the first Bianchi
identity (4.127) together with the torsion expression (5.8). We note that the first

term in the final equality in (5.28) cancels out the second term in (5.27).
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Now we manipulate the fourth term in (5.27):

4 .
“ID2an (v A xDy) = ieabc(érycfydeDx) A R™
I p

0
= ieabc(c_u,cDx) A R® — —Z(&'ybLan) A R
7 7

. N
= —1(54DX) A €apel "R — l(&wan) A R
M u

27

1
= —(ataDx) N *ta(DX A YY) (aypta DY) A R™. (5.29)
7 7

Above, in the first equality we used Ricci’s identity (E.19), while in the second
line we used the Clifford product rule (E.3) together with the co-frame identity
check here.(B.2). In the third line we distributed the interior product operation
in the first term and made use of the fact that a 4-form vanishes identically. In
the final equality we made use of the contracted Bianchi identity (E.20) to show
€apet® R = 2 % (1,DT*) and used the torsion expression (5.8). We note that the
last term in (5.29) cancels the first term in the total variation (5.27) and we have
no terms remaining proportional to curvature 2-forms. (By looking at these can-
cellations, we fixed the relative sign between the bosonic and fermionic terms in

Chern-Simons action density (5.22).)

The remaining terms can be brought into a generic form (ax)(DxDx) by apply-
ing the Fierz rearrangement formula (E.17). While doing such calculations, we make
ample use of the co-frame identities (B.2)-(B.6). Finally bringing everything back

together, the relevant piece of the supersymmetry transformation of the topological
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Chern-Simons density will be put into the following form:

1

. o 1 .
Les(m=0) = (@0 A| = JDXA DY) - D+ Dy

1 1
— 1(077 A X) A (La DXL % Dy) — 1 * ™ A (avaXx) A (t°DxteapDX)

1
+ (@) A DX (7 A DX) = 71aDX A7 5 Dy

5 1
+ i Dx A x(y A *Dx)] + i e® A (ax) A (t°DXYaterDX)
o 3 _ 3 _
+ (ay*x) A —i*DX/\’Ya*DX—ibaDX/\*(’V/\*DX)

1
+ —lg % D)ZW/\ *DX+ 4LbDXA7LbaDX]

== =]

+=(ayAx)A [ x DY x (y A Dx) + LGDXVbbabDX]

—_

+ = % e A (@v,x) A (LeDXYL° * D)

— o~

— Se™(anax) A (DX A e * DX)} : (5.30)

[\]

To show that the right hand side vanishes, we group the terms into three generic

types which read as follows:

1. (wa) (D)ZD)O (5.31)
2. (ax)(DxvDx) (5.32)
3. (&’yx) (D;‘(yDX> (5.33)

Again these generic types do not mix with each other under Fierz rearrangements
and each group of terms vanish on their own. In particular, the terms of the types
(5.31) and (5.32) can be shown to vanish by expanding each term in the co-frame
basis and then using co-frame identities, taking %1 out of these expressions. However,
when applying the same method for terms of the type (5.33), some simplifications
occur and we obtain the following combination:

1

3
{(o&y“x) A |3tg * DXy A xDx — 5 « DX A7, % Dy
o

3 3
— §LCLD)Z A *(y A *Dx)] + 1 * % N (@YaX) A (LeDXpLE * Dx)} ) (5.34)
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To show that this combination vanishes we move an interior product operation in the
first three terms and use the fact that a 4-form field identically vanishes. Then the
resulting combination cancels out the fourth term. Thus the local supersymmetry
of the Chern-Simons density (5.27) under the local supersymmetry transformations

(5.9) and (5.12) with m = 0 is established.

Case: m # 0

Now we move on to take care of m # 0 terms coming from topological sector.
They explicitly read

. 5 .
% [eabc(aycx) + 2€a(04Xb)1 A {MR“b — ;Meabd lx A vq* Dy

2im
+X A va* (Y A *Dx)l } + TD(@V) A % [Dx + YA *Dxl
m. . a p 4 b
= —ﬂ(av X) A [ (XA Ya* DX) + (X A YaYt" Dx)

m = = c Y c
+ ﬂeabce“ A (osz) [(X A s Dx) + (X Ny WdeDX)]

M, g, m,_ . _
- E(ax J(X AvaDx) — ﬂ(av * Dx) A (X A YaX)
m — _a = /Lm -~ . C a
- ﬂ(av Y uDX) A (X AvaX) + FEabc(O‘f}/ X) A R
2 2
+ " pan v A *Dy + M pa A YA gD . (5.35)
1 1

To show that the right hand side of the above equality adds up to a closed form,

we will start by manipulating the very last term. Using 77 = e® + €*®¢y., we can

write
29 44 21
2 pa A VY4 N 1 Dx = 2 pa A Dy + ﬂ(Dc_wCLban) A %% A eb
7 7 7
44 44 21
= d(zmo_sz> - —Zmo_zsz - —ZmDo?yb * €% pa DX
7 7 7

4 . 0
— d(”’L@DX) = @y x) AR — 2 Da Ay A xDy | (5.36)
Iz z z

Above in the second equality we distributed a covariant derivative in the first term
and made use of the identity B.5). Then in the third equality we used the Ricci
identity and (E.19) with the interior product identity (B.1). The result (5.36) shows
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that the last three terms in (5.35) combine to yield a closed form. The remaining
terms of (5.35) can be brought into the form (aDx)(xx) by Fierzing once. The
resulting expression can be shown to vanish identically after taking *1 out of each
term. We have thus proven, with this final observation, the local supersymmetry of

the cosmological topologically massive supergravity action (5.20).

Now we are ready to derive the complete set of field equations of cosmologi-
cal topologically massive supergravity. The field equations are read off from the

variations of the total action (5.24) and they consist of the Einstein field equations

Ga—mQ*ea—l—D)\a:Z(—LQD)_(/\*D)C—l—D)_((La*Dx)—*D)_(/\'ya*DX
1

+ 2(ta * DX)y A *Dx — 20, DX A #(y A *Dx)> — i%){ A YaX (5.37)
together with the gravitino field equation
m 2 |
Dx+5’y/\x+f D x Dx + D * (v A xDx) —5)\ AY.x =0, (5.38)
1
subject to the constraint that the space-time torsion is given by

i _ a
T = 1X AYx . (5.39)

We note that the D), term in the Einstein field equations (5.37) is precisely the
term that produces the Cotton tensor in topologically massive gravity theory. It
is obtained by solving the Lagrange multiplier 1-forms A\, from the connection field

equations, which are of the form Equation (C.1) with
4 1
E(;Lb = _;Rab + ;Eabci A ,yc * (DX + Y A *DX) : (540)

We then substitute the result back in the other field equations. Using Equation
(C.4), the solution for the Lagrange multiplier 1-forms read:

4 7
=—|Y,+-W A1
Aa M( a+4 a>, (5.41)
where

1
Y, = Ric, — ZRea, (5.42)
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are the Schouten curvature 1-forms and

Wa = ta (X A7) (% Dx + (7 AxDx)) +x<ea w (v ARDX A+ A k(Y A *Dx)))
1 _

— 5 (X/\V/\*<DX+7/\*DX)>€M (5.43)

are the corresponding contributions coming from the fermionic sector, respectively.

Having obtained the solution (5.41) for Lagrange multiplier 1-forms in hand, we

can now write down the final form of the variational field equations of cosmological

topologically massive gravity. We have the Einstein field equations

m
Ga_m2*ea+i7>z/\7ax

4
A :
- -DY, — L <DWa — e DX N *Dx 4+ DX(tq % Dx) — *DX A~y x Dx
[ [
+ 2(tq * DX)y A *xDx — 20, DX A *(y A *Dx)> =0, (5.44)

coupled to the gravitino field equation

5 ,
Dx+mfy/\x—|—u(D*Dx—l—D*(*y/\*Dx)—i— (Y“—%ZZLW“) /\%X> =0,

2
(5.45)
where the torsion 2-forms of space-time are
7 = 1% Aqoy. (5.46)

4

The Schouten curvature 1-forms {Y,} and their fermionic counterparts {W,} are

given by the expressions (5.42) and (5.43), respectively.

5.3 Remarks

In the present work we formulate the cosmological topologically massive supergravity
theory using a torsion-constrained first order variational formalism in the language
of exterior differential forms on three dimensional Riemann-Cartan space-times. In
particular, we regard the connection 1-forms as independent field variables thus

treating them at the same level as local Lorentz co-frames and the gravitino field.
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However, the space-time torsion is constrained algebraically to its standard form by
the method of Lagrange multipliers. This is an essential feature of our approach
giving rise to contributions of the Lagrange multiplier fields in the final set of field
equations. We first prove the invariance of the action under infinitesimal local super-
symmetry transformations of the co-frame, connection and the gravitino fields. This
we did in explicit detail. We also present and simplify the final set of variational
field equations since the field equations in their complete form had been lacking in

the previous literature.

In particular the field equations that come from the connection variations are
solved algebraically for the Lagrange multiplier fields. We substitute them into
the coupled Einstein and Rarita-Schwinger field equations which arise from the co-
frame and gravitino field variations, respectively. The terms that appear on their
right hand sides are identified as the Cotton 2-forms and their fermionic counterpart,
the so-called, Cottino 2-form. We note that the variations of the complete Chern-
Simons density imply some further non-linear terms besides those coming from the
Lagrange multipliers. We wish to make a few remarks concerning these. We read

off from the final version of the field equations the Cotton 2-forms

C, = DY, + ~DW, — (Lan A *Dx — Dx(ta * DX) + DX A va x DX

4 4
— 2(ta * DX)y AN *Dx + 20, DX A *(y A *Dx)>, (5.47)
and the Cottino 2-form
C:Y“/\Wax—i-iW“/\yax—l—D*Dx%—D*(y/\*Dx). (5.48)

Let us discuss the Cotton 2-forms first. The Cotton 2-forms that one obtains in the
formulation of topologically massive gravity theory are given by only the first term
in (5.47). The second term governs the higher order contributions in the gravitino
field that is due to the fermionic part of the topological action and contains second,
fourth and sixth powers of the gravitino field. This may be observed by separating

the connection 1-forms according to (4.114) and expanding the covariant derivatives
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of the gravitino field as:
2 i -a ~b.a —a
Dy = Dx + g |(X*7" = X'y )x + XWX’ | A danx (5.49)

where D denotes the covariant exterior derivative operation with respect to Levi-
Civita connection and the second term is the contribution of contortion. An impor-
tant feature of the Cotton 2-forms in the Riemannian case (that is, with no torsion
present in the geometry) is that they are traceless. The trace of Cotton 2-forms can

be taken by wedging them with the co-frame from the left as follows:

A

" N DY, = —d(e® NY,) = —d(e®Y,;) = 0, (5.50)

because the components of the Schouten 1-forms are symmetric. Again, a hat over
a quantity means that it is obtained by using the Levi-Civita connection. Of course
this does not hold when there is torsion present in the geometry, however, one is
tempted to ask whether this property still holds for the full Cotton 2-forms given by
(5.47), provided we take our geometry to be Riemannian. Unfortunately even this

is not the case. The trace of the modified Cotton 2-forms read:
e ANC, = e® A 2(151/% +1.DX A xDy — D)_((La * ﬁx) + %Dy A7, * Dy
— 2t * DX)y A *Dx + 20, DX A x(y A *ﬁx))
= —i(d(ea AW,) 4+ Dx A*Dx + %Dy A~y A ﬁx)

1

<2d(x“%f?x)—Q*ﬁx/\fy/\f?x—x/\f?*(f)x—’yA*ﬁx))

>~

(5.51)
There are two reasons for the modified Cotton 2-forms to be not traceless. The
first and main impediment is due to the fact that the components of the contribu-
tions {W, = meeb} are not symmetric unlike the components of Schouten 1-forms.

Explicitly they read:

. L ) .
Wap = — [(XkVZblkDX) + §€klm(Xkb ZDX)] Nab + (X VatorDX) + (X*VotarDX)

+ [(X’“LJDX) + (XbblkDX)] ekt + (XeV* thaDX) + (X*Wtab DX). (5.52)
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In general the variation of a fermionic action with respect to the co-frame field yields
an asymmetric tensor. The asymmetry of (5.52) is an example to this fact. The
second reason is that we included the terms coming from co-frame variation of the
fermionic part of Chern-Simons 3-form. The contribution of these terms to trace
is the fermionic part of Chern-Simons 3-form itself as can be seen from the second
equality in (5.51). This contribution is also asymmetric. One final remark that we
will make about the modified Cotton 2-forms is that, due to fermionic contributions
they also cease to be symmetric and divergence free when working in a Riemannian
geometry. We do not write down the divergence and anti-symmetric part of Cotton

2-forms here because their expressions are not very instructive.

The Cottino 2-form, unlike its superpartner, is not discussed abundantly in the
literature. Only in the references [?,?], the part that is linear in the gravitino field

is discussed. It reads in a Riemannian geometry;,
C=DxDx+Dx(yAxDx)+Y%A7y.x (5.53)

and is linear only when we are working in a Riemannian geometry. Otherwise the full
Cottino 2-form (5.48) contains terms that are to the first, third and fifth powers in
the gravitino field. Similar to the Cotton 2-forms, the higher order contributions are
encoded in the term that is proportional to {W,}. Again in the Riemannian context,
the linear part (5.53) of Cottino 2-forms are y-traceless. This is the spinorial version
of the Cotton tensor being traceless. The y-trace operation is given by wedging the

Cottino 2-form from the left with the y-matrix valued 1-form v = v,e® :

YANC =y ADDx +%(y AxDX)] + 7 AY* Ava A X

= —ﬁh A aabwbaﬁx] + e AYPA Yex

A

N A R
= 2D%y — xRic® A X + FHFIAX= 0. (5.54)

When showing ~-tracelessness, in the second equality we used the fact that the
connection is torsion-free together with the identity *f)x +#(y A *ﬁx) = a“b'ybbaf?x

and the fact that Schouten tensor is symmetric. In the final equality we made use
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of the curvature identity (B.9) and the Ricci identity (E.19). The 7-tracelessness
does not hold at the presence of torsion, but we again calculate the ~-trace of the

full Cottino 2-form (5.48) when there is no torsion. The final result is

A

YAC = 2y AT A Yoy

4
i1 ab 1~ —c ad 1~ —
=1 lQEch (w *Dx(X°Xa) + ¢ dDX(mdxc)>
1 A (oA a ,be - -
+ iv%abe(X”v Xe) + 7" Dx (xwaxc - xavacﬂ * 1. (5.55)

When calculating the y-trace we opened the expression in co-frame basis and Fierzed
once to bring every term into the form Dy(xx). The expression (5.55) shows that,
like in the case of Cotton 2-forms, the contributions due to terms {W,} spoil the

v-tracelessness of the linear part of the Cottino 2-forms (5.48).

Finally, we wish to emphasize once again the importance of the torsion constraint
(5.23) for our first order variational formulation of the cosmological topologically
massive supergravity theory. For instance if torsion constraint hasn’t been imposed
by the method of Lagrange multipliers, then one would have obtained by first order
variations a completely different set of field equations. In this new theory the space-
time torsion would be dynamical rather than being determined algebraically by the
gravitino fields. One can see by looking at the variation field equations that this

would be the case:

Rab = Neob — Leabe (LCDX A *Dx — DX(te * Dx) + *Dx A 7. * Dx
i

— 2(te * DX)Y A *Dx + 1:DX A x(y A *Dx)> - i%e“bci A YeX (5.56)
1 2 7
T = Z)Z N YaX + EeabcRbc + ;X A 7( * DX A+ *(y A *DX)> (5.57)
m 2
DX+2’Y/\X+D(*DX‘F*(”Y/\*DX)):O' (5.58)
i

This is a generalized version of our usual torsion expression (5.46) with contribu-
tions coming from the topological term. Similar to what we have done before, it

is possible to solve for the contortion 1-forms from (5.57). Then using this result,
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one can further solve for the supersymmetry transformation of connection 1-forms.
It is clear that this new transformation for connection 1-forms will have terms pro-
portional to the Chern-Simons coupling constant p at different orders. This would
be a completely different theory both at the level of the action and with differ-
ent supersymmetry transformations of fields. At this point it is not even apparent
whether this action will be invariant or not under supersymmetry transformations

because of the highly non-linear terms present in the expression above for the torsion.

As far as we are aware, the full set of field equations (5.44),(5.45) and (5.46) of
the cosmological topologically massive supergravity theory has not been given ex-
plicitly before in the literature. In the references [Deser and Kay, 1989] and [Deser,
1984], the field equations of the theory are not discussed. In [Gibbons et al., 2008],
the Einstein field equation is devoid of fermionic contributions and the gravitino
field equation only covers the linear part (5.48) of Cottino 2-forms. Furthermore
all the equations are written in terms of Levi-Civita connection so the higher order
contributions in the gravitino field are omitted. In [Becker et al., 2009], higher order
contributions to the Einstein field equations are not explicitly given and Cottino
tensor is again given by the linear expression (5.48). The field equations are Taylor
expanded to second order and the exact field equations are not discussed. Lastly in
the remaining references regarding TMS and CTMS theories, the field equations are
not discussed. In our formulation we achieve to express the full set of field equa-
tions consistently from a variational principle. By doing so, we are able to find the

contributions coming to the Cotton and Cottino 2-forms.



Chapter 6: Concluding Remarks 69

Chapter 6

CONCLUDING REMARKS

In this thesis, various three dimensional gravity and supergravity models have
been studied. The models that are studied have two important inspirations: differ-
ent modifications to four dimensional general relativity at both high and low energies
(discussed at the introduction), and three dimensional massive gravity models. As
three dimensions provide us with important toy models, it is reasonable to study all

these generalizations there.

In all of our work, we use the concise language of exterior differential forms on
Riemann-Cartan-Weyl space-times. Firstly usage of differential forms makes the
derivations and expressions more geometrically transparent. Secondly, Riemann-
Cartan-Weyl space-times provide a natural geometrical ground to study all of our
generalizations. We believe Weyl covariant generalizations provide the finest exam-
ple to this fact. Moreover, using the Lagrange multiplier constrained variations,
although not very conventional, are very convenient. This fact is best demonstrated

in the formulation of cosmological topologically massive supergravity model.

The possible directions for all the models studied have been discussed at the end
of each section. Given the diverse generalizations we studied in this thesis, there
are several different directions that we may pursue in the future. Probably the most
important one is the study of range of parameters for which the models are unitarily
quantizable. This requires the linearization of models around background geometries
together with boundary analysis. Moreover, generalization of these models to four
dimensions is not too hard, but applying the possible known quantization schemes

is. It would be interesting and physically relevant to see what can be done in this
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direction as well.
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Appendix A

MATHEMATICAL STRUCTURES

In all of our work we use the Einstein summation convention, that is repeated in-
dices are summed over the whole range of the index set. Furthermore if some indices
are squeezed between square brackets or parentheses then it means the normalized
anti-symmetrization or normalized symmetrization of those indices, respectively. For
differential geometry and tensors on manifolds, we refer to [Kobayashi and Nomizu,
1963] and for applications of parabolic geometries in physics, we refer to [Cap and

Slovék, 2009).

We use language of exterior differential forms on a manifold M. The exterior
bundle on M is denoted by QM = @j_, QM and its sections are form (totally
anti-symmetric tensor) fields on M. There are important operations on exterior
bundle, which generalize vector calculus on manifolds. For the explicit results of
these operations, let a = %ahhnﬂ-k]dm“ A .. A dz*™ be a k-form field on some open

chart of M.

1. Exterior derivative operator: d : QFM — QFYIM is the generalisation of
differential of a function to arbitrary form fields. In local coordinates,
1 j i i

An important identity of the exterior derivative is d* = 0.

2. Interior product operation with respect to a vector field {X,}: vx, : QM —
QF=1M is the generalisation of a pairing between a vector and a covector. In local

coordinates,

1 )
Lx,00 = ———X

=] i dx A LA dat (A.2)

i,
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3. Hodge duality operator: Given that M is equipped with a metric field, Hodge
duality operation * : QF(M) — Q"~*(M) maps a k-form field uniquely to a (n — k)-
form field. In local coordinates,

= Rl T e Qg T A A (A.3)

*QY

where {¢;, ;,} is the totally anti-symmetric Levi-Civita symbol and its indices are
raised using the metric on M. An important property of Hodge duality operation is
that it squares to the identiy operator up to a sign, that is xx = +1. With the help
of Hodge duality operation we can define a top-form valued bilinear form (o, )

and an L2-inner product! (o, as) of two k-forms oy and ay as

ag A\ xag = (ag,ag) * 1, (A.4)
(o, 9) = / a1 N\ %o, (A.5)
M
respectively.

4. Exterior co-derivative operator: df : QFM — QF1M is the adjoint operator
of exterior derivative operator with respect to the L?-inner product on a manifold

without boundary. That is for a k-form field oy and (k — 1)-form field oy, we have
(Oél7 dOég) = (dTOél, Oég) . (AG)

The exterior co-derivative operation may be expressed in terms of exterior derivative

and Hodge duality operations up to a sign, that is d' = & * dx.

The geometrical framework that we express our gravitational models is metric
affine geometry {M, g,V}. Here (M, g) is a three dimensional locally Lorentzian
manifold modeled on the vector space (R?n) where n = diag(—,+,+), and V
denotes an affine connection on M, that is, a connection on the frame bundle F'M
of M. The metric tensor can be expressed as g = 17,,¢* ® e® where 7, = g(X,, X3),

in terms of a g-orthonormal frame {X,} that are dual to the co-frame 1-forms {e”}

'Here we misuse the term inner product as this map is not positive definite in general.



Appendiz A: Mathematical Structures 82

so that e*(X,) = we® = 0. For simplicity, we use the following abbreviations for
the exterior products e® = e* A e’ A ..., and the interior products tg = tatp - - -,
respectively. The space-time orientation is fixed by the choice of a volume form

012" Lastly, the connection V is given by a set of connection 1-forms {A%}

x1 =e
so that Vx, X = A% (X,)X.. We define the non-metricity, torsion, and curvature

forms of a linear connection by the Cartan’s structure equations below:

1
Qab = i(Aab + Aba) ) (A?)
T% = de* + A% A e, (A.8)
(AH? a a C
A)

Here D is the exterior covariant derivative operator that acts on any rank (p,q)

tensor field T;, ;2'"7* as:

FARAT, S (A10)

(A)
and {R%} denote the curvature of the above connection 1-forms {A%}. Bianchi

identities of the structure equations are:

Q) 1 @) (M)

DQab - i(Rab + Rba) y (Al].)
A) A) b

DT* = R A e, (A.12)
(A) (A)

DR% =0. (A.13)

The Ricci 1-forms and the curvature scalar are obtained by contracting the curvature
2-forms:

Hitw = ity B = 2Rty = (A14)
Moreover, the Einstein (n — 1)-forms of our non-Riemannian connection are defined
through the variation of Einstein-Hilbert term as:

woow 1w
G, =Gpxe’ = —§Rbc/\*e‘”. (A.15)



Appendiz A: Mathematical Structures 83

We note that, although curvature 2-forms can have both anti-symmetric and sym-
metric parts, similar to the Riemannian case, only the anti-symmetric part con-

tributes to the Einstein tensor.

In a metric affine geometry, the most general linear connection is fixed uniquely

by the metric tensor field g, the torsion tensor field 7" and the non-metricity tensor
)

field S = Dg. To observe this, we separate the anti-symmetric and symmetric parts

of the connection 1-forms as follows:
A% = Q%+ Q%, (A.16)
where the anti-symmetric part further decomposes in a unique way according to
QY =w + K9+ ¢%. (A.17)

Here, the Levi-Civita connection 1-forms {w%} are determined completely by the

co-frames from the Cartan structure equations

de® +w Neb =0. (A.18)
The contortion 1-forms { K%} are fixed by the torsion 2-forms

K% Neb =T°. (A.19)

The anti-symmetric 1-forms {¢%} are completely determined in terms of the sym-

metric non-metricity 1-forms {Q%} by the equations
q% = —(L"Qupe)e” + (1pQ%,)e" . (A.20)

We term a geometry where metric (Riemann), torsion (Cartan), and non-metricity

(Weyl) tensors are all present a Riemann-Cartan-Weyl (RCW) space-time.
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Appendix B

USEFUL IDENTITIES

Co-frame identities: We are going to give some identities regarding the exterior

algebra that are helpful:

= (—1)P % (eg N %), € PM (B.1)

€ e = — Nk (/NG — 17M0) + 1 (5, — o) = 1 (il — mimg) - (B.2)
€ x 1 = —ee (B.3)
€ % op = —00e" + he — 5™ (B.4)
e N ke = —np ke + ) * ey, (B.5)
€W % ey = —277[‘%’” e+ 277&0”617 — 277%,5”6“ (B.6)

where €4, = *e4. denotes the totally anti-symmetric Levi-Civita symbol with the
choice €319 = 1 and square bracket around some indices means the normalized total

anti-symmetrization of those indices.

Curvature Identities: We will prove that in a Riemann-Cartan space-time the

following curvature identity holds:
1 be . 1
G, = —§R N *€gpe = * (cha - 2Rec> ) (B.7)
To show this, we start by expanding the curvature 2-forms in the co-frame basis:

1 1
—§Rbc N *€qpe = —ZRbC €N\ *€qpe

(_Rbc ,be + Rbc 7cb) * €q + (Rbc ac Rbc ,ca) *ep + <_Rbc ,ab + Rbc 7ba) * 65}
1

1
']
Rt (R R ) el

R x e, + *Ric, . (B.8)

N | —



Appendiz B: Useful Identities 85

Above, when going to the second line we make use of the identity (B.6) and do the
contractions when going to the third line. Finally in the last equality we make use
of the definitions of Ricci 1-forms and scalar curvature. Also dualizing the (B.9), we

obtain
ab abc . 1
*RY = —e¢ (cha — 2Rea) ) (B.9)
Now we move on to proving the identity between quadratic curvature invariants:
1

R™ A %Ry, — 2Ric* A xRic, + gRx1=0. (B.10)

To show this we make use the identity (B.9).
ab A * cab . 1 d 2 1
R N Ry = —€° % | Ric, — §Rec A€ | Ricg — §Red

R R?
= —27}‘“’ [Rica A xRicy, — 5 (xeq A\ Ricy, + *Ricy N\ ep) + R *eq N ey

1
= 2Ric* A %Ric, — 2R?> x 1 + §R26“ A *e,
1
= 2Ric" A\ xRic, — §R2 %1, (B.11)
Above when going to the second equality we use the identity (B.2). After that when

going to the third equality we use Ric, A xe® = R * 1 and then in the final equality

we make use of e* A xe, = 3.
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Appendix C

SOLUTION TO ANTI-SYMMETRIC CONNECTION
VARIATION FIELD EQUATION

In all of the models considered in this thesis, the Lagrangian densities always
contain a constraint term involving torsion 2-forms. In this case, the variational
field equations coming from an anti-symmetric connection 1-forms {w®} are always

in the form
ea/\)\b—eb/\Aa:Eab, (Cl)

for a 2-form X, = ¥4). To solve algebraically for the Lagrange multiplier 1-forms

Aa }, first contract the Equation (C.1) with the interior product operation (* to get
g

)\b -+ Gb(ba)\a> = L“Zab . (C2)

Contracting Equation (C.2) once more with the interior product operator (°, we

obtain
4(1°Ng) = 1"y - (C.3)
Putting Equation (C.3) in Equation (C.2), we obtain the solution as

1
Ao = "0 — Z(d’czcb)ea. (C.4)
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Appendix D

LEFT-INVARIANT CO-FRAMES ON AdS;

AdSs is a homogeneous space as AdS; = S0O(2,2)/S0(1,2) where SO(2,2) is
the isometry subgroup acting transitively on AdS; and SO(1,2) is the stabilizer
of any point. It can be concretely realized as an embedded hypersurface of R*?
with metric ¢ = —dU? — dV? + dX? + dY? expressed in the Cartesian coordinate
chart {4 = (U,V,X,Y)}. The embedding equation is for AdS3 with unit radius is

-V X2 +Y?2 =1, (D.1)
The isometry algebra has so0(2,2) is generated by the Killing vector fields

0 0
Jap = fA(%fB - 53@ ,

and satisfy the commutation relations

—Jac, for Be{l,2} and A# B #C,
[Jap, Jpc| = (D.3)
Jac, for Be{3,4}and A# B #C.

It is a straightforward exercise to divide these generators into two mutually com-

muting sets as:

Xo=—Juyv —JIxy, Xi=Jxv+JIyv, Xo=Jyv—Jxv, (D.4)

Yo=—-Juv+JIxy, Yi=Jxv—Jyv, Yo=—-Jyv—Jxv. (D.5)

Both the left-invariant vector fields {X,} and the right-invariant vector fields {Y,}

satisfy the same so0(1,2) commutation relations, that is

(X0, Xq] =2X,, [X1,Xo] = -2X,, [Xo,Xo] =—-2X,, (D.6)
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To concretely realize these vector fields, let us choose a local coordinate chart {z* =

(t,x,0)} on AdS; such that
U=cost, V =sintcoshy, X =sintsinh ycosf, Y =sintsinh ysinf. (D.8)
Then we compute the following explicit expressions for { X, }:

Xo = coshxd; — cottsinh x0, — 0y,
X; = —sinhxcos80; + (cottcosh x cos@ + sin )0, + (coth x cosd — cot txsin )0y,

Xy = —sinh xsinf0; + (cottcosh x sin @ — cos )0, + (coth x sinf + cot ty cos )0y,
and for {Y,}:

Yy = coshx0, — cottsinh xd, + 0y,
Yy = —sinhxcosf0; + (cottcosh x cosf — sin )0, + (— coth x cosf — cot txsinf)0,,

Y, = sinh xsin00; + (— cot ¢ cosh x siné — cos #)0, + (coth x sin @ — cot ty cos )0, .

Finally, exploiting the canonical pairings €*(X,) = 62 and &*(Y,) = ¢, we determine

in a unique way the following set of left-invariant co-frame 1-forms:

¢ = cosh ydt + costsin t sinh ydy + sin® ¢ sinh? yd@ , (D.9)
e = sinhy cos@dt + (costsintcosh y cos 6 + sin? ¢ sin ) dy
+ sin? ¢ sinh y(cosh y cos § — cot t sin 6)d6 (D.10)
e = sinh ysin@dt + (costsint cosh x sin§ — sin®t cos 6)dy
+sin? ¢ sinh y(cosh y sin § 4 cot t cos §)df (D.11)

and the right-invariant co-frame 1-forms:

¢’ = cosh ydt + costsintsinh ydy — sin® ¢ sinh® yd@ , (D.12)

¢' = sinhx cosfdt + (costsintcosh y cosf — sin® ¢ sin §)dy
— sin? ¢ sinh y(cosh y cos @ + cot ¢ sin §)df (D.13)
= —sinh y sin #dt — (costsint cosh y sin § + sin® ¢ cos ) dy

+ sin? ¢ sinh y(cosh y sin § — cot t cos §)df . (D.14)
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It is now straightforward to verify that these basis 1-forms satisfy the Maurer-Cartan

equations
de® = —e", e’ N e, de" = —¢, 8" N e (D.15)
Moreover in the local coordinate chart we picked, the metric tensor becomes

gAdS3:—€O®€0+€1®€1+62®€2
:—é0®é0—|—é1®é1+é2®é2

= —dt? + sin? t(dx? + sinh? xdf?) . (D.16)
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Appendix E

MAJORANA SPINORS IN 3D

The spinor fields on a Riemann-Cartan space-time M are related to the spinors
on the model space (R"? ) whose Clifford algebra is denoted by CI(1,2). We are

going to use a real realization generated by the Pauli matrices given by

0 1 0 1 1 0
Y = M= , Y2 = : (E.1)
-1 0 1 0 0 —1

These generators satisfy the Clifford product rule

Ya Vo = nabI + Eabc'}/c y (EQ)
so that
{Pyaa ’Yb} = 277ab[7 [’}/aa ’}/b] = 2€abcf)/c . (E3)

The Clifford algebra C1(1,2) can be spanned by a basis {I, 7,4, 204, V5 } where I is
the 2 x 2 identity operator, {o,} and 75 are the Lorentz generators and the volume

element, given explicitly by

1 1

Z[%,%] = §€“bc’YC> Y=Y =1, (E.4)

Oab =

respectively. The following identities are satisfied by the generators of the Clifford

algebra:
Q%ch = NabVe — TacVb + eabcl y (E5)
20’&1}70 = —TNacVb + NbcVa + 6zzbc-[ ’ (EG)

[Uaba Ucd] = —TNacObd + NadObe + MbeOad — MbdO ac - (E7)
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Furthermore the following summation identities are also satisfied:

YYe =3, YW= s Y WVVa =3 — 20bc, V'ObcVa = —Obe

’YaCfab =, QUabUab = -3, 20ab’Yc0ab = Ye- (ES)

Since the rank-2 and rank-3 elements of the Clifford basis are linearly dependent on

the rank-0 and rank-1 elements, we use the basis {ya} = {I,7.}-

The spin group of our model space, Spin(1,2) = SL(2,R) is the double cover of
the local Lorentz group SO(1,2). Spin(1,2) is generated by the elements {I, 20}
of the even Clifford subalgebra Cly(1,2) and the spinors carry its irreducible repre-
sentations. In our case the representation space will be R?, however, components
of the spinors should be odd-Grasmann valued. That is, given 1) = (¢, 19)7 € R?

both components are nilpotent and they anti-commute:

Vi =0=13, Pi1ths = —Poihr. (E.9)

An adjoint spinor is defined as an element of the dual space of the spinor space.
The map between the representation space R? and its dual space (R?)* is given by

an anti-symmetric operator

C:R? > (R?)
= =y7C (E.10)

called the charge conjugation operator. In the Majorana realization that we use,

0 —1
C=1"= (E.11)
1 0
which satisfies C~! = CT = —C and C?> = —I. The inverse map acts on the conjugate

spinors from the left and defines charge conjugated spinors

s (RY) o R?
U e =C)T. (E.12)
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Note that C7'1C = Id as expected. Because we are using real Clifford generators,
our spinors are self-charge conjugate, 1) = 1. That is to say, all our spinors will be

odd-Grassmann valued Majorana (real) spinors.

Furthermore we note that under the action of the charge conjugation operator,

the Clifford basis elements {4} are transposed:
C’}/AC_I = —’)/AT. (E13)

Another useful way to think about the charge conjugation matrix is to consider
it as a metric on space of the spinors. Using this property, we may pair spinors to
obtain objects which have tensorial behavior under local Lorentz transformations.

In fact, in 3-dimensions there are only two spinor bi-linears that one may write:

Vo, UVYad. (E.14)

The first bi-linear is a pseudoscalar and the second one is a Lorentz vector. The
other bi-linears 1o4¢ and 1y5¢ may be expressed in terms of the above ones. Any

two arbitrary spinors ¢ and ¢ satisfy the Majorana flip identities, given by

b=, VYad = —Yath. (E.15)

The complex conjugation operation is an anti-linear anti-involution acting on the
Clifford algebra. Consequently, the spinor bilinears in (E.15) are pure imaginary.
In order to obtain real quantities instead, we have to introduce a factor of complex

unit ¢ into these expressions. Therefore

(o) €, i(y.0) € RM2. (E.16)
Considering the product of three or more spinors, the order of the products may be
arranged according to the Fierz rearrangement formula. Suppose U and V' are real
valued 2 x 2 matrices and «, 3, ¢, ¢ are arbitrary Majorana 2-spinors. Then

@UAYVE) = —3 T (@UVE)G145) (.17)

A=l,a
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When considering spinor fields on M, we consider sections of the spin bundle
on M which takes values in our spinor space and is acted upon by the spin group
SL(2,R) fibrewise. We define the spin covariant exterior derivative operation that
acts on a Majorana spinor valued p-form section, for instance the gravitino 1-form

over the Riemann-Cartan space-time as:
1 ab
Dx =dx + SW"0ab A X, (E.18)

where {w?} is a set of metric compatible connection 1-forms on M and Y is a section
of Majorana spinor valued 1-forms. The Ricci’s identity takes the following form on

the spinor valued differential form fields:

1
D*x = §Rabaab A X (E.19)

where { R%} are the curvature 2-forms on M.

Finally, we also present the contracted version of the Bianchi identity (A.12)

because it is relevant for our supergravity calculations:
2(deRab - LbaRcd> = [/bdc(DTa) + Labd(DTc) + Lacd<DTb) + Lacb<DTd> . (EQO)

The contracted Bianchi identity (E.20) shows us that in the presence of torsion,
the two-two symmetry of the components of the Riemann curvature tensor fails in

general.



