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ABSTRACT

STATISTICAL INFERENCE OF SOME COHERENT SYSTEMS IN
STRESS-STRENGTH SETUP

This dissertation considers stress-strength reliability estimation of a consecutive k-out of-
n system for identical and non-identical strength components when the stress and strength
variables belong to the proportional hazard rate model. Estimation methods of the system
reliability are applied under the classical and Bayesian perspectives. All point and inter-
val estimations are derived in cases of the second parameters of underlying distributions are
common and unknown, and different and known. Then, corresponding asymptotic confi-
dence intervals and highest probability density credible intervals are also obtained for all
cases. Comparison of the proposed estimates is presented through Monte Carlo simulations

for each case. Finally, the implementation of proposed methods is analyzed by real data sets.
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OZET

BAZI TUTARLI SISTEMLERIN STRES-DAYANIKLILIK KURULUMU
ALTINDA ISTATIKSEL CIKARIMI

Bu doktora tezi, 6zdes ve 6zdes olmayan dayaniklilik bilesenleri i¢in ardil n’den k’li bir
sistemin giivenilirlik tahminini, stres ve dayaniklilik degiskenlerinin orantisal risk oran mod-
eline sahip olmalar1 durumunda ele almaktadir. Sistem giivenilirliginin tahmin yontemleri,
klasik ve Bayes bakis acilarina dayanarak uygulanmistir. Biitlin nokta ve aralik tahminleri,
temel dagilimlarin ikinci parametrelerinin ortak ve bilinmeyen olmasi ve farkli ve bilinen ol-
mas1 durumunda elde edilmistir. Ardindan, asimptotik ve Bayes giiven araliklar1 da tiim du-
rumlar icin elde edilmistir. Onerilen tahminlerin karsilastirilmasi, her bir durum icin Monte
Carlo simiilasyonlar1 araciliiyla sunulmaktadir. Son olarak, onerilen yontemlerin uygulan-

mas1 gercek veri setleri ile analiz edilmistir.
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1. INTRODUCTION

In today’s world, advances in science and technology make our lives easier and this increase
our life standards. So, any failure in any modern system affects human life more than ever.
At this point, reliability has become even more vital and it has been a common research trend
in mathematical statistics and many applied fields. For a given system, the term reliability
can be described as the probability that the system will operate successfully in a given time
under the specified condition by Kumar et. al. in [1]. In this context, X and Y are assumed as
random variables represents the ”stress” and “’strength” of the system, respectively. Formally,

reliability refers to a measure described by the probability

R=P(X<Y) (1.1)

which indicates the system success depends on the strength Y exceeding X. This probabil-
ity, R is called stress-strength reliability for one component. Birnbaum [2] was first to
introduce this idea and Birnbaum and McCarty [3] developed. Since Birnbaum’s pioneering
study, this problem has been discussed under several approaches to estimation and different
assumptions on distributions. Kotz et al. [4] provides a comprehensive review of applica-
tions and theory in stress—strength models. Recent studies on this topic handled by Kundu
and Gupta [5], Nadar et.al [6], Basirat et al. [7, 8], Cetinkaya and Geng [9] and Akgiil and

Senoglu [10]. Also, one can examine [11], [12] and [13] as current studies.

By extending the simple model with two or more components, multicomponent stress-strength
model is developed. Reliability estimation in this model was introduced by Bhattacharyya
and Johnson [14]. A multicomponent system with » components is a system includes n in-
dependent identical strengths (Y7,Y5, ..., Y, ) where each component experiences a random
stress X. Suppose that this multicomponent system is alive if at least k£ of n strengths exceed

the stress where £k < n. The reliability in such a multicomponent stress-strength system,



namely k-out of-n:G system is given by

R, ,, = P(atleast k out of n strength components exceed X) (1.2)

,n

The estimation problems of multicomponent reliability were examined by many researchers
under the different assumptions in the last decade. Some notable recent studies can be given
as follows. For two parameter exponentiated Weibull distribution by Rao et al. [15], for the
proportional reversed hazard rate model and a general class of inverse exponentiated distri-
butions by Kizilaslan [16], [17], for Topp-Leone distribution by Akgiil [18] and for Chen
distribution by Kayal et al. [19]. Reliability estimation of a multicomponent system for
generalized half-normal, modified Weibull, unit Gompertz distribution and Burr Type XII
distributions based on progressive type-II censoring data were considered by Ahmadi and
Ghafouri [20], Kotb and Raqgab [21], Jha et al. [22] and Maurya and Tripathi [23], respec-
tively. Similar problem was also considered by Akgiil [24] for the exponentiated Pareto dis-
tribution based on complete sample. Reliability estimation of multicomponent system under
amultilevel accelerated life testing was investigated by Wang et al [25] when the components

follow Weibull distribution.

In reliability literature, “system” is described as a term refers to group of components that
performs a particular function. There are plenty of real life applications and even logical
problems that can be modelled as a “system” in this sense. Kuo and Zuo [26] provides a
comprehensive review about system reliability models and methodologies to evaluate their

reliabilities. Here are some fundamental concepts in this regard:

Definition 1.0.1. The state of the system or each component is a discrete random variable
which takes only two possible values that indicates working state or failure state. If z; defines

the state of the component ¢ for 1 < ¢ < n and it is given by

1 if component ¢ works,
T, = (1.3)

0 if component ¢ fails.



The term component state vector X = (xq,...,x,,) is used here to refer the states of all

n
components. The state of the system is determined by the states of all components and it is a

Bernoulli random variable. If ¢ denotes the state of the system, then

1 if the system works,

©
I

(1.4)
0 1if the system fails.

and ¢ = ¢ (x) = ¢ (x4, ..., x,,) is defined as the structure function of the system.

A series system operates on condition that its every components work so that this series
system fails whenever at least one component fails. The structure function of a series system

is represented with the following equation:

n

¢ (x) = [[ 2 = min {2y, .., 2,}. (1.5)

=1

A parallel system fails on condition that its each component fails so that this parallel system
works whenever at least one component work. The structure function of a parallel system is

represented with the following equation:

qzﬁ(x):l—ﬁ(l—xi) =max {xy,..., %, }. (1.6)

=1

By choosing k as 1 and n, series and parallel systems can be obtained from k-out of-n:G

system, respectively.

Definition 1.0.2. A sequence of random variables X, X,, ..., X, can be described as ex-



changeable or symmetric if for each n

w(n) =

for any permutation 7 = (mw(1),...,m(n)) of {1,2,...,n}.

Definition 1.0.3. A component in a system is called irrelevant if the state of this component
does not influence the state of the system. If a component is relevant, then the system state
is determined by at least one component ¢ in the system. In other words, the system runs

whenever component ¢ runs and the system fails when the component ¢ fails.

Definition 1.0.4. A system is defined as coherent on condition that its structure function
¢ (x) is non-decreasing in each =, for 1 < i < n and each component is relevant. The

reliability of a coherent system with n components which has structure function ¢ is

Ry =P (¢ (X1, Xgree X)) = 1). (1.8)

where ith component of the state be denoted by X;. In stress-strength setup, assume that a
system with n strength components denoted by Y, 72 = 1, 2, ..., n and each strength subject to
a stress X. The component Y, fails if the applied stress exceeds its strength at any moment,
otherwise fails. That is, the the reliability of the ith component is given by P (Y; > X).

Define the indicators

¢ = i=1,2,..,n (1.9)

where Y,,Y,, ..., Y, are independent identical random strengths having cumulative distribu-



tion Fy- and independent of the random stress X having cumulative distribution F'y. It is
clear that the random variables &, &,, ..., {,, are exchangeable. A consecutive k-out-of-n:G
system is an example of the coherent system and any coherent system is a linear combination

of the series and parallel systems.

Definition 1.0.5. A linear (or circular) consecutive k-out of-n: G(F') system is a system
consisting of linearly (or circularly) connected n components such that it works (fails) if and
only if at least its k£ consecutive components work(fail). This structure can be denoted by
(C,k,n : G)or Con/k/n : G. The classification of this system depends on the working

principle of components, G refers good and F’ refers failure. Based on the definition above:

* If k is chosen as 1, then a consecutive 1-out of-n:G(F’) system becomes a parallel

(series) system,

* Ifk is chosen as n, then a consecutive n-out of-n:G(F’) system becomes a series (par-

allel) system.

Estimating the reliability of the system has significant effects on society. There are plenty
of real life applications and even logical problems that can be modelled as a (C, k,n; G).
Thus, exact expressions, approximations and bounds for reliability under this setup have
been considered by many researchers with different methodology. However, computation of
the system reliability is more complicated than k-out of-n:G system. Reliability analysis of
this system was first considered by Kontoleon [27] and then Chiang and Niu [28]. A com-
prehensive review of earlier work in this context can be found in Chang et al. [29] and a
research overview of reliability studies on consecutive k-out of-n systems was presented by
Eryilmaz in [30]. In addition, some recent works on reliabilities of consecutive k-out of-n
systems were discussed by the following authors: Zhu et al examined the system reliability
with homogeneous Markov-dependent components in [31], Dui et al. studied importance
measures in consecutive k-out of-n systems in [32] and Li et al. [33] considered the relia-
bility modeling for consecutive k-out of-n:F'-systems which can be applied to simulate the

intelligent closed recurring water cooling automation system in industry.

As mentioned above, although the reliability properties of consecutive k-out-of-n:G system
(C, k,n; G) have been obtained in various studies, the estimation problem for this system has

not been taken into consideration much until now except few studies. In our knowledge, the



first study for the classical estimation of stress-strength reliability of consecutive k-out-of-n:
G system was considered by Eryilmaz in [34]. Maximum likelihood estimate (MLE) and
uniformly minimum variance unbiased estimate (UMVUE) were studied when the strength
components were non-identical and distributed exponential. ML and UMVU estimates of
stress-strength reliability of a consecutive k-out of-n : G system with a change point in

stress for the exponential distribution was studied by Akic1 [35].

Definition 1.0.6. Let X be a random variable from the proportional hazard rate (PHR) family

of continuous distributions with cumulative distribution function (cdf)

F(z) =1— (Fo(z; )", >0, (1.10)

and corresponding probability density function (pdf)

F(@) = afy(@; ) (Folz; A)" (1.11)

where Fy(z; \) = 1— F,(z; \) defines the survival function of the baseline random variable,
a and A are the positive interested parameters. It is denoted by X ~ PHR(a, A). It is
known that some well-known distributions such as Burr Type XII, Gompertz, Kumaraswamy,
Lomax, Pareto, Rayleigh, Weibull and so on belong to the PHR family [7]. Hence, usage of

this kind of distribution families presents more general results to the researchers.

To the best of our knowledge, classical and Bayesian estimations for the stress-strength reli-
ability of a consecutive k-out of-n : GG system has not been analyzed for PHR family. Since
the PHR family includes exponential distribution, some result of this study is a generaliza-
tion of Eryilmaz [34] from the statistical inference perspective. Also, it is a well-known fact
that (C, k, n; G) system include series and parallel systems as special cases and any coherent
system is a linear combination of the series and parallel systems. That is why a part of this

study is a generalization of some results on this topic.



In this thesis, our main consideration is reliability analysis of coherent systems in stress-
strength setup which have underlying strength and stress variables following distributions
from PHR family. Since (C, k, n; G) system is an example of the coherent system, we con-
sider point and interval reliability estimation of a (C, k, n; G) system for PHR family. Based

on this assumption,

» At first, we aim to consider reliability estimation of the system with independent and
identically distributed (i.i.d.) strength components when both stress and strength com-

ponents follow the proportional hazard rate model. This study is presented in Chapter

3.

In the reliability literature, most of the studies on multicomponent stress-strength reliability
are based on the independent and identically distributed (i.i.d.) strength components. How-
ever, we can encounter that a system composed of different types of strength components
in real-life applications. For example, meteorological measures such as temperature, sun-
shine duration, precipitation, humidity, wind speed are changed with regard to the season or
month, time of day. In this case, consideration of this kind of meteorological data as iid is
not been realistic. Hence, we can obtain more suitable models for real-life problems using

non-identical components.

In recent years, the estimation problem of the multicomponent system reliability with non-
identical components has been paid attention by many scholars under different assumptions.
Some recent studies on this topic handled by the following authors: Rasethuntsa and Nadar
considered the reliability estimation of this system based on upper record values from the
Kumaraswamy generalized distribution family in [36], and Ali et al. studied the reliability
estimation when both stress and strength variables follow Weibull and Burr-III distributions
in [37]. Cetinkaya investigated the multicomponent reliability estimation under generalized
progressive hybrid censoring scheme when the components follow Weibull distribution and
strength components are non-identical in [38]. He also considered the same problem for
the simple stress-strength reliability under jointly type-II censored Weibull components in
[39]. Moreover, Kohansal et al. studied multicomponent stress-strength reliability with non-
identical strength components based on bathtub-shaped distribution under adaptive Type-II
hybrid progressive censoring samples in [40]. However, this non-identical reliability estima-

tion problem for a consecutive k-out of-n system has not been considered in detail.



Even though the statistical inferences of multicomponent stress-strength reliability when the
strength components have non-identical distributions have paid attention in recent years, the
same problem for the consecutive k-out of-n : (G system has not been considered except few
studies. Aforementioned studies based on exponential distribution when the change point in

stress by Akici [35] and change point in strength by Eryilmaz [34].

* Our second aim is to consider stress-strength reliability estimation of a consecutive k-
out of-n system with non-identical strength components when both stress and strength
components follow the proportional hazard rate model. This study is presented in
Chapter 4. In addition, this study provides new perspectives in the implementation
of obtained methods to the NASA’s POWER (Prediction Of Worldwide Energy Re-
source) data (for more detail see https://power.larc.nasa.gov/). For this aim, wind en-
ergy potentials of two locations are compared by using the considered reliability model
results based on NASA’s source data. From this point, this study will be the first study

for using this kind of data in the reliability literature.

The content of present study is organized as follows: Chapter 2 introduces some fundamental
concepts used in the study. Estimation of stress-strength reliability for the considered system
is investigated in Chapter 3 based on identical strength components and in Chapter 4 based
on non-identical strength components. Detailed information about these chapters are given
in the introductions of both chapters. Then, concluding remarks are given in last chapter,

Chapter 5.



2. PRELIMINARIES

This section introduces fundamental concepts that are used in this study.

2.1. ESTIMATION METHODS

One of the fundamental aim in statistics is estimating the parameters via point estimation or
interval estimation. For a point estimation method, the main aim is to predict a value that
is close to the real value of parameters. For instance, the maximum likelihood estimation

method is one of the basic point estimation.

2.1.1 MLE
Let X, ..., X,, be random variables with common probability density functions f (z, ..., z,, |6)
where 6 € O is unknown. (Generally, 6 represents a parameter vector, 0 = (64, ..., 6;.)). The

likelihood function is
L(z;0)=L(xy,...,x, | 0) =[] fx, (:30). 2.1)
i=1
The MLE of parameters 6 is the value 6 of 6 such that

L (2:0) = max L (z:0). (22)

The MLE of 6 can be found by the following procedure:

1. A sample of size n is taken as input, say X, X5, ..., X

n*

2. Find the likelihood function stated in the equation 2.2.
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3. Find the derivative(s) with respect to the parameter(s) 6.
4. Find the values of § maximizing the likelihood function.

5. The maximum likelihood estimator can be obtained as an output.

2.1.2 UMVUE

One major purpose in point estimation theory is to find a better estimate. For instance, unbi-
ased estimators has a crucial role in estimation. An estimator 7" (X)) is defined as an unbiased
estimator for a function of the parameter g() provided that E, (T'(X)) = ¢(0) for every
€ O.

On the other hand, being unbiased is not enough to be a good estimator. So, there is a need for
more efficient estimator, abbreviated as UMVUE. An unbiased estimator 7'(X) of  is called
the UMVUE on condition that Var(7(X)) < Var(U(X)) for any other unbiased estimator
U(X) of 6. If UMVUE exists, then the following ways can be applied to find it:

* The first way is considering the lower bound of variance. That is, if an unbiased esti-

mator attains its Cramer-Rao lower bound, then it is the UMVUE.

* The second way is using sufficiency and completeness. That is, by finding an unbi-
ased function of a complete sufficient statistic. (Rao-Blackwell and Lehmann-Scheffé

Theorem)

2.1.3 Bayesian Estimation

As an alternative approach to the point estimation, Bayesian estimation is done by taking the
parameters of the distribution as random variables having known prior probability density

functions. Then the following machinery explains how to Bayesian estimation works:

1. A distribution of the parameter(s) with initialized parameter(s), which is called prior

distribution and a loss function are taken as inputs.
2. Compute the posterior probability density function.

3. Compute the expected loss.
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4. Find the values that minimizes the expected loss.

5. The Bayesian estimator can be obtained.

Often the posterior not be able to written in a closed form and thus numerical methods and
an approximation are required. For example, Tierney-Kadane and Lindley’s approximations

and Markov Chain Monte Carlo (MCMC) methods can be useful in this case.

Definition 2.1.1. Let 6 be an unknown parameter and 6 be an estimate of 6. Then the squared
error function is defined by

L(6,0) = (6 — ). (2.3)

The Bayes estimator of 6 with respect to SE loss function is the posterior mean of 6 , given
by
0 = E(0)z). (2.4)

2.1.3.1 Lindley’s Approximation

For given data x = (x4, ..., x,,), the posterior mean of a smooth, positive function «(¢) on

the parameter space can be derived as follows:

[u(0)el O+, qg
[ el@+r(0)q0

E(u(f)|z) = (2.5)

where [(0) is the logarithm of the likelihood function, p(6) is the logarithm of the prior density
of @ and 0 = (0,...,0,,) is a parameter. Lindley developed the following theorem as an

rvm

approximation for the calculations in (2.5).

Theorem 2.1.1. For n sufficiently large and 1(0) defined in (2.5) concentrates around a

unique maximum likelihood estimator 0 = (51, e, 0,.) for 0, the ratio of integrals in (2.5) is

given approximately as

E(u(@)|z) = [u+ % Z Z(Uz] + 2u;p;)o;; + % Z Z Z Z Lijwoijomwls (2.6)

i=1 j=1 i=1 j=1 k=1 I=1
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and 0;; = (i, j)th element in the inverse of matrix {—L,;} all evaluated at the MLE of the

parameters.

2.1.3.2 MCMC Method

MCMC simulation technique aims to generate samples from a Markov chain that has poste-
rior distribution as its stationary distribution and then use these samples to make inferences
about the unknown quantities of interest. Here, a Markov chain involves a sequence of ran-

dom variables where the distribution of each one depends on the previous one [41],[42].

MCMC techniques are useful in computing complicated integrals such as posterior and pre-
dictive distributions, finding expectations, model comparisons. Also, it can be applicable in

high dimensions.

In implementation of MCMC, approximation of posterior distributions are constructed by the
methods which differ on how the proposal distribution is defined. We used the popular ones:
Gibbs sampling (introduced by Geman and Geman [43]) and Metropolis-Hastings algorithm
(introduced by [44])

Gibbs sampling algorithm generates a dependent Markov chain to break the sampling prob-
lem from the high dimensional joint distribution into a series of sample from low-dimensional
conditional distribution. Assume that § = (6;,...,0,) with a probability density function

p(0) = p(by, ..., 0,) (target distribution) and the full conditional distributions which are eas-

ier to sample from denoted by 7 (6, |0, ..., 0,,, ), ..., 7,(6,|61,...,0, 1, 2). Then, given an
initial value #(©) = (6’(1()), s 9;0) ), Gibbs sampling algorithm can be applied as follows:

1. Seti = 1.

2. Generate 99 from the conditional distribution 7 (6, |0, ..., 0,,, 7).

3. Generate Hg) from the conditional distribution 75 (6561, ..., 0, ).

4. Generate 9](;') from the conditional distribution 7,(6, |61, ..., 0, 1, 2).

5. Seti = ¢ + 1 and repeat the steps 2-4,7 = 1,2,..., V.
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Metropolis-Hastings algorithm is a general MCMC method which was proposed by Metropo-
lis [44] and generalized by Hastings [45]. In this method, aim is to generate a candidate of
the sequence based on a proposal distribution which enables to sample from easier. Then,

acceptance or rejection rule is used to converge to the target distribution.

In this manner, let the proposal distribution q(67|0,, ..., 0, z) generate a candidate ¢ and
given an itinial value #(©) = (950), ey 9;,0)), following steps are applied to implement the
algorithm:
1. Propose: 6* ~ 49;]0&‘”, ,9](;_1),@. Propose a value for §; from the proposal
distribution.

2. Compute the acceptance probability by the acceptance function a(e(f‘”, 0*) based on

full joint density 7() and the proposal distribution.

o6y, 67) =min |\ 1, — G Gy o (gD g D)
m 0y 10y L., 0y L x)q(65]6s . 0, )

3. Generate U ~ Uniform(0,1).
¢ IfU < a(e(f’”, 0*), then accept the proposal and set 9(1i) = 0.

« else, reject the proposal and set 6\ = §(i~1),

4. Sett =i+ 1 and repeat the steps 1-3,: =1,2,..., N.

When the proposal distribution is symmetric, /(071 |6*) = «(#*|#*~1)), then the accep-

tance probability is as follows:

(0} ]99‘71), ,Qz(ffm,g)
T (9(17’7”\9(2271), ,9:5)171),@

a(#1|6*) = min |1, (2.8)

and 0, ..., 0, are sampled using similar procedure.

Remark. Gibbs sampling with the acceptance probability is always 1 is a special case of
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Metropolis-Hastings algorithm.

To minimize the effect of initial values on the posterior inference, burn-in method is applied
by discarding an initial portion of a Markov chain sample. Theoretically, if we operate the
Markov chain for an infinite amount of time, the effect of initial values decreases to zero.
But, since we do not have infinite samples, after ¢ iterations, the chain has reached its target
distribution so that we can discard the early portion. Here, the value of ¢ is burn-in number

and the method is called burn-in which enables good samples for posterior inference.

2.2. SOFTWARE USED IN THE SIMULATION STUDY

Numerical computing and simulation is performed using MATLAB and statistical software
R. [46]. Also, in real data analysis part, goodness-of-fit tests are applied using stats and
goftest packages in R. [47]. The following data sources are used: California Data Exchange
Center and Lyu’s book [48] in Chapter 3 and NASA’s POWER (Prediction Of Worldwide
Energy Resource) in Chapter 4. Access information for these data are given in simulation

study sections in chapters.
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3. RELIABILITY ESTIMATION OF (C,k,n;G) SYSTEM WITH
IDENTICAL STRENGTH COMPONENTS

In this chapter, main consideration is the reliability estimation of a (C, k, n; G) system in
stress-strength setup when the strength and stress variables follow the PHR model and strength
variables are i.1.d.. Based on this, let Y7, ..., Y, be independent and identical random strengths
having cumulative distribution function (cdf) Fy-, and independent of the random stress X
having cdf F'y. Then, the reliability of (C, k,n; G) system in a stress-strength setup was

obtained by Eryilmaz and Demir [49] as follows:

ti n

l )i n—1+1\(n—kj l
e G | o[ ) ECY)

where t;, = min ([[/k] ,n—1+ 1), \,, = P(Y; > X, ..., Y,, > X) and [a] shows the inte-

=0 5=0 ¢

Il
(=}

ger part of a. They also derived the following easier formula for 2k > n

R,p=Mm—=k+1)A\ —(n—k)A (3.2)

In this context, statistical inferences including point and interval estimation of R,, , are de-
veloped under both classical and Bayesian procedures when the second parameters of stress

and strength variables are common and unknown, and different and known.

Chapter organization is given as follows:

* In Section 3.1, the MLE, asymptotic confidence interval and Bayes estimates of R,,
are derived when the second parameters of underlying distributions are common (\)
and unknown. Lindley’s approximation and MCMC method are developed to ob-
tain Bayes estimates of R,, ;, when the parameters «, 0 have statistically independent

gamma prior distributions and A has the log-concave density function. The HPD credi-
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ble interval of R,, ; is constructed by using the hybrid Metropolis-Hastings (M-H) and
Gibbs sampling algorithm.

* In Section 3.2, the MLE, the asymptotic confidence interval, the UMVUE and the
closed form of Bayes estimates R, , are derived when the second parameters of un-
derlying distributions \; and ), are different and known. The hypergeometric series
are utilized to obtain the Bayes estimate of R,, , analytically. Moreover, Lindley’s
approximation and MCMC method are also applied for the comparison of the approx-
imate methods of Bayes estimates with the exact Bayes estimate. The HPD credible

interval of R, , is constructed by using Gibbs sampling algorithm.

* In Section 3.3, simulation study is carried out for the comparison of the proposed esti-
mators of R, ;. via Monte Carlo simulations and findings are presented by tables and

plots.

* In Section 3.4, two different real data sets are analyzed to illustrate the applicability of

findings.

* Finally, the comments and conclusion of the chapter are given in Section 3.5.

3.1. ESTIMATION OF R, , WHEN THE SECOND PARAMETERS ARE COM-
MON AND UNKNOWN

In this section, the ML and approximate Bayes estimates R,, ; are considered when the second

parameters of underlying distributions are common (\) and unknown.

311 MLEofR,

We assume that strength variables Y, ~ PHR(«, \), i = 1,..,n and stress variable X ~
PHR(S,\). Then, A\, is given as

=P, >X,..Y, >X) (3.3)
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oo

ZZ_HK>XWJ%>MX=@MM@ (3.4)
:Z§Hn>xm:@mpa%>mxzwﬁﬂw (3.5)
_ /0 T By )™ fy(2)da (3.6)
_ ﬁlﬁ (3.7)

and R, ; is given by using (3.1)

- ‘ n—1+1\ (n—kj\ (n—1 3
S 20 i G [ (e [ G e e A

1 .
B B J(n—k+1—-9)p B 15} o B8
fﬁk‘Z} T =(n—k+1) " (n m;———:—.@m

When m systems are subjected to a life-testing experiment for obtaining the ML estimators,

we have the following observed data Y;;,Y5,...,Y,,, and X, 2 =1, .

ey in

strengths stress
15% experiment  Yy;,Y},,..., Yy, X,
274 experiment  Ya, Yoo, ..., Ys, X,

th experiment Y, .Y Y X

mls*m2r s Tmn m
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Hence, the likelihood function of observed sample is

L(a’ﬁ’)\;z’g> :H (H fY yz] ) fX

(3.10)

and the log-likelihood function is

l(a,ﬁ,)\;g,g) =nmln(a)+min(f) —wy, — (e —1)wi —vy— (B—1)v5 (3.11)

where
Z 1’1}70 y?,j? )andw)\:_zzlnfo yzg: 7 (312)
i=1 j= i=1 j=
vi=—Y InFy(z;A)andvy = —> Info(z;: N). (3.13)
i=1 i=1

The ML estimates of « and [ are given by

and § = (3.14)

The MLE of ), named ), can be obtained from the solution of the following nonlinear equa-
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tion

where 0 fy(x; A) /0N = fo, (x; A) and OF,(x; A)/OX = Fy, (2; A). In this nonlinear equa-
tion, numerical methods can be applied to compute A Then, ML estimates of a and [ can
be obtained from (3.14). After the MLE of parameters are computed, the invariance property
can be implemented in (3.8) and (3.9) to obtain the MLE of R, ,, denoted Rfy LE,

n, k>

~

n t n-—l n—1 — ki —1
RMEF 123" 3% (- w( j“)(”n_l])(”i )&(LA (3.16)

1=0 j=0 i=0 l+i)+p

where t; = min ([[/k] ,n — [+ 1), and

__(n—k)———, (3.17)

for 2k > n.

3.1.2  Asymptotic Distribution and Confidence Interval for R, ,

The observed information matrix of # = («, 3, A) denoted by J(f) and its elements are

derived as
Jiy = nm/a?, J22 m/B%, Jip = Jyy =0, (3.18)
FO yz 7 FO (xi; )‘>
Jy3=Jg = 2L Sy =Jyy ==y = (3.19)
;]Z FO yz]? ) ; FO(xm)‘)



o FO (yz]’)‘)?o(yiﬁ)\)_(?o (yij;)‘))2
T === D) D T
SRS f())\/\ yl]’ fO(yzj7 >_<f0)\<yij;)‘))2
Z]:Zl (fo(yij7)‘>)2
_ia_ - FOM(%Q)\)?O(Iﬁ)\)_(?0)\(%‘5)\))2
. 1>; (Fo(xﬁ)\))z

B - foM(xz'3>\>f0<5CiQ>\) - (fo,\(wié)‘))Q
Z (folzi5A))? '

=1

20

(3.20)

These elements include the baseline cdf F|, and pdf f,. Therefore, their expectations cannot

be derived analytically and this implies the observed information matrix to be utilized as a

consistent estimator of Fisher information matrix /(€) under mild regularity conditions (see

Lawless [50]). Hence, when the underlying distributions satisfy the mild regularity condi-

tions, an asymptotic confidence interval of R,, ; can be derived as below.

The R% £ is asymptotically normal with mean R,, ,, and asymptotic variance

3. OR,, 8Rn kg

223

]

where I is the (7, j)th element of I(6) (see Rao [51]). Then, for our case

(3.21)

(3.22)
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where

OR,;  Innot =141\ (n—kj\ (n—1\ (I+)B
=)D D e 0

and

OR, i b 7] i (n—1+1\ (n—kj\ (n—I (I+1i)
T2 2. <_1>+J+( j )(n—l)( ; )(a<l+i)+ﬂ>2' (329

When I(6) cannot be obtained, J(6) is substituted for 1(¢). Therefore, R, ; € (]A%,]YkLE +
Zy20R,, k) introduces an asymptotic 100(1- ) % confidence interval of R,, , where z_ ; is
the upper 7/2th quantile of the standard normal distribution and & R, , 1s the value at MLE

of parameters.
3.1.3 Bayes Estimation of 1?,, ;.

All parameters o,  and )\ are assumed as random variable such that o and 3 have statistically

independent gamma prior distributions with parameters (a,, b;), i = 1,2, respectively and

17 71

A has the log-concave density function 7(\). The pdf of a gamma random variable X with

parameters (a;, b, ) is

17 7

flz) = —— xtile (3.25)

b

1771

where x > 0, a > 0, ¢ = 1, 2. Then, the joint posterior density function of «, S and \ is

L (o, B, Az, y) m(a)m(B)m(N)
(o, B, A2, Y) = s = 3.26
(@B AY) = = S ) r(@r(Brdadids )
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= [I(z,y)] tanmroa—l gmtae—le—albitu)) o= Blby+i)

(3.27)
e“ﬁ)\*wkevikaﬂ-()\%
where I(z,y) is the normalizing constant and given by
[ (z,y)] B /°° EUATEA VAU 1)) 3.29)
C(nm+a)T(m+ay) — Jy  (by +wy)rm+en (by + vf)mraz .

Then, the Bayes estimator of R, , under the SE loss function is given by

Ry.p= / / / R, .7 (e, B, Mz, y) dadBdA (3.29)
o Jo o

Since the analytical computation of the integral in (3.29) is hard, alternative approaches can
be applied to compute approximately. In this regard, Lindley’s approximation and MCMC

method are presented in next.

3.1.3.1 Lindley’s Approximation

Lindley’s approximation for three parameters, 6 = (6, 65, 65) introduces

~ 1
up = E(u(0|z)) = u+ (uja; + ugay + uzag + ay + as) + E[A(ulall + U0 (3.30)

+u30y3) + B(u0g1 + Ug0gg + U3093) + C(uy031 + UgT3g + Uz033)]
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evaluated at 6 = (0, 0, 05), where

a; = P10;1 + Pa0;0 + p30,3,1 = 1,2,3, (3.31)
1
(y = U019 + U303 + Ug3023, A5 = 5(“11011 + Ugp099 + Uz3033), (3.32)

A=o0y1Lyy; + 20190151 + 20130131 + 20531031 + 0951991 + 033033, (3.33)
B =0y1Ly19 4 20150155 + 20130135 + 2095 Lg35 + 099 Liggg + 03333, (3.34)
C =o011L413 + 20150193 + 20130135 + 2093 L33 + 095 Log3 + 033 L333. (3.35)

In our problem, for (6y,0,,03) = (o, 3, A) and u = u(a, B,A) = R, ;, we have L;; =
—nm/a®, Lyy = —m/B?, Lig = Ly = —Ji3, Loy = Ly = —Jog, Ly = —Js,
05,1 = 1,2,3, are obtained by using L;;,i = 1,2,3, p; = ((a; —1)/a) — by, py =
((ag —1)/B) = by, p3 = 7T/<>\)/7T()‘> and Lyy; = 2nm/a®, Lyyy = 2m/ 57,

. i - FO)\)\(yij; A)E(yij; A) — (?0,\(%'3'5 A))Q
=

L33 =1L — 3.36
e s i=1 j=1 (FO(yij;A»Q ( :
F, SN (Fy(zis N) — (Fy, (15 0))2
Lygs = Lagy =) T (OFE(QC ')A))P( 0 (#352) (3.37)
i=1 o\Tss
L33 = Z . Ci(yis A) + 201(9% A)
=1 j=1 o =1 N (338)
i=1 j=1 i=1

where

Clz:)) = ' D AT0, ' ) (3.39)
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Foran (@ N (fo(@; A)? = 3fo (25 A) fo, (3 M) fo, (@3 A) + 2(fo, (3 4))°
(fol; X))?
Moreover, ug = OR,, /O = 0, u;3 = O*R,, ;,/00,0X = 0,0 = 1,2, u; and u, are given

in Equation (3.23) and (3.24), and

Cy(z; ) = . (3.40)

= Tt = e (M) () (1 i o9

v, N a; 5; syt Z?;f(—l)”j(n —;+1> (nn—_klj) (nl )( ?oj()(fi)ii)g) 9 (3.43)
Hence,

Ay = Uy9019, A5 = %(%1011 + U909;), (3.44)

A =011y, + 0330331, B= 0930995 + 033L33, (3.45)

C = 20,3033 + 20931933 + 033L333. (3.46)

Then, the Bayes estimate R,, ; is computed approximately as follows:

RrLzzl?B =R, i, + [uya; + uzay + ay + as] + S[A(uy041 + ugo15 + u3043)

2 (3.47)
+ B(uy0g1 + U099 + Uuz0oy3) + C(uy031 + Ugosy + u3033)].

~ A~

using (3.30) where all the parameters are evaluated at (@, 5, ).

3.1.3.2 MCMC Method

The joint posterior density function of «, 8 and ) is presented in (3.27) and the marginal

posterior density functions of o, 5 and A are shown respectively as

al\, z,y ~ Gamma(nm + ay, by +wy), BIA, z,y ~ Gamma(n + ay, by +v3) (3.48)
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and
(Mo, 8, 2, g) oc At +ag—1,—(a—1)wi—(B-1)v} exp {)\ (—b3 + Z;T:Ll Inx, + ZZT:Ll Z?zl In yij)} (349)

Samples of @ and 3 can be generated with the usage of gamma distribution. When the baseline
pdf f, and F}, are log-concave functions and v > 1,3 > 1, the posterior density of \
is log-concave function that is 0%Inm(A|a, B, z,y)/8A* < 0. As a result, we implement
the M-H algorithm with the normal proposal distribution to generate a random sample from
the posterior density of A\. The hybrid M-H and Gibbs sampling algorithm is suggested by
Tierney[52].

Step 1: Start with initial guess A(“).

Step 2: Set: = 1.

Step 3: Generate ') from Gamma(nm + a1, by + w).
Step 4: Generate %) from Gamma(n + ay, by + v3}).

Step 5: Generate A¥) from (Ao, 3, z, y) using the Metropolis-Hastings with the proposal
distribution ¢(\) = N(A¢~Y, 1),

o Letv=\1)

e Generate w from the proposal distribution q.

m(w]a'®, B9z, y)q(v)
e Let p(v,w) mm{ " w(v]a, B9, z, y)q(w)

e Generate u from U(0, 1),

— If u < p(v, w), then accept the proposal and set A(¥) = w;
— otherwise, set A9 = v.

Step 6: Compute the R?k at (o¥, g0\,
Step 7: Seti =1 + 1.

Step 8: Repeat Steps 2 through 7, N times and posterior sample RS’),C, 1=1,...,N.
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The Bayes estimate and the HPD credible interval for R,, , are acquired using this sample.

The Bayes estimate of R,, ; under a SE loss function is computed as follows:

o NZM R (3.50)
o N_Mi:M—H "

where M is the burn-in period. The HPD 100(1—~)% credible interval of R,, , is constructed
by Chen and Shao’s technique [53].

3.2. ESTIMATION OF R, , WHEN THE SECOND PARAMETERS ARE DIFFER-
ENT AND KNOWN

In this section, the ML, UMVU, exact and approximate Bayes estimates of R, , are consid-
ered when the second parameters of underlying distributions are \; and A, are different and

known.

321 MLEofR,

We assume that strength variables Y; ~ PHR(a, Ay), ¢ = 1,..,n and stress variable X ~
PHR(B,\3), Ay and A, are known constants. Then, R,, , is the same as in Equations(3.8)

and (3.9). In this case, the likelihood function of the observed sample is

L(a; B; )‘17 >‘27X7y) X Oénmﬁm eXp [—(O& - 1)11]* - (5 - 1)'1)*] ) (351)

and the log-likelihood function is

o, B;x,y) x nmIna+mInf — (a—1)w* — (5 —1) v*, (3.52)
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where w* = w} = —>", 22:1 In Fo(y;;; ) and v* = 0§ — 3" InFy(z;5A,). The
ML estimates of o and 3 are & = nm/W* and 3 = m/V*. Hence, the MLE of Efy,fE can

be computed by application of the invariance property of MLE in (3.8) and (3.9).

After this, the derivation of the asymptotic confidence interval of R, ; is handled. The ele-
ments of the Fisher information matrix 1(6), 0 = («a, 3), are I;; = nm/a?, I,, = m/[3?,
I, = I,; = 0. The E%CLE is asymptotically normal with mean R,, , and asymptotic vari-

ance (see Rao [51])

2

R, . \° o> [OR 52
2 _ n,k 4 n,_k il
O—Rn‘k_< - ) nm+( 35 ) —, (3.53)

where OR,, ;./Oa and OR,, ,./O8 are given in Equations (3.23) and (3.24). Thus, R, ; €
(R,%fE + 2,20 ) introduces an an asymptotic 100(1 — )% confidence interval of R, .
where z_ ; is the upper ~ /2th quantile of the standard normal distribution and & R, , 1s the

value at MLE of parameters.
322 UMVUEof R, ,

From Equations (3.8) and (3.9), finding the UMVUE of ¢(a, 8) = B/ (a(l+1i)+ B) is
enough when the linear property of UMVUE is taken into consideration. We obtain that
(W*,V*) is a complete sufficient statistics for («, 3) and have Gamma distributions with

parameters (nm, «) and (m, ), respectively. Let

L, W, >(1+i)V,
$(Vi, W) = vz v (3.54)

0, otherwise

where W, = —In Fy(Yy;) and V; = —In Fy(X;). It is readily seen that W, and V; have

exponential distribution with means 1/« and 1/8, respectively. Then, ¢(V;, W;) is an un-
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biased estimator for 1)(«, 3). Hence, the UMVUE of ¢(«, ), denoted &U(a, B), can be

acquired with the application of Lehmann-Scheff¢ Theorem. We have

Vy(a, B) = E(¢(Vy, W)|W* = w*, V* = v*) (3.55)
=P (W, > (I+ )V, |W* = w*, V* = v*) (3.56)
= / le\W*:w*(wl|w*)fV1\V*:v*(Ul|U*> dvy dwy, (3.57)
C
where C' = {(v,,w;):0<v,<v",0<w<w v (l+i) <w, }. From Lemma I in

Basirat et al. [7], the conditional distribution of W, |W* and V; |V* are given by

-1 nm—2
ot () = D) (3 ) (3:58)
and
-1 m—2
Frama iy = P (120" (.59

The double integral in (3.57) is examined in two cases ((I 4 )v*) /w* < land ((I + i)v*) /w* >
L If ((I 4 4)v*) /w* <1, then

Gl = / [ D (e s

0 vy (l+17)
1
/1—tm 2(1 — et)"m1dt (3.61)
0
S G N LAY
_ ;(_1) (mfjl)( - ) , (3.62)
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where ¢ = ((I +i)v*) /w* < 1,t = vy /v*. If (1 +i)v*) /w* > 1, then

w w1 /(14+9)
~ _ _ m—2 nm—2
¢U<a,6>=/ / (m 1@)%”‘ 1>1(—%) (1—%) dvydw, (3.63)
0 0
1
_ _<nm—1>/(1—t>nm2(1—£>m1dt (3.64)
0
—1 -1 z
U o VRV ) ( w* )
- z:o< D (") N+ i) (.69)

where ¢ = (I +i)v* /w* > 1,t = wy /w*. Thus, the UMVUE of R, ,, say Rf{k, is given by
using (3.62) and (3.65)

~

n b n—

Rlp=1-2_ 23 > (=D (" Al 1) (”n__ij ) (” . l) bp(a.B).  (3.66)

=0 j=0 i=0 J
For 2k > n, }A%g .. 1s obtained like in the general case. In this case, we have

1

RU, =" (-1)i(n—k+1—0)3Y (o, B), (3.67)

1=0

where

Znﬁn—l(_1>z (’”}:11) <(l€ + Z) v* ) N ’ (l{? + Z) v* < 1
U(a,B) = z*O S RAVE Gine o G
11— 21_01(_1)2 (n<miz)1> << )v*> , T > 1

: k+1 w*
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3.2.3 Bayes Estimation of R,

The parameters « and (3 are assumed as random variables that have statistically independent

gamma prior distributions with parameters (a,,b;), ¢ = 1,2, respectively. Then, the joint

17 71

posterior density function of o and (3 is given as

7r(a, B |X, Y) — (b1+1_\u<););7:;‘11)1(1b(ﬂ-i’2;+a2 Oénm-Q—al—1/Bm-i-cLQ—le—oz(bl—i—'w")—ﬁ(bQ-&-v*)7 (3.69)

and the marginal posterior densities of o and S have Gamma distributions with parameters
(nm +ay, by +w*) and (m + ay, by + v*). Then, Bayes estimate of R,, ;, under the SE loss

function, say R, ;. g, is

Sy /871-(057 /8 }Xa Y>

1) o leds (3.70)

= n t n—l it (m— n—ki\ /n— 0o
Rmk,B =1- Elzo Zjlzo Zi=0(_1) +]( ]l'+1)( n—kl])( 7 l) \]é j(;

If a one-to-one transformation is implemented foru; = 3/(a (I 4+ ¢)+5) anduy = (o (I + i)+
B). Then, 0 < uy < 1,0 < uy < 00, @ = uy(1—uq)/(l+1), B = uyu, and the Jacobian of

(uy,uq) is J(uq,uy) = —us /(1 + 7). Hence, we can arrange the double integral in (3.70) as

L(nm+ a)l'(m + ay) (I + i)nmta

X exp (—u2 { (1= “&f’y W) &by + v*)}) duld’uQ} 3.71)

x\nm+a s\m-+a 1 %)
(bl + w ) +aq (b2 +v ) tasg {/ / u?17’l+a2(1 o Ul)nm+a1_1u12)71
0 0

(1 . Z>m+a2 /1 m+a2(1 )nm+a171(1 )*pd (3 72)
_ u —u —uyz) Pdu :
Bnm+ay,m+ay) Jy ' 1 )
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where z = 1 — ((by + v*) (I +14)/(by + w*)) and p = nm + a; + m + a,. It is known that

the integral representation of the hypergeometric series is

1
oI, By, 8) = mfo P — )P (1 —ts) e, (3.73)

when |s| < 1, Re(y) > 0 and Re() > 0, (see Gradshteyn and Ryzhik [54]). Therefore, we

have

n n—l .
= { leozzl:ozi:(] C(L]?Z) €1 2F1 (p7m+a2+1;p+172)7 ‘Z| <1 (3 74)

Rn,k,B == n t n—l .. z
leo Z]‘:O Zi:() C(lvjvl) Ca 2F1 (pvnm + a;p + 17 m) , 2 < —1

where c(l, j,i) = (=1 (" () ("), e = (1= 2)™"2(m + ay)) /p and ¢; =
(m+ay)/ (p(1 — 2)™™" 1), Next, we examine two approaches which are Lindley’s approx-
imation and MCMC methods to observe that how they approximate to the exact result that

we obtained.

3.2.3.1 Lindley’s Approximation

Lindley’s approximation for two parameters 6 = (6, 6,), introduces

~ 1
Up;, = u(f) + B [B + Q30815 + Q1015 + Q1505 + Qo3 Ba], (3.75)

2 2 i ain A . S

_ _ 52 . _ _
u; = 0u/00;, u;; = 0°U /00,00, fori,j = 1,2 and By; = (u;1y; + u;7)75, Cij =
3u;TyTi; + wi(Tymi; + 217) for i # j. 7 is the (4, j)th element in the inverse of matrix
Q" = (—Q3;), 4,j = 1,2 such that Q}; = 0Q?/96,00;. tr;, which is the approximate

Bayes estimate is evaluated at (5\1, 5\2) which refers to the mode of the posterior density.
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In our state, (0,,60,) = (a, 3) and

Q=Inn(a,fx,y) x (nm+a; —1)Ina+ (m+ay, —1)Ing — a(b, + w*) — B(by +v*). (3.76)

We can derive the posterior mode of («, 5) from ) as follows: & = (nm + a; — 1) / (by + w*)

and 3 = (m+ay — 1)/ (by + v*).

Other elements are obtained as 7, = a?/(nm—+a; —1), 7oy = 82/(Mm+ay—1),Tjg = To; =
0, Q12 = Q21 =0, Qo3 = 2(m +ay — 1)/8%, Q39 = 2(nm + ay — 1)/, Byy = uy7iy,
By, = UgTay, B = uy;Ty; + UgyToy. Therefore, the approximate Bayes estimate of R,

under the SE loss function is demonstrated as

aPuyy + 20my | BPug, +2Buy

X 0)
nmta—1 - mta—1 |4 55

—~ 1
RTLL,ZI?,B =R, + B

where uq, uy, 4y and uy, are presented in (3.23), (3.24), (3.41) and (3.42).

3.2.3.2 MCMC Method

The marginal posterior densities of a and (3 are known as those possess gamma distributions
with parameters (nm+ay, b; + w*) and (m+as, b, +v*). Then, we implement the following

Gibbs sampling algorithm to generate samples:

Step 1: Seti = 1.

Step 2: Generate o'V from Gamma(nm + ay, by + w*).
Step 3: Generate %) from Gamma(m + a, by + v*).
Step 4: Compute the R?k at (¥, p)

Step 5: Seti =1¢ + 1.
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Step 6: Repeat Steps 2 through 5, NV times and obtain the posterior sample RS’)k, 1=1,...,N.

Then, Bayes estimate of R, , under the SE loss function is

[ N§4 R, (3.78)
o N—-M 47, ™

where M is the burn-in period. The HPD 100(1—)% credible interval of R, . is constructed
by Chen and Shao’s technique [53].

3.3. SIMULATION STUDY

This section presents some numerical results for Kumaraswamy and one parameter Weibull
distributions from the PHR family when the second parameters of underlying distributions

are common and unknown, and different and known.

All the estimates are presented along with mean square error (MSE) or estimated risks (ERs)
values and biases. To compare the performances of the point estimates, MSE for ML and ER

for ML Bayes estimates are used. The ER of 6, when 6 is estimated by 5, is computed as
1L -
ER(0) = = > (0,—6,)%, (3.79)

under the SE loss function. Average lengths(ALs) and coverage probabilities (CPs) are con-
sidered to compare the performances of asymptotic confidence and credible intervals. We
use MATLAB and statistical software R to perform all the computations [46]. All the results

are based on 2500 replications.

To implement MCMC procedures, two chains are run with fairly different initial values and
generate 10000 iterations for each chain. In order to reduce the effect of the starting distri-

bution, the first 5000 results of each sequence are discarded, which is called as burn-in. So
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as to remove the dependence between the results in the Markov chain, only every d** draw
of the chain is saved, which is called as thinning. In our cases, Bayesian MCMC estimates
are evaluated by the means of the every 5" sampled values after the discarding procedure.
Moreover, the convergency of the MCMC chains has been monitored by using the scale re-
duction factor estimate in Gelman et al. [42]. The estimate is given by \/W , where
1 is the estimand of interest, Var(y) = (n — 1)W /n + B/n with the iteration number n
for each chain, the between-sequence variance B and the within-sequence variance W. In
all cases, the scale factor values of the MCMC estimators are found to be below 1.1. It is an

acceptable value for their convergence.
3.3.1 When the Second Parameters are Common and Unknown

In this subsection, the strength and stress variables are assumed generating from Kumaraswamy
distributions with parameters (o, A) and (8, A) when the second parameters of underlying dis-
tributions are common (\) and unknown. Then, the baseline survival functions are obtained

as Fy(y; \) = (1 —y*) and F(x; \) = (1 — 2*), respectively and

n

In(1 —yi‘]) and wy, = — (nmln)\-i- —1) Z lny”> . (3.80)
-1 j=1 1

=1 j=

|
g

In(1—2))and v, = — <mln)\+()\—1)21nxi> : (3.81)
i—1

The MLE of ), ), is obtained from the solution of the nonlinear equation given below:

(3.82)
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The elements of observed information matrix are given as

m n A m A
Yy Iny,; xi Inx;
Jiz = J3 = § 1” ,\”a Joz = J39 = E 11 )\Zv (3.83)
i1 =1 + Y55 =1+ T

2 m

Since Kumaraswamy distribution satisfies the mild regularity conditions, the observed in-
formation matrix can be used to obtain an an asymptotic confidence interval of R,, ;.. Some

elements for Bayes estimation of R,, ,, using Lindley’s approximation are L;; = 2nm/ a3,

Logy = 2m/53

m n A 2 m
yi(Iny;;) 2} (Inz,)?
7 . § Zyr 7Y P L., — E R S (3.85)
> i=1 j=1 (1-— yz)})z 259 = (1- })?

Lygs = 220D (0 )33 Cly ) = (5= DY Claih, (30
~ —zMlnz)3(1 +2?)
(1—a*)3

(3.87)

In Tables 3.1-3.3, we have presented the ML and Bayes estimates of R,, ,, and correspond-

n,k>
ing interval estimates for different sample sizes m = 10, 15,20, 25. Bayes estimates are
obtained by using both Lindley’s approximation and MCMC method based on informative
and non-informative priors. The true values of the parameters are taken as («, 5, \) =
(1.5,3,2), and (2,1.25, 3). In the Bayesian case, the following informative priors: Prior 1:
(a1,b) = (3,2), (ag,by) = (6,2), (a3, b3) = (4,2), Prior 2: (ay,by) = (2,1), (ag,by) =
(1.25,1), (ag, bs) = (3, 1), and non-informative prior (a;,b,) = (0,0), ¢ = 1,2, 3 are used.

1771

From Tables 3.1-3.2, it is observed that MSE, ERs and biases of the estimates generally
decrease as the sample size increases, as expected. We observe that Bayes estimates of R,, .

based on informative prior have the best performance in terms of error ER. We further observe
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that Bayes estimate using Lindley’s approximation provide relatively better results than the
MCMC method in terms of ERs. Bayes estimates based on non-informative prior and the
ML estimate have similar ERs and MSE, and these values are close to each other when the

sample size increases.

From Table 3.3, the ALs of all intervals decrease as the sample size increases, as expected.
The CPs of all intervals are quite satisfactory. The HPD credible intervals based on informa-
tive priors provide the smallest AL. Furthermore, the HPD credible intervals based on non-
informative prior and asymptotic confidence interval have similar performances. Hence, the

HPD credible interval can be preferable when the prior information is available or not.

We have encountered convergence problems in the MCMC case for large sample sizes.
Due to the term A" in the marginal posterior density of A, an indeterminate ratio in the
Metropolis-Hastings algorithm is observed. For this reason, Bayes estimates of R,, ; are

computed by using Lindley’s approximation for large sample sizes in Tables 3.4-3.6.

In Tables 3.4 and 3.5, we have presented the ML and Bayes estimates of R,, ;. for both infor-
mative and non-informative priors for m = 30, 40, 50, 60. The same parameters and priors
as Tables 3.1-3.2 have been used. Moreover, the AL and CP of the asymptotic confidence
intervals are presented in Table 3.6. From Tables 3.4-3.6, we observe that performance of the
estimates behave similar as in Tables 3.1-3.3. Bayes estimate of R,, , based on informative

prior has better results than that of non-informative prior and ML cases.
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Table 3.3. Average confidence/credible lengths (ACL) and coverage probabilities (CP) of

R,, ), for Kumaraswamy distribution when («, 8, \) = (1.5,3,2) and (2,1.25, 3)

ACI HPD (Prior 1) ‘ HPD (Non-inf.) ACT ‘ HPD (Prior 2) ‘ HPD (Non-inf.)

m  (k,n) R, ACL CP ACL CP ACL CP (k,n) R, ACL CP ACL CP ACL CP

10 (3,10) 0.72222 0.36601 0.915 0.29622 0.978 0.35450 0.978 | (2,8) 0.49544 0.40291 0.917 0.36831 0.946 0.38376 0.946
15 0.30400 0.926 0.25799 0.976 0.29634 0.976 0.33264 0.934 0.31063 0.947 0.32058 0.947
20 0.26582 0.930 0.23220 0.970 0.25962 0.970 0.28937 0.927 0.27382 0.939 0.28058 0.939
25 0.23864 0.933 0.21268 0.966 0.23363 0.966 0.25973 0.942 0.24772 0.948 0.25243 0.948
10 (4,10) 0.57965 0.38745 0.911 0.30831 0.976 0.37190 0.976 | (3,8) 0.33119 0.32896 0.928 0.29889 0.947 0.31363 0.947
15 0.32049 0.923 0.26881 0.971 0.31061 0.971 0.26921 0.934 0.25082 0.944 0.25970 0.944
20 0.27984 0.939 0.24205 0.970 0.27243 0.970 0.23297 0.950 0.22024 0.953 0.22595 0.953
25 025112 0.934 0.23928 0.947 0.24506 0.946 0.20859 0.936 0.19874 0.937 0.20321 0.937
10 (7,10) 0.28889 0.28319 0.939 0.21599 0.979 0.27048 0.979 | (5,8) 0.16143 0.18963 0.938 0.17157 0.949 0.18160 0.949
15 0.22957 0.943 0.18780 0.976 0.22163 0.976 0.15388 0.947 0.14329 0.950 0.14887 0.950
20 0.19805 0.948 0.16885 0.968 0.19217 0.968 0.13249 0.949 0.12530 0.952 0.12872 0.952
25 0.17685 0.953 0.15469 0.968 0.17211 0.950 0.11728 0.946 0.11190 0.950 0.11443 0.950
10 (9,10) 0.19697 0.21913 0.938 0.16384 0.977 0.20911 0.977 | (6,8) 0.11908 0.14651 0.944 0.13224 0.958 0.14058 0.958
15 0.17430 0.938 0.14170 0.976 0.16833 0.976 0.10134 0.952 0.09576 0.954 0.09863 0.954
20 0.14984 0.944 0.12704 0.968 0.14555 0.968 0.10165 0.941 0.09611 0.944 0.09900 0.944
25 0.13439 0.949 0.11705 0.961 0.13093 0.941 0.09086 0.949 0.08668 0.952 0.08864 0.952
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Table 3.6. Average confidence/credible lengths (ACL) and coverage probabilities (CP) of
R,, ), for Kumaraswamy distribution when (c, 3, A) = (1.5,3,2) and (2,1.25, 3)

ACT ACT
m  (k,n) Ry, ACL CP | (k,n) R,, ACL CP
30 (3,10) 0.72222 0.21853 0.929 | (2,8) 0.49544 023746 0.936
40 0.19069 0.934 0.20635 0.948
50 0.17079 0.946 0.18471 0.940
60 0.15640 0.946 0.16889 0.939
30 (4,10) 0.57965 0.22974 0.928 | (3,8) 0.33119 0.18989 0.950
40 0.19974 0.944 0.16453 0.943
50 0.17886 0.936 0.14767 0.950
60 0.16358 0.946 0.13444  0.957
30 (7,10) 0.28889 0.16072 0.935 | (5,8) 0.16143 0.10724 0.945
40 0.13978 0.943 0.09225 0.940
50 0.12436 0.948 0.08269 0.953
60 0.11387 0.946 0.07512  0.941
30 (9,10) 0.19697 0.12174 0.938 | (6,8) 0.11908 0.08223 0.954
40 0.10548 0.950 0.07074 0.946
50 0.09403 0.949 0.06316 0.946
60 0.08542  0.950 0.05738 0.944

Furthermore, we have presented plots for comparing the performance of the Bayes estimates
using Lindley’s approximation based on informative and non-informative priors and MLE in
terms of MSE and ERs for the sample sizes m = 35 and 70. In Figure 3.1, we chose the
parameters as «; = 11.2 —(2:/10), 8, = 0.8 4+ (2¢/10) and \; = 0.9+ (¢/10),i =1, ..., 50
for Ry 5. Then, it takes the values 0.064 to 0.970. In Figure 3.2, we chose the parameters as
a; = 11.2 — (2i/10), 8; = 0.8 + (2i/10) and \; = 0.9 + (i/10), i = 4,...,53 for Ry 4.
Then, it takes the values 0.070 to 0.973. We use the following algorithm to draw the plots.

Step 1: For given (a, 8, A), Rg 3 (Rg 4) is computed.
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Step 2: For given m, samples from Kumaraswamy distribution are generated for the strength
and the stress variables.
Step 3: Estimates of Ry 5 (Rg 4) are evaluated.

Step 4: Steps 2-3 are repeated 2500 times, the MSE or ER for estimates of R,, , are calculated
as MSE(R,, ;) = ¥,0, (B — R p)*/N.
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Figure 3.2. MSE (or ERs) of the estimates when m = 35 and 70

From Figures 3.1 and 3.2, we observe that all estimates have more error when R,, ;. tends
to 0.5 but have small errors when R,, ; tends to extreme values. Bayes estimate based on
informative prior using Lindley’s approximation have the smallest error. The similar results

are also observed in Tables 3.4 and 3.5.
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3.3.2 When the Second Parameters are Different and Known

In this subsection, the strength and stress variables are assumed generating from Weibull
distributions with parameters («, A;) and (3, \), respectively when the second parameters
of underlying distributions \; and A, are different and known. Then, the baseline survival

functions are Fy(y; A;) = e ¥, Fy(w;\y) = ¢ 2, and then w* = 31" 37

n

A
=1 Yij and

vt = 221 x?Q . Since Weibull distribution satisfies the mild regularity conditions, an asymp-

totic confidence interval of R, , are obtained by using Fisher information matrix. All the

estimates of R,, , are computed by using the obtained results in Section 3.

In Tables 3.7-3.9, we have presented the ML, UMVU and Bayes estimates of R, ;, and
corresponding interval estimates for different sample sizes m = 10, 20, 30, 40. Exact Bayes
estimates based on informative prior are listed along with the approximate estimates which
are obtained by using Lindley’s approximation and MCMC method. The true values of the
parameters are taken as (a, A\;, 5, A\y) = (2,2,5,3) and (3,6,4.5,4). In the Bayesian case,
the following informative priors: Prior 3: (a,,b;) = (2,1), (ay,by) = (5,1) and Prior 4:
(a,by) = (6,2), (ay,by) = (9,2) are used.

From Tables 3.7 and 3.8, it is observed that MSEs, ERs and biases of all estimates decrease
as the sample size increases, as expected. Bayes estimates of R,, ; have smaller ER than
that of ML and UMVU estimates. The performances of all three Bayes estimates are similar.
The exact Bayes estimates are very close to the Bayes estimates obtained by using Lindley’s
approximation and MCMC method in terms of the estimates and ERs. Therefore, we can say
that the approximate Bayes estimates are good alternatives when the exact Bayes estimate
cannot be obtained. Moreover, since the computation of MLE of R,, ; is easy than UMVUE,

it can be proposed to use MLE when the prior information is not available.

From Table 3.9, the ALs of all intervals decrease as the sample size increases, as expected.
The CPs of all intervals are quite satisfactory. The ALs of the HPD credible intervals are
shorter than asymptotic confidence interval. The HPD credible interval can be preferable to
the asymptotic confidence interval with respect to AL and CP when the prior information is

available.
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Table 3.9. Average confidence/credible lengths (ACL) and coverage probabilities (CP) of
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R, ) for Weibull distribution when (a, 8) = (2,5), (A1, Ag) = (2,3) and (o, B) = (3,4.5),
(A1, Ag) = (6,4)

ACT ‘ HPD (Prior 3) ACT ‘ HPD (Prior 4)
m  (k,n) Ry ACL CP ACL  CP |(kn) R, ACL CP ACL CP
10 (2,6) 0.84497 026770 0.889 0.23248 0.971 | (1,5) 0.91475 0.19025 0.869 0.16255 0.984
20 0.19760 0.922 0.17902 0.958 0.14974 0913 0.12892 0.976
30 0.16296 0.931 0.15149 0.960 0.12249 0917 0.10942 0.964
40 0.14158 0.940 0.13321 0.963 0.10640 0.924 0.09709 0.957
10 (3,6) 0.66434 036037 0914 030274 0.969 | (2,5) 0.67233 037486 0.906 0.28968 0.982
20 0.26037 0.930 0.23348 0.959 027319 0.936 023141 0.976
30 0.21407 0.938 0.19766 0.960 0.22454 0.936 0.19838 0.964
40 0.18642 0.947 0.17456 0.957 0.19593 0.944 0.17709 0.964
10 (4,6) 048718 034489 0928 0.28608 0.973 | (3,5) 045454 035682 0926 027012 0.982
20 024768 0.936 022116 0.962 025584 0.942 021494 0.976
30 0.20317 0.943 0.18688 0.955 0.20994 0.943 0.18450 0.965
40 0.17640 0.942 0.16465 0.954 0.18194 0.946 0.16400 0.962
10 (5,6) 037255 031288 0.938 025683 0977 | (4,5) 031469 029737 0.937 022143 0.983
20 022312 0.942 0.19819 0.965 021020 0.945 0.17558 0.975
30 0.18230 0.941 0.16704 0.950 0.17208 0.947 0.15074 0.965
40 0.15797 0.945 0.14731 0.954 0.14843 0.948 0.13358 0.961
10 (6,6) 029412 027804 0.936 022648 0978 | (5,5) 0.23077 024604 0.942 0.18084 0.983
20 0.19614 0.934 0.17386 0.956 0.17190 0.947 0.14298 0.976
30 0.16070 0.944 0.14710 0.959 0.13984 0.949 0.12232 0.973
40 0.13916 0.955 0.12970 0.963 0.12071 0.949 0.10851 0.962

Moreover, we have presented plots for comparing the performance of the Bayes estimate

using Lindley’s approximation, ML and UMVU estimates in terms of ER and MSEs for the

sample sizes m = 25 and 50. In Figure 3.3, we chose the parameters as «; = 0.9 4 (i/10),
B; =7.6—(i/10),i =1,...,75and (A, Ay) = (3,5) for Rg 5. Then, it takes the values 0.014
to 0.990. In Figure 3.4, we chose the parameters as «; = 0 + (i/10), 5, = 25.3 — (3¢/10),
i=1,..,80and (A, Ay) = (3,5) for Rg 5. Then, it takes the values 0.047 to 0.992. We use

the following algorithm to draw the plots.

Step 1: For given (o, A, B, Ay), Rg 5 (or Rg 5) is computed.

Step 2: For given m, samples from Weibull distribution are generated for the strength and
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the stress variables.
Step 3: Estimates of Rg , (or Ry ;) are evaluated.

Step 4: Steps 2-3 are repeated 2500 times, the MSE or ER for estimates of R,, , are calculated

—

N (i
as MSE(R, ;) =Y. (R, — R, ,)?/N.

Figure 3.3. MSEs (or ER) of the estimates when m = 25 and 50

MSE

Figure 3.4. MSEs (or ER) of the estimates when m = 25 and 50

From Figures 3.3 and 3.4, ML, UMVU and Bayes estimates have more errors when R,
tends to 0.5 with respect to R,, , tends to 0 or 1. The MSE of UMVUE are greater than
that of MLE when R, ; is around 0.5, and the MSE of UMVU and ML estimates are close
to each other when R, ; is around extreme values. The Bayes estimate based on Lindley’s

approximation have the smallest error. The similar outcomes are also observed in Tables

3.7-3.8.
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3.4. REAL DATA ANALYSIS

In this section, two different real-life data sets are analyzed to illustrate the proposed methods
for the cases of common parameter is unknown and known. First, the monthly water capacity
of two different reservoirs in California, the US, has been studied. Then, the time-between-

failures data of certain software model has been considered.

3.4.1 Real Data Set1

This data set represents the monthly water capacities of Trinity Lake and Shasta Dam in Cal-
ifornia, the US, from January 2000 until January 2020. All data sets are available in the Cali-
fornia Data Exchange Center website (see: https://cdec.water.ca.gov/misc/monthly res.html).
These reservoirs are located close to each other and used for different aims such as irrigation,

power generation, recreation and multi-purposes etc..

It is assumed that these two reservoirs supply all the water needs of a certain region. We
consider the first six months of storage data for each year from 2000 to 2020. The first six
months average values of Trinity Lake storage represent the stress data (X) and the storage
values of Shasta Dam for the first six months represent the strength data (Y). In this case,
the size of strength variables and sample size are 6 and 20, namely n = 6, m = 20 for
this data sets. In this structure, we can construct the following scenario. We have the con-
secutive k—out-of—6 : G system k = 1,...,6 based on these stress and strength data. If
the stress-strength reliability of the consecutive k—out-of—6 : G system exceeds the prede-
fined threshold value, then Shasta Dam will be enough capacity for the region in the next six
months and Trinity Lake storage will be used only for power generation. For example, if the

system reliability is greater than 0.70, this scenario will happen.

Based on this scenario, our data are constructed as: the storage values of Shasta Dam from
January 2000 to June 2000 are saved as Y, ..., Y}, and X 1s the average of Trinity Lake
storage values in these six months. Then, the storage values from January 2001 to June 2001
are saved as Y5, ..., Y54 and X,. When we carry on this data process up to January 2020,

we have 20 and 120 units of data for X and Y, respectively. These data have been used
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dividing by the total storage capacities 2447650 acre-foot (ac-ft) and 4552000 ac-ft for X

and Y, respectively. Then, the real data sets for stress and strength variables are presented in

Table 3.10.
Table 3.10. Real data set I
X
0.9021219 0.8121865 0.8474128 0.8242241 0.9124075 0.9032335 0.8403293
0.7607941 0.6668045 0.7680072 0.8690244 0.8831439 0.830958 0.7212386
0.7631484 0.7725362 0.8434851 0.9086448 0.9439185 0.9055044 0.8081819
0.8714552 0.7769710 0.7874084 0.9015176 0.9966221 0.9745138 0.8980881
0.8594681 0.7922891 0.8498682 0.8579051 0.8918699 0.8488137 0.7383168
0.7711141 0.6221509 0.6959701 0.8407384 0.9242605 0.9815435 0.9264464
0.8962444 0.7878018 0.8423163 0.8466388 0.8913236 0.9813491 0.9334583
0.7899102 0.7412731 0.8286891 0.8811498 0.8570160 0.7911191 0.6899453
0.6394267 0.4786975 0.5801935 0.6569767 0.6489701 0.6166151 0.5277210
0.4783290 0.3111039 0.4306806 0.6328238 0.6586659 0.6851804 0.6144802
0.5649707 0.5704925 0.7425630 0.8498787 0.9645813 0.9808313 0.9400652
0.8733742 0.7667395 0.8313078 0.8858025 0.9372285 0.9856872 0.9669442
0.8766279 0.6826305 0.6962291 0.8465321 0.9754161 0.9444884 0.8525299
0.8146628 0.7631123 0.7932001 0.8284563 0.8322390 0.7386931 0.6454804
0.4900054 0.3637522 0.3895681 0.4830246 0.5291762 0.4782979 0.4066929
0.4323364 0.4395496 0.5739708 0.5907476 0.5849031 0.5281489 0.4829042
0.4754467 0.5153833 0.6076714 0.8845940 0.9299453 0.9154385 0.8612250
0.8385771 0.7790308 0.8302603 0.8856210 0.9364721 0.9563014 0.9251973
0.7485033 0.7357485 0.7499117 0.8522939 0.9215215 0.8689047 0.8000437
0.8311339 0.6396175 0.8672348 0.8848357 0.9277579 0.9834857 0.9568100

Kolmogorov-Smirnov (K-S), Anderson-Darling (A-D) and Cramer-von Mises (C-VM) tests

are applied for the goodness-of-fit by using the stats and goftest (see Faraway et al. [47])

packages in R. We check whether stress data set X and strength data set Y forn = 6, m = 20

come from Kumaraswamy distribution or not by goodness-of-fit test. The test statistics and

corresponding p—values are computed based on the MLEs of the unknown parameters and



53

compared by Weibull, Burr Type XII and exponential distributions. Since the computational
method of goftest package, the test statistics and p—values of A-D and C-VM tests are random
(see Faraway et al. [47]). For this reason, these tests are applied 10000 times and average
values of test statistics (in the first row) and corresponding p-values (in the second row) are
presented in Table 3.11. Moreover, the MLE of («, 3, \), K-S test statistics and correspond-
ing p-values are also given. From Table 3.11, it is observed that Kumaraswamy distribution

provides a good fit than other lifetime distributions for both X and Y data sets.

Table 3.11. Goodnes-of-fit test for the real data set |

Data Y (Strength) Data X (Stress)
Distribution MLE K-S A-D C-VM MLE K-S A-D C-VM
139005 0.06650 2.45401 0.42686 | =2.25456 021138 1.59498 0.31874

Kumaraswamy | &

X =4.49264 0.66341 0.52993 0.55236 | A =4.49264 029041 0.55943 0.47876
Weibull a =2.18922 0.18339 3.05082 0.65318 BA =2.720707 0.28430 1.71805 0.36506
A =3.90511 0.00062 032065 021880 | A =3.90511 0.06352 0.49917 0.38790

Burr Type XII | & =4.00226 0.14296 3.08368 0.55742 3:5.51597 0.20175 2.06885 0.34134
A =6.92249 0.01482 034706 0.35709 | A\ =6.92249 0.34260 0.40958 0.44314

Exponential | @ =0.40921 0.40921 4.42252 0.96300 | 5 =0.00708 0.44518 2.10408 0.45668
- 0 0.06450  0.02659 - 0.00039 0.30497 0.18953

The ML and Bayes estimates of Rg ;,, k = 2,3, 4, 5 along with 95% asymptotic confidence
and HPD credible intervals are presented in Table 3.12. Moreover, Bayes estimates are eval-
uated based on the non-informative prior a; = b, = 0,7 = 1, 2, 3, informative priors Prior 5:
a; =b; =1,7=1,2,3 and Prior 6: (ay,b;) = (1,1), (ag,by) = (2,1), (as,b3) = (4,1).
It is observed that Bayes estimates based on non-informative prior and the MLE of R, ; are
close to each other as in the previous tables. Bayes estimates of R,, ;, based on Prior 6 are
greater than that of Prior 5. Furthermore, we can comment that if & = 2 is enough in the

aforementioned scenario, we can use these reservoirs for given targets.



Table 3.12. Estimates of R,, ; for the real data set [

Non-informative prior Informative prior (Prior 5) Informative prior (Prior 6)
(k,n)  RMEE/ACI | REpd,  RMC./HPD | REpd  RMC./HPD | RLnd  RMCL/HPD
(2,6) 0.73679 0.73152 0.72973 0.70996 0.71064 0.72785 0.72607
(0.60223,0.87135) (0.58552,0.85088) (0.57970,0.83592) (0.59943,0.85482)
(3,6) 0.53818 0.52534 0.53243 0.50273 0.5117036 0.52149 0.52846
(0.39714,0.67922) (0.39325,0.66683) (0.37772,0.64407) (0.39168,0.65489)
(4,6) 0.37563 0.36165 0.37292 0.34282 0.35988 0.35844 0.37081
(0.25817,0.49309) (0.25584,0.48535) (0.24602,0.47103) (0.25979,0.47966)
(5,6) 0.27707 0.26380 0.27509 0.24831 0.26197 0.26116 0.27185
(0.18041,0.37372) (0.18777,0.37373) (0.18153,0.35820) (0.18389,0.36032)

3.4.2 Real Data Set I1

In this example, we consider failure time data of certain software model which is discussed
in Lyu [48]. We use the data sets CSR2 which is only failures due to software faults and
CSR3 which are only failures due to Pascal programming. These data sets are also available

in http://www.cse.cuhk.edu.hk/~lyu/book/reliability/data.html.

A computer engineer can want to compare the system failures times of certain software model
with respect to the failure reasons. For example, she/he has two different failure time data
as CSR2 and CSR3. 120 and 100 observations are taken from CSR2 and CSR3 data, respec-
tively. The average of every ten observations of CSR3 data are used as the stress data (X)
and CSR2 data are used as the strength data (Y). In this case, the size of the components in
the system is 12 and m = 10. It is presented in Table 3.13. Hence, we have the consecu-
tive k—out-of—12 : GG system k = 1, ..., 12 based on these stress and strength data. If the
stress-strength reliability of this system smaller than the predefined threshold value, she/he

can take precautions for future software modellings.

These data sets have been checked whether come from Weibull distribution or not as the same
methods in the previous data. The MLE of («, 5, A{, \,), test statistics (in the first row) and
corresponding p-values (in the second row) are presented in Table 3.14 and compared by

Burr Type XII and exponential distributions. From Table 3.14, it is observed that Weibull



distribution provides a good fit than other lifetime distributions for both X and Y data sets.
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The ML, UMVU and Bayes estimates of Ry, ;, k = 2, 3,4 along with 95% asymptotic con-

fidence and HPD credible intervals are presented in Table 3.15. Moreover, Bayes estimates

are evaluated based on the non-informative prior, informative priors Prior 5: a; = b, = 1,

i =1,2and Prior 7: (ay,b;) = (2,2), (ay,by) = (2,2). It is observed that Bayes estimates

based on non-informative prior and the MLE of R, , are close to each other as in the previous

tables. Bayes estimates of R,, ; based on Prior 7 are greater than that of Prior 5. Since the

reliability of the system is very low, we can comment that the failure times of CSR3 is bigger

than that of CSR2 with respect to the above scenario.

Table 3.13. Real data set 11

X

35.85 760 758 303 6 22 14 42 4 84 15 221 14
43.50 15 41 1 153 409 54 24 44 180 397 19 145
45.30 36 54 1337 163 8 1 17 16 87 19 29 5

56.40 360 10 11 100 252 460 179 3 24 253 163 54
94.90 137 328 3 9 12 18 9 75 15 366 428 212
173.40 115 264 269 279 1 999 30 495 472 344 550 131
236.30 47 92 863 991 35 9549 249 607 83 614 352 673
184.90 4179 111 75 407 288 897 1314 845 55 409 36 15
346.40 1960 60 19 20 79 24 1737 7984 10 20 338 250
196.20 1682 212 287 56 4973 3500 59 98 2439 1812 6203 385
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Table 3.14. Goodnes-of-fit test for the real data set 11

Data Y (Strength) Data X (Stress)
Distribution MLE K-S A-D C-VM MLFE K-S A-D C-VM
Weibull a =0.04765 0.06862 229560  0.43070 @ =0.00056 0.20490 1.27607 0.23864
5\1 =0.53638 0.62430 0.57296  0.54641 5\2 =1.47938 0.73590 0.62716 0.59761
Burr Type XII | & =0.02636 0.30446  3.50511 0.75345 B =0.07158 0.53523 1.42581 0.30990
5\1 =8.06617 0 0.18434  0.10679 3\2 =2.99039 0.00333 0.48432 0.33608
Exponential | @ =0.00172 0.32562 10.87642 1.52565 B =0.00708 0.22407 1.01053 0.20811
- 0 0.00100  0.00296 - 0.62060 0.73383  0.65075
Table 3.15. Estimates of R,, , for the real data set I
Non-informative prior Informative prior (Prior 5) | Informative prior (Prior 7)
(k)  RMEP/ACI  RY, | REpd,  RMC,/HPD | Rbyg  RMC,/HPD | Rbpd  RMCp/HPD
(2.12) 0.01672 0.01508 | 0.01684 0.01689 0.01836 0.01817 0.01985 0.01990
(0.00604,0.02740) (0.00684,0.02726) (0.00859,0.03033) (0.00850,0.03106)
(3.12) 0.01010 0.00910 | 0.01017 0.01011 0.01109 0.01116 0.01200 0.01203
(0.00362,0.01657) (0.00395,0.01613) (0.00522,0.01814) (0.00520,0.01920)
(4,12) 0.00681 0.00614 | 0.00686 0.00698 0.00749 0.00747 0.00810 0.00804
(0.00244,0.01119) (0.00284,0.01154) (0.00290,0.01185) (0.00383,0.01262)

3.5. CONCLUSIONS

In this chapter, we studied the estimation of stress-strength reliability of a consecutive k-

out of-n system when the distributions of both strength and stress variables belong to the

PHR model. The estimation of system reliability has been considered under classical and

Bayesian approaches when the second parameters of underlying distributions are common

and unknown, and different and known. ML and UMVU estimation methods have been used

in regard of classical approach. In Bayesian estimation procedure, exact Bayes estimate is

obtained in the known second parameter case, and Bayesian estimates obtained by using

Lindley’s approximation and MCMC method are obtained in both the unknown and known

second parameter cases. The ML and Bayes estimates of the reliability have been compared
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with respect to biases and ERs. The asymptotic confidence intervals and credible intervals are
also constructed. Two real data analysis have been done for the data following Kumaraswamy

and Weibull distributions.

From simulation study, it is observed that average ERs for the estimates of R,, ;. and aver-
age confidence intervals decrease as the sample size increases. It is also observed that all
estimates have large ER values when R, ; is around 0.5 and have small ER values when
R,, ) 1s near to extreme values. The simulation study shows that Bayes estimates based on
informative prior have smaller risks than the ML estimates while Bayes estimates based on
non-informative prior and the ML estimates show similar performances. When the second
parameters of underlying distributions are unknown, Bayesian estimation procedure for large
sample sizes is constructed only using Lindley’s approximation because of the convergence
problem of MCMC method. Therefore, Lindley’s approximation is recommended for large
sample sizes in this case. However, the exact Bayes and other Bayes estimates have very sim-
ilar performance when the second parameters of underlying distributions are known. More-

over, in all cases credible intervals are shorter than asymptotic confidence intervals.
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4. RELIABILITY ESTIMATION OF (C,k,n;G) SYSTEM WITH
NON-IDENTICAL STRENGTH COMPONENTS

We consider stress-strength reliability estimation of a (C', k, n; G) system with non-identical
strength components when both stress and strength components follow the proportional haz-

ard rate model.

Chapter organization is given as follows:

* In Section 4.1, frequentist and Bayesian estimates the stress-strength reliability for
the considered system are derived when the common parameter A is unknown. Lind-
ley’s approximation and MCMC method with Metropolis-Hastings algorithm are used
in Bayesian part. The asymptotic confidence intervals and highest posterior density

credible intervals are also constructed.

* In Section 4.2, all the estimates are studied when the second parameters \;, A\, and A5
of the underlying distributions are different and known. The ML and UMVU estimates
are obtained in view of classical manner. In Bayesian approach, exact Bayes and also
approximate Bayes estimates (Lindley’s approximation and MCMC method via Gibbs
algorithm) are obtained. In addition, the asymptotic confidence intervals and HPD

credible intervals are developed.

* In Section 4.3, We provide comprehensive simulation experiments for investigating

the performances of the considered estimates.

* In Section 4.4, Wind speed data from NASA’s satellite data source project is used in
the application of the considered model and methods. Wind energy capacities of two

districts in the Aegean coast of Turkey are investigated, and results are presented.

* Finally, comments and concluding remarks of the study are presented in Section 4.5.
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4.1. ESTIMATION OF R, ;, WHEN THE SECOND PARAMETERS ARE COM-
MON AND UNKNOWN

In this section, reliability estimates of a consecutive k-out-of-n:G system with non-identical
strengths are examined in case of the common parameter A of underlying distributions is
unknown. The reliability formula of this system is given in next before the presentation of

our results.

Suppose that a consecutive k-out-of-n:G system with n strength components such that first
n, ones follow a common distribution ") and the remaining n, = n — n, ones follow
another common distribution F(?), and random stress X having cdf F'y independently. Then,
stress-strength reliability of consecutive k-out-of-n:G system under these assumptions when

n, 1s known and 2k > n = n; + n, was obtained by Eryilmaz [34] as follows:
R, => p(jk), (4.1)

where

k-1

g<0703170)7 Z g(nL707270)3 71fk§]§n171
m=0

k-1 J=ny—1
p(],k): 9(07070~1)_ Z g(m+n1_j7j_n17171)_ Z 9(07m7072)7 7ifn1 Sj§n1+n2_1, (4-2)
m=j—n, m=0
k—1 n—mn;—1
1-— Z g(m+n1_n7n_n15170)_ z g(oam'7071)7 aif.j:nl+n2
m=0

m=n—n,

and g(a, b, ¢, d) can be computed by the following function:

gla,b,e,d) = / (1= (FO ())7(1 — (F) (@) ((FD (2))*(F) (@) dFy (2).  (4.3)
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Let the system consists of n strength variables such that first n; ones Yj(ll) ~ PHR(aq,A),

j1 = 1, ..,ny, the remaining n, = n — n, ones Yj(f) ~ PHR(ay, ), jo =1y +1,..,n and,

stress variable X ~ PHR((, \). Then, g(a, b, ¢, d) is obtained by using (4.3) as follows:

ooty = 350 () () ey @9

J +ag(b+j) + 8

The following observed data ¥; = (Y1, Yy, ... V), ¥, = (2, v, . V) i =

1,...,mand X = (X, ..., X,,) are obtained when m systems are subjected to a life-testing

experiment to obtain the estimates of R, ,. Then, the likelihood function of the observed

sample is expressed as

L (ahamﬁ,)\;&,&,@) = H (H (fY (y”l) H (fY<2>(3/z('2)> fx(x;)

=1 \j;=1 Jo=1

n{m an m & 1
— o1 exp[zzlnfowgm

i=1 j,=1
1D 9D YA IVED 95 DLV ALIS
= 1]1—1 i=1 jo=1
ZZlnFO y”, Zlnfo

i=1 jo=1

" 5—1)%1@(%;»],
=1

(4.5)
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and the log-likelihood function is

! (alv 042,5, )‘7£7&7&> = nlmln (0[1) + anln (042) +mln (5)
—t0 = = D = (e = 1Y (46)
— 85— (B— 1)

where

-y Z In Ty (3 -y Z In fo(y}): V), .7)

i=1j;=1 i=1 j;=1
-y Z In Ty ), 12 =~ Z In fo(y2); \), 4.8)
=1 jo= i=1 jo=
—Zln?o(xi;)\), t5 = —Zlnfo(xi; A). (4.9)
=1 i=1

The ML estimates of oy, i, and 3 are given by

(4.10)

The MLE of A, say ), can be obtained from the solution of the following nonlinear equation

N

m M (1),
SOy fm(%??; N ( ) 3 Z Foy ym

i=1 5,1 Jo(Ysj05 =T =1 Fol ym Py

m Mna o o.(2),
Py Z o ym (ngg - 1) > 2. Foalbi ) @.11)
A)

i=1 jo=1 fO ym T)(\ i=1 jo= FO(?JE]Z )‘)

f0>\< i A) (ﬁ_ ) - ?0,\(%‘;)\) .
+ZZ; fo(@iz A) " T, ! ; Fy(x;5 M) -0
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where 8 fo (25 X)/OX = fo, (x; A) and OF (x5 X) /0N = Fy, (; A). Then, ) can be obtained
using numerical methods such as fixed point method or Newton-Raphson method. By obtain-
ing 3\, we get the ML estimates of oy, o, and 8 from Equation (4.10). Thus, the invariance

property can be implemented in Equations (4.1) and (4.4) to obtain the MLE of R, ;, say
RMLE,

4.1.2  Asymptotic Distribution and Confidence Interval for R, ,

The observed information matrix of 6 = (o, a5, 8, A) is given by

92 92 92 921
9aZ  0a,0a, 00,08 0Oa,0n Jiw Jiz Jig Jia
921 9%l 921 921
J(8) = — | 9a20n 902 Day0B DayoN | _ Jor Jaa oz Jay @.12)
921 921 9L a2l A S '
9pda, OPda,  OBZ  OPOA 31 J32 Y33 Ja4
921 921 921 921
Txda, Orda, 0 0B  0OX2 Sy Jao Juz Ju

Then, we obtain the elements of J(6) as J;; = nym/a2, Jog = nym/a3, Jz3 = m/B32,

J12 - J21 - J23 - J32 - J13 - J31 =0,

ny T (1)
o= Fo, (v '13>\>
Ju=Jdu=—Y Y —— (4.13)

1 b
i=1 j;=1 FO(yfljl); A)

F, yZ
A Z Z = J? ) (4.14)
=1 jo=1 F() yl] )\)

m Fo (x;5N)
Mo Z Fyla M)
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m 2 Ty (W s N F (i \) — (Fo, ()5 0)?

1) ] 171
=i (Folyis s \)?
BN Fo s A) = (fo, (05 A)?
i=1 j,=1 (foly ijl§>‘))2
@), \yTy,(2) = (2. y\\2
Fos Wi M Fo (Y55 2) — (Fo, (43525 )
—(ay—1 ZZ

=1 jp=1 (FO< E])7)\))2 (4.16)
_szwhm%Qw%%pW

i=1 jo=1 (f()( 132 ))

G Fo (55¢5)\>F0($17A)_(F0 (5’%’;)\»2
B e POV

=1

< fo,\,\(l’ié A fol@s A) — (fo,\(xz'; A))?
—Zl (ol A))? '
The expectation of these elements cannot always be obtained analytically since they consist
of the baseline pdfs and cdfs. Based on the considered baseline distribution, we compute
the Fisher information matrix of 0, I(0) = E(J(6)) numerically or we can use the observed
information matrix as a consistent estimator. In case of not being able to compute the Fisher

information matrix analytically, J () is used in the asymptotic normality of the MLE.

RM LE is asymptotically normal with mean R,, \, and asymptotic variance

8Rn k 8Rn kg

4 4
ZZ I (4.17)
7j=1 =1

i J

where Ii;l is the (i, j)th element of 1(#) (see Rao [51]). Then, we have

R, .\~ OR, ,\~ R, .\~ OR, . OR
2 _ n,k -1 n,k -1 n,k I_l 9 n,k n,k I_l
7R ( day ) = +< Day ) = +( B ) 3 T Oay Doy 2
aRn’k 8Rn,k171 n 28Rn,k 8Rn’k171
da, 0B 13 day  Of

(4.18)
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As aremark I(6) can be replaced by J(6) in case of I(6) is not obtained. Therefore, R,, ;. €
(RM v¥ & 2 56, ) introduces an asymptotic 100(1 — )% confidence interval of R,, ;
where z_ ; is the upper 7 /2th quantile of the standard normal distribution and & R, , 1s the

value at MLE of parameters.
4.1.3 Bayes Estimation of R, ;.

In this section, approximate Bayes estimates of R,, ; are obtained when all the parameters

a4, (y, B and A follow statistically independent gamma distributions as prior with parameters

(a;,b;),1=1,2,3,4, respectively. If X be a gamma random variable with parameters (a, b,),
then its pdf is
b* 1,—ab
a—lg—a 4.19
f(z) T'(a) x e, (4.19)

where x > 0, a,b > 0. Then, in this case, the joint posterior density function of o, oy, 3

and A\ is given by

7T(Oé o B /\|I )_ L<a17a2367 A;I,&,@) 7T(Oé1)7T(O[2)7T(ﬂ)7r()\)
1) G2, Py AL, Y1, Yo _j(;oo fooo j(‘)oo fooL<a1,C¥2,67 )\g ypr) 7r(a1>7T(Oé2)ﬂ'<ﬁ)7r()\)da1da2dﬂd/\

=[xz, yy, yo)] T e gmbas T yaa T e by +4)
e—az(bz"‘t()\z))e—ﬁ(%"'t)\) —Aby ot = et)\ 2 etath
(4.20)
where I(z,y;,ys) is the normalizing constant and shown as
(g1 3] - /°° Xl B e i (4.21)
L(nym + a)C(ngm + ap)T(m+ag)  Jy (b + £ )ymamtar 4 (b, + tf )"zmﬂz + (by + ty)mas '

Hence, Bayes estimate of R,, ; is given as follows

Rn,k,B = / / / / Rn,kﬂ- (alv Ao, 57 A‘&) &7 @) dOéldCQdﬁd)\, (422)

0 0 0 0
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under the SE loss function. Two approximation methods Lindley’s approximation and MCMC
method are applied in Bayes estimation of R,, ;. due to the multiple integrals in (4.22) are not

computed analytically and difficulties in numerical computations of these integrals.

4.1.3.1 Lindley’s Approximation

In our case, we have four unknown parameters as = (a4, s, 5, A), and so Lindley’s ap-

proximation leads to

b . 1
Rﬁ?]?,B = u+ (uyay + ugay + usas + a5 + ag) + §[A<U1011 + uy0y9 + u3073)
+ B(u1091 4 9095 + u3093) + C(u103; + ug03y + u3033) (4.23)

+ D(uy04y + Ug0yp + Uz0,3)]

evaluated at 6 = (&), @iy, 3, ) where u = u(6) = R, i

a; = p10;1 + Po0i0 + P30;3 + P404,0 = 1,2, 3, (4.24)
1
(5 = U190 19 + U303 + Up3093, Qg = 5(“11011 + Ugg0gg + U33033), (4.25)

A=0y1Lyy1 +2019019) + 20130131 + 20141141 + 2093093,

4.26

+ 2094 Lgyy + 2034 Li341 + 0pp Loy + 0331331 + 044Lyg, 20

B =0y1Ly15+ 20150055 + 20130135 + 2014 L145 + 20931935 427)
+ 2094 Loy + 2034 L340 + 099 Liggy + 033 L1335 + 044Ly40,

C=o011L113+ 2050193+ 20130133 + 20141143 + 20931533 4.28)
+ 2094 Loy3 + 2034 L343 + 099 Ligo3 + 033 L333 + 044 443,

D =0y1Lyyy + 20150094 + 20130034 + 20141144 + 20931934 4.29)

+ 2094 Loyy + 20341344 + 0o Ligog + 0330334 + 044444
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We also have p; = ((a; — 1) /o) —by, py = ((ay — 1) Jay) — by, p3 = ((az — 1) /B) —bs,
py, = ((ag—1)/A) — by, and azj,z = 1,2, 3,4 terms are obtained by using L,;, i,j =
L24 = L42 = —J247 L34 = L43 = —J34, L44 = _J44~

_ 3 _ 3 _ 3
Moreover, L, = 2nym/ay, Lyyy = 2nom/ay, Lass = 2m/ 37,

o (s VE YN — (Fy, (yi s a))2
L144 _ L441 _ L414 _ Z Z (159Y y'L] ) 0<yZ] ) ( OA<yZ]1 )) (430)

i=1 j;=1 (FO(y'Ejl) /\>>2 7
. B Fon Wi Vol N = (Foy g )P
244 = Liggo = Lyog = ;Jzz_l (FO@S;’ )2 , (431
Foaa (@5 M) (Fy (33 0)) — (Fo, (233 0))?
I 4y L , 432
344 443 434 ; (Fo(i V)2 (4.32)
Lyyy = Z Z 01(921); A+ Z Z 01(%(23 A)+ 201(331‘; A)
im1 j=1 i=1 jo—1 i=1
0y Z ClygiN +a -1 Y cun  @33)
=1 j;=1 i=1 jo=1
+(B—1) Z C(z;; A
i1
where
Cla; \) = Foy o (250 (Fy (23 0))? — 3?0(231;_)\23)(;; A Fo (25 X) + 2(Fy, (; >\)>37 (4.34)
0 ’
Cl(l',)\) _ fO/\)\)\<m7)‘>(f0<x7 A)) 3f0(l‘ )‘)fO/\< )fO)\/\<‘T )\)+2(f0/\(I A)) (435)

(fo(z;A))?

Furthermore, the derivatives of u = R,, ; in Equation (4.1) with respect to A are zero, and
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others are not given here. Hence, the constants in Rfj,? 5 Equation (4.23) are obtained as

A=o0y1Lyy1 +044Ll441, (4.36)
B = 099 L9395 + 044 Ligya; (4.37)
C = 0330333 + 044 Lyy3, (4.38)
D =20,Ly44 +2094Logy + 2054 L34y + 044 Liggy- (4.39)

4.1.3.2 MCMC Method

The marginal posterior density functions of oy, o, 8 and A are expressed as

oAz, g1, Yy ~ Gamma(nym + ay, by + 1), (4.40)
QoA 2, Y1, Yy ~ Gamma(ngm + ag, by + t3), (4.41)
BNz, Y1, Yo ~ Gamma(m + az, by +t,), (4.42)

and

__ @) W)W 2)_ (@) :
TNy, g, B, 2,1, Yp) 0 A% Tem @t a2t mBamAbaphy TR THET T (4.43)

Obviously, it can be generated samples for or oy, o, and 5 with gamma distributions but
the marginal posterior distribution of A\ has not a well-known distribution. So, we are not
be able to use standard methods to generate sample. In that case, if the posterior density
function is log-concave and roughly symmetric, a normal distribution can be used to ap-

proximate it. In our case, the marginal posterior density of A is log-concave function that is
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(@%In(m(Aay, oy, B, z,y)/ON* < 0) when the baseline pdf f, and cdf Fj, are log-concave

functions, and o4, ay, B, a, > 1. Hence, by using the M-H algorithm with the normal pro-

posal distribution, a random sample can be generated from the marginal posterior density of

A and Tierney [52] suggested the hybrid M-H and Gibbs sampling algorithm. In our problem,

we use this algorithm as follows:

Step 1:
Step 2:
Step 3:
Step 4:
Step 5:

Step 6:

Start with initial guess A(©).

Sete = 1.
Generate oz(li) from Gamma(n,m + aq, by + t()\l)).

Generate a(;) from Gamma(nym + ay, by + t()\z)).

Generate %) from Gamma(m + as, by + ).

Generate AV from 7(\|a;, o, B, 2, Y1, Y2) using the Metropolis-Hastings with the

proposal distribution g(\) = N(A~1 1),

o Letv=\i1

e Generate w from the proposal distribution q.

e Let p(v, w) = min {1,

(wlay’, oy, 89, 2,1, y5)q(v) }
(vl o, B9, z, yy, yp)a(w)

e Generate u from U(0, 1),

Step 7:
Step 8:

Step 9:

— If u < p(v, w), then accept the proposal and set A(¥) = w;
— Otherwise, set \(V) = v.

Compute the Rfﬁk at (a(f), a(;), B0,

Seti =1+ 1.

Repeat Steps 2 through 8, N times and posterior sample RY = 1,...,N.

n, k>

Then, using this sample, Bayes estimate of R,, , under a SE loss function is

e 1
R s =57 > R, (4.44)
i=M+1
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where M is the burn-in period. The HPD 100(1—)% credible interval of R,, . is constructed
by Chen and Shao’s technique [53].

4.2. ESTIMATION OF R,, , WHEN THE SECOND PARAMETERS ARE DIFFER-
ENT AND KNOWN

In this section, the estimation methods of the stress-strength reliability of a consecutive k-out-
of-n:G system with non-identical strengths is examined when the second parameters A, A\,

and \; of underlying distributions are different and known.
42.1 MLEof R,

Let n strength variables such that first n, ones Yj(ll) ~ PHR(ay,Ay), j; = 1,...,n4 the re-
maining n, ones Yj(j) ~ PHR(0g, Ay), jo = nq+1,..,n, stress variable X ~ PHR(S, \3)
and (A1, Ay, A3) are known constants. Then, the stress-strength reliability R, ; is computed
by using the same Equations in (4.1) and (4.4). The likelihood function of the observed

sample for this case is given by

L(ala Ao, 57 >‘1’ >‘27 )‘3a£7 &a 2) X a?lm/agzm/ﬁm eXp [_ (al - 1) t<1) - (a2 - 1) t(2> - (6 - 1>t] ) (445)

and the log-likelihood function is

l<a17a27ﬁ; /\17/\27 )‘37£7 y17y2> X nlmlnal + n2mlna2 + mlnﬁ - (al - 1)
- (4.46)
0 — (ay = 1)1 — (8- 1)t
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where

m M1 m N2
=6 = 3" S mF(ysA) 1@ =10 = =33 nF Ay (447)

2
=1 j;=1 i=1 jo=1

andt =ty =—> InFy(z;; ). (4.48)
=1

The ML estimates of o;, o, and 3 are &; = nym /T, Gy = nym /T2 and 3 = m/T.
Hence, the invariance property can be applied in Equations (4.1) and (4.4) the MLE of R,, ,,

DMLE
Rmk .

An asymptotic confidence interval of R,, ; is obtained by using the Fisher information matrix.
In this case, 0 = («ay, s, 3) and the elements of the Fisher information matrix are I;; =
nym/af, Iy = nym/a3, Isy = m/B% Iy = Iy = Iz = Iy = I3 = I3 = 0. Hence,

Rﬁ” ¥ is asymptotically normal with mean R,, ,, and asymptotic variance (see Rao [51])

OR, . \> a2 OR, . \> a2 OR, .\ 2
= (L) o (M) ()R,

0oy nym 0o, Nym op

Thus, R,, ; € (R%CLE + 2,90 ) introduces the the asymptotic 100(1 — )% confidence
interval of R, where z, , is the upper y /2th quantile of the standard normal distribution

and 6 is the value at MLE of parameters.
4.2.2 UMVUEf R, ,

In our assumptions, the UMVUE of R,, , say Rf{ 1> 18 derived by using the linear property of

UMVUE. Since the stress-strength reliability R,, ;, in Equation (4.1) is a linear combination
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of g(a, b, ¢, d) in Equation (4.4), it is needed to find the UMVUE of

Yoy, ag, B) =

, 4.50
ajoq + a0 + 3 (459)

ay,ay € R for RY .

T = (T, 7", T?) is a complete sufficient statistics for (a, ay, 8) from the likelihood
function in Equation (4.45). T, T"), T2 statistics have gamma distributions with parameters

(m, B), (nym, aq) and (nym, a,), respectively. Let

(1) (2)
1 , Ty >aTyand T, > a,T
&(T,, TV, 7)) = y U U (4.51)

0 , otherwise

where TV = —nFy(Y), T¥ = —InFo (V\?) and T, = —InF,(X,). It is easy to see
that 77, Tl(l) and Tl(z) have exponential distributions with means 1/, 1/« and 1/, respec-
tively. Hence, the statistic ¢(77, Tl(l), T1(2)) is an unbiased estimate of ¢)(a, a5, 3). Based on
the Rao-Blackwell Theorem and Lehmann-Scheffé Theorem, the UMVUE of ¢(ay, s, )

is given by

~

QﬁU(alu Qo, /8) = E(¢(T17 Tfl)u T1(2) |T*>

(4.52)
= P(TY > a,T,, T > a,T,|T%).

LetUW =770, U@ = 7% /7® U = T, /T and V, = T/T™, V, = T/T?. Then,
we have

Yulag, ag, ) = PUY > a, iU, UP > a,VoU[TY). (4.53)

It can be easily obtained that UY), U(?) U, V, and V,, have beta distributions. Therefore,
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UM, U? and U are ancillary statistics, and independent of T* using Basu’s Theorem. Then,

we obtain

fo.vw pe(u, uD u? T =) = (m — 1) (nym — 1) (nym — 1)(1 — u)™ 2

(4.54)
(1 —uy)M™ 1 —ug)"2™ 1,
0<u<1,0<u; <1,0<wu, <1. Hence, we have
(1) ,ifa,V; < landa,V, < 1
- I(1/a5V5) , ifa,V; <1landay,V, > 1
wU(aDOCQ;B) = ) (455)
I(1/a, V) , ifa; V) > 1and a,V, <1
([ (min{1/a;V},1/a;V5}) , ifa;V; > landa,V, > 1
where
I(r) = / (m—1)(1 —a; Vyu)™™ (1 — ayVou)™2™ (1 — u)™2du. (4.56)
0

Thus, ]A%f{ .. 1s obtained by using (4.55) in Equations (4.1) and (4.4). Moreover, integrals in

@U(al, Quy, ) can be computed analytically as follows:

nym—1nym—1 nlm—l) <n2m—1)

m=3 (1), Vo (ag V)t )

(o)

(4.57)

m—1 (a V- )d <n2m71><m72)
I(1/a,Vy) = —1)dte 22 T (4.58)
171 nym ; 620( ) (alvl)d+e+1 (d+d4;61 >
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nym—1m_9 nym—1\ /m—2
m—1 (a;V1)e (™ (")
I(1/a,Vy) = —— —1)cte 171 c £ 4.59
( /(12 2) nym CZ:; 620( ) (CLQVQ)C+€+1 (c+e;-:;2m> ( )
' nym—lnym—1,,_2 etdie (MM — 1 nym — 1 m—2
I(min{1/a,V;,1/a;V5}) = (m —1) (1) ( c )( d )( e )
c=0 d=0 e=0 (4.60)

o (min {1/a, V4, 1/a, V) e

(ayV7)¢ (a2V2) crdtetl

4.2.3 Bayes Estimation of R, ;.

In this Bayesian section, exact and approximate Bayes estimates of R,, , are obtained when
the parameters o, o, and (3 follow statistically independent gamma distributions as prior
with parameters (a;,b;), i = 1,2,3, respectively. The joint posterior density function of

oy, o and [ is given by

A :(bl + t(l))n1m+a1 (by + t(2))n2m+a2(b3 + ¢)mta3 a1
L L(nym + ay)L'(ngm + ag)l'(m + ay) '

agzm"‘az—lﬂeranlefal(bl+t(1))fa2(b2+t(2>)7,8(b3+t)

(4.61)

The marginal posterior densities of oy, a, and 5 have gamma distributions with parameters
(nym + ay, by + t1), (ngm + ay, by + t2)) and (m + ag, by + t), respectively. In this
case, we can obtain the exact Bayes estimate of R,, ,. The Bayes estimate of R, , say
ﬁm k.5 1 the mean of the joint posterior density function in Equation (4.61) under the SE
loss function. Since the stress-strength reliability R, , is evaluated by using g(a, b, ¢, d)

function in Equations (4.1) and (4.4), we have

o0 o0 o0
/ / Rnkﬂal,
o Jo

/ [ [ # e e flom) dadayds. @6
0 0

2,1, Yp ) doydaydf3 (4.62)

)
s S—

Jj=
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Then, /Z%n k.5 18 evaluated by using the following integral Q(a, b, ¢, d) due to the function
p(4, k) depends on g(a, b, c,d)

Q(a,b,c,d) = 2,91, Yz ) doydaydp

Q O\

[ sencan
S5 () [ e,

(4.64)
dadagdp.

We need to use different transformations based on the values of a and b in analytic derivation
of Q(a,b,c,d) integral. In this case, the function p(j, k) in Equation (4.2) includes seven
different g(a, b, ¢, d) function. Using the values of a and b in these cases, the integrand in

(4.64) will be one of the following three forms.

Case (i) :a=0,b+#0

Q= ///OOB?Tal;gbuﬁyl’%)dald%dﬁ

1_Z1 7”3

= U B — )2 (1 —uyzy) 2t du
B(”’zﬂ“:&) /0 1 1 1~1 1

(4.65)

B(.,.) is the beta function.

Case (ii) :a#0,b=0

o[ /mﬁ”va ol %) 1 o as

<1 — 22 ' r -1 —(ry+rs3)
up? 171 — g z9) M8 duy
0

7“1,7"3

(4.66)

where a* = a +14, 7, =nym+a, and 2, = 1 — {(bg + t)a*/ (by + tV)}.



75

Case (iii) :a #0,b # 0

o 00/67.‘-@7a 7/8'r Y
:/ / / 15 X | Y1 y2> doydaydp
0

A o a* + asb* + 3
F(ﬁ + 79 +13)(1 — )" (1 —vy)"
L (ry)L(ry)L(r3)

1 1—u,
ri—1 ro—1 T —(r{t+ro+r
/ / upt Uyt (1 =g —ug)"3 (1 — vyuy — vauy) (ratrs 3>du1du2
0o o

(4.67)

where v; = 1 — {b, +tW /(bg+t)a*} and v, = 1 — {by + /(b + t)b*}. Therefore,
ﬁm k.5 1s computed analytically by using @, Q)5 and @ integrals in Equation (4.63).

In derivation process of (), ), and ()5 integrals, one-one-one transformation is used. How

this transformation is applied is given in detail as follows:

For Q,: Let we define a one-to-one transformation u; = 3/(ayb*+ ) and uy = a,b*+ 3 for
b* # 0. Then, 0 < u; < 1,0 < uy < oo and the Jacobian of (uy, uy) is J(uq, ug) = usy/b*.

Hence, we have

/ /Oo /Oo al ab%b* LB y2>d&1da2dﬁ
(by

)TQ b3+t>r3 oo,," ro—1, ro+rz—1
( )F(Tg) (b*>r2 /O 0 u13(1—u1) ur2t

1—uy)(by + 2
exp {—u2 {( ul)é*g ) + uq (by + t)} } dugdu,

(4.68)

(1 —2z)" /1 r3<1 ) _1<1 . )—(r +73) du
= - u — U 2 —_ 2
Blryory) Jy 10 v 1

where r, = nym + ag, 73 = m+ag and z; = 1 — {(bg + £)b*/ (by + t(2))}.

For Q,: Similar to @), integral, when we apply the transformation u; = 3/(aa* + ) and
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uy = aya* + S for a* # 0, we obtain

> Bm(ay, Y1, Y
/ / . 1) da,dondf
0 @t 6 (4.69)
1 _ 1
( 22 / 1 —uy rl—l(l _ ule)—(rl—i-rs)dul
Tlv T3 0
where ry =nym+a; and z, = 1 — {(b3 +t)a*/ (bl + t(l))}.
For ()5: Using the following one-to-one transformation
oa* asb*
Uy = y Ug = = 0" + ayb* + 5, 4.70
L7 ajar +anb + 8 2T ajat + agdbt + B . 2 P (4.70)

for a* # 0 and b* # 0, we have 0 < u; + uy; < 1,0 < uz < oo and the Jacobian of

Uy, Us, Us) 1S J (Uy, Us, us) = u3/(a*b*). Then,
15 Ug, U3 3 3

i i Ooﬂﬂ'(alv L y2)
= — — dadaod
@ /o /0 /0 o togb . eadeadh

(1)yry )" ) 1-uy
_ (g + )" by 1) *i b3*+rt i / / / N
F(rl)F(rQ)F(rg)(a 1(b*)r>
g

b+t b, + ¢(2
exp< <u1(a1+i ) +U2(b2++ +(1—U1—U2)(b3+t)>>du3du1du2
F(rl + Ty + T3)(bl + t(l))rl (b2 + t<2))7‘2 (b3 + t)Tj
D(ry)T (ry)T(r3) (@) (b*)"2 (4.71)
/1 /111,2 uql_lugz—l(l o ul _ UQ)TS du1du2
(ry+ro+rs)
0 Y0 u1<b1 + t(l)) u2(b2 + t(2)>
L —uy —uy)(bs +1t
< a+1i + b+ + (1= uy —uy)(bs +1)
_ D+t (=) (1 —v,)"
L(r)L(rg)L(r3)

1 1—uy
T 1 T ri+ro+r
// ougr (l—ul—u2) 3(1 —vyuy — voug)~ (ry+ry ‘5du1du2
(o}
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where v; =1 — {by +t1/(bg +t)a*} and vy = 1 — {by + t? /(b + )b*}.

Moreover, (), and @), integrals can be written by using the hypergeometric function. The

integral representation of the hypergeometric function is

1
oFi(e, 85, 2) = m/o (1 =) P (1 — t2)dt, (4.72)

when |z| < 1, Re(y) > 0 and Re(f) > 0 (see Equation 9.111 in Gradshteyn and Ryzhik
[54]). Then, @, and (), can be also given as

r3(1—2;)"s

o oF )y (rg +1r3,m3 + 1y + 73+ 1, 2¢) AR
_ 2 3
@ = "3 Folro+ra,roire+17r2+1 “1 zy < —1 -G
(7,2+7,3>(1_21)T2 241 2 372912 3 721_1 y 1
and
ra(l — 25)"3
%2F1<7“1+7“3»7“3+1;7"1+T3+1az2)a , |zl <1
“- "3 Fy(ry +rsrry +rg + 1, —2 2y < —1 S
(T1+7'3>(1—2’2)r1 241 1 31 "1 3 722—1 y ~2

Furthermore, ()5 integral can be also written by using the hypergeometric functions of two
variables following the idea of Rasethuntsa and Nadar [36]. The first kind double integrals
of the Euler Type is given by

;o B ['(~) b B=1,8 —1(1 _ . _ \v—B—8 —1
Fl(avﬂvﬁ 7771‘79) - F(ﬁ)r<ﬂ/)r('}/_ﬁ_ﬁ,) /0‘ /0 v v (1 “ ,U)’Y (475)

(1 —ux —vy) “dudv,
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when Re () > 0, Re (ﬁ/) >0, Re(y—B—0) >0, |z] <1,|yl <1 (see Equation
9.184(1) in Gradshteyn and Ryzhik [54]). Then, ()5 can be given as

T T 3 - 3 . 1

(1 _U1> 1(1 _UQ) 2F‘l (zizl TisT1, T2, 1+ Zizl Ti7U17U2> ) 1f|1)1| <1, |’U2‘ <1
_ 3 (% Uy .

(1 —wy)2 " F} (177“177'2, L+>0 s P L 1) Jifo, < =1 vy < —1

r
Qy=—3>—— _ . (4.76
Pty | (1—v)F 177'3+1:7'271+Z§,17‘i;v1,¥ iy < 1y < —1 ( )
1= 7/U2
3 Vg — Uq .
(I—w)Fy (1, + 1L, 14370 75 D Jifo; < =1, |ug| < 1
— U

4.2.3.1 Lindley’s Approximation

In our three parameter case § = («y, vy, ), Lindley’s approximation leads to

- . 1
Rﬁ,ll?,B = u+ (uyaq + ugas +uzag + ay + ay) + 5[14(“1‘711 + uy0y9 + u3073) @77

+ B(u1091 + U095 + U3043) + C(uy03; + Ug039 + Uz033)]

C = 0330333, L111 = 2”1m/0‘?7 Loy = 2n2m/a§', L35 = 2m/53,

1
Ay = U190 19 + U303 1 Uy3093, A5 = 5(“11‘711 + Ugp099 + U33‘733)7 (4.79)
a, —1 ao — 1 A, — 1
pr=——— by, py = = by, py = ——— —bs. (4.80)
1 Qo B
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4.2.3.2 MCMC Method

For this case, since we know the marginal posterior densities of oy, a5 and 3, Gibbs sampling
algorithm is used to compute the Bayes estimate of R, ;. The following algorithm is used

for the generation of random samples

Step 1: Set: = 1.

Step 2: Generate oz(li) from Gamma(n,m + ay, by + ).

Step 3: Generate oz(;) from Gamma(nym + ay, by + t2).

Step 4: Generate ) from Gamma(m + ag,b; +t).

Step 5: Compute the Rs)k at (a(p, a(;), B4)

Step 6: Sets =17 + 1.

Step 7: Repeat Steps 2 through 6, IV times and obtain the posterior sample RY = 1,...,N.

n,k’

Then, the Bayes estimate of R,, ;, under the SE loss function is computed by

pue L % RU. (4.81)
L) N _ M Py s

where M is the burn-in period. The HPD 100(1 — )% credible interval of ,, ;. is obtained
by Chen and Shao’s technique [53].

4.3. EXAMPLE

Kumaraswamy and Burr Type XII distributions from the PHR family are considered as ex-
amples in the case of A unknown, and Weibull distribution is considered for A known case.

In this context, the following derivations are obtained for each case.

When A is unknown, Kumaraswamy distributions with parameters («;, A) and (a5, \) are
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used to generate strength variables, and stress variables are generated from Kumaraswamy

distribution with parameters (3, A). Then, the survival functions are F, (yg?; A) = (1-y3}),

Fo(yg); A)=(1— y;-‘z) and Fy(z; \) = (1 — 2?), respectively. So,

m ™ m T2 m
1 2
=33 -y} ), 7 ==Y > 1y ), ty =D In(1-27), (4.82)
i=1 j,=1 i=1 jo=1 i=1

= — (nlmln)\ + Z Z In ym) : (4.83)

=1 j;=

m N2
tf\z)* =— (nzmln)\ +(A—1) Z Z lnyij2> , (4.84)

i=1 jo=1

and
= — <m InA+(A—1) Zlnxi) . (4.85)
=1

The MLE of A, ) is obtained from the solution of the nonlinear equation given below

Some elements of observed information matrix are derived as

Jig=Jdpn = Z Z ym ywl v Jog = Jyg = Z Z ?th yzh (4.87)

MMnz.
=T = T2 and (4.88)
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m A 2 m N2 A 2
_m(ny +ny+1) Yy, (Iny;; ) Yy, (Inyg;))
J44 - A2 (041 1)2 ‘ <1_y/\' >2 ( 2 1)2 ‘ (1_y'>\, )2
== 1 e 2 4.89
-~ 27 (In;)? @
+(671)Z(1_ SEX
=1 ?

Some elements for Bayes estimation of R,, ;. using Lindley’s approximation are obtained as

yiy (Iny,; )? m o2 gy, (Inyg; )
Lys = ZZ Ao L= > s (4.90)
i=1j;= ym) i=1 jy=1 ( _yij2>
o~ 27 (Ina,)?
Ly = —; o (4.91)
2m(n,; +no + 1 o
Lyya = <1)\32 >—(O‘1—1)ZZC(%JI —(ay — 1) ZZCZJUQ
=1 j;=1 i=1 jo=1 (492)
— (=1 O
i=1
—2MInxz)3(1 + 2?)
Cz; \) = . 4.93
The marginal posterior density of A is derived as
(Ao, g, B, 2,41, Ya) X Ay tngt)tas—1p—(on =D o~ (ap—1)t o~ (51t
SSRYEOED SEES 9) SLYAES 9 oLV 13
=1 j;=1 i=1 jo=1
(4.94)

for implementation of MCMC method.

When the strength and stress variables are assumed generating from Burr Type XII distri-

bution with parameters (v, A), (a5, A) and (5, A), then the baseline survival functions are

Fo(y;i);)\) =1/ (1 +y]>-‘1) , Fo(y;i);)\) =1/ (1 +y]>-‘2> and F(z;\) = 1/ (1 + ), re-
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spectively. We have

m M1 m N2 m
1 2
#h = 2 len@ +yd ), 2 = 2 Zlm(l +y), ty = z;lna +a}), (4.95)
1=17,= =1 2= =

#U* = — <n1mln>\ +(A=1) Z Z Iny,; — QZ Zl In(1 + y%)) ;o (4.906)

i=1 j;=1 i=1 j,=1

t&2)*:_<n2mln)\+ —1 ZZlnyZh 2221n1+y” ) (4.97)

=1 jo= =1 jo=

and
tjz—(mln)\—l—()\—1)Zlnxi—221n(1+xg\)> : (4.98)
i=1 i=1

Some elements of observed information matrix are derived as

m N A mo A
yz] y’l,jl 2 yz] szQ €y lnxl
Jig=Jpn = ;le: 1:_ Z)\h s Jou J42—;]; 1:_ i\y s J3q = Jyg ;14_1,?’
(4.99)
m N A 2 m M2 A 2
m(ny +ny + 1) Ly, (Iny;; ) Yy, (Iny;;,)
Jug = + (ag +1) — + (g +1) —
A2 ;jlz——l < +y1j1)2 ;h:l <1 +y132>2
m A 2
z}(Inz;)
i=1 1
(4.100)

Some elements for Bayes estimation of R,, , using Lindley’s approximation are obtained as

2 mo A 2

yiy, (Iny,; )° yiy, (Iny,;) 2 (Inz;)
Lyyy = — 5 Low — Lsyy =— Z—,\,
;]ZI 1+y1]12 ;]Z]. 1+y’LJ 2 ;(1+$z>2

(4.101)

2m(n, +ny + 1)
Lyag = 1)\32 041“220%1

=1 j;=

(0 DY Cl N (3D Yl

i=1 jo=1 1=1

(4.102)
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where
—2MInz)3(1 — 2?)
(14 2*)3

The marginal posterior density of A for this case is obtained as

C(x;\) = (4.103)

1 (2)
77()‘|O‘1, 0[2, ﬁ’ x’ yl, y2) X )\m(7ll+n2+l)+a4_le_(a1+1)t(>\)e_<a2+1>t}\ 6_(5+1)t)\

/ (4.104)
exp{ ( b4+ZInx +ZZlny” +ZZlny”2>}

=1 j,= =1 j,

When the strength and stress variables are assumed generating from Weibull distributions
with parameters (aq, A\;), (g, Ag), (5, A3) with known common parameters (A;, Ay, A3), the
basel; ; ; TV ) = e %t Fo(w® ) = e Y02 and Folz: ) —

aseline survival functions are F,(y. s A;) = e %1, Fy(y:'; A\y) = € %2 and Fy(x; \3) =

J1 J2
=% We have

Z Z Yij,» t )=t Z Z Yijr t =1, = Zx (4.105)

=1 j;=1 i=1 jo=1
and the ML estimates of o, o, and 3 are given by

~ nlm ~ n2m m
al 052 )\2 I ﬁ =

n >\ '
Z’L lzjll—l 1]1 Zz 1232—1 1o Zz 1 ’

(4.106)

4.4. SIMULATION STUDY

In this section, a Monte Carlo simulation study is executed for the comparison of the derived
estimates of R, , for both cases: i. the second parameters of underlying distributions are
common and unknown; ii. the second parameters of underlying distributions are different

and known.
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In the point estimation procedure, MSE, ERs and biases are used for the comparisons in ML

and Bayes estimates, respectively. When 6 is estimated by 0, the ER of 6 is given by

ER(§) = % Z(a} —6,)2, (4.107)

under the SE loss function. The performances of asymptotic confidence and credible intervals
are considered by their ALs and CPs. All simulations study results are obtained by using
statistical software R [46] based on 2500 replications. Point and interval estimates of R,,
are given under different scenarios in tables. In the estimates tables, the first, second, and

third rows represent the estimate of R,, , its bias, and MSE (or ER) values, respectively.
4.4.1 When the Second Parameters are Common and Unknown

In this subsection, Monte Carlo simulation study is executed for the comparison of ML and
Bayes estimates of I?,, , when the second parameters of underlying distributions are common
(\) and unknown. Numerical results based on point and interval estimation are presented for
Kumaraswamy and Burr Type XII distributions from the PHR family with different sample
sizes m = 10,20, 30,40. The true values of the parameters are taken as (ay, ay, 5,\) =

(0.75,1.5,8,2.5) and (1.5, 3, 15, 5), respectively.

Point estimates of R, and corresponding interval estimates are presented in Tables 4.1-
4.4, for Kumaraswamy and Burr Type XII distributions. The consecutive k-out of-n : G
system is considered for the different combinations of (k,n,,n,) under the condition of
2k > n. Bayes estimates are obtained by using both Lindley’s approximation and MCMC
method based on the following informative and non-informative priors: Prior 1: (a,,b;) =
(0.75,1), (aqg,by) = (1.5,1), (as,bs) = (8,1), (ay,by) = (2.5,1), Prior 2: (ay,b;) =
(3,2), (ag,by) = (6,2), (ag,bs) = (30,2), (ay,b,) = (10,2), and non-informative priors
(a;,b;) = (0.0001,0.0001), i = 1,2,3,4. In the MCMC case, two MCMC chains are gen-

erated, and 10000 iterations for each one. In each chain, we discard the first 5000 results as

burn-in period which reduces the effect of the starting distribution. Then, we obtain MCMC
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Bayes estimate using every 5" sampled values in chains in thinning procedure.

From Tables 4.1 and 4.3, it is observed that MSE, ERs and biases of all estimates generally
decrease when the sample size increases which shows the consistency of estimators. Also, the
proposed Bayes estimators based on informative priors have more effective performance on
system reliability than ML estimators. In Table 4.1 Bayes estimate using Lindley’s approxi-
mation outperforms the MCMC results in terms of ERs except for m = 10 under informative
priors while these estimators show similar performances under non-informative priors. In
Table 4.3, Bayes estimate using MCMC method outperform Lindley’s approximation except
for m = 40 under informative priors, while these estimators show similar results under non-
informative priors. In general, Bayes estimates based on non-informative priors have similar
performance in terms of ER and MSEs when compared to ML estimate results. Also, these

estimates and their error values are getting closer to each other as the sample size increases.

From Tables 4.2 and 4.4, the ALs of all intervals decrease with the increase in sample sizes, as
expected, and the CPs of all intervals are satisfactory. The HPD credible intervals based on in-
formative priors have the smallest AL while HPD credible intervals based on non-informative
priors are similar to the asymptotic confidence intervals. Therefore, the HPD credible inter-

vals may be preferred if the prior information is available or not.
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Table 4.2. Average confidence/credible lengths (ACL) and coverage probabilities (CP) of
R,, ) for Kumaraswamy distribution when (a4, ay, 3, A) = (0.75,1.5,8,2.5)

ACT HPD (Prior 1) | HPD (Non-inf.)
m  (k,ny,ng) R, g ACL cp ACL cp ACL cpP
10 (3,5,1) 0.93334 0.15389 0.8780 0.11682 0.9932 0.16312 0.9364
20 0.10802 0.9044 0.08963 0.9896 0.11068 0.9388
30 0.08776 0.9164 0.07599 0.9780 0.08876 0.9408
40 0.07610 0.9296 0.06755 0.9728 0.07656 0.9460
10 (3,1,5) 0.71708 0.30300 0.9356 0.22536 0.9920 0.30150 0.9532
20 0.21654 0.9448 0.17743 0.9800 0.21481 0.9444
30 0.17655 0.9380 0.15167 0.9752 0.17488 0.9456
40 0.15282 0.9452 0.13498 0.9800 0.15133 0.9538
10 (34,2 0.92098 0.17370 0.8844 0.13207 0.9924 0.18096 0.9400
20 0.12123 0.9016 0.10063 0.9880 0.12321 0.9368
30 0.09909 0.9200 0.08556 0.9860 0.09974 0.9484
40 0.08550 0.9240 0.07595 0.9716 0.08562 0.9352
10 (3,2,4) 0.80435 0.25890 0.9112 0.19555 0.9884 0.26113 0.9376
20 0.18461 0.9328 0.15254 0.9844 0.18451 0.9416
30 0.15083 0.9428 0.13007 0.9788 0.15027 0.9584
40 0.13075 0.9400 0.11585 0.9696 0.12995 0.9408
10 (3.3,3) 0.90399 0.19860 0.8912 0.14976 0.9924 0.20343 0.9436
20 0.14085 0.9288 0.11608 0.9864 0.14173 0.9448
30 0.11351 0.9268 0.09796 0.9840 0.11356 0.9424
40 0.09758 0.9196 0.08660 0.9672 0.09735 0.9356
10 (4,1,5) 0.63283 0.34103 0.9312 0.25010 0.9836 0.33397 0.9348
20 0.24410 0.9356 0.19819 0.9800 0.24024 0.9388
30 0.19999 0.9416 0.17069 0.9764 0.19694 0.9468
40 0.17320 0.9424 0.15214 0.9724 0.17068 0.9472
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Table 4.4. Average confidence/credible lengths (ACL) and coverage probabilities (CP) of

R, . for Burr Type II distribution when (a, ag, 8, A) = (1.5,3,15,5)

ACT HPD (Prior2) | HPD (Non-inf.)
m  (k,ny,ng) R, g ACL cp ACL cp ACL cpP
10 (4,6,1) 0.85119 0.23070 0.8820 0.12707 0.9956 0.23723 0.9300
20 0.16690 0.9108 0.10688 0.9968 0.16839 0.9340
30 0.13647 0.9212 0.09574 0.9920 0.13677 0.9324
40 0.11897 0.9232 0.08828 0.9896 0.11882 0.9400
10 (4,1,6) 0.61748 0.33635 0.9188 0.18427 0.9948 0.33155 0.9332
20 0.24210 0.9272 0.15551 0.9940 0.23879 0.9368
30 0.19875 0.9424 0.13949 0.9920 0.19609 0.9468
40 0.17292 0.9480 0.12847 0.9872 0.17060 0.9448
10 (4,52) 0.84034 0.24350 0.8948 0.13359 0.9944 0.24856 0.9376
20 0.17620 0.9312 0.11303 0.9960 0.17702 0.9452
30 0.14461 0.9280 0.10143 0.9948 0.14450 0.9448
40 0.12630 0.9312 0.09352 0.9892 0.12573 0.9356
10 (4,2,5) 0.68692 0.32023 0.9088 0.17684 0.9936 0.31788 0.9308
20 0.23091 0.9280 0.14914 0.9916 0.22866 0.9372
30 0.18976  0.9380 0.13368 0.9912 0.18770 0.9476
40 0.16514 0.9436 0.12305 0.9856 0.16329 0.9420
10 (44,3) 0.82540 0.25767 0.8744 0.14282 0.9984 0.26054 0.9288
20 0.18757 0.9144 0.12060 0.9944 0.18757 0.9356
30 0.15412 09192 0.10838 0.9964 0.15356 0.9408
40 0.13475 0.9348 0.09997 0.9892 0.13387 0.9396
10 (4,3,4) 0.76535 0.29258 0.9012 0.16112 0.9936 0.29323 0.9352
20 0.21119 0.9288 0.13633 0.9916 0.21018 0.9424
30 0.17492 0.9300 0.12285 0.9912 0.17363 0.9396
40 0.15174 0.9320 0.11293 0.9840 0.15030 0.9388
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We also compare the performances of Bayes estimates using Lindley’s approximation (based
on informative and non-informative priors) and MLE by plots. Figures 4.1 and 4.2 present
MSE and ER of estimates for Kumaraswamy and Burr Type XII distributions with sample
sizes . = 50, 75,100 and 125. In these figures, the parameters are chosen as ;= 12 —
(2i/10), ay, = 6 — (i/10), B; = 2+ (2i/10) and \; = 1 + (i/10), i = 1,...,58. Figure
4.1 represents the estimate results of Rg 5 for Kumaraswamy distribution which takes the
values 0.06813 to 0.96244 when the values of system are taken as (k,n,,n,) = (5,6, 3).
Figure 4.2 represents the estimate results of Rg 4 for Burr Type XII distribution which takes
the values 0.09671 to 0.99025 when the system values are taken as (k,nq,n,) = (4,5,3).

The following procedure is used to draw the plots:
Step 1: For given (ay, ay, 3, A), Rg 5 (Rg 4) is computed.

Step 2: For given m, samples from Kumaraswamy (Burr Type XII) distribution are generated

for the strength and the stress variables.
Step 3: Estimates of Rq 5 (Rg ) are evaluated.

Step 4: Steps 2-3 are repeated N = 2500 times, the MSE or ER for estimates of R,, ; are
calculated as by using Zf\il (Eg)k —R, ;)?/N.
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Figure 4.1. MSE (or ERs) of the estimates when m = 50, 75, 100 and 125 for

Kumaraswamy distribution
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Figure 4.2. MSE (or ERs) of the estimates when m = 50, 75, 100 and 125 for Burr Type
XII distribution

From Figures 4.1 and 4.2, it is observed that the error values of all estimators are getting
bigger when R,, , is getting closer to 0.5 and getting smaller when R,, , is getting closer to
the extreme values. The smallest error is obtained by the Bayes estimate based on informa-
tive prior. Moreover, ML estimate and Bayes estimate based on non-informative prior show
similar performances and are close to each other around extreme values. These observations

show that the results obtained from figures are similar to Tables 4.1 and 4.3.

4.4.2 When the Second Parameters are Different and Known

In this subsection, Monte Carlo simulation study is executed for the comparison of ML,
UMVU and Bayes estimates of R,, , when the second parameters parameters of underly-

ing distributions (A, Ay, A\3) are known. Point and interval estimation results are presented
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for one-parameter Weibull distribution with different sample sizes.

In Tables 4.5-4.7, ML, UMVU, exact Bayes and two approximate Bayes estimates of R,,
are listed. In the Bayesian inference, the following informative priors are considered with
the non-informative prior: Prior 3 : (aq,b;) = (1.25,1), (as,by) = (3,1), (as, b3) = (7,1),
Prior 4: (ay,by) = (2,1), (ag,by) = (0.75,1), (as, bs) = (12,1). Bayesian estimates based
on MCMC method are computed by using Gibbs sampling with 4000 iterations. In addition,
the asymptotic confidence and HPD intervals corresponding to obtained point estimates are

given in Table 4.8.

From Tables 4.5- 4.7, MSE, ERs and biases decrease with the increase in sample sizes, as
expected. It is observed that ML and UM VU estimates show similar results, and they are get-
ting close to each other as the sample size increases. Bayes estimators based on informative
priors show better performance than these classical estimates while Bayes estimates based
on non-informative priors give similar results to them. In these tables, Bayes estimates using
Lindley’s approximation based on informative priors show the best performance in terms of
error values. Moreover, it is also observed that approximate Bayes estimates and their cor-
responding ER values are generally close to the exact Bayes estimate values. From Table
4.8, asymptotic confidence interval of R, ; has wider length than the HPD credible inter-
vals. HPD credible intervals based on informative priors provide the smallest AL, and the

coverage probabilities of all intervals are quite satisfactory.
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Table 4.8. ACL and CP of R, ; for Weibull distribution when (av, a, 8) = (1.25,3,7)

and (2,0.75,12)

ACT HPD (Prior 3 or4) | HPD (Non-inf. prior)

m  (k,ng,ng) R,y ACL cP ACL cpP ACL cpP

10 (2,3,1) 0.88474 0.20544 0.8980 0.16887 0.9832 0.20867 0.9416
20 0.14498 0.9308 0.12932 0.9728 0.14561 0.9452
30 0.11882 0.9332 0.10928 0.9644 0.11883 0.9448
40 0.10299 0.9352 0.09642 0.9552 0.10287 0.9384
10 (2,2,2) 0.84630 0.30142 0.9620 0.20102 0.9796 0.24504 0.9316
20 0.21376 0.9712 0.15618 0.9720 0.17536 0.9392
30 0.17393 0.9744 0.13198 0.9620 0.14320 0.9436
40 0.15094 0.9744 0.11647 0.9588 0.12403 0.9412
10 (3,5,1) 0.83773 0.24973 0.9140 0.20442 0.9848 0.25187 0.9360
20 0.17971 0.9232 0.15898 0.9660 0.17981 0.9408
25 0.16054 0.9208 0.14493 0.9664 0.16037 0.9424
30 0.14564 0.9392 0.13358 0.9716 0.14553 0.9495
10 (3,4,2) 0.80952 0.26954 0.9016 0.22020 0.9840 0.26968 0.9348
20 0.19479 0.9332 0.17209 0.9748 0.19403 0.9448
25 0.17475 0.9284 0.15755 0.9668 0.17389 0.9412
30 0.16084 0.9336 0.14687 0.9632 0.16010 0.9440
10 (3,3,3) 0.77339 0.30503 0.9280 0.24121 0.9852 0.29337 0.9376
20 0.21838 0.9364 0.18808 0.9704 0.21164 0.9408
25 0.19688 0.9412 0.17340 0.9656 0.19164 0.9376
30 0.17940 0.9412 0.16046 0.9660 0.17478 0.9400
10 (3,1,3) 0.52293 0.33973 0.9220 0.28297 0.9768 0.33910 0.9336
20 0.24138 0.9332 0.22070 0.9676 0.24649 0.9440
30 0.19732 0.9296 0.18753 0.9616 0.20289 0.9408
40 0.17097 0.9292 0.16608 0.9536 0.17667 0.9372
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Table 4.8 Continued

ACT HPD (Prior 3 or4) | HPD (Non-inf. prior)

m  (k,ny,ny) R, ACL CP ACL CcP ACL CcP

10 (4,1,4) 0.83258 0.49942 0.9960 0.14992 0.9840 0.20358 0.9396
20 0.33116  0.9984 0.11756 0.9748 0.14117 0.9416
25 0.29477 0.9992 0.10829 0.9796 0.12643 0.9520
30 0.11504 0.9389 0.10113 0.9756 0.11559 0.9433
10 (4,2,3) 0.76664 0.24776 0.9172 0.18570 0.9868 0.25077 0.9384
20 0.17642 0.9412 0.14715 0.9856 0.17694 0.9536
25 0.15828 0.9408 0.13561 0.9760 0.15832 0.9464
30 0.14406 0.9400 0.12605 0.9708 0.14399 0.9492
10 (4,4,1) 0.66169 0.30386 0.9292 0.22826 0.9868 0.30201 0.9476
20 0.21746 0.9400 0.18130 0.9756 0.21614 0.9440
25 0.19509 0.9432 0.16724 0.9796 0.19393 0.9536
30 0.17824 0.9364 0.15585 0.9704 0.17710 0.9428

In our simulation studies, we encounter some difficulties in the evaluation of the exact Bayes
estimate of R,, , for the large values of m, n and k. It is seen that the integral in the exact
Bayes estimate of R,, ; can create some problems for some values of constants in there.
Moreover, we observed that performance of two approximate Bayes estimates: Lindley’s
approximation and MCMC algorithm with Gibbs sampling have almost same with the exact
Bayes estimate in previous tables. Therefore, we listed ML, UMVU and two approximate
Bayes estimates results in Tables 4.9 - 4.11 for large values of m, n and k. Moreover, the
asymptotic confidence and HPD intervals of R,, ;. for these estimates are given in Table 4.12.
In these tables, the true values of the parameters are taken as («y, o, 8) = (0.75, 2, 20) and
(A, A9, Ag) = (6,9,3). Prior 5: (aq,b;) = (0.75,1), (ay,by) = (2,1), (ag,b3) = (20,1)
is used in Bayesian case as an informative prior. From Tables 4.9 - 4.11, it is observed that
estimates of R,, ; provide similar performances as in the Tables 4.5- 4.7. Also, intervals

results in Table 4.12 show similar performances as in the Table 4.8.



Table 4.9. Estimates of R,, ; for Weibull distribution when (k,n) = (5,9) and
(k,n) = (5,10)
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Bayes (Prior 5)

Bayes (Non-inf. prior)

(kv ny, n2)

Rn,k

DMLE
Rn,k

DU
Rn,k:

DLin
Rn,k,B

’P:MC

DLin DMC
Rn,k,B Rn,k,B

n.k,B
(5,6,3) 093166 25 093114 093193 | 0.92786 0.92928 | 0.92771 0.92761
-0.00051 0.00028 | -0.00379 -0.00238 | -0.00395  -0.00405

0.00031 0.00030 | 0.00007 0.00013 | 0.00035 0.00035

50 0.93151 0.93191 | 0.92982 0.93029 | 0.92979 0.92975

-0.00015 0.00025 | -0.00183 -0.00137 | -0.00187  -0.00190

0.00016  0.00015 | 0.00008 0.00009 | 0.00016 0.00016

75 093138 0.93164 | 0.93028 0.93051 | 0.93023 0.93021

-0.00028 -0.00001 | -0.00138 -0.00115 | -0.00143 -0.00144

0.00011  0.00011 | 0.00007 0.00007 | 0.00011 0.00011

(5,4,6) 0.87442 25 0.87372 0.87015 | 0.86862 0.87097 | 0.86908 0.86899
-0.00070 -0.00427 | -0.00580 -0.00345 | -0.00534  -0.00543

0.00074  0.00080 | 0.00015 0.00030 | 0.00080 0.00080

50 0.87428 0.87048 | 0.87178 0.87252 | 0.87194 0.87192

-0.00014 -0.00394 | -0.00263 -0.00190 | -0.00248  -0.00250

0.00037  0.00041 | 0.00017 0.00022 | 0.00039 0.00039

75 0.87503 0.87117 | 0.87324 0.87363 | 0.87348 0.87346

0.00061 -0.00325 | -0.00118 -0.00079 | -0.00094  -0.00096

0.00025 0.00027 | 0.00015 0.00017 | 0.00025 0.00025




Table 4.9 Continued
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Bayes (Prior 5)

Bayes (Non-inf. prior)

(k,ni,ng) Ry m /R%kLE Er[{k /}%TB R%SB /R{:ZIZLB /R%ISB
(5,3,6) 0.81516 25 0.81533 0.81123 | 0.80869 0.81190 | 0.81020  0.81016
0.00017 -0.00393 | -0.00647 -0.00326 | -0.00496  -0.00500

0.00119  0.00128 | 0.00024 0.00048 | 0.00124  0.00124

50 081539 0.81133 | 0.81230 0.81324 | 0.81280  0.81279

0.00023  -0.00383 | -0.00286 -0.00191 | -0.00236  -0.00237

0.00062  0.00066 | 0.00028 0.00036 | 0.00063 0.00063

75 0.81491 0.81085 | 0.81302  0.81344 | 0.81318 0.81316

-0.00025 -0.00431 | -0.00214 -0.00172 | -0.00198  -0.00200

0.00040  0.00044 | 0.00024  0.00027 | 0.00041 0.00041

(5,2,8) 0.76122 25 0.76146  0.74534 | 0.75352  0.75743 | 0.75601 0.75598
0.00024  -0.01588 | -0.00770 -0.00379 | -0.00521  -0.00524

0.00154  0.00203 | 0.00029  0.00061 | 0.00159 0.00159

50 0.76179 0.74612 | 0.75840  0.75946 | 0.75905 0.75905

0.00057 -0.01510 | -0.00282 -0.00175 | -0.00217  -0.00217

0.00078  0.00113 | 0.00035  0.00044 | 0.00079 0.00080

75 0.76147 0.74592 | 0.75933  0.75982 | 0.75964  0.75965

0.00025 -0.01530 | -0.00189 -0.00140 | -0.00158  -0.00157

0.00050  0.00080 | 0.00030  0.00033 | 0.00050  0.00050




Table 4.10. Estimates of R,, ; for Weibull distribution when (k,n) = (7,13)
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Bayes (Prior 5)

Bayes (Non-inf. prior)

(k,ny,ng) R,y m E%CLE Egk RrLLZI?B E%ISB E];JZI?B E%]SB
(7,9.4) 0.91090 25 0.91033 0.91097 | 0.90619 0.90799 | 0.90598  0.90587
-0.00056  0.00008 | -0.00471 -0.00291 | -0.00492  -0.00503

0.00052  0.00052 | 0.00009 0.00020 | 0.00057  0.00057

50 0.91057 0.91089 | 0.90842 0.90901 | 0.90837  0.90834

-0.00033 -0.00001 | -0.00248 -0.00188 | -0.00253  -0.00255

0.00026  0.00026 | 0.00012 0.00015 | 0.00027  0.00027

75 0.91057 0.91078 | 0.90913  0.90942 | 0.90910  0.90909

-0.00033 -0.00012 | -0.00176 -0.00147 | -0.00180  -0.00181

0.00017 0.00017 | 0.00010  0.00011 | 0.00017 0.00017

(7,6,7) 0.84820 25 0.84847 0.84861 | 0.84167 0.84482 | 0.84309  0.84302
0.00028  0.00041 | -0.00653 -0.00338 | -0.00510  -0.00518

0.00104  0.00106 | 0.00018 0.00040 | 0.00110  0.00110

50 0.84732 0.84738 | 0.84454 0.84536 | 0.84459  0.84457

-0.00088 -0.00082 | -0.00366 -0.00283 | -0.00361  -0.00362

0.00054  0.00054 | 0.00024 0.00031 | 0.00056 0.00056

75 0.84819  0.84824 | 0.84622 0.84665 | 0.84639  0.84637

-0.00001  0.00004 | -0.00197 -0.00155 | -0.00181  -0.00183

0.00036  0.00036 | 0.00021 0.00024 | 0.00036  0.00036




Table 4.10 Continued

112

Bayes (Prior 5)

Bayes (Non-inf. prior)

(kini,ng) Ry m /R%CLE /R\gk: /R\TLL/ZZ:LB /R%I?B E%?B E%CCB
(7,5,8) 0.79524 25 0.79541 0.79211 | 0.78815 0.79166 | 0.78974  0.78970
0.00018 -0.00312 | -0.00708 -0.00357 | -0.00549  -0.00553

0.00142  0.00149 | 0.00024  0.00054 | 0.00148 0.00148

50 0.79483  0.79177 | 0.79172  0.79265 | 0.79197 0.79198

-0.00040 -0.00347 | -0.00352 -0.00258 | -0.00327  -0.00326

0.00067  0.00071 | 0.00030 0.00038 | 0.00069 0.00069

75 0.79566  0.79269 | 0.79349  0.79398 | 0.79375 0.79375

0.00043 -0.00254 | -0.00174 -0.00126 | -0.00149  -0.00149

0.00047  0.00049 | 0.00028  0.00031 | 0.00048 0.00048

(7,4,9) 0.74678 25 0.74725 0.73958 | 0.73944  0.74334 | 0.74147 0.74146
0.00047 -0.00721 | -0.00734 -0.00344 | -0.00531  -0.00533

0.00170 ~ 0.00186 | 0.00027  0.00064 | 0.00174  0.00174

50 0.74754  0.74049 | 0.74367 0.74488 | 0.74463 0.74465

0.00076  -0.00630 | -0.00311 -0.00191 | -0.00215  -0.00213

0.00083  0.00092 | 0.00035 0.00046 | 0.00084  0.00084

75 0.74784  0.74101 | 0.74538 0.74594 | 0.74594  0.74590

0.00106  -0.00578 | -0.00140 -0.00084 | -0.00084  -0.00089

0.00060  0.00066 | 0.00035 0.00039 | 0.00060  0.00060




Table 4.11. Estimates of R,, ;. for Weibull distribution when (k,n) = (8, 15)
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Bayes (Prior 5.)

Bayes (Non-inf. prior)

(k,ny,ny) R, m /RykLE /ng E?}?B E%?B E?I?B E%CCB
(8,12,3) 0.90968 25 0.90880 0.90940 | 0.90479  0.90650 | 0.90429 0.90418
-0.00088 -0.00029 | -0.00490 -0.00319 | -0.00540  -0.00550

0.00051  0.00051 | 0.00009  0.00020 | 0.00057 0.00057

50 0.90956 0.90987 | 0.90724  0.90788 | 0.90730 0.90727

-0.00012  0.00018 | -0.00244 -0.00180 | -0.00238  -0.00241

0.00025  0.00026 | 0.00011  0.00014 | 0.00027 0.00027

75 0.90936  0.90956 | 0.90790 0.90820 | 0.90785 0.90784

-0.00032 -0.00012 | -0.00178 -0.00148 | -0.00184  -0.00185

0.00018 0.00018 | 0.00011  0.00012 | 0.00019 0.00019

(8,11,4) 0.90336 25 0.90228 0.90283 | 0.89817 0.89997 | 0.89758 0.89748
-0.00108 -0.00053 | -0.00518 -0.00339 | -0.00577  -0.00588

0.00057  0.00058 | 0.00010  0.00022 | 0.00064 0.00064

50 0.90322  0.90350 | 0.90086 0.90153 | 0.90086 0.90085

-0.00014  0.00014 | -0.00249 -0.00183 | -0.00249  -0.00251

0.00029  0.00029 | 0.00013  0.00017 | 0.00031 0.00031

75 0.90306 0.90325 | 0.90152 0.90184 | 0.90149 0.90147

-0.00029 -0.00011 | -0.00184 -0.00151 | -0.00187  -0.00188

0.00020  0.00020 | 0.00012  0.00013 | 0.00020 0.00020

(8,6,9) 0.78419 25 0.78652 0.78347 | 0.77707  0.78157 | 0.78065 0.78063
0.00233  -0.00072 | -0.00354 -0.00262 | -0.00354  -0.00356

0.00151  0.00157 | 0.00022  0.00055 | 0.00155 0.00155

50 0.78525 0.78253 | 0.78139  0.78257 | 0.78229 0.78228

0.00106  -0.00166 | -0.00280 -0.00162 | -0.00190  -0.00191

0.00079  0.00082 | 0.00034  0.00044 | 0.00080 0.00080

75 0.78480 0.78219 | 0.78242  0.78294 | 0.78281 0.78281

0.00061 -0.00200 | -0.00177 -0.00125 | -0.00138  -0.00138

0.00050  0.00052 | 0.00029  0.00033 | 0.00051 0.00051




Table 4.11 Continued

Bayes (Prior 5.)

Bayes (Non-inf. prior)
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(kini,ng) Ry m ﬁr]ykLE Er({k ET%ZI?B E%CC:B /R\fzﬂl?B /RQ/{ISB
(8,5,10) 0.73817 25 0.73984 0.73301 | 0.73070  0.73520 | 0.73392  0.73387
0.00167 -0.00516 | -0.00748 -0.00297 | -0.00425  -0.00430

0.00179  0.00191 | 0.00027  0.00066 | 0.00182  0.00182

50 0.73888 0.73269 | 0.73501  0.73621 | 0.73589  0.73587

0.00071 -0.00549 | -0.00317 -0.00196 | -0.00228  -0.00231

0.00091  0.00098 | 0.00039  0.00050 | 0.00092  0.00092

75 0.73909 0.73315 | 0.73664  0.73719 | 0.73716 ~ 0.73709

0.00091 -0.00502 | -0.00153 -0.00098 | -0.00101  -0.00108

0.00060 0.00064 | 0.00034  0.00039 | 0.00060  0.00060

(8,3,12) 0.65673 25 0.65949 0.64371 | 0.64824  0.65399 | 0.65402  0.65375
0.00276 -0.01301 | -0.00849 -0.00274 | -0.00271  -0.00298

0.00237  0.00272 | 0.00034  0.00085 | 0.00235  0.00236

50 0.65778 0.64321 | 0.65378 0.65508 | 0.654838  0.65489

0.00105 -0.01352 | -0.00294 -0.00164 | -0.00184  -0.00184

0.00109 0.00135 | 0.00045 0.00059 | 0.00109  0.00109

75 0.65855 0.64442 | 0.65584  0.65646 | 0.65661 0.65662

0.00182 -0.01231 | -0.00089 -0.00027 | -0.00012  -0.00010

0.00075  0.00094 | 0.00042  0.00048 | 0.00074  0.00074




Table 4.12. ACL and CP of R,, ;, for Weibull distribution when
(alv G, B) = (0757 27 20) and (/\17 /\27 )‘3) = (67 97 3)

ACI HPD (Prior 5) | HPD (Non-inf. prior)

m  (k,ny,ng) R, ACL cP ACL cp ACL cpP

25 (5,6,3) 0.93166 0.06917 0.9276 0.05431 0.9848 0.07083 0.9464
50 0.04885 0.9344 0.04234 0.9736 0.04931 0.9408
75 0.04000 0.9396 0.03607 0.9672 0.04011 0.9456
25 (5,4,6) 0.87442 0.11940 0.9608 0.08317 0.9868 0.10795 0.9464
50 0.08444 0.9664 0.06502 0.9744 0.07557 0.9472
75 0.06880 0.9636 0.05516 0.9656 0.06124 0.9448
25 (5,3,6) 0.81516 0.14534 0.9560 0.10497 0.9840 0.13473 0.9456
50 0.10301 0.9520 0.08213 0.9672 0.09484 0.9304
75 0.08436 0.964 0.07000 0.966 0.07754 0.9480
25 (5,2,8) 0.76122 0.17316 0.9600 0.11944 0.9852 0.15374 0.9416
50 0.12268 0.9708 0.09363 0.9728 0.10849 0.9436
75 0.10034 0.9716 0.07983 0.9700 0.08858 0.9464
25 (7,9,4) 0.91090 0.08895 0.9348 0.06900 0.9892 0.09072 0.9460
50 0.06307 0.9416 0.05428 0.9740 0.06349 0.9460
75 0.05159 0.9468 0.04632 0.9736 0.05166 0.9504
25 (7,6,7) 0.84820 0.13019 0.9364 0.09840 0.9908 0.12810 0.9392
50 0.09300 0.9452 0.07785 0.9772 0.09077 0.9420
75 0.07576 0.9544 0.06615 0.9704 0.07371 0.9516
25 (7,5,8) 0.79524 0.15142 0.9444 0.11393 0.9864 0.14779 0.9456
50 0.10774 0.9600 0.08988 0.9808 0.10459 0.9576
75 0.08787 0.9488 0.07653 0.9676 0.08514 0.9444
25 (7,49) 0.74678 0.16789 0.9504 0.12579 0.9844 0.16289 0.9456
50 0.1191 0.9572 0.0991 0.9812 0.1151 09512

75

0.09727 0.9484

0.08449 0.9672

0.09392  0.9420
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Table 4.12 Continued

ACI HPD (Prior 5) | HPD (Non-inf. prior)

m o (k,ny,ny) R,y ACL cprP ACL CcP ACL CP

25 (8,12,3) 0.90968 0.09047 0.9368 0.06991 0.9884 0.09227 0.9500
50 0.06381 0.9456 0.05487 0.9784 0.06425 0.9504
75 0.05228 0.9480 0.04686 0.9720 0.05242 0.9504
25 (8,11,4) 0.90336 0.09615 0.9340 0.07417 0.9912 0.09790 0.9516
50 0.06776 0.9344 0.05822 0.9764 0.06815 0.9496
75 0.05550 0.9484 0.04972 0.9700 0.05559 0.9516
25 (8,6,9) 0.78419 0.15526 0.9372 0.11825 0.9864 0.15342 0.9428
50 0.11070 0.9372 0.09357 0.9716 0.10895 0.9396
75 0.09065 0.9492 0.07998 0.9676 0.08905 0.9460
25 (8,5,10) 0.73817 0.16947 0.9432 0.12871 0.9880 0.16704 0.9440
50 0.12059 0.9516 0.10184 0.9764 0.11845 0.9484
75 0.09853 0.9520 0.08694 0.9684 0.09678 0.9484
25 (8,3,12) 0.65673 0.18839 0.9420 0.14218 0.9844 0.18395 0.9356
50 0.13400 0.9500 0.11253 0.9744 0.13103 0.9476
75 0.10949 0.9508 0.09610 0.9696 0.10695 0.9472

116

Furthermore, we also consider comparison of the performances of Bayes estimates using

Lindley’s approximation (based on informative and non-informative priors) and classical es-

timates (MLE and UMVUE) by plots. MSE and ER values of estimates are plotted in Figure
4.3 for (k,nq,ng) =
senas oy = 0.3 + (2i/10), ay = 0.6 + (i/10), B; = 19 — (2i/10), i = 1,...,80 and
(A1 A2, A3) = (6,9, 3) for Ry, ; which takes the values 0.06108 to 0.96595. These plots are

created by using the same algorithm in previous plots in Figures 4.1 and 4.2.

(7,8,6) and sample sizes m = 50, 75,100, 125. Parameters are cho-
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Figure 4.3. MSE (or ERs) of the estimates when m = 50, 75, 100 and 125 for Weibull

distribution
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From Figure 4.3, ML, UMVU and Bayes estimates (based on informative and non-informative
prior) have greater errors when R, , is around 0.5 and have smaller errors when R, ;. is
close to the extreme values. Bayes estimate based on informative prior has the smallest error
while Bayes estimate based on non-informative prior, ML and UMVU estimates have simi-
lar results. Hence, it can be concluded that the results of Tables 4.5 - 4.7 and 4.9 - 4.11 are

compatible with the figure.

4.5. REAL DATA ANALYSIS

Wind energy is an important a renewable energy source. It is used as a significant renewable
energy source in electricity production in some countries. However, usage and modeling
of renewable energy sources have been paying attention to the governments as well as re-
searchers when we consider the problems in the consumption of fossil fuels such as global

warming and climate change.

Getting reliable information about the wind capacity of the candidate region is vital for plan-
ning the installation of wind power plants. Hence, a comparison of the wind energy potentials
ofthe candidate locations becomes important. In wind energy studies, two-parameter Weibull
and Rayleigh distributions are most commonly used to model the wind speed distributions,

see Akgiil and Senoglu [55] and its references.

In this section, we use the NASA’s POWER (Prediction Of Worldwide Energy Resource)
data source. The POWER project aims to improve current renewable energy data set and to

create new data sets from new satellite systems.

We consider a kind of comparison of the wind speed data of two districts on the Aegean coast
of Turkey for our real data analysis in the stress-strength model. In our knowledge, this is the
first study considering wind speed data from NASA’s POWER source for the stress-strength

reliability analysis.

Since the Aegean coast of Turkey has high wind energy potential, we consider NASA’s
POWER satellite data for the Fethiye and Datca stations instead of the real meteorological

station data. These stations geographical information are the same as in Akgiil and Senoglu
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[55] study and locations are given in Figure 4.4. Data from NASA’s POWER source can be
taken from directly by using its data access viewer (https://power.larc.nasa.gov/data-access-

viewer/) or using the nasapower (see Sparks [56, 57]) package in R.
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Figure 4.4. Locations of Fethiye and Datca stations

Wind speed observations (m/s) at the 10 m height on an hourly basis in February 2019 are
used in this study. It is assumed that Fethiye stations data from 7 am to 8 pm for each day
of February 2019 are considered the first type of strength data Y, and data from 8 pm to 7
am are considered the second type of strength data Y,. The daily average wind speed data of
Datca station is considered as stress data X. Then, we have n; = 13, n, = 11, m = 28 for

our model.

In this structure, we can construct the following scenario for comparison of the wind energy
potential of Fethiye and Datga districts. Since the hourly data is used for each day, we have the
consecutive k-out-of-24 : (G system based on these stress and strength data sets. Wind energy
investors want to decide which district is more suitable for the installation of wind power
plants. If the stress-strength reliability of the consecutive k-out-of-24 : G system for k =
12,13, 14, 15 is greater than 0.50, they will consider that the wind energy potential of Fethiye
can be more desirable with regard to Datca for a detailed feasibility study. Moreover, if the
system reliability is less than 0.50, they will think of the reverse result of the aforementioned

scenario.
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Descriptive statistics for the interested wind speed data of Y, Y, and X are given in Ta-
ble 4.13. We check whether stress data set X and strength data sets Y; and Y, come from
the interested underlying distribution of PHR family or not. Kolmogorov-Smirnov (K-S),
Anderson-Darling (A-D) and Cramer-von Mises (C-VM) tests are applied for the goodness-
of-fit by using the stats package in R. The test statistics and corresponding p—values (given
in brackets) are computed based on the MLEs of the unknown parameters and presented in
Table 4.14. Moreover, the root mean square (RMSE) and coefficient of determination (R?)
measures are used to determine which distribution provides the best fit to the considered wind

speed data. RMSE and R? are evaluated by using the following formulas

r 9 1/2
RMSE = |~ (ﬁ (X)) — — ) (4.108)
n —~\" (@) n+1 ’ ’
S (B - o)
R2—1_ i=1 \" i\ (4) n+l ) (4.109)

S (B - F(Xq))
where }/i is the estimated cdf for the ith ordered observation, E(X @) = (1/n) 2?21 I/i (X)),
n is the sample size. It is known that lower values of RM SFE indicate better fit while the
higher values of R? demonstrate better modeling. These measures are commonly used in
the wind speed data analysis see Quarda et al. [58]. Furthermore, fitting performance of
some distributions from the PHR family are visualized with the histograms of data and fit-
ted density plots in Figure 4.5. From Table 4.14, it is observed that two-parameter Weibull

distribution provides a good fit than other considered distributions for all data sets.

Table 4.13. Descriptive statistics of wind speed data (m/s)

Data Mean St.Dev. Skewness Kurtosis Max  Size

Y, 3.09104 191416 1.64642  7.05420 11.46 364
Y, 257471 1.78901 1.91245  8.61324 11.71 308
X 6.1579  2.63014 0.84610  4.09356 13.53 28
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Table 4.14. MLEs of the parameters, goodness-of-fit test, RM SFE

and R? values for Y;,Y, and X data sets

Distributions
Data MLE/Criteria Weibull Rayleigh Burr Type XII Kumaraswamy
Y, ay 0.12811 0.07571 0.27533 4.76345
A 1.66086 - 3.62302 1.45716
K-S 0.05607 (0.2024)  0.09418 (0.00314) 0.2206 (0) 0.08063 (0.01784)
A—-D 2.749 (0.0368) 4.80 (0.00358) 30.418 (0) 6.1915 (0.0008)
C—-VM 0.32878 (0.1124)  0.86489 (0.00509) 6.1338 (0) 0.8448 (0.0057)
RMSE 0.02939 0.04868 0.12933 0.04763
R? 0.99616 0.98654 0.92476 0.98823
Y, Qs 0.16696 0.10184 0.33357 6.68398
A 1.66086 - 3.62302 1.45716
K-S 0.08067 (0.03632) 0.12856 (0) 0.14673 (0) 0.10408 (0.0026)
A—-D 2.2514 (0.06714) 10.527 (0) 12.26 (0) 3.8855(0.0099)
C—VM |0.35813(0.09342) 1.8913 (0) 2.4286 (0) 0.62564 (0.01929)
RMSE 0.03376 0.14763 0.08842 0.04461
R? 0.99442 0.63735 0.96596 0.98970
X B 0.04463 0.02243 0.15958 2.53260
A 1.66086 - 3.62302 1.45716
K-S 0.17682 (0.308) 0.1357 (0.6323)  0.40227 (0.0001)  0.18885 (0.2565)
A—-D 1.6473 (0.1452)  0.81499 (0.4692)  7.2629 (0.0003)  1.7643 (0.1246)
C—-VM 0.28784 (0.1462)  0.13179 (0.4524)  1.5008 (0.0001)  0.31243 (0.1244)
RMSE 0.09390 0.06149 0.22296 0.10024
R? 0.96166 0.98371 0.74391 0.95726
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Burr Type XIl = = Rayleigh === Weibull
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Figure 4.5. The histograms and fitted densities for the wind speed data
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The ML and Bayes estimates of Ry, ;, k = 12,13, 14, 15 along with 95% asymptotic confi-
dence and HPD credible intervals are presented in Tables 4.15 and 4.16. Bayes estimates are
computed based on the informative priors Prior 6: a;, = b, = 1,7 =1,2,3,4, Prior 7: a, =
b, =2,i=1,2,3,4,Prior8: (ay,b;) = (2.61487,0.84595), (a, by) = (2.07798,0.80707),
(as,b5) = (5.68464,0.92315), (ay,b,) = (2.20060,0.73684) which is obtained by using
moment estimates of Gamma distribution, and non-informative prior a; = b, = 0.0001,

i=1,2,3,4.

It is concluded that Bayes estimates based on non-informative prior and the MLE of Ry,
are very close to each other as in the previous tables. Moreover, both approximate Bayes
estimates of R, , are very similar. Bayes estimates of R,, ;, based on Prior 8 are greater
than that of other estimates, and the corresponding HPD credible interval has the largest
length with respect to other intervals. It is observed that since all the estimates of R,, ;. for
k = 12,13, 14, 15 values are less than 0.50, Datca district should be paid attention to for more

investigations of wind energy power plant investment based on the considered scenario.



124

LTI90°0 O¥190°0 0TS90'0 08890°0 STLSO'0 6ELSO'0 8T6SO'0 6€6S0°0 TET90'0 Awremserewnyy
L8690°0 L6690°0 9TT8O'0 SLTB0'0 LYELO0 6LELOO +8ILO0 88ILO0 €6690°0 IIX ddAL 1mng
SPSe0'0 8pSE0'0 CITP00 ITChO0 PSLEOO O0LLEOOD 999¢0°0 659¢€0°0 <PSEO0 yswidey
161700 66100 L86¥0°0 L90SO'0 8¥¥P0'0 66v¥0°0 60¢40°0 6vEr0°0 06170°0 [MQrom
er=4
T90L0'0  890L0°0 TS8LO'0 916,00 00990°0 TI990°0 L0S90°0 0¥890°0 090,00 Awemserewnyy
TLO80D'0 TLOBO'O 6LF60°0 LES60'0 STSR0'0 0TS80'0 087800 16T80°0 L9080'0 IIX 2dAL 1ng
r60r0'0 L60¥0°0 6L870°0 [L8Y0'0 OvEVO'0 <CTSEVYO'0 STCPO'0  STCH0'0  060¥0°0 ySo[Aey
¢S8Y0°0  6¥8¥0°0 €vLSO0 6¥8S0°0 IVISO0 +61S0°0 v66¥0°0 <CC0SO0 6¢£810°0 [IMqIoMm
g1 =14
Thwd TR TR TR Thiw TR A TV S
Joud ‘yur-uoN g Joud L Joug 9 Joud suonnqrysI(q

SUONNQLISIP JUSIAPIP 10}  7e7 Jo sarewnsy "§1'p A1qeL




125

€19¥0°0  619¥0°0 9€1SO'0 €81S0°'0 TIEV0'0 €TEVO'0 +SPPO'0 ILPYO'O ¥I9Y0'0 Awemserewnyy
9€€S0'0  TTESO'0 0LT0'0 SOE90'0 T19S0°0 919500 LSPSO'0 69%SO'0 0TESO'0  IIX ddAL 1mng
LL9CO0 999200 S9T1€00 SLILO0 S¢8CO0 +E8CO0 €SLCO0 0SLTO0 €99C0°0 yswidey
€91€0'0 991€0°0 LSLEO'O 9T8EO0 PSEEO0 P6£E0'0 TI9TEO'0 08CEO0 091€0°0 [MQrom

G =4
L6TSO'0  96TS0'0  TG68SO'0 6€6S0°0 86400 #S6¥0°0 €0ISO0 STISO'0 06TSO0  Awemserewnyy
¥L090°0  €L090°0 OLILO'0 681L0°0 €0¥90°0 LO¥90'0 9€T90°0 0¥T90'0 0L090'0 IIX 2dAL 1ng
¢s0€0°0  6S0€0°0 ¥P9€00  I¥9€0°0 9SCE00  ISTEO0 €SIE00 SSIE00 SS0E0°0 ySo[Aey
67900 LT9¢00 68C00 08€r0°0 O0P8E0'0 L8BEO'0 <CCLEOO LSLEOO 07900 [IMqIoMm

7T =Y
Thwd TR TR TR Thiw TR A TV S

Joud ‘yur-uoN g JoLd L Ioug 9 Joug suonnqrisI(q

panunuo) [ d[qeL




126

1L€80°0 TT0¥0°0 L8060°0 ITLYO0 €LLLOO SEBE0'0 086L0°0 8L8E0°0 €FE80'0 0T6EO0 Awemserewnyy
1SS60°0 665400 166010 T99S0°0 S6860°0 1T6V0°0 68,600 978400 16v60°0 ¥6¥H0°0 IIX 2dAL 1ng
v6870°0 <0€C00 185500 SO8CO0 <T80SO'0 TEYT0'0 +E0SO'0  LTPC0'0 SY8F0'0  6£CCO0 ysto[Aey
6€LS0°0 €CLCO0 <T6990°0 ¢£€9¢€0°0 0€0900 8¥6C0°0 €98S0°0 ¥IBCO0 SELSOO SYICO0 [Mqrom

€L =4
695600 0v9%0°0 0FSOT'0 LEFSO'0 000600 PEFFO'0 6L760°0 605700 16S60°0 8TSHO'0 Awemserewny|
6€601°0 $8TSO'0 L8ETI'0 I¥F90°0 SLSIT'O 19L500 6IITT0 T6¥SO'0 1€601°0 +0TSO'0 IIX 2dAL 1ng
81960°0 LS9T00 1€590°0 6€€€0°0 <TS6S0°0 S06C0°0 €8LS00 LBLZOO 065500 165200 ySio[Aey
289900 <¢rce0’0 18SLO0 <¢8LEOO0 86900 SHre0'0 <TO890°0 8YCe0'0 919900 190¢0°0 [IMqrom

¢l =4
ddn  1mog 1addn  momo7 1dddn  1omo7 xdddn 1omo  1addn 1omo]

(Ju-uoN) AdH (8 101d) AdH (L 101d) AdH (9 1o1d) AdH DV suonnqsiqg

suonNqLISIp WIAYIP 10 ¥ 7Yy JO SareWINSa [BAINUL Y 10J SAN[BA D) PUR TV ‘91t 9[QBL




127

65790°0 68670°0 88L90°0 SEFE0'0 LF8SO'0 1L8TO'0 LOI90'0 +L8T0°0 T6T90'0 SE6TO0 Awemserewnyy
0€2L0°0 $I¥€0°0 80€80°0 LOSKO'0 €€SLO'0 €0LEO'0 T9¥L00 L99€0°0 6£TLOO 00¥€0°0  IIX 2dAL 1ng
[199€0°0 L89I00 €CCr00 611200 688¢0°0 8S8IO0 +08¢00 164100 L¥9e0'0 6L910°0 ysto[Aey
[SEY00  180C00 LIOSO0 8ESTO0 6£SH0°0 CTICTO0 68Y¥0°0 6¥IC0°0 €£e¥0'0 886100 [Mqrom
Gr =4
€7TL00  SEPEO0 SPS8LO'O TL6ED'0 TPLIOO THEEO'0D €T690°0 LSEEO0 90TLO0 €LEEO'0 Awemserewnny
01€80°0 0T0F0'0 0£¥60°0 LT8Y0'0 TIS80'0 6LTHO0 0FE80°0 OFIF0'0 0ST8O'0 068€0°0 IIX 2dAL 1ng
8VCr0'0 <0200 t06¥0°0 0SSTO'0 S6£¥0°0 SYITO0 ¥IEr0'0 0L0C00 [8I¥0°0 6261070 ySio[Aey
000500 tve€c0'0 8¥LSOO 10600 +¥CSO0 LISTO0 LLOSOO €L¥C00 6S6¥0°0 18CC00 [IMqrom
ViL=+4
ddn  1mog 1addn  momo7 1dddn  1omo7 xdddn 1omo  1addn 1omo]
(Ju-uoN) AdH (8 101d) AdH (L 101d) AdH (9 1o1d) AdH DV suonnqsiqg

panunuo) 914 d[qeL




128

4.6. CONCLUSIONS

In this chapter, we studied reliability estimation of a consecutive k-out of-n system with
non-identical strength components. We derived all point and interval estimations of this re-
liability assuming both stress and strength components follow the proportional hazard rate
model. Frequentist estimation methods and Bayesian approach with two approximate meth-
ods Lindley’s approximation and MCMC method were utilized when the second parameters

of underlying distributions are unknown and known.

We performed a Monte Carlo simulation study to compare the performance of proposed es-
timators. From the results of the simulation study, we concluded that the performances of
Bayes estimators based on informative priors were better than other estimators while ML
and Bayes estimators based on non-informative priors show similar performances. The im-
plementation of proposed models was made by using the wind speed data sets from NASA’s

POWER project source.
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S. CONCLUSIONS

In this dissertation, the estimation of stress-strength reliability of a consecutive k-out of-n
system is considered in the cases of the strength components are identical and non-identical.
All point and interval estimations of this reliability are derived under frequentist and Bayesian
approaches when both stress and strength components follow the proportional hazard rate
model. The performance of proposed estimators is compared with a simulation study and
implementation of proposed models is presented by real data analysis. Detailed simulation
results for each case are presented at the end of the chapters 3 and 4. We can state that
this study has novelty with respect to the considered system structure as well as real data

application of the obtained estimates.

For future studies, this study can be extended in different ways such as by changing the
underlying distributions or data types, assuming two or more change points in strength and/or

stress variables.
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