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ABSTRACT

TRACKING OF SUBSEQUENTLY FIRED PROJECTILES

Polat, Mehmet

M. S., Department of Electrical and Electronics Engineering

Supervisor: Prof. Dr. Miibeccel Demirekler

JULY 2012, 76 pages

In conventional tracking algorithms the targets are usually considered as point source
objects. However, in realistic scenarios the point source assumption is often not suitable and
estimating the states of an object extension characterized by a collectively moving ballistic
object group (cluster) becomes a very critical and relevant problem which has applications
in the defense area. Recently, a Bayesian approach to extended object tracking using
random matrices has been proposed. Within this approach, ellipsoidal object extensions are
modeled by random matrices and treated as additional state variables to be estimated. In this
work we propose to use a slightly modified version of this new approach that
simultaneously estimates the ellipsoidal shape and the kinematics of a group of ballistic
targets. Target group that is tracked consists of subsequent projectiles. We use JPDAF
framework together with the new approach to emphasize the pros and cons of both
approaches. The methods are demonstrated and evaluated in detail by making various

simulations.

Keywords: Subsequent Projectiles, Random Matrices, Extended Objects, Group Target
Tracking, Ballistic Target Tracking, Cluster Tracking, Multi-Target Tracking, JPDAF,

Filtering, Estimation.
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Geleneksel takip algoritmalarinda ilgilenilen hedeflerin nokta kaynakli objeler oldugu
varsayilir. Ancak gercek uygulamalarda bu varsayim uygun olmamakta ve genisletilmis
obje seklindeki kiimelenmis balistik hedeflerin takip edilmesi savunma sektoriinde gittikce
onemli hale gelmektedir. Son zamanlarda rastgele matrisler kullanilarak genisletilmis
hedeflerin takip edilmesiyle ilgili bir yaklasim 6nerilmistir. Bu yaklasimda, genisletilmis
objelerin sekli elips olarak kabul edilmekte ve bu sekil kinematik degiskenler ile birlikte
tahmin edilmesi gereken ek bir degisken olarak tamimlanmaktadir. Tezde, s6zii edilen
yontem pes pese atilan bir grup merminin takibine uyarlanmistir. Uygulamamizda daha
giirbiiz hale getirilen bu yeni yaklagimin, genisletilmis obje seklindeki kiimelenmis balistik
hedeflerin takibi konusundaki performansi JPDA yontemi ile karsilastirilarak incelenmistir.
Her iki yaklasimin da avantaj ve dezavantajlari tanimlanmis; degisik simulasyonlarla

metotlar detaylandirilmistir.

Anahtar Kelimeler: Pes Pese Atilan Mermiler, Rastgele Matrisler, Genisletilmis Hedefler,
Grup Hedef Takibi, Balistik Hedef Takibi, Kiime Takibi, Coklu Hedef Takibi, JPDAF,

Siizme, Tahmin Etme.
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CHAPTER 1

INTRODUCTION

Tracking ballistic objects is an important problem which has applications in defense area.
Accordingly, the objective of this thesis is to estimate the states of a group of subsequently
fired projectiles using radar measurements. To do this we present two methods. One of them
is the Joint Probabilistic Data Association Filter (JPDAF) [23] and the other is a novel
Bayesian approach developed for cluster tracking using random matrices [1]. Within this
approach, ellipsoidal object extensions are modeled by random matrices and these matrices
are treated as additional state variables to be tracked. Finally we evaluate and compare the

tracking performances of these two methods.

In this chapter, first, the motion and measurement equations that are used in ballistic target
tracking is given. Then, the motion model used to simulate the trajectories of the projectiles

in the thesis is explained briefly. Finally, the outline of the thesis is presented.
1.1 Motion Equations

The nonlinear equations of motion for a ballistic projectile in the (x, y, z) coordinate system

(where x and y are the horizontal coordinates and z the vertical), is

x 0

y[—4g(0 (1.1)
Z 1

e g =9.832 m/s? (acceleration due to gravity)

X
y| = Pa
5

where

e = drag coefficient of the projectile (in m?/kg)
e P=—p(2)V/2(in kg/m?s)



o V=24 )2+ (2)? (speed in m/s)

e p(z) = 0.002378e30000-03045 (air density in kg/m? at altitude z in m)
and, x,y and Zare the velocity components with %,y and Z being their corresponding
acceleration components of the projectile in the three coordinates. In Equation (1.1) it is
assumed that the forces acting on the object are gravity and drag furthermore the equations
are obtained for a flat Earth [20]. Drag coefficient a, is assumed to be constant in the

velocity range of the projectiles.

The set of equations given above is only a reasonable approximation to a much detailed
model given in [18] however the model is sufficient for our purpose of observing the
performance of different tracking algorithms. Flat Earth assumption is realistic for our

problem since the ranges of the projectiles are small compared to the Earth radius.

The above differential equations are solved using Euler’s method to iterate states in time.
Time step of integration is taken as 0.01 sec. The MATLAB codes for the solution of the

nonlinear ballistic equations are taken from [15].
1.2 Measurement Equations

To obtain the measurement equations it is assumed that stationary radar is located on the
ground at the origin of the coordinate system. It measures the range (in meters), azimuth and
elevation (both in radians) of the target located at (x,y, z), with respect to its position at
periodic time instants. The range 7, the azimuth 8 and the elevation € of the target, with
respect to the position of the radar (0, 0, 0), are measured at time intervals of length T,

where

=21y i 2 (1)

6 = tan~1 (%) (1.3)

z
€=tan! | ———=—xo (1.4)
Jx? +y? 4+ z?



These spherical measurements have to be converted to Cartesian (via a nonlinear
transformation) because the motion equations of the target are naturally expressed in

Cartesian coordinates [20].

The observations in spherical coordinates are
T =71+ W, O =0 +wy Em = €+ W, (1.5)

where 7, 6 and € are the true range, azimuth and elevation of the target; w,,wg and w, are
independent white, additive Gaussian noise sequences such that w,~N(0,0,2),
wg~N(0,04%) and w.~N(0,0.%) with 0, ,09 and o, denoting the corresponding range,

azimuth and elevation measurement error standard deviations.

The standard conversion from spherical to Cartesian coordinates is given by the Equations

(1.6), (1.7) and (1.8) written below:

X = Ty COS €, COS Oy (1.6)
Vm = Tin COS €, SIN O, (1.7
Zm = Ty Singy, (1.8)

Note that the notion of ‘unbiased converted measurement’ is not used in our

implementation.

1.3 Motion Model Used In the Thesis

The model given in the previous section, although not very accurate, is complicated for our
application due to its nonlinear character. In this study we propose to use a linear model

since we assume that the sampling rate is high.

We define x (k) as the state of the projectile at time k as

x(k) =[xk % Xk Yo Y Yk Zx Zx Zkl. (1.9)



The state vector equations of a projectile are

A 0 O
x(k+1)=|[0 A O]x(k)+[0 0 00 0 0 O0 0 —g| (1.10)
0 0 A
1 T T?/2
whereA=10 1 T (1.11)
0 Pa 0

The velocity components of the state vector are evaluated according to the Equations (1.12),

(1.13) and (1.14) given below

X =V, cos €y, cos b, (1.12)
Vi = V; cos €y, sin 6,y (1.13)
Zy = Visineg, (1.14)

Initially, the state vector is represented as x(0)=[0 %, 0 0 y, 0 0 2z, O]
where V; = 500, €, ="/, ,0, =T/, and T = 0.01.

1.4 Outline of the Thesis

The outline of the thesis is as follows.

In Chapter 2, the JPDAF algorithm is explained and is illustrated by two different scenarios.
In Chapter 3, the theory behind the Bayesian approach to extended object and cluster
tracking using random matrices has been explained.

In Chapter 4, this new Bayesian approach is illustrated by a simulation example and the two
approaches are compared briefly. Also all simulation results of the filters are presented and
their performances are discussed in the same chapter.

In Chapter 5, the thesis is summarized and conclusions about the results of the simulations

are presented.



CHAPTER 2

JOINT PROBABILISTIC DATA ASSOCIATION

FILTER (JPDAF)

2.1 Introduction

Numerous methods and algorithms have been devoted to the problem of tracking multiple
maneuvering targets in heavy clutter which is one of the most complicated cases in target
tracking. One of these methods is the Multiple Hypothesis Tracking (MHT) method which
seems to be the theoretically most powerful approach. But this method requires much
computational power that restricts its implementation. Another less complicated approach is
the JPDA (Joint Probabilistic Data Association). When tracking multiple closely spaced
targets, the JPDA algorithm can be implemented successfully even in the presence of heavy
clutter. The most important advantage of JPDA algorithm is it’s relatively less
computational power requirement when compared with MHT. Our problem is to track a
group of subsequently fired projectiles. Therefore we assume that we know the number of
targets and this number does not change during the tracking process. So the limitations of

the JPDAF seem to be satisfied for our case.

In this chapter we first briefly explain the JPDAF algorithm and then illustrate its

performance by simulation examples.

Motivation and Problem Formulation:

A situation of two targets in the same neighborhood as well as clutter (or false alarms) is

illustrated in Figure 2.1. for a given time.



—

Target-1

Figure 2.1. Two targets in the same neighbourhood

In this figure the following measurement-target associations are possible:

o is from Target-1 or clutter

o is either from Target-1 or Target-2 or clutter
o is either from Target-2 or clutter

o is either from Target-2 or clutter

The association of measurements in a multitarget environment has to be done by
considering simultaneously all targets. The basic rule is that a target may generate at most

one measurement and a measurement may belong to only one target.

2.2 The Joint Probabilistic Data Association Filter- JPDAF

2.2.1 Overview

Joint Probabilistic Data Association Filter (JPDAF) method is a popular Bayesian approach
for multi target tracking problem. JPDAF is an extension of the Probabilistic Data
Association Filter (PDAF) to multi target case. The basic assumption of this method is that
the number of the target whose tracks have been established is known. It evaluates the
measurement to target association probabilities and then combines them into the state
estimates. Similar to Probabilistic Data Association (PDA), The JPDA approach assumes a
sufficient statistic for the past observations (as a Gaussian pdf), in other words, it does not
consider the past measurements anymore. Since the exact sufficient statistics is really a
mixture of Gaussians replacing it by a single Gaussian is an approximation. The

assumptions of the JPDAF are given below:

e There are a known number of targets in clutter.



e A target can give rise to at most one measurement.

e A measurement could have originated from at most one target.

e Measurements from one target may fall in the validation region of a neighboring
target- this can happen over several sampling times.

e The past is summarized by an approximate sufficient statistic- state estimates
(approximate conditional means) and covariance matrices for each target.

e The states are assumed Gaussian distributed with the above mentioned means and
covariance matrices.

e The models for the various targets do not have to be the same.

e The targets are resolved- there are no unresolved (merged) measurements.

In the remaining part of this section we will give a brief explanation of the filter. The

explanation of the algorithm is based on [23].
2.2.2 The Feasible Joint Events

Feasible joint events are defined by a matrix called the ‘event matrix’. Event matrices are

defined by the ‘validation matrix’. Below we define both of these concepts.

The Validation Matrix

The validation matrix is a binary matrix where each row corresponds to a measurement
while each column corresponds to a target or clutter so the size of the matrix is number of
measurements X (number of targets +1).

Define the validation matrix

Q=[w;] j=1l.m t=01.N (2.1)

with binary elements that indicate if the measurement j lies in the validation gate of the
target t. The index t = 0 is used for “none of the targets” and the corresponding column of
Q has all ones since each measurement could have been originated from the clutter or false

alarm [23].

An example of a validation matrix for two targets is given below.



j=1..4, t=0..2 (2.2)

Il
[N
[

OO R

This corresponds to the situation depicted in Figure 2.1. The two targets in this example are
“coupled” by measurement j = 2 because it lies in the intersection of the two validation

regions.

The Event Matrix
A joint association event 6 is represented by the event matrix

6 = [@;] (2.3)
consisting of the ones in Q corresponding to the associations in 6,

(1 ift, €0
Wi = 2.4
It {0 otherwise 24)

where 0;; is the event that measurement j originated from targett (j = 1..m, t = 0,1...N).

A feasible association event is the one where

(1) a measurement can have only one source, i.e.,
N
z&)‘jt =1 Vj (2.5)
t=0
(i) at most one measurement can originate from a target
m
5,(0) 2 Eajt <1 t=1..N (2.6)
j=1

Generation of the Feasible Joint Association Events

The generation of the event matrices € can be done by scanning Q and picking one unit per
row, and one unit per column except for t = 0 since the number of units (which is the

number of false measurements) is not restricted [23].

The binary variable 6;(6) defined in (2.6) is called the farget detection indicator since it
indicates whether it has been detected or not.

Another binary variable which is called measurement association indicator is defined as

N
7,(6) 2 Z oy, 2.7)
t=1



to indicate if the measurement j is associated with any target in the event 6. By the help of
this definition, the number of false (unassociated) measurements in the event 6 can be

defined as

m
0(60) = Y [1-7(0)] 2.8)
j=1
The next step will be the calculation of the prior and the posterior probabilities of joint

association events.

The following simple example clarifies the definitions given up to this point,

1 1 1
Q=11 0 1|j=123 t=0,12 2.9)
1 0 1
From this validation matrix, one will obtain seven different event matrices:
1 0 0 1 0 0 1 0 0 01 0
;=11 0 0 =11 0 O ;=0 0 1 6,=11 0 0
1 0 O 0 0 1 1 0 0 1 0 0
8(01) =[0 0] 5(0;,)=[0 1] 6(6;)=[0 1] 6(6,)=[1 0]
0 0 1 01 0 01 0
;=1 0 O 6,=10 0 1 6-=11 0 O (2.10)
1 0 0 1 0 O 0 0 1
8(0s)=1[0 1] 5(06) =[1 1] 6(6;)=[1 1]

01 : No measurement is detected. All of them are false measurements (clutter).

0,: Third measurement is associated with Target-2. The other measurements are clutter.
053: Second measurement is associated with Target-2. The other measurements are clutter.
0, : First measurement is associated with Target-1. The other measurements are clutter.
05 : First measurement is associated with Target-2. The other measurements are clutter.

0 : First measurement is associated with Target-1, second measurement is associated with

Target-2 and third measurement is clutter.



0, : First measurement is associated with Target-1, third measurement is associated with

Target-2 and second measurement is clutter.
2.2.3 Evaluation of the Joint Probabilities

We define Z (k) as the set of all measurements at time k and Z* = (Z(1),Z(2), ..., Z(k)) as
the set of all measurements up to and time k. We also define m(k) as the number of
measurements in the union of the validation regions at time k. The joint association event

probabilities are, with Bayes’ formula,

P{O()|Z*} = P{O(K)|Z(K), m(k), Z*"}

“PIZG0180), k), 2 PO 2, m(k))

1
ZPIZ(})16(k), m(k), z 1 P{e (k) Im(k)}

(2.11)
where c 1s the normalization constant.

The Likelihood Function of a Joint Association Event

The likelihood function of the joint association event on the right hand side of (2.11) is
m(k)

plZ(k)|6(k), m(k),z*"1] = 1_[ p[zj(k)wjtj(k),zk-l] (2.12)
j=1

where t; is the index of the target to which measurement j is associated in the thj under

consideration.

The conditional pdf of a measurement given its origin is

_ felz(0)]  if hloU)] =1
. . k-1] — J
p 7,006y, (k), 21 {V‘l Fol000] =0 (2.13)
where
fe, [7:00)] = Niz;(); 2% (klk — 1), S5 (k)] (2.14)
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and 2% (k|k — 1) is the predicted measurement for target tj, with associated innovation
covariance SY (k).

Measurements not associated with a target are assumed uniformly distributed in the
surveillance region of volume V.

Using (2.13), the pdf (2.12) can be written as follows

m(k)

plz(0lo00,m(0, 251 = v=o | [, [500]™ (2.15)
j=1

In the above V™1 is raised to power @(8), the total number of false measurements in event
6(k) and the indicators 7;(6) select the single measurement densities according to their

associations in event 8 (k).

The Prior Probability of a Joint Association Event

P{6(k)|m(k)} is obtained next. The last term of Equation (2.11) can be defined as

P{6(k)|Im(k)} = P{6(k),5(6), (6)|Im(K)} (2.16)
The above Equation (2.16) can be rewritten as
P{o(k)Im(k)} = P{6(k)16(0), 8(8), m(k)}P{5(6), D(6)|m(k)} 2.17)

We replace the first term on the right hand side of the above with (2.18)

m@)N
P{0(k)|5(0),0(0), m(k)} = <T> (2.18)

and after some manipulations and assuming § and @ independent, we replace the last term in

(2.17) with (2.19)

P{5(6),8(8)|m(k)} =

H(Pnt)‘”(l — PDt)l“”] urp (9) (2.19)

t

where Pp is the detection probability of target t and py (@) is the probability mass function
of the clutter model. Combining (2.18) and (2.19) into (2.17) yields the prior probability of
a joint association event 0 (k) as

#F(@)@!
m(k)!

P{6(k)Im(k)} =

[ [eeotr2:c1- PDt)”t] (2:20)
t
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To give an example, suppose that at a specific time §(6;) =[1 1] and there exists 3
measurements. Given this information one can conclude that there exists 2 targets and one
measurement is associated with Target-1 and one measurement is associated with Target-2.
The left measurement is always a false alarm.

m(k) =3, 0 =1, #:

So 6 different joint association events 6 (k), may cause this §(6;) = [1 1].

[1 0 O] (1 0 O] [0 1 O]
6,=10 1 0[,0,=|0 0 1[,65=|1 0 0O
0 0 1l 0 1 Ol 0 0 1l
[0 0 1] [0 1 O] [0 0 1]
,=[1 0 o|],6s=[0 0o 1[,6=[0 1 0
0 1 Ol 1 0 Ol 1 0 Ol
Assuming each such event is a priori equally likely, one has
mON" 1
P{8(K)15(8), 8(0), m(k)} = ) =%

1
PO} = Zur ()P Py

The Posterior Probability of a Joint Association Event

Combining (2.15) and (2.20) into (2.11) yields the posterior probability of a joint

association event 6 (k) as

P{O(k)|Z*} = 10

cm(k)! ur @)V~ n{f ; 17 (0O]y" H(Put)‘sf(l — PpH)d 2.21)
J t

where @, §; and 7; are all functions of the event 8 (k) under consideration.

To define Equation (2.21) completely we have to define the probability mass function (pmf)
of the clutter model pg(®). We use Poisson pmf for this model,

(0]
pp(@) = e _()qu)/!) (2.22)
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which requires the spatial density 4 for the false measurements.

Using (2.22) in (2.21) leads to the cancellation of V~? and @!. Thus Equation (2.21)

becomes;

2004V
POU|Z") = %(k), [ [ 00 | Jeenty®ea - potyr-s (2.23)
J t

2.2.4 The State Estimation

The state estimation (filtering) algorithm can be carried out according to the assumption that
the states of the targets conditioned on the past observations are mutually independent. The
product term written on the right hand side of the (2.12) also follows from this assumption.
In this case we need the marginal association probabilities, which are obtained from the
joint probabilities by summing over all the joint events in which the marginal event of

interest occurs [23]. Using definition (2.4) this summation can be written as follows
B, = P{6;|z¥} i=0..m

Z P(0]2*}@;,(6)
0

(2.24)
- Z P{6]2*}
0:0,.€6

Updates:
Consider the stochastic system
Xpp1 = Axp + Gwy,
z = Cxx + Hyy

where x;, € R™, z;, € RP,w, € RY ,v;, € R" A,G,Cand H are time-invariant, known
matrices of appropriate dimension. The basic random variables {x,, wy, ..., Vg, ... } are all

independent and Gaussian, with x,~N (0, Py,), wyr~N(0,Q), v,~N(O,R).
The covariance matrices Py, @, R are all known.

According to these system equations and by the help of Equation (2.24) we apply Kalman

filter for all measurements. We define xj . as the conditional mean of x; given the available

13



information z* and define Py as the conditional covariance. So the conditional density

Prik~N (X, Pijic) can be obtained from the following recursion relations:

xli€|k = Xk|k-1 + ka]i( i=1..m (2.25)
Vi = Zj — Zigjk-1 (2.26)
Wi = Pri-1Ci Sic* (2.27)
Here S, is defined as:
Sk = CPyjx-1Ci + HyRH{ (2.29)

If there exists no measurement, i.e.,i = 0

Xklk = Xk|k-1 (2.29)

By the help of Equation (2.24), we obtain state vector update formulas as follows:

Xijke = Xjk—1 + Wik (2.30)
m

ve =) Bk (231)
i1

and we obtain covariance matrix update formulas as follows:

Petie = BftPrg—1 + (1= Bjt) Py + P (2.32)
Pk = Prjk—1 = WieSi Wy (2.33)
m
P, =W, [Z Blvivi — vkv,fl wr (2.34)
i=1
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SUMMARY:
The “pseudo code” for the algorithm explained in this Chapter is given in Table 2.1.

Table 2.1. Pseudo Code For the JPDAF algorithm

Step-1: Generate validation matrix that indicates all the possible sources of each

measurement

Step-2: Obtain all feasible joint association events (hypotheses) from the validation matrix

according to rules

— one source for each measurement

— one measurement (or none) from each target

Step-3: Obtain the prior probabilities of these joint events according to following

assumptions and formula

— False measurements are uniformly distributed in the surveillance region

— The number of false measurements is distributed according to Poisson rule

H(Pbt)at(l - PDt)l_Bt]
t

Step-4: Obtain the posterior probabilities of these joint events according to formula

ur(0)0!
m(k)!

P{6(k)Im(k)} =

P{o(k)|z*} =

c

/1(2) -V
T:(k)! n{ftj [Zj (k)]}rf H(PDt)5t(1 _ PDt)l‘at
j t

Step-5: Obtain the marginal association probabilities according to formula

Bi, = P{6|z¥} i=0..m
=) P(6]298;.(0)
0
= P{6|Z*}
0:6,€0

Step-6: Obtain the state estimates [ {x |k, Pyx } |=KF [{xk_1|k_1,Pk_1|k_1},zk]
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Table 2.2. Pseudo Code For the JPDAF algorithm (cont'd)

State Vector Update Formulas:

Xkl = Xje—1 T Wievg

m
_ i o0
Uk = Z.Bjtvk
i=1

Covariance Matrix Update Formulas:

Peie = BiPuji—1 + (1 = BR)Péy + Pr

Péiie = Prjre—1 — WieSiWy(

m
D — i ..0,,IiT T T
P =Wy [Z Bjtvivk — Vk”k] Wy
i=1

2.3 Simulations

The aim of this section is to analyze the performance and the behavior of the JPDA filter on
some examples. We have generated two different scenarios for this purpose. The first
scenario investigates whether our implementation works properly or not. To do this we
analyze the generated hypotheses with their probabilities and try to understand whether
there exists a correct matching of the received measurements at some specific time instant.
For the second scenario, the starting points of motions of the targets and their velocities are
chosen as specific values to ensure at least one crossing time instant. Later, we plot the error

graphs of the targets.

2.3.1 The First Scenario

In the first scenario there exist 4 targets in the surveillance region.

e The targets move according to constant velocity model.

16




e The starting points of motions of the targets are different and their velocities are
chosen randomly.

e Unless otherwise stated, target detection probability is 0.9 for all targets. This
means that at a specific time instant it is possible not to receive a measurement from
a specific target with a probability of 0.1.

e Targets may have different gate size. But for all time instants gate size of the target
is assumed to be stationary. The gate shapes are always ellipsoidal for all time
instants and for all targets.

e Target tracks may cross each other.

e There always exists a heavy clutter in the system. Clutter is uniformly distributed

over the surveillance region with a density determined from Poisson distribution.

The algorithm first generates the validation matrix at every time instant. From this
validation matrix, all feasible hypotheses are generated and their scores are computed and
summarized. Finally by using these scores and received measurements, algorithm tries to

make the best measurement update according to the formulas given in Section 2.2.4.

This algorithm gives satisfactory results for clusters containing up to 4 targets. When the
number of targets in a cluster exceeds this limit, however, the total number of feasible
hypotheses increases exponentially. So JPDAF requires prohibitive amounts of processor

time to compute all the joint probabilities.

2.3.1.1. Experiments

We have made three experiments to investigate the computational load of JPDA. For the
first experiment the gate sizes of the targets are chosen as their nominal values and clutter is
uniformly distributed over the surveillance region with a density determined from Poisson
distribution of parameter A = 100. These parameters describe a nominal system. Figure 2.2
depicts the true tracks, measured and filtered positions of all targets with the clutter in the

surveillance region.
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Figure 2.2. Plot of the Targets’ X and Y positions

The average position error values of the targets are given in Table 2.3.

Table 2.3. Average Position Error Values of the Targets

Index of Target | Measurement Error (m) | Prediction Error (m) Filtering Error (m)
Target-1 18.6 13.4 4.9
Target-2 22.5 15.8 5.3
Target-3 19.3 12.1 4.7
Target-4 17.0 117 4.2

In Experiment 2 the parameters of the scenario is same as the first experiment except the
clutter density which is increased from A4 = 100to A = 200. Since the clutter density is
doubled, the possibility of receiving more measurements at a specific time instant is also
increased. By use of these system parameters, Figure 2.3 depicts the true, the measured and

the filtered positions of all targets with the clutter in the surveillance region.
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Figure 2.3. Plot of the Targets’ X and Y positions in a heavy clutter

The average position error values of the targets are given in Table 2.4.

Table 2.4. Average Position Error Values of the Targets

Index of Target | Measurement Error (m) | Prediction Error (m) | Filtering Error (m)
Target-1 324 11.7 7.8
Target-2 28.5 10.2 34
Target-3 32.6 15.6 7.3
Target-4 30.2 11.3 6.8

In Experiment 3 the gate sizes are increased. The clutter density is the same as the first run.
But since the gate sizes of the targets are increased, the possibility of receiving more

measurements at a specific time instant is also increased.

The average position error values of the targets are given in Table 2.5.
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Table 2.5. Average Position Error Values of the Targets

Index of Target | Measurement Error (m) | Prediction Error (m) | Filtering Error (m)
Target-1 413 232 14.4
Target-2 43.4 24.7 15.7
Target-3 46.6 242 15.2
Target-4 47.1 25.6 15.9

The statistics related with the computational load of the algorithm for this scenario is given

in Table 2.6.

Table 2.6. The Statistics Related with the Computational Load of the Algorithm

Max. Number of | Standard Variation of
) Average Number of .
Index Of Experiment . Hypothesis the Number of
Hypothesis Generated )
Generated Hypothesis
Experiment 1 9.975 16 7.133
Experiment 2 12.05 16 6.662
Experiment 3 16.845 24 8.201

2.3.2 The Second Scenario

e The targets move according to constant velocity model.

e The starting points of motions of the targets and their velocities are chosen as

specific values to ensure at least one crossing time instant at k = 30.

xt:[x y Zz

x;=[0 30 0 1

X, =[0 —30
X3 = [0 0
x4 =[30 30

20

x y 27
-1 o]”
01 1 0]
01 0 o]
00 -1 0]

t=1..N




e Unless otherwise stated, target detection probability is again 0.9 for all targets. This
means that at a specific time instant it is possible not to receive a measurement from
a specific target with a probability of 0.1.

e Targets may have different gate size. But for all time instants gate size of the target
is assumed to be stationary. The gate shapes are always ellipsoidal for all time
instants and for all targets.

e There always exists a heavy clutter in the system. Clutter is uniformly distributed

over the surveillance region with a density determined from Poisson distribution.

2.3.1.2. Experiments

We have made four experiments in this section. In the first experiment, the gate sizes of the
targets are chosen as their nominal values and clutter is uniformly distributed over the
surveillance region with a density determined from Poisson distribution of parameter
A = 100. These parameters describe a nominal system. Figure 2.4 depicts true, measured
and filtered positions of all targets with the clutter in the surveillance region. Figure 2.5
depicts the indexes and probabilities of hypotheses generated at time k = 30. Figure 2.6,
2.7, 2.8 and 2.9 depict rms position errors evaluated after we did 100 Monte Carlo runs for

Target-1, Target-2, Target-3 and Taget-4 respectively.
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Figure 2.4. Plot of the Targets’ X and Y positions
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Figure 2.7. Plot of Measurement, Prediction and Filtering Position Errors of Target-2
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Result of Target-4

25 T T | \
ﬁ [
Measurement Error , ’ ‘
Prediction Error ‘
20 Filtering Error ‘ ‘ _
E
no: 15 B
"4
o
u
z
<]
E
8
Q 10r 4
%)
=
o
5r 4
0 1 Il Il 1 Il Il Il
0 5 10 15 20 25 30 35 40

Time

Figure 2.9. Plot of Measurement, Prediction and Filtering Position Errors of Target-4

In Experiment 2, the gate sizes are left unchanged but the clutter density is increased from
A =100to A = 200. Since the clutter density is doubled, the possibility of receiving more
measurements at a specific time instant is also increased. Figure 2.10 depicts the true, the

measured and the filtered positions of all targets with the clutter in the surveillance region.
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24



Table 2.7. Average Position Error Values of the Targets

Index of Target | Measurement Error (m) | Prediction Error (m) | Filtering Error (m)
Target-1 33.6 12.7 8.4
Target-2 27.8 11.4 7.8
Target-3 345 14.3 8.7
Target-4 31.2 12.3 6.9

Table 2.8. Position Error Values of the Targets at time instant k = 30

Index of Target | Measurement Error (m) | Prediction Error (m) | Filtering Error (m)
Target-1 25.8 {4 4.9
Target-2 16.2 10.4 5.2
Target-3 219 92 5.4
Target-4 273 10.1 6.7

The algorithm gives satisfactory results at time instant k = 30.

In Experiment 3, the gate sizes are increased. The clutter density is the same as the first run.
Since the gate sizes of the targets are increased, the possibility of receiving more
measurements at a specific time instant is also increased. This means that the average

position error values will be increased also.

Table 2.9. Average Position Error Values of the Targets

Index of Target | Measurement Error (m) | Prediction Error (m) | Filtering Error (m)
Target-1 42.3 25.4 18.4
Target-2 46.7 18.3 13.2
Target-3 39.8 23.9 16.9
Target-4 41.5 20.8 14.6
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Table 2.10. Position Error Values of the Targets at time instant k = 30

Index of Target | Measurement Error (m) | Prediction Error (m) | Filtering Error (m)
Target-1 343 12.1 8.5
Target-2 324 11.5 7.4
Target-3 21.6 10.9 9.0
Target-4 28.5 19.8 10.2

The algorithm gives satisfactory results at time instant k=30. The statistics related with the

computational load of the algorithm for this scenario is given in Table 2.11.

Table 2.11. The Statistics Related with the Computational Load of the Algorithm

The number of Average Max. Standard Variation
Index Of Hypothesis Number of Number Of of the Number of
Experiment Generated at time | Hypothesis Hypothesis Hypothesis
k=30 Generated Generated
Experiment 1 209 16.5 209 32.396
Experiment 2 176 17.7 176 27.153
Experiment 3 258 26.85 258 43.961

In Experiment 4, we choose the gate sizes and the clutter density values are the same as the

first run. But probability of target detection is decreased to 0.5 for all targets. Since the

probability of target detection is decreased, the position error values are increased.
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Table 2.12. Average Position Error Values of the Targets

Index of Target | Measurement Error (m) | Prediction Error (m) | Filtering Error (m)
Target-1 98.5 454 33.4
Target-2 96.4 43.7 25.2
Target-3 94.8 52.9 37.3
Target-4 93.2 42.4 32.6

Table 2.13. Position Error Values of the Targets at time instant k = 30

Index of Target | Measurement Error (m) | Prediction Error (m) | Filtering Error (m)
Target-1 64.3 22.1 15.7
Target-2 73.5 34.5 16.4
Target-3 62.4 30.3 13.2
Target-4 79.6 28.3 18.1

The algorithm gives satisfactory result at time instant k=30.

The two experiments show that JPDA filters the measurement errors for the targets moving
with a constant velocity at the order of 75-50% both at prediction and filtering for the 4
target scenarios given above. These results may be considered as satisfactory for some
applications. The main drawback of the algorithm is its computational complexity. The
number of hypothesis may increase to a very large number when a certain number of targets
are in some proximity of each other. Another important result of these experiments is that

decreasing the target detection probability causes significant increase in the error values.
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CHAPTER 33

A BAYESIAN APPROACH TO CLUSTER TRACKING

USING RANDOM MATRICES

3.1 Introduction

Our problem is to track the trajectories formed by a fixed number of projectiles. The
projectiles are fired with a specific time difference one after the other from the same
weapon. There is an obvious parallelism between this problem and ‘extended object-group
tracking’ problem. So we decided to apply a relatively new technique developed for cluster
tracking [1] using random matrices to our problem. According to this technique the object
extension, characterized by the projectiles, is considered as a part of the object state and is
estimated jointly with the kinematical properties involved. The basic rule for the object
extension is that it can be mathematically described by a symmetric and positive definite
(SPD) random matrix X}, to be estimated from the sensor measurements. A simulation using
the detailed nonlinear model of the ballistic motion of the group showed that they form an
ellipse that changes its shape in time. This motivated the idea of using the approach of [1] to

track the group of projectiles fired one after the other.

This approach, that is called ‘Koch’s approach’ from now on, covers the following object

properties:

e Object size: volume of the extension ellipsoid,
e Object shape: ratio of the corresponding semi-axes,

e Object orientation: direction of the semi-axes.

This chapter proposes a realization of the general concept given in [1] within a Bayesian

framework and in Chapter 4 we give the results of our problem.
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3.2 Elements of a Bayesian Solution: Koch’s approach

We assume that we have a set of measurements at each time instant ¢, that comes from the
elements of the group that we aim to track. Let Z; = {z,{}:l:l denote the measurement set
that contains n; elements at time t;, and each individual measurement is described by the
vector z,{. The aim of the tracking algorithm is to find an iterative updating scheme for
conditional probability densities p(xy, X |Z%) at each time t;, given the accumulated sensor
data Zk = {Z ?"}; . X;. , current object extension, in this representation denotes a positive

definite random matrix that determines the ‘shape’ of the target cluster.

The joint density

(i, Xl Z¥) = p (el Xy, Z4)p (X, 12) 3.1

can be written as a product of two densities. The first term on the right hand side of (3.1) is a
vector-variate probability density p(xx|Xy,Z*) and it describes the kinematical object
properties. The second term on the right hand side of (3.1) is a matrix-variate density
p(Xx|Z"¥) and it describes the object extension property. Furthermore, it is simple to realize
that the density p(xx|X, Z*¥) should show an explicit dependency on the current object

extension X,.

The iterative calculation of the joint density p(xy|Xx,Z%), basically consists of two steps:
Prediction and Filtering. After applying these steps, a retrodiction step can also be applied to

improve the performance of the filter.
3.2.1. Prediction Step

The iterative calculation of the joint probability density p(xj|Xy,Z*) is preceded by a

prediction step,

luti del
p(xk—1, Xpe—1|Z2%7?) wfp(xklkak—l) (3-2)

based on the underlying evolution models. The prediction density p(xy, Xx|Z¥™1) can be

calculated by integration [1]:
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p (X, Xpe | ZK71) (3.3)
= f P (Xes Xie 1 Xpe—1, K- 1, Z5 )P (-1, Xpe—1 1257 1) dixy_1d X4

We try to simply the Equation (3.3). To do this we interpret the transition density which is
the first term on the right hand side of the Equation (3.3) as

P (i, Xie|Xre—1, Xie—1, Z571) (3.4)
= p (x| X Xi—1, X—1, ZF " D0 K| Xk—1, Xie—1, Z571)

By using the basic Markov-type assumptions for its kinematical part we write:
P (x| Xper Xpe—1, Xie—1, Z57) = DOty X, Xpe—1) (3.5)

and assuming that the object’s kinematical properties have no impact on the temporal
evolution of the object extension and the previous measurements if X;_; is given, we can

write
P(Xi|ie—1, Xiem1,2°71) = p(Xicl Xie-1) (3.6)
Using (3.5) and (3.6) we can rewrite the Equation (3.4) as
P (X Xie| -1, Xie—1, Z¥71) = p (e X Xpe— 1) (X | Xie—1) (3.7

Equation (3.7) clearly indicates that p(xj|Xy,xr_1) is affected by the current object

extension X}, as well.

We interpret the second term on the right hand side of the Equation (3.3) as
P (k-1 Xi=1|Z571) = p(Xpem1 [ Xiem1, 270 (Xie—a | 277 (3-8)
and together with the Equation (3.7), we obtain the following prediction formula:

p(xpe, Xi|Z¥71) =

(3.9)
J el Xie, %1— )0 K | X o) (X1 | Xie—1, 25710 (Xie—1|Z%71) dixpe—qdXpe—y
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To simplify the filter derivations an additional assumption is done at this point as follows.
We assume that p(xg_1|Xe-1,Z%"1)>p(xx-1|Xk, Z¥71) or, in other words, we replace

Xj._1 by Xj.. By this approximation, the predicted density
P(X Xic|Z¥71) = p(aie| X, 2" Dp (X |1 Z571) (3.10)

is given by two factors to be obtained by independent integrations [1]:

p(xk|Xk,Zk_1) = fp(xk|Xk,xk_l)p(xk_lle,Zk_l) dxk_l (311)

p(Xe|241) = f DX X )P (Ko |2571) dXpes (3.12)

3.2.2. Filtering Step

The prediction is followed by a filtering step as follows:

_. Sensor model 3.13

P (xio Xl 2471) == p (i Kl 24) 19
The current data together with the underlying sensor model forms the sensor specific
likelihood function p(Zy, ny|xx, X ). This function is combined with the predicted density
and by the help of Bayes’ formula we obtain the Equation (3.14).

p(Zy, nklxk'Xk)p(xk:Xk |Zk_1)
Zies e Xpe, Xi )0 (e, Xpe | 22~V dxy A X,

p(xx, Xy |2¥) = o (3.14)

3.3 Retrodiction Step

This step is a Dbackward-directed iterative calculation of the probability
densities p{x; , X;|1Z% } from p{x;41,X,+11Z% } wherel < k. The detailed formulas will be

given later in this chapter.
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3.4 Extended Object Tracking

The kinematical state variable x; at time t is given by x, = (rf,7{,#1)T . Here 1y is the

spatial state component and 1,7 denote the corresponding velocity and acceleration

components. Let the dimension d of the vector 13, be also the dimension of the dxd SPD

matrix X describing the current ellipsoidal object extension. The dimension of the

kinematical state vector x, is thus s x d , where s — 1 describes up to which derivative the

object kinematics is modeled [1]. Here we have s = 3 and the dimension of the vector 7y, is

d=3.

3.4.1. Object Dynamics Model

The temporal evolution of an extended or collective object is modeled as a linear stochastic

system:
X = Epjg-1Xk-1 + vk, p(0) = N(0g; 0, Gjie—1)
Using the Kronecker product' the evolution matrix Ejx_, can be written as
Exjie-1 = Fr-1¥1q

where the s x s matrix Fj,_1 18 given by

1 2
1 6=ty E(tk — tg-1)
Frpe-1=1 g 1 te — th_1
0 0 e~ (tk—tk-1)/0

For the dynamics noise covariance Gy ;1 we define the following structure:

Grik—1 = Dijre-1® X

: : Kronecker product is defined in the Appendix A.
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(3.15)

(3.16)

(3.17)

(3.18)



where the s x s matrix Dy ,_1 is given by Equation (3.19)

0 0 O (3.19)
Dyj—1 = w1 — e_z(tk_tk—l)/e) 0 0 0
0 0 1

with the scalar acceleration rms value ¢ and the maneuver correlation time constant 6.

The model described here and used in the simulations is called the ‘Singer model’ in the

tracking literature.
3.4.2. Prediction

Kinematical Part:

Let us remember the prediction formulae derived in Section 3.2.1

p(xp|Xe, Z¥71) = fp(xlek'xk—l)p(xk—lle'Zk_l) dxy_q (3.20)

The second term written in the right hand side of the integration is assumed to be Gaussian

with the following special structure [1]:
P(Xk-1|Xie Z¥71) = NOg—1; Xpe—1jk—1> Pe—1jk—1 O Xi) (3.21)
By using the previous evolution model, Equation (3.20) can be rewritten as

p (x| Xie, Z571)

= fN(xk; (Fiejie—1 ®1q)Xse—1, Dictie—1 ® Xie )N (Xpe— 15 Xie—1)1c—15 Pre—111e—1 O Xy ) dXpe—1
(3.22)
= N (s Xpeje—15 Prejre—1 © Xi)

where Xy ,_1 and Py ,_; are given by
X1 = (Fiepk-1 ©1a) Xpe—1j-1 (3.23)
Petk=1 = Fiejk=1Pr-11k-1Fijie—1 + Dijre—1 (3.24)
which is very close analogy to standard Kalman filtering [1].
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Object Extension Part:

Let us remember the prediction formulae derived in Section 3.2.1

p(Xe|241) = f XX )P (Ko |2571) dXies (3.25)

The second term written in the right hand side of the integration is the density of the object

extension state variable and is given by the inverted Wishart density”:

P(Xk—1|Zk_1) = IW (Xy-1; vk—llk—lth—1|k—1)
o« | X |—(1/2)vk—1|k—1etr Ay o ox-1
k-1 [ 78k-1|k-14k 1] (3.26)
where etr[A] is an abbreviation for exp[tr A] with tr A denoting the trace of the matrix A.
Here vj_qk—q is a scalar parameter and Xj_qjx—1 is a dxd matrix. These parameters

determine the shape of the object extension part. The expectation of Xj,_;is given by

(3.27)

In the prediction step the parameters vyjx_1, Xgk—1 defining p(Xk|Z k_l) have to be
calculated from vj_qjx—1, Xg—1jk—1. It is not easy to obtain the update formulas for the
estimated parameters Xy x_q and vgx_1. A heuristic approach [1] gives the following

prediction update equations with a temporal decay constant 7 as an additional modeling

parameter:
Vi1 = € 2% T0_q4 (3.28)

—Atg /T
e M/ Ty _jjk—r —d — 1

Xije—1 = X—1|k-1 (3.29)

Vg-1jk-1 —d =1

2 . Inverted Wishart density is defined in the Appendix B.
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T = oo represents a static object or group extension [1]. Note that in this formulation the
matrices Xy x—1 and Xj_q,_1 are different only in the scale. This may cause a drawback in

the application.

The first term written in the right hand side of the integration in (3.25) is the transition

density of the object extension and is given by Wishart densities’. We thus have

_ Xi—1
PXpe|Xp—1) =W Xk;5k|k—1,5—
k|k—1
(3.30)
o | Xy |~ Ck)/2 X, [Okikor=d=D 2 Lg, X, XY ]
Here the term &y x— is a scalar parameter and Xj,_; isa d x d matrix.
The following functional form for &y r—1 is given in [1].
Siji—1 = 6~ Ekmte-1)/7 (3.31)

which is defined by two extension evolution parameters & and 7. We use the product
formula for Wishart and inverted Wishart densities and multiply the Equations (3.26) and
(3.30) to calculate the predicted density p(Xk|Z k'l). We end up with “Generalized Beta
Type II” density” as follows [1]:

p(Xil2*71)

KXp—1
= f w <in 8k|k—1:6k—> IW (Xie—1; Vie—1j-1> Xie—1jk-1) A Xi—1

(3.32)

1 1
= B(Xi; 50k k-1; 5(Vie-1jk-1 — d = 1), Xe—1k-1/ Spejie—1)

3 : Wishart density is defined in the Appendix B.

* . Generalized Beta Type II density is defined in the Appendix B.

35



Here the terms §6k|k_1 and %(Uk—1|k—1 —d — 1) are scalar parameters and X,_; is a

dxd matrix. To complete the cycle this density is approximated as inverted Wishart density.
3.4.3. Filtering

To this end, we have explained the prediction step briefly for both kinematical part and the
object extension part. In this section we are going to give the details of the filtering step.

First of all let us remember the formulae derived in Section 3.2.2, which was

p(Zy, nklxk'Xk)p(xk:Xk |Zk_1)
Zies e Xpe, Xi )0 (e, Xpe | 28~ 1) dxy d X,

(%1, Xi|Z¥) = (3.33)
(e X25) =

We need to define two densities to reach our goal. One of them is p(Zy, ny|xy, Xi) and the
other is p(xk,X k|Z k‘l). As a first approximation p(ny|xy, X)) is assumed to be constant,
i.e., independent of xj, X; which means that it is sufficient to define the joint density

p(Zy |ng, xi, X)) to obtain p(Zy, ny|xy, Xi). We interpret this density as

ng
p(Zklnk,xk,Xk) = l_[N(ZIJC’ (Hk®1d)xk,Xk)
J=t (3.34)
X
« N (zk; (Hk®1d)xk,n—k) LW (Z; nie — 1, Xy)
k

where Hy =[1 0 0] which means position measurements are accessible.

The centroid measurement z; and the corresponding scattering matrix Z, are given by

ng
1 j
Zy=— ) 7 (3.35)
Ny 4
j=1
Nk
Z), = Z(z,ﬁ — 7)) (z, — zx)" (3.36)
=1

while LW (Z; n;, — 1,X;,) is proportional to a Wishart density in Z;, with n;, — 1 degrees of
freedom [1]:
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LW (Zi;ny — 1, X)) := | X, |~/ D0 Derr[-17, X1 (3.37)

To obtain p(xk,X k|Z k_l) we use the formula derived in Equation (3.10) and we need to
multiply the Equations (3.22) and (3.32). Together with the result of (3.34) we obtain the

following formula:

P (ZieIng, X1, Xie) (e, Xie| Z471)

Xk
o« N (Zki (Hy ®Id)xk:E)N (o5 Xrepte—10 Prej—1 © X)) (3.38)

AW (Zi e — 1, Xi)IW (X Vipie—10 Xkeje—1)

Kinematical part:

The product of the two Gaussians in the previous equation yields

Xk
N (Zki (Hy ®Id)xkrﬁ> N (xi; Xpepe—1, Preje—1© X))

(3.39)
= N(zi; (Hi ®10) X k-1 Sej—1X1 )N (i Xier Prejse © Xie)
where the quantities x|, and Py, are given by
Xkl = Xiepie—1 + Wiep—1 ©1a) (2 — (H ®19)Xpej1e-1) (3.40)
Peke = Pieje—1 = Wiejk=1Skjie—1 Wijre—1 (3.41)
with a scalar innovation factor and a gain matrix defined by
T 1
Skik-1 = HiPrjx—1Hie + - (3.42)
Wiie—1 = Preji—1H Siq—1 (3.43)

Object Extension Part:

Since the object extension, represented by X, is independent of the kinematical state

variable xy, N(zk; (Hy @Id)xk|k_1,5k|k_1Xk) can be rewritten as
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- 1 -
N(zi; (He @19 X1, Skje-1Xx) € | Xl 1/29t7”[-§1\’1<|k—1xk '] (3.44)
with an innovation matrix Ny _; defined
Nijie—1 = Skpi—1 - (2 — (Hi ®19) Xpepe—1) (2 — (Hie © 1) Xpege—1)" (3.45)
The remaining two factors on the right side of the Equation (3.38) yield

_ 1 _
LW (Zi; nie — 1, Xi) IW (Xie; Viepe—1, Xiepe—1 ) | Xic| 7/ 2etr [—gNk|k—1Xk 1]

(3.46)
o< IW (X5 Vo Xiejic)
with the update equations:
Xk = Xij-1 + Nigjg—1 + Zx (3.47)
Uik = Vijk—1 T Nk (3.48)

Joint Density after Filtering:

The probability density function of the joint state (x;, X ) after processing the current sensor

data Zj, at time t;, is thus given by
p (%, Xie|Z%) = N (ks Xiepier Preype © Xpe ) IW (Xigs Viepper Xiepic) (3.49)

3.4.4. Retrodiction

The joint retrodiction density at time ¢;, [ < k, is given by

p(x1, X;|Z¥) = N(x; xqy00, Pryse @ XOW (X35 vy Xyjie) (3.50)

with X = X1+ (Wie1 ©1a) (raeaje — Xra1)1) (3.51)
Py = Pryp + Wiypier (Preaje — Py d)Wijien (3.52)

where Wit = Pre—1jk-1Fije—1Pjie—1 (3.53)
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These results are obtained by some approximations and assumptions. Applying the

retrodiction step improves the performance of the filter.
3.4.5. Summary

The “pseudo code” of the algorithm as applied to the tracking of the subsequent projectiles

is given in Table 3.1 below.

Table 3.1. Pseudo Code of the Koch Approach Algorithm

[{Xsepie » Pre » Xiepie » Viejie} ] =FILTER [{Xp—11k=1 » Pi—1jk—1 » Xie—11k—1 » Vk—1]k—1}> Z ]

INITIATION:
Choose proper values for system parameters such as Aty, T, 0 and p

Initiate properly: Xq0 , Pojo » Vojo » Xojo

FOR k=1:N
STEP-1: PREDICTION
Kinematical part: p (x| Xy, Z¥°1) = N (xg; Xge k=15 Prejie—1 © Xie)
Xike1 = (Fiko1® ld)Xk—1k—1
Piqk—1 = Figke1Pro1jk—1Fgj—1 + Dijk—1
h 1
where 1t —tgg E(tk — tg-1)?
Fklk_l “lo 1 tk — tk=1
0 0 e~ (tk—tk—1)/6
0 0 O
Dijk-1 = W2(1 — e 2t"%-1/8) [0 0 0
0 0 1
Object Extension Part: Vik—1 = e At/ Vi—1jk-1

—At
e k/TV1<—1|k—1 —d—-1

Xyk-1 = Xk—1|k-1

Vi-1k-1 —d —1
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Table 3.2. Pseudo Code of the Koch Approach Algorithm (cont'd)

STEP-2: FILTERING

Kinematical Part P (x| X Z%) = N (e Xijier Preyse © Xie)

Xik = Xiqk—1 + (Wik-1® 1q) (zx — (Hi® 1q)Xjeqk-1)
Pigk = Pigi—1 — Wigk—1Skjk—1Wik-1

Object Extension Part ik = Xkjk-1 T Nijk—1 + Zk

Vklk = Vkjk-1 T Dk

where ng

Ny

Zo= ) (g~ )l — )"

i=1
T 1
Skjk-1 = HiPy—1Hg +—
Nk

— T -1
Wik—1 = Prjk—1Hk Skjk—1

Nik—1 = Skjk—1 (2 — (He® Ig)Xpep-1) (Zk — (H® [ xpqe—1)"
STEP-3:  p(x;,X;|Z¥) = RETRODICTION p(X141,X141 |Z5)

Xk = X+ (Wip1® Ia) Kieajk — Xie1p1)

Pl = Pip+ Wipnq (Proai — Preap) Wil

STEP-4: Use xy to find out the centroid position of the group
STEP-5: Use Xk to draw the ellipsoidal shape of the cluster
END FOR

40




CHAPTER 4

RESULTS

The aim of this chapter is to analyze the performance and the behavior of the Koch
Approach [1] on some examples and to make a comparison between the two approaches,
JPDA and Koch. We have generated two different scenarios for this purpose. The first
scenario investigates whether the Koch approach works properly or not for our problem. To
do this we analyze the center position and the shape of the motion of the group. For the

second scenario, we try to make a comparison between the two approaches Koch and JPDA.

4.1 First Scenario

In this section we used the data generated according to the nonlinear model of a ballistic
target explained in Chapter 1. We consider the trajectory data of ten (10) projectiles. The
projectiles are fired with a specific time difference (400 fire per minute) one after the other
from the same weapon. Trajectories were obtained with a T = 0.01 s update interval.
Appropriate measurement noise sequences for the range, azimuth and elevation angles were
added to generate realistic observations of the trajectories of the projectiles. Each projectile
is launched from the ground (x(0) = 0, y(0) = 0, z(0) = 0) with a certain muzzle velocity.

Figure 4.1 shows a sample mortar trajectory with the impact point.
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Figure 4.1. Sample Mortal Trajectory with the Impact Point

The object extension in the Koch's approach is modeled by symmetric, positive-definite
random matrices. The choice of proper initial conditions for the random matrix related with
the object extension is very critical for this algorithm. If not selected properly, the object
extension part will always create problems at the beginning of the motion. To obtain
satisfactory results it is not sufficient to choose proper initial values but we also have to
choose proper values for the system parameters such as Atg, 7,6 and u. To obtain
satisfactory results the values of these parameters, for the data set explained in Chapter 1,
are selected as At = 0.01,7 = 10,u = 5,0 = 10 after some experiments. The total flying
time is 40 seconds. The first scenario is for the ‘proof of the concept’ so we have done some
unrealistic assumptions as stated below.
Assumptions:
e ny is constant which means that the probability of detection of the targets is always
1. Since we have 10 projectiles, n,, = 10 for all time instants.
e As discussed before trajectories were obtained with a T = 0.01 s update interval.
Since the update interval is too short, it becomes impossible to realize the ellipsoidal

shapes of the group for all time instants just in one figure. To overcome this
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problem we plot the corresponding ellipses by a 2.5 second time difference. Total
flying time is 40 second, so we expect to see 16 samples in total.

4.1.1. Results

The results of the application of the algorithm to a group of 10 projectiles are given in
the following figures. The initial velocities of the projectiles are 250 m/s, firing rate is
400 fire per minute and the mass of the each projectile is 1 kg. The motion model used

in the trajectories and all of its details are defined in Chapter 1, Section 1.3.
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Figure 4.2. Centre Positions and Ellipsoidal Shapes of the Clusters in the X-Z Plane

Figure 4.2 shows the entire trajectory of the group on the X-Z plane and its tracking by
ellipsoids in the time interval [Osec-40sec]. Not all samples are shown in this figure because
of the reason explained before. The details related with the tracking performance are shown
in the Figures 4.3. The details show the formation and its tracking at different times so at

different locations of the group trajectory.

Figures 4.4 and Figures 4.5 show the entire trajectory and its details on the X-Y and Y-Z

planes.
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t =27.5and 30s
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The simulation given above shows the change in the shape of the group and its tracking by
the ellipsoids. An investigation of the results shows that the ellipsoids deviate from the
actual distribution of the projectiles during the final phase of their trajectory especially in
the X-Y and X-Z planes. The formulation here assumes that the ellipsoid shape represented
by the random matrix X is assumed to be constant in its shape during prediction. This

assumption may be modified to get better results of the shape.

4.2 Second Scenario

In Chapter 2, the JPDAF algorithm is applied to two different scenarios. The algorithm
proved to give good results for clusters containing up to 4 targets. When the number of

targets in the cluster exceeds this limit, however, JPDA becomes infeasible for a MATLAB
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application since the total number of hypotheses increases exponentially and JPDAF

requires prohibitive amount of processor time to compute all joint probabilities.

In Chapter 3, “The Bayesian approach to extended object and cluster tracking using random
matrices” has been explained and this approach has been illustrated by a simulation
example in Section 4.1. In this section, our aim is to compare the two approaches. For both
of the algorithms we use the same trajectories generated according to the nonlinear model of
a ballistic target explained in the Chapter 1 to make a fair comparison. Both approaches use
the same dynamic model of the target during tracking process. Measurement models are also

same for both of them.
The details related with the experiments are as follows.

e The total number of targets and the total number of time instants are decided to be
the same as the values used in the JPDAF algorithm. Increasing these numbers
increases the processor time to a value which makes the computation infeasible.

e We consider the trajectory data from four (4) projectiles. The projectiles are fired
with a specific time difference one after the other from the same weapon.
Trajectories were simulated with a T = 0.01 second interval. Total flying time is 40
seconds which means we have 4000 samples. We assume that the trajectory is
sampled with a sampling period of 1 second so only 40 of them are used during
tracking because of the time restriction explained in JPDAF algorithm. This
assumption is also realistic for certain type of radars.

e We use the nominal values of the system parameters such as process noise and
clutter density for JPDAF algorithm. The “nominal values” of these parameters are
described in Chapter 2.

e Similar to JPDA, the nominal values of the system parameters such as scalar
acceleration rms value y, maneuver correlation time constant 6, update interval and
temporal decay constant T are used in the Koch approach. The nominal values of
these parameters are explained in Section 4.1 of this chapter.

e In Koch's approach, the outputs of the algorithm are the center positions and
ellipsoidal shape of the cluster. To compare the two algorithms, we find out the
centre positions of the clusters in JPDAF algorithm. The simplest way of finding

these centers is taking the average of the filtered positions of the targets. If no
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measurement is associated with a specific target at a specific time instant, we use
the predicted position of that specific target. To illustrate this, suppose that at a
specific time instant the measurements are received from Target-2, Target-3 and

Target-4 but no measurement is received from Target-1. Let;
f1 be the predicted position of Target-1
f> be the filtered position of Target-2
f5 be the filtered position of Target-3
fa be the filtered position of Target-4

By taking the average of these positions, one can find out the centre position of the

cluster at that specific time instant.

:ﬂ+ﬁ+ﬁ+ﬁ

ng

f

e In Section 4.1, it is assumed that mn; is constant which means probability of
detection of the targets is always 1. In this section, we expect to see the effect of
changing the target detection probability on the performance of the two algorithms.
Decreasing Ppyr may cause no measurement, i.e.,n, = 0, at some time instants.
This creates a numerical problem for the expressions containing the term 1/ny
(Equation 3.35 and 3.42). To deal with this problem we propose to use the
predicted center position (4 — n;,) times. Suppose that at a specific time instant we
have received two measurements, n, = 2. Let these measurements be z{ and z2.
With this new proposed method z; and zy are exactly the same and are selected as
equal to the predicted center positions. So we may give these 4 measurements as an

input to the Equation (3.35).

ng
1 ,
_ ]
Zy = — Zk
ny £
Jj=1

In this section we start by setting Ppr = 1 and decrease it by 0.1 steps until we get Ppp =
0.1. For each step we did 100 Monte Carlo runs. We plot the ellipsoidal shapes of the
clusters obtained according to the Koch's Approach for one selected run for each value of

Ppg. Additionally, when Ppp = 0.9 and Ppp = 0.5 we plot the measurement, predicted and
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filtered positions of the targets evaluated according to JPDA approach (Figures 4.14 and

4.24). In Figure 4.40, we show the performance result of the two methods.
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Figure 4.6. Ellipsoidal Shapes of the Clusters according to Koch approach with Ppp = 1

Difference between Filtered Centroid and True Centroid in X Axis
0.35 T T T T T

KOCH's Approach
JPDA Approach

03

0.25

RMS POSITION ERROR (m)

0.2}

0.15

0.1

Figure 4.7. The Center Position Errors over time in the X axis with Ppp = 1

49



Difference between Filtered Centroid and True Centroid in Y axis
0.35 T T T T T T

KOCH's Approach
JPDA Approach A

0.3

0.25-

0.2

RMS POSITION ERROR (m)

0.1
0

Figure 4.8. The Center Position Errors over time in the Y axis with Ppp = 1

Difference between Filtered Centroid and True Centroid in Z axis
0.35 T T T T T T

————— KOCH's Approach
JPDA Approach A

03

0.25

RMS POSITION ERROR (m)

02

0.15 |

0.1

Figure 4.9. The Center Position Errors over time in the Z axis with Ppp = 1

50



+  Noise
©  True Position
* Measurement Position| PLOT OF X-Z AXIS

+
o

Noise
True Position

1600 s P % Measurement Position PLOT OF X-Z AXIS
% Predicted Posion = [ * Predicted Position i —
~  Filtered Position + Filtered Position i ) +
+ P s 1700 & -t
1500 . ¥ o f N
e B i
i r 1600 L 4
1400 + 7 P 2N \ +
_ ot rd +
E 7 € E. r i s
™ 1300 + N 1900 N h
A?/’ . +
//‘ + fr
+ 1400
1200 + *
;| 7 ¥ \k
+ r " T 1300 AN
1100 / = + AN
i
/ N 1o oo - ! ‘
1000 n < T 1200 + T
" "
700 800 900 1000 1100 1200 1300 1400 1500 1600 1700 1300 1400 1500 1600 1700 1800 1900 2000 2100 2200 2300

X (m)

First part of the Trajectory

X (m)

Second part of the Trajectory

Figure 4.10. Ellipsoidal Shapes of the Clusters according to Koch approach with Pp; = 0.9

Difference between Filtered Centroid and True Centroid in X Axis

0.5 T T T

—— KOCH's Approach
0.451 — JPDA Approach

o b o
[ a >

RMS POSITION ERROR (m)
o
N
¢

0.2

0.1 I I I !
0

40

Figure 4.11. The Center Position Errors over time in the X axis with Pp; = 0.9

51



Difference between Filtered Centroid and True Centroid in Y axis
0.4 T T

KOCH's Approach
JPDA Approach

o

N o

a w
T T

RMS POSITION ERROR (m)
o
N

0.1

0.05 ! ! I ! ! I I
0

Time

Figure 4.12. The Center Position Errors over time in the Y axis with Ppz = 0.9

Difference between Filtered Centroid and True Centroid in Z axis
0.5 T T T T T T

KOCH's Approach
0.45 - JPDA Approach B

04L

0.35

0.3

RMS POSITION ERROR (m)

0.25 |-

0.2 -

0.15 -

0.1 ! I I I I I I

Time

Figure 4.13. The Center Position Errors over time in the Z axis with Ppz = 0.9

52



These figures illustrate the performance comparison of the two methods. From the figures it
can be concluded that both filters have comparable performance for Ppp = 1 and Ppp =
0.9. May be we can say that Koch's approach is slightly better compared with JPDAF. We
didn’t give the performance in detail since the scenario that we are working with is only

illustrative and very restricted.

Below we also demonstrate the performance of the JPDA filter by comparing the
measurement, prediction and filtering errors for each of the 4 targets. As can be seen from
Figures 4.14 and 4.24 there is a clear performance increase between the measurements and
predictions and also a clear performance increase when we go from prediction curves to
filtering curves. We can say that the performance of the JPDA filter is satisfactory so the

performance of the Koch approach.

Remaining experiments are done to see the effect of decreasing the probability of detection.
The overall results related with the Ppy change are given in Table 4.1. In the following
figures we demonstrate the performance for different detection probabilities as a function of
time. Each figure is the result of 100 Monte Carlo runs. The performance of the JPDA is
given only for Ppr = 0.9 and Ppr = 0.5 to observe the effect of the decrease in the
detection probability in JPDA filter in the Figures 4.14 and 4.24. These two figures are the
result of 100 Monte Carlo runs. Remaining figures show the effect of the Pp decrease in
the Koch approach. Only X-Z plane trajectories are shown to save space and the comparison

of the two filters is done for the X and Z axis.
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Figure 4.21. Ellipsoidal Shapes of the Clusters according to Koch approach with Pp; = 0.6
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Figure 4.28. Ellipsoidal Shapes of the Clusters according to Koch approach with Pp; = 0.4
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Figure 4.31. Ellipsoidal Shapes of the Clusters according to Koch approach with Ppz = 0.3
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Figure 4.32. The Center Position Errors over time in the X axis with Pz = 0.3
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Figure 4.34. Ellipsoidal Shapes of the Clusters according to Koch approach with Ppz = 0.2
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Figure 4.36. The Center Position Errors over time in the Z axis with Ppg = 0.2
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Figure 4.37. Ellipsoidal Shapes of the Clusters according to Koch approach with Ppz = 0.1
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Figure 4.38. The Center Position Errors over time in the X axis with Pp; = 0.1
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Table 4.1. Average Center Position Errors evaluated after we did 100 Monte Carlo runs

Ppg JPDA Approach Error (Meter) Koch Approach Error (Meter)
Ppr=1.0 0.2764 0.2496
Ppg = 0.9 0.3358 0.3031
Ppr=0.8 0.4769 0.3571
Ppg = 0.7 0.7248 0.4628
Ppg = 0.6 1.1025 0.6287
Ppr = 0.5 1.3949 0.7792
Ppr =04 2.0981 0.9864
Ppg = 0.3 3.0862 1.2904
Ppp =0.2 5.0667 1.3568
Ppr =0.1 6.0482 1.5824

A graphical representation of the table is given in Figure 4.40 below.
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Figure 4.40. Performance Result of the Two Methods

From Figure 4.40, we conclude that the error performance of the Koch’s approach is always
better than the JPDA filter. The difference in the performances increases as the probability

of detection decreases.
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CHAPTER 5

SUMMARY AND CONCLUSIONS

Estimating the states of an object extension characterized by a collectively moving ballistic
object group (cluster) is a very critical problem. In this thesis, we proposed to use two
different methods for this problem. One of them is the Joint Probabilistic Data Association
Filter (JPDAF) and the other is a new Bayesian approach to cluster tracking using random
matrices. By using the motion model explained briefly in Chapter 1, we generated a set of

data and used it in both approaches to evaluate the tracking performances of them.

In Chapter 2, the JPDAF algorithm has been illustrated by two different scenarios. By
changing some of the system parameters, different runs are obtained for both of the
scenarios. In Section 2.3.1, we try to show that the algorithm itself is working properly. In
Section 2.3.2, the starting points of motions of the targets and their velocities are chosen as
specific values to ensure at least one crossing time instant. For all runs, the measurement,
prediction and filtering errors are drawn. It is shown that the errors generated by the
algorithm are in an acceptable range, even at some specific time instants which we have
ensured the crossing of the targets. The JPDA algorithm proved to give good results for
clusters containing up to 4 targets. However, if the number of targets in the cluster exceeds
this limit we meet the basic drawbacks of the JPDA algorithm, the total number of all
feasible hypotheses increases exponentially. So JPDAF requires prohibitive amounts of
processor time to compute all joint probabilities. Another drawback of this algorithm is that,
if the tracks are close to each other for an extended time, then these closely spaced targets
may be merged into a single track. And finally, once a false track is started, it will tend to

persist, in other words, redundant track may be formed.

In Chapter 3, “the Bayesian approach to extended object and cluster tracking using random

matrices” has been explained. Within this approach, ellipsoidal object extensions are
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modeled by random matrices and treated as additional state variables to be estimated. In the
first scenario of Chapter 4, we illustrate this new approach by a simulation example. The
aim of the example is to show that our algorithm is working properly and if we choose
proper values for system parameters such as Aty, §, 7, 8, 4 and make a right choice of initial
conditions the algorithm will give satisfactory results and will track the center position and
the ellipsoidal shape of the cluster without any problem. When the target detection
probability is decreased, we have encountered some problems in the Koch’s algorithm
because of the equations containing the term 1/n;, where ny, is the number of measurements
at time k (Equations 3.35 and 3.42). To deal with this problem we proposed to use the
predicted center position (number of target — n;, ) time(s). The use of the algorithm with
this modification not only makes the method a feasible one but also gives much more
accurate tracking results. Before the application of the modification even if the tracking is
completed successfully the performance of the Koch’s approach becomes always less than
the performance of the JPDA. This change in the algorithm changed the comparison results
completely as explained in Chapter 4 where we compared the tracking performance of the

two approaches.

The Koch's approach as implemented here is modified to give more accurate results in [1],
[5]. The improvements can be reflected to the work that we have presented in this thesis.
Only a single-object tracking problem is handled with Koch's approach so far. In future
work, the multi-object extension of this approach can be presented. This opens an

interesting field for further research.
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APPENDIX A

KRONECKER PRODUCT

Appendix A contains information about the Kronecker product and some matrix identities.

The Kronecker product A& B of two matrices A = (q; j)ﬁ"; j=1» B 1s any matrix is defined as

a;;B appB - a,B
app = 9B =B anbB A-l
amlB amZB amnB
For matrices A4, B, C and a scalar a:
(A®B)®(C = A®(B&®C() A-2
(A®B)T = AT®BT A-3
(A®B) ' =4"1®B! A-4

For square matrices A, B we obtain: tr[A®B] = (trA)(trB). The determinant of A®B is
given by the determinants of A, B withm = dim(A), n = dim(B): |A®B| = |A|"|B|™.

For column vectors x, y of equal dimension, the following identities are valid:

xTy = trlxyT] A-5
xTA x = tr[xxTA™Y] = tr[A~2xxT] A-6
exp [—%xTA‘lx] = etr[—%xxTA‘l] A-T

etr[A] is an abbreviation for exp[trA].
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APPENDIX B

SOME PROBABILITY DENSITIES

Appendix B contains information about some densities such as Inverted Wishart and

Wishart which are used in the computation of the group motion.

Gaussian Density:

Gaussian densities of a random vector x with expectation a and covariance matrix A can be

written as [1]

N(x;a,A) = |27TA|_1/2etr[—%(x —a)(x —a)TA™] B-1

Note that etr[-2(x — a)(x —a)TA™!] = e 2= A7 (x-)

Wishart Density:

In statistics, the Wishart distribution is any of a family of probability distributions defined
over SPD matrix-valued random variables ("random matrices"). The distribution was first
formulated by John Wishart in 1928 and it is of great importance in the estimation of

covariance matrices.

Suppose E is a n x p matrix. Each row of this matrix is independently drawn from a p-

variate normal distribution with zero mean:
Eq = (el,....,e )~N,(0,V) B-2

where V is a (fixed) p x p positive definite symmetric (SPD).
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If we define a scatter matrix S as:
S=ETE B-3

Then the probability distribution of the p x p random matrix S has a Wishart distribution

with n degrees of freedom where n is a positive integer. We generalize this as follows:

A p x p positive definite symmetric (SPD) random matrix X is “Wishart-distributed,” if its
density is given by [1]

1 B-4
W(X;n, V) =~ |V]"|X|0/D0P ety [-v=ix], n=p

where n is a scalar parameter (degrees of freedom), Visapxp SPD matrix , and Z is a

normalizing constant.

Its first and second moments are given by
E[X] =nV B-5

C[xij,xkl] = n(niknjl + nilnjk) B-6

Inverted Wishart Density:

A d x d SPD random matrix X is “Inverted-Wishart-distributed” if its density is given by[1]
1
IW(X;a,4) = Z |A| /204 D|x|~0/Dacgy [—%X‘lA], a>2d B-7

where a is a scalar parameter, A is ad x d SPD matrix and Z is a normalizing constant.

Its first and second moments are given by

A

- L a-2d-2 B-8
a—2da—z 77220

E[X]

2((1 —2d — 2)_1aijakl + Aixaj + A Ay

—2d—4 B-9
(@—2d—D(a-2d—Da—2d—4) ¢ 2d-4>0

C[xij,xkl] =
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The following fact is important:

Fact: If X is an inverted Wishart distributed random matrix with the density p(X) «
| x|~/ 2)“etr[—§X ~14], then the inverse matrix Y =X"! is Wishart-distributed

with p(¥) o |Y|~(/D@d"Detr[ 1y 4].

Beta Density:

A dx d SPD random matrix X is “generalized-beta-type-II-distributed,” if its density is
given by [1]

1
GBY(X;a,b,A,B =0):=B(X;a,b,A) := E|A|b|X|“‘(d+1)/2|A + X|~(a+b)  B-10

Where a and b are scalar parameters, A is a d x d SPD matrix, and Z is a normalizing

constant.

Its first and second moments are given by

2a

EX] =1

A, 2b—d—-1>0 B-11

c _ 2a(2(a+b)—d—1)
[y 0] = (2b—d)(2b—d —1)(2b—d —3)

B-12

2
* (mcijckl + GiCik + Cizij)

with 2b —d —3 > 0.
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