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ABSTRACT

COMPLEX KERNEL OF ZZ INTEGRAL TRANSFORM AND ITS
APPLICATIONS IN ORDINARY DIFFERENTIAL EQUATIONS

Ali Hameed ALI ALI
Master of Science in Mathematics
Advisor: Asst. Prof. Dr. Serifenur CEBESOY ERDAL
Co-Advisor: Asst. Prof. Dr. Emad ABBAS KUFFI AL-SAADI
August 2022

This master thesis follows the following construction: In the first section, an introduction
to integral transforms with a literature review on numerous transform areas is given. A
review of differential equations with their benefits in the scientific world is presented. In
the second section, basic definitions and properties that will enrich the work, specifically
on the ZZ transform that would be the seed for the entirety of the work are discussed. The
third section discusses the basic properties of proposed integral transform (SEA) and its
applications to the primary functions. Some of these properties are supported by practical
examples for clarification. Finally, the fourth section includes the application of the SEA

transformation to miscellaneous subjects from different fields of science.

2022, 47 pages

Keywords: SEA integral transform, ZZ transform, Complex kernel function, Newton’s
law of cooling, Beam deflection, Differential equations, Natural growth and

decay, Mechanical engineering.



OZET

77 INTEGRAL DONUSUMUNUN KARMASIK CEKIRDEGI VE ADI
DIFERENSIYEL DENKLEMLERDE UYGULAMALARI

Ali Hameed ALI ALI
Matematik, Yiiksek Lisans
Tez Danmigsmani: Dr. Ogr. Uyesi Serifenur CEBESOY ERDAL
Es Danigsman: Dr. Ogr. Uyesi Emad ABBAS KUFFI AL-SAADI
Agustos 2022

Bu yiiksek lisans tezi asagidaki yapiyi takip eder: Ilk boliimde, ok sayida déniisiim alani
lizerine bir literatiir taramasi ile integral doniisiimlere bir giris verilmistir. Diferensiyel
denklemlerin bilim diinyasindaki faydalariyla birlikte bir incelemesi sunulmaktadir.
Ikinci béliimde, 6zellikle isin biitiiniine tohum olacak ZZ déniisiimii {izerinde ¢alismayi
zenginlestirecek temel tamimlar ve ozellikler ele almmustir. Ugiincii boliim, 6nerilen
integral doniistimiiniin (SEA) temel 6zelliklerini ve temel fonksiyonlara uygulamasini
tartismaktadir. Bu  6zelliklerden bazilari, acgiklama i¢in pratik  Orneklerle
desteklenmektedir. Son olarak dordiinci boliim, SEA doniisiimiiniin farkli bilim

alanlarindan ¢esitli konulara uygulamasini icermektedir.
2022, 47 sayfa

Anahtar Kelimeler: SEA integral doniisiimii, ZZ doniisiimii, Karmasik ¢ekirdek
fonksiyonu, Newton'un soguma yasasi, Isin sapmasi, Diferensiyel

denklemler, Dogal biiylime ve bozunma, Makine miihendisligi.
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1. INTRODUCTION

The term "integral" refers to the process of combining or cohering into a whole functional
unit, and the term "transform" refers to the converting of an object from its current form into

another form (Oxford 2010).

In mathematics, the most inextricable link of integral transforms is with functional series.
The summation that happens in the series between the multiplicated functions terms is

replaced with variables of integration in the integral transforms (Mortimer 2013).

In an integral transformation, an equation of differential nature is metamorphosed into an
equation of algebraic nature. The converted algebraic nature of the equation makes it more
malleable to direct mathematical solutions. This transformation from the differential to
algebraic forms resulted in the inevitable transformation from a domain where the solving of
the intended equation is challenging into another domain where it is possible to process and
solve the operation in a more manageable manner (Brychkov I. A and Brychkov Y. A. 1992,
Zwillinger and Dobrushkin 1998, Hochstadt 2014).

An integral transform can be displayed mathematically as

b
F(s) = f k(x, $)f (x)dx .

The transformation interval is determined by the integral limits (a and b), the function that
is intended for its domain to be transformed is f(x), and the kernel function of the

transformation is k(x, s).



The distinguishing factors between integral transforms are the limits of the transformation (a
and b) and its kernel function k(x,s). One or both of these factors are changed from one
transformation to another. The prospect of creating a new integral transform only by
manipulating these two factors encouraged the mathematicians to experiment in this area.
These experiments suggested a lot of integral transformations that helped the scientific world

solve a lot of problems in a lot of different fields of study (Kuffi ez al. 2021).

As the heart of any integral transform, the kernel function plays a crucial role in defining the
nature of the suggested integral transform (Saitoh and Sawano 2016). Most of the integral
transforms that have been suggested in the early years and many in recent years are
constraints on using a kernel that does not include any complex terms in them. Some of these
transforms can be listed as follows: Rohit transform (Gupta et al. 2020), Sumudu transform
(Aggarwal and Gupta 2019), Shehu transform (ALbukhuttar er al. 2020), Al-Zughair
transform (Kuffi et al. 2020), Aboodh transform (Abbas et al. 2022a), SEE transform
(Mansour et al. 2021b), Al-Tememe transform (Mohammed et al. 2016), ZZ transform (Zafar
2016), integral transformation in solving improved heat and Poisson PDEs (Abbas et al.
2022b), applying Al-Zughair transform into some engineering fields (Kuffi and Abbas

2022a) and many other transforms.

However, modern mathematicians have moved toward including a complex parameter in
their suggested transforms. These transforms usually contain the term "complex" in their
names to indicate this insertion. Some of the mentioned integral transforms can be listed as
follows: Complex Al-Tememe transform (Mohammed and Makttoof 2017), Complex SEE
transform (Mansour et al. 2021b), generalization of Complex Al-Tememe transform
(Hussein et al. 2022), Complex EE transform (Kuffi and Abbas 2022b) and other transforms.
It is noticeable that some of the complex transforms are the modifications of already existing
transforms; that modification (the insertion of the complex parameter to the transform
kernel) gave the modified transform a new domain that differes from the original transform

which was based on it.



Differential equations are one of the equations in which integral transforms shine in handling
them and solving them efficiently (Hochstadt 2014). Differential equations are known for
representing problems in many scientific fields. That capability in representing these
problems came from their containing variables, accompanied by the derivatives of these
variables that represent the alteration that happened to the system represented by the

differential equation with time (Clark 2017).

Differential equations are classified according to the number of variables with respect to
which the equation is derived; an ordinary differential equation (O.D.E) is a differential

equation that is derived with respect to one variable.

Ordinary differential equations have an essential role in representing many problems,
including thermodynamics, electricity flowing, growth and decay of objects, civil

engineering problems, cooling, and many other essential applications (Chicone 2006).

In this thesis, a new integral transform that has a complex parameter embedded in its kernel
has been proposed. The new transform is named after the mathematicians that suggested it
as the (Serifenur-Emad-Ali) SEA integral transform. The SEA integral transform started with
the well-known ZZ transform and modified its integral period and kernel to emerge a new

transform with a domain distinct from the seed ZZ transform.

The basic properties of the SEA integral transform, as well as their application to the basic
function in mathematics, have been presented and demonstrated extensively. The SEA
transformation has been used to solve some ordinary differential equations that represent
applications in some scientific and engineering fields, in which it has proved its capability in

handling the solving of these applications efficiently.



2. PRELIMINARIES

Definition 2.1 (Goodwine 2010, Hiebert 1997). The condition that specifies a requirement

that the solution must satisfy in a single instant of time is said to be the initial condition.

On the other hand, the boundary condition proclaims that the solution value is taken in some

space region and time separation.

Definition 2.2 (Brychkov I. A. And Bychkov Y. A. 1992) The relation between any two

functions ¢ and u can be represented via integral transformation in the form:

b

u(p) = j F(p, )o(t)dt,

a

where a and b are finite or infinite numbers.
Integral transform formula contains the following terms:

e The original function ¢(t) that has a domain called the original space.
e The transform function u(p) that has a domain called the image space.
e The transformation kernel function F(p, t).

e The real variable t.

e The complex parameter p = o + iw, ¢ and w are real numbers.

It is possible to contemplate a shorter representation of the integral transformation that has

kernel function F(p,t) by implementing the symbol T as

) = T{p()}.



Property 2.1 Linearity of Integral Transformation

(i) Linearity property of transforms can be summarized as follows (Pundir 2017).

o Tlayfi(t) £ arfo(t) £ £ anfn (D] = a;T(f1(8)) £ a,T(f2(t)) £ -+ £ a, T (f(£)),

where a; a,, ... and a,, are constants and functions f; (t), f>(t) ..., and f; (t) are defined.

(i1) Linearity property of inverse transforms can be summarized as follows (Pundir 2017).

If
T7'Q:(s) = fi(£), T™',(s) = fo(0), ... ,T'Qy(s) = f,(t) and a4, ay, ..., ay

are constants, then we have

T a1Q:(5) £ aQ,(8) + - + a, 0, ()] = a1 i (t) £ af(8) £ - £ anfy (1) .

Definition 2.3 SEE Integral Transformation

In 2021, Eman A. Mansour and her colleagues (Mansour et al. 2021b) introduced the (Sadig-

Emad-Eman) SEE integral transform.

The SEE integral transform is defined for a function f(t) as

S{F() = vin f e F(O)dt = F(v), t>0, nez
t=0

where v is a complex parameter.

Definition 2.4 Complex SEE Integral Transform

The complex (Sadig-Emad-Eman) SEE transform is another integral transformation that had

been introduced by Eman A. Mansour in 2021 (Mansour ef al. 2021c¢).


https://www.amazon.in/s/ref=dp_byline_sr_book_1?ie=UTF8&field-author=PUNDIR+S.K.&search-alias=stripbooks
https://www.amazon.in/s/ref=dp_byline_sr_book_1?ie=UTF8&field-author=PUNDIR+S.K.&search-alias=stripbooks

The complex SEE integral transform is defined for a function f(t) as
I |
SUO) =F) = — [ e™f@de, c20, 1=V, nez,
t=0

where v is a complex parameter.

Definition 2.5 Al-Tememe Integral Transform

Al-Tememe integral transformation for the function f(x); x > 1 is defined by the following

integral (Kuffi et al. 2021)

8

T{F(0)} = f xPF(0)dx = F(p),

x=1
such that this integral is convergent, p is a positive constant.

Definition 2.6 Complex Al-Tememe Integral Transform

Complex Al-Tememe integral transform for the function g(x), where x is greater than one

and it is defined as (Mohammed and Makttoof 2017)

Te{g(x)} = ] X Pg(x)dx = F(ip).

=1

The Complex Al-Tememe transfomation is convergent in the interval [1, ), in whichp is a

positive constant, x ~'P is the kernel of transform and i = v/~—1.



Definition 2.7 General Complex Al-Tememe Integral Transform

The definition of the general complex Al-Tememe integral transform for the function f(x)

for x > 1 is (Hussein et al. 2022)

Tl = [ 2 Gdx = F(ia®)),

The general complex Al-Tememe transformation is convergent in the interval [1,00), where

q(p) is a function of parameter p and x~1®) i the kernel of this transform, i = vV—1.

Definition 2.8 EE Integral Transform

Consider the set A as
A={f(©):3IM,L;>0,|f ()| < Me™",ift € [0,0),i € Cand j = 1,2},
where the constant M must be a finite number and L;(j = 1,2) may be finite or infinite.

The EE integral transform denoted by the operator E{.}is defined for a function f(t) of
exponential order by the equation (Kuffi and Abbas 2022a) as

ES{f()} = E(iv) = f f(He ¥"tdt, nezZ, t=0,

where v is a complex parameter and i is a complex number. In the EE transformation,

variable v is used to factor the variable t in the argument of the function f.



Definition 2.9 ZZ Integral Transform

Let f be a function defined for all t > 0. The ZZ transform Z (v, s) for the function f(t) is
defined (Zafar 2016, Rao 2017) as

Z(v,s) = H{f ()} = s f Fwt)e-stdt.
0
If the above integral exists, then the integral equation can be written as
S ‘ _st
2,9) = HF©) == [ feVar,
0

where s and v are complex parameters.
Property 2.2 ZZ Integral Transform Existence

Let f be a piecewise continuous function in every finite interval 0 < t < k, and be of an

exponential order p for t > k.

The ZZ integral transform Z(v, s) for the function f(t) exists for all s > p,v > p? (Zafar
2016, Rao 2017).

2.1 ZZ Transform Properties

The basic properties of the ZZ transformation can be listed as follows (Zafar 2016, Rao
2017).



(i) Let f(t) = e%, where t = 0 and a is a constant, then

H{eat} —

s—va’

(i) Let f(£) = {(1) s 8 . then

H{1} = 1.

(iii) Let f(t) = t™, n € N, then

n

v
H{tn} = n'S—n

(iv) Linearity property: If a, b are constants and f(t) and g(t) are functions, then
H{af (t) £ bg(t)} = aH{f (O} £ bH{g(t)}.

(v) ZZ transform for derivatives: Let H{f (t)} = Z(v, s), then

H{F@®) = =2(v,5) = 2 £(0).



3. (SERIFENUR-EMAD-ALI) SEA INTEGRAL TRANSFORM

This section will present the details of the complex kernel integral transform (Serifenur-
Emad-Ali) SEA integral transform as a new integral transform with a distinct domain from
other transforms. The fundamental properties and theorems of the SEA integral
transformation will be discussed and proved. Some of the properties will be explained via

actual examples to demonstrate the further explained properties.

The SEA integral transformation takes another form in the process of transforming an
equation and getting the solution of it, where in it follows the set of the exponential order

functions A4 that is defined as
A={f(©):3IM, 1> 0,|f ()| < Me""l,t € [0,00),i € Cand j = 1,2}. (3.1)

For set A which is defined in Equation (3.1), M is a finite random constant, 1,, 4, could be

finite or infinite.

Definition 3.1 SEA Transform Definition

Let f(t) be a function defined for all t > 0. The SEA integral transform of f(t) is defined

as

Hetr@y =S [ e Grae

t=0
where s and v are complex parameters and i, v are complex numbers.

The inverse of the SEA integral transform is defined as

10



S+ioo

v .S
Hel= — i—e%'F(s,v)ds = f(t),
2mi Jo_5_io S

where § is a positive real number.
3.1 Existence of the SEA Integral Transform

Assume an exponential piecewise continuous function f(t) in every finite interval
0 <t < k of order p for t > k. The SEA integral transform H°{f (t)} for the function f(t)
exists for all s > p,v > p2.

Property 3.1 SEA Integral Transform Linearity Property

If a, b are constants and f(t) and g(t) are functions, then

H{af(t) £ bg(0)} = aH{f(£)} £ bH{g(t)}.
Proof

From the definition of SEA transformation, we write
[ee]

HE(F (D) = f e (D) dt.

0

Then, we have

S [* _st
HEaf () +bg(@) = | e (af () + bg () de

0

11



S o _'S_t S [oe} _'S_t
= a;ftzoe S F()dt + b;ftzoe g (t)dt

= aH{f ()} + bH {g(D)},
which completes the proof.
3.2 The SEA Integral Transform for Fundamental Functions

(i) Let f(t) = e*, where t > 0 and a is a constant, then

asv 52

+i .
a?v? + s2 a?v? + s2

Hc{eat} — _[

Proof From the definition of SEA transformation, we get

Heeaty = f e )teat gy
v
0

Then we arrive at

t _S * —if—at _ —S _ii_atoo
H{e }—;£=Oe ((v) )dt—m [e ((v) ) 0]
—S S —is —av
- 01—
S av LS av S av

asv - s?
= |2 22 Tl 2.,2]|"
s? + a?v s? + a?v

(i1) Let f(t) = k, where k is a constant, then

12



H¢{k}=—ik, i€ C.
Proof From the definition of SEA transformation, we have

S —ks [ _i5® ks k
Hc{k} = — e lvtk dt = e Lt = —S =—=—ik.
v . [S
0 vi (;) 0 is i

(i)  Let f(t) =t, then

He{t) = _T”

Proof From the definition of SEA transformation, it is easy to get

S [ _s, sliv: v?] _sg® s v?
Hety==| e Stdt==|—t+—|e™| ==[o-(=]|
v Jo v|ls s o v s

(iv) Let f(t) = t2, then

2

HE{t?} = 2i (g) .

Proof From the definition of SEA transformation, we write

S .S
He{t*} = ;f e B2 dt.

0

Performing integration by parts to the above equality, it is clear to see

13



s it?v  2tv? ivd s |
HC tz —_— R + _ 2_ e—l;t
{7 v [( S s2 s3 o

_5[, 2_173 _zivz_z_(v)z
v ') T e TG

(v) Let f(t) = t3, then
v 3
HE{t3} = (31) (E) :

Proof Using SEA transformation definition and performing partial integration, we obtain

[(it3v+3t2v2 i6tv3 6174) _i§t|ml
0

HE(3} =2
. s s2 s3 s*
_So—(0s0-0-22) =562 = 62 a2y
=5lo-(0+o-0-T)| =565 = 655 =3()

n
(vi) In general: H{t"} = (—=1)"(D)"* 1(n!) (E) , where n is a positive integer number.

(vii) Let f(t) = sin (at), where a is a constant, then

—asv

H¢{sin(at)} = g2y

Proof From SEA transformation definition, it is clear to write
(o]

S s
H¢{sin(at)} = ;] e~ % sin(at) dt.
0

14



Then, we obtain

s [® s eiat _ e—iat
H¢{si t)y =— B ———— ) dt
{sin(at)} vf e < 57 >

t=0

_ (2%) f:o o-iE-a)e gy _ (2%) f:o o-iGra)t g,

Finally, we arrive at

H¢{sin(at)} = - =

(vii) Let f(t) = cos (at), where a is a constant, then

. —is?
H¢{cos(at)} = m

Proof Using the definition of SEA transformation, we write

H¢{cos(at)} =

S| @

(0]
—ilt
e v cos (at)dt
t=0

15



S [ee) _l'it eiat + e—iat
=— e v |————|dt
VJizo 2
o8] o8]

| () (o)
o C=a) e

[s s s
-tat+-—a -
_ Sy S
2iv| 2 _ 2 iv|s2_ .2
2 2
v v
At last, we find
2 g o0
S Vs —is
H{cos(at)} = —i— = )
vZ SZ _ a2v2 SZ _ aZvZ

3.3 The SEA Transform for Derivatives

Theorem 3.1 Let H°{f(t)} = Z(v, s), then
HAF 0} =22+ i22(v,5). (3.2)

Proof Using the definition of SEA transformation, it is obvious to write

HeP @ =2 [ e ot
t=0

Performing partial integration to the above equation as substituting

16



u= e_i%t, dv = f'(t)dt,

.S —iit'
du=—t;e v dt, v = f(t),

we arrive at

H{f' ()} =

S| w

f e G pr () de = %[e“étf(t)ﬁo + L%j f(t)e_i(%)tdt],
0 0

that is,

—sf(0)
v

H(P (O} = [0 - (O] + i ZHA{f () = ———+=Z(v,5).

To demonstrate this property practically, an example will be given where the property is

going to be applied.
Example 3.1 Solve the following first order differential equation:
y'+y=0, y0)=1

Solution: Since
Hy'} + H{y} =0,

then, using Equation (3.2) we write

17



s s
—;y(O) + i;Z(v, s) + H¢{y} =0,

1.€.,
—S S
73/(0) + i;HC{y} +H{y} =0,
which verifies
—s S
- | — 4 =
. +(lv+1)H y}=0.
Thus, we get
2

S S v—is N S

S
v__ — = = — i
iZ+2 is+v is+v v—is v2+s?2 vZ+s?’
v v

which is finally equal to

—Sv s2

+i .
v2 + 52 v2 + 52

Hly} = —l

Taking the inverse of the SEA transform gives
HC_l{HC{y}} — e—t = y = e—t'

which is the solution of the given differential equation.

18



Theorem 3.2

HE(F" (0} = 2 £1(0) = 15 £(0) = SHE{F (D). (3.3)

Proof From SEA transformation definition, we have

e

HEF () =~ f e Gy de.

0

Applying integration by parts by making the substitutions

u= e_i(%)t, dv = f"(t)dt,
du = —i (%) e_i(i)tdt, v=f'(t),

the above integral turns into

" () = %[e-i(5>tf'(t)|o°° +iQ)f " et dtl

S ) g
== [=f O] +iZH{(©)

—sf'(0 —
N e ORI

_ —sf'(0)  s? sz
=7 —lﬁf(())— s HAf (D)}

v

To demonstrate this property practically, an example will be given where the property is

going to be applied.
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Example 3.2 Solve the following second order initial value problem.
y'+y=0 y(0)=0, y' (=1
Solution: Since
H{y"}+ H{y} =0,

Equation (3.3) implies

=S 0(0) = 1 y(0) — o ey} + oy} = 0
Uy lvzy 2 y ys=U,

which verifies

> SZHC{}+HC{}—0
v 172 y y - Y-

We obtain from the last equation that

52 s
<1—§>H {y}=;,

thus, it is clear that

N %)

Hely) vs —Vs
y = > = 1 = P — P = P — 2 .
1 SZ v_z(vz —s2) vi=s s —v

A )
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Taking the inverse of the SEA transform gives

y(t) = sin(t),
which gives the solution of the given second order differential equation.

Theorem 3.3

S 52 s3 53
HAf"(6)} = —;f”(o) - l;f’(o) + ;f(o) - l;Hc{f(t)}-

Proof SEA transformation definition yields

HE(f"'(1)} = %j e_i(%)tf"’(t) dt.

0

By using partial integration with the following substitutions

u= e_i(%)t, dv = f"'(t)dt,

du = —i (i) e_i(%)tdt, v=f"(t),

v

we obtain

N

s S 2 7 )
Hc{f”’(t)} — %e_i(;)tf”(t)L:O + l%f f”(t)e_l(v)tdt

- (o - %f”(0)> + i%[%sf'm) — i3 £(0) = S HE(F @),
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Then, it is easy to get

3

HEP (O} = =2 f7(0) = 1= £(0) + 5 £(0) = i 5 H{F(0)}.

Theorem 3.4

HE¢ (4) _ s nr -Sz " 53 / -54 54 c
OO} =——f"0) =i "0 + 5 f'(0) +i— f(0) + — HIF (D}

Proof Using the definition of SEA transformation, it is written that

)

H{f®@®)} = % f e 0 ar,

0

By applying partial integration with the substitutions

we have

u= e_i(%)t, dv = f@(t)dt,

du = —i (i) e_i(%)tdt, v=f""(t),

1%

HEF@ () = %[e'i(%)tf”(t)|::0 i [ et dt]

S

- %[0 — )] + ii—z jo " e Gl

_ S "eo .S S "0 -SZ "0 S3 0 .
——;f ()‘HEl—;f()—lﬁf()‘l';f()—l
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Then, we finally get

H(F DO} = == f7(0) =i 5 f7(0) +— f'(0) + i f(0) + s H(F (1)}

sm sn

In general: H{f (D)} = Xy — fO7™(0) T2 (O™ + - HAS (03

e Ifn=I, then
s s
L (O} = ~f@ < + i= HUF @)}

e Ifn=2, then

HE (0} = ~f/(0)= = fO) i + 2 5 HF ()

= -2 = iSO — i HF@)

e Ifn=3, then

3 3

c " " S ] Sz S -3 S c
HEL (O} = =1 ()= = if () 5 + f(0) 5+ H(F ()}
= "2~ if (0 5+ FO) 5~ iSHF (D).
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4. SEA INTEGRAL TRANSFORMATION APPLICATIONS IN ORDINARY
DIFFERENTIAL EQUATIONS

To prove the applicability of integral transforms in the real world, it is deemed essential to
implement the transform in practical applications that have an impact on as many scientific
fields as possible and to evaluate the performance of the integral transform in solving these

applications (Pundir 2017, Kreyszig 2014, Saicev et al. 2018).

Ordinary differential equations (O.D.E’s) represent an efficient tool to represent the problems
of many applications in many fields, so the capability of any method to handle and solve
them efficiently and adequately weighs the heftiness of that method in the scientific society
(Hochstadt 2014, Zwillinger et al. 1998).

This section uses the SEA integral transformation to solve some ordinary differential
equations with the most significant applications in numerous scientific areas, such as

Newton's law of cooling, civil and mechanical engineering, and growth and decay problems.
Application 4.1 Using the SEA Integral Transform to Solve Newton's Law of Cooling

The heat changing of objects related to their surrounding environment represents such an
exciting subject in many fields that the concept has been expressed mathematically by
Newton through Newton’s law of cooling. The law dictates that the heat lost by an object is
put in a different temperature environment than that object is relative to the temperature

difference between them (Maruyama and Moriya 2021).

Newton's law of cooling is expressed mathematically as

de 0 0 do 0 p 41
¢ S OO = 6(O] = - = —ul6(6) — 6,(D)]. (4.1)
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The variables that appeared in the formula are

0(t): body temperature at time ¢.
0,(t): the environment temperature.

u: proportionality constant (¢ > 0).

Newton’s law of cooling problem has been solved by the ZZ transform (Rao 2017a). The ZZ
transform represents the base transform from which the proposal for the SEA transform
emerged. To prove the capability of the SEA transform in handling such a problem, it will
be solved using the SEA transform, and the results should resemble those that the ZZ

transform has deduced.

Problem 4.1 For the ambient air temperature of 40 degrees Celsius and body temperature
that has been decreased from 80 to 60 degrees Celsius in 20 minutes, calculate the body
temperature after the passing of 40 minutes and calculate the time at which the body

temperature reaches 55 degrees Celsius.
Solution: Following datas are given in the problem:

The environment temperature of the air is 8, = 40°C.
The temperature at t = 0is 8(0) = 80°C.
After 20 minutes passed, the temperature would be 8(20) = 60°C.

Newton’s law of cooling in Equation (4.1) obtains

do
I ORING)

ao 9 p
=== = —ul0(®) = 6o(0)],
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where p is a constant. Then we write

4 _ 0(t) + uby(t
—= = —uO(®) + 1B (0),

that is,
6'(t) + uo(t) = 40u.
Applying the SEA transform to Equation (4.2) gives
H{O'(t)} + uH{0(t)} = 40uH{1}.

Using the derivatives property of SEA transform, we get
S S
—;9(0) + i;HC{H(t)} + uH{6(t)} = —40ui, ieC

Replacing 6(0) = 80°C into Equation (4.3), it is easy to obtain

—%(80) + i%HC{H(t)} + uHe{B()}} = —40ip

S S
s . o s
N (lv+u)H (0()} = ~40iu + 80~

—40iuv + 80s

= %(is +vuw)H{O(t)} = -

—40iuv + 80s v

= H{O(t)} =

Hence, it implies
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—iuv + 25)

HAO(O} = 40( is+vu

So, we can write

—iuv + 2s vy —1is
HE(O(6)} = 40 |2 25 TF ]

| vu+is vu-—

[—iv2u? — uvs + 2svu — 2is?
= 40

i v2u? + s?

[—iv2u? + pvs — 2is?
— 40 u u

v2u? + s?

[—i(v?u? + s%) — is? + uvs

=40
v2u? + s?

_ . (v2u? + 52) uvs — is?
B l(vzyz + 52) (v2u? +s2)|’

which yields

2
. —pvs s
HEO(0)} = 40 [—l _ <v2u2 S i SZ)].

Applying the inverse of the SEA transformation to Equation (4.5), we arrive at

e e . (_—psv . S?
H{H OO} = H {40 [—l - (vzﬂz R e SZ)]} .

The resultant equation satisfies the linearity property. Then we have

2
o —wsv s
6(t) = 40[ {—i} - H¢ {vzuz Tz + vaﬂz m Sz}l,
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which gives

0(t) = 40[1 + e~H1]. (4.6)

Due to the fact that it has been stated in the problem that at ¢t = 20 min., 8(20) = 60°C.
Thus

60 = 40 + 40e 2% = 20 = 40e 204,

so that
1 1 1 2
20
E = e 20 > (e_”)zo = E >eH= <§> . (47)

(1) Equation (4.7) made it possible to find the body temperature after the passing of 40

minutes as
O(t) = 40 + 40e 40K
40
1\20
=40 + 40(e #)*° = 40 + 40 <§>
20
=40+40(3)
Then,

6(t) = 50°C.

The concluded 6 (t) represents the body temperature after 40 minutes.
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(i1) The time required for the body to reach 50°C temperature can be calculated as

55 = 40 + 4074t = 15 = 40(e~H)t,

which yields

15

_—= —uyt

20 = €H" (4.8)

Substituting Equation (4.7) into Equation (4.8), we get

t

15_(1)%
40 \2/

By applying the natural logarithms to the resultant equation, it is concluded that

15 t 1 20In (E)
in(35) =5 () = =% ()

2

Then, t = 28.3 minutes is the time required for the body to reach 50°C.

The acquired results from applying the SEA integral transform to the problem of Newton’s
law of colling resemble the results that are concluded from applying the ZZ transform to the
same problem, which proves the capability of the SEA transform in finding the exact solution

to this problem.
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Application 4.2 Using the SEA Integral Transform to Solve Natural Growth and Decay

Natural growth and decay laws govern living things and many non-living objects. For that
reason, the subject of natural growth and decay represents an important aspect of scientific
society. Mathematicians succeed in representing the law of growth and decay using first order

degree differential equations as follows (Mansour ef al. 2021¢, Rao 2017b).

Assuming x(t) is the substance quantity that needed to be converted chemically at the time
“t” based on the chemical conversion law x(t) is changed at a rate proportional to the

substance quantity at that time.

— X X.
dt

k is the rate constant and k > 0. k constant is the factor that governs the laws of growth and
decay, when its value is positive, then the law is for growth, and when its value is negative,

then the law is for decay, as follows.

The natural growth rule is

dx i
ac
The natural decay rule is
dx "
ac -

30



The problems of natural growth and decay have been processed and solved by integral
transforms and specifically, the ZZ transform, where the ZZ transform possesses the ability
to find the exact solution to these problems (Rao 2017b). The following problems represent
the processing and solving of the growth and decay problems using the SEA integral

transform to find the exact solution to these problems.

Problem 4.2.1 The pace at which bacteria proliferate is relative to the count present at any

given time. If the initial value doubles in two hours, how long will it take to triple?

Solution: Let N be the bacteria number at any time t and at the initial time t =0, N = x.

From natural growth law, we write

dN(t)
R x N(t)
dN(t
®_ kN (©),
where k is a constant. Hence, we get
N'(t) —kN(t) = 0. (4.9)

By taking the SEA transformation into Equation (4.9), we have

HEN'(£)} — kHE{N(£)} = 0
> %SN(O) + %SHC{N(t)} _ KHE{N(D)} = 0
N (i% - k) HEN (D)} = 2N(0), (N(0) = x)

R (z% ~ k) HEN (D)} = %x
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5 (iS ;Uk>HC{N(t)} - %x,

v

c Sx
= H{N(t)} =? S —
. sx —is — vk

is —vk —is — vk

—xis? — xvsk —xvsk xis?
§2 + v2k2 S2 +v2k2 %2 4 p2k2
kvs ~ s?

—X +1 .
§2 + p2k?2 s2 + v2k?

Taking the inverse of the SEA transformation gives the exact solution to Equation (4.9) which

is
N(t) = xekt.

Problem 4.2.2 Bacteria colonized the culture medium at a proportional rate to N. N began

at a value equal to 100 and rose to 332 after an hour. What value did N have after 90 minutes?
Solution: Following datas are given in the problem:

Att =0, N =100.
Att =60, N =332.

It is required that at t = 90, what would N be?

Applying the SEA transform to Equation (4.9) which represents the the law of natural

growth, we write
HYN'(©)} — H{kN ()} = H{0}
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> —N(0) +— HYN(©)} - kHE(N(9) = 0

N (l% - k) HE{N (D)} = %100, (N(0) = 100)

is — vk
> (w vv )HC{N(t)} - %100.

From the last equality, it is concluded that

v _ 100s —is — vk
is —vk is—vk —is— vk
3 —100is? — 100vsk

S
HN ()} = 100

2 4+ v2k?
kvs 52
= —100[ +i ] .
52+v2k? s24+v2k?

Taking the inverse of the SEA transform gives the exact solution as
N(t) = 100e*t,
Substituting t = 60 min. and N(t) = 332 into Equation (4.10), we see

332 332
332 = 100060k = 222 _ ,60k — (pky60 — 2%
€ 100 ¢ €™ =100’

hence, we get

1
332\&
k
¢ = (100) '

By using Equation (4.11), it is possible to find N (t) at t=90 minutes as
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332

2
100)60 = 604.93,

N(t) = 100e°%* = N(t) = 100(e*)° = 100(

Le.,
N(t) = 605.
The resulted N (t) = 605 indicates the number of bacteria after 90 minutes.

Problem 4.2.3 At each point in time, the rate at which a particular substance decomposes in
a particular solution is relative to the quantity of that material present in the solution. There
are initially 27 grams, but only 8 grams remain after three hours. How much substance will

remain in one more hour?

Solution: Assuming M grams are the substance amount left at any time ¢ in the solution. The

SEA transformation will be applied to the natural decay equation: N'(t) = —kN(t) as
HE{N'(t)} + kH{N(t)} = 0.

Then, we get

%SN(O) + i%HC{N(t)} + KHE{N(£)} = 0
N _7527 + i%HC{N(t)} + KHE{N(D)} = 0

> (l% + k) HN@) = %(27)

= (is * vk) HE{N (D)) = 27%

:>HC{N(t)}—27S v _ 27s —is + vk
B v is+vk is+vk —is+ vk
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—i27s? + 27svk
- s2 + v2k?
—svk 52
=27 s2 + k2p2 + lsz + k2v2|’

By taking the inverse of the SEA transform, we find

N(t) = 27e7k¢, (4.12)

Applying the conditions t = 3 hours and N(t) = 8 grams to Equation (4.12), it is found

8 V8
8 =27 -3k = — = —k)3 = — = _k,
¢ 77 =) v

that is,

(4.13)

To find N(t) for the time t = 4 hours, we obtain from Equation (4.13) that

2\* 16
= —4k — — = . —_
N(t) = 27e 27 (3) 27 Tk

thus, we get

16
N(t) = 3= 5.333 grams.
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Application 4.3 Using the SEA Integral Transform to Solve the Deflecting a Beam

Problem

One of the most commonly discussed problems in civil engineering is the ordinary
differential equation (O.D.E) of deflecting a hinged beam at its ends under a uniform load,
as shown in Figure 4.1. This problem has been solved previously using integral transforms
(Kuffi et al. 2019, Xu ef al. 2021). And now, this problem is going to be solved using the

SEA integral transform.

Figure 4.1 A hinged beam subjected to a constant load.

The ordinary differential equation (O.D.E) with boundary conditions that express the hinged
beam at its ends x = 0 and x = L, where a uniformed load applied on it wy (per length unit)

is represented as

d* W
@ _ Yo Y _ %o 0 L 4.14
y I or i El <x<L, (4.14)
y0)=y,=0,y"(0)=yy =0, yL)=0, y'L)=y,/=0, (4.15)

where E is Young’s modulus, I:normal bending plain moment of inertia for an axis-crossed

cross-section, ET is beam’s flexural rigidity.
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Some more abundances required for the problem are:
y'(x): beam’s slop.
M(x) = EIy(x): beam’s bending moment.

S(x) =M(x) = EI};l(x): beam’s shear point.

Applying the SEA transform to Equation (4.14), it implies

d4y Wo
H¢{— =—H¢‘{1
{ } %9 1e(1)

dx*
S s2 s3 is* st wg
o o s I 2 1 — c
= =2y (0 =iz y"(0) + 5y (0) + 7 y(0) + 2 H Yy ()} = - H{1}. (4.16)

Applying to Equation (4.16), Equation (4.15) conditions coupled with the following

unknown conditions obtains

y’(O) = Cl ,y”’(O) = Cz .

Then, we write

64+ S ety = 2
Zp T3 Ty Y= EI !
st —Wwyi s s3
:>FH {y()} = £l +Cz;_ 13
f 4 4 3,,4
—Wolv SV sV
= HC{Y(x)} = EIS4 +CZ 'US4 _Cl v3s4,
f.4 3
—Wylv v Civ
= H® = .
R

Using the SEA integral transform inverse on the concluded equation, we arrive at
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3

Wo o, X
= C,—+C
y(x) EI(24)x + (3 7 + (1
wox* C
=>y(x) = ZZEI +zzx3 + Cyx.

Applying Equation (4.15) conditions y(L) =0, y" (L) = y; = 0 gives

B woL3 dc - WoL
~ 241 M 2T L

Cy

The deflecting of a beam under uniform load equation to find the shear and bending instant

at any point is

Wy

24E1

y(x) = x(L —x)(L? — Lx — x?).

Application 4.4 Using the SEA Integral Transform in Mechanical Engineering

The SEA integral transform will be utilized to solve a mechanical engineering problem to

demonstrate the capability of using this transform in such a field.

Problem 4.4 Figure 4.2 illustrates that a particle P of mass 2 grams travels down the x-axis

and is pulled towards the origin O by force quantitatively equivalent to 8x.

4
>
v

Figure 4.2 A particle P pulled towards the origin O through the x-axis.
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Assuming the particle's initial rest is at x = 10, find the particle position at any succeeding

time if

a) There is no other forces intervene.

b) A damping force equivalent to eight times the instantaneous velocity is applied.

Solution:

a) By taking the right direction in Figure 4.2, which is the positive direction, when x > 0,

then the net force is given by —8x.

From Newton’s law: net force= (mass)(acceleration), we write
d?x d?x d?x

207 =-8x > —o=—4x > —o+4x=0. (4.17)

The initial conditions that are going to be applied are

dx(0)

x(0) =10, x'(0) = Tt

0. (4.18)

By using the initial conditions in Equation (4.18) and applying the SEA transform to Equation
(4.17), we have

s 52 s?
—2x(0) — i = x(0) — = HE{x(6)} + 4H{x(t)} = 0
v v v

2 SZ
= —10i — — — H{x()} + 4H°(x()} = 0
(% v

s? s?
= (4 - ﬁ) HC{X(t)} = 101,;

4p? — 52 52
4 THC{X(t)} = 101,;
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10is? 10i —is?
S HO) = g = ]

52 52 — 4p? s?2 — (2)%v?
Then, we get
C_1 _iSZ
x(t) = 10H m = 10 cos(2t) .

The concluded equation motion graph is demonstrated in Figure 4.3. The cosine signal that

appeared in the graph has an amplitude (maximum distance from 0) of 10 and a period (cycle

completing time) of  and a frequency (cycles per second count) of % .

cos(t)

4 T2 /T2

Figure 4.3 A cosine signal.

b) Considering
- The damping force would be negative being left directed and given by —8 %. When x

and its derivative with respect to t is on the right of 0 and moving to the right (x > 0 and

dx(t)

T>O)'
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- The damping force would be posetive being left directed and given by —8 %. When x

and its derivative with respect to t is on the left of 0 and moving to the left

(x < 0and Z < 0)
dt

. d d d .
- Also, damping force equals —8d—: for x > 0, d—: <0Oand x <0, d—f > 0, and since net

force = (Mass) (Acceleration),

or

that is,

x4 =0
dt? at X T Y

2d2x_ g 8dx
dez - dt’

Applying the initial conditions

x(0) =10,x'(0) =0

and taking into account

2

the SEA transform to Equation (4.19), we obtain

2

(4.19)

—S S S S S
—x(0) — i = x(0) — — H{x ()} + 4i = H{x(£)} — 4=x(0) + 4H{x(t)} = 0
(% (% (% (% v

2

= —12(10) - S HeG(0) + 4 B ()) - 402 4+ 4H (D)} = 0
v v v v

2

—-s?2 s is? s
> —+4i=+4 |+ Hx(t)} = 10— + 40—
V2 v V2 v

10is? + 40sv

—s? s .
= 7+4l;+4‘ +H{X’(t)}= 2

= (—=s? + 4isv + 4v2)H{x(t)} = 10is? + 40sv

41



10is? + 40sv

= Hx(t)} = .
()} —S2 + 4isv + 4v?
Then
r o2
_ o1 is® + 4sv
x(t) = 10H {—sz + 4isv + 4v?2
_. (is? + 4vs
= x(t) = 10H | ——— 1.
*(®) {(is + 217)2}
Finally we find

x(t) = 10e™ %t + 20te~?t.

Figure 4.4 shows the relationship between x and t. It shows a non-oscillatory motion, where

the particle approaches but never makes contact with O.

10

v

Figure 4.4 The relationship between x and t.
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5. CONCLUSIONS AND RECOMMENDATION

The proposed SEA integral transform is a new integral transform that changes the ZZ
transform kernel by incorporating the complex parameter. To get a better grasp of the
required qualities, the SEA integral transform properties were illustrated by applying them
to basic functions and derivatives, which were supplemented with practical examples. The
efficiency and capability of the SEA transform to handle practical applications have been
demonstrated by using it to solve some important ordinary differential equations applications,
such as Newton's law of cooling, the problem of a hinged beam that deflects under a uniform

load, the growth and decay problem, and a mechanical engineering problem.

43



REFERENCES

Abbas, E. S., Kuffi, E. A. and Abdlrasol, L. B. 2022a. General Solution of Telegraph
Equation Using Aboodh Transform. Mathematical Statistician and Engineering
Applications, 71(2): 267-271.

Abbas, E .S., Kuffi, E. A. and Hanna, E. 2022b. Al-Zughair integral transformation in solving
improved heat and Poisson PDEs. In AIP Conference Proceedings . 2386(1): 040041.
AIP Publishing LLC.

Aggarwal, S. and Gupta, A. R. 2019. Sumudu transform for the solution of Abel’s integral
equation. Journal of Emerging Technologies and Innovative Research, 6(4): 423-431.

ALbukhuttar, A.N., Ridha, Z. D. and Kadhim, H. N. 2020. Applications of a shehu transform
to the heat and transport equations. International Journal of Psychosocial
Rehabilitation, 24(05): 4254-4263.

Brychkov, I. A. and Brychkov, Y. A. 1992. Multidimensional integral transformations. CRC
Press.

Chicone, C. 2006. Ordinary Differential equations with Applications, 2nd edition, Springer.

Clark, D. N. 2017. Dictionary of analysis, calculus, and differential equations. CRC Press.

Goodwine, B. 2010. Engineering differential equations: theory and applications. Springer
Science and Business Media.

Gupta, R. and Verma, D. 2020. Solving Schrodinger equation for a quantum mechanical
particle by a new integral transform: Rohit Transform,. ASIO Journal of Chemistry,
Physics, Mathematics and Applied Sciences (ASIO-JCPMAS), 4(1): 32-36.

Hiebert, J. 1997. Making sense: Teaching and learning mathematics with understanding.
Heinemann, 361 Hanover Street, Portsmouth, NH 03801-3912.

Hochstadt, H. 2014. Differential equations. Courier Corporation.

Hussein, M. J., Atun, Y. and Kuffi E. A. 2022. Generalization of Complex Al-Tememe
Transformation and its Applications, International Journal of Health and Science,
6(52): 2378-2349.

Kreyszig, E. 2014. Advanced Engineering Mathematics, 9th ed., WILEY.

44


https://www.amazon.com/s/ref=dp_byline_sr_book_1?ie=UTF8&field-author=Carmen+Chicone&text=Carmen+Chicone&sort=relevancerank&search-alias=books

Kuffi, E. A., Abbas, E. S. and Maktoof, S. F. 2019. Solving the Beam deflection problem
using Al-Tememe transform, Proc. The 6th International Arab Conference on
Mathematics and Computations (IACMC) (14(4): 519-527).

Kuffi, E. A. and Abbas, E. S. 2022a. Applying Al-Zughair transform into some engineering
fieldes. In AIP Conference Proceedings. 2386(1): 040027. AIP Publishing LLC.
Kuffi, E. A. and Abbas, E. S. 2022b. A Complex Integral Transform “Complex EE
Transform” and Its Applications. Mathematical Statistician and Engineering

Applications, 71(2): 263-266.

Kuffi, E. A., Meftin, N. K., Abbas, E. S. and Mansour, E. A. 2021. A Review on the Integral
Transforms. Eurasian Journal of Physics, Chemistry and Mathematics, 1: 20-28.
Kuffi, E. A., Mohammed, A. H., Majde, A. Q. and Abbas, E. S. 2020. Applying al-zughair
transform on nuclear physics. International Journal of Engineering and Technology,

9(1): 9-11.

Mansour, E. A., Kuffi, E. A. and Mehdi, S. A. 2021b. The new integral transform “SEE
transform” and its applications. Periodicals of Engineering and Natural Sciences, 9(2):
1016-1029.

Mansour, E. A., Kuffi, E. A. and Mehdji, S. A. 2021c¢. Solving Population Growth and Decay
Problems Using Complex SEE Transform. In 2021 7th International Conference on
Contemporary Information Technology and Mathematics (ICCITM) (pp. 243-246).
IEEE.

Mansour, E. A., Mehdi, S. A., Kuffi, E. A. 2021a. The New Integral Transform and its
Applications, Int. J. Nonlinear Anal. Appl. 12(2): 849-856.

Maruyama, S. and Moriya, S. 2021. Newton's Law of Cooling: Follow up and
exploration. International Journal of Heat and Mass Transfer, 164: 120544.

Mohammed, A. H. and Makttoof, S. F. 2017. A Complex Al-Tememe Transform,
International J. of Pure and Eng. Mathematics, 5(2): 17-30.

Mohammed, A. H., Hadi, A. S. and Rasoul, H. N. 2016. Differentiation of the Al-Tememe
Transformation And Solving Some Linear Ordinary Differential equation With or

Without Initial Conditions. journal of kerbala university, 14: 18-27.

45



Mortimer, R. G. 2013. Mathematics for Physical Chemistry (Fourth Edition), 4th edition,
Elsevier.

Oxford Languages, 2010. Oxford Dictionary of English, 3rd edition, Oxford University
Press.

Pundir, S. K. 2017. Integral Transform Methods in Science and Engineering, CB.

Rao, R. U. 2017a. Application of ZZ Transform Method for Newton's Law of
Cooling. International Journal of Engineering, Science and Mathematics, 6(5): 166-
169.

Rao, R. U. 2017b. ZZ Transform Method for Natural Growth and Decay Problems,
International Journal of Progressive Sciences and Technologies (IJPSAT), 5(5): 147-
150.

Saicev, A. 1. and Woyczynski, W. A. 2018. Distributions in the Physical and Engineering
Sciences: Distributional and Fractal Calculus, Integral Transforms and
Wavelets/Alexander I. Saichev, Wojbor Woyczynski. Birkhauser.

Saitoh, S. and Sawano, Y. 2016. Theory of reproducing kernels and applications. Singapore:
Springer Singapore.

Xu, K., Liu, H. and Xiao, J. 2021. Static deflection modeling of combined flexible beams
using elliptic integral solution. International Journal of Non-Linear Mechanics, 129,
103637.

Zafar, Z. U. 2016. ZZ Transform Method, International Journal of Advanced Engineering
and Global Technology, 4(1): 1605-1611.

Zwillinger, D. and Dobrushkin, V. 1998. Handbook of differential equations. Chapman and
Hall/CRC.

46


https://www.sciencedirect.com/book/9780124158092/mathematics-for-physical-chemistry
https://www.sciencedirect.com/book/9780124158092/mathematics-for-physical-chemistry
https://www.amazon.com/s/ref=dp_byline_sr_book_1?ie=UTF8&field-author=Oxford+Languages&text=Oxford+Languages&sort=relevancerank&search-alias=books
https://www.amazon.com/s/ref=dp_byline_sr_book_1?ie=UTF8&field-author=Oxford+Languages&text=Oxford+Languages&sort=relevancerank&search-alias=books
https://www.amazon.in/s/ref=dp_byline_sr_book_1?ie=UTF8&field-author=PUNDIR+S.K.&search-alias=stripbooks

CURRICULUM VITAE

Personal Information

Name and Surname : Ali Hameed ALI ALI

Education

MSc Cankir1 Karatekin University
Graduate School of Natural and Applied Sciences 2020-Present
Mathematics

Undergraduate University Mustansiriya
College of Education 2015-2019
Mathematics

Academic Activities

1. Ali, A. Hand Kuffi, E. A. 2022. The SEA Integral Transform and its Application

on Differential equations. International Journal of Health Sciences, 6(S3): 613-622.

47



	ABSTRACT
	ÖZET
	PREFACE AND ACKNOWLEDGEMENTS
	LIST OF SYMBOLS
	LIST OF FIGURES
	1. INTRODUCTION
	2. PRELIMINARIES
	2.1 ZZ Transform Properties
	3. (ŞERIFENUR-EMAD-ALI) SEA INTEGRAL TRANSFORM
	3.2 The SEA Integral Transform for Fundamental Functions
	3.3 The SEA Transform for Derivatives
	4. SEA INTEGRAL TRANSFORMATION APPLICATIONS IN ORDINARY DIFFERENTIAL EQUATIONS
	5. CONCLUSIONS AND RECOMMENDATION
	REFERENCES
	CURRICULUM VITAE

