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ABSTRACT

The second order differential operator Ax defined by the formula

Axu = −uxx(x) + δu(x), δ > 0

with domain

D(Ax) =

u(x) : u(x), u′(x), u′′(x) ∈ C[0, 2π], u(x) = u(x+ 2π),

2π∫
0

u(x)dx = 0


is considered. The Green’s function of the differential operator Ax is constructed.
The estimates for the Green’s function are obtained. The positivity of the operator
Ax in the Banach space C [0, 2π] is established. It is proved that for any α ∈ (0, 1

2
),

the norms in spaces Eα = Eα(C [0, 2π] , Ax) and
◦
C2α [0, 2π] are equivalent. The

positivity of the operator Ax in the Hölder spaces of
◦
C2α [0, 2π] is proved. The

structure of fractional spaces generated by this operator is investigated.

Keywords: Positivity of Differential Operators, Fractional Spaces, Nonlocal

Boundary Conditions, Greens Function.
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ÖZ

Tanım kümesi

D(Ax) =

u(x) : u(x), u′(x), u′′(x) ∈ C[0, 2π], u(x) = u(x+ 2π),

2π∫
0

u(x)dx = 0


olan ve

Axu = −uxx(x) + δu(x), δ > 0

şeklinde tanımlanan ikinci mertebeden diferansiyel operatör ele alındı. Ax ope-
ratörünün Green fonksiyonu oluşturuldu. Bu Green fonksiyon için kestirimler alındı.
C [0, 2π] Banach uzayındaki Ax operatörünün pozitifliği gösterildi. Herhangi α ∈

(0, 1
2
) için, Eα = Eα(C [0, 2π] , Ax) ve

◦
C2α [0, 2π]) uzaylarındaki normların denkli

ği ispatlandı. Ax operatörünün
◦
C2α [0, 2π] , α ∈ (0, 1

2
) Hölder uzayındaki pozitifliği

kanıtlandı. Bu operatör tarafından üretilen kesirli uzayların yapıları incelendi.

Anahtar Kelimeler: Diferansiyel Operatörlerin Pozitifliği, Kesirli Uzaylar, Lokal

Olmayan Sınır Şartları, Green Fonksiyonu.
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CHAPTER 1

INTRODUCTION

Various local and nonlocal boundary value problems for partial differential

equations can be considered as an abstract boundary value problem for the or-

dinary differential equation in a Banach space with a densely defined unbounded

space operator. The role played by positivity of differential and difference opera-

tors in a Banach space in the study of various properties of boundary value prob-

lems for partial differential equations,of stability of difference schemes for partial

differential equations and of summation Fourier series is well-known, (Ashyralyev

and Sobolevskii, 1994) , (Simmons, 1963), (Fattorini, 1985).The positivity of wider

class of differential and difference operators have been studied by many researchers,

(Ashyralyev and Sobolevskii, 2004), (Ashyralyev and Sobolevskii, 1984), (Ashyra-

lyev, 2006), (Sobolevskii, 2005), (Stewart, 1980), (Solomyak, 1960), (Simirnitskii and

Sobolevskii, 1981), (Danelich, 1989), (Ashyralyev and Karakaya, 1995), (Ashyralyev

and Yaz, 2006), (Ashyralyev, 1995), (Ashyralyev and Kendirli, 2000), (Ashyralyev

and Kendirli, 2001), (Ashyralyev and Yenial-Altay, 2005), (Ashyralyev and Yakubov,

1998), (Ashyralyev and Prenov, 2012), (Bazarov, 1989), (Alibekov, 1978), (Nalbant,

2011).

Let E be a Banach space and A : D(A) ⊂ E → E be a linear unbounded

operator densely defined in E. We call A positive operator A in the Banach space

if the operator (λ + A) has a bounded inverse in E and for any λ > 0 and the

following estimate holds: ∥∥(λ+ A)−1
∥∥
E→E

≤ M

λ+ 1
.

Throughout the present work, M denotes positive constants, which may differ in

time and thus is not a subject of precision. However, we will use M(α, β, ...) to

stress the fact that the constant depends only on M(α, β, ...).

1
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For a positive operator A in the Banach space E, let us introduce the fractional

spaces Eα = Eα(E,A) (0 < α < 1) consisting of those v ∈ E for which the norm,

∥v∥Eα
= sup

λ>0
λα
∥∥A(λ+ A)−1v

∥∥
E
+ ∥v∥E

is finite.

Let us introduce the Banach space Cβ [0, 2π] , β ∈ (0, 1) of all continuous functions

φ(x) defined on [0, 2π] and satisfying a Hölder condition for which the following

norm is finite

∥φ∥Cβ [0,2π] = ∥φ∥C[0,2π] + sup
x, x+τ∈[0,2π],

τ ̸=0

|φ(x+ τ)− φ(x)|
|τ |β

,

where C [0, 2π] is the Banach space of all continuous functions φ(x) defined on [0, 2π]

with the norm

∥φ∥C[0,2π] = max
x∈[0,2π]

|φ(x)| .

Let
◦
Cβ [0, 2π] =

u(x) ∈ Cβ [0, 2π] :

2π∫
0

u(x)dx = 0, u(0) = u(2π)

 .

The aim of this thesis is to investigate the positivity of second order differential

operators with periodic boundary conditions, the structure of fractional spaces gen-

erated by these operators, to establish the equivalence of the norm of these fractional

spaces and Hölder spaces, and to obtain the positivity of this differential operator

in Hölder spaces.

Let us briefly describe the contents of the various chapters of the thesis. It

consists of four chapters.

First chapter is the introduction.

Second chapter presents two sections. In the first section, the Green’s function

of the second order difference operator Ax defined by

Axu = −uxx(x) + δu(x), δ > 0

with domain

D(Ax) =

u(x) : u(x), u′(x), u′′(x) ∈ C[0, 2π], u(x) = u(x+ 2π),

2π∫
0

u(x)dx = 0


is considered.
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The Green’s function of the differential operator Ax is constructed. The

estimates for the Green’s function are obtained. The positivity of the oper-

ator Ax in the Banach space C [0, 2π] is established. It is proved that for

any α ∈ (0, 1
2
), the norms in spaces Eα = Eα(C [0, 2π] , Ax) and

◦
C2α [0, 2π]

are equivalent. The positivity of the operator Ax in the Hölder spaces of
◦
C2α [0, 2π] is proved. The structure of fractional spaces generated by this

operator is investigated.

Third chapter consists the positivity of the second order of operator with depen-

dent in x variable.

Fourth chapter contains conclusions.



CHAPTER 2

THE GREEN’S FUNCTION OF AX AND POSITIVITY

OF AX IN C

2.1 THE GREEN’S FUNCTION OF AX AND POSITIVITY

OF AX IN C

We consider the differential operator Ax defined by the formula

Axu = −uxx(x) + δu(x), δ > 0 (2.1)

with domain

D(Ax) =

u(x) : u(x), u′(x), u′′(x) ∈ C[0, 2π], u(x) = u(x+ 2π),

2π∫
0

u(x)dx = 0

 .

We will study the resolvent of the operator Ax, i.e.

Axu+ λu = φ (2.2)

or 
−u′′(x) + (δ + λ)u(x) = φ(x), 0 < x < 2π,

u(0) = u(2π),
2π∫
0

u(x)dx = 0

(2.3)

will be investigated. The Green’s function of Ax is constructed. The estimates for

the Green’s function will be obtained. The positivity of the operator Ax in the

Banach space C [0, 2π] is established. It is proved that for any α ∈ (0, 1
2
) the norms

in space Eα(C [0, 2π] , A) and C2α [0, 2π] are equivalent. The positivity of Ax in

the Hölder spaces of C2α [0, 2π] , α ∈ (0, 1
2
) is proved. The structure of fractional

spaces generated by this operator will be investigated.

4
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Lemma 2.1. Assume that φ ∈ C [0, 2π] and, φ(0) = φ(2π),
2π∫
0

φ(x)dx = 0.

For any λ ≥ 0 problem (2.3) is uniquely solvable and the following formula holds:

u(x) = (Ax + λ)−1 φ(x) =

2π∫
0

G(x, s;λ)φ(s)ds, (2.4)

where

G(x, s;λ) =
1

2
√
δ + λ

1

I − e−
√
δ+λ2π

(2.5)

×


e−

√
δ+λ(x−s) + e−

√
δ+λ(2π−x+s) , 0 ≤ s ≤ x,

e−
√
δ+λ(s−x) + e−

√
δ+λ(2π+x−s) , x ≤ s ≤ 2π.

Proof. Using the resolvent equation(2.2), we get

−u′′(x) + (δ + λ)u(x) = φ(x), 0 < x < 2π, u(0) = u(2π),

2π∫
0

u(x)dx = 0.

We have the formula

u(x) =
(
I − e−

√
δ+λ4π

)−1 {(
e−

√
δ+λx − e−

√
δ+λ(4π−x)

)
u(0) (2.6)

+
(
e−

√
δ+λ(2π−x) − e−

√
δ+λ(2π+x)

)
u(2π)−

(
e−

√
δ+λ(2π−x) − e−

√
δ+λ(2π+x)

)
×
(
2
√
δ + λ

)−1
2π∫
0

(
e−

√
δ+λ(2π−s) − e−

√
δ+λ(2π+s)

)
φ(s)ds


+(2

√
δ + λ)−1

2π∫
0

(
e−

√
δ+λ|x−s| − e−

√
δ+λ(x+s)

)
φ(s)ds

for the solution of the following problem{
−u′′(x) + (δ + λ)u(x) = φ(x), 0 < x < 2π,

u(0), u(2π) are given.

From this formula and
2π∫
0

u(x)dx = 0, u(0) = u(2π) it follows that
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2π∫
0

u(x)dx =
(
I − e−

√
δ+λ4π

)−1
2π∫
0

{
(e−

√
δ+λx − e−

√
δ+λ(4π−x))u(0)

+(e−
√
δ+λ(2π−x) − e−

√
δ+λ(2π+x))u(0)− (e−

√
δ+λ(2π−x) − e−

√
δ+λ(2π+x))

×(2
√
δ + λ)−1

2π∫
0

(e−
√
δ+λ(2π−s) − e−

√
δ+λ(2π+s))φ(s)ds

 dx

+(2
√
δ + λ)−1

2π∫
0

2π∫
0

(
e−

√
δ+λ|x−s| − e−

√
δ+λ(x+s)

)
φ(s)dsdx = 0.

Then

(I − e−
√
δ+λ4π )−1

{
1√
δ + λ

(
−e−

√
δ+λx − e−

√
δ+λ(4π−x) + e−

√
δ+λ(2π−x)

+e−
√
δ+λ(2π+x)

)]2π
0
u(0)−

(
e−

√
δ+λ(2π−x) + e−

√
δ+λ(2π+x)

)]2π
0

×(2
√
δ + λ)−1

2π∫
0

(
e−

√
δ+λ(2π−s) − e−

√
δ+λ(2π+s)

)
φ(s)ds


+(2

√
δ + λ)−1

2π∫
0

2π∫
0

(
e−

√
δ+λ|x−s| − e−

√
δ+λ(x+s)

)
φ(s)dsdx = 0,

where
1√
δ + λ

2
(
I − e−

√
δ+λ4π

)−1 (
I − e−

√
δ+λ2π

)2
u(0) =

1√
δ + λ

(
I − e−

√
δ+λ4π

)−1 (
I − e−

√
δ+λ2π

)2
×(2

√
δ + λ)−1

2π∫
0

(
e−

√
δ+λ(2π−s) − e−

√
δ+λ(2π+s)

)
φ(s)ds

−(2
√
δ + λ)−1

2π∫
0

2π∫
0

(
e−

√
δ+λ|x−s| − e−

√
δ+λ(x+s)

)
φ(s)dsdx

or

u(0) =
(
4
√
δ + λ

)−1
2π∫
0

(
e−

√
δ+λ(2π−s) − e−

√
δ+λ( 2π+s)

)
φ(s)ds− (4

√
δ + λ)−1

×
(
I + e−

√
δ+λ2π

)(
I − e−

√
δ+λ2π

)−1
2π∫
0

2π∫
0

(
e−

√
δ+λ|x−s| − e−

√
δ+λ(x+s)

)
φ(s)dsdx.
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Let

B =

2π∫
0

2π∫
0

(
e−

√
δ+λ|x−s| − e−

√
δ+λ(x+s)

)
φ(s)dsdx

=

2π∫
0

 2 π∫
0

e−
√
δ+λ|x−s| dx

φ(s)ds−
2π∫
0

 2π∫
0

e−
√
δ+λ(x+s)dx

φ(s)ds

=

2π∫
0

B1φ(s)ds−
2π∫
0

B2φ(s)ds,

where

B1 =

2π∫
0

e−
√
δ+λ|x−s| dx and B2 =

2π∫
0

e−
√
δ+λ(x+s)dx.

Let 0 < s < 2π. Then

B1 =

2π∫
0

e−
√
δ+λ|x−s| dx =

s∫
0

e−
√
δ+λ(s−x) dx+

2π∫
s

e−
√
δ+λ(x−s)dx

=
1√
δ + λ

e−
√
δ+λ(s−x)

]s
0

− 1√
δ + λ

e−
√
δ+λ(x−s)

]2π
s

=
1√
δ + λ

[
1− e−

√
δ+λs −

(
e−

√
δ+λ(2π−s) − 1

)]
=

1√
δ + λ

[
2− e−

√
δ+λs − e−

√
δ+λ(2π−s)

]
,

B2 =

2π∫
0

e−
√
δ+λ(x+s)dx

= − 1√
δ + λ

e−
√
δ+λ(x+s)

]2π
0

= − 1√
δ + λ

(
e−

√
δ+λ(2π+s) − e−

√
δ+λs

)
.

Then

B =

2π∫
0

2π∫
0

(
e−

√
δ+λ|x−s| − e−

√
δ+λ(x+s)

)
φ(s)dsdx

=

2π∫
0

1√
δ + λ

(
2− e−

√
δ+λs − e−

√
δ+λ(2π−s)

)
φ(s)ds

−
2π∫
0

− 1√
δ + λ

(
e−

√
δ+λ(2π+s) − e−

√
δ+λs

)
φ(s)ds

=
1√
δ + λ

2π∫
0

(
2− 2e−

√
δ+λs − e−

√
δ+λ(2π−s) + e−

√
δ+λ(2π+s)

)
φ(s)ds.
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Using this formula, we can write

u(0) =
(
I − e−

√
δ+λ2π

)−1 (
4
√
δ + λ

)−1 {(
I − e−

√
δ+λ2π

)

×
2π∫
0

(
e−

√
δ+λ(2π−s) − e−

√
δ+λ( 2π+s)

)
φ(s)ds−

(
I + e−

√
δ+λ2π

)

×

 2π∫
0

(
2− 2e−

√
δ+λs − e−

√
δ+λ(2π−s) + e−

√
δ+λ(2π+s)

)
φ(s)ds


=
(
I − e−

√
δ+λ2π

)−1 (
4
√
δ + λ

)−1


2π∫
0

(
e−

√
δ+λ(2π−s)

−e−
√
δ+λ( 2π+s) − e−

√
δ+λ(4π−s) + e−

√
δ+λ(4π+s) − 2 + 2e−

√
δ+λs

+e−
√
δ+λ(2π−s) − e−

√
δ+λ(2π+s) + e−

√
δ+λs − 2e−

√
δ+λ2π

+2e−
√
δ+λ(2π+s) + e−

√
δ+λ(4π−s) − e−

√
δ+λ(4π+s)

)
φ(s)ds

}
=
(
I − e−

√
δ+λ2π

)−1 (
4
√
δ + λ

)−1


2π∫
0

(
2e−

√
δ+λ(2π−s)

+2e−
√
δ+λs − 2e−

√
δ+λ2π − 2

)
φ(s)ds

}
or

u(0) =
(
I − e−

√
δ+λ2π

)−1 (
2
√
δ + λ

)−1

 2π∫
0

(
e−

√
δ+λ(2π−s)

+e−
√
δ+λs − e−

√
δ+λ2π − 1

)
φ(s)ds

]
.

By using (2.6), we get

u(x) =
(
I − e−

√
δ+λ4 π

)−1 {(
e−

√
δ+λx − e−

√
δ+λ(4π−x) + e−

√
δ+λ(2π−x)

−e−
√
δ+λ( 2 π+x)

)
u(0)−

(
e−

√
δ+λ(2 π−x) − e−

√
δ+λ(2π+x)

)
×
(
2
√
δ + λ

)−1
2π∫
0

(
e−

√
δ+λ(2 π−s) − e−

√
δ+λ(2π+s)

)
φ(s)ds


+
(
2
√
δ + λ

)−1
2π∫
0

(
e−

√
δ+λ|x−s| − e−

√
δ+λ(x+s)

)
φ(s)ds
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=
(
I − e−

√
δ+λ4 π

)−1 (
2
√
δ + λ

)−1 {(
e−

√
δ+λx + e−

√
δ+λ(2π−x)

)

×

 2π∫
0

(
e−

√
δ+λ(2π−s) + e−

√
δ+λs − e−

√
δ+λ2π − 1

)
φ(s)ds


−
(
e−

√
δ+λ(2π−x) − e−

√
δ+λ(2π+x)

) 2π∫
0

(
e−

√
δ+λ(2π−s) − e−

√
δ+λ(2π+s)

)
φ(s)ds


+
(
2
√
δ + λ

)−1
2π∫
0

(
e−

√
δ+λ|x−s| − e−

√
δ+λ(x+s)

)
φ(s)ds

=
(
I − e−

√
δ+λ4π

)−1 (
2
√
δ + λ

)−1


2π∫
0

(
e−

√
δ+λ(2π+x−s)

+e−
√
δ+λ(x+s) − e−

√
δ+λ(2π+x) − e−

√
δ+λx + e−

√
δ+λ(4π−x−s)

+e−
√
δ+λ(2π−x+s) − e−

√
δ+λ(4π−x) − e−

√
δ+λ(2π−x)

)
φ(s)ds

−
2π∫
0

e−
√
δ+λ(4π−x−s) − e−

√
δ+λ( 4π−x+s) − e−

√
δ+λ(4π+x−s)

+e−
√
δ+λ( 4π+x+s) φ(s)ds−

(
I − e−

√
δ+λ4π

) 2π∫
0

(
e−

√
δ+λ(x+s)

)
φ(s)ds


+
(
2
√
1 + λ

)−1
2π∫
0

e−
√
1+λ|x−s| φ(s)ds

or

u(x) =

2π∫
0

1

2
√
δ + λ

[
1

I − e−
√
δ+λ2 π

(
e−

√
δ+λ(2π+x−s) + e−

√
δ+λ(2π−x+s)

−e−
√
δ+λ(2π−x) − e−

√
δ+λx

)
+ e−

√
δ+λ|x−s|

]
φ(s)ds.

Then,

G(x, s;λ) =
1

2
√
δ + λ

[
e−

√
δ+λ|x−s| +

1

I − e−
√
δ+λ2π

×
(
e−

√
δ+λ(2π+x−s) + e−

√
δ+λ(2π−x+s)

)]
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or

G(x, s;λ) =
1

2
√
δ + λ

1

I − e−
√
δ+λ2π

×


e−

√
δ+λ(x−s) + e−

√
δ+λ(2π−x+s) , 0 ≤ s ≤ x,

e−
√
δ+λ(s−x) + e−

√
δ+λ(2π+x−s) , x ≤ s ≤ 2π.

Lemma 2.1. is proved.

Note that, the following pointwise estimate for G(x, s ;λ) holds:

|G(x, s ;λ)| ≤ M√
δ + λ


e−

√
δ+λ(2π−x+s) , 0 ≤ s ≤ x− π,

e−
√
δ+λ(x−s) , x− π ≤ s ≤ x,

e−
√
δ+λ(s−x) , x ≤ s ≤ π + x,

e−
√
δ+λ(2π+x−s) , π + x ≤ s ≤ 2π.

(2.7)

Lemma 2.2. The following estimate holds:

2π∫
0

|G(x, s;λ)|ds ≤ 1

δ + λ
. (2.8)

Proof. Using (2.5) and the triangle inequality, we get

2π∫
0

|G(x, s ;λ)|ds ≤ 1

2
√
δ + λ

1

I − e−
√
δ+λ2π


x∫

0

(
e−

√
δ+λ(x−s) + e−

√
δ+λ(2π−x+s)

)
ds

+

2 π∫
x

(
e−

√
δ+λ(s−x) + e−

√
δ+λ(2π+x−s)

)
ds


=

1

2
√
δ + λ

1

I − e−
√
δ+λ2π

{
1√
δ + λ

(
e−

√
δ+λ(x−s) − e−

√
δ+λ(2π−x+s)

)]x
0

+
1√
δ + λ

(
−e−

√
δ+λ(s−x) + e−

√
δ+λ(2π+x−s)

)]2π
x

}

=
1

2 (δ + λ)

1(
I − e−

√
δ+λ2π

) 2
(
I − e−

√
δ+λ2π

)
=

1

δ + λ
.

Lemma 2.2. is proved.
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Theorem 2.1. The operator (λ + Ax) has a bounded in C [0, 2π] inverse for

any λ ≥ 0 and the following estimate holds:∥∥(Ax + λ)−1
∥∥
C[0,2π]→C[0,2π]

≤ 1

δ + λ
. (2.9)

Proof. Using the formula (2.4) and triangle inequality, we get

|u(x)| ≤
2π∫
0

|G (x, s ;λ)| ds max
0≤s≤2π

|φ(s)| (2.10)

for any x ∈ [0, 2π] .Using estimate (2.10), we get

max
x∈[0,2π]

|u(x)| ≤ max
x∈[0,2π]

2π∫
0

|G (x, s ;λ)| ds ∥φ∥C[0,2π] .

Then, we have that ∥∥(Ax + λ)−1 φ
∥∥
C[0,2π]

≤ 1

δ + λ
∥φ∥C[0,2π] .

From that it follows estimate (2.9). Theorem 2.1 is proved.

2.2 THE STRUCTURES OF FRACTIONAL SPACES GENERATED

BY AX AND POSITIVITY OF AX IN HÖLDER SPACES

Clearly, the operator commutes Ax and its resolvent (Ax + λ)−1 . By the defi-

nition of the norm in the fractional space Eα = Eα(C [0, 2π] , Ax), we get∥∥(Ax + λ)−1
∥∥
Eα→Eα

≤
∥∥(Ax + λ)−1

∥∥
C[0,2π]→C[0,2π]

.

Thus, from Theorem 2.1 it follows that Ax is a positive operator in the fractional

spaces Eα(C [0, 2π] , Ax). Moreover, we have the following result.

Theorem 2.2. For α ∈ (0, 1
2
), the norms of the spaces Eα(C [0, 2π] , Ax) and

the Hölder space
◦
C2α [0, 2π] are equivalent. Here

◦
C2α [0, 2π] =

u(x) ∈ C2α [0, 2π] :

2π∫
0

u(x)dx = 0, u(0) = u(2π)

 .
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Proof. For any λ ≥ 0 we have the obvious equality

Ax(Ax + λ)−1φ(x) = (Ax + λ− λ) (Ax + λ)−1φ(x) = φ(x)− λ(Ax + λ)−1φ(x).

By formula (2.4), we can write

Ax(Ax + λ)−1φ(x) = φ(x)− λ

2π∫
0

G (x, s ;λ) φ(s)ds (2.11)

=
δ + λ

δ + λ
φ(x)− λ

2π∫
0

G (x, s ;λ) φ(s)ds

=
δ

δ + λ
φ(x) +

λ

δ + λ
φ(x)− λ

2π∫
0

G (x, s ;λ)φ(s)ds

and

Ax(Ax + λ)−1φ(x) =
δ

δ + λ
φ(x) + λ

2π∫
0

G (x, s;λ) (φ(x)− φ(s)) ds. (2.12)

Then,

λαAx(Ax + λ)−1φ(x) =
δλα

δ + λ
φ(x) + λα+1

2π∫
0

G (x, s;λ) (φ(x)− φ(s)) ds

= P1(x) + P2(x),

where

P1(x) =
δλα

δ + λ
φ(x),

P2(x) = λα+1

2π∫
0

G (x, s;λ) (φ(x)− φ(s)) ds.

Using the definition of norm of space C2α [0, 2π] norm and λαδ1−α

δ+λ
≤ 1, we can write

|P1(x)| ≤
δλαδ1−α

δ + λ
|φ(x)| ≤ δ max

0≤x≤2π
|φ(x)| ≤ δ ∥φ∥C2α[0,2π]

for any x ∈ [0, 2π] . Then,

max
0≤x≤2π

|P1(x)| ≤ δ ∥φ∥C2α[0,2π]

or

∥P1∥C[0,2π] ≤ δ ∥φ∥C2α[0,2π] . (2.13)
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Then, using estimate(2.7), we get

|P2(x)| ≤ λα+1

2π∫
0

|G (x, s;λ)| |φ(x)− φ(s)| ds

≤ M λα+1

2
√
δ + λ

 x−π∫
0

e−
√
δ+λ(2π−x+s) |φ(x)− φ(s)| ds

+

x∫
x−π

e−
√
δ+λ(x−s) |φ(x)− φ(s)| ds

+

x+π∫
x

e−
√
δ+λ(s−x) |φ(x)− φ(s)| ds

+

2π∫
x+π

e−
√
δ+λ(2π+x−s) |φ(x)− φ(s)| ds



= P21(x) + P22(x) + P23(x) + P24(x),

where

P21(x) =
M λα+1

2
√
δ + λ

x−π∫
0

e−
√
δ+λ(2π−x+s) |φ(x)− φ(s)| ds,

P22(x) =
M λα+1

2
√
δ + λ

x∫
x−π

e−
√
δ+λ(x−s) |φ(x)− φ(s)| ds,

P23(x) =
M λα+1

2
√
δ + λ

x+π∫
x

e−
√
δ+λ(s−x) |φ(x)− φ(s)| ds,

P24(x) =
M λα+1

2
√
δ + λ

2π∫
x+π

e−
√
δ+λ(2π+x−s) |φ(x)− φ(s)| ds.

Clearly, using the condition φ(s) = φ(s+ 2π), P21(x) can be rewritten as

P21(x) =
M λα+1

2
√
δ + λ

x−π∫
0

e−
√
δ+λ(2π−x+s) |φ(x)− φ(2π + s)| ds

≤ ∥φ∥C2α[0,2π]

M λα+1

2
√
δ + λ

x−π∫
0

e−
√
δ+λ(2π−x+s) (x− 2π − s)2α ds.
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Using the following substitution
√
δ + λ(2π − x+ s) = p, we get

P21(x) ≤ ∥φ∥C2α[0,2π]

M λα+1

2
√
δ + λ

∞∫
0

e−p p2α

(δ + λ)
2α
2

dp√
δ + λ

≤ ∥φ∥C2α[0,2π]

M λα+1

2 (δ + λ)α+1

 ∞∫
0

e−p p2αdp


≤ ∥φ∥C2α[0,2π]

M λα+1

2 (δ + λ)α+1Γ (2α+ 1)

for any x ∈ [0, 2π] . Then,

max
x∈[0,2π]

P21(x) ≤ ∥φ∥C2α[0,2π]

M

α
Γ (2α+ 1) .

Let us estimate P22(x).

P22(x) ≤ ∥φ∥C2α[0,2π]

M λα+1

2
√
δ + λ

x∫
x−π

e−
√
δ+λ(x−s) (x− s)2α ds.

Using the following substitution
√
δ + λ(x− s) = p, we get

P22(x) ≤ ∥φ∥C2α[0,2π]

M λα+1

2
√
δ + λ

−
0∫

∞

e−p p2α

(δ + λ)
2α
2

dp√
δ + λ



≤ ∥φ∥C2α[0,2π]

M λα+1

2 (δ + λ)α+1

 ∞∫
0

e−p p2αdp



≤ ∥φ∥C2α[0,2π]

M λα+1

2 (δ + λ)α+1Γ (2α+ 1)

for any x ∈ [0, 2π] . Then,

max
x∈[0,2π]

P22(x) ≤ ∥φ∥C2α[0,2π]

M

α
Γ (2α+ 1) .

Let us estimate P23(x).

P23(x) ≤ ∥φ∥C2α[0,2π]

M λα+1

2
√
δ + λ

x+π∫
x

e−
√
δ+λ(s−x) (s− x)2α ds.
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Using the following substitution
√
δ + λ(s− x) = p, we get

P23(x) ≤ ∥φ∥C2α[0,2π]

M λα+1

2
√
δ + λ

∞∫
0

e−p p2α

(δ + λ)
2α
2

dp√
δ + λ

≤ ∥φ∥C2α[0,2π]

M λα+1

2 (δ + λ)α+1

 ∞∫
0

e−p p2αdp


≤ ∥φ∥C2α[0,2π]

M λα+1

2 (δ + λ)α+1Γ (2α+ 1)

for any x ∈ [0, 2π] . Then,

max
x∈[0,2π]

P23(x) ≤ ∥φ∥C2α[0,2π]

M

α
Γ (2α+ 1) .

Let us estimate for P24(x).

P24(x) ≤ ∥φ∥C2α[0,2π]

M λα+1

2
√
δ + λ

2π∫
x+π

e−
√
δ+λ(2π+x−s) (2π + x− s)2α ds

Using the following substitution
√
δ + λ(2π − x+ s) = p, we get

P24(x) ≤ ∥φ∥C2α[0,2π]

M λα+1

2
√
δ + λ

−
0∫

∞

e−p p2α

(δ + λ)
2α
2

dp√
δ + λ



≤ ∥φ∥C2α[0,2π]

M λα+1

2 (δ + λ)α+1

 ∞∫
0

e−p p2αdp


≤ ∥φ∥C2α[0,2π]

M λα+1

2 (δ + λ)α+1Γ (2α+ 1)

for any x ∈ [0, 2π] . Then,

max
x∈[0,2π]

P21(x) ≤ ∥φ∥C2α[0,2π]

M

α
Γ (2α+ 1) .

Then, we can write

max
x∈[0,2π]

|P2(x)| ≤ max
x∈[0,2π]

P21(x) + max
x∈[0,2π]

P22(x) + max
x∈[0,2π]

P23(x) + max
x∈[0,2π]

P24(x)

or

∥P2∥C[0,2π] ≤ ∥φ∥C2α[0,2π]

M(δ)

α
Γ (2α+ 1) . (2.14)

Using estimate (2.13) and (2.14), we get

max
x∈[0,2π]

∣∣λαAx(λ+ Ax)−1φ(x)
∣∣ ≤ M(δ)

α
∥φ∥C2α[0,2π] +

M(δ)

α
Γ (2α+ 1) ∥φ∥C2α[0,2π]
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for any λ ≥ 0. Thus,

∥φ∥Eα(C[0,2π], Ax) ≤
M(δ)

α
[1 + Γ (2α+ 1)] ∥φ∥C2α[0,2π] .

Now, let us prove the opposite inequality. For any positive operator Ax in the

Banach space, we can write

I =

∞∫
0

Ax(λ+ Ax)−2dλ,

we have I is the identity operator. From this relation and formula (2.4), it follows

that

φ (x) =

∞∫
0

(Ax + λ)−1Ax(Ax + λ)−1φ (x) dλ

=

∞∫
0

2π∫
0

G (x, s;λ)Ax(Ax + λ)−1φ (s) dsdλ.

Consequently,

φ (x1)− φ (x2) =

∞∫
0

2π∫
0

(G (x1, s;λ)−G (x2, s;λ))A
x(Ax + λ)−1φ(s)dsdλ

=

∞∫
0

λ−α

2π∫
0

(G (x1, s;λ)−G (x2, s;λ))λ
αAx(Ax + λ)−1φ(s)dsdλ

whence

|φ (x1)− φ (x2)| ≤

 ∞∫
0

λ−α

2π∫
0

|G (x1, s;λ)−G (x2, s;λ)| dsdλ

 ∥φ∥Eα(C2α[0,2π],A) .

Let

T = |x1 − x2|−2α

 ∞∫
0

λ−α

2π∫
0

|G (x1, s;λ)−G (x2, s;λ)| dsdλ

 .

Then for any x1, x2 ∈ [0, 2π] such that x2 ≥ x1, we have that

|φ (x1)− φ (x2)|
|x1 − x2|2α

≤ T ∥φ∥Eα(C2α[0,2π],Ax) .

Now, we will prove that

T ≤ M(δ)

2α (1− 2α)
. (2.15)
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Note that

G (x1, s;λ)−G (x2, s;λ) =
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×



e−
√
δ+λ(2π−x1+s) − e−

√
δ+λ(2π−x2+s) , 0 ≤ s ≤ x1 − π,

e−
√
δ+λ(x1−s) − e−

√
δ+λ(2π−x2+s) , x1 − π ≤ s ≤ x2 − π,

e−
√
δ+λ(x1−s) − e−

√
δ+λ(x2−s) , x2 − π ≤ s ≤ x1,

e−
√
δ+λ(s−x1) − e−

√
δ+λ(x2−s) , x1 ≤ s ≤ x1+x2

2
,

e−
√
δ+λ(s−x1) − e−

√
δ+λ(x2−s) , x1+x2

2
≤ s ≤ x2,

e−
√
δ+λ(s−x1) − e−

√
δ+λ(s−x2) , x2 ≤ s ≤ x1 + π,

e−
√
δ+λ(2π+x1−s) − e−

√
δ+λ(s−x2) , x1 + π ≤ s ≤ x2 + π,

e−
√
δ+λ(2π+x1−s) − e−

√
δ+λ(2π+x2−s) , x2 + π ≤ s ≤ 2π.

Then

T = |x1 − x2|−2α

∞∫
0

λ−α

×

 x1−π∫
0

1

2
√
δ + λ

1

1− e−
√
δ+λ2π

∣∣∣e−√
δ+λ(2π−x1+s) − e−

√
δ+λ(2π−x2+s)

∣∣∣ ds
+

x2−π∫
x1−π

1

2
√
δ + λ

1

1− e−
√
δ+λ2π

∣∣∣e−√
δ+λ(x1−s) − e−

√
δ+λ(2π−x2+s)

∣∣∣ ds
+

x1∫
x2−π

1

2
√
δ + λ

1

1− e−
√
δ+λ2π

∣∣∣e−√
δ+λ(x1−s) − e−

√
δ+λ(x2−s)

∣∣∣ ds

+

x1+x2
2∫

x1

1

2
√
δ + λ

1

1− e−
√
δ+λ2π

∣∣∣e−√
δ+λ(s−x1) − e−

√
δ+λ(x2−s)

∣∣∣ ds
+

x2∫
x1+x2

2

1

2
√
δ + λ

1

1− e−
√
δ+λ2π

∣∣∣e−√
δ+λ(s−x1) − e−

√
δ+λ(x2−s)

∣∣∣ ds

+

x1+π∫
x2

1

2
√
δ + λ

1

1− e−
√
δ+λ2π

∣∣∣ e−√
δ+λ(s−x1) − e−

√
δ+λ(s−x2)

∣∣∣ ds
+

x2+π∫
x1+π

1

2
√
δ + λ

1

1− e−
√
δ+λ2π

∣∣∣ e−√
δ+λ(2π+x1−s) − e−

√
δ+λ(s−x2)

∣∣∣ ds
+

2π∫
x2+π

1

2
√
δ + λ

1

1− e−
√
δ+λ2π

∣∣∣e−√
δ+λ(2π+x1−s) − e−

√
δ+λ(2π+x2−s)

∣∣∣ ds
 dλ

= T1 + T2 + T3 + T4 + T5 + T6 + T7 + T8,
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where

T1 = |x1 − x2|−2α

∞∫
0

λ−α

x1−π∫
0

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
∣∣∣e−√

δ+λ(2π−x1+s) − e−
√
δ+λ(2π−x2+s)

∣∣∣ ds) dλ,
T2 = |x1 − x2|−2α

∞∫
0

λ−α

x2−π∫
x1−π

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
∣∣∣e−√

δ+λ(x1−s) − e−
√
δ+λ(2π−x2+s)

∣∣∣ ds) dλ,
T3 = |x1 − x2|−2α

∞∫
0

λ−α

x1∫
x2−π

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
∣∣∣e−√

δ+λ(x1−s) − e−
√
δ+λ(x2−s)

∣∣∣ ds) dλ,
T4 = |x1 − x2|−2α

∞∫
0

λ−α

x1+x2
2∫

x1

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
∣∣∣e−√

δ+λ(s−x1) − e−
√
δ+λ(x2−s)

∣∣∣ ds) dλ,
T5 = | x1 − x2|−2α

∞∫
0

λ−α

x2∫
x1+x2

2

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
∣∣∣e−√

δ+λ(s−x1) − e−
√
δ+λ(x2−s)

∣∣∣ ds) dλ,
T6 = | x1 − x2|−2α

∞∫
0

λ−α

x1+π∫
x2

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
∣∣∣e−√

δ+λ(s−x1) − e−
√
δ+λ(s−x2)

∣∣∣ ds) dλ,
T7 = | x1 − x2|−2α

∞∫
0

λ−α

x2+π∫
x1+π

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
∣∣∣e−√

δ+λ(2π+x1−s) − e−
√
δ+λ(s−x2)

∣∣∣ ds) dλ,
T8 = |x1 − x2|−2α

∞∫
0

λ−α

2π∫
x2+π

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
∣∣∣e−√

δ+λ(2π+x1−s) − e−
√
δ+λ(2π+x2−s)

∣∣∣ ds) dλ.
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Let us estimate the expression T1. For 0 ≤ s ≤ x1 − π, using∣∣∣e−√
δ+λ(2π−x1+s) − e−

√
δ+λ(2π−x2+s)

∣∣∣ ≤ 2e−
√
δ+λ(2π−x2+s) ,∣∣∣e−√

δ+λ(2π−x1+s) − e−
√
δ+λ(2π−x2+s)

∣∣∣ ≤
√
δ + λ 2e−

√
δ+λ(2π−x2+s) (x2 − x1) ,

we can write

T1 ≤ |x1 − x2|−2α

∞∫
0

λ−α

 x1−π∫
0

1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
(√

δ + λ 2e−
√
δ+λ(2π−x2+s) (x2 − x1) ds

))
dλ

= (x2 − x1)
−2α+1

∞∫
0

λ−α

 x1−π∫
0

1

1− e−
√
δ+λ2π

e−
√
δ+λ(2π−x2+s) ds

 dλ

=M1

∞∫
0

λ−α

(
1

1− e−
√
δ+λ2π

1√
δ + λ

e−
√
δ+λ(2π−x2+s)

]x1−π

0

)
dλ

=M1

∞∫
0

λ−α 1

1− e−
√
δ+λ2π

1√
δ + λ

(
e−

√
δ+λ(2π−x2) − e−

√
δ+λ(π−x2+x1)

)
dλ

= 2M1

∞∫
0

λ−α
e−

√
δ+λ(π−x2+x1)

(
1− e−

√
δ+λ(π−x1)

)
1− e−

√
δ+λ2π

dλ

2
√
δ + λ

≤M2

∞∫
0

λ−α 1

2
√
δ + λ

e−
√
δ+λ(π−x2+x1) dλ ≤M2

∞∫
0

λ−α 1

2
√
λ
e−

√
λ(π−x2+x1) dλ.

Using the following substitutions
√
λ = τ and π − x2 + x1 = a, we get

T1 ≤M2

∞∫
0

τ−2αe−τa dτ =M2

 1∫
0

τ−2αe−τa dτ +

∞∫
1

τ−2αe−τa dτ



≤M2

 1∫
0

τ−2αdτ +

∞∫
1

e−τa dτ

 =M2

(
1

1− 2α
+

1

a
e−a

)
. (2.16)

Using formula (2.16), we get

T1 ≤
M2(δ)

2α (1− 2α)
. (2.17)

Now, let us estimate the expression T2. Using

∆1 =

x2−π∫
x1−π

∣∣∣ e−√
δ+λ(x1−s) − e−

√
δ+λ(2π−x2+s)

∣∣∣ ds
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and the substitution
x1 − s− π

x2 − x1
= −y.

So, we get

x1 − s = π − (x2 − x1) y,

2π − x2 + s = π − (x2 − x1) (1− y),

we can rewrite

∆1 = (x2 − x1)

1∫
0

(
e−

√
δ+λ(π−(x2−x1)y) − e−

√
δ+λ(π−(x2−x1)(1−y))

)
dy

= (x2 − x1)

1∫
0

y∫
1−y

d
{
e−

√
δ+λ(π−(x2−x1))z

}
dy

= (x2 − x1)
2
√
δ + λ

1∫
0

y∫
1−y

e−
√
δ+λ(π−(x2−x1))z dzdy

≤ (x2 − x1)
2
√
δ + λ

1∫
0

e−
√
δ+λ(π−(x2−x1))z dz.

Then,

T2 ≤ |x1 − x2|−2α

 ∞∫
0

λ−α 1

2
√
δ + λ

1

1− e−
√
δ+λ2π

× (x2 − x1)
2
√
δ + λ

1∫
0

e−
√
δ+λ(π−(x2−x1))z dz

 dλ

= |x1 − x2|−2α

∞∫
0

(x2 − x1)
2 λ−α 1

2
(
1− e−

√
δ+λ2π

)
×

(
1√

δ + λ (x2 − x1)
e−

√
δ+λ(π−(x2−x1))z

]1
0

)
dλ

= (x2 − x1)
1−2α

∞∫
0

λ−α 1(
1− e−

√
δ+λ2π

) 1

2
√
δ + λ

×
(
e−

√
δ+λ(π−(x2−x1)) − e−

√
δ+λπ

)
dλ

= (x2 − x1)
1−2α

∞∫
0

λ−α
e−

√
δ+λ(π−x2+x1)

(
1− e−

√
δ+λ(x2−x1)

)
(
1− e−

√
δ+λ2π

) dλ

2
√
δ + λ
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≤M3

∞∫
0

λ−α 1

2
√
δ + λ

e−
√
δ+λ(π−x2+x1) dλ ≤M3

∞∫
0

λ−α 1

2
√
λ
e−

√
λ(π−x2+x1) dλ.

Using the following substitutions
√
λ = τ and π − x2 + x1 = a, we get

T2 ≤M3

∞∫
0

τ−2αe−τa dτ =M2

 1∫
0

τ−2αe−τa dτ +

∞∫
1

τ−2αe−τa dτ



= 2M3

 1∫
0

τ−2αdτ +

∞∫
1

e−τa dτ

 =M4

(
1

1−2α
+

1

a
e−a

)
. (2.18)

Using formula (2.18), we get

T2 ≤
M4(δ)

2α (1− 2α)
. (2.19)

Now, let us estimate the expression T3. We have that

T3 = |x1 − x2|−2α

∞∫
0

λ−α 1

2
√
δ + λ

(
1− e−

√
δ+λ(x2−x1)

)
(
1− e−

√
δ+λ2π

)
×

x1∫
x2−π

e−
√
δ+λ(x1−s) dsdλ

= |x1 − x2|−2α

∞∫
0

λ−α 1

2 (δ + λ)

×

(
1− e−

√
δ+λ(x2−x1)

)(
1− e−

√
δ+λ(π−x2+x1)

)
(
1− e−

√
δ+λ2π

) dλ

≤M5 |x1 − x2|−2α

∞∫
0

λ−α 1

2 (δ + λ)

(
1− e−

√
δ+λ(x2−x1)

)
dλ

≤M5 |x1 − x2|−2α

∞∫
0

λ−α 1

2λ

(
1− e−

√
λ(x2−x1)

)
dλ.

Using the following substitution
√
λ (x2 − x1) = τ, we get

T3 ≤M5 |x1 − x2|−2α

∞∫
0

1− e−τ

2
(

τ2

(x2−x1)
2

)1+α

2τdτ

(x2 − x1)
2

=M5

∞∫
0

1− e−τ

τ 1+2α
dτ =M5

∞∫
0

1

τ 1+2α

τ∫
0

e−s dsdτ.
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Let 0 ≤ s ≤ ∞ and s ≤ τ ≤ ∞. Then

T3 ≤M5

∞∫
0

e−s

∞∫
s

1

τ 1+2α
dτds

=
M5

2α

∞∫
0

e−s

(
1

τ 2α

]∞
s

)
ds =

M5

2α

∞∫
0

e−s s−2αds

=
M5

2α
Γ(2α). (2.20)

Using formula (2.20), we get

T3 ≤
M5(δ)

2α(1− 2α)
. (2.21)

Let us estimate the expression T4. We have that

T4 = |x1 − x2|−2α

∞∫
0

λ−α

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

× 1√
δ + λ

∣∣∣−e−√
δ+λ(s−x1) − e−

√
δ+λ(x2−s)

∣∣∣)]x1+x2
2

x1

dλ

= |x1 − x2|−2α

∞∫
0

λ−α

(
1

1− e−
√
δ+λ2π

1

2 (δ + λ)

×
∣∣∣1 + e−

√
δ+λ(x2−x1) − e−

√
δ+λ(x2−x1

2 ) − e−
√
δ+λ(x2−x1

2 )
∣∣∣) dλ

= |x1 − x2|−2α

∞∫
0

λ−α 1

2 (δ + λ)

(
1− e−

√
δ+λ(x2−x1

2 )
)2

1− e−
√
δ+λ2π

dλ

≤ |x1 − x2|−2α

∞∫
0

λ−α 1

2 (δ + λ)

(
1− e−

√
δ+λ(x2−x1

2 )
)
dλ

≤ |x1 − x2|−2α

∞∫
0

λ−α 1

2λ

(
1− e−

√
λ(x2−x1

2 )
)
dλ.

Using the following substitution
√
λ
(
x2−x1

2

)
= τ, we get

T4 ≤ |x1 − x2|−2α

∞∫
0

1− e−τ

2
(

4τ2

(x2−x1)
2

)1+α

8τdτ

(x2 − x1)
2

=
M6

4α

∞∫
0

1− e−τ

τ 1+2α
dτ =

M6

4α

∞∫
0

1

τ 1+2α

 τ∫
0

e−s ds

 dτ.
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Let 0 ≤ s ≤ ∞ and s ≤ τ ≤ ∞. Then

T4 ≤
M6

4α

∞∫
0

e−s

∞∫
s

1

τ 1+2α
dτds

=
M6

4α2α

∞∫
0

e−s −s

(
1

τ 2α

]∞
s

)
ds =

M6

4α2α

∞∫
0

e−s s−2αds

=
M6

4αα
Γ(2α) =

M6

4α2α(1− 2α)
. (2.22)

Using formula (2.22), we get

T4 ≤
M6(δ)

2α(1− 2α)
. (2.23)

Let us estimate the expression T5. We have that

T5 = |x1 − x2|−2α

∞∫
0

λ−α

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

× 1√
δ + λ

∣∣∣−e−√
δ+λ(s−x1) − e−

√
δ+λ(x2−s)

∣∣∣)]x2

x1+x2
2

dλ

= |x1 − x2|−2α

∞∫
0

λ−α

(
1

1− e−
√
δ+λ2π

1

2 (δ + λ)

×
∣∣∣e−√

δ+λ(x2−x1
2 ) + e−

√
δ+λ(x2−x1

2 ) − e−
√
δ+λ(x2−x1) − 1

∣∣∣) dλ
= |x1 − x2|−2α

∞∫
0

λ−α 1

2 (δ + λ)

(
1− e−

√
δ+λ(x2−x1

2 )
)2

1− e−
√
δ+λ2π

dλ

≤ |x1 − x2|−2α

∞∫
0

λ−α 1

2 (δ + λ)

(
1− e−

√
δ+λ(x2−x1

2 )
)
dλ

≤ |x1 − x2|−2α

∞∫
0

λ−α 1

2λ

(
1− e−

√
λ(x2−x1

2 )
)
dλ.

Using the following substitution
√
λ
(
x2−x1

2

)
= τ, we get

T5 ≤ |x1 − x2|−2α

∞∫
0

1− e−τ

2
(

4τ2

(x2−x1)
2

)1+α

8τdτ

(x2 − x1)
2

=
M7

4α

∞∫
0

1− e−τ

τ 1+2α
dτ =

M7

4α

∞∫
0

1

τ 1+2α

 τ∫
0

e−s ds

 dτ.
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Let 0 ≤ s ≤ ∞ and s ≤ τ ≤ ∞. Then

T5 ≤
M7

4α

∞∫
0

e−s

∞∫
s

1

τ 1+2α
dτds

=
M7

4α2α

∞∫
0

e−s

(
1

τ 2α

]∞
s

)
ds =

M7

4α2α

∞∫
0

e−s s−2αds

=
M7

4αα
Γ(2α) =

M7

4α2α(1− 2α)
. (2.24)

Using formula (2.24), we get

T5 ≤
M7(δ)

2α(1− 2α)
. (2.25)

Let us estimate the expression T6. We have that

T6 = |x1 − x2|−2α

∞∫
0

λ−α

x1+π∫
x2

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×e−
√
δ+λ(s−x2)

(
1− e−

√
δ+λ(x2−x1)

)
ds
)
dλ

= |x1 − x2|−2α

∞∫
0

λ−α 1

2
√
δ + λ

(
1− e−

√
δ+λ(x2−x1)

)
(
1− e−

√
δ+λ2π

)
×

x1+π∫
x2

e−
√
δ+λ(s−x2) dsdλ

= |x1 − x2|−2α

∞∫
0

λ−α 1

2 (δ + λ)

(
1− e−

√
δ+λ(x2−x1)

)
(
1− e−

√
δ+λ2π

)
×
[
−e−

√
δ+λ(s−x2)

]x1+π

x2

dλ

= |x1 − x2|−2α

∞∫
0

λ−α 1

2 (δ + λ)

×

(
1− e−

√
δ+λ(x2−x1)

)(
1− e−

√
δ+λ(π−x2+x1)

)
(
1− e−

√
δ+λ2π

) dλ

≤ |x1 − x2|−2α

∞∫
0

λ−α 1

2 (δ + λ)

(
1− e−

√
δ+λ(x2−x1)

)
dλ

≤ |x1 − x2|−2α

∞∫
0

λ−α 1

2λ

(
1− e−

√
λ(x2−x1)

)
dλ.
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Using the following substitution
√
λ (x2 − x1) = τ we get

T6 ≤M8 | x1 − x2|−2α

∞∫
0

1− e−τ

2
(

τ2

(x2−x1)
2

)1+α

2τdτ

(x2 − x1)
2

=M8

∞∫
0

1− e−τ

τ 1+2α
dτ =M8

∞∫
0

1

τ 1+2α

τ∫
0

e−s dsdτ.

Let 0 ≤ s ≤ ∞ and s ≤ τ ≤ ∞. Then

T6 ≤ 2M8

∞∫
0

e−s

∞∫
s

1

τ 1+2α
dτds

= 2M8

∞∫
0

e−s

(
1

2α τ 2α

]∞
s

)
ds

=
M9

2α

∞∫
0

e−s s−2αds =
M9

2α
Γ(2α). (2.26)

Using formula (2.26), we get

T6 ≤
M9(δ)

2α(1− 2α)
. (2.27)

Let us estimate the expression T7. Using

∆2 =

x2+π∫
x1+π

∣∣∣e−√
δ+λ(2π+x1−s) − e−

√
δ+λ(s−x2)

∣∣∣ ds
and the substitution

π + x2 − s

x2 − x1
= y,

we get

s− x2 = π − (x2 − x1) y,

2π + x1 − s = π − (x2 − x1) (1− y).

Then

∆2 =

0∫
1

− (x2 − x1)
(
e−

√
δ+λ(π−(x2−x1)(1−y)) − e−

√
δ+λ(π−(x2−x1)y)

)
dy

= (x2 − x1)

0∫
1

y∫
1−y

d
{
e−

√
δ+λ(π−(x2−x1))z

}
dy
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= (x2 − x1)
2
√
δ + λ

0∫
1

y∫
1−y

e−
√
δ+λ(π−(x2−x1))z dzdy

≤ (x2 − x1)
2
√
δ + λ

1∫
0

∣∣∣−e−√
δ+λ(π−(x2−x1))z

∣∣∣ dz.
Let us estimate the expression

T7 ≤ |x1 − x2|−2α

∞∫
0

(
λ−α 1

2
√
δ + λ

1

1− e−
√
δ+λ2π

× (x2 − x1)
2
√
δ + λ

1∫
0

−e−
√
δ+λ(π−(x2−x1))z dz

 dλ

= (x1 − x2)
−2α

∞∫
0

λ−α (x2 − x1)
2 1

2

1

1− e−
√
δ+λ2π

×
[

1√
δ + λ (x2 − x1)

(
−e−

√
δ+λ(π−(x2−x1))z

)]1
0

dλ

= (x1 − x2)
−2α+1

∞∫
0

λ−α 1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
∣∣∣e−√

δ+λπ − e−
√
δ+λ(π−(x2−x1))

∣∣∣ dλ
=M10

∞∫
0

λ−α 1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
∣∣∣−e−√

δ+λ(π−(x2−x1))
∣∣∣ (1− e−

√
δ+λ(x2−x1)

)
dλ

≤M10

∞∫
0

λ−α 1

2
√
δ + λ

(
e−

√
δ+λ(π−x2+x1)

)
dλ

≤M10

∞∫
0

λ−α 1

2
√
λ

(
e−

√
λ(π−x2+x1)

)
dλ.

Using the following substitutions
√
λ = τ and (π − x2 + x1) = a, we get

T7 ≤M10

∞∫
0

τ−2αe−τa dτ =M10

 1∫
0

τ−2αe−τa dτ +

∞∫
1

τ−2αe−τa dτ



= 2M10

 1∫
0

τ−2αdτ +

∞∫
1

e−τa dτ

 =M11

(
1

1−2α
+

1

a
e−a

)
. (2.28)
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Using formula (2.28), we get

T7 ≤
M11(δ)

2α(1− 2α)
. (2.29)

Let us estimate the expression T8. For x2 + π ≤ s ≤ 2π, using∣∣∣e−√
δ+λ(2π+x1−s) − e−

√
δ+λ(2π+x2−s)

∣∣∣ ≤ 2e−
√
δ+λ(2π+x1−s) ,∣∣∣e−√

δ+λ(2π+x1−s) − e−
√
δ+λ(2π+x2−s)

∣∣∣ ≤
√
δ + λ 2e−

√
δ+λ(2π+x1−s) (x2 − x1) ,

we can write

T8 ≤ | x1 − x2|−2α

∞∫
0

λ−α

2π∫
x2+π

(
1

2
√
δ + λ

1

1− e−
√
δ+λ2π

×
√
δ + λ2 e−

√
δ+λ(2π+x1−s) (x2 − x1) ds

)
dλ

= (x2 − x1)
−2α+1

∞∫
0

λ−α

2π∫
x2+π

1

1− e−
√
δ+λ2π

(
e−

√
δ+λ(2π+x1−s)

)
dsdλ

=M12

∞∫
0

λ−α

[
1

1− e−
√
δ+λ2π

1√
δ + λ

e−
√
δ+λ(2π+x1−s)

]2π
x2+π

dλ

=M12

∞∫
0

λ−α 1

1− e−
√
δ+λ2π

1√
δ + λ

(
e−

√
δ+λx1 − e−

√
δ+λ(π−x2+x1)

)
dλ

=M12

∞∫
0

λ−α 1√
δ + λ

e−
√
δ+λx1

(
1− e−

√
δ+λ(π−x2)

)
1− e−

√
δ+λ2π

dλ

≤M12

∞∫
0

λ−α 1√
δ + λ

e−
√
δ+λx1 dλ ≤ 2M12

∞∫
0

λ−α 1

2
√
λ
e−

√
λx1 dλ.

Using the following substitutions
√
λ = τ and x1 = a, we get

T8 ≤M13

∞∫
0

τ−2αe−τa dτ =M13

 1∫
0

τ−2αe−τa dτ +

∞∫
1

τ−2αe−τa dτ



=M13

 1∫
0

τ−2αdτ +

∞∫
1

e−τa dτ

 =M13

(
1

1− 2α
+

1

a
e−a

)
. (2.30)

Using formula (2.30), we get

T8 ≤
M13(δ)

2α (1− 2α)
. (2.31)
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Applying the triangle inequality and estimates (2.15),(2.17),(2.19),(2.21),(2.23),(2.25),

(2.27),(2.29),(2.31), we get

T ≤ M(δ)

2α(1− 2α)
.

So (2.15) is proved. Thus, for any x1, x2 ∈ [0, 2π] we have that

|x1 − x2|−2α |φ (x1)− φ (x2)| ≤
M(δ)

2α(1− 2α)
∥φ∥Eα(C[0,2π],A) .

This means that the following inequality holds:

∥φ∥C2α[0.2π] ≤
M(δ)

2α(1− 2α)
∥φ∥Eα(C[0,2π],A).

So, Theorem 2.2. is proved

Since the Ax is positive operator in the fractional spaces Eα(C[0, 2π], A
x), from

the result of Theorem 2.2 it follows also it is positive operator in the Hölder space
◦
C2α [0, 2π] . Namely,

Theorem 2.3. The operator (Ax + λ) has a bounded in
◦
C2α [0, 2π] inverse for

any λ ≥ 0 and the following estimate holds:∥∥(Ax + λ)−1
∥∥ ◦
C2α[0,2π]

◦
→C2α[0,2π]

≤ M(δ)

2α(1− 2α)

M14

δ + λ
.



CHAPTER 3

THE POSITIVITY OF THE DIFFERENTIAL

OPERATOR WITH VARIABLE COEFFICIENTS

We consider the differential operator Ax defined by the formula

Axu = −a(x)uxx(x) + δu(x), δ > 0 (3.1)

with domain

D(Ax) = {u(x) : u(x), u′(x), u′′(x) ∈ C[0, 2π] , (3.2)

u(x) = u(x+ 2π),

2π∫
0

u(x)dx = 0} .

Here a(x) ≥ a > 0 is continuously differentiable function defined on [0, 2π].We

will study the resolvent of the operator Ax, i.e.

Axu(x) + λu(x) = φ(x), 0 < x < 2π (3.3)

or 
−a(x)u′′(x) + (δ + λ)u(x) = φ(x), 0 < x < 2π,

u(0) = u(2π),
2π∫
0

u(x)dx = 0.

(3.4)

We will rewrite it in the following form


−u′′(x) + k(x)u(x) = f(x), 0 < x < 2π,

u(0) = u(2π),
2π∫
0

u(x)dx = 0,

(3.5)

where k(x) = (δ+λ)
a(x)

and f(x) = φ(x)
a(x)

. The Green’s function of Ax is constructed. The

estimates for the Green’s function will be obtained. The positivity of the operator

Ax in the Banach space C [0, 2π] is established. It is proved that for any α ∈ (0, 1
2
)

29
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the norms in space Eα(C [0, 2π] , A) and
◦
C2α [0, 2π] are equivalent. The positivity

of Ax in the Hölder spaces of
◦
C2α [0, 2π] , α ∈ (0, 1

2
) is proved. The structure of

fractional spaces generated by this operator will be investigated.

Lemma 3.1. Assume that f ∈ [0, 2π] , f(0) = f(2π) and
2π∫
0

f(z)dz = 0. For

any λ ≥ 0 problem (3.5) is uniquely solvable and the following formula holds:

u(x) = (Ax + λ)−1 φ(x) =

2π∫
0

G(x, z;λ) f(z)dz. (3.6)

Here

G(x, z ;λ) =



N(x)

{
2π∫
0

x∫
0

K (x, s)K (2π, s) dsdx
z∫
0

K2 (z, s) ds

−
2π∫
z

z∫
0

K (x, s)K (z, s) dsdx

−
z∫
0

x∫
0

K (x, s)K (z, s) dsdx

}
−Q

x∫
0

K (x, s)K (2π, s) ds
z∫
0

K2 (z, s) ds

+
z∫
0

K (x, s)K (z, s) ds , 0 ≤ z ≤ x,

N(x)

{
2π∫
0

x∫
0

K (x, s)K (2π, s) dsdx
z∫
0

K2 (z, s) ds

−
2π∫
z

z∫
0

K (x, s)K (z, s) dsdx

−
z∫
0

x∫
0

K (x, s)K (z, s) dsdx

}
+

x∫
0

K (x, s)K (z, s) ds, x ≤ z ≤ 2π,

(3.7)

where

K(x, s) = e
−

x∫
s
b(λ)dλ

, Q =

 2π∫
0

K2 (2π, s) ds

−1

,

L(x) =

2π∫
x

K2 (2π, s) dsK (x, 0) +

x∫
0

K (x, s)K (2π, s) ds,

S(x) = L(x)

 2π∫
0

L(x)dx

−1

,

N(x) = Q S(x).
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Here b(x) is a solution of the equation

b2(x)− b′(x) = a(x) (3.8)

and the following estimate holds:

b(x) ≥ b0 > 0, 0 ≤ x ≤ 2π. (3.9)

Proof. Using relation (3.8), we can obviously write the boundary-value problem

(3.5) in equivalent form as a system of first-order linear differential equations
u′(x) + b(x)u(x) = v(x), u(0) = φ, u(2π) = ψ

−v′(x) + b(x)v(x) = f(x).

Applying the Cauchy formula, we get
u(x) = e

−
x∫
0

b(λ)dλ
φ+

x∫
0

e
−

x∫
s
b(λ)dλ

v(s)ds,

v(x) = e
−

2π∫
x

b(λ)dλ
v (2π) +

2π∫
x

e
−

z∫
x
b(λ)dλ

f(z)dz.

Using the definition of the function K (x, s) ,we get
u(x) = K (x, 0)φ+

x∫
0

K (x, s) v(s)ds,

v(x) = K (2π, x) v (2π) +
2π∫
x

K (z, x) f(z)dz.

From these formulas and the condition u(2π) = ψ it follows that

u(2π) = K (2π, 0)φ+

2π∫
0

K2 (2π, s) dsv(2π)

+

2π∫
0

K (2π, s)

2π∫
s

K (z, s) f(z)dzds.

Since
2π∫
0

e
−2

2π∫
s

b(λ)dλ
ds ̸= 0, then

v(2π) =

 2π∫
0

K2 (2π, s) ds

−1

[ψ −K (2π, 0)φ

−
2π∫
0

 2π∫
s

K (2π, s)K (z, s) ds

 f(z)dz

 .
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So, we have that

v(x) = K (2π, x)

 2π∫
0

K2 (2π, s) ds

−1

[u(2π)−K (2π, 0)φ

−
2π∫
0

 2π∫
s

K (2π, s)K (z, s) ds

 f(z)dz

+

2π∫
x

K (z, x) f(z)dz

and

u(x) = K (x, 0)φ+

x∫
0

K (x, s)

K (2π, s)

 2π∫
0

K2 (2π, τ) dτ

−1

×

u(2π)− T (2π, 0)φ−
2π∫
0

 2π∫
τ

K (2π, τ)K (z, τ) dτ

 f(z)dz



+

2π∫
s

K (z, s) f(z)dz

 ds.
By an interchange of the order of integration, we obtain

u(x) =

 2π∫
0

K2 (2π, s) ds

−1 
2π∫
x

K2 (2π, s) ds K (x, 0)u(0) (3.10)

+

x∫
0

K (x, s)K (2π, s) ds u(2π)


−

x∫
0

K (x, s)K (2π, s) ds

2π∫
0


z∫

0

K2 (z, s) ds

 f(z)dz


+

x∫
0


z∫

0

K (x, s)K (z, s) ds

 f(z)dz

+

2π∫
x


x∫

0

K (x, s)K (z, s) ds

 f(z)dz.

From this formula and
2π∫
0

u(x)dx = 0, u(0) = u(2π) it follows that

2π∫
0

u(x)dx =

 2π∫
0

K2 (2π, s) ds

−1 2π∫
0


2π∫
x

K2 (2π, s) ds K (x, 0)
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+

x∫
0

K (x, s)K (2π, s) ds

u(2π)

−
x∫

0

K (x, s)K (2π, s) ds

2π∫
0

z∫
0

K2 (z, s) dsf(z)dz

 dx
+

2π∫
0

x∫
0


z∫

0

K (x, s)K (z, s) ds

 f(z)dzdx

+

2π∫
0

2π∫
x


x∫

0

K (x, s)K (z, s) ds

 f(z)dzdx = 0.

Then  2π∫
0

K2 (2π, s) ds

−1 2π∫
0


2π∫
x

K2 (2π, s) ds K (x, 0)

+

x∫
0

K (x, s)K (2π, s) ds

 dx u(2π)

−

 2π∫
0

K2 (2π, s) ds

−1 2π∫
0

x∫
0

K (x, s)K (2π, s) ds

×
2π∫
0


z∫

0

K2 (z, s) ds

 f(z)dzdx

×
2π∫
0


z∫

0

K2 (z, s) ds

 f(z)dzdx

+

2π∫
0

2π∫
x


x∫

0

K (x, s)K (z, s) ds

 f(z)dzdx = 0,

where  2π∫
0

K2 (2π, s) ds

−1 2π∫
0


2π∫
x

K2 (2π, s) ds T (x, 0)

+

x∫
0

K (x, s)K (2π, s) ds

 dx u(2π)

=

 2π∫
0

K2 (2π, s) ds

−1 2π∫
0

x∫
0

K (x, s)K (2π, s) ds
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×
2π∫
0

z∫
0

K2 (z, s) dsf(z)dzdx

−
2π∫
0

x∫
0


z∫

0

K (x, s)K (z, s) ds

 f(z)dzdx

−
2π∫
0

2π∫
x


x∫

0

K (x, s)K (z, s) ds

 f(z)dzdx.

or

u(2π) =

 2π∫
0

K2 (2π, s) ds

 2π∫
0


2π∫
x

K2 (2π, s) ds K (x, 0)

+

x∫
0

K (x, s)K (2π, s) ds

 dx

−1

 2π∫

0

K2 (2π, s) ds

−1

×
2π∫
0

x∫
0

K (x, s)K (2π, s) ds

2π∫
0

z∫
0

K2 (z, s) dsf(z)dzdx

−
2π∫
0


x∫

0

z∫
0

K (x, s)K (z, s) ds

 f(z)dzdx

−
2π∫
0

2π∫
x


x∫

0

K (x, s)K (z, s) ds

 f(z)dzdx

 .
By using (3.10), we get

u(x) =

 2π∫
0

K2 (2π, s) ds

−1 
2π∫
x

K2 (2π, s) dsK (x, 0)

+

x∫
0

K (x, s)K (2π, s) ds


 2π∫

0

K2 (2π, s) ds


×

 2π∫
0


2π∫
x

K2 (2π, s) ds K (x, 0) +

x∫
0

K (x, s)K (2π, s) ds

 dx

−1

×


 2π∫

0

K2 (2π, s) ds

−1 2π∫
0


x∫

0

K (x, s)K (2π, s) ds

2π∫
0

z∫
0

K2 (z, s) dsf(z)dz

 dx

−
2π∫
0

x∫
0


z∫

0

K (x, s)K (z, s) ds

 f(z)dzdx
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−
2π∫
0

2π∫
x


x∫

0

K (x, s)K (z, s) ds

 f(z)dzdx


−

x∫
0

K (x, s)K (2π, s) ds

2π∫
0

z∫
0

K2 (z, s) dsf(z)dz



+

x∫
0

z∫
0

K (x, s)K (z, s) dsf(z)dz +

2π∫
x

x∫
0

K (x, s)K (z, s) dsf(z)dz.

Let

Q =

 2π∫
0

K2 (2π, s) ds

−1

and

L(x) =

2π∫
x

K2 (2π, s) dsK (x, 0) +

x∫
0

K (x, s)K (2π, s) ds

Then

u(x) = Q

L(x)Q−1

 2π∫
0

L(x)dx

−1Q
2π∫
0

x∫
0

K (x, s)K (2π, s) ds

×
2π∫
0

z∫
0

K2 (z, s) dsf(z)dzdx−
2π∫
0

x∫
0


z∫

0

K (x, s)K (z, s) ds

 f(z)dzdx

−
2π∫
0

2π∫
x


x∫

0

K (x, s)K (z, s) ds

 f(z)dzdx


−

x∫
0

K (x, s)K (2π, s) ds

2π∫
0

z∫
0

K2 (z, s) dsf(z)dz



+

x∫
0

z∫
0

K (x, s)K (z, s) dsf(z)dz +

2π∫
x

x∫
0

K (x, s)K (z, s) dsf(z)dz.

Let

S(x) = L(x)

 2π∫
0

L(x)dx

−1

,

and

N(x) = Q S(x).
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Then

u(x) = N(x)

 2π∫
0


2π∫
0

x∫
0

K (x, s)K (2π, s) dsdx

z∫
0

K2 (z, s) ds

 f(z)dz

−
2π∫
0


2π∫
z

z∫
0

K (x, s)K (z, s) dsdx

 f(z)dz

−
2π∫
0


z∫

0

x∫
0

K (x, s)K (z, s) dsdx

 f(z)dz



−
2π∫
0

Q
x∫

0

K (x, s)K (2π, s) ds

z∫
0

K2 (z, s) ds

 f(z)dz

+

x∫
0


z∫

0

K (x, s)K (z, s) ds

 f(z)dz +

2π∫
x


x∫

0

K (x, s)K (z, s) ds

 f(z)dz

or

u(x) = N(x)

2π∫
0


2π∫
0

x∫
0

K (x, s)K (2π, s) dsdx

z∫
0

K2 (z, s) ds

−
2π∫
z

z∫
0

K (x, s)K (z, s) dsdx−
z∫

0

x∫
0

K (x, s)K (z, s) dsdx

 f(z)dz

−
2π∫
0

Q
x∫

0

K (x, s)K (2π, s) ds

z∫
0

K2 (z, s) ds

 f(z)dz

+

x∫
0


z∫

0

K (x, s)K (z, s) ds

 f(z)dz +

2π∫
x


x∫

0

K (x, s)K (z, s) ds

 f(z)dz

=

2π∫
0

G (x, z, λ) f(z)dz,
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where

G(x, z ;λ) =



N(x)

{
2π∫
0

x∫
0

K (x, s)K (2π, s) dsdx
z∫
0

K2 (z, s) ds

−
2π∫
z

z∫
0

K (x, s)K (z, s) dsdx−
z∫
0

x∫
0

K (x, s)K (z, s) dsdx

}
−Q

x∫
0

K (x, s)K (2π, s) ds
z∫
0

K2 (z, s) ds

+
z∫
0

K (x, s)K (z, s) ds, 0 ≤ z ≤ x,

N(x)

{
2π∫
0

x∫
0

K (x, s)K (2π, s) dsdx
z∫
0

K2 (z, s) ds

−
2π∫
z

z∫
0

K (x, s)K (z, s) dsdx−
z∫
0

x∫
0

K (x, s)K (z, s) dsdx

}
+

x∫
0

K (x, s)K (z, s) ds, x ≤ z ≤ 2π,

So, Lemma 3.1 is proved.

Applying the triangle inequality, formula (3.7) and estimate (3.9), we get

|G(x, z ;λ)| ≤ M√
δ + λ


e−

√
δ+λ(2π−x+z) , 0 ≤ z ≤ x− π,

e−
√
δ+λ(x−z) , x− π ≤ z ≤ x,

e−
√
δ+λ(z−x) , x ≤ z ≤ π + x,

e−
√
δ+λ(2π+x−z) , π + x ≤ z ≤ 2π.

(3.11)

Note that it is true for a(x) = constant. In the same manner for the constant coef-

ficients we can study structure of Eα and positivity of Ax in C2α [0, 2π] under the

condition (3.11). Actually,

Theorem 3.1. The operator (λ + Ax) has a bounded in C [0, 2π] inverse for any

λ ≥ 0 and the following estimate holds:∥∥(Ax + λ)−1
∥∥
C[0,2π]→C[0,2π]

≤ 1

δ + λ
. (3.12)

Clearly, the operator commutes Ax and its resolvent (Ax + λ)−1 . By the definition

of the norm in the fractional space Eα = Eα(C [0, 2π] , Ax), we get∥∥(Ax + λ)−1
∥∥
Eα→Eα

≤
∥∥(Ax + λ)−1

∥∥
C[0,2π]→C[0,2π]

.

Thus, from Theorem 2.1 it follows that Ax is a positive operator in the fractional

spaces Eα(C [0, 2π] , Ax). Moreover, we have the following result.

Theorem 3.2. For α ∈ (0, 1
2
), the norms of the spaces Eα(C [0, 2π] , Ax) and

the Hölder space
◦
C2α [0, 2π] are equivalent.
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Proof. For any λ ≥ 0 using formula (3.6), we get

λαAx(Ax + λ)−1φ(x) =
δλα

δ + λ
φ(x) + λα+1

2π∫
0

G (x, s;λ) (φ(x)− φ(s)) ds

Applying this formula and formula (3.7), we obtain

∥φ∥Eα(C[0,2π], Ax) ≤
M(δ)

α
[1 + Γ (2α+ 1)] ∥φ∥C2α[0,2π] .

It is well-known that for any positive operator Ax in the Banach space, we can write

formula

φ (x) =

∞∫
0

Ax(λ+ Ax)−2φ (x) dλ.

From this relation and formula (3.6), it follows that

φ (x) =

∞∫
0

(Ax + λ)−1Ax(Ax + λ)−1φ (x) dλ

=

∞∫
0

2π∫
0

G (x, s;λ)Ax(Ax + λ)−1φ (s) dsdλ.

Consequently,

φ (x1)− φ (x2) =

∞∫
0

2π∫
0

(G (x1, s;λ)−G (x2, s;λ))A
x(Ax + λ)−1φ(s)dsdλ

=

∞∫
0

λ−α

2π∫
0

(G (x1, s;λ)−G (x2, s;λ))λ
αAx(Ax + λ)−1φ(s)dsdλ.

Using these formulas, (3.6) and the definition of norm os space Eα(C[0, 2π], A
x),we

get

∥φ∥C2α[0.2π] ≤
M(δ)

2α(1− 2α)
∥φ∥Eα(C[0,2π],Ax).

So, Theorem 3.2. is proved.

From positivity of Ax in positive operator in Eα and Theorem 3.2 it follows the

positivity of Ax on
◦
C2α [0, 2π] .

Theorem 3.3. The operator (Ax + λ) has a bounded in
◦
C2α [0, 2π] inverse for

any λ ≥ 0 and the following estimate holds:∥∥(Ax + λ)−1
∥∥ ◦
C2α[0,2π]

◦
→ C2α[0,2π]

≤ M(δ)

2α(1− 2α)

M14

δ + λ
.



CHAPTER 4

CONCLUSION

This thesis is devoted to study the positivity of second order differential opera-

tors with periodic boundary conditions. The following original results are obtained:

• The Green’s function of the second order differential operator with periodic

boundary conditions is constructed.

• The fractional spaces generated by the second order differential operator with

two nonlocal boundary conditions are constructed.

• The positivity of the second order differential operator with periodic boundary

conditions in Hölder spaces is obtained.

• The equivalence of the norm of these fractional spaces and Hölder spaces is

established.

• The method of frozen coefficients enables to prove the positivity of the second

order differential operator with periodic boundary conditions in the Banach

space is established.
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