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ABSTRACT 

MODELLING AND CONTROL OF  

AUTONOMOUS UNDERWATER VEHICLES (AUVs) 

 

Alper YALMAN 

 

Department of Mechatronics Engineering 

MSc. Thesis 

 

Adviser: Assoc. Prof. Aydın YEŞİLDİREK 

 

The purpose of this study is to model a REMUS-like autonomous underwater vehicle 

(AUV) and control the vehicle in each decoupled subsystems. First, the kinematic 

equations are obtained using transformations between body and inertial reference frames 

and dynamic equations of motion are derived by considering the hydrostatics and 

hydrodynamics effects. After modelling, the equations of motion are decoupled and 

various controllers are applied in order to control forward speed, roll position/velocity, 

depth positon and yaw angle by using independent control variables. Proportional control 

and feedback linearization are used to reach the desired forward speed. In many 

applications, the roll states are generally neglected or used as constant but in this study 

the roll states are controlled by backstepping method to stabilize the roll motion. Sliding 

mode control, nonlinear switched control and cascaded PID control are applied in order 

to control the depth and heading of the AUV. Finally, the simulation results are 

demonstrated and future works are presented. 

 

Key words: autonomous underwater vehicle, mathematical modelling, decoupled 

control, nonlinear control, cascaded control. 
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ÖZET 

 

OTONOM SUALTI ARACININ MODELLENMESİ VE KONTROLÜ 

 

Alper YALMAN 

 

Mekatronik Mühendisliği Anabilim Dalı 

Yüksek Lisans Tezi 

 

Tez Danışmanı: Doç Dr. Aydın YEŞİLDİREK 

 

Bu çalışmada REMUS benzeri sualtı araçlarının modellenmesi ve elde edilen model 

denkelmelerinin ayrıştırılarak birbirinden bağımsız şekilde kontrol edilmesi 

amaçlanmaktadır. İlk olarak ataletsel koordinat takımı ve gövde ekseni koordinat takımı 

arasındaki dönüşümlerden faydalanarak aracın kinematik denklemleri elde edilmektedir. 

Hidrostatik ve hidrodinamik etkiler göz önünde bulundurularak aracın dinamik modeli 

elde türetilmektedir. Modelleme tamamlandıktan sonra elde edilen denklemler farklı 

altsistemlere ayrıştırılarak hız, dönme, derinlik ve sapma açısı durumları için çeşitli 

kontrol yöntemlerinin uygulamaları yapılmaktadır. Aracın ileri yöndeki hız kontrolü için 

lineer oransal kontrol ve geribesleme ile doğrusallaştırma yöntremleri kullanılmıştır. Pek 

çok uygulamada aracın kendi ekseni etrafındaki dönme hareketi ihmal edilmekte veya 

sabit olarak kabul edilmektedir. Ancak bu çalışmada dönme hareketi için geri adımlama 

yöntemi ile kontrolcü tasarımı yapılmıştır. Aracın sapma açısı ve derinlik kontrolü için 

kayan kipli kontrol, kaskat PID kontrol, doğrusal olmayan anahtarlamalı kontrol gibi 

yöntemler kullnılmıştır. Son olarak simülasyon sonuçları gösterilmiş ve gelecekte 

hedeflenen çalışmalardan söz edilmiştir.        

 

Anahtar Kelimeler: otonom sualtı aracı, matematiksel modelleme, ayrıştırılmış kontrol, 

doğrusal olmayan kontrol, kaskat kontrol. 
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CHAPTER 1 

INTRODUCTION 

 Literature Review 

About 70% of the Earth’s surface is covered with water which is like an empire of natural 

resources. Underwater vehicles are developed so as to utilize these resources [1]. The 

possibility of submersible vehicles started quite a while back. 

Robert Whitehead is believed to be the designer of the first Torpedo which is called 

Whitehead Automobile “Fish” Torpedo in Austria, 1866. Whitehead’s first torpedo, 

which was driven by compressed air and carried an explosive charge, reached a speed of 

over 3 m/s and ran for 700 m. It may be thought the first AUV if one ignores the fact that 

it carried an explosive charge. 

Applied Physics Laboratory of the University of Washington started development of what 

may have been first “true” AUV in the late 1950’s since oceanographic data must be 

gathered along precise trajectories. The work led to the development and operation of The 

Self Propelled Underwater Research Vehicle(s) (SPURV). SPURV I was 480 kg, and 

could reach velocity at 2.2 m/s for 5.5 hours at depths to 3 km. The acoustically controlled 

vehicle could autonomously run at a constant depth. The vehicle was used to make CT 

measurements along isobaric lines in support of internal wave modeling [2] and it could 

track the dye plume 66 hours after the dye was released [3].  

Epulard, which was designed in 1976 by IFREMER, was an acoustically controlled 

vehicle and it was the first 6 km rated AUV. The vehicle was capable to provide a constant 

depth above the bottom using a cable. Epulard achieved 300 dives between 1970 and 

1990 [4].  
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Figure 1.1 The Epulard AUV by IFREMER 

There are different sorts of underwater vehicles that can be classified into two categories 

called manned and unmanned systems. In manned system, there are military submarines 

and non-military submersibles managed for underwater explorations and appraisal. 

Unmanned submersibles can also be classified into various categories. The least complex 

and most effortlessly described are those submersibles that are towed behind a ship. They 

act as platforms for different sensor suites attached to the vehicle frame. Second type is a 

tethered vehicle which is called Remotely Operated Vehicle (ROV). ROVs have been 

utilized in the offshore industry since the late 1960s and are well established for 

underwater missions. However, they have limited use due to the constraints such as 

requirement for a tether to communicate and a control platform. Communication and 

power are supplied by the tether and the ROV is controlled directly by a remote operator. 

Third type is an Unmanned Untethered Vehicle (UUV). These vehicles have their own 

onboard power but are controlled by a remote operator via a communication link.  

The requirement for autonomy in vehicles is increasingly becoming a significant subject 

in many environments and circumstances worldwide. One of the primary factor that 

makes the autonomous motion important is the lack of the ability to communicate 

between the vehicle and operator. Underwater is one of the environments in which 
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communication is very constrained. Autonomous underwater vehicles have a crucial role 

in discovery of underwater environment and allow people to find out unreachable depths.  

Autonomous underwater vehicles (AUVs) have been developed for the underwater 

discovery in order to achieve the inadequacies of ROVs. An Autonomous Underwater 

Vehicle (AUV) is an untethered, autonomous undersea system that has its own power and 

controlled by an integrated computer while doing a pre-defined task [5] [6] [7]. 

In 1970s, the first AUVs were improved and put into commercial use in the 1990s. Today, 

they are generally used for scientific applications, military applications and research 

objectives [6]. The HUGIN series, which is considered as the most commercially 

successful AUV series on the today’s world market, is developed in collaboration 

between the Norwegian Defense Research Establishment and Kongsberg [1]. AUVs are 

also widely used in the mining and oil industries [8]. Many countries have intensive AUV 

R&D programs which is an indication of the increasing significance of AUVs. 

 

Figure 1.2 The HUGIN AUV 
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Bluefin Robotics is a company that was developed from the AUV laboratory at 

Massachusetts Institute of Technology (MIT) and is a world leader in underwater vehicle 

development. It started building AUVs in 1989 and its success in this area has led to the 

deployment of these vehicles all over the world [9]. 

The Naval Postgraduate School of California is an institute with its own AUV department 

and is currently going on intensive research in control, navigation, fault detection, 

computer simulations and different areas for AUVs. The department has two main AUVs 

as shown in Figure 1.3 and Figure 1.4. The ARIES is being utilized to test and improve 

navigation systems in underwater while the Phoenix is used as an underwater test vehicle 

for control studies [10]. 

 

Figure 1.3 The ARIES AUV [10] 

 

Figure 1.4 The Phoenix AUV [10] 

The Defense Advanced Research Projects Agency of the United States began an AUV 

program in the late 1980s specifically oriented toward military applications. The vehicles 
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built by the agency are the largest and more versatile of any AUVs created anywhere else 

at present. They have been used in testing advanced submerged technologies and systems, 

and have proven instrumental in advancing developments in underwater vehicles 

worldwide. 

There was an increasing interest in academic research about AUV’s during the 90’s. Six 

Odyssey vehicles were developed by the The Massachusetts Institute of Technology’s 

Sea Grant AUV lab during the early 90’s. These vehicles were 160 kg, had 1.5 m/s 

operating speed and were rated to 6 km. In 1994, Odyssey vehicles were operated under 

ice and to a depth of 1.4 km for 3 hours in the open ocean in 1995 [11]. 

 

Figure 1.5 The Odyssey IV 

Autonomous Benthic Explorer (ABE) was created by WHOI in early 90’s. ABE 

accomplished its first scientific mission in 1994. ABE displaces 680 kg and has operating 

speed about 0.75 m/s. ABE is a highly maneuverable vehicle in since it has six thrusters. 

ABE has completed over 80 dives; one dive lasted for 30 hours at 2.2 km. Its deepest dive 

to date was to 4 km [12].  
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Figure 1.6 The Autonomous Benthic Explorer (ABE) 

In the late 90’s, REMUS AUV was developed by WHOI to contribute scientific studies 

at LEO-15 observatory in Tuckerton. The first mission was completed in 1967. The 

vehicle has operating velocity about 1.5 m/s and has ability to dive up to 100 m for 20 

hours. Since there many REMUS vehicles in many different configurations, it is not 

possible to know how many missions have been performed by REMUS vehicles. 

However, it is known that the longest REMUS mission lasted 17 hours while traveling 60 

km at 1.75 m/s at a maximum depth of 20 m off the coast of NJ at the LEO-15 observatory 

[13].  

 

Figure 1.7 Pioneer REMUS-600 Autonomous Underwater Vehicle (AUV) 
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Presently, the difficulties for AUV address the navigation, communication, autonomy, 

and endurance issues. Being autonomous is the fundamental property of AUVs which is 

related to the electronics and control system design.  

Numerous new submerged technologies are being investigated and applied to AUVs. For 

instance, hybrid underwater vehicles utilizing both ROV and AUV technologies are 

currently being used by The Monterey Bay Aquarium Research Institute of California. 

MIT is working on fish tail propulsion systems to use on their vehicles while institutes 

such as Nekton Research have been developing miniature AUVs (Figure 1.8) that can 

travel in groups, communicate with each other and provide researchers with simultaneous 

data over a large volume of water [14]. AUV research and technology is definitely on an 

upward curve. 

 

Figure 1.8 Nekton Research’s miniature AUV prototype [8] 

The AUV basically utilizes an integrated computer system, power packs and vehicle 

payloads to perform the guidance, navigation and control objectives. They can be 

outfitted with various sensors to measure the environmental effects, or specialized 

biochemical payloads to identify underwater life when in motion. In many developments 

today, AUVs have been utilized in a semi-autonomous mode under human control that 

requires them to be tracked, observed, or even stopped through an objective in order to 

alter the mission plan. However, there have been successful developments at the 

achievement of autonomous operation [15]. 
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After modelling and system identification, a control system can be designed for AUVs. 

An AUV may experience various maneuvering scenarios while performing any task 

especially in target tracking [16]. Different control methods are utilized for different 

operations. The vehicle speed is generally controller by thrusters attached to the vehicle 

aft. Pitch and depth controller is used to keep the AUV at a specific depth and heading 

angle of the vehicle is controlled using the different number of control surfaces on AUV. 

Roll motion is passively stabilized thanks to the mechanical properties of the vehicle or 

actively controlled with different kind of elements such as control surfaces, internal 

rotating mass and counter-rotating propellers. Control systems provide required 

commands to the controlled actuators in order to reach the desired position and/or velocity 

states for the vehicle. Controlling AUVs has many difficulties due to the effects of 

underwater environment. Thus, designing control systems for AUVs has been an 

extensive research area that include various techniques having been studied in the 

literature to provide autonomous motion [17],[18],[19],[20]. Current technology is 

focused on using intelligent and adaptive controllers to provide AUVs with outstanding 

control capabilities over ROVs. 

 Objective of the Thesis 

The scope of thesis includes 

 Kinematic and dynamic analysis of an AUV,  

 Decoupled control systems design, 

 Implementation of dynamic model and controllers in MATLAB/Simulink 

environment 

In second and third chapters, the kinematic and dynamic equations of motion are derived. 

Chapter 4 discusses the decoupled controllers for the surge speed and roll motion of the 

AUV. In Chapter 5, decoupled equations for diving system are derived, linear and 

nonlinear controllers are applied and simulated. In Chapter 6, dynamic model for the 

horizontal plane is given and various control methods are applied in order to reach the 

desired heading angle. The last chapter discusses the results and suggests future work. 

 Hypothesis 

In this study, the kinematic and dynamic model of the REMUS like AUVs are obtained 

and the dynamic model is implemented using MATLAB/Simulink. In addition to 6-DOF 
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model, the decoupled subsystems are separately implemented and design of controllers 

are performed using these decoupled equations. In the literature, the effect of roll motion 

is generally neglected. Contrary to the studies in the literature, the effect of roll motion is 

included here and roll controller is designed in order to stabilize the vehicle around x-

axis. Outputs of this study will be implemented and tested on TORK system, an anti-

torpedo torpedo system developed by ASELSAN Inc., Turkey. 
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CHAPTER 2 

MODELLING: KINEMATICS OF AUV 

In this section, the 6 degrees of freedom (DOF) motion of AUV is presented. In order to 

determine the position and orientation of a rigid body, six independent coordinates are 

required. Linear motion which describes the position of the vehicle along x, y and z axes 

is defined in first three coordinates while the last three coordinates are used to define the 

rotational motion which describes the orientation of the vehicle [21].  

In general, the six different motion components are given for marine vehicles as surge, 

sway, heave, roll, pitch and yaw. The SNAME (1950) notation is generally used to define 

these components as shown in Table 2.1 [22]. 

Table 2.1 Notation Used For Marine Vehicles 

DOF 
Forces and 

moments 

Linear and 

angular 

velocities 

Positions and 

Euler angles 

Motion along x-direction (surge) X u x 

Motion along y-direction (sway) Y v y 

Motion along z-direction (heave) Z w z 

Rotation about x-axis (roll) K p 𝜙 

Rotation about y-axis (pitch) M q 𝜃 

Rotation about z-axis (yaw) N r 𝜓 
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 Kinematics of AUV 

It is appropriate to define two coordinate frames as given in Figure 2.1 while studying the 

6-DOF motion of AUVs [21]. 

 

Figure 2.1 Earth-fixed and body-fixed coordinate frames 

The moving coordinate frame 𝑋0𝑌0𝑍0 is attached to the vehicle body and is called the 

body-fixed frame. The origin 𝑂𝐵 of the body-fixed frame is mostly selected to make the 

dynamic equations simpler.  

For underwater vehicles, the body axes 𝑋0, 𝑌0 and 𝑍0 are defined as follows: 

 𝑋0 – longitudinal axis (directed from aft to fore) 

 𝑌0 – transverse axis (directed to starboard) 

 𝑍0 – normal axis (directed from top to bottom) 

The motion of the body-fixed frame is described relative to and inertial reference frame. 

It is assumed that the acceleration of a point on the surface of the Earth can be neglected 

and earth-fixed reference frame XYZ can be considered to be inertial. Based on SNAME 

notation given in Table 2.1, the general motion of the vehicle in 6 DOF can be described 

by: 
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𝜼 = [
𝜼1

𝜼2
] ; 𝜼1 = [𝑥 𝑦 𝑧]𝑇; 𝜼2 = [𝜙 𝜃 𝜓]𝑇 

𝝂 = [
𝝂1

𝝂2
] ; 𝝂1 = [𝑢 𝑣 𝑤]𝑇; 𝝂2 = [𝑝 𝑞 𝑟]𝑇 

𝝉 = [
𝝉1

𝝉2
] ; 𝝉1 = [𝑋 𝑌 𝑍]𝑇; 𝝉2 = [𝐾 𝑀 𝑁]𝑇 

where 

 𝜼: positions and orientations in earth-fixed frame 

 𝝂: linear and angular velocities in body-fixed frame 

 𝝉: forces and moments acting on the vehicle in body-fixed frame 

The vehicle’s velocity vector relative to the earth-fixed frame is expressed by the velocity 

transformation. 

𝜼̇1 = 𝑱1(𝜼2)𝝂1 (2.1) 

where 𝑱1(𝜼2) is transformation matrix which is function of roll (𝜙), pitch (𝜃) and yaw 

(𝜓) angles. In order to find the transformation matrix, three basic rotation matrices are 

defined for 𝑥, 𝑦 and 𝑧 axes. 

𝑪𝑥,𝜙 = [
1 0 0
0 𝑐𝜙 𝑠𝜙
0 −𝑠𝜙 𝑐𝜙

] ;   𝑪𝑦,𝜃 = [
𝑐𝜃 0 −𝑠𝜃
0 1 0
𝑠𝜃 0 𝑐𝜃

] ;   𝑪𝑧,𝜓 = [
𝑐𝜓 𝑠𝜓 0

−𝑠𝜓 𝑐𝜓 0
0 0 1

] (2.2) 

where 𝑠 ⋅ = sin (⋅) and 𝑐 ⋅ = cos (⋅). The notation 𝑪𝑖,𝛼 represents a rotation angle 𝛼 about 

the i-axis. All 𝑪𝑖,𝛼 have the following properties: 

 𝑪 is orthogonal. 

 𝑪𝑪𝑇 = 𝑪𝑇𝑪 = 𝑰;  det 𝑪 = 𝟏 

 𝑪−1 = 𝑪𝑇 

2.1.1 Linear Velocity Transformation 

Let 𝑋3𝑌3𝑍3 be the coordinate system attained by translating the earth-fixed coordinate 

frame 𝑋𝑌𝑍 parallel to itself until its origin coincides with the origin of the body-fixed 

coordinate frame. Then, the following rotational operations are applied one by one [21]. 

 𝑋3𝑌3𝑍3 is rotated a yaw angle 𝜓 about 𝑍3 axis and this yields the coordinate 

system 𝑋2𝑌2𝑍2. 
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 𝑋2𝑌2𝑍2 is rotated a pitch angle 𝜃 about 𝑌2 axis and this yields the coordinate 

system 𝑋1𝑌1𝑍1. 

 𝑋1𝑌1𝑍1 is rotated a roll angle 𝜙 about 𝑋1 axis and this yields the body coordinate 

system 𝑋0𝑌0𝑍0. 

𝑱1(𝜼2) = 𝑪𝑧,𝜓
𝑇 𝑪𝑦,𝜃

𝑇 𝑪𝑧,𝜙
𝑇   (2.3) 

The inverse transformation can also be written as: 

𝑱1
−1(𝜼2) = 𝑱1

𝑇(𝜼2) = 𝑪𝑥,𝜙𝑪𝑦,𝜃𝑪𝑧,𝜓  (2.4) 

Expanding expression (2.3) yields: 

𝑱1(𝜼2) = [

𝑐𝜓𝑐𝜃 −𝑠𝜓𝑐𝜙 + 𝑐𝜓𝑠𝜃𝑠𝜙 𝑠𝜓𝑠𝜙 + 𝑐𝜓𝑐𝜙𝑠𝜃
𝑠𝜓𝑐𝜃 𝑐𝜓𝑐𝜙 + 𝑠𝜙𝑠𝜃𝑠𝜓 −𝑐𝜓𝑠𝜙 + 𝑠𝜃𝑠𝜓𝑐𝜙
−𝑠𝜃 𝑐𝜃𝑠𝜙 𝑐𝜃𝑐𝜙

]  (2.5) 

2.1.2 Angular Velocity Transformation 

The body-fixed angular velocity vector and the Euler rate vector are related through a 

transformation matrix 𝑱2(𝜼2) according to: 

𝜼̇2  = 𝑱2(𝜼2)𝝂2 (2.6) 

The angular body velocity vector 𝝂2 = [𝑝 𝑞 𝑟]𝑇 cannot be integrated directly to 

obtain actual angular coordinates [23]. This is because ∫ 𝝂2(𝜏)𝑑𝜏
𝑡

𝑜
 does not have any 

physical meaning. However, the vector 𝜼2 = [𝜙 𝜃 𝜓]𝑻 will represent convenient 

generalized coordinates. The orientation of the body-fixed reference frame with respect 

to the inertial reference frame is given by: 

𝝂2  = [
𝜙̇
0
0

] + 𝑪𝑥,𝜙 [
0
𝜃̇
0
] + 𝑪𝑥,𝜙𝑪𝑦,𝜃 [

0
0
𝜓̇

] = 𝑱2
−1(𝜼2)𝜼̇2 (2.7) 

Expanding (2.7) yields: 

𝑱2
−𝟏(𝜼2) = [

1 0 −𝑠𝜃
0 𝑐𝜙 𝑐𝜃𝑠𝜙
0 −𝑠𝜙 𝑐𝜃𝑐𝜙

] →    𝑱2(𝜼2) = [

1 𝑠𝜙𝑡𝜃 𝑐𝜙𝑡𝜃
0 𝑐𝜙 −𝑠𝜙
0 𝑠𝜙/𝑐𝜃 𝑐𝜙/𝑐𝜃

] (2.8) 

where 𝑠 ⋅ = sin(⋅) , 𝑐 ⋅ = cos(⋅) and 𝑡 ⋅ = tan (⋅) 

It is seen from the (2.8) that 𝑱2(𝜼2) is undefined for 𝜃 = ±90° and 𝑱2
−1(𝜼2) ≠ 𝑱2

𝑇(𝜼2).  
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Finally, the kinematic equations can be written in vector form as given below. 

[
𝜼̇1

𝜼̇2
] = [

𝑱1(𝜼2) 𝟎3𝑥3

𝟎3𝑥3 𝑱2(𝜼2)
] [

𝝂1

𝝂2
]   →   𝜼̇ = 𝑱(𝜼)𝝂 (2.9) 
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CHAPTER 3 

MODELLING: DYNAMICS OF AUV 

 Rigid Body Dynamics 

In this section the rigid body equations of motion are derived using Newtonian 

Mechanics. When deriving the equations of motion the following assumption are made. 

 The vehicle is rigid 

 The earth-fixed reference frame is inertial 

The 6 DOF nonlinear dynamic equations of motion can be expressed as: 

𝑴𝑅𝐵𝝂̇ + 𝑪𝑅𝐵(𝝂)𝝂 = 𝝉 (3.1) 

where  

 𝑴𝑅𝐵 : Rigid body inertia matrix 

 𝑪𝑅𝐵(𝝂)  : Matrix of Coriolis and centripetal terms (including added mass) 

 𝝉 : Total external forces acting on the vehicle 

The Newton-Euler formulation is based on Newton’s Second Law which relates mass m, 

acceleration 𝒗̇𝐶 and force 𝒇𝐶  according to: 

 𝑚𝒗̇𝐶 = 𝒇𝐶  (3.2) 

Newton’s Second Law is expressed in terms of conservation of linear momentum 𝒑𝐶 and 

angular momentum 𝒉𝐶 [24]. These results are known as Euler’s First and Second Axioms 

as given below: 

𝒑̇𝐶 ≜ 𝒇𝐶;  𝒑𝐶 ≜ 𝑚𝒗𝐶; (3.3) 

𝒉̇𝐶 ≜ 𝒎𝐶;  𝒉𝐶 ≜ 𝑰𝐶𝝎; (3.4) 
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where 𝒇𝐶  and 𝒎𝐶 are the forces and moments referred to the vehicle’s center of gravity 

(CG), 𝝎 is the angular velocity vector and 𝑰𝐶 is the inertia tensor about the CG. 

Let us consider a body-fixed coordinate system 𝑋0𝑌0𝑍0 rotating with an angular velocity 

𝝎 = [𝜔1 𝜔2 𝜔3]𝑇 about an earth-fixed coordinate system 𝑋𝑌𝑍 as shown in Figure 

3.1. 

 

Figure 3.1 The inertial, earth-fixed non-rotating reference frame 𝑋𝑌𝑍 and the body-

fixed rotating reference frame 𝑋0𝑌0𝑍0 [21]. 

The inertia tensor 𝑰0 referred to an arbitrary body-fixed coordinate system 𝑋0𝑌0𝑍0 with 

origin 𝑂 in the body-fixed frame is defined as: 

𝑰0 ≜ [

𝐼𝑥 −𝐼𝑥𝑦 −𝐼𝑥𝑧

−𝐼𝑦𝑥 𝐼𝑦 −𝐼𝑦𝑧

−𝐼𝑧𝑥 −𝐼𝑧𝑦 𝐼𝑧

] ;  𝑰0 = 𝑰0
𝑇 > 0 (3.5) 

The time derivatives of an arbitrary vector 𝒄 in 𝑋𝑌𝑍 is given as: 

𝒄̇ = 𝒄
𝜊
+ 𝝎 x 𝒄   (3.6) 

Where 𝒄̇ is the time derivative in frame 𝑋𝑌𝑍 and 𝒄
𝜊
 is the time derivative in the moving 

frame 𝑋0𝑌0𝑍0. It is easily seen that the angular acceleration is equal in 𝑋0𝑌0𝑍0 and 𝑋𝑌𝑍 

by using (3.6) as: 

 𝝎̇ = 𝝎
𝜊

+ 𝝎 x 𝝎 = 𝝎
𝜊

 (3.7) 
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3.1.1 Translational Motion 

From Figure 3.1 it can be written that: 

𝒓𝐶 = 𝒓𝑂 + 𝒓𝑮 (3.8) 

The velocity of the center of gravity is: 

𝒗𝐶 = 𝒓̇𝐶 = 𝒓̇𝑶 + 𝒓̇𝐺  (3.9) 

The time derivative of 𝒓𝐺 can be written as: 

𝒓̇𝐺 = 𝒓
𝜊

𝐺 + 𝝎 x 𝒓𝐺 (3.10) 

We can write 𝒗0 = 𝒓̇𝑶 and 𝒓
𝜊

𝐺 = 0 for a rigid body, 

𝒗𝐶 = 𝒗0 + 𝒓
𝜊

𝐺 + 𝝎 x 𝒓𝐺 = 𝒗0 + 𝝎 x 𝒓𝐺 (3.11) 

By taking the derivative of (3.11) the acceleration vector can be found as: 

𝒗̇𝑐 = 𝒗̇0 + 𝝎̇ x 𝒓𝐺 + 𝝎 x 𝒓̇𝐺 (3.12) 

Since 𝒗̇0 = 𝒗
𝜊

0 + 𝝎 x 𝒗0,    𝝎̇ = 𝝎
𝜊
 and 𝒓̇𝐺 = 𝝎 x 𝒓𝐺  the (3.12) yields 

𝒗̇𝑐 = 𝒗
𝜊

0 + 𝝎 x 𝒗0 + 𝝎
𝜊
 x 𝒓𝐺 + 𝝎 x (𝝎 x 𝒓𝐺) (3.13) 

Substituting (3.13) into (3.3) finally yields 

𝑚 (𝒗
𝜊

0 + 𝝎 x 𝒗0 + 𝝎
𝜊
  x 𝒓𝐺 + 𝝎 x (𝝎 x 𝒓𝐺)) = 𝒇0 (3.14) 

If the origin of the 𝑋0𝑌0𝑍0 is chosen to coincide with the vehicle’s center of gravity, 

𝒓𝐺 = [0 0 0]𝑇 , 𝒇0 = 𝒇𝐶 and 𝒗0 = 𝒗𝐶  yields: 

 𝑚 (𝒗
𝜊

𝐶 + 𝝎 x 𝒗𝐶) = 𝒇𝐶  (3.15) 

3.1.2 Rotational Motion 

The absolute angular momentum in [21] about 𝑂 is defined as: 

𝒉0 ≜ ∫𝒓 x 𝒗 𝜌𝐴𝑑𝑉
V

 (3.16) 

Differentiating (3.16) with respect to time yields: 

𝒉̇0 = ∫𝒓 x 𝒗̇ 𝜌𝐴𝑑𝑉
V

+ ∫𝒓̇ x 𝒗 𝜌𝐴𝑑𝑉
V

 (3.17) 
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The first term on the right-hand side is the moment vector: 

𝒎0 ≜ ∫𝒓 x 𝒗̇ 𝜌𝐴𝑑𝑉
V

 (3.18) 

From Figure 3.1 it is seen that: 

𝒗 = 𝒓̇0 + 𝒓̇  →    𝒓̇ = 𝒗 − 𝒗0 (3.19) 

Substituting (3.19) into (3.18) for 𝒉̇0 and 𝒗 x 𝒗 = 0, 

𝒉̇0 = 𝒎0 + ∫(𝒗 − 𝒗0) x 𝒗 𝜌𝐴𝑑𝑉 = 
V

𝒎0 + ∫𝒗 x 𝒗 𝜌𝐴𝑑𝑉
V

− ∫𝒗𝟎 x 𝒗 𝜌𝐴𝑑𝑉
V

 (3.20) 

𝒉̇0 = 𝒎0 − 𝒗0 x∫𝒗 𝜌𝐴𝑑𝑉
V

 (3.21) 

or equivalently  

𝒉̇0 = 𝒎0 − 𝒗0 x∫(𝒗0 + 𝒓̇)𝜌𝐴𝑑𝑉
V

= 𝒎0 − 𝒗0 x∫𝒓̇ 𝜌𝐴𝑑𝑉
V

 (3.22) 

Expression (3.22) can be written by differentiating the vehicle’s center of gravity which 

can be defines as: 

𝒓𝐺 =
1

𝑚
∫𝒓 𝜌𝐴𝑑𝑉
𝑉

 (3.23) 

Differentiating (3.23) yields 

𝑚𝒓̇𝐺 = ∫𝒓̇ 𝜌𝐴𝑑𝑉
𝑉

 (3.24) 

Since 𝒓̇𝐺 = 𝝎 x 𝒓𝐺, (3.24) can be written as 

∫𝒓̇ 𝜌𝐴𝑑𝑉
𝑉

= 𝑚(𝝎 x 𝒓𝐺) (3.25) 

Substituting (3.25) into the (23.22) yields 

𝒉̇0 = 𝒎0 − 𝑚𝒗0 x (𝝎 x 𝒓𝐺) (3.26) 

The absolute angular momentum (3.16) is written as 

𝒉0 ≜ ∫𝒓 x 𝒗 𝜌𝐴𝑑𝑉
V

= ∫𝒓 x 𝒗0 𝜌𝐴𝑑𝑉
V

+ ∫𝒓 x (𝝎 x 𝒓) 𝜌𝐴𝑑𝑉
V

 (3.27) 

The first term on the right-hand side of (3.27) can be written by using (3.23). 
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∫𝒓 x 𝒗0 𝜌𝐴𝑑𝑉
V

= (∫𝒓 𝜌𝐴𝑑𝑉
V

)x 𝒗0 = 𝑚𝒓𝐺 x 𝒗0 (3.28) 

The second term in (3.27) is recognized as the definition of inertia tensor which can be 

written as  

𝑰0𝝎 = ∫𝒓 x (𝝎 x 𝒓) 𝜌𝐴𝑑𝑉
𝑉

 (3.29) 

Thus, the expression (3.27) reduces to: 

𝒉0 = 𝑰0𝝎 + 𝑚𝒓𝐺 x 𝒗0  (3.30) 

Differentiating expression (3.30) assuming that 𝑰0 is constant with respect to time yields 

𝒉̇0 = 𝑰0𝝎
𝜊

 + 𝝎 x (𝑰0𝝎) + 𝑚(𝝎 x 𝒓𝐺) x 𝒗0 + 𝑚𝒓𝐺 x (𝒗
𝜊

0 + 𝝎 x 𝒗0) (3.31) 

Using the vector product property (𝝎 x 𝒓𝐺) x 𝒗0 = −𝒗0 x (𝝎 x 𝒓𝐺) and eliminating 𝒉̇0 

from (3.26) and (3.31) finally yields 

𝑰0𝝎
𝜊

 + 𝝎 x (𝑰0𝝎) + 𝑚𝒓𝐺 x (𝒗
𝜊

0 + 𝝎 x 𝒗0) = 𝒎0 (3.32) 

If the origin 𝑂 of the body-fixed 𝑋0𝑌0𝑍0 is chosen to coincide with the vehicle’s center 

of gravity, (3.32) is simplified to: 

𝑰𝐶𝝎
𝜊

+ 𝝎 x (𝑰𝐶𝝎) = 𝒎𝐶 (3.33) 

3.1.3 6DOF Rigid Body Equations of Motion 

Equations (3.14) and (3.32) are written in component according to SNAME (1950) 

notation as follows: 

 𝒇0 = 𝝉1 = [𝑋 𝑌 𝑍]𝑇 external forces 

 𝒎0 = 𝝉2 = [𝐾 𝑀 𝑁]𝑇 moments of external forces about 𝑂 

 𝒗0 = 𝝂1 = [𝑢 𝑣 𝑤]𝑇 linear velocity of 𝑋0𝑌0𝑍0 

 𝝎 = 𝝂2 = [𝑝 𝑞 𝑟]𝑇  angular velocity of 𝑋0𝑌0𝑍0 

 𝒓𝐺  = [𝑥𝐺 𝑦𝐺 𝑧𝐺]𝑇 center of gravity 

 

Applying the notation to equations (3.14) and (3.32) yields: 

𝑚[𝑢̇ − 𝑣𝑟 + 𝑤𝑞 − 𝑥𝐺(𝑞2 + 𝑟2) + 𝑦𝐺(𝑝𝑞 − 𝑟̇) + 𝑧𝐺(𝑝𝑟 + 𝑞̇)] = 𝑋 

𝑚[𝑣̇ − 𝑤𝑝 + 𝑢𝑟 − 𝑦𝐺(𝑟2 + 𝑝2) + 𝑧𝐺(𝑞𝑟 − 𝑝̇) + 𝑥𝐺(𝑞𝑝 + 𝑟̇)] = 𝑌 

𝑚[𝑤̇ − 𝑢𝑞 + 𝑣𝑝 − 𝑧𝐺(𝑝2 + 𝑞2) + 𝑥𝐺(𝑟𝑝 − 𝑞̇) + 𝑦𝐺(𝑟𝑞 + 𝑝̇)] = 𝑍 

(3.34) 
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𝐼𝑥𝑝̇ + (𝐼𝑧 − 𝐼𝑦)𝑞𝑟 − (𝑟̇ + 𝑝𝑞)𝐼𝑥𝑧 + (𝑟2 − 𝑞2)𝐼𝑦𝑧 + (𝑝𝑟 − 𝑞̇)𝐼𝑥𝑦 

  +𝑚[𝑦𝐺(𝑤̇ − 𝑢𝑞 + 𝑣𝑝) − 𝑧𝐺(𝑣̇ − 𝑤𝑝 + 𝑢𝑟)] = 𝐾 

𝐼𝑦𝑞̇ + (𝐼𝑥 − 𝐼𝑧)𝑟𝑝 − (𝑝̇ + 𝑞𝑟)𝐼𝑥𝑦 + (𝑝2 − 𝑟2)𝐼𝑧𝑥 + (𝑞𝑝 − 𝑟̇)𝐼𝑦𝑧 

  +𝑚[𝑧𝐺(𝑢̇ − 𝑣𝑟 + 𝑤𝑞) − 𝑥𝐺(𝑤̇ − 𝑢𝑞 + 𝑣𝑝)] = 𝑀 

𝐼𝑧𝑟̇ + (𝐼𝑦 − 𝐼𝑥)𝑝𝑞 − (𝑞̇ + 𝑟𝑝)𝐼𝑦𝑧 + (𝑞2 − 𝑝2)𝐼𝑥𝑦 + (𝑟𝑞 − 𝑝̇)𝐼𝑧𝑥 

  +𝑚[𝑥𝐺(𝑣̇ − 𝑤𝑝 + 𝑢𝑟) − 𝑦𝐺(𝑢̇ − 𝑣𝑟 + 𝑤𝑞)] = 𝑁 

These equations can be written in vectorial form as: 

𝑴𝑅𝐵𝝂̇ + 𝑪𝑅𝐵(𝝂)𝝂 = 𝝉 (3.35) 

where 𝝂 = [𝑢 𝑣 𝑤 𝑝 𝑞 𝑟]𝑇 is the body-fixed linear and angular velocity vector 

and 𝝉 = [𝑋 𝑌 𝑍 𝐾 𝑀 𝑁]𝑇 is generalized vector of external forces and moments.  

The rigid-body inertia matrix 𝑴𝑅𝐵 satisfies following properties: 

 𝑴𝑅𝐵 = 𝑴𝑅𝐵
𝑇 > 0 

 𝑴̇𝑅𝐵 = 0 

where  

 𝑴𝑅𝐵 = [
𝑚𝑰3𝑥3 −𝑚𝑺(𝒓𝐺)

𝑚𝑺(𝒓𝐺) 𝑰0
] 

          =

[
 
 
 
 
 
 

𝑚 0 0 0 𝑚𝑧𝐺 −𝑚𝑦𝐺

0 𝑚 0 −𝑚𝑧𝐺 0 𝑚𝑥𝐺

0 0 𝑚 𝑚𝑦𝐺 −𝑚𝑥𝐺 0
0 −𝑚𝑧𝐺 𝑚𝑦𝐺 𝐼𝑥 −𝐼𝑥𝑦 −𝐼𝑥𝑧

𝑚𝑧𝐺 0 −𝑚𝑥𝐺 −𝐼𝑦𝑥 𝐼𝑦 −𝐼𝑦𝑧

−𝑚𝑦𝐺 𝑚𝑥𝐺 0 −𝐼𝑧𝑥 −𝐼𝑧𝑦 𝐼𝑧 ]
 
 
 
 
 
 

 

(3.36) 

𝑰3𝑥3 is the idendity matrix, 𝑰0 = 𝑰0
𝑇 > 0 is the inertia tensor with respect to 𝑂 and 𝑺(𝒓𝐺) 

is skew-symmetric matrix which is generally defined as follows: 

𝑺(𝝀) = [

0 −𝜆3 𝜆2

𝜆3 0 −𝜆1

−𝜆2 𝜆1 0
] ;      𝝀 = [𝜆1 𝜆2 𝜆3]

𝑇 (3.37) 

The 6x6 inertia matrix 𝑴𝑅𝐵 can be written as: 

𝑴𝑅𝐵 = [
𝑴11 𝑴12

𝑴21 𝑴22
] (3.38) 

The coriolis and centripetal matrix 𝑪𝑅𝐵(𝝂) is found by using inertia matrix. 

𝑪𝑅𝐵(𝝂) = [
𝟎3𝑥3 −𝑺(𝑴11𝝂1 + 𝑴12𝝂2)

−𝑺(𝑴11𝝂1 + 𝑴12𝝂2) −𝑺(𝑴21𝝂1 + 𝑴22𝝂2)
] (3.39) 



21 

 

Since the 𝑴𝑖𝑗 matrices are know from the (3.36), the coriolis and centripetal matrix 

𝑪𝑅𝐵(𝝂) is found by expanding (3.39). 

𝑪𝑅𝐵(𝝂) =

[
 
 
 
 
 

0 0 0
0 0 0
0 0 0

−𝑚(𝑦𝐺𝑞 + 𝑧𝐺𝑟) 𝑚(𝑦𝐺𝑝 + 𝑤) 𝑚(𝑧𝐺𝑝 − 𝑣)
𝑚(𝑥𝐺𝑞 − 𝑤) −𝑚(𝑧𝐺𝑟 + 𝑥𝐺𝑝) 𝑚(𝑧𝐺𝑞 + 𝑢)
𝑚(𝑥𝐺𝑟 + 𝑣) 𝑚(𝑦𝐺𝑟 − 𝑢) −𝑚(𝑥𝐺𝑝 + 𝑦𝐺𝑞)

  

  

𝑚(𝑦𝐺𝑞 + 𝑧𝐺𝑟) −𝑚(𝑥𝐺𝑞 − 𝑤) −𝑚(𝑥𝐺𝑟 + 𝑣)
−𝑚(𝑦𝐺𝑝 + 𝑤) 𝑚(𝑧𝐺𝑟 + 𝑥𝐺𝑝) −𝑚(𝑦𝐺𝑟 − 𝑢)
−𝑚(𝑧𝐺𝑝 − 𝑣) −𝑚(𝑧𝐺𝑞 + 𝑢) 𝑚(𝑥𝐺𝑝 + 𝑦𝐺𝑞)

0 −𝐼𝑦𝑧𝑞 − 𝐼𝑥𝑧𝑝 + 𝐼𝑧𝑟 𝐼𝑦𝑧𝑟 + 𝐼𝑥𝑦𝑝 − 𝐼𝑦𝑞

𝐼𝑦𝑧𝑞 + 𝐼𝑥𝑧𝑝 − 𝐼𝑧𝑟 0 −𝐼𝑥𝑧𝑟 − 𝐼𝑥𝑦𝑞 + 𝐼𝑥𝑝

−𝐼𝑦𝑧𝑟 − 𝐼𝑥𝑦𝑝 + 𝐼𝑦𝑞 𝐼𝑥𝑧𝑟 + 𝐼𝑥𝑦𝑞 − 𝐼𝑥𝑝 0 ]
 
 
 
 
 
 

 

(3.40) 

 External Forces and Moments 

It is assumed that environmental effects such as waves and water current are neglected 

and do not affect the motion of underwater vehicle. The total forces and moments acting 

on the vehicle can be written in terms of hydrostatics, hydrodynamics and actuator forces 

[25]. 

𝝉 = 𝝉𝐻𝑆 + 𝝉𝐴 + +𝝉𝐷 + 𝝉𝐿 + 𝝉𝑃 (3.41) 

where  

 𝝉𝐻𝑆 : Hydrostatic forces and moments 

 𝝉𝐴 : Added mass forces and moments 

 𝝉𝐷 : Drag forces and moments 

 𝝉𝐿 : Lift forces and moments 

 𝝉𝑃 : Propulsion forces and moments  

Following sections describes these forces and moments.  

3.2.1 Hydrostatic Forces and Moments 

The hydrostatic forces and moments are acting on the vehicle due to the effects of vehicle 

weight and buoyancy [21]. Let 𝑚 be the mass of the vehicle and g is the acceleration of 

gravity, the weight of the vehicle is 𝑊 = 𝑚g. The buoyancy force is expressed as 𝐵 =

𝜌𝑓∇g, where the 𝜌𝑓 is the fluid density and ∇ is the total volume of the vehicle.  

The center of gravity is given in the previous sections as 𝒓𝐺 = [𝑥𝐺 𝑦𝐺 𝑧𝐺]𝑇. Let the 

coordinates of center of buoyancy be 𝒓𝐵 = [𝑥𝐵 𝑦𝐵 𝑧𝐵]𝑇 . The gravitational force 𝒇𝐺  
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will act through the 𝒓𝐺 and the buoyancy force 𝒇𝐵 will act through the 𝒓𝐵. Gravitational 

and buoyancy forces can be expressed in body-fixed coordinate system using 

transformation matrices derived in kinematic analysis as given below: 

𝒇𝐺(𝜼2) = 𝑱1
−1(𝜼2) [

0
0
𝑊

] ;         𝒇𝐵(𝜼2) = 𝑱1
−1(𝜼2) [

0
0
𝐵
] ; (3.42) 

The hydrostatics forces and moments on the vehicle can be defined as: 

𝑭𝐻𝑆 = 𝒇𝐺 − 𝒇𝐵  

𝑴𝐻𝑆 = 𝒓𝐺  𝑥 𝒇𝐺 − 𝒓𝐵 𝑥 𝒇𝐵 
(3.43) 

Equations in (3.43) are expanded to yield the nonlinear equations for hydrostatic forces 

and moments: 

𝑋𝐻𝑆 = −(𝑊 − 𝐵)𝑠𝜃 

𝑌𝐻𝑆 = (𝑊 − 𝐵)𝑐𝜃𝑠𝜙 

𝑍𝐻𝑆 = (𝑊 − 𝐵)𝑐𝜃𝑐𝜙 

𝐾𝐻𝑆 = (𝑦𝐺𝑊 − 𝑦𝐵𝐵)𝑐𝜃𝑐𝜙 − (𝑧𝐺𝑊 − 𝑧𝐵𝐵)𝑐𝜃𝑠𝜙 

𝑀𝐻𝑆 = −(𝑧𝐺𝑊 − 𝑧𝐵𝐵)𝑠𝜃 − (𝑥𝐺𝑊 − 𝑥𝐵𝐵)𝑐𝜃𝑐𝜙 

𝑁𝐻𝑆 = (𝑥𝐺𝑊 − 𝑥𝐵𝐵)𝑐𝜃𝑠𝜙 + (𝑦𝐺𝑊 − 𝑦𝐵𝐵)𝑠𝜃 

(3.44) 

Let us write the hydrostatic forces and moments in vector form: 

𝝉𝐻𝑆 = −𝒈(𝜼𝟐) = [
𝑭𝐻𝑆

𝑴𝐻𝑆
] =

[
 
 
 
 
 
𝑋𝐻𝑆

𝑌𝐻𝑆

𝑍𝐻𝑆

𝐾𝐻𝑆

𝑀𝐻𝑆

𝑁𝐻𝑆 ]
 
 
 
 
 

 

 

𝒈(𝜼𝟐) =

[
 
 
 
 
 
 

(𝑊 − 𝐵)𝑠𝜃
−(𝑊 − 𝐵)𝑐𝜃𝑠𝜙

−(𝑊 − 𝐵)𝑐𝜃𝑐𝜙

−(𝑦𝐺𝑊 − 𝑦𝐵𝐵)𝑐𝜃𝑐𝜙 + (𝑧𝐺𝑊 − 𝑧𝐵𝐵)𝑐𝜃𝑠𝜙
(𝑧𝐺𝑊 − 𝑧𝐵𝐵)𝑠𝜃 + (𝑥𝐺𝑊 − 𝑥𝐵𝐵)𝑐𝜃𝑐𝜙

−(𝑥𝐺𝑊 − 𝑥𝐵𝐵)𝑐𝜃𝑠𝜙 − (𝑦𝐺𝑊 − 𝑦𝐵𝐵)𝑠𝜃 ]
 
 
 
 
 
 

 

(3.45) 
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3.2.2 Hydrodynamic Damping 

Let use write hydrodynamic damping forces and moments 𝝉𝐷 as: 

𝝉𝐷 = −𝑫(𝝂)𝝂;    𝑫(𝝂): Hydrodynamic damping matrix  (3.46) 

The hydrodynamic damping matrix 𝑫(𝝂) will be real, non-symmetrical and strictly 

positive matrix. In general, higher order terms in damping matrix 𝑫(𝝂) are neglected 

[26]. Thus, the damping matrix that includes linear and quadratic terms is written as: 

𝑫(𝝂) = −

[
 
 
 
 
 
 
𝑋𝑢 𝑋𝑣 𝑋𝑤 𝑋𝑝 𝑋𝑞 𝑋𝑟

𝑌𝑢 𝑌𝑣 𝑌𝑤 𝑌𝑝 𝑌𝑞 𝑌𝑟

𝑍𝑢 𝑍𝑣 𝑍𝑤 𝑍𝑝 𝑍𝑞 𝑍𝑟

𝐾𝑢 𝐾𝑣 𝐾𝑤 𝐾𝑝 𝐾𝑞 𝐾𝑟

𝑀𝑢 𝑀𝑣 𝑀𝑤 𝑀𝑝 𝑀𝑞 𝑀𝑟

𝑁𝑢 𝑁𝑣 𝑁𝑤 𝑁𝑝 𝑁𝑞 𝑁𝑟 ]
 
 
 
 
 
 

 

   −

[
 
 
 
 
 
 
𝑋𝑢|𝑢||𝑢| 𝑋𝑣|𝑣||𝑣| 𝑋𝑤|𝑤||𝑤| 𝑋𝑝|𝑝||𝑝| 𝑋𝑞|𝑞||𝑞| 𝑋𝑟|𝑟||𝑟|

𝑌𝑢|𝑢||𝑢| 𝑌𝑣|𝑣||𝑣| 𝑌𝑤|𝑤||𝑤| 𝑌𝑝|𝑝||𝑝| 𝑌𝑞|𝑞||𝑞| 𝑌𝑟|𝑟||𝑟|

𝑍𝑢|𝑢||𝑢| 𝑍𝑣|𝑣||𝑣| 𝑍𝑤|𝑤||𝑤| 𝑍𝑝|𝑝||𝑝| 𝑍𝑞|𝑞||𝑞| 𝑍𝑟|𝑟||𝑟|

𝐾𝑢|𝑢||𝑢| 𝐾𝑣|𝑣||𝑣| 𝐾𝑤|𝑤||𝑤| 𝐾𝑝|𝑝||𝑝| 𝐾𝑞|𝑞||𝑞| 𝐾𝑟|𝑟||𝑟|

𝑀𝑢|𝑢||𝑢| 𝑀𝑣|𝑣||𝑣| 𝑀𝑤|𝑤||𝑤| 𝑀𝑝|𝑝||𝑝| 𝑀𝑞|𝑞||𝑞| 𝑀𝑟|𝑟||𝑟|

𝑁𝑢|𝑢||𝑢| 𝑁𝑣|𝑣||𝑣| 𝑁𝑤|𝑤||𝑤| 𝑁𝑝|𝑝||𝑝| 𝑁𝑞|𝑞||𝑞| 𝑁𝑟|𝑟||𝑟|]
 
 
 
 
 
 

 

(3.47) 

 

Since the vehicle has xy and xz symmetry, the damping matrix in (3.47) is reduced to 

following expression: 

𝑫(𝝂) = −

[
 
 
 
 
 
 
𝑋𝑢 0 0 0 0 0
0 𝑌𝑣 0 0 0 𝑌𝑟

0 0 𝑍𝑤 0 𝑍𝑞 0

0 0 0 𝐾𝑝 0 0

0 0 𝑀𝑤 0 𝑀𝑞 0

0 𝑁𝑣 0 0 0 𝑁𝑟]
 
 
 
 
 
 

 

   −

[
 
 
 
 
 
 
𝑋𝑢|𝑢||𝑢| 0 0 0 0 0

0| 𝑌𝑣|𝑣||𝑣| 0 0 0 𝑌𝑟|𝑟||𝑟|

0 0 𝑍𝑤|𝑤||𝑤| 0 𝑍𝑞|𝑞||𝑞| 0

0 0 0 𝐾𝑝|𝑝||𝑝| 0 0

0 0 𝑀𝑤|𝑤||𝑤| 0 𝑀𝑞|𝑞||𝑞| 0

0 𝑁𝑣|𝑣||𝑣| 0 0 0 𝑁𝑟|𝑟||𝑟|]
 
 
 
 
 
 

 

(3.48) 
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Finally, drag forces and moment can be written using (3.46), and (3.48): 

𝑋𝑑 = 𝑋𝑢𝑢 + 𝑋𝑢|𝑢|𝑢|𝑢| 

𝑌𝑑 = 𝑌𝑣𝑣 + 𝑌𝑟𝑟 + 𝑌𝑣|𝑣|𝑣|𝑣| + 𝑌𝑟|𝑟|𝑟|𝑟| 

𝑍𝑑 = 𝑍𝑤𝑤 + 𝑍𝑞𝑞 + 𝑍𝑤|𝑤|𝑤|𝑤| + 𝑍𝑞|𝑞|𝑞|𝑞| 

𝐾𝑑 = 𝐾𝑝𝑝 + 𝐾𝑝|𝑝|𝑝|𝑝| 

𝑀𝑑 = 𝑀𝑤𝑤 + 𝑀𝑞𝑞 + 𝑀𝑤|𝑤|𝑤|𝑤| + 𝑀𝑞|𝑞|𝑞|𝑞| 

𝑁𝑑 = 𝑁𝑣𝑣 + 𝑁𝑟𝑟 + 𝑁𝑣|𝑣|𝑣|𝑣| + 𝑁𝑟|𝑟|𝑟|𝑟| 

(3.49) 

3.2.3 Added Mass 

Added mass is a measure of the mass of the moving water when the vehicle accelerates 

[27]. The forces and moments 𝝉𝐴 due to the added mass can be written in following form: 

𝝉𝐴 = −𝑴𝐴𝝂̇ − 𝑪𝐴(𝝂)𝝂 (3.50) 

where 𝑴𝐴 is the added inertia matrix and 𝑪𝐴(𝝂) the hydrodynamic Coriolis and 

centripetal matrix [25]. 

The 6x6 added inertia matrix 𝑴𝐴 is given as: 

𝑴𝐴 = [
𝑨11 𝑨12

𝑨21 𝑨22
] ≜ −

[
 
 
 
 
 
 
𝑋𝑢̇ 𝑋𝑣̇ 𝑋𝑤̇ 𝑋𝑝̇ 𝑋𝑞̇ 𝑋𝑟̇

𝑌𝑢̇ 𝑌𝑣̇ 𝑌𝑤̇ 𝑌𝑝̇ 𝑌𝑞̇ 𝑌𝑟̇

𝑍𝑢̇ 𝑍𝑣̇ 𝑍𝑤̇ 𝑍𝑝̇ 𝑍𝑞̇ 𝑍𝑟̇

𝐾𝑢̇ 𝐾𝑣̇ 𝐾𝑤̇ 𝐾𝑝̇ 𝐾𝑞̇ 𝐾𝑟̇

𝑀𝑢̇ 𝑀𝑣̇ 𝑀𝑤̇ 𝑀𝑝̇ 𝑀𝑞̇ 𝑀𝑟̇

𝑁𝑢̇ 𝑁𝑣̇ 𝑁𝑤̇ 𝑁𝑝̇ 𝑁𝑞̇ 𝑁𝑟̇ ]
 
 
 
 
 
 

 (3.51) 

The SNAME notation is used in (3.51); for instance the 𝑌𝑢̇ is the hydrodynamic added 

mass along the y-axis due to an acceleration  𝑢̇ in the x-direction.  

Hydrodynamic Coriolis and centripetal matrix 𝑪𝐴(𝝂) is skew-symmetric and defined as: 

 𝑪𝐴(𝝂) = [
𝟎3𝑥3 −𝑺(𝑨11𝝂1 + 𝑨12𝝂2)

−𝑺(𝑨11𝝂1 + 𝑨12𝝂2) −𝑺(𝑨21𝝂1 + 𝑨22𝝂2)
] ; 𝑪𝐴(𝝂) = −𝑪𝐴

𝑇(𝝂)  (3.52) 

Substituting 𝑨𝑖𝑗 from (3.51) into (3.52) yields the following expression for 𝑪𝐴(𝝂). 
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𝑪𝐴(𝝂) =

[
 
 
 
 
 

0 0 0 0 −𝑎3 𝑎2

0 0 0 𝑎3 0 −𝑎1

0 0 0 −𝑎2 𝑎1 0
0 −𝑎3 𝑎2 0 −𝑏3 𝑏2

𝑎3 0 −𝑎1 𝑏3 0 −𝑏1

−𝑎2 𝑎1 0 −𝑏2 𝑏1 0 ]
 
 
 
 
 

  (3.53) 

where 

𝑎1 = 𝑋𝑢̇𝑢 + 𝑋𝑣̇𝑣 + 𝑋𝑤̇𝑤 + 𝑋𝑝̇𝑝 + 𝑋𝑞̇𝑞 + 𝑋𝑟̇𝑟 

𝑎2 = 𝑋𝑣̇𝑢 + 𝑌𝑣̇𝑣 + 𝑌𝑤̇𝑤 + 𝑌𝑝̇𝑝 + 𝑌𝑞̇𝑞 + 𝑌𝑟̇𝑟 

𝑎3 = 𝑋𝑤̇𝑢 + 𝑌𝑤̇𝑣 + 𝑍𝑤̇𝑤 + 𝑍𝑝̇𝑝 + 𝑍𝑞̇𝑞 + 𝑍𝑟̇𝑟 

𝑏1 = 𝑋𝑝̇𝑢 + 𝑌𝑝̇𝑣 + 𝑍𝑝̇𝑤 + 𝐾𝑝̇𝑝 + 𝐾𝑞̇𝑞 + 𝐾𝑟̇𝑟 

𝑏2 = 𝑋𝑞̇𝑢 + 𝑌𝑞̇𝑣 + 𝑍𝑞̇𝑤 + 𝐾𝑞̇𝑝 + 𝑀𝑞̇𝑞 + 𝑀𝑟̇𝑟  

𝑏3 = 𝑋𝑟̇𝑢 + 𝑌𝑟̇𝑣 + 𝑍𝑟̇𝑤 + 𝐾𝑟̇𝑝 + 𝑀𝑟̇𝑞 + 𝑁𝑟̇𝑟  

(3.54) 

Due to the xy and xz symmetry of the vehicle, the added inertia matrix given in (3.51) 

reduces to following expression: 

𝑴𝐴 = −

[
 
 
 
 
 
 
𝑋𝑢̇ 0 0 0 0 0
0 𝑌𝑣̇ 0 0 0 𝑌𝑟̇

0 0 𝑍𝑤̇ 0 𝑍𝑞̇ 0

0 0 0 𝐾𝑝̇ 0 0

0 0 𝑀𝑤̇ 0 𝑀𝑞̇ 0

0 𝑁𝑣̇ 0 0 0 𝑁𝑟̇]
 
 
 
 
 
 

 (3.55) 

Using the simplified expression in (3.55), the hydrodynamic Coriolis and centripetal 

matrix 𝑪(𝝂) can be written as: 

𝑪𝐴(𝝂) =

[
 
 
 
 
 
 

0 0 0 0 −(𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞) 𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟

0 0 0 𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞 0 −𝑋𝑢̇𝑢

0 0 0 −(𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟) 𝑋𝑢̇𝑢 0

0 −(𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞) 𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟 0 −(𝑌𝑟̇𝑣 + 𝑁𝑟̇𝑟) 𝑍𝑞̇𝑤 + 𝑀𝑞̇𝑞

𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞 0 −𝑋𝑢̇𝑢 𝑌𝑟̇𝑣 + 𝑁𝑟̇𝑟 0 −𝐾𝑝̇𝑝

−(𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟) 𝑋𝑢̇𝑢 0 −(𝑍𝑞̇𝑤 + 𝑀𝑞̇𝑞) 𝐾𝑝̇𝑝 0 ]
 
 
 
 
 
 

  (3.56) 

Substituting the matrices (3.55) and (3.56) into the (3.50) gives the forces and moment 

due to the added mass. 

𝑋𝐴 = 𝑋𝑢̇𝑢̇ + 𝑍𝑤̇𝑤𝑞 + 𝑍𝑞̇𝑞
2 − 𝑌𝑣̇𝑣𝑟 − 𝑌𝑟̇𝑟

2 

𝑌𝐴 = 𝑌𝑣̇𝑣̇ + 𝑌𝑟̇𝑟̇ − 𝑍𝑤̇𝑤𝑝 − 𝑍𝑞̇𝑝𝑞 + 𝑋𝑢̇𝑢𝑟 

𝑍𝐴 = 𝑍𝑤̇𝑤̇ + 𝑍𝑞̇𝑞̇ + 𝑌𝑣̇𝑣𝑝 + 𝑌𝑟̇𝑝𝑟 − 𝑋𝑢̇𝑢𝑞 

(3.57) 
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𝐾𝐴 = 𝐾𝑝̇𝑝̇ + (𝑍𝑤̇ − 𝑌𝑣̇)𝑣𝑤 + (𝑍𝑞̇ + 𝑌𝑟̇)𝑣𝑞 − (𝑌𝑟̇ + 𝑍𝑞̇)𝑤𝑟 + (𝑁𝑟̇ − 𝑀𝑞̇)𝑞𝑟 

𝑀𝐴 = 𝑀𝑤̇𝑤̇ + 𝑀𝑞̇𝑞̇ + (𝑋𝑢̇ − 𝑍𝑤̇)𝑢𝑤 − 𝑍𝑞̇𝑢𝑞 − 𝑌𝑟̇𝑣𝑝 + (𝐾𝑝̇ − 𝑁𝑟̇)𝑝𝑟 

𝑁𝐴 = 𝑁𝑣̇𝑣̇ + 𝑁𝑟̇𝑟̇ + (𝑌𝑣̇ − 𝑋𝑢̇)𝑢𝑣 + 𝑌𝑟̇𝑢𝑟 + 𝑍𝑞̇𝑤𝑝 + (𝑀𝑞̇ − 𝐾𝑝̇)𝑝𝑞 

3.2.4 Body Lift and Fin Lift 

The lift forces and moments 𝝉𝐿 can be separated into the two parts as: 

𝝉𝐿 = 𝝉𝐿𝐵
+ 𝝉𝐿𝐹

 (3.58) 

where the 𝝉𝐿𝐵
 defines the body lift and 𝝉𝐿𝐹

 defines the fin lift forces and moments. 

Vehicle body lift results from the vehicle moving through the water at an angle of attack, 

causing flow separation and a subsequent drop in pressure along aft, upper section of the 

vehicle hull. This pressure drop is modeled as a point force applied at the center of 

pressure. As this center pressure does not line up with the origin of the vehicle-fixed 

coordinate system, this force also lead to a pitching moment about the origin [25]. Body 

lift forces and moments are defined as: 

𝝉𝐿𝐵
=

[
 
 
 
 
 

0
𝑌𝑢𝑣𝑙𝑢𝑣
𝑍𝑢𝑤𝑙𝑢𝑤

0
𝑀𝑢𝑤𝑙𝑢𝑤
𝑁𝑢𝑣𝑙𝑢𝑣 ]

 
 
 
 
 

 (3.59) 

where the 𝑌𝑢𝑣𝑙 , 𝑍𝑢𝑤𝑙 ,  𝑀𝑢𝑤𝑙 and 𝑁𝑢𝑣𝑙 are called the body lift coefficients and theoretical 

expressions for these coefficients can be found in [25]. 

The attitude of the underwater vehicle is controlled by two horizontal fins, or stern planes, 

and two vertical fins, or rudders. It is known that the pairs of fins move together. The fin 

lift forces and moments is given as: 

𝝉𝐿𝐹
=

[
 
 
 
 
 
 

0
𝑌𝑢𝑣𝑓𝑢𝑣 + 𝑌𝑢𝑟𝑓𝑢𝑟 + 𝑌𝑢𝑢𝛿𝑟

𝑢2𝛿𝑟

𝑍𝑢𝑤𝑓𝑢𝑤 + 𝑍𝑢𝑞𝑓𝑢𝑞 + 𝑍𝑢𝑢𝛿𝑠
𝑢2𝛿𝑠

0
𝑀𝑢𝑤𝑓𝑢𝑤 + 𝑀𝑢𝑞𝑓𝑢𝑞 + 𝑀𝑢𝑢𝛿𝑠

𝑢2𝛿𝑠

𝑁𝑢𝑣𝑓𝑢𝑣 + 𝑁𝑢𝑟𝑓𝑢𝑟 + 𝑁𝑢𝑢𝛿𝑟
𝑢2𝛿𝑟 ]

 
 
 
 
 
 

 (3.60) 

The total lift forces and moments are obtained substituting (3.59) and (3.60) into the 

(3.58) as given below: 
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𝝉𝐿 =

[
 
 
 
 
 
 

0
𝑌𝑢𝑣𝑙𝑢𝑣 + 𝑌𝑢𝑣𝑓𝑢𝑣 + 𝑌𝑢𝑟𝑓𝑢𝑟 + 𝑌𝑢𝑢𝛿𝑟

𝑢2𝛿𝑟

𝑍𝑢𝑤𝑙𝑢𝑤 + 𝑍𝑢𝑤𝑓𝑢𝑤 + 𝑍𝑢𝑞𝑓𝑢𝑞 + 𝑍𝑢𝑢𝛿𝑠
𝑢2𝛿𝑠

0
𝑀𝑢𝑤𝑙𝑢𝑤 + 𝑀𝑢𝑤𝑓𝑢𝑤 + 𝑀𝑢𝑞𝑓𝑢𝑞 + 𝑀𝑢𝑢𝛿𝑠

𝑢2𝛿𝑠

𝑁𝑢𝑣𝑙𝑢𝑣 + 𝑁𝑢𝑣𝑓𝑢𝑣 + 𝑁𝑢𝑟𝑓𝑢𝑟 + 𝑁𝑢𝑢𝛿𝑟
𝑢2𝛿𝑟 ]

 
 
 
 
 
 

 (3.61) 

 Total Forces and Moments 

Substituting the equations obtained in the previous sections into the (3.41) gives us the 

total forces and moments acting on the vehicle as given below: 

𝝉 = 𝝉𝐻𝑆 + 𝝉𝐿 + 𝝉𝐷 + 𝝉𝐴 + 𝝉𝑃 =

[
 
 
 
 
 
𝑋
𝑌
𝑍
𝐾
𝑀
𝑁]

 
 
 
 
 

 

𝑋 = −(𝑊 − 𝐵)𝑠𝜃 + 𝑋𝑢̇𝑢̇ + 𝑍𝑤̇𝑤𝑞 + 𝑍𝑞̇𝑞
2 − 𝑌𝑣̇𝑣𝑟 − 𝑌𝑟̇𝑟

2 + 𝑋𝑢𝑢

+ 𝑋𝑢|𝑢|𝑢|𝑢| + 𝑋𝑝𝑟𝑜𝑝 

𝑌 = (𝑊 − 𝐵)𝑐𝜃𝑠𝜙 + 𝑌𝑣̇𝑣̇ + 𝑌𝑟̇𝑟̇ − 𝑍𝑤̇𝑤𝑝 − 𝑍𝑞̇𝑝𝑞 + 𝑋𝑢̇𝑢𝑟

+ 𝑌𝑣𝑣 + 𝑌𝑟𝑟 + 𝑌𝑣|𝑣|𝑣|𝑣| + 𝑌𝑟|𝑟|𝑟|𝑟| + 𝑌𝑢𝑣𝑙𝑢𝑣 + 𝑌𝑢𝑣𝑓𝑢𝑣

+ 𝑌𝑢𝑟𝑓𝑢𝑟 + 𝑌𝑢𝑢𝛿𝑟
𝑢2𝛿𝑟 

𝑍 = (𝑊 − 𝐵)𝑐𝜃𝑐𝜙 + 𝑍𝑤̇𝑤̇ + 𝑍𝑞̇𝑞̇ + 𝑌𝑣̇𝑣𝑝 + 𝑌𝑟̇𝑝𝑟 − 𝑋𝑢̇𝑢𝑞 + 𝑍𝑤𝑤 + 𝑍𝑞𝑞

+ 𝑍𝑤|𝑤|𝑤|𝑤| + 𝑍𝑞|𝑞|𝑞|𝑞| + 𝑍𝑢𝑤𝑙𝑢𝑤 + 𝑍𝑢𝑤𝑓𝑢𝑤 + 𝑍𝑢𝑞𝑓𝑢𝑞

+ 𝑍𝑢𝑢𝛿𝑠
𝑢2𝛿𝑠  

𝐾 = (𝑦𝐺𝑊 − 𝑦𝐵𝐵)𝑐𝜃𝑐𝜙 − (𝑧𝐺𝑊 − 𝑧𝐵𝐵)𝑐𝜃𝑠𝜙 + 𝐾𝑝̇𝑝̇ + (𝑍𝑤̇ − 𝑌𝑣̇)𝑣𝑤 + (𝑍𝑞̇

+ 𝑌𝑟̇)𝑣𝑞 − (𝑌𝑟̇ + 𝑍𝑞̇)𝑤𝑟 + (𝑁𝑟̇ − 𝑀𝑞̇)𝑞𝑟 + 𝐾𝑝𝑝 + 𝐾𝑝|𝑝|𝑝|𝑝|

+ 𝐾𝑝𝑟𝑜𝑝 

𝑀 = −(𝑧𝐺𝑊 − 𝑧𝐵𝐵)𝑠𝜃 − (𝑥𝐺𝑊 − 𝑥𝐵𝐵)𝑐𝜃𝑐𝜙 + 𝑀𝑤̇𝑤̇ + 𝑀𝑞̇𝑞̇ + (𝑋𝑢̇

− 𝑍𝑤̇)𝑢𝑤 − 𝑍𝑞̇𝑢𝑞 − 𝑌𝑟̇𝑣𝑝 + (𝐾𝑝̇ − 𝑁𝑟̇)𝑝𝑟 + 𝑀𝑤𝑤 + 𝑀𝑞𝑞

+ 𝑀𝑤|𝑤|𝑤|𝑤| + 𝑀𝑞|𝑞|𝑞|𝑞| + 𝑀𝑢𝑤𝑙𝑢𝑤 + 𝑀𝑢𝑤𝑓𝑢𝑤 + 𝑀𝑢𝑞𝑓𝑢𝑞

+ 𝑀𝑢𝑢𝛿𝑠
𝑢2𝛿𝑠 

𝑁 = (𝑥𝐺𝑊 − 𝑥𝐵𝐵)𝑐𝜃𝑠𝜙 + (𝑦𝐺𝑊 − 𝑦𝐵𝐵)𝑠𝜃 + 𝑁𝑣̇𝑣̇ + 𝑁𝑟̇𝑟̇ + (𝑌𝑣̇ − 𝑋𝑢̇)𝑢𝑣
+ 𝑌𝑟̇𝑢𝑟 + 𝑍𝑞̇𝑤𝑝 + (𝑀𝑞̇ − 𝐾𝑝̇)𝑝𝑞 + 𝑁𝑣𝑣 + 𝑁𝑟𝑟 + 𝑁𝑣|𝑣|𝑣|𝑣|

+ 𝑁𝑟|𝑟|𝑟|𝑟| + 𝑁𝑢𝑣𝑙𝑢𝑣 + 𝑁𝑢𝑣𝑓𝑢𝑣 + 𝑁𝑢𝑟𝑓𝑢𝑟 + 𝑁𝑢𝑢𝛿𝑟
𝑢2𝛿𝑟 

(3.62) 

 Equations of Motion 

In (3.35) the dynamic equations are defines as 

𝑴𝑅𝐵𝝂̇ + 𝑪𝑅𝐵(𝝂)𝝂 = 𝝉 
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Here 𝝉 consists all forces acting on the vehicle’s body and can be written as sum of three 

components as given in (3.41), that is: 

𝝉 = 𝝉𝐻𝑆 + 𝝉𝐴 + 𝝉𝐷 + 𝝉𝐿 + 𝝉𝑃 

where 𝝉𝐻𝑆 is hydrostatic forces and moments and moments defined in (3.45), 𝝉𝐴 the forces 

and moments due to the added mass defined in (3.57), 𝝉𝐷 the hydrodynamic damping 

defined in (3.49), 𝝉𝐿 the body and fin lift forces and moments defined in (3.58) and 𝝉𝐶 

propulsion forces and moments.  

Substituting the equations (3.46), (3.46) and (3.50) into the (3.41) yields the following 

expression: 

𝑴𝑅𝐵𝝂̇ + 𝑪𝑅𝐵(𝝂)𝝂 = −𝒈(𝜼2) − 𝑴𝐴𝝂̇ − 𝑪𝐴(𝝂)𝝂 − 𝑫(𝝂)𝝂 + 𝝉𝐿 + 𝝉𝑃 (3.63) 

The (3.63) can be written in general form as: 

𝑴𝝂̇ + 𝑪(𝝂)𝝂 + 𝑫(𝝂)𝝂 + 𝒈(𝜼) = 𝝉𝐿 + 𝝉𝑃 (3.64) 

where  

 𝑴 : Inertia matrix including added mass, 𝑴 ≜ 𝑴𝑅𝐵 + 𝑴𝐴 

 𝑪(𝝂) : Coriolis and centripetal terms including added mass,  

  𝑪(𝝂) ≜ 𝑪𝑅𝐵(𝝂) + 𝑪𝐴(𝝂) 

 𝑫(𝝂) : Hydrodynamic damping matrix 

 𝒈(𝜼) : Hydrostatic forces and moments 

 𝝉𝐿 : Forces and moments due to the body and fin lift  

 𝝉𝑃 : Propulsion force and moment 

The body-fixed frame is chosen in order to coincide with the center of buoyancy. Thus, 

the position vector of the CB implies that 𝒓𝐵 = [0 0 0]𝑇 and inertia tensor 

becomes 𝑰0 = 𝑑𝑖𝑎𝑔{𝐼𝑥, 𝐼𝑦, 𝐼𝑧} [28].  

Rigid-body inertia matrix can be written in simpler as given below. 

𝑴𝑅𝐵 =

[
 
 
 
 
 

𝑚 0 0 0 𝑚𝑧𝐺 −𝑚𝑦𝐺

0 𝑚 0 −𝑚𝑧𝐺 0 𝑚𝑥𝐺

0 0 𝑚 𝑚𝑦𝐺 −𝑚𝑥𝐺 0
0 −𝑚𝑧𝐺 𝑚𝑦𝐺 𝐼𝑥 0 0

𝑚𝑧𝐺 0 −𝑚𝑥𝐺 0 𝐼𝑦 0

−𝑚𝑦𝐺 𝑚𝑥𝐺 0 0 0 𝐼𝑧 ]
 
 
 
 
 

 (3.65) 

The inertia matrix 𝑴 is written as sum of rigid body inertia matrix 𝑴𝑅𝐵 and added mass 

matrix 𝑴𝐴 as follows: 
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𝑴 =

[
 
 
 
 
 
 
𝑚 − 𝑋𝑢̇ 0 0 0 𝑚𝑧𝐺 −𝑚𝑦

𝐺

0 𝑚 − 𝑌𝑣̇ 0 −𝑚𝑧𝐺 0 𝑚𝑥𝐺 − 𝑌𝑟̇

0 0 𝑚 − 𝑍𝑤̇ 𝑚𝑦
𝐺

−𝑚𝑥𝐺 − 𝑍𝑞̇ 0

0 −𝑚𝑧𝐺 𝑚𝑦
𝐺

𝐼𝑥 − 𝐾𝑝̇ 0 0

𝑚𝑧𝐺 0 −𝑚𝑥𝐺 − 𝑀𝑤̇ 0 𝐼𝑦 − 𝑀𝑞̇ 0

−𝑚𝑦
𝐺

𝑚𝑥𝐺 − 𝑁𝑣̇ 0 0 0 𝐼𝑧 − 𝑁𝑟̇ ]
 
 
 
 
 
 

 (3.66) 

The rigid-body Coriolis and centripetal matrix 𝑪𝑅𝐵(𝝂) defined in (3.40) is simplified as: 

 𝑪𝑅𝐵(𝝂) =

[
 
 
 
 
 

0 0 0
0 0 0
0 0 0

−𝑚(𝑦𝐺𝑞 + 𝑧𝐺𝑟) 𝑚(𝑦𝐺𝑝 + 𝑤) 𝑚(𝑧𝐺𝑝 − 𝑣)
𝑚(𝑥𝐺𝑞 − 𝑤) −𝑚(𝑧𝐺𝑟 + 𝑥𝐺𝑝) 𝑚(𝑧𝐺𝑞 + 𝑢)
𝑚(𝑥𝐺𝑟 + 𝑣) 𝑚(𝑦𝐺𝑟 − 𝑢) −𝑚(𝑥𝐺𝑝 + 𝑦𝐺𝑞)

  

𝑚(𝑦𝐺𝑞 + 𝑧𝐺𝑟) −𝑚(𝑥𝐺𝑞 − 𝑤) −𝑚(𝑥𝐺𝑟 + 𝑣)
−𝑚(𝑦𝐺𝑝 + 𝑤) 𝑚(𝑧𝐺𝑟 + 𝑥𝐺𝑝) −𝑚(𝑦𝐺𝑟 − 𝑢)
−𝑚(𝑧𝐺𝑝 − 𝑣) −𝑚(𝑧𝐺𝑞 + 𝑢) 𝑚(𝑥𝐺𝑝 + 𝑦𝐺𝑞)

0 𝐼𝑧𝑟 −𝐼𝑦𝑞

−𝐼𝑧𝑟 0 𝐼𝑥𝑝
𝐼𝑦𝑞 −𝐼𝑥𝑝 0 ]

 
 
 
 
 
 

 

(3.67) 

The Coriolis and centripetal matrix 𝑪(𝝂) can be written as sum of 𝑪𝑅𝐵(𝝂) defined in 

(2.67) and 𝑪𝐴(𝝂) defined in (2.68). 

𝑪(𝝂) = 𝑪𝑅𝐵(𝝂) + 𝑪𝐴(𝝂) 

𝑪(𝝂) =

[
 
 
 
 
 

0 0 0
0 0 0
0 0 0

−𝑚(𝑦𝐺𝑞 + 𝑧𝐺𝑟) 𝑚(𝑦𝐺𝑝 + 𝑤) − (𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞) 𝑚(𝑧𝐺𝑝 − 𝑣) + 𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟

𝑚(𝑥𝐺𝑞 − 𝑤) + 𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞 −𝑚(𝑧𝐺𝑟 + 𝑥𝐺𝑝) 𝑚(𝑧𝐺𝑞 + 𝑢) − 𝑋𝑢̇𝑢

𝑚(𝑥𝐺𝑟 + 𝑣) − (𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟) 𝑚(𝑦𝐺𝑟 − 𝑢) + 𝑋𝑢̇𝑢 −𝑚(𝑥𝐺𝑝 + 𝑦𝐺𝑞)

  

𝑚(𝑦𝐺𝑞 + 𝑧𝐺𝑟) −𝑚(𝑥𝐺𝑞 − 𝑤) − (𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞) −𝑚(𝑥𝐺𝑟 + 𝑣) + 𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟

−𝑚(𝑦𝐺𝑝 + 𝑤) + 𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞 𝑚(𝑧𝐺𝑟 + 𝑥𝐺𝑝) −𝑚(𝑦𝐺𝑟 − 𝑢) − 𝑋𝑢̇𝑢

−𝑚(𝑧𝐺𝑝 − 𝑣) − (𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟) −𝑚(𝑧𝐺𝑞 + 𝑢) + 𝑋𝑢̇𝑢 𝑚(𝑥𝐺𝑝 + 𝑦𝐺𝑞)
0 𝐼𝑧𝑟 − (𝑌𝑟̇𝑣 + 𝑁𝑟̇𝑟) −𝐼𝑦𝑞 + 𝑍𝑞̇𝑤 + 𝑀𝑞̇𝑞

−𝐼𝑧𝑟 + 𝑌𝑟̇𝑣 + 𝑁𝑟̇𝑟 0 𝐼𝑥𝑝 − 𝐾𝑝̇𝑝

𝐼𝑦𝑞 − (𝑍𝑞̇𝑤 + 𝑀𝑞̇𝑞) −𝐼𝑥𝑝 + 𝐾𝑝̇𝑝 0 ]
 
 
 
 
 
 

 

   

(3.68) 

The simplified form of the hydrodynamic damping matrix 𝑫(𝝂) in (3.48) due to the plane 

symmetry properties of the vehicle is used in the implementations. 

The restoring forces and moments 𝒈(𝜼) can be reduced since 𝒓𝐵 = [0 0 0]𝑇. 
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𝒈(𝜼𝟐) =

[
 
 
 
 
 
 

(𝑊 − 𝐵)𝑠𝜃
−(𝑊 − 𝐵)𝑐𝜃𝑠𝜙

−(𝑊 − 𝐵)𝑐𝜃𝑐𝜙

−(𝑦𝐺𝑊)𝑐𝜃𝑐𝜙 + (𝑧𝐺𝑊)𝑐𝜃𝑠𝜙
(𝑧𝐺𝑊)𝑠𝜃 + (𝑥𝐺𝑊)𝑐𝜃𝑐𝜙

−(𝑥𝐺𝑊)𝑐𝜃𝑠𝜙 − (𝑦𝐺𝑊)𝑠𝜃 ]
 
 
 
 
 
 

 (3.68) 

Let us write the lift forces and moments defined as (3.58) in following form: 

𝝉𝐿 = −𝑳(𝝂)𝝂 + 𝝉𝑓𝑖𝑛 =

[
 
 
 
 
 
 

0
𝑌𝑢𝑣𝑙𝑢𝑣 + 𝑌𝑢𝑣𝑓𝑢𝑣 + 𝑌𝑢𝑟𝑓𝑢𝑟

𝑍𝑢𝑤𝑙𝑢𝑤 + 𝑍𝑢𝑤𝑓𝑢𝑤 + 𝑍𝑢𝑞𝑓𝑢𝑞

0
𝑀𝑢𝑤𝑙𝑢𝑤 + 𝑀𝑢𝑤𝑓𝑢𝑤 + 𝑀𝑢𝑞𝑓𝑢𝑞

𝑁𝑢𝑣𝑙𝑢𝑣 + 𝑁𝑢𝑣𝑓𝑢𝑣 + 𝑁𝑢𝑟𝑓𝑢𝑟 ]
 
 
 
 
 
 

+

[
 
 
 
 
 
 

0
𝑌𝑢𝑢𝛿𝑟

𝑢2𝛿𝑟

𝑍𝑢𝑢𝛿𝑠
𝑢2𝛿𝑠

0
𝑀𝑢𝑢𝛿𝑠

𝑢2𝛿𝑠

𝑁𝑢𝑢𝛿𝑟
𝑢2𝛿𝑟]

 
 
 
 
 
 

 

𝑳(𝝂)𝝂 = −

[
 
 
 
 
 
0 0 0 0 0 0
0 𝑌𝑢𝑣𝑢 0 0 0 𝑌𝑢𝑟𝑢
0 0 𝑍𝑢𝑤𝑢 0 𝑍𝑢𝑞𝑢 0

0 0 0 0 0 0
0 0 𝑀𝑢𝑤𝑢 0 𝑀𝑢𝑞𝑢 0

0 𝑁𝑢𝑣𝑢 0 0 0 𝑁𝑢𝑟𝑢]
 
 
 
 
 

[
 
 
 
 
 
𝑢
𝑣
𝑤
𝑝
𝑞
𝑟 ]
 
 
 
 
 

 

where 

𝑌𝑢𝑣 = 𝑌𝑢𝑣𝑙 + 𝑌𝑢𝑣𝑓;    𝑌𝑢𝑟 = 𝑌𝑢𝑟𝑓 

𝑍𝑢𝑤 = 𝑍𝑢𝑤𝑙 + 𝑍𝑢𝑤𝑓;      𝑍𝑢𝑞 = 𝑍𝑢𝑞𝑓; 

𝑀𝑢𝑤 = 𝑀𝑢𝑤𝑙 + 𝑀𝑢𝑤𝑓;   𝑀𝑢𝑞 = 𝑀𝑢𝑞𝑓; 

𝑁𝑢𝑣 = 𝑁𝑢𝑣𝑙 + 𝑁𝑢𝑣𝑓;    𝑁𝑢𝑟 = 𝑁𝑢𝑟𝑓; 

(3.69) 

The fin deflections 𝛿𝑠 and 𝛿𝑟 will be used as the control variables for the system. There 

are four identical control fins as control surfaces, two in 𝑥𝑦 plane and two in 𝑥𝑦 plane. 

The pair of fins in a plane works together. 

When we look at the 𝝉𝑃, the thrust and rolling moment produced by propellers can be 

considered as inputs along 𝑥-axis and around 𝑥-axis, and can be denoted as 𝑋𝑝𝑟𝑜𝑝 and 

𝐾𝑝𝑟𝑜𝑝. These quantities depend on the many parameters such as, torque coefficients, 

propeller diameter, number of blades, blade pitch angle etc. The 𝝉𝑃 vector can be written 

as: 

𝝉𝑃 = [𝑋𝑝𝑟𝑜𝑝 0 0 𝐾𝑝𝑟𝑜𝑝 0 0]𝑇 (3.70) 

Substituting the equations (3.69) and (3.70) into the (3.64) yields: 

𝑴𝝂̇ + 𝑪(𝝂)𝝂 + 𝑫(𝝂)𝝂 + 𝒈(𝜼) = −𝑳(𝝂)𝝂 + 𝝉𝑓𝑖𝑛 + 𝝉𝑃 (3.71) 
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𝑴𝝂̇ + 𝑪(𝝂)𝝂 + 𝑫(𝝂)𝝂 + 𝑳(𝝂)𝝂 + 𝒈(𝜼) =

[
 
 
 
 
 
 

0
𝑌𝑢𝑢𝛿𝑟

𝑢2𝛿𝑟

𝑍𝑢𝑢𝛿𝑠
𝑢2𝛿𝑠

0
𝑀𝑢𝑢𝛿𝑠

𝑢2𝛿𝑠

𝑁𝑢𝑢𝛿𝑟
𝑢2𝛿𝑟]

 
 
 
 
 
 

+

[
 
 
 
 
 
𝑋𝑝𝑟𝑜𝑝

0
0

𝐾𝑝𝑟𝑜𝑝

0
0 ]

 
 
 
 
 

 

Let us define 𝚪 as control input for the system which includes propulsion force and 

moment and fin deflections. 

𝚪 =

[
 
 
 
𝑋𝑝𝑟𝑜𝑝

𝐾𝑝𝑟𝑜𝑝

𝛿𝑠

𝛿𝑟 ]
 
 
 

 (3.72) 

Then the (3.71) is transformed into the following representation using 𝒖𝐶. 

𝑴𝝂̇ + 𝑪(𝝂)𝝂 + 𝑫(𝝂)𝝂 + 𝑳(𝝂)𝝂 + 𝒈(𝜼) = 𝑻𝒖𝐶   

𝑻 =

[
 
 
 
 
 
 
1 0 0 0
0 0 0 𝑌𝑢𝑢𝛿𝑟

𝑢2

0 0 𝑍𝑢𝑢𝛿𝑠
𝑢2 0

0 1 0 0
0 0 𝑀𝑢𝑢𝛿𝑠

𝑢2 0

0 0 0 𝑁𝑢𝑢𝛿𝑟
𝑢2

]
 
 
 
 
 
 

 
(3.73) 

The following relations exist for the fin lift coefficients in matrix 𝑻:  

𝑌𝑢𝑢𝛿𝑟
= −𝑍𝑢𝑢𝛿𝑠

  

𝑀𝑢𝑢𝛿𝑠
= −𝑥𝑓𝑖𝑛𝑍𝑢𝑢𝛿𝑠

  
 
 
}𝑀𝑢𝑢𝛿𝑠

= 𝑁𝑢𝑢𝛿𝑟
 

𝑁𝑢𝑢𝛿𝑟
= 𝑥𝑓𝑖𝑛𝑌𝑢𝑢𝛿𝑟

 
 

(3.74) 

where the parameter 𝑥𝑓𝑖𝑛 is the axial position of the fin post in body-referenced coordinate 

system.   

Finally, the all equations of motion of the system can be written as follows: 

𝜼̇ = 𝑱(𝜼)𝝂 

𝑴𝝂̇ + 𝑪(𝝂)𝝂 + 𝑫(𝝂)𝝂 + 𝑳(𝝂)𝝂 + 𝒈(𝜼) = 𝝉𝑓𝑖𝑛 + 𝝉𝑃 = 𝑻𝚪  

𝑱(𝜼) = [
𝑱1(𝜼2) 𝟎3𝑥3

𝟎3𝑥3 𝑱2(𝜼2)
] 

(3.75) 
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𝑱1(𝜼2) = [

𝑐𝜓𝑐𝜃 −𝑠𝜓𝑐𝜙 + 𝑐𝜓𝑠𝜃𝑠𝜙 𝑠𝜓𝑠𝜙 + 𝑐𝜓𝑐𝜙𝑠𝜃
𝑠𝜓𝑐𝜃 𝑐𝜓𝑐𝜙 + 𝑠𝜙𝑠𝜃𝑠𝜓 −𝑐𝜓𝑠𝜙 + 𝑠𝜃𝑠𝜓𝑐𝜙
−𝑠𝜃 𝑐𝜃𝑠𝜙 𝑐𝜃𝑐𝜙

] 

𝑱2(𝜼2) = [

1 𝑠𝜙𝑡𝜃 𝑐𝜙𝑡𝜃
0 𝑐𝜙 −𝑠𝜙
0 𝑠𝜙/𝑐𝜃 𝑐𝜙/𝑐𝜃

] 

𝑴 = 𝑴𝑅𝐵 + 𝑴𝐴; 

𝑴 =

[
 
 
 
 
 
 
𝑚 − 𝑋𝑢̇ 0 0 0 𝑚𝑧𝐺 −𝑚𝑦

𝐺

0 𝑚 − 𝑌𝑣̇ 0 −𝑚𝑧𝐺 0 𝑚𝑥𝐺 − 𝑌𝑟̇

0 0 𝑚 − 𝑍𝑤̇ 𝑚𝑦
𝐺

−𝑚𝑥𝐺 − 𝑍𝑞̇ 0

0 −𝑚𝑧𝐺 𝑚𝑦
𝐺

𝐼𝑥 − 𝐾𝑝̇ 0 0

𝑚𝑧𝐺 0 −𝑚𝑥𝐺 − 𝑀𝑤̇ 0 𝐼𝑦 − 𝑀𝑞̇ 0

−𝑚𝑦
𝐺

𝑚𝑥𝐺 − 𝑁𝑣̇ 0 0 0 𝐼𝑧 − 𝑁𝑟̇ ]
 
 
 
 
 
 

 

𝑪(𝝂) = 𝑪𝑅𝐵(𝝂) + 𝑪𝐴(𝝂) 

𝑪(𝝂) =

[
 
 
 
 
 

0 0 0
0 0 0
0 0 0

−𝑚(𝑦𝐺𝑞 + 𝑧𝐺𝑟) 𝑚(𝑦𝐺𝑝 + 𝑤) − (𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞) 𝑚(𝑧𝐺𝑝 − 𝑣) + 𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟

𝑚(𝑥𝐺𝑞 − 𝑤) + 𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞 −𝑚(𝑧𝐺𝑟 + 𝑥𝐺𝑝) 𝑚(𝑧𝐺𝑞 + 𝑢) − 𝑋𝑢̇𝑢

𝑚(𝑥𝐺𝑟 + 𝑣) − (𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟) 𝑚(𝑦𝐺𝑟 − 𝑢) + 𝑋𝑢̇𝑢 −𝑚(𝑥𝐺𝑝 + 𝑦𝐺𝑞)

  

𝑚(𝑦𝐺𝑞 + 𝑧𝐺𝑟) −𝑚(𝑥𝐺𝑞 − 𝑤) − (𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞) −𝑚(𝑥𝐺𝑟 + 𝑣) + 𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟

−𝑚(𝑦𝐺𝑝 + 𝑤) + 𝑍𝑤̇𝑤 + 𝑍𝑞̇𝑞 𝑚(𝑧𝐺𝑟 + 𝑥𝐺𝑝) −𝑚(𝑦𝐺𝑟 − 𝑢) − 𝑋𝑢̇𝑢

−𝑚(𝑧𝐺𝑝 − 𝑣) − (𝑌𝑣̇𝑣 + 𝑌𝑟̇𝑟) −𝑚(𝑧𝐺𝑞 + 𝑢) + 𝑋𝑢̇𝑢 𝑚(𝑥𝐺𝑝 + 𝑦𝐺𝑞)
0 𝐼𝑧𝑟 − (𝑌𝑟̇𝑣 + 𝑁𝑟̇𝑟) −𝐼𝑦𝑞 + 𝑍𝑞̇𝑤 + 𝑀𝑞̇𝑞

−𝐼𝑧𝑟 + 𝑌𝑟̇𝑣 + 𝑁𝑟̇𝑟 0 𝐼𝑥𝑝 − 𝐾𝑝̇𝑝

𝐼𝑦𝑞 − (𝑍𝑞̇𝑤 + 𝑀𝑞̇𝑞) −𝐼𝑥𝑝 + 𝐾𝑝̇𝑝 0 ]
 
 
 
 
 
 

 

𝑫(𝝂) = −

[
 
 
 
 
 
 
𝑋𝑢 0 0 0 0 0
0 𝑌𝑣 0 0 0 𝑌𝑟

0 0 𝑍𝑤 0 𝑍𝑞 0

0 0 0 𝐾𝑝 0 0

0 0 𝑀𝑤 0 𝑀𝑞 0

0 𝑁𝑣 0 0 0 𝑁𝑟]
 
 
 
 
 
 

 

           −

[
 
 
 
 
 
 
𝑋𝑢|𝑢||𝑢| 0 0 0 0 0

0| 𝑌𝑣|𝑣||𝑣| 0 0 0 𝑌𝑟|𝑟||𝑟|

0 0 𝑍𝑤|𝑤||𝑤| 0 𝑍𝑞|𝑞||𝑞| 0

0 0 0 𝐾𝑝|𝑝||𝑝| 0 0

0 0 𝑀𝑤|𝑤||𝑤| 0 𝑀𝑞|𝑞||𝑞| 0

0 𝑁𝑣|𝑣||𝑣| 0 0 0 𝑁𝑟|𝑟||𝑟|]
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𝑳(𝝂) = −

[
 
 
 
 
 
0 0 0 0 0 0
0 𝑌𝑢𝑣𝑢 0 0 0 𝑌𝑢𝑟𝑢
0 0 𝑍𝑢𝑤𝑢 0 𝑍𝑢𝑞𝑢 0

0 0 0 0 0 0
0 0 𝑀𝑢𝑤𝑢 0 𝑀𝑢𝑞𝑢 0

0 𝑁𝑢𝑣𝑢 0 0 0 𝑁𝑢𝑟𝑢]
 
 
 
 
 

 

𝒈(𝜼) =

[
 
 
 
 
 
 

(𝑊 − 𝐵)𝑠𝜃
−(𝑊 − 𝐵)𝑐𝜃𝑠𝜙

−(𝑊 − 𝐵)𝑐𝜃𝑐𝜙

−(𝑦𝐺𝑊)𝑐𝜃𝑐𝜙 + (𝑧𝐺𝑊)𝑐𝜃𝑠𝜙
(𝑧𝐺𝑊)𝑠𝜃 + (𝑥𝐺𝑊)𝑐𝜃𝑐𝜙

−(𝑥𝐺𝑊)𝑐𝜃𝑠𝜙 − (𝑦𝐺𝑊)𝑠𝜃 ]
 
 
 
 
 
 

 

𝝉𝑓𝑖𝑛 =

[
 
 
 
 
 
 

0
𝑌𝑢𝑢𝛿𝑟

𝑢2𝛿𝑟

𝑍𝑢𝑢𝛿𝑠
𝑢2𝛿𝑠

0
𝑀𝑢𝑢𝛿𝑠

𝑢2𝛿𝑠

𝑁𝑢𝑢𝛿𝑟
𝑢2𝛿𝑟]

 
 
 
 
 
 

;      𝝉𝑃 =

[
 
 
 
 
 
𝑋𝑝𝑟𝑜𝑝

0
0

𝐾𝑝𝑟𝑜𝑝

0
0 ]

 
 
 
 
 

 

 𝑻 =

[
 
 
 
 
 
 
1 0 0 0
0 0 0 𝑌𝑢𝑢𝛿𝑟

𝑢2

0 0 𝑍𝑢𝑢𝛿𝑠
𝑢2 0

0 1 0 0
0 0 𝑀𝑢𝑢𝛿𝑠

𝑢2 0

0 0 0 𝑁𝑢𝑢𝛿𝑟
𝑢2

]
 
 
 
 
 
 

;      𝚪 =

[
 
 
 
𝑋𝑝𝑟𝑜𝑝

𝐾𝑝𝑟𝑜𝑝

𝛿𝑠

𝛿𝑟 ]
 
 
 

 

The following parameters of REMUS vehicle [25] are used in order to perform the vehicle 

simulation using the equations in (3.75). 

Table 3.1 Physical Parameters 

Parameter Value Units 

𝑚 +3.05𝑒 + 001 𝑘𝑔 

𝑊 = 𝐵 +2.99𝑒 + 002 𝑁 

𝐼𝑥 +1.77𝑒 − 001 𝑘𝑔 ⋅ 𝑚2 

𝐼𝑦 +3.45𝑒 + 000 𝑘𝑔 ⋅ 𝑚2 

𝐼𝑧 +3.45𝑒 + 000 𝑘𝑔 ⋅ 𝑚2 

𝜌𝑓 +1.03𝑒 + 003 𝑘𝑔/𝑚3 

𝑥𝐺  +0.00𝑒 + 000 𝑚 

𝑦𝐺  +0.00𝑒 + 000 𝑚 

𝑧𝐺 +1.96𝑒 − 002 𝑚 
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Table 3.2 Added Mass Coefficients 

Parameter Value Units 

𝑋𝑢̇ −9.30𝑒 − 001 𝑘𝑔 

𝑌𝑣̇ −3.55𝑒 + 001 𝑘𝑔 

𝑌𝑟̇ +1.93𝑒 + 000 𝑘𝑔 ⋅ 𝑚/𝑟𝑎𝑑 

𝑍𝑤̇ −3.55𝑒 + 001 𝑘𝑔 

𝑍𝑞̇ −1.93𝑒 + 000 𝑘𝑔 ⋅ 𝑚/𝑟𝑎𝑑 

𝐾𝑝̇ −7.04𝑒 − 002 𝑘𝑔 ⋅ 𝑚2/𝑟𝑎𝑑 

𝑀𝑤̇ −1.93𝑒 + 000 𝑘𝑔 ⋅ 𝑚 

𝑀𝑞̇ −4.88𝑒 + 000 𝑘𝑔 ⋅ 𝑚2/𝑟𝑎𝑑 

𝑁𝑣̇ +1.93𝑒 + 000 𝑘𝑔 ⋅ 𝑚 

𝑁𝑟̇ −4.88𝑒 + 000 𝑘𝑔 ⋅ 𝑚2/𝑟𝑎𝑑 

 

Table 3.3 Hydrodynamic Damping Coefficients 

Parameter Value Units 

𝑋𝑢|𝑢| −1.62𝑒 + 000 𝑘𝑔/𝑚 

𝑌𝑣|𝑣| −1.31𝑒 + 003 𝑘𝑔/𝑚 

𝑌𝑟|𝑟| +6.32𝑒 − 001 𝑘𝑔 ⋅ 𝑚/𝑟𝑎𝑑2 

𝑍𝑤|𝑤| −1.31𝑒 + 002 𝑘𝑔/𝑚 

𝑍𝑞|𝑞| −6.32𝑒 − 001 𝑘𝑔 ⋅ 𝑚/𝑟𝑎𝑑2 

𝐾𝑝|𝑝| −1.30𝑒 − 001 𝑘𝑔 ⋅ 𝑚2/𝑟𝑎𝑑2 

𝑀𝑤|𝑤| +3.18𝑒 + 000 𝑘𝑔 

𝑀𝑞|𝑞| −1.88𝑒 + 002 𝑘𝑔 ⋅ 𝑚2/𝑟𝑎𝑑2 

𝑁𝑣|𝑣| −3.18𝑒 + 000 𝑘𝑔 

𝑁𝑟|𝑟| −9.40𝑒 + 001 𝑘𝑔 ⋅ 𝑚2/𝑟𝑎𝑑2 

 

Table 3.4 Control Fin Coefficients 

Parameter Value Units 

𝑌𝑢𝑢𝛿𝑟
 +9.64𝑒 + 000 𝑘𝑔/(𝑚 ⋅ 𝑟𝑎𝑑) 

𝑍𝑢𝑢𝛿𝑠
 −9.64𝑒 + 000 𝑘𝑔/(𝑚 ⋅ 𝑟𝑎𝑑) 

𝑀𝑢𝑢𝛿𝑠
 −6.15𝑒 + 000 𝑘𝑔/𝑟𝑎𝑑 

𝑁𝑢𝑢𝛿𝑟
 −6.15𝑒 + 000 𝑘𝑔/𝑟𝑎𝑑 
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Table 3.5 Body & Fin Lift and Moment Coefficients 

Parameter Value Units 

𝑌𝑢𝑣 −2.86𝑒 + 001 𝑘𝑔/𝑚 

𝑌𝑢𝑟 +6.15𝑒 + 000 𝑘𝑔/𝑟𝑎𝑑 

𝑍𝑢𝑤 −2.86𝑒 + 001 𝑘𝑔/𝑚 

𝑍𝑢𝑞 −6.15𝑒 + 000 𝑘𝑔/𝑟𝑎𝑑 

𝑀𝑢𝑤 −1.06𝑒 + 001 𝑘𝑔 

𝑀𝑢𝑞 −3.93𝑒 + 000 𝑘𝑔 ⋅ 𝑚/𝑟𝑎𝑑 

𝑁𝑢𝑣 +1.06𝑒 + 001 𝑘𝑔 

𝑁𝑢𝑟 −3.93𝑒 + 000 𝑘𝑔 ⋅ 𝑚/𝑟𝑎𝑑 

 

The detailed information about derivation of the parameters and calculations can be found 

in [25]. 

 

Figure 3.2 REMUS AUV [25] 
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CHAPTER 4 

DECOUPLED SURGE AND ROLL MOTION CONTROL 

It is suggested that the equations of motion in 6DOF can be divided into non-interacting 

(or lightly interacting) subsystems [21]. 

Starting from this chapter, the equations of motion derived in the previous section are 

decoupled in order to design control systems for different subsystems and simulated using 

MATLAB/Simulink. The parameters of REMUS vehicle given in the previous section 

are used in order to perform the vehicle simulation and controller implementation. 

Following assumptions are made while decoupling the equations and designing 

controllers. 

 The system is neutrally buoyant which means the buoyancy force acting on the 

vehicle is equal to the vehicle’s weight,  𝑊 = 𝐵. 

 The body fixed inertia frame is selected to coincide with the center of buoyancy, 

𝒓𝐵 = [𝑥𝐵 𝑦𝐵 𝑧𝐵]𝑇 = [0 0 0]𝑇 

 The inertia tensor is diagonal, 

𝑰0 = 𝑑𝑖𝑎𝑔{𝐼𝑥 , 𝐼𝑦, 𝐼𝑧} 

 The vehicle is top-bottom (𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒) and port-starboard (𝑥𝑧 − 𝑝𝑙𝑎𝑛𝑒) 

symmetric. These symmetry properties cancel most terms in matrices expressed 

in vehicle dynamics. 

 Any damping terms greater than second-order are neglected. 

In this chapter, forward speed dynamics (surge) of the vehicle along x-axis will be 

derived. In addition to surge dynamics, the effect of roll motion around x-axis, which is 

generally neglected in literature, will also be calculated. Linear and non-linear controllers 

will be designed in accordance with the surge and roll dynamics. The dynamic equations 



37 

 

and controllers will be implemented using MATLAB/Simulink and simulation results 

will be shown.  

 Forward Speed (Surge Speed) Control 

In forward speed control, the decoupled surge model is used.  By neglecting the other 

dynamics of the system, the decupled surge model can be obtained as follows. 

[
 
 
 
 
 
𝑚 − 𝑋𝑢̇

0
0
0

𝑚𝑧𝐺

−𝑚𝑦𝐺 ]
 
 
 
 
 

𝑢̇ +

[
 
 
 
 
 
−𝑋𝑢|𝑢||𝑢|

0
0
0
0
0 ]

 
 
 
 
 

𝑢 +

[
 
 
 
 
 

0
0

(𝐵 − 𝑊)
−𝑊𝑦𝐺

𝑊𝑥𝐺

0 ]
 
 
 
 
 

=  

[
 
 
 
 
 
𝑋𝑝𝑟𝑜𝑝

0
0
0
0
0 ]

 
 
 
 
 

 (4.1) 

In (4.1), most of the terms will be zero since 𝐵 = 𝑊, 𝑥𝐺 = 𝑦𝐺 = 0 as given in Table 3.1. 

In this chapter and following chapters, the equations will be given symbolically as given 

in (4.1). The (4.1) is written in simpler form as follows. 

𝑴𝑢𝑢̇ + 𝑵𝑢𝑢 + 𝒈𝑢 = 𝚪𝑢 (4.2) 

Finally, the decoupled surge state equation is obtained. 

𝑢̇ = (𝑴𝑢
𝑇𝑴𝑢)−1𝑴𝑢

𝑇(−𝑵𝑢𝑢 − 𝒈𝑢 + 𝚪𝑢) = 𝑓𝑢 + 𝑏𝑢𝑋𝑝𝑟𝑜𝑝 (4.3) 

where 

𝑓𝑢 =
(𝑚 − 𝑋𝑢̇)𝑋𝑢|𝑢|𝑢|𝑢| − 𝑚𝑥𝐺𝑧𝐺𝑊

(𝑚 − 𝑋𝑢̇)2 + 𝑚2(𝑦𝐺
2  + 𝑧𝐺

2) 
   ;   𝑏𝑢 =

(𝑚 − 𝑋𝑢̇)

(𝑚 − 𝑋𝑢̇)2 + 𝑚2(𝑦𝐺
2  + 𝑧𝐺

2)
 

4.1.1 Linearization of Forward Speed Dynamics and Proportional Control 

The nonlinear forward speed dynamics in (4.3) can be linearized around operating speed 

𝑢0 ≅ 1.5 𝑚/𝑠 and following linear state equation can be obtained. 

𝑢̇ = 𝑓𝑢𝐿
𝑢 + 𝑏𝑢𝐿

𝑋𝑝𝑟𝑜𝑝 (4.4) 

where 

𝑓𝑢𝐿
=

(𝑚 − 𝑋𝑢̇)𝑋𝑢

(𝑚 − 𝑋𝑢̇)2 + 𝑚2(𝑦𝐺
2 + 𝑧𝐺

2) 
   ;    𝑏𝑢𝐿

=
(𝑚 − 𝑋𝑢̇)

(𝑚 − 𝑋𝑢̇)2 + 𝑚2(𝑦𝐺
2 + 𝑧𝐺

2)
  

The transfer function of the forward speed system is 
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𝐺𝑢(𝑠) =
𝑈(𝑠)

𝑋𝑝𝑟𝑜𝑝(𝑠)
=

𝑏𝑢𝐿

𝑠 − 𝑓𝑢𝐿

 (4.5) 

It is seen from the transfer function that the system is Type 0 which means the system 

has a constant steady-state error 𝑒𝑠𝑠 for the step reference input [29]. 

𝑒𝑠𝑠 =
1

1 + lim
s→0

𝐺𝑢(𝑠)
=

𝑏𝑢𝐿

−𝑓𝑢𝐿

≅ 0.0741 

The steady state error calculated above is very small and acceptable value for the forward 

speed of the vehicle. Based on the transfer function in (4.5), a proportional (P) controller 

can be designed. 

𝑋𝑝𝑟𝑜𝑝(𝑠)

𝑒𝑢(𝑠)
= 𝐾𝑃𝑢

 ;     𝑒𝑢 = 𝑢𝑑 − 𝑢 (4.6) 

The proportional controller has been applied to the nonlinear forward speed system using 

MATLAB/Simulink [45] and the value of 𝐾𝑃𝑢
 is chosen to achieve an acceptable level of 

performance. Figure 4.1 shows the step response and steady state error for the surge 

speed. 

 

Figure 4.1 Forward speed step response and steady state error 
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Figure 4.2 indicates that forward speed can be controlled with a small steady state error 

using linearized model with proportional control. The steady state error can be reduced 

by increasing the proportional gain and/or adding an integrator to the controller. 

Increasing proportional gain is not an efficient solution since the system has limits due to 

the actuator dynamics in real life applications. Thus, adding an integrator to the controller 

will be better solution to remove the steady state error. In following section, a nonlinear 

controller will be designed in order to control forward speed and proportional-integral 

terms will be used in error dynamics.  

4.1.2 Forward Speed Control Using Feedback Linearization 

By considering the surge dynamics, it is easy to apply feedback linearization method to 

control the forward speed [30]. The surge dynamics is given in (4.4) 

𝑢̇ = 𝑓𝑢 + 𝑏𝑢𝑋𝑝𝑟𝑜𝑝 

where 

𝑓𝑢 =
(𝑚 − 𝑋𝑢̇)𝑋𝑢|𝑢|𝑢|𝑢| − 𝑚𝑥𝐺𝑧𝐺𝑊

(𝑋𝑢̇  −  𝑚)2 + 𝑚2(𝑦𝐺
2  + 𝑧𝐺

2)
   ;    𝑏𝑢 =

(𝑚 − 𝑋𝑢̇)

(𝑋𝑢̇  −  𝑚)2 + 𝑚2(𝑦𝐺
2  + 𝑧𝐺

2)
 

Let us define and differentiate the speed error.  

𝑒𝑢 = 𝑢 − 𝑢𝑑  →    𝑒̇𝑢 = 𝑢̇ − 𝑢̇𝑑 

Substituting the error dynamics into the forward speed equation yields 

𝑒̇𝑢 + 𝑢̇𝑑 = 𝑓𝑢 + 𝑏𝑢𝑋𝑝𝑟𝑜𝑝 (4.7) 

The control variable 𝑋𝑝𝑟𝑜𝑝 can be selected as 

𝑋𝑝𝑟𝑜𝑝 =
1

𝑏𝑢
(−𝑓𝑢 + 𝑢̇𝑑 − 𝐾𝑝𝑢

𝑒𝑢 − 𝐾𝑖𝑢 ∫ 𝑒𝑢(𝑡)𝑑𝑡
𝑡

0

) (4.8) 

Selecting the 𝑋𝑝𝑟𝑜𝑝 as given above and substituting (4.8) into the (4.7) yields the 

following error dynamics. 

𝑒̈𝑢 + 𝐾𝑝𝑢
𝑒̇𝑢 + 𝐾𝑖𝑢𝑒𝑢 = 0 

Controller gains 𝐾𝑝𝑢
 and 𝐾𝑖𝑢 are appropriately selected using second order system 

properties 𝐾𝑝𝑢
= 2𝜁𝜔𝑛 and 𝐾𝑖𝑢 = 𝜔𝑛

2 while considering the dynamic performance of the 



40 

 

vehicle and actuator limits [31]. The block diagram for the surge speed control is given 

in Figure 4.2 and the response to the step input is shown in the next figure. 

 

Figure 4.2 Forward speed controller block diagram 

 

 

Figure 4.3 Forward speed step response and steady state error 

It is seen from Figure 4.3 that the forward speed of the vehicle can be controlled using 

feedback linearization method with adjustable parameters 𝐾𝑝𝑢
 and 𝐾𝑖𝑢. Using the speed 

state error 𝑒𝑢 and selecting the 𝑋𝑝𝑟𝑜𝑝 as given in (4.8) the 2𝑛𝑑 order linear error dynamics 

is obtained. Controller gains are selected by considering the desired system performance 
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and actuator limits and appropriate gain values can be found using Simulink Response 

Optimization tool.  

In this and the previous sections, proportional control method with a linearized dynamics 

and feedback linearization control method with nonlinear dynamics have been applied. 

Both methods are easy to design and implement in real applications. The first method 

uses linearized dynamics so nonlinear terms are converted into the linear terms or 

neglected. The speed of the vehicle can be controlled just using a proportional gain and 

integrator if it is required. In feedback linearization method, the obtained control rule 

includes nonlinear terms and then provides linear error dynamics. There are two 

adjustable gain that is used to achieve desired performance specs. Feedback linearization 

method has an advantage since the nonlinearity is considered in control rule and a linear 

dynamics is obtained at the end of the derivations. However, if there are too much 

nonlinearities which are difficult to identify in the system, the linearization can be a better 

choice and PID-like controllers are easily designed and tuned. 

 Roll Dynamics and Backstepping Control 

In general, the roll position and velocity are neglected in control system design or 

passively stabilized due to the mechanical properties of the AUV [32],[33],[34]. 

However, the roll effect can be actively controlled using fins, internal mass, counter 

rotating propellers and etc. [35],[36]. Depending on the system properties, the thruster 

force and moment, 𝑋𝑝𝑟𝑜𝑝 and 𝐾𝑝𝑟𝑜𝑝, can be related to each other. For example, the 

revolution speed of the counter rotating propellers has effects on both 𝑋𝑝𝑟𝑜𝑝 and 𝐾𝑝𝑟𝑜𝑝. 

On the contrary, the internal mass just affects the rolling moment 𝐾𝑝𝑟𝑜𝑝. Here, the control 

system is designed for roll subsystem by assuming that the vehicle has independent 

control input Kprop to stabilize the roll motion. It is also assumed that the vehicle has 

constant surge speed 𝑢0 = 1.54 𝑚/𝑠. It is easy to obtain the dynamic equation for the roll 

angle in earth-fixed frame. 

𝜙̇ = 𝑝 +  𝑟𝑐𝑜𝑠𝜙 𝑡𝑎𝑛𝜃  +  𝑞𝑠𝑖𝑛𝜙 𝑡𝑎𝑛𝜃  where 𝜃 = 𝑟 = 𝑞 = 0; 

𝜙̇ = 𝑝 
(4.9) 

The roll velocity is derived similar to process in surge speed.  
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[
 
 
 
 
 

0
−𝑚𝑧𝐺

𝑚𝑦
𝐺

𝐼𝑥 − 𝐾𝑝̇

0
0 ]

 
 
 
 
 

𝑝̇ +

[
 
 
 
 
 

0
−𝑚𝑦

𝐺
𝑝

−𝑚𝑧𝐺𝑝

−𝐾𝑝|𝑝||𝑝|

0
0 ]

 
 
 
 
 

𝑝 +

[
 
 
 
 
 

0
𝑠𝜙(𝐵 − 𝑊)

𝑐𝜙(𝐵 − 𝑊)

(𝑠𝜙𝑧𝐺 − 𝑐𝜙𝑦
𝐺
)𝑊

𝑥𝐺𝑐𝜙𝑊
−𝑥𝐺𝑠𝜙𝑊 ]

 
 
 
 
 

= 

[
 
 
 
 
 

0
0
0

𝐾𝑝𝑟𝑜𝑝

0
0 ]

 
 
 
 
 

  (4.10) 

Similar to the surge dynamics, the equation can be written in simpler form according to 

(4.10). 

𝑴𝑝𝑝̇ + 𝑵𝑝𝑝 + 𝒈𝑝 = 𝚪𝑝 (4.11) 

Finally, the decoupled roll equations of motion is obtained. 

𝜙̇ = 𝑝 

𝑝̇ = (𝑴𝑝
𝑇𝑴𝑝)

−1
𝑴𝑝

𝑇(−𝑵𝑝𝑝 − 𝒈𝑝 + 𝚪𝑝) = 𝑓𝑝 + 𝑏𝑝𝐾𝑝𝑟𝑜𝑝 
(4.12) 

where 

𝑓𝑝 =
(𝐼𝑥 − 𝐾𝑝̇)(𝐾𝑝|𝑝|𝑝|𝑝| + (𝑦𝐺𝑐𝜙 − 𝑧𝐺𝑠𝜙)𝑊) + (𝐵 − 𝑊)(𝑚𝑧𝐺𝑠𝜙 − 𝑚𝑦𝐺𝑐𝜙)

(𝐼𝑥 − 𝐾𝑝̇)
2
+ 𝑚2(𝑦𝐺

2 + 𝑧𝐺
2)

 

𝑏𝑝 =
(𝐼𝑥  −  𝐾𝑝̇)

(𝐼𝑥 − 𝐾𝑝̇)
2
+ 𝑚2(𝑦𝐺

2 + 𝑧𝐺
2)

 

Backstepping method can be applied to control the roll motion [37]. Let us consider the 

following equations of motion given in (4.12). 

𝜙̇ = 𝑝 

𝑝̇ = 𝑓𝑝 + 𝑏𝑝𝐾𝑝𝑟𝑜𝑝 

In the first equation, the 𝑝 is considered as a virtual controller as follows: 

𝜙̇ = 𝑢𝑐 (4.13) 

Let 𝑢𝑐 be chosen as  

𝑢𝑐 = −𝜆𝜙 ;    𝜆 > 0 (4.14) 

The state equation of roll position becomes 

𝜙̇ = −𝜆𝜙 (4.15) 
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This equations means that the roll angle 𝜙 goes to zero with the required decay rate 

according to the value of 𝜆. Lyapunov function can be selected as 

𝑉1 =
1

2
𝜙2;    𝑉̇1 = 𝜙𝜙̇ = −𝜆𝜙2; 

The second variable 𝑝 is choosen to be equal to the virtual control 𝑢𝑐 in order to 𝜙 to be 

asymptotically stable. The control 𝐾𝑝𝑟𝑜𝑝 can be designed to regulate the following output: 

𝑦𝑝 = 𝑝 − 𝑢𝑐 = 𝑝 + 𝜆𝜙 (4.16) 

Differentiating the 𝑦𝑝 yileds 

𝑦̇𝑝 = 𝑝̇ − 𝑢̇𝑐 = 𝑓𝑝 + 𝑏𝑝𝐾𝑝𝑟𝑜𝑝 − 𝑢̇𝑐 (4.17) 

where 𝑢̇𝑐 = −𝜆𝜙̇ = −𝜆𝑝. The Lyapunov function can be chosen as 

𝑉2 = 𝑉1 +
1

2
𝑦𝑝

2 =
1

2
𝜙2 +

1

2
𝑦𝑝

2 > 0  ∀ (𝜙, 𝑦𝑝) ≠ (0,0);    

𝑉̇2 = 𝜙𝜙̇ + 𝑦𝑝𝑦̇𝑝 = −𝜆𝜙2 + 𝑦𝑝(𝑓𝑝 + 𝑏𝑝𝐾𝑝𝑟𝑜𝑝 − 𝑢̇𝑐); 

Let us select the 𝐾𝑝𝑟𝑜𝑝 as 

𝐾𝑝𝑟𝑜𝑝 =
1

𝑏𝑝
(𝑢̇𝑐 − 𝑓𝑝 − 𝛼𝑦𝑝) (4.18) 

Then the (4.17) becomes 

𝑦̇𝑝 = −𝛼𝑦𝑝 ;    𝛼 > 0 (4.19) 

The derivative of final Lyapunov function is 

𝑉̇2 = 𝜙𝜙̇ + 𝑦𝑝𝑦̇𝑝 = −𝜆𝜙2 − 𝛼𝑦𝑝
2 < 0  ∀ (𝜙, 𝑦𝑝) ≠ (0,0) 

The 𝑦𝑝 goes exponentially asymptotically zero as time goes to infinity. As 𝑦𝑝 approach zero, 

then 𝑝 goes to 𝑢𝑐. Finally the control law is obtained as 

𝐾𝑝𝑟𝑜𝑝 =
1

𝑏𝑝
(−𝜆𝑝 − 𝑓

𝑝
− 𝛼(𝑝 + 𝜆𝜙)) (4.20) 
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The control parameters 𝜆 and 𝛼 are need to be positive to satisfy stability criteria. The block 

diagram for the roll motion control is given in Figure 4.4 and the response to the given 

initial condition is shown in the next figure. 

 

Figure 4.4 Roll motion control block diagram 

 

Figure 4.5 Roll motion response to the initial condition 𝜙0 = 30° 

Figure 4.5 shows that the roll dynamics goes to equilibrium point [𝜙, 𝑝] = [0,0] under 

the backstepping control for the given initial condition. Since only the roll motion has 
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been examined here, the initial condition has been given in order to see if the controller 

is working. On the other hand, the main task of the controller is to stabilize the roll angle 

and velocity due to the change of fin angles during vehicle motion. The controller gains 

𝜆 and 𝛼 can be arbitrarily selected using the simulation results or optimization algorithms 

can be used to find optimal parameters for desired performance criteria depending on the 

system. 

The advantage of backstepping compared with other control methods lies in its design 

flexibility, due to its recursive use of Lyapunov functions. The key idea of the 

backstepping design is to select recursively some appropriate state variables as virtual 

inputs for lower dimension subsystems of the overall system and the Lyapunov functions 

are designed for each stable virtual controller [37]. Therefore, the designed final actual 

control law can guarantee the stability of the total control system.  
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CHAPTER 5 

LONGITUDINAL DYNAMICS AND DEPTH CONTROL 

Depth control is one of the significant part in AUVs since many practical application such 

as underwater pipeline checking and oceanographic mapping depends on the performance 

of the depth changing and depth keeping. Various control methods have been utilized for 

depth control of AUVs, such as PID control based on the linearized model [25], sliding 

mode control [38], etc. In this chapter, the decoupled equations of motion for depth plane 

are obtained similar to calculations in the previous sections. Linear and nonlinear 

controllers are designed and implemented using the obtained dynamic equations. 

Controlled systems are implemented and simulation results are shown using 

MATLAB/Simulink.  

 Equations of Motion In Diving Plane 

The decoupled longitudinal dynamics of the AUVs is obtained assuming that the vehicle 

is neutrally buoyant and moving with constant surge speed 𝑢0. The depth and pitch angle 

dynamics can be simply obtained by taking 𝜙 = 𝜓 = 𝑣 = 𝑝 = 𝑟 = 0. 

𝑧̇ = 𝑤𝑐𝑜𝑠(𝜃) − 𝑢𝑠𝑖𝑛(𝜃) 

𝜃̇ = 𝑞 
(5.1) 

Similar to the previous section, the longitudinal state equations of body velocity states 

would be derived as follows.   

𝑴𝑙𝑜𝑛 [
𝑤̇
𝑞̇
] + 𝒉𝑙𝑜𝑛 = 𝑻𝑙𝑜𝑛𝛿𝑠 (5.2) 

where 
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𝑴𝑙𝑜𝑛 =

[
 
 
 
 
 

0 𝑚𝑧𝐺

0 0
𝑚 − 𝑍𝑤̇ −𝑚𝑥𝐺 − 𝑍𝑞̇

𝑚𝑦
𝐺

0

−𝑚𝑥𝐺 − 𝑀𝑤̇ 𝐼𝑦 − 𝑀𝑞̇

0 0 ]
 
 
 
 
 

 

𝒉𝑙𝑜𝑛 = 

[
 
 
 
 
 
 
 − 𝑞 (𝑍𝑞̇𝑞 + 𝑍𝑤̇𝑤 −  𝑚(𝑤 − 𝑥𝐺𝑞)) −  𝑠𝜃(𝐵 −  𝑊) − 𝑋𝑢|𝑢|𝑢|𝑢|

0

𝑐𝜃(𝐵 −  𝑊) −  𝑞 (𝑍𝑢𝑞𝑓𝑢 − 𝑋𝑢̇𝑢 + 𝑍𝑞|𝑞||𝑞|  +  𝑚(𝑢 + 𝑧𝐺𝑞)) −  𝑤 (𝑍𝑤|𝑤||𝑤| +  𝑢(𝑍𝑢𝑤𝑓  + 𝑍𝑢𝑤𝑙))

−𝑦𝐺(𝑊𝑐𝜃 +  𝑚𝑢𝑞)

𝑢 (𝑍𝑞̇𝑞 + 𝑍𝑤̇𝑤 −  𝑚(𝑤 − 𝑥𝐺𝑞)) −  𝑤 (𝑋𝑢̇𝑢 + 𝑀𝑤|𝑤||𝑤| +  𝑢(𝑀𝑢𝑤𝑓  +  𝑀𝑢𝑤𝑙) −  𝑚(𝑢 + 𝑧𝐺𝑞)) −  𝑞(𝑀𝑢𝑞𝑓𝑢 + 𝑀𝑞|𝑞||𝑞|) + 𝑥𝐺𝑊𝑐𝜃 + 𝑧𝐺𝑊𝑠𝜃

−𝑦𝐺(𝑊𝑠𝜃 +  𝑚𝑤𝑞) ]
 
 
 
 
 
 
 

 

𝑻𝑙𝑜𝑛 =

[
 
 
 
 
 

0
0

𝑍𝑢𝑢𝛿𝑠
𝑢2

0
𝑀𝑢𝑢𝛿𝑠

𝑢2

0 ]
 
 
 
 
 

 

According to (5.2), the state equations is written as 

[
𝑤̇
𝑞̇
] = (𝑴𝑙𝑜𝑛

𝑇 𝑴𝑙𝑜𝑛)−1𝑴𝑙𝑜𝑛
𝑇 (−𝒉𝑙𝑜𝑛) + (((𝑴𝑙𝑜𝑛

𝑇 𝑴𝑝𝑖𝑡𝑐ℎ)
−1

𝑴𝑙𝑜𝑛
𝑇 ) 𝑻𝑙𝑜𝑛) 𝛿𝑠 (5.3) 

Since the calculations above include very long terms, the equations are given in following 

form and their values are calculated using MATLAB with parameters given in Chapter 3. 

[

𝑧̇
𝜃̇
𝑤̇
𝑞̇

] =

[
 
 
 
𝑤𝑐𝑜𝑠(𝜃) − 𝑢𝑠𝑖𝑛(𝜃)

𝑞
𝑓𝑤
𝑓𝑞 ]

 
 
 
+ [

0
0
𝑏𝑤

𝑏𝑞

] 𝛿𝑠 (5.4) 

where 

[
𝑓𝑤
𝑓𝑞

] = (𝑴𝑙𝑜𝑛
𝑇 𝑴𝑙𝑜𝑛)−1𝑴𝑙𝑜𝑛

𝑇 (−𝒉𝑙𝑜𝑛) 

[
𝑏𝑤

𝑏𝑞
] = ((𝑴𝑙𝑜𝑛

𝑇 𝑴𝑙𝑜𝑛)−1𝑴𝑙𝑜𝑛
𝑇 )𝑻𝑙𝑜𝑛 

 Depth Control Using Linearized Depth Plane Equations 

This section discusses the linearization of the depth plane equations of motion and linear 

control system design in order to reach the specific depth value.  
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5.2.1 Linearized Depth Plane Equations 

It is assumed that the linear speed 𝑤 is considered as very small when compared to 

angular speed 𝑞 so linear speed 𝑤 is set to be zero and depth plane equations are simplified 

[39].  

𝑧̇ = −𝑢0𝑠𝑖𝑛𝜃 

𝜃̇ = 𝑞 

(𝐼𝑦 − 𝑀𝑞̇)𝑞̇ − 𝑀𝑞|𝑞|𝑞|𝑞| − 𝑀𝑢𝑞𝑢𝑞 + 𝑊𝑧𝑔𝑠𝑖𝑛𝜃 = 𝑀𝑢𝑢𝛿𝑠
𝑢0

2𝛿𝑆 

(5.5) 

The nonlinear terms in (5.5) are linearized and following equations of motion for depth 

plane are obtained. 

𝑧̇ = −𝑢0𝜃 

𝜃̇ = 𝑞 

(𝐼𝑦 − 𝑀𝑞̇)𝑞̇ − 𝑀𝑞𝑞 + 𝑊𝑧𝑔𝜃 = 𝑀𝛿𝑠
𝛿𝑆 

(5.6) 

The linear equations can be rewritten in matrix form and given in generalized linear 

system representation as follows. 

[

1 0 0
0 1 0
0 0 𝐼𝑦 − 𝑀𝑞̇

] [
𝑧̇
𝜃̇
𝑞̇
] + [

0 𝑢0 0
0 0 −1
0 𝑊𝑧𝑔 −𝑀𝑞

] [

𝑧
𝜃
𝑞
] =  [

0
0

𝑀𝛿𝑠

] 𝛿𝑠 

𝑥̇ = 𝐴𝑥 + 𝐵𝑢;     𝑥 = [𝑧 𝜃 𝑞]𝑇;   𝑢 = 𝛿𝑠 

 (5.7) 

where 

𝐴 = [

1 0 0
0 1 0
0 0 𝐼𝑦 − 𝑀𝑞̇

]

−1

[

0 −𝑢0 0
0 0 1
0 −𝑊𝑧𝑔 𝑀𝑞

] =  [
0 −1.54 0
0 0 1
0 −0.6892 −0.8247

] ; 

𝐵 = [

1 0 0
0 1 0
0 0 𝐼𝑦 − 𝑀𝑞̇

]

−1

[

0
0

𝑀𝛿𝑠

] =  [
0
0

−4.1537
] ; 

 



49 

 

5.2.2 Transfer Functions and Linear Controller Design 

In this section, a PID controller which consist of an inner proportional and derivative (PD) 

pitch loop and outer proportional depth loop will be designed using the transfer functions 

that will be obtained using state equations derived in the previous section.  

The first step is to find the inner loop transfer function that defines the relation between 

the input stern angle 𝛿𝑠 and output pitch angle 𝜃 [25]. Taking derivative of 𝜃 yileds 

𝜃̈ = 𝑞̇ 

(𝐼𝑦 − 𝑀𝑞̇)𝜃̈ − 𝑀𝑞𝜃̇ + 𝑊𝑧𝑔𝜃 = 𝑀𝛿𝑠
𝛿𝑆 

(5.8) 

Taking Laplace transform of (5.8)  

[(𝐼𝑦 − 𝑀𝑞̇)𝑠
2 − 𝑀𝑞𝑠 + 𝑊𝑧𝑔]𝜃(𝑠) = 𝑀𝛿𝑠

𝛿𝑠(𝑠) 
(5.9) 

The open loop transfer function 𝐺𝜃(𝑠) is finally found as 

𝐺𝜃(𝑠) =
𝜃(𝑠)

𝛿𝑠(𝑠)
=

𝑀𝛿𝑠

𝐼𝑦 − 𝑀𝑞̇

𝑠2 −
𝑀𝑞

𝐼𝑦 − 𝑀𝑞̇
𝑠 +

𝑊𝑧𝑔

𝐼𝑦 − 𝑀𝑞̇

 
(5.10) 

Then the transfer function between the vehicle pitch angle 𝜃 and the vehicle depth 

position 𝑧 is easily written such that 

𝑠 𝑍(𝑠) = −𝑢0𝜃(𝑠) →  𝐺𝑧(𝑠) =
𝑍(𝑠)

𝜃(𝑠)
= −

𝑢0

𝑠
 

(5.11) 

Let us now design the controller parameter for pitch and depth loops. Firstly, the pitch 

error is defined as  

𝐸𝜃(𝑠) = 𝜃𝑑(𝑠) −  𝜃(𝑠) 

where the 𝜃𝑑 is the desired pitch angle. The PD control law for inner pitch loop can be 

written as  

𝛿𝑠(𝑠)

𝐸𝜃(𝑠)
= 𝐾𝜃𝑝

(𝜏𝜃𝑑
𝑠 + 1) =  (𝐾𝜃𝑝

+ 𝐾𝜃𝑑
𝑠) 

(5.12) 

where the 𝐾𝜃𝑝
 is the proportional gain and 𝜏𝜃𝑑

 the derivative time constant.  
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Secondly, let us define the depth position error that is: 

𝐸𝑧(𝑠) = 𝑍𝑑(𝑠) −  𝑍(𝑠) 

Now the control law for the outer depth loop can be expressed as: 

𝜃(𝑠)

𝐸𝑧(𝑆)
= 𝐾𝑝𝑧

 
(5.13) 

where the 𝐾𝑝𝑧
 is the proportional gain. 

Substituting the linearized parameters into 𝐺𝜃(𝑠), the following transfer open-loop 

transfer function is found. 

𝐺𝜃(𝑠) =
−4.1537

𝑠2 + 0.8247𝑠 + 0.6892
 ;   𝑠1,2 = −0.4123 ± 0.7205𝑖 

The open loop step response for 𝐺𝜃(𝑠) is 

 

Figure 5.1 Pitch angle open loop step response  

The desired specs for the pitch loop are selected as follows. 

- %𝑂𝑆 = 5; 
- 𝑇𝑝 = 0.7 𝑠  
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The damping ratio for the given overshoot values is  

𝜁 =
− ln (

%𝑂𝑆
100 )

√𝜋2 + ln2 (
%𝑂𝑆
100 )

=
− ln(5)

√𝜋2 + ln2(5)
≅ 0.6901 

The natural frequency is  

𝜔𝑛 =
𝜋

𝑇𝑝√1 − 𝜁2
=

𝜋

0.7√1 − 0.69012
= 6.2014 𝑟𝑎𝑑/𝑠 

 

Desired poles for the closed loop controller system are  

𝑠𝑑1,2
= −𝜁𝜔𝑛 ± (𝜔𝑛√1 − 𝜁2) 𝑖 = −4.2796 ± 4.4880𝑖 

 

Figure 5.2 Closed loop pitch control block diagram 

𝐶𝜃(𝑠) = (𝐾𝜃𝑝
+ 𝐾𝜃𝑑

𝑠) 

𝐺𝜃𝑒𝑞
(𝑠) =

𝜔𝑛
2

𝑠2 + 2𝜁𝜔𝑛𝑠 + 𝜔𝑛
2

=
𝐶𝜃(𝑠)𝐺𝜃(𝑠)

1 + 𝐶𝜃(𝑠)𝐺𝜃(𝑠)
 

Equalizing the characteristic equations yields 

𝑠2 + 8.5592𝑠 + 38.4572 = 𝑠2 + (0.8247 − 4.154𝐾𝜃𝑑
)𝑠 + (0.6892 − 1.154𝐾𝜃𝑝

) 

The pitch controller gains finally found as 

𝐾𝜃𝑝
= −9.0920 and 𝐾𝜃𝑑

= −1.8619 

The pitch controller transfer function is 

𝐶𝜃(𝑠) = 𝐾𝜃𝑝
+ 𝐾𝜃𝑑

𝑠 = −9.0601 − 1.8947𝑠 =  −9.0920(1 + 0.2091𝑠) 

Closed loop step response for the pitch is given below. 
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Figure 5.3 Pitch angle closed loop step response 

There is approximately 2% steady state error which will be compensated when the outer 

loop is added. The integrator term can also be added to eliminate the steady state error. 

Similar design procedure can be applied in order the find the depth controller gain. The 

pitch loop poles must be at least five time further away from the origin than the depth 

poles in order to ensure that the pitch loop response is sufficiently faster than the depth 

loop response.  

The proportional depth gain and closed loop poles for depth response are selected as 

𝐾𝑝𝑧
= −0.7;  𝑠𝐶𝐿1,2

= −0.4124 +  1.8512𝑖 

The control system block diagram for depth control including the position and fin 

saturation limits is given below. 

 

Figure 5.4 Closed loop depth control block diagram 
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The closed loop response to 30 meters reference depth and related fin angle are given 

below.  

 

Figure 5.5 Closed loop step response and stern fin angle (𝑧𝑑 = 30 𝑚)  

 Nonlinear Switched Depth Control 

In this section, nonlinear switched depth control is designed in order to drive the vehicle 

to dive as fast as possible to the reference depth value in the case of avoiding the 

appearance of stall.  

It is assumed that the critical value for the pitch angle 𝜃 is 𝜃̅. The pitch angle 𝜃 needs to 

satisfy the condition |𝜃| ≤ 𝜃̅ in order to aovid the appearance of the stall. Let us consider 

the depth dynamics of the vehicle. 

𝑧̇ = −𝑢𝜃 

𝜃̇ = 𝑞 

𝑞̇ = 𝑓𝑞 + 𝑏𝑞𝛿𝑠 
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where  

𝑓𝑞 = − 0.70465𝑠𝑖𝑛(𝜃) −  0.50715𝑞 −  22.603𝑞|𝑞| −  0.018872𝑞2  −  0.033384; 

𝑏𝑞 = − 1.6733; 

We let 𝑧𝑑 and 𝑧𝑠 represent the desired depth and switch point respectively. The control 

strategy is divided into two part [40]. 

Case 1: |𝑧(0)– 𝑧𝑑| ≤  𝑧𝑠 

The design of 𝛿𝑠 can be given based on the backstepping method in three steps [37]. 

Step 1: Consider 

𝑧̇ = −𝑢𝜃 

if taking 𝑥1 = 𝑧 − 𝑧𝑑 and 𝑥2 = 𝜇1𝑥1 − 𝑢𝜃 

𝑥̇1 = −𝜇1𝑥1 + 𝑥2 (5.14) 

where 𝜇1 is a positive design parameter. Let 𝑉1 = 0.5𝑥1
2, then the derivative of 𝑉1 with 

respect to time 𝑡 along the trajectory of the system is: 

𝑉̇1 = −𝜇1𝑥1
2 + 𝑥1𝑥2 (5.15) 

Step 2: Consider 

𝑥̇1 = −𝜇1𝑥1 + 𝑥2 

𝑥̇2 = 𝜇1𝑥̇1 − 𝑢𝜃̇ = −𝜇1
2𝑥1 + 𝜇1𝑥2 − 𝑢𝑞 

Let 𝑥3 = (𝜇1 + 𝜇2)𝑥2 − 𝜇1
2𝑥1 − 𝑢𝑞, we can get  

𝑥̇1 = −𝜇1𝑥1 + 𝑥2 

𝑥̇2 = −𝜇2𝑥2 + 𝑥3 
(5.16) 

where 𝜇2 is a positive design parameter. Take Lyapunov function 𝑉2 = 𝑉1 + 0.5𝑥2
2, we 

can get 

𝑉̇2 = 𝑉̇1 + 𝑥2𝑥̇2 = −𝜇1𝑥1
2 + 𝑥1𝑥2 − 𝜇2𝑥2

2 + 𝑥2𝑥3 (5.17) 

Step 3: Consider 

𝑥̇1 = −𝜇1𝑥1 + 𝑥2 



55 

 

𝑥̇2 = −𝜇2𝑥2 + 𝑥3 

𝑥̇3 = [𝜇1
3𝑥1 − (𝜇1

2 + 𝜇1𝜇2 + 𝜇2
2)𝑥2 + (𝜇1 + 𝜇2)𝑥3] − 𝑢𝑓𝑞 − 𝑢𝑏𝑞𝛿𝑠 

if taking 

𝛿𝑠 =
1

𝑏𝑞𝑢
([𝜇1

3𝑥1 − (𝜇1
2 + 𝜇1𝜇2 + 𝜇2

2)𝑥2 + (𝜇1 + 𝜇2 + 𝜇3)𝑥3] −  𝑢𝑓𝑞)   (5.18) 

we can get 

𝑥̇1 = −𝜇1𝑥1 + 𝑥2 

𝑥̇2 = −𝜇2𝑥2 + 𝑥3 

𝑥̇3 = −𝜇3𝑥3                   

(5.19) 

where 𝜇3 is a positive design parameter. 

We take Lyapunov function 𝑉3 = 𝑉1 + 𝑉2 + 0.5𝑥3
2, then 

𝑉̇ = −𝜇1𝑥1
2 − 𝑥1𝑥2 + 𝜇2𝑥2

2 − 𝑥2𝑥3 + 𝜇3𝑥3
2 

= −[𝑥1 𝑥2 𝑥3]

[
 
 
 
 
 𝜇1 −

1

2
0

−
1

2
𝜇2 −

1

2

0 −
1

2
𝜇3 ]

 
 
 
 
 

[

𝑥1

𝑥2

𝑥3

] = −[𝑥1 𝑥2 𝑥3]𝐴 [

𝑥1

𝑥2

𝑥3

] 
(5.20) 

where the matrix A can be made positive definite based on the choice of design 

parameters 𝜇𝑖 such that 

𝜇1 > 0;  𝜇1𝜇2 −
1

4
> 0; 𝜇1𝜇2𝜇3 −

1

4
𝜇1 −

1

4
𝜇3 > 0 (5.21) 

Hence according to Lyapunov’s stability theorem [41] we can get the equilibrium point 

(0, 0, 0)𝑇 of the system (5.19) with the control (5.18), hence the equilibrium point 

(𝑧𝑒 , 0, 0)𝑇 is asymptotic stable under the control input with the form 

𝛿𝑠 =
[(𝜇1𝜇2 + 𝜇2𝜇3 + 𝜇1𝜇3)𝑢𝜃 − 𝜇1𝜇2𝜇3(𝑧 − 𝑧𝑑) + (𝜇1 + 𝜇2 + 𝜇3)𝑢𝑞 + 𝑓𝑞𝑢]

𝑏𝑞𝑢
  (5.22) 

and design parameters 𝜇𝑖 satisfy condition (5.21).  
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Case 2: |𝑧(0)– 𝑧𝑑| > 𝑧𝑠 

In this case, the total diving process is divided into two stages to design controllers: 

First, the control law is designed to drive the pitch angle to the desired point and then let 

the vehicle dive to the neighborhood {𝑧 ∶  |𝑧 − 𝑧𝑑| ≤ 𝑧𝑠} of the desired depth with the 

desired pitch angle. 

Step 1: Consider 𝑧̇̃ = −𝑢𝜃 with 𝑧̃  =  𝑧 – 𝑧𝑑, it is not difficult to get that the AUV is 

diving only if 𝜃𝑧̇̃(0) > 0.  Hence if define the absolute value of desired pitch angle as 𝜃𝑑, 

in order to drive the vehicle to desired depth 𝑧𝑑 we need to drive its pitch angle to 

𝑠𝑖𝑔𝑛(𝑧̃(0))𝜃𝑑. 

Step 2: Consider 𝜃̇ = 𝑞, if taking 𝑥̃1 = 𝜃 − 𝑠𝑖𝑔𝑛(𝑧̃(0))𝜃𝑑 and 𝑥̃2 = 𝑞 + 𝜇1𝑥̃1, we can 

get 

𝜃̇ = −𝜇1𝑥̃1 + 𝑥̃2 (5.23) 

where 𝜇1 > 0 is the design parameter. If let 𝑉̃1 = 0.5𝑥̃1
2, we have 𝑉̇̃ = −𝜇1𝑥̃1

2 + 𝑥̃1𝑥̃2. 

Step 3: Consider 

𝜃̇ = −𝜇1𝑥̃1 + 𝑥̃2 

𝑥̇̃2 = 𝑞̇ + 𝜇1𝑥̇̃1 = 𝑓𝑞 + 𝑏𝑞𝛿𝑠 − 𝜇1
2𝑥̃1 + 𝜇1𝑥̃2. 

If taking  

𝛿𝑠 =
𝜇1

2𝑥̃1 − 𝜇1𝑥̃2 − 𝑓𝑞 − 𝜇2𝑥̃2

𝑏
=

−𝜇1𝜇2𝑥̃1 − 𝑓𝑞 − (𝜇1 + 𝜇2)𝑞

𝑏
 (5.24) 

and 𝑉̃2 = 𝑉̃1 + 0.5𝑥̃2
2 

𝜃̇ = −𝜇1𝑥̃1 + 𝑥̃2 

𝑥̇̃2 = −𝜇̃2𝑥̃2 
(5.25) 

and 𝑉̇̃2 = −𝜇1𝑥̃1
2 + 𝑥̃1𝑥̃2 − 𝜇2𝑥̃2

2,  where 𝜇2 > 0 is a positive design parameter. We can 

make the right-hand side of above equation negative definite by selecting design 

parameters 𝜇1 > 0 and 𝜇1𝜇̃2 > 0.25 suitably. Figure 5.6 shows the depth step response 

of the system, corresponding pitch motion and fin angle. 
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Figure 5.6 Nonlinear switched depth control step response, pitch angle and stern fin 

angle (𝑧𝑑 = 30 𝑚) 

The pitch angle is firstly reached to its maximum value that is defined as 20 degree using 

the control rule found in (5.24). Then the (5.22) let the vehicle dive to the desired depth 

position. 

In Section 5.2, the linearized equations of motion have been obtained and PD type 

controller has been designed and implemented. The PD type controller is easy to apply 

and controller parameters can be calculated using analytical methods. However, 

linearization and/or negligence of nonlinear terms can cause unpredictable behaviors in 

real applications. 

The nonlinear switched control designed in the section 5.3 has been used to drive the 

AUV to desired depth as fast as possible on the basis of avoiding the appearance of stall. 
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The simulation results shows the effectiveness of method. The difficulty in this method 

is to find the optimal controller parameters. This problem can be achieved using 

optimization tools and algorithms which are available in literature and actively used in 

many applications. This method has also advantages in terms of considering nonlinear 

effects and switching between pitch and depth controls. 

Figure 5.7 shows the comparison between linear and nonlinear depth control of AUV. 

The vehicle’s surge velocity 𝑢0 has been changed from 1.54 m/s to 2.5 m/s. 

 

Figure 5.7 Comparison between Linear and Nonlinear Depth Control of AUV 

It is clearly seen from the figure that the system shows better performance with nonlinear 

controller when the velocity of the AUV changes. The nonlinear controller, in other 

words, is more sensitive to parameter changes in the system when compared to linear 

controller. 
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CHAPTER 6 

LATITUDINAL DYNAMICS AND HEADING CONTROL 

In this section, horizontal plane dynamics of the AUV is derived and nonlinear controllers 

are applied in order to reach the desired heading (yaw) angle with respect to earth-fixed 

coordinate frame.    

 Horizontal Plane Equations of Motion 

The horizontal plane dynamics can be obtained similar to processes given in the previous 

sections. The linear position and yaw angle equation is found easily by taking 𝜙 = 𝜃 =

𝑤 = 𝑝 = 𝑞 = 0. 

𝑦̇ = 𝑢𝑠𝑖𝑛(𝜓) + 𝑣𝑐𝑜𝑠(𝜓) 

𝜓̇ = 𝑟 
(6.1) 

Linear and angular body velocity equations is written as: 

𝑴𝑙𝑎𝑡 [
𝑣̇
𝑟̇
] + 𝒉𝑙𝑎𝑡 = 𝑻𝑙𝑎𝑡𝛿𝑟 (6.2) 

where 

𝑴𝑙𝑎𝑡 =

[
 
 
 
 
 

0 −𝑚𝑦
𝐺

𝑚 − 𝑌𝑣̇ 𝑚𝑥𝐺 − 𝑌𝑟̇

0 0
−𝑚𝑧𝐺 0

0 0
𝑚𝑥𝐺 − 𝑁𝑣̇ 𝐼𝑧 − 𝑁𝑟̇ ]
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𝒉𝑙𝑎𝑡 =

[
 
 
 
 
 
 
 

𝑟(𝑌𝑟̇𝑟 + 𝑌𝑣̇𝑣 −  𝑚(𝑣 + 𝑥𝐺𝑟)) – 𝑋𝑢|𝑢|𝑢|𝑢|

− 𝑟 (𝑋𝑢̇𝑢 + 𝑌𝑢𝑟𝑓𝑢 + 𝑌𝑟|𝑟||𝑟| −  𝑚(𝑢 – 𝑦𝐺𝑟))  −  𝑣 (𝑌𝑣|𝑣||𝑣| +  𝑢(𝑌𝑢𝑣𝑓  + 𝑌𝑢𝑣𝑙))

𝐵 − 𝑊
− 𝑦𝐺𝑊 –  𝑚𝑧𝐺𝑢𝑟
𝑥𝐺𝑊 –  𝑚𝑧𝐺𝑣𝑟

− 𝑢(𝑌𝑟̇𝑟 + 𝑌𝑣̇𝑣 –  𝑚(𝑣 + 𝑥𝐺𝑟)) –  𝑣 (𝑁𝑣|𝑣||𝑣| – 𝑋𝑢̇𝑢 +  𝑢(𝑁𝑢𝑣𝑓  + 𝑁𝑢𝑣𝑙) +  𝑚(𝑢 – 𝑦𝐺𝑟))  −  𝑟(𝑁𝑢𝑟𝑓𝑢 + 𝑁𝑟|𝑟||𝑟|)]
 
 
 
 
 
 
 

 

𝑻𝑦𝑎𝑤 =

[
 
 
 
 
 

0
𝑌𝑢𝑢𝛿𝑟

𝑢2

0
0
0

𝑁𝑢𝑢𝛿𝑟
𝑢2

]
 
 
 
 
 

 

According to (6.2), the state equations is written as 

[
𝑣̇
𝑟̇
] = (𝑴𝑙𝑎𝑡

𝑇 𝑴𝑙𝑎𝑡)
−1𝑴𝑙𝑎𝑡

𝑇 (−𝒉𝑙𝑎𝑡) + ((𝑴𝑙𝑎𝑡
𝑇 𝑴𝑙𝑎𝑡)

−1𝑴𝑙𝑎𝑡
𝑇 𝑻𝑙𝑎𝑡)𝛿𝑟 (6.3) 

Since the calculations above include very long terms, the yaw equations is given in 

following form and values are calculated using MATLAB. 

[

𝑦̇

𝜓̇
𝑣̇
𝑟̇

] = [

𝑢𝑠𝑖𝑛(𝜓) + 𝑣𝑐𝑜𝑠(𝜓)
𝑟
𝑓𝑣
𝑓𝑟

] + [

0
0
𝑏𝑣

𝑏𝑟

] 𝛿𝑟  (6.4) 

where 

[
𝑓𝑣
𝑓𝑟

] = (𝑴𝑙𝑎𝑡
𝑇 𝑴𝑙𝑎𝑡)

−1𝑴𝑙𝑎𝑡
𝑇 (−𝒉𝑙𝑎𝑡) 

[
𝑏𝑣

𝑏𝑟
] = ((𝑴𝑙𝑎𝑡

𝑇 𝑴𝑙𝑎𝑡)
−1𝑴𝑙𝑎𝑡

𝑇 𝑻𝑙𝑎𝑡)  

Using the parameter values, which are the parameters of the REMUS vehicle in [25], 

the dynamics of horizontal plane is obtained.  

[
𝑓𝑣
𝑓𝑟

] = [
− 0.80243𝑣 −  20.0𝑣|𝑣| −  0.60456𝑟 −  0.32267𝑟|𝑟|
− 0.50996𝑟 −  11.359𝑟|𝑟| −  4.6135𝑣  −  5.0125𝑣|𝑣|

] and  

[
𝑏𝑣

𝑏𝑟
] = [

0.29728
− 1.6821

]  

Finally, the total dynamics of the horizontal plane is: 



61 

 

[

𝑦̇

𝜓̇
𝑣̇
𝑟̇

] = [

𝑢𝑠𝑖𝑛(𝜓) + 𝑣𝑐𝑜𝑠(𝜓)
𝑟

− 0.80243𝑣 −  20.0𝑣|𝑣| −  0.60456𝑟 −  0.32267𝑟|𝑟|
− 0.50996𝑟 −  11.359𝑟|𝑟| −  4.6135𝑣  −  5.0125𝑣|𝑣|

] + [

0
0

0.29728
− 1.6821

] 𝛿𝑟 (6.5) 

 Proportional Yaw Position Control Using Feedback Linearized Angular 

Velocity 

The control of yaw angle can be performed using cascaded position and velocity 

controllers [42],[47]. It is assumed that the linear velocity of the vehicle is stable while 

controlling the angular velocity of the AUV. State equations for the angular position 𝜓 

amd velocity 𝑟 can be written from (6.5). 

𝜓̇ = 𝑟 

𝑟̇ = − 0.50996𝑟 −  11.359𝑟|𝑟| −  4.6135𝑣  −  5.0125𝑣|𝑣| −  1.6821𝛿𝑟 = 𝑓𝑣 + 𝑏𝑣𝛿𝑟 

The velocity error between de desired velocity and feedback is defined as 𝑒𝑟 = 𝑟 − 𝑟𝑑. 

Differentiating the error and substituting into equation above yields:  

𝑒̇𝑟 = 𝑟̇ − 𝑟̇𝑑  

𝑒̇𝑟 + 𝑟̇𝑑 = 𝑓𝑟 + 𝑏𝑟𝛿𝑟 
(6.6) 

Rudder angle is chosen to obtain the error dynamics that goes to zero with time to infinity.  

𝛿𝑟 = (
1

𝑏𝑟
) (−𝑓𝑟 + 𝑟̇𝑑 − 𝐾𝑟𝑒𝑟) 

𝑒̇𝑟 + 𝐾𝑟𝑒𝑟 = 0 

(6.7) 

where 𝐾𝑟 is positive design parameter. 

The control rule in (6.7) will be used in the inner loop of the horizontal plane controller. 

Velocity command is created from the outer loop controller which is proportional position 

controller. The general block diagram for the cascaded position and velocity controllers 

is given below.  
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Figure 6.1 Cascaded heading position and velocity controllers 

 

Figure 6.2 Angular velocity tracking response around 𝑧 axis 
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Figure 6.3 Yaw position step response and corresponding rudder fin angle (𝜓𝑑 = 30°) 

Figure 6.2 shows that feedback linearized speed controller is successfully tracking the 

reference speed values. Proportional yaw position controller is added as outer loop and 

step response to the constant reference position value is given in Figure 6.3. These figures 

imply that cascaded position and velocity controllers are working successfully in order to 

control the yaw angle of the vehicle. 

 Single Input Multiple States (SIMS) Sliding Mode Control 

In heading control, single input multiple states (SIMS) sliding mode control defined in 

[21],[38],[46] is used. The nonlinear damping terms are neglected and following linear 

equations of motion in lateral plane are obtained from the (6.5). 

[
𝑣̇
𝑟̇
𝜓̇

] = [
− 0.80243 − 0.60456 0
− 4.6135 − 0.50996 0

0 1 0
] [

𝑣
𝑟
𝜓

] + [
0.29728
− 1.6821

0
] 𝛿𝑟 (6.8) 

The linear lateral system can be written as generalized linear system. 

𝒙̇ = 𝑨𝒙 + 𝑩𝑢 + 𝒇(𝒙) (6.9) 
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where  

𝐴 = [
− 0.80243 − 0.60456 0
− 4.6135 − 0.50996 0

0 1 0
] = [

𝐴11 𝐴12 0
𝐴21 𝐴22 0
0 1 0

] 

𝐵 = [
0.29728
− 1.6821

0
] = [

𝐵1

𝐵2

0
],  

𝒇(𝑥) is considered as a nonlinear function that describes the deviation from linearity in 

terms of disturbances and unmodelled dynamics [38]. 

The set of sliding surfaces based on state variable errors is defined. 

𝜎(𝒙̃) = 𝒉𝑇𝒙̃ (6.10) 

where 𝒙̃ = 𝒙 − 𝒙𝑑 is the tracking error and 𝒉 ∈ 𝑅𝑛 is a vector of known coefficients 

which are not arbitrary and calculated later. The control law for the heading control 

system is given below: 

𝑢 = 𝑢̂ + 𝑢̅ (6.11) 

where 𝑢̂ = −𝑲𝒙 and 𝑢̅ is the sliding controller. Substituting these inputs to (6.9) yields 

𝒙̇ = (𝑨 − 𝑩𝑲)𝒙 + 𝑩𝑢̅ + 𝒇(𝑥) = 𝑨𝑐𝒙 + 𝑩𝑢̅ + 𝑓(𝑥) (6.12) 

The gain vector 𝑲 can be calculated by pole placement specifying the closed loop state 

matrix 𝑨𝑐 [45]. The nonlinear part 𝑢̅ is selected as: 

𝑢̅ = (𝒉𝑇𝑩)−1 (𝒉𝑇𝒙̇𝑑 − 𝒉𝑇𝒇̂(𝒙) − 𝜂𝑠𝑔𝑛(𝜎)) , 𝜂 > 0 (6.13) 

where 𝐟(𝐱) is the estimate of 𝐟(𝐱). The vector of 𝐡 can be chosen as the right eigenvector 

of 𝐀c
T for the eigenvalue λ = 0. The sliding dynamics finally reduces to 

σ̇ = −ηsgn(σ) + 𝐡T𝐟;   𝐟 = 𝐟 − 𝐟 (6.14) 

The Lyapunov function candidate can be chosen as energy like function [46] and 

differentiation the Lyapunov function yields 

𝑉 = 0.5𝜎2 

𝑉̇ = 𝜎𝜎̇ = −𝜂|𝜎| + 𝜎ℎ𝑇𝑓 
(6.15) 

Selecting the 𝜂 according to condition 𝜂 > ||ℎ|| ⋅ ||𝑓|| ensures that 𝑉̇ ≤ 0 and 𝜎 

converges to zero in finite time. In implementation, 𝑠𝑔𝑛(𝜎) is replaced with 𝑡𝑎𝑛ℎ(𝜎/𝜙) 

in order to remove chattering and discontinuities [48],[49]. Here the parameter 𝜙 is called 
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the sliding surface boundary layer thickness.  Finally, the following control law for 

heading system is obtained: 

𝑢 =  −𝐾𝑥 + (𝒉𝑇𝑩)−1[𝒉𝑇𝒙̇𝑑 − 𝒉𝑇𝒇̂(𝒙) − 𝜂 𝑡𝑎𝑛ℎ(𝜎/𝜙)]  (6.16) 

The control system block diagram for heading subsystem is given in Figure 6.4. 

 

Figure 6.4 Heading Control System Block Diagram 

 

Figure 6.5 SIMS yaw position control step response and corresponding rudder fin angle, 

(𝜓𝑑 = 30°)  

Figure 6.5 shows the step response of the heading angle to constant reference position 

value. The single input multiple states sliding mode control has been successfully applied 

to the decoupled heading dynamics. 
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In Section 6.2, cascaded proportional yaw position and feedback linearized speed 

controllers have been performed. The obtained results show that vehicle has reached to 

the reference values. The implementation of controllers and finding the controller 

parameters are easy if the parameters are known.  

Single Input Multiple States (SIMS) sliding mode controller has been designed in Section 

6.3. The sliding mode controller is more difficult to implement compared to previous 

controller. Controller parameters can be found using simulation results and/or 

optimization methods similar to the previous sections’ controllers. The most important 

property of the sliding mode controller is robustness with respect to parametric 

uncertainties and disturbances. 

Figure 6.6 shows the comparison between cascaded and sliding mode heading control of 

AUV. The vehicle’s surge velocity 𝑢0 has been changed from 1.54 m/s to 2.5 m/s and 

unmodelled dynamics 𝑓(𝑥) has been added to the system input as 0.2 sin((0.2𝜋)𝑡). 

 

Figure 6.6 Comparison between Cascaded and Sliding Mode Heading Control of AUV  
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It is inferred from the figure that the system has better performance with sliding mode 

controller after changing parameters and adding disturbance. The sliding mode controller, 

in other words, is said to be more robust with respect to parametric uncertainties and 

disturbances as mentioned before.   
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CHAPTER 7 

6-DOF SIMULATION WITH DECOUPLED CONTROLLERS 

In previous chapters, the 6-DOF equations of motion have been obtained and different 

decoupled controller have been designed and implemented separately. It is expected that 

the vehicle shows similar behavior when decoupled controllers are applied to the 6-DOF 

dynamics at the same time.  

In this chapter, 6-DOF model in (3.75) is implemented using MATLAB/Simulink and 

decoupled controllers are applied to the system simultaneously. The block diagram 

including decoupled controllers for the 6-DOF AUV in Figure 7.1 shows the inputs and 

outputs of the vehicle and controllers. 

 

Figure 7.1 6-DOF block diagram including decoupled controllers  

In previous chapters, many controllers have been designed and implemented. Table 7.1 

shows the selected controllers that are used in 6-DOF simulation. 
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Table 7.1 Selected Decoupled Controllers 

Decoupled System Control Method 

Surge Motion Feedback Linearization 

Roll Motion Backstepping Control 

Depth Motion Nonlinear Switched Control 

Heading Motion SIMS Sliding Mode Control 

The reference speed of the vehicle is constant value which is 𝑢 = 1.54 𝑚/𝑠. The roll 

motion controller is used to make the roll angle and velocity zero. Other reference values 

for depth and heading angles are given in Table 7.2. 

Table 7.2 Reference Values For Depth And Heading Angle 

Time Range (s) Depth (m) Heading Angle (deg) 

0-10 0 0 

10-40 5 0 

40-100 5 60 

100-140 5 -30 

140-180 1 0 

Using the controllers and reference values given in Table 7.1 and Table 7.2, following 

system responses are obtained from the 6-DOF simulation.  

 

Figure 7.2 Forward speed response in 6-DOF simulation  
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Figure 7.3 Roll position response in 6-DOF simulation  

 

Figure 7.4 Heading angle response in 6-DOF simulation  
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Figure 7.5 Depth position response in 6-DOF simulation  

 

Figure 7.6 6-DOF motion of AUV  
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Initial conditions are set to the zero for all states in the simulation. Simulation results 

shows that the system has successfully reached the reference values in forward speed, roll 

position and velocity, depth position and heading angle. When the heading angle changes, 

the vehicle starts moving around x-axis and then the roll controller makes the roll position 

and velocity zero in a short time. These results also imply that the equation decoupling is 

an applicable method in order to design and implement separate controllers for AUVs.  
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CHAPTER 8 

CONCLUSION AND FUTURE WORK 

In this study, decoupled control design for dynamically modeled AUVs has been 

examined. The dynamic equations are decoupled in order to control speed, roll, depth and 

heading motion of the vehicle. Linear proportional control and feedback linearization 

methods are used to control the forward speed. The roll effect is not neglected here and 

backstepping method is applied to stabilize the roll motion. The depth of the vehicle is 

controlled using cascaded proportional and proportional-derivate control and nonlinear 

switched control. Single input multiple states (SIMS) sliding mode control and cascaded 

position and velocity controllers are designed to reach the desired heading angle. 

Simulation results obtained by MATLAB/Simulink environment have been reported in 

the corresponding sections. The simulation results show that designing independent 

controllers for decoupled systems gives successful results.  

After designing decoupled controllers, the 6-DOF AUV model is simulated by applying 

the controllers simultaneously. The obtained results show that the vehicle can reach the 

desired values using decoupled controllers in forward speed, roll motion, depth position 

and heading angle. It is also verified that decoupling of equations is an applicable 

approach in order to design and analyze controllers for the 6-DOF AUVs.  

Adaptive and intelligent controllers will be designed and implemented in the next study 

since the hydrodynamic coefficients are difficult to calculate and measure. State 

estimators will also be proposed in order to obtain unmeasured states of the vehicle and 

disturbances due to the subsea environment. 

The output of this study is planned to be used in TORK system, an anti-torpedo torpedo 

system developed by ASELSAN Inc., Turkey.  
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