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STEERABLE FILTER IN FREQUENCY DOMAIN  

WITH ROSE CURVE 

ABSTRACT 

 

Feature extraction in image processing area is a vital part for further processes in this 

area. Feature extraction from images is mainly conducted by the filters both in spatial 

domain and frequency domain. Finding suitable, especially when directional features are 

in question, in spatial domain is a difficult task. However, feature extraction in frequency 

domain is more flexible since directions are more obvious in this area. For feature 

extraction in frequency domain, several methods have been proposed and actively been 

in use image processing area. One of these methods is Contourlet Transform which does 

not offer easy direction selectivity. In other words, directions are constant in Contourlet 

Transform. Another widely used method is 2D Gabor Filter. Although 2D Gabor Filter 

has flexibility in direction selection, the method suffers from large number of parameters 

to decide. 

In this thesis study, a novel filter for feature extraction in frequency domain using Rose 

Curve has been proposed. One of the most important properties of the proposed method 

is angle selectivity. Easiness for the direction selectivity has been achieved by this 

method. Another property of the proposed method is the number of parameters to decide. 

The proposed method has only three, easily adjustable parameters. The proposed method 

has been evaluated on the facial expression classification problem and higher results in 

terms of different metrics than some of the state of the arts methods in the literature were 

obtained. 

Keywords: Frequency domain, filter, Rose Curve, feature extraction 
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FREKANS BÖLGESİNDE GÜL EĞRİSİ İLE 

YÖNLENDİRİLEBİLİR FİLTRE 

ÖZ 

 

Görüntü işleme alanında dijital görüntüden özellik çıkarma söz konusu alan için çok 

önemli bir adımdır. Dijital görüntüden özellik çıkarmak hem uzamsal hem de frekans 

alanında filtrelerle gerçekleştirilir. Özellikle yön söz konusu olduğunda uzamsal alanda 

uygun filtreyi bulmak zor bir işlemdir. Ancak, frekans alanında öznitelik çıkarmak, yön 

kavramı daha belirgin olduğu için çok daha rahat bir alan sağlamasıdır. Frekans alanında 

görüntüden özellik çıkarmak için literatürde çok sayıda yöntem önerilmiştir. Bunlardan 

bir tanesi Contourlet Transfrom’dur. Ancak bu metot istenilen yönde kolayca özellik 

çıkarma özelliğinden yoksundur. Bir başka deyişle, Contourlet Transform’da yönler 

sabittir. Literatürde sıkça kullanılan diğer bir yöntem ise 2D Gabor Filtresi’dir. Söz 

konusu filtre frekans alanında yön seçme konusunda esnek olsa da bu metodun karar 

verilmesi gereken çok sayıda parametresi vardır. 

Bu tez çalışmasında, frekans alanında Gül Eğrisi kullanılarak öznitelik çıkaran yeni bir 

filtre geliştirilmiştir. Geliştirilen metodun en önemli özelliklerinden birisi yön seçimidir. 

Bu metotla, frekans alanında yön seçiminde kolaylık sağlanmıştır. Önerilen metodun 

diğer bir özelliği ise parametre sayısıdır. Önerilen metot sadece üç tane, kolayca 

ayarlanabilir parametreye sahiptir. Önerilen metot, yüzde duygu tanıma sınıflamasında 

denenmiş olup, literatürde önerilen bazı metotlardan daha üstün sonuçlar elde edilmiştir. 

Anahtar Kelimeler: Frekans bölgesi, filtre, Gül Eğrisi, öznitelik çıkarma 
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NOMENCLATURE 

Acronyms 

GLCM   Gray Level Co-occurrence Matrix 

CNN    Convolutional Neural Network 

CT    Contourler Transform 

GLT    Gray Level Texture 

WCT    Wavelet Coefficient Texture 

CCT    Contourlet Coefficient Texture 

PCT    Probabilistic Neural Network 

BC    Bayer Classifier 

IDLP    Ideal Low Pass Filter 

GLPF   Gaussian Low Pass Filter 

BLPF   Butterworth Low Pass Filter 

IDHPF   Ideal High Pass Filter 

GHPF   Gaussian High Pass Filter 

BHPF   Butterworth High Pass Filter 

IBPF    Ideal Band Pass Filter 

GBPF   Gaussian Band Pass Filter 

BBPF   Butterworth Band Pass Filter 

LFT    Lemniscate Filter Type 

FER    Facial Expression Recognition 

SVM    Support Vector Machine 
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CHAPTER 1 

INTRODUCTION 

Human eyes can easily interpret an image, or broadly speaking, a scene and derive a 

meaning from it. It is automatic, moreover, it is an unconscious process for both human 

eyes and human brain. However, due to rapid development of technology, computers 

begin to take role in understanding and interpreting images which is called computer 

vision. But this improvement in technology brings the problem of understanding of 

images for computers. To give a concrete example, human brain can understand a table 

from its specific shape. In general, properties of the table, is fixed and processed by human 

brain automatically. But when it comes to computer vision area, the table’s features must 

be extracted for the computer. Moreover, these features must be meaningful as much as 

possible such as type of the table, light that comes on to table etc. 

Todays, computer vision cover different areas from medical sector to agriculture 

problems. Advancing in software and hardware systems, many problems once required 

human power, sliding towards to automatized computer visions solutions. In general, 

extracted features are used in classification problems, such as detecting disease from an 

MRI images, face recognition, plant disease classification, by using machine learning 

algorithms. Features that are not meaningful for a computer will affect the classification 

results badly.   

1.1 Problem Definition and Literature Review 

Feature for an image can be described as information contained in it and these information 

for an image can vary from its color to its shape [1-2]. Moreover, there are other features 

which can be called as statistical features such as histogram of given image, and Gray-

Level-Cooccurrence-Matrix (GLCM) [3-4].  These features can be edges, lines, color, 

histogram or in general, information that gives overall description of an image. Main 

meaning of these properties of an image is the necessary part for an image to be 

understood in light of certain components (edges etc.). Therefore, these features must be 
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extracted from a given image, and be processed for later usage. This process is called 

feature extraction. Also, an image itself may contain lots of unnecessary data and these 

data can be reduced. Thus, another meaning for feature extraction can be given as, 

changing input into reduced version of it [1].  An example image and its different features 

given in Figure 1.1. 

 

(a) 

   

(b) (c) (d) 

Figure 1.1 An Example Lena Image (a) and Its Distinctive Features (b,c,d) 

 

As can be seen from the Figure 1.1, each part of the image (b,c,d) shows different 

characteristic feature of the image. 

 

Although, features like histogram and GLCM can contribute to feature extraction process, 

more features can be extracted based on the image shape. These feature extraction 

processes are generally based on filters which sometimes called masks [5]. By using filters 

edges etc. can be extracted visually. These methods can give more concrete features than 
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statistical features and can be found in literature broadly [6-8]. But these filters work in 

spatial domain and are slow processes [5]. Moreover, when extracting a feature that lie in 

a certain direction, extracting that feature requires suitable filter (mask) which can be 

difficult to construct in spatial domain. In addition, these filters have lack of 

parametrization in the process of filter creation. 

 

Feature extraction process has been eased by when Convolutional Neural Network (CNN) 

was proposed [9-10]. CNNs have shown its power in image processing for feature 

extraction processes [11]. Since CNNs operate by convolving [2] input images with lots 

of filters, which the filters are learned by the network, directional edges etc. are extracted 

by filters eventually.  Although CNNs are powerful for feature extractors, also it has some 

drawbacks and solutions of these drawbacks are an active area of research [12-14].   

 

Directional feature extraction in image processing is another active research area. Finding 

features at desired angle, can enhance the feature extraction process. Since in spatial 

domain, obtaining desired directional feature is hard, and CNNs have lots of parameters 

to be optimized, studies have focused on finding directional features on Frequency 

Domain which is a representation of an image in Fourier Domain [5].  

 

Finding directional features in frequency domain are simpler than in spatial domain or 

CNNs since frequency domain plane can be divided into horizontal and vertical when 

edges are concerned. And region between these two axes gives the angled edges or sharp 

transitions in an image. For these mentioned properties of frequency domain, different 

filters type has been proposed to extract directional features which can be called steerable 

filters. Since it is an active area of research many works of steerable filters and their 

optimizations in frequency domain can be found literature broadly [15-20].  

 

In [21], authors proposed a partition of frequency domain like shape of a checkerboard. 

Authors used directional filter bank proposed by [19] and further enhanced it for direction 

selectivity. Authors changed directions proposed by [19] into mini-squares which lie at 
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different angles, however angles selected by the user cover only small squares thus lots 

of filters must be prepared. 

 

In [22], authors proposed cascaded directional filter bank for vessel detection. Authors 

divide frequency partition in 3 stages; however, they use partitioning technique proposed 

by [19]. In each stage, authors partition frequency plane differently. Since proposed 

technique is not different from the method in [19], angle selectivity is still constrained. In 

[23], authors add direction selectivity property to normal wavelet transforms. However 

proposed method is mathematically complex and there are some constraints mentioned 

by the authors. 

 

In [24], authors mentioned that before applying normal directional partition in frequency 

domain, DC component must be removed. Thus, authors proposed different versions of 

usual directional partition of the frequency domain proposed by [19]. Authors changed 

number of directions (normally 8 subbands is considered) in their work to 6 directional 

subbands. However, partition of the frequency domain is not different from the work in 

[19]. 

 

Authors in [25] reduced the complexity of directional filters in their work, however 

partition logic is still the same as before. In [26], authors proposed a derivative of usual 

directional partition of the frequency domain. Main idea of the proposed technique is 

passing results of wavelet filters through a filter bank. Purpose of this process is to 

enhance the wavelet results. However, since authors uses the usual partition of directional 

filter bank, desired features lie at different angles cannot be enhanced easily.  

 

Usual partition proposed by [19] does not cover fully both horizontal and vertical portions 

of frequency domain. To solve this problem, authors in [27] proposed a new directional 

partition of frequency domain. Work in mentioned study increases the number of 

directions and by doing this, their method fully covers the horizontal and vertical portions 
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of the frequency domain. However, same problem holds which is limited number of 

directions. 

 

In general partition of frequency domain is conducted in 2D, however in [28], authors 

enhanced usual partition of frequency domain to 3D (authors mentioned their method 

works in when dimension is bigger than 2) domain. 

 

Further studies concerning steerable filter in frequency domain also proposed different 

versions for partitioning of the frequency domain [29-30]. In general, proposed filter have 

lack of parameter selection and they are not easily modifiable. These filters’ type is 

generally diamond shaped, called wedge (Figure 1.2), and covers only the certain parts of 

frequency domain and, when steering is in question, steering ability of these filters are 

limited. 

 

 

Figure 1.2 Example Division of Frequency Domain 

 

One popular version of steerable filters is Contourlet Transform (CT) [31]. It was 

proposed in 2005 as an extension of Wavelet Transform [32]. Contourlet Transform 

overcomes the problem of directionality in Wavelet Transform. Wavelet Transform 

extracts feature only horizontally, vertically and diagonally in an image. However, 
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Contourlet Transform divides frequency plane into many more directions. This flexibility 

of Contourlet Transform has been used in many applications in literature. As its field of 

usage varies, i.e., CT finds its usage in classification [33-45], image fusion [46 – 54], 

image reconstruction [55-56], denoising [57-64], image retrieval [65], watermark 

detector-embedding [66-68]. 

 

To give specific examples about how CT is used for feature extraction, in [69], authors 

diagnose liver tumors on CT images. Authors divide their automation system into three 

parts. First, authors automatically extract tumor using Alternative Fuzzy c-means 

(AFCM) clustering to extract the tumor. Second stage of the automation process is feature 

extraction process which contains Gray Level Texture (GLT) Features, Wavelet 

Coefficient Texture (WCT) and Contourlet Coefficient Texture (CCT). Then authors 

extract different sub features from these features. Finally, extracted features fed into 

Probabilistic Neural Network (PNN). In [70], authors classify textures using CT. Authors 

used three level decomposition of CT and extract coefficients, in other words, features. 

Then differences between these features are calculated for the defect detection. And these 

differences were fed into Bayes Classifier (BC) for classification. 

 

However, CT only extracts certain parts of frequency domain, and works in the literature 

rely on certain feature extraction patterns (4 subbands, 8 subbands etc.). In addition, CT 

has no flexibility when parameters are in question. Thus, this brings the parameter 

selection problem for CT since there are no certain rules for selecting parameters in CT. 

Another issue for CT is that only one direction can be selected in one filter. 

 

Another popular steerable filter used in literature is 2D Gabor Filter [71]. This filter is 

very popular since it can capture edges and lines of a given image. Generally, to extract 

different features from a given image, a filter bank is constructed with different parameter 

values of 2D Gabor Filter. The most important property of 2D Gabor Filter is the selection 

of angle. By selecting desired angle, a steerable filter can be prepared. In general, process 

of feature extraction is similar to CT. Firstly, a set of filters are prepared using 2D Gabor 
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Filter parameters, then these prepared filters are applied to the image and features are 

extracted. Then these features are generally fed into a machine learning algorithm. Like 

CT, 2D Gabor Filter has been used in the literature broadly [72-81] and finds its usage for 

classification problems.  

 

In [82], authors used 2D Gabor Filter and Adaboost Classifier to classify the facial 

expressions. However, as authors mentioned, 40 different filters are prepared with 8 

directions and 5 scales. Authors also employed another algorithm to select the 

discriminative features of the prepared feature vector. However, parameters of 2D Gabor 

Filter were needed to be decided and lots of filter was prepared in this work. 

 

In [83], another work that uses 2D Gabor Filter is presented. Authors prepared 40 different 

filters with different parameters. Authors divided the face images into four parts (two eye 

parts, one mouth and one lip) and filtered this part with the prepared filters. Again, lots of 

filters had to be prepared and although Principal Component Analysis (PCA) was used, 

feature vector dimension was relatively high. Study in [84], focuses only lips and eyes 

after filtering faces with 40 different 2D Gabor Filter. After filtering process, eyes part 

and lips part are extracted, and LBP was used for further feature extraction process. 

 

Although 2D Gabor Filter works in spatial domain, this filter also has a response in 

frequency domain. Each prepared filter corresponds certain part of frequency domain, 

since only certain part covered, lots of filters must be prepared. Moreover, filter 

preparation process in 2D Gabor Filter is a complex process since 2D Gabor Filter has 6 

parameters to be decided by the user. And each parameter has its own restriction. As 

number of filters increase, complexity of the work increases.  
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1.2 Aim of the Thesis 

By taking into considerations these limitations mentioned in section 1.1, a filter which is 

fully modifiable, use less parameters than the proposed methods in the literature, 

constraint free in direction selection is to be a great contribution to this area. Thus, in this 

thesis, this kind of filter is proposed using Rose Curve. 

Also, selection of more than one direction by this proposed filter would ease feature 

extraction process. Finally, combination of different filters with this proposed steerable 

filter also could be a great contribution to the literature. 

 

The proposed filter is a new filter in the literature and was used in a facial expression 

classification problem in this thesis, and results of the experiments were compared with 

the existing solutions in the literature. 

 

1.3 Structure of the Thesis 

The paper is organized in the following manner: Chapter 2 presents Fourier Transform 

and filtering technique in Fourier Transform. Chapter 3 gives details about CT and 2D 

Gabor Filter. Chapter 4 presents the proposed method for steerable filter in frequency 

domain using Rose Curve. In chapter 5 Rose Curve filter is used on the classification of 

facial expression based on CK48+ dataset and gives experimental results which surpasses 

some of the state-of-art methods. Chapter 6 draws conclusions reached from study. 

Finally, Chapter 6 discuses about the presented study and future works. 
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CHAPTER 2  

DIGITAL IMAGE PROCESSING AND 

FOURIER DOMAIN FILTERING 

2.1 Image Definition 

By using some analogy, one can define the image as a scene captured by a human eye or 

a camera. After capturing the scene, the captured scene must be transformed to some data 

structure, mainly to a matrix. This process is called image digitization. Image digitization 

means that the image function ( , )f x y  is sampled and turned into a matrix which has M

rows and N columns. An integer is assigned to each pixel in the coordinate of ( , )f x y  

which is called image quantization. Quality of the sampling and quantization determines 

the image resolution. Although sound simple, quantization can be a problem when image 

processing is in question. If insufficient brightness level in quantization process is used, 

image quality drops significantly. In other terms, quantization can be thought as bit-level 

of images. If 256 brightness level is used, image is called 8-bit image. That means that 

every pixel in the image has value between 0 – 255. 0 is black, and 255 is white. A sample 

image in x y−  plane is given in Figure 2.1. 
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Figure 2.1  Sample Image Coordinate System 

A digital image consists finite number of pixels, and each pixel has a location and value. 

As grayscale images have value between 0 – 255. colorful images have three difference 

channel namely red channel, green channel, and blue channel and it has value between 0-

255 for each channel. Combination of these three channels gives the colorful image. An 

example colorful image’s decomposition into three channels is given in Figure 2.2. 

 

Figure 2.2 Simple Decomposition of Colorful Image 

Colorful images are constructed as combination of values in each channel. To give an 

example when values of each channel is to be (255, 255, 255), resultant image will be 

white whereas black color will (0, 0, 0). 
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2.2 Image Filtering 

In general, images are not used directly in image processing. Thus, some further 

modifications are needed.  These modifications can be achieved by a filter. Filtering term 

originally used for frequency domain, which means passing or rejecting specific 

frequency coefficient of the given image. However, filtering process can be done also in 

spatial domain in image processing area. For both domains, filtering term yields to 

modification of image pixel values or frequency coefficients. Main purpose of the image 

filtering whether done in spatial domain or frequency domain is to extract valuable 

information, called feature, from the given image. Generally, a filter is defined by a kernel 

which is a square matrix that has odd size (3,5,7, etc.). In spatial domain, filtering can be 

achieved by a technique called convolution. A simple convolution process in spatial 

domain is given in Figure 2.3.  

 

 

Figure 2.3 Simple Filtering in Spatial Domain [85] 

Generally, filtering in spatial domain is slow and finding a proper mask for the desired 

process may be overwhelming. However, in frequency domain filtering can be done 

simply by multiplying the image in frequency domain by a kernel.  This method is faster 

than filtering in spatial domain, since in frequency domain, filtering is a simple 

multiplication. Next section will introduce the Fourier Domain in image processing area 

and mention fundamental filtering methods in this domain. 
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2.3 Fourier Transform 

In 1822, Joseph Fourier showed that any waveform can be represented as sum of sine and 

cosine functions and developed a transform which has been used since that time. In 

general, Fourier Transform transforms any waveform to its alternative form. Usage of 

Fourier Transform can be seen in many areas, some of them are signal and image 

processing and quantum mechanics [86]. Since images are considered in this context, 

Fourier Transform in image processing, particularly Discrete Fourier Transform (Eq 2.1), 

is considered.  

1 1 2 ( )

0 0

( , ) ( , )
ux vyM N i
M N

x y

F u v f x y e
− − − +

= =

=  (2.1) 

 

Where M  represents the row number, N  represents the column number. Images are 

generally represented in spatial domain, however another form of representation of 

images are in frequency domain. An example image of both spatial domain and Fourier 

domain is given in Figure 2.4.  

  

(a) (b) 

Figure 2.4 (a) Image in Spatial Domain, (b) Image in Fourier Domain 
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Some of the motivations that has given rise to use Fourier Transform in image processing 

is that, in spatial domain some of the image features are not visible, by transforming into 

frequency domain, these features can be extracted. Another motivation is filtering 

processing can be done faster in Fourier domain than in spatial domain. In spatial domain, 

x-y coordinates represent the intensity value (a real valued number) of the image. 

However, in frequency domain x-y value of the given image represents its frequency and 

amplitude. In this domain, x-y corresponds the frequency and its value correspond the 

amplitude. In other words, at each coordinate in frequency domain shows us how much 

the harmonic frequency component contributes to the image. When the transformation is 

applied, the given image is basically divided into two main parts, namely, high 

frequencies and low frequencies (See Figure 2.5). However, a strict line cannot be drawn 

between low frequencies and high frequencies in Fourier domain. In Figure 2.5, bigger 

circle radius means higher frequencies in Fourier domain. 

 

Figure 2.5 As Circle Gets Bigger Higher Frequencies Can be Obtained 

After filtering operation done in Fourier domain, by using Inverse Fourier Transform (Eq 

2.2), image can be recovered to spatial domain. 

1 1 2 ( )

0 0

1
( , ) ( , )

ux vyM N i
M N

u v

f x y F u v e
MN

− − +

= =

=   (2.2) 
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2.4 Frequency Domain Filtering Types 

Filtering in frequency domain is a very straight process. Image is transformed into Fourier 

domain, multiplied with a filter and the Inverse Fourier Transform is applied to image (Eq 

2.3).  

1( , ) Real{ [ ( , ) ( , )]}g x y F H u v F u v−=   (2.3) 

where 1F −  is the Inverse Fourier Transform, ( , )F u v  is the Fourier Transform of the 

given image, ( , )H u v  is the filtering function. In this equation ( , )F u v  and ( , )H u v  must 

have the same size. Also, in this equation ( , )H u v  must be symmetric about their origin 

which simplifies the operation.  

The main point of filtering is to decide which frequency band to pass and which frequency 

band to be suppressed. A filter can be characterized by three parameters in general: 

Distance function, Cut-off frequency, and band-with. 

Distance Function: If a transfer function is to be generated as distance of each element 

from the origin, distance in the transfer function is needed to be known. In transfer 

functions, the distance is generally denoted as ( , )D u v  or simply denoted as D . 

Cut - off Frequency: This parameter is to decide where (as a distance) a filter stops or 

allows to pass the frequency bands. It is denoted as 0D .  

Band – Width: This parameter can be used in band – reject or band – pass filters. It is a 

distance that deciding between lower and upper cutoff frequencies which are either 

rejected or passed. 

Filters in frequency domain can be divided into two parts, low pass filters which consist 

filters that allow low frequencies passing and high pass filters that allow high frequencies 

passing. Next two subsections will introduce these filtering types. 
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2.5 Low Pass Filters (Smoothing Filters) 

In Fourier domain, high frequencies correspond to sharp transitions, edges etc. Therefore, 

when a low pass filter is to be designed, high frequency components of the given image 

is attenuated, and low frequencies remain unchanged. This process brings out the general 

shape of the given image since and edges and sharp transitions are attenuated. 

2.5.1 Ideal Low Pass Filter (Smoothing Filter) 

 

This filter type is the most common and most simple filter type. The ideal low pass filter 

(IDLPF) attenuates all frequencies higher than the cut-off frequency 0D . Typical formula 

of the IDLPF is given in Equation 2.4. 

0

0

1 ( , )
( , )

0 ( , )

if D u v D
H u v

if D u v D


= 



  (2.4) 

where 0D  is the cut off frequency ( , )D u v  is the distance function. ( , )D u v  for an image 

which has a size of 𝑀 𝑥 𝑁 can be described as; 

2 2( , ) ( ) ( )
2 2

M N
D u v u v= − + −   (2.5) 

An IDLP is radially symmetric about the origin. An example of IDLP in frequency domain 

can be seen in Figure 2.6.  
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Figure 2.6 An Ideal Low Pass Filter – D0 = 60. 

In Figure 2.6 U  axis represents the vertical edges in spatial domain, and V  axis represents 

the horizontal axis in spatial domain. In other words, if frequencies along the U  axis is to 

be extracted, vertical edges in can be seen in spatial domain, however if frequencies along 

the V  axis, horizontal edges can be seen in spatial domain. 

Results of ideal low pass filter for different cut-off frequencies can be seen in Figure 2.7. 

Since high frequency components of the image is attenuated, the image is blurred. As cut-

off frequency becomes higher, more frequencies are allowed. Thus, image does not 

change dramatically. However, one main drawback of the ideal low pass filter is ringing 

effect [5]. This effect, results of sharp transition between border of the cut-off frequency. 

The effect can be more severe as 0D decreases.  
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(a) 

   

(b) (c) (d) 

Figure 2.7 (a) Original Lena Image (512x512). (b) D0 = 30 (c) D0 = 60 (d) D0 = 90 

When 0D  becomes larger, more frequency components of the image are passed, thus 

image is recovered almost perfectly. But when 0D  becomes smaller, less frequency 

components of the image are passed; thus, image is blurred. Figure 2.7 (a) shows the 

original, not filtered Lena image. Figure 2.7 (b) shows the Lena image filtered with low 

pass filter ( 0 30D =  ). Since radius is small, image was slightly distorted. However, as 

radius is getting bigger, distortion was reduced as can be seen in Figure 2.7 (c,d). 

2.5.2 Gaussian Low Pass Filter (Smoothing Filter) 

 

Gaussian Low Pass Filter (GLPF) is another important filter type in image processing 

area. Typical GLPF formula is given in Equation 2.6. 



18 
 
 

 
 

2 2
0( , ) /2

( , )
D u v D

H u v e
−

=  (2.6) 

where, like IDLP, 0D  controls the cut-off frequency. The most important property of 

GLPF is that the filter does not produce ringing effect in filtered image. Figure of GLPF 

in frequency domain is given in Figure 2.8 and results of GLPF for different cut-off 

frequencies is given in Figure 2.9 respectively. 

 

Figure 2.8 A Gaussian Low Pass Filter – D0 = 60 
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(a) 

   

(b) (c) (d) 

Figure 2.9 (a) Original Lena Image (512x512). (b) D0 = 30 (c) D0 = 60 (d) D0 = 90 

 

2.5.3 Butterworth Low Pass Filter (Smoothing Filter) 

Another commonly used filtering type is Butterworth Low Pass Filter (BLPF). This filter 

is similar to GLPF. Transfer function ( , )H u v  of Butterworth filter is given in Equation 

2.7. 

2

0

1
( , )

( , )
1

n
H u v

D u v

D

=
 

+  
 

 
(2.7) 
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where n  is the order of BLPF, 0D  is the cut-off frequency. This filter type differs from 

other low pass filter types in terms of parameter n . This parameter controls the filter’s 

behavior. As n  increases, the BLPF behaves like IDLP. Effect of the parameter n  for the 

BLPF can be seen in Figure 2.10. In Figure 2.10, each filter’s 0D  was selected as 60. Also 

results of BLPF for different cut-off frequencies (the parameter n  is constant) is given in 

Figure 2.11. 

   

         (a)          (b)          (c) 

Figure 2.10 BLPF Filter Behavior as n Changes ( 0D = 60 for all). (a) n = 2, (b) n = 4, (c) n = 8. 

As can be seen Figure 2.10, when order of the Butterworth is getting bigger, the filter 

behaves like IDLPF. In Figure 2.10 (a) the order was selected as 2, and the filter is similar 

to GHPF, however, in Figure 2.10 (c) the order was selected as 8, and the filter is more 

similar to IDLPF. 
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(a) 

   

(b) (c) (d) 

Figure 2.11 (a) Original Lena Image (512x512). (b) 0D = 30 - n  = 2 (c) 0D = 60 - n  = 2 (d) 0D = 90 - n  

= 2 

In Figure 2.11 (b,c,d), the order of the Butterworth filter was kept constant. However, 

radius was changed as 30, 60, 90. When the order selected as 2, the filter acts similar to 

GHPF as mentioned above.  

2.6 Sharpening Filters (High Pass Filters) 

Sharpening filters in frequency domain reveals the edges in the image. Thus, these types 

of filters are used to extract edges and sharp transitions. Similar to low pass filters, a high 

pass filter blocks out the certain frequency components and allows other frequency 

components passing. High pass filters are the inverse of low pass filters. In general, there 
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are three types of high pass filters in frequency domain. This section explains these filters, 

namely Ideal High Pass Filter (IDHPF), Gaussian High Pass Filter (GHPF) and 

Butterworth High Pass Filter (BHPF) 

2.6.1 Ideal High Pass Filter (Sharpening Filters) 

IDHPF is the inverse of an IDLPF, and its formula is given in Equation 2.8. 

( , ) 1 ( , )HP LPH u v H u v= −  (2.8) 

where ( , )LPH u v  is the same equation which was given in Equation 2.4. An IDHPF is 

given in Figure 2.12. 

 

Figure 2.12 - An Ideal High Pass Filter – 0D   = 60 

In Figure 2.13, results of IDHPF can be seen. All Ideal filter types, whether low pass or 

high pass suffer from ringing effect. This effect can be seen clearly (especially Figure 

2.13 (b)) as cut-off frequency decreases. 
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(a) 

   

(b) (c) (d) 

Figure 2.13 (a) Original Lena Image (512x512). (b) D0 = 30 (c) D0 = 60 (d) D0 = 90 

As can be seen from the Figure 2.13, sharper edges can be extracted as radius increases. 

In Figure 2.13 (b), since radius is small relative to Figure 2.13 (c, d) more frequencies was 

allowed. Thus, general edges of the Lena image were extracted. However, as radius is 

getting bigger (Figure 2.13 (d)), sharper edges was extracted. 

2.6.2 Gaussian High Pass Filter (Sharpening Filters)  

Transfer function of GHPF is given in Equation 2.9. 

( , ) 1 ( , )GHPF GLPFH u v H u v= −  (2.9) 
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where ( , )GLPFH u v  is the equation given in Equation 2.7. GHPF does not suffer from 

ringing effect as mentioned in section 2.5.2. An example GHPF is given in Figure 2.14. 

Also results of GHPF are given in Figure 2.15. 

 

Figure 2.14 A Gaussian High Pass Filter – D0 = 60 
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(a) 

   

(b) (c) (d) 

Figure 2.15 (a) Original Lena Image (512x512). (b) D0 = 30 (c) D0 = 60 (d) D0 = 90 

Main difference between IDHPF and GHPF is ringing effect. This effect can be seen in 

Figure 2.15 clearly. Especially Figure 2.15 (b) and Figure 2.13 (b) show the difference 

between these two filters. As radius is getting bigger, higher frequencies, sharper edges 

in spatial domain, can be extracted similar to IHPF. However, this time ringing effect is 

eliminated.  

2.6.3 Butterworth High Pass Filter (Sharpening Filters) 

Transfer function of BHPF is given in Equation 2.10. 

( , ) 1 ( , )BHPF BLPFH u v H u v= −  (2.10) 
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where ( , )BLPFH u v  is the equation given in Equation 2.6. An example GHPF is given in 

Figure 15. Also results of BHPF is given in Figure 2.16. 

   

(a) (b) (c) 

Figure 2.16 BHPF Filter Behavior as n Changes (D0= 60 for all). (a) n = 2, (b) n = 4, (c) n = 8. 
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(a) 

   

(b) (c) (d) 

Figure 2.17 (a) Original Lena Image (512x512). (b) D0 = 30 - n = 2 (c) D0 = 60 - n = 2 (d) D0 = 90 - n = 2 

As can be seen from the Figure 2.17, BHPF behaves like GHPF when the order is small. 

In Figure 2.17 (a) radius was selected as 30 and general edges were extracted. However, 

as radius is getting bigger sharper edges can be extracted. 

2.7 Band Pass Filters 

Filters have been discussed until now, work over entire frequency domain. However, 

some applications may need some parts of the frequency domain to be passed and some 

parts of the frequency domain not to be passed. These filters are called band-pass filters. 

Band-pass filters can be divided into three groups namely, Ideal Band Pass Filters (IBPF), 

Gaussian (GBPF) and Butterworth (BBPF). 
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2.7.1 Ideal Band Pass Filters 

Ideal band-pass filter acts like IDHPF and IDLPF filters. Only difference is that this filter 

passes frequency at certain range, other frequencies are attenuated. IBPF’s formula is 

given in Equation 2.11. An example of IBPF and its result is given in Figure 2.18 and 

Figure 2.19 respectively. 

0 00 if ( , )
( , ) 2 2

1 otherwise

W W
D D u v D

H u v


−   +

= 



 (2.11) 

where, 0D  is the cut-off frequency W  is the width of the band. 

 

Figure 2.18 An Ideal Band Pass Filter. W = 45, D0 = 60 

  



29 
 
 

 
 

 

(a) 

   

(b) (c) (d) 

Figure 2.19 (a) Original Lena Image (512x512). (b) D0 = 60 - W = 15. (c) D0 = 60 - W = 30. (d) D0 = 60 - 

W = 45. 

2.7.2 Gaussian Band Pass Filters 

GBPF’s formula is given in Equation 2.12. Example of GPBF and its results for different 

values for 0D  and W is given in Figure 2.20. 

2
2 2

0( , )

( , )
( , ) 1

D u v D

D u v W
H u v e

 −
− 
  = −  

(2.12) 
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Figure 2.20 A Gaussian Band Pass Filter. W = 45, D0 = 60 
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(a) 

   

(b) (c) (d) 

Figure 2.21 (a) Original Lena Image (512x512). (b) D0 = 60 - W = 15. (c) D0 = 60 - W = 30. (d) D0 = 60 - 

W = 45. 
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2.7.3 Butterworth Band Pass Filters 

BBPF’s formula is given in Equation 2.13, where n  is the order of Butterworth Filter. 

Example of BBPF and its results applied on Lena image are given in Figure 2.22 and 

Figure 2.23 respectively. 

2

2 2

0

1
( , )

( , )
1

( , )

n
H u v

D u v W

D u v D

=
 

+  
− 

 
(2.13) 

 

   

(a) (b) (c) 

Figure 2.22 BBPF Filter Behavior as n Changes (D0= 60 for all). (a) n = 2, (b) n = 4, (c) n = 8. 

  



33 
 
 

 
 

 

(a) 

   

(b) (c) (d) 

Figure 2.23 (a) Original Lena Image (512x512) (n=2 for All). (b) D0 = 60 - W = 15. (c) D0 = 60 - W = 30

 (d) D0 = 60 - W = 45. 
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2.8 Comments on Presented Filters 

Filters which have been presented in this section can find its place in the literature 

differently. Low pass filters can be used to detect visual saliency [87], band pass filters 

can be used in image denoising [88] and high pass filters [89] can be used for feature 

extraction. However, all filters presented in this section do not have direction selectivity. 

Filters in this section span all angles in frequency domain because of their shape. Only 

parameter can be controlled for low pass and high pass filters is cut-off frequency. For 

band-pass filters, cut-off frequency and band width can be controlled. In some 

applications, extracting certain directions in frequency domain is important and this 

ability of any filter provides user to extract any directional information desired, not the 

whole information.  

For these reasons, works that have been conducted for extracting directional information 

in frequency domain has been presented. Next section mentions two of the most used filter 

types for extraction directional information namely 2D Gabor Filter and Contourlet 

Transform. 
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CHAPTER 3  

STEERABLE FILTERS 

Typically, steerable filters can be defined as the filters that are able to extract directional 

edges in an image. Historically, [90] showed that in spatial domain steering property can 

be achieved by manipulating Gaussian filter. However, this filter was conducted on spatial 

domain, and for each direction, a derivative of Gaussian function is needed. 

Another proposed method for a steerable filter works in frequency domain proposed by 

[19]. Proposed method is based on partition of frequency domain in each direction. 

Methods mentioned in the Introduction section mainly was about this partition technique. 

In this section of the thesis, two of the most used methods in the literature for steerable 

filters is mentioned. First, 2D Gabor Filter is presented which works on both spatial 

domain and frequency domain. Another method which is mentioned in this section is 

Contourlet Transform proposed by [31]. The method basically relies on partition 

technique proposed by [19]. Main difference proposed by the authors is a high pass 

property placed on middle of the frequency domain to extract high frequencies. 

3.1 2D Gabor Filters 

2D Gabor Filter proposed by Daugman [71] in 1980 on top of 1D Gabor function. This 

filter type is a product of Gaussian function which is elliptic and complex exponential 

function which represents sinusoidal plane. 2D Gabor Filter can be defined as: 

2 2

2 2

1

2 2
( , , , ) .x y

x y

j fx
g x y f e e

 


  

 
 − +
  =  

(3.1) 

where f is the frequency of the sinusoidal plane,   is the orientation of the Gabor Filter. 

x  is the sharpness along x  axis and 
y  is the sharpness along the y  axis. Finally, x  

and y  can be defined as: 
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cos( ) sin( )x x y  = +   (3.2) 

sin( ) cos( )y x y  = − +   (3.3) 

 

Most applications use real part of Equation 3.1. Thus, formula of the 2D Gabor Filter 

becomes: 

2 2

2 2

1

2
( , , , ) .cos(2 )x y

x y

g x y f e fx

 

 

 

 
 − +
  =  

(3.4) 

Another common formula which used in this thesis is given in Equation 3.5. 

2 2

2
( , ; , , , , ) exp exp 2

2

ı ı ıx y x
g x y i


      

 

    +
= − +    

    
 (3.5) 

where   is the wavelength of the sinusoidal,   is the orientation,   is the phase offset, 

  is the standard deviation of the Gaussian envelope, and lastly   determines the 

ellipticity of the Gabor Function. ıx  and 
ıy  are the same as Equation 3.2 and 3.3 

respectively. Gabor Filter normally works in spatial domain, which means a convolution 

process is applied to an image that is being filtered. But each Gabor Filter that is prepared 

using the parameters has equivalent frequency domain response. A simple 2D Gabor 

Filter’s response in each domain is given in Figure 3.1. 
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(a) (b) 

Figure 3.1 2D Gabor Filter Example. (a) Spatial Domain, (b) Frequency Domain  

Parameters:λ=10, θ=π, ψ=0, σ=8.0, γ=0.5 

Since thesis’s main domain is frequency domain, from Figure 3.1, it can be easily deduced 

that, more than one filter must be prepared to cover all areas of the frequency domain. 

And for each filter 6 different parameters must be decided. As a result, a filter bank can 

be constructed. An example of filter bank constructed with 2D Gabor Filter in frequency 

domain is given in Figure 3.2. 

 

Figure 3.2 A 2D Gabor Filter Bank Example  

Parameters: λ=10, θ=(π,π/2,π/3,π/4) ψ=0, σ=8.0, γ=0.5, ksize=512x512 
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When 2D Gabor Filter Bank is considered (Figure 3.2), it is not possible to capture whole 

frequencies lies at certain angle. Thus, lots of filter must be prepared. This process may 

not be feasible always. An example of filtered image with the filter bank given in Figure 

3.2 is given in Figure 3.3. 

 

(a) 

    

(b) (c) (d) (e) 
Figure 3.3 Results of 2D Gabor Filter Bank. (a) Original Image. (b) (c) (d) (e) Results  

Parameters: λ=10, θ=(π(a),π/2(b),π/3(c),π/4(d)) ψ=0, σ=8.0, γ=0.5, ksize=32x32 

Figure 3.3 gives some insights about 2D Gabor Filter. Since the filter does not fully covers 

frequency domain, filtered images are lack of full description. For example, in Figure 3.2 

(b) horizontal features of Lena image is extracted. However, due to the mentioned 

problem above, not all horizontal features were extracted. These problems can be said for 

all other three images (Figure 3.2 (c,d,e)). For these reasons all parameters of 2D Gabor 

Filter must be decided carefully to extract decent features from the given image. 



39 
 
 

 
 

Beside mentioned issues, 2D Gabor Filter has some limitations when deciding parameters 

[74]. As expected, θ should be between 0 and 2π. In general, λ is set to be bigger than 2. 

ψ must be between -π and π. Aspect ratio γ must be between 0 and 1. 

3.2 Contourlet Transform 

Contourlet Transform is basically based on frequency partition technique proposed by 

[19]. Schema proposed by the authors is given in Figure 3.4.  

 

Figure 3.4 Directional Filter Bank [90] 

However original partition technique in [19] does not have a high pass property. Authors 

[31] combined with high direction selectivity with simple high pass (a square placed on 

middle of frequency domain) filter.  

Two versions of Contourlet Transform can be found in the literature. One of them is 

original Contourlet Transform which uses Laplacian Pyramid technique proposed by [91]. 

Main idea of this technique is given in Figure 3.5 and can be summarized as follows: 

1. First, image is filtered by two filters type (High Pass Filter and Low Pass Filter). 

2. Then high passed image fed into the directional filter bank. 

3. Directional sub bands are obtained. 
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4. Low pass filtered image is again filtered by High Pass Filter and Low Pass Filter 

(Laplacian Pyramid). 

5. This process can continue according to user need. 

 

Figure 3.5 Contourlet Transform Schema Using Simple Directional Filter Bank 

Another version of the Contourlet Transform is called as Non-Subsampled Contourlet 

Transform [92]. Although main schema stays the same, authors discard the sampling 

process (Laplacian Pyramid).  

An example of frequency plane division (4) is given in Figure 3.6. Results of these 4 

subbands are given in Figure 3.7. High pass is selected as 60. 
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Figure 3.6 Frequency Domain Divided into 4 Directional Subbands 

 

(a) 

    

(b) (c) (d) (e) 
Figure 3.7 Results of Subbands. (a) 1st Subband, (b) 2nd Subband, (c) 3rd Subband, (d) 4th Subband 
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As can be seen from Figure 3.7, Contourlet Transform can extract directional features. 

However, directionality is limited. For example, in Figure 3.7 (a) almost no visuality is 

achieved. In addition, still some of the features contained in an image are still not visible 

although more features can be extracted from the frequency domain. To give one more 

example, frequency plane is divided into eight subbands and its results are given Figure 

3.8. 

 

(a) 

    

(b) (c) (d) (e) 

    

(f) (g) (h) (i) 

Figure 3.8 Results for Eight Subbands. (b) 1st (c) 2nd (d) 3rd (e) 4th (f) 5th (g)6th (h)7th (i)8th 

As can be seen from Figure 3.8 each subband extracts different feature from the original 

image. However, when using Contourlet Transform schema, features are bounded with 
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directions meaning that directions cannot be changed freely.  Thus, selecting desired angle 

is not possible. Moreover, as subbands become narrower, feature that is extracted will 

differ. But when angles are in concern, stability is important, and if the filter shape does 

not change at every angle, more robust features can be extracted.  

In this section, Laplacian Pyramid was not used, only main logic of the Contourlet 

Transform is considered. Frequency plane can be divided as many directions as user need. 

Although directions number can be flexible, as number of directions increases coverage 

area of a direction becomes narrower. Another issue concerning this method, partitions 

does not fully cover certain part of frequency domain.  

3.3 Comments on Steerable Filters 

Steerable filters are important in image processing literature since they are able to extract 

features lies at certain angle which contribute to feature extracting process. Also, it 

decreases the workload in feature extraction process.  

In this section, two of the most used steerable filters in image processing literature is 

described. One of them 2D Gabor Filter. This filter has been broadly used in the literature. 

However, 2D Gabor Filter can be regarded weak in some aspects. One weakness of 2D 

Gabor Filter is that it has a lot of parameters to consider. There are 6 parameters to decide. 

Each parameter has its own affect in the prepared filter. Another problem regarding 2D 

Gabor Filter is coverage area in frequency domain. The filter covers only certain parts of 

the frequency domain, thus lots of filters must be prepared beforehand. Considering these 

issues, preparing a filter bank in 2D Gabor Filter is a complex and overwhelming process. 

Another steerable filter in frequency domain and mentioned in this section is Contourlet 

Transform. Different from 2D Gabor Filter, Contourlet Transform does not have lots of 

parameter. The method simply divides frequency plane according to shape of a wedge. 

Only two parameters can be selected which are direction and a high pass size. However, 

full control cannot be achieved since the division of frequency plane is constant. 
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However, more flexible, and more user-friendly filter can be constructed. If the 

constructed filter can be easily controlled by an angle (not direction as in Contourlet 

Transform) and a desired high pass type can be changed freely, this could be a great 

contribution to the literature. For these properties in mind, next section introduces this 

type of filter. Proposed method uses Lemniscate version of Rose Curve in frequency 

domain for feature extraction process. Next section deeply analyses proposed method. 
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CHAPTER 4 

PROPOSED METHOD 

In previous chapter, two different methods namely 2D Gabor Filter and Contourlet 

Transform were mentioned.  

In 2D Gabor Filter, there are lots of parameters to decide. Each parameter set gives 

different features of the given image. This brings the problem of parameter selection. 

Also, there is not a general way of selecting filter parameters. Second important thing 

about 2D Gabor Filter, in frequency domain Gabor Filter that are specified by a set of 

parameters extracts only certain frequencies. For other frequencies another filter must be 

prepared. Although 2D Gabor Filter is a powerful filter type, these two drawbacks of 2D 

Gabor Filter make it hard to manage. 

In Contourlet Transform two issues can be mentioned. First issue is that, since Contourlet 

Transform divides frequency domain into some number of sub bands, feature extraction 

process will inevitably be bounded by the number of directions. Another thing about 

Contourlet Transform is that it needs same certain steps for feature extraction. In each 

step, image is filtered twice, by one low pass and one high pass filter. High passed image 

is fed to directional filter banks and features will be extracted and low passed image, 

which will have been down sampled, again will be high passed and fed into directional 

filter bank. This process can continue as long as necessary which sometimes can be 

tiresome. 

For these reasons, a new method is proposed for feature extraction. The proposed method 

works in frequency domain and uses a sinusoid called Rose Curve. The method has 

advantage of having lesser parameters than mentioned methods and it has the ability to 

steer, which means features can be extracted using any angle. 
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4.1 Rose Curve 

Rose curves which are also called Rhodonea (Grandi Rose, Multifolium) named after 

Italian mathematician Guido Grandi. They were named as Rose Curve(s) because these 

graphs look like roses. Rose Curve(s)’s formula has the following form: 

cos( )A a n=  (4.1) 

where, a  gives the pedal length of the Rose Curve and n  will give number of leaf. 

Example Rose Curve is given in Figure 4.1. When n  is odd Rose Curve has odd leaves, 

when n  is even, Rose Curve has even leaves. 

 

Figure 4.1 An Example Rose Curve. n=4, a=2. 

As can be seen in the Figure 4.1, Rose Curve is symmetric with respect to origin. This 

property of the Rose Curve can be used in frequency domain for feature extraction 

process. However, although different Rose Curves can be constructed by changing the 

parameter n , proposed method will focus on only one version of Rose Curve, namely 

Lemniscate. Next section introduces the Lemniscate version of Rose Curve. 
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4.2 Lemniscate 

One version of Rose Curve is called Lemniscate, which has two leaves symmetric around 

the origin. A typical Lemnicate formula is given in Equation 4.2 and shape the equation 

yields is given in Figure 4.2. 

2 2 cos(2 )A a =  (4.2) 

 

Figure 4.2 An Example of Lemniscate. α=256. 

Inspecting the shape more closely can reveal some important property about Lemniscate. 

Figure 4.2 was drawn in polar coordinates which coordinates are corresponds the angles. 

And Lemniscate shape could fully cover the horizontal line in Figure 4.2. Also, due to the 

shape of Lemniscate, its coverage angle can be maximum 45°. As symmetry property is a 

must in frequency domain for filtering, Lemniscate is a suitable candidate filter type to be 

used in frequency domain. However, there is one missing parameter for Lemniscate to 

gain steering property. This property can be achieved by adding a simple parameter. Thus, 

final, modified formula of Lemniscate is given in Equation 4.3. 

2 2 cos(2 2 )A a  = +  (4.3) 
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where 2  gives the modified Lemniscate to rotate freely in polar coordinate system. a  

and 2  parts stay the same. By placing desired angle into  , we can obtained a 

Lemniscate rotated in the desired angle (  ). Figures obtained by modified Lemniscate 

formula is given in Figure 4.3. 

   

(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

   

(j) (k) (l) 

Figure 4.3 Lemniscate Figures with Modified Lemniscate Formula. Angles (β) are between 0°-165° with 

15° increase respectively. α=256. 



49 
 
 

 
 

If closely inspected, every angle (  ) covers the desired angle fully. However, due to shape 

of the Lemniscate, between -45° and +45° areas also covered partly by Lemniscate. But 

main points stand, rotation property can be obtained by only one parameter  . 

4.3 Lemniscate in Frequency Domain 

Drawing Lemniscate in polar coordinates is easy. However, to draw Lemniscate in 

frequency domain requires slight modification in angle ( ) in the Equation 4.3. In polar 

coordinate system,  is given by the user. However, in frequency domain this process 

must be automatic. Thus, using inverse tan  function   angle can be obtained. The 

formula is given in Equation 4.4. 

1tan
v

u
 −  
=  

 
 (4.4) 

Where u  and v is the frequency domain indexes. By using this technique, desired 

Lemniscate shape can be drawn in frequency domain. Final formula can be given as in 

Equation 4.5. 

2 2 1cos 2 tan 2
v

A a
u

−   
= +   

   

 (4.5) 

where a  and   are same parameters as given in Equation 4.3. A simple Lemniscate shape 

drawn in frequency domain is given in Figure 4.4. In Figure 4.4 a pseudo matrix is used 

as frequency domain. 
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Figure 4.4 An Example Lemniscate in Frequency Domain 

Since we have obtained the steering property, this property also can be applied to 

Lemniscate in frequency domain. 4 different angled Lemniscate figures in frequency 

domain are given in Figure 4.5. From now on, Lemniscate Filter Type (LFT) abbreviation 

will be used as proposed method. 
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(a) (b) 

  

(c) (d) 

Figure 4.5 Rotated Lemniscates in Frequency Domain. (a)β=0°, (b)β=45°, (c)β=90°, (d)β=135° 

As all desired properties are achieved, Lemniscate can be used as filter in frequency 

domain. However, using Lemniscate simply in frequency domain as filter yields 

unwanted results. Since original Lemniscate shape does not suppress frequencies lie at 

the middle of the frequency domain, resultant image filtered with Lemniscate shape do 

not contain any meaningful feature. This phenomenon is given in Figure 4.6. 
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(a) 

  

(b) (c) 

Figure 4.6 Original Lena Image (512x512). (b) Lemniscate Filter Type in Frequency Domain, (c) 

Resultant Image Filtered with (b) 

As can be seen in Figure 4.6, resultant image (Figure 4.6(c)) does not contain any 

meaningful feature to be used in later processes. LFT will not produce any usable feature 

if used like this. Thus, to extract features lie at different angles, LFT must be used with a 

high pass filter mentioned in Section 2. In the light of such information, main mechanism 

of LFT can be summarized as follows: 

a) Image is filtered with a high pass filter ( 0D is the parameter) 

b) Then, the image is filtered with LFT ( - generally half the size of image width or 

height - and  (between 0°-180°) are the parameters) 
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c) Finally, a new filter is constructed with three simple parameters. Next 3 sections 

will describe results, problems, solutions to these problems of LFT when using it 

with different high pass filter types. 

4.4 LFT With Ideal High Pass Filter 

LFT can be used with IHPF mentioned in Section 2. Image is firstly filtered with IHPF 

and strong edges can be extracted in all directions. The image is filtered with LFT further 

to extract desired angled edges. LFT with IDHPF’s result is given in Figure 4.7. 

 

(a) 

   

(b) (c) (d) 

Figure 4.7 An Example of LFT with IHPF. (a) Original Lena Image (512x512), (b) IHPF (D0=60), 

(c)LFT (α=256, β=90), (d) Resultant Image. 

As can be seen from Figure 4.7 proposed technique can extract features lie at 90° in 

frequency domain. Also, due to the shape of the Lemniscate, features that are not strictly 

lie at 90° could be extracted. However, due to the rotation when converting spatial domain 

to frequency domain, we can extract vertical features of the given image. In fact, features 

that are intuitively vertical, lie at 90°. Main idea as shown in Figure 4.7, works as intended. 
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To show the steering property of the LFT, a simple circle is used in experiment shown in 

Figure 4.8, and as in Figure 4.3, LFT is rotated between 0° and 180° with increase by 15°. 

And the circle is filtered with each LFT and results are shown in Figure 4.9. 

 

Figure 4.8 A Simple Circle With Radius 120. 

   

(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 
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(j) (k) (l) 

Figure 4.9 Results of Circle Features Filtered with LFT on 12 Different Angles. βs are between 0° and 

180° 

As can be seen Figure 4.9, edges lie at all angles in the circle Figure 4.8 were extracted 

with LFT. However, as mentioned in section 2, IDHPF suffers from ringing effect since 

transition area in IDHPF is sharp. This effect can be seen from the image Figure 4.7 (d). 

But to show more clearly, some part of Figure 4.7 (d) is enhanced, and ringing effect is 

shown in Figure 4.10. 

 

 

(a) (b) 

Figure 4.10 Ringing Effect in IHPF with LFT. 

Ringing effect is an effect that is not desired in image processing area. With IHPF, 

proposed method suffers from ringing effect twice. Because both transitions’ (ideal high 

pass transition and LFT transition) areas are sharp. Some methods have been proposed 

but, since proposed filter’s original idea cannot change, simply changing high pass filter 

from IDHPF to Gaussian (GHPF) will solve the ringing problem. This solution will only 

solve the high pass’s ringing problem but changing transition areas in LFT also to 
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Gaussian will solve the ringing problem in general. Next section proposes different 

version of the proposed method with Gaussian version of both high pass filter and LFT. 

4.5 LFT With Gaussian High Pass Filter 

LFT can be used with GHPF mentioned in Section 2. The procedure is the same: Image 

is firstly filtered with GHPF and strong edges can be extracted in all directions. Then 

image is filtered with LFT. This time transitions are not sharp but has Gaussian shape 

transition. LFT with GHPF’s result is given in Figure 4.11. 

 

(a) 

   

(b) (c) (d) 

Figure 4.11 An Example of LFT with GHPF. (a) Original Lena Image (512x512), (b) GHPF (D0=60), 

(c)LFT (α=256, β=90, Band Pass Radius=60), (d) Resultant Image. 

As can be seen From Figure 4.11 (c), LFT’s transition area is now Gaussian and ringing 

effect problem is now solved greatly by combining LFT with GBPF. Since we use GBPF 

is used, band pass radius in GPBF must be selected. Since it will increase the parameter 
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in LFT, we simply choose same value as 0D in GHPF, which is 60. To show the difference 

between LFT with IHPF and GHPF, results are shown side by side in Figure 4.12. 

  

(a) (b) 

  

(c) (d) 

Figure 4.12 Ringing Effect Reduced by LFT combined with GBPF. (a) LFT with IHPF. (b) LFT with 

GBPF. (c) An Example Enhanced Part of (a). (d) An Example Enhanced Part of (d).  

Results shown in Figure 4.12, indicate that when LFT is combined with Gaussian, ringing 

effect is greatly reduced. Ringing effect is usually done by smoothing the filter by 

Gaussian filter in the literature, which smooths the whole filter. However, in the proposed 

method, only edges of the Lemniscate filter are smoothed.  Steering property of LFT with 

GBPF is shown with simple circle (Figure 4.8) is shown in Figure 4.13. 
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(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

   

(j) (k) (l) 

Figure 4.13 Results of Circle Features Filtered with LFT with GBPF on 12 Different Angles. βs are 

between 0° and 180°. 
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Also, for all images in Figure 4.13, ringing effect are greatly reduced by GBPF. Finally, 

another version of LFT can be devised using BHPF and BBPF. Next section introduces 

third version of LFT.  

4.6 LFT With Butterworth High Pass Filter 

Final version of LFT is a version combined with both BHPF and BBPF. Similar to 

previous section, the image first filtered with BHPF then filtered with LFT. Similar to 

GBPF, BBPF also needs a parameter 0D . To not to increase the number of parameters, 

BBPF’s 0D  is selected as same as BHPF’s 0D . However, in Butterworth Filter, there is a 

parameter cannot be avoided, the parameter n  that controls the order of the filter. When 

using the LFT with Butterworth, this extra parameter must be considered. This parameter, 

as other parameters, is at user pleasure. Result of LFT with BHPF and BBPF is given in 

Figure 4.14. 

 

(a) 

   

(b) (c) (d) 

Figure 4.14 An Example of LFT with IHPF. (a) Original Lena Image (512x512), (b) BHPF (D0=60), 

(c)LFT (α=256, β=90, n=2, Band Pass Radius = 60), (d) Resultant Image. 



60 
 
 

 
 

As in section 4.4 and 4.5, circle is filtered with BHPF then LFT with BBPF and its results 

are given in Figure 4.15. 

   

(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

   

(j) (k) (l) 

Figure 4.15 Results of Circle Features Filtered with LFT with BBPF on 12 Different Angles. βs are 

between 0° and 180°. 
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4.7 Comments on LFT 

In this section, a fully steerable filter performs in frequency domain is proposed. 

Furthermore, three different types of the proposed filter type are introduced. Also, this 

filter type is superior to filters mentioned in Section 3 in some respects. 

Firstly, proposed filter has less parameters than 2D Gabor Filters. The proposed filter type 

has only 3 parameters. One parameter, a high pass radius ( 0D ) selected by the user 

according the type of high pass filter (Ideal High Pass, Gaussian High Pass, Butterworth 

High Pass). Second parameter is the angle parameter (  ) to control the angle. This   

parameter is the original contribution to Lemniscate formula which enables it to rotate 

freely. The parameter   should be between 0° - 180°. Since proposed filter type symmetric 

around the origin, mentioned angles are sufficient to extract features lie at any angle in 

frequency domain. 

Secondly, the proposed filter overcomes the angle problem in Contourlet Transform. 

Contourlet Transform does not have the full control over the frequency domain. Thus, 

frequency domain is divided into constant wedges. However, with the proposed filter user 

can easily manipulate the   parameter for angles in frequency domain. 

Although main idea of the proposed filter is angle property, one other important property 

is length of the Lemniscate ( ). In all examples,  was kept constant which is half size 

of the image. In proposed filter type mentioned parameter can be used like in the examples 

given in this thesis.  

However, by manipulating other parameter, 0D , different features lie at any angle can be 

extracted. By keeping   parameter half size of the given image, one can change 0D as 

needed. For example, if 0D  becomes bigger each time, higher frequencies at desired angle 

can be extracted. Next section will give full examples about this procedure. 

Until now, the proposed method only sample images. However, to show the capability on 

the datasets that publicly available and has been studied in the literature is still needed. 
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Next section will be about the Facial Expression Recognition (FER) classification using 

proposed method. 
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CHAPTER 5  

EXPERIMENTAL RESULTS AND 

DISCUSSION 

Previous chapter, the proposed method was evaluated visually. To evaluate the 

performance of the LFT, the proposed filter was used in a classification problem. For the 

classification problem, facial expression classification is selected. This problem has been 

studied on the literature widely and different approaches have been proposed. Simply, a 

facial expression is the feeling which emerges on a human face. A facial expression can 

be divided into seven different categories [93]. 

These expressions are: 

• Anger 

• Disgust 

• Fear 

• Happiness 

• Sadness 

• Surprise 

• Neutrality 

Classification of these expressions by image processing techniques is an active research 

area and generally can be divided into two categories. 

First category which is outside of the scope of this thesis is classification of facial 

expressions with CNNs [94,95]. However, CNNs extract feature without user intervention 

and suffers from high number of parameters. Second category is classification of facial 

expressions by using hand-crafted features extracted from the faces, then feeding these 

hand-crafted features into any classification algorithm [96-98]. However, when using this 
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technique, deciding of a feature that represent the expression good enough is a problem, 

furthermore, deciding parameters for hand crafted feature extraction method is another 

problem. 

However, simplicity of the proposed method can be used in this classification problem. it 

was hypothesized that FER classification can be simplified by LFT. Dataset for FER 

classification was selected CK+48 since it is publicly available. 

5.1 Dataset (CK+48) 

The CK+48 dataset contains 7 different facial emotions. There are two versions of this 

set, CK and CK+48. However, CK+48 is a more descriptive dataset. An example for each 

emotion is given in Figure 5.1. Also, the number of images in each category is given in 

Table 5.1. 

 
(a)  

   
(b) (c) (d) 

   
(e) (f) (g) 

Figure 5.1 Examples of Facial Expressions. (a) Anger, (b) Contempt, (c) Disgust, (d) Fear, (e) Happy, (f) 

Sadness, (g) Surprise 
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Table 5.1 Number of Images in Each Category 

Category Number of Images 

Anger 135 

Contempt 54 

Disgust 177 

Fear 75 

Happy 207 

Sadness 84 

Surprise 249 

 

Table 5.1 shows the number of images in each category. Since each category contains 

different number of images, 54 images in each category randomly selected for the 

experiments to forestall the bias.  

As can be seen in Figure 5.1 each expression has particular pattern. Furthermore, if the 

images are closely examined, it can be easily seen that main features of an expression 

surface in a face can be divided into two parts, namely eyes and lips. To show this 

hypothesize, each face in Figure 5.1 is divided into two parts which are given in Figure 

5.2. 
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(a)  

   

(b) (c) (d) 

   

(e) (f) (g) 

Figure 5.2 The Most Distinguishable Parts in Facial Expressions. (a) Anger, (b) Contempt, (c) Disgust, 

(d) Fear, (e) Happy, (f) Sadness, (g) Surprise 

Also, again, if closely examined, all mentioned features in Figure 5.2. appear in certain 

angle, namely horizontal (90°) (Upward direction according to coordinate system 

considered as 0°). As the proposed filter has flexibility in angle selection, the boxed 

regions can be easily extracted in frequency domain. The forthcoming section explains 

the method in feature extraction. 

5.2 Feature Extraction Method 

As mentioned, features that make major contribution in facial expression is generally eyes 

and the lips. In other saying, extracting features from these parts can successfully 

represent the main expression arise in the face. These mentioned features could be 

extracted by the filter given in Figure 5.3. 
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Figure 5.3 Proposed Filter Rotation in Frequency Domain to Extract Features 

Before beginning the feature extraction process, all images in the dataset are resized into 

64x64. For the LFT parameters, length of one side of the leaf ( ) was selected as 32. To 

reduce the ringing effect problem, LFT was used with GBPF. As a high pass radius, LFT 

was used with three different high pass radius sizes (35,45,55).  

Reason of using high pass filters with different radiuses was to extract more distinctive 

features from the images which main reason of this procedure will be given shortly. In 

general, for feature extraction process, there are only three filters that are shown in Figure 

5.4. 
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(a) (b) (c) 

   

(d) (e) (f) 

Figure 5.4 Prepared Filters. (a) GHPF (D0=35), (b) GHPF (D0=45), (c) GHPF (D0=55) (d,e,f) LFT with 

α=32. 

First, the images in the dataset were filtered with GHPF shown in Figure 5.4 (a), further, 

the images were filtered with LFT also shown in Figure 5.4 (b). Same procedure was 

applied again for Figure 5.4 (b)-(d). These filter types were named as Type-I, Type-II, 

Type-III respectively. An example of features extracted from each expression is given in 

Figure 5.5. 
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(a)  

   

(b) (c) (d) 

   

(e) (f) (g) 

Figure 5.5 Features Extracted with the Proposed Method. (a) Anger, (b) Contempt, (c) Disgust, (d) Fear, 

(e) Happy, (f) Sadness, (g) Surprise. 

Main reason of using three different high pass filter with different high pass radiuses was 

to extract more robust features, since as the radius gets bigger, higher frequencies (sharper 

edges in spatial domain) can be extracted. This hypothesis can be seen in Figure 5.6. 

   

(a) (b) (c) 

Figure 5.6 Effect of High Pass Radius. Emotion is Anger. (a) D0=35, (b) D0=45, (c) D0=55. 
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Horizontal features of the images in the dataset successfully were extracted. Since the 

proposed filter has curved shape of the proposed filter, these curved features (especially 

eyebrows) can be extracted. One can successfully differentiate one expression from 

another. However, to automatically detect these expressions, the features must be fed into 

a machine learning algorithm and quantitatively analyzed. Before feeding these features 

into machine learning algorithms, the images are flattened, normalized, and fed into the 

algorithms. Since the images are 64x64, filtered images are also 64x64, thus flattened 

feature vector has a size of 4096. 

5.3 Experimental Results 

 

Selected machine learning algorithm was Support Vector Machine (SVM) [99] with linear 

kernel. SVM is a supervised machine learning algorithm means that labelled data are fed 

into algorithm beforehand. It is used in diverse applications such as intrusion detection, 

medical classification, spam-mail classification etc. The algorithm basically divides 

points of data with the largest possible amount of margin. A simple SVM figure is given 

in Figure 5.7.  

 

Figure 5.7 - A Simple SVM Working Logic [100] 

The experiment was also validated by using Stratified K-Fold Cross Validation. The 

overall set was divided into 10-folds, and at each run 1-fold was removed for testing and 
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other 9 were used in training. Stratified K-Fold Cross Validation schema is given in Figure 

5.8. 

 

Figure 5.8 - A Simple 10-Folds Cross Validation [101] 

Average accuracy (Eq. 5.1) result of 10-folds cross validation was presented as a result. 

Average precision (Eq. 5.2), average recall (Eq. 5.3), and average F1 Score (Eq. 5.4) were 

calculated for the algorithm. 
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TP, TN, FP and FN denote the number of true positives, false positives, true negatives, 

and false negatives respectively. For all experiments Python language and Python’s 

sklearn library were used. Results for the SVM algorithm is given in Table 5.2. 

Table 5.2 Results for the Proposed Method 

Filter(s) Used Results 

Type I 

Average Accuracy %71.42 

Average Precision %70.47 

Average Recall %71.42 

Average F Measure %68.47 

Type I & Type II 

Average Accuracy %97.85 

Average Precision %97.38 

Average Recall %97.33 

Average F Measure %97.85 

Type I & Type II & Type III 

Average Accuracy %97.14 

Average Precision %98.09 

Average Recall %97.14 

Average F Measure %96.95 

 

As can be seen from the Table 5.2, the proposed method achieved good performance for 

all metrics. For the Type I, results suggest that SVM algorithm did not separate the 

emotion classes successfully. This can be because of the lack of enough data for the 

algorithm to perform successfully. All four metrics for Type I resulted around %70 which 

was not enough for a successful classification. However, for the Type II, we can see that 

an acceptable accuracy for the experiment was achieved. This means that the SVM 

algorithm had enough data to discriminate the classes successfully. All metrics for Type 

I & Type II resulted around %97 which was enough for a successful classification. 

For the final type (Type I & Type II & Type III), results suggest that proposed mechanism 

reached its highest accuracy. If examined closely, the result of last two combinations of 

the Types do not differ significantly. Moreover, it can be stated that second version (Type 

I& Type II) of the proposed mechanism achieved better results than third version (Type I 

& Type II & Type III). This indicates that only two filters are sufficient for the SVM to 

correctly classify the facial expressions. 
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Due to the stochastic nature of the SVM algorithm, its exact behavior cannot be foreseen, 

however experiments showed that all metrics has not been gone under %95 when more 

than one type was combined.  

The proposed method’s result was also compared some of the recent works in the 

literature. As mentioned before proposed method uses hand crafted features, which is 

different from CNN logic. Thus, studies that were compared only use hand crafted 

features. Study that was published in 2019 [102] achieved accuracy of %94.42. Similar to 

this thesis, results were presented as average of 10-fold cross validation. However, authors 

did not mention about precision, recall and F1 metrics in their works. Also, authors 

applied different preprocessing techniques on the images for their experiments. However, 

results indicate that the proposed feature extraction method with the proposed filter 

surpassed the mentioned study. 

Another study [103] which did experiment in the same dataset combined 2D Gabor Filter 

and Local Binary Pattern (LBP) and achieved %95.45 with SVM linear kernel. The 

proposed method also surpassed the mentioned study. Comparisons of the mentioned 

studies with the current one is given in Table 5.3. 

Table 5.3 Comparison of Studies in Terms of Recognition Rates 

Methods Recognition Rate 

[102] %94.42 

[103] %95.45 

Current Method (Type I-II-III) %97.14 

 

Main distinction between proposed method and methods mentioned in those papers [102-

103] can be divided into two. First distinction is that the filter which was proposed. The 

proposed filter showed that, feature from any angle in frequency domain can be 

successfully, and more important, extracted easily. To the best of our knowledge, this 

flexibility is a new property when frequency domain is in concern.  
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Another distinction is using only three filters, acceptable percentages for all metrics were 

achieved. This shows that, proposed filter can extract meaningful features and can be used 

for further processes.   
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CHAPTER 6  

CONCLUSION 

Feature extraction in image processing is the most important part for any application in 

computer vision. Thus, feature extractions methods that are both simple and flexible are 

also important. These methods can be divided into two. One of them is feature extraction 

in spatial domain, another one in feature extraction in frequency domain. In spatial 

domain, extraction of a feature lies in certain direction is hard and complex process. 

However, in frequency domain, directional features extraction is easier. Proposed 

methods for feature extraction in frequency domain either are generally have myriad 

number of parameters or does not have flexible in angle selection. 

In this thesis, a novel feature extraction method in frequency domain is proposed. The 

method has been inspired by certain shape called Lemniscate, a version of Rose Curve. 

Process of feature extraction with Lemniscate is twofold. First, image in frequency 

domain is filtered with desired high pass type (Ideal, Gaussian or Butterworth), then the 

image is filtered with Lemniscate shape with desired angle. Thus, proposed filter has only 

two parameters. The length of the Lemniscate is remained constant in this thesis and 

selected as half of the given image. However, if length of the lemniscate is considered as 

a parameter, the proposed method will have only three fully customizable parameters.  

The proposed filter was tested on a Facial Expression classification problem using 

publicly available dataset CK+48. For algorithms, three different machine learning 

algorithms was selected. Results obtained from the experiment suggested that the 

proposed filter is achieved reasonable results. Also, results were compared to some of the 

recent studies, results also suggested that results in this thesis surpassed the studies 

mentioned. 
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For future studies, following contributions can be made for further improvements: 

• Since the proposed filter has small number of parameters, it can be combined with 

a genetic algorithm for optimization of the parameters. Thus, selection of 

parameters can be decided automatically. 

• Although, features that are extracted from the images can be fed into machine 

learning algorithms, this feature extraction process also can be regarded as pre-

processing. Thus, images that are filtered with the proposed method can be fed 

into a CNN network to increase the performance of the CNN structure. 
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