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ABSTRACT

NUMERICAL SOLUTIONS OF BOUNDARY VALUE
PROBLEMS; APPLICATIONS IN FERROHYDRODYNAMICS
AND MAGNETOHYDRODYNAMICS

SENEL, PELIN
Ph.D., Department of Mathematics

Supervisor : Prof. Dr. Miinevver Tezer

OCTOBER 2017, pages

In this thesis, steady, laminar, fully developed flows in pipes subjected to a
point magnetic source or uniform magnetic field are simulated by the dual reci-
procity boundary element method (DRBEM). The Navier-Stokes and energy
equations are solved in terms of the velocity, pressure and the temperature of
the fluid which are all of the original variables of the problem. The missing
pressure equation is derived and pressure boundary conditions are generated
by a finite difference approximation and the DRBEM coordinate matrix. Fun-
damental solution of Laplace equation is made use of to convert the nonlinear
partial differential equations into the boundary integral equations. The terms
other than Laplacian are approximated by a series of radial basis functions. The
nonlinearities in the governing equations are easily handled by the use of the
DRBEM coordinate matrix. The influence of the point source magnetic field
on the Ferrohydrodynamics (FHD) Stokes, incompressible, and forced convec-

tion flows are investigated first. The interaction between the buoyancy force,



magnetization force and the viscous dissipation is discussed. Then, the effect
of multiple point magnetic sources on the FHD incompressible flow is studied.
DRBEM simulations of Magnetohydrodynamics (MHD) pipe flow and the flow
between parallel infinite plates with slip velocity conditions are also presented.
The coupled momentum and magnetic induction equations are combined and
solved without an iteration. This process provides the nodal solutions in one
stroke both on the boundary and inside the problem domain. The importance
of the thesis study is in the fact that it is the first DRBEM application to FHD

flow under point magnetic source and MHD flow with slip walls.

Keywords: Fluid Mechanics, Ferrohydrodynamics, Magnetohydrodynamics, Dual
Reciprocity Boundary Element Method, Slip Boundary Condition
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0z

SINIR DEGER PROBLEMLERININ NUMERIK COZUMU;
FERROHIDRODINAMIK VE MAGNETOHIDRODINAMIKTE
UYGULAMALAR

SENEL, PELIN

Doktora, Matematik Boliimii

Tez Yoneticisi : Prof. Dr. Miinevver Tezer

Ekim 2017 , sayfa

Bu tezde, kanallardaki zamandan bagimsiz, laminer, tam gelismig, noktasal man-
yetik kaynak veya diizgiin manyetik alan etkisi altindaki akigin kargilikli sinir ele-
manlari metodu (DRBEM) kullanilarak simiilasyonu yapilmigtir. Navier-Stokes
ve enerji denklemleri hiz, basing ve sicaklik cinsinden ¢6ziilmiis ve boylece tiim
orijinal problem bilinmeyenleri elde edilmigtir. Fiziksel olarak kayip basing denk-
lemi elde edilmis ve sonlu fark yontemi ile DRBEM koordinat matrisi kullanila-
rak basing icin sinir kosullar: iiretilmistir. Lineer olmayan kismi tiirevli denklem-
ler, Laplace denkleminin temel ¢6ziimii kullanilarak sinir integral denklemlerine
doniistiiriilmiistiir. Laplace digindaki terimlere bir dizi radyal baz fonksiyonu ile
yaklagilmigtir. Temel denklemlerdeki lineer olmayan terimler DRBEM koordinat
matrisi ile kolaylikla ele alimmistir. Ik olarak, noktasal manyetik kaynagin Ferro-
hidrodinamik (FHD) Stokes, sikigtirilamayan ve zorlanmig konveksiyon akiglar
izerindeki etkisi incelenmigtir. Kaldirma kuvveti, manyetik kuvvet ve viskoz di-

sipasyon arasindaki etkilegim tartisilmigtir. Daha sonra, birden fazla noktasal
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manyetik kaynagin FHD sikistirilamaz akig tlizerindeki etkisi ¢aligilmigtir. Du-
varlarda kayma kogsulu olmasi durumunda, Magnetohidrodinamik (MHD) kanal
akiginin ve paralel sonsuz plakalar arasindaki akigin DRBEM ile simiilasyonu da
yapilmigtir. Momentum ve manyetik indiiksiyon denklemlerinden olugan sistem,
birlestirilmis ve iterasyon olmadan coziilmiistiir. Bu yontem problemin tanim
bolgesinde ve sinirinda noktasal ¢oziimlerin bir seferde elde edilmesine olanak
saglamigtir. Tez caligmasinin 6nemi, siir elemanlar: yéntemi ile manyetik kay-
nak etkisindeki Ferrohidrodinamik akig ve kayma sinir kogulu ile Magnetohidro-

dinamik akis problemlerinin ilk defa ¢6ziilmiis olmasidir.

Anahtar Kelimeler: Akigkanlar Dinamigi, Ferrohidrodinamik, Magnetohidrodi-

namik, Kargilikli Sinir Elemanlar1 Metodu, Kayma Sinir Kogulu
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CHAPTER 1

INTRODUCTION

A boundary value problem is a coupled system, consisting of differential equa-
tions together with boundary conditions for the unknowns. Many problems aris-
ing in fluid dynamics, magnetohydrodynamics, ferrohydrodynamics and thermo-
dynamics are modeled in terms of boundary value problems.

Fluid dynamics is a discipline concerned with motion of fluids. Fluid is a mate-
rial that deforms continuously when influenced by a shear stress (force per unit
area) of any magnitude such as gases, plasmas and liquids [I]. It is possible to
find an application of fluid dynamics almost every area in our daily lives, such as
blood flow through arteries, water flow through rivers, hurricanes, air flow over
planes or cars. All engineering disciplines require some expertise in the area of
fluid mechanics [2]. The analysis of fluid motion is considerable in the designs
of airplanes, turbines, valves and in transport systems.

The interaction of the fluid with the magnetic field or electromagnetic field is
made use of in nuclear fusion, high speed noiseless printing and transformer
cooling. Magnetohydrodynamics (MHD) theory deals with the influence of the
applied magnetic field on the flow of electrically conducting fluids (water, liquid
metals). The interaction of the fluid with the magnetic field takes place and
the investigation of the fluid motion stands the simultaneous consideration of
the fluid mechanics and the electromagnetic field equations. Ferrohydrodynam-
ics (FHD) is an area dealing with the mechanics of electrically nonconducting
fluids subjected to magnetic effect. The body force acting on the fluid is due
to the polarization force. There are several types of magnetic fluids in FHD. In
general, a ferrofluid is homogeneous fluid composed of magnetic nanoparticles

(e.g. iron, nickel) coated by a molecular layer of a dispersant and a carrier fluid



[3]. Blood, mineral oil or paint flows are also investigated under the FHD the-
ory. Micromechanical system (MEMS) devices are one of the most important
applications of ferrofluids where the flow control is a critical factor. The use
of ferrofluids in electronic packing, aerospace and microscaled heat exchangers
makes it a novel technology branch.

Fluid motion and its thermal characteristics under the influence of magnetic
field are described by continuity, momentum, energy and magnetic induction
(if the fluid is electrically conducting) equations which are coupled, nonlinear
partial differential equations. The solution of full system of equations requires
a numerical approach. Computational fluid dynamics (CFD) is a field using the
data structures or numerical analysis to solve fluid dynamics problems. There
are quite a number of numerical methods that are used to simulate the flow
behavior such as finite difference method (FDM), finite element method (FEM),
boundary element method (BEM) and finite volume method (FVM). Among
these the BEM is the one which requires only the boundary discretization. It
transforms the partial differential equations into the boundary integral equa-
tions by the use of fundamental solutions. Hence, the resultant matrix-vector
equation is small in size when compared to other domain type discretization
methods. The dual reciprocity boundary element method (DRBEM) is used
to approximate the inhomogeneities in the equations by a series of radial basis
functions. It is the most suitable boundary nature method when the partial dif-
ferential equation involves time derivative, convection and some nonlinear terms.
The DRBEM coordinate matrix, consisting of the radial basis functions, is es-
tablished once and easily handles the nonlinearities in the equations. It is made
use of in the approximation of the spatial derivatives of the unknowns and even
in the approximation of the pressure boundary conditions.

In this chapter, fundamental equations of the fluid dynamics and magnetohydro-
dynamics are introduced. The governing equations for the FHD and MHD flows
are presented in terms of the primitive variables (velocity-pressure formulation).
The derivation of the pressure equation is given. Previous studies on the thesis
subject and the originality of the thesis are discussed. Then, the plan of the

thesis is explained.



1.1 Fluid Dynamics Equations

In this section, momentum equations describing the fluid motion, energy equa-
tion allowing the temperature difference in the fluid and the magnetic induction
equations introducing the induced magnetic field in the fluid environment are

presented.

1.1.1 Continuity Equation

The differential continuity equation is derived from the conservation of mass
law. To derive the equation an infinitesimal volume element is taken from the
flow region. The total change of the mass in this volume element must be equal
to the difference between the mass flows in and the mass flows out from the

element. This is expressed as [2]

dp dp ap ap ou Ov Ow
90 L wlP P L 2P (T T Ty 1.1
o T ar T, Ve, TP et T ) 0 (1.1)

where V = (u,v,w) is the fluid velocity field, ¢ denotes the time and p is the
density of the fluid.
To simplify the notation define the material derivative (corresponds to the rate

of change at instantaneous time)

D_o 0 00 i
Dt ot Yor oy Vo ‘

and the divergence operator

g. 0. 0
V—%I—Fa—yj—i-&k (13)

with unit coordinate vectors i, j and k. Then, the continuity equation becomes

Dp
N . p— 1.4
D1 +pV-V=0 (1.4)

which reduces to

V-V=0 (1.5)
for an incompressible (constant density) fluid.
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1.1.2 Momentum Equations

The continuity equation is not enough to determine the velocity and the pressure
of a fluid motion. Momentum equations together with initial and boundary
conditions are required for a well-defined fluid flow. The momentum equation is

derived from the conservation of momentum law as |2, [4]

DV
Dt

for an incompressible flow. Here, P, i and g denote pressure, dynamic viscosity

= VP +uV*V + pg + (1.6)

and the gravitational field; respectively. The viscosity is the internal stickiness
of the fluid and results in shear stress within the flow. The left-hand side of the
momentum equation presents the momentum of the fluid and the right-hand side
contains, respectively, the pressure gradient, the viscous forces, the gravitational
force and an additional force. In this thesis, magnetization force f = ygMV H,
and the Lorentz force f = j x B are considered as additional forces. Here, j and
B are the electric current density and the induced magnetic field, and M and
H are the magnetization and magnetic field strengths, respectively. p is the
magnetic permeability of vacuum. In electrically conducting fluids Lorentz force
dominates the magnetization force whereas in electrically nonconducting fluids

the leading additional force is the magnetization force. The operator
0? 0? o?
“ 2 T o Tz

is the Laplacian. The differential momentum equations are called the Navier-

V2 (1.7)

Stokes equations.

1.1.3 Energy Equation

The differential energy equation for an incompressible fluid is obtained by the

application of the conservation of energy and the Fourier laws in a control volume

151 o7

— = kV*T 1.8
where ¢, and k are the specific heat and the thermal conductivity of the fluid.
Energy equation may attain some additional terms when the temperature of the

fluid is influenced by external forces.



1.1.4 Magnetic Induction Equations

The magnetic induction equation describes the temporal alternation of the in-
duced magnetic field B owing to diffusion V?B, advection (V - V)B and field
intensity sources (B-V)V. The magnetic induction equation is derived through
Ohm’s law and Maxwell equations using the fact that fluid is incompressible and
B is selenoidal (i.e. V-B =0).

Ohm’s law represents the current density in a moving conductor [6]
j=0E+V xB). (1.9)
The combination of Ampere’s and Faraday’s laws gives the Maxwell equations

VxH=j (1.10)

0
E=——(uH 1.11
V X E =~ (uoH) (111)

where displacement currents are negligible and E, H are the electric field and
the magnetic field, respectively. B = poH and o is the electrical conductivity of
the fluid.

Applying curl operator (V x .) on Ohm’s law, substituting E and j from the
Maxwell equations and assuming B is selenoidal the magnetic induction equation

is obtained for the incompressible fluids as [6]

OB 1,
EnL(V-V)B—MO—UV B+ (B-V)V. (1.12)

1.2 FHD Stokes Flow

Stokes flow is an incompressible viscous flow in slow motion. Study of slow and
viscous flow in a pipe with moving boundaries provides useful information on
flow behavior in distributive mixing, which has many industrial and engineering
applications [7, 8]. A flow containing very small particles moving in the fluid,
for example settling of dust particles and the swimming of microorganisms are
considered as Stokes flow. Fluid flow through small cracks or channels (ground
water or oil) such as in hydrodynamic lubrication or the seepage in sand or rock

formations are other examples of Stokes flow. The flow of high-viscosity fluids
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may also be described as Stokes flow, for example, the extrusion of melts, trans-
port, of paints, heavy oils or food-processing materials. Stokes flow equations
are a subset of incompressible flow equations whose nonlinear convective terms
are negligibly small. For the solution of Stokes flow three formulations are well
known: these are in terms of primitive variables as velocity-pressure, stream
function-vorticity and velocity-vorticity forms. In this thesis, Stokes flow equa-
tions are considered together with the magnetization force terms coming from
the FHD theory. A pressure equation is derived and an approximation for the
pressure boundary conditions is generated through the DRBEM coordinate ma-
trix.

We consider the two-dimensional, steady (time independent), laminar flow of an
incompressible, electrically non-conducting, magnetizable fluid in a long imper-
meable pipe with square or circular cross-section (cavity). The fluid is pumped
within the pipe due to a constant pressure gradient in the pipe-axis direction.
The flow is fully developed, in other words, the flow behavior remains the same
in each cross-section perpendicular to the axial direction. The flow is under the
influence of the magnetic field generated by a thin wire carying electric current.
The governing equations of the fluid flow are from the case of ferrohydrodynam-
ics [3]. Continuity and momentum equations defining the two-dimensional flow
in terms of dimensional velocity V= (@, v,w) and pressure P are given by

ou 0v

5% 50 (1.13)

ou _Ou 10P Pu  Pu,  poMOH

ov _0v 10P v 0%, poM OH
g 5 = — 1.15
E T e e taE) T T, 5 (1.15)
Ow _Ow 10P Pw  O*w

where v, H and M are the kinematic viscosity, the magnetic field strength and
the magnetization, respectively. M = yH where Y is the magnetic susceptibility
of the fluid. The additional force terms in the momentum equations are the
components of the magnetization force. The magnetization force in the z—

(axial) direction vanishes due to the problem configuration. On the cross-section
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of the pipe the wire acts as a point magnetic source.

In fully developed flows pressure is split as [9]

P(z,y,z) = Pi(2) + p(Z,7) (1.17)
and _ _
orP 0P
5 P, = constant . (1.18)

The components of the magnetic field H are [10]

(@ @)+ (Y — a)?’ Voo (z—ay)? + (Y — ap)?

(1.19)

where (a7, dy) denotes the place of the point source, (z,¢) is any point inside
the cavity and I is the current carried by the wire. For square cavity (di, dz) =
(h/2,—¢) and for circular cavity (di,d2) = (0, —h — ¢) with ¢ being the closest
distance from the point source to the cavity. The magnitude of the magnetic

field (magnetic field strength) is given by
_ — _ 1 1
Hz,y) =\/H, + H> = — . (1.20)
b - a) (- @)

Introducing non-dimensional variables H = H/Hy, © = z/h and y = §/h, the

magnetic field strength in non-dimensional form is obtained for a square cavity

as
|as|
V(@ —a)? + (y — az)?
and for a circular cavity as
_ ]
H(z,y) = (1.22)

V(e —a)?+ (y — az)?
where (a1, as) = (a1/h,ay/h), h is the height of the square cavity and the radius
of the circular cavity, Hy is the magnetic field strength at (h/2,0) for square and
(0, —h) for circular cavity. ¢ = ¢/h.

When the flow is slow or the fluid is highly viscous, Reynolds number depending
on the axial velocity of the fluid is very small. Introducing non-dimensional

variables

P



where U is the characteristic velocity, the non-dimensional governing equations
in terms of velocity (u,v,w) and the pressure p(z,y) are obtained

ou Ov

or "oy

ou Ou,  0Jp v O*u,. Mn_ OH

~0 (1.24)

ov ov,  oOp 0% v, Mn OH
Re(ua—x Ua—y> == —a—y—F(@—f‘a—yQ)—i-EHa—y (1.26)
ow ow 82w 02

where non-dimensional parameters Re and Mn are the Reynolds number and
the magnetic number, respectively, defined as

Uh HZ2h?
Re=—, Mp=1X00 (1.28)
v v2p

In the case of Stokes flow, Re << 1 and convection terms in the momentum

equations are neglected. Then, we have

ou Ov

A 1.2
o + 3y 0 (1.29)
dp 0H
2 _ —_——— —
Vu = e MH e (1.30)
dp OH
2 _— —— —
Vi = ay mH (1.31)

where M = Mn/Re.

The z— momentum equation is not coupled with the others and depends on the
pressure gradient P, only for the Stokes flow. Thus, the axial velocity is not
affected by the magnetization force and this equation will not be considered in
the Stokes flow.

In this thesis, our aim is to simulate the flow in terms of original variables;
velocity and the pressure. The equation for pressure p(x,y) is obtained by
taking the derivative of equation (|1.30) with respect to x and the derivative of
equation ([1.31)) with respect to y, and adding them. Then, using the continuity
equation pressure Poisson equation becomes

Vip = 1\4(((?9—[;)2 + (%I;) + HV*H) . (1.33)
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In order to visualize the flow patterns in the cavity, stream function for two-

dimensional flow is introduced

ov ov
U=—— UV=——— 1.34
dy ox ( )
which satisfies the continuity equation automatically. Then, the stream function

equation is obtained as

VW = — — — . (1.35)

Equations (1.30])-(1.33) and ([1.35]) together with the Dirichlet type no-slip bound-

ary conditions (the velocity of the fluid is equal to the velocity of the boundary
at the fluid-solid interface)

U(ZL‘, y) = Uy, U(%y) = Up, p(‘r’ y) = Db, \IJ(ZL‘, y) = lIIb (136)

define the FHD Stokes flow problem. The equations are discretized with BEM
or the DRBEM and solved iteratively. The test problems, the numerical solution

procedure and the derivation of the pressure boundary conditions are explained

in detail in Chapter [3] Section

1.3 FHD Incompressible Flow

This problem is a generalization of FHD Stokes flow case. Incompressible fluid
flow subjected to a uniform or non-uniform (e.g. point magnetic source) mag-
netic field has wide range of applications in engineering and medicine. Flow
in cooling and insulating systems, ferrofluid seals, audio speakers, material sep-
aration, solenoids, domain detection systems, sensors and switches are some
examples of FHD incompressible flow.

In this thesis, the FHD incompressible, steady flow is considered in pipes with
square and circular cross-sections and in annular pipes. The influence of a mag-
netic field generated by multiple point magnetic sources is also studied. In these

studies velocity-pressure formulation is used for modeling the problem.

Introduce the following non-dimensional variables for the equations ([1.13))-(1.16])

z 7 z ah oh wh Ph? " H

r = — = — z = — u = — V= — w = — _ — —_ —
h? y h? h? I/ ) I/ ) ]/ M) pr ) HO
(1.37



and split the pressure as in (1.17) and (1.18). Then, non-dimensional equations
modeling the incompressible flow under the influence of point magnetic source(s)

are

% + Z—Z =0 (1.38)

Viu = g—i + u% + vg—z - MnH%—Z (1.39)
V%z?—i%—u%%—vg—Z—MnH%—Z (1.40)
Viw = P, + ug—i + UZ_Z (1.41)

where Mn is the magnetic number as defined in equation . In this problem,
the axial velocity profile changes according to the magnetization force. Thus,
the influence of the magnetization force on the axial velocity profile is also taken
into account. Pressure and the stream function equations are found similarly to

the Stokes flow case including the convection terms

oH oH ou ov ov %

Veip = Mn((5-)" + () + HV?H) — ()" - (a—y)2 (1.42)

ox Jy ox - “ox dy
ou Ov
2q . U OV
VU = 9y or (1.43)

The FHD incompressible flow problem is considered with the no-slip boundary

conditions

u(r,y) =up, v(@,y)=vy, w(x,y)=wy plz,y)=p, ¥Y(z,y)="7,.
(1.44)
Numerical solution procedure of the FHD incompressible flow problem is more
complicated than the FHD Stokes flow problem due to the nonlinear convection
terms. Section and Section of Chapter [3] express the approximation of
the pressure boundary conditions and the iterative solution procedure as well as

the numerical results for various flow configurations.

1.4 FHD Forced Convection Flow

A forced convection flow occurs in the presence of an external forcing condition.

For example, when the fluid is driven by a fan or pump, or a solid is dragged
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through the fluid [5]. Biomagnetic fluid dynamics (BFD) is the area, investigat-
ing the biological fluid dynamics in the presence of magnetic fields. Biomagnetic
fluid is a living material which is influenced by an applied magnetic field such
as blood. The magnetization property of blood comes from the cell membrane
and the hemoglobin molecule, iron-based protein, carried by the red blood cells
[11]. An externally applied magnetic field change the flow and the heat transfer
characteristics of blood significantly. The mathematical formulation of BFD is
similar to the case of FHD. There are various applications of magnetic fields
in medicine and bioengineering. For example, cell separation devices [12], drug
targeting [I3], magnet therapies [14], hypothermia treatment of cancer tumors
[15] and reduction of bleeding during surgeries.
Consider a fully developed, steady flow of biomagnetic fluid in a long imperme-
able pipe with square or circular cross-section. The fluid is driven by a constant
pressure gradient P, along the axial direction. The flow and the heat transfer
in the pipe are affected by magnetization and buoyancy forces. Magnetization
force is generated by a long wire carrying electric current placed ¢ units below
and parallel to the axis of the pipe. Buoyancy force occurs due to the tempera-
ture differences between the walls of the pipe and the gravitational acceleration.
Being a fully developed flow the problem is considered in the two-dimensional
cross-section of the pipe and in this case the electric wire serves as a point mag-
netic source as in FHD incompressible and Stokes flows. There is a longitudinal
heat transport, but isotherms have the same profile on each cross-section of the
pipe [16]. Magnetization, buoyancy forces and the constant pressure gradient in
the axial direction develop a forced convection flow in the cavity. The axial ve-
locity can be separately obtained with the computed plane velocity components.
The governing equations in dimensional form are given by continuity, momen-
tum and the energy equations in terms of pressure P, velocity (u,v,w) and the
temperature T of the fluid which are two-dimensional in the cross-section of the
pipe [17]

% + g—; =0 (1.45)

_ou _oOu 19P 0?u  0*u +MOMT(9ET

u%+va_gj__,58:f:+y(8f2+ag2) p 0%

(1.46)
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_Ov O 10P 0?v 0% N poMr OH _

b = - T-T,
Yor "oy T ooy et 02 p 0y b a)
00 0w __1815+V(82w+82w)
Yor "oy T poz oz Oy?
or — oT _OMr, OH _OH o*T  9*T
I L) = Tl (g 4= el iiiall
pcp(uaf+vag> Hot"oT (u8z+vag)+k(aﬁ+ag2)
ou ov ov  ou
2==)? +2(%=)2 + (== + =) .
+ul2(52) <8g) +(ai,+ag)]

(1.47)

(1.48)

(1.49)

where 3 is the thermal expansion coefficient of the fluid, and ¢ is the magnitude

of the gravitational acceleration. My = YH(T. — T) is the magnetization de-

pending on the temperature this time and 7T is the Curie temperature of iron.

My OH MrOH
The terms Ho Ta— d’uD 0

oz " p 0y

—— are the components of the magnetization

force so called Kelvin force. g3(T — T.,q) is the buoyancy force, where T,y is

the temperature of the cold wall. The second term in the energy equation is the

heating due to magnetization and the last term is the viscous dissipation which

is a heat source caused by the friction between the fluid particles.

Splitting the pressure as in ((1.17) and (1.18)) and introducing the non-dimensional

variables
T 7 z ah oh wh
€r = — = — Zz = — u = — v = — w = —
Y Tw e YT ’ v
P h? B H T_ T —T.oa
,0V2 ’ H07 Thot - Tcold

the governing equations in non-dimensional form are obtained as

ou o0,
or Oy
dp ou ou OH
2 0P o, 74 _ -
Vu-az—l—uax—i-vay Mn(T. T)Hﬁx
dp ov ov O0H Ra
20 =P 0 0% N, - Ty~
Vi 8y+u8$+vay n(Te ) oy Pr
ow ow
2 L2
Vw—Pz—l—uax—l—vay
oT oT 0OH 0OH
2 — .= R T _ -
VT = Pr(uax—i—vay) MnEcPr(e+T)H(ua$+vay)
Ju v v Ou
—EcPr(2(=)* 4 2(=—)? —+—)?).
Pr(2(G) + A5 + (g + 500)
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The pressure equation is derived using a similar procedure to the FHD Stokes

flow problem

Ra 0T ou ov ov du
2 2 2
Vp = —— — ()2 — (=) —2——

Pr oy (83:> (8y) ox Oy

or oH 0T O0H

O0H., OH., ,

The stream function equation is also added to the system of equations and solved
VW = — — —. (1.57)

The non-dimensional parameters entering the problem are

_ MOXH(? (Thot - T‘cold)h2

Mn oy (Magnetic number) (1.58)
Pr= % (Prandtl number) (1.59)
T ot — Tco h3 .
Ra = 906, (T tk ) (Rayleigh number) (1.60)
v
€= _ Tews (Temperature number) (1.61)
Thot - Tcold
2
Ec (Eckert number) . (1.62)

- h2cy(Thot — Trota)
Magnetic number expresses the ratio of the magnetic forces and the inertia
forces. Prandtl number is the ratio of the momentum and thermal diffusivities.
Rayleigh number is the product of the Grashof number and the Prandtl number
where Grashof number denotes the ratio of the buoyancy forces to viscous forces.
Eckert number defines the kinetic energy of the flow relative to the boundary
layer enthalpy difference.

Dirichlet type boundary conditions are valid for the velocity, pressure and stream

function

U(Q?, y) = Uy, U(xay) = Uy, U)(I, y) = Wy, p(xa y) = Db, \I/(Q?, y) = \Ilb (163)

for the temperature Neumann or Dirichlet type boundary conditions are used

oT

T(x,y) =T, or o= T, (1.64)
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where 0/0n is the derivative in the direction of unit outward normal n to the
boundary. Physically, if T,, = 0, then the corresponding boundary is called the
adiabatic wall (i.e., the wall is thermally insulated). The flow configurations for

the test problems, the numerical solution procedure and results are presented in

Section [3.4] of Chapter [3]

1.5 MHD Duct Flow with Slipping Velocity Condition

The analysis of MHD flow behavior in pipes has considerable importance due
to its wide range of applications in engineering and industrial processes such as
pumps, cooling systems in nuclear reactors, generators, flow meters and trans-
port control. Finding the exact solution of the problem is possible only for some
special cases with no-slip boundary conditions [I§].

We consider a fully developed, steady, pressure driven flow of an electrically con-
ducting fluid in a rectangular pipe (duct). The flow is subjected to a horizontally
applied uniform magnetic field Bg = Byex. The problem is governed by the mo-
mentum and the magnetic induction equations. Being a fully developed flow
both the velocity and the induced magnetic field vary only on the cross-section
of the pipe (xy—plane). The dimensional form of the equations in terms of the
velocity V = (0,0, V(Z,¥)) and the induced magnetic field B = (By,0, B(z, %))
are obtained through momentum and magnetic induction equations and Am-

pere’s law (equation (1.10)) [6]

O’V 0V, BydB 9P
pV(W—Fa—W)—FE% = % (165)
1 0°B 0B oV
oo T o )+ Byg—=0. (1.66)

The system of equations consists of only the third components of the momentum
and the magnetic induction equations. The last term on the left-hand side of
the momentum equation is the Lorentz force which occurs due to the
electrical conductivity of the fluid.

Introducing non-dimensional variables

B

B=—— 1.67
Voror/o (1.67)

\%
= V:—
Y y Y "/E)?

| s
<
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where L is the half-height of the duct and V; = —LQ(%)/;L, one gets the di-

mensionless form of the MHD equations describing the MHD pressure driven

flow
V2V + Hag—f =1 (1.68)
V2B + Hag—‘; =0. (1.69)
In the system of equations Ha is the Hartmann number defined as
Ha = DLVE (1.70)

N

and corresponds to the ratio of electromagnetic force to viscous force.
Mixed (Robin) type boundary condition is valid for the velocity in the case of
slip at the walls

A%

F 1.71
V+ozan 0 (1.71)

where « is the dimensionless slip length. The physical details of the slip bound-
ary condition are given in Chapter [4l

Either Dirichlet or Neumann type boundary conditions are employed for the
induced magnetic field

OB

B(z,y) =B, or T B, . (1.72)

If B, = 0, then the pipe wall is electrically insulated. If B,, = 0, then the wall

is perfectly conducting.

1.6 MHD Flow Between Parallel Infinite Plates with Slipping Veloc-
ity Condition

The flow of electrically conducting fluid between two parallel infinite conducting
plates is called the Hartmann flow. The simulation of Hartmann flow provides
practical information for the designs of space propulsion, liquid metal mixing
and MHD generators.

In this problem, the MHD flow between two parallel infinite plates is considered
under the effect of vertically applied magnetic field (Bg = Bpey). The fluid

is viscous, incompressible, electrically conducting and the flow is laminar and
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steady. The equations describing such flows are the same as those of MHD duct

flow with zero pressure gradient and with its horizontal walls tending to infinity

[6] o )
PV PV, BydB

LYy DodD 1.
py(&iQ + e )+ o 07 0 (1.73)
1 0°B 0’°B oV

Bh— =10 . 1.74

e 85:2+8g2)+ a5 =V (1.74)

where V(z,7) and B(Z,y) are the third components of the velocity and the
magnetic induction fields. The plates contain either point or line electrodes
symmetrically placed at the center of the plates. The fluid motion is generated
from the interaction of the electrically conducting fluid with the imposed electric
current travelling between the plates and the external magnetic field.

In this problem, electric potential between the infinite plates is also computed.
Since the electric field is irrotational (V x E = 0), it is expressed in terms of a

scalar electric potential ®(z,7) as
E=-Vd. (1.75)
Then, by the equation (1.9) (i.e. j = o(E +V x B)) one gets
j=0(-V®+V xB). (1.76)

Taking divergence of both sides and using equation ((1.10) (i.e. V x H = j) the
electric potential equation is obtained
9*® %0 ov
— 4+ —+By—=0. 1.77
oz "o T oz (L.77)

d

The variables defined in the equation ((1.67)) and ® = o where &, = LV{B,
0

are used to obtain the non-dimensional form of the equations (1.73), (1.74) and

(7D as

OB
2 Hao— = 1.
VeV + a@y 0 (1.78)
oV
B+ Hao— = 1.
VB + aay 0 (1.79)
oV
24+ —=0. 1.
VIR 4 o =0 (1.80)



The boundary conditions for the slipping velocity and the induced magnetic
field are similarly imposed as in the case of MHD duct flow with slipping ve-
locity (Section [1.5). Neumann type boundary condition is valid for the electric

potential
od
on
where ®,, = +1 at y = £1 on the electrodes placed in the middle of the plates

D, . (1.81)
and ®,, = 0 outside the electrodes.

1.7 Helpful Identities and Numerical Techniques

In this section, some mathematical identities and the numerical techniques that

are mentioned throughout the thesis are recalled.

1.7.1 Green’s First Identity

Let v and v be scalar functions defined on some region U € R? and suppose that

u is twice and v is once continuously differentiable. Then,

/(UV2u+VvVu)dA:/ v%dl (1.82)
U ou On

where OU is the boundary of the region U and n is the outward unit normal.

1.7.2 Gauss-Legendre Quadrature Method

If fis 2n times continuously differentiable the Gaussian formula on [—1,1] is

given by [19]
/1 f(z)dx ~ ijf(xj) (1.83)

where the nodes z;’s are the zeros of the n—th degree Legendre polynomial P,

on [—1,1] and

-2
w; = for j=1,2,...,n. 1.84
= s )P P (1) J (1.84)
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The degree of precision for the integration formula is 2n — 1 and the error is
given by

2(2n+1) (n|)4 f(2n)(n)

2n +1)[(2n)12" (2n)! (185)

B = | J@de=D wif(z) =

for some —1 < 7 < 1. The integrals on some finite interval [a, b] can be reduced

to an integral on [—1, 1] by using a linear change of variables.

1.7.3 Gaussian Elimination with Pivoting

Gaussian elimination is the basic algorithm for solving linear equations of type
Ax = c, [20].

In this algorithm first the matrix A is factorized as A = PLU where P, L
and U are permutation, unit lower triangular (with the ones on the diagonal)
and nonsingular upper triangular matrices, respectively. Then, x is solved as
x=UYL P lc).

If A is nonsingular, then there exist permutations P; and P5, a unit lower
triangular matrix L and a nonsingular upper triangular matrix U such that
P;AP,; = LU. Only one of P; and Py are necessary. (P;A reorders the rows
of A and AP, reorders the columns of A.)

If at the step ¢ of Gaussian elimination, where the ¢—th column of L is computed,
the rows are reordered such that the largest entry in the column is on the
diagonal, then this is called the Gaussian elimination with partial pivoting.

If at the step i, the rows and the columns are reordered such that the largest
entry in the matrix is on the diagonal, then this is called the Gaussian elimination

with complete pivoting.

1.8 Literature Survey

The study of the flow under the effect of a magnetic field has many industrial
and medical applications such as food-processing, hydrodynamic lubrication,
cell-separation devices, reduction of bleeding during surgeries, cooling and insu-

lating systems. Application of a uniform or point source magnetic field on the
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incompressible flows in pipes changes the flow behavior and induces magnetic
field inside the fluid. Thus, it is possible to extract usable electrical energy and
heat outside which is the basis of MHD generators, pumps and some medical

instruments in bioengineering.

The flow of fluids are modeled by the continuity and the momentum equations
resulting from the conservation of mass and momentum laws, respectively. If
the fluid is highly viscous or the flow is in slow motion, Stokes flow, the assump-
tion Re << 1 is valid and the momentum equations are simplified. 2D and 3D
Stokes flows were considered by Young et al. [2I] in a lid-driven square and
cubical cavities using the method of fundamental solutions (MFS). They dis-
cussed also the effect of the number of source points and their locations on the
numerical accuracy. Kutanaei et al. [22] investigated Stokes flow in a circular
cavity using mesh-free local radial basis function-based differential quadrature
method (RBF-DQ) which enables to approximate derivatives also at irregularly
distributed points. Chen et al. [23] developed a new method for the Stokes
flow in pipes with circular boundaries. They expanded the boundary densities
in the boundary integrals in terms of Fourier series, and kernel functions to
degenerate kernels. Thus, the improper integrals were transformed into series
sum and were easily calculated. The method of approximate particular solutions
using integrated radial basis functions was used for solving the 2D Stokes cavity
and step flows by Bustamante et al. [24]. Kreeft and Gerritsma [25] applied
mimetic discretization spectral element method to the mixed formulation of the
Stokes problem in terms of vorticity, velocity and pressure. Stokes flow in a
rectangular cavity with moving lids and a (rotating) cylinder at the center were
investigated by Galaktionov et al. [26]. They implemented a general analytical
method of superposition. Applications were in 2D and 3D lid-driven rectangular
and triangular cavities and flow around a cylinder with a pointwise divergence

free solution.

The first investigations on the fluid flow under the magnetic field are due to
Faraday in 1836. MHD is an area combining classical fluid mechanics and elec-

trodynamics. It deals with flows of electrically conducting fluids which are sub-

19



jected to a magnetic field and/or an electric current driven by external voltage
[6]. In MHD, the magnetic field influences the fluid motion and the fluid flow
changes in turn (through Ohm’s law) the magnetic field [I8]. MHD has wide
range of application areas in engineering and industry such as generators, pumps,
stirring and transport control. 2D Stokes flow of an electrically conducting fluid
past a cylinder in a uniform magnetic field was solved by Yosinobu and Kaku-
tani [27]. Sellier et al. [28] gave an analytical approach for solving 2D MHD
Stokes flow produced by the rigid body motion of a solid particle. Hunt and
Williams [29] investigated the flow motion between parallel plates subjected to
an applied magnetic field perpendicular to the planes theoretically and asymp-
totically. Analytical solutions for the magnetohydrodynamic steady flow in an
infinite channel and on a half-plane was developed by Sezgin |30} 31] by reducing
the problem to the solution of a Fredholm integral equation of the second kind.
The electric current within the fluid induces an electric field. Since V x E = 0,
the electric field E can be expressed as E = —V® (negative of the gradient of
an electric potential). Then, V - j = 0 follows a Laplace equation V?® = 0 or a
Poisson’s equation V2@ = —%—‘; when the flow is two-dimensional with the ve-
locity V = (u,v,0) or V. = (0,0,V), respectively. James et al. [32] investigated
the electric potential distribution in the cross-section of an MHD generator by a
finite difference method. They found that, the potential drop at the electrodes
are increasing with higher current densities. Asymptotic and experimental stud-
ies are carried by Hunt and Malcolm [33] to examine velocity, electric current
and electric potential distributions between two circular electrodes of finite di-
ameter when a current is passed between them. Chowdhury et al. [34] detected
electric potential behavior to investigate flow instabilities in liquid metal MHD
duct flows experimentally. Nerguizian et al. [35] derived Fourier series expres-
sions for the electric potential, electric field and dielectric forces between two

electrodes with opposite potentials in a bio-microfluidic channel.

In the case of non-conducting fluid (FHD) no electric current is generated and
the flow is affected only by the magnetization of the fluid under the magnetic
field. The arising force in the equations is due to the magnetization and de-

pends on the existence of a spatially varying magnetic field (e.g. point magnetic
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source). Ferrofluids are suspensions of magnetic nanoparticles coated by a sur-
factant layer and a carrier fluid. The flow of ferrofluids are highly affected
by the non-uniform magnetic fields. Aminfar et al. [30] investigated the hy-
drothermal characteristics of a ferrofluid in a vertical rectangular pipe under the
influence of a point magnetic source using two-phase mixture model and the
control volume technique. A semi-implicit finite element solution of magnetic
gradient and thermal buoyancy induced cavity ferrofluid flow was given by Jue
[37]. Sheikholeslami et al. [38] were studied ferrofluid flow and heat transfer
in a semi annulus enclosure considering thermal radiation. They used control

volume based finite element method (CVFEM) for the numerical simulations.

In some applications, rather than a unique point magnetic source, multiple point
magnetic sources are used to control the flow in pipes. Kenjeres [39] considered
both Lorentz and magnetization forces generated by multiple wires and the flow
simulations were presented for different test cases ranging from a simple cylin-
drical geometry to real-life right-coronary arteries in humans by the use of finite
volume method. He reported that an imposed non-uniform magnetic field could
have created significant changes in the secondary flow patterns which made it
possible to optimize the targeted drug delivery. The flow characteristics and
heat transfer on the ferrofluid flow in channels were investigated using a con-
trol volume technique by Goharkhah and Ashjaee [40] and Sheikholeslami and
Rashidi [4I] considering eight line source dipoles and two magnetic sources, re-

spectively.

BFD investigates fluid dynamics of biological fluids in the presence of a mag-
netic field and the most characteristic biomagnetic fluid is blood. Many scientist
have studied the effect of magnetic field on blood flow. Tzirtzilakis et al. [42]
investigated the fully developed blood flow in a square cavity. They solved the
governing equations with a pressure-linked pseudotransient method. Biomag-
netic fluid flow model is extended by taking into account both magnetization
and Lorentz forces by Tzirtzilakis [4]. Tzirtzilakis and Xenos [43] considered elec-
trically conducting fluid which also exhibits magnetization in a lid-driven cavity.

They used the semi-implicit method for pressure linked equations (SIMPLE) for
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the numerical solution of the problem. The effect of gravitational acceleration
on unsteady biomagnetic fluid flow in a channel under the influence of a spatially
varying magnetic field is investigated by Idris et al. [44] by using pressure cor-
rection method with SIMPLE algorithm. A finite element study of biomagnetic
fluid flow between two parallel plates is given by Morega and Four [45]. Khassan
and Haik [46] studied the biomagnetic fluid downstream an eccentric stenotic
using the finite volume method. They found that based on the location of the
magnetic field the reattachment point downstream the stenotic orifice changes.
A finite element study of nonlinear two-dimensional deoxygenated biomagnetic
micropolar flow is given by Bhargava et al. [47]. Khashan et al. [48] pre-
sented a numerical simulation for magnetically mediated separation of labeled
biospecies from a native fluid flowing through a two-dimensional channel using
finite volume method. The influence of a dipole like field and a magnetic field
generated by a thin electric wire on the flow of biomagnetic fluid flow in a cir-
cular pipe with stenosis is studied by Tzirakis et al. [49]. They used a method
based on pressure correction scheme combining discontinuous and continuous
Galerkin approximations. Mousavi et al. [50] numerically simulated the three
dimensional channel flow of biomagnetic fluid with a commercial software. They
found that the magnetization force effect has dominated the Lorentz force and

the fluid flow has been affected by the magnetization force.

The heat transfer through the blood flow in the presence of magnetic field can
be used in hypothermic sessions, thermal simulation and thermal therapy ap-
plications [51]. The temperature differences within the fluid cause heat transfer
and the fluid flow is effected by a force so called buoyancy force. Convection
in rectangular enclosures with partially heated or partially cooled vertical walls
while the other two walls are kept adiabatic is of special interest in many en-
gineering applications such as solar receivers, solar passive design, and cooling
of electronic equipment. Laminar mixed convection flow and double diffusive
natural convection flow in a square cavity with a heated square blockage inside
were investigated by Islam et al. [52] and Nazari et al. [53] by using the finite
volume method and Lattice Boltzmann method, respectively. Selimefendigil and

Oztop [54] studied natural convection flow in a nano-fluid filled cavity having
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different shaped obstacles installed under the influence of a uniform heat gen-
eration and magnetic field by using Galerkin weighted residual finite element
formulation. The heat transfer to individual blood vessels studied by Chato [55]
in a single vessel, two vessels in counter flow and a single vessel near the skin.
The stretching disk flow of a heated biomagnetic fluid is investigated as a special
case by Tzirtzilakis and Kafoussias [56]. They transformed the nonlinear system
of equations to ordinary differential equations by introducing appropriate non-
dimensional variables. The blood flow between two parallel plates is numerically
simulated by Loukopoulos and Tzirtzilakis [I7] using a finite difference scheme.
They reported that the rate of heat transfer increases at the area where the
magnetic source is placed. Alimohamadi et al. [57] investigated the influence
of numerous numbers of magnetic dipoles on the heat transfer in a rectangular
pipe. They compared MHD and FHD cases of the flow which are obtained by a

commercial software.

In most of the applications containing interaction between a solid and a fluid,
no-slip boundary condition is set under the assumption of good wettability at
the solid-fluid interface. In this case, the velocity of the fluid adjacent to the
boundary is equal to the solid boundary velocity. However, in thin film dy-
namics, flow over hydrophobic surfaces, problems involving multiple interfaces
and the flow of rheological fluids, the hydrodynamic slip condition is needed, as
first proposed by Navier. The strength of the slip is quantified by the slip length
which is the distance from the liquid to the surface within the solid phase, where
the extrapolated flow velocity vanishes. The consequences of the slip at the wall
on the flow of a linearly viscous fluid in a channel was investigated by Rao and
Rajagopal [58] using the finite volume method (FVM). They considered both
shear and normal stress dependence of the slip velocity and found that if the
slip velocity strongly depends on the normal stress then the flow is not fully
developed. Martini et al. [59)] presented evidence for the molecular mechanisms
by which slip occurs in nano- and micro- liquid flows by experimental and com-
putational studies. They found that at extremely large values of forcing, the
slip length approaches to a constant value. The behavior of the slip length in

Newtonian liquids subject to planar shear in a Couette cell with mixed surface
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boundary conditions was investigated numerically by Priezjev et al. [60]. They
computed velocity fields and effective slip lengths both from molecular dynamics
(MD) simulations and solution of Stokes equation for the flow configurations.
Closed form analytical solutions for the flows of Navier-Stokes fluid, power-law
fluid and the second grade fluid subject to Navier’s slip on the boundary were

established by Hron et al. [61].

Due to the coupling of the governing equations in MHD flows in pipes, ana-
lytical solutions can be obtained only for special boundary conditions such as
insulated walls or perfectly conducting walls or two opposite insulated walls with
the other two conducting. The velocity has no-slip boundary condition in these
analytical studies [18]. Smolentsev [62] and Ligere et al. [63] presented analyt-
ical solutions in terms of infinite series for the fully developed MHD pipe flows
admitting slip only at the Hartmann and the side walls, respectively. They ob-
served that the influence of the slip on the flow is more advanced when the slip
length is greater than the boundary layer thickness. It is reported that, the case
of completely slipping duct walls requires an asymptotic approach or a numer-
ical solution. Bhatti et al. [64] obtained analytical solution to the Ree-Eyring
fluid for blood flow with partial slip under the low wavelength and low Reynolds
number assumptions. Rivero and Cuevas [65] considered the wall slip in MHD
micropumps by neglecting the induced magnetic field. They simulated the flow
rate with respect to the slip length for small Hartmann numbers. A numeri-
cal study based on finite difference for the steady flow through a square duct
with the slip at the Hartmann walls under the action of an external magnetic
field is presented by Sarma and Deka [66]. Rashad et al. [67] and Ismael et al.
[68] investigated the MHD mixed convection flow in a nanofluid-filled lid-driven

square cavity with partial slip using the FVM.

In most of the studies simulating the fluid flow, finite difference, finite volume
or finite element methods are used. The requirement of the discretization of
the domain in these methods bring huge and sparse linear systems to solve and
increase the computational cost. BEM is a well established method for solving

elasticity and fluid flow problems [69]. BEM provides accurate results in prob-
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lems such as stress concentration or where the domain extends to infinity [70]. It
requires the fundamental solution of the original partial differential equation in
order to obtain the corresponding boundary integral equation by the use of the
Green’s first identity which enables one to discretize only the boundary of the
problem domain. The inhomogeneities (the terms other than the dominating
partial differential operator) are collected under a domain integral. The dual
reciprocity boundary element method approximates the inhomogeneities by a
series expansion using global approximating functions as radial basis functions
and converts the remaining domain integral to a boundary integral through the
Green’s first identity. It also allows one to approximate the space derivatives of
the unknowns easily which helps in the treatment of nonlinear terms in partial
differential equations. The method is an efficient tool for the numerical solutions
of fluid flow problems in the cross-section of the pipes due to its easy implementa-
tion and low computational cost. DRBEM applications for the Stokes equation
in velocity-vorticity formulation were presented in |71l [72]. Young et al. [71]
used compactly-supported, positive-definite radial basis functions in the approx-
imation of inhomogeneities and Eldho and Young [72] took Re = 1 as Stokes
approximation in the Navier-Stokes equations. Biomagnetic fluid flow between
parallel plates imposed to a magnetic source was investigated by Tezer-Sezgin et
al. [73]. They used both finite element and dual reciprocity boundary element
method for solving momentum and energy equations in terms of stream function
and vorticity. There are quite a number of studies on MHD flows with no-slip
boundary conditions using the BEM or the DRBEM. Tezer-Sezgin et al. [74] [75]
presented BEM solutions of MHD flow in ducts with different cross-sections.
Liu and Zhu [76] studied MHD flow through a channel with an arbitrary wall
conductivity by the DRBEM. Bozkaya and Tezer-Sezgin [77] derived a funda-
mental solution for the coupled convection-diffusion type equations and studied
MHD flow in a rectangular duct in the presence of an external oblique magnetic
field. Nishad et al. [78] investigated the pressure driven two-dimensional flow of
Newtonian fluid through slip patterned rectangular channels in the low Reynolds
number limit using the BEM. BEM solutions of MHD flow in an infinite region
and between infinite strips were obtained by Bozkaya and Tezer-Sezgin |79, 80].
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The DRBEM has been used for all the ferrohydrodynamic and magnetohydro-
dynamic fluid flow problems considered in this thesis. The advantage of the
DRBEM is made use of treating the nonlinearities in all the problems easily
with the help of DRBEM coordinate matrix. Also, in the slip-wall MHD prob-
lems, both the velocity and its normal derivative are unknowns and they are
obtained with the property of DRBEM which provides both of them on the

boundary.

1.9 Originality of the Thesis

In this thesis, first of all the application of DRBEM to the fully developed
FHD pipe flow problems under the influence of point source magnetic field are
established. The three-dimensional pipe flow problems are also considered in
the two-dimensional cross-sections of the pipe (cavity) being a fully developed
flow. In the literature, for most of the cavity flow problems simulated by the
DRBEM, the stream function-vorticity formulation were used to eliminate the
pressure gradient from the momentum equations. In this thesis, the governing
equations are considered in primitive variables (velocity-pressure-temperature
form). Pressure equation is derived and a numerical technique, based on finite
difference approximation and the DRBEM, is presented for the approximation
of the Dirichlet type pressure boundary conditions. Hence, numerical solutions
are obtained in terms of the original variables as the velocity, pressure and the

temperature which possess the physics of the fluid.

The governing equations are converted to the boundary integral equations with
the use of the fundamental solution of the Laplace equation. All the terms other
than diffusion (Laplacian) are considered as inhomogeneity and approximated
by linear radial basis functions. In most of the test problems the boundaries
are discretized by constant elements giving also a comparison between constant
and linear element discretizations in two problems. Since the accuracy gain in
using linear elements is not considerable much, the rest of the problems in the

thesis are solved by using constant elements. An iterative solution technique
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based on the pressure equation is proposed. To the best of our knowledge, as a
first application in the literature, a mathematical formulation of the FHD Stokes
cavity flow subjected to a point source magnetic field is established and velocity,
pressure profiles are presented for increasing values of magnetic field intensity
[Senel and Tezer-Sezgin, 2015(2.7)]. DRBEM simulations are carried for the
FHD incompressible flow in cavities and annular pipes [Senel and Tezer-Sezgin,
2015(2.6)], [Senel and Tezer-Sezgin, 2016(1.3)] and [Senel and Tezer-Sezgin,
2016(2.4)]. The influences of the unique or multiple point magnetic sources on
the pressure of the fluid are discussed constituting a contribution to the liter-
ature [Senel and Tezer-Sezgin, 2017(1.1)]. The DRBEM formulation in terms
of velocity, pressure and the temperature of the fluid is also presented for the
forced convection cavity flow of biomagnetic fluids. The interaction between the
magnetization and buoyancy forces on the flow is discussed [Senel and Tezer-

Sezgin, 2016(2.5)], [Senel and Tezer-Sezgin, 2017(1.2)].

The study of MHD duct flow is very popular among scientist due to its wide
range of engineering and industrial applications. A big majority of these stud-
ies consider the no-slip boundary conditions for the velocities. In this thesis,
a DRBEM formulation is established for the MHD duct flow with slip velocity
condition on the boundary which constitutes another part of the originality of
the thesis. The coupled system of equations in terms of velocity and the in-
duced magnetic field in the axial direction are discretized by the DRBEM and
combined into a large system. After a rearrangement according to the slip wall
conditions, the obtained linear system of equations are solved in one stroke. This
process offers nodal solutions on the boundary and in the domain at once and
saves computational time when compared to other iterative procedures. The slip
wall condition is considered in the Hartmann flow (flow between infinite plates)
as well, and the numerical results are presented which can be considered a new

contribution to the Hartmann flow problems.

It can be concluded that, the mathematical formulations and the proposed nu-
merical schemes presented in this thesis will provide practical information for

the numerical solutions of some other FHD and MHD cavity flow problems in
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the velocity-pressure-temperature form. The numerical solution idea based on
the DRBEM for the MHD flow problems with slip boundary conditions can be
generalized to some more MHD and FHD duct or parallel plates problems. The
obtained numerical results in this thesis especially for the pressure and the axial
velocity may be used to increase the efficiency of the engineering and medical

instruments based on the FHD and MHD cavity flows.

1.10 Plan of the Thesis

In this chapter, fundamental equations of fluid dynamics including the magneti-
zation or Lorentz forces are described. The equations modeling the FHD Stokes,
FHD incompressible, FHD forced convection flows in primitive variables are pre-
sented. The derivation of the pressure equation is given. Governing equations
for MHD pipe and Hartmann flows are introduced. Non-dimensional forms of
the equations are obtained. In Section [I.8] a general literature survey is pre-
sented on the thesis subject. In Section contribution of the thesis to the

literature is explained.

In Chapter 2l BEM formulation for the Laplace equation and the DRBEM for-
mulation for the Poisson’s type equations using the fundamental solution of the
Laplace equation are provided using linear and constant elements for boundary
discretizations. Then, the applications of BEM and DRBEM on the FHD and
MHD flow problems are provided. The numerical solution process without an

iteration is described for the MHD duct flow problem with slipping velocity also.

In Chapter[3| the DRBEM analysis is presented for the FHD Stokes, incompress-
ible and forced convection flows in pipes subjected to point magnetic source(s)
generated by thin wire(s). The numerical solution processes and the generation
of the pressure boundary conditions are described for each test problem. Then,
the obtained numerical results are analyzed and the discussions are given ac-

cording to the physics of the problems.
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Chapter [4] is devoted to the DRBEM solutions of MHD flow in pipes and be-
tween parallel infinite plates with slip velocity condition. In this chapter, the
physical meaning of the slip wall condition is explained and the numerical results

are discussed for various flow configurations.

In Chapter [5| the studies carried in the thesis and the most important numerical

findings are summarized.
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CHAPTER 2

THE BEM AND THE DRBEM FORMULATIONS FOR FHD AND
MHD FLOW PROBLEMS

In this thesis, all the numerical results are obtained by using the Boundary
Element Method (BEM) and the Dual Reciprocity Boundary Element Method
(DRBEM). The BEM is an efficient technique for the numerical solutions of
initial and boundary value problems. In BEM, the fundamental solution of the
dominant differential operator is made use of to convert the partial differential
equations into the boundary integral equations. The idea of the DRBEM is the
approximation of all the terms other than the leading differential operator by
the radial basis functions and generate a series of particular solutions. This pro-
cess enables one to discretize only the boundary of the problem domain which
reduces the size of the linear systems achieved after the discretization. Thus, the
computational cost will be considerably small compared to domain discretiza-
tion type methods. Another advantage of the DRBEM is the treatment of the
nonlinear terms in the differential equations by using the radial basis functions.
This chapter is going to provide the BEM formulation on the Laplace equa-
tion and the DRBEM formulation on the Poisson’s type equations using the

fundamental solution of the Laplace equation.
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2.1 The Boundary Element Method for the Laplace Equation

Consider a two-dimensional boundary value problem

Vi =0 in Q
¢=¢ on Ty (2.1)
5
q:a—i:(j on I’y

where n is the outward normal to the boundary I' = I'; + I's, and the bars

indicate the known values. (Figure

Il
-

Iy ¢

I'y q9=4q

T

@)

Figure 2.1: Problem domain

Multiplication of the Laplace equation by a weight function ¢* and integrating

over the domain €2 brings the weighted residual statement

/ (V29)gp*d2 =0 . (2.2)
Q
Applying Green’s first identity once gives
— / VoV dQ) + / qo*dl’ = 0, (2.3)
Q r
and the second application results in boundary integrals containing ¢ and ¢
/ (V26*)pd2 — / b dl + / ¢l = 0 (2.4)
Q r r
00"
h = —
where ¢" = =~

The domain integral on the left-hand side of equation (2.4) is evaluated with the
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special choice of the weight function ¢* which is the solution of the Poisson’s
equation with negative Dirac delta function on the right-hand side and called

the fundamental solution of Laplace equation.

2.1.1 Fundamental Solution

The fundamental solution ¢* represents the field generated by a concentrated

unit source acting at a point ¢ and it satisfies [69]
V23  + A =0 (2.5)

where A, is the Dirac delta function which goes to infinity at the point i = (x;, y;)
and is equal to zero elsewhere. The integral of A; over the domain is equal to
one and the integral of the Dirac delta function multiplied by any other function

is equal to the value of the latter at the point ¢. Then,

[ (ansdn = [ (=90~ o (2.6)

now, Equation (2.4)) is rewritten as

¢¢+/F¢q*dfz /Fq<b*dF. (2.7)

For a two-dimensional isotropic medium [69)

1 1

" = %m(

) (2.8)

lr — r;|

where r; and r are the position vectors of the source point ¢ and the field point
(any other point), respectively.

Then,

1 (r—r;)n

o UTL)A 2.9
1 27 |r — ;]2 (2:9)

where n is the outward unit normal vector to the boundary I'.

The boundary integral equation (2.7) is valid for any point ¢ within the domain
Q.
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L

Figure 2.2: Boundary augmented by a small semicircle

If the source point 7 is on the boundary I, it is assumed that the boundary is
augmented by a semi circle with radius €, centered at the point i (Figure [2.2]).

In this case, equation ({2.7)) is valid for the region bounded by IV =T, + I..

b+ / bq"dl = / 4¢*dT (2.10)
Te+Te Te+Te

Then, as the radius of the semi circle tends to zero, the point ¢ becomes a

boundary point of T'.

¢; + lim / oq*dl’ + lim ¢q"dl' = lim qo*dl' + lim qo*dl’ (2.11)
re + re e—0Tt T,

e—~0+ =0T Jp. e—0
where
lim/ qﬁq*dfz/gbq*dl" and  lim ng*dF:/ng*dF (2.12)
e—0t r. T =0t Te r
: : 1 (r—r)n
1 dl' = — 1 S
eir(?* /1—\6 ¢q ei%}" ¢27T |I' - 1‘1’2
1
:—lim/ oL In| cos( )dF
=0+ 21 |r —
——1 —dT (2.13)
e—1>%1+/ ¢27re
=—1
e—1>%1+ 27‘(’6
1
=56
Similarly,
1 1
li dl’ = li —In ar
e—1>I(1]1 T, d) e—1>r(§£r q27T (|I'—I'1|)
1
= —— lim qlne/ dr (2.14)
2T e=0+ .

= —— lim gelne =0 .
e—07t

Using equations ([2.12))-(2.14) one can write the boundary integral equation ({2.7))

valid for any source point ¢ on the boundary

1 * _ *
§¢i+/r¢q dr' = /qu) dr . (2.15)
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If the source point ¢ is in the domain €2, a small circle with radius € is taken
around the point 7 and the same analysis is carried for the boundary integrals in
(2.7) in the limit sense which result in zero. Thus, the coefficient of ¢; becomes
1 if 7 is an interior point.

The two cases can be combined as

coit [orar = [ gorar (2.16)
I I
where
! (2.17)
“T or '

with 6 being the internal angle at ¢ measured in radians.

Let us assume the boundary is discretized into N number of elements. Figure[2.3
displays the discretization with constant and linear elements for the boundary
of the domain €2. In constant element case, the values of ¢ and ¢ are assumed to
be constant over each element and equal to the nodal value at the center of the
element. In using linear elements, the values of ¢ and ¢ are a linear combination

of extreme points nodal values of each element.

(a) constant elements (b) linear elements

nodes
nodes

/ element %alement

Figure 2.3: Constant and linear element discretizations

Discretizing the boundary I' with N elements gives the discretized form of equa-

tion (2.16)

N N
ci¢i+jzl/rjq§qd1“:jzl/rjq¢df. (2.18)

2.1.2 Constant Element Discretization

In the case of constant elements, ¢ and ¢ are constants on the element j and

take the values ¢; and g;, respectively. Hence, equation (2.16) written for the
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source point ¢ on the boundary turns into

N N

1

5@- + E <bj/ ¢ dl' = E qj/ p*dl', i=1,2,..,N . (2.19)
j=1 7L j=1 /T

The integrals in equation (2.19)) relate the source point i to any other field point

7. Defining
r Iy

for a particular node i on the boundary, equation (2.19)) can be written in dis-

cretized form

N N
1 _ .
j=1 Jj=1
Using
= 1
Hy = H;j + 5% (2.22)

where §;; is the Kronecker delta (i.e., if ¢ = j then ¢;; = 1, otherwise §;; = 0)

one writes
N N
S Hiyd; = Gy i=1,2,.,N. (2.23)
J=1 j=1
This results in a matrix-vector equation
H¢ = Gq (2.24)

where H and G are N x N matrices with entries given in equation (2.20) and
(2.22)), and ¢ and q are vectors of length N containing the solution and its

normal derivative at all the boundary nodes, respectively.

The entries of matrices H and G may be computed either analytically or nu-
merically (e.g. using Gaussian quadrature, Section [1.7.2]) for i # j in the case

of constant elements. The diagonal entries of H are

_ 1 — ).
. :/ g*dl’ = / ror)m,._ (2.25)
T, I

o o r =12
since the vector (r — r;) is always perpendicular to the normal n on the i—th
element.
When i = j due to the singularity of the fundamental solution, the diagonal

entries of G have to be computed using exact integration.

1 1
e *dl = — 1 T . 2.2
G /rfbd 5 | (2.26)
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Let

lr —r;| = %5‘ dl' = édﬁ (2.27)
where [ is the length of the :—th element. Then, taking into account the sym-
metry,

1 Point 2 1
27 JPoint 1 <|r_ri’) ( )
1 Point 2 1
= —/ In(———)dl’ (2.29)
T Jnode i ’I‘ - I'i|
A
= — In(—)d 2.
- | e (2.30)
= L{ln(g) + /1 ln(l)dﬁ} (2.31)
Cor [ 0 13 '
l 2
= —{In(-)+1 2.32
—{In(7) +1} (232

where Point 1 and Point 2 are the extreme points, and node i lies at the center

of the element 3.

2.1.3 Linear Element Discretization

In the case of linear elements, the variables are the linear combinations of the

values at the extreme points of the element. That is,

P(&) = N1y + Nago

q(&) = Niqy + Nago
Here, ¢1, ¢ are the nodal values of the extreme points (Figure2.4), -1 < ¢ <1
is the variable on the element coordinate system (Figure and N;, N, are

(2.33)

linear interpolation functions given by

N1:

(2.34)

element j

(1)

Figure 2.4: Linear element
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Il s
[\
~—

/2 /2
Figure 2.5: Element coordinate system

Dividing the boundary into NN linear elements in equation (2.16|) we still have

N equations

N N
c¢¢5¢+2/r gbq*dF:Z/F g¢*dl, i=12.. N . (2.35)
j=1"71s j=1"713

The integrals in equation ([2.35]) are not easy to evaluate and a special treatment
is needed. Inserting the approximations of ¢ and ¢ from ([2.33)) one gets,

N N
Ci¢i + Z/ (N1¢1 + Nago)q"dl' = Z/ (N1 + Nagz)o*dl',  i=1,2,.., N
j=1"T; j=17L;

(2.36)
and then,

c-¢-+ZN:/ [N N}q*dr “ :ZN:/ [N N}qﬁ*dr M oi—192 N,
11 — Fj 1 2 ¢ - 1 2 ) ) <y )

2 j=1v1i a2
(2.37)
Introducing
hi; = / Nig*dl hy; = / Nyg*dl (2.38)
r; T,
and
9 = / N,¢*dl’ 95 = / Nyg*dl (2.39)
r; T,
the boundary integral equation for the source point ¢ on the boundary becomes
= b1 Y a1
aotd [y w2 |7 =20 e ] |1 i=t2 N (2
j=1 b2 j=1 42

In the linear element discretization, the second node of the element j coincides
with the first node of the element j+ 1. Hence, the sum in the boundary integral
equation needs a special arrangement. This arrangement is called the assembly

procedure.
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For a bounded region defining

g. — Wiy +hy i G#1L G Gy T oy i J#1
Y/ ij =
hiy+hy if =1 Ptah i =1
(2.41)
one obtains the system
1 41
03} a2
_¢N_ | AN

(2.42)
Similar to the constant element case this formula can be written for boundary

nodes ¢ as
N N
Cz‘qf)i + Z Hij¢j = Z Giija Z = 17 2, L - o N (243)
j=1 J=1
which results in a matrix-vector equation
Ho¢ = Gq (2.44)

where H (H;; = ¢;0;; + P_Iij) and G are N x N matrices with entries given in
equation (2.41)), ¢ and q are N x 1 vectors consisting of the values of the solution
and its normal derivative at the boundary nodes, respectively.

The constant ¢; can be computed by using the definition explicitly. If
the successive boundary elements connect smoothly, then ¢; = 1/2 as in the
case of constant elements. If the node lies at a corner, then the computation
of the internal angle § may not be practical. If this is the case, a numerical
approximation is generally used.

When a uniform potential is applied over a bounded region, all the derivatives

(including ¢ values) must be zero [69]. So, equation (2.44]) becomes
Hep=0. (2.45)

Thus, the sum of all the elements of any row of H should be zero. This approxi-

mation leads another way to compute the diagonal elements of the matrix H in
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terms of the off-diagonal elements.

N
Hy=- Y H;. (2.46)
J=1(j#i)

For each problem studied in this thesis whether the solution or its normal deriva-
tive is known on the boundary. After the boundary conditions are inserted to the
matrix-vector equations (for the constant elements) (2.44)) (for the linear
elements), the unknown values have to be collected on one side of the equation.
If the k—th element of the vector q is unknown, then the £—th columns of the
matrices H and G are interchanged negating the sign. This process is called
the shuffling. Once all the unknowns are passed to the left-hand side a linear
system is achieved

Ax=c. (2.47)

The matrix A is full but containing scattered zeros showing no special form
which forces one to use Gaussian elimination scheme with pivoting (Section

1.7.3) or an iterative solver for the numerical solution.

2.1.4 Solution at the interior nodes

As the solution at all of the boundary nodes are calculated, equation ([2.16)) with
¢; = 1 is used to find the solution ¢; and the derivatives (q,);, (g,); at the interior

nodes. Now,

N N N N
¢ = Z/ go"dl’ — 2/ gl = Gijg; — ) Hijoy, (2.48)
j=1 7T j=1 Y1 j=1 j=1

_ 99
(Q:c)z' = %

N N
= I — T 2.4
| j§:1j/quaxd j§:1;/rj¢axd, (2.49)

N N
0p* aq*
- g——dl — / drl 2.50

where ¢ and ¢ are the known values on the boundary j. The entries G;; and H;;

are computed from equations (2.20) for constant elements and (2.41)) for linear

0
()i = a_j
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elements, now by using the distance r;; from an interior point to a boundary

point for each internal source point i.

2.2 The Dual Reciprocity Boundary Element Method for Poisson’s
type Equations V3¢ = b(z,y, ¢, ¢, ¢y)

Consider a two-dimensional boundary value problem with the inhomogeneity

Vi = b(z,y. b, du, &) in €

¢=0¢ on T (2.51)
%,
q:(?_i:q on I'y.

The solution of the problem (2.51]) can be expressed as the sum of the homoge-

neous solution (V2¢ = 0) and a particular solution ¢, such that
Vp=b. (2.52)

It is generally difficult to find a solution qg that satisfies the above equation,
particularly in the case of nonlinear or time dependent problems. DRBEM
proposes the use of a series of particular solutions ngSj instead of a single function
é. The number of ¢2j used is equal to the total number of nodes in the closed
domain [69).

Let N and L be the number of boundary and interior nodes, respectively, in
which the solution is needed. The inhomogeneity part b is approximated by the

use of radial basis functions f(r). Examples of radial basis functions are:

fry=14+r+r*4+..+7" (polynomial)
2 /(0.2
flry=eT" /(2¢) (Gaussian)
2.53
fr)y =@+ (multiquadrics) (2:53)
f(r)= 1 (inverse multiquadrics)

(r2 + )12
where r is the distance between the source ¢ and the field point j and ¢ > 0.
Then, the following approximation is taken [69]

N+L

b(l’, Y, ¢> ¢x7 ¢y) ~ Z ajfj (254)

j=1
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with /s being the unknown coefficients that will be determined by collocating
bat N + L points and f; = f(r;). Writing the equation (2.54) for all the source

points, a matrix-vector equation is obtained
b=Fa. (2.55)

Here, F (DRBEM coordinate matrix) is a symmetric, non-singular |81} 82] (N +
L) x (N + L) matrix with entries F;; = f;(r;), and b and a are vectors of size
N + L. Then,

a=F"'b. (2.56)

The radial basis functions f;’s are related to the particular solutions éj’s with

the Laplace operator
Vi = f; . (2.57)

Substituting equation (2.57)) into equation ([2.54) gives
N+L

b(z,y, 6, 6, b)) = Y (V) (2.58)

j=1
and hence, the Poisson’s equation in (2.51)) turns into
N+L
Vi =D a;(V?e;) . (2.59)

j=1
As in the case of BEM, we weight both sides of the equation (2.59)) with the
fundamental solution ¢* and apply Green’s first identity two times to obtain the

boundary integral equation for the source point ¢ on the boundary or inside the

region
N+L A )
Ciqbﬁ—/gbq*dl“—/qu*dfz Z%’(Ciﬁbij+/¢j(]*dr—/@‘¢*dr) (2.60)
r r = r r

1=1,2,...,N + L where

L0 0t 09
q on’ g on’ 4 on

Discretizing the boundary with N constant or linear elements in (2.60|) gives

N N
cot Y [ oqdr=3 [ qorar =
k=1 YTk k=1"Tk

(2.61)

N+L N N
= ajleidi+ Y ¢jq*dr—2/ §;0*dl) i=1,2,.. . N+L.
j=1 k=1"Tk k=1"Tk

(2.62)

42



Once the radial basis function is determined the values of ngj and ¢; are found
through and (2.61). However, in order to use the same H and G matrices
on both sides of the equation , the same constant or linear element treat-
ment, as done for ¢ and ¢, is applied also for éj and ¢;.

After introducing the interpolation functions one gets

N N N+L N N
ci¢; + Z Hindr — Z Girqr = Z oj(cipi; + Z Hiorj — Z Girdr;) (2.63)
=1 =1 =1 =1 =

i =1,2,.... N + L where the entries of H;, and G, are the same as given in

the equations (2.20) (for constant elements) and (2.41) (for linear elements).
Writing equation (2.63)) for all the source points 7 on the boundary and interior

nodes gives
N+L

Hop —Gq= ) a;(Hd; — Gg;) . (2.64)

j=1
In the equation ({2.64]) the value of ¢; is incorporated to the diagonal elements
of the matrix H for the boundary nodes. Constructing matrices U and Q by
taking the vectors ¢?j and §;j as columns, respectively, equation 1} becomes

using ([2.56)

H¢ — Gq= (HU - GQ)a=(HU -GQ)F 'b. (2.65)
Here,
Hg 0 Gg 0
H=| ° G=| " (2.66)
H; 1 Gi 0
. |U . o
U=1|." q- |9 (2.67)
Ur 0
and
«
o= |%" q= | a=|" (2.68)
o1 0 ag

where the subscripts B and I denote the boundary and interior solutions, re-
spectively. Hg and Gg are N x N, Hy and Gy are L x N, U'B and QB are
Nx(N+L),Upis Lx (N+L),H, G, Uand Q are (N + L) x (N + L) matrices.
¢p, qs and ap are N X 1, ¢y and ay are L x 1, ¢, q and o are (N + L) x 1

vectors. 0 and I are zero and unit matrices, respectively. In the equation ([2.65))
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all the matrices have constant entries and they are constructed once.

In the case of polynomial radial basis functions of the form
fry=1+r+r*4+.+r" (2.69)

the particular solution (;3 and its normal derivative ¢ are given by (integrating

the Laplace operator backwards)

. 7.2 7.3 7nn—&—2

¢_Z+§+ +(n+2)2 (2.70)
. Ox oy., 1 r r"
q_(rxan+ryan)(2+3+...+(n+2)) (2.71)

where r,, r, are the z— and y— components of the distance vector r.

The vector on the right-hand side of the equation may include the un-
known ¢ nodal values and its spatial derivatives ¢, and/or ¢, nodal values.

If the function b(z,y, ¢, ¢,, ¢,) has the unknown ¢, then the vector ¢ also ap-
pears on the right-hand side of the equation due to F~'b and it is carried
to the left-hand side.

The convection terms in b(x,y, ¢, ¢, ¢,) need a special treatment by the use of
the DRBEM coordinate matrix F. In this case, the unknown ¢ is also assumed

to be approximated as
¢=F3. (2.72)

where 3 contains the undetermined coefficients and it is different from « in

[:56). Then,

d¢ OF

o = ozP (2.73)
and

d¢p  OF

o —8yﬁ . (2.74)

Since the coordinate matrix F is a function of nodal coordinates (r,,r,) one gets

an approximation for the spatial derivatives of the unknown ¢ from ([2.72]),

dp OF_

o ot @ (2.75)
and

d¢ OF __,

— = —F . 2.

o= e (2.76)
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OF OF
Here F~1, o and 5, are full (N + L) x (N + L) matrices. The entries of
z Y
OF OF : : : o .
% and — are determined in terms of the partial derivatives of the radial
x

basis function. For example in the case of polynomial radial basis functions, the

derivatives are

of _ofor _ofr._ 1 (n-2)
5 = 9r e B _TI(T +2+ ... +nr"Y) (2.77)

and

of ofor 0Ofry 1 _

dy Ordy Orr ry(r Fet ) (2.78)
where 7, and r, are the z— and y—components of the distance vector r.
After the construction of all the vectors and matrices in equation ([2.65)), inserting

the boundary conditions and putting all the unknown values to the left-hand

side, a linear discretized system is obtained to be solved numerically
Ax=c (2.79)

0
in which the vector x contains all the unknown boundary ¢ or a—(b values and
n
interior ¢ values. Thus, the solution of the problem at all the boundary and

interior nodes is computed at once. This is the main advantage of the DRBEM.

2.3 Application of the DRBEM to the FHD Stokes flow problems

The governing equations of the FHD Stokes flow problem were presented in

Chapter [1] (equations (1.30)-(1.33)) as

V2 = 5~ MH (2.80)

V2 = g_]; - MH%—ZI (2.81)

Vo= MG + (5 Vo HYH) (282
o2y — Z_Z _ g_; (2.83)

where M = Mn/Re. The Dirichlet type boundary conditions are employed
for all of the problem variables since the velocity is specified on the boundary

and pressure boundary values are obtained through the coordinate matrix of
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DRBEM and the finite difference method.

The corresponding (N + L) x (N + L) system of DRBEM discretized matrix-
vector equations are obtained by treating the right-hand sides of each equation
in (2.80)-(2.83) as a function b containing the unknown and its space derivatives
and obtained from (2.65)) as

Hu — Gg—z — (HU — GQ)F‘l{% - MH%—ZI (2.84)

Ho — Gg—z = (HU - GQ)F—I{g—T; — MH%—Z[ (2.85)

Hp — Gg—i = M(HU - c:,(fg)}?—l{(((;—l;[)2 + (%—ZI)? + HV?H} (2.86)
HY — Gg—g — (HU — GQ)Fl{g—Z - % ; (2.87)

Note that, the case Mn = 0 reduces the equation (2.86|) to the BEM formulation
of the Laplace equation for the pressure equation. After the spatial derivatives
of the unknowns on the right-hand sides of the equations (2.84))-(2.87) are ap-

proximated in terms of the coordinate matrix F one gets,

ou o0H
ov o0H
dp B 0H , 0H , 9
Hp— G = MD{( )"+ () + HVH) (2.90)
HY — Ga—qj = D{Syu — Sxv} (2.91)
on
where
A . OF OF
_ _ -1 _ Y ra _ e
D = (HU - GQ)F S« GxF Sy ayF ) (2.92)

These system of equations are solved iteratively, hence the right-hand sides
of the equations (2.88)-(2.91) can be evaluated from the previous or the same
iteration level values for advancing the iteration. Once the appropriate boundary
conditions are inserted and the shuffling process is applied, each matrix-vector

equation turns into a linear system to be solved for the unknowns u, v, p and

v,
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2.4 Application of the DRBEM to the FHD incompressible fluid flow

problems

The system of equations to be solved were presented in Chapter [1] (equations

(1.39)-(1.43)) as follows

Viu = g—i + u% + vg—Z — MnH%—]; (2.93)

Vi = g—§+ug—;+vg—s —MnH%—[; (2.94)

Viw =P, + ug—: + vaa—zj (2.95)

vt = (G + OGRS G- Gl -2 2t 5t (2.0
V20 = g—z — g_:; (2.97)

for the velocity (u, v, w), pressure p and the stream function ¥ where Mn is the
magnetic number. The problem is solved in different geometries from circular
cavity to a square cavity containing an obstacle in it. In all these problems
Dirichlet type boundary conditions are used for all of the problem unknowns.
The corresponding DRBEM discretized matrix-vector equations are obtained by
considering the inhomogeneities in ([2.93)-(2.97) as the vector b in the equation
(2.65)

Hu — Gg—z = (HU - GQ)FI{% + u% + vg—;‘ - MnH%—ZI} (2.98)
Hv — Gg—z = (HU — GQ)F‘l{g—z + ug—z + vg—z — MnH%—I; (2.99)
Huw — Gg—: = (HU - GQ)F Y{P. + ug—z’ + vg—z (2.100)

Hp — Gg—i = (HU - GQ)F‘l{Mn((%—Z)Q - (%—ZI)Z + HV?H)
G- G -2 2.101)
HY — Gg—ij = (HU — GQ)Fl{g—Z - g—; : (2.102)
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Different from the Stokes flow case, the equations for the u—, v— and w—velocity
components have nonlinearities due to the convection terms. After approximat-
ing the spatial derivatives of the unknowns with the help of the coordinate matrix

F and combining them on the left-hand side of the equations (2.98))-(2.102)) one
gets

(H— D(uSx + vSy))u — G% = D{Sxp — MnH%—];[} (2.103)

ov oOH
(H—D(uSx +vSy))v — G% =D{S,p — MnHa—y} (2.104)
(H— D(uSx + vSy))w — Gg—l: =D{P.} (2.105)

_e OHys , Oy | gy

Hp— G50 = D{Ma((50) + () + HY*H)

—(Sxu)? = (Syv)* — 2(Sxv)(Syu)} (2.106)
HY — Gg—i = D{Syu — Sxv} . (2.107)

The nonlinearities on the left-hand sides of the equations (2.103), (2.104) are

handled by taking the velocities from the previous iteration level. The details

of the numerical solution process will be given in the next chapter.

2.5 Application of the DRBEM to the FHD forced convection bio-

magnetic flow problems with viscous dissipation

The equations defining the problem as presented in Chapter [1| (equations ((1.52)-
(1.57)) for the velocity (u,v,w), the pressure p, the temperature T and the

stream function U are

0H

dp ou ou
==+ Uu— +v—— Mn(T, — T)H—— 2.1
Veu 8x+u8x+v6)y n(T,—T) e (2.108)
dp ov ov OH Ra
W= du—+v——Mn(T,-T)H— — =—T 2.1
V< ay+“ax+”ay n(T. ) 9y Pr (2.109)
ow ow
2. i i
Vw_PZ+u(9x+vay (2.110)
VT = PT(U?)_Z + vg—z) — MnEcPr(e + T)H(u%—lx{ - U%—I;)
ou ov ov  Ou
—EcPr(2(=—)* +2(=—) 4+ (=— + —)? 2.111
PrR(GE + A+ (G + 50 (2.111)
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RadT Ou., ,0v, 2(% ou

2 — —_— —_— J— — — —_———
Vi = Pr 0y (8x) ((9y) Oz Oy
ol _oH 0T 0H
oH., OH., . _,
+MTL(TC T)((a—x) + (a—y) + HV H)
ou  Ov
2 —_— — — —
Vv = 9y Oz (2.113)

where Mn, Ec, Pr, Ra, € are the magnetic, Eckert, Prandtl, Rayleigh and
temperature numbers, respectively. The boundary conditions for the velocities,
pressure and the stream function are Dirichlet type, where the temperature has
Neumann type boundary conditions on the adiabatic walls.

The corresponding discretized system of matrix-vector equations using

for the inhomogeneities are

ou N A1 .0p ou ou OH
Hu—G— = (HU - FY{=+u—+v——Mn(T.-T)H—} (2.114
u G&n (HU - GQ) {8x+u(9x+v8y n(T.—1T) 8:6}( )
v o Al 1.0p ov ov OH Ra
Hv—Gan = (HU - GQ)F {ay+uax—|—vay Mn(T.—T)H o PrT}
(2.115)
ow 1 ow ow
or - A aT orT
HT—G% = (HU - GQ)F {Pr(u%ija—y)
0OH OH
—MnEcPr(e + T)H(u% + va—y) (2.117)
ou .y v, Ov  Ou,
% _ o aop R0l du, 0o, ovou
Hp Gan = (HU-GQF {Pr oy (8:6) (&g) Oz Jy
or _oH 0T  _O0H
OH ., ,0H,, 9
+MTL(TC T)((%) +(a—y) + HV H)}
o A 1. 0u  Ov
HV — G% = (HU - GQ)F {8_y — %} . (2.119)

As in the case of the FHD incompressible flow, after the treatment of the spatial

derivatives and collection of the unknowns on the left-hand side bring the system
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to be solved iteratively

(H— D(uSx + vSy))u — G% = D{Sxp — Mn(T. — T)Ha—H} (2.120)
on Oz
ov OH Ra
(H—D(uSx + vSy))v — G% =D{Syp — Mn(T, — T)Ha_y — P_T'T} (2.121)
ow
(H — D(uSx + vSy))w — G% =D{P,} (2.122)
OH  O0H oT
(H— PrD(uSx + vSy — MnEcH(ua—x + va—y)))T — G% =
= D{—MnEcPreH(uaa—H + U%—H) — EcPr(2(Sxu)? + 2(Syv)?
T Y
+(Sxv + Syu)?)} (2.123)
dp Ra 5 .
Hp — Gan = D{Pr SyT — (Sxu)” — (Syv)” — 2(Sxv)(Syu)
OH OH
B oH., OH., )
+Mn(T, T)((ﬁx) o 0y) + HV°H)}
HY — Gg—qj = D{Syu — Sxv} . (2.125)
n

2.6 Application of the DRBEM to the MHD Duct Flow with Slip-
ping Velocity Condition

Governing equations of the MHD flow in a pipe of rectangular cross-section with

horizontally applied magnetic field are (Chapter [I] equations (1.68) and (1.69))

V2V = —1— Ha2B

. Oz (2.126)
V?’B = —-Ha—

ox

where V' and B are the velocity and the induced magnetic field and Ha is
the Hartmann number. The problem is considered in several regions with slip-
velocity condition on some boundaries and Dirichlet or Neumann type boundary

conditions for the induced magnetic field B. Taking the right-hand sides in
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(2.126) as the inhomogeneities in the equation (2.65), the DRBEM discretized

matrix-vector equations become

. A B
ay - g2V _ —(HU — GQ)F‘l{Haa— +1}
gg g‘gj (2.127)
J— _ = — & J— a -1 —_
HB - G-~ (HU - GQ)FY{Ha 0:1:} :

Instead of using an iterative procedure or decoupling the equations which intro-
duces difficulties due to the slip velocity condition, the coupled matrix-vector
equations are combined to obtain a larger system and solved at once.
Even the sizes of the matrices increase, the numerical solution is obtained with

considerably less computational time. The combination of the equations ([2.127))

again by using the matrix F for the approximation of the derivatives 7 and
x
ov .
— gives
oz ©
ov
H O 1% G O . M 0 B D of | -1
on
p op (- M i
0 H| |B 0 G| |=— 0 M| |V 0 0 0
on
(2.128)
B A -1 OF -1
where D = (HU — GQ)F~" and M = DG_F :
x

The first term on the right-hand side of the equation (2.128) is written as

ov
H O % G O - 0 M %4 D O -1
on
— =—Ha +
0 H B 0 G 08_3 M 0 B 00 0
n
(2.129)

Rearranging the right-hand side gives the system

ov
H O 0 M Vv G O - D o] -1
on
+ Ha — =
0 H M ol|) |B] |o || 0 o |0
on
(2.130)
Defining new matrices
H O 0 M G O D O
H= +Ha , G= ) D= (2.131)
0 H M 0 0 G 0 0



where H, G, D are 2(N + L) x 2(N + L) sized matrices, one gets the enlarged

system,
ov
N L BN I B
H =G +D ) (2.132)
B 8_B 0
on

For each MHD flow problem presented in this thesis either the induced magnetic
field or its normal derivative is known on one part of the boundary. If there is
slip velocity condition on a boundary, the velocity is the unknown, and thus for
the normal derivative the slip condition = —éV is used. If there is no-slip
on the boundary, then the velocity is known and the unknown is the normal
derivative. The velocity and the induced magnetic field are the unknowns and
their normal derivatives are zero for the interior nodes. Then, all the condi-
tions for the boundary and interior nodes are inserted into the matrix vector
equation . In this case, both vectors on the left and right-hand sides of
equation have some known and unknown values. In order to obtain a
linear system of equations one needs to rearrange the system. Each unknown on
the right-hand side of equation (2.132)) is carried to the left-hand side by inter-
changing the corresponding columns of matrices H and G. In the case of slip
velocity condition, since the velocity is unknown, the corresponding columns
of the matrices H and lG are added and carried to the left-hand side, and
the corresponding Colum?l on the right-hand side is left as zero. Once all the

unknowns are passed to the left-hand side a linear system of equations
Ax=c (2.133)

is obtained and solved. This process gives the velocity V' and the induced mag-

netic field B both in the interior and on the boundary nodes in one stroke.

2.7 Application of the DRBEM to the MHD Flow Between Parallel
Infinite Plates with Slipping Velocity Condition

The MHD flow between infinite parallel plates under the effect of vertically
applied magnetic field and the electric potential are defined by the equations
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(Chapter |1} equations (|1.78])-(1.80)) in the absence of the pressure gradient.

V2V = 128
Ay
V2B = _Haa_v (2.134)
Ay
A%
Qq) _
v ox

where V', B and ® are the fluid velocity, induced magnetic field and the elec-
tric potential, and Ha is the Hartmann number. The flow is started with the
interaction of the electrodes placed symmetrically at the centers of the plates
and the electrically conducting fluid. The problem is considered in an infinite
region Q = {(z,y) : =1 <y < 1,—00 < & < oo} with slip-velocity conditions
on the plates and Dirichlet or Neumann type boundary conditions for the in-
duced magnetic field; i.e. on the electrodes 0 0, on the rest of the plates
B = constant. Electric potential equation in is solved after the veloc-
ity and the induced magnetic field are computed through the first two coupled

equations. The corresponding DRBEM discretized matrix-vector equations for

the velocity and the induced magnetic field are (by taking as the inhomogeneity

b the right-hand sides of ({2.134))

HV — Gg—v — —(HU — GQ)Fl{Ha%—B}
ag a‘% (2.135)
— —_— = — & — a _1 —_—
HB - G~ =—(HU - GQ)F'{Ha 3 ).

Then, similar to the case of Section [2.6] the matrix-vector systems in (2.135)

are combined to a large system and rearranged as

ov
H O 0 N \%4 G O an 0
+ Ha — = (2.136)
0 H N 0 B 0 G 0_B 0
on
oF . .
where N = DG_F . Defining new matrices
Y
. H 0 0 N . G O
0 H N 0 0 G



one obtains the enlarged system

oV

|V N an
H =G . (2.138)

s |28

on

where H and G are 2(N + L) x 2(N + L) matrices.
In this problem, the portions of the plates with electrodes are perfectly conduct-
ing giving B 0 whereas the rest of the walls are conducting meaning that
induced magnetic field B = constant. If the no-slip condition is imposed for the
velocity, then V' = 0 on the boundary. If the infinite plates admit slip, then the
velocity is also unknown and (?9_‘7; = _EV' For all of the interior nodes velocity
and the induced magnetic field are unknowns and their normal derivatives are
zero. When the boundary conditions are inserted, the unknown values on the
right-hand side are carried to the left-hand side by interchanging corresponding
columns of the H and G matrices as in Section The obtained linear system
is solved using Gaussian elimination with pivoting. This procedure gives the
nodal solution of the velocity and the induced magnetic field in one stroke.
After the velocity of the fluid is obtained Poisson’s type equation for the electric
potential is discretized by the DRBEM as
0P A A ov

H® — G% = —(HU - GQ)F 1{%} (2.139)
and solved for the discretized values of ® by using the Neumann type boundary
conditions g_cl) = &, where ®,, = +1 on y = %1 on the electrodes and ®,, = 0

n
outside the electrodes.

In Chapter 2] the BEM formulation for the Laplace equation and the DRBEM
formulation for the Poisson’s type equations containing unknown itself and some
of its space derivatives as inhomogeneity are presented. The applications of the
methods to the FHD Stokes flow, incompressible and forced convection biomag-
netic fluid flows, and MHD rectangular pipe flow, MHD flow between parallel
plates with slipping velocity at the fluid-solid interface are given. In Chapter

and [ the numerical solution procedures and the numerical results obtained
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from the BEM and DRBEM discretized matrix-vector systems are going to be
illustrated for each of these problems in several regions and for several values of

problem parameters.
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CHAPTER 3

DRBEM SOLUTIONS OF STOKES, INCOMPRESSIBLE AND
FORCED CONVECTION FLOWS UNDER THE EFFECT OF
POINT MAGNETIC SOURCE

In this chapter, the dual reciprocity boundary element method analysis is pre-
sented for FHD Stokes, incompressible and forced convection flows in pipes sub-
jected to point magnetic source(s) generated by thin wire(s). The electrically
non-conducting fluid is pumped within the pipe by a constant pressure gradient
which results in a laminar, steady and fully developed flow (Figure . In fully
developed flows, the velocity, pressure and the temperature disturbances repeat
themselves in each cross-section of a long enough pipe taken perpendicular to
the flow field. This means that, all the problem unknowns show variations only
in the cross-section (cavity) which is perpendicular to the pipe axis and in this
cross-section the magnetic wire(s) acts as point magnetic source(s). In most
of the numerical studies in cavity flows, especially with the DRBEM, stream
function-vorticity formulation is used to eliminate the pressure gradient terms
in the momentum equations |17, [73]. This may be due to the absence of the
pressure equation and the boundary conditions, and the difficulties in the con-
vergence of the derived pressure equation in the iterative procedure. In practice,
pipe flow problems mostly occur in the process of transportation of heat and
mass, and the knowledge of the pressure in the cavity is important in the design
of medical and engineering instruments. In this study, the aim is to develop an
algorithm using the DRBEM to simulate all the problem unknowns (the veloc-
ity, pressure, and the temperature) of the FHD pipe flow problems presented
in Chapter [I} For each problem studied in this chapter, the unknown pressure

boundary conditions are approximated by a combination of finite difference and
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the DRBEM coordinate matrix. Then, the discretized systems (2.88)-(2.91)),
(2-103)-(2.107) and (2.120)-(2.125)) given in Chapter [2] are solved iteratively.
The achieved numerical results are displayed in terms of the velocity, pressure
and the temperature of the fluid and interpreted physically. All of the computer
codes are written in Matlab R2014a using a 16GB RAM computer. Linear
radial basis functions f(r;) =1+r; for j =1,2,..., N + L are used to approxi-
mate the inhomogeneous parts of each Poisson’s type equation in (2.80)-(2.83)),
(2-93)-(2:97) and (2-108)-(2-113).

Figure 3.1: Flow configuration for a rectangular pipe subjected to a magnetic

field generated by a thin wire.

The considered problems in this chapter are listed in Table

Table 3.1: Problems considered in Chapter [3

3.1.1 | Stokes flow in a lid-driven cavity with point magnetic source

3.1.2 | Stokes flow in a square cavity with point magnetic source

3.1.3 | Stokes flow in a lid-driven circular cavity with point magnetic source

3.2.1 | Incompressible flow in a square cavity with point magnetic source

Incompressible flow in a lid-driven square cavity with point magnetic
source

3.2.2

3.2.3 | Incompressible flow in a circular cavity with point magnetic source

294 Incompressible flow in a square cavity with an obstacle
| (annular pipes) under point magnetic source

3.3.1 | Square cavity with two or three sources below the bottom wall

3.3.2 | Rectangular cavity with two or three sources below the bottom wall

3.3.3 | Square and rectangular cavities with sources on opposite walls

Forced convection flow in a square cavity with horizontal adiabatic

3.4.1 . .
walls and point magnetic source
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3.4.9 Forced convection flow in a lid-driven square cavity with horizontal

adiabatic walls and point magnetic source

343 Forced convection flow in a square cavity with vertical adiabatic
| walls and point magnetic source

3.4.4 | Forced convection flow in a circular cavity with point magnetic source

3.1 Stokes Flow in Cavities with Point Magnetic Source

Stokes flows (creeping flows) are incompressible (highly) viscous flows in slow
motion. Swimming of microorganisms, settling of dust particles, fluid flow in
small channels or cracks (such as ground water or oil) and the seepage in rock
or sand formations are considered as Stokes flow. Extrusion of melt, paint
transportation, hydrodynamic lubrication, heavy-oils or food-processing mate-
rials are also interpreted by the Stokes flow phenomena. Stokes flow equations
are simplified versions of Navier-Stokes equations by neglecting the non-linear
convective acceleration terms. In this section, the DRBEM solutions of Stokes
flow in lid-driven, square and circular cavities under the influence of the point

source magnetic field placed below the bottom wall are presented.

The DRBEM discretized matrix-vector equations corresponding to the Stokes

flow problem are given in Chapter [2| (equations (2.88)-(2.91)) as

ou 0H
ov 0H
B dp oH ., ,0H, 9
Hp — Ggl = MD{(5) + ()" + HV°H) (3.3)
oV
HV - G2~ = D{Syu - S,v} (3.4)
where
. A OF OF
D= (HU — F! = —F1 = —F1. .
HO-GQF S.=GFt s, =5 (3.5)
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The magnetic field strength H(z,y) for a square cavity is given in terms of the

position of the point magnetic source (ay, az)

||
Ve —a)? + (y —a)?
Figure presents the magnetic field strength contour lines in a square cavity
for (a1, as2) = (0.5, —0.05).

H(z,y) = (3.6)

S e NN\
0 0.1 0.2 03 04 05 0.6 07 08 0.9 1

Figure 3.2: Magnetic field strength equilines for (a1, as) = (0.5, —0.05).

The system of equations (3.1)-(3.4) are solved iteratively as in the following

algorithm:

S.1 Define the ratio M = Mn/Re, pre-assign a tolerance tol for the con-
vergence criteria, and a relaxation parameter s for accelerating pressure

convergence.

OH OH 0°H 0*°H
S.2 Compute spatial derivatives 2 a_y’ 22 o
intensity function H(x,y) from its definition (3.6]).

of the magnetic field

S.3 Take an initial guess p(® for pressure.

S.4 Solve the velocity components from the momentum equations

ou FD o0H

Hy* D) — Go- = D{S,p" — MH—— (3.7)
(k+1) H
HoyFH — Gg—z =D{S,p" — MH%—y} (3.8)

using the Dirichlet boundary conditions for the velocity.
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S.5

S.6

S.7

S.8

S.9

S.10

S.11

3.1.1

Solve

k+1 a\p(k—i-l) k+1 k+1
Hy *+D -G = D{S,u") — 8 y*+1} (3.9)

using the natural boundary condition for the stream function.

Generate boundary conditions for pressure using the x— and y— compo-
nents of the momentum equations and newly obtained solutions for the
u— and the v—velocities. Approximate pressure gradients by a forward
difference and the spatial derivatives of the velocities using the DRBEM

coordinate matrix F. The details are given in the following sections.

Solve pressure equation
op 1) oH OH
Hp* ) -G = = MD{(=)*+ (=) + HV’H 3.10
. o (G, + (G P+ AV HY (310)

using the obtained pressure boundary conditions in step [S.6]

Relax the obtained pressure values
p*Y = kpt+D) 1 (1 — k)p®), 0<k<l1 (3.11)
Check the convergence criteria
Hz(k:—s—l) _ Z(k)HOO
< tol 3.12
[ECT—— 12
where ||2||0 = maz{|z1|,|22], ..., |znsr|} for u, v, p and U, and k denotes

the iteration level.
If the criteria is satisfied for all of the problem unknowns stop.

If the criteria is not satisfied for one of the unknowns go to step [S.4]

Stokes flow in a lid-driven cavity with point magnetic source

In this section, fully developed Stokes flow in a square cross-section of a rectan-

gular pipe with a moving top-lid is studied. The cavity flow is subjected to a

point source magnetic field. In the absence of the magnetic field (M = 0) the

problem turns to the basic lid-driven cavity flow and the numerical solution of
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this problem is available in the literature [2I] and [7I]. The problem geometry

and the boundary conditions are presented in Figure 3.3

u=1 v=0, V=0
s
1
0 u=20
v=0 v=0
v =0 v =0
point magnetic source
0 * 1

u=0,v=0 V=0
Figure 3.3: Stokes flow in a lid-driven cavity.

The pressure boundary conditions for each part of the boundary are found

through the momentum equations

e 4

2
o= VVut MH = (3.13)
op o oOH

The Taylor series expansion of the pressure p(x,y) around a boundary point
bd = (xpq, Ypa) is given by

op

P(2pq+ 02, Ypa+0y) = P(Tpd, Yoa) + B

)
Se+ 22| sy O((52)2 +(6y)?) (3.15)
bd Y |

under the assumption of infinitely many times differentiability of p in a suffi-
ciently large neighborhood of the point bd where 0x = (z—x4q) and 6y = (Y—ypa)-

Then, for the closest interior node int = (X, Yine) to the boundary point bd

(Figure one has

dp
Ax+ —| Ay (3.16)
bd Y |4q

dp
P(Zints Yint) = P(Tod, Ynd) + e

with Az = z,; — Tpq and Ay = Yint — Yovd-
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Pbd

|5
Pint
2| Poa 4= Pint Pint «=" Dod | A
— —
wn wn
Pint
Y

Pbd

Figure 3.4: Stokes flow in a square cavity: Derivation of pressure wall conditions.

The approximation in (3.16) implies the following approaches for the spatial

derivatives of pressure evaluated at the corresponding boundary node

SIDE 1: 0P| Pint —Pbd
dy bd Ay
SIDE 2P| N PP
or bd Az (3 17)
Y | pa Ay
SIDE ¢ 9P| o Pint —Pua
T |y Az
Using equations (3.13) and (3.14)
(k) _ (k+1) %
SIDE 1: Pt — P _ oy 8
Ay dy
(k+1) _, (k) OH
SIDE 2: D TPt _ g2, k1) 4 gy P
]%k+1)__1%k) ol .
SIDE 3:  fbd Pt _ g2,k 4 prpg
Ay dy
(k) _ (k+1) OH
SIDE 4: Pt = Poa g2 k) L gt
Az ox

The Laplacian terms on the right-hand sides of the equations (3.18)) are approx-
imated by the DRBEM coordinate matrix F by taking

OF _,0F OF __,0F
2 x = F ' —F'4 —F'1_F! 1
Vi~ Sy Ox Ox - oy oy (3.19)
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and writing

Viu ~ Syu , Vv~ Syv . (3.20)

Then, pressure boundary condition approximation is obtained for each side of

the cavity as

0H
SIDE 1: pl(le) pgg Ay(Sv karl)—i—]WHa )

Y
0H

)
ox
o (3.21)

dy )
OH )
ox

The effect of the point magnetic source on the Stokes flow of electrically non-

SIDE 2: pl()]:lﬂ) pmt + Az(Syu*tV + MH—
SIDE 3:  piit) = p®) 4 Ay(Sgo®V) + MH—

SIDE 4:  pit!) = p®) _ Az(Seu™) + MH-—

conducting fluid is studied for various ranges of M. The point source is placed
at (0.5, —0.05) below the bottom wall. The problem domain is discretized both
with constant and linear elements for the M = 0 and M = 10 cases in order
to compare the efficiency of the two approaches. N = 160 constant or linear
elements are used. The relaxation parameter for pressure is found as k = 0.055
by trial and error. 1072 tolerance is taken for the stopping criteria and p(® =0
initially. The numerical results are displayed in Figures 3.10/in terms of the
equal lines of velocity (u,v), stream function ¥ and pressure p of the fluid with
increasing M = Mn/Re values.

Figures[3.5/(M = 0) and[3.6](M = 10) show the DRBEM solutions with constant
and linear elements. It can be visualized that almost the same profiles are
obtained with almost the same accuracy. Linear element discretization requires
more iterations for convergence. Thus, the rest of the computations in Stokes
and incompressible flow problems are carried by using constant elements due to
its less computational time and space requirements.

When the fluid is free of magnetization (M = 0, Figure the flow is under
the control of the moving top lid and the obtained numerical results are in good
agreement with the results in [2I] and [71]. In the absence of the magnetic field,
flow consist of one main vortex rotating in clockwise direction and pressure
is high at the top corners. A secondary flow develops in u—velocity showing
the effect of the moving lid. Pressure and v—velocity profiles are symmetric in

magnitude with respect to x = 0.5 line.
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Figure 3.5: Stokes flow in a lid-driven square cavity, M = 0, (a) constant element

approximation (b) linear element approximation.

Figure 3.6: Stokes flow in a lid-driven square cavity, M = 10, (a) constant

element approximation (b) linear element approximation.

The influence of the point magnetic source is visible when M = 10 (Figure [3.6))
as disturbing the symmetry in the profiles, but the flow is still governed by the

moving lid. Pressure around the source starts to increase and a weak secondary

65



flow occurs at the left bottom corner of the cavity.

When M increases to 150 (Figure, the vortex caused by the moving lid shifts
to the right and the secondary flow strengthens. The right vortices in v—velocity
and the pressure squeeze through the right top corner. A new vortex appears
at the bottom of the cavity in u—velocity and a boundary layer is developed
around the source point in v—velocity showing the pushing effect of the point

magnetic source.

Figure 3.8: Stokes flow in a lid-driven square cavity, M = 500.
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Figures[3.8 and [3.9/show that, as M increases further the main and the secondary
flows in u—velocity and streamlines are separated almost symmetrically with
respect to x = 0.5 line and pressure around the source spreads through the
cavity. This means that the force caused by the point magnetic source starts to

govern the flow behavior and the moving lid looses its effect as M = 5000.

Figure 3.10: Stokes flow in a lid-driven square cavity, M = 10000.

As M = 10000 (Figure [3.10) the moving lid effect disappears completely in
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u—velocity and streamlines. The flow and the pressure show symmetric behav-
iors due to the magnetic source and the fluid moves almost with the magnetiza-

tion force.

3.1.2 Stokes flow in a square cavity with point magnetic source

The difference of this problem than the previous one is the absence of the moving
lid. The boundary conditions and the problem geometry are given in Figure|3.11

The aim is to simulate the influence of only the magnetic field on the Stokes

flow.
u=0,v=0 V=0
1
0 u=0
v=20 v=0
¥ =0 v =0
point magnetic source
0 * 1

u=0,v=0, V=0
Figure 3.11: Stokes flow in a square cavity.

The pressure boundary conditions are derived by a similar technique described
in Section The discretized equations — for the Stokes flow are
solved with homogeneous boundary conditions for the flow and the boundary is
discretized by N = 160 constant elements. The point magnetic source position
is (0.5,—0.05). The tolerance for the iteration is 107* and p(® = 1 initially.

k = 0.5 is the relaxation parameter used for pressure convergence.

Figures present the flow characteristics for different M values. When
M = 0, since (u,v) = (0, 0) on the boundary, from equation and the strong
maximum principle [83], the pressure Laplace equation has constant solution
(near p(¥) in the absence of magnetic effect. This means that, the u—velocity

and the v—velocity equations reduce to Laplace equations with homogeneous

68



boundary conditions, hence the x— and y—components of the velocity are zero,
so is the stream function. Thus, the point magnetic field is the driving mecha-

nism of the Stokes flow in a square cavity with no-slip walls.

3
R
09 %c,‘: %\

03] 8.7
04/

/ﬁ@\&

0 02 [ 08 1

Figure 3.12: Stokes flow in a square cavity, M = 5.
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Figure 3.13: Stokes flow in a square cavity, M = 30.
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Figure 3.15: Stokes flow in a square cavity, M = 100.

From Figures |3.12H3.15] one can notice that, the point magnetic source divides
the flow into two antisymmetric parts. High pressure occurs around the source
since the magnetic source pushes the fluid upwards. Contour values of the
velocities and the stream function increase at the same rate with M. As M in-
creases, symmetry in the v—velocity and in pressure, and also the antisymmetry

in u—velocity and the stream function are preserved.
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3.1.3 Stokes flow in a lid-driven circular cavity with point magnetic

source

In this problem, the magnetic effect on the Stokes flow in a lid-driven circular
cavity is investigated. The upper lid of the cavity is moving to the right as in
the case of lid driven square cavity. The problem geometry and the boundary

conditions are presented in Figure |3.16

ug =—1, u, =0, =0

0

point
magnetic source

{

°
ug =0, u. =0, V=0

Figure 3.16: Stokes flow in a lid-driven circular cavity.

The pressure boundary conditions are generated with a similar procedure ex-
pressed in the case of lid-driven square cavity. This time a general formula which

is valid for all parts of the boundary is obtained. (Figure [3.17)

Figure 3.17: Stokes flow in a unit circular cavity: Derivation of wall pressure

values.

Using the chain rule
op _ops  opdy
or  0xOr Oyor

and the transformation from the Cartesian coordinates to the polar coordinates

(3.22)
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x =rcos(f), y =rsin(f) one has

dp Op Op opx +@y

— == 0) + — sin(# 2
or Ox cos(6) + Jy sin(0) = Oxr dy r (3:23)
on the boundary since r =1
dp _9p  Ip
— == —y. 3.24
or 395:6 * 8yy ( )
Then, from the momentum equations (3.13) and (| one gets
dp 9 0H 9 OH
MH— MH— . 3.25
3 (V + ax)x—ir(Vv—i— a9 Y (3.25)

Approximating the left-hand side by the forward difference and the right-hand
side by the DRBEM coordinate matrix F, pressure boundary condition for a

circular region is obtained at (k + 1)-st iteration.
0H o0H
ph " = Pt + Ar ((S a4 MH D)o + (Sgv ) + MHa—y)Z/> (3.26)

with the use of k-th iteration values and

F F F F
V=~ Sy = g—xF‘ g—xF‘ gy F‘lg—yF‘l : (3.27)

In the numerical solution procedure N = 80 constant boundary elements are
used.
The magnetic field strength in non-dimensional form for the circular cavity is

given by
]

V(z—a1)? + (y — az)?

where ¢ = 0.05 is the closest distance from the point source to the cavity and

H(z,y) =

(3.28)

(ar,as) = (0,—1.05) is the place of the point magnetic source. tol = 1073
tolerance is used for the convergence criteria and the relaxation parameter for
pressure is £ = 0.1. Figures - display the numerical results in terms of
the fluid velocity, pressure and the stream function profiles.

When the flow is under the control of only the moving lid (M = 0, Figure
, the flow and the pressure profiles are similar to the case of Stokes flow
in a lid driven square cavity. The flow consist of one vortex with clockwise
rotation, symmetric behaviors are observed in pressure and v—velocity profiles

and u—velocity is divided into two vortices. Pressure around the discontinuity
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points is high. The obtained numerical results are in good agreement with the

ones in [22].

E -05 0 05 1 1 -05 0 05 1

Figure 3.18: Stokes flow in a lid-driven circular cavity, M = 0.

The influence of the magnetization force is similar in square and circular cavities
as M = 10 (Figure[3.19) in the sense that the symmetries in the flow and pressure
profiles are disappeared, pressures around the sources increase and secondary

flows develop at the left bottom parts of the cavities.

B -05

Figure 3.19: Stokes flow in a lid-driven circular cavity, M = 10.
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When M = 300 (Figure , flow consists of two symmetric vortices with ro-
tation in opposite directions. A new vortex appears at the right bottom part of
the cavity and divides the vortex at the bottom into two parts in the u—velocity.
The right vortex in the v—velocity vanishes and pressure contours become hor-

izontal.

Figure 3.20: Stokes flow in a lid-driven circular cavity, M = 300.

Figure [3.21] shows the flow characteristics when M = 1000. In this case the
flow is totally governed by the magnetic field. Flow accelerates and pressure
in the cavity increases. The influence of the magnetization force is high in the
circular cavity than in the case of square cavity since the moving lid looses its
effect when M = 1000 in circular cavity and when M = 5000 in the square
cavity. The difference may be caused from the disturbances coming from the
corners of the square cavity since the profile of the point source magnetic field
is in accordance with the circular shape of the cavity.

The flow behavior stays the same after M = 5000 in the circular cavity and

M = 10000 in the square cavity for the Stokes flow.
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Figure 3.21: Stokes flow in a lid-driven circular cavity, M = 1000.

3.2 Incompressible Flow in Cavities with Point Magnetic Source

The flow of non-conducting, viscous fluid under the effect of magnetic field
has many industrial applications such as in seals, power transformer cooling
[84], detection of cracks in magnetic recording media, audio speakers, sensors,
switches and solenoids. In this section, the influence of the point magnetic
source on the incompressible flows in pipes with rectangular and circular cross-
sections, and also in annular pipes is investigated. The nonlinear, coupled system
of partial differential equations ([2.93)-(2.97)) are discretized using the DRBEM
with constant elements. This time, because of the convection terms, the axial
velocity profile is also effected by the applied magnetic field depending on the
variations in the planar velocities (u,v). The nonlinear terms in the equations
are easily handled by the use of the DRBEM coordinate matrix F. The flow
behavior is investigated in terms of the velocity and pressure of the fluid. The

system of DRBEM discretized matrix-vector equations, presented in Chapter

(equations (2.103)-(2.107))), are

ou oH
ov oOH

I6)



ow

(H — D(uSx +vSy))w — G% =D{P,} (3.31)

Hp — G% = D{Mn((%—f)z - (%—5)2 + HV?H)
—(Sxu)? — (Syv)? — 2(S,xv)(Syu)} (3.32)
HVU — Gg—: = D{Syu — Sxv} . (3.33)

where H(x,y) is the magnetic field strength of a point magnetic source placed

at (a1, as) (for square regions equation (3.6) and for circular regions equation

(3.28))). The entries of the matrices D, Sx, Sy are as in equation (3.5) and Mn

is the magnetic number. The system of equations are solved iteratively using

the following algorithm:

S.1

S.2

S.3

S.4

S.5

S.6

Define the place of the point source (ay,ay), the magnetic number Mn,
convergence criteria tolerance tol and a relaxation parameter s for pres-
sure.

Cor o OH OH 0°H O°H
ompute € Spatla erivatives —, —, ——, ———
P P 3’ 0y’ 0 O

tions (3.6 or (3.28)) of H(x,y).

by using the defini-

dp (0) dp (0)
Take initial guesses for the pressure gradients 9 and EW and initial
z )
values of velocity components as u(?, v(®.
Solve
Ou k) op® oH
H - D(u®8, + v®s,))u*t) - G = =D{~ — MnH—

(3.34)
for u using the boundary condition for the u—velocity. Here u® and v(®

are diagonal matrices with entries u* and v®.

Solve
v EH) op® OH
H — D(u®tvs, (k) (k+1) _ 2= =D{ZX _ MnH=—/—
( (u Sx +vSy))v G@n {8y n 3y }
(3.35)

for v using the boundary condition for the v—velocity.

Generate boundary conditions for pressure by the use of z— and y— com-

ponents of the momentum equations and newly obtained solutions for the
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S.7

S.8

S.9

S.10

S.11

S.12

S.13

u— and the v—velocities. Approximate pressure gradients using forward
difference and the DRBEM coordinate matrix F for all the partial deriva-

tives. The details are given in the corresponding sections.

Solve
op ++1) OH OH
Hplk+D — Gy = D{Mn((%f - (8_y)2 + HV?H)
—(Sxu®V)? — (Syo" D)2 — 2(S ) (Syu® )} (3.36)

using the obtained pressure boundary conditions in step [S.6]
Solve the flow

(k+1)
HyE+) _ Ga_\IJ
on

= D{S,u"*) — 8 y*+1)} (3.37)
using the natural boundary condition for the stream function.

Solve the axis-velocity w from

(k+1) (k+1) (k—+1) Ow *+Y
(H—D(u Sy +v Sy))w — G% =D{P.} (3.38)

with homogeneous boundary condition for w.

Relax pressure to accelerate convergence as

P = op®D) (1 — g)p®), 0<rk<l1 (3.39)
Compute

Ap (k+1) op (k+1)

t = S, p*th, s — S pktD 3.40

ox b dy P ( )

with Sy, Sy given in (3.5)).

Check the convergence criteria

‘ |Z(k+1) _ Z(k) | |oo

1200

< tol (3.41)

where ||z||o = maz{|z1], |22, .., |2n+1|} denotes u, v, p, ¥ and w, and k

is the iteration level.

If the criteria is satisfied for all of the problem unknowns stop, otherwise

go to step with the newly obtained solutions.
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For all of the test problems presented in this section the axial pressure gradient
P, = —8000 as in [42]. Planar velocities are assumed to be zero initially (i.e.
u® = v(® = 0). In the stagnant situation of the fluid the magnetization forces

are balanced by the pressure gradients [3], hence to be able to start the iteration

8]7(0) OH —12 817(0) OH —-12
£ MnH(Z==)+1 = =MnH(=—)+1 42
5 n (am)+0 , 9 n (ay)+0 (3.42)

are taken. The tolerance of the iteration is 1073.

The numerical results are presented in terms of the velocity (u,v,w), pressure
p of the fluid and the stream function ¥ to depict the flow with all problem
variables. In this problem, the number of constant boundary elements are needed
to be increased according to the magnetic field intensity in order to achieve the
results for high magnetic numbers. The point magnetic source is placed at

(0.5, —0.05) for the square cavity and (0, —1.05) for the circular cavity.

3.2.1 Incompressible flow in a square cavity with point magnetic

source

The flow and pressure behaviors of an incompressible fluid under the influence
of the unique point magnetic source is investigated in a square cross-section of
a long pipe. The DRBEM discretized matrix-vector equations (3.29)-(3.33) are
solved with the boundary conditions presented in Figure where the walls

are motionless.

u=0,v
w =0, =
1
<) <)
Tl Tl
S B
- S =
] I
3 point magnetic source s
L]
0 u=0,v=0 1
w=0, V=0

Figure 3.22: Flow in a square cavity.
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Pressure boundary conditions are generated using a similar procedure as ex-

plained in Section|3.1.1 Then, the approximate values of pressure on the bound-

aries are
OH
SIDE 1: pgzﬂ) pmt AySyvE+h) AyMnHa—
Y
OH
SIDE 2: pz()ZH) pmt + AxSpu* Y AanHa—
5 [f (3.43)
SIDE 3: plft = p® 4 AySro®+) 4 AyMnHZ— 5
Y
H
SIDE 4: p,()ZH) = pz(nt AzSpuF+h) AanH%—
x
OF __,0F OF OF OF 8F
where Sy = —F ' —F '+ —F ! —F! —u*_—F! vt _F~and
ox ox 8y y ox 8y

ulktb v+ are the diagonal matrices having velocity nodal values as the di-
agonal elements.

The numerical results are obtained with N = 120 constant boundary elements
except the case Mn = 30000 where N = 160. Convergence for the pressure
equation is achieved by taking the relaxation parameter x = 0.05 when Mn > 0
and x = 0.005 for Mn = 0.

Figures display the influence of the magnetic field, generated by a point
magnetic source, for increasing magnetic field intensities on the incompressible
flow behavior in the square cavity. The obtained streamline and axial velocity
behaviors are in agreement with the ones in [42].

When the fluid is free of magnetization force (Mn = 0, Figure all problem
variables except the axial velocity are nearly zero. That is, the movement in
the axial direction uses all the kinetic energy of the fluid. The flow in the axial
direction shows a parabolic profile.

Figure displays the flow behavior for Mn = 500. The magnetization force
divides the flow on the transverse plane into two symmetric vortices rotating in
opposite directions. The pushing effect of the magnetization force is observed
in the velocity components. The v—velocity is expanded through the channel
section starting from the magnetic source and the maximum velocity occurs at
the axis of symmetry x = 0.5 close to the magnetic source. u—velocity has two
antisymmetric loops reaching maximum values close to the axis of symmetry
x = 0.5. The pressure is highly concentrated near the magnetic source. Since

the kinetic energy on the axial direction is converted to the kinetic energy on
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the transverse plane, the flow in the axial direction starts to retard around the

magnetic source.
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Figure 3.24: Flow in a square cavity, Mn = 500.

An increase in the magnetic number Mn causes the increase in the magnitudes
of streamlines, flow velocities and pressure as can be seen from Figure[3.25| which
is for M'n = 3000. The centers of vortices in secondary flows move upwards and

the highest velocity in the z— direction appears close to the top-lid. Pressure
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starts to concentrate

in the u—velocity.

u

also at the top of the cavity and two new vortices appear
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Figure 3.26: Flow in a square cavity, Mn = 5000.

Figures|3.26 show that as the magnetic number increases further, new loops

at the top of the cavity in the u—velocity are strengthen and the vortex centers in

streamlines enlarge. The flow deceleration in the axial direction is more promi-

nent and negative pressure occurs at the center of the cavity. The maximum
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v-velocity region moves through the center of the cavity.
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Figure 3.28: Flow in a square cavity, Mn = 30000.

When the numerical results for the Stokes flow (Section and the incom-
pressible flow (Section in a square cavity under the influence of a point
source magnetic field are compared, the influence of the convection terms in the
momentum equations are observed. In the case of Stokes flow the axial velocity

profile stays the same due to the absence of the convection terms, however in the
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case of incompressible flow the axial velocity profile shows a retardation around

the point source depending on the variations in the u— and v—velocities.

The Reynolds number of the flow depending on the mean velocity in the axial

direction is given by [42]:

1 1
Re = w,,h/v = / / wdzdy
o Jo

_Til,h ! !
Wy, = W _ / / wdxdy
v 0o Jo

is the dimensionless mean velocity.

(3.44)

where

(3.45)

The Reynolds number variation with increasing Mn is displayed in Table
Depending on the axial velocity, as magnetic field intensity increases Reynolds
number decreases. This shows the well-known flattening tendency of the flow
under the influence of a magnetic field which is observed from Figures |3.2343.28|

Table 3.2: Variation of the Reynolds number with magnetic field intensity.

Mn 0 30 500 1000 3000
Re | 280.8054 | 280.6611 | 277.7210 | 265.8172 | 197.2229
Mn 5000 10000 17000 20000 30000
Re | 152.8589 | 103.4248 | 76.2046 | 69.2253 | 68.1212

3.2.2 Incompressible flow in a lid-driven square cavity with point

magnetic source

In this section, the DRBEM equations — are solved when the top-lid
of the cavity moves to the right with a constant velocity. Numerical solution
procedure is carried with N = 120 constant elements and the relaxation param-
eter for the pressure x = 0.1. The behavior of the flow is investigated according
to the increasing magnetic number Mn values. The problem geometry and the

boundary conditions are given in Figure [3.29]
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Figure 3.29: Flow in a lid-driven square cavity.

The pressure boundary conditions are approximated using the similar scheme

presented in Section [3.2.1]
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Figure 3.30: Flow in a lid-driven square cavity, Mn = 0.

From Figures|3.30 one can observe that, when Mn < 500 the flow behaviors
are similar to the case of Stokes flow with M < 500 (Section . As Mn
reaches to 500 the moving lid looses its influence on the flow and the retardation
around the point magnetic source in the axial velocity is observed. The flow

behavior of the Stokes flow for M = 150 and incompressible flow for Mn =

84



100 with a moving lid are alike comparing Figure and Figure 3.31] In the
incompressible flow the Reynolds number corresponding to Mn = 100 is Re =
280.6626. That is M = Mn/Re ~ 0.3562. Hence, M has to be higher in the
Stokes flow than that of in the incompressible flow in order to obtain similar
behaviors. This may be due to the very high viscosity in the Stokes flow case.
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Figure 3.32: Flow in a lid-driven square cavity, Mn = 500.

Figure [3.33| shows that, when Mn = 1000 the influence of the moving top lid
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weakens and the pressure concentration at the top right corner vanishes.
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Figure 3.34: Flow in a lid-driven square cavity, Mn = 3000.

As the magnetic field intensity increases further (Figures and the flow
behavior starts to resemble to the incompressible flow in a square cavity. Similar
flow behaviors are observed in square and lid driven cavities for Mn > 3000. Two
additional vortices are developed near the top lid in the u—velocity. However

this is not the case for the Stokes flow since the flow is slow although the top
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lid of the cavity is moving.

p

T

Figure 3.35: Flow in a lid-driven square cavity, Mn = 5000.

3.2.3 Incompressible flow in a circular cavity with point magnetic

source

In this problem, the system of equations — are solved for the circular
cavity (Figure [3.36). The magnetic field strength H(z,y) for the circular cavity
is defined by the equation (3.28). The aim is to investigate the influence of
only the point magnetic source on the incompressible flow behavior in a circular

cavity and compare it with the square cavity case.

ug =0, u, =0, V=0

0

point
magnetic source

\
°

Ug:o, UT‘:O; \II:O

Figure 3.36: Flow in a circular cavity.
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Pressure boundary conditions are found similarly as in the case of Stokes flow
in a lid-driven circular cavity (Section 3.1.3)) by taking into consideration of the

convection terms also. That is,
oH 0oH
phy =P+ A ((SIU"““) + MnH )z + (Spo* ™) + MnH a—y)y) (3.46)

where 8y = Zp 18 g1 Fpa W een P g S Fpor i,
ox ox dy y ox dy

u**tY and v(**t1) being diagonal matrices with nodal velocity values on the di-
agonals.

Figures display the numerical results achieved for Mn = 0, 100, 500
and 1000 by discretizing the boundary with N = 60, 80, 80 and 140 elements,
respectively, and the pressure relaxation parameter is £k = 0.05. When there is
no magnetic field (Mn = 0) pressure and velocity values on the cross-section
of the pipe are nearly zero. The kinetic energy of the fluid is used to continue
the movement in the axial direction. The axial velocity presents a parabolic
profile due to the no-slip boundary conditions as expected. When the magnetic
effect is introduced (Mn = 100) flow starts to develop on the transverse plane.
Two symmetric vortices appear rotating in different directions. The u—velocity
profile is divided into 4 vortices and the ones close to the top lid are stronger in
magnitude than the others. The v—velocity spreads to all parts of the cavity.
Pressure contours are horizontal and they are highly concentrated at the bot-
tom of the cavity close to the point source. Since the kinetic energy used for the
movement in the axial direction is converted to the kinetic energy on the trans-
verse plane, a retarded flow is observed in the axial direction as in the square
cavity case. When the magnetic field intensity increases (Mn = 500, 1000) the
centers of vortices in streamlines and v—velocity move upwards. The bottom
vortices in u—velocity strengthen and squeeze the upper ones through the top
of the cavity. The pushing effect of the magnetic source is clearly seen from the
denser contours of the v—velocity close to the point source. As magnetic number
increases pressure decreases at the center of the cavity and this behavior results
in a collapse in the axial velocity on the z = 0 line. As in the case of Stokes flow,
the influence of the magnetic field on the flow is higher in the circular cavity
than the one in the square cavity. For the same magnetic number, the flow on

the transverse plane is faster in the circular cavity than in the square cavity, as
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a result, the flow retardation around the source is observed for smaller values of

Mn in the circular cavities.
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Figure 3.38: Flow in a circular cavity, Mn = 100.
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Figure 3.39: Flow in a circular cavity, Mn = 500.

Figure 3.40: Flow in a circular cavity, Mn = 1000.
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3.2.4 Incompressible flow in a square cavity with an obstacle (annu-

lar pipes) under point magnetic source

In this problem, the fully developed flow of an electrically non-conducting fluid
is studied in a pipe containing a solid obstacle. The obstacle can be considered
again a pipe inside the outer pipe. The fluid is in the annular region between the
solid and the pipe. The flow is subjected to an applied magnetic field generated
by a thin wire, carrying electric current, below the outer pipe. On the cross-
section of the pipes the magnetic wire serves as a point magnetic source with
magnetic field strength H(z,y) (equation (3.6)) and the inner pipe acts as an
obstacle. The point magnetic source is placed at (0.5, —0.05). 1072 tolerance is
taken for the convergence criteria. The problem geometry for the cross-section

of the pipes is presented in Figure [3.41]

u=v=w=¥=0
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g
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v=w =
obstacle |l
—>
oL,
[y
v=w=WV

s | point magnetic source 3

\

u=v=w=¥Y=0

Figure 3.41: Flow in a cavity with an obstacle.

The pressure boundary conditions are generated through the momentum equa-

tions, now having 8 boundaries (Figure [3.42]).

’
By

Figure 3.42: Flow in a cavity with an obstacle: Derivation of pressure wall

SIDE 8

conditions.
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Then, for each side, the pressure boundary conditions are approximated using

the following formulas

oH

Side 1: p(kH) — ") — Ay(Spo* ) + MnH— 5 )
Y
OH
Side 2: p(kH) pmt + Az(Syu*™ + MnH— 5 )
x
OH
Side 3:  ptY = p®) L Ay(Sp* Y 4 MnH=—— o)
Y
OH
Side 4: pl(flﬂ) = mt — Az(Spu™) + MnH—— 5 )
5 }93[ (3.47)
Side 5: p,()ZH) pmt + Ay (St 4 MnH— 5 )
Y
OH
Side 6: pl()zﬂ) pmt + Az(Spu**) + MnH— 5 )
g
OH
Side 7: pl()ZH) pmt Ay(Syo™ ) + MnH-—— 5 )
Y
OH
Side 8:  pit = p®) _ Az(Sypu Y + MnH=— o=
T
OF _,0F OF __,0F OF OF
where Sy = —F ' —F '+ —F ' —F ' — o —F ! — v _—F ! with
ox ox dy dy 0

1)

u*tY and v+ being diagonal matrices made of u**Y and v**V) values, re-

spectively.

The convergence of the pressure equation is provided when x = 0.05. The
influence of the magnetic field on the flow between pipes is first studied by
taking a medium sized obstacle at the center of the cavity where d = 1/3. The
flow profiles are presented for Mn = 0, 30, 500, 14000 values in Figures
3.46, where the boundary of the flow region is discretized by taking N = 160,
160, 160, 320 constant boundary elements, respectively. The numerical results
show that when there is no magnetic source (Mn = 0), the flow is in action only
in the axial direction. Due to the obstacle, the axial flow collapses at the center
of the cavity and a parabola like profile is observed between the corners of the

cavity and the obstacle.

92



'%Z{”I/ ik
\\ 4\
i

J }\\\\\\\‘l‘!‘\\‘r

/ ” , e
/////ll/lff;fj;;”//l//,

I

\

[1135e-007]
[

08

Figure 3.43: Flow in a square cavity with a medium obstacle at the center,

d=1/3, Mn =0.

When the magnetic field is included (Figure a flow is created on the trans-
verse plane consisting of two symmetrical domains. Two eddies are attached to
the vertical walls of the obstacle squeezing the main flow through the walls of
the cavity and enlarging with an increase in the magnetic field intensity. Bound-
ary layers are observed at the bottom of the cavity and the vertical walls of the
obstacle. The u—velocity is decomposed into 4 vortices mainly emanating from
the corners of the obstacle. The vortices attached to the top corners are weaker
in magnitude than the ones attached to the bottom corners since the magnetic
source is close to the bottom wall. The v—velocity is divided into 5 vortices with
two small eddies appearing at the bottom corners and enlarging with increasing
values of magnetic number Mn. Pressure is concentrated with large magnitude
around the magnetic source. The flow and pressure profiles are alike to the ones
obtained in the square cavity without an obstacle Section [3.2.1] as entering and
then leaving the hole.
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Figure 3.44: Flow in a square cavity with a medium obstacle at the center,

d=1/3, Mn = 30.
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Figure 3.45: Flow in a square cavity with a medium obstacle at the center,

d=1/3, Mn = 500.

Increasing magnetic field intensity (Figures and [3.46]) accelerates the flow
on the transverse plane and decelerates it in the axial direction around the point
magnetic source. When Mn > 14000 no significant change is observed in the

flow behavior, only planar velocities and the pressure increase, and the axial
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velocity retardation around z = 0.5 is more pronounced.

Figure 3.46: Flow in a square cavity with a medium obstacle at the center,

d =1/3, Mn = 14000.

The effect of the obstacle size is investigated in Figures for Mn =
5000. N = 168 boundary elements are used when d = 1/5, d = 1/2 and
N = 160 boundary elements are used for d = 1/3. As the obstacle dimension
increases both the eddies attached to the obstacle and the ones close to the
bottom wall are squeezed. Meantime new vortices appear above the obstacle.
Pressure shows a profile as if emanating from the obstacle corners and increases
with an increase in the size of the obstacle. The u—velocity is divided into new
symmetric vortices between the upper wall of the cavity and the obstacle. The
vortex below the obstacle in v—velocity enlarges. The axial velocity decreases

with the enlargement of the obstacle due to the increase in the shear stress.
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Figure 3.47: Flow in a square cavity with a small obstacle at the center, d = 1/5,

Mmn = 5000.
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Figure 3.48: Flow in a square cavity with a medium obstacle at the center,

d =1/3, Mn = 5000.
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Figure 3.49: Flow in a square cavity with a large obstacle at the center, d = 1/2,

Mmn = 5000.

As the last case, the influence of the obstacle imposition is studied by taking a
small sized obstacle (d = 1/5) for Mn = 5000. The computations are carried
by using N = 288 boundary elements. Figures and present the flow
profiles when the obstacle at the center is shifted 1/5 units above and to the
right, respectively. When the obstacle is shifted above, the planar velocity and
stream function profiles stay the same with enlarged vortices below the obstacle.
Pressure is moved to the obstacle area. When the obstacle is shifted 1/5 units to
the right (Figure [3.51), as expected, the symmetry in the profiles is destroyed.
The left eddy attached to the vertical wall of the obstacle strengthens and meets
with the right bottom vortex while the eddy close to the right vertical wall is
weakening. Similarly, the vortices on the right of the obstacle shrink through
the right vertical wall of the cavity in the u— and v—velocity. The left main
vortex in the v—velocity covers almost all parts of the cavity. Pressure around

the point magnetic source extends through the top of the cavity.
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Figure 3.50: Flow in a square cavity with a small obstacle, left bottom corner

placed at (2/5,3/5), d = 1/5, Mn = 5000.
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Figure 3.51: Flow in a square cavity with a small obstacle, left bottom corner

placed at (3/5,2/5), d =1/5, Mn = 5000.



3.3 Incompressible Flow in Rectangular Cavities with Multiple Point

Magnetic Sources

The steady, laminar, fully developed flow of an incompressible, electrically non-
conducting, magnetizable fluid is considered in a long impermeable pipe with
rectangular cross-section. The flow through the pipe is due to a given constant
pressure in the z—direction and it is affected by a non-uniform magnetic field
generated by multiple wires carrying electric current. The aim is to obtain a flow
behavior similar to the single wire case with even a considerably small magnetic
number. Figure displays the flow configuration for the two wires located

below the bottom wall.

Figure 3.52: The flow configuration- two wires below the bottom wall.

The magnetic field generated by a series of infinitely long straight wires with

the same current intensity I flowing in the same direction is defined by [39]

H I - (f_1>

I (7 — b)) a
" (5 — b;)? Yom (7 — )+ (- by)?

T 27r — (T —a;)* +

where s is the number wires and (@, b;) is the location of the i—th wire on the
cross-section. Since all the numerical simulations are done on the cross-section
of the pipe, wires around the pipe act as point magnetic sources.

Then, the magnetic field intensity in dimensional form is given by

]
5=
+
=

(3.49)
In the DRBEM discretized matrix-vector equations (3.29)-(3.33), H = H/H,
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where Hj is the magnetic field strength at (h/2,0) with h being the height of
the cavity.

The effect of multiple point magnetic sources on the flow is investigated in
three different cases. In Section and Section the influence of multiple
sources located below the bottom wall is studied in square and rectangular
cavities, respectively. Then, sources are located oppositely below the bottom
and above the top walls (Section [3.3.3).

The numerical simulations are done by taking constant boundary elements and
sufficient number of interior nodes to depict the flow behavior in the cavities. The
pressure boundary condition is obtained using the same procedure as explained
in Section for all of the test problems presented, and pressure relaxation
parameter is taken as k = 0.05. The numerical solution algorithm is the same
as explained in Section [3.2] only the equation for the axial velocity is taken
out from the iteration and solved once after all the other problem unknowns
are computed. This difference does not contradict with the previous algorithm
since the axial velocity reaches the convergence criteria very early. That is, the
convergence criteria of the axial velocity does not have any influence on the
number of iterations needed to obtain the numerical solution with the assigned
tolerance. Although it is possible to put out the stream function equation from
the iterative procedure it is kept since the stream function satisfies the continuity

equation implicitly.
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3.3.1 Square cavity with two or three sources below the bottom wall

Figure [3.53|displays the problem geometries and the boundary conditions for two
and three sources cases. The point magnetic sources are placed at (0.25, —0.05)
and (0.75, —0.05) for the two sources, and (0.25, —0.05), (0.5, —0.05) and

(0.75,—0.05) for the three sources cases, respectively. All the numerical results

of this section are achieved by taking N = 120 boundary nodes.

u=0,v=0
w=0, ¥Y=0
1
o <@ o
il Tl
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3 3
point magnetic sources
[ ] o [ ]
0 u=0, v 1
w=0, V=0

Figure 3.53: Problem geometry and the boundary conditions for square cavity

with one, two and three sources.

The influence of the unique point magnetic source placed below the pipe was
presented in Section The main effect of a unique point magnetic source is
to divide the flow and the u—velocity profiles into two symmetric vortices rotat-
ing in different directions and pressure is highly concentrated around the source.
A boundary layer develops opposite to the magnetic source in the v—velocity
showing the pushing effect of the source. As magnetic field intensity increases
the flow on the transverse plane accelerates and pressure in the cavity increases.
Since the kinetic energy of the flow in the axial direction is converted to the ki-
netic energy on the transverse plane, axial velocity retards around the magnetic
source. This is the well-known flattening tendency of the fluid flow subjected to
a magnetic field.

When the number of magnetic sources is increased it is expected that more fluc-

tuations of the flow will be observed. Thus, first the grid dependence test is

101



carried by increasing the number of boundary points.

The variations of planar velocities with respect to the number of boundary points
at y = 0.1 line for Mn = 10 in the case of two sources are displayed in Figure
[B.54] It is observed that as N increases the solution gets smoother and N > 100
is required for solving pipe flow under magnetic source. Thus, the rest of the

computations are carried with N = 120 —240 elements for increasing Mn values.

8 T T T T 12

N=60
— — —N=80
10+ N=100
— — N=120

u-velocity
v-velocity

— — N=120
!

Figure 3.54: Planar velocity profiles on y = 0.1 line for two sources case Mn = 10

with N = 60,80, 100, 120.

Figure[3.55] presents the flow and the pressure behaviors for two and three sources
with Mn = 10. In the two sources case, fluid develops new secondary flows
between the magnetic sources pushing the main vortices upwards. In addition,
two vortices are developed close to the top wall in streamlines. Pressure highly
concentrates around the sources with the same magnitudes and its distribution
at the center of the cavity is similar to the case of unique source. The v—velocity
profile consists of one main vortex forming boundary layers around the magnetic
sources. The flow retardation in the axial direction occurs much earlier than the
unique source case due to the combined effects of two sources. The flow behavior
in three sources case is very similar to the one source case except the additional
vortices in the u—velocity and again boundary layer formation in the v—velocity
near the bottom wall. Also, axial velocity is not affected yet as if one source is
present. Pressure is concentrated in front of the sources. Thus, for seeing the

effect of more sources below the bottom wall, the width of the channel should
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be increased.
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Figure 3.55: Square cavity, (a) two sources (b) three sources, Mn = 10.
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Figure 3.56: Square cavity, two sources, (a) Mn = 10, (b) Mn = 50.

When the magnetic field intensity is increased for two sources below the bottom
wall (Figure , the flow accelerates forming new vortices on the transverse
plane and pressure increases, at the same time the flow retardation around the

magnetic sources in axial direction is more pronounced.
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3.3.2 Rectangular cavity with two or three sources below the bottom

wall

The influence of two and three sources on the FHD flow is also investigated in a
rectangular cavity when its width is two times of its height. The point magnetic
sources are placed at (0.5, —0.05) and (1.5, —0.05) for two sources, (0.5, —0.05),
(1,—0.05) and (1.5, —0.05) for three sources. The aim is to capture the effect
of more sources on the bottom wall. The numerical results are presented for
Mn = 10 and Mn = 1000 with N = 180 boundary nodes. The geometry and
the boundary conditions are displayed in Figure |[3.57]

u=0, v=0
w=0, V=0
1
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0 u=0, v=0 2
w=0, V=0

Figure 3.57: Problem geometry and the boundary conditions for the rectangular

cavity with two and three sources.

Figure displays the flow characteristics in the rectangular cavity with two
and three sources placed below the bottom wall. The two sources case (Figure
3.58(a)) shows in the half of the channel, the same behavior of the flow and
pressure obtained in the square cavity with one source. It looks like the flow and
the pressure in the first half of the channel repeats itself in the other half but the
vortices in streamlines and the u—velocity at the middle of the channel tend to be
decreased. When the number of sources are increased from two to three (Figure
3.58(a),(b)) due to the distance between successive sources, the middle vortices
in streamlines and the u—velocity squeeze. Also, the center of the vortices in the
v—velocity meets at the center of the cavity. When compared to square cavity
with three sources, planar velocity behaviors are similar. The effects of three

sources combine and result in two antisymmetric vortices as if emanating from
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the source in the middle, meantime small vortices appear between the sources.
The flow retardation is not yet observed in the axial velocity for Mn = 10. As
magnetic field intensity increases (Figure [3.58(c)) new vortices in streamlines
are developed close to the top wall. The planar velocity components increase
and the axial velocity decreases. Pressure in the cavity also increases with an

increase in Mn.
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Figure 3.58: Rectangular cavity, (a) two sources Mn = 10, (b) three sources

Mn =10, (c) three sources Mn = 1000.
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3.3.3 Square and rectangular cavities with sources on opposite walls

The influence of oppositely located multiple sources on the FHD flow is stud-

ied in square and rectangular cavities by taking two and four sources. In the

square cavity, the magnetic point sources are placed oppositely at (0.5, —0.05),

(0.5,1.05) and in the rectangular cavity at (0.66, —0.05), (1.33, —0.05), (0.66, 1.05)
and (1.33,1.05) as shown in Figure [3.59]

u=0,v=0 u=0,v=0

w=0, =0 w=0, ¥=0

1 L] 1 L] L]
=< =9 ’\ / T
T Tl Tl
SR . . SNl . . SNl
- . point magnetic sources - point magnetic sources -
S o (=] =
Il 1l 1] I
33 33 / \ 23

L] L] L]

O u=0, v=0 1 0 u=0, v=0 2
w=0, ¥=0 w=0,¥=0

(a) (b)

Figure 3.59: Problem geometry and boundary conditions for oppositely located

sources (a) square cavity-two sources, (b) rectangular cavity-four sources.

Figure represents the flow behaviors in a square cavity with two oppositely
located magnetic sources for Mn = 10 and Mn = 2000 using N = 120, N = 160
boundary elements.

When the sources are oppositely located on the vertical symmetry axis (Figures
3.59(a), 3.60-(a)) the flow and the pressure are symmetrically divided with
respect to center lines with the same magnitudes. The u—velocity behavior is
a continuation of the behavior shown in the one source case below the bottom
wall. The v—velocity develops new vortices near the corners of the cavity.
Increasing magnetic field intensity accelerates the flow and increases the pressure
in the cavity as in the previous cases. The vortices at the corners enlarge through
the center of the cavity in the v—velocity. The retardation of the flow in the axial
direction is now seen around both the sources and this preserves the symmetry
in the axial velocity profile (Figure [3.60k(b), back and front views of the profile).

When compared to the single source case, the retardation of the flow in the axial
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direction is observed for a higher magnetic number since both of the sources push

the fluid to the opposite wall.
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Figure 3.60: Square cavity, two opposite sources, (a) Mn=10, (b) Mn = 2000.

The flow and pressure behaviors in a rectangular cavity with four oppositely
located sources are obtained by using N = 180, N = 240 boundary nodes for
Mn =10 and Mn = 300, respectively and displayed in Figure |3.61]
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Figure 3.61: Rectangular cavity, four opposite sources, (a) Mn = 10, (b) Mn =
300.

When Mn = 10 (Figure [3.61}(a)) the flow in the cavity consist of four vor-
tices as in the case of square cavity with two oppositely located sources. The
u—velocity and pressure profiles again symmetrically divided with respect to
x =1 and y = 0.5 lines. In the v—velocity, secondary flows develop on the
corners of the cavity and between the sources. Retardation of the axial velocity
can be seen only when Mn increases (Mn=300).

As magnetic field intensity increases to 300 (Figure [3.61}(b)), pressure and pla-
nar velocities increase in magnitude as expected and the axial flow decelerates
around the magnetic sources. New vortices develop in streamlines close to the

source points.
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3.4 Forced Convection Flow of Biomagnetic Fluid in Square, Lid-

driven and Circular Cavities with Point Magnetic Source

In this section, the fully developed, steady flow of blood which exhibits mag-
netization and viscous dissipation is investigated in the cross-section of a long
pipe (cavity) under the influence of magnetization and buoyancy forces. The
flow configuration, pressure and the temperature disturbance are visualized for
various values of magnetic and Rayleigh numbers in the square, lid-driven and
circular cavities with the temperature differences between opposite vertical or
horizontal walls keeping the other walls adiabatic. The axial velocity profile is
presented. Viscous dissipation effect on the flow and the heat transfer is also

studied. The system of equations discretized by the DRBEM is given in Chapter

equations — as

(H — D(uSx + vSy))u — G@ = D{Sp — Mn(Tc—T)Ha—H} (3.50)
on Ox
ov O0H Ra
(H — D(uSx + vSy))v — G% =D{Syp — Mn(T, — T)Ha—y - P_TT} (3.51)
(H — D(uSx + vSy))w — Gg—:ﬁ: =D{P,} (3.52)
oH oH aT
(H — PrD(uSx + vSy — MnEcH(u% + Ua—y)))T — G% =
= D{—MnEcPreH(uaa—H + vaa—H) — EcPr(2(Sxu)? + 2(Syv)?
Z Y
+(Sxv + Syu)?)} (3.53)
dp Ra B > 5
Hp G% = D{ﬁSyT (Sxu)® — (Syv)* — 2(Sxv)(Syu)
OH 0H
OH OH
Mn(T, = T)(5=)*+ (=)’ + HV’H
(T~ 1) (G + G+ v
HY — Gg—qj = D{S,u — Sxv} . (3.55)
n

where Mn, Ec, Pr, Ra, € are the magnetic, Eckert, Prandtl, Rayleigh and
temperature numbers, and

. A F
D=MHU-GQF ' S,= g—xFl Sy =—F". (3.56)
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The system of matrix-vector equations are iteratively solved as in the following

algorithm.

S.1 Define the place of the point source (aj,as), the problem parameters as
Mn, Ec, Ra, Pr, e, T., the convergence criteria tolerance tol, pressure

relaxation parameter x and temperature relaxation parameter 7.

S.2 Compute the magnetic field intensity function H(z,y) and its spatial
OH O0H 0°H 0°H

derivatives %, a—y, W’ a_y2
op© op©
S.3 Set initial guesses for pressure gradients, 8_p and a—p
x y
v—velocity, v(*) and the temperature 7.

. u—velocity, u(®,

S.4 Solve the velocity components from

ou 1) op )
(H - Du®S, + v®s,)ut+) - g% —D{ZL
OH on ox <3_57>
— Mn(T, — T®)H=——
n( JH -
(k+1) op®
(H - D(u*VS, + v ))p*th — e D{Z
O Oy (3.58)
— Mn(T, — T(k))Ha_H — @T(k)}
¢ dy  Pr

using no-slip boundary conditions, where u® and v are the diagonal

matrices with diagonal entries u®) and v, respectively.

S.5 Solve the temperature

(H — PrD(u*Vs, + vibg ]\/[nEcH(u(kH)aa—H + v(km%—H)))T(’”U
x y
or k1) OH OH
— G(’)_n = D{—MnEcPTeH(u(kH)a—x + V(k+1)8_y)

— BePr(2(S,u*™)? 4 2(S, 0k t1)2 (S0 1§ u+D)2))
(3.59)

with imposed wall condition.

S.6 Generate boundary conditions for pressure using the momentum equations
with newly obtained velocity components. Approximate pressure gradients
with forward differences and the space derivatives by the DRBEM coordi-

nate matrix F.
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S.7 Solve the pressure equation

op k+D Ra
Hp(k+1) o G% _ D{ﬁsyT(k-i-l) . (qu(k-‘rl))Q o (Syv(kﬂ))Q
OH
— 2(S, oY) (S ut)) — Mn(SxT('““)Ha—x + S, T¢I ")
0OH oOH
M Tc . T(k+1) Y2 N2 HvZH
+ M (G + (5,0 + HY*H))
(3.60)
using the obtained pressure boundary condition in step
S.8 Solve
ov (k+1)
Hy*+) G- = D{S,u**) — 8, vk} (3.61)
n
using the natural boundary condition for the stream function.
S.9 Solve the axial velocity
Ow (k+1)
(H - D(u(k“)Sx + V(k+1)Sy>)w(k+1) — Ga_ = D{P.} (3.62)
n
with no-slip wall condition.
S.10 Relax the temperature and pressure
p(k+1) — ,{p(k—&-l) + (1 — /i)p(k) 0 < K S ]_ (3 63)
Th+D — ppk+l) 4 (1-— T)T(k) 0<7<1 '
for accelerating the convergence.
S.11 Compute pressure space derivatives
(k+1) (k+1)
I g ey T g e (3.64)
ox ’ oy Y
S.12 Check the convergence criteria
||z(k+1) _ Z(k)HOO
< tol 3.65
[ 0
where ||2||o = max{|z1], |22, ..., |2n+L|} denotes u, v, w, T, p, ¥ and k is

the iteration level.

S.13 If the criteria is satisfied for all of the problem unknowns stop.

S.14 If the criteria is not satisfied for one of the unknowns go to step
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The iteration procedure is started by taking
u® =0©@ =0 inQUT (3.66)

and

1 on the hot boundary
TO = (3.67)

0 otherwise
initially. In the stagnant situation of the fluid the transverse pressure gradient
forces are balanced by the effect of the magnetic and buoyancy forces hence, the

initial pressure gradients are

op©® OH 1
5, = Mn(T = T)H(5-) +10
(0) H
g—z = Mn(T —T, )H(%y )+ @T + 10712 (3.68)

The physical properties of blood presented in [17] (density p = 1050 kg/m?, dy-
namic viscosity u = 3.2 x 1073 kg/ms, specific heat ¢, = 14.65 J/kgK, thermal
conductivity k¥ = 2.2 x 1073 J/msK) are considered to set the dimensionless
parameters. The temperatures of the hot and the cold walls are T}, = 43°C
and T,.,q = 3.5°C. The width of the square cavity or the radius of the circular
cavity is h = 1.1 x 1073 m. Pr = 20, Ec = 1.25 x 1078, € = 7 are taken. The
pressure gradient given to the fluid in the axial direction is P, = —8000 [42].
The point magnetic source is placed at (aq,as) = (0.5, —0.05) for the square and

(ay,ay) = (0,—1.05) for the circular cavities.

3.4.1 Forced convection flow in a square cavity with horizontal adi-

abatic walls and point magnetic source

In this problem, the influence of the buoyancy and the magnetization forces
on the FHD fluid are studied in the square cavity where the horizontal walls
are adiabatic, left vertical wall is hot and the right vertical wall is cold. The
viscous dissipation effect is also studied. N = 160 constant boundary elements

are used for the discretization of the boundary, except Mn = 200 case where the
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number of elements is needed to be increased (N = 200) due to the significant
change in the flow along the boundaries. The relaxation parameters for pressure
and the temperature are K = 7 = 0.05 in general but in order to achieve the
numerical solutions for high Rayleigh numbers 7 is decreased. The comparison
of the results obtained for Mn = 10, Ra = 10? with constant and linear elements
is also done. The problem geometry and the boundary conditions are presented

in Figure [3.62

Y
u=0,v=0
oT
w=0,¥=0 —=0
Oy
1
u=0,v=0 l g u=0,v=0
w=0, ¥YV=0 w=0, U =0
T=1 T=0
point magnetic source
5 x
0 u=0,v=0 1
or
w=0,¥=0, — =0
Ay

Figure 3.62: Forced convection flow in a square cavity with horizontal adiabatic

walls.

Pressure boundary conditions are approximated using the same technique as

explained in the previous problems. Thus,

H
Side 1:  pith = p®) _ Ay (Spp®+Y 4 R ey Mn(T, — T(’““))Ha—)
Pr dy
OH
Side 2: Y = p™) L Az(Spu*tY + Mn(T, — T(’“H))Ha—)
X
R OH
Side 3:  ptY = p™) L Ay(Spp*t + PaT D 4 Mn(T, — T(’““))H—a )
r Y
OH
Side 4: pl()’flﬂ) pmt Az (SputV 4+ Mn(T, — T(k+1))H8—) :
X
(3.69)
with Sy = OF 1 OF ps aFF 10F g uk+1>8F k“)aFF L
ox ox 83/ oy ox dy

u**t1) and v+ being the diagonal matrices with diagonal entries u**1) and

v+ respectively.

The proposed numerical scheme and results are validated with the natural con-

114



vection flow of air in a square cavity without magnetization force by taking
Pr = 0.7 and Ra = 10°. Figure [3.63] displays the numerical results obtained
with N = 120 constant elements and tol = 10™* tolerance. The relaxation pa-

rameters for pressure and the temperature are k = 0.1 and 7 = 0.1, respectively.
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Figure 3.63: Natural convection flow of air, Mn = 0, Ra = 103.

The numerical results show the influence of only the buoyancy force. The fluid
rises up around the hot, left vertical wall and falls down around the cold, right
vertical wall which yields a clockwise rotation. Pressure highly concentrates at
the left top corner of the cavity and the heat transfers from the hot wall to the
cold wall uniformly. The u— and v—velocity profiles consist of two vortices.

The average Nusselt number at the heated wall of the cavity is calculated by

dy . (3.70)

Table is the comparison of the average Nusselt numbers obtained in the
present study and by Lo et al. [85] using the DRBEM and the differential
quadrature method, respectively.
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Table 3.3: Average Nusselt numbers, Mn = 0, Ra = 1073,

present study | (Lo et al., 2007) [85]
1.1189 1.118

The obtained results and the average Nusselt numbers are in good agreement

with the ones in [85].
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Figure 3.64: Forced convection flow in a square cavity with horizontal adiabatic

walls, viscous dissipation is neglected. Ra =0, Mn = 5.

Figures [3.6413.65| show the flow, pressure and the temperature behaviors for
increasing Magnetic number (Mn = 5,200) in the absence of the buoyancy force
(Ra = 0). As Mn increases the planar velocities and pressure advance at the
same time the axial velocity collapses around the point magnetic source. Two
symmetric vortices are observed in the u—velocity and stream function profiles.
The v— velocity spreads through the cavity and develops new vortices close to
the bottom corners of the cavity as Mn increases. Pressure around the point
magnetic source is very high. The isotherms are shifted through the hot and
cold walls when the magnetic number increases. For Mn = 200 they are divided
almost symmetrically, that is, the temperature at the center of the cavity is the

average of the hot and cold wall temperatures.
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Figure 3.65: Forced convection flow in a square cavity with horizontal adiabatic

walls, viscous dissipation is neglected. Ra = 0, Mn = 200.

When magnetization force is included (Mn = 10) and Rayleigh number increases
Ra = 10%,10° (Figures the flow, pressure and temperature behaviors
change completely, especially when Ra = 10° only buoyancy force controls the
flow. Since the thermal convection dominates the magnetization, the symmetry
in streamlines and the u—velocity vanish and one of the vortices enlarges. The
right vortex center in the u—velocity squeezes at the left upper corner of the
cavity and the v—velocity develops a boundary layer close to the left vertical
wall. Isotherms shift to the hot wall leaving the center of the cavity cold. This
means that, high thermal convection blocks the heat transfer from the hot wall.
As Ra increases, high pressure around the magnetic source moves to the top

wall. The behavior of the axial velocity does not alter much.
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Figure 3.66: Forced convection flow in a square cavity with horizontal adiabatic

walls, viscous dissipation is neglected. Mn = 10, Ra = 102.
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Figure 3.67: Forced convection flow in a square cavity with horizontal adiabatic

walls, viscous dissipation is neglected. Mn = 10, Ra = 103.
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Figure 3.68: Forced convection flow in a square cavity with horizontal adiabatic

walls, viscous dissipation is neglected. Mn = 10, Ra = 10°.
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Figure 3.69: Linear elements-forced convection flow in a square cavity with

horizontal adiabatic walls, viscous dissipation is neglected. Mn = 10, Ra = 102.

The numerical results for Mn = 10, Ra = 10? in the absence of viscous dissipa-
tion are also obtained by discretizing the boundary with 160 linear elements. As
can be seen from Figure that the behaviors of the flow and the heat transfer

do not alter compared to the same number of constant elements case in Figure
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3.66l Thus, concerning the computational cost, the rest of the computations are

carried with constant element discretization.
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Figure 3.70: Forced convection flow in a square cavity with horizontal adiabatic

walls, viscous dissipation is neglected. Mn = 80, Ra = 102.
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Figure 3.71: Forced convection flow in a square cavity with horizontal adiabatic

walls, viscous dissipation is neglected. Mn = 80, Ra = 105.

When magnetic number is increased to Mn = 80 and Rayleigh number varies

in the range Ra = 10? — 10° magnetic source dominates the thermal convection
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this time up to Ra = 10° (Figures . The buoyancy force effect on the
temperature of the fluid is the formation of a thin layer close to the hot wall of
the cavity. The symmetry in streamlines and the planar velocities disappears
when Ra = 10°. The left vortex in streamlines shifts to the hot wall leaving
its place to the right vortex. Pressure around the source looses its effect and
thermal convection is still observed near the cold wall.

Viscous dissipation effect on the flow, pressure and the temperature is visualized
in Figures respectively for Mn = 10 and 80 when Ra = 10°. When
magnetic number is small (Mn = 10), flow and temperature behaviors stay
the same with viscous dissipation when it is compared with Figure [3.68 The
viscous dissipation effect is observed on isotherms only when both magnetic and
buoyancy forces are high (Mn = 80 and Ra = 10°) comparing with Figure [3.71]
The convection from the right cold wall still extends through the center of the
cavity. Magnitude of velocities and stream function values are reduced. That
is, the viscous dissipation retards the flow and the heat transfer in the cavity.

Also, the v—velocity profile becomes nearly symmetric.
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Figure 3.72: Forced convection flow in a square cavity with horizontal adiabatic

walls, viscous dissipation is included. Mn = 10, Ra = 10°.
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Figure 3.73: Forced convection flow in a square cavity with horizontal adiabatic

walls, viscous dissipation is included. Mn = 80, Ra = 10°.

3.4.2 Forced convection flow in a lid-driven square cavity with hori-

zontal adiabatic walls and point magnetic source

The aim of this study is to analyze the influence of the moving lid together with
the effects of buoyancy and magnetic forces. The flow configuration and the

boundary conditions are presented in Figure [3.74]

y u=1, v=0

w=0, ¥=0, o _y
0y
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w=0,¥=0 w=0, =0
T=1 T=0
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\
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0 u=0,v=0 1
or
w=0, =0, — =0
Oy

Figure 3.74: Forced convection flow in a lid-driven square cavity with horizontal

oy

adiabatic walls.
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Pressure boundary conditions are similarly obtained as explained in Section
N = 160 constant elements are used for the discretization of the bound-
ary. Relaxation parameters x = 0.05 and 7 = 0.05, 0.001 are taken for Mn = 10,
80, respectively.
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Figure 3.75: Forced convection flow in a lid-driven square cavity with horizontal

adiabatic walls, viscous dissipation is neglected. Mn = 10, Ra = 102.

In Figure the flow behavior, pressure and the temperature disturbances are
visualized for small magnetic and Rayleigh numbers (Mn = 10, Ra = 10?) in the
absence of viscous dissipation. When it is compared with the behaviors obtained
in square cavity for the same parameter values (Figure a significant effect is
observed in both the flow and temperature behaviors as the deterioration from
the symmetric behavior. The moving upper lid causes the shrink of the left
vortex to the left lower corner for streamlines, and the development of the new
vortices in the right lower and right upper corners for the u— and v—velocities,
respectively. The u—velocity is mostly concentrated on the moving lid. Pressure
is also increased through the right half of the cavity. Axial velocity is not affected
much and the heat transfer is increased through the cold wall around the moving
lid. However when both Mn and Ra are increased and viscous dissipation is

added (Figure [3.76)), the flow, pressure and the temperature of the fluid get
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beyond the moving lid’s control and show almost the same behavior observed
in the square cavity as compared with Figure |3.73l Thus, the main control
mechanism of the flow and temperature of the fluid lies in the variations of

magnetic and buoyancy forces. Viscous dissipation effect can only be observed

when both Mn and Ra are high.
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Figure 3.76: Forced convection flow in a lid-driven square cavity with horizontal

adiabatic walls, viscous dissipation is included. Mn = 80, Ra = 10°.
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3.4.3 Forced convection flow in a square cavity with vertical adia-

batic walls and point magnetic source

As a last case in the square cavity, the heat transfer is considered between the
top and bottom walls. Thus, the square cavity is heated from the top and
cooled from the bottom walls keeping the vertical walls adiabatic. The problem

geometry and the boundary conditions are presented in Figure |3.77

) u=0,v=0
w=0, V=0,T=
1
u=0,v=0 lg’ u=0,v=0
w=0 V=0 w=0, ¥=0
oT
- X0 67T:0
Ox point magnetic source Oz
1
4
0 i 1
u=0,v=0

w=0,¥=0,T=0
Figure 3.77: Forced convection flow in a square cavity with vertical adiabatic

walls.

Pressure boundary conditions are obtained as explained in Section [3.4.1] The
boundary is dicretized with 160 constant elements, x = 0.05 and 7 = 0.05 are
taken. The number of constant elements is increased to 200 for the case of
Mn = 200.

The effect of only buoyancy force is seen when Mn = 0 as observed from Figures
B.78}{3.80l The buoyancy force divides the flow into two vortices with centers on
y = 0.5 line. Pressure is highly concentrated at the top of the cavity showing a
drop at the center. The u— velocity consists of four loops emanating from the
corners and vertical velocity spreads through the cavity. The buoyancy force
shifts the isotherms through the hot wall. Thus, an increase in the Rayleigh
number, increases magnitudes of the planar velocities and pressure, and squeezes

the isotherms through the hot wall.
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Figure 3.78: Forced convection flow in a square cavity with vertical adiabatic

walls, viscous dissipation is neglected. Ra = 103, Mn = 0.
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Figure 3.79: Forced convection flow in a square cavity with vertical adiabatic

walls, viscous dissipation is neglected. Ra = 10*, Mn = 0.
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Figure 3.80: Forced convection flow in a square cavity with vertical adiabatic

walls, viscous dissipation is neglected. Ra = 10°, Mn = 0.

Figures [3.81H3.83] show the effect of the magnetic source on the flow profiles,
pressure and the temperature of the fluid for Mn = 5,80, 200 with Ra = 0. An
increase in magnetic number causes an increase in the magnitude of the planar
velocities and the pressure. The axial velocity shows, as expected, a flatten-
ing tendency around the point magnetic source and the pressure around the
magnetic source extends through the cavity. Flow on the transverse plane is
divided into two vortices rotating in opposite directions. A further increase in
Mmn moves the center of vortices through the magnetic source. The main effect
of the point magnetic source below the cold wall is the cooling of the channel
starting from the bottom wall. For values of Mn > 80 the fluid in the channel
is completely cooled except a thin layer near the upper wall and secondary flows
show up through bottom and top corners. The v—velocity shows the pushing
effect of the magnetic point source and a thin boundary layer occurs just above
and around the source.

The main effect of the magnetic source (and its increasing intensity) is to ac-
celerate the fluid flow and increase the pressure on the fluid, and thus to cool

down the channel through the upper wall. This is also the idea of cooling the

head capsules of nuclear reactors.
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Figure 3.81: Forced convection flow in a square cavity with vertical adiabatic

walls, viscous dissipation is neglected. Ra =0, Mn = 5.
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Figure 3.82: Forced convection flow in a square cavity with vertical adiabatic

walls, viscous dissipation is neglected. Ra = 0, Mn = 80.
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Figure 3.83: Forced convection flow in a square cavity with vertical adiabatic

walls, viscous dissipation is neglected. Ra = 0, Mn = 200.
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Figure 3.84: Forced convection flow in a square cavity with vertical adiabatic

walls, viscous dissipation is neglected. Mn = 10, Ra = 103.

Both the buoyancy force and magnetic source effects are seen when Mn = 10
and Ra = 103, 10° in Figures[3.84] For small Mn the buoyancy effect starts
to dominate the flow as Ra increases. When Ra > 10* the thermal convection

in the flow reduces the pushing effect of the magnetic source and viscous effect
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is reduced.
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Figure 3.85: Forced convection flow in a square cavity with vertical adiabatic

walls, viscous dissipation is neglected. Mn = 10, Ra = 10°.
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Figure 3.86: Forced convection flow in a square cavity with vertical adiabatic

walls, viscous dissipation is neglected. Mn = 80, Ra = 10*.
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When the value Mn = 80 is reached (Figures the magnetization force
dominates the buoyancy force up to Ra = 10*. The influence of buoyancy force is
observed in streamlines and pressure as the center of vortices move upwards and
pressure starts to concentrate close to the top heated wall. But with an increase
in the magnetic number the cooling of the channel is much faster compared to

an increase in Rayleigh number.
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Figure 3.87: Forced convection flow in a square cavity with vertical adiabatic

walls, viscous dissipation is neglected. Mn = 80, Ra = 10°.

Figures and show the flow behavior and heat exchange of a biomag-
netic dissipative viscous fluid. It is observed that, the viscous dissipation does
not influence the flow and the heat transfer characteristics for small Rayleigh
numbers. A slight difference is observed only when Mn = 80, Ra = 10° (See
Figures |3.85} [3.88| and [3.87, [3.89)).
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walls, viscous dissipation is added. Mn = 80, Ra = 10°.
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3.4.4 Forced convection flow in a circular cavity with point magnetic

source

Finally, the problem of the blood flow and its temperature disturbance is studied
in a circular cavity heated on the upper half wall which is a more realistic case.

The flow configuration is presented in Figure [3.90}

UQZO, UTZO
w=0, ¥=0, T=1

point
magnetic source

ug =0, ur =0
w=0 T=0, T=0
Figure 3.90: Forced convection flow in a circular cavity.

The pressure boundary conditions are approximated through the z— and y—components
of the momentum equations using a forward difference for the pressure gradients

and the DRBEM coordinate matrix F for all the other derivative terms. Then,

from the Figure [3.17],

, OH
P = bl + Ar(Spu™V - Mn(T, = T HZ )
k1), RO ey (k1) 77 OH ) (3.71)
S —T Mn(T,—T H—
+ (B 4+ GIT 4 Ma(T, — T D) H )
where

OF OF OF OF OF OF

S, = _Ffl_Ffl _Ffl_Ffl o (k+1)_F71 o (k‘+1)_F71
' ox ox + Jy oy " ox M oy

with «*+1) v +1) yvalues on the diagonal matrices u*+t1), v+,
The influence of buoyancy force is the acceleration of planar velocities as in the
case of square cavity. The pressure is concentrated around the hot wall and the

discontinuity points since there is no adiabatic wall. The cavity is nearly cooled

down for Ra ~ 10* (Figures [3.9113.92)).
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Figure 3.91: Forced convection flow in a circular cavity, viscous dissipation is

neglected. Mn = 0, Ra = 103.
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Figure 3.92: Forced convection flow in a circular cavity, viscous dissipation is

neglected. Mn = 0, Ra = 10%.
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Figure 3.93: Forced convection flow in a circular cavity, viscous dissipation is

neglected. Mn = 10, Ra = 0.
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Figure 3.94: Forced convection flow in a circular cavity, viscous dissipation is

neglected. Mn = 30, Ra = 0.

Figures display the velocity, pressure and the temperature variations
for increasing magnetic effect Mn = 10,30 when Ra = 0. The flow behavior is
similar to the square cavity case. Increasing magnetic field intensity accelerates

the flow in the cavity and decelerates it in the axial direction. The heat transfers
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directly between the hot and cold walls. Pressure increases and center of vortices

move through the source point.
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Figure 3.95: Forced convection flow in a circular cavity, viscous dissipation is

neglected. Mn = 10, Ra = 10%.
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Figure 3.96: Forced convection flow in a circular cavity, viscous dissipation is

neglected. Mn = 50, Ra = 10%.

When both magnetic source and buoyancy force are present, the buoyancy force

dominates the magnetization force when Ra = 10* is reached for small Mn = 10
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(Figure [3.95). But, for larger Mn’s the blood flow and its heat exchange are
under the control of magnetic source up to Ra = 10%. (Figure [3.96))

The viscous dissipation effect on the flow in a circular cavity is not observed
due to the sudden passage from the hot wall to the cold wall for the studied
magnetic and Rayleigh number ranges. This is also the main difference in the

flow and temperature between circular and square cavities.

In Chapter (3, the DRBEM solutions of the Stokes, incompressible and forced
convection flows under the influence of magnetic source(s) are presented. Pres-
sure driven, fully developed, laminar, steady flows of electrically non-conducting
fluids are considered in long pipes with rectangular or circular cross-sections.
The two-dimensional flows are studied in the cross-sections of the pipes. Numer-
ical solutions are presented in terms of all problem variables (velocity, pressure
and the temperature). The missing pressure boundary conditions are approxi-
mated by the use of FDM (finite difference method) and the DRBEM coordi-
nate matrix. First, neglecting the convection terms in the momentum equations,
Stokes equation is solved in cavities. The numerical solution procedure and the
computer code are validated with the numerical solutions of Stokes flow in lid-
driven square and circular cavities that are available in the literature. Then, the
magnetization force generated by a point magnetic source is included forming
one of the original part of this thesis. The interaction between the magnetiza-
tion force and the moving boundary is investigated. Also, a comparison for the
magnetization force effect in square and circular cavities is given. The obtained

numerical results reveal that:

e Discretization of the boundary with constant or linear elements does not

bring a significant change in the flow profiles.

e When the point magnetic source is placed below the cavity on the symme-
try axis, the arose magnetization force pushes the fluid upwards dividing

the flow into two vortices which are rotating in opposite directions. Pres-
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sure is highly concentrated around the point source.

e An increase in the magnetic number accelerates the flow and increases the

pressure in the cavity.

e The influence of the magnetization force is high in circular cavities than
in square cavities due to the disturbances coming from the corners of the

square cavity.

Second, the convection terms are added to the momentum equations and the
full Navier-Stokes equations with the magnetization force terms are studied.
As a difference, the pressure equation is also derived and added to the system
of equations to see its effect also on the flow which was not considered in the
previous studies in the literature. The DRBEM enables one to easily handle the
nonlinearities in the convection terms. The influence of the magnetization force
in the axial velocity profile is also studied. The numerical results presented for

square, circular cavities and annular pipes show that:

e In the presence of the magnetic field, flow starts to develop on the trans-
verse plane and the axial velocity magnitude decreases around the point
magnetic source due to the conversion of the kinetic energy in the axial

direction to the kinetic energy on the transverse plane.

e As the magnetic number increases the flow Reynolds number decreases

depending on the axial velocity.

e In order to obtain similar behaviors in Stokes and incompressible flows
M = Mn/Re has to be higher for Stokes flow than for the incompressible
flow. This may be caused by the high viscosity of the Stokes fluid.

e The existence of an obstacle in the cavity disturbs the flow due to the
magnetization force and two additional eddies are attached to the obstacle

horizontally.

Third, the effect of multiple magnetic sources placed oppositely or below the
rectangular cavities is taken into consideration. The numerical simulations dis-

play that:

138



e Increasing the number of wires forms secondary flows in front of the

sources.

e The axial flow retardation in the square cavity occurs for smaller magnetic
numbers in two sources case than in the single source case due to the

combined effects of multiple sources.

e Location of sources oppositely, preserves the symmetry with respect to the

horizontal and vertical center lines.

Lastly, the energy equation is added to the system of Navier-Stokes equations.
The numerical solution procedure is validated with the natural convection flow of
air. The connection between the magnetization and buoyancy forces is analyzed
on the blood flow with different combinations of wall temperature conditions.
The action of the viscous dissipation in the energy equation is also investigated

for increasing values of Mn and Ra. The obtained results show that:

e When the point source is below the adiabatic wall the main effect of the
point magnetic force is to keep the center of the cavity at nearly a constant

temperature.

e When the point magnetic source is placed below the cold wall the main
influence of the magnetization and buoyancy forces is the cooling of the

channel.

e Increasing magnetization force is more effective than increasing the buoy-

ancy force for cooling of the cavity.

e The viscous dissipation effect can only be observed when both Mn and

Ra are high.
e The cavity cools down quicker in the circular cavity than in the square

cavity.

The condition numbers of the coefficient matrices of the system of equations in
the FHD Stokes and incompressible flow problems are in the moderate range

that they do not cause difficulties in obtaining the solutions when the number of

139



boundary elements is at most 160. The condition number becomes large when
the energy equation is combined as FHD forced convection incompressible flow.

However, the solution can be obtained in the expense of long computational time.

In the next chapter the slip velocity condition on the MHD flows will be studied.
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CHAPTER 4

MHD FLOW IN DUCTS AND BETWEEN PARALLEL PLATES
WITH SLIP CONDITIONS

In this chapter, the DRBEM solutions of MHD flows in ducts and between par-
allel plates with slip boundary condition for the velocity are presented. MHD
covers the fluid mechanics and the electrodynamics areas, investigating the flow
of electrically conducting fluids under the influence of magnetic field. An electric
current is induced in the fluid by the magnetic field and generates an electromag-
netic force so called Lorentz force. In MHD flows the walls perpendicular to the
applied magnetic field are called Hartmann walls and the walls parallel to the
magnetic field are the side walls. MHD duct flows with no-slip velocity condi-
tions are known to exhibit boundary layers. Hartmann layers, at the Hartmann
walls, whose thickness dp, scales with 1/Ha and side layers, at the side walls,
whose thickness d, scales with 1/v/Ha are formed where Ha is the Hartmann
number. Due to the coupling of the governing equations in MHD flow in ducts,
analytical solutions can be obtained only for special boundary conditions such
as insulated walls or perfectly conducting walls or two opposite insulated walls
with the other two conducting. The velocity has no-slip boundary condition in
these analytical studies [18] under the assumption of good wettability at the
fluid-solid interface. On the contrary, in the case of surface roughness as the
flow over hydrophobic surfaces, in microfluidic devices and thin film dynamics
fluid has slipping velocity relative to the fluid-solid interface and the hydrody-
namic slip condition has to be imposed. The slip in MHD flow may occur in
fusion applications containing liquid metal flows in contact with ceramics, as
current experimental data suggests [86]. The slip length can be comparable or

even larger than the Hartmann layer in strong magnetic field applications. This
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may result in a dramatic impact on the MHD pressure drop and heat trans-
fer enhancement. The degree of the slip is quantified through the slip length
L, which is the distance from the fluid to the surface within the solid phase
where the extrapolated flow velocity vanishes [62]. In the presence of the slip,
the boundary condition at the liquid-solid interface is given in terms of the slip

length and the tangential stress as

dU
Us=Ly—. 4.1
= (4.1)

where Us is the slip velocity.

The influence of slip on the velocity of the fluid is measured by

L
® (on the side walls) and 5, = — (on the Hartmann walls). (4.2)

Ha

1=

i

S| &

For each problem presented in this chapter the discretized system of equations
in terms of velocity and the induced magnetic field are combined into a large
system and solved in one stroke. In the numerical solution process, linear radial
basis functions are employed for the approximation of inhomogeneities in the
Poisson’s type of equations.

The problems considered in this chapter are listed in Table

Table 4.1: Problems considered in Chapter [4]

4.1.1 | MHD duct flow-Problem 1 (slip at the side walls)

4.1.2 | MHD duct flow-Problem 2 (slip at the insulated Hartmann walls)
MHD duct flow-Problem 3 (slip at the perfectly conducting
Hartmann walls)

4.1.4 | MHD duct flow-Problem 4 (slip at all of the duct walls)
4.2.1 | Problem 1, d = 0 case (perfectly conducting walls)

Problem 1, d = 1 case (insulated portion at the

perfectly conducting walls)

4.2.3 | Problem 2, d = 0 case (insulated Hartmann walls)

Problem 2, d = 1 case (perfectly conducting portion at the
insulated walls)

4.1.3

4.2.2

4.2.4

4.3.1 | Case 1: s3 = 0, electrode length [ = 0, Ha increases

4.3.2 | Case 2: [ =0, Ha = 10, s, varies as so < 1, s =1, 59 > 1
4.3.3 | Case 3: s =0, Ha = 50, [ varies as [ = 0.1, 0.3, 0.5

Case 4: Ha = 10, sy varies as s < 1, So =1, 59 > 1

and [ varies as [ = 0.3, [ = 0.5

4.3.5 | Electric potential computations

4.3.4
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4.1 MHD Duct Flow with Slipping Walls

In this section, pressure driven, fully developed flow of an electrically conducting
fluid is considered in a long rectangular pipe with square cross-section. The flow
in the axial direction is influenced by a horizontally applied uniform magnetic
field B = Byeyx and either Hartmann walls or side walls of the duct admit slip.

The flow configuration is presented in Figure [4.1]

X

Figure 4.1: Flow configuration of MHD duct flow subjected to a horizontally

applied uniform magnetic field.

The DRBEM discretized equations (2.127)) and the numerical solution procedure

are given in Section as

ay - a2V — —HU - GQ)F*l{Haa—B +1}
0B . Mg OV ‘

where V(x,y) and B(z,y) are the velocity and the induced magnetic field in the
pipe-axis direction, respectively, and they have variations in the cross-section of
the pipe Q ={(z,y): —1<z<1, —-1<y<I1}.

The slip wall effects on the flow velocity and induced magnetic field profiles
are investigated for various values of Hartmann number (1 < Ha < 100) and

non-dimensional slip ratios

s1 = aV Ha (on the side walls), sy = aHa (on the Hartmann walls) (4.4)

Le

covering the cases s; = 0, s5;, < 1 and s; > 1 for i = 1,2. Here, a = =

is the dimensionless slip ratio where L is the half-height of the duct. Various

combinations of wall conductivities and slip conditions are considered and the
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boundaries of the cavities are discretized with N = 320 —400 constant elements.
For small and moderate Hartmann numbers a uniform distribution of boundary
elements are used. In the case of high Hartmann numbers especially for Ha =
100 and even for Ha = 50, in some test problems, a finer discretization near the
corners of the cavity is needed in order to obtain smooth solutions.

The numerical procedure is validated with the analytical solutions of Problem
1 and Problem 2 given by Ligere et al. [63] and Smolentsev [62], respectively, in
terms of infinite series. The general case of all the walls admitting slip, requires

a numerical or asymptotic approach [62].

4.1.1 MHD duct flow - Problem 1

In Problem 1, the side walls are insulated and exhibit slip. Hartmann walls are

the no-slip and perfectly conducting walls (Figure [4.2)).

V—i—aa—vz(L B=0
(-1,1) 9 (1,1)
Y
V=0 V=0
B, 9B _, o " | eB_
oz oz
(_17_1) (1,—1)
V—oza—vzo7 B=0
dy

Figure 4.2: MHD duct flow - Problem 1

The obtained results are validated first with the ones presented in [63], and they
are in very well agreement. In Figure the velocity profiles V/V,, on various
lines perpendicular to the magnetic field are presented for Hartmann numbers
Ha = 10,100, and slip lengths o« = 0.04 (51 < 1), @ = 0.4 (s; > 1) where V},
is the mean bulk velocity of the flow. It is found that, the velocity of the fluid
increases with an increase in the slip length and the slip is more significant when

s1 > 1 and as Ha increases.
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Figure 4.3: MHD duct flow -Problem 1; Velocity profiles on x = 0, x = 0.2,

r=0.5, x=0.7.

Figure 4.4 shows equivelocity and the induced current lines for the slip ratios
s;1 = 0, s < 1 and s; > 1 for increasing values of Ha. From the profiles
one can notice that, the slip at the side walls is negligible when s; < 1 and
significant when s; > 1. The velocity boundary layers (Hartmann layers) on
the vertical walls nearly diminish and the fluid flows in terms of two separated
vortices in front of the side walls leaving the center of the cavity almost stagnant
for increasing values of Ha. Boundary layers of order 1/ v/Ha on the side walls
are developed for s; < 1. With the same slip length, as Ha increases the flow
decelerates, the induced magnetic field decreases and develops boundary layers
near the side walls. This is the well-known flattening tendency of the flow due
to the external magnetic effect. As the slip length advances the thickness of the
vortices stays the same, but the side layers become thinner and are diminished

for s; > 1.
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Ha =100

Figure 4.4: MHD duct flow-Problem 1; Velocity and induced magnetic field
profiles for varying Hartmann numbers. a = 0 (s; = 0) left, a = 0.04 (s; < 1)
center, o = 0.4 (s; > 1) right.

146



In Figure velocity level curves are presented for Ha = 10,50,100 and
a =004 (s < 1), «a = 04 (s; > 1). As is shown in [63] an increase in

the slip length increases the magnitude of the velocity around the side layers.

Ha =10
s "
i
ol
e
Ha = 100 j
il

Figure 4.5: MHD duct flow -Problem 1; Velocity level curves for varying Hart-
mann numbers. o = 0.04 (s; < 1) left, a = 0.4 (s; > 1) right.

147



4.1.2 MHD duct flow - Problem 2

In Problem 2, Hartmann walls have the slip velocity condition and all the walls
are electrically insulated. The problem domain and the boundary conditions are

displayed in Figure [4.6

(-1,1) (1,1)
Y
V—ag—vzo V—&—Q%—V:O
X T X
By B=0 0 B=0
(_17_1) V= 07 B=0 (17_1)

Figure 4.6: MHD duct flow - Problem 2

In Figure[1.7)and Figure [4.8|the velocity and the induced magnetic field contours
and the velocity level curves are displayed, respectively, for Ha = 10, 50, 100 and
a=0 (s9=0), a=0.001 (s9 < 1), @ =0.2 (s9 > 1). The velocity level curves
and the induced magnetic field contours are in good agreement with the ones
obtained in [62]. The numerical results show that, as the slip ratio advances, side
layers get thicker, the flow at the core region where the fluid is stagnant shrinks
and the velocity increases in magnitude. The core region enlarges and the flow
decelerates as Ha increases. When sy >> 1, the flow is fully controlled with the
slip phenomenon and the induced magnetic field magnitude slightly decreases.
If s << 1, then the flow is similar to the corresponding MHD flow without slip.
When sy &~ 1, then both MHD and slip effects are important as was observed in
[62]. When both Ha and sy increase, Hartmann layers are almost diminished.
Boundary layer development in front of the side walls for the induced magnetic

field and Ha > 10 are weakened when s, > 1.
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e
Ha =50
Ha =100

Figure 4.7: MHD duct flow -Problem 2; Velocity and induced magnetic field
profiles for varying Hartmann numbers. o = 0 (s = 0) left, o = 0.001 (55 < 1)
center, « = 0.2 (sg > 1) right.
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4.1.3 MHD duct flow - Problem 3

In this problem, the aim is to see the effects of both the slip and the perfectly
conducting Hartmann walls on the flow behavior (Figure [1.9).

(-1,1) V=05=0 (11)
Y
V—a%zo V—i—a%—‘;zo
B B _ 0 ) 9B _,
or or
(_17_1) ‘/:07 B=0 (13_1)

Figure 4.9: MHD duct flow - Problem 3

Figure [£.10] and Figure present the velocity, the induced magnetic field
profiles and the velocity level curves for Ha = 10, 50,100 and o« = 0 (so = 0),
a=0.001 (sg < 1), a« =0.4 (sy > 1). As was observed in Problem 2, as the slip
ratio increases the side layers thicken, the velocity at the core region increases
and the induced magnetic field decreases especially for sy > 1. The influence of
the slip is observed significantly when s, > 1. For small values of Ha (Ha = 10)
and s > 1, fluid flows in terms of one main flow showing the strong effect of
the slip on the Hartmann walls. As Ha increases the flow is again concentrated
symmetrically in front of the side walls and the slip can be observed for much
greater values of s;. Hartmann layers are almost diminished when both the

Hartmann number and the slip ratio are large.
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Figure 4.10: MHD duct flow -Problem 3; Velocity and induced magnetic field
profiles for varying Hartmann numbers. a = 0 (s = 0) left, a = 0.001 s < 1

center, « = 0.4 so > 1 right.
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From Figure [{.1Tone can notice that when s, < 1 the flow reaches its maximum
magnitude very close to the side walls developing sharp peaks and leaving the
core region stagnant. However, when s; > 1 the fluid is still in action in the
central part of the cavity dropping to no-slip side walls suddenly with the effect

of the slipping Hartmann walls.

Ha =10
.

Ha =50

Ha = 100

y -l

X y 1 X

Figure 4.11: MHD duct flow-Problem 3; Velocity level curves for varying Hart-
mann numbers. o = 0.001 (sy < 1) left, a = 0.4 (sy > 1) right.
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4.1.4 MHD duct flow - Problem 4

Finally, the influence of the slip on the flow and the induced magnetic field is
analyzed by taking the slip velocity on all of the duct walls with the same slip
length «. The side walls are perfectly conducting and the Hartmann walls are

insulated (Figure 4.12)).

ov 0B
(_171) v aiy 07 37?] =0 (171)
Y
V—ag—v =0 V—O—ozaa—v =0

xr P xr

By B=0 0 B=0

(_17_1) ov 0B (17_1)
V—aa—y —0, 873_,/ =0

Figure 4.12: MHD duct flow - Problem 4

The velocity and the induced magnetic field profiles are presented in Figure [4.13
and Figure [£.14] The numerical results reveal that, in the case of small and
moderate Hartmann numbers, the slip is visible at all of the walls although it
is weak on the side walls. However, when Hartmann number is increased, slip
can not be observed on the side walls even for s; > 1 and still observed on the
Hartmann walls as s > 1. When both the Ha and the slip lengths are increased,
Hartmann layers are lost and the slip is nearly diminished on the side walls due
to the increase in the side wall boundary layer thickness. Since the slip ratios
are different on the side and the Hartmann walls (s; = av Ha and s; = aHa,
respectively) for the same Hartmann number and the slip length, the slip is
more observed on the Hartmann walls. Similar to the Problem 2 and Problem
3, as the slip ratio increases, side layers are thickened and the core region gets
smaller since the slip on the Hartmann walls is strong. Also, core region velocity

magnitude increases and induced magnetic field magnitude slightly decreases.
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Figure 4.13: MHD duct flow -Problem 4; Velocity and induced magnetic field
profiles for Ha = 1,5,10. Left: @ = 0 (s; = s = 0). Center: from top to
bottom o = 0.4, « = 0.08, « = 0.04 (s1 < 1, s5 < 1), Right: from top to bottom
a=11a=05a=04(s; >1, s9 >1).

155



06
o l\—9 0093815——/J

Ha =100

Figure 4.14: MHD duct flow -Problem 4; Velocity and induced magnetic field
profiles for Ha = 50,100. Left: o = 0 (s; = so = 0). Center: from top to
bottom a = 0.01, @ = 0.001 (s; < 1, s, < 1), Right: from top to bottom

a=04(s;>1, s> 1).

Figure shows the velocity level curves for increasing values of Hartmann
number when both the slip ratios are less than unity and greater then unity
on the Hartmann and side walls. It is seen that when the Hartmann number
Ha > 10 the slip on the side walls is nearly lost even for s; > 1, but the slip on

the Hartmann walls is very strong for so > 1.
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Figure 4.15: MHD duct flow -Problem 4; Velocity level curves for varying Ha
numbers. Left: from top to bottom a = 0.4, a = 0.08, a = 0.04, a = 0.01,
a = 0.001 (s; < 1, s3 < 1), Right: from top to bottom o« = 1.1, « = 0.5,

a=04, a=04, a=04 (s > 1, s9 > 1).
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4.2 MHD Flow in Ducts with Partly Insulated Partly Perfectly Con-
ducting Slipping Walls

In this section, the effect of partly insulated partly perfectly conducting, slipping
Hartmann walls on the MHD duct flow is analyzed. A fully developed, pressure
driven, flow of an electrically conducting fluid is considered in the square cross-
section (duct) of a long pipe. Side walls are perfectly conducting no-slip walls
and the Hartmann walls are partly insulated, partly perfectly conducting which
admit slip. The flow is subjected to a horizontally applied uniform magnetic

field Bg = Bpex. The DRBEM discretized matrix-vector equations are (Section

2.3)

ay - a2V — —(HU - GQ)F*l{Haa—B +1}
oB N AL A% )

where V' (z,y) and B(z,y) denote the velocity and the induced magnetic field in
the axial direction, respectively, and they have variations in the cross-section of
the pipe Q = {(z,y): -1 <2 <1, —1<y <1}. The system of equations
are combined and solved in one stroke to obtain the velocity and the induced
magnetic field nodal solutions both on the boundary and the interior points.
The details of the numerical solution process are presented in Section The
effect of the slip at the Hartmann walls is investigated in four case problems for
different combinations of wall conductivities.

The problem geometries and the boundary conditions are presented in Figure
[M.16] The aim in Problem 1 is to investigate the difference in flow patterns when
an insulated portion is placed at the center of the perfectly conducting, slipping
Hartmann wall. In Problem 2, the influence of perfectly conducting piece at the

center of an insulated, slipping Hartmann wall on the MHD flow is studied.
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Figure 4.16: MHD flow with partly insulated partly perfectly conducting walls

The numerical results are presented in terms of the velocity and the induced
current lines for 10 < Ha < 50. The slip at the Hartmann walls are measured
by the slip ratio s; = aHa. N = 128 — 440 constant elements are used for the

discretization of the boundary.

4.2.1 Problem 1, d =0 Case

In this problem, Hartmann walls are slipping and all the duct walls are perfectly

conducting. Figures 4.17 and [4.18| present the flow characteristics for Ha =
10, 30,50 and for different slip ratios. The obtained results for s; = 0 and

Ha = 10,50 coincide with the ones in [6]. One can realize that, as the slip
length increases the thickness of the Hartmann layers is decreasing and slip is
significantly observed when s, > 1. As Ha increases, flow is flattened, separated
and concentrated near the side walls, current is completely directed between
the top and bottom walls (induced magnetic field equilines are parallel to the
streamlines for current within the fluid [6]), and the weakening of the Hartmann
layers is achieved for much greater values of sy (for Ha = 30 when s; = 6 and
for Ha = 50 when sy = 10). The induced magnetic field magnitude decreases
with an increase in Ha and the current lines bend again through the vertical

perfectly conducting walls for s, > 1.
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Figure 4.17: Problem 1, d = 0 case; velocity and induced magnetic field profiles
for Ha = 10,30,50. a = 0 (s2 = 0) left, a = 0.01 (s9 < 1) center, o = 0.2
(s > 1) right.
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Figure 4.18: Problem 1, d = 0 case; velocity level curves for Ha = 10, 30, 50.
a =0 (sy =0) left, « = 0.01 (sy < 1) center, & = 0.2 (sy > 1) right.

4.2.2 Problem 1, d =1 Case

Figure show the flow and induced current changes when insulated portions
at the center of the vertical walls are present. Slip effect is again significant
when s; > 1. As Ha increases, parabolic layers emanating from the conductivity
change points are observed and the slip is concentrated in front of the insulated
portions especially as Ha increases. However, when Ha is further increased as
30, 50 and s, > 1, slip is extended to almost whole vertical walls. Induced
current isolines are also destroyed from their vertically aligned position making

parabola like current lines in front of the conducting portions.
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Figure 4.19: Problem 1, d = 1 case; velocity and induced magnetic field profiles
for Ha = 10,30,50. a = 0 (se = 0) left, a = 0.01 (s9 < 1) center, o = 0.2
(s > 1) right.
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An increase in the slip ratio accelerates the flow whereas, an increase in the

Hartmann number decelerates it as can be observed from Figure 4.20

— )

Ha = 10 “\\\\\\
i \\ \\\\\\ \ \\ ‘\
\ it

Ha =30

Ha =50

Figure 4.20: Problem 1, d = 1 case; velocity level curves for Ha = 10, 30, 50.
a =0 (sy =0) left, « = 0.01 (sy < 1) center, & = 0.2 (sy > 1) right.

4.2.3 Problem 2, d =0 Case

This is the case of, completely insulated vertical walls as a difference from Prob-
lem 1, d = 0 case where these walls were perfectly conducting. Figures [4.2]]
and display flow profiles and current lines for Ha = 10, 30,50 and s, = 0,
sg < 1, so > 1. In this case, slip effect is observed for slightly smaller values
of s for all values of Ha. This shows that, if the slip walls are also insulated
the effect of the slip comes for smaller values of the slip ratio s, from the case
that the slip walls are perfectly conducting. Hartmann layers are diminished as
in the other cases and the induced magnetic field decreases when the slip effect
is dominant (s, > 1). Strong slip forces induced current to behave as if all the

walls are insulated for sy > 1 especially when Ha is large.
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Figure 4.21: Problem 2, d = 0 case; velocity and induced magnetic field profiles
for Ha = 10,30,50. a = 0 (s2 = 0) left, a = 0.01 (s9 < 1) center, o = 0.2
(s > 1) right.
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Figure 4.22: Problem 2, d = 0 case; velocity level curves for Ha = 10, 30, 50.
a =0 (sy =0) left, « = 0.01 (sy < 1) center, & = 0.2 (sy > 1) right.

4.2.4 Problem 2, d =1 Case

When the vertical slip walls have symmetrically placed electrodes at the centers
(Figures , slip is observed on the insulated parts as in the case of
Problem 1, d = 1. As Ha increases (Ha > 30) parabolic layers in front of the
discontinuity points are developed keeping the side layers whereas in Problem 1,
d =1 case, side layers were diminished. As Ha increases together with the slip
ratio, slip is extended to almost whole vertical walls. Current lines circulate in
front of the electrodes leaving the other parts of the cavity electrically motionless.
For large Ha, the flow is concentrated in front of the side layers and connected to
the parabolic layers. Thus, the flow action is generally in front of the insulated

portions leaving the central part stagnant.

165



Figure 4.23: Problem 2, d = 1 case; velocity and induced magnetic field profiles
for Ha = 10,30,50. a = 0 (s2 = 0) left, a = 0.01 (s9 < 1) center, o = 0.2
(s > 1) right.
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Figure 4.24: Problem 2, d = 1 case; velocity level curves for Ha = 10, 30, 50.
a =0 (sy =0) left, « = 0.01 (sy < 1) center, & = 0.2 (sy > 1) right.

4.3 MHD Flow Driven by Electrodes Between Parallel Infinite Slip-
ping Plates

In this section, the MHD flow between two parallel slipping and conducting
infinite plates containing symmetrically placed electrodes of length 2/ is studied.
The flow is driven by the current traveling between the electrodes in the plates.
An external magnetic field is applied perpendicular to the plates, and an external
circuit is connected to the plates at the sides of the electrodes, so a current enters
the fluid from one plate and leaves from the other which generates also an electric
potential. The fluid starts to move with the interaction of the electric current
and the imposed magnetic field. This MHD flow problem can be considered as
the MHD rectangular pipe problem in which the horizontal sides are extended
up to infinity. Thus, the velocity and the induced magnetic field have only
components in the pipe axis direction. Their variations are in the 2D cross-

section of the pipe (the duct between infinitely long parallel plates). In this
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oV
case, V - j = 0 results in V*® = o (Section .
x
The coupled DRBEM discretized matrix-vector equations (2.135)) and ([2.139)

1% . A . OB
OB R Ny OV
_ _ _ il 4.6
HB - G (HU — GQ)F {Haay} (4.6)
0o . A OV
HO - G- = ~(HU - GQF '{ -}

are solved for the velocity V(z,y) of the fluid and the induced magnetic field
B(xz,y) as a whole without introducing an iteration. The electric potential com-
putations are carried after the nodal solutions for the velocity and the induced
magnetic field are obtained (Section [4.3.5).

The effects of both the slip ratio and the length of the electrodes are discussed on
the flow and magnetic field behaviors for increasing values of Hartmann number.
Figure [4.25] shows the geometry and the boundary conditions of the problem.
The infinite walls behave as the slipping, partly conducting and partly perfectly
conducting (due to the electrodes) parallel plates. The solution provides striking
examples of the kind of layers which may be produced in a flow by discontinuities
in the electrical boundary conditions when a strong magnetic field is applied to
the fluid. This problem may be considered as the MHD duct flow in which the
sides at x = £1 are extended to infinity, and the external magnetic field applies

perpendicular to the walls y = +1.

0B
2 Jf
B=—1

y B=1 . Oy 1

slip wall " electrode ov
r = —] y T = V + Oéﬁ_y =0

BO OL> T
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B=1 . OB ‘ B=-1
— =0
1%

Figure 4.25: Problem geometry and the boundary conditions.
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The velocity and the induced magnetic field are computed by using at most
N = 336 constant boundary elements on the plates, and some interior points for
a finite horizontal length —3 < x < 3, y = £1. The equivelocity and equivalue
induced magnetic field lines (current lines) are plotted for several values of per-
fectly conducting length [, and for slip ratio values s; < 1, s9 = 1, s9 > 1 (where

Sy = aHa) when the Hartmann number is increasing as Ha = 10, 50, 100.

4.3.1 Case 1: s =0, [ =0, Ha increases

When the current is injected by line electrodes set in non-conducting plates at
x =0, y = £1, current enters the fluid at (0,1) and leaves at (0, —1) giving
conductivities B = —1 and +1 for x > 0 and x < 0, respectively, and the
plates are no-slip walls. Figures [4.26] and [4.27 show equal velocity and induced
magnetic field lines for increasing values of Ha. One can notice from these
graphs that although the MHD problem is solved for an infinite strip, the flow
is confined to a relatively small region near the z = 0 line on which the plates
have jump in the values of magnetic field. In the rest of the region the fluid is
almost stagnant. This region is reduced when Ha increases. The flow emanates
from the line electrodes and spreads into the channel in terms of four reversal
velocity loops symmetrically located with respect to x— and y— axes. Current
lines travel between the source points of line electrode in terms of closed loops.
Also, in most parts of the region the value of induced magnetic field is stationary
and equal to its maximum value. The velocity vanishes at the symmetry line

y = 0 and shows highest values when approaching the plates.

Figure 4.26: so = 0, [ = 0 from left to right Ha = 10, 50, 100.
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Figure 4.27: s = 0, [ = 0 from left to right Ha = 10, 50, 100, velocity profile on
the bottom half of the channel.

This special case of the flow induced by line electrodes has been considered by
Hunt and Williams [29] and our solution for [ = 0, sy = 0 coincides with theirs.
They examine asymptotic solution for large Ha in separate regions.

It is noted that as Ha increases boundary layer formation starts for > 0 and
x < 0 on the plates. These are Hartmann layers of order of thickness 1/Ha.
There is also a thin region near & = 0 line where shear layers (parabolic layers)
originating from the source points (0,1) and (0, —1) of order of width 1/vHa

spreading along magnetic lines for increasing values of Ha.

4.3.2 Case 2: [ =0, Ha =10, sy varies as sy < 1, so =1, s > 1

The effect of the slip ratio is examined for a fixed Hartmann number in the

absence of perfectly conducting part in the plates.

Figure 4.28: | = 0, Ha = 10 from left to right sy < 1 (v = 0.001), s9 =1 (o =
0.1), s2 > 1 (e =0.2)

When the slip ratio is less than 1 (Figure [4.28)), a slight slip is noticed on the
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plates, however Hartmann layer formation is visible on each wall. As s5 is in-
creasing slips on the plates become dominant weakening the Hartmann layers,
and the magnitude of the velocity increases. Hartmann layers are diminished
especially for s > 1. Also, when the slip ratio increases both the flow and
induced magnetic field lines (current lines) tend to concentrate to the line elec-

trodes (z = 0 line).

4.3.3 Case 3: sy =0, Ha =50, [ varies as [ = 0.1,0.3,0.5

In this case, two electrodes of length 2[ are placed symmetrically with respect
to the x—axis at the middle of the plates indicating the perfectly conducting
parts of the no-slip walls (9B/0n = 0). The length of the electrodes is varied
as [ =0.1,0.3,0.5 for a fixed Hartmann number Ha = 50.

Figure 4.29: s, =0, Ha = 50 from left to right [ =0.1,1=0.3, [ =0.5

e — |
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It is observed from Figure that, the increase in [ (perfectly conducting
portion) causes the formation of a stagnant region for the velocity in front of
the electrodes. Induced magnetic field lines are perpendicular to y = 41 lines for
—l < x < l demonstrating the derivative condition on B (0B/0n = 0). Parabolic
layers (shear layers) in induced magnetic field lines originating from = = [ and
x = —I[ are connected at z = 0 line but are separated as [ is increasing. The
problem is solved numerically in [80] by using BEM with fundamental solution
derived for coupled MHD equations. The present DRBEM solution compares
well with their solutions for the electrodes with finite length (I # 0) cases.
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4.3.4 Case 4: Ha = 10, sy varies as s, < 1, so = 1, s > 1 and [ varies

as [ =0.3,1=0.5

Finally, the effects of both the slipping and partly conducting, partly perfectly
conducting walls on the behavior of the flow and induced magnetic field are
studied for a fixed Hartmann number value (Ha = 10).

In Figures and the length of the conducting part is fixed as { = 0.3 and
[ = 0.5, respectively and the slip ratio effect is considered when s < 1, 59 = 1,
s9 > 1. The slip in the velocity is more observed on the plates as the slip ratio
increases. Hartmann layers are only shown for sy < 1 but start to diminish for
sy = 1 and are completely lost for s, > 1. That is, the thickness of Hartmann

layers and the slip length are comparable for so = 1.

e

o8
)

Figure 4.30: Ha = 10, [ = 0.3 from left to right s < 1 (« = 0.001), s5 =1 (a =
0.1), 55> 1 (v = 0.2)

i

Figure 4.31: Ha = 10, I = 0.5 from left to right s < 1 (« = 0.001), s5 =1 (a =
0.1), s2 > 1 («=0.2)
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The increase in the electrodes length retards the weakening effect of slipping
on Hartmann layers, that is, the Hartmann layers can still be observed near
the plates (i.e. when the electrode length is [ = 0.3 the slip starts to weaken
the Hartmann layer at s; = 1, but when the electrode length is [ = 0.5 the
slip diminishes Hartmann layers when s, > 1). Induced magnetic field lines
are not affected much with the slip ratio increase, but when the electrodes are
getting longer, the currents directly travel from the top electrode to the bottom

electrode being perpendicular to the plates.

4.3.5 Electric potential computations

In this section, electric potential distribution between the infinite plates includ-
ing electrodes is studied together with slip velocity condition. The problem

geometry and the boundary conditions are presented in Figure [4.32
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Figure 4.32: Electric potential boundary conditions.

The DRBEM matrix-vector equation for the electric potential
0P A A oV
H — G% = —(HU — GQ)F‘I{%} (4.7)
is solved after the nodal values for the velocity and induced magnetic field are
obtained as discussed in Chapter[2] Section 2.7 Figure [£.33]|displays the induced
magnetic field and the equipotential lines when there is no external magnetic
field (i.e. Ha = 0) and the walls are not slipping. In order to compare the

numerical results with the ones in [35], the bottom wall is placed on y = 0
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line and ® = 1 and & = —1 boundary conditions are imposed on the top and
bottom electrodes, respectively. In this case, the velocity becomes zero within
the domain by the strong maximum principle [83]. Then, a Laplace equation is
obtained for the electric potential. Symmetric behaviors are observed both for
the induced magnetic field and the electric potential with respect to x = 0 and
y = 0 lines, respectively. The electric potential is high in magnitude near the
electrodes and equipotential lines form half ellipses around the electrodes which

were also observed in [35].

(qimm

—o.zse

Rl =

Figure 4.33: Validation case. The bottom wall is on y = 0 line, Ha = 0, s = 0,

=

2563

[=0.3, ® =1 on the top and ® = —1 on the bottom electrodes.

T
* (I
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Figure 4.34: Ha = 10, s3 = 0 from left to right [ = 0.1,0.3,0.5.

Figures [4.34] and [4.35] display the influence of the vertically applied magnetic

field on the equipotential lines for Ha = 10,50 and varying electrode lengths
[ =0.1,0.3,0.5. Electric potential is vertically aligned between the plates when
the electrode length is small. An increase in the electrodes length causes the
bending of equipotential lines and a deterioration from their profiles through

the left and right. The behavior of the electric potential does not alter much as
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In Chapter[d] first the DRBEM formulation of the MHD duct flow problem with
slip velocity condition is presented. The fluid is driven by a constant pressure
gradient in the pipe-axis direction. The coupled system of discretized equations
are combined into a larger system and solved once without introducing an itera-
tion. Secondly, the same MHD flow equations without the pressure gradient are
solved between parallel plates when the fluid is driven by the electrodes placed
symmetrically at the centers of the plates. The results are obtained for wide
ranges of wall conductivities and slip conditions for both of the problems.

The influences of slipping and conducting walls are;

1. MHD duct flow:

e As the slip length increases, the flow accelerates.

e The influence of the slip is significant when the slip length is greater

than the slipping wall boundary layer thickness.

e When the side walls or the Hartmann walls admit slip, the side layers
or the Hartmann layers, respectively, get lost especially when the slip

ratio is greater than one.

e When the Hartmann walls exhibit slip, the side layer thickness in-
creases and the induced magnetic field magnitude slightly decreases

as the slip length increases.

e In the case of perfectly conducting Hartmann walls, the fluid is in

action also at the center of the cavity when the slip is strong (so > 1).

e When all of the duct walls admit slip, for small Ha the slip is visible
at all of the duct walls. For high Hartmann numbers the flow is
controlled completely by the slip at the Hartmann walls due to the
thicker boundary layer at the side walls.

e When the Hartmann walls are partly insulated and partly perfectly
conducting, the flow is concentrated in front of the insulated portions,
forming parabolic layers emanating from the conductivity changes

and leaving the rest of the cavity stagnant.

e The slip is more effective on the insulated portions of the vertical

walls as Hartmann number increases and extends through the whole
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vertical walls as the slip ratio advances.
2. MHD flow between parallel infinite plates:

e As Hartmann number increases Hartmann layers of thickness order
1/Ha are formed in front of the conducting parts, and also shear
layers of thickness order 1/v/Ha, originating from the end points of

the electrodes are observed.

e As the slip ratio is increased (sy > 1) Hartmann layers are weakened

and the slip velocity magnitude increases.

e Increase in the length of the electrodes causes the formation of a
stagnant region for the velocity in front of the electrodes, and retards

the weakening effect of slipping on the Hartmann layers.

e The effects of the increase in the Hartmann number and the increase

in the slip ratio are comparable when the slip ratio is equal to one.

e Bending between the electrodes in equipotential lines becomes signif-

icant as the slip ratio advances.

The number of boundary elements in the DRBEM is required to be taken around
320 — 400 for MHD flow in rectangular duct or between infinite plates especially
for large values of Hartmann number since the coupled equations are solved
together. Thus, the resulting system has a coefficient matrix with larger condi-
tion number compared to FHD problems considered in the thesis. However, the
systems were able to be solved by using a solver performing Gaussian elimina-
tion with pivoting which takes care of the full behavior of the coefficient matrix

minimizing the computational time.
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CHAPTER 5

CONCLUSION

This thesis provides an extension to the applications of the DRBEM in fluid
dynamics problems which are highly nonlinear. The two-dimensional, steady,
laminar pipe flow problems that arise in FHD and MHD theory are simulated
by the use of the DRBEM. In the FHD pipe flow problems, the governing equa-
tions are considered in primitive (velocity-pressure-temperature) variables and
the missing pressure equation is derived through momentum and the continuity
equations. The no-slip boundary conditions are imposed for the velocity and
the Dirichlet type boundary conditions are generated for the pressure with an
approximation based on the finite difference scheme and the DRBEM coordinate
matrix. This type of model equations enable one to find the nodal solutions of
all original problem variables including pressure. An iterative solution proce-
dure is proposed between the flow velocity and pressure equations. Throughout
the thesis, the fundamental solution of the Laplace equation is made use of in
order to transform the modeling equations containing Laplace operator into the
coupled system of boundary integral equations. The inhomogeneity parts are
approximated by the linear radial basis functions. The boundary only nature of
the method provides the numerical solutions with a low computational cost when
compared to other numerical methods requiring domain discretization since the
resulting linear systems are small in size. DRBEM also handles the nonlinear-
ities in the convection terms easily with the use of coordinate matrix. In most
of the simulations the boundaries of the problem domains are discretized by the

constant boundary elements.

The proposed numerical solution procedure is tested by the simulations of many
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physical problems ranging from FHD Stokes flow to FHD forced convection flow
in pipes. The numerical tests reveal the need of relaxation parameters for the
convergence of the pressure and the temperature equations. The effect of the
magnetization force generated by a point magnetic source on the Stokes flow
is considered first by neglecting the convection terms in the momentum equa-
tions. It is found that, constant or linear element discretizations does not bring
a significant change in the flow profiles. In the presence of the magnetic field,
pressure highly concentrates around the source and increases with the magneti-
zation force. The influence of the magnetization force is high in circular cavities
than in square cavities due to the disturbances coming from the corners of the
square cavity. Then, convection terms are added to the mathematical model
and the change in the flow and pressure profiles due to the magnetization force
are investigated. Depending on the convection terms, the equation for the axial
velocity is also taken into account. The obtained numerical results show that,
an increase in the magnetization force results in a retarded flow around the mag-
netic source in the axial direction. In order to obtain similar behaviors in Stokes
and incompressible flows M = Mn/Re has to be higher for Stokes flow than for
the incompressible flow. This may be caused by the high viscosity of the Stokes
fluid. Increasing the number of point magnetic sources forms secondary flows
and the axial flow retardation in the square cavity occurs for smaller magnetic
numbers in two sources case than in the single source case due to the combined
effects of multiple sources. As a last case for the FHD flow, energy equation is
added to the mathematical model and the connection between the magnetiza-
tion and buoyancy forces is analyzed together with the viscous dissipation. It is
found that, when the point source is below the adiabatic wall the main effect of
the point magnetic force is to keep the center of the cavity at nearly a constant
temperature whereas when the point magnetic source is placed below the cold
wall the main influence of the magnetization and buoyancy forces is the cooling
of the channel. The viscous dissipation effect can only be observed when both
Mn and Ra are high. The DRBEM is the most effective numerical method
in solving Stokes and incompressible fluid flow problems under point magnetic
sources since it can deal with the highly nonlinear terms easily which are present

in all the equations, with the DRBEM coordinate matrix.
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In the second part of the thesis, the influence of the slip velocity wall condi-
tion on the MHD pipe flow and MHD flow between parallel infinite plates is
simulated by the DRBEM. The discretized system of equations in terms of the
axial velocity and the induced magnetic field are combined into a large system
and solved in one stroke. This procedure provides the solution on the boundary
and at the interior nodes in a short period of time. In the MHD pipe flow, when
all of the duct walls admit slip, the slip is visible at all of the walls for small
Ha. For high Hartmann numbers the flow is controlled completely by the slip
at the Hartmann walls due to the thicker boundary layer at the side walls. The
slip is more effective on the insulated portions of the slipping Hartmann walls as
Hartmann number increases and extends through the whole vertical walls as the
slip ratio advances. In the case of electrically driven flow between two parallel
infinite plates, as the slip ratio increases Hartmann layers are weakened and the
slip velocity magnitude increases. Increase in the length of the electrodes causes
the formation of a stagnant region for the velocity in front of the electrodes, and
retards the weakening effect of slipping on the Hartmann layers. Equipotential
lines show a significant bending between the electrodes in the strong slip condi-
tions. The DRBEM is the most suitable method for MHD flow problems with
slip velocity since it provides both the velocity and its normal derivative at once

on the walls which are required in the definition of slip condition.
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