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ABSTRACT

EFFECT OF RANDOM STRUCTURAL VARIATIONS ON THE
OPTICAL PROPERTIES OF HONEYCOMB PHOTONIC CRYSTALS

Periodic dielectric structures called photonic crystals(PhCs) are being used in
various sensors and devices. Since PhCs are designed to operate within certain frequency
ranges, accuracy in structure becomes important. During the manufacturing process, ran-
dom errors in geometry can be encountered. Two types of errors come to the forefront,
surface roughness and positional randomness. Once the periodic structure becomes im-
perfect due to random errors, calculations for the desired frequency ranges must be per-
formed using supercells. In this thesis, effect of surface roughness and positional ran-
domness on photonic density of states are investigated for both TM and TE modes in

two-dimensional honeycomb photonic crystals.
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OZET

RASTGELE YAPISAL VARYASYONLARIN BAL PETEGI FOTONIK
KRISTALLERIN OPTIK OZELLIKLERI UZERINE ETKISI

Fotonik kristaller ad1 verilen periyodik dielektirik yapilar cesitli sensor ve ci-
hazlarda kullanilmaktadirlar. Fotonik kristaller belirli frekans araliklarinda ¢alisacak g
ekilde tasarlandiklarinda, yapilarindaki dogruluk onemli hale gelir. Imalat islemi es-
nasinda geometride rastgele hatalarla karsilasilabilir. Yiizey piiriizliilligii ve konumsal
rastgelelik olmak iizere iki tiir hata on plana ¢ikmaktadir. Rastgele hatalar nedeniyle
yap1t tamamen asimetrik bir hale geldiginde, istenen frekans araliklar i¢in hesaplamalar
stiperhiicrelerde yapilmalidir. Bu tezde, iki boyutlu balpetegi fotonik kristalinde hem
TM hem de TE modlari icin yiizey piiriizliiliigii ve konumsal rastgeleligin fotonik durum

yogunlugu iizerindeki etkisi arastirilmistir.
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CHAPTER 1

INTRODUCTION

Only ten years ago, devices that can be called ”Sci-Fi Gadgets” became real things
thanks to dedicated scientists, engineers and massive investments of technology compa-
nies and visionary multibillionaires. Some of these devices can gather information and
share instantly. For an example, smart watches which have EKG(electrocardiogram) and
pulse oximetry features. Numerous kinds of sensors in biotechnology (Chu et al. (2020);
Yoo et al. (2021)), machine vision (Liu et al. (2021)) and arms industry (Cullen et al.
(2011)) areas are integrated into circuits and an era has changed. The semi-conductors
of light called photonic crystals(PhCs) cleared the way for many these sensors when the
topic is related to light. However, PhCs were being used by nature way before people
knew about them (Vigneron and Simonis (2012)).

PhCs are designed to operate in certain frequencies of light. The determinants of
them are mostly geometry and characteristics of the materials used. Easiest way to under-
stand behaviour of these frequencies is visualization them against Bloch vectors which
called photonic bandgap(PBG) diagrams.It all started with the paper of Yablonovitch
(Yablonovitch (1987)). The idea behind the PBG was preventing spontaneous emissions
using periodic dielectric structures and understanding how it works. Along with that,
John (John (1987)) studied strongly localization of EM waves in periodic dielectric mate-
rials. When intentionally constraining propagation of light becomes a real thing, interest
in PhCs skyrocketed.

While PhCs are used in such crucial areas intensely we can not ignore the effect
of randomly occurred structural erros. Even in nature, these errors result in interesting
consequences which are showed by the work of Mouchet et al. (2020). When surviv-
ability depends on camouflage, mother nature is the best designer of the PhCs. Nature
aside, these errors can be encountered during fabrication process. These errors are typi-
cally variations in the diameters or locations of holes, spheres, rods or thickness of slabs
etc. One can easily find good examples as TEM(Transmission Electron Microscopy) and

SEM(Scanning Electron Microscopy) images in the papers of Asif et al. (2011) Zhang



et al. (2020) and Kim et al. (2012) for different shapes of PhCs.

In any case, they directly affect the PBGs substantially. Feng et al. (2006) reported
the effect of rotational and surface erros on focusing two dimensional photonic crystal flat
lenses. Errors in a square lattice of dielectric rods Badreldin and Khalil (2006) showed
these kinds of errors do actually cause trouble. Effect of positional disorder in square
and triangular structures for both TM(Transverse Magnetic) and TE(Transverse Electric)
modes are shown by work of Meisels and Kuchar (2007). In one dimensional cases,
Soziier and Sevim (2005) and Kong et al. (2011) are good examples.

Among other prominent structures, two dimensional dielectric rods in a honey-
comb lattice is a fundamental case. In this thesis, what we have studied is the endurance
limits of complete photonic band-gaps(CPBG) and change in transmission against ran-
dom structural variations in two dimensional honeycomb PhCs of dielectric rods in air.
These variations are in the surfaces and locations of rods basically.

Calculating frequencies for all £ — points on the supercell is impossible due to
limited resources. As an effective method we used a reasonable number of random £ —
points. At that point, band structures become incoherent so we preferred to work on
density of states(DOS). Since we work in two-dimensional space, electromagnetic modes
can be separated into transverse-magnetic and transverse-electric modes. Investigating
DOS and transmission of both modes individually is an advantage to understand what

really happens to the CPBG.



CHAPTER 2

METHODOLOGY

In this work we used two open-source software packages, MPB(MIT Photonic
Bands) (Johnson and Joannopoulos (2001)) and MEEP(MIT Electromagnetic Equation
Propagation) (Oskooi et al. (2010)) . Band frequencies were calculated by MPB using the
method called plane wave expansion method. For transmission calculations, MEEP uses

the Finite Difference Time Domain (FDTD) method.

2.1. Plane Wave Expansion With H Method

Starting with microscopic Maxwell’s equations,

V-B=0 @2.1)
V-E=p/e 2.2)
OE
V xB= ,u(]J + an (23)
0B
VxE=——2" (2.4)

Here p is the charge density, ¢ is the permittivity of free space, J is the current density
and p is the permeability of free space. Additionally, we need to define the electric dis-

placement D, and magnetic field strength H as,

D =E +P = D(E) (2.5)

H = ;0B — M = H(B) (2.6)

where P is the electric polarization, and M is the magnetization. Then the microscopic



equations become macroscopic with these definitions.

V-B=0 2.7)
V-D=p, (2.8)
oD
H= it 2.
V x i+, (2.9)
OB
E=_—— 2.1
V x o (2.10)

Assuming light propagates through the linear, non-dispersive, non-lossy crystal while no
free charges and currents around so we can set p;y = 0, J; = 0, D = ¢oe(r)E and
B = pop(r)H. Also, e(r) and p(r) are allowed to vary in space.

Now, the equations 2.9 and 2.10 need to be rewritten using the assumptions above,

dD JE
\Y H_E_Eog(r)a (211)
0) ] OH
after dividing both sides of the equation 2.11 by £(r) and taking curl we have,
1 J(V xE)
— H) | =¢gp———= 2.1
V X (E(r)(v X )) S0 (2.13)
using the equation 2.12 for the equation 2.13
1 O*H
V x (@(V X H)) = —50;10”(1‘)@ (214)

equation 2.14 becomes

1 1 0*H



When H is a time and space dependent periodic function naturally. Writing it as

harmonic modes helps us to separate the time dependency.

H(r,t) = / N dwH(r, w)e ™! (2.16)

oo

Substituting it into the equation 2.15 we get,

w2

/dwem {v X <$(v X H(r,w))) — C—Q,u(r)H(r, w)} =0 (2.17)

In order for equation 2.17 to be true, expression in curly braces must be zero.

Now we need to deal with the periodic dielectric function £(r).
e(r)=c(r+R) =) e(r+R) (2.18)
R

where R is a lattice vector. Fourier basis of these functions which are in real space is

needed to be defined. The Fourier Transform of any periodic function in the form of

f(r) = f(r+R)is

fr)=>" f(G)e'ST (2.19)

G

The periodic dielectric function becomes

X(r) = > X(G)e'S™ (2.20)
G
p(r) =D p(G)e’r 2.21)



1

where x(r) = =) and G is the reciprocal lattice vector. Once more we write
£
H(r,w) = / dr'e™ TH(r', w) (2.22)

So the equation 2.17 becomes

V x [Z x(G)e'®TV x /dr’eirl'rH(r',w)]
¢ (2.23)

2
—_ C;}_Q Z,U(G)eiG.r/dl’leir/.rH(r,,w) -0
G

Note that, one needs to use the given vector identity then the curl of the integral is simple,

V x (fA) = f(V xA) — A x (Vf) (2.24)
V x / dr'e™ TH(r', w) = / dr'V x [e“’-rH(r',w)} (2.25)
= /dr’ir’ x H(r | w)e™ (2.26)

The integral over r’ is over the entire reciprocal space. We need to split reciprocal space

into chunks in order to work in first Brillouin zone.

/a” ) dr' f(r') = /Ce” dk Y f(k+G) (2.27)

G

Rewriting the equation 2.23

V x [(Z X(G/')eiG”~r> </ dk ) i(k+G') x H(k + G’,w)ez‘(km').r)]

GH G/
(2.28)

2
- L;J—Q 1(G")e' e </ dk) H(k+G, w)ei(k+G’>~r> -0
G/

G//



/dk Z Z X(GN)V X [Z(k + G,) x H(k + G, w)ei(kJrG’JrG”).r}
G’
(2.29)

(A)2 7 / i ’ 1 T
—zf</“§22)M}mm+cwwaH““))ZO

G/ G//

After the last curl operation,

/dkz Z 6z‘(k+G’+G”).r
G// G/
{X(G”)i(k +G' +G") x[i(k+G') x H(k + G',w)] (2.30)

w2
— LG H(K+Gw) b =0

UsingG' + G" =G
/dkzei(k+G)-r
€]
{Z X(G—G)(k+G) x [(k+G') x Hk + G',w)] (2.31)
G/
VS UG — G)HK+Gw) b —
+5 16— GH(k+ G w) 6 =0
G/
Using the equation 2.27 again
/drleir’r

{Z X(G — G)(k+G) x [(k+G) x Hk +G',w)] 2.32)

CU2 / /
+§%;M(G—G)H(k+G,w) } =0



Once again, the above equation only true when the statement in curly braces is zero,

> X6 -G)(k+G) x [(k+G) x Hk + G,w)]
° (2.33)

5 Y MG — G Gw) =0

And this is the H method, as an eigen value problem which is used by MPB. One need to

know that there is also a method called E method(Soziier et al. (1992)).
2.1.1. TM and TE Modes

In two dimensional cases, the eigenvalue problem can be separated into TM and
TE modes. MPB allows us to calculate the modes separately for fields H and E. One can

understand the separation of modes by Poynting’s theorem,

S = 11o(E x B) (2.34)

For example; if the propagation axis is z then the E field is in the zz plane and the H field
normal to the plane.

Photonic bands are just like energy bands in condensed matter physics. The fre-
quencies come from eigenvalue problem which are solved for unit cell £ — points in
first Brillouin zone. The band structure is a plot of frequency versus k — points and the

function w(k) is called dispersion relation.



PBG Structure for Unitcell of Honeycomb PhC
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Figure 2.1. The PBG of the perfect honeycomb PhC.

2.2. Finite Difference Time Domain Method

The simulations are performed by MEEP to get the transmissions. It uses FDTD
method(Taflove and Brodwin (1975); Taflove et al. (2013); Yee (1966)) so we need to
understand the rate of change of the fields due to time. The idea based on chaging the

infinitesimal differences(0x , Jy , 0z ,) to finite differences(Ax , Ay , Az).

oH = —LV x E

ot [o

(2.35)

OE 1

it H-—

at oe (V X Jsource)

OH, 1 (0E, OE,

ot pop \ 0z dy

0H, 1 (O0E, O0F,

= — 2.
ot Lot ( oz 0z ) (2-36)

OH, 1 (0E, O0E,
ot pop \ Oy Ox



0B, 1 (0H. OH,
ot £0E *

ot €0E

E 1 H H
OF, —(8*‘ aZ—Jy) (2.37)

g0 \ Ox y

OE. 1 <8Hy OH, )
_ —
ot €0E

Since we work in two dimensions which means our rods are infinite and uniform in z-

direction. Thus, partial derivatives with respect to z must vanish

0H, 1 0F,
ot pop Oy
oMy g 2.38
ot popOx (2.38)

ot e

ox dy

0B, 1 <8Hy OH, J)

Yee introduced a notation for the discretized space components (i, j, k) =

(iAx, jAy, k/Az) that we can define any function u in the Yee lattice (Yee (1966)).

u(ilz, jAy, kDz, nAt) =i ;4 (2.39)

Partial derivatives take the forms with respect to space and time as

0 u; e Uy

8—Z(iAa:, JAy, kAz, n/At) = /2 5 kA:c gk (2.40)
8 U;H_»l/Q N u?_.l/Q

8—?(2’&@ JAy, kAz, nAt) = 5, k 7 29, k (2.41)

where n is an integer number and At is the increment in time. Using these definitions

equations 2.38 becomes

10



1/2 —1/2
Hx|n+ / _Hx|n ! . 1 Ez|2j+1/27k_Ez|Zjil/2’k

i, 4, k Lk
At Hokbi, j4+1/2, k Ay
(2.42)
n+1/2 n—1/2 n n
Hyl; j,{c — Hy|;, j,éc — L Ez‘i+1/27 g, k _Ez‘i—l/z g, k
At [ofbi+1/2, j, k Az
n+1/2 n—1/2
EZ|i,j7{g _Ey|z',j,é; _ 1
At €0€i+1/2, j+1/2, k
(2.43)
Hyl?H/Q, ik Hy|?f1/2, gk Hw'?,jﬂ/z kT~ HJ»‘|Z i=1/2,k J.; ,
> Ay zli4+1/2, j41/2, k

These forms of equations help us to determine vector fields at any lattice point and at any

time.

2.2.1. Transmission

MEEP uses current sources in separable form in space and time as

J(x,1) = A(x) - f(?) (2.44)
A(x) = e0(x — Xp) (2.45)
ft) = (—iw)_lgexp (_m _252_ fo) ) (2.46)

is the Gaussian-pulse source used for calculation of transmission(e; : [ = 1,2, 3 unit
vectors). Incoming wave from the source strikes the PhC structure in the propagation
direction +z. The flux spectrum is calculated by a monitor called flux region which
collects the incoming fields at the end of the structure. There is also PML(Perfectly

Matched Layer)(Berenger (1994)) that absorbs EM waves without any reflection at the

11



boundaries of the computational cells.

reflections allowing us to use a relatively small cell and thus saves plenty of computational

sttt Monitor

time.

o % Py
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Figure 2.2. FDTD simulation cell for computation of transmission.

PML

Presence of the PML eliminates the effects of
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2.3. Supercell Method and Density of States

In the manufacturing process of PhCs, numerous errors in geometry, defects or
contaminations in dielectric materials may coexist randomly on the whole crystal. Under-
standing the effects of these random imperfections requires a bigger cell to work on rather
than one unit cell. At this point, the Supercell method must be used(Meade et al. (1991,
1993)). It is actually Plane Wave Expansion method but instead of unit cell, supercell is
periodic. It is a valid method for such calculations. MPB easily allows to switch between

the unit cell and the supercell.

Figure 2.3. A 2D supercell of a perfect honeycomb PhC with dimensions A, = 9a
and A, = 4a+/3. Radius of rods R = 0.24a with £4,. = 12. b; are the
positions of rods.

The derivation of €(G) for the supercell is needed to be defined. Starting with

e(r) = caior + (Eair — €aiet) D QUR = [r —17)]) (2.47)

13



where () is a step function. For the perfect structure we can write as

1 .
e(G) = Vo Sce(r)e—“c'f)dr (2.48)
J1(GR) [ TR?
= €4ie10G0 + (Eair — Edicl) Z 2cos(G - by) 1é, i ) (Vsc> (2.49)

and J; is Bessel function of the first kind. When randomness takes place dielectric func-

tion for supercell becomes

1

Vse Jsc

o JI(GR R?
= €die10Go + (Eair — Ediel) Z e léR ) (7‘;50) (2.51)

£(G) e(r)eC M r (2.50)

i

Once a totally asymmetric supercell is used, frequencies must be calculated for all £ —
points. However, it takes enormous amount of resources. Choosing reasonable number
of k — points randomly over the supercell is a valid method. In our case, we used one
hundered k — points. First two hundered band frequencies calculated for each random
k — points over the supercells to generate DOS for the TM modes and the TE modes. The
definition of density of states (DOS) is given by the books Economou (2006); Lagendijk
and Van Tiggelen (1996); Taflove et al. (2013) as

DOS(w) = Y 6w — wy) (2.52)

Basicly, how many times we encountered with the same frequency at the end of calcula-

tions.

14
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Figure 2.4. TM and TE frequencies calculated for supercell of perfect honeycomb PhC
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TM-DOS for Supercell of Perfect Rods
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Figure 2.5. TM and TE DOS for supercell of perfect honeycomb PhC.
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2.4. Numerical Considerations

MPB calculates the frequencies iteratively over eigenvectors. At the first k —point
randomly chosen eigenvectors are used then the minimization takes place to get each of
the eigenvalues(w). For the second k — point, the last eigenvectors which are used for the
last step of the minimization are used as an initial guess to save time. Because of the idea
that they will be very close to each other (true eigenvectors) and shorten the minimiza-
tion time for the next true eigenvalue. In our case, k — points are uniformly randomly
distributed on the computational cell which means we can not take the advantage of the
method that MPB uses. However, there must be a solving order of these k£ — points that
it takes less time to solve rather than solving randomly. This problem is actually called
”Route inspection problem”. The way we handled this issue is quite primitive but effec-
tive enough. Starting from a seed point the algorithm searches for the nearest & — point
and solves it. Then, the new seed point becomes the last £ — point algorithm solved and
it searches again the nearest one. By this technique we achieved to save time up to 40%

in average against randomly ordered k — points.

Solving path for k-points

0.5 1

0.4 1

0.3 1

0.2 1
0.14

> 0.0
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—0.3 A1

_04 4
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-05 -04 -03 -0.2 -0.1 00 01 02 03 04 05
X

Figure 2.6. Simple demonstration of solving path for random one hundred k& — points.
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CHAPTER 3

IMPERFECT PHOTONIC CRYSTAL

Imperfections may occur in various ways. Most often, these random errors occur
during the manufacturing process. We can easily narrow down those random errors into
two types for our problem: rods with only rough surfaces and randomly positioned rods
with rough surfaces in honeycomb lattice structure. Starting from the perfect crystal,
we deformed the surfaces of the rods randomly but in a systematic way. Besides, we

randomly shifted the positions of the rods with surface roughness.
3.1. Creating Surface Roughness and Positional Randomness

Uniformly distributed fifty random numbers in a given interval are used while de-
forming the surface of a single rod. The limits of that interval (3.2) are decided by the

percentage of the randomness depended on the perfect rod radius 7.

k1 10,20, 30, 40, 45 3.1

KT , _ KT
<r<

ro o . 32
I =100 =7 = 100 (3-2)

These random numbers are simply added to the radius r to generate the new sets of coor-
dinate points x, y which determined the deformed surface.
x = (r' +r)cos(f) (3.3)
y = (r' +r)sin(h) (3.4)

We also investigated the condition that two possible error types coexist; positional ran-

domness and surface roughness. A set of uniformly random numbers for the centers of

18



the rods are used during mispacing. This set choosen from an area of a disk whose radius

determined by the percentage of nearest neighbor distance.

v : 10,20, 30 (3.5)
ra

=10 (3.6)

{z:—p<ax<p} (3.7)

{y:—p<y<p} (3.8)

{Clz,y): 2 +y* < p*} (3.9)

t——

40%

Figure 3.1. Rough surface illustrations of rods for given percentages. Black dotted
circles indicates perfect rod surfaces. Red dashed dotted lines are limits of
r” and black lines are rough surfaces.
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Figure 3.2. Red dashed dotted lines are allowed limits for centers of deformed rods to
be placed. a is the nearest neighbour distance.
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Figure 3.3. The DOS of the TM modes, TE modes over one hundered random %k —
points and the transmission for the perfect honeycomb PhC.
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Figure 3.4. The DOS of the TM modes, TE modes over one hundered random %k —
points and the transmission for the 10% surface roughness.
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Figure 3.5. The DOS of the TM modes, TE modes over one hundered random %k —
points and the transmission for the 20% surface roughness.
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Figure 3.6. The DOS of the TM modes, TE modes over one hundered random %k —
points and the transmission for the 30% surface roughness.
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Figure 3.7. The DOS of the TM modes, TE modes over one hundered random %k —
points and the transmission for the 40% surface roughness.
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Figure 3.8. The DOS of the TM modes, TE modes over one hundered random %k —
points and the transmission for the 45% surface roughness.
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Figure 3.9. The DOS of the TM modes, TE modes over one hundered random
k — points and the transmission for the 10% surface roughness and 10%

positional randomness.
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The DOS of the TM modes, TE modes over one hundered random
k — points and the transmission for the 30% surface roughness and 10%
positional randomness.
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Figure 3.13. The DOS of the TM modes, TE modes over one hundered random
k — points and the transmission for the 45% surface roughness and 10%
positional randomness.
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Figure 3.15.

The DOS of the TM modes, TE modes over one hundered random
k — points and the transmission for the 20% surface roughness and 20%

positional randomness.
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The DOS of the TM modes, TE modes over one hundered random
k — points and the transmission for the 30% surface roughness and 20%
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Figure 3.17. The DOS of the TM modes, TE modes over one hundered random
k — points and the transmission for the 40% surface roughness and 20%
positional randomness.
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Figure 3.18. The DOS of the TM modes, TE modes over one hundered random
k — points and the transmission for the 45% surface roughness and 20%
positional randomness.
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Figure 3.19.
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CHAPTER 4

CONCLUSION

In this thesis, effect of structural variations on the optical properties of honeycomb
photonic crystals is investigated. In the first case, surfaces of rods in the honeycomb lat-
tice are randomly deformed in a systematic way in order to understand how deformation
affects the density of states. We have used uniformly distributed random numbers in a
range of various percentages of rod radius r. Next, we displaced rods with surface defor-
mations, again by using uniformly distributed random numbers for the coordinates of rod
centers. Centers are chosen on a disk whose radius changes by a fraction of the nearest

neighbor distance a.

Gap Closure Gap Closure
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Figure 4.1. Gap closure plots for given surface roughness versus positional randomness.
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According to the results, we are able to observe relatively small changes in DOS and
transmission. Higher amount of random errors made significant changes in both. As per-
centage of errors increased, TM and TE gaps are narrowed and CPBG totally disappered
at 45% of surface deformation. Similarly, when there was 10% of random shift with 45%
of surface deformation CPBG was not observed. In addition, we encountered defect mode
like modes when random shift took place. Especially, 10% and 20% random shift 40%and
30% surface deformation cases, if calculations will be repeated by using different random
numbers CPBGs may vanish or vice versa. Transmission of deformed structures is also
investigated in order to check if DOS calculations are consistent.

One need to beware of the fact that the calculations are done for single sample for

each error percentages. There must be a statistical work in future.
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