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ABSTRACT

The second order differential operator A”* defined by the formula
A = =gy () + du(x), § >0

with domain
D(A*) = S u(z) : u(z), v (z),u"(x) € C0,27], u(z) = u(x + 27), /u(x)dx =0

0

is considered. The Green’s function of the differential operator A” is constructed.
The estimates for the Green’s function are obtained. The positivity of the operator
A” in the Banach space C'[0, 27| is established. It is proved that for any a € (0, %),

the norms in spaces F, = F,(C[0,2n],A*) and C?*|0,2n] are equivalent. The

positivity of the operator A® in the Holder spaces of C**[0,27] is proved. The
structure of fractional spaces generated by this operator is investigated.

Keywords: Positivity of Differential Operators, Fractional Spaces, Nonlocal

Boundary Conditions, Greens Function.
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Oz

Tanim kiimesi

D(A") = S u(z) : u(z), v (z),u"(x) € C0, 2n], u(z) = u(x + 27), /u(x)dx =0

0

olan ve
A = —uUg, () + du(x), § >0

seklinde tamimlanan ikinci mertebeden diferansiyel operator ele alindi.  A* ope-
ratoriintin Green fonksiyonu olugturuldu. Bu Green fonksiyon icin kestirimler alindi.
C'[0, 27] Banach uzaymdaki A® operatoriiniin pozitifligi gosterildi. Herhangi o €
(0,1) i¢in, E, = E,(C[0,27],A") ve C?*[0,27]) uzaylarimdaki normlarm denkli

gi ispatlandi. A® operatortiniin C** [0, 27], a0 € (0, %) Holder uzayindaki pozitifligi
kanitlandi. Bu operator tarafindan tiretilen kesirli uzaylarin yapilari incelendi.

Anahtar Kelimeler: Diferansiyel Operatorlerin Pozitifligi, Kesirli Uzaylar, Lokal

Olmayan Smir Sartlari, Green Fonksiyonu.
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CHAPTER 1

INTRODUCTION

Various local and nonlocal boundary value problems for partial differential
equations can be considered as an abstract boundary value problem for the or-
dinary differential equation in a Banach space with a densely defined unbounded
space operator. The role played by positivity of differential and difference opera-
tors in a Banach space in the study of various properties of boundary value prob-
lems for partial differential equations,of stability of difference schemes for partial
differential equations and of summation Fourier series is well-known, (Ashyralyev
and Sobolevskii, 1994) | (Simmons, 1963), (Fattorini, 1985).The positivity of wider
class of differential and difference operators have been studied by many researchers,
(Ashyralyev and Sobolevskii, 2004), (Ashyralyev and Sobolevskii, 1984), (Ashyra-
lyev, 2006), (Sobolevskii, 2005), (Stewart, 1980), (Solomyak, 1960), (Simirnitskii and
Sobolevskii, 1981), (Danelich, 1989), (Ashyralyev and Karakaya, 1995), (Ashyralyev
and Yaz, 2006), (Ashyralyev, 1995), (Ashyralyev and Kendirli, 2000), (Ashyralyev
and Kendirli, 2001), (Ashyralyev and Yenial-Altay, 2005), (Ashyralyev and Yakubov,
1998), (Ashyralyev and Prenov, 2012), (Bazarov, 1989), (Alibekov, 1978), (Nalbant,
2011).

Let F be a Banach space and A : D(A) C E — E be a linear unbounded
operator densely defined in E. We call A positive operator A in the Banach space
if the operator (A + A) has a bounded inverse in F and for any A > 0 and the
following estimate holds:

M
<

H()\—FA)ilHE%E A+1°

Throughout the present work, M denotes positive constants, which may differ in
time and thus is not a subject of precision. However, we will use M(a,f,...) to
stress the fact that the constant depends only on M(a, 3, ...).



For a positive operator A in the Banach space E, let us introduce the fractional

spaces E, = E,(F,A) (0 < a < 1) consisting of those v € E for which the norm,
ol 5, = sup X* [JAQA + A) 71|, + [loll o
A>0

is finite.
Let us introduce the Banach space C? [0, 27], 8 € (0,1) of all continuous functions
¢(x) defined on [0,27] and satisfying a Holder condition for which the following

norm is finite

oz + 1) — p(a)|
HSOH = ng“ - -+ sup )
05[072 ] 0[072 ] z, $+T§[0727"]7 |T’6
T7#£0

where C'[0, 27] is the Banach space of all continuous functions ¢(x) defined on [0, 27]

with the norm

||80Hc[0,27r] = mg[lég;] ()] .

Let
27

C(')ﬁ [0,27] = { u(z) € C7|0,27] /u(x)dx = 0,u(0) = u(2m)

The aim of this thesis is to investigate the positivity of second order differential
operators with periodic boundary conditions, the structure of fractional spaces gen-
erated by these operators, to establish the equivalence of the norm of these fractional
spaces and Holder spaces, and to obtain the positivity of this differential operator
in Holder spaces.

Let us briefly describe the contents of the various chapters of the thesis. It

consists of four chapters.

First chapter is the introduction.

Second chapter presents two sections. In the first section, the Green’s function

of the second order difference operator A* defined by
A = —ug, () + du(x), § >0

with domain

D(A") = S u(z) : u(x),u/(x),u"(z) € C[0,27], u(x) = u(z + 27), /u(x)dm =0

is considered.



The Green’s function of the differential operator A” is constructed. The
estimates for the Green’s function are obtained. The positivity of the oper-
ator A” in the Banach space C'[0,27] is established. It is proved that for
any o € (0,+), the norms in spaces E, = E,(C [0,27], A”) and C’OQQ [0, 27]
are equivalent. The positivity of the operator A” in the Holder spaces of

C?*[0,27] is proved. The structure of fractional spaces generated by this

operator is investigated.

Third chapter consists the positivity of the second order of operator with depen-

dent in x variable.

Fourth chapter contains conclusions.



CHAPTER 2

THE GREEN’S FUNCTION OF AX AND POSITIVITY
OF AX IN C

2.1 THE GREEN’S FUNCTION OF A¥ AND POSITIVITY
OF AX IN C

We consider the differential operator A* defined by the formula
A"u = —ugy () + du(x), § >0 (2.1)

with domain
D(A") = u(z) : u(x), v/ (x),u"(x) € C[0,27], u(x) = u(z + 27), /u(a:)dx =0

0

We will study the resolvent of the operator A*, i.e.
A"u+du = (2.2)

—u"(x) + (0 + N u(z) =¢(z), 0<z<2m,

(2.3)

u(0) = u(2m), jzru(x)dx =0

0
will be investigated. The Green’s function of A® is constructed. The estimates for
the Green’s function will be obtained. The positivity of the operator A* in the
Banach space C'|0, 27] is established. It is proved that for any a € (0, %) the norms
in space E,(C'[0,27],A) and C?*[0,2n] are equivalent. The positivity of A% in
the Holder spaces of C?*0,27], a € (0, %) is proved. The structure of fractional

spaces generated by this operator will be investigated.
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Lemma 2.1. Assume that ¢ € C'[0,27] and, ¢(0) = ¢(27), [ ¢(z)dx = 0.
0
For any A > 0 problem (2.3) is uniquely solvable and the following formula holds:

21

u(z) = (A" + ) () = / G, 5: Np(s)ds, (2.4)

where

1 1

2V/6 + X1 — e~Votaem
e VITN =) 4 o~ VERET-a+9) . 0 < s < o,

G(z,s;\) = (2.5)

e~ VIHA(s=2) | o—VORACRTta=s) o < o < O

Proof. Using the resolvent equation(2.2), we get

—u"(z)+ (0 + N u(x) =¢(x), 0<z<2m, u(0)=u(2n), /u(m)dw = 0.

We have the formula
u(z) = (I — e VorMT >_1 { (e_*/mx - e_\/m<47r—x)> u(0) (2.6)

+ <6—\/5+)\(27r—33) . e—\/5+)\(27r+33)) U(Qﬂ') . (e—\/6+>\(27r—;t) i e—\/m@w—&-x))

2

% <2\/5+—)\)_1/ <€*\/5+7)\(27r78) _eﬂ/mwﬂs)) o(s)ds

0
2

+(2\/5+—)\)1/<6‘/‘5T’\x8| —e"/mw“)) ©(s)ds
0

for the solution of the following problem
—u"(x) + (0 + N u(z) =¢(z), 0<z<2m,
u(0), u(2m) are given.

27
From this formula and [ u(z)dz = 0,u(0) = u(27) it follows that
0



2m
/u(az)daj _ <I _ e—\/6+)\47r / VI ESY R e—\/5+)\(47r—x))u<o)
0 0

+(6—\/(5+)\(27r—m) _ 6—\/5+>\(27r+$))u<0) _ (6—\/5+)\(27r—a:) _ e—\/5+)\(27r+ac))

2w

><(2\/5+—)\)_1/(e_‘/m(2”_5) —e_*/mm”“))(p(s)ds dx

0

2w 21
+(2vV5 + N7 / / (e”‘”’“””’s| - e’v5+’\($+s)) ¢(s)dsdx = 0.
0 0
Then
1
[ _ g VOFAT -1 { (_ o~VEFAT _ —VEEA(UT—7) | —VEFA(2r—a)
( ) Vo4 A
+€\/6TA(27r+x))]2” u(0) — <€f\/6+7>\(27r—:p) I e\/m@erx))]Qﬂ
0 0
2
< (2V8 +N) 1/ o~ VIFA2T—s) _e—\/6+/\(27r+s)> o(s)ds
0
2m 27
(2 /5+ // —Vo+Az—s| _ _—VOo+A (z+s)> ( )dsdx—O
0 0
where . ) ,
\/ﬁ 2 <I . 67\/5+)\47r> (I o 67\/5+/\27r> 'LL(O) —
1 -1 2
[ — VN ) ([ _ eﬂ/5+A2n>
VESt
2
><(2\/5+—)\)1/ (eﬂ/aﬂ(%fs) _ef\/§+)\(27r+s)> o(s)ds
0
2 27
EON/ESVE /(e—\/5+>\x—s| _e—\/5+)\(z+s)> o(s)dsdx
0 0
or

2
-1
U(O) — <4 /(S—i—)\) /(6—\/54—)\(2#—5) . e—\/5+)\( 27r+s)> QO(S)dS . (4 /5+>\)—1
0
2m 27

X (I + T VOHAZT ) (I —e Vv 5+’\27r> - // (e”“’\"z_sl —e " 5+)‘($+S)> o(s)dsdx.

0 0



Let

B_ / / <ef¢mw—s\ _ﬂmms)) o(s)dsdax
0

2 2w 2

/ / ~VENa=sl g | (s ds_/

/ VIR 4 | o(s)ds
0
2

_ / Buo(s)ds — / Bap(s)ds,

0 0
where

21
Bl — /6\/5+7/\m8| dg/- and B2 = /em<£+s)dl’.

Let 0 < s < 27. Then

o s 27
B, — /6_\/54-7)41—3 dr — /6_\/54_7/\(8_1) dm_,_/e—\/mw—S)dx
0 0 s
1 s 1 27
e\/mwx)] _ _em@s)}
5+ A o VOi+A s
1 [1 _ VBTRs (e—mm—s) _ 1)}
0+ A
_ 1 [2 VAR e—mmw—s)] ,
o+ A
2
/6 ﬁx+s
0
1 2
_ «mms)}
0+ )\ 0
1 (e’ SFA(2m+s) _ \/ms>
o+ A
Then
2 27

0+ A
0
2
B / 1 ( —VETA(2m+5) m) o(s)ds
0+ A
0
21




Using this formula, we can write

0= (=) (1) (=)

2
% / (6—\/(5+)\(27r—s) . 6—\/6—}—)\( 27r+s)> ()O(S)dS . (] + 6—\/5+)\27r>

0
2

% /(2 _ 9e VIRAs _ —VETA@2n—s) | 6—\/6+/\(27r+s)> o(s)ds

0
2

- (1) (aia) | f (e

0

_6—\/6—1—)\( 2m+s) e—\/5+)\(47r—s) + e—\/6+)\(47r+s) — 242" 0+As

4o~ VA=) —VEFART+s) | o —VEAs _ 9 —VEFA2T

— €

9o VEFART+S) | —VEFA(dT—s) _ e‘m(“”“)) w(S)dS}

21

(1) (avia) [ (e

+2€_V6+)\8 _ 26—\/5+)\27r o 2> SO(S)ds}

or
u(0) = <_] _ e—m%) -1 (2\/5—I——/\> -1 7<e_m(2ﬂ—s)

0
+e*\/§+)\s . 67\/6+>\27r i 1) gO(S)dS] ]

By using (2.6), we get

u(x) _ (I . 6—\/5+)\4 T >1 {(6—\/5+)\x o 6—\/§+)\(47r—ac) + e—\/5+>\(27r—z)

e VERX(2 7r+w)> u(0) — (e—\/5+>\(2 r—x) e—\/5+)\(27r+:v))

2

% (2\/5—1-—)\>_1/ (eﬂ/éTA@ w—s) _eﬂ/éTA(szrs)) o(s)ds

0
2

(Vi)

(6—\/5+X|m_s| _e—\/6+X(x+s)> o(s)ds

D\



= (I — Vit >_1 <2\/(5—|-—)\> B {(e_‘/mx + e~ VITA@T-2) )

2
% / <6—\/5+)\(27r—s) + e—\/5+)\s _ e—\/5+)\27r . 1) QO(S)dS
0
2

B (e_\/m(%_m) _ 6—\/76+)\(27r+m)) / <e—\/5+x’(2w_s) _ e—\/aTA(Qers)) o(s)ds

0

-1

2\/5+

\/5+/\|m—s| _ e—\/6+>\(9c+s)> gO(S)dS

o\

2

= (] _ eVt >—1 <2\/6+—)\) -1 / <€_\/m(27r+x—s)

0
+6—\/6+A(I+s) . 6—\/5+)\(27r+x) . 6—\/5+)\ac +e S+A(Am—z—s)

L VIRA@r—ats) _ —VEFAdr—z) _ ~VEFA(2m-a) ) o(s)ds

2
_/e—s/5+>\(47r—z—s) . 6—\/54-)\( dr—z+s) 6—\/5+)\(47r+x—s)

0
e VotA(Amtats) o(s)ds — (] — e‘v5+’\4” / VoA (’”+s) cp(s)ds
0

27

-1
+ (2\/1 + A) /e‘”*“‘s' ©(s)ds
0

or

27
1 1 —Vo+A(2m+x—35) —Vo+A(2m—x+35)
u(x) = e +e
_ef\/6+)\(271'7x) . e*\/5+)\m> + e*\/5+)\|zfs\ :| gD(S)dS
Then,
1 ST
Gz, 8 0) = ——— e VOHA=sl 4
( ) 2v0 + A [ I — VoA

% (e—\/6+)\(27r+x—s) n e—x/5+/\(27r—:c+s)>:|
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or

1 1

2v/0 + X1 — e~VoEXen
e VORA@=s) 4 o=VIRACT—ats) () < 5 <z,

G(z,s;0) =

e VOTANs—a) | o= VORA2mta—s) o < g < 9.

Lemma 2.1. is proved.

Note that, the following pointwise estimate for G(x, s; A) holds:

67\/6+7)\(27r7x+8) ,0<s<x—m,
M e—\/m@—s) €T 7
) =2 =" 2.
Vot A e—\/éfx\(s—w)’ r<s<m+ux, 20

Gz, s;A)] <

e—\/5+>\(27r+:c—s) , Tt <s< 2T

Lemma 2.2. The following estimate holds:

2T
1
0

Proof. Using (2.5) and the triangle inequality, we get

2m T
1 1
. —Vo+A(z—3) —Vo+ A2 —z+5) )
/|G(a:,s,/\)|ds§ TN —e Vi /(e +e ds
0

2
n / (e—wﬂs—m) 4 o~ VERACT+a—) ) ds

T

_ ! ! { (e _e—m<2w—x+s>>r
SN e VI BV :

0+ A

T

2m
. 1 (_e—\/5+>\(8—$) + 6—\/5+)\(27r+ac—s) >:| }

o 1 1 _ —Vo+ 2 o 1
C2(0+ ) (I —emvoraam) 2<I ‘ >_5+A'

Lemma 2.2. is proved.
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Theorem 2.1. The operator (A + A*) has a bounded in C'|0, 27] inverse for
any A > 0 and the following estimate holds:

164 + ) oo amscionm < 55 (2.9)
Proof. Using the formula (2.4) and triangle inequality, we get
2
)| < [ 16 (o5 0] ds ua ()] (2.10)
0

for any = € [0, 27] .Using estimate (2.10), we get

2w

< G A d :
xrer[lggir]\u(x)] _xrel[l(%r]/’ (@, s; )] ds |lell o.0m
0

Then, we have that

. _ 1
H(A + )\) ! @“0[07271.] S m ||¢||C[O,27T] .

From that it follows estimate (2.9). Theorem 2.1 is proved.

2.2 THE STRUCTURES OF FRACTIONAL SPACES GENERATED
BY 4% AND POSITIVITY OF 4¥ IN HOLDER SPACES

Clearly, the operator commutes A* and its resolvent (A% + )™ . By the defi-
nition of the norm in the fractional space E, = E,(C [0, 27], A*), we get

| (A” + X < (A" + A

)_1HEQ—>EQ )_IHC[O,QW]—)C[O,QW] ’

Thus, from Theorem 2.1 it follows that A” is a positive operator in the fractional

spaces FE,(C[0,2x], A%). Moreover, we have the following result.

Theorem 2.2. For a € (0,4 ), the norms of the spaces E,(C[0,2n], A”) and
the Holder space C?*[0,27] are equivalent. Here

€2 [0, 27] = { u(z) € C2 [0, 2n] - / w(@)dz = 0,u(0) = u(2r)

0
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Proof. For any A > 0 we have the obvious equality
AT(A" + N Po(z) = (A" + X = X) (A" + V) lo(r) = o(z) — MA" 4+ ) L),

By formula (2.4), we can write
A%A”+Mlww)zwuy—A/G%aaA)ﬂg@ (2.11)

:%{%ﬂ@—A/G@ﬁﬂ)ﬂ@“

0
2

— ele) + ele) = [ G s els)ds

0

and

AT (A" + X)) = %gp(m) + A / G (x,8,0) (p(x) — ¢(s)) ds. (2.12)

0
Then,

2w

(2) + A+ / G (2,5 )) (p(z) — () ds

0

SA°
S+ AY

= Pi(z) + Py(z),

ANAT(AT+ N)ro(x) =

where

oA

2

Pr) = At / G (2,5 )) ((x) — p(s)) ds.

0

P 61—04
O+

Using the definition of norm of space C** [0, 27| norm and < 1, we can write

6)\&51—04
IP@) < S ()] < 6 mag [0(0)] < 8 Il

for any x € [0, 27]. Then,

0][;;;?57T |Pi(z)] <6 H90||02a[0,27r]

or
||P1||C[0,27r] <9 ”90“02&[0,274 : (2.13)
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Then, using estimate(2.7), we get

2

B <3 [16 s V] (o) - (o) ds

M /\a+1

—Vo+A2m—xz+35)
< — e x) — o(s)|ds
W/ O/ lo(x) — ()]

[ o) - o) ds

T+
T / VI |o(2) — o(s)] ds

xT

2r
+ / 67\/6+)\(27r+x75) ’90(1,) . gO(S)’dS

r+4m

= Po1(z) + Paa(7) + Pas(z) + Pas(),

where
M )\a+1 r—T
Pule) = 5o [ TP (o) - (o) s,
20 + A
Ve
MACH_I r — T—s
Pula) = g [ VD () = ol ds,

T+7
M >\OL+1 — s—x
Puta) = s [ € fofa) (o) .

21
M )\a+1
Poa(e) = L2 / e VIRTE) | o(2) — o(s)| d.
240 + A
T+

Clearly, using the condition ¢(s) = ¢(s+ 27), Pyi(x) can be rewritten as

M e+t

Py(x) = —— / e~ VOTAQRT—1+s) lo(x) — (27 + 8)| ds
20 + A
VCEDW

S ||(;0||02a[072ﬂ.] % / e_m(QW—i-i-S) (.T . 27T . S)2a ds,
+ 0



Using the following substitution v/d + (27 — = + s) = p, we get

M )\a—l—l I an dp

P

< 200 N
< llell c2a 10,20 SN/ ES J € 6+ N FVI+A

Pgl (ZE)

M )\a+1 B N
< llellczao,2n 205 1 A /6 P p*dp
0

M )\oz—&-l

< ||<P||02a[o,27r] WF (2a+1)

for any = € [0,27]. Then,

M
ax Poi(x) < [l czapo,20 =T (20 +1).

Let us estimate Pay(z).

P < M —VEF A (z—s) _ g2y
2(x) < [|@llc2ap02m W R e (x — )™ ds.

Using the following substitution v/d + A\(x — s) = p, we get

0
M )\a—l—l 2a d
Pas() _/e—p : p D

< oA _
< llelle 027 o /ST X 5+)\)27\/(5+—)\

M )\a+1 B N
< ||90||C2a[0,27r} 2(5+>\)a_+1 /e P p**dp
0

M /\a+1

< ||90H02a[0,27r] WF (2a + 1)

for any = € [0,27]. Then,
M
max Pa(z) < ||l p2apg 20 EP (2a+1).

z€[0,27]

Let us estimate Pas(z).

T+m
MAa+1 - S—x o
Pue) < Wellcwoan gy | V0 o=l



Using the following substitution /6 + A(s — z) = p, we get

M /\a—i—l I p2a dp

—-p

< 2a — =
= HSDHC [0,27] N ED € ((5—1-/\)27 NZES
0

Pys(x)

M )\a-i—l - 2a
< llellg2apoam 251 A /6 ?p*dp
0

M /\a+1

< ||90Hc2a[o,27r] WF (2a + 1)

for any x € [0, 27]. Then,

M
s Pos(2) < |#llcaapozm T (20 +1)

Let us estimate for Pyy(x).

M et

21
— T+x—s 2
< ||¢||C2a[072ﬂﬁ/e VERR(2rte=s) (97 4~ 6)% s

T+

P24(l')

Using the following substitution v/0 + A\(2m — z + s) = p, we get

0
M a+1 2
Pou(x) A _ / - ( P dp

< 2a - e~ 2a
S ||§0||C [0,27] N ED) 5_{_}\)7\/5_'_—)\

M )\a—i—l x B N
< H@Hc?a[o,zﬂ 2(5+)\)a+1 /6 P p**dp
0

M At

< ||90||C2a[0,27r] WF (2a+1)

for any x € [0, 27]. Then,

M
Jmax Por(r) < [[@llezaoom o T 200+ 1)

Then, we can write

max |Py(z)] < max Py (z) + max Pa(zr) + max Py(x) + max Poy(x)

€(0,27] €[0,27] €(0,27] €(0,27] w€0,27]
or
Pslcgoan < I@llompoan 2T 20+ 1).
Using estimate (2.13) and (2.14), we get
M(9)

x€(0,27]

15

(2.14)

- M6
max })\O‘Ax()\+Ax) 190(216)} < T ||90||02a[0,27r} + OE )F(2a+ 1) HSOHCM[O,?W]
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for any A > 0. Thus,
M(9)

«

||90||EQ(C[0,27r], Any S [1+T (200 +1)] ||<P||c2a[o,27r} :

Now, let us prove the opposite inequality. For any positive operator A* in the
Banach space, we can write
I= /Ag”()\ + AT)2d,
0

we have I is the identity operator. From this relation and formula (2.4), it follows
that .

/A:‘—i-/\ YTLAT(AT + N (z) dA

0
2

/G z,8;A) AT (A" + X)L (s) dsd.
0

Consequently,

21

o (r1) — @ (12) = // (21,8, 0) — G (22,5, 0)) A% (A" + \) " Lo(s)dsdA

00 27
= /)\O‘/(G (21,8 0) — G (22,5, X)) N2 A (A" + X)L o(s)dsdA
0 0

whence

o (1) — o (22)] < / A / G (0,5 0) — G (2,5 W) dsd\ | 19ll e poam

Let
fe'e) 2T
T = oy — a2 /)\C“/|G(a:1,s;/\) G (w2, 5 N)| dsd\
0 0

Then for any 1, xs € [0,27] such that x5 > x;, we have that

[ (71) — o (22)|
2% <T HSD”Ea(C?&[O,Qﬂ],AI) )
|71 — 2o

Now, we will prove that

< M)

< ol 3a) (2.15)



Note that 1 1
G (21,8 0) — G (22,8, A) =
(1 ) (2 ) 2/5+)\ 1 — e~ Vot+Xem
( 67\/6+7>\(27r7z1+s) _ 67\/64»7)\(271'712+8) 70 <s<z—m,
efm(xlfs) _ 67\/5+/\(27r7$2+8) T — T S S S Xo — T,
e~VIRA@1=8) _ o~VERA@=8) 3 1< s < gy,
e_\/m(s_zl) — 6_\/5"")‘(352_3) , L1 S S S QO,

XY ~VETRG—m1) _ p—vBFA(z2—s) Lt < g <y,
e*\/ﬂi)\(sfxl) — 67V6+/\(8712) , To S S S T+,
e—\/mmﬂ-‘rfﬂl—s) _ e—\/m(s_m) 1+ 7m < s < x94T,

\ e~ VIRACTtoL=s) o= VIFACTHa2=8) g 4 < 5 < O
Then 0o
T = |ZL‘1 — $2|2a/>\_a
0
T1—T
/ 1 1 VIR @T—z1+5) _ ,—VEFARr—m2t5)| g
W T AL~ oo
0
To—T
N / 1 1 o~V @1=3) _ p—VIFACm—22+3) | g
2 /5 =+ 21— 6_‘/5+)‘27r
xT1—T
x1
N / 1 1 e—VIFA@1=8) _ p=VEFA(22—5) | 1o
2\/6_,[_—)\ 1— 67V6+)\2ﬂ-
Xro—T
i )
2 1 1
—V5+A(s—x1) —Vé+A(z2—s)
+ e — e ds
/ 2 /5_|_)\ 1 — 67\/54’)\2#
1
T2 1 1
—VE+X(s—x1) —VE+ A (z2—5)
+ e — e dS
/ 2\/m 1 — 6—\/54—)\271'
z]+x9
2
1+
1 1 ~VEA(s—1) _ o—VEFA(s=a2) | g
2 /(5_'_)\ 1 — 67\/6+)\27r
T2
xTo+T
n / 1 1 e~ VIHA@Ttai—s) _ —VEFX(s—22) | gg
2\/m 1— 6—\/5—1-/\271'
x1+m
2w
1 1
VSN2 +x1—8) —Vo+A(2m+22—5)
+ e —e ds| d\
/ 2V/0 + N 1 — e Votrer

To+m

=N +To+T5+Ty+T5+ T+ 17+ Ty,

17



where
oa r o ' 1 1
T, = |:L‘1—x2|20/)\ 0/(2\/H—>\1_6_\/m27r
eI ETn) e | ) a,
o0 wa— . .
T = |$1—:172|2‘10/)\_";/7r (2\/5—1-—)\ 1 _ o—voraen
y ‘efmmf@ _elmwwﬁs) ds) d,
Ty = |v;—xo|” 2a/>\ « / (QW l_elmzw

To—T

o VIRA@1=8) _ o~V A(z2-s)

ds) X,
z1+xo

o9 1 1
i _ —2a —«
T, = |ZL’1 372| />\ / (2\/m 1_6_\/m27r
0 1

y ‘e_m(s_xl) . e—\/6+)\(x2—5)

ds) A,

T _lx_x‘QCx )\Oc 1
5T T 2\/6+ A 1 — e votam

x1+12
y ‘efx/mw—zl) — Ve | as) ay,
e r1+7 1 1
o . —2a —Q
Tg = ]xl 33'2’ //\ / (2\/5-|-—)\ 1_6_\/5-1-7,\%
0 T2
y ‘e—mu—ml) _ VI A(s-2) ds) d),
To+T
7T = |I1—$2’ 2/6+ 1_6\/W27r
1+
« ‘e—m(%r-l-m—s) . e—\/ﬁs x2) d5> d)\7
Ty = e Y :
s = |z — 2 5+ 1 _ o voren

To+T

% }e—\/ﬁ(%’-&-m—s) _ e—\/ﬁ@’”‘“_s

ds) X,

18
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Let us estimate the expression 77. For 0 < s < xy — 7, using

%2¢~ 0+A(2m—x2+S5)

IN

Y

< VO I\ 2 VORA2T—a2ts) (xg — 1),

‘6—\/5+)\(27r—a:1+s) . 6—\/5+)\(27r—a:2+5)

—Vo+A2m—z1+5) —Vo+A(2Tm—z2+s5)

‘e —e
we can write
o] xr1—T

—2a —a 1 1
hs fn-on /A /2\/5+—A1_G—M2w

0 0
X <\/5 + X 2e7VORAQT—R2t) (1) ) ds)) dA

0o T1—T
1
o _ —2a+1 — —VOo+A(2m—z2+5)
= (r9 — 1) /)\ / o 278 ds | dA
0 0
e T1—T
_ Ml/)\_a 1 1 e 5+/\(27r—$2+8):| 1 d
/ 1 — e~ Vot+A2m /8 + M 0
o oo)\_a 1 1 <€_ S+A(2m—z2) 6—\/5+>\(7r—acz+x1) ) d\
LA T e i
0
00 e—\/§+)\(7r—zg+a:1) (1 _ e—\/5+)\(7r—a:1) ) A\
=2M; | \7¢
1/ 1— 6—\/64—7/\2# 2\/5‘|‘—>\
0

1
2v/\

e—ﬁ(w—xz-&-m) d\.

1 P,
<My [ A0 VOt g\ < M / AT
- 2/ N e -

0 0

Using the following substitutions VA = 7 and 7 — x5 + 21 = a, we get

00 1 e
Ty < M, /T_Qae_m dr = M, /T_zae_m dr + /T_zo‘e_m dr
0 0 1
1 00
—2a —Ta 1 1 —a
< M, T+ | eTTdT | = M, + —e ) (2.16)
1—-2a a
0 1

Using formula (2.16), we get

Ms(6)

Now, let us estimate the expression T5. Using

T2—T
A = / ’ 6—\/5-1-)\(:01—5) o e—\/5+/\(27r—x2+5) ds
11—



and the substitution
r1 —S—7
_ = _y.
T2 — I
So, we get
xp—s=m—(x3—x1)yY
2 — o+ s=7m— (v3 —x1) (1 —y),

we can rewrite

1
$2 -1 / VoA (r—(x2—x1)y) e—\/5+)\(7r—(gc2—m1)(1—y)) ) dy
0

1y
= (x9 — 371)/ / d {efmﬁ*(m*xl))z }dy

01—y

1y
e (1’2 — I’l)Q /5_|_/\/ / efm(ﬂ'*(mzfml))z dZdy

0 1-y

1
< (2 —m) VI / e~ VERAr—(m2=): g
0

Then,

o0

1 1

—2a —Q

sl /A WO A 1 — e Vo
0

1
X (29 — 1)° \/cs—k—)\/e‘/m“(““))z dz | dA
0

[e.9]

1

— o ol [z =)o
2 (1 — e—\/5+)\27r)
0

1 1
TR (r— (2 —1)) } I
X e
(\/5+)\(5E2—ZE1) 0)

[e.e]

( )1—204 / @ 1 1
= To — X
’ ' (1 — e*V‘”’\Q“) 20+ A

0
x <€7\/m(ﬂ'7(9327.’171)) — e O+ ) d\

_ x—fL’ 12047/\0{ d)\
= 9 J (1_67\/5+7)\27r) 2\/m

—Vo+A(m—za+a1) <1 — o~ VitAa2—21) >

20
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o0 oo

1 1
< My [ N0V g < My [ AT e VATt g,
- / 2V5 + A - 2V

Using the following substitutions VA = 7 and 7 — 25 + 21 = a, we get

0o 1 o)

Ty < My /T2a€Ta dr = M, /7'2(167“ dr + /7’2‘167“ dr
0 0 1
1 00
—2« —Ta 1 1 —a
= 2M;3 T+ [ e | = My | o+ e : (2.18)
o a
0 1

Using formula (2.18), we get
(2.19)

Now, let us estimate the expression T5. We have that

oo 1 <1 . e—\/6+>\(x2—a:1) )
T3 = |Z'1 - le—Qa/)\a
N U (e
0

T
x e VOtA@I=8) 15\

x2
—2« r — ]-
— _ N
71 = 2| / 206+ \)
0

(1 _ o~V A(w2—a1) ) (1 _ o VI A(r—zatar) >

X (1 — 6_\/5?\%) d\

r 1
S M5 |I1 — $2|_2a / >\—a—2 (5 + /\) (1 — e_m(x2—ml) ) d)\
0
r 1
< Myl — a2 [ a1 e Y

0
Using the following substitution v/ (z, — 1) = 7, we get

[e.o]

Ty < Ms |z, — $2|_2a/
0

1—e "7 2rdr

2( - )H-a (@2 — 71)°

(w2—x1)°

o T

[1—e 1
:M5/WdT:M5/m/€ deT.
0

0 0
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Let 0 <s< oo and s <7 < oo. Then

o0 B [ee] 1
T3§M5/€ \/dedS
0 s
My [ 17> My [
= —5/6_5 — ds = —5/6_5 s72ds
200 T 200
0 0
M;
= —TI(2a). 2.20
o r(20) (2.20)
Using formula (2.20), we get
Ms;(9)
Ty < —2 . 2.21
> = 2a(1 — 2a) (2:21)

Let us estimate the expression Ty. We have that

[e.o]

B oo [ 1 1
fi=ln — ol /A (2\/5+—>\ 1 — e—Voraer
0

z1+zo

)

_ —2x )\—a ]‘ 1
0

X

1 ‘_efx/zSJri)\(sf:m) _ G*M(IQ*S)
+A

Vo

X ‘1 4o VIR mmm) o mVERX(HET) L VERA () D d\
o0 VA2t 2
= | IQQ/A‘“ L (1o t ))d/\
= |71 ) 2((5_'_)\) 1 _ o—vataer
0
e [ 1 _—
< — 2o o= (] VIR
< |z — 29| /)\ SISy <1 e )d/\

0

o0 ] o
< |zy — $2|2a/)\_aﬁ (1 — e VAP ) d\.
0

Using the following substitution v/A (“—5’“) =T, we get

o0

_ 1—e7 &rdr
2a
Ty <|zy — a9 / ET (22— )2
) ) ( 4T 2> i) T
(z2—21)

M 1—e™" Mg 1 s
== / i = / i / e ds | dr.

0 0 0
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Let 0<s< o and s <7 < oo. Then

My [ . [ 1
T, < 4—a/e /THQades
0

S

o0 o0

M6 e 1 ° M6 / _ —92
— S S d — S ad
4a2a/€ < T2a]s) ST qoa ) W
0 0
Mg Mg
= 2O (g) = — 6 2.22
o’ %Y = Toa —2a) (222)
Using formula (2.22), we get
M (0)
Ty<—52 2.23
* = 2a(1 - 20) (223)

Let us estimate the expression T5. We have that

[e.o]

B —9a a 1 1
T5 = |21 — 29 /A (2 G 1o Vo
0

2
) } d\
T1+xT9
2

| |72 / AT ! !
=|r; —x
L2 1 — eVorRem 2 (6 + \)
0

" 1 ‘_e,\/m(s,xl) _ oV A(z2-9)

VO + A

~VERA(T5)

< ) _ e )i
i L (e Y
= ’.Z’l — x2|—2a/)\a )\
2(0+ ) 1 — e Votxer
0
< a1 — o 2 / e b (1 ) Yy
- 2(0+ )

0

() 1 e
< |zy — I2|_2a/)\aﬁ (l — e VA ) d\.
0

Using the following substitution v/A (12—;”1) =T, we get

o0

1—e7 8rdr
—2
T5 < ’xl - xQ‘ Oé/ R 1+a ( . )2
; 2) ( 4T 2) i) T
(w2—w1)

M- 1—e™" M- 1 s
=1 / i = / i / e ds | dr.

0 0 0



Let 0<s<oo and s <71 < o0. Then

M7 o) [e.e]
S o / / 1+2ad7d8
0

S

o0 o0

M _ 11~ My e o
— S d — S ad
40‘204/6 ( TQOCL) ° 4“2&/6 ° i
0 0
M M
= —r2)=—-—"—.
4oy 4°2a(1 — 2v)

Using formula (2.24), we get

M
T < 7(0)
2a(1 — 2ar)
Let us estimate the expression Ts5. We have that

oo r1+m

B oo [ 1 1
T6 = |x1 — x4 /)\ / (2\/5—|-—)\ [ oVt
0

2

x e~ VOtAs—z2) (1 — e VOt z2ma) ) ds) dA

00 (1 - e—\/6+>\(a:2—zl) >
:x—g;|2°‘/xa !
b 2o+ A (1—eVorRem)
0
1+

X e VOtABs=22) qod\

€2

0 (1 _ e—\/(5+)\(x2—a31) )
_ _ —2x [e%
= |7 332‘ /)\ 5+ )\ (1 . r-&—)@ﬂ)
0

xr1+T

VIR | gy

€2

X

1
_ _ —2x —Q
= |z — 2] /A 2(5+\)

0

<1 o e—\/é—i—)\(wg—xl) > (1 _ e—\/6+)\(7r—a:2+$1) )

X (1= voron) dA

oo

—zal —Q 1 — Tro—T1
§|x1—x2|2/)\ m<1_6 TTA( )>d)\

0
roo1
< |z — :cgl‘Q“/A—O‘ﬁ (1 — ¢ VA=) ) d.
0

24

(2.24)

(2.25)



25

Using the following substitution v/A (2 — 1) = 7 we get

% i 1—e™" 2rdr
T6§M8|9€1—332|2/ N1t 3
0 2 <T_2> (22 —11)
(x2—x1)
o oo 1 T B
/ —1+2a dT = Mg/m /6 dsdr.
0 0 0
Let 0<s< oo and s <7 <oc0. Then

[e.e] 1 0o
0 S

My [ . M,
= —_— $ o == _F 2 . 22
50 /e s “%ds 50 (2c) (2.26)

0

Using formula (2.26), we get
(2.27)

Let us estimate the expression 77. Using

xro+T

_ / ‘e—\/5+)\(27r+x1—s) _e—\/5+)\(8—1’2) ds
xr1+m

and the substitution

T+ Xy — S
To — T1 b
we get
s—xo=m— (xa —11)Y
2r+x —s=7m— (22 —x1) (1 — y).
Then

0
Ay = / ~(zy — 1) (6455(#—@2%1)(1—@/)) _ o~ VIRA T (z2—21)y) ) dy
1

0 vy

= (x9 — $1)/ / d {67‘(”)‘(”7(”7“))2 } dy

1 1—y
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0 vy
= (xy —21)° VO + /\/ / e~ VOrAm—(@a=m1))z g,y
1 1—

1
< (w2 —21)* V3 A / oA | g,
0

Let us estimate the expression

e [ 1 1
Tr < o=l / (A WO LA 1 evorner
0

1
X (x9 — 1) 2 Vo —+ A / —eVoRAMT=(z2=21))z 7 | g\

- - )1 1
= (z1-a2)" (23 — a1) 5 1 _ o—Vataer
0

1 1
—Vo+NT—(z2—121))2
X e A
|:\/(5+ (£C2—£IZ'1) ( >}0

— (01— x2) 2 [ Ao 1
= (01— 2) QW 1 — e~ VatRe
0

—Vo+AT _6—\/5+)\(7r—(x2—xl)) d\

o

o0

1 1
=M AT
10/ 2V/6+ N 1 — e Vorxer

0

VTN —(z2—11)) (1 _ o~V A(@2 1) > d\

|-e
r 1
<M )\704— (67\/6+)\(7r722+x1)> d\
= 100/ 20 + A
< Mg [ Ao (VA ) gy,
\/_

Using the following substitutions VX = 7 and (7 — x5 + 1) = a, we get

0o 1 0o

T: < Mo /T‘Qae_m dr = Mo /T_2a6_Ta dr + /T_2°‘e_m dr
0 0 1
1 00
—2« —Ta 1 1 —a
= 2Mo T+ [ e | = My | 1 + e ) (2.28)
o a

0 1
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Using formula (2.28), we get

T, < Mia (9)

< Sall —2a) (2.29)

Let us estimate the expression Tgz. For x5 + 7 < s < 27, using

_6—\/6+)\(27r+3:2—s) < 2" 0+A(2m+x1—5)

)

< VO N 2e7VIRACTEN) () )

‘6—\/6+A(27r+3:1—s)

6—\/5+/\(27r+x1—5) . e—\/5+/\(27r+x2—5)

we can write

00 21

T < —2« )\—a 1 1
8§ < | x1 — a9 IO LN 1 — e Vorer

0 To+m

X VB F A2 emVIRNEmtn=s) (1, g ) ds> )

(IQ—QTl 2a+1/)\ o / WQ <e—\/6+>\(27r+:c1—s)>dsd)\
e ™

To+T
= M, / /\‘O‘l ! ! e—vwﬂml—s)rﬂ dA
J 1 — 67\/5+)\27r VO + A -
r 1 1 - o
_ -« —Vo+dr1 Vo AN(m—z2+w1)
_M12/>\ 1—6_\/m2”\/(5—|——)\<6 1 e 2 1>d)\
0
() 1 e—\/5+>\l’1 (1 _ e—\/(5+>\(7r—a:2) )
:Mlg/)\ T [ o viren d\
0
i 1 — T —V Az
< My, Aam 5“1d)\<2M12/ \F e VAT g,
0
Using the following substitutions VA =7 and z; = a, we get
00 1 00
Ty < M /T‘Qae_m dr = M3 /7'_20‘6_7“ dr + /7'_20‘6_7‘1 dr
0 0 1
1 %)
—2a —Ta 1 1 —a
= M3 T+ | e dr | = M3 + —e : (2.30)
1-2a a
0 1

Using formula (2.30), we get

M;3(0)

8 = m. (2.31)
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Applying the triangle inequality and estimates (2.15),(2.17),(2.19),(2.21),(2.23),(2.25),

(2.27),(2.29),(2.31), we get
r< MO
= 2a(1 - 2a)

So (2.15) is proved. Thus, for any z1,zs € [0, 27] we have that

M{(9)

—2«
|21 — @2 o (z1) — ¢ (22)] < m ||90\|Ea(c[o,z7r],A) :

This means that the following inequality holds:

M (9)
HSOHCM[O.%] < m ||<P|’Ea(0[o,27r],A).

So, Theorem 2.2. is proved

Since the A® is positive operator in the fractional spaces FE,(C|0,27], A*), from

the result of Theorem 2.2 it follows also it is positive operator in the Holder space

C**[0,27] . Namely,

Theorem 2.3. The operator (A% + A) has a bounded in C?*0,27] inverse for
any A > 0 and the following estimate holds:

Ve M(9) M
c2e00,2n]-C20[0.27] — 20(1 — 2) § + A

| (A* +



CHAPTER 3

THE POSITIVITY OF THE DIFFERENTIAL
OPERATOR WITH VARIABLE COEFFICIENTS

We consider the differential operator A* defined by the formula
Au = —a(2)uge () + du(x), 6 >0 (3.1)
with domain

D(A*) = Au(z) : u(z), (x),u"(z) € C[0,27], (3.2)

2m
u(z) = u(z + 2m), / u(z)dzr =0} .
0
Here a(xz) > a > 0 is continuously differentiable function defined on [0, 27].We
will study the resolvent of the operator A”, i.e.
A%u(z) + Mu(z) = o(x), 0<z<27m (3.3)

—a(x)u"(z) + (0 + N u(x) = p(x), 0<z <2,

. (3.4)
u(0) = u(27), [u(x)de=0.
0
We will rewrite it in the following form
—u"(x) + k(x)u(z) = f(z), 0<z<2m,
(3.5)

u(0) = u(2m), ?u(x)dx =0,

where k(x) = (gz;’\)) and f(z) = ‘Z((;C)) . The Green’s function of A” is constructed. The
estimates for the Green’s function will be obtained. The positivity of the operator

A" in the Banach space C [0, 2] is established. It is proved that for any o € (0, 1)

29
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the norms in space F,(C'[0,2n],A) and C**[0,27] are equivalent. The positivity

of A® in the Holder spaces of C**[0,2n], a € (0, +) is proved. The structure of

fractional spaces generated by this operator will be investigated.

2

Lemma 3.1. Assume that f € [0,27], f(0) = f(27) and [ f(z)dz = 0. For
0

any A > 0 problem (3.5) is uniquely solvable and the following formula holds:

2

u(x) = (A" + \) " p(z) = /G(m,z; ) f(z)dz. (3.6)

0

Here

I3

Gz, z;\) =

N(z) {Zfoff( (z,5) K (2, 5) dsd:cbeQ (2,8)ds
(z,s) K (z,s)dsdz

(z,5) K (2, 5) dsdm}

K (z,8) K (z,8)ds, =< z<2m,

where .

x 27
— [b(\)dr
K(z,s)=¢e I , Q= /K2(27T,s)ds ,
0

L(z) = /K2 (2w, s)dsK (z,0) + /K(I,S) K (2w, s)ds,
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Here b(x) is a solution of the equation
b (x) — V' (z) = a(x) (3.8)
and the following estimate holds:
b(x) > by >0, 0 <z <2m. (3.9)

Proof. Using relation (3.8), we can obviously write the boundary-value problem

(3.5) in equivalent form as a system of first-order linear differential equations

' (z) + b(z)u(z) = v(z), u(0) =@, u2r) =1

—v'(x) + b(x)v(x) = f(x).
Applying the Cauchy formula, we get

( T
— [b(\)dA T _ [h(\)dA
u(z) =e { o+ Je ! v(s)ds,

2w z

- 2T _
v(x)=e sz(/\)d)\v (2m)+ [e ﬂ{b(A)d)\f(z)dz.

Using the definition of the function K (z,s) ,we get

( u(z) = K (z,0) ¢ + szK (x,s)v(s)ds,

2

v(x) = K (2m,z)v(2m)+ [ K (2,2) f(2)dz.

From these formulas and the condition u(27) = 1) it follows that

2

u(2r) = K (2m,0) ¢ + /K2 (27, s) dsv(2m)

0
27 27

+/K(27r, s) | K(z,s) f(z)dzds.
0 s

27
2T _9 [ p(\)dA
Since [ e ! ds # 0, then
0

-1

v(2m) = /K2 (2, s) ds [ — K (2m,0) ¢

2

- / K (27,8) K (z,8)ds | f(2)dz
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So, we have that

v(x) = K (2w, x) (/ K? (27, s) ds) [u(2m) — K (2m,0) ¢

- 7(7}((%,3)[((;: s ds) 2)dz +/K 2, x)

S

u(z) = K (2,0) ¢ + /K(aj,s) |:K (27, s) (/ K?(2m,7) dT)
X [u(Zﬁ) —T(27m,0) ¢ —/ (/K(??T,T) K (z,7) dT) f(z)dz]

+ /K(z, s)f(z)dz} ds.

S

and

By an interchange of the order of integration, we obtain

-1

= (/ K? (27, s) ds) [{/K2 (27, s)ds K (z,0)u(0) (3.10)

+ /K(az,s) K (27, s)ds u(27r)}

0

ke %Sds/{/mm} ]
+/{/K(:c,s)K(z,s) ds}f(z)dz
+7{]K(m,s)l{(z,s) ds} F(2)d.

2w

From this formula and [ u(z)dz = 0, u(0) = u(2) it follows that
0

7u(:c)d:c = (7}(2 (27, s) ) / H/K2 (27, s)ds K (z,0)

T



- [ [ [rmson
+//{/sz Zsﬁ} s

0

+//{/Kx5 st% i~

0 0

(7}(2 (27, s) ds) ) 7{7}(2 (27, 8)ds K (z,0)

0 0 T

+ / K (2, ) K (27, ) ds} w(2r)

Then

+ /K (z,s) K (2m,s)ds } dx u(2m)

(Jrwmon) [ fries
x/{/K } isde

{ K zsds} z)dzdz

- /{/K K(z,s)d}f()ddx 0,
(7}(2 (27, s) ds) h 7{7}(2 (27, 8)ds T (x,0)

+ /K (x,s) K (27, s) ds} dx u(2m)

- (7}(2 (27, 5) ds) i 7]K(x, s) K (2m

X

O\l\)

where
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></ K (z,8)dsf(z)dzdx

/ {/sz zsds} z)dzdx
0
{/sz zsds} z)dzdx.
0

21(/;( (2r, 5)d )(7 {/K 2m>dsz(<x10)
- [rwnn %sﬁ}m) (/WQWS)

//K d//K (5,5) ds (2o
!{//sz Zsﬁ} s
//{/K o st

By using (3.10), we get
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//{/K“ d} dzdx}
- K(x,s)K(27r,s)d52//ZK (2,5) dsf(z ]
—i—//sz (z,s)dsf(z dZ+7jK(:L‘,S)K(Z,S)de(Z)dZ

S —,

Let
27 -1
Q= K?* (27, s) ds)
/
and ,
L(z) = /K2 (27, s) dsK (x,0) + /K(x,s)K(Qw,s) ds
T 0
Then

Let

and
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Then

K (z,s) K (z,5) dsdx} f(z)dz

K (z,s) K (z,5s) dsdx} f(z)dz]

Se—
Z/O

S—_

K (z,s) K (2m,s) dsdx/K2 (z,5)ds

I/O
I3

:/G@@Mﬂ&%

o
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where
( {foK K (27, s) dsdfo2 (2,8)ds
00
2fﬁonK( s) K (z,s) dsd:r;—ofbf zs)dsd:c}
C;fK( s) K (2, s dsfzK2(z7s
0 0
G(z,2;)) = —i—be(x,s)K(z,s)ds, Oszso,
o @
{of‘o[K 27rsdsd$fK2zs)ds
27erK (z, s)dsdx—ffK(a:,s K(z,s)dsdx}
0 00

+ [ K (z,s) K (z,8)ds, x<z<2m,

O%&N%

\

So, Lemma 3.1 is proved.

Applying the triangle inequality, formula (3.7) and estimate (3.9), we get

6—\/6+)\(27r—x+z) ,0<z<z-—m,
M e VOHAE=2) 4 g <z <u,

VETA| eV s <<,
e~ VotA(2rta—2) , mta <z <2

G(z,2;A)] < (3.11)

Note that it is true for a(x) = constant. In the same manner for the constant coef-
ficients we can study structure of F, and positivity of A” in C?* [0, 27] under the
condition (3.11). Actually,

Theorem 3.1. The operator (A + A*) has a bounded in C'[0,27] inverse for any
A > 0 and the following estimate holds:

1

” (Agc + )‘>71 Hc[o,QWHC[O,2w] S O+ N\

(3.12)
Clearly, the operator commutes A* and its resolvent (A* + A)~'. By the definition

of the norm in the fractional space E, = E,(C'[0,27], A”), we get

[(A*+ X))~ < |[(A" +A)”

: HEa—>Ea ' HC[O,QTI’]—}C[O,QT(] ’

Thus, from Theorem 2.1 it follows that A* is a positive operator in the fractional

spaces F,(C[0,2x], A%). Moreover, we have the following result.

Theorem 3.2. For a € (0,4 ), the norms of the spaces E,(C'[0,27], A*) and

o

the Holder space C?*[0,27] are equivalent.
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Proof. For any A > 0 using formula (3.6), we get

;ia)\go(m) 4o \ett / G (x,80) (p(x) — @(s))ds

0

ANYAT (AT + N p(z) =

Applying this formula and formula (3.7), we obtain

M(9)
||‘P||Ea(0[o,27r]7 Any < Ta [1+T(2a +1)] ||90||02a[0,27r} :

It is well-known that for any positive operator A* in the Banach space, we can write

formula
o

o (z) = / A7+ A7) () dA.
0
From this relation and formula (3.6), it follows that
o (z) = /(A“”” +A)TTAT(AT + N) T () dA
0
27

/G z, 5 \) A%(A" 4+ \) "L (s) dsd.

Consequently,
21

o (z1) — @ (22) = // (71,8 0) — G (22,5, 0) A% (A" + X)L o(s)dsdA

00 27
= /)\O‘/(G (71,8 0) — G (22,5, N) XA (A" + X)L o(s)dsdA.
0 0

Using these formulas, (3.6) and the definition of norm os space E,(C|0,27], A*),we

get
M (9)
H‘P”cm[o.%} < 2a(1 — 2_a) H‘PHEQ(C[O,zn],Aw).

So, Theorem 3.2. is proved.

From positivity of A” in positive operator in E, and Theorem 3.2 it follows the

positivity of A* on C** [0, 27].

Theorem 3.3. The operator (A 4+ )\) has a bounded in C?* [0, 27] inverse for
any A > 0 and the following estimate holds:
| o M) My

A” o o .
H( + c2ef0,27] — C2[0.27] — 2a(1 — 2a) 0 + A




CHAPTER 4

CONCLUSION

This thesis is devoted to study the positivity of second order differential opera-

tors with periodic boundary conditions. The following original results are obtained:

e The Green’s function of the second order differential operator with periodic

boundary conditions is constructed.

e The fractional spaces generated by the second order differential operator with

two nonlocal boundary conditions are constructed.

e The positivity of the second order differential operator with periodic boundary

conditions in Holder spaces is obtained.

e The equivalence of the norm of these fractional spaces and Holder spaces is

established.

e The method of frozen coefficients enables to prove the positivity of the second
order differential operator with periodic boundary conditions in the Banach

space is established.
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