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ABSTRACT

It has been known for a long time that there iselgonnection between probability
theory and orthogonal polynomials. The purposent $tudy is to give a detailed survey of
several such connections, namely between stochastoesses and orthogonal polynomials,
generating functions for orthogonal polynomials amxgectations. A new generating function
for a class of orthogonal polynomials (Bernsteir@? is presented.
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0z

Cok uzun zamandir olasilik teorisi ile ortogonalipamlar arasindaki yakin gki
bilinmektedir. Bu calmanin ana amaci stokastik surecler ile ortogondinpmlar ve
ortogonal polinomlarin geneligrici fonksiyonlari ve beklenen der ile ilgili detayl bir
inceleme vermektedir. Bu tezde Bernstein-Szegonpoliari icin yeni bir geneligirici
fonksiyon tanitilmaktadir.
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CHAPTER 1

INTRODUCTION

It has been known for a long time that there is a close connection between stochas-
tic processes and orthogonal polynomials. The starting point here is N. Wiener
paper of 1930[Wiener, N. 1930]. Many of these connections are described in a
recent book of [Schoutens, W.,2000]. But there are other close relations between
probability theory and orthogonal polynomials. For instance, recently in a series
of papers of N. Asai, I. Kubo and H. H. Kuo [3,4,5,6,7] a new method for deriv-
ing generating functions for orthogonal polynomials was developed. It is called
multiplicative renormalization method or AKK method.

The main purpose of this study is to give a detailed survey of these methods.
Furthermore, a new generating function for a class of orthogonal polynomials is
given.

Firstly, in Chapter 2, a short survey of the stochastic integration theory (Ito’s
integral) together with applications in financial mathematics is given.

The most detailed study is given in Chapter 3. After short introduction in the
subject of orthogonal polynomials the generating functions method is presented
with reconstruction of many details which are omitted in the original papers.
Furthermore, section 3.2.7 contains a new generating function for Bernstein-Szego
polynomials. Namely, the Bernstein-Szegé polynomials T),(x, p) are defined as a

system polynomials orthogonal in the sense that

1

/pn(a:)x“(l—xQ);{p(x)}_lda::(), v=0,1,---n—1,

-1

where p(x) is a fixed polynomial positive in [—1, 1]. Then

k k
r—a; r—a;

tk(cos E arccos ;—= — t cos( E arccos s—= — arccos r))
—a;x l1—a;x

=1 j=1

tx)=2Y T,(z,w)t" = —
¢< ,IL‘) % (:E w) 1 —2t:L‘—|—t2

where i
wia) = pPx) = [[(1 = aj2)*.
j=1
Chapter 4 contains a detailed survey of several results about connection be-

tween stochastic processes and orthogonal polynomials.



CHAPTER 11

STOCHASTIC INTEGRALS

The material of the chapter is taken from [Steele, M. J.1979], [Protter, P.E.2004],
[Schoutens,W.2000 |

2.1 Main Facts and Definitions

Definition(Brownian Motion):A continuous-time stochastic process {B; : 0 <t < T}
is called a Standard Brownian Motion on [0, 7T') if it has the following four prop-
erties:

i) Bp=0

i7)The increments of B; are independent; that is, for any finite set of times
0<t; <ty <---<t, <T the random variables

B, —B;,, By, —DBs,, -+, By, — B; _, are independent.
iii)For any 0 < s <t < T the increment B; — B, has the Gaussian distribution

with mean 0 and variance ¢t — s

iv)For all w in a set of probability one, B;(w) is a continuous function of ¢ .

Definition(Standard Brownian Filtration): Let B denote the set of Borel
sets of [0,7] .We then take adopted functions {F;} to be the standard Brownian
motion filtration, and for each t > 0 we take F: X B to be the smallest
o — field that contains all of the product sets A x B where A € F, and
B e B. f(.,.) is measurable if f(.,.) € F; x B and we will say that f(.,.) is
adapted provided that f(.,.) € F; for each ¢t € [0,7].

We will consider only integrands from the class H? = H? [0, 7] that contains

all measurable adapted functions f that satisfy the integrability constraint
T
E[/ fAw,t)dt] < oo, (2.1.1)
0
we should note that the expectation is actually a double integral and that H?

is a closed linear subspace of L? (dP x dt).

If we take f(w,t) to be the indicator of the interval (a,b] C [0,7], then

14)w) = [ dB.= By~ B, (2.12)



Let HZ denote the subset of H? that consists of all functions of the form

n—1

flw,t) = Z ai(w)l(t; <t <ti) (2.1.3)

=0

where a; € F;., E(a?) < oo, and 0 =ty <t; < - <t, 1 <t,=T.
By the definition, the Ito integral of f from (2.1.3) is equal to

I(f)(w> - : a’i(w){Bti-H - Btz} (214)

Now for any f € H? there is a sequence {f,} C HZ such that f, converges to
fin L?(dP x dt), hence the Ito integral I(f) is taken by definition as

I(f) = lim I(fy)

n—o0

It might be proved that [ is well defined.

Theorem 1 (Markov’s inequality) If X is any random variable and a > 0 then
E(|X
P(X| 2 a) < ZXD,
a
Definition 2 An adopted process X = (X;)i>0 with Xo = 0 a.s. is a Levy Process
if

e X has increments independent of the past ; that is , X; — X is independent
of F, ,0< s <t<oo;and

e X has stationary increments , that is , X; — X has the same distribution as
Xis,0<s<t<oo,and

e X, is continuous in probability, that is , lim; s X; = X, , where the limit is

taken in probability.

Definition 3 A process X = (Xi)i>0 with Xo = 0 a.s. is an intrinsic Levy process
if
e X has independent increments ; that is , X; — X is independent of X, — X,
if (u,v) N (s,t) =@ and

e X has stationary increments , that is , X; — X, has the same distribution as
X,— X, ift—s=v—u>0and



e X, is continuous in probability.

Let {X;,t > 0} be a stochastic process and 0 < t; < t5. The random variable
Xy, — Xy, is called the increment of the process X; over the interval [¢y, 5]

A stochastic process X; is said to be a process with independent increments
if the increments over nonoverlapping intervals (common end points are allowed)
are stochastically independent. A process X is called a stationary or homogenous
process if the distribution of the increment X, , — X; depends only on ¢, but is
independent of s. A stationary process with independent increments is called a

Levy process.

Definition 4 Let X; be a Levy process. We denote the characteristic function of
the distribution of X;_s — X; by

d(u,t) = Elexp(iu(X;_s — X3))]-

It is known that ¢(u,t) is infinitely divisible (i.e., for every positive integer n,

it is the nth power of some characteristic function), and that

Cb(uv t) = [¢(u> 1)]t'

We denote by

Xt—: lim Xs, t>0

s—t,s<t

the left limit process and by AX; = X; — X;_ the jump size at time ¢.
The following representation is valid for the characteristic function of an

infinitely divisible distribution with finite variance.

Theorem 5 (Kolmogorov Canonical Representation) The function ¢(0) is the
characteristic function of an infinitely divisible distribution with finite second mo-

ment if, and only if, it can be written in the form

+o00
P(0) =logp(0) = icl + /(ewm —1—ifz) digx)’

where ¢ is a real constant and K (y) is a nondecreasing and bounded function such

that K(—o0) = 0. The representation is unique.



For # = 0, the integrand (=112 i5 defined to be equal to —(%). The

xr2

function 1 is often called the characteristic exponent of the Levy process.

Theorem 6 (Levy-Khintchine formula) A function v : R — C' is the characteris-
tic exponent of an infinitely divisible distribution if and only if there are constants
a€ R, 0% > 0, and a measure v on R\ {0} with fj;o(l A x?)v(dz) < oo such that

+oo
2
P(0) =ial — %02 + /(exp(i@x} — 1 —ifxlfy<1y)v(do)

—0o0

for every 6.
The measure v is called the Levy measure.
If we have an infinitely divisible distribution with characteristic function ¢(6),

we define a Levy process X; through the relations

exp(Yx(0)) = ox(0) = Elexp(i6.X1)] = ¢(0).

2.2 Ito Formula

Theorem 7 (Ito Formula):If f : R — R has a continuous second derivative,
then

f(Bi) = £(0) + /0 BB+ 5 /0 (B ds (22.1)

Proof. We will prove it only for the case when f has compact support. Let’s
break f(B;) — f(0) into small pieces of the form f(By,) — f(B:,_,). By setting

t; = % for 0 <7 < n and then the telescoping differences give representation

f(Bt) - f(O) = Z{f(Bt,) - f(Bti—l)} (2-2'2)

To make this concrete , use Taylor’s formula in the remainder form which says

that if f has a continuous second derivative, then for all real x and y we have

1

Fy) = f@) = (y—2)f' () + 5y - x)? f"(x) + r(z,y) (2.2.3)

where the remainder term r(x,y) is given by

ra,y) = / - W) (f(w) — (@)



From the continuity of f” the function

h(z,y) = supy, | f"(u) — f"(x)|
w:lu—z| <|y—z
(w2 < (y - a)?

is uniformly continuous, bounded,and A(z,z) = 0 for all x. Hence

r(z,y)| < (y —2)*h(z,y)

The telescoping sum (2.2.2) can be rewritten as a sum of three terms, A,,, B,, and

C,, where the first two terms are given by
n 1 n
A, = "(B;. )(B;, — By, dB, = = "(B,., )(By. — By. .)?
Zzlf ( tz—l)( tz tz—l) an 2 Zzlf ( tz—l)( t1 tz—l)
and the third terms C,, satisfies
|Cn| < Z(Btz - Bti71)2h(Bti717Bti) (2'2'4)
i=1

Lemma 8 (Reimann Representation).For any continuous f : R — R, if we take

partition of [0,T] given by t; = % for 0 <i<n, then we have

lim zn: f(Bti—l)(Bti - Btifl) = /T f,(BS) dBs (225)
00 £— 0

where the limit is understood in the sense of convergence in probability.

Because f’ is continuous , we know from the Reimann representation

t
A / (B.) dB.
0

When we write B,, as a centered sum

n

3D PB4 5 30T B (B = B = (= 1)}

=1

we find by the continuity of f”(Bs(w)) as a function of s that the first summand

converges as an ordinary integral for all w in a set of probability one.



ti Y 7B )~ t) = [ (B ds
i=1 0

If we denote the second summand of B,, by En, we find by the orthogonality

of the summands that

<

1" Nl ZE[{(Bti =By, )" = (ti—tia)}] = ;—n 1F11%

IS,

where in the last step we used the fact that B;, — B, , ~ N(0,%) and con-
sequently Var((B;, — By, ,)*) = %2 By Markov’s inequality , the last bound on
E(B2) is more than we need to show B, —? 0.

To prove C,, —P 0, we apply firstly the Cauchy inequality to the summands in
the bound (2.2.4) on C, to find

E |On| < Z[E<Btl - Bti—l)ﬂé[Ehz(Bti—w Bty)]% (226)
=1

The first factor in the sum is easily calculated since By, — By, , ~ N(0, L) gives
us

3

E[(Btz - Bti—1)4] - (227)

n2

To estimate the second factor , we first note by the uniform continuity of h
and the fact that h(z,x) = 0 for all x, we have for each >0 a § = §(¢) such that
\h(z,y)| < e for all z,y with [z —y| < J , so we also have

E[h2<Bti—1>Bti) < 52 + HhHioP(‘Btz - Bti—l‘ > 6)

<&+ |n|% 672 E(| B, — Bi |



ot

=&+ ||n|% 8 (2.2.8)

When we apply the bounds given by equations (2.2.6) and (2.2.7) to the sum
in inequality (2.2.5) , we find

321 2 2 o ofi1
BICy| < n(55)3( + |h]Z, 67-)

and consequently

lim sup F|C,| < 35te

n—0o0

By the arbitrariness of € , we finally see £ |C),| — 0 as n — oo , so Markov’s
inequality tells us that we also have C,, —? 0.

Now we have seen that for any given t € RT the sums A, and B,, converge in
probability to the two integral terms of Ito’s formula (2.2.1) , and we have seen
that C,, converges in probability to zero. Hence , if we fix t € R', we can choose a
subsequence n; such that A, , B, and C,, all converge with probability one , so
in fact we see that Ito’s formula (2.2.1) holds with probability one for each fixed
t € R™ Finally,if we then apply this fact for each rational ¢ and if we also observe
that both sides of Ito’s formula are continuous , then we see that there is a set €2
with P(€Qg) = 1 such that for each w € Qg we have Ito’s formula for all t € R™.

Theorem 9 (Ito’s Formula with Space and Time Variables) For any function
f € CY*(RT x R) , we have the representation

B t@f taf 1 ta2f
f(t, B) _f(0,0)+/0 %(S,Bs)st-i- i E(S,Bs) ds+5 i @(S,BS) ds
If
feC*¥(R"x R), X, = f(t, By
1 [to%f

t t
X = Xo —I—/ g(s, B,)dBs + / g(s, Bg)ds + (s,Bs)ds  (2.2.9)
0 Ox g Ot

2 Jo 0a?

and because the three integrals use up so much of the page , it is usual to write
equation (2.2.9) in the shorthand



of of 10%f
AX; = 5 (1, By) dBy + 5 (1, By) di + 555 (1, By dt (2.2.10)

In fact we have not given any definition of d.X; except as shorthand.

Definition 10 Standard Brownian motion in R is defined to be the vector - val-

ued process given by

where the one-dimensional component processes { BF : 0 <t < oo} are independent

standard Brownian motions.

Theorem 11 (Ito’s Formula -Vector Version) If f € C*?(R* x R%) and B, is

standard Brownian motion in R® | then
— — - — 1 —

If X, is a Brownian motion with general drift and variance , then we have our
choice whether to write X; as a stochastic integral or as a function of Brownian

motion:

dXt = /,Ldt+0'dBt ,X() =0or Xt = ,Ut+O'Bt
Now we will consider Ito’s formula for a function of ¢ and X;.

If we have Y; = f(t, X;), then we can also write Y; = g(¢, B;) where we take g to
be defined by ¢(t,z) = f(t, ut + ox) . When we apply Ito’s formula (2.2.10) to
the representation Y; = ¢(t, By) , we find

1

and the chain rule gives
9i(t,x) = fit, pt +ox) + fo(t, ut + o)
go(t,x) = fo(t, ut + ox)o

gx:v(t7 [E) = f:c;t(tu :ut + O'ZE)O'2



so in terms of f we have

dY; = {ft(t7 Xt) + Nfac(t’ Xt)}dt + fo<t7 Xt)dBt + %sz:m(t’ Xt)dt

— F(6 X)) + Lot X)) AXE+ %02 Funlt, X,)dt (2.2.11)

Shortly the Ito’s Formula (2.2.11) may be written by using of the box algebra.

TABLE (2.2.1) BOX ALGEBRA MULTIPLICATION TABLE

dt | dB;
a [ 0] O
dB; | 0 | dt

Definition 12 We say that a process {X; : 0 <t < T} is standard provided that

{X:} has the integral representation
¢ ¢
X, = +/ a(w, s)ds —I—/ b(w, s)dBsfor0 <t <T,
0 0

and where a(.,.) and b(.,.) are adapted , measurable processes that satisfy the

integrability conditions
t t
P(/ la(w, 5)| ds < o0) = 1 and P(/ b(w, $)[2 ds < 00) = 1
0 0

Theorem 13 (Tto’s Formula for Standard Processes) If f € C**(RT x R) and
{X;:0<t<T} isastandard process with the integral representation

t t
X, = / a(w, s)ds +/ b(w, s)dBs for 0 <t <T,
0 0
then we have

f(t’Xt) - f(070)+/0 %(&Xs)ds—i-/ af 9 f

1
(5, X)dX,+= | =5 (s, X,)b?
&C(s, s)d 5—1-2/0 8:52(8’ s)b”(w, s)ds

t
0

When we look at the definition in the language of the box algebra , it tells us
that for the process Y; = f(t, X;) we have

1

We want to extend our box calculus to functions of several processes. We need

to extend the box algebra multiplication table by one row and one column

10



TABLE (2.2.2) EXTENDED BOX ALGEBRA
dt | dB! | dB?
d o] o | o
dBt| 0| dat | 0
a2l o| o | at

Theorem 14 (Ito’s Formula for Two Standard Processes) If f € C*?*(Rx R) and
both of the standard processes {X; : 0 <t < T} and {Y; : 0 <t < T} have the

integral representations

¢ ¢ ¢ ¢
Xt:/ a(w,s)ds—i—/ b(w, s)dBs andYt:/ a(w,s)d8+/ B(w, s)dBs
0 0 0 0
then we have
¢ ¢
FOGY) = F0.0)+ [ 06 Yax+ [ A0 YAy,
0 0
1 t
45 [ e Yt . s)as
0

+/0 fay (X, Y5)b(w, 8)B(w, s)ds

1 t
#5 | FX V)5, 5)ds.

In the language of the box algebra , the Ito formula for Z, = f(X,Y;) can be

written as
dZy = fo(Xy, Y2)d X, + f, (X, Y)dY;
1
+§fzx(X57Ys>dXtht
+fxy(X57Y;>dXt-dY;€

1
+§fyy(X57 YS)dY;

11



2.3 Applications in Financial Mathematics
2.3.1 Replication and Examples of Arbitrage

The basis of the arbitrage is that any two investments with identical payout
streams must have the same price. If this were not so , we could simultaneously
sell the more expensive instrument and buy the cheaper one; we would make an
immediate profit and the payment stream from our purchase could be used to
meet the obligations from our sale. There would be no net cash flows after the

initial action so we would have secured our arbitrage profit.

2.3.2 Forward Contracts

Forward contracts provide an example of arbitrage pricing that has been honored
for centuries . A typical forward contract is an agreement to buy a commodity
-say 10000 ounces of gold- at time 7', for a price K. If the current time is ¢ and
the current gold price is S, then in a world where there are economic agents who
stand ready to borrow or lend at the continuous compound rate r, the arbitrage

price F' of the forward contract is given by
F=S8—e¢"T YK

In other words , if the forward contract were to be available at a different price,
one would have an arbitrage opportunity.

The key observation is that there is an easy way to replicate the financial
consequences of a forward contract. Specifically , one could buy the gold right
now and borrow e """ K dollars for a net cash outlay of S — e """ K | then
at time T pay off the loan (with the accrued interest) and keep the gold. At
the end of this process , one makes a payment of K dollars gets ownership of
the gold, so the payout of the forward contract is perfectly replicated ,both with
respect to cash and the commodity. The cash required to initiate the immediate
purchase strategy is S — e """ K and the cost of the forward contract is F | so

the arbitrage argument tells us that these two quantities must be equal.

TABLE (2.3.1) REPLICATION OF A FORWARD CONTRACT
Cash Paid Out(Time=t) | Commodity and Cash(Time=1")

Forward Contract | F Gold owned, K'$ Cash paid
Replication S — eI Gold owned, K'$ Cash paid

12



2.3.3 Put-Call Parity

A European call option on a stock is the right , but not the obligation , to buy the
stock for the price K at time 7. The European put option is the corresponding
right to sell the stock at time T at a price of K . Our second illustration of
arbitrage pricing will tell us that the arbitrage price of a European put is a simple
function of the price of the call , the price of the stock , and the two-way interest
rate.

First, we consider a question in the geometry of puts and calls. What is the
effect of buying a call and selling a put , each with the same strike K 7 Some
funds will flow from the initiation of this position, then we will find at time T
that

If the stock price is above K , we will realize a profit of that price minus K ;

If the stock price is below K , we will realize a loss equal to K minus the stock
price .

A moment’s reflection will tell us this payout is exactly what we would get
from a contract for the purchase of the stock at time 7" for a price K. Because we
already know what the price of such a contract must be, we see that the price of

C of the call and the price P of the put must satisfy,

C—P=S—e"T YK (2.3.3.1)

This relationship is often referred to as the put-call parity formula , and it tells
us how to price the European put if we know how to price the European call, or

vice versa.

2.3.4 The Binomial Arbitrage

It does not take a rocket scientist to replicate a forward contract, or to value a
put in terms of a call , but the idea of replication can be pushed much further,
and, before long, some of the techniques familiar to rocket scientists start to show
their value . Before we come to a mathematically challenging problem, however
, there is one further question that deserves serious examination - even though it
requires only elementary algebra.

For the sake of argument , we first consider an absurdly simple world with one
stock, one bond, and two times- time 0 and time 1 . The stock has a price of 10$
at time 0, and its price at time 1 is either equal to 5% or 20$. The bond has a
price of 5% at time 0 and is also 5% at time 1. People in this thought-experiment

world are so kind that they borrow or lend at a zero interest rate.
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Now consider a contract that pays 15% if the stock moves to 20$ and pays
nothing if the stock moves to 5$. This contract is a new security that derives its
value from the value of the stock , a toy example of a derivative security. The
natural question is to determine the arbitrage price of X the security.

From our earlier analysis, we know that to solve this problem we only need to
find a replicating portfolio. In other words , we only need to find o and 3 such
that the portfolio consisting of « units of the stock and [ units of the bond will
exactly replicate the payout of the contract . The possibility of such a replication
is made perfectly clear when we consider a table that spells out what is required

under the two possible contingencies - the stock goes up , or the stock goes down.

TABLE (2.3.2) REPLICATION OF A DERIVATIVE SECURITY
Portfolio | Derivative Security

Original cost aS+ BB | X
Payout if stock goes up 20+ 55 | 15
Payout if stock goes down | ba+ 55 | 0

When we require that the portfolio must replicate the payout of the derivative

security, we get the two equations
200 + 58 =15 and ba+55=0

We can solve these questions to find a = 1 and § = —1 , so by the purchase
of one share of stock and the short sale of one bond , we produce a portfolio
that perfectly replicates the derived security. This replicating portfolio requires
an initial investment of five dollars to be created , so the arbitrage price of the

derived security must also equal five dollars.

2.3.5 The Black-Scholes Model

We will now follow a remarkable continuous-time arbitrage argument that will lead
us to the famous Black-Scholes formula for the pricing of European call options.
We let S; denote the price at time ¢ of a stock and let 3, denote the price at time
t of a bond . We then take the time dynamics of these two processes to be given
by the SDEs

Stockmodel : dS; = pSidt + 05;dB;  Bondmodel : df, = r{,dt (2.3.5.1)

that is , we assume that the stock price is given by a geometric Brownian
motion , and the bond price is given by a deterministic process with exponential

growth.

14



For a European call option with strike price K at termination time 7" , the
payout is given by h(Sy) = (Sr — K). . To find the arbitrage price for this
security, we need to find a way to replicate this payout . The new idea is to build
a dynamic portfolio where the quantities of stocks and bonds are continuously

readjusted as time passes.

2.3.6 Arbitrage and Replication

If we let a; denote the number of units of stock that we hold in the replicating
portfolio at time ¢ and let b; denote the corresponding number of units of the

bond , then the total value of the portfolio at time ¢ is

Vi = apS¢ + b3,

The condition where the portfolio replicates the contingent claim at time 7T

is simply

terminal replication constraint : Vo = h(St) (2.3.6.1)

In the one-period model of the binomial arbitrage , we only needed to solve a
simple linear system to determine the stock and bond positions of our replicating
portfolio , but in the continuous-time model we face more difficult task. Because
the prices of the stock and bond change continuously, we have the opportunity to
continuously rebalance our portfolio that is, at each instant we may sell some of the
stock to buy more bonds or vice versa. This possibility of continuous rebalancing
gives us the flexibility we need to replicate the cash flow of the call option.

Because the option has no cash flow until the terminal time , the replicating
portfolio must be continuously rebalanced in such a way that there is no cash
flowing into or out of the portfolio until the terminal time 7" . This means that at all
intermediate times we require that restructuring of the portfolio be self-financing
in the sense that any change in the value of the portfolio value must equal the
profit loss due to change in the price of the stock or the price of the bond . In

terms of stochastic differentials , this requirement is given by the equation ,

self-financing condition : dV; = a,dS; + b,df3, (2.3.6.2)

This equation imposes a strong constraint on the possible values for a; and b,
. When coupled with the termination constraint Vp = h(Sr), the self-financing

condition (2.3.6.2) turns out to be enough to determine a; and b; uniquely.
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2.3.7 Coefficient Matching

In order to avail ourselves of the Ito calculus , we now suppose that the portfolio
value V; can be written as V, = f(¢,5;) , for an appropriately smooth f . Under
this hypothesis, we will then be able to use the self-financing condition to get
expressions for a; and b, in terms of f and its derivatives. The replication identity
can then be used to turn these expressions into a PDE for f . The solution of this
PDE will in turn provide formulas for a; and b; as functions of the time and the
stock price.

To provide the coefficient matching equation , we need to turn our to expres-
sions for V; into SDEs. First, from the self-financing condition and the models for

the stock and bond, we have

d‘/;g = atdSt + btdﬁt = at{,uStdt + O'StdBt} + bt{Tﬁtdt}

= {(zt,ust + btrﬁt}dt -+ CltO'StdBt (2371)

From our assumption that V; = f(¢,5;) and the Ito formula for geometric

Brownian motion (or the box calculus), we then find
1
dVi = fi(t, St) + §faﬂx(t7 St)dSidS; + fi(t, St)dS;

={fi(t, ) + %fm(t, S)o2SE + fult, S Syt + fo(t,S)oSdB;,  (2.3.7.2)

When we equate the dB, coefficients from (2.3.7.1) and ( 2.3.7.2) , we find a
delightfully simple expression for the size of the stock portion of our replicating

portfolio:

ay = fx(t’ St)

Now, to determine the size of the bond portion , we only need to equate the
dt coefficients from equations (2.3.7.1) and ( 2.3.7.2) to find

16



1
NStfm(ta St) + 7’btﬁt = ft(tv St) + §frr(t7 St)U2Sz€2 + fx(tv St):uSt

The pS, f.(t,S;) terms cancel, and we can then solve for b; to find

by — rit{ Lt S) + % Fun(t, S,)0252) (2.3.7.3)

Because V; is equal both f(¢,S;) and a;S; + b;3, , the values for a;, and b; gives
us a PDE for f(¢,5;)
f(t,S) = Vi = aSe + b,

= (0,880t Ul 5) + S Falt, S)0°S7 15,

we arrive at the justly famous formula Black - Scholes PDE :
1
filt,x) = —§a2x2fm(t, x) —raf.(t,x) +rf(t ) (2.3.7.4)

with its terminal boundary condition

f(T,x) =h(x) forallr € R.

Theorem 15 (A Solution Formula) If a,b and ¢ are constants , then the initial-

value problem given by
Ut = QUzz + bu, +cv and v(0,2) = Y (2) (2.3.7.5)

has a solution that can be written as

v(t, ) = exp(—t(b* — 4ac)/4a — xb/2a) /OO ky(x/v/a — 5)e®/ >V (sy/a) ds
- (2.3.7.6)

provided that a > 0 and that the initial data satisfy the exponential bound

[(z)[ < Aexp (B |z|”)

17



for some constants A, B, and o < 2.

For a European call option with strike price K at termination time T’

hz)=(xr—K); forall z €R

We have an equation with a terminal condition instead of an initial condition,

first we want to make a change of time variable to reverse time , by defining a new

variable

T=T—1t¢

so that 7 = 0 corresponds to t = T". Now rewrite the Black-Scholes PDE as a

function of 7 and z .

We introduce a new variable

y =logx

write f(t,z) as g(7,y)

fi=0:Ti = —0g-

fo= GylYz = gy<1)

T

1 1

fw:c:gyy( )_gy( )

2 2

so the equation (2.3.7.4) gives a new initial-value problem for g :

1, 1

—0°Gyy + (r — §g2)gy —rg and g(0,y) = (e — K),

gT:2

This problem is precisely of the form

18
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V= AUz + buy +cv for t € (0,T] and x € R

so after identifying the coefficients

1 1
a= 502, b=r— 502 and c= —r (2.3.7.8)

f(t,x) = g(7,y) is given by the product of the exponential factor

exp(—7(b* — 4ac) /4a — yb/2a) (2.3.7.9)

and the corresponding integral term of (2.3.7.6)

I = / kr(y/va — s)e/>Ve(e3Ve — K ds (2.3.7.10)

To compute the integral, make change of variables u = y/y/a — s and restrict

integration to the domain D where the integrand is nonzero,

D={u:y—uya>logK}={u:u<(y—logK)/a},

SO

I = exp(y+yb/2a)/ k., (u) exp(—u(b/2v/a + v/a)du

_K expl(yb/2a) /D ke (1) exp(—ub/2+/@) du (2.3.7.11)

By the familiar completion of the square in the exponent , we can compute the

general integral

/_a ki(s)e P ds = 675243(\/% + BV2t) (2.3.7.12)

Finally , since both integrals of equation (2.3.7.11) are of the same type as
equation (2.3.7.12), we obtain 2.3.7.11.
Now by substitution x = e the solution f(t,z) of the Black-Scholes terminal-

value problem is given by the Black-Scholes formula:

log(%) + (r+ %02)7

i )

log(&) + (r — %02)7

oVt

flz,t) = xd( — Ke O(
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CHAPTER III

ORTHOGONAL POLYNOMIALS

Most of this chapter is taken from [Chihara, T.S., 1978], [Asai N, Kubo I, Kuo
H.H., 2004], [Delgado,M.A., Geronim,S.J., Iliev, P., Xu, Y., 2009].

3.1 Background

The systems of orthogonal polynomials associated with the names of Hermite,
Laguerre and Jacobi (including special cases named after Chebyshev, Legendre
and Gegenbauer) are unquestionably the most extensively studied and widely ap-
plied systems. These three systems are called collectively the classical orthogonal
polynomials.

The literature on these polynomials is enormous and we will present only the
most basic facts concerning them. The most thorough single account of the clas-
sical polynomials is found in the treatise of [Szeg6,G. 1939].

The most part of the material for this section is taken from [Chihara,T.1978]

Definition 16 The Jacobi polynomials, ples )(x) are the polynomials defined by

the formula

mn

PO = (=2 () (1= )" (1 2 (L= 2+ ™) @3L1)

Here a and [ are parameters which, or integrability purposes, are restricted
to a > —1, f > —1. However , many of the identities and other formal properties
of these polynomials remain valid under the less restrictive condition that neither
a nor [ is a negative integer.

(i)The Legendre polynomials (v = 5 = 0)

P,(z) = P9 (x) (3.1.2)
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(771) The Chebyshev polynomials of the second kind («a = = %)

N

Da)

on 4+ 1\
Un(z) = 22”(:_:_1) P

(iv) The Gegenbauer (or Ultraspherical ) for polynomials (a = )

PO = () R (") e o= A-

1 —1
o o 27 %

(3.1.3)

(3.1.4)

(3.1.5)

The formula (3.1.1) is usually called Rodrigues formula in the case a = 5 =0

while the general case is called Rodrigues type formula.

Legendre investigated the polynomials which bear his name in 1785 while Ro-

drigues’ formula appeared in 1816 . The general Jacobi polynomial was introduced
by Jacobi in 1859.

Using Leibniz’ formula for the nth derivative of a product we obtain from

(3.1.1)

(=2)"(n))(1 — 2)*(1 + 2)° PP (1) n (") D" R(1 — gt DR (1 4 z)n P

RIS <Zfz> (” . 5) (x— D@+ 1))

PO () = (2) " (”““) (”Zﬁ) (2 — 1) + 1)

21
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We see that P\ (x) is a polynomial of degree n whose leading coefficient

ko = kn(a, f) = 277 Y (Zt;‘) (”Jk:ﬁ) :2—"<2n+0‘+@) (3.1.7)

n

We also have

P () = (=1)" PP (1) (3.1.8)

n

PO(1) = (n N a) (3.1.9)

The Laguerre polynomial , L,(z) , can also be defined by a Rodrigues’ type

formula. Namely

mn

d
L(a) _ ! -1 _—a x
©(a) = (nl) e

(2" ™" (3.1.10)

It is customary to require that o > —1 but most formal relations remain valid
if o is not a negative integer . The case a = 0 is the one originally studied
by Laguerre although it occurred earlier in the works of Abel , Lagrange and
Chebyshev. The notation,

is standard. The case of general « is due to Sonine and L (x) is obtained
from (3.1.10) with the aid of Leibniz’ formula. The result is

L) (z) = Y (”+O‘) (=o)" (3.1.11)
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We conclude that L' (x) is a polynomial of degree n with leading coefficient

ke = kn(a) = (=1" (3.1.12)

H,(z) = (-1)"e" —e* (3.1.13)

Taylor’s theorem yields the generating function

n

0
62xw—w2 — Z Hn(l’)w—
n!

n=0

Expanding e*** and e~ as power series in w taking the Cauchy product of

the result yields

3

5

00
eQmwfoﬂ — E :

n=0 k=0

(1)t 2a
(n — 2k)!k!

In these formulas , [z] denotes the largest integer not exceeding z. H,(z) is

thus seen to be a polynomial of degree n whose leading coefficient is
k, = 2" (3.1.14)

The most common alternative to the above terminology is to replace exp(—z?)
by exp(’TIQ) in (3.1.13). This yields a polynomial, He, (z) , which can be expressed
in terms of H,(z) by



He,(x) is called the Hermite polynomial for example by [Jackson,D.,1941] and
seems to be the preferred form for applications to statistics.
In each of the three cases, we have defined a sequence of polynomials by a

formula of the type

Pu(z) = K '[w(z)] ' D"[p"(x)w(x)], n =0,1,2, ... (3.1.15)

where for the Jacobi ,Laguerre and Hermite cases , respectively ;

(1) K, = (=2)"n! , n!, (=1)";

(17) p(x) is a polynomial independent of n and of degree 2,1 and 0;

(731) w(x) is positive and integrable over (a, b) where (a, b) is (—1, 1), (0, 00) and
(—o00,00) , respectively;

(1v) D" [p" (x)w(x)] vanishes for x =a and z =b, 0 < k < n.

(Here and in (#ii) , the conditions , « > —1 , § > —1 in the Jacobi case and
a > —1 in the Laguerre case must be imposed.)

For nonnegative integers m and n, write

b b
Imn:/ men(x)w(a:)da::Kgl/ ™ D" [p" (x)w(x)]d.

Integrating by parts and using (iv) , we find
b
KoTpm = 2" D" o (@) (@)]!, — m / D [ () da

= —ma™ D" p"(z)w(x)]dx

We assume that 0 < m < n . If the above procedure is repeated, we then

obtain after m such steps ,

b
KLy = (—1)™m! / D (2)eo()]

Then if m < n , one more integration yields
b
Kplyn = (_1)mm!xm—1/ Dn_m_l[pn(l')W(ZE)]Zdl’ =0

On the other hand , if m = n , we have
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b
Kulon = (-1 [ [ @)o(o)ida
Thus in the three cases, we have specifically,

(Jacobi)

1
I, = (2)_”n!/ (1 —2)" (1 4 2)"Pdx

1

= ntetbHlpn a4+ 1,n+ B +1),

where B denotes the beta function which can be expressed in terms of the

gamma function by

[(#)C(y)
B(z,y) = m,
(Laguerre)

Ly = (—1)" / #"e e = (=1)"T(n+ a + 1);
0
(Hermite)

0.0
)
n!/ e dr = nl/T.

o0

Referring to (3.1.7) , (3.1.12) and (3.1.14) for the leading coefficients of each

the three polynomials , we then can write the explicit orthogonality relations,

1
/ P@A pled) (1 — )1 + x)’d, a>1,0>1
-1

207 M (n+ a+ 1)I'(n+ B+ 1)
= O, (3.1.16)
Cn+a+ B+ (n+a+ 5+ 1)n!

F'n+a+1)

/ L(2) L\ (z)x%e % dx =
0

/ Hp(2)Hy ()™ dz = 2"nI/T0mn

o0
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For the Hermite, Laguerre, and Jacobi polynomials, there are simple formulas

for the derivatives

d[i;;fx) = 2nH, () (3.1.17)
The formula
AL (z) (et
= L (@) (3.1.18)
can be derived from (3.1.11).
dljlg;m - %(” +at 5+ DR () (3.1.19)

We note that (3.1.17) , (3.1.18) , (3.1.19) show that in all three cases, the
sequence of derivatives forms another orthogonal polynomial sequence.

There are a large number of generating functions known for the classical poly-
nomials. By "generating function " for {P,(z)} , we mean here a function F of

two variables that has a formal Taylor’s expansion of the form

where {a,} is a known sequence of constants.

The classical generating function for the Jacobi polynomials is

2Rl —w+ R *(I+w+R) 7 => PP (z)w", (3.1.20)
n=0

where
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R=(1- 2xw+w2)%.

This generating function was obtained originally by Jacobi.
For a = (3, (3.1.20) yields a generating function for the Gegenbauer polynomi-

als. However, in this case there is simpler generating function due to Gegenbauer:

(1—2rw+w?)™ = Z PN (z)wm (3.1.21)

n=0

In turn, (3.1.21) yields for A = % and 1, respectively, generating functions for

the Legendre polynomials and Chebyshev polynomials of the second kind:

(1-2zw+w?) ™2 =Y P(z)w", (3.1.22)
n=0

(1= 20w+ w) ™ = Up(z)" (3.1.23)
n=0

Using the readily verified limit

2
limho)\_lp,?) (x) = =T,(x),

n

one can also obtain from (3.1.21) a generating function for the Chebyshev

polynomials of the first kind:
log(1 — 22w + w?) ™' =2 Z n 1T, (z)w". (3.1.24)
n=1

However, there is the simpler algebraic generating function
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oo

Loow 3 To(x)wr. (3.1.25)

1 —2zw 4+ w? —

The most common generating function for the Laguerre polynomials is

(1—w)™ " exp — ZL . (3.1.26)
n=0

This can be proved by expanding the left side as a series in w and using (3.1.11)
to identify the coefficients in the resulting expansion.

For the Hermite polynomials, the standard generating function is

2;1:0.) w?

(3.1.27)

which follows from Taylor’s theorem and (3.1.13).

We will define the monic Charlier polynomials, C.” (), by the generating

function

e (l+w) =) (J,Ef’(a:)%, a#0. (3.1.28)

n=0

The explicit representation is

Cl(z i( )( ) (—a)"*, (3.1.29)

k=0
and the orthogonality relation is
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n

/ C) (2)C (2)d® () = a" 1S, (3.1.30)
0

where ¥ is the step function whose jumps are

670‘ x

d¢(“)(:v) = ;pla atxr=0,1,2,---

Thus positive-definite case occurs for a > 0 and in this case , dw(a) (x) is the
Poisson distribution of probability theory.

The recurrence formula is

Cgfr)l(x) = (z—n—a)C¥(z) - aanfi)l (x). (3.1.31)

The Charlier polynomials can be expressed in terms of Laguerre polynomials

C9(z) = nILE(a). (3.1.32)

There is simple difference relation

ACY) (z) = nC\™), (2). (3.1.33)

In connection with (3.1.31), this yields the second order difference equation

aN2C(z) — (z+1—a—n)ACY (z) +nCW(z) = 0. (3.1.34)

There exists also a Rodrigues type formula for Charlier polynomials,

a$

C@)(z) = (=1)"a~"T(z + 1)A"[m

! (3.1.35)
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3.2 Generating Functions Method

Most of the material for this section is taken from [Asai.N,Kubo.Il,Kuo.H.2004]
Let p be a probability measure on R with finite moments of all orders such
that the linear span of the monomials 2z , n > 0 , is dense in L?*(p). It is well
known that there exists a complete system {P,}>°, of orthogonal polynomials
with respect to p such that P, is a polynomial of degree n with leading coefficient

1 and the following recursion formula is satisfied:

(x — an)Pu(x) = Pop1(z) + wpPri(z), n>0 (3.2.1)

where «,, € R,w, > 0 for n > 0 and by convention wg = 1,P_; = 0. The
numbers «,, and w,, are called Szeg6-Jacobi parameters of .

Define a sequence A\ = {\,}>2, by

Ap = WoW1 * * * Wh, (3.2.2)

Assume that the sequence A satisfies the condition

inf AL/™ > 0. (3.2.3)

n>0

Let p be a fixed probability measure on R satisfying conditions (3.2.3). For

convenience we make the following definitions.

Definition 17 By a pre-generating function for p we mean a function p(t, x) with

a power series expansion in t

p(t,x) = gul@)t", (3.2.4)
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satisfying the following conditions:
1. gn(x) is a polynomial of degree n for each n > 0.
1/n

2. limsupn—os ||gnll 2,y < 00

We point out that conditions 1. and 2. imply the following fact:
There exists 7o > 0 such that E,¢(t,.) # 0 for all |t| < 7.
To verify this fact, note that by 2.,

1/n

Ry =lim inf [|ga[|;3/% > 0.

Hence the series

¢<t7 x) = Z gn(m)tn

converges in L?(u) for t € C with |t| < Rg. Therefore ,

Eullo(t ) <) lgnll o 11" < 00
n=0

fort € C, |t| < Ry.This implies that E,[¢(t,.)] is analytic on {t € C;|t| < Ry}.
On the other hand , by 1.

Eul#(0,.)] = g0 # 0.

Thus there exists 7o such that 0 < 79 < Ry and E,[p(t,.)] # 0 for all t € C,

|t| < Ty.

Definition 18 By a generating function for i we mean a pre-generating function

W(t,x) given by

Gt z) = Qula)t”, (3.2.5)
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where the polynomials @, n > 0,are orthogonal in L?(j).

Definition 19 The multiplicative renormalization of a pre-generating function
o(t, x) is defined to be the function

et x)
Eﬂgo(tv ) .

Note that a generating function is very different from moment generating func-

w(tv :C) =

tion. A moment generating function is used to find moments of a probability
measure, while a generating function is used to find a sequence of orthogonal

polynomials .

Lemma 20 Let p(t,x) be a pre-generating function given by

o0

o(t,z) = Z gn(2)t" and its renormalization factor can be expanded as

n=0

1 =~ .
K > n=0

Let ¢(t,x) = C(t)¢(t, z) be the multiplicative renormalization of ¢(t, z) and

¢(tv $) = Z Qn(x)tn

Then (¢, x) is also a pre-generating function, Qy(x) =1 and E,(t,.) = 1 for

all t where v (¢, ) is defined. Moreover, for each n > 0, @), is a linear combination

of g0.g1, -, Gn
Qn() = bogn + ... + bngo

and vice versa g, is also a linear combination of @)y, @1, ..., Q..

Theorem 21 Let ¢(t,x) be the multiplicative renormalization of a pre-generating

function and
Ut x) =) Qulx)t". (3.2.6)
n=0
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Then the polynomials @Q,,n > 0, are orthogonal in L?(x) if and only if
E,(t, )Y(s,.) depends only on ts. (Hence 1(t,x) is a generating function for

)

Proof. Suppose the polynomials @),,,n > 0, are orthogonal. Then

E,ﬂ/’(t ')¢(87 ) = Z EuQantnsm

n,m=0

= i EuQi@S)n-

n,m=0
Hence E,1(t,.)1(s,.) depends only on ¢s. Conversely, suppose a double series

in ¢t and s depends only on ts, namely,

o0

D apmt™s™ = 0(ts). (3.2.7)

n,m=0

Let n > m. Differentiate equation (3.2.7) n times in ¢ to get

oy Z At 5™ = "0 (ts). (3.2.8)

n,m=0

Then differentiate equation (3.2.8) m times in s and put ¢ = s = 0 to show
that a,, = 0. In case n < m, we first differentiate equation (3.2.7) m times in s,
then n times in ¢, put t = s = 0 to show that a,,, = 0. Hence we have a,,,, = 0 if
n # m. Therefore, if E,1(t,.)Y(s,.) depends only on ts, then

E,u@n@m =0, vn 7£ m

and so the polynomials Q,,n > 0, are orthogonal in L?(;). =

For a given probability measure pz on R, Lemma 20 and Theorem 21 provide a
method to derive the corresponding orthogonal polynomials {P,}>° , in equation
3.2.1 which is called renormalization method.

Try a certain form (¢, x) of a pre-generating function and take the multiplica-
p(t,z)
El“p(t:') ’
find the exact form of (¢, z). With this ¢(t,z) we can compute ¢ (¢, x) and by

the series expansion we can obtain the polynomials @), in equation (3.2.6).Let a,,
Qn ()

T
an

Then use the condition in Theorem 21 to

tive renormalization (¢, x) =

be the leading coefficient of @),,. Then the polynomials P,(x) = ,n >0, are
those associated with p as given in (3.2.1).
Thus a critical question is how to find an appropriate form of a pre-generating

function. It is desirable to find a way to derive Szegd-Jacobi parameters from the
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corresponding generating function. In order to do that we rewrite the generating

function in Theorem 21 as follows:

Yt x) = anPu()t", (3.2.9)

where a, is the leading coefficient of @, (z) in (¢, x) ZQ” t" and
Po(2) = Qn(z)/an.

Thus polynomials P,’ s are those in (3.2.1)

There are two ways to compute the Szeg6-Jacobi parameters. After deriving
the polynomials P,’s from (¢, x) , we can use (3.2.1) to compare the coefficients
(e.g., of 2™ and 2°) in both sides to find «,, and w,,.

Another way to compute the Szeg6-Jacobi parameters is a classical one. Mul-
tiply both sides of (3.2.1) by P, and take the expectation to get

Eu(-fpg)

2.1
E, P? (8:2.10)

oy =

On the other hand, multiply both sides of (3.2.1) by P,_; and take the expec-

tation to get

E,(xPyPn_1)
E, P2

n—1

Wy =
But from equation (3.2.1) with n being replaced by n — 1 we get

Bu(ePaPos) = Ey(PaePo 1))
- Eu(Pn(Pn + CVn—lpn—l + Wn—lpn—2))

=E,P?
Hence w,, and ), are given by
Euly d\, = E,P? (3.2.11)
Wy = an = 2.
EMPn—l
Theorem 22 Let i)(t, x) Z a, P, (z)t" be a generating function for p. Then
n=0
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T n
w(t,7) = ; "™, (3.2.12)
= aAt, (3.2.13)
n=0
2 - 2 2n 2n—1
Buap(t, ) =) (@l t™ + 2050, 1 At™ ), (3.2.14)
n=0

where a_; = 0 by convention.

Proof. Equation (3.2.13) follows from the orthogonality of the polynomials
P, and Equation (3.2.11). To show Equation (3.2.14) note that

E,x(t, Z anam B, (xP, Py )t"t"
n,m=0
=Y @B, (xP)t*" +2) " ayamEy(zP, Py )t (3.2.15)
n=0 n>m

But when n > m we have
E(xP,P,) = E,((Pus1 + anPy 4+ wn Py 1) Pr) = Omn1wn B, (P2).

Therefore,

Z anam B, (x P, Py )t" " = Zanan_lEu(Ps)tQ"_l. (3.2.16)
n>m -1
Hence Equations (3.2.10), (3.2.11), (3.2.15) and (3.2.16) yield equation (3.2.14).Equation
(3.2.12) follows easily from the fact that P,(z) is a monic polynomial. m

Once we have a generating function v (t, z) for u, we can find the power series
of E,(t,.)* and E,x1(t,.)?. Then by the above theorem we can find a,, and the
Szegd-Jacobi parameters «,, and w,,.

We try two types of pre-generating functions

o0

1

— pr(t)

o(t,z) = e’ E n' (3.2.17)
n=0
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o) = (1= pt00y = 3 ) (-1 ol (32.18)

n=0

where the function p(t) and constant ¢ are to be derived so that the multiplica-
tive renormalization v (t,x) satisfies the condition that E,i(t,.)¢(s,.) depends
only on ts according to Theorem 21. These two types functions cover many clas-
sical examples of orthogonal polynomials. In fact, the first type in (3.2.17) can be
applied to more general cases.

In both cases in Equation (3.2.17) and (3.2.18), p(t) must be analytic around
t =0, p(0) =0, and p'(0) # 0 in order to get a polynomial g,(x) of degree n in
equation (3.2.4). For these cases, the coefficients {a,} in equation (3.2.9) can be

obtained as follows.

3

lim 4/ (¢, —) lim ( 3 = lim (7, ;)

¥
t—0 t— E

For the case of equation (3.2.17), we have

, o0 ! 0)"
lim (¢, —) = lim P2/t = o' (07 — Z P fl') ",

t—0 t t—0

and hence

(3.2.19)

For the case of Equation (3.2.18)

t—0

et ) = (1= F 02 = 3 (£) (0"

and hence
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a, = (C)(—p'(O))"a:". (3.2.20)

Definition 23 A probability measure i on R is said to be of exponential type if

there exists a constant 0 < a < oo such that [ e”*ldu(z) < co.

For an exponential type probability measure u, define its Laplace transform
by

I(r) = /Re”d,u(x), I <a

Theorem 24 Let i1 be an exponential type probability measure on R. Let | be its
Laplace transform and g(r) = U'(r)/l(r). Suppose p(t) has a power series expansion

near 0 such that p(0) = 0, p'(0) = 1 and satisfies the following equation

9(p(t) + p())(tp'(t) = sp'(s)) = g(p(1))tp'(t) — g(p(s))sp (s)- (3.2.21)

Then the multiplicative renormalization of e?(Y)*

er)z er)z

Y(t,x) = Euep(t)x - l(p(t))

is a generating function for pu.
Note:Let ¢t,s > 0 and put p(t) = 6O(logt).Then Equation (3.2.21) can be

reduced to an equation for 0(r),r < —K, (K is a positive constant)

9(0(r) + 0(u))(0'(r) + 0'(u)) = g(6(r))6"(r) — g(6(w))6" (w)
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and

lim,_._0(r) = 0,lim,_,_o.e "0'(r) = 1.

Proof. Let p(t) be a function with a power series expansion near 0 and p(0) =
0, p/(0) = 1.Then it is easy to see that function ¢(t,z) = e*)* is a pre-generating
function. Note that E,p(t,.) = I(p(t)) and so the multiplicative renormalization

of ¢(t,x) is given
er(t)r

Lp(t))

P(t,z) =
Then for any t, s, we have

L(p(t) + p(s))
Lp(®)i(p(s))
Observe that E,1(t,.)1(s,.) in Equation (3.2.22) depends on ts only if and only

if after substituting s = 7 the following function is independent of .

B (t, )i(s,.) = (3.2.22)

(b0, ) =

By independence of ¢t we have,

D1, e+ 0() _
ot 1pp(5)
which is equivalent to
9(p(t) + ()P0 = 0'(5)5) = 9pO)F (1) = 9(p(5)p'(5) 5 = 0.

or
tp'(t) —p'(s)s, _ tg(p(t)p'(t) + g(p(s))p'(s)s
9(pt) + pl(s)) (T = t
If we cancel ¢t which is at the denominator we can see this equation is equivalent
to equation (3.2.22) in the theorem. Thus if p(t) satisfies equation (3.2.21) then

E,)(t,.)1(s,.) depends on ts and so (¢, z) is generating function. m

In this section we will use multiplicative renormalization method to find sev-
eral generating functions and derive the corresponding orthogonal polynomials
together with Szeg6-Jacobi parameters. In addition, we will verify that our or-
thogonal polynomials derived from generating functions are indeed the classical
ones. By this technique we first find a generating function then use it to derive

orthogonal polynomials and other quantities.
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3.2.1 Gaussian Measure and Hermite Polynomials

Let 1 be the Gaussian measure with mean 0 and variance o>

1
du(z) = e 27" dx.
2mo
Try the type of pre-generating function (¢, z) = e?® in equation (3.2.17). It
is easily checked that £, ¢(t,.) = 277 and so the multiplicative renormalization

of ¢ is given by

Wit z) = ePMa—50%p(t)*.

We can find p(t) by using Theorem 21 as follows. The Laplace transform of p
and its logaritmic derivative are given by [(r) = 27" and g(r) = o?r, respectively.

We can find the Laplace transform of p as follows

(o] o
/e_mdu(;ﬂ) = \/1_ /e_meziﬂ?dx
J 2o J
e.)
_ 21 /e2012(12+202mc+04r2)e§02r2dx _ 6”2;2.
To
0

By using Theorem 24

o*(p(t) + p(s))(tp(t) = 5p/(5)) = *p(t)tp/ (1) — o*p(s)sp/(s)

if we cancel 02 from both sides of the equation we have

(p(t) + p(s))(tp'(t) — sp'(s)) = p(t)tp'(t) — p(s)sp(s)

If we distribute p(t) 4+ p(s) to parenthesis we have

(p(t) + p(s))tp'(t) — sp'(s)(p(t) + p(s)) = p(t)tp'(t) — p(s)sp'(s)

and distribute tp'(t) and sp'(s) to the parenthesis

p(t)tp'(t) + p(s)tp'(t) — sp'(s)p(t) — sp'(s)p(s) = p()tp'(t) — p(s)sp'(s)

we have
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tp(s)p'(t) = sp'(s)p(t)

W) _ spls)
p(t) p(s)
p(t) =t and we have the following pre-generating and generating functions:

and

= ¢, a constant. Thus p(t) = ¢;t¢. Choose ¢; = ¢ = 1 to get

o(t,x) =" Yt,z) = v =307t

To derive the orthogonal polynomials, note that

et.re—%0'2t2 _ (f: itnxnxi (_Uz)thm)
— n! — ml2m
o [3]
Z( - (_U2>k xnf2k)tn
ot (n — 2k)!k12F
Therefore, we have
=1
Wit z) = 27 = > — Py (2)t", (3.2.1.1)
n!
n=0
where the polynomial P, (x) is defined by
R
P,(z) = 2)kgn—2k, (3.2.1.2)

2k 7
k=0

To find the Szeg6-Jacobi parameters, first note that P,(x) is even or odd when
n is even or odd, respectively. Hence P,(z)? is even for any n and so E, P, (z)* = 0.

Hence by Equation (3.2.10) we have
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(In fact, it is well-known that p is symmetric if and only if «,, = 0 for all
n >0.)
To find w,, we first check that E,i(t,z)? = ¢”*" and so

o0

”wtx Z

=0

2n

Compare this equation to equation (3.2.13) with a,, = T% by equation (3.2.1.1)
to get

2n
Ap = 0“"nl,

which satisfies the condition in equation (3.2.3). Therefore we get

wp=0"n, n>1 (w=1).
Finally we show that the polynomials defined by (3.2.1.2) are the classical
Hermite polynomials with parameter o?.
Theorem 25 Let P, be the polynomial defined by Equation (3.2.1.2). Then
Po(z) = (—0®)"e2:% De ™ 257,

Proof. From equation (3.2.1.1) we have

tx7702t2

1
n!

[
WK

P, (x)t".

Il
=)

n

By completing the square of the exponent in ¢t we can rewrite this equation as

=1
= —Pal
where
—1,2
flu) = e,
Note that

D} f(x = 0%t) = £ (@ — 0t) (—02)",
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Hence if we differentiate both sides of Equation (3.2.1.3) n-times in ¢ and then let
t = 0 then we get

22

7)2 7;2
Po(w) = e2® [O(z)(=0)" = (=0®) e Dye” 2.
For the case 0 = 1 the polynomial P,(z) coincides with the Hermite polynomial

He,(x) given in section 3.1 m

3.2.2 Poisson Measure and Charlier Polynomials
Let p be the Poisson measure with parameter A > 0

:U’<{k}) :e_/\)\_k k:O71727”'

k!

Try the type of pre-generating function (¢, z) = e?® in equation (3.2.17). It
is easily checked that E,p(t,.) = exp(A(e”® — 1)). Then we can use Theorem 21

to derive that e?® = 14 ¢. Thus the multiplicative renormalization of (¢, z)
U(t,z) = e M1 +1)° (3.2.2.1)

is a generating function for u. To derive the corresponding orthogonal polyno-

mials we need to use the binomial series

8

(L+1)*

n=0
where p, o = 1 be convention and p,,, = x(z — 1) --- (z —n+1) for n > 1. Hence

we have

6—/\75(1 + t)a: (Z -

n=0 m=0

e nk

=D (n— k)P et
=0

n 0
- 1 n— n
-3 () S
n= 0

1
nl

=
Il

Mg

?

Therefore, we have

Pt z) =e M1 +1)* i

n=0

Po(z (3.2.2.2)

where the polynomial P, (z) is defined by

42



- i (Z) (=" D (3.2.2.3)

k=0

One way to find the Szeg6-Jacobi parameters is to use Equation (3.2.14) with

a, = = in view of Equation (3.2.2.3). First we can easily compute that

Ea(t, ) = A1 +1)%.

Therefore, by Equation (3.2.14) ,

8

1
At 42—\, 177,

)\ t2 AtQ
bt nl(n —1)!

:0

By comparing the coefficients of > and "' we get

Ay = N"(A+n)nl, A, = N'nl.

Hence by (3.2.11) the Szeg6-Jacobi parameters are given by

a, =AX+n, n>0,

wp=M, n>1 (wg=1).

Moreover the parameter A, satisfies the condition Equation (3.2.3).
Now we will show that the polynomials defined by Equation (3.2.2.3) are the

classical Charlier polynomials with parameter .

Theorem 26 Let P, be the polynomials defined by equation (3.2.2.8). Then

AI

CulesX) = (CD"N T+ DA G =5

).

where A is the difference operator Af(x) = f(x+1)— f(x) and I'(+) is the Gamma

function.
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Proof. Let
W(t,x) = e_’\t(l +1)".
Then

Op(t,x) = e M1+ )" o — AL +1)). (3.2.2.4)

On the other hand, we can easily check that

(AL +1))” (A1 +1))”
A, — —A(1+1)). 3.2.2.5
e R rae s SEEPYRE)) (32.25)
Cancel out the common last factor in equations (3.2.2.4) and (3.2.2.5) to get

['(z+1) (AL +1))”

0t 2) = —e (L4 1) e A ()

(A + t))x)
['(x)

Bring the factor e *(1 + ¢)~! inside the operator A, to get

= —e MA@+ 1) AL

T

o(t,x) = =N""T(x+ 1)A$(>‘—

e—)\t r—1
) (14+t)")

xT

= A\ T(z + 1)&(%@0(@ r—1)).

Then apply induction to show that for any n we have

A$

Finally put ¢t = 0 to get
)\ac
Po(z) = 0;¢(t, ) [i=0= (-1)"A""T(z + 1)A2(m)-

3.2.3 Gamma Distribution and Laguerre Polynomials

Let i be the Gamma distribution with parameter o« > 0

du(x) = P(a)xafle*””da:, x> 0.

Try the type of pre-generating function of ¢(t,7) = e*) in Equation (3.2.17).
The Laplace transform [ and multiplicative renormalization (¢, x) of u are given
by
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) =
B ert)z
D) = 0wy

(3.2.3.1)

(3.2.3.2)

We can use Theorem 21 to derive the function p(¢).On the other hand, we can

apply Theorem 25 to derive p(t) as follows. From equation (3.2.3.1) we see that

the logarithmic derivative of [ is given by

and so equation (3.2.21) in Theorem 24 becomes

tp'(t) —sp'(s) _ t'(t) — sp'(s)
L=p(t) = p(s) 1—p(t) 1—p(s)

By letting £(t) = 1 — p(t) we see that this equation is equivalent to

t'(t)(&(s)* — &(s)) — s8'(s)(E(1)* = &(1)) = 0

Therefore, we have

€ sels)
€@ —&0) ~ €62 —£6)

:c’




—tyl 4+ cy = c¢

| = —
Y ty
dy dt
— = C—
Y t

Inlyl =cln|t|+Inc¢

y = cit°

y(t) = er(t)t°

—te ()t =c

Hence p(t) is given by

Cltc
t) = — .
p(t) T——"r

Since p(0) = 0 and p'(0) = 1 as required in Theorem 24, we get p(t) = 5.
Hence the resulting generating function for p in Equation (3.2.3.2) is given by

bt w) = (1+a) et

To derive the corresponding orthogonal polynomials, first note that

o0 n

eTtr —Z—t" (1+1t)"

8



Therefore,

In summation over m we apply the formula

(7)) - ()

m=0

and get the following equality
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n

o -tz > 1 —Oz—k? n
(L+t) et =) | E(ﬂ_k)xk]t.
n=0 k=0

Therefore we have shown that

Wit x) = (14 1) Zni

where the polynomial P, (z) is defined by
"ol —a—k
P(z)=) — ",
(z) kzzok!(n—k )x

Next we find the Szeg6-Jacobi parameters.

Firstly we find the following expectation

£ = / (t, 2)?dp(x)

1_ 2tz
e (1+t T d
/Fx (L) etveds
0

The substitution y = (1 — f—lt)x

gives

R Sl
E(t, ) o) _%)a()/y dy
A+t 2\ a
(1—1t)e (1=
=(1-1*)"

(3.2.3.3)

(3.2.3.4)



and we have the power series expansion

Bate. = 1 ()

n=0

Hence use Equation (3.2.13) in Theorem 22 with a,, = & by Equation (3.2.2.1)
to get

My = (m)2(=1)" (—a) _nlla+tn) .

n)= T o "Eh

which satisfies the condition Equation (3.1.3). Therefore , by Equation (3.2.11)

we have

wp=n(la+n-—1), n>1, (wy=1).

On the other hand it can be easily checked that

Eiy(t, ) = / L poe(1+ ) e Hidn
0

(z)
N S
(1= 2

(1+1)(1+1)
(1— )t

=a(l+t)" 1 -t

Thus we have the power series expansion

. - oo gLt
Ei(t, )" =a(l —t9) T
=ad (-1)" (_na) P (L+2> ),



whose coefficients for t*" is given by

a(-1)" (f) +2a(-1)"" <n__a1) (=) (n__a2>

By using formula

+
_|_
|
—_
e
/\l
<9
N——

Therefore, by Equation (3.2.11)

I'(n+a)
e

(nHT(n + «)

Aty = (n!)? I(a)

(a+2n) = (a+2n).

Hence by Equation (3.2.7) we have

a, =a+2n,n > 0.

Finally we show that the polynomials defined in Equation (3.2.3.4) are the

classical Laguerre polynomials up to a constant multiple.
Theorem 27 Let P,(x) be the polynomial defined by Equation (3.2.3.4) . Then

Py(x) = (=1)"nlL{(x),

where L' (x) is the classical Laguerre polynomial defined by

1
Lgla) (l‘) _ —'$_a+1€xD;L({L‘a+n_1€_x>.
n.

Proof. Since we will use the parameter o in the proof, we denote the gener-

ating function (¢, ) in equation 11 by (¢, z), namely, let

Yolt,x) = (1+1) et

Differentiate (¢, z) in t to get
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Ouhy(t, ) = (1+t) " letti (—a+ ——). (3.2.3.5)

On the other hand, we have

_ —$a+1€wDI(ZEa(]. + t)—a—lefl%’rt)

— —:po‘HeIDx(mo‘e_%/}aH(t, x)).

Inductively we have for any n > 1

O (t, ) = (=1)"2™ e DY (a™ " e ", (F, 7).

Put £t =0 to get

Po(w) = 0itba(t, @) limo= (=1)"2 ™" e" Dy (a°"" e ™).

Hence we conclude that
P,(z) = (=1)"n!L¥(z).

3.2.4 Uniform Distribution and Legendre Polynomials

Let p be the uniform distribution on the interval [-1,1]

1
du(x) = édm, —1<zx< -1

Try the type of pre-generating function in Equation (3.2.18) withc = —1/2

1

D = e

The expectation and the multiplicative renormalization of ¢(t, z) are given by
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p(t) 1

V14 p(t) = /1= p(t) /1= p(t)

Consider small ¢, s > 0 so that p(t), p(s) > 0. We can calculate expectation as

W(t,z) = (3.2.4.1)

follows,

Firstly we use the following integration formula for calculation of the expecta-

tion.

In(vB(1 - az) = Va(l - fz)) +

T 2
/ﬂ—awl—ﬁx‘m

Eﬂdj(tv ~)’¢(57 ) =

o) os) B s

BV RO O Y O Ny o
12 (1) (s) ]
2/p(t)p(s) /14 p(t) = /1= p(t) \/1+ p(s) — /1= p(s)

In(v/p(s)(1 = p(t)z) + v/p(t)(1 = p(s)2)) |14

_ 1 p(t) p(s) ]

Volt \/1+,0 — VT p() /T4 p(s) — /Tl

x[n(y/p(s)(1 = p(t)) = /p(t) (1 = p(s))) =In(y/p(s) (1 + p(t)) = V/p()(1 + p(s)))]

o p(t) p(s) |
V1 + p(t) \/1— t) 1+ p(s) — /1 —p(s)
RZON — V1) V/(1 — p(s))
\/p \/1+p — Vo)V (1+p(s))

In order for E,1(t,.)(s,.) to be a function of ts the quantity inside [- - -] must

be a function of ts. Hence
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p(t)

= at’.
V31+p(t) = /1 -p(t)
which can be easily solved for p(t) to be
4a2t2b
)= —
() 1 + 4a*t
Choose a = \i@,b = % to get
2t
1) = . 3.24.3
o) = 1o (3243

Now with this p(t), we can check that the In factor Equation (3.2.4.2) is indeed
a function of ts. Thus we can conclude from Theorem 21 that for the choice p(t)

in Equation (3.2.4.3) the corresponding function from Equation (3.2.4.1), namely,

1

YD e

(3.2.4.4)

is a generating function for the uniform measure on [—1,1]. To derive the

power series expansion of (¢, z) we first use the binomial series to get

U(t, x) = f: (_%) (=1)"(2tx — 2)".

n=0

and apply the binomial theorem to expand (2tx — ¢?)". Then observe that the

powers in each expansion have the pattern

{O}’ {172}7 {27374}7 {374a 576}7' ) {TL,TL + ]-an + 2}7' T

Therefore, the coefficient of ¢" in the series expansion of ¥ (¢, z) is given by
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00 1
_ 1\non—2k D) n—k n—2k
(—1)"2 (n_k)(n>x |

n=0

(]

which is a polynomial of degree n in x with the leading coefficient

(1) = B

n n!

where (2n —1)!! = (2n —1)(2n—3)---3- 1 and by convention (—1)!! = 1. Thus

we have obtained the power series expansion of the function in Equation (3.2.4.4)

o0

1 J—

Vi) = =

where P,(z) is defined by

2n — 1)
Mpn(x)tn, (3.2.4.5)
n.
0

n—

[n/2

Pu(z) = (2%1)” ;:(—1)712”% (n__% k) (” . k) a2, (3.2.4.6)

To find the Szeg6-Jacobi parameters, first note that the uniform measure ;o on

[—1,1] is symmetric and so

a, =0, n > 0.

Next we can easily evaluate

Bb(t,2)? = 5-(log(1 -+ 1) ~ log(1 — 1)

and so we have the series expansion

— 1

n=0

t2TL

Thus Equation (3.2.13) in Theorem 22 with a, = (2n — 1)!!/n! in view of
Equation (3.2.4.5) we get
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which yields that

1 (n!)?
= n>1
2n 4+ 1((2n — )!)2

satisfying the condition in Equation (3.2.3). Then by Equation (3.2.11) we

have

2

Wp=—75—, n>1

ey "=Zh W=D

Finally we show that the polynomials defined in Equation (3.2.4.6) are the

classical Legendre polynomials up to a constant multiple.

Theorem 28 Let P,(x) be the polynomial defined by Equation (3.2.4.6). Then

n!

P, =——L,(x),
n(@) = G @)
where .
_ n(.2 n
L,(z)= an!Dﬂc(w IDES

Proof. The coefficient of z"~2¢

()

(—1)F— (") (2n — 2K)(2n — 2k — 1) - - (n — 2k + 1).

in the summation of Equation (3.2.4.6)

can be simplified to

2npl \ k

Hence P,(x) can be rewritten as

ol | .
P,(z) = an — ED x Y (—1)F <k) (2n—2k)(2n—2k—1)---(n—2k+1)z" 2",

Now, observe that
(2n —2k)(2n — 2k — 1) - - - (n — 2k + 1)2" 2% = D a2
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.Therefore

(2n — 1)1 27n!

ol 1 [n/2] n
P,(x) = : X Z(—l)k (k‘) Dlg?n—2k
k_

in/2]
n! 1 " n\ o
~2n— D2l " DI[Z(_l)k(Jﬁ gl

k=0

Note that D"z**~2¢ = 0 for any [n/2] < k < n.Hence we have

n

Falw) = (2n71! ! 2”1n! . DZ[Z(_l)kG) ()"

k=0

n! 1 e 9 "
= @n =g < P =)

n!
Gn @)

|
3.2.5 Arcsine Distribution and Chebyshev Polynomials of the First
Kind

Let p be the arcsine distribution given by

1
V11— 22

Try the type of pre-generating function in Equation (3.2.18) with ¢ = —1.

1
du(z) = - de, |z| <1

o(t,r) = m (3.2.5.1)

The expectation of (¢, x) is calculated as follows:
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1 j 1
B _p(t)ﬂ,l V1+ayl—z(x — ﬁ)

1 ! arcsin( 20 T DD Gy FUC L)
=07 =+ D + 1) 2o~ it _
1w
S OL=
1
ﬂw@)z—ijzag

and so the multiplicative renormalization of (¢, x) is given by

1

T (3.2.5.2)

U(t,x) = V1 = p(t)?

we know compute multiplication of expectation as follows:

1
1 1 1

Eb(t, )u(s,.) = /1 - p(t)*V/1 - p(s)%/l el =gV

here we have to use partial fractions method,

A N B 1
L—p(t)r  1—=p(s)z (1 —p(t)z)(l—p(s)r)
therefore we have ,

_/' p(s) 1 L
p(t) — p(s) 1= p(s)z /1 — 22

with help of the previous integration

p(t) L p(s) L

=V T T 70— 08) VI poF
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E(t, )i(s,.) = . (3.2.5.3)

In order to find a function p(t) so that E,1(t,.)1(s,.) depends on only ts, let

AT p0F . 200
=i p(t)QHO(t) S 1+0(

Then equation (3.2.5.3) becomes

VO)0(s) + 1
Ep(t, )(s,.) = .
it (s, = e S
Hence 0(t) is given by
0(t) = at’
and so have
2¢/at"/?
plt) = 1+ath’
Choose a =1 and b = 2 to get
2t
=1re

Thus the resulting function from Equation (3.2.5.2)

O g (325
’ 1 —2tx + 2
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is a generating function for the arcsine distribution p. To derive the power

series expansion of ¥ (¢, x),

1 = 2 — - k4 2k
e rE D DLl B (1) e
=0

n=0 n=

(Z) tn+k2—n—kxn—k(_1)k

oo 2n
_ Z Z <mn )tm22n—mx2n—m(_1)m—n

—n

n
22n—m 2n—m —_1)m—n
| (,,", )2

m—[%]=2p—p=p,if m=2p

{m—(%}:2p+1—(p+1):p,1fm:2p+1
therefore we can write m — [%5] = [%].
it k =m — n we have

00 [m/2] m— k
m om 2k . .m—2k 1 k
2y (7 e
1 = A n—k
n=0 k=0

With this equality we can easily derive the power series expansion of the func-
tion ¢ (¢, x) in Equation (3.2.5.4).

1—¢? "
¥t 7) = 7 T 22 P,( (3.2.5.6)

where P,(z) is defined by
[n/2] n—k—1
P(z) =" + — Z(—nk( )271—2%"—%. (3.2.5.7)
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Next we derive the Szeg6-Jacobi parameters. Since p is symmetric, we have

a, =0, n>0.

Expectation can be calculated as follows:

1
. 1 (1 —t2)? dx
E;ﬂﬂ(t, ) - ;/(1 - 2t$ 4 t2>2 /1 — .132

1
- (1—t2)2/ dx
o (1 — 2tz +12)2y/1 — 22

-1

™

(1-— t2)2/( sin 0d6

T 1 —2tcosf +t2)2sinf
0
if2r —0=¢

27

LS

oo (1 —2tcos& + t2)?
2

(1 —t2)2/ df

- 2r (1 —2tcosf +t2)2
0

by substitution of € = z we have

(1 —e?)? / dz
27 iz(1—tz — L +¢2)?

|z|=1
(1= / zdz
2 (z —tz2 —t + t22)?
|z]=1
1— t2 2
= u Re s( - )

271 z—t22 —t+ 122

-t —t+t%2 = 0
22421+t —t = 0

—(141%) £ /(1 +12)2 — 4
—2t

21,2 =
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—(1+2)+ /(1 +12) -4

_ t
1 —or
—(1+8) = /A +2)2 -4 1
Zo = = —
2 —9t t
z

= (1—1?)? Res(tZ(z = 1)2’t)

=(1 —tQ)QRes((Z_t)2<1 mpTEL )
= (1= (=) b=
_ (1 o t2)2((1 — 2t21—{__ii§§1 - Zt)) |z:t
= (1= PR |
. 141
Bt ) = 1

and so we have the power series expansion

Bt = 14236
n=1

Therefore, by Equation (3.2.13) with a,, = 2" in view of Equation (3.2.5.6)

ANy =220 n>1 and M =1,

which satisfy the condition in Equation (3.2.3). Recall that P, = 1 and so by
Equation (3.2.11) we get

1 if n=0;
wn=1q 3 if n=1;
}l if n>2
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Now we show that the polynomials defined in Equation (3.2.5.7) are the clas-
sical Chebyshev polynomials of the first kind up to a constant multiple .

Theorem 29 Let P,(z) be the polynomial defined by Equation (3.2.5.7). Then

1
Pn(x) = FTH([L'), n Z 1, (PU = 1),

where T, (z) is the classical Chebyshev polynomial of the first kind defined by
T, (x) = cos(narccosx), n > 0.

Proof. It is well-known that cos(nf) is a polynomial of cosf as given by

[n/2]

—k—1

cos(nf) = 2"t cos™ 6 + Z(—l)k% (n b1 )2”‘”“‘1 cos" 20, n > 1.
k=1

Let x = cosf and divide both sides by 277! to get

1 2 n—k—1
=) cos(narccosr) = z" + on ;(—l)k( Eo1 >2"_2kx"_2k.

Thus from the definition of P,(z) in Equation (3.2.5.7) we see that for

n>1,P,(z) =

1
S cos(narccos ) = FTn(m)

3.2.6 Semi-circle Distribution and Chebyshev Polynomials of the Sec-
ond Kind

Let p be the semi-circle distribution given by
dp(z) = 2v/1 —a2dz, |z| < 1.

Try the type of pre-generating function in Equation (3.2.18) with ¢ = —1.

1
1—p(t)z
The expectation of ¢(t, ) can be checked to be

Qp(ta .1’) =

2

Bl ) = s p(t)2
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and so the multiplicative renormalization of ¢(t,x) is given by

_lEvioe®? 1 (3.2.6.1)

Vit ) 2 1—p(t)z

Direct computation shows that

Thus in view of Equation (3.2.5.3) we get

2t

t) = ——.

and resulting function from Equation (3.2.6.1)

1
by —
vithe) = o

is a generating function for the semi-circle distribution pu. Its power series

expansion is already given in Equation (3.2.5.5). Hence we have

1 - n n
n=0
where P, (z) is defined by
1 [n/2] n— Ik
Puw) = o Z(—N( N )2"—2%”—%. (3.2.6.3)
k=0

To find the Szeg6-Jacobi parameters, first we have

a, =0, n>0

since measure p is symmetric. On the other hand, it is easy to check that
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1 o
E(t,.)? = i > o
n=0

Hence by Equation (3.2.18) with a,, = 2" in view of Equation (3.2.6.2)

1
)\n:4_n’ 71207

and so by Equation (3.2.11) we get

Wy = n > 0.

1
4 Y
Obviously, the condition in Equation (3.2.3) is satisfied.

Next we show that the polynomials defined in Equation (3.2.6.3) are the clas-

sical Chebyshev polynomials of the second kind up to a constant multiple.

Theorem 30 Let P,(x) be the polynomial defined by Equation (3.2.6.3). Then

1
Un(z), n>0,

:2_nn

Py (z)

where U, (x) is the classical Chebyshev polynomial of the second kind defined by

U, (x) = sin[(n + 1) arccos x|

. n>0. (3.2.6.4)

sin(arccos z)

Proof. It is well-known that sin[(n + 1)f]/sinf is a polynomial of cosf as

given by
sinf(n +1)6] _ “’f(_Dk et VT
sin — k T

Let o = cos 6 to get the function U, (z) in Equation (3.2.6.4)

. [n/2]
sin[(n + 1) arccos z] e (M =K\ ook n_ok
U, () = Sl — N (—1 gn—2k;n—2k 3.2.6.5
(7) sin(arccos ) kZ:U( ) k v ( )

By comparing Equations (3.2.6.3) and (3.2.6.5) we see that

1
P,(x) = Q—HUn(x), n > 0.
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3.3 B ernstein-Szego Polynomials

Let p(x) be a polynomial of precise degree [ and positive in [-1,1]. Then the

orthonormal polynomials p,(z), which are associated with the weight functions

(1 - a2 {p(a)} ",
w@) =4 (1 a){p()} (3:3.1)
(=) {p(a)} !

are called Berstein-Szeg6 polynomials.

Theorem 31 Let g(0) be the trigonometric polynomial with real coefficients which
is mon-negative for all real values of 0. Then there exists a polynomial p(z) of the
same degree as g(0) such that g(0) = |p(2)|*, where z = €. Conversely, if z = €
the expression | ,o(z)|2 always represents a mon-negative trigonometric polynomial

in 0 of the same degree as the polynomial p(z).

Theorem 32 Let g(0) satisfy the condition of the previous theorem and g(0) # 0.
Then a representation g(0) = |h(ei9)‘2 exists such that h(x) is a polynomial of the
same degree as g(0), with h(z) # 0 in |z| < 1, and h(z) > 0. This polynomial is
uniquely determined. If g(0) is a cosine polynomial, h(z) is a polynomial with real

coefficients.

Theorem 33 Let p(z) be a polynomial of precise degree | and positive in [—1,1].
Let p(cosf) = |h(ei9)}2 be the normalized representation of p(cos@) in the sense
of the previous theorem. Writing h(e?) = c(0) +1is(0), c¢(0) and s(0) real, we have

the following formulas:

palcost) = (2/m):R{e"h(e7)}
= (2/71’)%{6(9) cosnf + s(f) sinnb},
wlz) = (1—22)2{p(x)}", 1 <2n; (3.8.2)

pu(cost) = (2/m)2(sind) '3 DR(ci)}

= (/O
wx) = (1—2)"2{p)}", 1 <2n+1); (3.3.3)

pulcos®) = 7 2(sin(6/2)) " I{e "D ()}
sin(n + 1)0 cos(n +1)6

= O e D e b
w(z) = (1I_i)%{p(x)}_l, l<om+1. (3.9.4)
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These formulas must be modified for | = 2n, 1 = 2(n+ 1), and | = 2n + 1,
respectively, by multiplying the right-hand member of (3.3.2) by (1 + hl/hg)_%,
and those of (3.3.3) and (3.3.4) (1 — hy/ho)"2, where hy = h(0) and hy is the
coefficient of z! in h(z).

First we observe that the right-hand members of (3.3.2),(3.3.3),(3.3.4) are

cosine polynomials with the highest terms

1 sin(n + 1)6 _1sin(n + 3)0

(2/7[’)§h0 Ccos n@, (2/7T)5h0 S0 , ™ 2W, (335)

respectively. In first of these expressions, if, [ = 2n > 0, hy must be replaced
by ho + hq; in the second and last, if [ = 2(n+ 1) and [ = 2n + 1, respectively, we

have hg — hy in place of Ay,
We give the proof of (3.3.2). First we show that

1
/pn(x)a:”(l - xZ)%l{p(x)}’lda: =0, v=0,1,---,n—1,
S

or, what amounts to the same thing,

™

/pn(cos 0) cos vO{p(cos )} *df = 0, v=0,1,--n—1,
0
Now,

2wt | [ | .
( /;)2 m /ezneh(elng)(elne + 6—7/719) H h(ezQ)l 2d9 _
0

) 1 p z(n—i—v) i(n—v)0 9 1 1 n+v n—ov
_@/mr, / +e g\ /)2, /Z Ao QY

4 h(e®) T i 2h(2)

—T ‘z|:1

since the function 2" + 2"~*{zh(z)} ! is regular for |z| < 1. Furthermore,
/ (a1 =) (o)} o = [ (puleost)}{pcos0)} dp
0

= /{pn(cos 0)}(2/7r)%h0 cosnf{p(cosf)} df

He/mineming [ 2 2”“ =L (2/m)ho(2r /o) =

||1
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The proofs of (3.3.3) and (3.3.4) are similar. In place of cosvf we use sin(v +
1)0/sin@ and sin(v + 1)6/sin(%), respectively. The modifications necessary for
l=2n,l=2(n+1),and [l =2n+ 1, in (3.3.2), (3.3.3), and (3.3.4), respectively,
are also obvious. Finally, we notice that (3.3.2) arises from (3.3.4), (3.3.4) from
(3.3.3), and (3.3.2) from (3.3.3) be replacing p(x) by (1 —z)p(z), (1+x)p(x), and
(1 — 2?)p(x), respectively.

Given polynomial

2q
A [[VItEd (m>q)
k=1 %
e LLVI+ G (m=aq).
k=1

L, =

Then,
To(z;0) = %{vmm% + gé); Ww(z),

where an integer number m > ¢, is a monic polynomial of degree m.

Theorem 34 [Bernstein/

_ 2™ 4+ At 4 A
a) min max
Ay —1<a<1 w(z)

1
k 0(k=0,1.2,--- —1
b)/Tm(«T;W)—m da::{ ( 1,2, m—1),
—1

Wﬁmﬁm—l-l (/{3 = m) (m =4q,q9+ ]-a' ’ ')7

= L, and the extremial polynomial is T,,(z;w),

1
nw(t)
2q '}r/\l/mdt
c) H(l +c)=e -1

k=1
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Proof. a) We'll use the Chebyshev alternation theorem. [Achieser N.I.,1992].

So it is sufficient to study variation of the argument.

9(3)

2q—m __ v

~ @)’

when v runs along upper half of the unit circle. Proof of b follows by relation:

1
v

_E_m - / 2 / U%*ﬂlm pm2a 0/ v Y
 2k+l E 1+ ’”0/{ Q(v) N Q(%)} X (v U) Q(v) Q(3)

. £m£m+1 m—2q (U + %)k d_U _ v
T ok—m+1 v Q)2 v v=e
jol=1 !
by simple application of their residues theorem. m
Theorem 35
1 QG e, Q) Vw(z)
Dn(ie) = Lra b gy =R

where integer m > q is a monic polynomial of degree m.

1
’ — k=012 ... -1
b)/Um(aj;w)ﬂdw: 0 ( 0,1,2,---,m ),
w(z) L2 (k=m) (m=qq+1,---),

1 \/w(x) V1—a?
! p
1 — a2 dx
= Un(z;w
/1 ( ) w(z) ) V1—a22
L(3)T(%)
— p— « e > .
T(Z+1) L. (m=gqq+1,--) for any number p > 1

Proof. b) is proven similarly to b from the former theorem.
¢) For p=1, follows from b.

We'll prove ¢) for p = 1. Since for v = €™

124 Q(v) — i
Q(3) ’

< =

where & is real, and hence



(:0) = Lo /ol o 1<z <) (1)
then,
. L 4 & sin(2r + 1)®
signUy, (z;w) = signsin® = — Z _—
e 2r+1
From the other side
. 1 _0g 2(v) 1 )
2 1N = — m+1—2q 2r+1 _ 1,,2g—m—1 v/ 12r+1
sin(2r 1) = g ([ et )
11 v—1
= ———U, r m\L; ) v
2i L27HT D (w5 )[ w(x)]?r et

and consequently by the property b
1

/ sin(2r + 1)®
-1

1 1 r+1\,..k
5 gzt ereom(@ et w(@)) ese e = 0

xFdx

Vw(z)

m—+1
k= 0,1,2,---,m—1; (2)
Hence,
1
oFdx
/signUm(x;w) =0 k=0,1,2,---,m—1 (3")
J olo)
and generally
1 g
/cosZn@signUm(x;w) \;% =0k=0,1,2,---m—1;n=0,1,2,---  (3)
w(z

-1

After obtaining (3’) further considerations are similar to the proof of A. Markov
theorem. Now we’ll give the proof ¢) any p > 1. For p > 1 the extremial polyno-
mial is unique. Since the space L, is strictly convex. [DeVore R.A., Lorentz G.G.,
1993]. Hence by elementary property of extremum, it is sufficient to prove for any
p > 1 the following relations m

Proof.
xFdx

Z U (2;w0)V/1 — 22 N

w(z)
But for any o > 0 the expansion (5) is uniformly convergent.

signU,, (z;w) =0k=0,1,2,---,m—1. (4)

|sin(I>]p — a(()P) + agp) Cos 2<I) + aip) COS 4@ 4. (5)
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Hence (4) follows by (3). Now it remains to find the value of the integral

B / U \/1 — x2 S
Hp = \/ w(z V1— a2
|
For that reason observe that because of (1) and (5).
1
p d p
fy = £m+1 N 77@0 ‘Cm+1>

since
1 Qv) e U2
P = m—+1—2q 2g—m—1 v/12ry
cos 2r 2{[v Q(%)] + [v —Q(v)] }
T27‘ m+1)<xaw )
= const ,
w()]"
and then

1

/COSQT(I)d—a::O (r=1,2,---).
1 — a2
“1
From the outside it follows from directly by (5) that

™

1
a(()p) = —/sinp bdd
T

SO

T)n(7; w) might be written also in the form

k

T —a;
cos((m — x)arccosz + Z arccos

=)w(z)

— CL]‘IL‘

J=1

what can be seen easily by observing the alternation property of the rational
function and
k
T —aj

R, (z) = cos((m — z)arccosz + le Arceos -— aj;g)w(x).
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Theorem 36 The following formula holds

Yt x) =2 To(z,w)t"
n==k

K
t*(cos E arccos f
=1

— tcos E arccos g — arccosx)) i
1— th + t2 [0 - a0
J=1
Proof. Consider
00
2 E R, (z)t" =
n=~k
k
. L T—a; . k T—a;
oo i(n—k)arccosz+ arccos 7z —i(n—k)arccosx+ arceos y—g
E (e i=1 +e i=1 it =
n=~k
k k
. T—a; . T—a;
i arceos 7 ) —i arccos g——= a]m
e j=1 tk) E ezm arccos xtm + e j=1 tk‘ E e—zm arccos a:tm —
m=0
k k
i E arccos 9 —1 E arccos f:%
ajz a].’l)
tke j=1 tke j=1
. + .
1 — tetarccosz 1 — te—tarccosz
k k
3 r—as; . T—as;
i E arccos ;——= —i E arccos 7=
J ) J .
tk(e j=1 (1 _ te*larccosw) +e =t (1 _ tezarccosx))
1 — 2t +t2

Now observe that the generating function for the orthogonal Bernstein-Szegd poly-
nomial withn > £ is given by

k

¢(757517) - f(t,:L’) H(l - CLjI).

J=1

where

f(t,x) =2 Z R, ()t
N D
H 1 — a]

2 o0

=0 ZPn(x)t”.
H (1—a;x)
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Concerning first k£ polynomials of Bernstein-Szegd we’ll give the following result
from paper of [Delgado M.A., Geronimo S.J., Iliev P., Xu Y|

Proposition 37 Assume that h(z) = 1+hy(2)+---+hn(2)Y is a stable polynomial
of degree N with real coefficients. Let g, be defined by

Z hiU_i(z), k>0, (3.3.6)

where U,(z) = —U_n_s(z) for n < 0. For 0< k < [¥2] — 1, there are constants
h,, such that

A

Qk(x) = Qk(x) + h;c+1Qk+1<$) et h;vfk+2QN7k—2($)

s a polynomial of degree k and orthogonal to every polynomial of degree less than

k with respect to
V1—2x2d
dula) = e =+ 1)/,
z

where hIN%+2 = hN,h/kaﬂ = hy_1 — hyhy, and the other h; can be deduced

inductively from h;.

Lemma 38 Let N € N be a fixed positive integer. For any i = 0,-- -, N, let

hi(y) be polynomials in y with real coefficients of degree at most o> — ﬂ — 1|, with
ho(y) = 1, such that
N
h(z,y) =Y hiy)7, (3.3.7)
i=0

is a stable polynomial in z for all —1 < y < 1, i.e. h(z,y) # 0 for any |z| < 1.
Define

Zh VWi—i( (3.3.8)

where Uy, (x) is the nth Chebyshev polynomml of the second kind. Here if n < 0,
the Chebyshev polynomial is understood as U, (x) = —U_,,_o(x). Then qi(z,y), is a
polynomial in two-variables which is orthogonal to every polynomial in x of degree

less than k with respect to

du(x) = 1_—9620;:6,33 =(z+4+1/2)/2.
h(z,9)

Moreover, for k > |' 21, qu(z,y) is a polynomial of total degree k and

1

/ Eoy)dp () = {

-1

if k>[5,
(1—hy) if 2k+2=N.

ISIERIE
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Proof. (Proposition) Previous lemma shows that g is orthogonal to all poly-
nomials of degree at most £—1. Thus, it follows readily that for 0 < k < f%] -1,
gr () is orthogonal to all polynomials of degree at most k£ — 1. We now prove that
we can choose constants h; such that gy, is of degree k. Using U, (z) = —U_,,_2(x)

for n < 0, we can write

N—k—2
Z hk+z+2U Z(hkfi - hk+i+2)Ui(37)a
i=k+1 =0
N —2
k<T T-1 (3.3.9)

in which the first sum contains terms that have degree > k. In particular, degq, <
N —k —2 for k < [#:2] — 1. Furthermore, for k +1 < j < N — 1 we can write,
by () and the fact that Up(x) = =U_,,—2(x) for n < 0.

N—j—2

Z h] zUz _I_Zh] lU Z hJ+Z+2U

i=k+1

where again the first sum contains terms that have degree > k in z. Since hy = 1,
it follows readily that

N—k—3
0k () + hyvan—i—a() = = Y (hrsizz — hvhy_p2)Ui(z) + - - -,
i=k+1
where only terms whose degree > k4 1 are given explicitly in the right hand side.
Thus the right-hand side of the above expression has degree N —k—3. Continuing,
we add (hy_1 — hnhi)gn—k—3 to eliminate Uy_x_3. Proceeding in this way , we
keep adding terms until the right-hand side contains only terms of degree < k.

This proves that ¢ is indeed a polynomial of degree k. =
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CHAPTER IV

ORTHOGONAL POLYNOMIALS IN STOCHASTIC THEORY

The material of the chapter is taken from [Schoutens, W., 2000],[Plucinska, A.,
1998).

The equation

f(z)exp(zu( Z Qum(x ‘ (4.1)

generates a family of polynomials {Q,,(x),m > 0} when both functions u(z)
and f(z) can be expanded in a formal power series and if u(0) = 0 , «/(0) # 0,
and f(0) # 0. The polynomials @Q,,(x) so defined are of exact degree m and are
called Sheffer polynomials. Any set of such polynomials is called a Sheffer set
since the first treatment of such polynomials was started by Sheffer [Sheffer, I.M
,1037],[Sheffer, .M ,1939].

Define 7 as the inverse function of u , so that 7(u(z)) = z. Then 7 also can be
expanded formally in a power series with 7(0) = 0 and 7/(0) # 0. Let introduce

an additional time parameter ¢ > 0 into the polynomials defined

f(expous z@m

by replacing the function f(z) b

Definition 39 A polynomial set {Q..(x),m > 0,t > 0} is called a Levy-Sheffer
system if it is defined by a generating function of the form

(f(2))"-exp(zul Z Qu(z, t (4.2)

where

1. f(#) and u(z) are analytic in a neighborhood of z = 0,
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2. u(0) =0, f(0) =1, and ¥/(0) # 0, and
3. = is an infinitely divisible characteristic function.

1
f(7(i6))

The quantity t can be considered to be a positive parameter ; as such the
function @,,(x,t) will also be a polynomial in ¢.
If Condition 3. is satisfied, then there is a Levy-process { X¢,t > 0} defined by

the function

through the characteristic function. From the Kolmogorov representation the-
orem , the latter can be equivalently phrased in terms of the pair (¢, K).
The basic link between the polynomials and the corresponding Levy processes

is the following martingale equality
E[Qm(Xtv t)|XS] = Qm(XSJ 5)7 0 S S S tvm 2 0 (44)

Indeed , taking generating functions , we find on the left hand side of (4.4)

mzzo E{Qm(Xta t)|Xs}%W:

= (f(2))"-exp(u(2) X,) E{exp(u(2)(X; — X,))| X, }.

For the right side of (4.4) we immediately find
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S QX 9) 2 = () cap(u()X,)

Combination of both expressions leads to the relationship

Efexp(u(z)(X; — X)X} = (f(2))"

If we compare this relationship with equation determining the Levy process

Efeap(u(z)(X, — X,))| X} = (¢(6))"".
then we realize that (4.4) will be satisfied if and only if (4.3) holds.

Example 40 (The Laguerre polynomials) The following generating function of

a version of the Laguerre polynomials is well known.

D LET (y)w™ = (14 w)* exp(—yw).

m=0

We identify the ingredients of this example.

The function ¢(6) resembles the characteristic function of the infinitely divisible
Gamma distribution. Let {Gy,t > 0} be the Gamma process with (G; = G),

Elexp(i0G,)] = exp(tvg(0)),

where 9 (0) = logp(#) = —log(l — if). Hence in Levy process ¢y (0) =
i0 A+ Cipy (BO) take A = 0,B = 1, and C' = « so that X; = G,;. We derive the
martingale property by putting Q,,(z,t) = Let=m) (x) so that
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E [ngt_m) (Gat) | GGS] - ngs_m) (GaS) .

Example 41 The Actuarial Polynomials.

The Actuarial polynomials are determined by the generating function

o0 wm
> 97(73)(9)% = exp(Mw + y(1 —€)),
m=0 ’
where A > 0. We identify the ingredients of this example.
u(z) = 1 — exp(2),

f(2) = exp()2).
o(2) = (1— i)™

Indeed, it easily follows that 7(z) = log(1—2z). As before we can put X;t = G;.
With the identification @Q,,(x,t) = g () we arrive at the martingale property

E[gfé\) (G)\t)|G)\s] = gﬁri\t) (G)\s)-

This martingale relation seems to be new.
Sheffer Sets and Orthogonality

Meixner Set of Orthogonal Polynomials If as set of polynomials is defined
as (4.1) , some extra conditions have to be satisfied to make these polynomials
orthogonal. In his historic paper , Meixner determined all set of orthogonal poly-
nomials that also satisfy the generating function relation (4.1) . As we need some
of the ingredients of Meixner’s approach, let us briefly sketch the construction.

Put D = % for the differential operator with respect to x. Relation (4.1)
implies that

7(D)Qm(z) = mQp-1(7), m >0

This equation in turn leads to the relation
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T(D)(2Qm () = 7/(D)Qm(x) + maQm—1(x), m >0

By Favard’s theorem , the monic set {Q,(x), m > 0} will be orthogonal if and

only if the polynomials satisfy a three-term recurrence relation

Qm+1(x) = (33 + lm—l—l)Qm(x) + km—i—l@m—l(x)? (4'5)

where the numbers [, are real and k,, < 0,m > 2. Apply 7(D) to (4.5).
Subtract from this relation (4.5) for @, after multiplying it by m. We obtain

(1_7—/(D))Qm<x> = (lmfl_lm)QOfl(x)‘i‘ (km+1 - b )m(m—l)ng(Z‘)

m m—1

If we shift m to m + 1 in this equation and then again 7(D), we find

(1-7(D))Qum(x) = (lm+2—lm+1)QO—1($)+(:Lm;zl — k::l) m(m—1)Qm_a().

Comparing the last two formulas , we obtain the following relations

and (4.5) becomes

Qmii(x) = (x + 11 + mAN)Qu(x) + m(ka + (m — 1)Kk)Qp1(z), m>0 (4.7)
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where ks < 0 and £ < 0. From (4.6) follows

m(y) =1 =M (y) — w72(y). (4.8)

Furthermore we obtain from (4.7), using

F) =3 Qulo) .

the following relation for f(z),

f’(Z) . kQZ + ll
f(z) 1= Az—k2?

We define two quantities o and § by the equation

1— Xz — k2?2 = (1 —az)(l—B2),

where a8 > 0. With these quantities we can rewrite the equation for f and

obtain from (4.8) a differential equation for the function u(z).

b 1 f’(z)_ [+ kz
YO0 -6 fo) (et Y

where [ € R and k < 0 are constants. The solution of these equations is
standard. We obtain

5log(2) if a#p
l—zaz Zf = 5
Note that the value for § = «a is the limiting expression from the case § # «

when § — a.

The explicit form of f is a bit more complicated.
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—(k+al) log(1—az) (k+pB1) log(1—pB2)
st T pa-p o VFeFBAD

klog(l—az a Z

10gf(2): gSQ )_‘_k—;ll—az’ 04267&0
~to)log(1-0) _ ke a# =0
k2 =P =
520+ 1z, a=pF=0

Again the last three forms are the obvious limiting cases of the first form.

Also the function 7 can be obtained explicitly , giving

exp(Bv)—exp(awv) .
T(v) = { B exp(Bv)—aexp(av) if a#fB
1—:041) Zf o = 5
For each choice of the allowed pairs («, ) we obtain a Meixner set of orthogonal

polynomials. Their explicit expression turns up after we have introduced the

martingale context.

Levy-Meixner System Let us apply the above to equation (4.2). We call any
resulting system a Levy-Meixner system. Each one of these systems is there-
fore a Levy-Sheffer system but with orthogonal polynomials. Since the explicit
form of the functions f and 7 is known, we can identify the ingredients in the
Kolmogorov Canonical representation. This then automatically determines the
underlying process.

Before embarking on the different subcases, we try to get as far as possible
with general quantities. The differential equation for ¢ follows from that for f .

From z = 7(v) and —logf(z) = logp(—iu(z)) we easily find that

and hence by the equations (4.9) ,

¢'(—iu(z))
¢(—iu(z))

Changing back to the argument 6 we find

= —i(l + kz).

= —i(l + kr(if)).
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The last equation allows us to identify the quantities k£ and [.
Put 6 = 0; then ¢'(0) = iE[X;] = —il.

A further derivation similarly yields that k¥ = —Var[X;]| < 0.
Henceforth, we write

l=—pu, k=—0c%

We solve the differential equation for ¢(#). We easily find

0

logp(0) = iub + 02/T(Z)dz.
0
The identification of ¢ and K in the Kolmogorov representation is done as

follows. By taking derivatives in Kolmogorov representation at § = 0 we see that
ic = ¢'(0) = iE[X;] = —il, and hence ¢ = p.

Taking another derivative we get the equation

o0

/ exp(i6z)dK (z) = o2 (i6),

—00
which determines K uniquely. The result of the subsequent calculations are

rather easy and lead to the explicit form

T o?(a—f)exp(i(a+B)0)  ;
- - 1] &
/exp(z'ex)dK(:c) - { ((Be;p(zé%ﬁ)—aexp(m&)ﬂ Z; X fg (4.10)
1+iaf -

—00

o0

We later verify that function / exp(16z)d(K (r)/K(o0)) is indeed a charac-

teristic function for all possible values of a and 8 where a8 > 0.
To simplify the further analysis and without loss of generality , we make the

following choice.

l=c=0, k=—-K(c0)=—0>=—1. (4.11)

From the identification we then get

iB(o+f) Hog((a=p)/(ae™*? —pe'?)) L La#B#0

af ’
0 log(1+iad) . .
_ _) e " ifo=p3#0
¢(¢) = 10% ¢(8) - % _ (1*6X1:(;(27i049))’ fa # ﬁ —0 (412)
-z ifa=0p=0

2
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The Levy-Meixner Systems Our general approach now is to link all Meixner
polynomials to a unique Levy process. The departing form of the polynomials is

(4.2), while for the Levy process we take Kolmogorov representation and (4.12);

i.e.,
log Ble) = 0(6) = tog ox(0) =t [ (0~ 1 a6 512,

where K is a probability measure. The two ingredients are linked by Equation
(4.1.3), (0) = — log f(r(i0)).
The measure of orthogonality ¥,(x), is also the distribution function of our

Levy process X;.Indeed , by taking generating functions in

/ Qun (2. 1)Qu(, ATy (1) = by ()

and setting n = 0 we have

o0

/(f(z))t.ea:p(a:u(z)dlllt(x) —co=1

—00

Putting u(z) = 6 so that z = 7(i) finally gives

[e.o]

/ exp(16z)dV,(z) = (

—00

! "= Elexp(i
m) = Elexp(it X)].

We also use the unit step distribution at the origin
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Brownian Motion-Hermite This is the case where a = = 0 and it is by far
the easiest. The fundamental quantities are

u(z) =z
f(z) = exp(—2%/2)
(0) = —6%/2
The first two quantities gives us
3 O pg t22/2
ZQm(xa )E - eXp(Zx_ Z / )7
m=0

while the last quantity tells us that we are working with a Brownian motion
{B;,t > 0} as the appropriate Levy process. Also K (z) = I(x) is easily derived.
The generating function of the Hermite polynomials , H,,(y), is given by

> Hm(y)% = exp(2yw — w?).

m=0

Identification of the two expressions requires

T t

Y= ma 2 .
We therefore find that for each m € N, {(¢/2)™/2H,,(B,/+/2t)} is a martingale
e, for 0 < s < t.
Poisson Process-Charlier This is the case a # 5 = 0 and the fundamental

quantities are

u(z) = —Llog(1 — az),

f(2) = (1= az)/* exp(z/a),
¥(0) =2 — L (1 — exp(—iad)).

The first two quantities give us
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Z Qum(z; t)z—| = exp(zt/a)(1l — Oéz)(t—ax)/a2
m!
m=0

Moreover (4.2.2.1) tells us that

o0

/ exp(ifx)dK (r) = exp(—iab)

and hence that
K(z) = I(x + «). From the form of ¢ (f) it seems natural to search for a
connection with Poisson process { Ny, t > 0} for which v (6) = exp(if) — 1.From

Vx(0) =i0A + Cipy (BO)

we derive that

so that

t
Xt = — — OZNt/QQ.
(0%

The Charlier polynomials are defined for a>0 by their generating function

oo wm
La)— = (1 — =)V,
> Gl =)

Identification of them with the polynomials (4.1.2) requires

zt t t—az
w=—, a = E? Y= &2
and hence
t—ax t t..

2 a2 a
Replacing = by X(t) we derive by

Vx(0) =i0A + Cipy (BO)

the martingale property

t S\ m s
E[Cm(Nt/oe27 @”Ns/a?] - (Z) Om(Ns/a27 E)
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Gamma Process-Laguerre Now we look the case where « = 3 # 0. The

primary quantities are

u(2) = e

F(2) = (1 — az)" a7 exp(— sy,
Y(0) =i — L log(1+ iad).

The first two ingredients lead to the generating function of the polynomials

= zZm z(ax —t) L

(1) — = exp(——2)(1 — az) a2,
mZ:%Q (@ )m! eXP(a(l — az)>( az)

Furthermore -
/ exp(ifz)dK (z) = (1 + iafd) ™2
easily yields
x/aN0
K@) = [ lyles(w)dy

—0o0

From the form of () we are led to a Gamma process {Gy,t > 0} which is
determined through the expression ¢(0) = —log(1 — if). The requested identifi-

cation leads to the same expressions as for the Poisson case. Hence again
t
Xt = — — OéGt/(XQ.
o)

The obvious set of orthogonal polynomials is now provided by the Laguerre

polynomials defined for all @ through the generating function

W

3 L ()™ = (1 - w) " exp(—2).
— w—1

The appropriate identification with the basic polynomials requires
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and hence

t _
Q{3 1) = mla™ LG/ (F= 22

).

a2

Replace = be X; to derive the martingale property

E[Lgn_l—i_t/az)(Gt/()ﬂ) ’Gs/oﬂ] = L7(n_1+5/a2)(Gs/o¢2)~

41 Stochastic Integration with respect to Brownian Motion and
Hermite Polynomials

The most studied stochastic case is integration with respect to Brownian motion
{By,t > 0}, where B; has a normal distribution N(0,t). The notion of multiple
stochastic integration for this process was first introduced by Norbert Wiener.
It is well known that Ito integration theory with respect to standard Brownian

motion, the Hermite polynomials play the role of the p,. [Ito,K.,1951]. We have

Theorem 42

t ~

F Hpi1(By; t)
H,(B,; s)dB, = —m1\260) 41.1
[ B2 e (4.1.0)

where

H,(z;t) = (t/2)"*H,(z/V/2t) (4.1.2)

1s the monic Hermite polynomial with parameter t.

Proof. According to Ito formula

Hy 1 (Bit)  Hoyi(Bist)
= li=0 +
n+1 n+1

t ~
9, Hn+1 (Bs7 8)

d
os n-+1 §
0

t - t ~

9, Hn+1(Bs;5) 1 0 Hn—i-l(Bs;s)

B - 4.1.

+/8Bs n+1 d8+2/8B§ ni1 0 (4.1.3)
0 0

Hn+1(Bt;t) — lim 1 t (e (E)
n+ 1 n+1

V2t
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. 1 ¢ (n+1)/2 Btn-i-l
:115)13n+1 <§> Hn+1(an+1(2t)(n—+l)/2+>:0

because of continuity of Brownian motion almost sure and By = 0.

EHn+1($3t) _ 1 (é)(n+1)/2(_1)n+13[6§(e—é)(n—&-l)] _

or n+1  n+1'2 ox
1 t

:n+1%

z %( fé)(rwl) + TS
t V2t

)(n+1)/2(_1)n+1[

_ —(—)"/2(—1)"“6?(e‘f)("ﬂ) . _(_ )n+2 (—)”ﬂeﬁ(e_ 5 )(n+2)
n—+1+/2¢t 2 n—+1 2°2
t., 1 2x T T ~
2 [ )] = Hu(z;)

- (5) 2<n+ 1) \/%Hn—i-l(\/%

Here we used the recurrence identity

)_

1"

H,(x) — 2zH)(x) + 2nH,(x) =0

n

it follows from ~
O Hpyi(2;)

9 ol nH,_1(x;t).
é%ELHff?t)=:<_{I11£%K%)W+Umei<e§>M+U]:
n n
_ (=1t [n + 1(3)("*1)/2(3%(6’%)("“) + (f)(nﬂ)/z(_x_z)e%(efé)(nﬂ)_,_
ntl L4 2 2 2
() MR (B (] = R 3t),

Comparing the expression just obtained with the result of

P,(x) = ¢, [h(x)B”(x)](”), n=0,1,2---,

h(z)
and taking this into account formula (4.2.3) we’ll finally obtain (4.1.1) and (4.1.2).

]

Note that the monic Hermite polynomials H,(z;t) are orthogonal with re-
spect to the normal distribution N(0,%), the distribution of B;. Note also that
because the stochastic integrals are martingales, we recover the results of section
4.1.3;1,i.e.,{H,(By;t)} are martingales.

The generating function of the monic Hermite polynomials H,,(x;t) is given by

Z H,(z: t)% = exp(—t2%/2 + zz). (4.1.4)
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Using the generating function (4.1.4) one can easily see that the role of the

exponential function is now taken by the function

v(Bet) =3 TP a2 By

n=0

because we have,

/Y(BS, $)dB, =Y (By,t) — Y(By,0) = Y (B, t) — 1.

The transformation Y (B, t) of Brownian motion is sometimes called geometric
Brownian motion or the stochastic exponent of the Brownian motion. It plays an

important role in the celebrated Black-Scholes option pricing model.

42 Stochastic Integration with Respect to the Poisson Process and
Charlier Polynomaals

Let (T,,)n>0 be a strictly increasing sequence of positive random variables. We

always take Ty = 0 a.s. Recall that indicator function 1g>7,3 is defined as

) ) Lift > Th(w)
=70 0, 4 ¢ < Ty (w)

Definition 43 The process (N = Ny)o<i<oo defined by

Ne=) Ly

n>1

with values in N U {oo} where N = {0,1,2,...} is called the counting process

associated to the sequence (T,,)n>1.

If we set T' = sup,,T,,, then

[Tn;00) ={N > n} = {(t,w) : Ny(w) = n}

as well as
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[T, Thi1) = {N =n}, and [T,00) = {N = o0}.

The random variable T is the explosion time of N. If 7' = oo a.s, then N is a
counting process without explosions. For T" = oo , note that for 0 < s < t < o0

we have

N, =Ny =Y ljer<n (4.2.1)

n>1

The increment N; — N, counts the number of random times 7,, that occur

between the fixed times s and ¢.

As we defined a countly process it is not necessarily adapted to the filtration

I
Definition 44 An adapted counting process N is a Poisson process if
1. for any s,¢,0 < s <t < 00, N, — Ny is independent of F§,
2. for any s,t,v,u,0 < s <t <o00,0<v<u<oot—s=7uv—u, then the

distribution of N; — N, is the same as that of N, — N,,.

Properties 1. and 2. are known respectively as increments independent of the

past, and stationary increments.

Theorem 45 Let N be a Poisson process. Then

—At )™
P(N,=n) = #, n=20,1,2,..., for some A > 0.
n!

That is, Ny has the Poisson distribution with parameter At. Moreover , N is con-
tinuos in probability and does not have explosions. (N is continuos in probability
means that fort > 0,lim,_;N; = N; where the limit is taken in probability)[Cinlar,
E.,1975]

Definition 46 The parameter A associated to a Poisson process by Theorem 45

1s called the intensity, or arrival rate, of the process.

Corollary 47 A Poisson process N with intensity A satisfies

E{N,} = Xt
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Variance(N;) = Var(N;) = M.

Theorem 48 Let N be a Poisson process with intensity \. Then Ny — A\t and
(N; — At)2 — Xt are martingales.

Proof. Since At is non-random , the process N; — A\t has mean zero and

independent increments. Therefore

E{N, — M — (N, = \t) | F,}

=FE{N;,— XM — (N, — M)} =0, for0 < s <t < oc.

The analogous statement holds for (N; — \t)?2 — \t. m

Definition 49 Let H be a stochastic process. The natural filtration of H, denoted
FO = (F?)o<t<oo, s defined by FP = o{Hg s < t}. That is ,F_ is the smallest
filtration that makes H adapted.

Definition 50 Let A = (A;)i>0 be a cadlag process. A is an increasing process if
the paths of A : t — Ay(w) are non-decreasing for almost all w. A is called a finite
variation process (F'V') if almost all of the paths of A are of finite variation on

each compact interval of R .

Let A be an increasing process. Fix an w such that ¢t — A;(w) is right continuos
and non-decreasing. This function induces a measure p,(w,ds) on Ry. If f is a
bounded , Borel function on R,

then

t

[ £

is well-defined for each ¢ > 0.
We denote this integral by

t

[ 514,00

0

If Fy = F(s,w) is bounded and jointly measurable, we can define , w — by — w ,

the integral
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t
I(t,w) = /F(s)dAs(w).
0
I is right continuos in ¢ and jointly measurable.
Proceeding analogously for A an F'V process (except that the induced measure
i, (w, ds) can have negative measure; that is, it is assigned measure), we can define

a jointly measurable integral

t

I(t,w) = /F(s,w)dAs(w)

0

for I’ bounded and jointly measurable.
Let A, be an F'V process.
We define

277,
|A|t = supz ‘A;i - AM . (*)
n on
k=1

n>1 7

Then |A|, < 0o a.s, and it is an increasing process.

Definition 51 For A an FV process, the total variation process, |A| = (|Al,)e=0

*

, 18 the increasing process defined in * above .

When the integrand process H has continuos paths , the Stieltjes integral
t
/ HdA, is also known as the Reimann-Stieltjes integral (for fixed w). In this case
0

we can define the integral as the limit of approximating sums. Such a result is
proved in elementary text books on Real Analysis.[Athreya K.B,Lahiri S.N,2006]

Theorem 52 Let A be an F'V process and let H be a jointly measurable process

such that a.s. s — H(s,w) is continous. Let m, be a sequence of finite ran-

dom partitions of [0,t] with lim,_..mesh(n,) = 0. Then for Ty, <> Sy < Tyi1,
t

LMy, — oo Z Hs, (Ar,,, — Ap,) = /HsdAs a.s.
0

Ty Tk+1€ETn
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Theorem 53 (Change of variables) Let A be an F'V process with continuos paths
, and let f be such that its derivative f exists and is continuos. Then (f(A;))io

is an F'V process and

t

F(A) — F(Ao) = / i

0

I

(A)dA,.

Example 54 Let N be a Poisson process with parameter \. Then M; = N; — A\t
the compensated Poisson process , is a martingale, as well as an F'V process. For

a bounded (say), jointly measurable process H, we have

¢ ¢ ¢ t - ¢
I = / H,dM, — / Hod(N,—As) = / H,dN,—\ / Hyds =Y Hr, 1sr,,—A / H,ds
0 0 0 0 n=1 0

where (T,,)n>1 are the arrival times of the Poisson process N.Now we suppose the
process H 1s bounded , adapted, and has continuos sample paths. For 0 < s <t <

oo, we then have

t

E{L I, | F} = B{ [ HadM, | F}} = E{lim Y~ Hy,(M,,, - M,)| F.}

s ty 7tk+1 (S

:nhjglo Z E{E{Htk(Mtk+1 _Mtk) | Ftk} | Fs} =0
tg,tpt1E€ETn

The interchange of limits can be justified by the Dominated Convergence The-
orem. We conclude that the integral process I is a martingale. This fact, that
the stochastic Stieltjes integral of an adapted, bounded, continuos process with
respect to a martingale is again a martingale, is true in much greater generality.

The orthogonal polynomials with respect to Poisson distribution P(t) are the

Charlier polynomials and they have the generating function

- zn z z X
;Cn(x,t)a =e(1-2)"

We have the following theorem.

Theorem 55 /C’n(Ns_;s)dMs = é”(Nt‘;t), with C,(X;t), the monic Charlier

n+1
(0,1]
polynomial of degree n.
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Proof. We verify this problem by direct calculation. Using the generating
functions of the Charlier polynomials, one can easily see that it is sufficient to

prove

where

Y(X,t,m) = exp(—tw)(1 + w)™ :ZC Xt

Define 7; the time of the ith jump in the P01sson process {Nt,t > 0} .

convenience we set 79 = 0. Note that

Nﬂ-— = lims—>7—i,s<’ri Ny =1i— ]-’ 1> 1.

So we have .
/Y(Ns, s, m)dMs
0
t t
= /e_sw(l + w)Ne-dN, — /e_sw(l + w)Ne-ds
0 0
_ze (1 4 )V Z [ emarwyas [ ey
(Ti—1,7i] (T 5]
Nt Nt
= Z e (1 +w) T - Z / e (1 +w)tds — / e (1 + w)Nds
= = ri 1 (7, ]
N N L . _ _
. . e TiW _ T Ti-1W e tw e TNW
— —Tiw(q i—1 1 1—1 —(1+ Ny
Do = D) ) S (N

e (1 +w)M —1
W

Y(Nt, t, m) —1
o .

This proves the theorem. m
The interpretation is that the monic Charlier polynomials are the counters for

Ito’s integral of the usual power
M; = (Ns—s)" = (OI(N83 s))",n >0,

for the compensated Poisson process {M;,t > 0}. The theorem also implies the
results of Poisson Process Charlier; i.e.,the monic Charlier Polynomials {C,, (Ny; )}

are martingales.
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43 Stochastic Characterization of Hermite Polynomials

4.3.1 Introduction and Formulation of the Result

Let H,, be an Hermite polynomial (H P) of degree n defined by the formula

(- T) = (1) exp(~ ) Ha ()

Let (W:,t > 0) be a Wiener process and

H, (W, t) =t H, ("2 W,). (4.3.1)

Characterization of Hermite polynomials on the class of orthogonal polynomi-
als is the subject of many papers.

In this section, we give a characterization of Hermite polynomials by consid-
ering them as functions of a Wiener process will be given. The result belongs to
Plucinska.[Plucinska, 1998]

We introduce the following notations: E(-) is the mean value ,E(- | W}) is the

conditional mean value with respect to W;.We normalize W,, i.e., we put

Then E(U,) = 0, E(U?) = 1.

The aim of the this section is to prove the following theorem.
Theorem 56 Let h, : R' — R be an analytic function for every natural n. If
for every path of the process (W, t > 0)

Eho(Uy | W) = (2)2ha(Uy) for s <t, (4.3.2)

S Y

then h,, = c,H, ,where ¢, are some constants, i.e., h, is an Hermite poloynomial

up to a constant factor. If, moreover,
(1) = Hy (1), (4.3.3)

then h, = H,,i.e., h, is an Hermite polynomial(H,(1) is given by (4.3.4)).
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4.3.2 Auxiliary Results

By the definition of H P, we have

[n/2] r
Hyx)=Y Mxn#r (4.3.4)
e < rl(n — 2r)12" ' o

By the properties of a Wiener process , we get

[r/2]
T § rl r—21 l
=0

4.3.3 Proof of Theorem 56

Let us expand h,, in a Maclaurin series; this series is evidently uniformly conver-
gent. Then, by (4.3.2) and (4.3.4) for s < ¢, we get

$"/ha(U) = ””Z e Z SHOOW2 = 2B, (U) | W)
/ > 1 > 1 )/ ir/2) r!
=" 2E _ T — = (n—1)/2 I v 7 i l
2:%7’ 0U:) [ Wi 2:%7’. ZX; (r—2l)'l'2lW (t=s)

1
2r (2[) o o\—ra(n—20)/2
= E W: E h): s —(t—s)""t

1
2r—1 (21-1) l—ry(n—204+1)/2
- E W § A SIS —(t — s)l el (4.3.6)

The right-hand side and the left-hand side of (4.3.6) are series in W,. We
compare the coefficients of these series; in the obtained relations we compare the

coefficients of s“t°. It is easily follows from this comparison that

h(0) =0 for r > n.

Therefore, h,(x) is a polynomial of degree n. Moreover, the coefficients of all
the terms on the left side which the powers if s are not integer must vanish. In
other words, the coefficients of these terms in which the power (n —7)/2 of z is

not integer must vanish. Therefore, for even n
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her=D(0) =0, r =1, -, n/2, (4.3.7)
for odd n

h2(0) =0, r=0,---, (n—1)/2. (4.3.8)

Let us put

Uy = —h(0), z=U,=s?W,, y=t/s.

' n

Now we shall consider the following two cases:

1.n = 2m(even)
2.n = 2m + 1(odd).

1.Taking into account (4.3.6)-(4.3.8) and changing the order of summation, we

have

mer @)l o
Za2m 2" Zazm Y Z m$2 y 1)

g 2 . 2r)! r—l, m—r
:Zw Z%mmm(y—l) yro (4.3.9)

Formula (4.3.9) must be satisfied for every z. Thus, all the coefficients of z?

must be equal to zero. In other words, for [ =0,1,2,---,m

)' r—Il, m—r
Za2m2r T (y — )" y™" — g o = 0. (4.3.10)

It follows from (4.3.10) for [ = m that

A2m,2m = A2m 2m.

Let agm 2m be a parameter. Thus (4.3.10) is a system of a linear equations in
m unknown as,, o, where r =0, 1, - -,m — 1. The determinant of system (4.3.10)

18
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(y™ —1)(y™ ' —1)--- (y — 1) # Oasy # 1.

Therefore, there is a unique solution of (4.3.10). This solution can be found
by the method of induction. From the first equation of system (4.3.10), i.e., for
l=m—1, we get

A2m 2m—2 = —M(2m — 1)agm 2m.-

We suppose that the successive solutions of (4.3.10) for r =m,m—1,--- [ +1

are

(2m)!
(2r)!/(m — r)12m-r

A2m,2r = (_1)m—7" a2m2m- (4311)
We are going to show that

(2m)!

_ m—l
A2m21 = (_1) (2[)'(7’ — l)|2m—l A2m 2m- (4312)
By virtue of (4.3.11),(4.3.10) has the following form:
- QT)' r—l, m—r
; azm,zrm(y -1y — 2m,2
. - 2m)l  (2r)!(y — 1)ty _
— -1 m—I ( o m—l 1 .
r;1< ) QD' (m —r)12r  (20)!(r — )12 agm,2m + (Y )a2m 21
( o 1 r— l( )m—’r _
(2[ |2m 1 42m,2m Z — ) + ("™ — Dagm
r=Il+1
—1)™7(2m)!
= (1 - yml)(((z)l)'%agm’gm — agm’gl) =0. (4313)

Formula (4.3.12) follows from immediately from (4.3.13). Taking into account
(4.3.11) and (4.3.12), we get

m

2m) 2r o (_1)T(2m)' 2m—2r
him (@ Z —r)l2m= p o Gam2m = Z (r)!(2m — 27’)!27“1: f42m,2m-
(4.3.14)

r=0 r=0
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Therefore, (4.3.14) has the form (4.3.4) up to a constant.
2. For n odd, the reasoning is analogous and we shall not repeat it. After

similar transformations for n = 2m + 1 we get

m

"(2m + 1)! o]
Rom T 1. 2m 4.3.15
2 +1 Z 2m—1—1—2r)'2’”x A2m+1,2m+1. ( )

For optional natural n, (4.3.14) and (4.3.15) can be jointly written in the

following form:

52y
i) =2 <r><!<n1)_<22>'!2r 2" (4.3.16)

Thus, by write of (4.3.4) and (4.3.16), h, is an Hermite polynomial up to a
constant factor. If, moreover, (4.3.3) holds, then it is evident that a,, = 1 for

every natural n. Theorem 56 is thus proved.
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CHAPTER V

CONCLUSION

This thesis is devoted to connections between probability theory an orthogonal

polynomials. The following were studied.

e Stochastic integration with applications in financial mathematics (review),
e Theory of orthogonal polynomials (review),
e Generating functions for orthogonal polynomials (review and original),

e Stochastic integrals and orthogonal polynomials (review).
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