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ABSTRACT

STATISTICAL INFERENCE OF SOME COHERENT SYSTEMS IN

STRESS-STRENGTH SETUP

This dissertation considers stress-strength reliability estimation of a consecutive 𝑘-out of-
𝑛 system for identical and non-identical strength components when the stress and strength

variables belong to the proportional hazard rate model. Estimation methods of the system

reliability are applied under the classical and Bayesian perspectives. All point and inter-

val estimations are derived in cases of the second parameters of underlying distributions are

common and unknown, and different and known. Then, corresponding asymptotic confi-

dence intervals and highest probability density credible intervals are also obtained for all

cases. Comparison of the proposed estimates is presented through Monte Carlo simulations

for each case. Finally, the implementation of proposed methods is analyzed by real data sets.
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ÖZET

BAZI TUTARLI SİSTEMLERİN STRES-DAYANIKLILIK KURULUMU

ALTINDA İSTATİKSEL ÇIKARIMI

Bu doktora tezi, özdeş ve özdeş olmayan dayanıklılık bileşenleri için ardıl 𝑛’den 𝑘’li bir
sistemin güvenilirlik tahminini, stres ve dayanıklılık değişkenlerinin orantısal risk oran mod-

eline sahip olmaları durumunda ele almaktadır. Sistem güvenilirliğinin tahmin yöntemleri,

klasik ve Bayes bakış açılarına dayanarak uygulanmıştır. Bütün nokta ve aralık tahminleri,

temel dağılımların ikinci parametrelerinin ortak ve bilinmeyen olması ve farklı ve bilinen ol-

ması durumunda elde edilmiştir. Ardından, asimptotik ve Bayes güven aralıkları da tüm du-

rumlar için elde edilmiştir. Önerilen tahminlerin karşılaştırılması, her bir durum için Monte

Carlo simülasyonları aracılığıyla sunulmaktadır. Son olarak, önerilen yöntemlerin uygulan-

ması gerçek veri setleri ile analiz edilmiştir.
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1. INTRODUCTION

In today’s world, advances in science and technology make our lives easier and this increase

our life standards. So, any failure in any modern system affects human life more than ever.

At this point, reliability has become even more vital and it has been a common research trend

in mathematical statistics and many applied fields. For a given system, the term reliability

can be described as the probability that the system will operate successfully in a given time

under the specified condition by Kumar et. al. in [1]. In this context,𝑋 and 𝑌 are assumed as

random variables represents the ”stress” and ”strength” of the system, respectively. Formally,

reliability refers to a measure described by the probability

𝑅 = 𝑃(𝑋 < 𝑌 ) (1.1)

which indicates the system success depends on the strength 𝑌 exceeding 𝑋. This probabil-

ity, 𝑅 is called stress-strength reliability for one component. Birnbaum [2] was first to

introduce this idea and Birnbaum and McCarty [3] developed. Since Birnbaum’s pioneering

study, this problem has been discussed under several approaches to estimation and different

assumptions on distributions. Kotz et al. [4] provides a comprehensive review of applica-

tions and theory in stress–strength models. Recent studies on this topic handled by Kundu

and Gupta [5], Nadar et.al [6], Basirat et al. [7, 8], Çetinkaya and Genç [9] and Akgül and

Şenoğlu [10]. Also, one can examine [11], [12] and [13] as current studies.

By extending the simplemodel with two ormore components, multicomponent stress-strength

model is developed. Reliability estimation in this model was introduced by Bhattacharyya

and Johnson [14]. Amulticomponent system with 𝑛 components is a system includes 𝑛 in-

dependent identical strengths (𝑌1, 𝑌2, … , 𝑌𝑛) where each component experiences a random
stress 𝑋. Suppose that this multicomponent system is alive if at least 𝑘 of 𝑛 strengths exceed

the stress where 𝑘 < 𝑛. The reliability in such a multicomponent stress-strength system,
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namely 𝑘-out of-𝑛:𝐺 system is given by

𝑅𝑘,𝑛 = 𝑃(at least 𝑘 out of 𝑛 strength components exceed 𝑋) (1.2)

The estimation problems of multicomponent reliability were examined by many researchers

under the different assumptions in the last decade. Some notable recent studies can be given

as follows. For two parameter exponentiated Weibull distribution by Rao et al. [15], for the

proportional reversed hazard rate model and a general class of inverse exponentiated distri-

butions by Kızılaslan [16], [17], for Topp-Leone distribution by Akgül [18] and for Chen

distribution by Kayal et al. [19]. Reliability estimation of a multicomponent system for

generalized half-normal, modified Weibull, unit Gompertz distribution and Burr Type XII

distributions based on progressive type-II censoring data were considered by Ahmadi and

Ghafouri [20], Kotb and Raqab [21], Jha et al. [22] and Maurya and Tripathi [23], respec-

tively. Similar problem was also considered by Akgül [24] for the exponentiated Pareto dis-

tribution based on complete sample. Reliability estimation of multicomponent system under

a multilevel accelerated life testing was investigated byWang et al [25] when the components

follow Weibull distribution.

In reliability literature, “system” is described as a term refers to group of components that

performs a particular function. There are plenty of real life applications and even logical

problems that can be modelled as a “system” in this sense. Kuo and Zuo [26] provides a

comprehensive review about system reliability models and methodologies to evaluate their

reliabilities. Here are some fundamental concepts in this regard:

Definition 1.0.1. The state of the system or each component is a discrete random variable

which takes only two possible values that indicates working state or failure state. If 𝑥𝑖 defines

the state of the component 𝑖 for 1 ≤ 𝑖 ≤ 𝑛 and it is given by

𝑥𝑖 =
⎧{
⎨{⎩

1 if component 𝑖 works,

0 if component 𝑖 fails.
(1.3)
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The term component state vector x = (𝑥1, … , 𝑥𝑛) is used here to refer the states of all

components. The state of the system is determined by the states of all components and it is a

Bernoulli random variable. If 𝜙 denotes the state of the system, then

𝜙 =
⎧{
⎨{⎩

1 if the system works,

0 if the system fails.
(1.4)

and 𝜙 = 𝜙 (x) = 𝜙 (𝑥1, … , 𝑥𝑛) is defined as the structure function of the system.

A series system operates on condition that its every components work so that this series

system fails whenever at least one component fails. The structure function of a series system

is represented with the following equation:

𝜙 (x) =
𝑛

∏
𝑖=1

𝑥𝑖 = min {𝑥1, … , 𝑥𝑛} . (1.5)

A parallel system fails on condition that its each component fails so that this parallel system

works whenever at least one component work. The structure function of a parallel system is

represented with the following equation:

𝜙 (x) = 1 −
𝑛

∏
𝑖=1

(1 − 𝑥𝑖) = max {𝑥1, … , 𝑥𝑛} . (1.6)

By choosing k as 1 and 𝑛, series and parallel systems can be obtained from 𝑘-out of-𝑛:𝐺
system, respectively.

Definition 1.0.2. A sequence of random variables 𝑋1, 𝑋2, … , 𝑋𝑛 can be described as ex-
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changeable or symmetric if for each 𝑛

𝑃(𝑋1 ≤ 𝑥1, … , 𝑋𝑛 ≤ 𝑥𝑛) = 𝑃(𝑋𝜋(1) ≤ 𝑥1, … , 𝑋𝜋(𝑛) ≤ 𝑥𝑛), (1.7)

for any permutation 𝜋 = (𝜋(1), … , 𝜋(𝑛)) of {1, 2, … , 𝑛}.

Definition 1.0.3. A component in a system is called irrelevant if the state of this component

does not influence the state of the system. If a component is relevant, then the system state

is determined by at least one component 𝑖 in the system. In other words, the system runs

whenever component 𝑖 runs and the system fails when the component 𝑖 fails.

Definition 1.0.4. A system is defined as coherent on condition that its structure function

𝜙 (x) is non-decreasing in each 𝑥𝑖 for 1 ≤ 𝑖 ≤ 𝑛 and each component is relevant. The

reliability of a coherent system with 𝑛 components which has structure function 𝜙 is

𝑅𝜙 = 𝑃 (𝜙 (𝑋1, 𝑋2, … , 𝑋𝑛) = 1) . (1.8)

where 𝑖th component of the state be denoted by 𝑋𝑖. In stress-strength setup, assume that a

systemwith 𝑛 strength components denoted by 𝑌𝑖, 𝑖 = 1, 2, … , 𝑛 and each strength subject to

a stress 𝑋. The component 𝑌𝑖 fails if the applied stress exceeds its strength at any moment,

otherwise fails. That is, the the reliability of the 𝑖th component is given by 𝑃 (𝑌𝑖 > 𝑋).
Define the indicators

𝜉𝑖 =
⎧{
⎨{⎩

1, if 𝑌𝑖 > 𝑋

0, if 𝑌𝑖 ≤ 𝑋
𝑖 = 1, 2, … , 𝑛 (1.9)

where 𝑌1, 𝑌2, … , 𝑌𝑛 are independent identical random strengths having cumulative distribu-
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tion 𝐹𝑌 and independent of the random stress 𝑋 having cumulative distribution 𝐹𝑋. It is

clear that the random variables 𝜉1, 𝜉2, … , 𝜉𝑛 are exchangeable. A consecutive 𝑘-out-of-𝑛:𝐺
system is an example of the coherent system and any coherent system is a linear combination

of the series and parallel systems.

Definition 1.0.5. A linear (or circular) consecutive 𝑘-out of-𝑛: 𝐺(𝐹) system is a system

consisting of linearly (or circularly) connected 𝑛 components such that it works (fails) if and

only if at least its 𝑘 consecutive components work(fail). This structure can be denoted by

(𝐶, 𝑘, 𝑛 ∶ 𝐺) or 𝐶𝑜𝑛/𝑘/𝑛 ∶ 𝐺. The classification of this system depends on the working

principle of components, 𝐺 refers good and 𝐹 refers failure. Based on the definition above:

• If k is chosen as 1, then a consecutive 1-out of-𝑛:𝐺(𝐹) system becomes a parallel

(series) system,

• If k is chosen as 𝑛, then a consecutive 𝑛-out of-𝑛:𝐺(𝐹) system becomes a series (par-

allel) system.

Estimating the reliability of the system has significant effects on society. There are plenty

of real life applications and even logical problems that can be modelled as a (𝐶, 𝑘, 𝑛; 𝐺).
Thus, exact expressions, approximations and bounds for reliability under this setup have

been considered by many researchers with different methodology. However, computation of

the system reliability is more complicated than 𝑘-out of-𝑛:𝐺 system. Reliability analysis of

this system was first considered by Kontoleon [27] and then Chiang and Niu [28]. A com-

prehensive review of earlier work in this context can be found in Chang et al. [29] and a

research overview of reliability studies on consecutive 𝑘-out of-𝑛 systems was presented by

Eryılmaz in [30]. In addition, some recent works on reliabilities of consecutive 𝑘-out of-𝑛
systems were discussed by the following authors: Zhu et al examined the system reliability

with homogeneous Markov-dependent components in [31], Dui et al. studied importance

measures in consecutive 𝑘-out of-𝑛 systems in [32] and Li et al. [33] considered the relia-

bility modeling for consecutive 𝑘-out of-𝑛:𝐹 -systems which can be applied to simulate the

intelligent closed recurring water cooling automation system in industry.

As mentioned above, although the reliability properties of consecutive 𝑘-out-of-𝑛:𝐺 system

(𝐶, 𝑘, 𝑛; 𝐺) have been obtained in various studies, the estimation problem for this system has

not been taken into consideration much until now except few studies. In our knowledge, the
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first study for the classical estimation of stress-strength reliability of consecutive 𝑘-out-of-𝑛:
𝐺 system was considered by Eryilmaz in [34]. Maximum likelihood estimate (MLE) and

uniformly minimum variance unbiased estimate (UMVUE) were studied when the strength

components were non-identical and distributed exponential. ML and UMVU estimates of

stress-strength reliability of a consecutive 𝑘-out of-𝑛 ∶ 𝐺 system with a change point in

stress for the exponential distribution was studied by Akıcı [35].

Definition 1.0.6. Let𝑋 be a random variable from the proportional hazard rate (PHR) family

of continuous distributions with cumulative distribution function (cdf)

𝐹(𝑥) = 1 − (𝐹 0(𝑥; 𝜆))𝛼 , 𝑥 > 0, (1.10)

and corresponding probability density function (pdf)

𝑓(𝑥) = 𝛼𝑓0(𝑥; 𝜆) (𝐹 0(𝑥; 𝜆))𝛼−1 , (1.11)

where 𝐹 0(𝑥; 𝜆) = 1−𝐹0(𝑥; 𝜆) defines the survival function of the baseline random variable,

𝛼 and 𝜆 are the positive interested parameters. It is denoted by 𝑋 ∼ 𝑃𝐻𝑅(𝛼, 𝜆). It is

known that somewell-known distributions such as Burr Type XII, Gompertz, Kumaraswamy,

Lomax, Pareto, Rayleigh, Weibull and so on belong to the PHR family [7]. Hence, usage of

this kind of distribution families presents more general results to the researchers.

To the best of our knowledge, classical and Bayesian estimations for the stress-strength reli-

ability of a consecutive 𝑘-out of-𝑛 ∶ 𝐺 system has not been analyzed for PHR family. Since

the PHR family includes exponential distribution, some result of this study is a generaliza-

tion of Eryilmaz [34] from the statistical inference perspective. Also, it is a well-known fact

that (𝐶, 𝑘, 𝑛; 𝐺) system include series and parallel systems as special cases and any coherent

system is a linear combination of the series and parallel systems. That is why a part of this

study is a generalization of some results on this topic.
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In this thesis, our main consideration is reliability analysis of coherent systems in stress-

strength setup which have underlying strength and stress variables following distributions

from PHR family. Since (𝐶, 𝑘, 𝑛; 𝐺) system is an example of the coherent system, we con-

sider point and interval reliability estimation of a (𝐶, 𝑘, 𝑛; 𝐺) system for PHR family. Based

on this assumption,

• At first, we aim to consider reliability estimation of the system with independent and

identically distributed (i.i.d.) strength components when both stress and strength com-

ponents follow the proportional hazard rate model. This study is presented in Chapter

3.

In the reliability literature, most of the studies on multicomponent stress-strength reliability

are based on the independent and identically distributed (i.i.d.) strength components. How-

ever, we can encounter that a system composed of different types of strength components

in real-life applications. For example, meteorological measures such as temperature, sun-

shine duration, precipitation, humidity, wind speed are changed with regard to the season or

month, time of day. In this case, consideration of this kind of meteorological data as iid is

not been realistic. Hence, we can obtain more suitable models for real-life problems using

non-identical components.

In recent years, the estimation problem of the multicomponent system reliability with non-

identical components has been paid attention by many scholars under different assumptions.

Some recent studies on this topic handled by the following authors: Rasethuntsa and Nadar

considered the reliability estimation of this system based on upper record values from the

Kumaraswamy generalized distribution family in [36], and Ali et al. studied the reliability

estimation when both stress and strength variables follow Weibull and Burr-III distributions

in [37]. Çetinkaya investigated the multicomponent reliability estimation under generalized

progressive hybrid censoring scheme when the components follow Weibull distribution and

strength components are non-identical in [38]. He also considered the same problem for

the simple stress-strength reliability under jointly type-II censored Weibull components in

[39]. Moreover, Kohansal et al. studied multicomponent stress-strength reliability with non-

identical strength components based on bathtub-shaped distribution under adaptive Type-II

hybrid progressive censoring samples in [40]. However, this non-identical reliability estima-

tion problem for a consecutive 𝑘-out of-𝑛 system has not been considered in detail.
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Even though the statistical inferences of multicomponent stress-strength reliability when the

strength components have non-identical distributions have paid attention in recent years, the

same problem for the consecutive 𝑘-out of-𝑛 ∶ 𝐺 system has not been considered except few

studies. Aforementioned studies based on exponential distribution when the change point in

stress by Akıcı [35] and change point in strength by Eryilmaz [34].

• Our second aim is to consider stress-strength reliability estimation of a consecutive 𝑘-
out of-𝑛 system with non-identical strength components when both stress and strength

components follow the proportional hazard rate model. This study is presented in

Chapter 4. In addition, this study provides new perspectives in the implementation

of obtained methods to the NASA’s POWER (Prediction Of Worldwide Energy Re-

source) data (for more detail see https://power.larc.nasa.gov/). For this aim, wind en-

ergy potentials of two locations are compared by using the considered reliability model

results based on NASA’s source data. From this point, this study will be the first study

for using this kind of data in the reliability literature.

The content of present study is organized as follows: Chapter 2 introduces some fundamental

concepts used in the study. Estimation of stress-strength reliability for the considered system

is investigated in Chapter 3 based on identical strength components and in Chapter 4 based

on non-identical strength components. Detailed information about these chapters are given

in the introductions of both chapters. Then, concluding remarks are given in last chapter,

Chapter 5.
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2. PRELIMINARIES

This section introduces fundamental concepts that are used in this study.

2.1. ESTIMATION METHODS

One of the fundamental aim in statistics is estimating the parameters via point estimation or

interval estimation. For a point estimation method, the main aim is to predict a value that

is close to the real value of parameters. For instance, the maximum likelihood estimation

method is one of the basic point estimation.

2.1.1 MLE

Let𝑋1, … , 𝑋𝑛 be randomvariableswith common probability density functions 𝑓 (𝑥1, … , 𝑥𝑛 |𝜃)
where 𝜃 ∈ Θ is unknown. (Generally, 𝜃 represents a parameter vector, 𝜃 = (𝜃1, … , 𝜃𝑘)). The
likelihood function is

𝐿 (𝑥; 𝜃) ≡ 𝐿 (𝑥1, … , 𝑥𝑛 | 𝜃) =
𝑛

∏
𝑖=1

𝑓𝑋𝑖
(𝑥𝑖; 𝜃) . (2.1)

TheMLE of parameters 𝜃 is the value ̂𝜃 of 𝜃 such that

𝐿 (𝑥; ̂𝜃) = max
𝜃∈Θ

𝐿 (𝑥; 𝜃) . (2.2)

The MLE of 𝜃 can be found by the following procedure:

1. A sample of size 𝑛 is taken as input, say 𝑋1, 𝑋2, … , 𝑋𝑛.

2. Find the likelihood function stated in the equation 2.2.
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3. Find the derivative(s) with respect to the parameter(s) 𝜃.

4. Find the values of 𝜃 maximizing the likelihood function.

5. The maximum likelihood estimator can be obtained as an output.

2.1.2 UMVUE

One major purpose in point estimation theory is to find a better estimate. For instance, unbi-

ased estimators has a crucial role in estimation. An estimator 𝑇 (𝑋) is defined as an unbiased
estimator for a function of the parameter 𝑔(𝜃) provided that 𝐸𝜃 (𝑇 (𝑋)) = 𝑔(𝜃) for every
𝜃 ∈ Θ.

On the other hand, being unbiased is not enough to be a good estimator. So, there is a need for

more efficient estimator, abbreviated as UMVUE. An unbiased estimator 𝑇 (𝑋) of 𝜃 is called
the UMVUE on condition that Var(𝑇 (𝑋)) ≤ Var(𝑈(𝑋)) for any other unbiased estimator
𝑈(𝑋) of 𝜃. If UMVUE exists, then the following ways can be applied to find it:

• The first way is considering the lower bound of variance. That is, if an unbiased esti-

mator attains its Cramer-Rao lower bound, then it is the UMVUE.

• The second way is using sufficiency and completeness. That is, by finding an unbi-

ased function of a complete sufficient statistic. (Rao-Blackwell and Lehmann-Scheffé

Theorem)

2.1.3 Bayesian Estimation

As an alternative approach to the point estimation, Bayesian estimation is done by taking the

parameters of the distribution as random variables having known prior probability density

functions. Then the following machinery explains how to Bayesian estimation works:

1. A distribution of the parameter(s) with initialized parameter(s), which is called prior

distribution and a loss function are taken as inputs.

2. Compute the posterior probability density function.

3. Compute the expected loss.
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4. Find the values that minimizes the expected loss.

5. The Bayesian estimator can be obtained.

Often the posterior not be able to written in a closed form and thus numerical methods and

an approximation are required. For example, Tierney-Kadane and Lindley’s approximations

and Markov Chain Monte Carlo (MCMC) methods can be useful in this case.

Definition 2.1.1. Let 𝜃 be an unknown parameter and ̂𝜃 be an estimate of 𝜃. Then the squared
error function is defined by

𝐿(𝜃, ̂𝜃) = (𝜃 − ̂𝜃)2. (2.3)

The Bayes estimator of 𝜃 with respect to SE loss function is the posterior mean of 𝜃 , given
by

̂𝜃 = 𝐸(𝜃|𝑥). (2.4)

2.1.3.1 Lindley’s Approximation

For given data 𝑥 = (𝑥1, … , 𝑥𝑛), the posterior mean of a smooth, positive function 𝑢(𝜃) on
the parameter space can be derived as follows:

𝐸(𝑢(𝜃)|𝑥) = ∫ 𝑢(𝜃)𝑒𝑙(𝜃)+𝜌(𝜃)𝑑𝜃
∫ 𝑒𝑙(𝜃)+𝜌(𝜃)𝑑𝜃 (2.5)

where 𝑙(𝜃) is the logarithm of the likelihood function, 𝜌(𝜃) is the logarithm of the prior density

of 𝜃 and 𝜃 = (𝜃1, … , 𝜃𝑚) is a parameter. Lindley developed the following theorem as an

approximation for the calculations in (2.5).

Theorem 2.1.1. For 𝑛 sufficiently large and 𝑙(𝜃) defined in (2.5) concentrates around a

unique maximum likelihood estimator ̂𝜃 = ( ̂𝜃1, … , ̂𝜃𝑚) for 𝜃, the ratio of integrals in (2.5) is
given approximately as

𝐸(𝑢(𝜃)|𝑥) = [𝑢 + 1
2

𝑚
∑
𝑖=1

𝑚
∑
𝑗=1

(𝑢𝑖𝑗 + 2𝑢𝑖𝜌𝑗)𝜎𝑖𝑗 + 1
2

𝑚
∑
𝑖=1

𝑚
∑
𝑗=1

𝑚
∑
𝑘=1

𝑚
∑
𝑙=1

𝐿𝑖𝑗𝑘𝜎𝑖𝑗𝜎𝑘𝑙𝑢𝑙] ̂𝜃 (2.6)
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where 𝑢𝑖 = 𝜕𝑢(𝜃)/𝜕𝜃𝑖, 𝑢𝑖𝑗 = 𝜕2𝑢(𝜃)/𝜕𝜃𝑖𝜕𝜃𝑗, 𝐿𝑖𝑗𝑘 = 𝜕3𝑙(𝜃)/𝜕𝜃𝑖𝜕𝜃𝑗𝜕𝜃𝑘, 𝜌𝑗 = 𝜕𝜌(𝜃)/𝜕𝜃𝑗

and 𝜎𝑖𝑗 = (𝑖, 𝑗)th element in the inverse of matrix {−𝐿𝑖𝑗} all evaluated at the MLE of the

parameters.

2.1.3.2 MCMC Method

MCMC simulation technique aims to generate samples from a Markov chain that has poste-

rior distribution as its stationary distribution and then use these samples to make inferences

about the unknown quantities of interest. Here, a Markov chain involves a sequence of ran-

dom variables where the distribution of each one depends on the previous one [41],[42].

MCMC techniques are useful in computing complicated integrals such as posterior and pre-

dictive distributions, finding expectations, model comparisons. Also, it can be applicable in

high dimensions.

In implementation of MCMC, approximation of posterior distributions are constructed by the

methods which differ on how the proposal distribution is defined. We used the popular ones:

Gibbs sampling (introduced by Geman and Geman [43]) and Metropolis-Hastings algorithm

(introduced by [44])

Gibbs sampling algorithm generates a dependent Markov chain to break the sampling prob-

lem from the high dimensional joint distribution into a series of sample from low-dimensional

conditional distribution. Assume that 𝜃 = (𝜃1, … , 𝜃𝑝) with a probability density function
𝑝(𝜃) = 𝑝(𝜃1, … , 𝜃𝑝) (target distribution) and the full conditional distributions which are eas-
ier to sample from denoted by 𝜋1(𝜃1|𝜃2, … , 𝜃𝑝, 𝑥), … , 𝜋𝑝(𝜃𝑝|𝜃1, … , 𝜃𝑝−1, 𝑥). Then, given an
initial value 𝜃(0) = (𝜃(0)

1 , … , 𝜃(0)
𝑝 ), Gibbs sampling algorithm can be applied as follows:

1. Set 𝑖 = 1.

2. Generate 𝜃(𝑖)
1 from the conditional distribution 𝜋1(𝜃1|𝜃2, … , 𝜃𝑝, 𝑥).

3. Generate 𝜃(𝑖)
2 from the conditional distribution 𝜋2(𝜃2|𝜃1, … , 𝜃𝑝, 𝑥).

4. Generate 𝜃(𝑖)
𝑝 from the conditional distribution 𝜋𝑝(𝜃𝑝|𝜃1, … , 𝜃𝑝−1, 𝑥).

5. Set 𝑖 = 𝑖 + 1 and repeat the steps 2-4, 𝑖 = 1, 2, … , 𝑁 .
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Metropolis-Hastings algorithm is a generalMCMCmethodwhichwas proposed byMetropo-

lis [44] and generalized by Hastings [45]. In this method, aim is to generate a candidate of

the sequence based on a proposal distribution which enables to sample from easier. Then,

acceptance or rejection rule is used to converge to the target distribution.

In this manner, let the proposal distribution 𝑞(𝜃∗
1|𝜃2, … , 𝜃𝑝, 𝑥) generate a candidate 𝜃∗

1 and

given an itinial value 𝜃(0) = (𝜃(0)
1 , … , 𝜃(0)

𝑝 ), following steps are applied to implement the
algorithm:

1. Propose: 𝜃∗ ∼ 𝑞(𝜃∗
1|𝜃(𝑖−1)

2 , … , 𝜃(𝑖−1)
𝑝 , 𝑥). Propose a value for 𝜃1 from the proposal

distribution.

2. Compute the acceptance probability by the acceptance function 𝛼(𝜃(𝑖−1)
1 , 𝜃∗) based on

full joint density 𝜋() and the proposal distribution.

𝛼(𝜃(𝑖−1)
1 , 𝜃∗) = min[1, 𝜋1(𝜃∗

1|𝜃(𝑖−1)
2 , … , 𝜃(𝑖−1)

𝑝 , 𝑥)𝑞(𝜃(𝑖−1)
1 |𝜃(𝑖−1)

2 , … , 𝜃(𝑖−1)
𝑝 , 𝑥)

𝜋1(𝜃(𝑖−1)
1 |𝜃(𝑖−1)

2 , … , 𝜃(𝑖−1)
𝑝 , 𝑥)𝑞(𝜃∗

1|𝜃(𝑖−1)
2 , … , 𝜃(𝑖−1)

𝑝 , 𝑥)
] (2.7)

3. Generate 𝑈 ∼ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0, 1).
• If 𝑈 ≤ 𝛼(𝜃(𝑖−1)

1 , 𝜃∗), then accept the proposal and set 𝜃(𝑖)
1 = 𝜃∗.

• else, reject the proposal and set 𝜃(𝑖)
1 = 𝜃(𝑖−1).

4. Set 𝑖 = 𝑖 + 1 and repeat the steps 1-3, 𝑖 = 1, 2, … , 𝑁 .

When the proposal distribution is symmetric, 𝛼(𝜃(𝑖−1)|𝜃∗) = 𝛼(𝜃∗|𝜃(𝑖−1)), then the accep-
tance probability is as follows:

𝛼(𝜃(𝑖−1)|𝜃∗) = min[1, 𝜋1(𝜃∗
1|𝜃(𝑖−1)

2 , … , 𝜃(𝑖−1)
𝑝 , 𝑥)

𝜋1(𝜃(𝑖−1)
1 |𝜃(𝑖−1)

2 , … , 𝜃(𝑖−1)
𝑝 , 𝑥)

] (2.8)

and 𝜃2, … , 𝜃𝑝 are sampled using similar procedure.

Remark. Gibbs sampling with the acceptance probability is always 1 is a special case of
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Metropolis-Hastings algorithm.

To minimize the effect of initial values on the posterior inference, burn-inmethod is applied

by discarding an initial portion of a Markov chain sample. Theoretically, if we operate the

Markov chain for an infinite amount of time, the effect of initial values decreases to zero.

But, since we do not have infinite samples, after 𝑡 iterations, the chain has reached its target
distribution so that we can discard the early portion. Here, the value of 𝑡 is burn-in number
and the method is called burn-in which enables good samples for posterior inference.

2.2. SOFTWARE USED IN THE SIMULATION STUDY

Numerical computing and simulation is performed using MATLAB and statistical software

R. [46]. Also, in real data analysis part, goodness-of-fit tests are applied using stats and

goftest packages in R. [47]. The following data sources are used: California Data Exchange

Center and Lyu’s book [48] in Chapter 3 and NASA’s POWER (Prediction Of Worldwide

Energy Resource) in Chapter 4. Access information for these data are given in simulation

study sections in chapters.
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3. RELIABILITY ESTIMATION OF (𝐶, 𝑘, 𝑛; 𝐺) SYSTEM WITH

IDENTICAL STRENGTH COMPONENTS

In this chapter, main consideration is the reliability estimation of a (𝐶, 𝑘, 𝑛; 𝐺) system in

stress-strength setupwhen the strength and stress variables follow the PHRmodel and strength

variables are i.i.d.. Based on this, let 𝑌1, ..., 𝑌𝑛 be independent and identical random strengths

having cumulative distribution function (cdf) 𝐹𝑌 , and independent of the random stress 𝑋
having cdf 𝐹𝑋. Then, the reliability of (𝐶, 𝑘, 𝑛; 𝐺) system in a stress-strength setup was

obtained by Eryılmaz and Demir [49] as follows:

𝑅𝑛,𝑘 = 1 −
𝑛

∑
𝑙=0

𝑡𝑙

∑
𝑗=0

𝑛−𝑙
∑
𝑖=0

(−1)𝑖+𝑗(𝑛 − 𝑙 + 1
𝑗 )(𝑛 − 𝑘𝑗

𝑛 − 𝑙 )(𝑛 − 𝑙
𝑖 )𝜆𝑙+𝑖, (3.1)

where 𝑡𝑙 = min ([𝑙/𝑘] , 𝑛 − 𝑙 + 1), 𝜆𝑚 = 𝑃 (𝑌1 > 𝑋, … , 𝑌𝑚 > 𝑋) and [𝑎] shows the inte-
ger part of 𝑎. They also derived the following easier formula for 2𝑘 ≥ 𝑛

𝑅𝑛,𝑘 = (𝑛 − 𝑘 + 1) 𝜆𝑘 − (𝑛 − 𝑘)𝜆𝑘+1. (3.2)

In this context, statistical inferences including point and interval estimation of 𝑅𝑛,𝑘 are de-

veloped under both classical and Bayesian procedures when the second parameters of stress

and strength variables are common and unknown, and different and known.

Chapter organization is given as follows:

• In Section 3.1, the MLE, asymptotic confidence interval and Bayes estimates of 𝑅𝑛,𝑘

are derived when the second parameters of underlying distributions are common (𝜆)
and unknown. Lindley’s approximation and MCMC method are developed to ob-

tain Bayes estimates of 𝑅𝑛,𝑘 when the parameters 𝛼, 𝛽 have statistically independent

gamma prior distributions and 𝜆 has the log-concave density function. The HPD credi-
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ble interval of 𝑅𝑛,𝑘 is constructed by using the hybrid Metropolis-Hastings (M-H) and

Gibbs sampling algorithm.

• In Section 3.2, the MLE, the asymptotic confidence interval, the UMVUE and the

closed form of Bayes estimates 𝑅𝑛,𝑘 are derived when the second parameters of un-

derlying distributions 𝜆1 and 𝜆2 are different and known. The hypergeometric series

are utilized to obtain the Bayes estimate of 𝑅𝑛,𝑘 analytically. Moreover, Lindley’s

approximation and MCMC method are also applied for the comparison of the approx-

imate methods of Bayes estimates with the exact Bayes estimate. The HPD credible

interval of 𝑅𝑛,𝑘 is constructed by using Gibbs sampling algorithm.

• In Section 3.3, simulation study is carried out for the comparison of the proposed esti-

mators of 𝑅𝑛,𝑘 via Monte Carlo simulations and findings are presented by tables and

plots.

• In Section 3.4, two different real data sets are analyzed to illustrate the applicability of

findings.

• Finally, the comments and conclusion of the chapter are given in Section 3.5.

3.1. ESTIMATION OF 𝑅𝑛,𝑘 WHEN THE SECOND PARAMETERS ARE COM-

MON AND UNKNOWN

In this section, theML and approximate Bayes estimates𝑅𝑛,𝑘 are consideredwhen the second

parameters of underlying distributions are common (𝜆) and unknown.

3.1.1 MLE of 𝑅𝑛,𝑘

We assume that strength variables 𝑌𝑖 ∼ 𝑃𝐻𝑅(𝛼, 𝜆), 𝑖 = 1, .., 𝑛 and stress variable 𝑋 ∼
𝑃𝐻𝑅(𝛽, 𝜆). Then, 𝜆𝑚 is given as

𝜆𝑚 = 𝑃 (𝑌1 > 𝑋, … , 𝑌𝑚 > 𝑋) (3.3)
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= ∫
∞

0
𝑃 (𝑌1 > 𝑋, … , 𝑌𝑚 > 𝑋|𝑋 = 𝑥) 𝑑𝐹𝑋(𝑥) (3.4)

= ∫
∞

0
𝑃 (𝑌1 > 𝑋|𝑋 = 𝑥) … 𝑃 (𝑌𝑚 > 𝑋|𝑋 = 𝑥) 𝑑𝐹𝑋(𝑥) (3.5)

= ∫
∞

0
(1 − 𝐹𝑌 (𝑥))𝑚 𝑓𝑋(𝑥)𝑑𝑥 (3.6)

= 𝛽
𝛼 𝑚 + 𝛽 (3.7)

and 𝑅𝑛,𝑘 is given by using (3.1)

𝑅𝑛,𝑘 = 1 −
𝑛

∑
𝑙=0

𝑡𝑙

∑
𝑗=0

𝑛−𝑙
∑
𝑖=0

(−1)𝑖+𝑗(𝑛 − 𝑙 + 1
𝑗 )(𝑛 − 𝑘𝑗

𝑛 − 𝑙 )(𝑛 − 𝑙
𝑖 ) 𝛽

𝛼(𝑙 + 𝑖) + 𝛽 , (3.8)

where 𝑡𝑙 = min ([𝑙/𝑘] , 𝑛 − 𝑙 + 1) , and for 2𝑘 ≥ 𝑛

𝑅𝑛,𝑘 =
1

∑
𝑖=0

(−1)𝑖 (𝑛 − 𝑘 + 1 − 𝑖)𝛽
𝛼(𝑘 + 𝑖) + 𝛽 = (𝑛 − 𝑘 + 1) 𝛽

𝛼𝑘 + 𝛽 −(𝑛−𝑘) 𝛽
𝛼(𝑘 + 1) + 𝛽 . (3.9)

When 𝑚 systems are subjected to a life-testing experiment for obtaining the ML estimators,

we have the following observed data 𝑌𝑖1, 𝑌𝑖2, … , 𝑌𝑖𝑛 and 𝑋𝑖, 𝑖 = 1, … , 𝑚.

strengths stress

1𝑠𝑡 experiment 𝑌11, 𝑌12, … , 𝑌1𝑛 𝑋1

2𝑛𝑑 experiment 𝑌21, 𝑌22, … , 𝑌2𝑛 𝑋2

⋮ ⋮ ⋮
𝑚𝑡ℎ experiment 𝑌𝑚1, 𝑌𝑚2, … , 𝑌𝑚𝑛 𝑋𝑚
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Hence, the likelihood function of observed sample is

𝐿 (𝛼, 𝛽, 𝜆; 𝑥, 𝑦) =
𝑚

∏
𝑖=1

(
𝑛

∏
𝑗=1

(𝑓𝑌 (𝑦𝑖𝑗)) 𝑓𝑋(𝑥𝑖)

=𝛼𝑛𝑚𝛽𝑚 exp [
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

ln 𝑓0(𝑦𝑖𝑗; 𝜆) + (𝛼 − 1)
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

ln𝐹0(𝑦𝑖𝑗; 𝜆)]

exp [
𝑚

∑
𝑖=1

ln 𝑓0(𝑥𝑖; 𝜆) + (𝛽 − 1)
𝑚

∑
𝑖=1

ln𝐹0(𝑥𝑖; 𝜆)]

(3.10)

and the log-likelihood function is

𝑙 (𝛼, 𝛽, 𝜆; 𝑥, 𝑦) = 𝑛𝑚 ln (𝛼) + 𝑚 ln (𝛽) − 𝑤𝜆 − (𝛼 − 1) 𝑤∗
𝜆 − 𝑣𝜆 − (𝛽 − 1) 𝑣∗

𝜆 (3.11)

where

𝑤∗
𝜆 = −

𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

ln𝐹0(𝑦𝑖𝑗; 𝜆) and 𝑤𝜆 = −
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

ln 𝑓0(𝑦𝑖𝑗; 𝜆), (3.12)

𝑣∗
𝜆 = −

𝑚
∑
𝑖=1

ln𝐹0(𝑥𝑖; 𝜆) and 𝑣𝜆 = −
𝑚

∑
𝑖=1

ln 𝑓0(𝑥𝑖; 𝜆). (3.13)

The ML estimates of 𝛼 and 𝛽 are given by

̂𝛼 = 𝑛𝑚
𝑊 ∗

𝜆̂
and ̂𝛽 = 𝑚

𝑉 ∗
𝜆̂

(3.14)

The MLE of 𝜆, named 𝜆̂, can be obtained from the solution of the following nonlinear equa-
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tion

𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

𝑓0𝜆(𝑦𝑖𝑗; 𝜆)
𝑓0(𝑦𝑖𝑗; 𝜆) + (𝑛𝑚

𝑊 ∗
𝜆

− 1)
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

𝐹0𝜆(𝑦𝑖𝑗; 𝜆)
𝐹0(𝑦𝑖𝑗; 𝜆) +

𝑚
∑
𝑖=1

𝑓0𝜆(𝑥𝑖; 𝜆)
𝑓0(𝑥𝑖; 𝜆)

+ ( 𝑚
𝑉 ∗

𝜆
− 1)

𝑚
∑
𝑖=1

𝐹0𝜆(𝑥𝑖; 𝜆)
𝐹0(𝑥𝑖; 𝜆) = 0.

(3.15)

where 𝜕𝑓0(𝑥; 𝜆)/𝜕𝜆 ≡ 𝑓0𝜆(𝑥; 𝜆) and 𝜕𝐹0(𝑥; 𝜆)/𝜕𝜆 ≡ 𝐹0𝜆(𝑥; 𝜆). In this nonlinear equa-
tion, numerical methods can be applied to compute 𝜆̂. Then, ML estimates of 𝛼 and 𝛽 can

be obtained from (3.14). After the MLE of parameters are computed, the invariance property

can be implemented in (3.8) and (3.9) to obtain the MLE of 𝑅𝑛,𝑘, denoted 𝑅̂𝑀𝐿𝐸
𝑛,𝑘 .

𝑅̂𝑀𝐿𝐸
𝑛,𝑘 = 1 −

𝑛
∑
𝑙=0

𝑡𝑙

∑
𝑗=0

𝑛−𝑙
∑
𝑖=0

(−1)𝑖+𝑗(𝑛 − 𝑙 + 1
𝑗 )(𝑛 − 𝑘𝑗

𝑛 − 𝑙 )(𝑛 − 𝑙
𝑖 )

̂𝛽
̂𝛼(𝑙 + 𝑖) + ̂𝛽

, (3.16)

where 𝑡𝑙 = min ([𝑙/𝑘] , 𝑛 − 𝑙 + 1) , and

𝑅̂𝑀𝐿𝐸
𝑛,𝑘 = (𝑛 − 𝑘 + 1)

̂𝛽
̂𝛼𝑘 + ̂𝛽

− (𝑛 − 𝑘)
̂𝛽

̂𝛼(𝑘 + 1) + ̂𝛽
, (3.17)

for 2𝑘 ≥ 𝑛.

3.1.2 Asymptotic Distribution and Confidence Interval for 𝑅𝑛,𝑘

The observed information matrix of 𝜃 = (𝛼, 𝛽, 𝜆) denoted by 𝐽(𝜃) and its elements are

derived as

𝐽11 = 𝑛𝑚/𝛼2, 𝐽22 = 𝑚/𝛽2, 𝐽12 = 𝐽21 = 0, (3.18)

𝐽13 = 𝐽31 = −
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

𝐹0𝜆(𝑦𝑖𝑗; 𝜆)
𝐹0(𝑦𝑖𝑗; 𝜆) , 𝐽23 = 𝐽32 = −

𝑚
∑
𝑖=1

𝐹0𝜆(𝑥𝑖; 𝜆)
𝐹0(𝑥𝑖; 𝜆) , (3.19)
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𝐽33 = − (𝛼 − 1)
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

𝐹0𝜆𝜆(𝑦𝑖𝑗; 𝜆)𝐹0(𝑦𝑖𝑗; 𝜆) − (𝐹0𝜆(𝑦𝑖𝑗; 𝜆))2

(𝐹0(𝑦𝑖𝑗; 𝜆))2

−
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

𝑓0𝜆𝜆(𝑦𝑖𝑗; 𝜆)𝑓0(𝑦𝑖𝑗; 𝜆) − (𝑓0𝜆(𝑦𝑖𝑗; 𝜆))2

(𝑓0(𝑦𝑖𝑗; 𝜆))2

− (𝛽 − 1)
𝑚

∑
𝑖=1

𝐹0𝜆𝜆(𝑥𝑖; 𝜆)𝐹0(𝑥𝑖; 𝜆) − (𝐹0𝜆(𝑥𝑖; 𝜆))2

(𝐹0(𝑥𝑖; 𝜆))2

−
𝑚

∑
𝑖=1

𝑓0𝜆𝜆(𝑥𝑖; 𝜆)𝑓0(𝑥𝑖; 𝜆) − (𝑓0𝜆(𝑥𝑖; 𝜆))2

(𝑓0(𝑥𝑖; 𝜆))2 .

(3.20)

These elements include the baseline cdf 𝐹0 and pdf 𝑓0. Therefore, their expectations cannot

be derived analytically and this implies the observed information matrix to be utilized as a

consistent estimator of Fisher information matrix 𝐼(𝜃) under mild regularity conditions (see
Lawless [50]). Hence, when the underlying distributions satisfy the mild regularity condi-

tions, an asymptotic confidence interval of 𝑅𝑛,𝑘 can be derived as below.

The 𝑅̂𝑀𝐿𝐸
𝑛,𝑘 is asymptotically normal with mean 𝑅𝑛,𝑘 and asymptotic variance

𝜎2
𝑅𝑛,𝑘

=
3

∑
𝑗=1

3
∑
𝑖=1

𝜕𝑅𝑛,𝑘
𝜕𝜃𝑖

𝜕𝑅𝑛,𝑘
𝜕𝜃𝑗

𝐼−1
𝑖𝑗 , (3.21)

where 𝐼−1
𝑖𝑗 is the (𝑖, 𝑗)th element of 𝐼(𝜃) (see Rao [51]). Then, for our case

𝜎2
𝑅𝑛,𝑘

= (𝜕𝑅𝑛,𝑘
𝜕𝛼 )

2
𝐼−1

11 + 2𝜕𝑅𝑛,𝑘
𝜕𝛼

𝜕𝑅𝑛,𝑘
𝜕𝛽 𝐼−1

12 + (𝜕𝑅𝑛,𝑘
𝜕𝛽 )

2
𝐼−1

22 (3.22)
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where

𝜕𝑅𝑛,𝑘
𝜕𝛼 =

𝑛
∑
𝑙=0

𝑡𝑙

∑
𝑗=0

𝑛−𝑙
∑
𝑖=0

(−1)𝑖+𝑗(𝑛 − 𝑙 + 1
𝑗 )(𝑛 − 𝑘𝑗

𝑛 − 𝑙 )(𝑛 − 𝑙
𝑖 ) (𝑙 + 𝑖)𝛽

(𝛼(𝑙 + 𝑖) + 𝛽)2 (3.23)

and

𝜕𝑅𝑛,𝑘
𝜕𝛽 =

𝑛
∑
𝑙=0

𝑡𝑙

∑
𝑗=0

𝑛−𝑙
∑
𝑖=0

(−1)𝑖+𝑗+1(𝑛 − 𝑙 + 1
𝑗 )(𝑛 − 𝑘𝑗

𝑛 − 𝑙 )(𝑛 − 𝑙
𝑖 ) (𝑙 + 𝑖)𝛼

(𝛼(𝑙 + 𝑖) + 𝛽)2 . (3.24)

When 𝐼(𝜃) cannot be obtained, 𝐽(𝜃) is substituted for 𝐼(𝜃). Therefore, 𝑅𝑛,𝑘 ∈ (𝑅̂𝑀𝐿𝐸
𝑛,𝑘 ±

𝑧𝛾/2𝜎̂𝑅𝑛,𝑘
) introduces an asymptotic 100(1- 𝛾) % confidence interval of 𝑅𝑛,𝑘 where 𝑧𝛾/2 is

the upper 𝛾/2th quantile of the standard normal distribution and 𝜎̂𝑅𝑛,𝑘
is the value at MLE

of parameters.

3.1.3 Bayes Estimation of 𝑅𝑛,𝑘

All parameters 𝛼, 𝛽 and 𝜆 are assumed as random variable such that 𝛼 and 𝛽 have statistically

independent gamma prior distributions with parameters (𝑎𝑖, 𝑏𝑖), 𝑖 = 1, 2, respectively and
𝜆 has the log-concave density function 𝜋(𝜆). The pdf of a gamma random variable 𝑋 with

parameters (𝑎𝑖, 𝑏𝑖) is
𝑓(𝑥) = 𝑏𝑖

𝑎𝑖

Γ(𝑎𝑖)
𝑥𝑎𝑖−1𝑒−𝑥𝑏𝑖, (3.25)

where 𝑥 > 0, 𝑎𝑖, 𝑏𝑖 > 0, 𝑖 = 1, 2. Then, the joint posterior density function of 𝛼, 𝛽 and 𝜆 is

𝜋(𝛼, 𝛽, 𝜆|𝑥, 𝑦) = 𝐿 (𝛼, 𝛽, 𝜆; 𝑥, 𝑦) 𝜋(𝛼)𝜋(𝛽)𝜋(𝜆)
∫∞
0 ∫∞

0 ∫∞
0 𝐿 (𝛼, 𝛽, 𝜆; 𝑥, 𝑦) 𝜋(𝛼)𝜋(𝛽)𝜋(𝜆)𝑑𝛼𝑑𝛽𝑑𝜆

(3.26)
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= [𝐼(𝑥, 𝑦)]−1𝛼𝑛𝑚+𝑎1−1𝛽𝑚+𝑎2−1𝑒−𝛼(𝑏1+𝑤∗
𝜆)𝑒−𝛽(𝑏2+𝑣∗

𝜆)

𝑒𝑤∗
𝜆−𝑤𝜆𝑒𝑣∗

𝜆−𝑣𝜆𝜋(𝜆),
(3.27)

where 𝐼(𝑥, 𝑦) is the normalizing constant and given by

[𝐼(𝑥, 𝑦)]−1

Γ(𝑛𝑚 + 𝑎1)Γ(𝑚 + 𝑎2) = ∫
∞

0

𝑒𝑤∗
𝜆−𝑤𝜆𝑒𝑣∗

𝜆−𝑣𝜆𝜋(𝜆)
(𝑏1 + 𝑤∗

𝜆)𝑛𝑚+𝑎1(𝑏2 + 𝑣∗
𝜆)𝑚+𝑎2

𝑑𝜆. (3.28)

Then, the Bayes estimator of 𝑅𝑛,𝑘 under the SE loss function is given by

𝑅̂𝑛,𝑘,𝐵 = ∫
∞

0
∫

∞

0
∫

∞

0
𝑅𝑛,𝑘𝜋 (𝛼, 𝛽, 𝜆|𝑥, 𝑦) 𝑑𝛼𝑑𝛽𝑑𝜆 (3.29)

Since the analytical computation of the integral in (3.29) is hard, alternative approaches can

be applied to compute approximately. In this regard, Lindley’s approximation and MCMC

method are presented in next.

3.1.3.1 Lindley’s Approximation

Lindley’s approximation for three parameters, 𝜃 = (𝜃1, 𝜃2, 𝜃3) introduces

𝑢̂𝐵 = 𝐸(𝑢(𝜃|𝑥)) = 𝑢 + (𝑢1𝑎1 + 𝑢2𝑎2 + 𝑢3𝑎3 + 𝑎4 + 𝑎5) + 1
2[𝐴(𝑢1𝜎11 + 𝑢2𝜎12

+ 𝑢3𝜎13) + 𝐵(𝑢1𝜎21 + 𝑢2𝜎22 + 𝑢3𝜎23) + 𝐶(𝑢1𝜎31 + 𝑢2𝜎32 + 𝑢3𝜎33)]
(3.30)
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evaluated at ̂𝜃 = ( ̂𝜃1, ̂𝜃2, ̂𝜃3), where

𝑎𝑖 = 𝜌1𝜎𝑖1 + 𝜌2𝜎𝑖2 + 𝜌3𝜎𝑖3, 𝑖 = 1, 2, 3, (3.31)

𝑎4 = 𝑢12𝜎12 + 𝑢13𝜎13 + 𝑢23𝜎23, 𝑎5 = 1
2(𝑢11𝜎11 + 𝑢22𝜎22 + 𝑢33𝜎33), (3.32)

𝐴 = 𝜎11𝐿111 + 2𝜎12𝐿121 + 2𝜎13𝐿131 + 2𝜎23𝐿231 + 𝜎22𝐿221 + 𝜎33𝐿331, (3.33)

𝐵 = 𝜎11𝐿112 + 2𝜎12𝐿122 + 2𝜎13𝐿132 + 2𝜎23𝐿232 + 𝜎22𝐿222 + 𝜎33𝐿332, (3.34)

𝐶 = 𝜎11𝐿113 + 2𝜎12𝐿123 + 2𝜎13𝐿133 + 2𝜎23𝐿233 + 𝜎22𝐿223 + 𝜎33𝐿333. (3.35)

In our problem, for (𝜃1, 𝜃2, 𝜃3) ≡ (𝛼, 𝛽, 𝜆) and 𝑢 ≡ 𝑢(𝛼, 𝛽, 𝜆) = 𝑅𝑛,𝑘, we have 𝐿11 =
−𝑛𝑚/𝛼2, 𝐿22 = −𝑚/𝛽2, 𝐿13 = 𝐿31 = −𝐽13, 𝐿23 = 𝐿32 = −𝐽23, 𝐿33 = −𝐽33,

𝜎𝑖𝑗, 𝑖 = 1, 2, 3, are obtained by using 𝐿𝑖𝑗, 𝑖 = 1, 2, 3, 𝜌1 = ((𝑎1 − 1)/𝛼) − 𝑏1, 𝜌2 =
((𝑎2 − 1)/𝛽) − 𝑏2, 𝜌3 = 𝜋′(𝜆)/𝜋(𝜆) and 𝐿111 = 2𝑛𝑚/𝛼3, 𝐿222 = 2𝑚/𝛽3,

𝐿133 = 𝐿331 =
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

𝐹0𝜆𝜆(𝑦𝑖𝑗; 𝜆)𝐹0(𝑦𝑖𝑗; 𝜆) − (𝐹0𝜆(𝑦𝑖𝑗; 𝜆))2

(𝐹0(𝑦𝑖𝑗; 𝜆))2 (3.36)

𝐿233 = 𝐿332 =
𝑚

∑
𝑖=1

𝐹0𝜆𝜆(𝑥𝑖; 𝜆)(𝐹0(𝑥𝑖; 𝜆)) − (𝐹0𝜆(𝑥𝑖; 𝜆))2

(𝐹0(𝑥𝑖; 𝜆))2 (3.37)

𝐿333 =
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

𝐶1(𝑦𝑖𝑗; 𝜆) +
𝑚

∑
𝑖=1

𝐶1(𝑥𝑖; 𝜆)

+ (𝛼 − 1)
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

𝐶(𝑦𝑖𝑗; 𝜆) + (𝛽 − 1)
𝑚

∑
𝑖=1

𝐶(𝑥𝑖; 𝜆),
(3.38)

where

𝐶(𝑥; 𝜆) = 𝐹0𝜆𝜆𝜆(𝑥; 𝜆)(𝐹0(𝑥; 𝜆))2 − 3𝐹0(𝑥; 𝜆)𝐹0𝜆(𝑥; 𝜆)𝐹0𝜆𝜆(𝑥; 𝜆) + 2(𝐹0𝜆(𝑥; 𝜆))3

(𝐹0(𝑥; 𝜆))3 , (3.39)
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𝐶1(𝑥; 𝜆) = 𝑓0𝜆𝜆𝜆(𝑥; 𝜆)(𝑓0(𝑥; 𝜆))2 − 3𝑓0(𝑥; 𝜆)𝑓0𝜆(𝑥; 𝜆)𝑓0𝜆𝜆(𝑥; 𝜆) + 2(𝑓0𝜆(𝑥; 𝜆))3

(𝑓0(𝑥; 𝜆))3 . (3.40)

Moreover, 𝑢3 = 𝜕𝑅𝑛,𝑘/𝜕𝜆 = 0, 𝑢𝑖3 = 𝜕2𝑅𝑛,𝑘/𝜕𝜃𝑖𝜕𝜆 = 0, 𝑖 = 1, 2, 𝑢1 and 𝑢2 are given

in Equation (3.23) and (3.24), and

𝑢11 = 𝜕2𝑅𝑛,𝑘
𝜕𝛼2 = ∑𝑛

𝑙=0 ∑𝑡𝑙
𝑗=0 ∑𝑛−𝑙

𝑖=0(−1)𝑖+𝑗+1(𝑛 − 𝑙 + 1
𝑗 )(𝑛 − 𝑘𝑗

𝑛 − 𝑙 )(𝑛 − 𝑙
𝑖 ) (𝑙 + 𝑖)22𝛽

(𝛼(𝑙 + 𝑖) + 𝛽)3 , (3.41)

𝑢22 = 𝜕2𝑅𝑛,𝑘
𝜕𝛽2 = ∑𝑛

𝑙=0 ∑𝑡𝑙
𝑗=0 ∑𝑛−𝑙

𝑖=0(−1)𝑖+𝑗(𝑛 − 𝑙 + 1
𝑗 )(𝑛 − 𝑘𝑗

𝑛 − 𝑙 )(𝑛 − 𝑙
𝑖 ) (𝑙 + 𝑖)22𝛼

(𝛼(𝑙 + 𝑖) + 𝛽)3 , (3.42)

𝑢12 = 𝑢21 = 𝜕2𝑅𝑛,𝑘
𝜕𝛼𝜕𝛽 = ∑𝑛

𝑙=0 ∑𝑡𝑙
𝑗=0 ∑𝑛−𝑙

𝑖=0(−1)𝑖+𝑗(𝑛 − 𝑙 + 1
𝑗 )(𝑛 − 𝑘𝑗

𝑛 − 𝑙 )(𝑛 − 𝑙
𝑖 )(𝑙 + 𝑖)(𝛼(𝑙 + 𝑖) − 𝛽)

(𝛼(𝑙 + 𝑖) + 𝛽)3 . (3.43)

Hence,

𝑎4 = 𝑢12𝜎12, 𝑎5 = 1
2(𝑢11𝜎11 + 𝑢22𝜎22), (3.44)

𝐴 = 𝜎11𝐿111 + 𝜎33𝐿331, 𝐵 = 𝜎22𝐿222 + 𝜎33𝐿332, (3.45)

𝐶 = 2𝜎13𝐿133 + 2𝜎23𝐿233 + 𝜎33𝐿333. (3.46)

Then, the Bayes estimate 𝑅𝑛,𝑘 is computed approximately as follows:

𝑅̂𝐿𝑖𝑛
𝑛,𝑘,𝐵 = 𝑅𝑛,𝑘 + [𝑢1𝑎1 + 𝑢2𝑎2 + 𝑎4 + 𝑎5] + 1

2[𝐴(𝑢1𝜎11 + 𝑢2𝜎12 + 𝑢3𝜎13)

+ 𝐵(𝑢1𝜎21 + 𝑢2𝜎22 + 𝑢3𝜎23) + 𝐶(𝑢1𝜎31 + 𝑢2𝜎32 + 𝑢3𝜎33)].
(3.47)

using (3.30) where all the parameters are evaluated at ( ̂𝛼, ̂𝛽, 𝜆̂).

3.1.3.2 MCMC Method

The joint posterior density function of 𝛼, 𝛽 and 𝜆 is presented in (3.27) and the marginal

posterior density functions of 𝛼, 𝛽 and 𝜆 are shown respectively as

𝛼|𝜆, 𝑥, 𝑦 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑛𝑚 + 𝑎1, 𝑏1 + 𝑤∗
𝜆), 𝛽|𝜆, 𝑥, 𝑦 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑛 + 𝑎2, 𝑏2 + 𝑣∗

𝜆) (3.48)



25

and

𝜋(𝜆|𝛼, 𝛽, 𝑥, 𝑦) ∝ 𝜆𝑚(𝑛+1)+𝑎3−1𝑒−(𝛼−1)𝑤∗
𝜆−(𝛽−1)𝑣∗

𝜆 exp{𝜆 (−𝑏3 + ∑𝑚
𝑖=1 ln𝑥𝑖 + ∑𝑚

𝑖=1 ∑𝑛
𝑗=1 ln 𝑦𝑖𝑗)} (3.49)

Samples of𝛼 and𝛽 can be generatedwith the usage of gamma distribution. When the baseline

pdf 𝑓0 and 𝐹0 are log-concave functions and 𝛼 ≥ 1, 𝛽 ≥ 1, the posterior density of 𝜆
is log-concave function that is 𝜕2𝑙𝑛𝜋(𝜆|𝛼, 𝛽, 𝑥, 𝑦)/𝜕𝜆2 ≤ 0. As a result, we implement

the M-H algorithm with the normal proposal distribution to generate a random sample from

the posterior density of 𝜆. The hybrid M-H and Gibbs sampling algorithm is suggested by

Tierney[52].

Step 1: Start with initial guess 𝜆(0).

Step 2: Set 𝑖 = 1.

Step 3: Generate 𝛼(𝑖) from 𝐺𝑎𝑚𝑚𝑎(𝑛𝑚 + 𝑎1, 𝑏1 + 𝑤∗
𝜆).

Step 4: Generate 𝛽(𝑖) from 𝐺𝑎𝑚𝑚𝑎(𝑛 + 𝑎2, 𝑏2 + 𝑣∗
𝜆).

Step 5: Generate 𝜆(𝑖) from 𝜋(𝜆|𝛼, 𝛽, 𝑥, 𝑦) using the Metropolis-Hastings with the proposal

distribution 𝑞(𝜆) ≡ 𝑁(𝜆(𝑖−1), 1).

• Let 𝑣 = 𝜆(𝑖−1)

• Generate 𝑤 from the proposal distribution 𝑞.

• Let 𝑝(𝑣, 𝑤) = min{1, 𝜋(𝑤|𝛼(𝑖), 𝛽(𝑖), 𝑥, 𝑦)𝑞(𝑣)
𝜋(𝑣|𝛼(𝑖), 𝛽(𝑖), 𝑥, 𝑦)𝑞(𝑤)}

• Generate 𝑢 from 𝑈(0, 1),
– If 𝑢 ≤ 𝑝(𝑣, 𝑤), then accept the proposal and set 𝜆(𝑖) = 𝑤;

– otherwise, set 𝜆(𝑖) = 𝑣.

Step 6: Compute the 𝑅(𝑖)
𝑛,𝑘 at (𝛼(𝑖), 𝛽(𝑖), 𝜆(𝑖)).

Step 7: Set 𝑖 = 𝑖 + 1.

Step 8: Repeat Steps 2 through 7, 𝑁 times and posterior sample 𝑅(𝑖)
𝑛,𝑘, 𝑖 = 1, … , 𝑁 .
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The Bayes estimate and the HPD credible interval for 𝑅𝑛,𝑘 are acquired using this sample.

The Bayes estimate of 𝑅𝑛,𝑘 under a SE loss function is computed as follows:

𝑅̂𝑀𝐶
𝑛,𝑘,𝐵 = 1

𝑁 − 𝑀
𝑁−𝑀
∑

𝑖=𝑀+1
𝑅(𝑖)

𝑛,𝑘, (3.50)

where𝑀 is the burn-in period. The HPD 100(1−𝛾)% credible interval of𝑅𝑛,𝑘 is constructed

by Chen and Shao’s technique [53].

3.2. ESTIMATION OF 𝑅𝑛,𝑘 WHEN THE SECOND PARAMETERS ARE DIFFER-

ENT AND KNOWN

In this section, the ML, UMVU, exact and approximate Bayes estimates of 𝑅𝑛,𝑘 are consid-

ered when the second parameters of underlying distributions are 𝜆1 and 𝜆2 are different and

known.

3.2.1 MLE of 𝑅𝑛,𝑘

We assume that strength variables 𝑌𝑖 ∼ 𝑃𝐻𝑅(𝛼, 𝜆1), 𝑖 = 1, .., 𝑛 and stress variable 𝑋 ∼
𝑃𝐻𝑅(𝛽, 𝜆2), 𝜆1 and 𝜆2 are known constants. Then, 𝑅𝑛,𝑘 is the same as in Equations(3.8)

and (3.9). In this case, the likelihood function of the observed sample is

𝐿(𝛼, 𝛽; 𝜆1, 𝜆2, x, y) ∝ 𝛼𝑛𝑚𝛽𝑚 exp [−(𝛼 − 1)𝑤∗ − (𝛽 − 1)𝑣∗] , (3.51)

and the log-likelihood function is

𝑙(𝛼, 𝛽; x, y) ∝ 𝑛𝑚 ln𝛼 + 𝑚 ln𝛽 − (𝛼 − 1) 𝑤∗ − (𝛽 − 1) 𝑣∗, (3.52)
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where 𝑤∗ ≡ 𝑤∗
𝜆1

= − ∑𝑚
𝑖=1 ∑𝑛

𝑗=1 ln𝐹 0(𝑦𝑖𝑗; 𝜆1) and 𝑣∗ ≡ 𝑣∗
𝜆2

− ∑𝑚
𝑖=1 ln𝐹 0(𝑥𝑖; 𝜆2). The

ML estimates of 𝛼 and 𝛽 are ̂𝛼 = 𝑛𝑚/𝑊 ∗ and ̂𝛽 = 𝑚/𝑉 ∗. Hence, the MLE of 𝑅𝑀𝐿𝐸
𝑛,𝑘 can

be computed by application of the invariance property of MLE in (3.8) and (3.9).

After this, the derivation of the asymptotic confidence interval of 𝑅𝑛,𝑘 is handled. The ele-

ments of the Fisher information matrix 𝐼(𝜃), 𝜃 = (𝛼, 𝛽), are 𝐼11 = 𝑛𝑚/𝛼2, 𝐼22 = 𝑚/𝛽2,

𝐼12 = 𝐼21 = 0. The 𝑅𝑀𝐿𝐸
𝑛,𝑘 is asymptotically normal with mean 𝑅𝑛,𝑘 and asymptotic vari-

ance (see Rao [51])

𝜎2
𝑅𝑛,𝑘

= (𝜕𝑅𝑛,𝑘
𝜕𝛼 )

2 𝛼2

𝑛𝑚 + (𝜕𝑅𝑛,𝑘
𝜕𝛽 )

2 𝛽2

𝑚 , (3.53)

where 𝜕𝑅𝑛,𝑘/𝜕𝛼 and 𝜕𝑅𝑛,𝑘/𝜕𝛽 are given in Equations (3.23) and (3.24). Thus, 𝑅𝑛,𝑘 ∈
(𝑅̂𝑀𝐿𝐸

𝑛,𝑘 ± 𝑧𝛾/2𝜎̂𝑅𝑛,𝑘
) introduces an an asymptotic 100(1 − 𝛾)% confidence interval of 𝑅𝑛,𝑘

where 𝑧𝛾/2 is the upper 𝛾/2th quantile of the standard normal distribution and 𝜎̂𝑅𝑛,𝑘
is the

value at MLE of parameters.

3.2.2 UMVUE of 𝑅𝑛,𝑘

From Equations (3.8) and (3.9), finding the UMVUE of 𝜓(𝛼, 𝛽) = 𝛽/ (𝛼(𝑙 + 𝑖) + 𝛽) is
enough when the linear property of UMVUE is taken into consideration. We obtain that

(𝑊 ∗, 𝑉 ∗) is a complete sufficient statistics for (𝛼, 𝛽) and have Gamma distributions with
parameters (𝑛𝑚, 𝛼) and (𝑚, 𝛽), respectively. Let

𝜙(𝑉1, 𝑊1) =
⎧{
⎨{⎩

1, 𝑊1 > (𝑙 + 𝑖)𝑉1

0, otherwise
, (3.54)

where 𝑊1 = − ln𝐹 0(𝑌11) and 𝑉1 = − ln𝐹 0(𝑋1). It is readily seen that 𝑊1 and 𝑉1 have

exponential distribution with means 1/𝛼 and 1/𝛽, respectively. Then, 𝜙(𝑉1, 𝑊1) is an un-
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biased estimator for 𝜓(𝛼, 𝛽). Hence, the UMVUE of 𝜓(𝛼, 𝛽), denoted ̂𝜓𝑈(𝛼, 𝛽), can be

acquired with the application of Lehmann-Scheffé Theorem. We have

̂𝜓𝑈(𝛼, 𝛽) = 𝐸 (𝜙(𝑉1, 𝑊1)|𝑊 ∗ = 𝑤∗, 𝑉 ∗ = 𝑣∗) (3.55)

= 𝑃 (𝑊1 > (𝑙 + 𝑖)𝑉1|𝑊 ∗ = 𝑤∗, 𝑉 ∗ = 𝑣∗) (3.56)

= ∬
𝐶

𝑓𝑊1|𝑊 ∗=𝑤∗(𝑤1|𝑤∗)𝑓𝑉1|𝑉 ∗=𝑣∗(𝑣1|𝑣∗) 𝑑𝑣1 𝑑𝑤1, (3.57)

where 𝐶 = {(𝑣1, 𝑤1) ∶ 0 < 𝑣1< 𝑣∗, 0 < 𝑤1< 𝑤∗ , 𝑣1(𝑙 + 𝑖) < 𝑤1}. From Lemma 1 in

Basirat et al. [7], the conditional distribution of 𝑊1|𝑊 ∗ and 𝑉1|𝑉 ∗ are given by

𝑓𝑊1|𝑊 ∗=𝑤∗(𝑤1|𝑤∗) = (𝑛𝑚 − 1)
𝑤∗ (1 − 𝑤1

𝑤∗ )
𝑛𝑚−2

(3.58)

and

𝑓𝑉1|𝑉 ∗=𝑣∗(𝑣1|𝑣∗) = (𝑚 − 1)
𝑣∗ (1 − 𝑣1

𝑣∗ )
𝑚−2

. (3.59)

The double integral in (3.57) is examined in two cases ((𝑙 + 𝑖)𝑣∗) /𝑤∗ ≤ 1 and ((𝑙 + 𝑖)𝑣∗) /𝑤∗ >
1. If ((𝑙 + 𝑖)𝑣∗) /𝑤∗ ≤ 1, then

̂𝜓𝑈(𝛼, 𝛽) =
𝑣∗

∫
0

𝑤∗

∫
𝑣1(𝑙+𝑖)

(𝑚 − 1)(𝑛𝑚 − 1)
𝑣∗𝑤∗ (1 − 𝑣1

𝑣∗ )
𝑚−2

(1 − 𝑤1
𝑤∗ )

𝑛𝑚−2
𝑑𝑤1𝑑𝑣1 (3.60)

= (𝑚 − 1)
1

∫
0

(1 − 𝑡)𝑚−2(1 − 𝑐𝑡)𝑛𝑚−1𝑑𝑡 (3.61)

=
𝑛𝑚−1
∑
𝑧=0

(−1)𝑧 (𝑛𝑚−1
𝑧 )

(𝑚+𝑧−1
𝑧 ) ((𝑙 + 𝑖)𝑣∗

𝑤∗ )
𝑧

, (3.62)
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where 𝑐 = ((𝑙 + 𝑖)𝑣∗) /𝑤∗ ≤ 1, 𝑡 = 𝑣1/𝑣∗. If ((𝑙 + 𝑖)𝑣∗) /𝑤∗ > 1, then

̂𝜓𝑈(𝛼, 𝛽) =
𝑤∗

∫
0

𝑤1/(𝑙+𝑖)

∫
0

(𝑚 − 1)(𝑛𝑚 − 1)
𝑣∗𝑤∗ 1 (−𝑣1

𝑣∗ )
𝑚−2

(1 − 𝑤1
𝑤∗ )

𝑛𝑚−2
𝑑𝑣1𝑑𝑤1 (3.63)

= 1 − (𝑛𝑚 − 1)
1

∫
0

(1 − 𝑡)𝑛𝑚−2(1 − 𝑡
𝑐)𝑚−1𝑑𝑡 (3.64)

= 1 −
𝑚−1
∑
𝑧=0

(−1)𝑧 (𝑚−1
𝑧 )

(𝑛𝑚+𝑧−1
𝑧 ) ( 𝑤∗

(𝑙 + 𝑖)𝑣∗ )
𝑧

, (3.65)

where 𝑐 = (𝑙 + 𝑖)𝑣∗/𝑤∗ > 1, 𝑡 = 𝑤1/𝑤∗. Thus, the UMVUE of 𝑅𝑛,𝑘, say 𝑅̂𝑈
𝑛,𝑘, is given by

using (3.62) and (3.65)

𝑅̂𝑈
𝑛,𝑘 = 1 −

𝑛
∑
𝑙=0

𝑡𝑙

∑
𝑗=0

𝑛−𝑙
∑
𝑖=0

(−1)𝑖+𝑗(𝑛 − 𝑙 + 1
𝑗 )(𝑛 − 𝑘𝑗

𝑛 − 𝑙 )(𝑛 − 𝑙
𝑖 ) ̂𝜓𝑈(𝛼, 𝛽). (3.66)

For 2𝑘 ≥ 𝑛, 𝑅̂𝑈
𝑛,𝑘 is obtained like in the general case. In this case, we have

𝑅̂𝑈
𝑛,𝑘 =

1
∑
𝑖=0

(−1)𝑖(𝑛 − 𝑘 + 1 − 𝑖) ̂𝜓𝑈
𝑖 (𝛼, 𝛽), (3.67)

where

̂𝜓𝑈
𝑖 (𝛼, 𝛽) =

⎧{{
⎨{{⎩

∑𝑛𝑚−1
𝑧=0 (−1)𝑧 (𝑛𝑚−1

𝑧 )
(𝑚+𝑧−1

𝑧 ) ((𝑘 + 𝑖) 𝑣∗

𝑤∗ )
𝑧

, (𝑘 + 𝑖) 𝑣∗

𝑤∗ ≤ 1

1 − ∑𝑚−1
𝑧=0 (−1)𝑧 (𝑚−1

𝑧 )
(𝑛𝑚+𝑧−1

𝑧 ) ( 𝑤∗

(𝑘 + 𝑖) 𝑣∗ )
𝑧

, (𝑘 + 𝑖) 𝑣∗

𝑤∗ > 1
. (3.68)
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3.2.3 Bayes Estimation of 𝑅𝑛,𝑘

The parameters 𝛼 and 𝛽 are assumed as random variables that have statistically independent

gamma prior distributions with parameters (𝑎𝑖, 𝑏𝑖), 𝑖 = 1, 2, respectively. Then, the joint
posterior density function of 𝛼 and 𝛽 is given as

𝜋(𝛼, 𝛽 |x, y) = (𝑏1+𝑤∗)𝑛𝑚+𝑎1 (𝑏2+𝑣∗)𝑚+𝑎2
Γ(𝑛𝑚+𝑎1)Γ(𝑚+𝑎2) 𝛼𝑛𝑚+𝑎1−1𝛽𝑚+𝑎2−1𝑒−𝛼(𝑏1+𝑤∗)−𝛽(𝑏2+𝑣∗), (3.69)

and the marginal posterior densities of 𝛼 and 𝛽 have Gamma distributions with parameters

(𝑛𝑚 + 𝑎1, 𝑏1 + 𝑤∗) and (𝑚 + 𝑎2, 𝑏2 + 𝑣∗). Then, Bayes estimate of 𝑅𝑛,𝑘 under the SE loss

function, say 𝑅𝑛,𝑘,𝐵, is

𝑅̂𝑛,𝑘,𝐵 = 1 − ∑𝑛
𝑙=0 ∑𝑡𝑙

𝑗=0 ∑𝑛−𝑙
𝑖=0(−1)𝑖+𝑗(𝑛−𝑙+1

𝑗 )(𝑛−𝑘𝑗
𝑛−𝑙 )(𝑛−𝑙

𝑖 ) ∫∞
0 ∫∞

0
𝛽𝜋(𝛼, 𝛽 |x, y)
𝛼(𝑙 + 𝑖) + 𝛽 𝑑𝛼𝑑𝛽 (3.70)

If a one-to-one transformation is implemented for𝑢1 = 𝛽/(𝛼 (𝑙 + 𝑖)+𝛽) and𝑢2 = (𝛼 (𝑙 + 𝑖)+
𝛽). Then, 0 < 𝑢1 < 1, 0 < 𝑢2 < ∞, 𝛼 = 𝑢2(1 − 𝑢1)/(𝑙 + 𝑖), 𝛽 = 𝑢1𝑢2 and the Jacobian of

(𝑢1, 𝑢2) is 𝐽(𝑢1, 𝑢2) = −𝑢2/(𝑙 + 𝑖). Hence, we can arrange the double integral in (3.70) as

(𝑏1 + 𝑤∗)𝑛𝑚+𝑎1(𝑏2 + 𝑣∗)𝑚+𝑎2

Γ(𝑛𝑚 + 𝑎1)Γ(𝑚 + 𝑎2)(𝑙 + 𝑖)𝑛𝑚+𝑎1
{∫

1

0
∫

∞

0
𝑢𝑚+𝑎2

1 (1 − 𝑢1)𝑛𝑚+𝑎1−1𝑢𝑝−1
2

× exp(−𝑢2 {(1 − 𝑢1)(𝑏1 + 𝑤∗)
(𝑙 + 𝑖) + 𝑢1(𝑏2 + 𝑣∗)}) 𝑑𝑢1𝑑𝑢2} (3.71)

= (1 − 𝑧)𝑚+𝑎2

𝐵(𝑛𝑚 + 𝑎1, 𝑚 + 𝑎2) ∫
1

0
𝑢𝑚+𝑎2

1 (1 − 𝑢1)𝑛𝑚+𝑎1−1(1 − 𝑢1𝑧)−𝑝𝑑𝑢1, (3.72)
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where 𝑧 = 1 − ((𝑏2 + 𝑣∗) (𝑙 + 𝑖)/(𝑏1 + 𝑤∗)) and 𝑝 = 𝑛𝑚 + 𝑎1 + 𝑚 + 𝑎2. It is known that

the integral representation of the hypergeometric series is

2𝐹1(𝛼, 𝛽; 𝛾, 𝑠) = 1
𝐵(𝛽, 𝛾 − 𝛽) ∫

1

0
𝑡𝛽−1(1 − 𝑡)𝛾−𝛽−1(1 − 𝑡𝑠)−𝛼𝑑𝑡, (3.73)

when |𝑠| < 1, 𝑅𝑒(𝛾) > 0 and 𝑅𝑒(𝛽) > 0, (see Gradshteyn and Ryzhik [54]). Therefore, we
have

𝑅̂𝑛,𝑘,𝐵 = 1 −
⎧{
⎨{⎩

∑𝑛
𝑙=0 ∑𝑡𝑙

𝑗=0 ∑𝑛−𝑙
𝑖=0 𝑐(𝑙, 𝑗, 𝑖) 𝑐1 2𝐹1 (𝑝, 𝑚 + 𝑎2 + 1; 𝑝 + 1, 𝑧) , |𝑧| < 1

∑𝑛
𝑙=0 ∑𝑡𝑙

𝑗=0 ∑𝑛−𝑙
𝑖=0 𝑐(𝑙, 𝑗, 𝑖) 𝑐2 2𝐹1 (𝑝, 𝑛𝑚 + 𝑎1; 𝑝 + 1, 𝑧

𝑧 − 1) , 𝑧 < −1
, (3.74)

where 𝑐(𝑙, 𝑗, 𝑖) = (−1)𝑖+𝑗(𝑛−𝑙+1
𝑗 )(𝑛−𝑘𝑗

𝑛−𝑙 )(𝑛−𝑙
𝑖 ), 𝑐1 = ((1 − 𝑧)𝑚+𝑎2(𝑚 + 𝑎2)) /𝑝 and 𝑐2 =

(𝑚+𝑎2)/ (𝑝(1 − 𝑧)𝑛𝑚+𝑎1). Next, we examine two approaches which are Lindley’s approx-
imation and MCMC methods to observe that how they approximate to the exact result that

we obtained.

3.2.3.1 Lindley’s Approximation

Lindley’s approximation for two parameters 𝜃 = (𝜃1, 𝜃2), introduces

𝑢̂𝐿𝑖𝑛 = 𝑢(𝜃) + 1
2 [𝐵 + 𝑄30𝐵12 + 𝑄21𝐶12 + 𝑄12𝐶21 + 𝑄03𝐵21] , (3.75)

where 𝐵 = ∑2
𝑖=1 ∑2

𝑗=1 𝑢𝑖𝑗𝜏𝑖𝑗, 𝑄𝑖𝑗 = 𝜕𝑄𝑖+𝑗/𝜕𝑖𝜃1𝜕𝑗𝜃2 for 𝑖, 𝑗 = 0, 1, 2, 3, 𝑖 + 𝑗 = 3,
𝑢𝑖 = 𝜕𝑢/𝜕𝜃𝑖, 𝑢𝑖𝑗 = 𝜕2𝑈/𝜕𝜃𝑖𝜕𝜃𝑗 for 𝑖, 𝑗 = 1, 2 and 𝐵𝑖𝑗 = (𝑢𝑖𝜏𝑖𝑖 + 𝑢𝑗𝜏𝑖𝑗)𝜏𝑖𝑖, 𝐶𝑖𝑗 =
3𝑢𝑖𝜏𝑖𝑖𝜏𝑖𝑗 + 𝑢𝑗(𝜏𝑖𝑖𝜏𝑖𝑗 + 2𝜏2

𝑖𝑗) for 𝑖 ≠ 𝑗. 𝜏𝑖𝑗 is the (𝑖, 𝑗)th element in the inverse of matrix
𝑄∗ = (−𝑄∗

𝑖𝑗), 𝑖, 𝑗 = 1, 2 such that 𝑄∗
𝑖𝑗 = 𝜕𝑄2/𝜕𝜃𝑖𝜕𝜃𝑗. 𝑢̂𝐿𝑖𝑛 which is the approximate

Bayes estimate is evaluated at (𝜆̃1, 𝜆̃2) which refers to the mode of the posterior density.
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In our state, (𝜃1, 𝜃2) = (𝛼, 𝛽) and

𝑄 = ln𝜋(𝛼, 𝛽 |x, y) ∝ (𝑛𝑚 + 𝑎1 − 1) ln𝛼 + (𝑚 + 𝑎2 − 1) ln𝛽 − 𝛼(𝑏1 + 𝑤∗) − 𝛽(𝑏2 + 𝑣∗). (3.76)

We can derive the posteriormode of (𝛼, 𝛽) from𝑄 as follows: ̃𝛼 = (𝑛𝑚 + 𝑎1 − 1) / (𝑏1 + 𝑤∗)
and ̃𝛽 = (𝑚 + 𝑎2 − 1) / (𝑏2 + 𝑣∗).

Other elements are obtained as 𝜏11 = 𝛼2/(𝑛𝑚+𝑎1−1), 𝜏22 = 𝛽2/(𝑚+𝑎2−1), 𝜏12 = 𝜏21 =
0, 𝑄12 = 𝑄21 = 0, 𝑄03 = 2(𝑚 + 𝑎2 − 1)/𝛽3, 𝑄30 = 2(𝑛𝑚 + 𝑎1 − 1)/𝛼3, 𝐵12 = 𝑢1𝜏2

11,
𝐵21 = 𝑢2𝜏2

22, 𝐵 = 𝑢11𝜏11 + 𝑢22𝜏22. Therefore, the approximate Bayes estimate of 𝑅𝑛,𝑘

under the SE loss function is demonstrated as

𝑅𝐿𝑖𝑛
𝑛,𝑘,𝐵 = 𝑅𝑛,𝑘 + 1

2 [𝛼2𝑢11 + 2𝛼𝑢1
𝑛𝑚 + 𝑎1 − 1 + 𝛽2𝑢22 + 2𝛽𝑢2

𝑚 + 𝑎2 − 1 ]
(𝛼,𝛽)=(𝛼,𝛽)

, (3.77)

where 𝑢1, 𝑢2, 𝑢11 and 𝑢22 are presented in (3.23), (3.24), (3.41) and (3.42).

3.2.3.2 MCMC Method

The marginal posterior densities of 𝛼 and 𝛽 are known as those possess gamma distributions

with parameters (𝑛𝑚+𝑎1, 𝑏1+𝑤∗) and (𝑚+𝑎2, 𝑏2+𝑣∗). Then, we implement the following
Gibbs sampling algorithm to generate samples:

Step 1: Set 𝑖 = 1.

Step 2: Generate 𝛼(𝑖) from 𝐺𝑎𝑚𝑚𝑎(𝑛𝑚 + 𝑎1, 𝑏1 + 𝑤∗).

Step 3: Generate 𝛽(𝑖) from 𝐺𝑎𝑚𝑚𝑎(𝑚 + 𝑎2, 𝑏2 + 𝑣∗).

Step 4: Compute the 𝑅(𝑖)
𝑛,𝑘 at (𝛼(𝑖), 𝛽(𝑖))

Step 5: Set 𝑖 = 𝑖 + 1.
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Step 6: Repeat Steps 2 through 5,𝑁 times and obtain the posterior sample𝑅(𝑖)
𝑛,𝑘, 𝑖 = 1, ..., 𝑁 .

Then, Bayes estimate of 𝑅𝑛,𝑘 under the SE loss function is

𝑅𝑀𝐶
𝑛,𝑘,𝐵 = 1

𝑁 − 𝑀
𝑁−𝑀
∑

𝑖=𝑀+1
𝑅(𝑖)

𝑛,𝑘, (3.78)

where𝑀 is the burn-in period. The HPD 100(1−𝛾)% credible interval of𝑅𝑛,𝑘 is constructed

by Chen and Shao’s technique [53].

3.3. SIMULATION STUDY

This section presents some numerical results for Kumaraswamy and one parameter Weibull

distributions from the PHR family when the second parameters of underlying distributions

are common and unknown, and different and known.

All the estimates are presented along with mean square error (MSE) or estimated risks (ERs)

values and biases. To compare the performances of the point estimates, MSE for ML and ER

for ML Bayes estimates are used. The ER of 𝜃, when 𝜃 is estimated by ̂𝜃, is computed as

𝐸𝑅(𝜃) = 1
𝑁

𝑁
∑
𝑖=1

( ̂𝜃𝑖 − 𝜃𝑖)2, (3.79)

under the SE loss function. Average lengths(ALs) and coverage probabilities (CPs) are con-

sidered to compare the performances of asymptotic confidence and credible intervals. We

use MATLAB and statistical software R to perform all the computations [46]. All the results

are based on 2500 replications.

To implement MCMC procedures, two chains are run with fairly different initial values and

generate 10000 iterations for each chain. In order to reduce the effect of the starting distri-

bution, the first 5000 results of each sequence are discarded, which is called as burn-in. So
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as to remove the dependence between the results in the Markov chain, only every 𝑑𝑡ℎ draw

of the chain is saved, which is called as thinning. In our cases, Bayesian MCMC estimates

are evaluated by the means of the every 5𝑡ℎ sampled values after the discarding procedure.

Moreover, the convergency of the MCMC chains has been monitored by using the scale re-

duction factor estimate in Gelman et al. [42]. The estimate is given by √𝑉 𝑎𝑟(𝜓)/𝑊 , where

𝜓 is the estimand of interest, 𝑉 𝑎𝑟(𝜓) = (𝑛 − 1)𝑊/𝑛 + 𝐵/𝑛 with the iteration number 𝑛
for each chain, the between-sequence variance 𝐵 and the within-sequence variance 𝑊 . In

all cases, the scale factor values of the MCMC estimators are found to be below 1.1. It is an
acceptable value for their convergence.

3.3.1 When the Second Parameters are Common and Unknown

In this subsection, the strength and stress variables are assumed generating fromKumaraswamy

distributions with parameters (𝛼, 𝜆) and (𝛽, 𝜆)when the second parameters of underlying dis-
tributions are common (𝜆) and unknown. Then, the baseline survival functions are obtained
as 𝐹0(𝑦; 𝜆) = (1 − 𝑦𝜆) and 𝐹0(𝑥; 𝜆) = (1 − 𝑥𝜆), respectively and

𝑤∗
𝜆 = −

𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

ln(1 − 𝑦𝜆
𝑖𝑗) and 𝑤𝜆 = − (𝑛𝑚 ln𝜆 + (𝜆 − 1)

𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

ln 𝑦𝑖𝑗) , (3.80)

𝑣∗
𝜆 = −

𝑚
∑
𝑖=1

ln(1 − 𝑥𝜆
𝑖 ) and 𝑣𝜆 = − (𝑚 ln𝜆 + (𝜆 − 1)

𝑚
∑
𝑖=1

ln𝑥𝑖) . (3.81)

The MLE of 𝜆, 𝜆̂, is obtained from the solution of the nonlinear equation given below:

𝑚(𝑛 + 1)
𝜆 +

𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

ln 𝑦𝑖𝑗
1 − 𝑦𝜆

𝑖𝑗
+

𝑚
∑
𝑖=1

ln𝑥𝑖
1 − 𝑥𝜆

𝑖
− 𝑛𝑚

𝑊 ∗
𝜆

𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

𝑦𝜆
𝑖𝑗𝑙𝑛𝑦𝑖𝑗

1 − 𝑦𝜆
𝑖𝑗

− 𝑚
𝑉 ∗

𝜆

𝑚
∑
𝑖=1

𝑥𝜆
𝑖 𝑙𝑛𝑥𝑖

1 − 𝑥𝜆
𝑖

= 0
(3.82)
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The elements of observed information matrix are given as

𝐽13 = 𝐽31 =
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

𝑦𝜆
𝑖𝑗 ln 𝑦𝑖𝑗
1 − 𝑦𝜆

𝑖𝑗
, 𝐽23 = 𝐽32 =

𝑚
∑
𝑖=1

𝑥𝜆
𝑖 ln𝑥𝑖

1 − 𝑥𝜆
𝑖

, (3.83)

𝐽33 = 𝑚(𝑛 + 1)
𝜆2 + (𝛼 − 1)

𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

𝑦𝜆
𝑖𝑗(ln 𝑦𝑖𝑗)2

(1 − 𝑦𝜆
𝑖𝑗)2 + (𝛽 − 1)

𝑚
∑
𝑖=1

𝑥𝜆
𝑖 (ln𝑥𝑖)2

(1 − 𝑥𝜆
𝑖 )2 . (3.84)

Since Kumaraswamy distribution satisfies the mild regularity conditions, the observed in-

formation matrix can be used to obtain an an asymptotic confidence interval of 𝑅𝑛,𝑘. Some

elements for Bayes estimation of 𝑅𝑛,𝑘 using Lindley’s approximation are 𝐿111 = 2𝑛𝑚/𝛼3,
𝐿222 = 2𝑚/𝛽3

𝐿133 = −
𝑚

∑
𝑖=1

𝑛
∑
𝑗=1

𝑦𝜆
𝑖𝑗(ln 𝑦𝑖𝑗)2

(1 − 𝑦𝜆
𝑖𝑗)2 , 𝐿233 = −

𝑚
∑
𝑖=1

𝑥𝜆
𝑖 (ln𝑥𝑖)2

(1 − 𝑥𝜆
𝑖 )2 , (3.85)

𝐿333 = 2𝑚(𝑛 + 1)
𝜆3 − (𝛼 − 1)

𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

𝐶(𝑦𝑖𝑗; 𝜆) − (𝛽 − 1)
𝑚

∑
𝑖=1

𝐶(𝑥𝑖; 𝜆), (3.86)

𝐶1(𝑥; 𝜆) = 2
𝜆3 , 𝐶(𝑥; 𝜆) = −𝑥𝜆(ln𝑥)3(1 + 𝑥𝜆)

(1 − 𝑥𝜆)3 . (3.87)

In Tables 3.1-3.3, we have presented the ML and Bayes estimates of 𝑅𝑛,𝑘, and correspond-
ing interval estimates for different sample sizes 𝑚 = 10, 15, 20, 25. Bayes estimates are

obtained by using both Lindley’s approximation and MCMC method based on informative

and non-informative priors. The true values of the parameters are taken as (𝛼, 𝛽, 𝜆) =
(1.5, 3, 2), and (2, 1.25, 3). In the Bayesian case, the following informative priors: Prior 1:
(𝑎1, 𝑏1) = (3, 2), (𝑎2, 𝑏2) = (6, 2), (𝑎3, 𝑏3) = (4, 2), Prior 2: (𝑎1, 𝑏1) = (2, 1), (𝑎2, 𝑏2) =
(1.25, 1), (𝑎3, 𝑏3) = (3, 1), and non-informative prior (𝑎𝑖, 𝑏𝑖) = (0, 0), 𝑖 = 1, 2, 3 are used.

From Tables 3.1-3.2, it is observed that MSE, ERs and biases of the estimates generally

decrease as the sample size increases, as expected. We observe that Bayes estimates of 𝑅𝑛,𝑘

based on informative prior have the best performance in terms of error ER.We further observe
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that Bayes estimate using Lindley’s approximation provide relatively better results than the

MCMC method in terms of ERs. Bayes estimates based on non-informative prior and the

ML estimate have similar ERs and MSE, and these values are close to each other when the

sample size increases.

From Table 3.3, the ALs of all intervals decrease as the sample size increases, as expected.

The CPs of all intervals are quite satisfactory. The HPD credible intervals based on informa-

tive priors provide the smallest AL. Furthermore, the HPD credible intervals based on non-

informative prior and asymptotic confidence interval have similar performances. Hence, the

HPD credible interval can be preferable when the prior information is available or not.

We have encountered convergence problems in the MCMC case for large sample sizes.

Due to the term 𝜆𝑛𝑚 in the marginal posterior density of 𝜆, an indeterminate ratio in the
Metropolis-Hastings algorithm is observed. For this reason, Bayes estimates of 𝑅𝑛,𝑘 are

computed by using Lindley’s approximation for large sample sizes in Tables 3.4-3.6.

In Tables 3.4 and 3.5, we have presented the ML and Bayes estimates of 𝑅𝑛,𝑘 for both infor-

mative and non-informative priors for 𝑚 = 30, 40, 50, 60. The same parameters and priors
as Tables 3.1-3.2 have been used. Moreover, the AL and CP of the asymptotic confidence

intervals are presented in Table 3.6. From Tables 3.4-3.6, we observe that performance of the

estimates behave similar as in Tables 3.1-3.3. Bayes estimate of 𝑅𝑛,𝑘 based on informative

prior has better results than that of non-informative prior and ML cases.
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Table 3.3. Average confidence/credible lengths (ACL) and coverage probabilities (CP) of

𝑅𝑛,𝑘 for Kumaraswamy distribution when (𝛼, 𝛽, 𝜆) = (1.5, 3, 2) and (2, 1.25, 3)

𝐴𝐶𝐼 𝐻𝑃𝐷 (Prior 1) 𝐻𝑃𝐷 (Non-inf.) 𝐴𝐶𝐼 𝐻𝑃𝐷 (Prior 2) 𝐻𝑃𝐷 (Non-inf.)

𝑚 (𝑘, 𝑛) 𝑅𝑛,𝑘 ACL CP ACL CP ACL CP (𝑘, 𝑛) 𝑅𝑛,𝑘 ACL CP ACL CP ACL CP

10 (3,10) 0.72222 0.36601 0.915 0.29622 0.978 0.35450 0.978 (2,8) 0.49544 0.40291 0.917 0.36831 0.946 0.38376 0.946

15 0.30400 0.926 0.25799 0.976 0.29634 0.976 0.33264 0.934 0.31063 0.947 0.32058 0.947

20 0.26582 0.930 0.23220 0.970 0.25962 0.970 0.28937 0.927 0.27382 0.939 0.28058 0.939

25 0.23864 0.933 0.21268 0.966 0.23363 0.966 0.25973 0.942 0.24772 0.948 0.25243 0.948

10 (4,10) 0.57965 0.38745 0.911 0.30831 0.976 0.37190 0.976 (3,8) 0.33119 0.32896 0.928 0.29889 0.947 0.31363 0.947

15 0.32049 0.923 0.26881 0.971 0.31061 0.971 0.26921 0.934 0.25082 0.944 0.25970 0.944

20 0.27984 0.939 0.24205 0.970 0.27243 0.970 0.23297 0.950 0.22024 0.953 0.22595 0.953

25 0.25112 0.934 0.23928 0.947 0.24506 0.946 0.20859 0.936 0.19874 0.937 0.20321 0.937

10 (7,10) 0.28889 0.28319 0.939 0.21599 0.979 0.27048 0.979 (5,8) 0.16143 0.18963 0.938 0.17157 0.949 0.18160 0.949

15 0.22957 0.943 0.18780 0.976 0.22163 0.976 0.15388 0.947 0.14329 0.950 0.14887 0.950

20 0.19805 0.948 0.16885 0.968 0.19217 0.968 0.13249 0.949 0.12530 0.952 0.12872 0.952

25 0.17685 0.953 0.15469 0.968 0.17211 0.950 0.11728 0.946 0.11190 0.950 0.11443 0.950

10 (9,10) 0.19697 0.21913 0.938 0.16384 0.977 0.20911 0.977 (6,8) 0.11908 0.14651 0.944 0.13224 0.958 0.14058 0.958

15 0.17430 0.938 0.14170 0.976 0.16833 0.976 0.10134 0.952 0.09576 0.954 0.09863 0.954

20 0.14984 0.944 0.12704 0.968 0.14555 0.968 0.10165 0.941 0.09611 0.944 0.09900 0.944

25 0.13439 0.949 0.11705 0.961 0.13093 0.941 0.09086 0.949 0.08668 0.952 0.08864 0.952
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Table 3.6. Average confidence/credible lengths (ACL) and coverage probabilities (CP) of

𝑅𝑛,𝑘 for Kumaraswamy distribution when (𝛼, 𝛽, 𝜆) = (1.5, 3, 2) and (2, 1.25, 3)

𝐴𝐶𝐼 𝐴𝐶𝐼
𝑚 (𝑘, 𝑛) 𝑅𝑛,𝑘 ACL CP (𝑘, 𝑛) 𝑅𝑛,𝑘 ACL CP

30 (3,10) 0.72222 0.21853 0.929 (2,8) 0.49544 0.23746 0.936

40 0.19069 0.934 0.20635 0.948

50 0.17079 0.946 0.18471 0.940

60 0.15640 0.946 0.16889 0.939

30 (4,10) 0.57965 0.22974 0.928 (3,8) 0.33119 0.18989 0.950

40 0.19974 0.944 0.16453 0.943

50 0.17886 0.936 0.14767 0.950

60 0.16358 0.946 0.13444 0.957

30 (7,10) 0.28889 0.16072 0.935 (5,8) 0.16143 0.10724 0.945

40 0.13978 0.943 0.09225 0.940

50 0.12436 0.948 0.08269 0.953

60 0.11387 0.946 0.07512 0.941

30 (9,10) 0.19697 0.12174 0.938 (6,8) 0.11908 0.08223 0.954

40 0.10548 0.950 0.07074 0.946

50 0.09403 0.949 0.06316 0.946

60 0.08542 0.950 0.05738 0.944

Furthermore, we have presented plots for comparing the performance of the Bayes estimates

using Lindley’s approximation based on informative and non-informative priors and MLE in

terms of MSE and ERs for the sample sizes 𝑚 = 35 and 70. In Figure 3.1, we chose the
parameters as 𝛼𝑖 = 11.2 − (2𝑖/10), 𝛽𝑖 = 0.8 + (2𝑖/10) and 𝜆𝑖 = 0.9 + (𝑖/10), 𝑖 = 1, ..., 50
for 𝑅9,3. Then, it takes the values 0.064 to 0.970. In Figure 3.2, we chose the parameters as
𝛼𝑖 = 11.2 − (2𝑖/10), 𝛽𝑖 = 0.8 + (2𝑖/10) and 𝜆𝑖 = 0.9 + (𝑖/10), 𝑖 = 4, ..., 53 for 𝑅9,4.
Then, it takes the values 0.070 to 0.973. We use the following algorithm to draw the plots.

Step 1: For given (𝛼, 𝛽, 𝜆), 𝑅9,3 (𝑅9,4) is computed.
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Step 2: For given 𝑚, samples from Kumaraswamy distribution are generated for the strength

and the stress variables.

Step 3: Estimates of 𝑅9,3 (𝑅9,4) are evaluated.

Step 4: Steps 2-3 are repeated 2500 times, theMSE or ER for estimates of𝑅𝑛,𝑘 are calculated

as 𝑀𝑆𝐸(𝑅𝑛,𝑘) = ∑𝑁
𝑖=1(𝑅(𝑖)

𝑛,𝑘 − 𝑅𝑛,𝑘)2/𝑁 .

Figure 3.1. MSE (or ERs) of the estimates when 𝑚 = 35 and 70

Figure 3.2. MSE (or ERs) of the estimates when 𝑚 = 35 and 70

From Figures 3.1 and 3.2, we observe that all estimates have more error when 𝑅𝑛,𝑘 tends

to 0.5 but have small errors when 𝑅𝑛,𝑘 tends to extreme values. Bayes estimate based on

informative prior using Lindley’s approximation have the smallest error. The similar results

are also observed in Tables 3.4 and 3.5.



46

3.3.2 When the Second Parameters are Different and Known

In this subsection, the strength and stress variables are assumed generating from Weibull

distributions with parameters (𝛼, 𝜆1) and (𝛽, 𝜆2), respectively when the second parameters
of underlying distributions 𝜆1 and 𝜆2 are different and known. Then, the baseline survival

functions are 𝐹0(𝑦; 𝜆1) = 𝑒−𝑦𝜆1 , 𝐹0(𝑥; 𝜆2) = 𝑒−𝑥𝜆2 , and then 𝑤∗ = ∑𝑚
𝑖=1 ∑𝑛

𝑗=1 𝑦𝜆1
𝑖𝑗 and

𝑣∗ = ∑𝑚
𝑖=1 𝑥𝜆2

𝑖 . SinceWeibull distribution satisfies themild regularity conditions, an asymp-

totic confidence interval of 𝑅𝑛,𝑘 are obtained by using Fisher information matrix. All the

estimates of 𝑅𝑛,𝑘 are computed by using the obtained results in Section 3.

In Tables 3.7-3.9, we have presented the ML, UMVU and Bayes estimates of 𝑅𝑛,𝑘, and
corresponding interval estimates for different sample sizes 𝑚 = 10, 20, 30, 40. Exact Bayes
estimates based on informative prior are listed along with the approximate estimates which

are obtained by using Lindley’s approximation and MCMC method. The true values of the

parameters are taken as (𝛼, 𝜆1, 𝛽, 𝜆2) = (2, 2, 5, 3) and (3, 6, 4.5, 4). In the Bayesian case,
the following informative priors: Prior 3: (𝑎1, 𝑏1) = (2, 1), (𝑎2, 𝑏2) = (5, 1) and Prior 4:
(𝑎1, 𝑏1) = (6, 2), (𝑎2, 𝑏2) = (9, 2) are used.

From Tables 3.7 and 3.8, it is observed that MSEs, ERs and biases of all estimates decrease

as the sample size increases, as expected. Bayes estimates of 𝑅𝑛,𝑘 have smaller ER than

that of ML and UMVU estimates. The performances of all three Bayes estimates are similar.

The exact Bayes estimates are very close to the Bayes estimates obtained by using Lindley’s

approximation and MCMCmethod in terms of the estimates and ERs. Therefore, we can say

that the approximate Bayes estimates are good alternatives when the exact Bayes estimate

cannot be obtained. Moreover, since the computation of MLE of 𝑅𝑛,𝑘 is easy than UMVUE,

it can be proposed to use MLE when the prior information is not available.

From Table 3.9, the ALs of all intervals decrease as the sample size increases, as expected.

The CPs of all intervals are quite satisfactory. The ALs of the HPD credible intervals are

shorter than asymptotic confidence interval. The HPD credible interval can be preferable to

the asymptotic confidence interval with respect to AL and CP when the prior information is

available.
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Table 3.9. Average confidence/credible lengths (ACL) and coverage probabilities (CP) of

𝑅𝑛,𝑘 for Weibull distribution when (𝛼, 𝛽) = (2, 5), (𝜆1, 𝜆2) = (2, 3) and (𝛼, 𝛽) = (3, 4.5),
(𝜆1, 𝜆2) = (6, 4)

𝐴𝐶𝐼 𝐻𝑃𝐷 (Prior 3) 𝐴𝐶𝐼 𝐻𝑃𝐷 (Prior 4)

𝑚 (𝑘, 𝑛) 𝑅𝑛,𝑘 ACL CP ACL CP (𝑘, 𝑛) 𝑅𝑛,𝑘 ACL CP ACL CP

10 (2,6) 0.84497 0.26770 0.889 0.23248 0.971 (1,5) 0.91475 0.19025 0.869 0.16255 0.984

20 0.19760 0.922 0.17902 0.958 0.14974 0.913 0.12892 0.976

30 0.16296 0.931 0.15149 0.960 0.12249 0.917 0.10942 0.964

40 0.14158 0.940 0.13321 0.963 0.10640 0.924 0.09709 0.957

10 (3,6) 0.66434 0.36037 0.914 0.30274 0.969 (2,5) 0.67233 0.37486 0.906 0.28968 0.982

20 0.26037 0.930 0.23348 0.959 0.27319 0.936 0.23141 0.976

30 0.21407 0.938 0.19766 0.960 0.22454 0.936 0.19838 0.964

40 0.18642 0.947 0.17456 0.957 0.19593 0.944 0.17709 0.964

10 (4,6) 0.48718 0.34489 0.928 0.28608 0.973 (3,5) 0.45454 0.35682 0.926 0.27012 0.982

20 0.24768 0.936 0.22116 0.962 0.25584 0.942 0.21494 0.976

30 0.20317 0.943 0.18688 0.955 0.20994 0.943 0.18450 0.965

40 0.17640 0.942 0.16465 0.954 0.18194 0.946 0.16400 0.962

10 (5,6) 0.37255 0.31288 0.938 0.25683 0.977 (4,5) 0.31469 0.29737 0.937 0.22143 0.983

20 0.22312 0.942 0.19819 0.965 0.21020 0.945 0.17558 0.975

30 0.18230 0.941 0.16704 0.950 0.17208 0.947 0.15074 0.965

40 0.15797 0.945 0.14731 0.954 0.14843 0.948 0.13358 0.961

10 (6,6) 0.29412 0.27804 0.936 0.22648 0.978 (5,5) 0.23077 0.24604 0.942 0.18084 0.983

20 0.19614 0.934 0.17386 0.956 0.17190 0.947 0.14298 0.976

30 0.16070 0.944 0.14710 0.959 0.13984 0.949 0.12232 0.973

40 0.13916 0.955 0.12970 0.963 0.12071 0.949 0.10851 0.962

Moreover, we have presented plots for comparing the performance of the Bayes estimate

using Lindley’s approximation, ML and UMVU estimates in terms of ER and MSEs for the

sample sizes 𝑚 = 25 and 50. In Figure 3.3, we chose the parameters as 𝛼𝑖 = 0.9 + (𝑖/10),
𝛽𝑖 = 7.6−(𝑖/10), 𝑖 = 1, ..., 75 and (𝜆1, 𝜆2) = (3, 5) for𝑅8,2. Then, it takes the values 0.014
to 0.990. In Figure 3.4, we chose the parameters as 𝛼𝑖 = 0 + (𝑖/10), 𝛽𝑖 = 25.3 − (3𝑖/10),
𝑖 = 1, ..., 80 and (𝜆1, 𝜆2) = (3, 5) for 𝑅8,5. Then, it takes the values 0.047 to 0.992. We use

the following algorithm to draw the plots.

Step 1: For given (𝛼, 𝜆1, 𝛽, 𝜆2), 𝑅8,2 (or 𝑅8,5) is computed.

Step 2: For given 𝑚, samples from Weibull distribution are generated for the strength and
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the stress variables.

Step 3: Estimates of 𝑅8,2 (or 𝑅8,5) are evaluated.

Step 4: Steps 2-3 are repeated 2500 times, theMSE or ER for estimates of𝑅𝑛,𝑘 are calculated

as 𝑀𝑆𝐸(𝑅𝑛,𝑘) = ∑𝑁
𝑖=1(𝑅(𝑖)

𝑛,𝑘 − 𝑅𝑛,𝑘)2/𝑁 .

Figure 3.3. MSEs (or ER) of the estimates when 𝑚 = 25 and 50

Figure 3.4. MSEs (or ER) of the estimates when 𝑚 = 25 and 50

From Figures 3.3 and 3.4, ML, UMVU and Bayes estimates have more errors when 𝑅𝑛,𝑘

tends to 0.5 with respect to 𝑅𝑛,𝑘 tends to 0 or 1. The MSE of UMVUE are greater than

that of MLE when 𝑅𝑛,𝑘 is around 0.5, and the MSE of UMVU and ML estimates are close

to each other when 𝑅𝑛,𝑘 is around extreme values. The Bayes estimate based on Lindley’s

approximation have the smallest error. The similar outcomes are also observed in Tables

3.7-3.8.
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3.4. REAL DATA ANALYSIS

In this section, two different real-life data sets are analyzed to illustrate the proposed methods

for the cases of common parameter is unknown and known. First, the monthly water capacity

of two different reservoirs in California, the US, has been studied. Then, the time-between-

failures data of certain software model has been considered.

3.4.1 Real Data Set I

This data set represents the monthly water capacities of Trinity Lake and Shasta Dam in Cal-

ifornia, the US, from January 2000 until January 2020. All data sets are available in the Cali-

forniaData ExchangeCenter website (see: https://cdec.water.ca.gov/misc/monthly_res.html).

These reservoirs are located close to each other and used for different aims such as irrigation,

power generation, recreation and multi-purposes etc..

It is assumed that these two reservoirs supply all the water needs of a certain region. We

consider the first six months of storage data for each year from 2000 to 2020. The first six

months average values of Trinity Lake storage represent the stress data (X) and the storage
values of Shasta Dam for the first six months represent the strength data (Y). In this case,
the size of strength variables and sample size are 6 and 20, namely 𝑛 = 6, 𝑚 = 20 for

this data sets. In this structure, we can construct the following scenario. We have the con-

secutive 𝑘−out-of−6 ∶ 𝐺 system 𝑘 = 1, ..., 6 based on these stress and strength data. If

the stress-strength reliability of the consecutive 𝑘−out-of−6 ∶ 𝐺 system exceeds the prede-

fined threshold value, then Shasta Dam will be enough capacity for the region in the next six

months and Trinity Lake storage will be used only for power generation. For example, if the

system reliability is greater than 0.70, this scenario will happen.

Based on this scenario, our data are constructed as: the storage values of Shasta Dam from

January 2000 to June 2000 are saved as 𝑌11, ..., 𝑌16, and 𝑋1 is the average of Trinity Lake

storage values in these six months. Then, the storage values from January 2001 to June 2001

are saved as 𝑌21, ..., 𝑌26 and 𝑋2. When we carry on this data process up to January 2020,

we have 20 and 120 units of data for X and Y, respectively. These data have been used
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dividing by the total storage capacities 2447650 acre-foot (ac-ft) and 4552000 ac-ft for X

and Y, respectively. Then, the real data sets for stress and strength variables are presented in

Table 3.10.

Table 3.10. Real data set I

X Y

0.9021219 0.8121865 0.8474128 0.8242241 0.9124075 0.9032335 0.8403293

0.7607941 0.6668045 0.7680072 0.8690244 0.8831439 0.830958 0.7212386

0.7631484 0.7725362 0.8434851 0.9086448 0.9439185 0.9055044 0.8081819

0.8714552 0.7769710 0.7874084 0.9015176 0.9966221 0.9745138 0.8980881

0.8594681 0.7922891 0.8498682 0.8579051 0.8918699 0.8488137 0.7383168

0.7711141 0.6221509 0.6959701 0.8407384 0.9242605 0.9815435 0.9264464

0.8962444 0.7878018 0.8423163 0.8466388 0.8913236 0.9813491 0.9334583

0.7899102 0.7412731 0.8286891 0.8811498 0.8570160 0.7911191 0.6899453

0.6394267 0.4786975 0.5801935 0.6569767 0.6489701 0.6166151 0.5277210

0.4783290 0.3111039 0.4306806 0.6328238 0.6586659 0.6851804 0.6144802

0.5649707 0.5704925 0.7425630 0.8498787 0.9645813 0.9808313 0.9400652

0.8733742 0.7667395 0.8313078 0.8858025 0.9372285 0.9856872 0.9669442

0.8766279 0.6826305 0.6962291 0.8465321 0.9754161 0.9444884 0.8525299

0.8146628 0.7631123 0.7932001 0.8284563 0.8322390 0.7386931 0.6454804

0.4900054 0.3637522 0.3895681 0.4830246 0.5291762 0.4782979 0.4066929

0.4323364 0.4395496 0.5739708 0.5907476 0.5849031 0.5281489 0.4829042

0.4754467 0.5153833 0.6076714 0.8845940 0.9299453 0.9154385 0.8612250

0.8385771 0.7790308 0.8302603 0.8856210 0.9364721 0.9563014 0.9251973

0.7485033 0.7357485 0.7499117 0.8522939 0.9215215 0.8689047 0.8000437

0.8311339 0.6396175 0.8672348 0.8848357 0.9277579 0.9834857 0.9568100

Kolmogorov-Smirnov (K-S), Anderson-Darling (A-D) and Cramer-von Mises (C-VM) tests

are applied for the goodness-of-fit by using the stats and goftest (see Faraway et al. [47])

packages in R. We check whether stress data setX and strength data setY for 𝑛 = 6, 𝑚 = 20
come from Kumaraswamy distribution or not by goodness-of-fit test. The test statistics and

corresponding 𝑝−values are computed based on the MLEs of the unknown parameters and
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compared by Weibull, Burr Type XII and exponential distributions. Since the computational

method of goftest package, the test statistics and 𝑝−values of A-D andC-VM tests are random

(see Faraway et al. [47]). For this reason, these tests are applied 10000 times and average

values of test statistics (in the first row) and corresponding p-values (in the second row) are

presented in Table 3.11. Moreover, the MLE of (𝛼, 𝛽, 𝜆), K-S test statistics and correspond-
ing p-values are also given. From Table 3.11, it is observed that Kumaraswamy distribution

provides a good fit than other lifetime distributions for both 𝑋 and 𝑌 data sets.

Table 3.11. Goodnes-of-fit test for the real data set I

Data Y (Strength) Data X (Stress)

Distribution 𝑀𝐿𝐸 𝐾 − 𝑆 𝐴 − 𝐷 𝐶 − 𝑉 𝑀 𝑀𝐿𝐸 𝐾 − 𝑆 𝐴 − 𝐷 𝐶 − 𝑉 𝑀
Kumaraswamy ̂𝛼 =1.39005 0.06650 2.45401 0.42686 ̂𝛽 =2.25456 0.21138 1.59498 0.31874

𝜆̂ =4.49264 0.66341 0.52993 0.55236 𝜆̂ =4.49264 0.29041 0.55943 0.47876

Weibull ̂𝛼 =2.18922 0.18339 3.05082 0.65318 ̂𝛽 =2.720707 0.28430 1.71805 0.36506

𝜆̂ =3.90511 0.00062 0.32065 0.21880 𝜆̂ =3.90511 0.06352 0.49917 0.38790

Burr Type XII ̂𝛼 =4.00226 0.14296 3.08368 0.55742 ̂𝛽 =5.51597 0.20175 2.06885 0.34134

𝜆̂ =6.92249 0.01482 0.34706 0.35709 𝜆̂ =6.92249 0.34260 0.40958 0.44314

Exponential ̂𝛼 =0.40921 0.40921 4.42252 0.96300 ̂𝛽 =0.00708 0.44518 2.10408 0.45668

- 0 0.06450 0.02659 - 0.00039 0.30497 0.18953

The ML and Bayes estimates of 𝑅6,𝑘, 𝑘 = 2, 3, 4, 5 along with 95% asymptotic confidence

and HPD credible intervals are presented in Table 3.12. Moreover, Bayes estimates are eval-

uated based on the non-informative prior 𝑎𝑖 = 𝑏𝑖 = 0, 𝑖 = 1, 2, 3, informative priors Prior 5:
𝑎𝑖 = 𝑏𝑖 = 1, 𝑖 = 1, 2, 3 and Prior 6: (𝑎1, 𝑏1) = (1, 1), (𝑎2, 𝑏2) = (2, 1), (𝑎3, 𝑏3) = (4, 1).
It is observed that Bayes estimates based on non-informative prior and the MLE of 𝑅𝑛,𝑘 are

close to each other as in the previous tables. Bayes estimates of 𝑅𝑛,𝑘 based on Prior 6 are

greater than that of Prior 5. Furthermore, we can comment that if 𝑘 = 2 is enough in the

aforementioned scenario, we can use these reservoirs for given targets.
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Table 3.12. Estimates of 𝑅𝑛,𝑘 for the real data set I

Non-informative prior Informative prior (Prior 5) Informative prior (Prior 6)

(𝑘, 𝑛) 𝑅𝑀𝐿𝐸
𝑛,𝑘 /𝐴𝐶𝐼 𝑅𝐿𝑖𝑛𝑑

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵/𝐻𝑃𝐷 𝑅𝐿𝑖𝑛𝑑

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵/𝐻𝑃𝐷 𝑅𝐿𝑖𝑛𝑑

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵/𝐻𝑃𝐷

(2,6) 0.73679 0.73152 0.72973 0.70996 0.71064 0.72785 0.72607

(0.60223,0.87135) (0.58552,0.85088) (0.57970,0.83592) (0.59943,0.85482)

(3,6) 0.53818 0.52534 0.53243 0.50273 0.5117036 0.52149 0.52846

(0.39714,0.67922) (0.39325,0.66683) (0.37772,0.64407) (0.39168,0.65489)

(4,6) 0.37563 0.36165 0.37292 0.34282 0.35988 0.35844 0.37081

(0.25817,0.49309) (0.25584,0.48535) (0.24602,0.47103) (0.25979,0.47966)

(5,6) 0.27707 0.26380 0.27509 0.24831 0.26197 0.26116 0.27185

(0.18041,0.37372) (0.18777,0.37373) (0.18153,0.35820) (0.18389,0.36032)

3.4.2 Real Data Set II

In this example, we consider failure time data of certain software model which is discussed

in Lyu [48]. We use the data sets CSR2 which is only failures due to software faults and

CSR3 which are only failures due to Pascal programming. These data sets are also available

in http://www.cse.cuhk.edu.hk/~lyu/book/reliability/data.html.

A computer engineer can want to compare the system failures times of certain software model

with respect to the failure reasons. For example, she/he has two different failure time data

as CSR2 and CSR3. 120 and 100 observations are taken from CSR2 and CSR3 data, respec-

tively. The average of every ten observations of CSR3 data are used as the stress data (X)
and CSR2 data are used as the strength data (Y). In this case, the size of the components in
the system is 12 and 𝑚 = 10. It is presented in Table 3.13. Hence, we have the consecu-
tive 𝑘−out-of−12 ∶ 𝐺 system 𝑘 = 1, ..., 12 based on these stress and strength data. If the

stress-strength reliability of this system smaller than the predefined threshold value, she/he

can take precautions for future software modellings.

These data sets have been checked whether come fromWeibull distribution or not as the same

methods in the previous data. The MLE of (𝛼, 𝛽, 𝜆1, 𝜆2), test statistics (in the first row) and
corresponding p-values (in the second row) are presented in Table 3.14 and compared by

Burr Type XII and exponential distributions. From Table 3.14, it is observed that Weibull
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distribution provides a good fit than other lifetime distributions for both 𝑋 and 𝑌 data sets.

The ML, UMVU and Bayes estimates of 𝑅12,𝑘, 𝑘 = 2, 3, 4 along with 95% asymptotic con-

fidence and HPD credible intervals are presented in Table 3.15. Moreover, Bayes estimates

are evaluated based on the non-informative prior, informative priors Prior 5: 𝑎𝑖 = 𝑏𝑖 = 1,
𝑖 = 1, 2 and Prior 7: (𝑎1, 𝑏1) = (2, 2), (𝑎2, 𝑏2) = (2, 2). It is observed that Bayes estimates
based on non-informative prior and theMLE of𝑅𝑛,𝑘 are close to each other as in the previous

tables. Bayes estimates of 𝑅𝑛,𝑘 based on Prior 7 are greater than that of Prior 5. Since the

reliability of the system is very low, we can comment that the failure times of CSR3 is bigger

than that of CSR2 with respect to the above scenario.

Table 3.13. Real data set II

X Y

35.85 760 758 303 6 22 14 42 4 84 15 221 14

43.50 15 41 1 153 409 54 24 44 180 397 19 145

45.30 36 54 1337 163 8 1 17 16 87 19 29 5

56.40 360 10 11 100 252 460 179 3 24 253 163 54

94.90 137 328 3 9 12 18 9 75 15 366 428 212

173.40 115 264 269 279 1 999 30 495 472 344 550 131

236.30 47 92 863 991 35 9549 249 607 83 614 352 673

184.90 4179 111 75 407 288 897 1314 845 55 409 36 15

346.40 1960 60 19 20 79 24 1737 7984 10 20 338 250

196.20 1682 212 287 56 4973 3500 59 98 2439 1812 6203 385
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Table 3.14. Goodnes-of-fit test for the real data set II

Data Y (Strength) Data X (Stress)

Distribution 𝑀𝐿𝐸 𝐾 − 𝑆 𝐴 − 𝐷 𝐶 − 𝑉 𝑀 𝑀𝐿𝐸 𝐾 − 𝑆 𝐴 − 𝐷 𝐶 − 𝑉 𝑀
Weibull ̂𝛼 =0.04765 0.06862 2.29560 0.43070 ̂𝛽 =0.00056 0.20490 1.27607 0.23864

𝜆̂1 =0.53638 0.62430 0.57296 0.54641 𝜆̂2 =1.47938 0.73590 0.62716 0.59761

Burr Type XII ̂𝛼 =0.02636 0.30446 3.50511 0.75345 ̂𝛽 =0.07158 0.53523 1.42581 0.30990

𝜆̂1 =8.06617 0 0.18434 0.10679 𝜆̂2 =2.99039 0.00333 0.48432 0.33608

Exponential ̂𝛼 =0.00172 0.32562 10.87642 1.52565 ̂𝛽 =0.00708 0.22407 1.01053 0.20811

- 0 0.00100 0.00296 - 0.62060 0.73383 0.65075

Table 3.15. Estimates of 𝑅𝑛,𝑘 for the real data set II

Non-informative prior Informative prior (Prior 5) Informative prior (Prior 7)

(𝑘, 𝑛) 𝑅𝑀𝐿𝐸
𝑛,𝑘 /𝐴𝐶𝐼 𝑅𝑈

𝑛,𝑘 𝑅𝐿𝑖𝑛𝑑
𝑛,𝑘,𝐵 𝑅𝑀𝐶

𝑛,𝑘,𝐵/𝐻𝑃 𝐷 𝑅𝐿𝑖𝑛𝑑
𝑛,𝑘,𝐵 𝑅𝑀𝐶

𝑛,𝑘,𝐵/𝐻𝑃𝐷 𝑅𝐿𝑖𝑛𝑑
𝑛,𝑘,𝐵 𝑅𝑀𝐶

𝑛,𝑘,𝐵/𝐻𝑃𝐷
(2,12) 0.01672 0.01508 0.01684 0.01689 0.01836 0.01817 0.01985 0.01990

(0.00604,0.02740) (0.00684,0.02726) (0.00859,0.03033) (0.00850,0.03106)

(3,12) 0.01010 0.00910 0.01017 0.01011 0.01109 0.01116 0.01200 0.01203

(0.00362,0.01657) (0.00395,0.01613) (0.00522,0.01814) (0.00520,0.01920)

(4,12) 0.00681 0.00614 0.00686 0.00698 0.00749 0.00747 0.00810 0.00804

(0.00244,0.01119) (0.00284,0.01154) (0.00290,0.01185) (0.00383,0.01262)

3.5. CONCLUSIONS

In this chapter, we studied the estimation of stress-strength reliability of a consecutive 𝑘-
out of-𝑛 system when the distributions of both strength and stress variables belong to the

PHR model. The estimation of system reliability has been considered under classical and

Bayesian approaches when the second parameters of underlying distributions are common

and unknown, and different and known. ML and UMVU estimation methods have been used

in regard of classical approach. In Bayesian estimation procedure, exact Bayes estimate is

obtained in the known second parameter case, and Bayesian estimates obtained by using

Lindley’s approximation and MCMC method are obtained in both the unknown and known

second parameter cases. The ML and Bayes estimates of the reliability have been compared
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with respect to biases and ERs. The asymptotic confidence intervals and credible intervals are

also constructed. Two real data analysis have been done for the data followingKumaraswamy

and Weibull distributions.

From simulation study, it is observed that average ERs for the estimates of 𝑅𝑛,𝑘 and aver-

age confidence intervals decrease as the sample size increases. It is also observed that all

estimates have large ER values when 𝑅𝑛,𝑘 is around 0.5 and have small ER values when

𝑅𝑛,𝑘 is near to extreme values. The simulation study shows that Bayes estimates based on

informative prior have smaller risks than the ML estimates while Bayes estimates based on

non-informative prior and the ML estimates show similar performances. When the second

parameters of underlying distributions are unknown, Bayesian estimation procedure for large

sample sizes is constructed only using Lindley’s approximation because of the convergence

problem of MCMC method. Therefore, Lindley’s approximation is recommended for large

sample sizes in this case. However, the exact Bayes and other Bayes estimates have very sim-

ilar performance when the second parameters of underlying distributions are known. More-

over, in all cases credible intervals are shorter than asymptotic confidence intervals.
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4. RELIABILITY ESTIMATION OF (𝐶, 𝑘, 𝑛; 𝐺) SYSTEM WITH

NON-IDENTICAL STRENGTH COMPONENTS

We consider stress-strength reliability estimation of a (𝐶, 𝑘, 𝑛; 𝐺) system with non-identical

strength components when both stress and strength components follow the proportional haz-

ard rate model.

Chapter organization is given as follows:

• In Section 4.1, frequentist and Bayesian estimates the stress-strength reliability for

the considered system are derived when the common parameter 𝜆 is unknown. Lind-

ley’s approximation and MCMC method with Metropolis-Hastings algorithm are used

in Bayesian part. The asymptotic confidence intervals and highest posterior density

credible intervals are also constructed.

• In Section 4.2, all the estimates are studied when the second parameters 𝜆1, 𝜆2 and 𝜆3

of the underlying distributions are different and known. TheML and UMVU estimates

are obtained in view of classical manner. In Bayesian approach, exact Bayes and also

approximate Bayes estimates (Lindley’s approximation and MCMCmethod via Gibbs

algorithm) are obtained. In addition, the asymptotic confidence intervals and HPD

credible intervals are developed.

• In Section 4.3, We provide comprehensive simulation experiments for investigating

the performances of the considered estimates.

• In Section 4.4, Wind speed data from NASA’s satellite data source project is used in

the application of the considered model and methods. Wind energy capacities of two

districts in the Aegean coast of Turkey are investigated, and results are presented.

• Finally, comments and concluding remarks of the study are presented in Section 4.5.
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4.1. ESTIMATION OF 𝑅𝑛,𝑘 WHEN THE SECOND PARAMETERS ARE COM-

MON AND UNKNOWN

In this section, reliability estimates of a consecutive 𝑘-out-of-𝑛:𝐺 system with non-identical

strengths are examined in case of the common parameter 𝜆 of underlying distributions is

unknown. The reliability formula of this system is given in next before the presentation of

our results.

Suppose that a consecutive 𝑘-out-of-𝑛:𝐺 system with 𝑛 strength components such that first

𝑛1 ones follow a common distribution 𝐹 (1) and the remaining 𝑛2 = 𝑛 − 𝑛1 ones follow

another common distribution 𝐹 (2), and random stress𝑋 having cdf 𝐹𝑋 independently. Then,

stress-strength reliability of consecutive 𝑘-out-of-𝑛:𝐺 system under these assumptions when

𝑛1 is known and 2𝑘 ≥ 𝑛 = 𝑛1 + 𝑛2 was obtained by Eryılmaz [34] as follows:

𝑅𝑛,𝑘 =
𝑛

∑
𝑗=𝑘

𝑝(𝑗, 𝑘), (4.1)

where

p(j,k)=

⎧{{{{
⎨{{{{⎩

𝑔(0, 0, 1, 0) −
𝑘−1
∑

𝑚=0
𝑔(𝑚, 0, 2, 0), , if 𝑘 ≤ 𝑗 ≤ 𝑛1 − 1

𝑔(0, 0, 0, 1) −
𝑘−1
∑

𝑚=𝑗−𝑛1

𝑔(𝑚 + 𝑛1 − 𝑗, 𝑗 − 𝑛1, 1, 1) −
𝑗−𝑛1−1

∑
𝑚=0

𝑔(0, 𝑚, 0, 2), , if 𝑛1 ≤ 𝑗 ≤ 𝑛1 + 𝑛2 − 1

1 −
𝑘−1
∑

𝑚=𝑛−𝑛1

𝑔(𝑚 + 𝑛1 − 𝑛, 𝑛 − 𝑛1, 1, 0) −
𝑛−𝑛1−1

∑
𝑚=0

𝑔(0, 𝑚, 0, 1), , if 𝑗 = 𝑛1 + 𝑛2

, (4.2)

and 𝑔(𝑎, 𝑏, 𝑐, 𝑑) can be computed by the following function:

𝑔(𝑎, 𝑏, 𝑐, 𝑑) = ∫(1 − (𝐹 (1)(𝑥))𝑎(1 − (𝐹 (2)(𝑥))𝑏((𝐹 (1)(𝑥))𝑐((𝐹 (2)(𝑥))𝑑𝑑𝐹𝑋(𝑥). (4.3)
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4.1.1 MLE of 𝑅𝑛,𝑘

Let the system consists of 𝑛 strength variables such that first 𝑛1 ones 𝑌 (1)
𝑗1

∼ 𝑃𝐻𝑅(𝛼1, 𝜆),
𝑗1 = 1, .., 𝑛1, the remaining 𝑛2 = 𝑛 − 𝑛1 ones 𝑌 (2)

𝑗2
∼ 𝑃𝐻𝑅(𝛼2, 𝜆), 𝑗2 = 𝑛1 + 1, .., 𝑛 and,

stress variable 𝑋 ∼ 𝑃𝐻𝑅(𝛽, 𝜆). Then, 𝑔(𝑎, 𝑏, 𝑐, 𝑑) is obtained by using (4.3) as follows:

𝑔(𝑎, 𝑏, 𝑐, 𝑑) =
𝑐

∑
𝑖=0

𝑑
∑
𝑗=0

(−1)𝑖+𝑗(𝑐
𝑖)(𝑑

𝑗) 𝛽
𝛼1(𝑎 + 𝑖) + 𝛼2(𝑏 + 𝑗) + 𝛽 . (4.4)

The following observed data 𝑌1 = (𝑌 (1)
𝑖1 , 𝑌 (1)

𝑖2 , … , 𝑌 (1)
𝑖𝑛1

), 𝑌2 = (𝑌 (2)
𝑖1 , 𝑌 (2)

𝑖2 , … , 𝑌 (2)
𝑖𝑛2

) , 𝑖 =
1, ..., 𝑚 and 𝑋 = (𝑋1, ..., 𝑋𝑚) are obtained when 𝑚 systems are subjected to a life-testing

experiment to obtain the estimates of 𝑅𝑛,𝑘. Then, the likelihood function of the observed

sample is expressed as

𝐿 (𝛼1, 𝛼2, 𝛽, 𝜆; 𝑥, 𝑦1, 𝑦2) =
𝑚

∏
𝑖=1

(
𝑛1

∏
𝑗1=1

(𝑓𝑌 (1)(𝑦(1)
𝑖𝑗1

)
𝑛2

∏
𝑗2=1

(𝑓𝑌 (2)(𝑦(2)
𝑖𝑗2

)) 𝑓𝑋(𝑥𝑖)

= 𝛼𝑛1𝑚
1 𝛼𝑛2𝑚

2 𝛽𝑚 exp [
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

ln 𝑓0(𝑦(1)
𝑖𝑗1

; 𝜆)

+ (𝛼1 − 1)
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

ln𝐹0(𝑦(1)
𝑖𝑗1

; 𝜆) +
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

ln 𝑓0(𝑦(2)
𝑖𝑗2

; 𝜆)

+ (𝛼2 − 1)
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

ln𝐹0(𝑦(2)
𝑖𝑗2

; 𝜆) +
𝑚

∑
𝑖=1

ln 𝑓0(𝑥𝑖; 𝜆)

+ (𝛽 − 1)
𝑚

∑
𝑖=1

ln𝐹0(𝑥𝑖; 𝜆)],

(4.5)
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and the log-likelihood function is

𝑙 (𝛼1, 𝛼2, 𝛽, 𝜆; 𝑥, 𝑦1, 𝑦2) = 𝑛1𝑚 ln (𝛼1) + 𝑛2𝑚 ln (𝛼2) + 𝑚 ln (𝛽)

− 𝑡(1)∗
𝜆 − (𝛼1 − 1) 𝑡(1)

𝜆 − 𝑡(2)∗
𝜆 − (𝛼2 − 1) 𝑡(2)

𝜆

− 𝑡∗
𝜆 − (𝛽 − 1)𝑡𝜆

(4.6)

where

𝑡(1)
𝜆 = −

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

ln𝐹0(𝑦(1)
𝑖𝑗1

; 𝜆), 𝑡(1)∗
𝜆 = −

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

ln 𝑓0(𝑦(1)
𝑖𝑗1

; 𝜆), (4.7)

𝑡(2)
𝜆 = −

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

ln𝐹0(𝑦(2)
𝑖𝑗2

; 𝜆), 𝑡(2)∗
𝜆 = −

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

ln 𝑓0(𝑦(2)
𝑖𝑗2

; 𝜆), (4.8)

𝑡𝜆 = −
𝑚

∑
𝑖=1

ln𝐹0(𝑥𝑖; 𝜆), 𝑡∗
𝜆 = −

𝑚
∑
𝑖=1

ln 𝑓0(𝑥𝑖; 𝜆). (4.9)

The ML estimates of 𝛼1, 𝛼2 and 𝛽 are given by

̂𝛼1 = 𝑛1𝑚
𝑇 (1)

𝜆̂

, ̂𝛼2 = 𝑛2𝑚
𝑇 (2)

𝜆̂

and ̂𝛽 = 𝑚
𝑇𝜆̂

. (4.10)

The MLE of 𝜆, say 𝜆̂, can be obtained from the solution of the following nonlinear equation

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

𝑓0𝜆(𝑦(1)
𝑖𝑗1

; 𝜆)
𝑓0(𝑦(1)

𝑖𝑗1
; 𝜆)

+ (𝑛1𝑚
𝑇 (1)

𝜆
− 1)

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

𝐹0𝜆(𝑦(1)
𝑖𝑗1

; 𝜆)
𝐹0(𝑦(1)

𝑖𝑗1
; 𝜆)

+
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝑓0𝜆(𝑦(2)
𝑖𝑗2

; 𝜆)
𝑓0(𝑦(2)

𝑖𝑗2
; 𝜆)

+ (𝑛2𝑚
𝑇 (2)

𝜆
− 1)

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

𝐹0𝜆(𝑦(2)
𝑖𝑗2

; 𝜆)
𝐹0(𝑦(2)

𝑖𝑗2
; 𝜆)

+
𝑚

∑
𝑖=1

𝑓0𝜆(𝑥𝑖; 𝜆)
𝑓0(𝑥𝑖; 𝜆) + ( 𝑚

𝑇𝜆
− 1)

𝑚
∑
𝑖=1

𝐹0𝜆(𝑥𝑖; 𝜆)
𝐹0(𝑥𝑖; 𝜆) = 0,

(4.11)
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where 𝜕𝑓0(𝑥; 𝜆)/𝜕𝜆 ≡ 𝑓0𝜆(𝑥; 𝜆) and 𝜕𝐹0(𝑥; 𝜆)/𝜕𝜆 ≡ 𝐹0𝜆(𝑥; 𝜆). Then, 𝜆̂ can be obtained

using numerical methods such as fixed point method or Newton-Raphsonmethod. By obtain-

ing 𝜆̂, we get the ML estimates of 𝛼1, 𝛼2 and 𝛽 from Equation (4.10). Thus, the invariance

property can be implemented in Equations (4.1) and (4.4) to obtain the MLE of 𝑅𝑛,𝑘, say

𝑅̂𝑀𝐿𝐸
𝑛,𝑘 .

4.1.2 Asymptotic Distribution and Confidence Interval for 𝑅𝑛,𝑘

The observed information matrix of 𝜃 = (𝛼1, 𝛼2, 𝛽, 𝜆) is given by

𝐽(𝜃) = −

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝜕2𝑙
𝜕𝛼2

1
𝜕2𝑙

𝜕𝛼1𝜕𝛼2
𝜕2𝑙

𝜕𝛼1𝜕𝛽
𝜕2𝑙

𝜕𝛼1𝜕𝜆
𝜕2𝑙

𝜕𝛼2𝜕𝛼1
𝜕2𝑙
𝜕𝛼2

2
𝜕2𝑙

𝜕𝛼2𝜕𝛽
𝜕2𝑙

𝜕𝛼2𝜕𝜆
𝜕2𝑙

𝜕𝛽𝜕𝛼1
𝜕2𝑙

𝜕𝛽𝜕𝛼2
𝜕2𝑙
𝜕𝛽2

𝜕2𝑙
𝜕𝛽𝜕𝜆

𝜕2𝑙
𝜕𝜆𝜕𝛼1

𝜕2𝑙
𝜕𝜆𝜕𝛼2

𝜕2𝑙
𝜕𝜆𝜕𝛽

𝜕2𝑙
𝜕𝜆2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝐽11 𝐽12 𝐽13 𝐽14

𝐽21 𝐽22 𝐽23 𝐽24

𝐽31 𝐽32 𝐽33 𝐽34

𝐽41 𝐽42 𝐽43 𝐽44

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (4.12)

Then, we obtain the elements of 𝐽(𝜃) as 𝐽11 = 𝑛1𝑚/𝛼2
1, 𝐽22 = 𝑛2𝑚/𝛼2

2, 𝐽33 = 𝑚/𝛽2,

𝐽12 = 𝐽21 = 𝐽23 = 𝐽32 = 𝐽13 = 𝐽31 = 0,

𝐽14 = 𝐽41 = −
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝐹0𝜆(𝑦(1)
𝑖𝑗1

; 𝜆)
𝐹0(𝑦(1)

𝑖𝑗1
; 𝜆)

, (4.13)

𝐽24 = 𝐽42 = −
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝐹0𝜆(𝑦(2)
𝑖𝑗2

; 𝜆)
𝐹0(𝑦(2)

𝑖𝑗2
; 𝜆)

, (4.14)

𝐽34 = 𝐽43 = −
𝑚

∑
𝑖=1

𝐹0𝜆(𝑥𝑖; 𝜆)
𝐹0(𝑥𝑖; 𝜆) , (4.15)
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𝐽44 = −(𝛼1 − 1)
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝐹0𝜆𝜆(𝑦(1)
𝑖𝑗1

; 𝜆)𝐹0(𝑦(1)
𝑖𝑗1

; 𝜆) − (𝐹0𝜆(𝑦(1)
𝑖𝑗1

; 𝜆))2

(𝐹0(𝑦(1)
𝑖𝑗1

; 𝜆))2

−
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝑓0𝜆𝜆(𝑦(1)
𝑖𝑗1

; 𝜆)𝑓0(𝑦(1)
𝑖𝑗1

; 𝜆) − (𝑓0𝜆(𝑦(1)
𝑖𝑗1

; 𝜆))2

(𝑓0(𝑦(1)
𝑖𝑗1

; 𝜆))2

− (𝛼2 − 1)
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝐹0𝜆𝜆(𝑦(2)
𝑖𝑗2

; 𝜆)𝐹0(𝑦(2)
𝑖𝑗2

; 𝜆) − (𝐹0𝜆(𝑦(2)
𝑖𝑗2

; 𝜆))2

(𝐹0(𝑦(2)
𝑖𝑗2

; 𝜆))2

−
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝑓0𝜆𝜆(𝑦(2)
𝑖𝑗2

; 𝜆)𝑓0(𝑦(2)
𝑖𝑗2

; 𝜆) − (𝑓0𝜆(𝑦(2)
𝑖𝑗2

; 𝜆))2

(𝑓0(𝑦(2)
𝑖𝑗2

; 𝜆))2

− (𝛽 − 1)
𝑚

∑
𝑖=1

𝐹0𝜆𝜆(𝑥𝑖; 𝜆)𝐹0(𝑥𝑖; 𝜆) − (𝐹0𝜆(𝑥𝑖; 𝜆))2

(𝐹0(𝑥𝑖; 𝜆))2

−
𝑚

∑
𝑖=1

𝑓0𝜆𝜆(𝑥𝑖; 𝜆)𝑓0(𝑥𝑖; 𝜆) − (𝑓0𝜆(𝑥𝑖; 𝜆))2

(𝑓0(𝑥𝑖; 𝜆))2 .

(4.16)

The expectation of these elements cannot always be obtained analytically since they consist

of the baseline pdfs and cdfs. Based on the considered baseline distribution, we compute

the Fisher information matrix of 𝜃, 𝐼(𝜃) = 𝐸(𝐽(𝜃)) numerically or we can use the observed
information matrix as a consistent estimator. In case of not being able to compute the Fisher

information matrix analytically, 𝐽(𝜃) is used in the asymptotic normality of the MLE.

𝑅̂𝑀𝐿𝐸
𝑛,𝑘 is asymptotically normal with mean 𝑅𝑛,𝑘 and asymptotic variance

𝜎2
𝑅𝑛,𝑘

=
4

∑
𝑗=1

4
∑
𝑖=1

𝜕𝑅𝑛,𝑘
𝜕𝜃𝑖

𝜕𝑅𝑛,𝑘
𝜕𝜃𝑗

𝐼−1
𝑖𝑗 , (4.17)

where 𝐼−1
𝑖𝑗 is the (𝑖, 𝑗)th element of 𝐼(𝜃) (see Rao [51]). Then, we have

𝜎2
𝑅𝑛,𝑘

= (𝜕𝑅𝑛,𝑘
𝜕𝛼1

)
2

𝐼−1
11 + (𝜕𝑅𝑛,𝑘

𝜕𝛼2
)

2
𝐼−1

22 + (𝜕𝑅𝑛,𝑘
𝜕𝛽 )

2
𝐼−1

33 + 2𝜕𝑅𝑛,𝑘
𝜕𝛼1

𝜕𝑅𝑛,𝑘
𝜕𝛼2

𝐼−1
12

+ 2𝜕𝑅𝑛,𝑘
𝜕𝛼1

𝜕𝑅𝑛,𝑘
𝜕𝛽 𝐼−1

13 + 2𝜕𝑅𝑛,𝑘
𝜕𝛼2

𝜕𝑅𝑛,𝑘
𝜕𝛽 𝐼−1

23 .

(4.18)
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As a remark 𝐼(𝜃) can be replaced by 𝐽(𝜃) in case of 𝐼(𝜃) is not obtained. Therefore, 𝑅𝑛,𝑘 ∈
(𝑅̂𝑀𝐿𝐸

𝑛,𝑘 ± 𝑧𝛾/2𝜎̂𝑅𝑛,𝑘
) introduces an asymptotic 100(1 − 𝛾)% confidence interval of 𝑅𝑛,𝑘

where 𝑧𝛾/2 is the upper 𝛾/2th quantile of the standard normal distribution and 𝜎̂𝑅𝑛,𝑘
is the

value at MLE of parameters.

4.1.3 Bayes Estimation of 𝑅𝑛,𝑘

In this section, approximate Bayes estimates of 𝑅𝑛,𝑘 are obtained when all the parameters

𝛼1, 𝛼2, 𝛽 and 𝜆 follow statistically independent gamma distributions as prior with parameters

(𝑎𝑖, 𝑏𝑖), 𝑖 = 1, 2, 3, 4, respectively. If𝑋 be a gamma random variable with parameters (𝑎, 𝑏𝑖),
then its pdf is

𝑓(𝑥) = 𝑏𝑎

Γ(𝑎)𝑥𝑎−1𝑒−𝑥𝑏, (4.19)

where 𝑥 > 0, 𝑎, 𝑏 > 0. Then, in this case, the joint posterior density function of 𝛼1, 𝛼2, 𝛽
and 𝜆 is given by

𝜋(𝛼1, 𝛼2, 𝛽, 𝜆|𝑥, 𝑦1, 𝑦2) =
𝐿 (𝛼1, 𝛼2, 𝛽, 𝜆; 𝑥, 𝑦1, 𝑦2) 𝜋(𝛼1)𝜋(𝛼2)𝜋(𝛽)𝜋(𝜆)

∫∞
0 ∫∞

0 ∫∞
0 ∫∞

0 𝐿 (𝛼1, 𝛼2, 𝛽, 𝜆; 𝑥, 𝑦1, 𝑦2) 𝜋(𝛼1)𝜋(𝛼2)𝜋(𝛽)𝜋(𝜆)𝑑𝛼1𝑑𝛼2𝑑𝛽𝑑𝜆

=[𝐼(𝑥, 𝑦1, 𝑦2)]−1𝛼𝑛1𝑚+𝑎1−1
1 𝛼𝑛2𝑚+𝑎2−1

2 𝛽𝑚+𝑎3−1𝜆𝑎4−1𝑒−𝛼1(𝑏1+𝑡(1)
𝜆 )

𝑒−𝛼2(𝑏2+𝑡(2)
𝜆 )𝑒−𝛽(𝑏3+𝑡𝜆)𝑒−𝜆𝑏4𝑒𝑡(1)

𝜆 −𝑡(1)∗
𝜆 𝑒𝑡(2)

𝜆 −𝑡(2)∗
𝜆 𝑒𝑡𝜆−𝑡∗

𝜆

(4.20)

where 𝐼(𝑥, 𝑦1, 𝑦2) is the normalizing constant and shown as

[𝐼(𝑥, 𝑦1, 𝑦2)]−1

Γ(𝑛1𝑚 + 𝑎1)Γ(𝑛2𝑚 + 𝑎2)Γ(𝑚 + 𝑎3) = ∫
∞

0

𝜆𝑎4−1𝑒𝑡(1)
𝜆 −𝑡(1)∗

𝜆 𝑒𝑡(2)
𝜆 −𝑡(2)∗

𝜆 𝑒𝑡𝜆−𝑡∗
𝜆

(𝑏1 + 𝑡(1)
𝜆 )𝑛1𝑚+𝑎1 + (𝑏2 + 𝑡(2)

𝜆 )𝑛2𝑚+𝑎2 + (𝑏3 + 𝑡𝜆)𝑚+𝑎3
𝑑𝜆 (4.21)

Hence, Bayes estimate of 𝑅𝑛,𝑘 is given as follows

𝑅̂𝑛,𝑘,𝐵 = ∫
∞

0
∫

∞

0
∫

∞

0
∫

∞

0
𝑅𝑛,𝑘𝜋 (𝛼1, 𝛼2, 𝛽, 𝜆|𝑥, 𝑦1, 𝑦2) 𝑑𝛼1𝑑𝛼2𝑑𝛽𝑑𝜆, (4.22)
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under the SE loss function. Two approximationmethods Lindley’s approximation andMCMC

method are applied in Bayes estimation of 𝑅𝑛,𝑘 due to the multiple integrals in (4.22) are not

computed analytically and difficulties in numerical computations of these integrals.

4.1.3.1 Lindley’s Approximation

In our case, we have four unknown parameters as 𝜃 = (𝛼1, 𝛼2, 𝛽, 𝜆), and so Lindley’s ap-
proximation leads to

𝑅̂𝐿𝑖𝑛
𝑛,𝑘,𝐵 = 𝑢 + (𝑢1𝑎1 + 𝑢2𝑎2 + 𝑢3𝑎3 + 𝑎5 + 𝑎6) + 1

2[𝐴(𝑢1𝜎11 + 𝑢2𝜎12 + 𝑢3𝜎13)

+ 𝐵(𝑢1𝜎21 + 𝑢2𝜎22 + 𝑢3𝜎23) + 𝐶(𝑢1𝜎31 + 𝑢2𝜎32 + 𝑢3𝜎33)

+ 𝐷(𝑢1𝜎41 + 𝑢2𝜎42 + 𝑢3𝜎43)]

(4.23)

evaluated at ̂𝜃 = ( ̂𝛼1, ̂𝛼2, ̂𝛽, 𝜆̂) where 𝑢 = 𝑢(𝜃) = 𝑅𝑛,𝑘,

𝑎𝑖 = 𝜌1𝜎𝑖1 + 𝜌2𝜎𝑖2 + 𝜌3𝜎𝑖3 + 𝜌4𝜎𝑖4, 𝑖 = 1, 2, 3, (4.24)

𝑎5 = 𝑢12𝜎12 + 𝑢13𝜎13 + 𝑢23𝜎23, 𝑎6 = 1
2(𝑢11𝜎11 + 𝑢22𝜎22 + 𝑢33𝜎33), (4.25)

𝐴 = 𝜎11𝐿111 + 2𝜎12𝐿121 + 2𝜎13𝐿131 + 2𝜎14𝐿141 + 2𝜎23𝐿231

+ 2𝜎24𝐿241 + 2𝜎34𝐿341 + 𝜎22𝐿221 + 𝜎33𝐿331 + 𝜎44𝐿441,
(4.26)

𝐵 = 𝜎11𝐿112 + 2𝜎12𝐿122 + 2𝜎13𝐿132 + 2𝜎14𝐿142 + 2𝜎23𝐿232

+ 2𝜎24𝐿242 + 2𝜎34𝐿342 + 𝜎22𝐿222 + 𝜎33𝐿332 + 𝜎44𝐿442,
(4.27)

𝐶 = 𝜎11𝐿113 + 2𝜎12𝐿123 + 2𝜎13𝐿133 + 2𝜎14𝐿143 + 2𝜎23𝐿233

+ 2𝜎24𝐿243 + 2𝜎34𝐿343 + 𝜎22𝐿223 + 𝜎33𝐿333 + 𝜎44𝐿443,
(4.28)

𝐷 = 𝜎11𝐿114 + 2𝜎12𝐿124 + 2𝜎13𝐿134 + 2𝜎14𝐿144 + 2𝜎23𝐿234

+ 2𝜎24𝐿244 + 2𝜎34𝐿344 + 𝜎22𝐿224 + 𝜎33𝐿334 + 𝜎44𝐿444.
(4.29)
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We also have 𝜌1 = ((𝑎1 − 1) /𝛼1)−𝑏1, 𝜌2 = ((𝑎2 − 1) /𝛼2)−𝑏2, 𝜌3 = ((𝑎3 − 1) /𝛽)−𝑏3,
𝜌4 = ((𝑎4 − 1) /𝜆) − 𝑏4, and 𝜎𝑖𝑗, 𝑖 = 1, 2, 3, 4 terms are obtained by using 𝐿𝑖𝑗, 𝑖, 𝑗 =
1, 2, 3, 4 where 𝐿11 = −𝑛1𝑚/𝛼2

1, 𝐿22 = −𝑛2𝑚/𝛼2
2, 𝐿33 = −𝑚/𝛽2, 𝐿14 = 𝐿41 = −𝐽14,

𝐿24 = 𝐿42 = −𝐽24, 𝐿34 = 𝐿43 = −𝐽34, 𝐿44 = −𝐽44.

Moreover, 𝐿111 = 2𝑛1𝑚/𝛼3
1, 𝐿222 = 2𝑛2𝑚/𝛼3

2, 𝐿333 = 2𝑚/𝛽3,

𝐿144 = 𝐿441 = 𝐿414 =
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝐹0𝜆𝜆(𝑦(1)
𝑖𝑗1

; 𝜆)𝐹0(𝑦(1)
𝑖𝑗1

; 𝜆) − (𝐹0𝜆(𝑦(1)
𝑖𝑗1

; 𝜆))2

(𝐹0(𝑦(1)
𝑖𝑗1

; 𝜆))2
, (4.30)

𝐿244 = 𝐿442 = 𝐿424 =
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝐹0𝜆𝜆(𝑦(2)
𝑖𝑗2

; 𝜆)𝐹0(𝑦(2)
𝑖𝑗2

; 𝜆) − (𝐹0𝜆(𝑦(2)
𝑖𝑗2

; 𝜆))2

(𝐹0(𝑦(2)
𝑖𝑗2

; 𝜆))2
, (4.31)

𝐿344 = 𝐿443 = 𝐿434 =
𝑚

∑
𝑖=1

𝐹0𝜆𝜆(𝑥𝑖; 𝜆)(𝐹0(𝑥𝑖; 𝜆)) − (𝐹0𝜆(𝑥𝑖; 𝜆))2

(𝐹0(𝑥𝑖; 𝜆))2 , (4.32)

𝐿444 =
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝐶1(𝑦(1)
𝑖𝑗1

; 𝜆) +
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝐶1(𝑦(2)
𝑖𝑗2

; 𝜆) +
𝑚

∑
𝑖=1

𝐶1(𝑥𝑖; 𝜆)

+ (𝛼1 − 1)
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝐶(𝑦(1)
𝑖𝑗1

; 𝜆) + (𝛼2 − 1)
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝐶(𝑦(2)
𝑖𝑗2

; 𝜆)

+ (𝛽 − 1)
𝑚

∑
𝑖=1

𝐶(𝑥𝑖; 𝜆),

(4.33)

where

𝐶(𝑥; 𝜆) = 𝐹0𝜆𝜆𝜆(𝑥; 𝜆)(𝐹0(𝑥; 𝜆))2 − 3𝐹0(𝑥; 𝜆)𝐹0𝜆(𝑥; 𝜆)𝐹0𝜆𝜆(𝑥; 𝜆) + 2(𝐹0𝜆(𝑥; 𝜆))3

(𝐹0(𝑥; 𝜆))3 , (4.34)

𝐶1(𝑥; 𝜆) = 𝑓0𝜆𝜆𝜆(𝑥; 𝜆)(𝑓0(𝑥; 𝜆))2 − 3𝑓0(𝑥; 𝜆)𝑓0𝜆(𝑥; 𝜆)𝑓0𝜆𝜆(𝑥; 𝜆) + 2(𝑓0𝜆(𝑥; 𝜆))3

(𝑓0(𝑥; 𝜆))3 . (4.35)

Furthermore, the derivatives of 𝑢 = 𝑅𝑛,𝑘 in Equation (4.1) with respect to 𝜆 are zero, and
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others are not given here. Hence, the constants in 𝑅̂𝐿𝑖𝑛
𝑛,𝑘,𝐵 Equation (4.23) are obtained as

𝐴 = 𝜎11𝐿111 + 𝜎44𝐿441, (4.36)

𝐵 = 𝜎22𝐿222 + 𝜎44𝐿442, (4.37)

𝐶 = 𝜎33𝐿333 + 𝜎44𝐿443, (4.38)

𝐷 = 2𝜎14𝐿144 + 2𝜎24𝐿244 + 2𝜎34𝐿344 + 𝜎44𝐿444. (4.39)

4.1.3.2 MCMC Method

The marginal posterior density functions of 𝛼1, 𝛼2, 𝛽 and 𝜆 are expressed as

𝛼1|𝜆, 𝑥, 𝑦1, 𝑦2 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑛1𝑚 + 𝑎1, 𝑏1 + 𝑡(1)
𝜆 ), (4.40)

𝛼2|𝜆, 𝑥, 𝑦1, 𝑦2 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑛2𝑚 + 𝑎2, 𝑏2 + 𝑡(2)
𝜆 ), (4.41)

𝛽|𝜆, 𝑥, 𝑦1, 𝑦2 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑚 + 𝑎3, 𝑏3 + 𝑡𝜆), (4.42)

and

𝜋(𝜆|𝛼1, 𝛼2, 𝛽, 𝑥, 𝑦1, 𝑦2) ∝ 𝜆𝑎4−1𝑒−𝛼1𝑡(1)
𝜆 −𝛼2𝑡(2)

𝜆 −𝛽𝑡𝜆−𝜆𝑏4𝑒𝑡(1)
𝜆 −𝑡(1)∗

𝜆 +𝑡(2)
𝜆 −𝑡(2)∗

𝜆 +𝑡𝜆−𝑡∗
𝜆. (4.43)

Obviously, it can be generated samples for or 𝛼1, 𝛼2 and 𝛽 with gamma distributions but

the marginal posterior distribution of 𝜆 has not a well-known distribution. So, we are not

be able to use standard methods to generate sample. In that case, if the posterior density

function is log-concave and roughly symmetric, a normal distribution can be used to ap-

proximate it. In our case, the marginal posterior density of 𝜆 is log-concave function that is
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(𝜕2𝑙𝑛(𝜋(𝜆|𝛼1, 𝛼2, 𝛽, 𝑥, 𝑦)/𝜕𝜆2 ≤ 0) when the baseline pdf 𝑓0 and cdf 𝐹0 are log-concave

functions, and 𝛼1, 𝛼2, 𝛽, 𝑎4 ≥ 1 . Hence, by using the M-H algorithm with the normal pro-

posal distribution, a random sample can be generated from the marginal posterior density of

𝜆 and Tierney [52] suggested the hybrid M-H and Gibbs sampling algorithm. In our problem,

we use this algorithm as follows:

Step 1: Start with initial guess 𝜆(0).

Step 2: Set 𝑖 = 1.

Step 3: Generate 𝛼(𝑖)
1 from 𝐺𝑎𝑚𝑚𝑎(𝑛1𝑚 + 𝑎1, 𝑏1 + 𝑡(1)

𝜆 ).

Step 4: Generate 𝛼(𝑖)
2 from 𝐺𝑎𝑚𝑚𝑎(𝑛2𝑚 + 𝑎2, 𝑏2 + 𝑡(2)

𝜆 ).

Step 5: Generate 𝛽(𝑖) from 𝐺𝑎𝑚𝑚𝑎(𝑚 + 𝑎3, 𝑏3 + 𝑡𝜆).

Step 6: Generate 𝜆(𝑖) from 𝜋(𝜆|𝛼1, 𝛼2, 𝛽, 𝑥, 𝑦1, 𝑦2) using the Metropolis-Hastings with the

proposal distribution 𝑞(𝜆) ≡ 𝑁(𝜆(𝑖−1), 1).

• Let 𝑣 = 𝜆(𝑖−1)

• Generate 𝑤 from the proposal distribution 𝑞.

• Let 𝑝(𝑣, 𝑤) = min{1,
𝜋(𝑤|𝛼(𝑖)

1 , 𝛼(𝑖)
2 , 𝛽(𝑖), 𝑥, 𝑦1, 𝑦2)𝑞(𝑣)

𝜋(𝑣|𝛼(𝑖)
1 , 𝛼(𝑖)

2 , 𝛽(𝑖), 𝑥, 𝑦1, 𝑦2)𝑞(𝑤)
}

• Generate 𝑢 from 𝑈(0, 1),
– If 𝑢 ≤ 𝑝(𝑣, 𝑤), then accept the proposal and set 𝜆(𝑖) = 𝑤;

– Otherwise, set 𝜆(𝑖) = 𝑣.

Step 7: Compute the 𝑅(𝑖)
𝑛,𝑘 at (𝛼(𝑖)

1 , 𝛼(𝑖)
2 , 𝛽(𝑖), 𝜆(𝑖)).

Step 8: Set 𝑖 = 𝑖 + 1.

Step 9: Repeat Steps 2 through 8, 𝑁 times and posterior sample 𝑅(𝑖)
𝑛,𝑘, 𝑖 = 1, … , 𝑁 .

Then, using this sample, Bayes estimate of 𝑅𝑛,𝑘 under a SE loss function is

𝑅̂𝑀𝐶
𝑛,𝑘,𝐵 = 1

𝑁 − 𝑀
𝑁−𝑀
∑

𝑖=𝑀+1
𝑅(𝑖)

𝑛,𝑘, (4.44)
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where𝑀 is the burn-in period. The HPD 100(1−𝛾)% credible interval of𝑅𝑛,𝑘 is constructed

by Chen and Shao’s technique [53].

4.2. ESTIMATION OF 𝑅𝑛,𝑘 WHEN THE SECOND PARAMETERS ARE DIFFER-

ENT AND KNOWN

In this section, the estimationmethods of the stress-strength reliability of a consecutive 𝑘-out-
of-𝑛:𝐺 system with non-identical strengths is examined when the second parameters 𝜆1, 𝜆2

and 𝜆3 of underlying distributions are different and known.

4.2.1 MLE of 𝑅𝑛,𝑘

Let 𝑛 strength variables such that first 𝑛1 ones 𝑌 (1)
𝑗1

∼ 𝑃𝐻𝑅(𝛼1, 𝜆1), 𝑗1 = 1, ..., 𝑛1 the re-

maining 𝑛2 ones 𝑌 (2)
𝑗2

∼ 𝑃𝐻𝑅(𝛼2, 𝜆2), 𝑗2 = 𝑛1 +1, .., 𝑛, stress variable𝑋 ∼ 𝑃𝐻𝑅(𝛽, 𝜆3)
and (𝜆1, 𝜆2, 𝜆3) are known constants. Then, the stress-strength reliability 𝑅𝑛,𝑘 is computed

by using the same Equations in (4.1) and (4.4). The likelihood function of the observed

sample for this case is given by

𝐿(𝛼1, 𝛼2, 𝛽; 𝜆1, 𝜆2, 𝜆3, 𝑥, 𝑦1, 𝑦2) ∝ 𝛼𝑛1𝑚
1 𝛼𝑛2𝑚

2 𝛽𝑚 exp [− (𝛼1 − 1) 𝑡(1) − (𝛼2 − 1) 𝑡(2) − (𝛽 − 1)𝑡] , (4.45)

and the log-likelihood function is

𝑙(𝛼1, 𝛼2, 𝛽; 𝜆1, 𝜆2, 𝜆3, 𝑥, 𝑦1, 𝑦2) ∝ 𝑛1𝑚 ln𝛼1 + 𝑛2𝑚 ln𝛼2 + 𝑚 ln𝛽 − (𝛼1 − 1)

𝑡(1) − (𝛼2 − 1) 𝑡(2) − (𝛽 − 1)𝑡,
(4.46)
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where

𝑡(1) ≡ 𝑡(1)
𝜆1

= −
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

ln𝐹 0(𝑦(1)
𝑖𝑗1

; 𝜆1) , 𝑡(2) ≡ 𝑡(2)
𝜆2

= −
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

ln𝐹 0(𝑦(2)
𝑖𝑗2

; 𝜆2) (4.47)

and 𝑡 ≡ 𝑡𝜆3
= −

𝑚
∑
𝑖=1

ln𝐹 0(𝑥𝑖; 𝜆3). (4.48)

The ML estimates of 𝛼1, 𝛼2 and 𝛽 are ̂𝛼1 = 𝑛1𝑚/𝑇 (1), ̂𝛼2 = 𝑛2𝑚/𝑇 (2) and ̂𝛽 = 𝑚/𝑇 .
Hence, the invariance property can be applied in Equations (4.1) and (4.4) the MLE of 𝑅𝑛,𝑘,

𝑅̂𝑀𝐿𝐸
𝑛,𝑘 .

An asymptotic confidence interval of𝑅𝑛,𝑘 is obtained by using the Fisher informationmatrix.

In this case, 𝜃 = (𝛼1, 𝛼2, 𝛽) and the elements of the Fisher information matrix are 𝐼11 =
𝑛1𝑚/𝛼2

1, 𝐼22 = 𝑛2𝑚/𝛼2
2, 𝐼33 = 𝑚/𝛽2, 𝐼12 = 𝐼21 = 𝐼13 = 𝐼31 = 𝐼23 = 𝐼31 = 0. Hence,

𝑅̂𝑀𝐿𝐸
𝑛,𝑘 is asymptotically normal with mean 𝑅𝑛,𝑘 and asymptotic variance (see Rao [51])

𝜎2
𝑅𝑛,𝑘

= (𝜕𝑅𝑛,𝑘
𝜕𝛼1

)
2 𝛼2

1
𝑛1𝑚 + (𝜕𝑅𝑛,𝑘

𝜕𝛼2
)

2 𝛼2
2

𝑛2𝑚 + (𝜕𝑅𝑛,𝑘
𝜕𝛽 )

2 𝛽2

𝑚 . (4.49)

Thus, 𝑅𝑛,𝑘 ∈ (𝑅̂𝑀𝐿𝐸
𝑛,𝑘 ± 𝑧𝛾/2𝜎̂𝑅𝑛,𝑘

) introduces the the asymptotic 100(1 − 𝛾)% confidence

interval of 𝑅𝑛,𝑘 where 𝑧𝛾/2 is the upper 𝛾/2th quantile of the standard normal distribution
and 𝜎̂𝑅𝑛,𝑘

is the value at MLE of parameters.

4.2.2 UMVUE of 𝑅𝑛,𝑘

In our assumptions, the UMVUE of𝑅𝑛,𝑘, say 𝑅̂𝑈
𝑛,𝑘, is derived by using the linear property of

UMVUE. Since the stress-strength reliability 𝑅𝑛,𝑘 in Equation (4.1) is a linear combination
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of 𝑔(𝑎, 𝑏, 𝑐, 𝑑) in Equation (4.4), it is needed to find the UMVUE of

𝜓(𝛼1, 𝛼2, 𝛽) = 𝛽
𝑎1𝛼1 + 𝑎2𝛼2 + 𝛽, (4.50)

𝑎1, 𝑎2 ∈ ℝ for 𝑅̂𝑈
𝑛,𝑘.

T∗ = (𝑇 , 𝑇 (1), 𝑇 (2)) is a complete sufficient statistics for (𝛼1, 𝛼2, 𝛽) from the likelihood

function in Equation (4.45). 𝑇 , 𝑇 (1), 𝑇 (2) statistics have gamma distributions with parameters

(𝑚, 𝛽), (𝑛1𝑚, 𝛼1) and (𝑛2𝑚, 𝛼2), respectively. Let

𝜙(𝑇1, 𝑇 (1)
1 , 𝑇 (2)

1 ) =
⎧{
⎨{⎩

1 , 𝑇 (1)
1 > 𝑎1𝑇1 and 𝑇 (2)

1 > 𝑎2𝑇1

0 , otherwise
, (4.51)

where 𝑇 (1)
1 = − ln𝐹 0(𝑌 (1)

11 ), 𝑇 (2)
1 = − ln𝐹 0(𝑌 (2)

11 ) and 𝑇1 = − ln𝐹 0(𝑋1). It is easy to see
that 𝑇1, 𝑇 (1)

1 and 𝑇 (2)
1 have exponential distributions with means 1/𝛽, 1/𝛼1 and 1/𝛼2, respec-

tively. Hence, the statistic𝜙(𝑇1, 𝑇 (1)
1 , 𝑇 (2)

1 ) is an unbiased estimate of𝜓(𝛼1, 𝛼2, 𝛽). Based on
the Rao-Blackwell Theorem and Lehmann-Scheffé Theorem, the UMVUE of 𝜓(𝛼1, 𝛼2, 𝛽)
is given by

̂𝜓𝑈(𝛼1, 𝛼2, 𝛽) = 𝐸(𝜙(𝑇1, 𝑇 (1)
1 , 𝑇 (2)

1 |T∗)

= 𝑃(𝑇 (1)
1 > 𝑎1𝑇1, 𝑇 (2)

1 > 𝑎2𝑇1|T∗).
(4.52)

Let 𝑈 (1) = 𝑇 (1)
1 /𝑇 (1), 𝑈 (2) = 𝑇 (2)

1 /𝑇 (2), 𝑈 = 𝑇1/𝑇 and 𝑉1 = 𝑇 /𝑇 (1), 𝑉2 = 𝑇 /𝑇 (2). Then,

we have
̂𝜓𝑈(𝛼1, 𝛼2, 𝛽) = 𝑃(𝑈 (1) > 𝑎1𝑉1𝑈, 𝑈 (2) > 𝑎2𝑉2𝑈|T∗). (4.53)

It can be easily obtained that 𝑈 (1), 𝑈 (2), 𝑈, 𝑉1 and 𝑉2 have beta distributions. Therefore,
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𝑈 (1), 𝑈 (2) and 𝑈 are ancillary statistics, and independent of T∗ using Basu’s Theorem. Then,

we obtain

𝑓𝑈,𝑈 (1),𝑈(2)(𝑢, 𝑢(1), 𝑢(2)|T∗ = t∗) = (𝑚 − 1)(𝑛1𝑚 − 1)(𝑛2𝑚 − 1)(1 − 𝑢)𝑚−2

(1 − 𝑢1)𝑛1𝑚−1(1 − 𝑢2)𝑛2𝑚−1,
(4.54)

0 < 𝑢 < 1, 0 < 𝑢1 < 1, 0 < 𝑢2 < 1. Hence, we have

̂𝜓𝑈(𝛼1, 𝛼2, 𝛽) =

⎧{{{{
⎨{{{{⎩

𝐼(1) , if 𝑎1𝑉1 ≤ 1 and 𝑎2𝑉2 ≤ 1

𝐼(1/𝑎2𝑉2) , if 𝑎1𝑉1 ≤ 1 and 𝑎2𝑉2 > 1

𝐼(1/𝑎1𝑉1) , if 𝑎1𝑉1 > 1 and 𝑎2𝑉2 ≤ 1

𝐼 (min {1/𝑎1𝑉1, 1/𝑎2𝑉2}) , if 𝑎1𝑉1 > 1 and 𝑎2𝑉2 > 1

, (4.55)

where

𝐼(𝑟) = ∫
𝑟

0
(𝑚 − 1)(1 − 𝑎1𝑉1𝑢)𝑛1𝑚−1(1 − 𝑎2𝑉2𝑢)𝑛2𝑚−1(1 − 𝑢)𝑚−2𝑑𝑢. (4.56)

Thus, 𝑅̂𝑈
𝑛,𝑘 is obtained by using (4.55) in Equations (4.1) and (4.4). Moreover, integrals in

̂𝜓𝑈(𝛼1, 𝛼2, 𝛽) can be computed analytically as follows:

𝐼(1) =
𝑛1𝑚−1
∑
𝑐=0

𝑛2𝑚−1
∑
𝑑=0

(−1)𝑐+𝑑(𝑎1𝑉1)𝑐(𝑎2𝑉2)𝑑 (𝑛1𝑚−1
𝑐 )(𝑛2𝑚−1

𝑑 )
(𝑐+𝑑+𝑚−1

𝑐+𝑑 ) , (4.57)

𝐼(1/𝑎1𝑉1) = 𝑚 − 1
𝑛1𝑚

𝑛2𝑚−1
∑
𝑑=0

𝑚−2
∑
𝑒=0

(−1)𝑑+𝑒 (𝑎2𝑉2)𝑑

(𝑎1𝑉1)𝑑+𝑒+1
(𝑛2𝑚−1

𝑑 )(𝑚−2
𝑒 )

(𝑑+𝑒+𝑛1𝑚
𝑑+𝑒 ) (4.58)
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𝐼(1/𝑎2𝑉2) = 𝑚 − 1
𝑛2𝑚

𝑛1𝑚−1
∑
𝑐=0

𝑚−2
∑
𝑒=0

(−1)𝑐+𝑒 (𝑎1𝑉1)𝑐

(𝑎2𝑉2)𝑐+𝑒+1
(𝑛1𝑚−1

𝑐 )(𝑚−2
𝑒 )

(𝑐+𝑒+𝑛2𝑚
𝑐+𝑒 ) (4.59)

𝐼 (min {1/𝑎1𝑉1, 1/𝑎2𝑉2}) = (𝑚 − 1)
𝑛1𝑚−1
∑
𝑐=0

𝑛2𝑚−1
∑
𝑑=0

𝑚−2
∑
𝑒=0

(−1)𝑐+𝑑+𝑒(𝑛1𝑚 − 1
𝑐 )(𝑛2𝑚 − 1

𝑑 )(𝑚 − 2
𝑒 )

(𝑎1𝑉1)𝑐(𝑎2𝑉2)𝑑 (min {1/𝑎1𝑉1, 1/𝑎2𝑉2})𝑐+𝑑+𝑒+1

𝑐 + 𝑑 + 𝑒 + 1

(4.60)

4.2.3 Bayes Estimation of 𝑅𝑛,𝑘

In this Bayesian section, exact and approximate Bayes estimates of 𝑅𝑛,𝑘 are obtained when

the parameters 𝛼1, 𝛼2 and 𝛽 follow statistically independent gamma distributions as prior

with parameters (𝑎𝑖, 𝑏𝑖), 𝑖 = 1, 2, 3, respectively. The joint posterior density function of

𝛼1, 𝛼2 and 𝛽 is given by

𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2 ) =(𝑏1 + 𝑡(1))𝑛1𝑚+𝑎1(𝑏2 + 𝑡(2))𝑛2𝑚+𝑎2(𝑏3 + 𝑡)𝑚+𝑎3

Γ(𝑛1𝑚 + 𝑎1)Γ(𝑛2𝑚 + 𝑎2)Γ(𝑚 + 𝑎3) 𝛼𝑛1𝑚+𝑎1−1
1

𝛼𝑛2𝑚+𝑎2−1
2 𝛽𝑚+𝑎3−1𝑒−𝛼1(𝑏1+𝑡(1))−𝛼2(𝑏2+𝑡(2))−𝛽(𝑏3+𝑡)

(4.61)

The marginal posterior densities of 𝛼1, 𝛼2 and 𝛽 have gamma distributions with parameters

(𝑛1𝑚 + 𝑎1, 𝑏1 + 𝑡(1)), (𝑛2𝑚 + 𝑎2, 𝑏2 + 𝑡(2)) and (𝑚 + 𝑎3, 𝑏3 + 𝑡), respectively. In this
case, we can obtain the exact Bayes estimate of 𝑅𝑛,𝑘. The Bayes estimate of 𝑅𝑛,𝑘, say

𝑅𝑛,𝑘,𝐵, is the mean of the joint posterior density function in Equation (4.61) under the SE
loss function. Since the stress-strength reliability 𝑅𝑛,𝑘 is evaluated by using 𝑔(𝑎, 𝑏, 𝑐, 𝑑)
function in Equations (4.1) and (4.4), we have

𝑅𝑛,𝑘,𝐵 = ∫
∞

0
∫

∞

0
∫

∞

0
𝑅𝑛,𝑘 𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2) 𝑑𝛼1𝑑𝛼2𝑑𝛽 (4.62)

=
𝑛

∑
𝑗=𝑘

∫
∞

0
∫

∞

0
∫

∞

0
𝑝(𝑗, 𝑘) 𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2) 𝑑𝛼1𝑑𝛼2𝑑𝛽. (4.63)
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Then, 𝑅𝑛,𝑘,𝐵 is evaluated by using the following integral 𝑄(𝑎, 𝑏, 𝑐, 𝑑) due to the function
𝑝(𝑗, 𝑘) depends on 𝑔(𝑎, 𝑏, 𝑐, 𝑑)

𝑄(𝑎, 𝑏, 𝑐, 𝑑) = ∫
∞

0
∫

∞

0
∫

∞

0
𝑔(𝑎, 𝑏, 𝑐, 𝑑) 𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2) 𝑑𝛼1𝑑𝛼2𝑑𝛽

=
𝑐

∑
𝑖=0

𝑑
∑
𝑗=0

(−1)𝑖+𝑗(𝑐
𝑖)(𝑑

𝑗) ∫
∞

0
∫

∞

0
∫

∞

0

𝛽 𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2)
𝛼1(𝑎 + 𝑖) + 𝛼2(𝑏 + 𝑗) + 𝛽𝑑𝛼1𝑑𝛼2𝑑𝛽.

(4.64)

We need to use different transformations based on the values of 𝑎 and 𝑏 in analytic derivation
of 𝑄(𝑎, 𝑏, 𝑐, 𝑑) integral. In this case, the function 𝑝(𝑗, 𝑘) in Equation (4.2) includes seven
different 𝑔(𝑎, 𝑏, 𝑐, 𝑑) function. Using the values of 𝑎 and 𝑏 in these cases, the integrand in
(4.64) will be one of the following three forms.

𝐶𝑎𝑠𝑒 (𝑖) ∶ 𝑎 = 0, 𝑏 ≠ 0

𝑄1 = ∫
∞

0
∫

∞

0
∫

∞

0

𝛽 𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2)
𝛼2𝑏∗ + 𝛽 𝑑𝛼1𝑑𝛼2𝑑𝛽

= (1 − 𝑧1)𝑟3

𝐵(𝑟2, 𝑟3) ∫
1

0
𝑢𝑟3

1 (1 − 𝑢1)𝑟2−1(1 − 𝑢1𝑧1)−(𝑟2+𝑟3)𝑑𝑢1

(4.65)

where 𝑏∗ = 𝑏 + 𝑗, 𝑟2 = 𝑛2𝑚 + 𝑎2, 𝑟3 = 𝑚 + 𝑎3, 𝑧1 = 1 − {(𝑏3 + 𝑡)𝑏∗/ (𝑏2 + 𝑡(2))} and

𝐵(., .) is the beta function.

𝐶𝑎𝑠𝑒 (𝑖𝑖) ∶ 𝑎 ≠ 0, 𝑏 = 0

𝑄2 = ∫
∞

0
∫

∞

0
∫

∞

0

𝛽 𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2)
𝛼1𝑎∗ + 𝛽 𝑑𝛼1𝑑𝛼2𝑑𝛽

= (1 − 𝑧2)𝑟3

𝐵(𝑟1, 𝑟3) ∫
1

0
𝑢𝑟3

1 (1 − 𝑢1)𝑟1−1(1 − 𝑢1𝑧2)−(𝑟1+𝑟3)𝑑𝑢1

(4.66)

where 𝑎∗ = 𝑎 + 𝑖, 𝑟1 = 𝑛1𝑚 + 𝑎1 and 𝑧2 = 1 − {(𝑏3 + 𝑡)𝑎∗/ (𝑏1 + 𝑡(1))}.
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𝐶𝑎𝑠𝑒 (𝑖𝑖𝑖) ∶ 𝑎 ≠ 0, 𝑏 ≠ 0

𝑄3 = ∫
∞

0
∫

∞

0
∫

∞

0

𝛽 𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2)
𝛼1𝑎∗ + 𝛼2𝑏∗ + 𝛽 𝑑𝛼1𝑑𝛼2𝑑𝛽

= Γ(𝑟1 + 𝑟2 + 𝑟3)(1 − 𝑣1)𝑟1(1 − 𝑣2)𝑟2

Γ(𝑟1)Γ(𝑟2)Γ(𝑟3)

∫
1

0
∫

1−𝑢2

0
𝑢𝑟1−1

1 𝑢𝑟2−1
2 (1 − 𝑢1 − 𝑢2)𝑟3(1 − 𝑣1𝑢1 − 𝑣2𝑢2)−(𝑟1+𝑟2+𝑟3)𝑑𝑢1𝑑𝑢2

(4.67)

where 𝑣1 = 1 − {𝑏1 + 𝑡(1)/(𝑏3 + 𝑡)𝑎∗} and 𝑣2 = 1 − {𝑏2 + 𝑡(2)/(𝑏3 + 𝑡)𝑏∗}. Therefore,
𝑅𝑛,𝑘,𝐵 is computed analytically by using 𝑄1, 𝑄2 and 𝑄3 integrals in Equation (4.63).

In derivation process of 𝑄1, 𝑄2 and 𝑄3 integrals, one-one-one transformation is used. How

this transformation is applied is given in detail as follows:

For𝑄1: Let we define a one-to-one transformation 𝑢1 = 𝛽/(𝛼2𝑏∗+𝛽) and 𝑢2 = 𝛼2𝑏∗+𝛽 for

𝑏∗ ≠ 0. Then, 0 < 𝑢1 < 1, 0 < 𝑢2 < ∞ and the Jacobian of (𝑢1, 𝑢2) is 𝐽(𝑢1, 𝑢2) = 𝑢2/𝑏∗.

Hence, we have

𝑄1 = ∫
∞

0
∫

∞

0
∫

∞

0

𝛽 𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2)
𝛼2𝑏∗ + 𝛽 𝑑𝛼1𝑑𝛼2𝑑𝛽

= (𝑏2 + 𝑡(2))𝑟2(𝑏3 + 𝑡)𝑟3

Γ(𝑟2)Γ(𝑟3) (𝑏∗)𝑟2 ∫
1

0
∞
0 𝑢𝑟3

1 (1 − 𝑢1)𝑟2−1𝑢𝑟2+𝑟3−1

exp{−𝑢2 [(1 − 𝑢1)(𝑏2 + 𝑡(2))
𝑏∗ + 𝑢1(𝑏3 + 𝑡)]} 𝑑𝑢2𝑑𝑢1

= (1 − 𝑧1)𝑟3

𝐵(𝑟2, 𝑟3) ∫
1

0
𝑢𝑟3

1 (1 − 𝑢1)𝑟2−1(1 − 𝑢1𝑧1)−(𝑟2+𝑟3)𝑑𝑢1

(4.68)

where 𝑟2 = 𝑛2𝑚 + 𝑎2, 𝑟3 = 𝑚 + 𝑎3 and 𝑧1 = 1 − {(𝑏3 + 𝑡)𝑏∗/ (𝑏2 + 𝑡(2))}.

For 𝑄2: Similar to 𝑄1 integral, when we apply the transformation 𝑢1 = 𝛽/(𝛼1𝑎∗ + 𝛽) and
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𝑢2 = 𝛼1𝑎∗ + 𝛽 for 𝑎∗ ≠ 0, we obtain

𝑄2 = ∫
∞

0
∫

∞

0
∫

∞

0

𝛽 𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2)
𝛼1𝑎∗ + 𝛽 𝑑𝛼1𝑑𝛼2𝑑𝛽

= (1 − 𝑧2)𝑟3

𝐵(𝑟1, 𝑟3) ∫
1

0
𝑢𝑟3

1 (1 − 𝑢1)𝑟1−1(1 − 𝑢1𝑧2)−(𝑟1+𝑟3)𝑑𝑢1

(4.69)

where 𝑟1 = 𝑛1𝑚 + 𝑎1 and 𝑧2 = 1 − {(𝑏3 + 𝑡)𝑎∗/ (𝑏1 + 𝑡(1))}.

For 𝑄3: Using the following one-to-one transformation

𝑢1 = 𝛼1𝑎∗

𝛼1𝑎∗ + 𝛼2𝑏∗ + 𝛽, 𝑢2 = 𝛼2𝑏∗

𝛼1𝑎∗ + 𝛼2𝑏∗ + 𝛽, 𝑢3 = 𝛼1𝑎∗ + 𝛼2𝑏∗ + 𝛽, (4.70)

for 𝑎∗ ≠ 0 and 𝑏∗ ≠ 0, we have 0 < 𝑢1 + 𝑢2 < 1, 0 < 𝑢3 < ∞ and the Jacobian of

(𝑢1, 𝑢2, 𝑢3) is 𝐽(𝑢1, 𝑢2, 𝑢3) = 𝑢2
3/(𝑎∗𝑏∗). Then,

𝑄3 = ∫
∞

0
∫

∞

0
∫

∞

0

𝛽 𝜋(𝛼1, 𝛼2, 𝛽 ∣𝑥, 𝑦1, 𝑦2)
𝛼1𝑎∗ + 𝛼2𝑏∗ + 𝛽 𝑑𝛼1𝑑𝛼2𝑑𝛽

= (𝑏1 + 𝑡(1))𝑟1(𝑏2 + 𝑡(2))𝑟2(𝑏3 + 𝑡)𝑟3

Γ(𝑟1)Γ(𝑟2)Γ(𝑟3)(𝑎∗)𝑟1(𝑏∗)𝑟2
∫

1

0
∫

1−𝑢2

0
∫

∞

0
𝑢𝑟1−1

1 𝑢𝑟2−1
2 𝑢𝑟1+𝑟2+𝑟3−1

3 (1 − 𝑢1 − 𝑢2)𝑟3

exp(−𝑢3 (𝑢1(𝑏1 + 𝑡(1))
𝑎 + 𝑖 + 𝑢2(𝑏2 + 𝑡(2))

𝑏 + 𝑗 + (1 − 𝑢1 − 𝑢2)(𝑏3 + 𝑡))) 𝑑𝑢3𝑑𝑢1𝑑𝑢2

= Γ(𝑟1 + 𝑟2 + 𝑟3)(𝑏1 + 𝑡(1))𝑟1(𝑏2 + 𝑡(2))𝑟2(𝑏3 + 𝑡)𝑟3

Γ(𝑟1)Γ(𝑟2)Γ(𝑟3)(𝑎∗)𝑟1(𝑏∗)𝑟2

⎧{{
⎨{{⎩

∫
1

0
∫

1−𝑢2

0

𝑢𝑟1−1
1 𝑢𝑟2−1

2 (1 − 𝑢1 − 𝑢2)𝑟3

(𝑢1(𝑏1 + 𝑡(1))
𝑎 + 𝑖 + 𝑢2(𝑏2 + 𝑡(2))

𝑏 + 𝑗 + (1 − 𝑢1 − 𝑢2)(𝑏3 + 𝑡))
(𝑟1+𝑟2+𝑟3) 𝑑𝑢1𝑑𝑢2

⎫}}
⎬}}⎭

= Γ(𝑟1 + 𝑟2 + 𝑟3)(1 − 𝑣1)𝑟1(1 − 𝑣2)𝑟2

Γ(𝑟1)Γ(𝑟2)Γ(𝑟3)

∫
1

0
∫

1−𝑢2

0
𝑢𝑟1−1

1 𝑢𝑟2−1
2 (1 − 𝑢1 − 𝑢2)𝑟3(1 − 𝑣1𝑢1 − 𝑣2𝑢2)−(𝑟1+𝑟2+𝑟3)𝑑𝑢1𝑑𝑢2

(4.71)
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where 𝑣1 = 1 − {𝑏1 + 𝑡(1)/(𝑏3 + 𝑡)𝑎∗} and 𝑣2 = 1 − {𝑏2 + 𝑡(2)/(𝑏3 + 𝑡)𝑏∗}.

Moreover, 𝑄1 and 𝑄2 integrals can be written by using the hypergeometric function. The

integral representation of the hypergeometric function is

2𝐹1(𝛼, 𝛽; 𝛾, 𝑧) = 1
𝐵(𝛽, 𝛾 − 𝛽) ∫

1

0
𝑡𝛽−1(1 − 𝑡)𝛾−𝛽−1(1 − 𝑡𝑧)−𝛼𝑑𝑡, (4.72)

when |𝑧| < 1, 𝑅𝑒(𝛾) > 0 and 𝑅𝑒(𝛽) > 0 (see Equation 9.111 in Gradshteyn and Ryzhik

[54]). Then, 𝑄1 and 𝑄2 can be also given as

𝑄1 =
⎧{
⎨{⎩

𝑟3(1 − 𝑧1)𝑟3

𝑟2 + 𝑟3
2𝐹1 (𝑟2 + 𝑟3, 𝑟3 + 1; 𝑟2 + 𝑟3 + 1, 𝑧1) , , |𝑧1| < 1

𝑟3
(𝑟2 + 𝑟3) (1 − 𝑧1)𝑟2 2𝐹1 (𝑟2 + 𝑟3, 𝑟2; 𝑟2 + 𝑟3 + 1, 𝑧1

𝑧1 − 1) , 𝑧1 < −1
, (4.73)

and

𝑄2 =
⎧{
⎨{⎩

𝑟3(1 − 𝑧2)𝑟3

𝑟1 + 𝑟3
2𝐹1 (𝑟1 + 𝑟3, 𝑟3 + 1; 𝑟1 + 𝑟3 + 1, 𝑧2) , , |𝑧2| < 1

𝑟3
(𝑟1 + 𝑟3) (1 − 𝑧2)𝑟1 2𝐹1 (𝑟1 + 𝑟3, 𝑟1; 𝑟1 + 𝑟3 + 1, 𝑧2

𝑧2 − 1) , 𝑧2 < −1
. (4.74)

Furthermore, 𝑄3 integral can be also written by using the hypergeometric functions of two

variables following the idea of Rasethuntsa and Nadar [36]. The first kind double integrals

of the Euler Type is given by

𝐹1(𝛼, 𝛽, 𝛽′, 𝛾; 𝑥, 𝑦) = Γ(𝛾)
Γ(𝛽)Γ(𝛽′)Γ(𝛾 − 𝛽 − 𝛽′) ∫

1

0
∫

1−𝑣

0
𝑢𝛽−1𝑣𝛽′−1(1 − 𝑢 − 𝑣)𝛾−𝛽−𝛽′−1

(1 − 𝑢𝑥 − 𝑣𝑦)−𝛼𝑑𝑢𝑑𝑣,
(4.75)
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when 𝑅𝑒 (𝛽) > 0, 𝑅𝑒 (𝛽′) > 0, 𝑅𝑒(𝛾 − 𝛽 − 𝛽′) > 0, |𝑥| < 1, |𝑦| < 1 (see Equation

9.184(1) in Gradshteyn and Ryzhik [54]). Then, 𝑄3 can be given as

𝑄3 = 𝑟3
𝑟1 + 𝑟2 + 𝑟3

⎧{{{{
⎨{{{{⎩

(1 − 𝑣1)𝑟1(1 − 𝑣2)𝑟2𝐹1 (∑3
𝑖=1 𝑟𝑖, 𝑟1, 𝑟2, 1 + ∑3

𝑖=1 𝑟𝑖; 𝑣1, 𝑣2) , if |𝑣1| < 1, |𝑣2| < 1
(1 − 𝑣2)𝑟2−𝑟1𝐹1 (1, 𝑟1, 𝑟2, 1 + ∑3

𝑖=1 𝑟𝑖;
𝑣1

𝑣1 − 1, 𝑣2
𝑣2 − 1) , if 𝑣1 < −1, 𝑣2 < −1

(1 − 𝑣1)𝐹1 (1, 𝑟3 + 1, 𝑟2, 1 + ∑3
𝑖=1 𝑟𝑖; 𝑣1, 𝑣1 − 𝑣2

1 − 𝑣2
) , if |𝑣1| < 1, 𝑣2 < −1

(1 − 𝑣2)𝐹1 (1, 𝑟1, 𝑟3 + 1, 1 + ∑3
𝑖=1 𝑟𝑖;

𝑣2 − 𝑣1
1 − 𝑣1

, 𝑣2) , if 𝑣1 < −1, |𝑣2| < 1

. (4.76)

4.2.3.1 Lindley’s Approximation

In our three parameter case 𝜃 = (𝛼1, 𝛼2, 𝛽), Lindley’s approximation leads to

𝑅̂𝐿𝑖𝑛
𝑛,𝑘,𝐵 = 𝑢 + (𝑢1𝑎1 + 𝑢2𝑎2 + 𝑢3𝑎3 + 𝑎4 + 𝑎5) + 1

2[𝐴(𝑢1𝜎11 + 𝑢2𝜎12 + 𝑢3𝜎13)

+ 𝐵(𝑢1𝜎21 + 𝑢2𝜎22 + 𝑢3𝜎23) + 𝐶(𝑢1𝜎31 + 𝑢2𝜎32 + 𝑢3𝜎33)]
(4.77)

where 𝑢(𝛼1, 𝛼2, 𝛽) = 𝑅𝑛,𝑘, 𝑢𝑖 = 𝜕𝑢/𝜕�𝑖, 𝑖 = 1, 2, 3, 𝐴 = 𝜎11𝐿111, 𝐵 = 𝜎22𝐿222,
𝐶 = 𝜎33𝐿333, 𝐿111 = 2𝑛1𝑚/𝛼3

1, 𝐿222 = 2𝑛2𝑚/𝛼3
2, 𝐿333 = 2𝑚/𝛽3,

𝑎𝑖 = 𝜌1𝜎𝑖1 + 𝜌2𝜎𝑖2 + 𝜌3𝜎𝑖3, 𝑖 = 1, 2, 3, (4.78)

𝑎4 = 𝑢12𝜎12 + 𝑢13𝜎13 + 𝑢23𝜎23, 𝑎5 = 1
2(𝑢11𝜎11 + 𝑢22𝜎22 + 𝑢33𝜎33), (4.79)

𝜌1 = 𝑎1 − 1
𝛼1

− 𝑏1, 𝜌2 = 𝑎2 − 1
𝛼2

− 𝑏2, 𝜌3 = 𝑎3 − 1
𝛽 − 𝑏3. (4.80)
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4.2.3.2 MCMC Method

For this case, since we know the marginal posterior densities of𝛼1, 𝛼2 and 𝛽, Gibbs sampling
algorithm is used to compute the Bayes estimate of 𝑅𝑛,𝑘. The following algorithm is used

for the generation of random samples

Step 1: Set 𝑖 = 1.

Step 2: Generate 𝛼(𝑖)
1 from 𝐺𝑎𝑚𝑚𝑎(𝑛1𝑚 + 𝑎1, 𝑏1 + 𝑡(1)).

Step 3: Generate 𝛼(𝑖)
2 from 𝐺𝑎𝑚𝑚𝑎(𝑛2𝑚 + 𝑎2, 𝑏2 + 𝑡(2)).

Step 4: Generate 𝛽(𝑖) from 𝐺𝑎𝑚𝑚𝑎(𝑚 + 𝑎3, 𝑏3 + 𝑡).

Step 5: Compute the 𝑅(𝑖)
𝑛,𝑘 at (𝛼(𝑖)

1 , 𝛼(𝑖)
2 , 𝛽(𝑖))

Step 6: Set 𝑖 = 𝑖 + 1.

Step 7: Repeat Steps 2 through 6,𝑁 times and obtain the posterior sample𝑅(𝑖)
𝑛,𝑘, 𝑖 = 1, ..., 𝑁 .

Then, the Bayes estimate of 𝑅𝑛,𝑘 under the SE loss function is computed by

𝑅𝑀𝐶
𝑛,𝑘,𝐵 = 1

𝑁 − 𝑀
𝑁−𝑀
∑

𝑖=𝑀+1
𝑅(𝑖)

𝑛,𝑘, (4.81)

where 𝑀 is the burn-in period. The HPD 100(1 − 𝛾)% credible interval of 𝑅𝑛,𝑘 is obtained

by Chen and Shao’s technique [53].

4.3. EXAMPLE

Kumaraswamy and Burr Type XII distributions from the PHR family are considered as ex-

amples in the case of 𝜆 unknown, and Weibull distribution is considered for 𝜆 known case.

In this context, the following derivations are obtained for each case.

When 𝜆 is unknown, Kumaraswamy distributions with parameters (𝛼1, 𝜆) and (𝛼2, 𝜆) are



80

used to generate strength variables, and stress variables are generated from Kumaraswamy

distribution with parameters (𝛽, 𝜆). Then, the survival functions are 𝐹 0(𝑦(1)
𝑗1

; 𝜆) = (1−𝑦𝜆
𝑗1

),
𝐹 0(𝑦(2)

𝑗2
; 𝜆) = (1 − 𝑦𝜆

𝑗2
) and 𝐹 0(𝑥; 𝜆) = (1 − 𝑥𝜆), respectively. So,

𝑡(1)
𝜆 = −

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

ln(1−𝑦𝜆
𝑖𝑗1

), 𝑡(2)
𝜆 = −

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

ln(1−𝑦𝜆
𝑖𝑗2

), 𝑡𝜆 = −
𝑚

∑
𝑖=1

ln(1−𝑥𝜆
𝑖 ), (4.82)

𝑡(1)∗
𝜆 = − (𝑛1𝑚 ln𝜆 + (𝜆 − 1)

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

ln 𝑦𝑖𝑗1
) , (4.83)

𝑡(2)∗
𝜆 = − (𝑛2𝑚 ln𝜆 + (𝜆 − 1)

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

ln 𝑦𝑖𝑗2
) , (4.84)

and

𝑡∗
𝜆 = − (𝑚 ln𝜆 + (𝜆 − 1)

𝑚
∑
𝑖=1

ln𝑥𝑖) . (4.85)

The MLE of 𝜆, 𝜆̂ is obtained from the solution of the nonlinear equation given below

𝑚(𝑛1 + 𝑛2 + 1)
𝜆 +

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

ln 𝑦𝑖𝑗1

1 − 𝑦𝜆
𝑖𝑗1

+
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

ln 𝑦𝑖𝑗2

1 − 𝑦𝜆
𝑖𝑗2

+
𝑚

∑
𝑖=1

ln𝑥𝑖
1 − 𝑥𝜆

𝑖
−

𝑛1𝑚
𝑇 (1)

𝜆

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

𝑦𝜆
𝑖𝑗1

ln 𝑦𝑖𝑗1

1 − 𝑦𝜆
𝑖𝑗1

− 𝑛2𝑚
𝑇 (2)

𝜆

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

𝑦𝜆
𝑖𝑗2

ln 𝑦𝑖𝑗2

1 − 𝑦𝜆
𝑖𝑗2

− 𝑚
𝑇𝜆

𝑚
∑
𝑖=1

𝑥𝜆
𝑖 ln𝑥𝑖

1 − 𝑥𝜆
𝑖

= 0.
(4.86)

Some elements of observed information matrix are derived as

𝐽14 = 𝐽41 =
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝑦𝜆
𝑖𝑗1

ln 𝑦𝑖𝑗1

1 − 𝑦𝜆
𝑖𝑗1

, 𝐽24 = 𝐽42 =
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝑦𝜆
𝑖𝑗2

ln 𝑦𝑖𝑗2

1 − 𝑦𝜆
𝑖𝑗2

, (4.87)

𝐽34 = 𝐽43 =
𝑚

∑
𝑖=1

𝑥𝜆
𝑖 ln𝑥𝑖

1 − 𝑥𝜆
𝑖
and (4.88)
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𝐽44 = 𝑚(𝑛1 + 𝑛2 + 1)
𝜆2 + (𝛼1 − 1)

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

𝑦𝜆
𝑖𝑗1

(ln 𝑦𝑖𝑗1
)2

(1 − 𝑦𝜆
𝑖𝑗1

)2 + (𝛼2 − 1)
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝑦𝜆
𝑖𝑗2

(ln 𝑦𝑖𝑗2
)2

(1 − 𝑦𝜆
𝑖𝑗2

)2

+ (𝛽 − 1)
𝑚

∑
𝑖=1

𝑥𝜆
𝑖 (ln𝑥𝑖)2

(1 − 𝑥𝜆
𝑖 )2 .

(4.89)

Some elements for Bayes estimation of 𝑅𝑛,𝑘 using Lindley’s approximation are obtained as

𝐿144 = −
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝑦𝜆
𝑖𝑗1

(ln 𝑦𝑖𝑗1
)2

(1 − 𝑦𝜆
𝑖𝑗1

)2 , 𝐿244 = −
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝑦𝜆
𝑖𝑗2

(ln 𝑦𝑖𝑗2
)2

(1 − 𝑦𝜆
𝑖𝑗2

)2 , (4.90)

𝐿344 = −
𝑚

∑
𝑖=1

𝑥𝜆
𝑖 (ln𝑥𝑖)2

(1 − 𝑥𝜆
𝑖 )2 and (4.91)

𝐿444 = 2𝑚(𝑛1 + 𝑛2 + 1)
𝜆3 − (𝛼1 − 1)

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

𝐶(𝑦𝑖𝑗1
; 𝜆) − (𝛼2 − 1)

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

𝐶(𝑦𝑖𝑗2
; 𝜆)

− (𝛽 − 1)
𝑚

∑
𝑖=1

𝐶(𝑥𝑖; 𝜆),
(4.92)

𝐶(𝑥; 𝜆) = −𝑥𝜆(ln𝑥)3(1 + 𝑥𝜆)
(1 − 𝑥𝜆)3 . (4.93)

The marginal posterior density of 𝜆 is derived as

𝜋(𝜆|𝛼1, 𝛼2, 𝛽, 𝑥, 𝑦1, 𝑦2) ∝ 𝜆𝑚(𝑛1+𝑛2+1)+𝑎4−1𝑒−(𝛼1−1)𝑡(1)
𝜆 𝑒−(𝛼2−1)𝑡(2)

𝜆 𝑒−(𝛽−1)𝑡𝜆

exp{𝜆 (−𝑏4 +
𝑚

∑
𝑖=1

ln𝑥𝑖 +
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

ln 𝑦𝑖𝑗1
+

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

ln 𝑦𝑖𝑗2
)} ,

(4.94)

for implementation of MCMC method.

When the strength and stress variables are assumed generating from Burr Type XII distri-

bution with parameters (𝛼1, 𝜆), (𝛼2, 𝜆) and (𝛽, 𝜆), then the baseline survival functions are
𝐹 0(𝑦(1)

𝑗1
; 𝜆) = 1/ (1 + 𝑦𝜆

𝑗1
) , 𝐹 0(𝑦(1)

𝑗2
; 𝜆) = 1/ (1 + 𝑦𝜆

𝑗2
) and 𝐹 0(𝑥; 𝜆) = 1/ (1 + 𝑥𝜆), re-
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spectively. We have

𝑡(1)
𝜆 =

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

ln(1 + 𝑦𝜆
𝑖𝑗1

), 𝑡(2)
𝜆 =

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

ln(1 + 𝑦𝜆
𝑖𝑗2

), 𝑡𝜆 =
𝑚

∑
𝑖=1

ln(1 + 𝑥𝜆
𝑖 ), (4.95)

𝑡(1)∗
𝜆 = − (𝑛1𝑚 ln𝜆 + (𝜆 − 1)

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

ln 𝑦𝑖𝑗1
− 2

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

ln(1 + 𝑦𝜆
𝑖𝑗1

)) , (4.96)

𝑡(2)∗
𝜆 = − (𝑛2𝑚 ln𝜆 + (𝜆 − 1)

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

ln 𝑦𝑖𝑗2
− 2

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

ln(1 + 𝑦𝜆
𝑖𝑗2

)) , (4.97)

and

𝑡∗
𝜆 = − (𝑚 ln𝜆 + (𝜆 − 1)

𝑚
∑
𝑖=1

ln𝑥𝑖 − 2
𝑚

∑
𝑖=1

ln(1 + 𝑥𝜆
𝑖 )) . (4.98)

Some elements of observed information matrix are derived as

𝐽14 = 𝐽41 =
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝑦𝜆
𝑖𝑗1

ln 𝑦𝑖𝑗1

1 + 𝑦𝜆
𝑖𝑗1

, 𝐽24 = 𝐽42 =
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝑦𝜆
𝑖𝑗2

ln 𝑦𝑖𝑗2

1 + 𝑦𝜆
𝑖𝑗2

, 𝐽34 = 𝐽43 =
𝑚

∑
𝑖=1

𝑥𝜆
𝑖 ln𝑥𝑖

1 + 𝑥𝜆
𝑖

,

(4.99)

𝐽44 = 𝑚(𝑛1 + 𝑛2 + 1)
𝜆2 + (𝛼1 + 1)

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

𝑦𝜆
𝑖𝑗1

(ln 𝑦𝑖𝑗1
)2

(1 + 𝑦𝜆
𝑖𝑗1

)2 + (𝛼2 + 1)
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝑦𝜆
𝑖𝑗2

(ln 𝑦𝑖𝑗2
)2

(1 + 𝑦𝜆
𝑖𝑗2

)2

+ (𝛽 + 1)
𝑚

∑
𝑖=1

𝑥𝜆
𝑖 (ln𝑥𝑖)2

(1 + 𝑥𝜆
𝑖 )2 .

(4.100)

Some elements for Bayes estimation of 𝑅𝑛,𝑘 using Lindley’s approximation are obtained as

𝐿144 = −
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝑦𝜆
𝑖𝑗1

(ln 𝑦𝑖𝑗1
)2

(1 + 𝑦𝜆
𝑖𝑗1

)2 , 𝐿244 = −
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝑦𝜆
𝑖𝑗2

(ln 𝑦𝑖𝑗2
)2

(1 + 𝑦𝜆
𝑖𝑗2

)2 , 𝐿344 = −
𝑚

∑
𝑖=1

𝑥𝜆
𝑖 (ln𝑥𝑖)2

(1 + 𝑥𝜆
𝑖 )2 ,

(4.101)

𝐿444 = 2𝑚(𝑛1 + 𝑛2 + 1)
𝜆3 − (𝛼1 + 1)

𝑚
∑
𝑖=1

𝑛1

∑
𝑗1=1

𝐶(𝑦𝑖𝑗1
; 𝜆)

− (𝛼2 + 1)
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝐶(𝑦𝑖𝑗2
; 𝜆) − (𝛽 + 1)

𝑚
∑
𝑖=1

𝐶(𝑥𝑖; 𝜆)
(4.102)
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where

𝐶(𝑥; 𝜆) = −𝑥𝜆(ln𝑥)3(1 − 𝑥𝜆)
(1 + 𝑥𝜆)3 . (4.103)

The marginal posterior density of 𝜆 for this case is obtained as

𝜋(𝜆|𝛼1, 𝛼2, 𝛽, 𝑥, 𝑦1, 𝑦2) ∝ 𝜆𝑚(𝑛1+𝑛2+1)+𝑎4−1𝑒−(𝛼1+1)𝑡(1)
𝜆 𝑒−(𝛼2+1)𝑡(2)

𝜆 𝑒−(𝛽+1)𝑡𝜆

exp{𝜆 (−𝑏4 +
𝑚

∑
𝑖=1

ln𝑥𝑖 +
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

ln 𝑦𝑖𝑗1
+

𝑚
∑
𝑖=1

𝑛2

∑
𝑗2=1

ln 𝑦𝑖𝑗2
)} ,

(4.104)

When the strength and stress variables are assumed generating from Weibull distributions

with parameters (𝛼1, 𝜆1), (𝛼2, 𝜆2), (𝛽, 𝜆3)with known common parameters (𝜆1, 𝜆2, 𝜆3), the
baseline survival functions are 𝐹0(𝑦(1)

𝑗1
; 𝜆1) = 𝑒−𝑦𝜆1

𝑗1 , 𝐹0(𝑦(2)
𝑗2

; 𝜆2) = 𝑒−𝑦𝜆2
𝑗2 and 𝐹0(𝑥; 𝜆3) =

𝑒−𝑥𝜆3 . We have

𝑡(1) ≡ 𝑡(1)
𝜆1

=
𝑚

∑
𝑖=1

𝑛1

∑
𝑗1=1

𝑦𝜆1
𝑖𝑗1

, 𝑡(2) ≡ 𝑡(2)
𝜆2

=
𝑚

∑
𝑖=1

𝑛2

∑
𝑗2=1

𝑦𝜆2
𝑖𝑗2

, 𝑡 ≡ 𝑡𝜆3
=

𝑚
∑
𝑖=1

𝑥𝜆3
𝑖 , (4.105)

and the ML estimates of 𝛼1, 𝛼2 and 𝛽 are given by

̂𝛼1 = 𝑛1𝑚
∑𝑚

𝑖=1 ∑𝑛1
𝑗1=1 𝑦𝜆1

𝑖𝑗1

, ̂𝛼2 = 𝑛2𝑚
∑𝑚

𝑖=1 ∑𝑛2
𝑗2=1 𝑦𝜆2

𝑖𝑗2

, ̂𝛽 = 𝑚
∑𝑚

𝑖=1 𝑥𝜆3
𝑖

. (4.106)

4.4. SIMULATION STUDY

In this section, a Monte Carlo simulation study is executed for the comparison of the derived

estimates of 𝑅𝑛,𝑘 for both cases: i. the second parameters of underlying distributions are

common and unknown; ii. the second parameters of underlying distributions are different

and known.
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In the point estimation procedure, MSE, ERs and biases are used for the comparisons in ML

and Bayes estimates, respectively. When 𝜃 is estimated by ̂𝜃, the ER of 𝜃 is given by

𝐸𝑅(𝜃) = 1
𝑁

𝑁
∑
𝑖=1

( ̂𝜃𝑖 − 𝜃𝑖)2, (4.107)

under the SE loss function. The performances of asymptotic confidence and credible intervals

are considered by their ALs and CPs. All simulations study results are obtained by using

statistical software R [46] based on 2500 replications. Point and interval estimates of 𝑅𝑛,𝑘

are given under different scenarios in tables. In the estimates tables, the first, second, and

third rows represent the estimate of 𝑅𝑛,𝑘, its bias, and MSE (or ER) values, respectively.

4.4.1 When the Second Parameters are Common and Unknown

In this subsection, Monte Carlo simulation study is executed for the comparison of ML and

Bayes estimates of𝑅𝑛,𝑘 when the second parameters of underlying distributions are common

(𝜆) and unknown. Numerical results based on point and interval estimation are presented for
Kumaraswamy and Burr Type XII distributions from the PHR family with different sample

sizes 𝑚 = 10, 20, 30, 40. The true values of the parameters are taken as (𝛼1, 𝛼2, 𝛽, 𝜆) =
(0.75, 1.5, 8, 2.5) and (1.5, 3, 15, 5), respectively.

Point estimates of 𝑅𝑛,𝑘 and corresponding interval estimates are presented in Tables 4.1-

4.4, for Kumaraswamy and Burr Type XII distributions. The consecutive 𝑘-out of-𝑛 ∶ 𝐺
system is considered for the different combinations of (𝑘, 𝑛1, 𝑛2) under the condition of

2𝑘 ≥ 𝑛. Bayes estimates are obtained by using both Lindley’s approximation and MCMC

method based on the following informative and non-informative priors: Prior 1: (𝑎1, 𝑏1) =
(0.75, 1), (𝑎2, 𝑏2) = (1.5, 1), (𝑎3, 𝑏3) = (8, 1), (𝑎4, 𝑏4) = (2.5, 1), Prior 2: (𝑎1, 𝑏1) =
(3, 2), (𝑎2, 𝑏2) = (6, 2), (𝑎3, 𝑏3) = (30, 2), (𝑎4, 𝑏4) = (10, 2), and non-informative priors
(𝑎𝑖, 𝑏𝑖) = (0.0001, 0.0001), 𝑖 = 1, 2, 3, 4. In the MCMC case, two MCMC chains are gen-

erated, and 10000 iterations for each one. In each chain, we discard the first 5000 results as

burn-in period which reduces the effect of the starting distribution. Then, we obtain MCMC
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Bayes estimate using every 5𝑡ℎ sampled values in chains in thinning procedure.

From Tables 4.1 and 4.3, it is observed that MSE, ERs and biases of all estimates generally

decrease when the sample size increases which shows the consistency of estimators. Also, the

proposed Bayes estimators based on informative priors have more effective performance on

system reliability than ML estimators. In Table 4.1 Bayes estimate using Lindley’s approxi-

mation outperforms the MCMC results in terms of ERs except for𝑚 = 10 under informative
priors while these estimators show similar performances under non-informative priors. In

Table 4.3, Bayes estimate using MCMC method outperform Lindley’s approximation except

for 𝑚 = 40 under informative priors, while these estimators show similar results under non-

informative priors. In general, Bayes estimates based on non-informative priors have similar

performance in terms of ER and MSEs when compared to ML estimate results. Also, these

estimates and their error values are getting closer to each other as the sample size increases.

From Tables 4.2 and 4.4, the ALs of all intervals decrease with the increase in sample sizes, as

expected, and the CPs of all intervals are satisfactory. TheHPD credible intervals based on in-

formative priors have the smallest ALwhile HPD credible intervals based on non-informative

priors are similar to the asymptotic confidence intervals. Therefore, the HPD credible inter-

vals may be preferred if the prior information is available or not.
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Table 4.2. Average confidence/credible lengths (ACL) and coverage probabilities (CP) of

𝑅𝑛,𝑘 for Kumaraswamy distribution when (𝛼1, 𝛼2, 𝛽, 𝜆) = (0.75, 1.5, 8, 2.5)

𝐴𝐶𝐼 𝐻𝑃𝐷 (Prior 1) 𝐻𝑃 𝐷 (Non-inf.)

𝑚 (𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃
10 (3,5,1) 0.93334 0.15389 0.8780 0.11682 0.9932 0.16312 0.9364

20 0.10802 0.9044 0.08963 0.9896 0.11068 0.9388

30 0.08776 0.9164 0.07599 0.9780 0.08876 0.9408

40 0.07610 0.9296 0.06755 0.9728 0.07656 0.9460

10 (3,1,5) 0.71708 0.30300 0.9356 0.22536 0.9920 0.30150 0.9532

20 0.21654 0.9448 0.17743 0.9800 0.21481 0.9444

30 0.17655 0.9380 0.15167 0.9752 0.17488 0.9456

40 0.15282 0.9452 0.13498 0.9800 0.15133 0.9538

10 (3,4,2) 0.92098 0.17370 0.8844 0.13207 0.9924 0.18096 0.9400

20 0.12123 0.9016 0.10063 0.9880 0.12321 0.9368

30 0.09909 0.9200 0.08556 0.9860 0.09974 0.9484

40 0.08550 0.9240 0.07595 0.9716 0.08562 0.9352

10 (3,2,4) 0.80435 0.25890 0.9112 0.19555 0.9884 0.26113 0.9376

20 0.18461 0.9328 0.15254 0.9844 0.18451 0.9416

30 0.15083 0.9428 0.13007 0.9788 0.15027 0.9584

40 0.13075 0.9400 0.11585 0.9696 0.12995 0.9408

10 (3,3,3) 0.90399 0.19860 0.8912 0.14976 0.9924 0.20343 0.9436

20 0.14085 0.9288 0.11608 0.9864 0.14173 0.9448

30 0.11351 0.9268 0.09796 0.9840 0.11356 0.9424

40 0.09758 0.9196 0.08660 0.9672 0.09735 0.9356

10 (4,1,5) 0.63283 0.34103 0.9312 0.25010 0.9836 0.33397 0.9348

20 0.24410 0.9356 0.19819 0.9800 0.24024 0.9388

30 0.19999 0.9416 0.17069 0.9764 0.19694 0.9468

40 0.17320 0.9424 0.15214 0.9724 0.17068 0.9472
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Table 4.4. Average confidence/credible lengths (ACL) and coverage probabilities (CP) of

𝑅𝑛,𝑘 for Burr Type II distribution when (𝛼1, 𝛼2, 𝛽, 𝜆) = (1.5, 3, 15, 5)

𝐴𝐶𝐼 𝐻𝑃𝐷 (Prior 2) 𝐻𝑃 𝐷 (Non-inf.)

𝑚 (𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃
10 (4,6,1) 0.85119 0.23070 0.8820 0.12707 0.9956 0.23723 0.9300

20 0.16690 0.9108 0.10688 0.9968 0.16839 0.9340

30 0.13647 0.9212 0.09574 0.9920 0.13677 0.9324

40 0.11897 0.9232 0.08828 0.9896 0.11882 0.9400

10 (4,1,6) 0.61748 0.33635 0.9188 0.18427 0.9948 0.33155 0.9332

20 0.24210 0.9272 0.15551 0.9940 0.23879 0.9368

30 0.19875 0.9424 0.13949 0.9920 0.19609 0.9468

40 0.17292 0.9480 0.12847 0.9872 0.17060 0.9448

10 (4,5,2) 0.84034 0.24350 0.8948 0.13359 0.9944 0.24856 0.9376

20 0.17620 0.9312 0.11303 0.9960 0.17702 0.9452

30 0.14461 0.9280 0.10143 0.9948 0.14450 0.9448

40 0.12630 0.9312 0.09352 0.9892 0.12573 0.9356

10 (4,2,5) 0.68692 0.32023 0.9088 0.17684 0.9936 0.31788 0.9308

20 0.23091 0.9280 0.14914 0.9916 0.22866 0.9372

30 0.18976 0.9380 0.13368 0.9912 0.18770 0.9476

40 0.16514 0.9436 0.12305 0.9856 0.16329 0.9420

10 (4,4,3) 0.82540 0.25767 0.8744 0.14282 0.9984 0.26054 0.9288

20 0.18757 0.9144 0.12060 0.9944 0.18757 0.9356

30 0.15412 0.9192 0.10838 0.9964 0.15356 0.9408

40 0.13475 0.9348 0.09997 0.9892 0.13387 0.9396

10 (4,3,4) 0.76535 0.29258 0.9012 0.16112 0.9936 0.29323 0.9352

20 0.21119 0.9288 0.13633 0.9916 0.21018 0.9424

30 0.17492 0.9300 0.12285 0.9912 0.17363 0.9396

40 0.15174 0.9320 0.11293 0.9840 0.15030 0.9388
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We also compare the performances of Bayes estimates using Lindley’s approximation (based

on informative and non-informative priors) and MLE by plots. Figures 4.1 and 4.2 present

MSE and ER of estimates for Kumaraswamy and Burr Type XII distributions with sample

sizes 𝑚 = 50, 75, 100 and 125. In these figures, the parameters are chosen as 𝛼1𝑖
= 12 −

(2𝑖/10), 𝛼2𝑖
= 6 − (𝑖/10), 𝛽𝑖 = 2 + (2𝑖/10) and 𝜆𝑖 = 1 + (𝑖/10), 𝑖 = 1, ..., 58. Figure

4.1 represents the estimate results of 𝑅9,5 for Kumaraswamy distribution which takes the

values 0.06813 to 0.96244 when the values of system are taken as (𝑘, 𝑛1, 𝑛2) = (5, 6, 3).
Figure 4.2 represents the estimate results of 𝑅8,4 for Burr Type XII distribution which takes

the values 0.09671 to 0.99025 when the system values are taken as (𝑘, 𝑛1, 𝑛2) = (4, 5, 3).
The following procedure is used to draw the plots:

Step 1: For given (𝛼1, 𝛼2, 𝛽, 𝜆), 𝑅9,5 (𝑅8,4) is computed.

Step 2: For given𝑚, samples fromKumaraswamy (Burr Type XII) distribution are generated

for the strength and the stress variables.

Step 3: Estimates of 𝑅9,5 (𝑅8,4) are evaluated.

Step 4: Steps 2-3 are repeated 𝑁 = 2500 times, the MSE or ER for estimates of 𝑅𝑛,𝑘 are

calculated as by using ∑𝑁
𝑖=1(𝑅(𝑖)

𝑛,𝑘 − 𝑅𝑛,𝑘)2/𝑁 .
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Figure 4.1. MSE (or ERs) of the estimates when 𝑚 = 50, 75, 100 and 125 for
Kumaraswamy distribution



96

0.2 0.4 0.6 0.8 1.0

0
.0

0
0

0
0

.0
0

0
5

0
.0

0
1

0
0

.0
0

1
5

0
.0

0
2

0

R8,4

M
S

E

R8,4

R
8,4,B

Lin−NI

R
8,4,B

Lin

0.2 0.4 0.6 0.8 1.0

0
.0

0
0

0
0

.0
0

0
4

0
.0

0
0

8
0

.0
0

1
2

R8,4

M
S

E

R8,4

R
8,4,B

Lin−NI

R
8,4,B

Lin

0.2 0.4 0.6 0.8 1.0

0
e

+
0

0
4

e
−

0
4

8
e

−
0

4

R8,4

M
S

E

R8,4

R
8,4,B

Lin−NI

R
8,4,B

Lin

0.2 0.4 0.6 0.8 1.0

0
e

+
0

0
2

e
−

0
4

4
e

−
0

4
6

e
−

0
4

8
e

−
0

4

R8,4

M
S

E

R8,4

R
8,4,B

Lin−NI

R
8,4,B

Lin

Figure 4.2. MSE (or ERs) of the estimates when 𝑚 = 50, 75, 100 and 125 for Burr Type
XII distribution

From Figures 4.1 and 4.2, it is observed that the error values of all estimators are getting

bigger when 𝑅𝑛,𝑘 is getting closer to 0.5 and getting smaller when 𝑅𝑛,𝑘 is getting closer to

the extreme values. The smallest error is obtained by the Bayes estimate based on informa-

tive prior. Moreover, ML estimate and Bayes estimate based on non-informative prior show

similar performances and are close to each other around extreme values. These observations

show that the results obtained from figures are similar to Tables 4.1 and 4.3.

4.4.2 When the Second Parameters are Different and Known

In this subsection, Monte Carlo simulation study is executed for the comparison of ML,

UMVU and Bayes estimates of 𝑅𝑛,𝑘 when the second parameters parameters of underly-

ing distributions (𝜆1, 𝜆2, 𝜆3) are known. Point and interval estimation results are presented
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for one-parameter Weibull distribution with different sample sizes.

In Tables 4.5-4.7, ML, UMVU, exact Bayes and two approximate Bayes estimates of 𝑅𝑛,𝑘

are listed. In the Bayesian inference, the following informative priors are considered with

the non-informative prior: Prior 3 : (𝑎1, 𝑏1) = (1.25, 1), (𝑎2, 𝑏2) = (3, 1), (𝑎3, 𝑏3) = (7, 1),
Prior 4: (𝑎1, 𝑏1) = (2, 1), (𝑎2, 𝑏2) = (0.75, 1), (𝑎3, 𝑏3) = (12, 1). Bayesian estimates based
on MCMC method are computed by using Gibbs sampling with 4000 iterations. In addition,

the asymptotic confidence and HPD intervals corresponding to obtained point estimates are

given in Table 4.8.

From Tables 4.5- 4.7, MSE, ERs and biases decrease with the increase in sample sizes, as

expected. It is observed that ML and UMVU estimates show similar results, and they are get-

ting close to each other as the sample size increases. Bayes estimators based on informative

priors show better performance than these classical estimates while Bayes estimates based

on non-informative priors give similar results to them. In these tables, Bayes estimates using

Lindley’s approximation based on informative priors show the best performance in terms of

error values. Moreover, it is also observed that approximate Bayes estimates and their cor-

responding ER values are generally close to the exact Bayes estimate values. From Table

4.8, asymptotic confidence interval of 𝑅𝑛,𝑘 has wider length than the HPD credible inter-

vals. HPD credible intervals based on informative priors provide the smallest AL, and the

coverage probabilities of all intervals are quite satisfactory.
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Table 4.8. ACL and CP of 𝑅𝑛,𝑘 for Weibull distribution when (𝛼1, 𝛼2, 𝛽) = (1.25, 3, 7)
and (2, 0.75, 12)

𝐴𝐶𝐼 𝐻𝑃 𝐷 (Prior 3 or 4) 𝐻𝑃𝐷 (Non-inf. prior)

𝑚 (𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃
10 (2,3,1) 0.88474 0.20544 0.8980 0.16887 0.9832 0.20867 0.9416

20 0.14498 0.9308 0.12932 0.9728 0.14561 0.9452

30 0.11882 0.9332 0.10928 0.9644 0.11883 0.9448

40 0.10299 0.9352 0.09642 0.9552 0.10287 0.9384

10 (2,2,2) 0.84630 0.30142 0.9620 0.20102 0.9796 0.24504 0.9316

20 0.21376 0.9712 0.15618 0.9720 0.17536 0.9392

30 0.17393 0.9744 0.13198 0.9620 0.14320 0.9436

40 0.15094 0.9744 0.11647 0.9588 0.12403 0.9412

10 (3,5,1) 0.83773 0.24973 0.9140 0.20442 0.9848 0.25187 0.9360

20 0.17971 0.9232 0.15898 0.9660 0.17981 0.9408

25 0.16054 0.9208 0.14493 0.9664 0.16037 0.9424

30 0.14564 0.9392 0.13358 0.9716 0.14553 0.9495

10 (3,4,2) 0.80952 0.26954 0.9016 0.22020 0.9840 0.26968 0.9348

20 0.19479 0.9332 0.17209 0.9748 0.19403 0.9448

25 0.17475 0.9284 0.15755 0.9668 0.17389 0.9412

30 0.16084 0.9336 0.14687 0.9632 0.16010 0.9440

10 (3,3,3) 0.77339 0.30503 0.9280 0.24121 0.9852 0.29337 0.9376

20 0.21838 0.9364 0.18808 0.9704 0.21164 0.9408

25 0.19688 0.9412 0.17340 0.9656 0.19164 0.9376

30 0.17940 0.9412 0.16046 0.9660 0.17478 0.9400

10 (3,1,3) 0.52293 0.33973 0.9220 0.28297 0.9768 0.33910 0.9336

20 0.24138 0.9332 0.22070 0.9676 0.24649 0.9440

30 0.19732 0.9296 0.18753 0.9616 0.20289 0.9408

40 0.17097 0.9292 0.16608 0.9536 0.17667 0.9372
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Table 4.8 Continued

𝐴𝐶𝐼 𝐻𝑃 𝐷 (Prior 3 or 4) 𝐻𝑃𝐷 (Non-inf. prior)

𝑚 (𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃
10 (4,1,4) 0.83258 0.49942 0.9960 0.14992 0.9840 0.20358 0.9396

20 0.33116 0.9984 0.11756 0.9748 0.14117 0.9416

25 0.29477 0.9992 0.10829 0.9796 0.12643 0.9520

30 0.11504 0.9389 0.10113 0.9756 0.11559 0.9433

10 (4,2,3) 0.76664 0.24776 0.9172 0.18570 0.9868 0.25077 0.9384

20 0.17642 0.9412 0.14715 0.9856 0.17694 0.9536

25 0.15828 0.9408 0.13561 0.9760 0.15832 0.9464

30 0.14406 0.9400 0.12605 0.9708 0.14399 0.9492

10 (4,4,1) 0.66169 0.30386 0.9292 0.22826 0.9868 0.30201 0.9476

20 0.21746 0.9400 0.18130 0.9756 0.21614 0.9440

25 0.19509 0.9432 0.16724 0.9796 0.19393 0.9536

30 0.17824 0.9364 0.15585 0.9704 0.17710 0.9428

In our simulation studies, we encounter some difficulties in the evaluation of the exact Bayes

estimate of 𝑅𝑛,𝑘 for the large values of 𝑚, 𝑛 and 𝑘. It is seen that the integral in the exact
Bayes estimate of 𝑅𝑛,𝑘 can create some problems for some values of constants in there.

Moreover, we observed that performance of two approximate Bayes estimates: Lindley’s

approximation and MCMC algorithm with Gibbs sampling have almost same with the exact

Bayes estimate in previous tables. Therefore, we listed ML, UMVU and two approximate

Bayes estimates results in Tables 4.9 - 4.11 for large values of 𝑚, 𝑛 and 𝑘. Moreover, the

asymptotic confidence and HPD intervals of𝑅𝑛,𝑘 for these estimates are given in Table 4.12.

In these tables, the true values of the parameters are taken as (𝛼1, 𝛼2, 𝛽) = (0.75, 2, 20) and
(𝜆1, 𝜆2, 𝜆3) = (6, 9, 3). Prior 5: (𝑎1, 𝑏1) = (0.75, 1), (𝑎2, 𝑏2) = (2, 1), (𝑎3, 𝑏3) = (20, 1)
is used in Bayesian case as an informative prior. From Tables 4.9 - 4.11, it is observed that

estimates of 𝑅𝑛,𝑘 provide similar performances as in the Tables 4.5- 4.7. Also, intervals

results in Table 4.12 show similar performances as in the Table 4.8.
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Table 4.9. Estimates of 𝑅𝑛,𝑘 for Weibull distribution when (𝑘, 𝑛) = (5, 9) and
(𝑘, 𝑛) = (5, 10)

𝐵𝑎𝑦𝑒𝑠 (Prior 5) 𝐵𝑎𝑦𝑒𝑠 (Non-inf. prior)
(𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝑚 𝑅𝑀𝐿𝐸

𝑛,𝑘 𝑅𝑈
𝑛,𝑘 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵

(5,6,3) 0.93166 25 0.93114 0.93193 0.92786 0.92928 0.92771 0.92761

-0.00051 0.00028 -0.00379 -0.00238 -0.00395 -0.00405

0.00031 0.00030 0.00007 0.00013 0.00035 0.00035

50 0.93151 0.93191 0.92982 0.93029 0.92979 0.92975

-0.00015 0.00025 -0.00183 -0.00137 -0.00187 -0.00190

0.00016 0.00015 0.00008 0.00009 0.00016 0.00016

75 0.93138 0.93164 0.93028 0.93051 0.93023 0.93021

-0.00028 -0.00001 -0.00138 -0.00115 -0.00143 -0.00144

0.00011 0.00011 0.00007 0.00007 0.00011 0.00011

(5,4,6) 0.87442 25 0.87372 0.87015 0.86862 0.87097 0.86908 0.86899

-0.00070 -0.00427 -0.00580 -0.00345 -0.00534 -0.00543

0.00074 0.00080 0.00015 0.00030 0.00080 0.00080

50 0.87428 0.87048 0.87178 0.87252 0.87194 0.87192

-0.00014 -0.00394 -0.00263 -0.00190 -0.00248 -0.00250

0.00037 0.00041 0.00017 0.00022 0.00039 0.00039

75 0.87503 0.87117 0.87324 0.87363 0.87348 0.87346

0.00061 -0.00325 -0.00118 -0.00079 -0.00094 -0.00096

0.00025 0.00027 0.00015 0.00017 0.00025 0.00025
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Table 4.9 Continued

𝐵𝑎𝑦𝑒𝑠 (Prior 5) 𝐵𝑎𝑦𝑒𝑠 (Non-inf. prior)
(𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝑚 𝑅𝑀𝐿𝐸

𝑛,𝑘 𝑅𝑈
𝑛,𝑘 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵

(5,3,6) 0.81516 25 0.81533 0.81123 0.80869 0.81190 0.81020 0.81016

0.00017 -0.00393 -0.00647 -0.00326 -0.00496 -0.00500

0.00119 0.00128 0.00024 0.00048 0.00124 0.00124

50 0.81539 0.81133 0.81230 0.81324 0.81280 0.81279

0.00023 -0.00383 -0.00286 -0.00191 -0.00236 -0.00237

0.00062 0.00066 0.00028 0.00036 0.00063 0.00063

75 0.81491 0.81085 0.81302 0.81344 0.81318 0.81316

-0.00025 -0.00431 -0.00214 -0.00172 -0.00198 -0.00200

0.00040 0.00044 0.00024 0.00027 0.00041 0.00041

(5,2,8) 0.76122 25 0.76146 0.74534 0.75352 0.75743 0.75601 0.75598

0.00024 -0.01588 -0.00770 -0.00379 -0.00521 -0.00524

0.00154 0.00203 0.00029 0.00061 0.00159 0.00159

50 0.76179 0.74612 0.75840 0.75946 0.75905 0.75905

0.00057 -0.01510 -0.00282 -0.00175 -0.00217 -0.00217

0.00078 0.00113 0.00035 0.00044 0.00079 0.00080

75 0.76147 0.74592 0.75933 0.75982 0.75964 0.75965

0.00025 -0.01530 -0.00189 -0.00140 -0.00158 -0.00157

0.00050 0.00080 0.00030 0.00033 0.00050 0.00050
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Table 4.10. Estimates of 𝑅𝑛,𝑘 for Weibull distribution when (𝑘, 𝑛) = (7, 13)

𝐵𝑎𝑦𝑒𝑠 (Prior 5) 𝐵𝑎𝑦𝑒𝑠 (Non-inf. prior)
(𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝑚 𝑅𝑀𝐿𝐸

𝑛,𝑘 𝑅𝑈
𝑛,𝑘 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵

(7,9,4) 0.91090 25 0.91033 0.91097 0.90619 0.90799 0.90598 0.90587

-0.00056 0.00008 -0.00471 -0.00291 -0.00492 -0.00503

0.00052 0.00052 0.00009 0.00020 0.00057 0.00057

50 0.91057 0.91089 0.90842 0.90901 0.90837 0.90834

-0.00033 -0.00001 -0.00248 -0.00188 -0.00253 -0.00255

0.00026 0.00026 0.00012 0.00015 0.00027 0.00027

75 0.91057 0.91078 0.90913 0.90942 0.90910 0.90909

-0.00033 -0.00012 -0.00176 -0.00147 -0.00180 -0.00181

0.00017 0.00017 0.00010 0.00011 0.00017 0.00017

(7,6,7) 0.84820 25 0.84847 0.84861 0.84167 0.84482 0.84309 0.84302

0.00028 0.00041 -0.00653 -0.00338 -0.00510 -0.00518

0.00104 0.00106 0.00018 0.00040 0.00110 0.00110

50 0.84732 0.84738 0.84454 0.84536 0.84459 0.84457

-0.00088 -0.00082 -0.00366 -0.00283 -0.00361 -0.00362

0.00054 0.00054 0.00024 0.00031 0.00056 0.00056

75 0.84819 0.84824 0.84622 0.84665 0.84639 0.84637

-0.00001 0.00004 -0.00197 -0.00155 -0.00181 -0.00183

0.00036 0.00036 0.00021 0.00024 0.00036 0.00036
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Table 4.10 Continued

𝐵𝑎𝑦𝑒𝑠 (Prior 5) 𝐵𝑎𝑦𝑒𝑠 (Non-inf. prior)
(𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝑚 𝑅𝑀𝐿𝐸

𝑛,𝑘 𝑅𝑈
𝑛,𝑘 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵

(7,5,8) 0.79524 25 0.79541 0.79211 0.78815 0.79166 0.78974 0.78970

0.00018 -0.00312 -0.00708 -0.00357 -0.00549 -0.00553

0.00142 0.00149 0.00024 0.00054 0.00148 0.00148

50 0.79483 0.79177 0.79172 0.79265 0.79197 0.79198

-0.00040 -0.00347 -0.00352 -0.00258 -0.00327 -0.00326

0.00067 0.00071 0.00030 0.00038 0.00069 0.00069

75 0.79566 0.79269 0.79349 0.79398 0.79375 0.79375

0.00043 -0.00254 -0.00174 -0.00126 -0.00149 -0.00149

0.00047 0.00049 0.00028 0.00031 0.00048 0.00048

(7,4,9) 0.74678 25 0.74725 0.73958 0.73944 0.74334 0.74147 0.74146

0.00047 -0.00721 -0.00734 -0.00344 -0.00531 -0.00533

0.00170 0.00186 0.00027 0.00064 0.00174 0.00174

50 0.74754 0.74049 0.74367 0.74488 0.74463 0.74465

0.00076 -0.00630 -0.00311 -0.00191 -0.00215 -0.00213

0.00083 0.00092 0.00035 0.00046 0.00084 0.00084

75 0.74784 0.74101 0.74538 0.74594 0.74594 0.74590

0.00106 -0.00578 -0.00140 -0.00084 -0.00084 -0.00089

0.00060 0.00066 0.00035 0.00039 0.00060 0.00060
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Table 4.11. Estimates of 𝑅𝑛,𝑘 for Weibull distribution when (𝑘, 𝑛) = (8, 15)

𝐵𝑎𝑦𝑒𝑠 (Prior 5.) 𝐵𝑎𝑦𝑒𝑠 (Non-inf. prior)
(𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝑚 𝑅𝑀𝐿𝐸

𝑛,𝑘 𝑅𝑈
𝑛,𝑘 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵

(8,12,3) 0.90968 25 0.90880 0.90940 0.90479 0.90650 0.90429 0.90418

-0.00088 -0.00029 -0.00490 -0.00319 -0.00540 -0.00550

0.00051 0.00051 0.00009 0.00020 0.00057 0.00057

50 0.90956 0.90987 0.90724 0.90788 0.90730 0.90727

-0.00012 0.00018 -0.00244 -0.00180 -0.00238 -0.00241

0.00025 0.00026 0.00011 0.00014 0.00027 0.00027

75 0.90936 0.90956 0.90790 0.90820 0.90785 0.90784

-0.00032 -0.00012 -0.00178 -0.00148 -0.00184 -0.00185

0.00018 0.00018 0.00011 0.00012 0.00019 0.00019

(8,11,4) 0.90336 25 0.90228 0.90283 0.89817 0.89997 0.89758 0.89748

-0.00108 -0.00053 -0.00518 -0.00339 -0.00577 -0.00588

0.00057 0.00058 0.00010 0.00022 0.00064 0.00064

50 0.90322 0.90350 0.90086 0.90153 0.90086 0.90085

-0.00014 0.00014 -0.00249 -0.00183 -0.00249 -0.00251

0.00029 0.00029 0.00013 0.00017 0.00031 0.00031

75 0.90306 0.90325 0.90152 0.90184 0.90149 0.90147

-0.00029 -0.00011 -0.00184 -0.00151 -0.00187 -0.00188

0.00020 0.00020 0.00012 0.00013 0.00020 0.00020

(8,6,9) 0.78419 25 0.78652 0.78347 0.77707 0.78157 0.78065 0.78063

0.00233 -0.00072 -0.00354 -0.00262 -0.00354 -0.00356

0.00151 0.00157 0.00022 0.00055 0.00155 0.00155

50 0.78525 0.78253 0.78139 0.78257 0.78229 0.78228

0.00106 -0.00166 -0.00280 -0.00162 -0.00190 -0.00191

0.00079 0.00082 0.00034 0.00044 0.00080 0.00080

75 0.78480 0.78219 0.78242 0.78294 0.78281 0.78281

0.00061 -0.00200 -0.00177 -0.00125 -0.00138 -0.00138

0.00050 0.00052 0.00029 0.00033 0.00051 0.00051
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Table 4.11 Continued

𝐵𝑎𝑦𝑒𝑠 (Prior 5.) 𝐵𝑎𝑦𝑒𝑠 (Non-inf. prior)
(𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝑚 𝑅𝑀𝐿𝐸

𝑛,𝑘 𝑅𝑈
𝑛,𝑘 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵 𝑅𝐿𝑖𝑛

𝑛,𝑘,𝐵 𝑅𝑀𝐶
𝑛,𝑘,𝐵

(8,5,10) 0.73817 25 0.73984 0.73301 0.73070 0.73520 0.73392 0.73387

0.00167 -0.00516 -0.00748 -0.00297 -0.00425 -0.00430

0.00179 0.00191 0.00027 0.00066 0.00182 0.00182

50 0.73888 0.73269 0.73501 0.73621 0.73589 0.73587

0.00071 -0.00549 -0.00317 -0.00196 -0.00228 -0.00231

0.00091 0.00098 0.00039 0.00050 0.00092 0.00092

75 0.73909 0.73315 0.73664 0.73719 0.73716 0.73709

0.00091 -0.00502 -0.00153 -0.00098 -0.00101 -0.00108

0.00060 0.00064 0.00034 0.00039 0.00060 0.00060

(8,3,12) 0.65673 25 0.65949 0.64371 0.64824 0.65399 0.65402 0.65375

0.00276 -0.01301 -0.00849 -0.00274 -0.00271 -0.00298

0.00237 0.00272 0.00034 0.00085 0.00235 0.00236

50 0.65778 0.64321 0.65378 0.65508 0.65488 0.65489

0.00105 -0.01352 -0.00294 -0.00164 -0.00184 -0.00184

0.00109 0.00135 0.00045 0.00059 0.00109 0.00109

75 0.65855 0.64442 0.65584 0.65646 0.65661 0.65662

0.00182 -0.01231 -0.00089 -0.00027 -0.00012 -0.00010

0.00075 0.00094 0.00042 0.00048 0.00074 0.00074
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Table 4.12. ACL and CP of 𝑅𝑛,𝑘 for Weibull distribution when

(𝛼1, 𝛼2, 𝛽) = (0.75, 2, 20) and (𝜆1, 𝜆2, 𝜆3) = (6, 9, 3)

𝐴𝐶𝐼 𝐻𝑃 𝐷 (Prior 5) 𝐻𝑃𝐷 (Non-inf. prior)

𝑚 (𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃

25 (5,6,3) 0.93166 0.06917 0.9276 0.05431 0.9848 0.07083 0.9464

50 0.04885 0.9344 0.04234 0.9736 0.04931 0.9408

75 0.04000 0.9396 0.03607 0.9672 0.04011 0.9456

25 (5,4,6) 0.87442 0.11940 0.9608 0.08317 0.9868 0.10795 0.9464

50 0.08444 0.9664 0.06502 0.9744 0.07557 0.9472

75 0.06880 0.9636 0.05516 0.9656 0.06124 0.9448

25 (5,3,6) 0.81516 0.14534 0.9560 0.10497 0.9840 0.13473 0.9456

50 0.10301 0.9520 0.08213 0.9672 0.09484 0.9304

75 0.08436 0.964 0.07000 0.966 0.07754 0.9480

25 (5,2,8) 0.76122 0.17316 0.9600 0.11944 0.9852 0.15374 0.9416

50 0.12268 0.9708 0.09363 0.9728 0.10849 0.9436

75 0.10034 0.9716 0.07983 0.9700 0.08858 0.9464

25 (7,9,4) 0.91090 0.08895 0.9348 0.06900 0.9892 0.09072 0.9460

50 0.06307 0.9416 0.05428 0.9740 0.06349 0.9460

75 0.05159 0.9468 0.04632 0.9736 0.05166 0.9504

25 (7,6,7) 0.84820 0.13019 0.9364 0.09840 0.9908 0.12810 0.9392

50 0.09300 0.9452 0.07785 0.9772 0.09077 0.9420

75 0.07576 0.9544 0.06615 0.9704 0.07371 0.9516

25 (7,5,8) 0.79524 0.15142 0.9444 0.11393 0.9864 0.14779 0.9456

50 0.10774 0.9600 0.08988 0.9808 0.10459 0.9576

75 0.08787 0.9488 0.07653 0.9676 0.08514 0.9444

25 (7,4,9) 0.74678 0.16789 0.9504 0.12579 0.9844 0.16289 0.9456

50 0.1191 0.9572 0.0991 0.9812 0.1151 0.9512

75 0.09727 0.9484 0.08449 0.9672 0.09392 0.9420
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Table 4.12 Continued

𝐴𝐶𝐼 𝐻𝑃 𝐷 (Prior 5) 𝐻𝑃𝐷 (Non-inf. prior)

𝑚 (𝑘, 𝑛1, 𝑛2) 𝑅𝑛,𝑘 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃 𝐴𝐶𝐿 𝐶𝑃
25 (8,12,3) 0.90968 0.09047 0.9368 0.06991 0.9884 0.09227 0.9500

50 0.06381 0.9456 0.05487 0.9784 0.06425 0.9504

75 0.05228 0.9480 0.04686 0.9720 0.05242 0.9504

25 (8,11,4) 0.90336 0.09615 0.9340 0.07417 0.9912 0.09790 0.9516

50 0.06776 0.9344 0.05822 0.9764 0.06815 0.9496

75 0.05550 0.9484 0.04972 0.9700 0.05559 0.9516

25 (8,6,9) 0.78419 0.15526 0.9372 0.11825 0.9864 0.15342 0.9428

50 0.11070 0.9372 0.09357 0.9716 0.10895 0.9396

75 0.09065 0.9492 0.07998 0.9676 0.08905 0.9460

25 (8,5,10) 0.73817 0.16947 0.9432 0.12871 0.9880 0.16704 0.9440

50 0.12059 0.9516 0.10184 0.9764 0.11845 0.9484

75 0.09853 0.9520 0.08694 0.9684 0.09678 0.9484

25 (8,3,12) 0.65673 0.18839 0.9420 0.14218 0.9844 0.18395 0.9356

50 0.13400 0.9500 0.11253 0.9744 0.13103 0.9476

75 0.10949 0.9508 0.09610 0.9696 0.10695 0.9472

Furthermore, we also consider comparison of the performances of Bayes estimates using

Lindley’s approximation (based on informative and non-informative priors) and classical es-

timates (MLE and UMVUE) by plots. MSE and ER values of estimates are plotted in Figure

4.3 for (𝑘, 𝑛1, 𝑛2) = (7, 8, 6) and sample sizes 𝑚 = 50, 75, 100, 125. Parameters are cho-
sen as 𝛼1𝑖

= 0.3 + (2𝑖/10), 𝛼2𝑖
= 0.6 + (𝑖/10), 𝛽𝑖 = 19 − (2𝑖/10), 𝑖 = 1, ..., 80 and

(𝜆1, 𝜆2, 𝜆3) = (6, 9, 3) for 𝑅14,7 which takes the values 0.06108 to 0.96595. These plots are
created by using the same algorithm in previous plots in Figures 4.1 and 4.2.
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Figure 4.3. MSE (or ERs) of the estimates when 𝑚 = 50, 75, 100 and 125 for Weibull

distribution
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FromFigure 4.3,ML,UMVUandBayes estimates (based on informative and non-informative

prior) have greater errors when 𝑅𝑛,𝑘 is around 0.5 and have smaller errors when 𝑅𝑛,𝑘 is

close to the extreme values. Bayes estimate based on informative prior has the smallest error

while Bayes estimate based on non-informative prior, ML and UMVU estimates have simi-

lar results. Hence, it can be concluded that the results of Tables 4.5 - 4.7 and 4.9 - 4.11 are

compatible with the figure.

4.5. REAL DATA ANALYSIS

Wind energy is an important a renewable energy source. It is used as a significant renewable

energy source in electricity production in some countries. However, usage and modeling

of renewable energy sources have been paying attention to the governments as well as re-

searchers when we consider the problems in the consumption of fossil fuels such as global

warming and climate change.

Getting reliable information about the wind capacity of the candidate region is vital for plan-

ning the installation of wind power plants. Hence, a comparison of the wind energy potentials

of the candidate locations becomes important. In wind energy studies, two-parameterWeibull

and Rayleigh distributions are most commonly used to model the wind speed distributions,

see Akgül and Şenoğlu [55] and its references.

In this section, we use the NASA’s POWER (Prediction Of Worldwide Energy Resource)

data source. The POWER project aims to improve current renewable energy data set and to

create new data sets from new satellite systems.

We consider a kind of comparison of the wind speed data of two districts on the Aegean coast

of Turkey for our real data analysis in the stress-strength model. In our knowledge, this is the

first study considering wind speed data from NASA’s POWER source for the stress-strength

reliability analysis.

Since the Aegean coast of Turkey has high wind energy potential, we consider NASA’s

POWER satellite data for the Fethiye and Datça stations instead of the real meteorological

station data. These stations geographical information are the same as in Akgül and Şenoğlu
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[55] study and locations are given in Figure 4.4. Data from NASA’s POWER source can be

taken from directly by using its data access viewer (https://power.larc.nasa.gov/data-access-

viewer/) or using the nasapower (see Sparks [56, 57]) package in R.

Figure 4.4. Locations of Fethiye and Datça stations

Wind speed observations (m/s) at the 10 m height on an hourly basis in February 2019 are

used in this study. It is assumed that Fethiye stations data from 7 am to 8 pm for each day

of February 2019 are considered the first type of strength data Y1, and data from 8 pm to 7

am are considered the second type of strength data Y2. The daily average wind speed data of

Datça station is considered as stress data X. Then, we have 𝑛1 = 13, 𝑛2 = 11, 𝑚 = 28 for
our model.

In this structure, we can construct the following scenario for comparison of the wind energy

potential of Fethiye andDatça districts. Since the hourly data is used for each day, we have the

consecutive 𝑘-out-of-24 ∶ 𝐺 system based on these stress and strength data sets. Wind energy

investors want to decide which district is more suitable for the installation of wind power

plants. If the stress-strength reliability of the consecutive 𝑘-out-of-24 ∶ 𝐺 system for 𝑘 =
12, 13, 14, 15 is greater than 0.50, they will consider that the wind energy potential of Fethiye
can be more desirable with regard to Datça for a detailed feasibility study. Moreover, if the

system reliability is less than 0.50, they will think of the reverse result of the aforementioned
scenario.
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Descriptive statistics for the interested wind speed data of Y1, Y2 and X are given in Ta-

ble 4.13. We check whether stress data set X and strength data sets Y1 and Y2 come from

the interested underlying distribution of PHR family or not. Kolmogorov-Smirnov (K-S),

Anderson-Darling (A-D) and Cramer-von Mises (C-VM) tests are applied for the goodness-

of-fit by using the stats package in R. The test statistics and corresponding 𝑝−values (given

in brackets) are computed based on the MLEs of the unknown parameters and presented in

Table 4.14. Moreover, the root mean square (RMSE) and coefficient of determination (R2)

measures are used to determine which distribution provides the best fit to the considered wind

speed data. RMSE and R2 are evaluated by using the following formulas

𝑅𝑀𝑆𝐸 = [ 1
𝑛

𝑛
∑
𝑖=1

(𝐹𝑖(𝑋(𝑖)) − 𝑖
𝑛 + 1)

2
]

1/2

, (4.108)

𝑅2 = 1 −
∑𝑛

𝑖=1 (𝐹𝑖(𝑋(𝑖)) − 𝑖
𝑛+1)2

∑𝑛
𝑖=1 (𝐹𝑖(𝑋(𝑖)) − 𝐹𝑖(𝑋(𝑖)))

2 , (4.109)

where𝐹𝑖 is the estimated cdf for the 𝑖th ordered observation,𝐹𝑖(𝑋(𝑖)) = (1/𝑛) ∑𝑛
𝑖=1 𝐹𝑖(𝑋(𝑖)),

𝑛 is the sample size. It is known that lower values of 𝑅𝑀𝑆𝐸 indicate better fit while the

higher values of 𝑅2 demonstrate better modeling. These measures are commonly used in

the wind speed data analysis see Quarda et al. [58]. Furthermore, fitting performance of

some distributions from the PHR family are visualized with the histograms of data and fit-

ted density plots in Figure 4.5. From Table 4.14, it is observed that two-parameter Weibull

distribution provides a good fit than other considered distributions for all data sets.

Table 4.13. Descriptive statistics of wind speed data (m/s)

Data Mean St.Dev. Skewness Kurtosis Max Size

Y1 3.09104 1.91416 1.64642 7.05420 11.46 364

Y2 2.57471 1.78901 1.91245 8.61324 11.71 308

X 6.1579 2.63014 0.84610 4.09356 13.53 28
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Table 4.14. MLEs of the parameters, goodness-of-fit test, 𝑅𝑀𝑆𝐸
and 𝑅2 values for Y1,Y2 and X data sets

Distributions

Data MLE/Criteria Weibull Rayleigh Burr Type XII Kumaraswamy

Y1 ̂𝛼1 0.12811 0.07571 0.27533 4.76345

𝜆̂ 1.66086 - 3.62302 1.45716

𝐾 − 𝑆 0.05607 (0.2024) 0.09418 (0.00314) 0.2206 (0) 0.08063 (0.01784)

𝐴 − 𝐷 2.749 (0.0368) 4.80 (0.00358) 30.418 (0) 6.1915 (0.0008)

𝐶 − 𝑉 𝑀 0.32878 (0.1124) 0.86489 (0.00509) 6.1338 (0) 0.8448 (0.0057)

𝑅𝑀𝑆𝐸 0.02939 0.04868 0.12933 0.04763

𝑅2 0.99616 0.98654 0.92476 0.98823

Y2 ̂𝛼2 0.16696 0.10184 0.33357 6.68398

𝜆̂ 1.66086 - 3.62302 1.45716

𝐾 − 𝑆 0.08067 (0.03632) 0.12856 (0) 0.14673 (0) 0.10408 (0.0026)

𝐴 − 𝐷 2.2514 (0.06714) 10.527 (0) 12.26 (0) 3.8855 (0.0099)

𝐶 − 𝑉 𝑀 0.35813 (0.09342) 1.8913 (0) 2.4286 (0) 0.62564 (0.01929)

𝑅𝑀𝑆𝐸 0.03376 0.14763 0.08842 0.04461

𝑅2 0.99442 0.63735 0.96596 0.98970

X ̂𝛽 0.04463 0.02243 0.15958 2.53260

𝜆̂ 1.66086 - 3.62302 1.45716

𝐾 − 𝑆 0.17682 (0.308) 0.1357 (0.6323) 0.40227 (0.0001) 0.18885 (0.2565)

𝐴 − 𝐷 1.6473 (0.1452) 0.81499 (0.4692) 7.2629 (0.0003) 1.7643 (0.1246)

𝐶 − 𝑉 𝑀 0.28784 (0.1462) 0.13179 (0.4524) 1.5008 (0.0001) 0.31243 (0.1244)

𝑅𝑀𝑆𝐸 0.09390 0.06149 0.22296 0.10024

𝑅2 0.96166 0.98371 0.74391 0.95726
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123

The ML and Bayes estimates of 𝑅24,𝑘, 𝑘 = 12, 13, 14, 15 along with 95% asymptotic confi-

dence and HPD credible intervals are presented in Tables 4.15 and 4.16. Bayes estimates are

computed based on the informative priors Prior 6: 𝑎𝑖 = 𝑏𝑖 = 1, 𝑖 = 1, 2, 3, 4, Prior 7: 𝑎𝑖 =
𝑏𝑖 = 2, 𝑖 = 1, 2, 3, 4, Prior 8: (𝑎1, 𝑏1) = (2.61487, 0.84595), (𝑎2, 𝑏2) = (2.07798, 0.80707),
(𝑎3, 𝑏3) = (5.68464, 0.92315), (𝑎4, 𝑏4) = (2.20060, 0.73684) which is obtained by using
moment estimates of Gamma distribution, and non-informative prior 𝑎𝑖 = 𝑏𝑖 = 0.0001,
𝑖 = 1, 2, 3, 4.

It is concluded that Bayes estimates based on non-informative prior and the MLE of 𝑅24,𝑘

are very close to each other as in the previous tables. Moreover, both approximate Bayes

estimates of 𝑅𝑛,𝑘 are very similar. Bayes estimates of 𝑅24,𝑘 based on Prior 8 are greater

than that of other estimates, and the corresponding HPD credible interval has the largest

length with respect to other intervals. It is observed that since all the estimates of 𝑅𝑛,𝑘 for

𝑘 = 12, 13, 14, 15 values are less than 0.50, Datça district should be paid attention to for more
investigations of wind energy power plant investment based on the considered scenario.
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4.6. CONCLUSIONS

In this chapter, we studied reliability estimation of a consecutive 𝑘-out of-𝑛 system with

non-identical strength components. We derived all point and interval estimations of this re-

liability assuming both stress and strength components follow the proportional hazard rate

model. Frequentist estimation methods and Bayesian approach with two approximate meth-

ods Lindley’s approximation and MCMC method were utilized when the second parameters

of underlying distributions are unknown and known.

We performed a Monte Carlo simulation study to compare the performance of proposed es-

timators. From the results of the simulation study, we concluded that the performances of

Bayes estimators based on informative priors were better than other estimators while ML

and Bayes estimators based on non-informative priors show similar performances. The im-

plementation of proposed models was made by using the wind speed data sets from NASA’s

POWER project source.
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5. CONCLUSIONS

In this dissertation, the estimation of stress-strength reliability of a consecutive 𝑘-out of-𝑛
system is considered in the cases of the strength components are identical and non-identical.

All point and interval estimations of this reliability are derived under frequentist and Bayesian

approaches when both stress and strength components follow the proportional hazard rate

model. The performance of proposed estimators is compared with a simulation study and

implementation of proposed models is presented by real data analysis. Detailed simulation

results for each case are presented at the end of the chapters 3 and 4. We can state that

this study has novelty with respect to the considered system structure as well as real data

application of the obtained estimates.

For future studies, this study can be extended in different ways such as by changing the

underlying distributions or data types, assuming two or more change points in strength and/or

stress variables.
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