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ABSTRACT 
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Ali Hameed ALI ALI 

Master of Science in Mathematics 

Advisor: Asst. Prof. Dr. Şerifenur CEBESOY ERDAL 

Co-Advisor: Asst. Prof. Dr. Emad ABBAS KUFFI AL-SAADI  

August 2022 

 
This master thesis follows the following construction: In the first section, an introduction 

to integral transforms with a literature review on numerous transform areas is given. A 

review of differential equations with their benefits in the scientific world is presented. In 

the second section, basic definitions and properties that will enrich the work, specifically 

on the ZZ transform that would be the seed for the entirety of the work are discussed. The 

third section discusses the basic properties of proposed integral transform (SEA) and its 

applications to the primary functions. Some of these properties are supported by practical 

examples for clarification. Finally, the fourth section includes the application of the SEA 

transformation to miscellaneous subjects from different fields of science.  
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ÖZET 
 

ZZ İNTEGRAL DÖNÜŞÜMÜNÜN KARMAŞIK ÇEKİRDEĞİ VE ADİ 
DİFERENSİYEL DENKLEMLERDE UYGULAMALARI 

 

Ali Hameed ALI ALI 

Matematik, Yüksek Lisans 

Tez Danışmanı: Dr. Öğr. Üyesi Şerifenur CEBESOY ERDAL  

Eş Danışman:  Dr. Öğr. Üyesi Emad ABBAS KUFFI AL-SAADI 

Ağustos 2022 

 

Bu yüksek lisans tezi aşağıdaki yapıyı takip eder: İlk bölümde, çok sayıda dönüşüm alanı 

üzerine bir literatür taraması ile integral dönüşümlere bir giriş verilmiştir. Diferensiyel 

denklemlerin bilim dünyasındaki faydalarıyla birlikte bir incelemesi sunulmaktadır. 

İkinci bölümde, özellikle işin bütününe tohum olacak ZZ dönüşümü üzerinde çalışmayı 

zenginleştirecek temel tanımlar ve özellikler ele alınmıştır. Üçüncü bölüm, önerilen 

integral dönüşümünün (SEA) temel özelliklerini ve temel fonksiyonlara uygulamasını 

tartışmaktadır. Bu özelliklerden bazıları, açıklama için pratik örneklerle 

desteklenmektedir. Son olarak dördüncü bölüm, SEA dönüşümünün farklı bilim 

alanlarından çeşitli konulara uygulamasını içermektedir. 

 
2022, 47 sayfa 

 
Anahtar Kelimeler:  SEA integral dönüşümü, ZZ dönüşümü, Karmaşık çekirdek       

                                   fonksiyonu, Newton'un soğuma yasası, Işın sapması, Diferensiyel 

denklemler, Doğal büyüme ve bozunma, Makine mühendisliği.
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1. INTRODUCTION 

The term "integral" refers to the process of combining or cohering into a whole functional 

unit, and the term "transform" refers to the converting of an object from its current form into 

another form (Oxford 2010). 

In mathematics, the most inextricable link of integral transforms is with functional series. 

The summation that happens in the series between the multiplicated functions terms is 

replaced with variables of integration in the integral transforms (Mortimer 2013).  

In an integral transformation, an equation of differential nature is metamorphosed into an 

equation of algebraic nature. The converted algebraic nature of the equation makes it more 

malleable to direct mathematical solutions. This transformation from the differential to 

algebraic forms resulted in the inevitable transformation from a domain where the solving of 

the intended equation is challenging into another domain where it is possible to process and 

solve the operation in a more manageable manner (Brychkov I. A and Brychkov Y. A. 1992,  

Zwillinger and Dobrushkin 1998, Hochstadt 2014). 

An integral transform can be displayed mathematically as 

𝐹𝐹(𝑠𝑠) = �𝑘𝑘(𝑥𝑥, 𝑠𝑠)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎

 . 

The transformation interval is determined by the integral limits (𝑎𝑎 and 𝑏𝑏), the function that 

is intended for its domain to be transformed is 𝑓𝑓(𝑥𝑥), and the kernel function of the 

transformation is 𝑘𝑘(𝑥𝑥, 𝑠𝑠).  
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The distinguishing factors between integral transforms are the limits of the transformation (𝑎𝑎 

and 𝑏𝑏) and its kernel function 𝑘𝑘(𝑥𝑥, 𝑠𝑠). One or both of these factors are changed from one 

transformation to another. The prospect of creating a new integral transform only by 

manipulating these two factors encouraged the mathematicians to experiment in this area. 

These experiments suggested a lot of integral transformations that helped the scientific world 

solve a lot of problems in a lot of different fields of study (Kuffi et al. 2021). 

As the heart of any integral transform, the kernel function plays a crucial role in defining the 

nature of the suggested integral transform (Saitoh and Sawano 2016). Most of the integral 

transforms that have been suggested in the early years and many in recent years are 

constraints on using a kernel that does not include any complex terms in them. Some of these 

transforms can be listed as follows: Rohit transform (Gupta et al. 2020), Sumudu transform 

(Aggarwal and Gupta 2019), Shehu transform (ALbukhuttar et al. 2020), Al-Zughair 

transform (Kuffi et al. 2020), Aboodh transform (Abbas et al. 2022a), SEE transform 

(Mansour et al. 2021b), Al-Tememe transform (Mohammed et al. 2016), ZZ transform (Zafar 

2016), integral transformation in solving improved heat and Poisson PDEs (Abbas et al. 

2022b), applying Al-Zughair transform into some engineering fields (Kuffi and Abbas 

2022a) and many other transforms. 

However, modern mathematicians have moved toward including a complex parameter in 

their suggested transforms. These transforms usually contain the term "complex" in their 

names to indicate this insertion. Some of the mentioned integral transforms can be listed as 

follows: Complex Al-Tememe transform (Mohammed and Makttoof 2017), Complex SEE 

transform (Mansour et al. 2021b), generalization of Complex Al-Tememe transform 

(Hussein et al. 2022), Complex EE transform (Kuffi and Abbas 2022b) and other transforms. 

It is noticeable that some of the complex transforms are the modifications of already existing 

transforms;  that modification (the insertion of the complex parameter to the transform 

kernel) gave the modified transform a new domain that differes from the original transform 

which was based on it.  
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Differential equations are one of the equations in which integral transforms shine in handling 

them and solving them efficiently (Hochstadt 2014). Differential equations are known for 

representing problems in many scientific fields. That capability in representing these 

problems came from their containing variables, accompanied by the derivatives of these 

variables that represent the alteration that happened to the system represented by the 

differential equation with time (Clark 2017).   

Differential equations are classified according to the number of variables with respect to 

which the equation is derived; an ordinary differential equation (O.D.E) is a differential 

equation that is derived with respect to one variable. 

Ordinary differential equations have an essential role in representing many problems, 

including thermodynamics, electricity flowing, growth and decay of objects, civil 

engineering problems, cooling, and many other essential applications (Chicone 2006).  

In this thesis, a new integral transform that has a complex parameter embedded in its kernel 

has been proposed. The new transform is named after the mathematicians that suggested it 

as the (Şerifenur-Emad-Ali) SEA integral transform. The SEA integral transform started with 

the well-known ZZ transform and modified its integral period and kernel to emerge a new 

transform with a domain distinct from the seed ZZ transform. 

The basic properties of the SEA integral transform, as well as their application to the basic 

function in mathematics, have been presented and demonstrated extensively. The SEA 

transformation has been used to solve some ordinary differential equations that represent 

applications in some scientific and engineering fields, in which it has proved its capability in 

handling the solving of these applications efficiently.  
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2. PRELIMINARIES 

Definition 2.1 (Goodwine 2010, Hiebert 1997). The condition that specifies a requirement 

that the solution must satisfy in a single instant of time is said to be the initial condition. 

On the other hand, the boundary condition proclaims that the solution value is taken in some 

space region and time separation. 

Definition 2.2 (Brychkov I. A. And Bychkov Y. A. 1992) The relation between any two 

functions 𝜑𝜑 and 𝜇𝜇 can be represented via integral transformation in the form: 

𝜇𝜇(𝑝𝑝) = �𝐹𝐹(𝑝𝑝, 𝑡𝑡)𝜑𝜑(𝑡𝑡)𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎

, 

where 𝑎𝑎 and 𝑏𝑏 are finite or infinite numbers. 

Integral transform formula contains the following terms:  

• The original function 𝜑𝜑(𝑡𝑡) that has a domain called the original space. 

• The transform function 𝜇𝜇(𝑝𝑝) that has a domain called the image space. 

• The transformation kernel function 𝐹𝐹(𝑝𝑝, 𝑡𝑡). 

• The real variable 𝑡𝑡. 

• The complex parameter 𝑝𝑝 = 𝜎𝜎 + 𝑖𝑖𝑖𝑖,  𝜎𝜎 and 𝑤𝑤 are real numbers. 

It is possible to contemplate a shorter representation of the integral transformation that has 

kernel function 𝐹𝐹(𝑝𝑝, 𝑡𝑡)  by implementing the symbol 𝑇𝑇 as 

𝜇𝜇(𝑝𝑝) = 𝑇𝑇{𝜑𝜑(𝑡𝑡)} . 
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Property 2.1 Linearity of Integral Transformation 

(i) Linearity property of transforms can be summarized as follows (Pundir  2017). 

• 𝑇𝑇[𝑎𝑎1𝑓𝑓1(𝑡𝑡) ± 𝑎𝑎2𝑓𝑓2(𝑡𝑡) ± ⋯± 𝑎𝑎𝑛𝑛𝑓𝑓𝑛𝑛(𝑡𝑡)] = 𝑎𝑎1𝑇𝑇(𝑓𝑓1(𝑡𝑡)) ± 𝑎𝑎2𝑇𝑇(𝑓𝑓2(𝑡𝑡)) ± ⋯± 𝑎𝑎𝑛𝑛𝑇𝑇(𝑓𝑓𝑛𝑛(𝑡𝑡)),  

where 𝑎𝑎1, 𝑎𝑎2, … and 𝑎𝑎𝑛𝑛 are constants and functions 𝑓𝑓1(𝑡𝑡),𝑓𝑓2(𝑡𝑡) …, and 𝑓𝑓𝑛𝑛(𝑡𝑡) are defined. 

 

(ii) Linearity property of inverse transforms can be summarized as follows (Pundir  2017). 

If  

𝑇𝑇−1Ω1(𝑠𝑠) = 𝑓𝑓1(𝑡𝑡),  𝑇𝑇−1Ω2(𝑠𝑠) = 𝑓𝑓2(𝑡𝑡), … ,𝑇𝑇−1Ω𝑛𝑛(𝑠𝑠) = 𝑓𝑓𝑛𝑛(𝑡𝑡)  and  𝑎𝑎1,𝑎𝑎2, … ,𝑎𝑎𝑛𝑛 

are constants, then we have 

𝑇𝑇−1[𝑎𝑎1Ω1(𝑠𝑠) ± 𝑎𝑎2Ω2(𝑠𝑠) ± ⋯± 𝑎𝑎𝑛𝑛Ω𝑛𝑛(𝑠𝑠)] = 𝑎𝑎1𝑓𝑓1(𝑡𝑡) ± 𝑎𝑎2𝑓𝑓2(𝑡𝑡) ± ⋯± 𝑎𝑎𝑛𝑛𝑓𝑓𝑛𝑛(𝑡𝑡) . 

Definition 2.3 SEE Integral Transformation  

In 2021, Eman A. Mansour and her colleagues (Mansour et al. 2021b) introduced the (Sadiq-

Emad-Eman) SEE integral transform.  

The SEE integral transform is defined for a function  𝑓𝑓(𝑡𝑡) as 

𝑆𝑆{𝑓𝑓(𝑡𝑡)} =
1
𝑣𝑣𝑛𝑛

� 𝑒𝑒−𝑣𝑣𝑣𝑣𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑
∞

𝑡𝑡=0

 = 𝐹𝐹(𝑣𝑣), 𝑡𝑡 ⩾ 0 , 𝑛𝑛 ∈ 𝑍𝑍,   

where 𝑣𝑣 is a complex parameter. 

Definition 2.4 Complex SEE Integral Transform 

The complex (Sadiq-Emad-Eman) SEE transform is another integral transformation that had 

been introduced by Eman A. Mansour in 2021 (Mansour et al. 2021c).  

https://www.amazon.in/s/ref=dp_byline_sr_book_1?ie=UTF8&field-author=PUNDIR+S.K.&search-alias=stripbooks
https://www.amazon.in/s/ref=dp_byline_sr_book_1?ie=UTF8&field-author=PUNDIR+S.K.&search-alias=stripbooks
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The complex SEE integral transform is defined for a function  𝑓𝑓(𝑡𝑡) as 

Sc{𝑓𝑓(𝑡𝑡)} = 𝐹𝐹(𝑖𝑖𝑖𝑖) =
1
𝑣𝑣𝑛𝑛

� 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑
∞

𝑡𝑡=0

, 𝑡𝑡 ≥ 0  , i = √−1 , 𝑛𝑛 ∈ 𝑍𝑍 , 

where 𝑣𝑣 is a complex parameter. 

 

Definition 2.5 Al-Tememe Integral Transform 

Al-Tememe integral transformation for the function 𝑓𝑓(𝑥𝑥); 𝑥𝑥 > 1 is defined by the following 

integral (Kuffi et al. 2021) 

𝑇𝑇{𝑓𝑓(𝑥𝑥)} = � 𝑥𝑥−𝑝𝑝𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 = 𝐹𝐹(𝑝𝑝)
∞

𝑥𝑥=1
 , 

such that this integral is convergent, 𝑝𝑝 is a positive constant. 

Definition 2.6 Complex Al-Tememe Integral Transform 

Complex Al-Tememe integral transform for the function 𝑔𝑔(𝑥𝑥), where 𝑥𝑥 is greater than one 

and it is defined as (Mohammed and Makttoof  2017) 

𝑇𝑇𝑐𝑐{𝑔𝑔(𝑥𝑥)} = � 𝑥𝑥−𝑖𝑖𝑖𝑖𝑔𝑔(𝑥𝑥)𝑑𝑑𝑑𝑑 = 𝐹𝐹(𝑖𝑖𝑖𝑖)
∞

𝑥𝑥=1
. 

The Complex Al-Tememe transfomation is convergent in the interval [1,∞), in which 𝑝𝑝 is a 

positive constant, 𝑥𝑥−𝑖𝑖𝑖𝑖 is the kernel of transform and  𝑖𝑖 = √−1.  
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Definition 2.7 General Complex Al-Tememe Integral Transform 

The definition of the general complex Al-Tememe integral transform for the function  𝑓𝑓(𝑥𝑥) 

for 𝑥𝑥 > 1 is (Hussein et al. 2022) 

𝑇𝑇𝑞𝑞𝑐𝑐[𝑓𝑓(𝑥𝑥)] = � 𝑥𝑥−𝑖𝑖𝑖𝑖(𝑝𝑝)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
∞

𝑡𝑡=0

= 𝐹𝐹�𝑖𝑖𝑖𝑖(𝑝𝑝)�. 

The general complex Al-Tememe transformation is convergent in the interval [1,∞), where 

𝑞𝑞(𝑝𝑝) is a function of parameter 𝑝𝑝 and 𝑥𝑥−𝑖𝑖𝑖𝑖(𝑝𝑝) is the kernel of this transform, 𝑖𝑖 = √−1. 

Definition 2.8 EE Integral Transform 

Consider the set A as 

𝐴𝐴 = �𝑓𝑓(𝑡𝑡):∃𝑀𝑀, 𝐿𝐿j > 0, |𝑓𝑓(𝑡𝑡)| < 𝑀𝑀𝑒𝑒𝑖𝑖𝑖𝑖𝑗𝑗|𝑡𝑡|, if t ∈ [0,∞), i ∈ ℂ and  𝑗𝑗 = 1,2� , 

where the constant 𝑀𝑀 must be a finite number and  𝐿𝐿𝑗𝑗(𝑗𝑗 = 1,2) may be finite or infinite. 

The EE integral transform denoted by the operator 𝐸𝐸{. } is defined for a function 𝑓𝑓(𝑡𝑡) of 

exponential order by the equation (Kuffi and  Abbas 2022a) as 

𝐸𝐸𝑐𝑐{𝑓𝑓(𝑡𝑡)} = 𝐸𝐸(𝑖𝑖𝑖𝑖) = � 𝑓𝑓(𝑡𝑡)𝑒𝑒−𝑖𝑖𝑣𝑣𝑛𝑛𝑡𝑡𝑑𝑑𝑑𝑑
∞

𝑡𝑡=0

, 𝑛𝑛 ∈ ℤ , 𝑡𝑡 ≥ 0 , 

where 𝑣𝑣 is a complex parameter and 𝑖𝑖  is a complex number. In the EE transformation, 

variable 𝑣𝑣 is used to factor the variable 𝑡𝑡 in the argument of the function 𝑓𝑓.  
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Definition 2.9  ZZ Integral Transform 

Let 𝑓𝑓 be a function defined for all 𝑡𝑡 ≥ 0. The ZZ transform 𝑍𝑍(𝑣𝑣, 𝑠𝑠) for the function  𝑓𝑓(𝑡𝑡) is 

defined (Zafar 2016, Rao 2017) as 

𝑍𝑍(𝑣𝑣, 𝑠𝑠) = 𝐻𝐻{𝑓𝑓(𝑡𝑡)} = s�  𝑓𝑓(𝑣𝑣𝑣𝑣)𝑒𝑒−s𝑡𝑡𝑑𝑑𝑑𝑑
∞

0

. 

If the above integral exists, then the integral equation can be written as 

𝑍𝑍(𝑣𝑣, 𝑠𝑠) = 𝐻𝐻{𝑓𝑓(𝑡𝑡)} =
s
𝑣𝑣
� 𝑓𝑓(𝑡𝑡)𝑒𝑒−

s𝑡𝑡
𝑣𝑣 𝑑𝑑𝑑𝑑

∞

0

 , 

where 𝑠𝑠 and 𝑣𝑣 are complex parameters. 

Property 2.2 ZZ Integral Transform Existence 

Let  𝑓𝑓  be a piecewise continuous function in every finite interval 0 ≤ 𝑡𝑡 ≤ 𝑘𝑘, and be of an 

exponential order 𝜌𝜌 for 𝑡𝑡 > 𝑘𝑘. 

The ZZ integral transform 𝑍𝑍(𝑣𝑣, 𝑠𝑠) for the function 𝑓𝑓(𝑡𝑡) exists for all 𝑠𝑠 > 𝜌𝜌, 𝑣𝑣 > 𝜌𝜌2 (Zafar 

2016, Rao 2017).  

2.1 ZZ Transform Properties 

The basic properties of the ZZ transformation can be listed as follows (Zafar 2016, Rao 

2017). 
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(i) Let 𝑓𝑓(𝑡𝑡) = 𝑒𝑒𝑎𝑎𝑎𝑎, where 𝑡𝑡 ≥ 0 and 𝑎𝑎 is a constant, then 

𝐻𝐻{𝑒𝑒𝑎𝑎𝑎𝑎} =
𝑠𝑠

𝑠𝑠 − 𝑣𝑣𝑣𝑣
 . 

(ii) Let 𝑓𝑓(𝑡𝑡) = �1 𝑡𝑡 > 0
0 𝑡𝑡 ≤ 0 , then 

𝐻𝐻{1} = 1. 

(iii) Let 𝑓𝑓(𝑡𝑡) = 𝑡𝑡𝑛𝑛 , 𝑛𝑛 ∈ ℕ, then 

𝐻𝐻{𝑡𝑡𝑛𝑛} = 𝑛𝑛!
𝑣𝑣𝑛𝑛

𝑠𝑠𝑛𝑛
 . 

(iv)  Linearity property:  If 𝑎𝑎, 𝑏𝑏 are constants and  𝑓𝑓(𝑡𝑡) and 𝑔𝑔(𝑡𝑡) are functions, then 

𝐻𝐻{𝑎𝑎𝑎𝑎(𝑡𝑡) ± 𝑏𝑏𝑏𝑏(𝑡𝑡)} = 𝑎𝑎𝑎𝑎{𝑓𝑓(𝑡𝑡)} ± 𝑏𝑏𝑏𝑏{𝑔𝑔(𝑡𝑡)}. 

(v) ZZ transform for derivatives:  Let 𝐻𝐻{𝑓𝑓(𝑡𝑡)} = 𝑍𝑍(𝑣𝑣, 𝑠𝑠), then 

𝐻𝐻{𝑓𝑓(𝑡𝑡)} =
𝑠𝑠
𝑣𝑣
𝑍𝑍(𝑣𝑣, 𝑠𝑠) −

𝑠𝑠
𝑣𝑣
𝑓𝑓(0) . 
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3. (ŞERIFENUR-EMAD-ALI) SEA INTEGRAL TRANSFORM 

This section will present the details of the complex kernel integral transform (Şerifenur-

Emad-Ali) SEA integral transform as a new integral transform with a distinct domain from 

other transforms. The fundamental properties and theorems of the SEA integral 

transformation will be discussed and proved. Some of the properties will be explained via 

actual examples to demonstrate the further explained properties.  

The SEA integral transformation takes another form in the process of transforming an 

equation and getting the solution of it, where in it follows the set of the exponential order 

functions 𝐴𝐴 that is defined as  

𝐴𝐴 = �𝑓𝑓(𝑡𝑡):∃𝑀𝑀, 𝜆𝜆j > 0, |𝑓𝑓(𝑡𝑡)| < 𝑀𝑀𝑒𝑒𝑖𝑖𝜆𝜆𝑗𝑗|𝑡𝑡|, 𝑡𝑡 ∈ [0,∞), 𝑖𝑖 ∈ ℂ and j = 1,2} .                      (3.1) 

For set A which is defined in Equation (3.1), 𝑀𝑀 is a finite random constant, 𝜆𝜆1, 𝜆𝜆2 could be 

finite or infinite. 

Definition 3.1 SEA Transform Definition 

Let 𝑓𝑓(𝑡𝑡) be a function defined for all 𝑡𝑡 ≥ 0. The SEA integral transform of 𝑓𝑓(𝑡𝑡) is defined 

as 

𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} =
𝑠𝑠
𝑣𝑣
�  
∞

𝑡𝑡=0
𝑓𝑓(𝑡𝑡)𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑑𝑑𝑑𝑑, 

where 𝑠𝑠 and 𝑣𝑣 are complex parameters and 𝑖𝑖, 𝑣𝑣 are complex numbers. 

The inverse of the SEA integral transform is defined as 
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𝐻𝐻𝑐𝑐−1 =
1
2πi

�  
𝛿𝛿+𝑖𝑖∞

𝑠𝑠=𝛿𝛿−𝑖𝑖∞
𝑖𝑖
𝑣𝑣
𝑠𝑠
𝑒𝑒𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡𝐹𝐹(𝑠𝑠, 𝑣𝑣)𝑑𝑑𝑑𝑑 = 𝑓𝑓(𝑡𝑡) , 

where 𝛿𝛿 is a positive real number. 

3.1 Existence of the SEA Integral Transform 

Assume an exponential piecewise continuous function 𝑓𝑓(𝑡𝑡) in every finite interval                    

0 ≤ 𝑡𝑡 ≤ 𝑘𝑘 of order 𝜌𝜌 for 𝑡𝑡 ≥ 𝑘𝑘. The SEA integral transform 𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} for the function 𝑓𝑓(𝑡𝑡) 

exists for all 𝑠𝑠 > 𝜌𝜌, 𝑣𝑣 > 𝜌𝜌2.  

Property 3.1  SEA Integral Transform Linearity Property  

If 𝑎𝑎, 𝑏𝑏 are constants and 𝑓𝑓(𝑡𝑡) and 𝑔𝑔(𝑡𝑡) are functions, then 

𝐻𝐻𝑐𝑐{𝑎𝑎𝑎𝑎(𝑡𝑡) ± 𝑏𝑏𝑏𝑏(𝑡𝑡)} = 𝑎𝑎𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} ± 𝑏𝑏𝐻𝐻𝑐𝑐{𝑔𝑔(𝑡𝑡)} . 

Proof 

From the definition of SEA transformation, we write 

𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} =
s
𝑣𝑣
� 𝑒𝑒−𝑖𝑖

𝑠𝑠𝑠𝑠
𝑣𝑣 𝑓𝑓(𝑡𝑡)

∞

0

 𝑑𝑑𝑑𝑑 . 

Then, we have 

𝐻𝐻𝑐𝑐{𝑎𝑎𝑎𝑎(𝑡𝑡) + 𝑏𝑏𝑏𝑏(𝑡𝑡)} =
s
𝑣𝑣
� 𝑒𝑒−𝑖𝑖

𝑠𝑠𝑠𝑠
𝑣𝑣 �𝑎𝑎𝑎𝑎(𝑡𝑡) + 𝑏𝑏𝑏𝑏(𝑡𝑡)�

∞

0
 𝑑𝑑𝑑𝑑  
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                                                              = 𝑎𝑎 s
𝑣𝑣
∫𝑡𝑡=0
∞  𝑒𝑒−𝑖𝑖

𝑠𝑠𝑠𝑠
𝑣𝑣 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝑏𝑏 s

𝑣𝑣
∫𝑡𝑡=0
∞  𝑒𝑒−𝑖𝑖

𝑠𝑠𝑠𝑠
𝑣𝑣 𝑔𝑔(𝑡𝑡)𝑑𝑑𝑑𝑑  

                                                              = 𝑎𝑎𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} + 𝑏𝑏𝐻𝐻𝑐𝑐{𝑔𝑔(𝑡𝑡)},  

which completes the proof. 

3.2 The SEA Integral Transform for Fundamental Functions 

(i) Let 𝑓𝑓(𝑡𝑡) = 𝑒𝑒at , where 𝑡𝑡 ⩾ 0 and 𝑎𝑎 is a constant, then 

𝐻𝐻𝑐𝑐{𝑒𝑒𝑎𝑎𝑎𝑎} = −�
𝑎𝑎𝑎𝑎𝑎𝑎

𝑎𝑎2𝑣𝑣2 + 𝑠𝑠2
+ 𝑖𝑖

𝑠𝑠2

𝑎𝑎2𝑣𝑣2 + 𝑠𝑠2
� . 

Proof  From the definition of SEA transformation, we get 

𝐻𝐻𝑐𝑐{𝑒𝑒𝑎𝑎𝑎𝑎} =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑒𝑒𝑎𝑎𝑎𝑎

∞

0

 𝑑𝑑𝑑𝑑 . 

Then we arrive at 

𝐻𝐻𝑐𝑐{𝑒𝑒𝑎𝑎𝑎𝑎} =
𝑠𝑠
𝑣𝑣
�  𝑒𝑒 −�𝑖𝑖�

𝑠𝑠
𝑣𝑣�−𝑎𝑎�𝑡𝑡

∞

𝑡𝑡=0
𝑑𝑑𝑑𝑑 =

−𝑠𝑠

𝑣𝑣 �𝑖𝑖 �𝑠𝑠
𝑣𝑣
� − 𝑎𝑎�

 �𝑒𝑒−�𝑖𝑖�
𝑠𝑠
𝑣𝑣�−a�𝑡𝑡�

0

∞
� 

    =
−𝑠𝑠

𝑖𝑖𝑖𝑖 − 𝑎𝑎𝑎𝑎
[0 − 1] =

𝑠𝑠
𝑖𝑖𝑖𝑖 − 𝑎𝑎𝑎𝑎

.
−𝑖𝑖𝑖𝑖 − 𝑎𝑎𝑎𝑎
−𝑖𝑖𝑖𝑖 − 𝑎𝑎𝑎𝑎

 

      = −�
𝑎𝑎𝑎𝑎𝑎𝑎

𝑠𝑠2 + 𝑎𝑎2𝑣𝑣2
+ 𝑖𝑖

𝑠𝑠2

𝑠𝑠2 + 𝑎𝑎2𝑣𝑣2
� .  

(ii) Let 𝑓𝑓(𝑡𝑡) = 𝑘𝑘, where 𝑘𝑘 is a constant, then 
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𝐻𝐻𝑐𝑐{𝑘𝑘} = −𝑖𝑖𝑖𝑖,  𝑖𝑖 ∈ ℂ . 

Proof  From the definition of SEA transformation, we have 

𝐻𝐻𝑐𝑐{𝑘𝑘} =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡𝑘𝑘

∞

0
 𝑑𝑑𝑑𝑑 =

−𝑘𝑘𝑘𝑘

𝑣𝑣𝑣𝑣 �𝑠𝑠
𝑣𝑣
�
�𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡�

0

∞
�    =

𝑘𝑘𝑘𝑘
𝑖𝑖𝑖𝑖

=
𝑘𝑘
𝑖𝑖

= −𝑖𝑖𝑖𝑖. 

             

(iii)  Let  𝑓𝑓(𝑡𝑡) = 𝑡𝑡, then 

𝐻𝐻𝑐𝑐{𝑡𝑡} =
−𝑣𝑣
s

 . 

Proof  From the definition of SEA transformation, it is easy to get 

𝐻𝐻𝑐𝑐{𝑡𝑡} =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡𝑡𝑡

∞

0
 𝑑𝑑𝑑𝑑 =

𝑠𝑠
𝑣𝑣
�
𝑖𝑖𝑖𝑖
𝑠𝑠
𝑡𝑡 +

𝑣𝑣2

𝑠𝑠2
� 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡�

0

∞
=
𝑠𝑠
𝑣𝑣
�0 − �

𝑣𝑣2

𝑠𝑠2
�� . 

(iv)  Let 𝑓𝑓(𝑡𝑡) = 𝑡𝑡2, then 

𝐻𝐻𝑐𝑐{𝑡𝑡2} = 2𝑖𝑖 �
𝑣𝑣
𝑠𝑠
�
2

. 

Proof  From the definition of SEA transformation, we write 

𝐻𝐻𝑐𝑐{𝑡𝑡2} =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡𝑡𝑡2

∞

0

 𝑑𝑑𝑑𝑑 . 

Performing integration by parts to the above equality, it is clear to see 
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𝐻𝐻𝑐𝑐{𝑡𝑡2} =
𝑠𝑠
𝑣𝑣

    ��
𝑖𝑖𝑡𝑡2𝑣𝑣
𝑠𝑠

+
2𝑡𝑡𝑣𝑣2

𝑠𝑠2
− 2

𝑖𝑖𝑣𝑣3

𝑠𝑠3
� 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡�

0

∞

� 

             =
𝑠𝑠
𝑣𝑣
�0 − �−2𝚤𝚤

𝑣𝑣3

𝑠𝑠3
�� = 2

𝑖𝑖𝑣𝑣2

𝑠𝑠2
= 2𝑖𝑖 �

𝑣𝑣
𝑠𝑠
�
2

. 

(v) Let 𝑓𝑓(𝑡𝑡) = 𝑡𝑡3,  then  

𝐻𝐻𝑐𝑐{𝑡𝑡3} = (3!) �
𝑣𝑣
𝑠𝑠
�
3

. 

Proof  Using  SEA transformation definition and performing partial integration, we obtain 

𝐻𝐻𝑐𝑐{𝑡𝑡3}  =
𝑠𝑠
𝑣𝑣
��
𝑖𝑖𝑡𝑡3𝑣𝑣
𝑠𝑠

+
3𝑡𝑡2𝑣𝑣2

𝑠𝑠2
−
𝑖𝑖6𝑡𝑡𝑣𝑣3

𝑠𝑠3
−

6𝑣𝑣4

𝑠𝑠4
� 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡�

0

∞

� 

     =
𝑠𝑠
𝑣𝑣
�0 − �0 + 0 − 0 −

6𝑣𝑣4

𝑠𝑠4
�� =

𝑠𝑠
𝑣𝑣
�6
𝑣𝑣4

𝑠𝑠4
� = 6

𝑣𝑣3

𝑠𝑠3
= 3! �

𝑣𝑣
𝑠𝑠
�
3

. 

(vi)  In general:  𝐻𝐻𝑐𝑐{𝑡𝑡𝑛𝑛} = (−1)𝑛𝑛(𝑖𝑖)𝑛𝑛−1(𝑛𝑛!) �𝑣𝑣
𝑠𝑠
�
𝑛𝑛

,  where 𝑛𝑛 is a positive integer number.  

(vii) Let 𝑓𝑓(𝑡𝑡) = sin (𝑎𝑎𝑎𝑎), where 𝑎𝑎 is a constant, then 

𝐻𝐻𝑐𝑐{sin(𝑎𝑎𝑎𝑎)} =
−𝑎𝑎𝑎𝑎𝑎𝑎

𝑠𝑠2 − 𝑎𝑎2𝑣𝑣2
 . 

Proof  From SEA transformation definition, it is clear to write 

𝐻𝐻𝑐𝑐{sin(𝑎𝑎𝑎𝑎)} =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡 sin(𝑎𝑎𝑎𝑎)𝑑𝑑𝑑𝑑

∞

0

 . 
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Then, we obtain 

   𝐻𝐻𝑐𝑐{sin(𝑎𝑎𝑎𝑎)} =
𝑠𝑠
𝑣𝑣
�  
∞

𝑡𝑡=0
 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡 ⋅ �

𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖

2𝑖𝑖
� 𝑑𝑑𝑑𝑑

= �
𝑠𝑠

2𝑖𝑖𝑖𝑖
��  

∞

𝑡𝑡=0
 𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣−𝑎𝑎�𝑡𝑡𝑑𝑑𝑑𝑑 − �

𝑠𝑠
2𝑖𝑖𝑖𝑖

��  
∞

𝑡𝑡=0
 𝑒𝑒−𝑖𝑖�

𝑠𝑠
v+𝑎𝑎�𝑡𝑡𝑑𝑑𝑑𝑑 

                                            = −𝑠𝑠

2𝑖𝑖𝑖𝑖⋅𝑖𝑖�𝑠𝑠𝑣𝑣−𝑎𝑎�
𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣−𝑎𝑎�𝑡𝑡�

0

∞
+ 𝑠𝑠

2𝑖𝑖𝑖𝑖 𝑖𝑖�𝑠𝑠𝑣𝑣+𝑎𝑎�
𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣+𝑎𝑎�𝑡𝑡�

0

∞

  

             =
𝑠𝑠

2𝑣𝑣 �𝑠𝑠
𝑣𝑣
− 𝑎𝑎�

[0 − 1] −
𝑠𝑠

2𝑣𝑣 �𝑠𝑠
𝑣𝑣

+ 𝑎𝑎�
[0 − 1]  

                                            = −𝑠𝑠
2𝑣𝑣
� 1

�𝑠𝑠𝑣𝑣−𝑎𝑎�
− 1

�𝑠𝑠𝑣𝑣+𝑎𝑎�
� = −𝑠𝑠

2𝑣𝑣
�

𝑠𝑠
𝑣𝑣+𝑎𝑎−

𝑠𝑠
𝑣𝑣+𝑎𝑎

�𝑠𝑠𝑣𝑣−𝑎𝑎��
𝑠𝑠
𝑣𝑣+𝑎𝑎�

� . 

Finally, we arrive at  

𝐻𝐻𝑐𝑐{sin(𝑎𝑎𝑎𝑎)} =
−𝑎𝑎𝑎𝑎

𝑣𝑣 ��𝑠𝑠
𝑣𝑣
�
2
− 𝑎𝑎2�

=
−𝑎𝑎𝑎𝑎𝑎𝑎

𝑠𝑠2 − 𝑎𝑎2𝑣𝑣2
 . 

(vii)  Let 𝑓𝑓(𝑡𝑡) = cos (𝑎𝑎𝑎𝑎), where 𝑎𝑎 is a constant, then 

𝐻𝐻𝑐𝑐{cos(𝑎𝑎𝑎𝑎)} =
−𝑖𝑖𝑠𝑠2

𝑠𝑠2 − 𝑎𝑎2𝑣𝑣2
 . 

 

Proof  Using the definition of SEA transformation, we write 

𝐻𝐻𝑐𝑐{cos(𝑎𝑎𝑎𝑎)} =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡

∞

𝑡𝑡=0

cos (𝑎𝑎𝑎𝑎)𝑑𝑑𝑑𝑑  
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                                         =
𝑠𝑠
𝑣𝑣
�  
∞

𝑡𝑡=0
 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡 ⋅ �

𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖

2
�𝑑𝑑𝑑𝑑 

                                                                     = �
𝑠𝑠

2𝑣𝑣
��  

∞

𝑡𝑡=0
 e−𝑖𝑖�

𝑠𝑠
𝑣𝑣−𝑎𝑎�𝑡𝑡𝑑𝑑𝑑𝑑 + �

𝑠𝑠
2𝑣𝑣
��  

∞

𝑡𝑡=0
 𝑒𝑒−𝑖𝑖�

𝑠𝑠
v+𝑎𝑎�𝑡𝑡𝑑𝑑𝑑𝑑 

                                 =
𝑠𝑠

2𝑣𝑣𝑣𝑣 �𝑠𝑠
𝑣𝑣
− 𝑎𝑎�

+
𝑠𝑠

2𝑣𝑣𝑣𝑣 �𝑠𝑠
𝑣𝑣

+ 𝑎𝑎�
  

                             =
𝑠𝑠

2𝑖𝑖𝑖𝑖
�
�𝑠𝑠
𝑣𝑣

+ 𝑎𝑎� + �𝑠𝑠
𝑣𝑣
− 𝑎𝑎�

�𝑠𝑠
𝑣𝑣
− 𝑎𝑎� �𝑠𝑠

𝑣𝑣
+ 𝑎𝑎�

�  

                                                  =
𝑠𝑠

2𝑖𝑖𝑖𝑖
�
𝑠𝑠
𝑣𝑣

+ 𝑎𝑎 + 𝑠𝑠
𝑣𝑣
− 𝑎𝑎

𝑠𝑠2

𝑣𝑣2
− 𝑎𝑎2

� =
𝑠𝑠
𝑖𝑖𝑖𝑖
�

𝑠𝑠
𝑣𝑣

𝑠𝑠2

𝑣𝑣2
− 𝑎𝑎2

� . 

At last, we find  

𝐻𝐻𝑐𝑐{cos(𝑎𝑎𝑎𝑎)} = −𝑖𝑖
𝑠𝑠
𝑣𝑣2
�

𝑣𝑣2s
𝑠𝑠2 − 𝑎𝑎2𝑣𝑣2

�  =
−𝑖𝑖𝑠𝑠2

𝑠𝑠2 − 𝑎𝑎2𝑣𝑣2
. 

3.3 The SEA Transform for Derivatives 

Theorem  3.1 Let  𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} = 𝑍𝑍(𝑣𝑣, 𝑠𝑠), then 

𝐻𝐻𝑐𝑐{𝑓𝑓′(𝑡𝑡)} = −𝑠𝑠𝑠𝑠(0)
𝑣𝑣

+ 𝑖𝑖 𝑠𝑠
𝑣𝑣
𝑍𝑍(𝑣𝑣, 𝑠𝑠) .                                                                                    (3.2) 

Proof  Using the definition of SEA transformation, it is obvious to write 

𝐻𝐻𝑐𝑐{𝑓𝑓′(𝑡𝑡)} =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡

∞

𝑡𝑡=0

 𝑓𝑓′(𝑡𝑡)𝑑𝑑𝑑𝑑. 

Performing partial integration to the above equation as substituting  
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𝑢𝑢 = 𝑒𝑒−𝑖𝑖
𝑠𝑠
𝑣𝑣𝑡𝑡, 𝑑𝑑𝑑𝑑 = 𝑓𝑓′(𝑡𝑡)𝑑𝑑𝑑𝑑 , 

.
𝑑𝑑𝑑𝑑 = −𝑖𝑖

𝑠𝑠
𝑣𝑣
𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡𝑑𝑑𝑑𝑑 , 𝑣𝑣 = 𝑓𝑓(𝑡𝑡), 

we arrive at  

𝐻𝐻𝑐𝑐{𝑓𝑓′(𝑡𝑡)}  =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑓𝑓′(𝑡𝑡)

∞

0

 𝑑𝑑𝑑𝑑 =
𝑠𝑠
𝑣𝑣
�𝑒𝑒−𝑖𝑖

𝑠𝑠
𝑣𝑣𝑡𝑡𝑓𝑓(𝑡𝑡)�

𝑡𝑡=0

∞
+ 𝑖𝑖

𝑠𝑠
𝑣𝑣
�  𝑓𝑓(𝑡𝑡)𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑑𝑑𝑑𝑑

∞

0

�, 

that is,  

𝐻𝐻𝑐𝑐{𝑓𝑓′(𝑡𝑡)} =
𝑠𝑠
𝑣𝑣

[0 − 𝑓𝑓(0)] + 𝑖𝑖
𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)}  =

−𝑠𝑠𝑠𝑠(0)
𝑣𝑣

+ 𝑖𝑖
𝑠𝑠
𝑣𝑣
𝑍𝑍(𝑣𝑣, 𝑠𝑠) . 

To demonstrate this property practically, an example will be given where the property is 

going to be applied.  

Example 3.1  Solve the following first order differential equation:  

𝑦𝑦′ + 𝑦𝑦 = 0 , 𝑦𝑦(0) = 1  

Solution: Since 

𝐻𝐻𝑐𝑐{𝑦𝑦′} + 𝐻𝐻𝑐𝑐{𝑦𝑦} = 0, 

then, using Equation (3.2) we write 
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−
𝑠𝑠
𝑣𝑣
𝑦𝑦(0) + 𝑖𝑖

𝑠𝑠
𝑣𝑣
𝑍𝑍(𝑣𝑣, s) + 𝐻𝐻𝑐𝑐{𝑦𝑦} = 0, 

i.e.,  

−𝑠𝑠
𝑣𝑣
𝑦𝑦(0) + 𝑖𝑖

𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑦𝑦} + 𝐻𝐻𝑐𝑐{𝑦𝑦} = 0, 

which verifies 

−𝑠𝑠
𝑣𝑣

+ �𝑖𝑖
𝑠𝑠
𝑣𝑣

+ 1�𝐻𝐻𝑐𝑐{𝑦𝑦} = 0 . 

Thus, we get 

𝐻𝐻𝑐𝑐{𝑦𝑦} =
𝑠𝑠
𝑣𝑣

�𝑖𝑖 𝑠𝑠
𝑣𝑣

+ 1�
=

𝑠𝑠
𝑣𝑣

𝑖𝑖 𝑠𝑠
𝑣𝑣

+ 𝑣𝑣
𝑣𝑣

=
𝑠𝑠

𝑖𝑖𝑖𝑖 + 𝑣𝑣
 =

𝑠𝑠
𝑖𝑖𝑖𝑖 + 𝑣𝑣

 .
𝑣𝑣 − 𝑖𝑖𝑖𝑖
𝑣𝑣 − 𝑖𝑖𝑖𝑖

=
𝑠𝑠𝑠𝑠

𝑣𝑣2 + 𝑠𝑠2
− 𝑖𝑖

𝑠𝑠2

𝑣𝑣2 + 𝑠𝑠2
 , 

which is finally equal to 

𝐻𝐻𝑐𝑐{𝑦𝑦} = −�
−𝑠𝑠𝑠𝑠

𝑣𝑣2 + 𝑠𝑠2
+ 𝑖𝑖

𝑠𝑠2

𝑣𝑣2 + 𝑠𝑠2
� . 

Taking the inverse of the SEA transform gives 

𝐻𝐻𝑐𝑐−1�𝐻𝐻𝑐𝑐{𝑦𝑦}� = 𝑒𝑒−𝑡𝑡  ⇒ 𝑦𝑦 = 𝑒𝑒−𝑡𝑡,  

which is the solution of the given differential equation. 
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Theorem 3.2  

𝐻𝐻𝑐𝑐{𝑓𝑓′′(𝑡𝑡)} = −𝑠𝑠
𝑣𝑣
𝑓𝑓′(0) − 𝑖𝑖 𝑠𝑠

2

𝑣𝑣2
𝑓𝑓(0) − 𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)}.                                                               (3.3) 

Proof  From SEA transformation definition, we have 

𝐻𝐻𝑐𝑐{𝑓𝑓′′(𝑡𝑡)} =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑓𝑓′′(𝑡𝑡)

∞

0

  𝑑𝑑𝑑𝑑 . 

Applying integration by parts by making the substitutions  

𝑢𝑢 = 𝑒𝑒−𝑖𝑖�
𝑠𝑠
𝑣𝑣�𝑡𝑡 , 𝑑𝑑𝑑𝑑 = 𝑓𝑓′′(𝑡𝑡)𝑑𝑑𝑑𝑑 , 

𝑑𝑑𝑑𝑑 = −𝑖𝑖 �
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑑𝑑𝑑𝑑 , 𝑣𝑣 = 𝑓𝑓′(𝑡𝑡) , 

the above integral turns into 

                𝐻𝐻𝑐𝑐{𝑓𝑓′′(𝑡𝑡)} =
𝑠𝑠
𝑣𝑣
�𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑓𝑓′(𝑡𝑡)�

0

∞
+ 𝑖𝑖 �

𝑠𝑠
𝑣𝑣
�� 𝑓𝑓′(𝑡𝑡)𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡

∞

0
 𝑑𝑑𝑑𝑑�  

 =
𝑠𝑠
𝑣𝑣

[−𝑓𝑓′(0)] + 𝑖𝑖
𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑓𝑓′(𝑡𝑡)}  

                          =
−𝑠𝑠𝑓𝑓′(0)

𝑣𝑣
+ 𝑖𝑖

𝑠𝑠
𝑣𝑣
�
−𝑠𝑠
𝑣𝑣
𝑓𝑓(0) + 𝑖𝑖

𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)}� 

                          =
−𝑠𝑠𝑓𝑓′(0)

𝑣𝑣
− 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑓𝑓(0) −

𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} . 

To demonstrate this property practically, an example will be given where the property is 

going to be applied.  
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Example 3.2  Solve the following second order initial value problem. 

𝑦𝑦′′ + 𝑦𝑦 = 0        𝑦𝑦(0) = 0 ,   𝑦𝑦′(0) = 1  

Solution: Since 

𝐻𝐻𝑐𝑐{𝑦𝑦′′} + 𝐻𝐻𝑐𝑐{𝑦𝑦} = 0 , 

Equation (3.3) implies 

−𝑠𝑠
𝑣𝑣
𝑦𝑦′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑦𝑦(0) −

𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑦𝑦} + 𝐻𝐻𝑐𝑐{𝑦𝑦} = 0, 

which verifies 

−
𝑠𝑠
𝑣𝑣
−
𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑦𝑦} + 𝐻𝐻𝑐𝑐{𝑦𝑦} = 0. 

We obtain from the last equation that 

�1 −
𝑠𝑠2

𝑣𝑣2
�𝐻𝐻𝑐𝑐{𝑦𝑦} =

𝑠𝑠
𝑣𝑣

 , 

thus, it is clear that 

𝐻𝐻𝑐𝑐{𝑦𝑦} =
𝑠𝑠
𝑣𝑣

1 − 𝑠𝑠2

𝑣𝑣2

 =
𝑠𝑠
𝑣𝑣

1
𝑣𝑣2

(𝑣𝑣2 − 𝑠𝑠2)
=

𝑣𝑣𝑣𝑣
𝑣𝑣2 − 𝑠𝑠2

=
−𝑣𝑣𝑣𝑣

𝑠𝑠2 − 𝑣𝑣2
 . 
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Taking the inverse of the SEA transform gives 

𝑦𝑦(𝑡𝑡) = sin(𝑡𝑡), 

which gives the solution of the given second order differential equation. 

Theorem 3.3  

𝐻𝐻𝑐𝑐{𝑓𝑓′′′(𝑡𝑡)} = −
𝑠𝑠
𝑣𝑣
𝑓𝑓′′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑓𝑓′(0) +

𝑠𝑠3

𝑣𝑣3
𝑓𝑓(0) − 𝑖𝑖

𝑠𝑠3

𝑣𝑣3
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} . 

Proof  SEA transformation definition yields 

𝐻𝐻𝑐𝑐{𝑓𝑓′′′(𝑡𝑡)} =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑓𝑓′′′(𝑡𝑡)

∞

0

  𝑑𝑑𝑑𝑑 . 

By using partial integration with the following substitutions 

𝑢𝑢 = 𝑒𝑒−𝑖𝑖�
𝑠𝑠
𝑣𝑣�𝑡𝑡 , 𝑑𝑑𝑑𝑑 = 𝑓𝑓′′′(𝑡𝑡)𝑑𝑑𝑑𝑑, 

𝑑𝑑𝑑𝑑 = −𝑖𝑖 �
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑑𝑑𝑑𝑑 , 𝑣𝑣 = 𝑓𝑓′′(𝑡𝑡), 

we obtain 

𝐻𝐻𝑐𝑐{𝑓𝑓′′′(𝑡𝑡)} =
𝑠𝑠
𝑣𝑣
𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑓𝑓′′(𝑡𝑡)�

𝑡𝑡=0

∞
+ 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
� 𝑓𝑓′′(𝑡𝑡)𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡

∞

0

 𝑑𝑑𝑑𝑑 

                                                 = �0 −
𝑠𝑠
𝑣𝑣
𝑓𝑓′′(0)� + 𝑖𝑖

𝑠𝑠
𝑣𝑣
�
−𝑠𝑠
𝑣𝑣
𝑓𝑓′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑓𝑓(0) −

𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)}� . 
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Then, it is easy to get 

𝐻𝐻𝑐𝑐{𝑓𝑓′′′(𝑡𝑡)} = −
𝑠𝑠
𝑣𝑣
𝑓𝑓′′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑓𝑓′(0) +

𝑠𝑠3

𝑣𝑣3
𝑓𝑓(0) − 𝑖𝑖

𝑠𝑠3

𝑣𝑣3
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} . 

Theorem 3.4 

𝐻𝐻𝑐𝑐�𝑓𝑓(4)(𝑡𝑡)� = −
𝑠𝑠
𝑣𝑣
𝑓𝑓′′′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑓𝑓′′(0) +

𝑠𝑠3

𝑣𝑣3
𝑓𝑓′(0) + 𝑖𝑖

𝑠𝑠4

𝑣𝑣4
𝑓𝑓(0) +

𝑠𝑠4

𝑣𝑣4
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} . 

Proof  Using the definition of SEA transformation, it is written that 

𝐻𝐻𝑐𝑐�𝑓𝑓(4)(𝑡𝑡)� =
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑓𝑓(4)(𝑡𝑡)

∞

0

 𝑑𝑑𝑑𝑑, 

By applying partial integration with the  substitutions 

𝑢𝑢 = 𝑒𝑒−𝑖𝑖�
𝑠𝑠
𝑣𝑣�𝑡𝑡, 𝑑𝑑𝑑𝑑 = 𝑓𝑓(4)(𝑡𝑡)𝑑𝑑𝑑𝑑 , 

𝑑𝑑𝑑𝑑 = −𝑖𝑖 �
𝑠𝑠
𝑣𝑣
� 𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑑𝑑𝑑𝑑 , 𝑣𝑣 = 𝑓𝑓′′′(𝑡𝑡), 

we have 

𝐻𝐻𝑐𝑐{𝑓𝑓(4)(𝑡𝑡)} =
𝑠𝑠
𝑣𝑣
�𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑓𝑓′′(𝑡𝑡)�

𝑡𝑡=0

∞
+ 𝑖𝑖

𝑠𝑠
𝑣𝑣
�  𝑓𝑓′′′(𝑡𝑡)𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡

∞

0
𝑑𝑑𝑑𝑑� 

                =
𝑠𝑠
𝑣𝑣

[0 − 𝑓𝑓′′(0)] + 𝑖𝑖
𝑠𝑠2

𝑣𝑣2
�  
∞

0
𝑓𝑓′′′(𝑡𝑡)𝑒𝑒−𝑖𝑖�

𝑠𝑠
𝑣𝑣�𝑡𝑡𝑑𝑑𝑑𝑑 

                                       = −
𝑠𝑠
𝑣𝑣
𝑓𝑓′′′(0) + 𝑖𝑖

𝑠𝑠
𝑣𝑣
�−

𝑠𝑠
𝑣𝑣
𝑓𝑓′′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑓𝑓′(0) +

𝑠𝑠3

𝑣𝑣3
𝑓𝑓(0) − 𝑖𝑖

𝑠𝑠3

𝑣𝑣3
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)}� . 
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Then, we finally get 

𝐻𝐻𝑐𝑐�𝑓𝑓(4)(𝑡𝑡)� = −
𝑠𝑠
𝑣𝑣
𝑓𝑓′′′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑓𝑓′′(0) +

𝑠𝑠3

𝑣𝑣3
𝑓𝑓′(0) + 𝑖𝑖

𝑠𝑠4

𝑣𝑣4
𝑓𝑓(0) +

𝑠𝑠4

𝑣𝑣4
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} . 

In general: 𝐻𝐻𝑐𝑐�𝑓𝑓(𝑛𝑛)(𝑡𝑡)� = ∑  𝑛𝑛
𝑚𝑚=1  − 𝑓𝑓(𝑛𝑛−𝑚𝑚)(0) 𝑠𝑠𝑚𝑚

𝑣𝑣𝑚𝑚
(𝑖𝑖)𝑚𝑚−1 + 𝑖𝑖𝑛𝑛𝑠𝑠𝑛𝑛

𝑣𝑣𝑛𝑛
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} .    

• If n=1, then 

𝐻𝐻𝑐𝑐{𝑓𝑓′(𝑡𝑡)} = −𝑓𝑓(0)
𝑠𝑠
𝑣𝑣

+ 𝑖𝑖
𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} . 

• If n=2, then 

𝐻𝐻𝑐𝑐{𝑓𝑓′′(𝑡𝑡)} = −𝑓𝑓′(0)
𝑠𝑠
𝑣𝑣
− 𝑓𝑓(0)

𝑠𝑠2

𝑣𝑣2
𝑖𝑖 + 𝑖𝑖2

𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)}  

                    = −
𝑠𝑠
𝑣𝑣
𝑓𝑓′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑓𝑓(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} . 

• If n=3, then 

𝐻𝐻𝑐𝑐{𝑓𝑓′′′(𝑡𝑡)} = −𝑓𝑓′′(0)
𝑠𝑠
𝑣𝑣
− 𝑖𝑖𝑓𝑓′(0)

𝑠𝑠2

𝑣𝑣2
+ 𝑓𝑓(0)

𝑠𝑠3

𝑣𝑣3
+ 𝑖𝑖3

s3

v3
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)}  

                                                    = −𝑓𝑓′′(0) 𝑠𝑠
𝑣𝑣
− 𝑖𝑖𝑓𝑓′(0) 𝑠𝑠2

𝑣𝑣2
+ 𝑓𝑓(0) 𝑠𝑠3

𝑣𝑣3
− 𝑖𝑖 𝑠𝑠

3

𝑣𝑣3
𝐻𝐻𝑐𝑐{𝑓𝑓(𝑡𝑡)} . 
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4. SEA INTEGRAL TRANSFORMATION APPLICATIONS IN ORDINARY 

DIFFERENTIAL EQUATIONS 

To prove the applicability of integral transforms in the real world, it is deemed essential to 

implement the transform in practical applications that have an impact on as many scientific 

fields as possible and to evaluate the performance of the integral transform in solving these 

applications (Pundir 2017, Kreyszig 2014, Saičev et al. 2018).  

Ordinary differential equations (O.D.E’s) represent an efficient tool to represent the problems 

of many applications in many fields, so the capability of any method to handle and solve 

them efficiently and adequately weighs the heftiness of that method in the scientific society 

(Hochstadt 2014, Zwillinger et al. 1998).  

This section uses the SEA integral transformation to solve some ordinary differential 

equations with the most significant applications in numerous scientific areas, such as 

Newton's law of cooling, civil and mechanical engineering, and growth and decay problems. 

Application 4.1 Using the SEA Integral Transform to Solve Newton's Law of Cooling 

The heat changing of objects related to their surrounding environment represents such an 

exciting subject in many fields that the concept has been expressed mathematically by 

Newton through Newton’s law of cooling. The law dictates that the heat lost by an object is 

put in a different temperature environment than that object is relative to the temperature 

difference between them (Maruyama and Moriya 2021).    

Newton's law of cooling is expressed mathematically as 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

∝ [𝜃𝜃(𝑡𝑡) − 𝜃𝜃0(𝑡𝑡)] ⇒
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝜇𝜇[𝜃𝜃(𝑡𝑡) − 𝜃𝜃0(𝑡𝑡)] .                                                                   (4.1) 
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The variables that appeared in the formula are 

𝜃𝜃(𝑡𝑡): body temperature at time 𝑡𝑡.  

𝜃𝜃0(𝑡𝑡):  the environment temperature. 

𝜇𝜇:  proportionality constant (𝜇𝜇 > 0). 

Newton’s law of cooling problem has been solved by the ZZ transform (Rao 2017a). The ZZ 

transform represents the base transform from which the proposal for the SEA transform 

emerged. To prove the capability of the SEA transform in handling such a problem, it will 

be solved using the SEA transform, and the results should resemble those that the ZZ 

transform has deduced.  

Problem 4.1  For the ambient air temperature of 40 degrees Celsius and body temperature 

that has been decreased from 80 to 60 degrees Celsius in 20 minutes, calculate the body 

temperature after the passing of  40 minutes and calculate the time at which the body 

temperature reaches 55 degrees Celsius. 

Solution: Following datas are given in the problem: 

The environment temperature of the air is 𝜃𝜃0 = 40∘C. 

The temperature at 𝑡𝑡 = 0 is 𝜃𝜃(0) = 80∘C. 

After 20 minutes passed, the temperature would be 𝜃𝜃(20) = 60∘C. 

Newton’s law of cooling in Equation (4.1) obtains 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

∝ [𝜃𝜃(𝑡𝑡) − 𝜃𝜃0(𝑡𝑡)]  

⇒
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝜇𝜇[𝜃𝜃(𝑡𝑡) − 𝜃𝜃0(𝑡𝑡)], 
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where μ is a constant. Then we write 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝜇𝜇𝜇𝜇(𝑡𝑡) + 𝜇𝜇𝜃𝜃0(𝑡𝑡), 

that is,   

𝜃𝜃′(𝑡𝑡) + 𝜇𝜇𝜇𝜇(𝑡𝑡) = 40𝜇𝜇.                                                                                                                         (4.2) 

Applying the SEA transform to Equation (4.2) gives 

𝐻𝐻𝑐𝑐{𝜃𝜃′(𝑡𝑡)} + 𝜇𝜇𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)} = 40𝜇𝜇𝐻𝐻𝑐𝑐{1} . 

Using the derivatives property of SEA transform, we get 

−
𝑠𝑠
𝑣𝑣
𝜃𝜃(0) + 𝑖𝑖

𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)} + 𝜇𝜇𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)} = −40𝜇𝜇𝜇𝜇, 𝑖𝑖 ∈ ℂ                                                         (4.3) 

Replacing  𝜃𝜃(0) = 80∘C into Equation (4.3), it is easy to obtain 

−
𝑠𝑠
𝑣𝑣

(80) + 𝑖𝑖
𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)} + 𝜇𝜇𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)}} = −40𝑖𝑖𝑖𝑖  

⇒ �𝑖𝑖
𝑠𝑠
𝑣𝑣

+ 𝜇𝜇�𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)} = −40𝑖𝑖𝑖𝑖 + 80
s
𝑣𝑣

  

   ⇒
1
𝑣𝑣

(𝑖𝑖𝑖𝑖 + 𝑣𝑣𝑣𝑣)𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)} =
−40𝑖𝑖𝑖𝑖𝑖𝑖 + 80𝑠𝑠

𝑣𝑣
  

⇒ 𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)} =
−40𝑖𝑖𝑖𝑖𝑖𝑖 + 80𝑠𝑠

𝑣𝑣
⋅

𝑣𝑣
𝑖𝑖𝑖𝑖 + 𝑣𝑣𝑣𝑣

 . 

Hence, it implies 
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𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)} = 40 �
−𝑖𝑖𝑖𝑖𝑖𝑖 + 2s
𝑖𝑖𝑖𝑖 + 𝑣𝑣𝑣𝑣

� .                                                                                                       (4.4) 

So, we can write 

𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)} = 40 �
−𝑖𝑖𝑖𝑖𝑖𝑖 + 2𝑠𝑠
𝑣𝑣𝑣𝑣 + 𝑖𝑖𝑖𝑖

⋅
𝑣𝑣𝑣𝑣 − 𝑖𝑖𝑖𝑖
𝑣𝑣𝑣𝑣 − 𝑖𝑖𝑖𝑖

�  

                                     = 40 �
−𝑖𝑖𝑣𝑣2𝜇𝜇2 − 𝜇𝜇𝜇𝜇𝜇𝜇 + 2𝑠𝑠𝑠𝑠𝑠𝑠 − 2𝑖𝑖𝑠𝑠2

𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2
�  

                                = 40 �
−𝑖𝑖𝑣𝑣2𝜇𝜇2 + 𝜇𝜇𝜇𝜇𝜇𝜇 − 2𝑖𝑖𝑠𝑠2

𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2
�  

                                = 40 �
−𝑖𝑖(𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2) − 𝑖𝑖𝑠𝑠2 + 𝜇𝜇𝜇𝜇𝜇𝜇

𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2
�  

                                     = 40 �−𝑖𝑖
(𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2)
(𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2) +

𝜇𝜇𝜇𝜇𝜇𝜇 − 𝑖𝑖𝑠𝑠2

(𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2)� , 

which yields 

𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)} = 40 �−𝑖𝑖 − �
−𝜇𝜇𝜇𝜇𝜇𝜇

𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2
+ 𝑖𝑖

𝑠𝑠2

𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2
�� .                                                              (4.5) 

Applying the inverse of the SEA transformation to Equation (4.5), we arrive at 

𝐻𝐻𝑐𝑐−1{𝐻𝐻𝑐𝑐{𝜃𝜃(𝑡𝑡)}} = 𝐻𝐻𝑐𝑐−1 �40 �−𝑖𝑖 − �
−𝜇𝜇𝜇𝜇𝜇𝜇

𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2
+ 𝑖𝑖

𝑠𝑠2

𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2
��� . 

The resultant equation satisfies the linearity property. Then we have 

𝜃𝜃(𝑡𝑡) = 40 �𝐻𝐻𝑐𝑐−1{−𝑖𝑖} − 𝐻𝐻𝑐𝑐−1 �
−𝜇𝜇𝜇𝜇𝜇𝜇

𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2
+ 𝑖𝑖

𝑠𝑠2

𝑣𝑣2𝜇𝜇2 + 𝑠𝑠2
�� , 
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which gives 

𝜃𝜃(𝑡𝑡) = 40[1 + 𝑒𝑒−𝜇𝜇𝜇𝜇] .                                                                                                                    (4.6) 

Due to the fact that it has been stated in the problem that at 𝑡𝑡 = 20 min., 𝜃𝜃(20) = 60∘C. 

Thus 

60 = 40 + 40𝑒𝑒−20𝜇𝜇 ⇒ 20 = 40𝑒𝑒−20𝜇𝜇 , 

so that 

1
2

= 𝑒𝑒−20𝜇𝜇 ⇒ (𝑒𝑒−𝜇𝜇)20 =
1
2
⇒ 𝑒𝑒−𝜇𝜇 = �

1
2
�
1
20

 .                                                                           (4.7) 

 
(i) Equation (4.7) made it possible to find the body temperature after the passing of 40 

minutes as 

𝜃𝜃(𝑡𝑡) = 40 + 40𝑒𝑒−40𝜇𝜇  

                                               = 40 + 40(𝑒𝑒−𝜇𝜇)40 = 40 + 40 �
1
2
�
40
20

  

                                                                                         = 40 + 40 �1
2
�
20

 , 

Then, 

𝜃𝜃(t) = 50∘C . 

The concluded 𝜃𝜃(t) represents the body temperature after 40 minutes.  



 

29 
 

(ii) The time required for the body to reach 50∘C temperature can be calculated as 

55 = 40 + 40−𝜇𝜇𝜇𝜇 ⇒ 15 = 40(𝑒𝑒−𝜇𝜇)𝑡𝑡 , 

which yields 

15
40

= (𝑒𝑒−𝜇𝜇)𝑡𝑡.                                                                                                                                      (4.8) 

Substituting Equation (4.7) into Equation (4.8), we get 

15
40

= �
1
2
�
𝑡𝑡
20

 . 

By applying the natural logarithms to the resultant equation, it is concluded that 

ln �
15
40
� =

𝑡𝑡
20

ln �
1
2
� ⇒ 𝑡𝑡 =

20ln �15
40
�

ln �1
2
�

  . 

Then, 𝑡𝑡 = 28.3 minutes is the time required for the body to reach 50∘C. 

The acquired results from applying the SEA integral transform to the problem of Newton’s 

law of colling resemble the results that are concluded from applying the ZZ transform to the 

same problem, which proves the capability of the SEA transform in finding the exact solution 

to this problem.  
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Application 4.2 Using the SEA Integral Transform to Solve Natural Growth and Decay 

Natural growth and decay laws govern living things and many non-living objects. For that 

reason, the subject of natural growth and decay represents an important aspect of scientific 

society. Mathematicians succeed in representing the law of growth and decay using first order 

degree differential equations as follows (Mansour et al. 2021c, Rao 2017b). 

Assuming 𝑥𝑥(𝑡𝑡) is the substance quantity that needed to be converted chemically at the time 

“𝑡𝑡” based on the chemical conversion law 𝑥𝑥(𝑡𝑡) is changed at a rate proportional to the 

substance quantity at that time. 

d𝑥𝑥
𝑑𝑑𝑑𝑑

∝ 𝑥𝑥 . 

𝑘𝑘 is the rate constant and 𝑘𝑘 >  0. 𝑘𝑘 constant is the factor that governs the laws of growth and 

decay, when its value is positive, then the law is for growth, and when its value is negative, 

then the law is for decay, as follows.  

The natural growth rule is 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑘𝑘𝑘𝑘 . 

The natural decay rule is 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑘𝑘𝑘𝑘 . 
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The problems of natural growth and decay have been processed and solved by integral 

transforms and specifically, the ZZ transform, where the ZZ transform possesses the ability 

to find the exact solution to these problems (Rao 2017b). The following problems represent 

the processing and solving of the growth and decay problems using the SEA integral 

transform to find the exact solution to these problems.  

Problem 4.2.1 The pace at which bacteria proliferate is relative to the count present at any 

given time. If the initial value doubles in two hours, how long will it take to triple? 

Solution: Let 𝑁𝑁 be the bacteria number at any time 𝑡𝑡 and at the initial time 𝑡𝑡 = 0 , 𝑁𝑁 = 𝑥𝑥. 

From natural growth law, we write 

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

∝ 𝑁𝑁(𝑡𝑡)  

⇒
𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

= 𝑘𝑘𝑘𝑘(𝑡𝑡), 

where 𝑘𝑘 is a constant. Hence, we get 

 𝑁𝑁′(𝑡𝑡) − 𝑘𝑘𝑘𝑘(𝑡𝑡) = 0.                                                                                                                             (4.9) 

By taking the SEA transformation into Equation (4.9), we have  

𝐻𝐻𝑐𝑐{𝑁𝑁′(𝑡𝑡)} − 𝑘𝑘𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} = 0  

                             ⇒
−𝑠𝑠
𝑣𝑣
𝑁𝑁(0) +

𝑖𝑖𝑖𝑖
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} − 𝑘𝑘𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} = 0 

                                                   ⇒ �𝑖𝑖 𝑠𝑠
𝑣𝑣
− 𝑘𝑘�𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} = 𝑠𝑠

𝑣𝑣
𝑁𝑁(0) , (𝑁𝑁(0) = 𝑥𝑥) 

⇒ �𝑖𝑖
𝑠𝑠
𝑣𝑣
− 𝑘𝑘�𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} =

𝑠𝑠
𝑣𝑣
𝑥𝑥  
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⇒ �
𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑣𝑣

𝑣𝑣
�𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} =

𝑠𝑠
𝑣𝑣
𝑥𝑥 , 

⇒ 𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} =
𝑠𝑠𝑠𝑠
𝑣𝑣

 .
𝑣𝑣

𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑣𝑣
  

                                     =
𝑠𝑠𝑠𝑠

𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑣𝑣
 .
−𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑣𝑣
−𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑣𝑣

  

                                        =
−𝑥𝑥𝑥𝑥𝑠𝑠2 − 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥
𝑠𝑠2 + 𝑣𝑣2𝑘𝑘2

=
−𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥

𝑠𝑠2 + 𝑣𝑣2𝑘𝑘2
−

𝑥𝑥𝑥𝑥𝑠𝑠2

𝑠𝑠2 + 𝑣𝑣2𝑘𝑘2
  

                                          = −𝑥𝑥 �
𝑘𝑘𝑘𝑘𝑘𝑘

𝑠𝑠2 + 𝑣𝑣2𝑘𝑘2
+ 𝑖𝑖

𝑠𝑠2

𝑠𝑠2 + 𝑣𝑣2𝑘𝑘2
� . 

Taking the inverse of the SEA transformation gives the exact solution to Equation (4.9) which 

is 

𝑁𝑁(𝑡𝑡) = 𝑥𝑥𝑒𝑒𝑘𝑘𝑘𝑘 . 

Problem 4.2.2 Bacteria colonized the culture medium at a proportional rate to 𝑁𝑁. 𝑁𝑁 began 

at a value equal to 100 and rose to 332 after an hour. What value did 𝑁𝑁 have after 90 minutes? 

Solution: Following datas are given in the problem: 

At 𝑡𝑡 = 0 , 𝑁𝑁 = 100. 

At 𝑡𝑡 = 60 , 𝑁𝑁 = 332 .  

It is required that at 𝑡𝑡 = 90, what would 𝑁𝑁 be? 

Applying the SEA transform to Equation (4.9)  which represents the the law of natural 

growth, we write 

𝐻𝐻𝑐𝑐{𝑁𝑁′(𝑡𝑡)} − 𝐻𝐻𝑐𝑐{𝑘𝑘𝑘𝑘(𝑡𝑡)} = 𝐻𝐻𝑐𝑐{0}  
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⇒
−𝑠𝑠
𝑣𝑣
𝑁𝑁(0) +

𝑖𝑖𝑖𝑖
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} − 𝑘𝑘𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} = 0  

⇒ �𝑖𝑖
𝑠𝑠
𝑣𝑣
− 𝑘𝑘�𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} =

𝑠𝑠
𝑣𝑣

100 , (𝑁𝑁(0) = 100) 

⇒ �
𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑣𝑣

𝑣𝑣
�𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} =

𝑠𝑠
𝑣𝑣

100. 

From the last equality, it is concluded that 

𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} = 100
𝑠𝑠
𝑣𝑣

 .
𝑣𝑣

𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑣𝑣
=

100𝑠𝑠
𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑣𝑣

 .
−𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑣𝑣
−𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑣𝑣

  

                                                        =
−100𝑖𝑖𝑠𝑠2 − 100𝑣𝑣𝑣𝑣𝑣𝑣

𝑠𝑠2 + 𝑣𝑣2𝑘𝑘2
 

                                                                                = −100 � 𝑘𝑘𝑘𝑘𝑘𝑘
𝑠𝑠2+𝑣𝑣2𝑘𝑘2

+ 𝑖𝑖 𝑠𝑠2

𝑠𝑠2+𝑣𝑣2𝑘𝑘2
� . 

Taking the inverse of the SEA transform gives the exact solution as 

𝑁𝑁(𝑡𝑡) = 100𝑒𝑒𝑘𝑘𝑘𝑘.                                                                                                                             (4.10) 

Substituting 𝑡𝑡 = 60 𝑚𝑚𝑚𝑚𝑚𝑚.  and  𝑁𝑁(𝑡𝑡) = 332 into Equation (4.10), we see 

332 = 100𝑒𝑒60𝑘𝑘  ⇒  
332
100

= 𝑒𝑒60𝑘𝑘  ⇒  (𝑒𝑒𝑘𝑘)60 =
332
100

 , 

hence, we get 

𝑒𝑒𝑘𝑘 = �
332
100

�
1
60

.                                                                                                                                (4.11) 

By using Equation (4.11), it is possible to find 𝑁𝑁(𝑡𝑡) at t=90 minutes as  
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𝑁𝑁(𝑡𝑡) = 100𝑒𝑒90𝑘𝑘  ⇒ N(t) = 100(𝑒𝑒𝑘𝑘)90 = 100(
332
100

)
90
60 = 604.93,  

i, e. , 

N(t) ≅ 605 . 

The resulted 𝑁𝑁(𝑡𝑡) = 605 indicates the number of bacteria after 90 minutes. 

Problem 4.2.3  At each point in time, the rate at which a particular substance decomposes in 

a particular solution is relative to the quantity of that material present in the solution. There 

are initially 27 grams, but only 8 grams remain after three hours. How much substance will 

remain in one more hour? 

Solution: Assuming 𝑀𝑀 grams are the substance amount left at any time 𝑡𝑡 in the solution. The 

SEA transformation will be applied to the natural decay equation: 𝑁𝑁′(𝑡𝑡) = −𝑘𝑘𝑘𝑘(𝑡𝑡) as 

𝐻𝐻𝑐𝑐{𝑁𝑁′(𝑡𝑡)} + 𝑘𝑘𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} = 0 . 

Then, we get 

−𝑠𝑠
𝑣𝑣
𝑁𝑁(0) + 𝑖𝑖

𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} + 𝑘𝑘𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} = 0  

⇒
−𝑠𝑠
𝑣𝑣

27 + 𝑖𝑖
𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} + 𝑘𝑘𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} = 0  

⇒ �𝑖𝑖
𝑠𝑠
𝑣𝑣

+ 𝑘𝑘�𝐻𝐻𝑐𝑐{N(t)} =
𝑠𝑠
𝑣𝑣

(27)  

⇒ �
𝑖𝑖𝑖𝑖 + 𝑣𝑣𝑣𝑣

𝑣𝑣
�𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} = 27

𝑠𝑠
𝑣𝑣

  

⇒ 𝐻𝐻𝑐𝑐{𝑁𝑁(𝑡𝑡)} = 27
𝑠𝑠
𝑣𝑣
⋅

𝑣𝑣
𝑖𝑖𝑖𝑖 + 𝑣𝑣𝑣𝑣

=
27s

𝑖𝑖𝑖𝑖 + 𝑣𝑣𝑣𝑣
⋅
−𝑖𝑖𝑖𝑖 + 𝑣𝑣𝑣𝑣
−𝑖𝑖𝑖𝑖 + 𝑣𝑣𝑣𝑣
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                                                     =
−i27s2 + 27s𝑣𝑣𝑣𝑣

𝑠𝑠2 + 𝑣𝑣2𝑘𝑘2
  

                                                                                  = −27 �
−𝑠𝑠𝑣𝑣𝑣𝑣

𝑠𝑠2 + 𝑘𝑘2𝑣𝑣2
+ 𝑖𝑖

𝑠𝑠2

𝑠𝑠2 + 𝑘𝑘2𝑣𝑣2
� . 

By taking the inverse of the SEA transform, we find 

𝑁𝑁(𝑡𝑡) = 27𝑒𝑒−𝑘𝑘𝑘𝑘.                                                                                                                                (4.12) 

Applying the conditions 𝑡𝑡 = 3 hours and 𝑁𝑁(𝑡𝑡) = 8 grams to Equation (4.12), it is found 

8 = 27𝑒𝑒−3𝑘𝑘  ⇒
8

27
= (𝑒𝑒−𝑘𝑘)3  ⇒

√83

√273 = 𝑒𝑒−𝑘𝑘, 

that is, 

 
2
3

= 𝑒𝑒−𝑘𝑘 .                                                                                                                                           (4.13) 

To find 𝑁𝑁(𝑡𝑡) for the time 𝑡𝑡 = 4 hours, we obtain from Equation (4.13) that 

𝑁𝑁(𝑡𝑡) = 27𝑒𝑒−4𝑘𝑘  = 27 �
2
3
�
4

= 27 ⋅
16
81

, 

thus, we get 

𝑁𝑁(𝑡𝑡) =
16
3

= 5.333 grams. 
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Application 4.3 Using the SEA Integral Transform to Solve the Deflecting a Beam    

Problem  

One of the most commonly discussed problems in civil engineering is the ordinary 

differential equation (O.D.E) of deflecting a hinged beam at its ends under a uniform load, 

as shown in Figure 4.1. This problem has been solved previously using integral transforms 

(Kuffi et al. 2019, Xu et al. 2021). And now, this problem is going to be solved using the 

SEA integral transform. 

 

Figure 4.1 A hinged beam subjected to a constant load. 

The ordinary differential equation (O.D.E) with boundary conditions that express the hinged 

beam at its ends 𝑥𝑥 = 0 and 𝑥𝑥 = 𝐿𝐿, where a uniformed load applied on it 𝑤𝑤0 (per length unit) 

is represented as 

𝑦𝑦(4) =
𝜔𝜔0

𝐸𝐸𝐸𝐸
    𝑜𝑜𝑜𝑜    

𝑑𝑑4𝑦𝑦
 𝑑𝑑𝑥𝑥4

=
𝜔𝜔0

𝐸𝐸𝐸𝐸
, 0 < 𝑥𝑥 < 𝐿𝐿 ,                                                                      (4.14) 

𝑦𝑦(0) = 𝑦𝑦0 = 0,𝑦𝑦′′(0) = 𝑦𝑦0′′ = 0 , 𝑦𝑦(𝐿𝐿) = 0 , 𝑦𝑦′′(𝐿𝐿) = 𝑦𝑦𝐿𝐿′′ = 0 ,                   (4.15) 

where 𝐸𝐸  is Young’s modulus, 𝐼𝐼:normal bending plain moment of inertia for an axis-crossed 

cross-section, 𝐸𝐸𝐸𝐸 is beam’s flexural rigidity.  
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Some more abundances required for the problem are: 

𝑦𝑦′(𝑥𝑥): beam’s slop.  

𝑀𝑀(𝑥𝑥) = 𝐸𝐸𝐸𝐸𝑦́́𝑦(𝑥𝑥): beam’s bending moment.  

𝑆𝑆(𝑥𝑥) = 𝑀́𝑀(𝑥𝑥) = 𝐸𝐸𝐸𝐸𝑦́́́𝑦(𝑥𝑥): beam’s shear point.  

Applying the SEA transform to Equation (4.14), it implies 

𝐻𝐻𝑐𝑐 �
𝑑𝑑4𝑦𝑦
𝑑𝑑𝑥𝑥4

� =
𝜔𝜔0

𝐸𝐸𝐸𝐸
𝐻𝐻𝑐𝑐{1}  

⇒ −
𝑠𝑠
𝑣𝑣
𝑦𝑦′′′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑦𝑦′′(0) +

𝑠𝑠3

𝑣𝑣3
𝑦𝑦′(0) +

𝑖𝑖𝑠𝑠4

𝑣𝑣4
𝑦𝑦(0) +

𝑠𝑠4

𝑣𝑣4
𝐻𝐻𝑐𝑐{𝑦𝑦(𝑥𝑥)} =

𝜔𝜔0

𝐸𝐸𝐸𝐸
𝐻𝐻𝑐𝑐{1} .             (4.16) 

Applying to Equation (4.16), Equation (4.15) conditions coupled with the following 

unknown conditions obtains 

𝑦𝑦′(0) = 𝐶𝐶1 ,𝑦𝑦′′′(0) = 𝐶𝐶2 . 

Then, we write 

−𝐶𝐶2
𝑠𝑠
𝑣𝑣

+ 𝐶𝐶1
𝑠𝑠3

𝑣𝑣3
+
𝑠𝑠4

v
𝐻𝐻𝑐𝑐{𝑦𝑦(𝑥𝑥)} =

−𝑤𝑤0

𝐸𝐸𝐸𝐸
𝑖𝑖  

 ⇒
𝑠𝑠4

𝑣𝑣4
𝐻𝐻𝑐𝑐{𝑦𝑦(𝑥𝑥)} =

−𝑤𝑤0𝑖𝑖
𝐸𝐸𝐸𝐸

+ 𝐶𝐶2
𝑠𝑠
𝑣𝑣
− 𝐶𝐶1

𝑠𝑠3

𝑣𝑣3
  

         ⇒ 𝐻𝐻𝑐𝑐{𝑦𝑦(𝑥𝑥)} =
−𝑤𝑤0𝑖𝑖𝑣𝑣4

𝐸𝐸𝐸𝐸𝑠𝑠4
+ 𝐶𝐶2

𝑠𝑠𝑣𝑣4

𝑣𝑣𝑠𝑠4
− 𝐶𝐶1

𝑠𝑠3𝑣𝑣4

𝑣𝑣3𝑠𝑠4
  

⇒ 𝐻𝐻𝑐𝑐{𝑦𝑦(𝑥𝑥)} =
−𝑤𝑤0𝑖𝑖𝑣𝑣4

𝐸𝐸𝐸𝐸𝑠𝑠4
+ 𝐶𝐶2

𝑣𝑣3

𝑠𝑠3
−
𝐶𝐶1𝑣𝑣
𝑠𝑠

 . 

Using the SEA integral transform inverse on the concluded equation, we arrive at 
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𝑦𝑦(𝑥𝑥) =
𝑤𝑤0

𝐸𝐸𝐸𝐸(24) 𝑥𝑥
4 + 𝐶𝐶2

𝑥𝑥3

6
+ 𝐶𝐶1𝑥𝑥  

⇒ 𝑦𝑦(𝑥𝑥) =
𝑤𝑤0𝑥𝑥4

24𝐸𝐸𝐸𝐸
+
𝐶𝐶2
6
𝑥𝑥3 + 𝐶𝐶1𝑥𝑥.                

Applying Equation  (4.15) conditions 𝑦𝑦(𝐿𝐿) = 0 , 𝑦𝑦′′(𝐿𝐿) = 𝑦𝑦𝐿𝐿′′ = 0 gives 

𝐶𝐶1 =
𝑤𝑤°𝐿𝐿3

24𝐸𝐸𝐸𝐸
  and  𝐶𝐶2 =

𝑤𝑤°𝐿𝐿
2𝐸𝐸𝐸𝐸

 . 

The deflecting of a beam under uniform load equation to find the shear and bending instant 

at any point is 

𝑦𝑦(𝑥𝑥) =
𝑤𝑤0

24𝐸𝐸𝐸𝐸
𝑥𝑥(𝐿𝐿 − 𝑥𝑥)(𝐿𝐿2 − 𝐿𝐿𝐿𝐿 − 𝑥𝑥2) . 

 

Application 4.4 Using the SEA Integral Transform in Mechanical Engineering 

The SEA integral transform will be utilized to solve a mechanical engineering problem to 

demonstrate the capability of using this transform in such a field.  

Problem 4.4 Figure 4.2 illustrates that a particle P of mass 2 grams travels down the x-axis 

and is pulled towards the origin O by force quantitatively equivalent to 8x. 

 

Figure 4.2 A particle P pulled towards the origin O through the x-axis. 

P O 
X 
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Assuming the particle's initial rest is at 𝑥𝑥 = 10, find the particle position at any succeeding 

time if 

a) There is no other forces intervene. 

b) A damping force equivalent to eight times the instantaneous velocity is applied. 

Solution: 

a) By taking the right direction in Figure 4.2, which is the positive direction, when 𝑥𝑥 > 0, 

then the net force is given by −8𝑥𝑥.  

 

From Newton’s law: net force= (mass)(acceleration), we write 

2
𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

= −8𝑥𝑥 ⇒   
𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

= −4𝑥𝑥 ⇒   
𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

+ 4𝑥𝑥 = 0 .                                                              (4.17) 

 

The initial conditions that are going to be applied are 

 

𝑥𝑥(0) = 10 , 𝑥𝑥′(0) =
𝑑𝑑𝑑𝑑(0)
𝑑𝑑𝑑𝑑

= 0 .                                                                                       (4.18) 

 

By using the initial conditions in Equation (4.18) and applying the SEA transform to Equation 

(4.17), we have 

 

−
𝑠𝑠
𝑣𝑣
𝑥𝑥′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑥𝑥(0) −

𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} + 4𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} = 0  

⇒ −10𝑖𝑖
𝑠𝑠2

𝑣𝑣2
−
𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} + 4𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} = 0  

⇒ �4 −
𝑠𝑠2

𝑣𝑣2
�𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} = 10𝑖𝑖

𝑠𝑠2

𝑣𝑣2
  

⇒
4𝑣𝑣2 − 𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} = 10𝑖𝑖

𝑠𝑠2

𝑣𝑣2
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⇒ 𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} =
10𝑖𝑖𝑠𝑠2

4𝑣𝑣2 − 𝑠𝑠2
= −

10i
𝑠𝑠2 − 4𝑣𝑣2

= 10 �
−𝑖𝑖𝑠𝑠2

𝑠𝑠2 − (2)2𝑣𝑣2
� . 

Then, we get 

𝑥𝑥(𝑡𝑡) = 10𝐻𝐻𝑐𝑐−1 �
−𝑖𝑖𝑠𝑠2

𝑠𝑠2 − (2)2𝑣𝑣2
� = 10 cos(2𝑡𝑡) . 

 

The concluded equation motion graph is demonstrated in Figure 4.3. The cosine signal that 

appeared in the graph has an amplitude (maximum distance from 0) of 10 and a period (cycle 

completing time) of 𝜋𝜋 and a frequency (cycles per second count) of  1
𝜋𝜋
 .  

 

Figure 4.3 A cosine signal. 

b) Considering 

- The damping force would be negative being left directed and given by −8 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

. When x 

and its derivative with respect to t is on the right of 0 and moving to the right (𝑥𝑥 > 0 and 
𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

> 0). 
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- The damping force would be posetive being left directed and given by −8 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

. When 𝑥𝑥 

and its derivative with respect to 𝑡𝑡 is on the left of 0 and moving to the left  

       (𝑥𝑥 < 0 and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

< 0). 

- Also, damping force equals −8 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 for 𝑥𝑥 > 0, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

< 0 and  𝑥𝑥 < 0 , 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

> 0, and since net 

force = (Mass) (Acceleration), 

 

or 

 

2
𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

= −8𝑥𝑥 − 8
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 , 

that is, 

 

 
𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

+ 4
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 4𝑥𝑥 = 0 .                                                                                                                 (4.19) 

 

Applying the initial conditions 

 

𝑥𝑥(0) = 10 , 𝑥𝑥′(0) = 0  

and taking into account the SEA transform to Equation (4.19), we obtain 

 

−𝑠𝑠
𝑣𝑣
𝑥𝑥′(0) − 𝑖𝑖

𝑠𝑠2

𝑣𝑣2
𝑥𝑥(0) −

𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} + 4𝑖𝑖

𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} − 4

𝑠𝑠
𝑣𝑣
𝑥𝑥(0) + 4𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} = 0 

⇒ −𝑖𝑖
𝑠𝑠2

𝑣𝑣2
(10) −

𝑠𝑠2

𝑣𝑣2
𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} + 4𝑖𝑖

𝑠𝑠
𝑣𝑣
𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} − 40

𝑠𝑠
𝑣𝑣

+ 4𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} = 0  

⇒ �
−𝑠𝑠2

𝑣𝑣2
+ 4𝑖𝑖

𝑠𝑠
𝑣𝑣

+ 4� + 𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} = 10
𝑖𝑖𝑖𝑖2

𝑣𝑣2
+ 40

𝑠𝑠
𝑣𝑣

  

⇒ �
−𝑠𝑠2

𝑣𝑣2
+ 4𝑖𝑖

𝑠𝑠
𝑣𝑣

+ 4� + 𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} =
10𝑖𝑖s2 + 40s𝑣𝑣

𝑣𝑣2
  

⇒ (−s2 + 4𝑖𝑖𝑖𝑖𝑖𝑖 + 4𝑣𝑣2)𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} = 10𝑖𝑖𝑠𝑠2 + 40𝑠𝑠𝑠𝑠  
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⇒ 𝐻𝐻𝑐𝑐{𝑥𝑥(𝑡𝑡)} =
10𝑖𝑖𝑠𝑠2 + 40𝑠𝑠𝑠𝑠

−𝑠𝑠2 + 4𝑖𝑖𝑖𝑖𝑖𝑖 + 4𝑣𝑣2
 . 

Then 

𝑥𝑥(𝑡𝑡) = 10𝐻𝐻𝑐𝑐−1 �
𝑖𝑖𝑠𝑠2 + 4𝑠𝑠𝑠𝑠

−𝑠𝑠2 + 4𝑖𝑖𝑖𝑖𝑖𝑖 + 4𝑣𝑣2
�  

⇒ 𝑥𝑥(𝑡𝑡) = 10𝐻𝐻𝑐𝑐−1 �
i𝑠𝑠2 + 4𝑣𝑣𝑣𝑣
(𝑖𝑖𝑖𝑖 + 2𝑣𝑣)2

�. 

Finally we find 

  

𝑥𝑥(𝑡𝑡) = 10𝑒𝑒−2𝑡𝑡 + 20𝑡𝑡𝑒𝑒−2𝑡𝑡 . 

 

Figure 4.4 shows the relationship between 𝑥𝑥 and 𝑡𝑡. It shows a non-oscillatory motion, where 

the particle approaches but never makes contact with O. 

 

Figure 4.4 The relationship between 𝑥𝑥 and 𝑡𝑡. 
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5. CONCLUSIONS AND RECOMMENDATION 

The proposed SEA integral transform is a new integral transform that changes the ZZ 

transform kernel by incorporating the complex parameter. To get a better grasp of the 

required qualities, the SEA integral transform properties were illustrated by applying them 

to basic functions and derivatives, which were supplemented with practical examples. The 

efficiency and capability of the SEA transform to handle practical applications have been 

demonstrated by using it to solve some important ordinary differential equations applications, 

such as Newton's law of cooling, the problem of a hinged beam that deflects under a uniform 

load, the growth and decay problem, and a mechanical engineering problem. 
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