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ABSTRACT
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ALGEBRAS

Giilhan Misra Bayer

Master of Science, Mathematics
Supervisor: Prof. Dr. Pinar Aydogdu
December 2024, 129 pages

Let G = (V, E) be a simple directed graph, where V' is any set. By “simple directed graph”
means that there exists at most one edge from w to v for u,v € V (i.e, a directed graph can
have loops but not multiple edges.) Consider, in addition, a symbol 0 € V" and an operation
on S = V U {0} via the rule: uv = w if u,v € FE and uv = 0, otherwise. The element 0 is
called the annihilator element of S. This structure is called graph magma induced by G and
is denoted by M (G). R = A[G] is a graph magma algebra if it has B =V U {1} as a basis

and, for u,v € V, uv = u if (u,v) € E and uv = 0, otherwise.

The aim of this thesis is to investigate the ring structure of graph magma algebras generated
by associative graphs and certain special ideals of these rings within the framework of the
Diaz-Boils and Lopez-Permouth study. This thesis consists of four chapters. In the first part
of our thesis, we give a survey of the literature on graph magma algebras. In the second
chapter, we offer fundamental background information on definitions and theorems in ring

theory, module theory, and graph theory.



In the third part of the thesis, we investigate graph magma algebras. It will be shown how a
graph magma algebra is constructed, and the problem of when two associative graphs induce

an isomorphic algebra will be characterized.

In the fourth chapter, we first determined the Jacobson radical and analyzed simple left
and right modules with a single vertex for graph magma algebras induced by graphs
with infinitely many non-null connected components. We examined characterization graph
magma algebras with finitely many non-null connected components. These rings were
identified as semiperfect rings and we examined the conditions under which semiperfect
algebras can arise as graph magma algebras. Furthermore, we investigate the right and left
socle and the singular ideal of graph magma algebras with finitely many non-null connected
components. Lastly, we studied commutative graph magma algebras with infinitely many
non-null connected components and examined the characterization of those with finitely

many non-null connected components.

In the last section, we examined algebras with bases formed by the vertices of the components
Ny @ Ky and N, @ K, for this focused on upper-triangular and lower-triangular matrix

algebras.

Keywords: Graph magma algebras, simple directed graphs, semiperfect rings, (semi)regular

rings, semiprimary rings.
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OZET

CIZGE MAGMA CEBIRLERININ HALKA YAPISININ BiR
INCELEMESI

Giilhan Misra Bayer

Yiiksek Lisans, Matematik
Damisman: Prof. Dr. Pinar Aydogdu
Aralik 2024, 129 sayfa

Cizge magma tanimu ilk olarak [1]’de tamitildi, ancak Kelarev ve Sokratova, ortaya ¢ikan
ikili iglemlere ¢izge cebiri adini verdiler. Bu ikili islemlere “¢izge cebirleri” terimi kullanilsa
da, bu ikili iglemler birlesmeli olmayabilecegi icin, bildigimiz cebirlerden farklidir. [2] deki
yazarlar, karigiklig1 onlemek icin literatiirde herhangi bir ek 6zelligi olmayan ikili islemlere

sahip bir kiimeyi tanimlamak icin yaygin olarak kullanilan "magma” terimini kullandilar.

Tanmm [1, p. 471] V herhangi bir kiime olmak iizere G = (V, E) bir basit yonlii ¢izge olsun.

G ¢izgesinin basit olusu ile kastedilen, u, v € V i¢in u’dan v’ye en fazla bir kenar olmasidir.
Dolayisiyla, kenarlar kiimesi £, V' x V’nin bir alt kiimesidir. Ek olarak, bir 0 ¢ V' sembolii
ve S = V U {0} lizerinde tanimlanan islemi g6z 6niine alinsin. 0 elemanina S nin sifirlayan

elemant denir. Bu yapiya, G ile iiretilen ¢izge magma denir ve M (G) ile gosterilir.

Tammm [3, Definition 4] Asagida verilen tipteki cizgelere baglantili birlesmeli cizgeler adi

verilir: k,p € {oo} UZ™T

1. p adet kose lizerinde tam ¢izge K, (her kose diger her bir kose ile baglantilr).

iii



2. Tek bir kose iizerinde bos ¢izge /V; (tek kose var, kenar yok).

3. Ny ile K, nin dik toplam1 N;, @ K, (K, nin kenarlarina ek olarak, /V,’nin her kosesi
K, nin her bir kosesi ile baglantili. Bu tipteki ¢izgeler i¢in /N 'min elemanlarina

kaynak koseler, K,’nin elemanlarina hedef eskare koseler denir.)

Kelarev ve Sokratova [1] ¢alismasinda, ¢izge magmalarinin ne zaman birlesmeli olacagina

dair asagidaki karakterizasyonu vermislerdir.

Teorem [1, Proposition 4] Bir G = (V, E') yonlii ¢izgesi i¢in asagidaki ifadeler denktir:

1. Cizge magma M (G) birlesmelidir.
2. Her (z,y) € E ve z € V i¢in (z, z) € E’dir ancak ve ancak (y, z) € E’dir.

3. G’nin her bir baglantili bileseni baglantili birlesmeli ¢izgelerden birine izomorftur.

Sonug [3, Corollary 1] Herhangi bir yonlii ¢izge G = (V, ) ¢izgesi icin asagidaki kosullar

denktir:

1. Cizge magma M (G) birlesmeli ve degismelidir;

2. G ¢izgesinin her baglantili bilegeni /V; ya da K e izomorftur.

Bu tezde, aksi belirtilmedigi siirece, ¢izgelerimiz birlesmelidir, yani ¢izgelerimiz ¢t,p € Z*

icin Ny, K1, N; @ K, bilesenlerinden olugmaktadir.

Aydogdu ve arkadaglari, [2] ¢aligmasinda, bir birlesmeli ¢izge magma M (G) tarafindan
tiretilen cebiri ele aldilar ve bu cebire ¢cizge magma cebiri adini verdiler. Baska bir deyigle, bir
cisim lizerinde birlesme ¢izge magmalar1 tarafindan olusturulan yarigrup cebirleri iizerinde
calistilar. Ayrica, ¢caligmalarinda temel modiillerle iligkili olarak herhangi bir cisim iizerinde

cizge magmalari tarafindan olusturulan cebirleri incelediler.

Son yillarda, sonsuz boyutlu cebirlerin uyumlu tabanlarimi arastirmak icin ¢izge magma
cebirlerine hakli bir ilgi duyulmustur (bkz. [2], [4], [5]). Uyumluluk ve bu kavramla ilintili
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sorular1 cevaplama yetisi, miimkiin oldugunca basit isleme sahip cebirler iizerinde ¢calismaya

baghdir. Cizge magma cebirleri bu istegi karsilamaktadr.

Tamim [3, Definition 3] G = (V, E) basit yonlii ¢izge ve F bir cisim olsun. B = V U {1}

tabanina sahip ve her u,v € V,

u eger (u,v) € F,
uv =

0 aksi halde.

olan A[G] cebirine ¢izge magma cebiri denir.
Birlesmeli G ¢izgesi ile belirlenen yarigrup cebirinin monoid oldugundan emin olmak i¢in
M (G) yarigrubuna birim eleman eklenir. M (G) yarigruna birim eleman eklemesiyle ilgili

endise yoktur; ciinkii bu yarigruplar yalmza G = ({u}, {(u, u)}) oldugunda bir monoiddir.

2022’de Diaz-Boils ve Lopez-Permouth iki cizgenin ne zaman izomorf ¢izge magma
cebirleri irettigi problemini ele almig ve bu problem, sonlu sayida baglantili bilesenlere sahip

cizgelerden elde edilen magmalar icin ¢oziilmiistiir.

Bu tezin amaci, Diaz-Boils ve Lopez-Permouth [3] calismasi cercevesinde, birlesmeli
cizgelerin iirettigi magma cebirlerinin halka yapisinin ve bu halkalarin bazi1 6zel ideallerinin
incelenmesidir. Bu tez bes boliimden olugsmaktadir. Tezimizin girig boliimiinde, ¢izge
magma cebirleri hakkinda literatiir taramasi yapilacaktir. Ikinci kisimda, ¢izge teorisindeki
bazi tamimlar ve diger boliimlerde gerekli olan halka ve modiil teorisindeki tanim ve
teoremler verilecektir. Tezin liglincii boliimiinde, ¢izge magma cebirleri incelenecektir. Bir
cizge magma cebirinin nasil iiretildigi gosterilecek ve birlesmeli cizgelerin izomorf cebirler

tirettigi durumlar ele alinacaktir.

Grup cebiri teorisindeki izomorfizma problemi, bir F' cismi ve iki grup G ve K verildiginde,
F[G] ve F|K] grup cebirlerinin izomorf olmasimin G ve K nin izomorf olmasini gerektirip

gerektirmedigidir (bkz. [6]).



Tamim [3, Definition 5] A[G] ve A[H]| izomorf ise G ve H ¢izgelerine izobariktir denir.

Izobariklik bir denklik bagintisidir ve G ~ H ile ifade edilir.

Tanmm [7, p.3] G, = (V4, Ey) ve Gy = (V, F) iki basit ¢izge olsun. Eger V; ve V, kiimeleri
arasinda, u,v € V; igin (u,v) € Gy < (¢(u), ¢(v))) € G5 kosulunu saglayan bire-bir bir ¢

eslesmesi varsa GGy ile G4 ¢izgeleri izomorftur denir.
Diaz-Boils ve Lopez-Permouth [3] makalesinde asagidakiler ispatlanmistir:
1. Birbirine izobarik baglantili birlesmeli ¢izgelerin ayrik birlesiminden olusan cizgeler
birbirlerine izobariktir: Eger G ve H ¢izgeleri sirasiyla | |,.; G; , | |,c; H; formunda

ve her i« € I icin GG; ve H; ikiser ikiser izobarik baglantili birlesmeli ¢izgeler ise G,

H’ye izobariktir.
2. Tam baglantil1 bilegenlerin izobraiklik siniflar1 asagidaki formlara sahiptir:

(a) Birden fazla koseye sahip herhangi iki baglantili ¢izge ayni sayida koseye sahip

oldugunda izobariktir, yani m = p + [ ise K,, ve N, ® K; izobraiktir.

(b) Baglantili bir ¢izge, baglantisiz bir ¢izgeyle izobarik olamaz.
Ayrica degismeli ¢izge magma cebirleri i¢in,
AG|2 A[H| <= G=H

oldugunu gosterdiler.

Bu sonugtan yola ¢ikarak, tezin dordiincii boliimiinde; ¢, m, k sifir, sonlu, ya da (sayilabilir
ya da sayi1lamaz) sonsuz ve her bir p; sifirdan farkli ve (sayilabilir ya da sayilamaz ) sonsuz

olmak iizere,

k
G=NUK™u( [N, oK),
j=1

formundaki ¢izgeler ele alinmustir.
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Bagka bir ifadeyle, G ¢izgesinde, {vq,vs, ..., v, } izole istel sifir koseleri, {eq,ez,...,emn}
izole eskare koseleri, {v;1,vjo,...,v)p, } kaynak iistel sifir koseleri ve w; onlarin hedef

eskare koselerini temsil etmek lizere asafidaki sekilde gosterilen cizgeler lizerinde

caligiimisgtir.

[ J
V1 el V11 w1 Vi1 Wi
. LN ]

V2 €2 V12 Vk2

[ J

V3 €3 V13 Vi3

) o)

vt Em Ulpq V2ps Vkpy,

[3] makalesinde, sonlu sayida bostan farkli baglantili bilesene sahip (yani, G ¢izgesinde m ve
k sonlu) ¢izge magma cebirleri tam olarak karakterize edilmis ve bu cebirler icin bir ayrisim

verilmistir.

Teorem [3, Proposition 5 and Proposition 6] Bostan farkli sonlu sayida baglantili bilesene

sahip bir G ¢izgesi tarafindan belirlenen ¢izge magma cebiri A[G]| olsun. {e;}!", izole egkare

koseler, {w;}»_, hedef eskare kisseler vee = 1 — (3" ;) — (Zle w;) olmak iizere;
1. R = A[G] halkas birbirine izomorf olmayan projektif modiillerin toplami

Re® Rei & --- & Re,,, D Rw; @ -+ - P Rwy,

olarak ifade edilebilir.

2. R = A|G] halkast birbirine izomorf olmayan projektif modiillerin toplam1
eRPetlR®-- - ®e, RO RD--- DwiR

olarak ifade edilebilir.
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m ve k sonlu olmak iizere, G cizgesi tarafindan {iretilen ¢izge magma cebirlerin yaritam

halkalar oldugu ve yaritam ¢izge magma cebirinin yariasal oldugu gosterilmistir.

Teorem [3, Theorem 4 ] R = A[G], bostan farkli sonlu sayida baglantili bilesene sahip bir

G cizgesi tarafindan liretilen ¢izge magma cebiri olsun. Asagidaki ifadeler denktir:

1. G sonlu sayida baglantili bilesene sahiptir,

2. R yaritam halkadir,

3. R yanasal halkadir,

4. R izomorfizma farkiyla sonlu sayida basit sol (sag) modiile sahiptir,

5. R tam halkadir.
Ayrica, hangi yaritam cebirlerinin cizge magma cebirleri olarak ortaya ¢ikabilecegi
belirlenmistir.

Teorem [3, Theorem 5] R, F' cismi lizerinde bir cebir olsun. O halde asagidaki iki kosul

birbirine denktir:

(1) R = A|G] olacak sekilde sonlu sayida bos olmayan baglantili bilesene sahip bir G

cizgesi vardir.

2) R,
R = Reg® Re1 @ - - - ® Rey,

ayrisimina sahip yariasal bir halkadir ve d; = dimRe;, J = J(R) ve her bir i =

?: olacak sekilde asagidaki kosullar1 saglar :

0, ..., m icin basit modiilleri .S; =

(@) J2=0,
(b) heri =0,...,mi¢in, dimS; = 1,

(c) heri =1,...,migin, e;Je; =0, ve egJeg = Jey,
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(d) heri =1,...,m,icin eger Re; # Je; # 0, ise Je; = Soc(Re;) = [So]@~V,

Yaritam bir halka iireten G ¢izgesi sonlu sayida eskare kdseye sahiptir, ancak sonlu sayida
iistel sifir koseye sahip olmayabilir. Eger GG sonlu sayida iistel sifir koseye sahipse, o zaman

asagidaki karakterizasyon elde edilmistir.

Teorem [3, Theorem 6] Bir G ¢izgesinin irettigi R = A[G] yaritam halkasi igin asagidaki

ifadeler denktir:

1. R sag noetherdir,

2. R sol noetherdir,

3. R sag artindir,

4. R sol artindir,

5. R sonlu boyutludur,

6. G sonlu sayida koseye sahiptir.
Yaritam halkalarin karakterizasyonuna dayanarak, birlesmeli cizgeler sinifi igin tiim
izomorfik magma cebirleri [3] makalesinde tam olarak karakterize edilmistir:

Teorem [3, Theorem 7] Eger G’nin sonlu sayida bos olmayan baglantili bileseni varsa ve

G, H’ye izobraik ise, o zaman H’nin sonlu sayida bos olmayan baglantili bileseni vardir ve

G ile H’nin bilegenleri arasinda birbiriyle izobarik olacak sekilde birebir bir iligki vardir.

[3] calismasinda, belirli bir sonlu boyuta sahip kac tane birbirine izomorf olmayan c¢izge

magma cebirinin var oldugu belirlenmistir:

Onerme [3, Proposition 7] Keyfi bir n € Z* i¢in, n + 1 boyutunda tam olarak N tane ¢izge

magma cebirlerinin izomorfizma sinifi vardir, burada N = 1 + > i<n p(j) ve herhangi bir

pozitif tam say1 j i¢in p(j), j pargalanig sayisini belirtir.
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Sonlu sayida bog olmayan baglantili bilesene sahip bir GG ¢izgesi tarafindan iiretilen ¢izge
magma cebiri /2’ nin her basit sol ideali sag idealdir. Fakat her basit sag ideali sol ideal olmak
zorunda degildir. Ornegin w; R basit bir sag idealdir fakat sol ideal degildir. Diaz-Boils
ve Lopez-Permouth [3] makalesinde her basit sag ideali sol ideal olan R halkasinin

karakterizasyonu verilmistir:

Teorem [3, Proposition 8 and Remark 4] Sonlu sayida bos olmayan bilesene sahip bir G

cizgesi tarafindan iiretilen R = A[G] magma cebiri i¢in asagidaki kosullar denktir:

1. R degismelidir,
2. R sag duo’dur (yani, her sag ideali sol idealdir),
3. R halkasimin her basit sag ideali sol idealidir,

4. R sol duo’dur (yani, her sol ideali sag idealdir).

Yukaridaki denk kosullardan herhangi biri saglandiginda, B = (0 ya da

<z;xjli,jEI>

ve C' = 0 yada C, F cisminin dik kopyalarindan olusacak sekilde R = B & ' elde edilir.

B = 0 durumunda ¢izgemiz keyfi p icin G = N, ve C' = 0 durumunda sonlu m i¢in

G = K™ formunda olur.

Sara¢ ve Aydogdu [8]’de sonlu sayida bostan farkli baglantili bilesene sahip G ¢izgesi
tarafindan belirlenen ¢izge magma cebirinin her zaman sol (sag) artin halka oldugunu
gosterdiler. M nin injektiflik bolgesi M nin N-injektif oldugu modiillerden olusan kiimedir,
yani gn~'(M) = {N € Mod— R|M is N- injektif} seklinde tanimlidir (bkz. [9]). Buradan,
M injektiftir ancak ve ancak Jn ' (M) = Mod— R oldugu sonucu ¢ikar. Her modiil yaribasit
modiillere gore injektif oldugundan, SSMod — R, R-modiillerinin injektiflik bolgesi i¢in bir

alt sinirdir. Bir R-modiil M i¢in, M’ nin injektiflik bolgesi sadece yaribasit modiillerden



olusuyorsa, M’ye fakir (poor) modiil denir (bkz. [10]). Sara¢ ve Aydogdu, [8]’de sonlu
sayida bos olmayan baglantili bilesene sahip bir G ¢izgesi tarafindan belirlenen bir R = A[G]
cizge magma cebiri icin, R’nin istel sifir koseleri tarafindan iiretilen basit sol alt modiil
icermeyen her sol R-modiiliin injektif ve yaribasit oldugunu gostermislerdir. Ayrica, basit

sol modiillerinin ya injektif ya da fakir oldugunu ispatlamiglardir.

Bu sonuglara ek olarak, sonsuz coklukta bos olmayan baglantili bilesene sahip bir ¢izge de
dahil olmak iizere genel bir ¢izge magmanin tirettigi cebir icin eskare elemanlarinin yapisi
ve Jacobson radikali belirledik. Ayrica, boyle bir ¢cizge magma cebirinin hem sag hemde sol
yart-artin halka oldugunu gordiik. Bu halkanin basit sag modiillerinin toplami Soc(Rg) ve
basit sol modiillerin toplami Soc(gR) idealleri ile sag ve sol tekil ideallerini agik olarak ifade

ettik.

Onerme : R = A[G], G cizgesi tarafindan belirlenen ¢izge magma cebiri olsun. Eger z,

R’nin egkare elemant ise ¥ ya D ;e + > i wi + Y s Yy ya da 1 — Y ier€i —

Zje Jw; + > her 7~(j )vji formundadir. (Burada, 7-(j ) € F', I ve J sonlu kiimelerdir.)

K3 7

Onerme : R = A[G], G cizgesi tarafindan belirlenen ¢izge magma cebiri olsun. R =

A[G]’nin Jacobson radikali

J(R) = (B ~vi) © (@D Rui).

Dahasi J(R)? = 0°dur.

Sonug : R = A|[G], G ¢izgesi tarafindan belirlenen ¢izge magma cebiri olsun. O zaman,

(D) DLy viR) © (B eiR) @ (D, wR), efer t=0,

Soc(Rg) =
J(R) & (P, eiR) © (@le w;R), aksi durumda

elde edilir.

X1



Sonug : R = A|[G], G ¢izgesi tarafindan belirlenen ¢izge magma cebiri olsun. O zaman,

Re @ (@7211 Rei) S (@k J(R)’LUj), egert = O,

j=1

J(R)e @ (D", Re;) ® (@"_, J(R)w;), aksi durumda

=1

Soc(rR) =

elde edilir.

Onerme : R = A[G], G tarafindan belirlenen ¢izge magma cebiri verilsin. O zaman,

0, egert =0
Z.(R) =
@'_, viR, egert >0
ve
0, ift=0
Zi(R) =
J(R), ift>0
olur.

Ayrica, degismeli bir ¢izge magma cebiri 2 i¢cin asagidaki sonuglar elde ettik:

1. Her asal ideal maksimaldir.

2. R, yanartin bir halkadir.

3. t = 0 1ise, yani izole iistel-sifir elemanlar yoksa, R halkas1 diizenlidir.

4. t # 0 ise R halkasi yaridiizenlidir.

5. R halkasinin, izomorfizma farkiyla, injekktif olmayan basit tekil tek modiilii vardr.
Tezin son boliimiinde, [3] makalesindeki ornekler incelendi. Bu makaleden yola ¢ikarak,

list tiggen ve alt liggen matris cebirlerinin, sirasiyla, Ny © K; ve N, @ K, bilesenlerinin

koselerinden olusan tabanlara sahip cebirler oldugunu gozlemlendi.

Anahtar Kelimeler: Cizge magma cebirleri, basit yonlii ¢izgeler, yaritam halkalar,
(yar1)diizenli halkalar, yariasil halkalar.
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ABBREVIATIONS

Field

Graph with vertex set V' and edge set G

The graph magma induced by G

The graph magma algebra induced by graph G

The complete graph on p vertices (every vertex is incident to every other vertex)
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1. INTRODUCTION

The definition of graph magma was originally introduced in [1], but Kelarev and Sokratova
referred to the resulting binary operations as graph algebra. These graph algebras differ from
traditional algebras, as the binary operations may not be associative despite the use of the
term. To avoid confusion, the authors in [2] used the term “magma,” which is commonly

used in literature to describe a set with binary operations without any further properties.

Let G = (V, E) be a simple directed graph, where V' is any set. By “simple directed graph”
means that there exists at most one edge from w to v for u,v € V (i.e, a directed graph can
have loops but not multiple edges.) Consider, in addition, a symbol 0 € V' and an operation
on S = V U {0} via the rule: uv = w if u,v € F and uv = 0, otherwise. The element 0 is

called the annihilator element of .S. This structure is called graph magma induced by GG and

is denoted by M (G).

Kelarev and Sokratova characterized the associative graph magmas in [1]. That is, they
characterized of graphs such that M (G) is a semigroup. In [2], these graphs are referred to

as associative graphs.

For any directed graph G = (V, E'), the following conditions are equivalent:

1. The graph magma M (G) of G is associative;

2. Forall (z,y) € Eandz €V,

(x,2) e E< (y,2) € E;

3. Each connected component of GG is isomorphic to the /Ny, or a complete graph, or a

direct sum of a null graph and a complete graph (denoted as N; & K, for t,p € ZT).
For any directed graph G = (V, E'), the following conditions are equivalent:

(1) The graph magma M (G) is associative and commutative.
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(2) Each connected component of G is isomorphic to either N or to K.

In this thesis, unless stated otherwise, our graphs are associative, i.e, our graphs consist of

connected components Ny, K, N; & K, fort,p € Z*.

Aydogdu et al. introduced a graph magma algebra in [2]. They called a graph algebra in
this work an algebra induced by an associative graph magma. In other words, they worked
on semigroup algebras, which are generated by associative graph magmas over a field. Also,
they studied algebras generated by graph magmas over any field in relation to fundamental
modules in their work. In recent years, there has been a justified interest in graph magma
algebras for investigating the amenable bases of infinite-dimensional algebras (see [2], [4],
[5]). Amenability and the ability to answer questions related to this concept depend on
studying algebras that are as simple operation as possible. Graph magma algebras satisfy

this request.

Let G = (V, E) be a simple directed graph and F be a field. A = A[G] is a graph magma
algebra if it has B = V' U {1} as a basis and, for u,v € V,

u  if(u,v) € E,
uv =

0 otherwise.

To ensure that the semigroup algebra induced by the associative graph G is a monoid, an
identity is added to M(G). There is no concern about awkwardness from attaching an
identity to an semigroup M (G), as the semigroups they consider are monoids only in trivial

cases (M (G) is a monoid only when G = ({u}, {(u,u)})).

Based on these two articles [1] and [2], Diaz-Boils and Lopez-Permouth [3] focused on the
1isomorphism problem for graph magma algebra and this problem has been resolved for graph
magma algebras with finitely many non-null connected components. The aim of this thesis is

to investigate the ring structure of magma algebras generated by associative graphs and some



special ideals of these rings within the framework of the Diaz-Boils and Lopez-Permouth

study.

The isomorphism problem in group algebra theory asks whether, given a field /' and two
groups G and K, the isomorphism of the group algebras F'[G| and F[K] requires G and K
to be isomorphic (see [6]). Following [3] two graphs GG and H are said to be isobraic if they

give rise to isomorphic graph algebras A[G| and A[H].

Let the graphs G; = (Vi, E1) and Gy = (V%, Es) be given. G and G, are said to be
isomorphic if there is a bijection f from V; to V3 such that (z,y) € F; if and only if
(f(z), f(y)) € Es (see [7]).

They showed in [3] that, in the commutative case, two graph algebras A[G] and A[H] are

isomorphic if and only if the graphs G and H are isomorphic.

Also, in [3]

1. It is proved that graphs that are disjoint unions of pairwise isobaric connected
associative graphs are isobaric to each other: For all = € I, GG; and H; are pairwise

isobraic connected associative graphs, then G = | |, G; is isobraic to H = | |,.; H;.

2. It is determined the characterization of the isobraicity class of K, for all m (finite or

infinite, possibly uncountable):

(a) The complete graph K, is isobraic to the every graph of the form N;,® K, where

k-+p=m,p>1andm > 1 (k, m and p may be infinite, possibly uncountable).
(b) A connected graph cannot be isobraic to a disconnected one:

» A graph of the form N; U G is not isobraic to any graph having only
idempotent vertices.
* If m < p, then N,, U G is not isobraic to N, LI G*, where G is generated by

idempotents.



Therefore, |_|f:1 Ny, @& K isobraic to |_|§:1 K, 1. Thus, they considered the graphs of the

following form:

k
G=NUK™u( [N, oK)
j=1

where ¢, m, k may be zero, finite, or (countably or uncountably) infinite, and each p; is

non-zero but possibly (countably or uncountably) infinite.

We illustrate the graph G as follows:

°

U1 €1 V11 w1 V21 w2

. LN )

V2 () V12 V22

°

U3 es V13 V23

° () '
vt €m Vlipy V2pg Ujip;

In [3], graph magma algebras with finitely many non-null connected components are fully
characterized. It is shown that such algebras are exactly semiperfect rings and semiperfect
graph magma algebra is semiprimary. Furthermore, it is determined what conditions
semiperfect algebras can arise as graph magma algebras. The left and right indecomposable
decompositions of a semiperfect magma algebra R = A[G] is given. Moreover, it is proved
that a graph has finitely many vertices if and only of R = A[G] is right (left) Artinian,
if and only if R is right (left) Noetherian. With the following theorem, Diaz-Boils and
Lopez-Permouth in [3] managed to reach their goal and fully characterized all isomorhic
magma algebras for the class of associative graphs with a finite number of non-null connected
components: If G has a finite number of non-null connected components and G is isobraic
to H then H has a finite number of non-null connected components and there is a one-to-one
correspondence between the components of G and H in such a way that the corresponding

components are isobraic.



Moreover, they determined how many pairwise non-isomorphic graph magma algebras of a
given finite dimension exist: For an arbitrary n € Z™, there exist exactly /N isomorphism

classes of graph magma algebras of dimension n + 1, where N = 1 + > _._ p(j), and, for

j<n

any positive integer j, p(j) denotes the number of partitions j.

Also, it is given a characterization of commutative graph magma algebras R in which the
graph has finitely many non-null connected components: R is commutative if and only if R
1s right duo (every right ideal is a left ideal.) if and only if every simple right ideal of R is a
left ideal,if and only if R is left duo (every left ideal is a right ideal.). Under any equivalent
conditions, R is of the form R = B & C, where B is zero or a quotient algebra

<ziT; |i,j€[> ’ and

C'is zero or a direct sum of copies of the field F'.

The injectivity domain of M is Jn~'(M) which consists of those modules N such that M
is N-injective, i.e. Jn~' (M) = {N € Mod — R|M is N- injective}. It follows that M is
injective if and only if 3n_1(M ) = Mod — R (see [9]). Since every module is injective
relative to semisimple modules, making SSMod — R a lower bound for the injectivity
domains of R-modules. For an R-module M, the injectivity domain of M is the lower
bound SSMod-R; such modules are called a poor module (see [10]). Sara¢ and Aydogdu
in [8] showed that the simple left modules of these semiperfect rings are either injective or
poor and said that these algebras may have singular non-injective simple left modules. (it is
known as rings of type (A) in literature) . Also they showed that graph magma algebras with

finitely many non-null connected components are left (right) artinian rings.

In the fourth chapter, the ring structure of graph magma algebras is examined in detail based
on articles [1], [3], and [8]. Also, the structure of idempotent elements and the Jacobson
radical graph magma algebras induced by graphs with infinitely many non-null connected
components are determined. We determined the right and left Socle and the singular

ideal of a graph magma algebras induced by graphs with finitely many non-null connected



components. Lastly, we explored commutative graph magma algebras with infinitely many

non-null connected components, uncovering some properties of these algebras.

In [3], Diaz-Boils and Lopez-Permouth saw that the upper triangular and lower triangular
matrix algebras are algebras with bases of the vertices of the components N; & K; and

N, @ K, respectively.



2. PRELIMINARIES

In this chapter, we will offer fundamental background information that is frequently used in

the following sections.

2.1 Algebra

Definition 2.1.1. [6, Definition 7.1] Let /' be a commutative ring with identity. A F'-algebra

(or algebra over F') A is aring A such that:

(1) (A,+) is a unitary (left) F-module;

(ii) k(ab) = (ka)b = a(kb) forall k € F and a,b € A.

An F'-algebra A which, as a ring, is a division ring, is called a division algebra.

The classical theory of algebras deals with algebras over a field /'. Such an algebra is a
vector space over [’ and hence various results of linear algebra are applicable. An algebra
over a field F' that is finite dimensional as a vector space over F'is called finite dimensional.

(see for instance, [6]).

Examples 2.1.2. [6, p.227, Example] If K is a commutative ring with identity, then the
polynomial ring K[X1, ..., X,| and the power series ring K[[X]] are K-algebras, with the

respective K-module structures given in the usual way.
Definition 2.1.3. [6, Definition 7.3] Let F' be a commutative ring with identity and A, B
F-algebras.

(1) A subalgebra of A is a subring of A that is also an F'-submodule of A.

(i1) A (left, right, two-sided) algebra ideal of A is a (left, right, two-sided) ideal of the ring

A that is also an F'-submodule of A.



(iii) A homomorphism (respectively, isomorphism) of F-algebras f : A — B is a ring
homomorphism (respectively, isomorphism) that is also an F-module homomorphism

(respectively, isomorphism).

Definition 2.1.4. [6, Definition 5.1] Let A be an algebra over a commutative ring F' with

identity.

(1) A left (algebra) A-module is unitary left F-module M such that M is a left module
over the ring A and k(rc) = (kr)c = r(kc) forallk € F,r € A,c € M.

(i) An A-submodule of an A-module M is a subset of M which is itself an algebra

A-module (under the operations in M).

(iii) An algebra A-module M is simple (or irreducible) if AM # (0 and M has no proper

A-submodules.

(iv) A homomorphism f : M — Nof algebra A-modules is a map that is both an F-module

and an A-module homomorphism.

Remark 2.1.5. [6] If A is an F-algebra the term ” A-module” will always indicate an algebra
A-module. Modules over the ring A will be so labeled. A right A-module NV is defined
analogously and satisfies k(cr) = (kc¢)r = c(kr) forall k € F,r € A,c € N.

Simple F'-algebras, primitive F'-algebras, the Jacobson radical of an F'-algebra, semisimple
F-algebras, etc. can be defined in the same way the corresponding concepts for rings are
defined, with algebra ideals, modules, homomorphisms, etc. in place of ring ideals, modules,

and homomorphisms (see [6]).

Definition 2.1.6. [6, Example] Let GG be a (multiplicative) group and R a ring. Let R(G) be

the additive abelian group > _. R (one copy of R for each g € G). It will be convenient

geG
to adopt a new notation for the elements of R(G). An element x = {r,},cc of R(G) has
only finitely many nonzero coordinates, say 7,,,...,7q, (¢; € G). Denote x by the formal
SUM 7', g1 + g, G2 + ... + g, gn OF > T4.g;. We also allow the possibility that some of
the r,, are zero or that some g; are repeated, so that an element of R(G) may be written in

8



formally different ways (for example, r1g; + 0gs = 7191 Or 1191 + s192 = (r1 + s1)g1). In

this notation, addition in the group R(G) is given by;

Z?:l Tg;9i + Z?:l Sg:9i = Z?:1(rgi + 54,)95

(by inserting zero coefficients if necessary we can always assume that two formal sums

involve exactly the same indices ¢, . . ., g,). Define multiplication in R(G) by

(i1 mig) Qo sihid) = D2y D25 (1isi)(gihy);

this makes sense since there is a product defined in both R(r;s;) and G(g;h;) and thus the
expression on the right is a formal sum as desired. With these operations R(G) is a ring,
called the group ring of G over R. R(G) is commutative if and only if both R and R are
commutative. If R has an identity 1z, and e is the identity element of G, then 1ge is the

identity element of R(G).

Definition 2.1.7. [6, Example] Let G be a multiplicative group and F' a commutative ring
with identity. Then the group ring R(G) is actually a F-algebra with F-module structure

given by

k(z ’f‘,‘gi) = Z(k’ﬁ)gz s (k,’/‘i € F;gi S G)

F(G) is called the group algebra of G over F.

Remark 2.1.8. [6] The semigroup algebra F'(S), with I’ as a field and S as a semigroup, is
defined similarly to the group algebra F'(G).
2.2 Decomposition of Rings

The following definitions, examples, propositions, and theorems not cited here are available

in [9].



Let M; and M5 be submodules of a module M. They span M in case

My + My = M;

and they are independent in case

MlﬂMQIO.

There is a canonical R-homomorphism ¢ from the cartesian product M; x M5 module to M
defined via

7 (1}1,1‘2) — 1+ x9 ((Il,xg) € M; x Mg)

with image and kernel

Imi= M + M, and Keri={(x,—x)|z € My N Msy}.

So ¢ is epic iff My and M, span M, and monic iff M; and M, are independent. If this
canonical homomorphism ¢ is an isomorphism (i.e., if M; and M, are independent and span

M), then M is the (internal) direct sum of its submodules M, and M5, and we write

M = M, & M.

Thus, M = M; & M, iff for each x € M, there exist unique elements z; € M and x5 € M
such that

T =X+ Za.

Not every submodule of a module M need appear in such a direct factorization of M. Those
that do, however, are of considerable interest. A submodule M of M is a direct summand of
M in case there is a submodule M, of M with M = M; & Ms; such an M, is also a direct
summand, and M; and M, are complementary direct summands or direct complements of

each other.

10



More generally, suppose that (M, )ac4 is an indexed set of submodules of a module M. Let
o i M, — M (€ A)

be the corresponding inclusion maps. Generalizing our definition of direct sum of two
submodules, we say that M is the (internal) direct sum of its submodules (M,)q.ca in case
the direct sum map

i:@AiaZ@AMa—)M

is an isomorphism. This condition holds, namely 7 is an isomorphism, iff each x € M has a

unique representation as a sum
=Y
A
with z, € M, zero for almost all &« € A (see [9]).

Corollary 2.2.1. [9, Corollary 6.11] The module M is the internal direct sum of its
submodules (M) aca if and only (My,)aca is independent and spans M.

If the submodules (M,,)aca of M are independent, we say that the sum 4 M., is direct and

write

ZMa = ®4M,.
A

Lemma 2.2.2. [9, Lemma 5.6] Let e be an idempotent in End(gM). Then 1 — e is an
idempotent in End(gr M) such that

kere={x € M|z =z(1—e)} =1Im (1 —e),

Ime={x € M|z =ze} = Kere(l—e)

and M = Me & M(1 — e).

Proposition 2.2.3. [9, Proposition 5.7] If kM = K & K, then there is a unique idempotent
ex € End(rM) such that

K:MGK K’:M(l—eK)

11



Corollary 2.2.4. [9, Corollary 5.8] A submodule K < M is a direct summand of M if and

only if K = Im e for some idempotent endomorphism e of M.

Definition 2.2.5. [9, p.72]

1. A pair of idempotents e; and e, in a ring R are said to be orthogonal if

€16y — 0= €s€1.

2. Anidempotent e € R is called a primitive idempotent in case e # 0 and for every pair

e1, eo of orthogonal idempotents

e = ej + ey implies e; = 0 or es = 0.

3. A finite orthogonal set of idempotents e, ..., e, in a ring R is said to be complete in
case

er+---+e, =1
Proposition 2.2.6. [9, Proposition 5.10] Let M be a non-zero module. Then the following
are equivalent:
(a) M is indecomposable;
(b) 0and 1 are the only idempotents in End(M);
(¢) 1is a primitive idempotent in End(M).

Corollary 2.2.7. [9, Corollary 5.11] Let e be a non-zero idempotent endomorphism of a left
module M. Then the direct summand M e of M is indecomposable if and only if e is primitive

idempotent in End(M).

Corollary 2.2.8. [9, Corollary 6.20] Let My, ..., M, be submodules of M. Then

M=M®&---®&M,

12



if and only if there exists a (necessarily unique) complete set ey, ..., e, of orthogonal

idempotents in End(g M) with
MZ-:Mei (z:l,,n)

Proposition 2.2.9. [9, Proposition 6.21] Let (M,,)aca be an indexed set of modules, let M
be a module, and for each o € A, let j, : M, — M be a homomorphism. Then (M (jo)aca)

is a direct sum of (M, )aca if and only if there exist (necessarily unique) homomorphisms

Go : M — M, (o € A) satisfying, forall o, 3 € Aand all x € M,

(l) Qﬁja = 50151Ma’

(ii) qo(x) = 0 for almost all o € A,

(iii) 34 Jada(T) = .

Moreover, if (M, (jo)aca) is a direct sum of (My)aca and if fo : M, — N (o € A) are

homomorphisms, then

f:xrﬁZfaqa(x) (x e M)

is the unique homomorphism f : M — N such that f,fj. (o € A).

For each ring R, there are the three “regular” modules p R, Rr, and pRg, and each has its
own decomposition theory. The result of the preivous readily specializes to give us basic
information about the decompositions of zR and of Rg. Since R = End(gzR) and R =
End(Rpg), we can apply 2.2.2 and 2.2.4 to characterize the direct summands of zR (and of
RR) (see [9]).

Proposition 2.2.10. [9, Proposition 7.1] A left ideal I of a ring R is a direct summand of r R

if and only if there is an idempotent e € R such that [ = Re.
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Moreover, if e € R is an idempotent, then so is 1 — e, and Re and R(1 — e) are direct

complements of each other. That is,

rR=Red® R(1—e).

No direct decomposition of zpR (or of Rg) can have infinitely many non-zero summands.

Indeed, suppose that

R =®4l,

is a decomposition of zpR as a direct sum of left ideals (/,)qca, and let (p,)aca be the
projection maps p,, : R — I,. By Proposition 2.2.9, p, (1) # 0 for at most finitely o € A.
But

Ia =5 [mpoz : Rpa(l)a

so I, # 0 for at most finitely many o € A. It should be noted, however, that there need be
no bound on the number of non-zero terms that can appear in a direct decomposition of zp R

(or Rp). (Consider ZN.)
By Corollary 2.2.8, we get the following extension of Proposition 2.2.10:

Proposition 2.2.11. [9, Proposition 7.2] Let I, ..., I,, be left ideals of the ring R. Then the

following statements are equivalent about the left R-module pR:

(a) R=5L®---®I,;

(b) Each element r € R has a unique expression

r=ri+---+1r,

withri € [z (Z: 1,---7”);

14



(c) There exists a (necessarily unique) complete set ey, ..., e, of pairwise orthogonal

idempotents in R with

]Z:RBZ(Z:L,’NJ)

Note in particular, thatif ey, . . ., e, are idempotents in R that satisfy (c), then for eachr € R

r=re +- - +rep,.

In the unique expression r = r; ...+, from (b), we have r; = re; (: =1,...,n). Since a
result similar to Proposition 2.2.11 holds for the decompositions of the right regular module

Rp, we have the following result.

Corollary 2.2.12. [9, Corollary 7.3] If ey, ..., e, is a complete set of pairwise orthogonal

idempotents for the ring R, then

RR:Rel@"'@Ren

and

Rr=e1R®---®e,R.
Definition 2.2.13. [9] A left (respectively, right) ideal of R is primitive in case it is of the

form Re (respectively eR) for some primitive idempotent e € R.

Since the endomorphism ring of Re is isomorphic to e Re, we have by Proposition 2.2.6 and

Corollary 2.2.7:

Corollary 2.2.14. [9, Corollary 7.4] Let e € R be a non-zero idempotent. Then the following

statements are equivalent:

(a) e is a primitive idempotent;

15



(b) Re is a primitive left ideal of R;

(c) eR is a primitive right ideal of R;

(d) Re is an indecomposable direct summand of r R,

(e) eR is an indecomposable direct summand of Rg;

(f) The ring eRe has exactly one non-zero idempotent, namely e.

Definition 2.2.15. [9] A ring R is said to be indecomposable in case it has no ring

decompositions with more than one term.

Corollary 2.2.16. [9, Corollary 7.7 | A ring R is an indecomposable ring if and only if 1 is

the only non-zero central idempotent of R.

2.3 Essential and Superfluous Submodules

Definition 2.3.1. [9, p.72] A submodule K of M is essential or large in M, abbreviated
K <o M,
in case for every submodule L < M,

KNL=0 implies L

I
©

Dually, a submodule K of M is superfluous or small in M, abbreviated

K < M,

in case for every L < M

K+L=M implies L =M.
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Proposition 2.3.2. [9, Proposition 5.16] Let M be a module with submodules K < N < M
and H < M. Then

(1)K <. Mif K <cNand N <. M;
2)HNK <, Miff H <. Mand K <. M.

Proposition 2.3.3. [9, Proposition 5.17] Let M be a module with submodules K < N < M
and H < M. Then

(DN < Miff K < Mand NJK < M/K;

2)H+K< Miff H< Mand K < M.

Proposition 2.3.4. [9, Proposition 5.20] Suppose that K1 < M; < M, Ky < My < M, and
M = M1 D MQ. Then

(])Kl@KQ <<M1@M2 lfle <<M1ana’K2 <<M2,'
(2) Ki ® Ky <o My @ M iff Ky <. My and Ky <. M.

Theorem 2.3.5. [11]If { M, }oc; is an independent family of submodules of M, and if M,, <.
B, < M for each o, then { B, }acy is an independent family and ®M,, <. ®B,. Conversely,
ifeM, <. ®B,, then M, <. B, < M for each .

2.4 Semisimple Modules -The Socle and the Radical of a Module
Definition 2.4.1. [9] A non-zero module g7 is simple in case it has no non-trivial

submodules.

Proposition 2.4.2. [9, Proposition 9.1] A left R-module T is simple if and only if T = R/M
for some maximal left ideal M of R.

Definition 2.4.3. [9] Let (7,,).c be an indexed set of simple submodules of M. If M is the

direct sum of this set, then

M=,T,
17



is a semisimple decomposition of M. A module M is said to be semisimple in case it has a

semisimple decomposition.

A ring is said to be left semisimple if it is semisimple as a left module over itself (see [9]).

Lemma 2.4.4. [9, Lemma 9.2] Let (T, )aca be an indexed set of simple submodules of the
left R-module M. If

M=>"T.,,
A

then for each submodule K of M there is a subset B C A such that (13)sep is independent
and

M = K & (®sepTp).
Proposition 2.4.5. [9, Proposition 9.4] Let M a semisimple left R-module with semisimple
decomposition M = @ , T,. If

O—K—M-—-N-=0

is an exact sequence of R-modules, then the sequence splits and both K and N are

semisimple. Indeed, there is a subset B C A and isomorphisms

N=@PTsand K = PT..
B

A\B

All submodules and factor modules of a semisimple module are semisimple, and each
submodule is a direct summand. The below proposition ultimately characterizes semisimple

modules.
Theorem 2.4.6. [9, Theorem 9.6] For a left R-module the following statements are
equivalent:

(a) M is semisimple;

(b) M is generated by simple modules;
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(c) M is the sum of some set of simple submodules;
(d) M is the sum of its simple submodules;
(e) Every submodule of M is a direct summand;

(f) Every short exact sequence
O—K—M-—=-N-=0

of left R-modules splits.
It is clear then that if R is a division ring then every R-vector space p M is semisimple, for
M is generated by its cyclic modules, and every non-zero cyclic 2-module is simple.

Lemma 2.4.7. [9] Let M be a left R-module. The following statements are equivalent:

(a) M is semisimple;
(b) For every K < M and every R-homomorphism [ : K — H there is an extension
f:M— Hof f.
Each module M has a (unique) largest semisimple submodule known as the socle of M,
denoted Soc(M).
Definition 2.4.8. [9, Proposition 9.7] If M is a left R-module, then
Soc(M) = Y {K < M|K is minimal in M}
= ﬂ{L < M|L is essential in M }.

Corollary 2.4.9. [9] Soc(grR) is an ideal of R.
Corollary 2.4.10. [9] Let M is a left R-module. M is semisimple iff M = Soc(M).

Proposition 2.4.11. [9, Proposition 9.8] Let M and N be left R-modules and let f : M — N
be an R-homomorphism. Then
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f(SocM) < SocN.

Corollary 2.4.12. [9, Corollary 9.9] Let M be a module and let K < M. Then
Soc(K) = K N Soc(M).

In particular,
Soc(Soc(M)) = Soc(M).

The socle Soc(M) of M is the largest submodule of M contained in every essential
submodule of M. However, Soc(M ) is not necessarily essential in M, and non-zero modules

can indeed have a zero socle. Nevertheless, we do have:

Corollary 2.4.13. [9, Corollary 9.10] Let M be a left R-module. Then SocM <. M if and

only if every non-zero submodule of M contains a minimal submodule.

Definition 2.4.14. [12] The socle series or (or Loewy series) of an R-module M is the

ascending chain of submodules
0=5y(M)C Si(M)C...CSy(M)C Sps1C...,

where, for each ordinal o > 0, S,41/S5.(M) is the socle of the module M /S, (M). M is
semiartinian if and only if S,(M) = M for some ordinal p > 0. A ring R is called left

semi-artinian if the left R-module r R is semi-artinian.

Definition 2.4.15. [12] The ring R is said to be a semiartinian if every non-zero left (right)

R-module has a non-zero socle.

Definition 2.4.16. [9, Proposition 9.13] Let M be a left R-module. Then

Rad(M) = ({L < M|L is maximal in M}
= Y {K < M|K is superfluous in M}.
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Corollary 2.4.17. [9] Rad(rR) is an ideal of R.

Proposition 2.4.18. [9, Proposition 9.14] Let M and N be left R-modules and let f : M —
N be an R-homomorphism. Then

f(RadM) < RadN.

However, even if f is an epimorphism, f(RadM ) need not be the radical of N.

Proposition 2.4.19. [9, Proposition 9.15] If f : M — N is an epimorphism and if ker f <
RadM, then RadN = f(RadM). In particular,

Rad(M/RadM) = 0.

The radical of M is the smallest submodule containing all superfluous submodules, but it is

not necessarily superfluous itself.

Proposition 2.4.20. [9, Proposition 9.18] If every proper submodule of M is contained in a

maximal submodule of M, then RadM is the unique largest superfluous submodule of M.

Proposition 2.4.21. [9, Proposition 9.19] If (M, )ac4 is an indexed set of submodules of M
with M = ® s M, then

SocM = ®S50cM, and RadM = d4RadM,.

2.5 The Jacobson Radical

In this subsection, the Jacobson radical is defined and its various characterizations are

presented.

Definition 2.5.1. [9] An element z € R is left quasi-regular in case 1 — x has a left inverse
in R. Similarly, x € R is right quasi-regular (quasi-regular) in case 1 — x has a right
(two-sided) inverse in R. A subset of R is left quasi-regular (etc.) in case each element of R
is left quasi-regular (etc.).
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Every nilpotent element = € R is left quasi-regular: if 2" = 0, then (1 +x +-- -+ 2" 1)(1 —
z)=1.

Proposition 2.5.2. [9, Proposition 15.2] For a left ideal I of R the following statements are
equivalent:

(a) I is left quasi-regular;

(b) I is quasi-regular,

(c) I is superfluous in R.

The following theorem provides multiple characterizations of J(R).
Theorem 2.5.3. [9, Theorem 15.3] For a ring R each of the following subsets of R is equal
to the radical J(R) of R:

(J1) The intersection of all maximal left (right) ideals of R;

(J2) The intersection of all left (right) primitive ideals of R;

(Js) {x € R|ras is quasi-regular for all v, s € R};

(Ju) {z € R|rz is quasi-regular for all v € R};

(Js) {x € R|xs is quasi-regular for all s € R};

(Js) The union of all the quasi-regular left (right) ideals of R;

(J7) The union of all the quasi-regular ideals of R;

(Js) The unique largest superfluous left (right) ideal of R.

Moreover, (J3), (J4), (J5), (Js) and (J7) also decribe the radical J(R) if ”quasi-regular” is

replaced by ”left quasi-regular” or by “right quasi-regular”.
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Corollary 2.5.4. [9, Corollary 15.4] If R is a ring, then
Rad(grR) = J(R) = Rad(Rpg).
Corollary 2.5.5. [9, Corollary 15.5] If R is a ring, then J(R) is the annihilator in R of the

class of simple left (right) R-modules.

Corollary 2.5.6. [9, Corollary 15.8] If R and S are rings and if ¢ : R — S is a surjective
ring homomorphism, then ¢(J(R)) C J(S). Moreover, if ker ¢ C J(R), then ¢(J(R)) =
J(S). In particular,

J(R/J(R)) = 0.

Corollary 2.5.7. [9, Corollary 15.9] If R is the ring direct sum of ideals R, Ry, . .., R, then

J(R) = J(Ry) + J(Ry) + - + J(Ry).

Lemma 2.5.8. [9, Exercise 5.18] Let I be a nilpotent left ideal of R. For each left R-module
M, IM < M.

Every nilpotent element in R is left quasi-regular, as noted previously. Therefore, J(R)
contains every nilpotent left ideal of R. Recall that an ideal (left, right, or two-sided) is nil

in case each of its elements is nilpotent. Thus, more generally,

Corollary 2.5.9. [9, Corollary 15.10] If R is a ring, then every nil left, right, or two-sided

ideal of R is left quasi-regular, whence every nil left right or two-sided ideal of R is contained

in J(R).
Corollary 2.5.10. [9] R is a ring, then J(R) contains no non-zero idempotent.

Proposition 2.5.11. [9, Proposition 17.18] Let e and [ be idempotent elements in a ring R.

Then the following are equivalent:

(a) Re = Rf;
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(b) Re/J(R)e= Rf/J(R)f
(c) eRfeJ(R) = fR/[J(R);

(d) eR= fR.

2.6 Local Rings

Definition 2.6.1. [9] A ring R is said to be local in case for each pair a,b € Rif a + b is

invertible, then either a or b is invertible.

Lemma 2.6.2. [9] If R is local, then 0 and 1 are its only idempotents.

The radical provides a key characterization of this important class of rings.
Proposition 2.6.3. [9, Proposition 15.15] For a ring R is the following statements are
equivalent:

(a) Ris alocal ring;

(b) R has a unique maximal left ideal;

(c) J(R) is a maximal left ideal;

(d) The set of elements of R without left inverse is closed under addition;

(e) J(R) ={x € R|Rx # R};

(f) R/J(R) is a division ring;

(g) J(R) = {z € R|x is not invertible},

(h) If x € R then either x or 1 — x is invertible.

Proposition 2.6.4. [9, Corollary 17.20] The following statements about an idempotent e in

a ring R are equivalent:
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(a) Re/J(R)e is simple;

(b) Je is the unique maximal submodule of Re;

(c) eReis alocal ring;

(d) eJ(R) is the unique maximal submodule of eR;

(e) eR/eJ(R) is simple.

2.7 Chain Conditions

Definition 2.7.1. [6, Definition 1.1] A module A is said to satisfy the ascending chain
condition (ACC) on submodules (or to be Noetherian) if for every chain A; C Ay C A3 C ...

of submodules of A, there is an integer n such that A; = A,, for all i > n.

A module B is said to satisfing the descending chain condition (DCC) on submodules (or to
be Artinian) if for every chain B; D By D B3 D ... of submodules of B there is an integer

m such that B; = B,,, for all : > m.
Proposition 2.7.2. [9, Propposition 10.9] For a module A the following statements are
equivalent:

(a) A is noetherian;

(b) Every non-empty set of submodules of A has a maximal element;

(c) Every submodule of A is finitely generated.
Proposition 2.7.3. [9, Proposition 10.10] For a module B the following statements are
equivalent:

(a) B is artinian;

(b) Every factor module of B is finitely cogenerated;
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(c) Every non-empty set of submodules of B has a minimal element.
Corollary 2.7.4. [9, Corollary 10.11] Let M be a non-zero module.
(1) If M is artinian, then M has a simple submodule; in fact, SocM is an essential
submodule;

(2) If M is noetherian, then M has a maximal submodule; in fact, RadM is a superfluous

submodule.

Proposition 2.7.5. [9, Proposition 10.12] Let

O0—-—K—-M-—=>N-—=0

be an exact sequence of left R-modules. Then M is artinian (noetherian) if and only both K

and N are artinian (noetherian).
Proposition 2.7.6. [9, Proposition 10.15] The following statements are equivalent for each
module M:

(a) RadM = 0 and M is artinian;

(b) RadM = 0 and M is finitely cogenerated;

(c) M is semisimple and finitely generated;

(d) M is semisimple and noetherian;

(e) M is the direct sum of a finite set of simple modules.
Corollary 2.7.7. [9, Corollary 10.16] For a semisimple module M, the following statements
are equivalent:

(a) M is artinian;

(b) M is noetherian;
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(c) M is finitely generated;
(d) M is finitely cogenerated.
If aring R is viewed as a left (or right) module over itself, its submodules correspond exactly

to the left (or right) ideals of R. Therefore, it is common to refer to chain conditions on left

or right ideals instead of submodules (see [6]).

Definition 2.7.8. [6, Definition 1.2] A ring R is left (right) Noetherian if R satisfies the
ascending chain condition on left (right) ideals. R is said to be Noetherian if R is both left

and right Noetherian.

A ring R is left (right) Artinian if R satisfies the descending chain condition on left (right)

ideals. R is said to be Artinian if R is both left and right Artinian (see [6]).
Proposition 2.7.9. [9, Proposition 10.18] For each ring R the following statements are
equivalent;

(a) R is left artinian;

(b) Every finitely generated left R-module is artinian.
Proposition 2.7.10. [9, Proposition 10.19] For each ring R the following statements are
equivalent;

(a) R is left noetherian;

(b) Every finitely generated left R-module is noetherian.

Proposition 2.7.11. [9, Theorem 15.16] Let R be left artinian. Then R is semisimple if and
only if J(R) = 0. In particular, R/ J(R) is semisimple.

Proposition 2.7.12. [9, Proposition 15.17] For a ring R with radical J(R) the following

statements are equivalent;

(a) R/J(R) is semisimple;
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(b) R/J(R) is left artinian;

(c) Every product of simple left R-modules is semisimple;

(d) Every product of semisimple left R-modules is semisimple;
(e) For every left R-module M, SocM = ry (J(R)).

Corollary 2.7.13. [9, Corollary 15.18] Let R be a ring with radical J = J(R). Then for
every left R-module M,
JM < RadM.

If R is semisimple modulo its radical, then for every left R-module M,

JM = RadM

and M /JM is semisimple.

If R is left artinian, then its radical J(R) is the unique smallest ideal such that R is
semisimple. Additionally, for artinian rings, J(R) can be characterized as the unique largest

nilpotent ideal.

Theorem 2.7.14. [9, Theorem 15.19] If R is a left artinian ring, then its radical J(R) is the

unique largest nilpotent left, right, or two-sided ideal in R.
Proposition 2.7.15. [9] Every left (right) Artinian ring with identity is left (right) Noetherian.

Theorem 2.7.16 (Hopkins). [9, Theorem 15.20] Let R be a ring with J = J(R). Then R is

left artinian if and only if R is left noetherian, J is nilpotent, and R/J is semisimple.

Corollary 2.7.17. [9, Corollary 15.21] Let R be left artinian. If M is a left R-module, then

SocM =ry(J(R)) <¢ M and RadM = J(R)M < M.

Moreover, for M the following statements are equivalent:
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(a) M is finitely generated;

(b) M is noetherian;

(c) M has a composition series;

(d) M is artinian;

(e) M/J(R)M is finitely generated.

Theorem 2.7.18. [The Krull-Schmidt Theorem] Let M be a non-zero module of finite

lenght. Then M has a finite indecomposable decomposition

M=M®& - --&M,

such that for every indecomposable decomposition

M=N,& - Ny,

n = k and there is a permutation o of {1, ... ,n} such that

and foreach 1 <1 <n,

M =M@ & Moty ®Ni41 D -+ D N,

In fact the decomposition M = M, & - - - & M,, complements direct summands.

2.8 Projective and Injective Modules

Definition 2.8.1. [6, Theorem 2.1] Let R be a ring with identitiy. The following conditions

on a unitary R-module F’ are equivalent:
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(i) F'has a nonempty basis;

(i) F' is the internal direct sum of a family of cyclic R-modules, each of which is

isomorphic as a left R-module to R;

(iii) F'is R-module isomorphic to a direct sum of copies of the left R-module R.

A unitary module F' over a ring I? with identity, which satisfies the equivalent conditions of

above conditions, is called a free R-module (see [6]).

Remark 2.8.2. [6] If R be a ring with identitiy then R is free module over itself.

Lemma 2.8.3. [6] Every (unitary) module A over a ring R (with identity) is the homomorphic
image of a free R-module F'.

Definition 2.8.4. [6, Definition 3.1] A module P over a ring R is said to be projective if

given any diagram of R-module homomorphisms

with bottom row exact (that is, g an epimorphism), there exists an [2-module homomorphism

h : P — A such that the diagram

P
>
AgB 0

is commutative (that is, gh = f).

Theorem 2.8.5. [6, Theorem 3.2] Every free module F' over a ring R with identity is

projective.
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Corollary 2.8.6. [6, Corollary 3.3] Every module A over a ring R is the homomorphic image

of a projective R-module.

Proposition 2.8.7. [9, Proposition 17.2] The following statements about a left R-module P

are equivalent:

(a) P is projective;
(b) Every epimorphsim g M — rP — 0 splits;

(c) P is isomorphic to a direct summand of a free left R-module.

Corollary 2.8.8. [6] Let R be a ring with identity. If e = e is idempotent element of R, then

Re is projective left R-module.
Proposition 2.8.9. [6, Proposition 3.5] Let R be a ring. A direct sum of R-modules ) ., P;
is projective if and only if each P; is projective.

Definition 2.8.10. [9] A pair (P, p) is a projective cover of the module gz M in case P is a

projective left R-module and

is a superfluous epimorphism (ker p < P).

Definition 2.8.11. [9] Let M and N be left R-modules. M is called N-injective ( or injective
relative to N) if and only for each submodule K’ < pN every R- homomorphism h : K —
M can be extended to an R- homomorphism i : N — M (i.e., every h : K — M factors
through the natural monomorphism ix : K — N). An R-module M is called an injective

module if it 1s N-injective for every R-module N.

By the definition, An R-module M is injective if and only if it is injective to every module

in Mod-R. That is,




with top row exact (that is, g a monomorphism), there exists an R-module homomorphism

h : B — M such that the diagram

2

is commutative (that is, hg = f).

Proposition 2.8.12. [9, Proposition 3.7] A direct product of R- modules [],_, J; is injective

if and only if J; is injective for every i € I.

Lemma 2.8.13. [6, Lemma 3.8.] Let R be a ring with identity. A unitary R-module M is
injective if and only if for every left ideal L of R, any R-module homomorphism L — M

may be extended to an R-module homomorphism R — M.

Proposition 2.8.14. [6, Proposition 3.12] Every unitary module A over a ring R with identity

may be embedded in an injective R-module.

Theorem 2.8.15. [9] If I is an injective module and K is a direct summand of 1, then K is

also an injective module.

Proposition 2.8.16. [9, Proposition 18.7] A left R-module E is injective if and only if every
monomorphism

0— gl — grM
splits.
This raises the question of how far a given module can be considered injective. Towards this
end, we utilize the notion of injectivity domains as defined in [9].

Definition 2.8.17. [9] The injectivity domain of M is Jn~'(M) which consist of those
modules N such that M is N-injective,i.e., gn~ ' (M) = {N € Mod — R|M is N-injective}.

Corollary 2.8.18. [9] M is injective if and only if Jn~ (M) = Mod — R.
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Proposition 2.8.19. [10] Every module is injective relative to semisimple modules.

The injectivity domain of every RR-module include the class of all semisimple modules ,
denoted SSMod — R, making SSMod — R a lower bound for the injectivity domains of
R-modules.

Proposition 2.8.20. [10, Proposition 3.11 ;e 100 g 30 (M) = SSMod — R

Definition 2.8.21. [10] For an R-module M, the injectivity domain of M is the lower bound

SSMod- R; thus, M is called a poor module.

Definition 2.8.22. [13] Let the R-module £ can be an extension of the R-module A. Then
is said to be an essential extension of A if for every non-zero submodule £’ of E/, E'N A # 0.
This is equivalent to the condition that, for every non-zero element e of F, there exists 7 € R

such that re is a non-zero element of A.

Theorem 2.8.23. [13, Theorem 2.17] Let E be an R-module. Then the following statments

are equivalent:

(a) E is injective;

(b) E has no proper essential extension.

Theorem 2.8.24. [13, Theorem 2.21] Let A be an R-module. Then there exists an R-module

E satisfying the following equivalent conditions:

(a) FE is an essential injective extension of A;
(b) FE is a maximal essential extension of A;

(c) E is a minimal injective extension of A. Moreover, if £, FE5 are both essential injective

extensions of A, then there is an isomorphism ® : E; — Fj.

Definition 2.8.25. [13] Let A be an R-module. An R-module F satisfying conditions of
Thorem 2.8.24 is called injective envelope of A, we use the symbol E(A) to denote an

injective envelope of A.

Corollary 2.8.26. [13] R-module A is injective if and only if E(A) = A.
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2.9 Semiperfect and Perfect Rings

Definition 2.9.1. [9, p.301] Let / be an ideal in a ring R and let g + / be an idempotent
element of R/I. We say that this idempotent can be lifted (to e) modulo I in case there is an
idempotent e € R such that g + I = e + [. We say that idempotents lift modulo I in case

every idempotent in R/ can be lifted to an idempotent in R.
Proposition 2.9.2. [9, Proposition 27.4] Let R be a ring and let I be an ideal of R with
I C J(R). Then the following are equivalent:

(a) Idempotents lift modulo I;

(b) Every (complete) finite orthogonal set of idempotents in R/J(R) lifts to a (complete)

orthogonal set of idempotents in R.

Proposition 2.9.3. [9, Proposition 27.1] If I is a nil ideal in a ring R then idempotents lift

modulo 1.
Proposition 2.9.4. [9, Proposition 27.4] Let R be a ring and let I be an ideal of R with
I C J(R). Then the following are equivalent:

(a) Idempotents lift modulo I;

(b) Every direct summand of the left R-module R/J(R) has a projective cover;

(c) Every (complete) finite orthogonal set of idempotents R/J(R) lifts to a (complete)

orthogonal set of idempotents in R.

Definition 2.9.5. [9, p.303] A ring R is called semiperfect in case R/J(R) is semisimple

and idempotents lift module J(R).

Theorem 2.9.6. [9, Theorem 27.6] For a ring R the following statements are equivalent:

(a) R is semiperfect;
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(b) R has a complete orthogonal set ey, ..., e, of idempotents with each e;Re; a local

ring.

Corollary 2.9.7. [9, Corollary 27.7] Let €4, . . . , e, € R be non-zero orthogonal idempotents

with1 = ey + --- + e,. Then R is semiperfect if and only if each e; Re; is semiperfect.

Proposition 2.9.8. [9, Proposition 27.10] Let R be semiperfect with J = J(R). Then every

complete set of orthogonal primitive idempotents for R contains a basic set. Moreover, for

pairwise orthogonal primitive idempotens ey, . . ., e,, € R the following are equivalent:
(a) e1,...,en is a basic set of primitive idempotents for R;
(b) Rey,...,Re, is an irredundant set of representatives of the indecomposable

projective left R-modules;

(c) Rei/Jey,...,Rey,/Je, is an irredundant set of represantatives of the simple left

R-modules.

Definition 2.9.9. [9] A ring R is left perfect (right perfect) in case each of its left (right)

modules has a projective cover.

Definition 2.9.10. /9] A subset of I a ring R is left T-nilpotent in case for every sequence

ai, as, ... in [ there is an n such that

ai...a, =0.

The subset [ is right T-nilpotent in case for each ay, as,...in [

an...(Il:O

for some n.

Lemma 2.9.11. [6] Every left or right T-nilpotent ideal is nil.

The following theorem characterizes perfect rings.
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Theorem 2.9.12. [Bass][9, Theorem 28.4] Let R be a ring with radical J = J(R). Then the

following statements are equivalent:
(a) R is left perfect;
(b) R/J is semisimple and J is left T-nilpotent;
(¢) R/J is semisimple and every non-zero left R-module contains a maximal submodule;
(d) Every flat left R-mdoule is projective;
(e) R satisfies the minimum condition for principal right ideals;

(f) R contains no infinite orthogonal set of idempotents and every non-zero right

R-module contains a minimal submodule.
Corollary 2.9.13. [9, Corollary 28.7] If R is perfect, then so is every factor ring of R.

Definition 2.9.14. [9] A ring R, with Jacobson radical J(R) = J is said to be semiprimary

if R/J is semisimple and J is nilpotent.

Corollary 2.9.15. [9] Every semiprimary ring is perfect, and every perfect ring is

semiperfect.

2.10 The Singular Submodule

The following definitions are from [12] and [11].

Definition 2.10.1. [12] Let A be left R-module. The set anng(A) = {r € R|rA = 0} is the

annihilator of left R-module A in R.

Definition 2.10.2. [12] For any a € A, the set ann;(a) = {r € R|ra = 0} is the left

annihilator of a in R, and it is a left ideal of F.

Definition 2.10.3. [12, Definition 7.1] Let A be a left module over a ring R. An element
a € A is said to be a singular element of A if the left ideal ann;(a) <. rR. The set of all
singular elements of A is denoted by Z(A).
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Equivalent to the above definition;

Definition 2.10.4. [11] For a left R-module A, the singular submodule of A is the set

Z(A) ={a € Alla =0 forsome I <, R}

Lemma 2.10.5. [12, Lemma 7.2] (1) Z(A) is a submodule, called the singular submodule
of A.

(2) Soc(Rg)Z(A) = 0.
(3)If f + A — B is any R- homomorphism, then f(Z(A)) C Z(B).
(4)If A C B, then Z(A) = AN Z(B).

Corollary 2.10.6. [11] The following statements are satisfied :

(1) Z(rR) is an ideal in R, called the left singular ideal of R. (The right singular ideal is
similarly defined to be Z(RRg).) .

(2) If R # 0, then Z(grR).
(3) Z(rR) contains no nonzero idempotents.

Definition 2.10.7. [12, Definition 7.5] We say that g A is a singular (resp. nonsingular)
module if Z(A) = A (resp.Z(A) = 0). In particular, we say that R is a left nonsingular ring
if Z(rR) = 0. Right nonsingular rings are defined similarly, and ” nonsingular ring” shall

mean a ring that is both right and left nonsingular.

Remark 2.10.8. [11]If A <. B, then B/A is singular. The converse of this can easily fail;
for example, let B = Z/2Z and A = 0. B/A is singular, yet A is not an essential submodule
of B. The following two propositions state the conditions required for the converse to hold

true:

Proposition 2.10.9. [11] Let B be nonsingular, and let A < B. Then B/A is singular if and
onlyif A <. B.
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Proposition 2.10.10. [11] Let P be the projective module and X < P. P/X is singular if

and only if X <. P. In particular, P = 0 if P is projective and singular.

Examples 2.10.11. [12, Examples 7.6]

(1) If R is a simple ring, R # 0. Then Z(grR) # R. Therefore, Z(rR) must be zero.

Consequently, any simple ring is nonsingular.
(2) zZ is non singular, because every non-zero ideal of 7 is essentail submodule.

(3) Let A C B be R-modules. If B is nonsingular, so is A, and the converse holds if
A<, B.

(4) An R-module r M is singular iff there exist R-modules A <. B such that M = B/A.

(5) Any semisimple ring is nonsingular. More precisely, a ring R is semisimple iff every

left R-module g M is nonsingular.

Proposition 2.10.12. [11] The following statements are satisfied:

(a) The class of all nonsingular left R-modules is closed under submodules, direct

products, essential extensions, and module extensions.

(b) The class of all singular left R-modules is closed under submodules, factor modules,

and direct sums.

Proposition 2.10.13. [11, Proposition 1.24] If A is any simple left R-module, then A is either

singular or projective, but not both.

Corollary 2.10.14. [11, Corollary 1.25] Every nonsingular semisimple left R-module is

projective.

Lemma 2.10.15. [12, Lemma 7.8] If R has non-zero nilpotent elements, then R is left (and

also right) nonsingular.

Lemma 2.10.16. [12, Lemma 7.11] Let x be a central nilpotent element in a ring R. Then
x € Z(grR) (and by symmetry, x € Z(Rg) as well).
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Proposition 2.10.17. [12, Proposition 7.13] For any ring R, let S = Soc(rR) be its right
socle. Then Z(rR) C ann,(S). If S is an essential submodule, equality holds.

2.11 Graphs

The following definitions are from [3] and [7].

Definition 2.11.1. [7] A graph is a pair G = (V, E) of sets such that £ C V x V. The

elements of V' are the vertices of the graph G, the elements of E are its edges.

The usual way to picture a graph is by drawing a dot for each vertex and joining two of these

dots by a line if the corresponding two vertices from an edge [7].

Definition 2.11.2. [7, p4] If V' C V and E’' C E, then G’ is a subgraph of GG, written as
G'CG. IfG'C Gand G' # G, then GG’ is a proper subgraph of G.

Definition 2.11.3. Let G = (V, E),G' = (V', E'),G" = (V" ,E") be graphs If V" V' C V
and ', E" C E,then G'UG" = (V'UV" E'UE") is a subgraph of G. If G’ N G" = ()

then then this graphs are called discrete (disconnect) and denoted G’ LI G”.

Definition 2.11.4. [7, p.10] A graph G is called connected if it is non-empty and any two
of its vertices are linked. A maximal connected subgraph of a graph G is called a connected

component of G.

Definition 2.11.5. [7, p.27] A directed graph is a graph that is made up of a set of vertices

connected by directed edges.

Definition 2.11.6. [7, p.28] Let G = (V, E) be a directed graph. If there are edges between
the same two vertices then such edges are called multiple edges. 1If (v,v) € E for some

v € V, then the edge (v, v) is called a loop.

In this thesis, all graphs are assumed to contain no multiple edges but may include loops.
Definition 2.11.7. [3, Definition 4] Let G = (V, F) be graph and for k,p € {0} UZT

Vi=k,
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1. If E = (), graph G is called the null graph and denoted N

2. If B = VxV,ie., forall u,v € V, (u,v) € FE then graph G is called the complete
graph and denoted K.

Definition 2.11.8. [4] Let G; = (V1, F4) and Go = (V4, E5) be directed graphs. The sum
G1 + Go of graphs Gy = (Vi, Ey) and Gy = (V4, Es) is the graph with vertex set V; U V5
and edge set £y U By U B 5, where By 5 = {(z,y)|z € Vi,y € Va}. If G; and G, have no

common vertices, then we say the sum is direct, and we denote it by G; & Gs.

Remark 2.11.9. [2] According to the definition, Since for k,p € {00} UZ™ the null graph
Ny, and the complete graph K, have no common vertices, then sum of NV, and K, is direct
and denoted as N;, @ K,. We say that the elements of N, are the source vertices and the

elements of K, are the target vertices.

Definition 2.11.10. [7, p.3] Suppose G; = (Vi, Ey) and G, = (Vi, Es) , Gy and G, are
isomorphic if there is a bijection f from V] to V5 such that (x,y) € E; if and only if

(f(z), f(y)) € Ea.
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3. GRAPH MAGMA ALGEBRAS

In this section, we investigate graph magma algebras. First, we show how a graph magma
algebra is constructed. The commutative case is examined. It is shown that two commutative
graph magma algebras are isomorphic if and only if the graphs are isomorphic. But this
need not be true for non-commutative case. When two graphs give rise to isomorphic

non-commutative graph magma algebras is discussed in the last subsection.

Note that, G = (V, E') always denotes a directed graph with a vertex set 1 and an edge set
E.

3.1 The Construction of Graph Magma Algebras

By a graph magma algebra, we mean a contracted semigroup algebra induced by associative
graphs which will be defined below. This definition depends on the notion of semigroup
algebras. Since we work on associative algebras with identitiy, we actually mean the
semigroup algebra of the monoid obtained by attaching an identity to the underlined

semigroup.

A graph magma induced by a directed graph without multiple edges, but possibly with loops,

is defined in [1] as follows:

Definition 3.1.1. [1, p. 471] Let V be an arbitrary set and G = (V, E') be a directed graph.
Consider a symbol 0 ¢ V, called the annihilator element of S = V U {0}. Then the graph
magma M (G) of the graph G is the set .S together with the multiplication defined by

u, if (u,v) € E

0, otherwise.

Now some necessary and sufficient conditions for a graph magma to be associative are given.
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Proposition 3.1.2. [1, Proposition 4] For any directed graph G = (V, E), the following

conditions are equivalent:

(1) The graph magma M (G) is associative.
(2) Forall (x,y) € Eand z € V, then (x,z) € E ifand only if (y, z) € E.

(3) Each connected component of G is isomorphic to the null graph, a complete graph,
or a direct sum of a null graph and a complete graph. (i.e., G consists of connected

components of the form Ny, K,,,, N, ® K, where m,p,l € Z*.)

Proof. (1) = (2) : Let (z,y) € Eand z € V. If (z,2) € E, then (zy)z = x. Since M (G)
is associative, z(yz) = . This shows that yz # 0. Thus, (y,z) € E. If (y,z) € E, then

z(yz) = z. Since M (G) is associative, (xy)z = xz = x. This implies that (z, z) € E.

(2) = (1): Letx,y,z € V. If (x,y) ¢ E, then (xy)z = 0 = x(yz). If (x,y) € E, then by
(2), (z,z) € Eifand only if (y,z) € E. Thus, (zy)z = x(yz2).

(2) = (3) : Let X be a connected component of G. If X includes only one vertex, then it
must be either NV; or K. Now, suppose X has at least two vertices. Let /' be the subgraph
consisting of vertices v for which there exists at least one u € V such that (u,v) € FE.
Pick any vertex v € V. Then there exists u € Vi such that (u,v) € E. By (2), we have
(v,v) € E. Therefore, all vertices in K have loops. If u € Vi, then by (2) we obtain
(v,u) € E, because (u,u) € E. Thus, K is a complete graph. If u ¢ Vi, then (u,u) ¢ E.
By (2), it follows that (v,u) ¢ E. Thus, Vo \ Vi represent the null graph. Consequently, if
Vik = Ve then C' is a complete graph; otherwise, C'is a direct sum of a complete graph and

a null graph.

(3) = (2) : Let (z,y) € F and z € V. Then x and y are vertices of the same connected
component, i.e., x,y are vertices of either K,, or N, ® K;. So y is a vertex of a complete
subgraph in both cases. If (x, z) € F, then similarly, z is a vertex of a complete subgraph.
Since y and z belong to the same complete subgraph, (y, z) € E. Similarly, it can be seen
that if (y, z) € F, then (z,z) € E. O
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The following result is an immediate consequence of Proposition 3.1.2.

Corollary 3.1.3. [1, Corollary 5] If directed graph G is associative, then for all x,y,z € V,

the following conditions hold:

(1) (z,z), (xz,y) € E = (y,2) €E

2) (z,y) e E = (y,y) €L

From this point on, we assume that all graphs are associative.

Corollary 3.1.4. [3, Corollary 1] For any directed graph G = (V,E), the following

conditions are equivalent:

(1) The graph magma M (G) is associative and commutative.

(2) Each connected component of G is isomorphic to either Ny or to K.

Proof. (1) = (2) : Let M(G) be associative and commutative. Then by proposition 3.1.2 G
is consist of connected component of the form Ny, K,,, N, ® K, where m,p,[ € Z+. Since
M (G) is commutative, (u,v) € F if and only if (v,u) € E for all u,v € V. Therefore G is
not contain component of the form NV, ® K;.

(2) = (1) : It s clear by Proposition 3.1.2 N

Definition 3.1.5. [3, Definition 4] For k,p € {o0} UZT |V| = k, the graphs N;, K, and

Nj, @ K, are referred to as connected associative graphs.

Now we give two alternative definitions of graph magma algebras. The first one depends on

the definition of a contracted semigroup algebra.

Definition 3.1.6. [3, Definition 2] Let F' be a field and S be a monoid which contains an
annihilator element 0 € S. The contracted semigroup algebra over F' induced by S is the
quotient of the semigroup algebra F[S] modulo the ideal consisting of scalar multiples of
0es.
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Definition 3.1.7. [3, Definition 2] Let F' be a field and G be an associative graph. The
contracted semigroup algebra induced by M (G) is the graph magma algebra over the field
F induced by the graph G, and it is denoted by A[G].

Another definition for graph magma algebras can be given by considering that they are

algebras having a basis B = {1} U V' with the operation defined in Definition 3.1.1.

Definition 3.1.8. [3, Definition 3] Let G = (V, E) be a simple directed graph and F' be a
field. A = A[G] is said to be a graph magma algebra if it has a B = {1} U V' such that for
all u,v e V,

u, if (u,v) € K

0, otherwise.

Remark 3.1.9. Let v € G, where G is an associative graph. If (v,v) ¢ FE, then v is a

nilpotent element in A[G]. If (v,v) € E, then v is an idempotent element in A[G]. Hence,

every vertex in graph is either a nilpotent element or an idempotent element in the algebra

A[G]. We refer to the nilpotent and idempotent elements from a connected component of

the form NV, © K as source nilpotents and target idempotents , respectively. We refer to the
(m)

nilpotent and idempotent elements from a component of the form N, and K, as isolated

nilpotents and isolated idempotents, respectively.

3.2 Isobraicity of Graphs

In this subsection, we will investigate which graphs give rise to isomorphic graph magma

algebras.

Definition 3.2.1. [3, Definition 5] Two graphs GG and H are said to be isobraic if and only if
A|G] and A[H] are isomorphic algebras.

Notice that isobraicity of graphs is an equivalence relation. When GG and H are isobraic
graphs, we will indicate it by G ~ H. The equivalence class of a graph G will be denoted
by [G]. In order to work on this relation, we first give an alternative approach to the graph
magma algebras which is equivalent to the previous ones.
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Definition 3.2.2. [3, Definition 6] Let A be an algebra and V' be a subset of A.

(1) V is called a set of vertices if for every u,v € V, uv € {u,0}.

(2) A setof vertices V' is called a spanning set of vertices if 1 ¢< V' >, and V' U{0} spans

A as a vector space.
(3) A spanning set of vertices V' is a base of vertices if B = {1} L'V is a basis for A.

(4) Let V be a base of vertices. Then the graph G = (V, E), where (u,v) € E if and only
if uv = wu, is called the graph induced by base of vertices. Notice that the graph G

induces an algebra isomorphic to A.

(5) If two bases of vertices induce isomorphic graphs, then we say that bases of vertices

themselves are isomorphic (as graphs).

Remark 3.2.3. Do not confuse the base of the vertices and the spaning set of the vertices with
the expressions we know from linear algebra. Either kind is not really a spanning set of A;

one must add the element 1 to V' to obtain a spanning set or a basis.

The following result can be obtained by Definition 3.2.2 directly.

Proposition 3.2.4. [3, Proposition 1] The following statements hold:

(1) Ais a graph magma algebra if and only if A has a base of vertices.

(2) The elements of a base of vertices are either idempotent or nilpotent. Nilpotent
elements are either isolated vertices or source elements in the connected components
of the form N, ® Ky, where p € {oo} U Z*. Idempotent elements are isolated loops

or target vertices of a direct sum.
(3) Every base of vertices is a spanning set of vertices.

(4) Since every spanning set contains a basis, an algebra A is a graph magma algebra if

and only if it has a spanning set of vertices.
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The next proposition highlights the importance of the perspective constructed by the bases

of vertices.

Proposition 3.2.5. [3, Proposition 2] Let G and H be two graphs.

(1) G and H are isobraic if and only if there exists a basis of vertices in A[G] whose

induced graph are isomorphic to H.

(2) G and H are isobraic if and only if an algebra A has two bases of vertices Vg and Vy

which induce graphs isomorphic, respectively, to G and H.

3.3 Isobraic Graphs For Commutative Graph Magma Algebras

In the commutative case, two graphs are isobraic if and only if the graphs are isomorphic.
Before proving this result, we characterize nilpotent and idempotent elements in a

commutative graph magma algebra.

Lemma 3.3.1. [3, Lemma 1] Let G = (V, E) be a directed commutative graph and A|G| be
the graph magma algebra induced by the graph G. Let n,w € A[G].

(1) n is nilpotent if and only if n is an element of the subspace spanned by the set {v €
Vi(v,v) ¢ E}.

(2) If w is an idempotent, then it is an element of the subspace spanned by the set {w €
Vi(w,w) € E}U{1}.

Proof. Since G = (V, E) is a commutative graph, then by Corollary 3.1.4, the graph G
must be of the form N, U K §m). Let {v;}/_, and {w;}7", be the nilpotent and idempotent
elements of V/, respectively. Take n,w € A[G]. Thenn = a + S5, av; + >y Bjw; and
w=[0+ Zle Vivi + D sy Ajw;, where a, B, i, B, i, A € F.

(1) The necessity is obvious. For sufficiency, assume that n is a nilpotent element of A[G].

Then n? = 0. It follows from the equation (a + S5 ayu; + > Bjw;)? = 0 that o = 0,
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208, + B = 0, ..., 2a8,, + 8% = 0. Hence, one gets that « = 0 and 3; = 0 for all

¢t =1,...,m. Thus, n can be written as a linear combination of nilpotent elements in V.

(2) Let w be an idempotent element in A[G]. Then
k m
w2 = (ﬁ + Z YiU; + Z )\jwj)Q
i=1 j=1
k m m
i=1 j=1 j=1

k m
i=1 j=1

Since w* = w, one obtains that 5> = 3, 2(v; = v; and 26\; + A7 = \; for all 7, j. Hence,
B =0or 3 =1.Then~; = 0 forall 7, and 25\; + )\? = A, for all j. It follows that

w = 5 + Z)\jwj'
j=1

which shows that w is a linear combination of idempotents of V' and the unit. [

Remark 3.3.2. Let w be an idempotent vertex in the commutative graph G. 1 4 w is not an

idempotent element in A[G] unless the characteristic of the field F' is 2.

Lemma 3.3.3. [3, Lemma 1] Consider the commutative graph magma algebra A|G] induced
by the graph G = Ny, U Kfm). If V and V* are two bases of A[G)|, then V and V* have the

same number of idempotents and nilpotents.

Proof. Let {v;}}_, and {w;}"", be the nilpotent and idempotent elements of V/, respectively.
By Lemma 3.3.1, any nilpotent element of V'* is contained in the subspace generated by the
nilpotent elements of V. Therefore, VV* has at most £ nilpotent elements. Reversing the roles

of V and V'*, one gets both bases have the same number of nilpotent elements.

Again by Lemma 3.3.1, any idempotent element of V'* is contained the subspace generated
by {1} U {w;}7L,. Since 1 is not contained in the subspace spanned by V'*, it is a proper
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subspace of < {1} LJ {w;}L, >. Then V* has at most m idempotent elements. Reversing
the roles of V' and V'*, one gets that they have the same number of idempotent elements. []
As a direct consequence of Lemma 3.3.1, the following characterization is obtained.

Proposition 3.3.4. [3, Lemma 1] Let A[G] and A[H| be two commutative algebras. Then
A|G]| = A[H] if and only if the graphs G and H are isomorphic.

3.4 Isobraic Graphs For Non-Commutative Graph Magma Algebras

Proposition 3.3.4 is not true for non-commutative graph magma algebras, i.e., there are
non-isomorphic graphs which induce isomorphic graph magma algebras. This will be

illustrated by the following examples.

Example 3.4.1. [3, Example 4] The isobraicity class [K>3] of K5 contains N; & K.

KQZ
Q Q
u’lf\—/ujg
N1 D Kl :

Q

. ? e
W9 — W1 w1y

We have that < wy, wsy, 1 >= A[K;]. Obviously, < wy, ws, 1 >=< wy, ws — wy, 1 >. Since
(wy — wy)? = 0, (wy — wi)w; = wy — wy , wy(wy —wy) = 0 and w? = wy, the second
graph represents Ny ¢ K. Therefore, Ky and N; & K, generate the same algebra, although

the graphs are not isomorphic.
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Example 3.4.2. [3, Example 4] The isobraicity class [K3] of K3 contains N; & K, and

Ny & K.
Ks:
N D Ky
0% _T?O?
Ny & K,

Q

[ ) 7.|< [ )
Wz — Wy wy W3z — Wsy

We have that < {wl,wg,wg, 1} >= A[K3] =< {1,w1,w2,w3 — wl} >=< {1,11)1,11)3 —
w1, w3 — ws }. The relations give that the second graph represents N; & K and the third one

represents Ny & ;.

Now this observation will be generalized in the next proposition. Notice that since K7 and V;
are not isobraic, in order to determine the isobraicty class of a connected graph, we assume

that the graph has more than one vertex.

Proposition 3.4.3. [3, Proposition 3] The complete graph K, is isobraic to the every graph
of the form N © K, where k +p = m, p > 1 and m > 1 (k, m and p may be infinite,

possibly uncountable).
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Proof. Suppose that V' is the basis of vertices for A[K,]. Then it consists of the vertices of
K,,. Consider a partition X 'Y for V' such that | X| = k and |Y'| = p. Pick a fixed element
y € Y. Define Z = {x — y|z € X}. Then the set Z LI'Y is a basis of vertices isomorphic to
N, @ K. O

Corollary 3.4.4. [3, Proposition 3] If G and H are two connected graphs with more than

one vertex and have the same number of vertices, then they are isobraic.

Proposition 3.4.5. [3, Proposition 4] If two graphs G and H are, respectively, of the forms

|_|Gi and |_|Hi

1€l el

and, for all © € I, GG; and H; are pairwise isobraic connected associative graphs, then G is

isobraic to H.

Proof. Let V; and V;* be bases of vertices of G; and H; for all « € I, respectively. Since
< V;U{l} >=Z< V* U {1} > for all : € I by hypothesis, and V' = U;c;V;, V* = Ui/ V"

are bases of vertices of GG and H,

AlG] = <Uie/V;U{l} >
= @P<viv)eoFr=(@P<Vy>)or

el i€l

—  A[H]

This completes the proof. 0

To complete the characterization of the isobraicity class of K, for all m (finite or infinite,
possibly uncountable), one must show that a connected graph cannot be isobraic to a

disconnected one. First we need the following lemmas.

Lemma 3.4.6. [3, Lemma 2] Every quotient A/I of graph magma algebra A with I # A is
itself a graph magma algebra.
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Proof. Assume that A is a graph magma algebra with basis of vertices V' and [ is an ideal of
A. Letbe x + I,y + 1 € V. Since V is basis of vertices of A, for z,y € V, zy € {x,0},
1 ¢<V >and VU{1} spans A. Thus, (z+I)(y+I) =ay+I € {z+ 1,1}, 1+1¢<V >
and < VU {1+ I} >= A/I. By Definition 3.2.2, V is basis of vertices for A/I. A/I is a
graph magma algebra by Proposition 3.2.4. [

Lemma 3.4.7. [3, Lemma 3] For any basis of vertices V- = GU H of a graph magma algebra
A, < G >, the subspace of A spanned by GG, is an ideal of A.

Proof Letx,y €< G >andr € A. Thenz = Y. a,0i ¥y = Doy By.0: and 7 =
Qo+ A, Gi + Z§=1 Y, h;, where g;’s are vertices of G and h;’s are vertices of [ . Then
r+y =Y (ay+0B4)g €< G >. Since G and H are disjoint, gh = hg = 0 for all elements
g € Gand h € H. Therefore,

m k n
re o= (ao+ Y Agi+ Y i) agg)
i=1 j=1 i=1

= Z g, g; + Z Z Ag; Q. 9iGi
i=1

i=1 =1

and

n m k
xr = (Z g, 9i) (o + Z Ag.9i + Z’thhj)
i=1 =1 j=1

- Z Aoy, Gi + Z Z )‘giagigz’gi
=1

i=1 =1

Since g;9; € {gi,0}, one gets that rz €< G > and zr €< G >. Consequently, < G > is an
ideal of A. O

Theorem 3.4.8. [3, Theorem 3] The following statements hold:
(1) A graph of the form Ny, U G is not isobraic to any graph having only idempotent
vertices.

(2) If m < p, then N,,,UG is not isobraic to N,LUG*, where G is generated by idempotents.
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Proof. (1) Let e be an idempotent element in A[N; U GJ]. Then e = a + pfv; + x, where
r €< G >, v € Ny and a, 3 € F. It follows that e? = o? + 2afv; + vy, where y €< G >.
Since e is an idempotent, one obtains a? = « and 2«3 = 3. Therefore, a € {0, 1}. In both
cases, one gets that 5 = 0. This implies that e = a 4+ x, where © €< G >. Consequently,
e €< GU{1l} >. Since < G U {1} > is a proper subspace of A[N; LI G], any graph having

only idempotent vertices does not span A[N; LI G].

(2) Let m < p and G be a graph which is generated by idempotents and G* be an arbitrary
graph. Assume, on the contrary, that N,, LI G and N, U G* are isobraic. Then A[N,, U
G| =2 A[N, U G*]. Let X and Y be graphs that are isomorphic to N,, LI G and N, LI G*,
respectively. Hence, X is of the form Ny U G'x and Y is of the form Ny U G5 such
that Nx ~ N, Ny ~ N,, Gx ~ G and Gy} ~ G*. It follows by assumption that
A[X] = A[Y]. Therefore, 2L >~ A¥l "anq by Lemma 3.4.7, 25 and 2¥L are graph

> <Ngp> <Ng>’ > <Ngz> <Ngz>

magma algebras . Then {g+ < Ny > |g € Gx L {1}} is a basis of vertices of —2*L and

<Ngz>
AlY]

{a+ < Nx > |a € Ny UG5 U {1}} is a spanning set of vertices of ——.

Since m < p, at
least one of the elements a+ < N,,, > with a € IV, is non-zero. Therefore, this spanning set
of vertices must contain a basis of vertices of the form /N; LI H. But this contradicts to the

statement (1). ]
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4. RING STRUCTURE OF GRAPH MAGMA
ALGEBRAS

Throughout, G is a simple directed graph, M (G) is an associative graph magma, and R =
A|G] is a magma algebra generated by the graph G. We know that from Proposition 3.4.3,
K, isobraic to N, @ K, where m = k1. Therefore, |_|§:1 N, @® K isobraic to |_|f:1 Ky 11

by Proposition 3.4.5. Thus, we will consider the graph, which is of the form
G=NUK™u(l, N, eK)

where t,m, k may be zero, finite, or (countably or uncountably) infinite, and each p; is

non-zero but possibly (countably or uncountably) infinite.

In this section, unless otherwise stated, {vy, va, ..., v;} denote the isolated nilpotent vertices
of Ny, {e1,ea,...,en} represent isolated idempotent vertices of K 1(m), and for each j =
L.k {vj1,v50,. .., vjp].} represent of source nilpotent vertices of component N, & K,

with w; representing its target idempotent. We may illustrate the graph G as follows:

S w,

1 V11 Vi1 Wi
. LN )
v2 €2 V12 Vg2
)
v3 €3 V13 Vg3
° QQ
vt €m Ulp,y Vkpy,

4.1 The Jacobson Radical of Graph Magma Algebras

In this subsection, the structure of the idempotent elements in the graph magma algebra
and the Jacobson radical has been established. The Jacobson radical J(R) contains all left
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nilpotent ideals, but J(R) itself need not be a nilpotent ideal. However, in the graph magma
algebra, the Jacobson radical is a nilpotent ideal generated by nilpotent elements with the

nilpotency index 2.

Proposition 4.1.1. If = is an idempotent vertex of R = A[G)|, then x is either in the form

Dier € +ZjeJ Wj +Zj6J %'(])Uji orl—> i ei— ZjeJ wj +zjeJ %'(])Uji’ where %(J) €r,

I and J are finite sets.

Proof. Let

r=a-+ Z ;v; + Zﬁiei + Z%-(j)vji + Z AjW;

finite finite finite finite

be an idempotent in R = A[G], where «, «;, f3;, %‘(j ) € F. Then

2 = ar+a Z ;v Z Bie,'—l—z Bei+a Z %(j)vjﬁ—z vi(j)vji—i-oz Z >\jwj+z A?wj.

finite finite finite finite finite finite finite

= z, one obtains that o = o2, o; = 20, 5; = 2a53; + 53,7@ = 2047,-(j) + )\ﬂl-(j)

(2

Since x2

and \; = 2a\; + A3. Hence, @ = Oorav = 1. If « = 0, then o; = 0,3 = O or §; = 1,
Aj=0or)\ =1 ’yi(j) = O in case \; = 0. It follows that

r = Zei + ij + Z%’(j)vji»

i€l jeJ jed
where I C {1,2,...},J C {1,2,...}, and sums over empty sets are taken as zero.

Ifo =1,thena; = 0,8 =0o0r 3 = -1, \; = 0or A\; = —1. Again fy(j) = 0, in case

Aj = 0. It follows that

T = 1—Zei—2wj+27§j)vju

iel jeJ jeJ
where [ C {1,2,...}, J C{1,2,...}, and sums over empty sets are taken as zero. O

Corollary 4.1.2. Let x and y be idempotent elements in R = A|[G].
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(1) x =3 icp, €t jes, Wit ich %‘(])sz‘ andy =3 i €+ i, Wit e 9?)%’
are orthogonal idempotents if and only if I, N Iy, = O and J, N Jo = ().

2) Ifx = Yien, € + 2jen Wi + Xjen %’(j)vji andy =1 =3 e, € = 2 jep, Wi+
> icd, 9§j)vﬂ then
(i) xy =0ifand only if I C Iy and J, C Js.

(ii) yx = 0ifand only if I, C Iy, Jy C Jo, and 7" + 6 = 0 for all 1 < i < p; and
forall j € Jy.

Proof: (1) Letw =3 icp €+ jes, Wi+ 2jes v vjiandy = Yoy, e+ D jen Wit
> i 69 v;;. Then

Ty = Z e; + Z w; + Z %-(j)vju

ieliNis jeJ1iNJa jeJ1NJa

and so zy = 0 if and only if I; N I, = () and J; N J, = () if and only if yz = 0.

@) Letz = Y0y €+ Y e, Wi+ jen Woandy = 1— Y00 e — 30 wi +
)
ZjeJQ 0;’ Uji-

(i) We obtain the product

wy=e— Y ety wi— > wity W= Y W v

i€l 1€liNly JjEJ jeJ1NJ2 JE€J JjeJ1INJ2

and so xy = 0 if and only if I; C [y and J; C Js.

(i1) We obtain the product

y[pzzei— Z ei—l—ij— Z U}]—I—Z,YI(J)U]Z—F Z Qz(j)vji'

icely ieliNis jeN jeJ1INJ2 jeN jeJiNJ2

It follows that yx = 0 if and only if [; C I5 and J; C J5, and %-(j) + GZ@ = 0 for

allléiépjandjejl.

55



The following result shows that the Jacobson radical J(R) of R = A[G] is nilpotent.

Proposition 4.1.3. The Jacobson radical of R = A[G] is

J(R) = (6P Fuvi) & (D Fuy),

where {v1, vy, ..., v} is the isolated nilpotent vertices and {vj1,vja, . .., vjp, } is the source

nilpotent vertices of component N,,. & Ky . Moreover, J (R)? =0.

Proof. Let

T =o+ ZO&Z'UZ' + Zﬂlel + Z’yi(j)vﬁ T Z)\jﬂ)j S J(R)

finite finite finite finite

If o # 0, then 1 —a 'z is a unitin R (by Theorem 2.5.3), which is impossible since 1 —a 'z
has zero constant term. Then oo = 0. If 3; # 0 for some j, then 1 — ﬁj_lejx =1l-—ejisa
unit, but this is a contradiction since 1 — e; is an idempotent and e; # 1. Then 5; = 0 for
every j. Similarly, 7; = 0 for every . It follows that J(R) C (€D Fv;) ® (€D Fv;;). For the
reverse inclusion, pick y € (D Fv;) @ (@ Fv;i). We will now show that 1 — ry is a unit
foreach r € R. Letr € R. Since zv = 0 for all vertex x and for all nilpotent vertex v,

ry = ay, where « € F. Hence 1 —ry = 1 — ay, and so (1 — ay)(1 + ay) = 1. It follows

that 1 — ry = 1 — ay is a unit. Consequently, y € J(R). This completes the proof. [

4.2 Simple Modules of Graph Magma Algebras

In this subsection, we deal with simple left and right modules over a graph magma algebra.
Note that by the dimension of an F-algebra, we always mean its dimension as an F'-vector

space.

The following statements provide information about the cyclic left and right submodules
generated by a vertex:
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Lemma 4.2.1. [3, Lemma 5] Let V' be the basis of vertices of R = A|G| and v,w € V.

(1) If v and w are nilpotent (either coming from a copy of Ny or a source vertex from
a copy of N, @ K1), then the subspaces Rv = Fv and Rw = Fw are simple left
modules of dimension 1. Additionally, the left modules Rv and Rw are isomorphic

and the left ideals Rv and Rw are nilpotent with nilpotency 2.

(2) If v is a source in a component of the form N, ® K with target w, then Rv C Rw =<

N, @ Ky >, where N, © K, has p + 1 elements as a basis in the subspace of R.

(3) If v, w are isolated idempotent vertices from distinct connected components in the
form of K1, then Rv = Fv and Rw = Fw are non-isomorphic projective simple left

modules of dimension 1.
(4) If w is an idempotent, then wRw is a local ring.

(5) If v and w are distinct target idempotents, then Rv/J(R)v and Rw/J(R)w are

non-isomorphic simple left modules of dimension 1.

Proof. (1) Let v be a nilpotent vertex. Then, for all z € V, we have (z,v) ¢ E. A typical
element r of R is of the form « + {an F-linear combination of vertices from G}. Thus,

T = Q.

(2) Let v be a source nilpotent in the component IV, & K7, and let w be its target idempotent.
Since vw = v (i.e. there is an edge from v to w), we have rv = r(vw) (clearly, Rv # Rw
because w ¢ Rwv). Thus, Rv C Rw. Now we will show that Rw =< N, & K; >. Pick

a €< N,® K, > Thena = > ,_;av; + fw, where o, f € F, I C {1,...,p} is finite

iel
and v;’s are source nilpotents. Since Rv C Rw, we have that a € Rw. Conversely, if
a € Rw, then there exists an element r € R such that a = rw. Write » = a+{an F-linear
combination of vertices from N, & K }+{an F-linear combination of vertices from the other
connected component of G}. Since zw = w for all vertex = in N, & K; and yw = 0 for
all vertices y from other connected components of GG, we obtain that « = rw = aw+ {an

F-linear combination of vertices from N, & K, }. Therefore, « €< N, & K; >.

57



(3) Let v and w be isolated idempotents and r € R. Write r = « + v + yw+ {an F-linear
combination of the remaining vertices from G}, where «, 5 € F'. Since (z,v) ¢ F for each
r €V —{v}and (y,w) ¢ E foreachy € V — {w}, we have rv = av + fv = (a + [)v
and rw = aw + yw = (o + B)w. This shows that Rv = Fv and Rw = Fw, indicating
that Rv and Rw are simple left modules. Since w and v are idempotent elements, Rv = F'v
and Rw = Fw are projective by Corollary 2.8.8. Now, we will show that Rv and Rw are
non-isomorphic. Assume, to the contrary, that there is an isomorphism f : Rv — Rw such
that f(v) = yw, where v € F. For 0 # r = v, f(v) = f(v?) = vf(v) = vyw = yow = 0,

which leads to a contradiction.

(4) As seen in condition (2) and (3), if w is idempotent vertex, then either Rw = Fw or
Rw =< N, ® K; >. If Rw = Fw, then the proof is straightforward. Assume that Rw =<
N,® K, >. Hence, wRw = w < N,® K; >. We will now show that w < N, K; >= Fw.
Letx € w < N, ® K; >. Then there exists y €< N, @ K; > such that x = wy. A typical

element y in < N, & K; > is of the formy = o+ >, ; ayv; + fw, where o, f € F,

iel
I C{1,...,p} is finite and v;’s are source nilpotents and w is its target idempotent. Since
(w,v;) ¢ Eforalli € I,z = wy = w(a+_,.; v+ pw) = wa+w ), ;a0 +whw =
wa+Y o w;+ fuw = wa+ Pfw = (a+ F)w. Thus, w < N,® K; >C wF. Now pick

x € wF'. Then x = wa, for some a € F'. Since w is an idempotent, we have that r = waw,

which gives that wF C w < Np & K; >. Hence, in either case, wRw is isomorphic to F'.

(5) Let v be a target idempotent element of < N, & K; > and J(R) be the Jacobson radical
of R. Then, by (2), Rv =< N, ® K; > . Since J(R)v = Fv;, where v; is a source nilpotent
element of N, @ K, it follows that Rv/J(R)v is a simple left module. Assume that v
and w are distinct target idempotents. If there is an isomorphism f between Rv/J(R)v
and Rw/J(R)w such that f(v + J(R)v) = aw + J(R)w, then for 0 # r = v, we have
that f(v(v + J(R)v)) = vf(v + J(R)v) = v(iaw + J(R)w) = avw + J(R)w = 0.
But f(v(v + J(R)v)) = f(v* + J(R)v) = f(v+ J(R)v). Hence, 0 # v € ker f, a

contradiction. O

Corollary 4.2.2. [3, Proposition 5] Let V' be the basis of vertices of R = A|G] and v,w € V.

58



(1) If w is an idempotent vertex, then Rw is an indecomposable left R-module.

(2) If w is the target idempotent of the component of the form N, & K, then Soc(Rw) =

le Rv;, where v;’s are source nilpotent vertex of w.

Proof. (1) If w 1s an idempotent vertex, then wRw is a local ring, by Lemma 4.2.1.

Consequently, Rw is indecomposable by Corollary 2.2.14 and Lemma 2.6.2

(2) Rv; is a simple submodule of Rw by Lemma 4.2.1. Then @le Ruv; is a submodule of
Soc(Rw). Since Soc(Rw) is a proper submodule of Rw, the result follows from a dimension

consideration. O

Corollary 4.2.3. Let w be the target idempotent of the component of the form N, ® K. Then

Soc(Rw) is essential submodule of Rw.

Proof. By Corollary 4.2.2(2), Rw/Soc(Rw) is a simple submodule of dimension 1.
According to Proposition 2.10.13, Rw/Soc(Rw) is either projective or singular. If
Rw/Soc(Rw) were projective, Soc(Rw) would have to be the direct summand of Rw
by Proposition 2.8.7, which would contradict the fact that Rw is indecomposable. Thus,
Rw/Soc(Rw) is singular. O

Lemma 4.2.4. Let V be the basis of vertices of R = A|G| and v,w € V.

(1) If v and w are nilpotent (either a copy of N1 or a source vertex from a copy of N, K1),
then vR = vF and wR = wF' are non-isomorphic simple right modules of dimension

1. Additionally, the right ideals vR and w R are nilpotent with nilpotency index 2.

(2) If v and w are idempotent (i.e., coming from a copy of K1 or a target vertex from a
copy of N, © K1), then vR = vI" and wR = wF' are subspaces of R with dimension
1, making them simple right modules. Moreover, the right modules vR and wR are

non-isomorphic (see [3, Proof of Proposition 6]).

(3) If v is a source in a component of the form N, P K; and w is its target, then v R is
isomorphic to wR.
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Proof. (1) Let v be a nilpotent vertex in /N1, w be a nilpotent vertex in the component of the
form N, @ K, and let w’ be its target vertex. An arbitrary element » of R can be expressed
as 7 = a + pw’ + {an F-linear combination of vertices from G'}. Therefore, vr = av and
wr = wa + wf = w(a + B), confirming our first claim. Now suppose that there is an
isomorphism f : wR — vR with f(w) = v, where v € F. Then for 0 # r = w’, we have
fww') = f(w)w" = yvw" = 0. On the other hand, f(ww’) = f(w). Thenv = f(w) =0, a

contradiction.

(2) Let v be an isolated idempotent vertex, and w be the target idempotent in the component
N, @ K;. An arbitrary element r of R can be expressed as r = a + v + yw + {an
F-linear combination of the remaining vertices from G'}. Then we have vr = v(« + ) and
wr = w(a + 7). This shows that vR and wR are simple right R-module. If f : wR — vR
is an isomorphism with f(w) = va, where a € F, then for 0 # r = w, we have f(ww) =
fw)w = vaw = cww = 0 and f(ww) = f(w). Thus 0 # w € ker f, which leads to

contradiction.

(3) Let v be a source and w be the target of the component N, @ K;. From conditions (1)
and (2), wr = w(a + 8) and vr = v(a + (). Then we can define a homomorphism [ from

vR to wR such that f(v) = w. It is clear that f is an isomorphism. O

From this point on, we will assume that all graphs have a finite number of non-null connected

components, specifically of the form :

k
G=NuK,"™u( [N, e K),
j=1

where t can be zero, finite, or (countably or uncountably) infinite, each p; is non-zero and
possibly (countably or uncountably) infinite, and both m and k£ must be finite. We can

illustrate this situation as follows:
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U1 el V11 w1 V21 w2 Vi1 Wi
o eeoe

V2 €2 V12 V22 V2

[

U3 €3 V13 V23 V3

oy 9

Ut €m Vlp;, V2ps Vkpy

Throughout, unless stated otherwise, e denotes 1 — (e; + -+ + e,) — (wy + -+ + wy),
where {ej, €9, . .., €, } represent isolated idempotent vertices of Kfm), and {wy,wa, ..., wg}
represent k target idempotent vertices of I_I§?:1ij ® Ky. {vi,v9,...,v;} denote the
isolated nilpotent vertices, and {v;1,vjo, ..., vjp, } represent of source nilpotent vertices of

component N, & Kj.

Remark 4.2.5. A typical element of R is a linear combination of 1 and the elements of the
given basis V. If we replace 1 with e, we obtain a different basis for 2. Thus, a typical

element r of R is a F'-linear combination of e and elements of V.

The element e is the idempotent of the ring 2. The following statements provide information

about the cyclic left and right submodules generated by the idempotent element e:

Lemma 4.2.6. [3, Proposition 5] Consider the graph magma algebra R = A|G] induced by
the graph G which has finitely many non-null components. Then the following statements

hold:

(1) Re is an indecomposable left R-module spanned by {e} U {v;|i = 1,...,t }, where v;

is nilpotent vertex coming from N,. Additionally, Re = eRe.

(2) Ifthere is no isolated nilpotent vertex in the graph, then Soc(Re) = Re; otherwise, we
have that Soc(Re) = @._, Ru;.
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Proof. Letr € R. Then

‘ m E Dy k
r=aoe+ Zam + Zﬁiei + Z Zj%‘(j)vﬁ + Z Ajwj-
i=1 i=1 i=1

j=1 i=1
(1) Since e;e = vj;e = wje = 0 and v;e = v;, we find

t
re = oe + E ;.
i=1

Thus, Re C< {e} U{v;|i =1,...,t} >. The reverse inclusion is evident because v;e = v;.
Take an idempotent element = in Re to show that Re is indecomposable. Then x = ae +
S !, a;v;. This leads to the equation a?e? + "' 2aav; = ae+ 3 ._, ayv;. Consequently,
we obtain a? = «, 2aq; = o, for 1 < i < t. If a®> = «, then a must be 0 or 1. In both
cases, it follows that a; = 0 for all 1 < ¢ < ¢. Thus, the only idempotents in Re are e or 0,

confirming that RRe is indecomposable by Corollay 2.2.16.

(2) If there is no isolated nilpotent vertex in the graph, Re = F'e is a simple submodule of
R with dimension 1, implying Soc(Re) = Re. Otherwise, since Ruv; is a simple submodule
of Re, @._, Ru; is a submodule of Soc(Re). As Soc(Re) is a proper submodule of Re, the

result follows from dimensional consideration.

]

Corollary 4.2.7. Let R = A[G] be the graph magma algebra induced by the graph G which

has finitely many non-null components. Then Soc(Re) is an essential submodule of Re.

Proof. According to Proposition 2.10.13, Re/Soc(Re) is either projective or singular. If
Re/Soc(Re) were projective, Soc(Re) would have to be the direct summand of Re, which
would contradict the fact that Re is indecomposable by Proposition 2.8.7 and Soc(Re) # 0.
Thus, Re/Soc(Re) is singular. O

Lemma 4.2.8. Let R = A[G| be the graph magma algebra induced by the graph G which
has finitely many non-null components. Then the following statements hold:
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(1) eR is an indecomposable right R-module spanned by {e} U N, where N is the set of all

nilpotent vertices in the graph.

(2) If there is no nilpotent vertex in the graph, then Soc(eR) = eR. Otherwise, Soc(eR) =
D,en VR

Proof. Letr € R. Write

t m kE  pj k
r=ae-+ Z ;v; + Z pie; + Z Z]%‘(j)vji + Z Ajw;.
i=1 i=1 j=1

=1 i=1

(1) Since ee; = ew; = 0, ev; = v;, and v;; = vj;, we have

¢ ko P
re = e+ Z o;v; + Z i%(j)vji.
i=1 j=1 i=1
Hence, eR C< {e} U {v|v € N} >, where N is set of all nilpotent vertices. The reverse
inclusion holds because ve = v. We will show that eR is indecomposable. Let x = ae +
S v+ Zle P ~Yv;; be an idempotent in eR. Then 2% = a2e + 2a' 3| ayu; +
20 25:1 i 4Py, Since 22 = z, we have a2 = a, 200; = oy, forall i = 1,... ¢
() (

and 207, = 2 forallj =1,...,kandi = 1,...,p;. It follows that « = 0 or o = 1.

% %

This implies that o; = O forall7 = 1,...,¢ and %(j) = O0forallj =1,....,kand i =

1,...,p;. Therefore, v = e or v = 1. Hence, eR? is an indecomposable right /2-module by

Corollary 2.2.16.

(2) If there is no nilpotent vertex in the graph G, then eR = eF is simple, which implies
that Soc(eR) = eR. Otherwise, vR is a simple submodule of eR. Therefore, @, vRis a
submodule of Soc(eR). Since Soc(eR) is a proper submodule of eR and dim eR = dim <

N > +1, the result follows by a dimension consideration. O]

Corollary 4.2.9. Let R = A[G] be the graph magma algebra induced by the graph G which
has finitely many non-null connected components. Then Soc(eR) is an essential submodule
of eR.
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Proof. From above (1) and (2), eR/Soc(eR) = Fe, indicating that e R/Soc(eR) is a simple
submodule. Therefore, according to Proposition 2.10.13, eR/Soc(eR) is either projective
or singular. If eR/Soc(eR) were projective, Soc(eR) would have to be the direct summand
of eR by Proposition 2.8.7, which would contradict the fact that eR is indecomposable and
Soc(eR) # 0. Thus, eR/Soc(eR) must be singular. O

Lemma 4.2.10. [8, Theorem 2.11] Every simple submodule of Re is isomorphic to
Re/J(R)e.

Proof. It follows from Lemma 4.2.6 all 1-dimensional subspaces generated by isolated
nilpotent vertices v; are simple submodules of Re. We can define a homomorphism
f: Rv; = Re/J(R)e such that f(v;) = ae + J(R)e. Since rv = aw; and (e + J(R)e) =

ae + J(R)e for any r € R, we get that f is an isomorphism. 0

Corollary 4.2.11. [8, Theorem 2.11] Every simple submodule of Rwj; is isomorphic to

Re/J(R)e, where w; is a target idempotent.

Proof. Rwvj; is a simple submodule of Rw; for all ¢ = 1,...,p;, and all left submodules
generated by nilpotent vertices are isomorphic, as established in Lemma 4.2.1. Thus, the

proof is complete based on Lemma 4.2.10. U

Lemma 4.2.12. Every simple submodule of eR is isomorphic to either eR/eJ(R) or w;R

foreachj =1,... k, where w; is a target idempotent.

Proof. All 1-dimensional subspaces generated by nilpotent vertices are simple submodules
of eR by Lemma 4.2.8. By Lemma 4.2.4, we have v, R = w;R forall j = 1,..., k, where
vj;’s are source nilpotent vertices of w, . Since v;r = v;a and (e + eJ(R))r = ea + eJ(R)

for any r € R, one obtains that v;R = eR/eJ(R). O

Corollary 4.2.13. Let R = A[G] be a graph magma algebra generated by the graph G with
finitely many non-null connected components, and J = J(R) be the Jacobson radical of

R = A[G)]. The following statements hold, where {vy,vs, ... v} is set of isolated nilpotent
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vertices, {€1,€a, ..., ey} is set of isolated idempotent vertices of K1( ), {vj1, vj2, .- v, }

is set of source nilpotent vertices of component Ny, & Ky and wyj is its target the idempotent

ande=1-3%" e — 25:1 wj.

(1) Je; = e;J =0 foralli. Therefore, e;Je; = 0.

(2) Jw; = @, Rvj; = Soc(Rw;) = [5]\%~Y, where d; = dimRw; and w;J = 0 for

all j. Therefore, w;Jw; = 0.

(3) Je = @Zt.:l Rv; and eJ = J. Therefore, eJe = Je.

Proof. (1) Since e; is an isolated idempotent and J is generated by nilpotent vertices, we
have ¢;J = Je; = 0.

2) J(R) = (P._, Ru)) @ (@le " | Rv;;) and d; = dimRw; = p; + 1. Since v;; are
source nilpotent vertices of the component N, @& K foralli € {1,...,p;} and wj its target
idempotent, we have v;w; = O forall ¢ = 1,... ¢, vjw; = v; foralli € {1,...,p;} and
w;v = 0 for all v nilpotent vertices. Thus, we conclude that Jw; = @}”, Rvj;, w;J = 0 and
w;Jw; = 0. From Corollary 4.2.2, it follows that Soc(Rw;) = @, Rv;; = Do, Rvji-
Noting that Rv;; = Re/Je, we get @,,_; Rv;i = @, Re/Je.

(3) Since v;e = v;, vje = 0, and ev; = evj;, we have Je = @221 Rv;. Additionally, since
ev; = v; and ev;; = v;; we conclude that eJ = J. Thus, eJe = Je. []
4.3 A Characterization of Semiperfect Rings

In [3], graph magma algebras with finitely many non-null connected components are fully
characterized. It is shown that such algebras are exactly semiperfect rings. Moreover, it is
proved that a graph has finitely many vertices if and only of R = A[G] is right (left) Artinian,
if and only if R is right (left) Noetherian.
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We still assume that all graphs have a finite number of non-null connected components,

specifically of the form

k
G:N UK U( |N, oK),
j=1

where ¢ can be zero, finite, or (countably or uncountably) infinite, each p; is non-zero and
possibly (countably or uncountably) infinite, and both m and k£ must be finite. We can

illustrate the graph G as follows:

°

v1 el V11 w1 Vk1 Wk
[ ] X

v2 €2 V12 V2

°

U3 €3 V13 VE3

° CQ

UVt €Em Vip, V2poy Vkpy,

Throughout, e denotes 1 — (e + -+ + e,,) — (wy + -+ + wg), where {ey,e2,...,en}
represent isolated idempotent vertices of Kl(m), and {wq,wy, ..., wy} represent k target
idempotent vertices of I_Ié?lepj @ K;. {v1, v, ...,v;} denote the isolated nilpotent vertices

and {vj1,v)0,. .. ,vjpj} represent of source nilpotent vertices of component N, & K.

A typical element of I? is a linear combination of 1 and the elements of the given basis. If
we replace 1 with e, we obtain a different basis for /2. Thus, a typical element r of R is an

F-linear combination of e and elements of V.

Since G has finitely many non-null connected components, it has a finite number of
idempotent vertex. e, ey, €, ..., €y, W1, Wa, ..., W 1S a complete set of pairwise orthogonal
idempotents for the ring R = A[G]. By Corollary 2.2.12, both Rr and R have

indecomposable decompositions.

Proposition 4.3.1. [3, Proposition 5] Let R be the graph magma algebra induced by the
graph G. Then R = A|G] is direct sum of m~+k+1 mutually non-isomorphic indecomposable
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projective left modules Re® Re,@- - -® Re, & Rwy &+ - - @ Rwy, where {e1, ey, ..., €5} is set
of isolated idempotent vertices of K fm), {vj1,v52,. .., V5, } is set of source nilpotent vertices

of component N,,. © K, and wj is its target the idempotent and e = 1 — Yo e — Z?Zl wj.

Proof. Take r € R. Then, by remark 4.2.5, we can write r as a

t m k Pj k
ae + Z Q;v; + Z Bie; + Z Z Dy + Z Njw;,
i=1 i=1 j=1 i=1 j=1
where o, «;, 3;, %-(j), Aj € F. According to Lemma 4.2.1(2) and Lemma 4.2.6,
o ygj)vji € Rw; forall j = {1,...,k} and 3_'_, a;v; € Re. Thus,

r € Re+ Rey + -+ Re,,, + Rwy + -+ - + Rwy,.

Since Re =< {e} U{w|i =1,...,t} >, Re; = Fe; forall i = {1,...,m} and Rw; =<
Ny, © Ki > forall j = {1,...,k} by Lemma 4.2.1 and Lemma 4.2.6, the decomposition
R=Re® Rey®--- P Re,, ® Rw; @ --- ® Rwy, holds. From Lemma 4.2.2 and Lemma

4.2.6, we conclude that each component is indecomposable, completing the proof. 0

Proposition 4.3.2. [3, Proposition 6] Let R be the graph magma algebra induced by the
graph G. Then R = A[G)| is direct sum of m~+k+1 mutually non-isomorphic indecomposable
projective right modules eR® ey R® -+ ® e ROw  R® - - - D wy R, where {eq,ea,...,en}
is set of isolated idempotent vertices of K fm), {vj1, 52, ..., vjp,} is set of source nilpotent

vertices of component N,,. & K and wyj is its target the idempotent and e = 1 — Yo e —

k
Zj:l wj.

Proof. Take r € R, then by remark 4.2.5 we can write 1 as

t m k DPj k
ae + Z Q;v; + Z Biei + Z ZJVz(j)Uji + Z Ajwj,
i=1 i=1 j=1

j=1 i=1
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where oz,ozi,ﬁi,%(j),)\j € F. By Lemma 424, and Lemma 4.2.8 Zle o;v; +
S 3 v € eR it follows that

receR+eR+---+e,R+wiR+- -+ w,R.

Since ¢;R = ¢, F, w;R = w,;F, eR =< {e} U {vlv € N} >, where N is the set of all
nilpotent vertices, R = eR®be 1 RPB---Be, , RGw  RP - - - Bwi R holds. From Lemma 4.2.8
and Lemma 4.2.4, we see that each component in the decomposition is indecomposable,

completing the proof. O

Proposition 4.3.3. [3, Proposition 5] Let R = A[G] be the graph magma algebra induced by
the graph G. There is a simple left module S such that Soc(Re) = S* and Soc(Rw;) = SPi.
Then the left socle of R is isomorphic to S*TP11P:) @ Rey @ - - - @ Re,y,.

Proof. 1f the graph G has no nilpotent vertices, i.e., t = p; = --- = p; = 0, then every
cyclic left R-module generated by a vertex and by e is simple, according to Lemma 4.2.1
and Lemma 4.2.6. Thus, there exist a simple S = Re left module, leading to the conclusion
that Soc(R) = StH0++0) @ Re; @ --- @ Re,,. If there is at least one nilpotent vertex,
then Soc(Re) = @'_, Rv; and Soc(Rw;) = @}, Rvj;. Denote S = Ru for a nilpotent
vertex v. Since every cyclic left submodule generated by a nilpotent vertex is isomorphic to
each other by Lemma 4.2.1(1), we have Soc(Re) = S* and Soc(Rw;) = SPi. Therefore,
Soc(R) = StHPi+-47) @ Rey @ - - - © Re,,. O

Corollary 4.3.4. Let R = A[G] be the graph magma algebra induced by the graph G. Then

Re @ (B!, Re;) @ (B}, J(R)w;),  if t=0

Soc(rR) =
) J(R)e & (B, Re:) & (D, J(R)w;), if t#0

Proof. By Proposition 4.3.1, we have

R = Re® (é Re;) ® (@ Ruwy;).
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Consequently, applying Proposition 2.4.21, we find that
k
Soc(grR) = Soc(Re) & @Soc (Re;)) @ (@ Soc(Rw;))

If t = 0, then Soc(Re) = Re; otherwise, Soc(Re) = @®!_;Rv; = J(R)e according to
Lemma 4.2.6 and by Corollary 4.2.13. Whether ¢ is zero or not, we have that Soc(Re;) = Re;
by Lemma 4.2.1, and that Soc(Rw;) = @, Rv;; = J(R)w; by Corollary 4.2.13. Thus,

the conclusion follows. O]

The socle Soc(rR) of gR is the largest submodule of rR contained in every essential
submodule of gpR. For a graph magma algebra R = A[G] with finitely many non-null

connected components, Soc(gR) is an essential submodule of zR .
Corollary 4.3.5. Let R = A[G] be the graph magma algebra induced by the graph G. Then

Soc(rR) is an essential submodule of rR.

Proof. Soc(Re) <. Re by Lemma 4.2.6 and Soc(Rw;) <. Rw; by Corollary 4.2.3.
Additionally, since Soc(®™,Re;) = @&, Re;, Soc(®™ Re;) <. @ Re;. Therefore,
Soc(rR) = Soc(Re) & (B~ Soc(Re;)) @ (@le Soc(Rw;)) is an essential submodule
of R by Proposition 2.3.4. 0

Corollary 4.3.6. Let R = A[G] be the graph magma algebra induced by the graph G. Then

Soc(Rp) = (B DLy viiR) & (DB eiR) & (B, wiR), if t=0

J(R)® (D), eiR) ® (@le w;R), otherwise

Proof. As seen in Proposition 4.3.1,

R_eR@é @wj
i=1
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Consequently, by Proposition 2.4.21, we have
m k
Soc(R) = Soc(eR) & (GB Soc(e;R)) ® (@ Soc(w;R)).
i=1 j=1

Since e; R and w; R are simple right R-modules, Soc(e;R) = e;R and Soc(w;R) = w;R
forall i = {1,...,m} and j = {1,...,k}. We know that Soc(eR) = (@._, v;R) @
(P P vi;R) = eJ(R) = J(R) by Lemma 4.2.8 and Corollary 4.2.13. When ¢ = 0,

J=1

we have that Soc(eR) = " LR O

J=1

Corollary 4.3.7. Let R = A|[G] be the graph magma algebra induced by the graph G. Then

Soc(RR) is an essential submodule of Rp.

Proof. Soc(eR) <. eR by Lemma 4.2.8 . Since Soc(®*,e;R) = & ,e;R and
Soc(®f_jw;R) = &%_jw;R, we have Soc(®},e;R) <. B e;R and Soc(®h_w;R) <.
@®F_ w;R. Thus, Soc(Rg) = Soc(eR) @ (Soc(P;~, e;R)) @Soc(@?zl w; R) is an essential
submodule of Ry by Proposition 2.3.4. 0

We know that every semiprimary ring is a semiperfect ring, but the converse need not be true.
However, the result below shows that semiperfect graph magma algebras are semiprimary.
Theorem 4.3.8. [3, Theorem 4] Let R = A|[G| be the graph magma algebra induced by the
graph G. Then the following statements are equivalent:

(1) G has finitely many non-null connected components.

(2) R is a semiperfect ring.

(3) R is a semiprimary ring.

(4) R has only finitely many simple left modules up to isomorphism.

(5) R is left perfect.
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Proof. (1) = (2) : Assume that G has finitely many non-null connected components.
Then G contains finitely many idempotent vertices {eq,..., e, ws,...,w;}. The set
{e,e1,...,em,w,...,w} forms a complete orthogonal set of idempotents, where e =
L—=>" e — Zle w;. By Lemma 4.2.1 and Lemma 4.2.6, the rings e; Re;, w;jRw, and

eRe are local for all 1 < ¢+ < mand 1 < j < k. Therefore, by Theorem 4.3.8, R is

semiperfect.

(2) = (3) : R/J(R) is a semisimple ring because R = A[G] is a semiperfect ring, and by

Proposition 4.1.3, J(R) is nilpotent. Therefore, R is semiprimary.

(3) = (4) : It follows from the fact that semilocal rings (i.e., rings with R/.J(R) semisimple)

have finitely many simple left modules.

(4) = (1) : Assume, on the contrary, that G has infinite (countable or uncountable) non-null
connected components. This implies that G contains infinitely many distinct idempotent
vertices. Therefore, by Lemma 4.2.1, R has an infinitely many non-isomorphic simple left

R-modules, which is a contradiction.
Now, since (2) < (3), we have that (5) < (3). O
The next theorem precisely states when the semiperfect algebras can arise as graph magma
algebras.
Theorem 4.3.9. [3, Theorem 5] Let R be an algebra over the field F'. Then the following
two conditions are equivalent:

(1) There exists a graph G with finitely many non-null connected components such that

R = A[G|, the graph magma algebra induced by G.

(2) R is a basic semiprimary ring with an indecomposable decomposition

R:Reo@Rel@~'€BR€m,
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and the following properties hold, where d; = dimRe;, J = J(R) and the simple

R

modules S; = 52 foreachi = 0,...,m
(2

(a) J?> =0,
(b) foralli =0,...,m,dimS; =1,
(c) foralli=1,...,m, e;Je; = 0, whereas eyJey = Jey, and,

(d) foralli=1,...,m, if Re; # Je; # 0, then Je; = Soc(Re;) = [Sp] %Y.

Proof. (1) = (2) It follows from Theorem 4.3.8, Corollary 4.2.13 and Lemma 4.2.1.

(2) = (1) Let Re; be a simple left R-module for all ¢ = 0,...,m. Since the set
{eo, €1, . .. en} consists of pairwise orthogonal idempotents such that eq +e1+- - -+ e, = 1,
{e1,...,em} a set of vertices and {eg} U {e1,...,e,} is the basis of vertices. Hence,
the bases of vertices correspond to a graph with m copies of K;, completing the proof.
Assume that for some j € {1,...,m}, Re; and Re, are not simple. Consider the set
V' = {e;i|Re; is simple} L {e;, 2| Re; is not simple, x € B, forsome j € {1,...,m}} L
{yly € Bje}- Given egJeg = Jeg, ejJe; = 0 and J* = 0, both Jey and Je; are
nilpotent ideals and also nil. It follows that their bases consist of nilpotent elements. Since
ejJe; = 0 and e; is an idempotent, we have ze; = z and e;z = 0, for v € Bjej.
Therefore, {e;, |z € B Je].} corresponds to the graph Ny, 1 & Ky, where d; — 1 = dimB3 ., .
Hence, {¢;, z|Re; is not simple and x € By, } corresponds to the graph | |[(Ng,_1 © K1).
Additionally, since {eg, €1, ..., e, } consists of pairwise orthogonal idempotents, we have
yr =ry = O0forallr € Vandy € {yly € By} Therefore, the basis {yly € By, }
corresponds to the graph Ny, _1, where dy — 1 = dimJe,. Dimension considerations confirm

that V' is the spaning set of vertices and V' LI {eg } forms the basis of vertices. ]

The graph G that generates a semiperfect ring has finitely many idempotent vertices, but
it may not have finitely many nilpotent vertices. If G' does contain finitely many nilpotent

vertices, then we have the following characterization.
Theorem 4.3.10. [3, Theorem 6] The following conditions are equivalent for a semiperfect
graph magma algebra R = A[G].
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(1) R is right noetherian.
(2) R is left noetherian.
(3) R is right artinian.

(4) R is left artinian.

(5) R is finite dimensional.

(6) G has finitely many vertices.

Proof. Suppose that G has n vertices. Then the dimension of R is n 4+ 1. Note that since R

is semiperfect, there are finitely many idempotent vertices.

(2) = (5) : Since the left R-module R is noetherian, every submodule of R is finitely
generated, according to Lemma 2.7.2. Therefore, the Jacobson radical J(R) is also finitely
generated. This implies that there are finite number of nilpotent vertices by Proposition 4.1.3.
This leads to the conclusion that R is finite-dimensional.

(5) = (4),(2) : If R is finite dimensional, then we conclude that Soc(grR) is artinian
(noetherian) as well as R/Soc(rR) by Corollary 4.3.4. Hence, R is left artinian (noetherian)
by Proposition 2.7.5.

(4) = (2) : It follows from Proposition 2.7.15.

(1) = (5) : Since right module R is noetherian, every submodule of R is finitely generated.
Thus, J(R) is finitely generated. This implies that there are only finitely many nilpotent
vertices. Consequently, R is finite-dimensional.

(5) = (3),(1) : If R is finite dimensional, then we conclude that Soc(Rg) is artinian
(noetherian) as well as R/Soc(Rg) by Corollary 4.3.6. Hence, R is right artinian
(noetherian) by Proposition 2.7.5.

(3) = (1) : It follows from Proposition 2.7.15.

(5) < (6) : The equivalence clearly holds because the dimension of R is n + 1. ]

Remark 4.3.11. If G has a component of the form N, & K; where p is countably or
uncountably infinite, then A[G] is neither right nor left Noetherian.
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Lemma 4.3.12. [3, Lemma 4] Consider that graph G = K,,,, U K,,,, Ul - - - U K,,,, such that
m; > 2, forall j € {1,...,k}. Then the codimension of the socle Soc(A) of the graph

magma algebra A = A|G] equals k.

Proof. We will show that the dimension of ﬁ is k. Forl < 5 < k, let B; =

{vj1,...,vjm, } be set of vertices of K, . Then {1} U {U"_, B;} is a basis for A. Define
S; = {vj1} U{vjr — vje—1|k = 2,...,m;}. It follows that S; is an alternative basis for the

subspace < B; > for all j. Hence, S = {1} U {U%_,S;} is another basis for A.

Letz € A. Thenz = o+ > ;" aqvp; + -+ + Yo" vy, where aj;’s are scalars for all

j =1,..., k. Moreover, one observes that

mi mg k k
r = a+ E QU1 + 0+ g Qg Vki + E Qavj1 — E vy
i=1 i=1 j=1 j=1
k mi mg
= a— E Qavj1 + o + E V1 + -0+ QU+ E Ok Uk
j=1 1=2

=2

By the fact that forall j € {1,...,k} and v € B;, vv;; = v, one gets that
k mi M
xr = a(l — Zvﬂ) + (Oé + ZO&MUU + -+ Z Oékivki>vll
j=1 i=1 i=1
mi1 mi
+o (Y o+ Y ik Uk
=1 1=1

Hence, © = a(1— Zle vj1) +xv + - - -+ 2Ug. Also, z(1— Z§:1 vj1) = a(l— Z?Zl vj1)

implies that x = z(1 — Z?Zl vj1) + V11 + - - - + 2. Therefore,

k
A:A(l—zvjl)@A'Ull@"'@AUkl

j=1
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Then

Soc(A) = Soc(A(1 =Y ;) & Soc(Avy) @ - - @ Soc(Avy )

Jj=1

Now consider & = {vjx — vje-1)lk = 2,...,m;} forall j = 1,... k. The equality

Soc(Avj;) =< &; > will be shown to complete the proof. Pick = € A. Then
mi mp
TV = (CY + Z QU + -0+ Z Oékivki)vjl
i=1 i=1

m;
= Oé'Ujl"‘E QiU -
i=1

It follows that Av;; =< B >. If (v — vj—1)) €< Bj > and x € A, then one will get

m; m;
r(vjy — vje—1)) = o+ E Q1qV1q + -+ E Vs
a=1 b=1

= a(vjr — vj-1)

Hence, A(vj; — vj—1) = F(vjr, — vjg—1). Then A(vjr — vji_1) is a simple submodule of
< Bj >. It follows that A(vjo — vj1) @ -+ B A(Vjm; — Vjm,~1) € Soc < Bj >C< Bj >.
Therefore, we have Soc(< B >) = A(vj2 — vj1) @ - -+ ® A(Vjm; — Vjm,;—1) by a dimension
consideration. Hence, Soc(< B; >) = Soc(Aj;1) =< & >. Since A(1l — Zle vj1) =

F(1- Z?Zl v;1), one obtains that A(1 — Zle v;1) is a simple module. Thus,

Soc(A) = Soc(A(l — Z vj1)) + Soc(Aviy) + - - - + Soc(Avy)

Jj=1

k
= (A1-) 1)@ <S><Sh >0 @< G >.

j=1
Consequently,

A - AUH Avkl
SocA < S > <S>
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4.4 Isomorphism Classes of Finite Dimensional Graph Magma

Algebras

Recall from the previous section that the converse of Proposition 3.4.5 is not true in general.
Based on the characterization of semiperfect rings, Theorem 4.4.1 states that the converse of
Proposition 3.4.5 is true for the graphs with finitely many non-null connected components
and fully characterized all isomorphic graph magma algebras for the class of associative
graphs with finitely many non-null connected components. In Proposition 4.4.2, it is
determined how many pairwise non-isomorphic graph magma algebras of a given finite

dimension exist.

Theorem 4.4.1. [3, Theorem 7] If G has a finite number of non-null connected components
and G is isobraic to H, then H has a finite number of non-null connected components, and
there is a one-to-one correspondence between the components of G and H in such a way that

the corresponding components are isobraic.

Proof. Let G and H be in the form N, U (L, (N, @ K1)) and Nyl (Lje s Ny, © K1), where
m finite. It follows from Theorem 4.3.8 that R = A[G] is semiperfect. Since A[H| = R by

hypothesis, A[H] is semiperfect, too. Hence, J is finite.

Let |J| = k. By Proposition 4.3.1, R = A|G| is decomposed as a sum of m + 1
indecomposable projective left modules Re & Rey @ --- & Re,,, where e; is idempotent
vertex foralli =1,...,mande =1—>_" ¢;. Likewise, A[H] is decomposed as a sum of
k+1 indecomposable projective left modules Rf & Rf1®- - - & R f, where f = 1— Zle fi-
Since A[G] ~ A[H], A[G] can also be decomposed into Rf & Rf; & --- & Rfy. Thus, we
have m + 1 = k£ 4 1 (the number of indecomposable projective summands in a semiperfect
modules is invariant). According to the Krull-Schmidt Theorem, there exists a permutation

that provides isomorphisms between direct summands of the two distinct decompositions.
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If J(R) = 0, then there are no nilpotent vertices by Proposition 4.1.3. Therefore, for 1 <
1 < m,p; = 0and p = 0. According to the hypothesis, each ¢; and ¢ = 0 must also be zero.
Thus, G and H must be in the form K 1(’”) and K 1(k), respectively. Therefore, the result

follows.

Now assume that J(R) # 0. Proposition 4.1.3 together with Lemma 4.2.10 gives that
Re/J(R)e and Rf/J(R)f can be embedded into J(R). Hence, Re/J(R)e = Rf/J(R)f.
Thus, Re = Rf by Proposition 2.5.11. Therefore, dimRf = dimRe, indicating that p = q.
For the remaining projective indecomposable summands in the two decompositions of R,
there is a o permutation such that Re; = Rf,; where i = {1,...,m}. Without loss
of generality, assume that Re; = Rf; for 1 < ¢ < m. Consequently, dimSoc(Re;) =
dimSoc(Rf;), implying p; = ¢;. Thus the result follows by Proposition 3.4.5 and Corollary
3.4.4. ]

We can calculate, with the help of the following proposition, the exact number of finite
n + 1-dimensional graph magma algebras. To achieve this, we will consider the graph in the

form N,_; U (|_|l]f:1 K;,), where j < nandi; < iy < -+ < i is a partition of j.

Proposition 4.4.2. [3, Proposition 7] For an arbitrary n € 77, there exist exactly N
isomorphism classes of graph magma algebras of dimension n + 1, where N = 1 +

> i<n P(J), and, for any positive integer j, p(j) denotes the number of partitions j.

Proof. Let ) <nandi; < iy < --- < 7 be a partition of j and consider the graph
G - anj LJ I_lle Kit'

The algebra R = A[G] has dimension 1+ 1, and the graph magma algebra of same dimension
can be obtained this way, with the exception of the graph magma algebra generated by N,
whose absence explains the need to add the 1 in the formula for /NV. No two partitions produce

the same algebra, as shown by the Proposition 4.4.1. [

Remark 4.4.3. For an arbitrary n € Z* and for j < n, a partition of j gives number of graphs
having n — 7 isolated copies of /V;.
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Remark 4.4.4. Recall, by Proposition 3.4.3, that K, is isobaric to N, & K;, where k41 = m.

Therefore, A[K,,] and A[ Ny & K] have the same isomorphism classes.

We explore Proposition 4.4.2 by providing an example. We will calculate the number of

1somorphism classes of 4-dimensional graph magma algebras.

Example 4.4.5. [3, Example 7] We will examine the number of isomorphism classes of

4-dimensional graph magma algebras, son = 3. Then there are N = 1+p(1)+p(2)+p(3) =

7 isomorphism classes of graph magma algebras of dimension 4 :

(1) We find that p(3) = 3 different types of graphs have zero isolated copies of Ny:

Ks, Ko U Ky, and K, U K, U K4, corresponding to the partition of 3 as 3, 2+ 1, and

1+ 1+ 1, respectively.

(a)

(b)

(c)

G = K3, then A[G] = A[Ny, ® K;|. Thus, A|G] = Re ® Rw,, where w; is the
target idempotent vertex of Ny & Ky and e = 1 — wy. By Corollary 4.2.2, we
have Soc(Rwy) = Rvyy @ Ruvay, where v11, va1 are source nilpotents of No @ K.
Additionally, Soc(Rw,) = (Re/J(R)e)* by Corollary 4.2.11. Since there are
no isolated nilpotent vertices, Re = Fe is simple by Corollary 4.2.6 and by
Corollary 4.2.13 J(R)e = 0. Thus, Soc(Rw;) = (Re)

G = KoUK, then R = A[K,UKG ) = A[(N1@ K)UK, ). Thus, R = Re®Re1®
Rwy, where w is the target idempotent of N1 @ K1, e; is the isolated idempotent
vertex, and e = 1 — wy — ey. By Corollary 4.2.2, we have Soc(Rw,) = Ruvyy,
where vy, is source nilpotent of w,. Re; is simple submodules by Lemma 4.2.1.

Since there are no isolated nilpotent vertices, Re is simple by Lemma 4.2.6 and

Corollary 4.2.13 Je = 0. Therefore, Soc(Rw1) = Re by Lemma 4.2.10.

G = Ki U Ky U K, then R = A[G] is commutative ring with indecomposable
decomposition R = Re @& Re; & Rey & Res, where eq,es,e3 are isolated
idempotent vertices of ng) and e = 1 — Zle e;.  Rey, Res, Res are

non-isomorphic simple submodules by Lemma 4.2.1(3).
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(2) We obtain p(2) = 2 (partitions of 2 are 2,1 + 1) types of graphs having one isolated
copy of Ny. These graphs are N1 U Ky, Ny U K U K.

(a) G = Ny U Ky, then R = A[G] =2 A[N, U (N; & K;)|. Thus, A[G] = Re &
Rwy, where wy is the target idempotent vertex of Ny & Ky and e = 1 — wy.
Soc(Re) = Ruvy, where vy is the isolated nilpotent vertex by Lemma 4.2.6 and
Soc(Rwy) = Ruvyy, where vy is the source nilpotent of wy by Corollary 4.2.2.
Hence, Soc(Rw;) = Soc(Re) by Lemma 4.2.1(1) and Soc(Rw,) = Soc(Re) =
Re/J(R)e by Lemma 4.2.10.

(b) G = Ny U K; U K, then R = A[G] is a commutative ring with indecomposable
decomposition R = Re® Re,® Res, where ey, e; are isolated idempotent vertices
of Kf) and e = 1 — e} — e3. Soc(Re) = Ruvy, where v is isolated nilpotent
vertex. Thus, Soc(Re) = Re/J(R)e by by Lemma 4.2.10 and Re,, Resy are

non-isomorphic simple submodules by Lemma 4.2.1(3).

(3) We find that p(1) = 1 only one type of graph has two isolated copies of Ny :

G = Ny U K;. Then R = A[G] = Re @ Rey, where e is the isolated idempotent of
Ky and e =1 — ey. Soc(Rey) = Rey by Lemma 4.2.1 and Soc(Re) = Rvy @ Ru,,
where vy, vy are vertices of No, by Lemma 4.2.6 and Rv, = Rvy = Re/J(R)e by
Lemma 4.2.10. Thus Soc(Re) = (Re/J(R)e)?.

(4) The graph N3 corresponds to the case where all vertices are isolated. Then J(R) =
Soc(R) = (R/J(R))>.

4.5 Some Further Results

We still assume that all graphs have a finite number of non-null connected components,

specifically of the form

k
G:N UK U N, oK),
j=1
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where t can be zero, finite, or (countably or uncountably) infinite, each p; is non-zero and
possibly (countably or uncountably) infinite, and both m and k£ must be finite. We may

illustrate the graph G as follows:

[ J (| )

U1 el Vk1 Wk

. LN ]

V2 (D) V2

o

U3 €3 Vk3

* O

vt €m Vlpy V2po Vkpy,
As above, e denotes 1 — (e; + -+ + €,) — (w1 + -+ + wy), where {ej,e2,...,€e,}
represent isolated idempotent vertices of Kl(m), and {wy,ws, ..., wy} represent k target
idempotent vertices of |_|§:1 Ny, © K. {v1,v2, ..., v} denote the isolated nilpotent vertices
and {v;1,vj2, ..., vjp, } represent source nilpotent vertices of component N, © K.

In [8] it was proved that simple left modules of semiperfect graph magma algebras are either
injective or poor. In addition, it was determined that these algebras may have singular,
non-injective, simple modules. Furthermore, it was proved that R is always left (right)

semiartinian.

In this subsection, we will go through these results. Also, we will determine the left
(right) singular ideal of R. In the previous section, we showed that Soc(grR) <. rR and
Soc(RRr) <. Rgr (see Corollary 4.3.5 and Corollary 4.3.7). Consequently, we can define
Zi(R) = ann,.(Soc(rR)) and Z,(R) = anni(Soc(Rg)) by Proposition 2.10.17.

Proposition 4.5.1. Let R = A[G] be graph magma algebra generated by the graph G. Then

0, ift =0

Zr(R) = t .
®i:1 v R, ift >0

Proof. Casel: t =0.
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Letx = o+ > ", Bie; + Z?Zl il 1%( vj; + ZJ Ajw; € Z(R) = anny(Soc(Rg)).
Then zvj; = ve; = xw; = 0 by Corollary 4.3.6. This leads to zv;; = av;; =0, zw; = (o +

Mw; + S Y v]i =0forallj ={1,...,k},i={1,...,p;} and ze; = (a + Bi)e; = 0
forall i = {1,...,m}. Thus, we conclude that o« = %.(j) =\, =0forall j = {1,... Kk},

i={1l,...,pj}and §; = 0 forall i = {1,...,m}, which implies that x must be zero.

Casell: ¢t > 0.

Let # = a + Yo 0w 0 Biei + 25 Ti 1 v + S hwy € Zo(R) =
anny(Soc(Rg). Then zv; = zv;; = we; = zw; = 0 by Corollary 4.3.6. This leads to
zv; = av; = 0foralli = {1,...,t}, 2vj; = avj; = 0, 7w; = (a+\j)w;+ > 52 1% vﬂ =0
forall j = {1,....k},i={1,...,p;},and we; = (a + B;)e; = O forall i = {1,...,m}.
Thus, we obtain o = %(j) =\ =0forallj={1,....,k},i={1,...,p;} and B; = O for
alli = {1,...,m}. Hence, * € @._, v;R. On the other hand, every element of @'_, v; R
annihilates Soc(Rp). Consequently, Z,.(R) = @._, v;R. O

Proposition 4.5.2. Let R = A[G| be magma algebra generated by the graph G. Then

0, ift =0
J(R), ift>0

Zi(R) =

Proof. Casel: t = 0.

Letx = o+ > Bie; + ZJ Dy 172 vﬂ + Zj L Ajw; € Zi(R) = ann,(Soc(rR)) .

Then ex = e;x = vj;x = 0 by Corollary 4.3.4. Therefore, we have the following equations:

x—&—aZel—aij—l—ZZ%’)vﬂ =0

7=1 =1
er=ela+p) = 0

Vil = Uji(Oé + )\z) = 0.

From this, it follows that o = fyz =)\ =0forall j ={1,...,k}, i ={1,...,p;} and
pi =0foralli = {1,...,m}. Thus, we conclude that Z;(R) = 0.
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Casell: ¢t > 0.

Let # = o + S v >0, Biei + Ele o ’yz-(j)vjl- + Y aw € Z(R) =
ann,(Soc(grR)). Then e;x = vj;x = v,z = 0 by Corollary 4.3.4. Then

VX = V5 + Uji)\j = 0,
e =ea+ef; = 0,
v,r =v;o0 = 0.
This implies that \; = —a, 3; = —a and o = 0. Consequently, x € @221 Rv; ®

@?:1 »  Rv;, = J(R). Each element in J(R) annihilates e;, vj;, and v;. Thus,
Zi(R) = J(R).

O]

Lemma 4.5.3. [8, Theorem 2.11] Every left R-module that contains no simple submodules

isomorphic to Re/J(R)e must be injective and semisimple.

Proof. Let U be a left R-module that contains no simple submodules isomorphic to
Re/J(R)e (i.e., there is no submodule is generated by a nilpotent vertex). Let f : I — U be
anonzero R-homomorphism, where [ is a left ideal of . We may choose I to be essential in
rR. Hence, I D Soc(rR). J(R)* = 0 implies that Soc(rR) 2 J(R) by Proposition 2.7.12.
Thus, we have I O Soc(gR) 2 J(R), and so J(R) C Soc(rR) N1 = Soc(I). Therefore,
f(J(R)) € f(Soc(I)) € Soc(U) by Proposition 2.4.11. Since J(R) is the direct sum
of simple submodules of R isomorphic to Re/J(R)e (i.e, J(R) is the direct sum of
simple submodules generated by nilpotent vertices), f(JJ(R)) must be zero by assumption.
Therefore, J(R) must be contained in ker f. It follows that f induces an R-homomorphism
I/J(R) — U, which extends to a R-homomorphism ¢ : R/J(R) — U since R/J(R) is
semisimple. Now, the composition R — R/J(R) — U, where 7 denotes the canonical
projection, provides an extension of f. Hence, U is injective. As submodules of U

do not contain any simple submodules isomorphic to Re/J(R)e, likewise, we show that
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every submodule of U is injective. Thus, every submodule of U is a direct summand by

Proposition 2.8.16. Consequently, U is semisimple. [

Lemma 4.5.4. Every right R-module containing no isomorphic copies of simple submodules

generated by a nilpotent vertex must be injective and semisimple.

Proof. Let U be a right R-module with no simple submodules generated by nilpotent
elements. Let f : I — U be a nonzero R-homomorphism, where I is a right ideal of
R. We may choose I to be essential in Rg. Hence, I O Soc(Rpg) by the definition of
Socle. J(R)? = 0 implies Soc(Rr) 2 J(R) according to Proposition 2.7.12. Thus,
we have I DO Soc(Rg) 2 J(R), and so J(R) C Soc(Rr) NI = Soc(I). Therefore,
f(J(R)) € f(Soc(I)) € Soc(U) by Proposition 2.4.11. Thus, f(J(R)) must be zero,
by assumption. Therefore, J(R) C kerf. It follows that f induces an R-homomorphism
I/J(R) — U, which extends to an R-homomorphism g : R/J(R) — U since R/J(R)
is semisimple. Now, the composition R — R/J(R) — U, where m denotes the canonical
projection, provides an extension of f. Hence, U is injective. As submodules of U do
not contain any simple submodules generated by nilpotent vertex, likewise we show that
every submodules of U is injective. Thus, every submodule of U is a direct summand.

Consequently, U is semisimple. [

Corollary 4.5.5. Every right R-module containing no simple submodules isomorphic to
eR/eJ(R), w1 R, ..., wgR, where w; is target idempotent for all j = {1,...,k}, must be

injective and semisimple.

The ring R is said to be a semiartinian if every non-zero left (right) R-module has a non-zero
socle (see [12]). We actually see that every non-zero left (right) R-module contains a

non-zero socle in Lemma 4.5.3 (in Lemma 4.5.4).

Corollary 4.5.6. [8, Remark 2.12] The graph magma algebra R = A[G] is always left

semiartinian.

Proof. Let M be a non-zero left R-module. Assume that M does not contain any simple
submodule isomorphic to Re/J(R)e. Then M is semisimple, implying that Soc(M) =
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M # 0. If M contains a simple submodule isomorphic to Re/J(R)e, then clearly Soc(M ) #
0. ]

Corollary 4.5.7. The graph magma algebra R = A[G] is always right semiartinian.

Proof. Let M be a non-zero right R-module. Assume that M/ does not contain any simple
submodule isomorphic to eR/eJ(R) and wy R, . .., w; R, where wj is target idempotent for
all j = {1,...,k}. Then M is semisimple, implying that Soc(M) = M # 0. If M contains a
simple submodule isomorphic to Re/J(R)e oruy R, . .., wy R, where wj is target idempotent

forall j = {1,...,k}, then clearly Soc(M) # 0. O

Recall that the injectivity domain of M is Jn~'(M) which consist of those modules N such
that M is N-injective, i.e. Jn ' (M) = {N € Mod — R|M is N- injective} (see [9]). An
R-module M is poor, in case the injectivity domain of M is SSMod-R (see [10]).

Lemma 4.5.8. [8, Theorem 2.11] Let R = A[G| be a graph magma algebra induced by the
graph G. Then Re/J(R)e is a poor left R-module.

Proof. Let Re/J(R)e be injective relative to R/I for some proper left ideal I of R. We
will show that R/I is semisimple, which requires proving that J(R) C [ by Lemma 2.4.5.
Assume, on the contrary, that J(R) is not contained in /. Since Soc(J(R)) = J(R) =
J(R)e ® J(R)w; @ - -- @ J(R)w, there exits a simple left ideal V' of R within in J(R)e
or J(R)wj forsome j = 1,...,ksuchthat V' & I. Thus, V < Reor V < Rwj for some
j=1,..., k. Therefore V= Re/J(R)e. Since V = Re/J(R)e,V = (I®V) /I, there exists
anonzero R-homomorphism (I &V')/I — E(Re/J(R)e), that extends to a homomorphism
h : R/I — E(Re/J(R)e). Given that Re/J(R)e is (R/I)-injective, R-homomorphism
(I ®V)/I — E(Re/Je) extends to a homomorphism g : R/ — Re/J(R)e. Thus, we
have h = ig with the inclusion map ¢ : Re/J(R)e — FE(Re/J(R)e), leading to Imh =
Img C Re/J(R)e. Since Re/J(R)e is simple, it follows that Imh = Re/J(R)e. Let K/
be the kernel of h. Then (R/I)/(K/I) = Re/J(R)e = V and (R/I)/(K/I) = R/K.
Thus, K is maximal left ideal of R that does not contain V', implying R = K & V. Since V'
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is a direct summand of R, it is also a direct summand of Re or Rw; for some j = 1,... k.

However, in both cases give us contradiction since these modules are indecomposable. [

Theorem 4.5.9. [8, Theorem 2.11] Simple left modules of the graph magma algebra R =

A|G] are either injective or poor.

Proof. Note that {Re/J(R)e, Rey, ..., Rey,, Rwy/J(R)wy, ..., Rw,/J(R)w} is complete
set of isomorphism classes of simple left R-modules. By Lemma 4.5.3 and Lemma 4.5.8,
we see that Rey, . .., Re,,, Rwi/J(R)wy, ..., Rwy/J(R)wy are all injective and Re/J(R)e

is poor. 0

A ring R is called a left (right) SI-ring if every singular left (right) R-module is injective
(see [9)).

Proposition 4.5.10. [8, Remark 2.12] Let R = A[G| be graph magma algebra generated by
the graph G.

(i) Ift =0, then

(a) The unique non-injective simple left A|G|-module is non-singular (or

equivalently, projective).

(b) The ring R is left SI.

(ii) Ift # O, then the unique non-injective simple left R-module is singular.

Proof. (1) (a) According to the Theorem 4.5.9, the unique non-injective simple left
R-module is Re/J(R)e. Z;(Re) = 0, due to Z;(R) = 0 by Proposition 4.5.2
and J(R)e = 0 by Lemma 4.2.13 when ¢t = 0. This implies that, Re/J(R)e is

non-singular.

(b) Let M be a singular left R-module. Then every submodule of M is also
singular by Lemma 2.2.11(3). According to Proposition 2.10.13, any simple

left R-module is either singular or projective. Thus, M contains no projective
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submodules, i.e., it does not contain a simple module isomorphic to Re/J(R)e

by (a). Consequently, M is injective by Theorem 4.5.3. This concludes the proof.

(ii) Re/J(R)e is either projective or singular by Proposition 2.10.13. If Re/J(R)e were
projective, then J(R)e was the direct summand of Re, which gives us contradiction
with the Re being indecomposable and Re # 0. Therefore, Re/J(R)e must be

singular.

4.6 Commutative Graph Magma Algebras

Recall that if a graph magma algebra A[G] is commutative, then by Corollary 3.3.3, G must
be of the form NV; U K §m), where ¢, m are may be zero, finite, or (countably or uncountably)

infinite.

Now, we will consider the graph

G =N, UK.

If vy,...,v; are isolated nilpotent vertices and eq,...,e,,,... are isolated idempotent

vertices, then we may illustrate this graph as follows:

<

w
..'CU e o o VgV g®
&GS

A basis of this graph magma algebra R = A[G] over F is {1,v1,...,vs,€1,...,€m, ...}
Therefore, Re; = Fe; is a simple projective module for all j, and Rv; = F'v; is a simple
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module for all 7 by Lemma 4.2.10. Thus, by Proposition 4.1.3, we obtain the following

corollary.

Corollary 4.6.1. Let R = A|G)| be the graph magma algebra induced by G = N; U K foo).
Then, J(R) C Soc(R).

Theorem 4.6.2. Every prime ideal of R = A[G] is maximal.

Proof. Let P be a prime ideal of R. Assume that e; ¢ P for some j. Since e;(1 —e;) =0,
we have 1 — e; € P. Thene; = ¢;(1 — e;) € P fori # j. Also, since J(R)* = 0, we have
J(R) C P. Define I; = Span{es,...,ej_1,1 —¢€j,eji1,...}. Hence, I; + J(R) C P. For

any r € R,

t m
r+ P = (a—i—Zaivi—i—Zﬂjej)—l—P,
i=1 j=1

where «,a;, 3; € F. Since J(R) + I; C P, we obtain r + P = (a + fje;) + P =
(a+ Bje;+ B;—Bj)+ P =a+ B+ (1 —e;)B; + P = (a+ B;) + P. This shows that

ﬁ;lj = F, indicating that J(R) + [; is a maximal ideal of R. Hence, P = J(R) + I;.

Next, assume that e; € P for all i. Consider I = Span{ey, e, ...}. Again, we find J(R) +
I C Pand -2~ = F. Thus, we conclude that P = J(R) + I is a maximal ideal. O

JR)FI —
Remark 4.6.3. According to above proof, prime (also maximal) ideals of R are either
of the form P; = J(R) + 1, = (1 —¢;)R = ann(e;) or Py = J(R) + I, where

I; = Span{ey,...,ej_1,1 —ej,ej11,...} and I = Span{ey, eq, ...}

The socle series or (or Loewy series) of an R-module M is the ascending chain of

submodules
0=25p(M)C Si(M)C -+ CSu(M) CSpr1(M)C---,

where, for each ordinal o > 0, S,11(M)/S.(M) is the socle of the module M /S, (M). M
is semiartinian if and only if S,(M) = M for some ordinal p > 0. A ring R is called left

semiartinian if the left R-module r R is semiartinian (see [14]).
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Proposition 4.6.4. R is a semiartinian ring.

Proof. Since J(R) C Soc(R) and I = Span{ey,es,...} C Soc(R), it follows that Py =
J(R) 4+ I C Soc(R). Given that P is maximal and Soc(R) # R, we conclude that P, =

Soc(R). Therefore, socle series of an R-module R,
0= S()(R) C Sl(R) = SOC(R) C SQ(R) c---CR
Since S1(R) = Soc(R) is maximal ideal, S3(R) = R. Therefore R is semiartinian. O

One of the most important examples of a ring of fractions of a commutative ring R is given
when the multiplicatively closed subset is taken to be R\ P for some prime ideal P of R. We
denote the ring S~ R, where S = R\ P, by Rp, and call it the localization of R at P. The

ring Rp (the localization of R at P) has the unique maximal ideal
PRp={a€ Rp:a= ~ for some r € P, s € R\P}
S

Note that PRp = 0 if and only if for all » € P, tr = 0 for some ¢t € R\ P (see [13]).

In the commutative setting, [? is a regular ring if and only if all localizations at every prime

ideal of R are field if and only if all simple modules of R is injective (see [15]).

Theorem 4.6.5. Ift = 0 (i.e., there is no isolated nilpotent vertex), then R is a regular ring.

In other words, every simple R-module is injective.

Proof. Take P; prime ideal for j. Since e;(1 — e;) = 0 and for ¢ # j, we have eje; = 0,
maximal ideal of localization Rp, is P;jRp, = 0. Thus, Rp, is a field. For the prime ideal
Py, PoRp, = 0 which implies that Rp, is a field. In a commutative ring, the fact that
all localizations are field means that the ring R is regular. Again, in commutative rings,

regularity is equivalent to all simple modules being injective. [

R is semiregular if and only if R/J(R) is regular, and idempotents can be lifted modulo
J(R) (see [9]).
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Theorem 4.6.6. Ift # 0, then R is a semiregular ring.

Proof. For any prime ideal P;, since e;jv; = 0 for all ¢, it follows that .PjRpj = 0. For the

P, prime ideal, P, EP—O = 0, where R = %. Thus, R is a regular ring in both cases.
Additionally, Proposition 4.1.1 and Proposition 4.1.3 show that idempotent elements lift

modulo J(R). Therefore, R is a semiregular ring. O

Proposition 4.6.7. The ring R has a non-injective simple singular module up to

isomorphism.

Proof. The proof of Theorem 4.6.2 shows that every simple submodule of R is either % or
P%. Moreover, it is known that in a commutative ring, £ is injective if and only if Rp is field.
Therefore, when ¢ # 0, % is injective, while P% is not. If P% = e; R for any i, then Fy would
be a direct summand of R, contradicting that F, is not finitely generated. Thus, for all 7,
R ~

7 = v; R is singular. [

Remark 4.6.8. S = @@;-, e;R is not injective. If a nonzero homomorphism f : R — S could
extend the identity homomorphism ¢ : S — S then we would have f(1)e; = f(e;) = e; for

all 7. However, there is no such element f(1) € S.

In the remainder of this subsection, we will now consider the graph G is in the form
N U K™,

where m is finite and ¢ may be zero, finite, or (countably or uncountably) infinite. Here, the
set {vq, vy, ..., v, } denotes the isolated nilpotent vertices and {eq, ey, . .., €, } represents the

set of isolated idempotent vertices of K fm).

The following proposition gives a characterization of commutative graph magma algebras in

which the graph has finitely many non-null connected components.

Proposition 4.6.9. [3, Proposition 8 and Remark 4] The following conditions for the graph

magma algebra A|G] are equivalent:
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(1) R is commutative,
(2) R is right duo,
(3) Every simple right ideal of R is a left ideal,

(4) R is left duo.

Under any of the above equivalent conditions, A is of the form A = B ® C, where B is zero
or a quotient algebra

B _ F[xﬂie[}

<wjz;li,jEI>’ and

C' is zero or a direct sum of copies of the field F'. The case when B = 0 corresponds to
the graph G = N, (with p arbitrary) and the case when C' = 0 corresponds to the graph
G = Kfm) (with finite m).

Proof. The implications (1) = (2) = (3) and (1) = (4) are obvious.

(3) = (1) : Suppose that every simple right ideal of R is a left ideal. R has the left
decomposition R = Re & Re; @ - - - @ Re,, and the right decomposition R = eR ® e; R P
-+ - @ e, R, by assumption. We complete the proof by showing that GG consists of isolated
nilpotents and isolated idempotents, i.e., we show that Re; is a simple left ideal of dimension
1foralls =1...m. Since ¢; R is a simple right ideal forall+ = 1,...,m, ¢; R is also a left
ideal. Therefore, R(e;R) C e;R. Thus, R(e;R) = R(e;F') = Re; C e;R. Hence, Re; = ¢;R
by the dimension consideration. Consequently, [Ze; is a simple left ideal of dimension 1.
It follows that the non-null connected components of GG are of the form K;. Thus, R is

commutative.

(4) = (1) : We will prove that Re; is a simple left ideal for each i = 1,...,m. In
other words, we will show that there is no source nilpotents in the graph. R has the
left decomposition R = Re & Re; & --- & Re,,, and the right decomposition R =
eR®etR® --- @ e, R by assumption. Given that R is a left duo ring, Re is a right ideal
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as well. Thus, (Re)R C Re. As Re = eRe, we have (Re)R = eR, indicating eR C Re.
It follows that there is no source nilpotents in the graph, yielding our claim. Hence, the

non-null connected components of GG are of the form K. Thus, R is commutative.

Now assume that R = A[G] satisfies one of the equivalent conditions above. Then G is
of the form N}, U K\™. Let {nili € I} = N,, where |I| = p. Consider the algebra
Flz;li€ I|®@ F @ ---@ F (m copies of F'). We can define an epimorphism ¢ from F'[z;|i €
I|® F&®---@ F to R by mapping the variables x; (i € I) to n; and each unit vector e; F™ to
the idempotent element with the same name in K Yn). Thus, ker ) =< x;2,i,j € I >, and

the result can be deduced from the third isomorphism theorem. [

Every simple left ideal of the graph magma algebra R generated by a graph G with finitely
many nonzero connected components is a right ideal; however, not all simple right ideals are

left ideals.

Example 4.6.10. Forall j € {1,...,k}, w;R is a simple right ideal that is not a left ideal,

where wj is target idempotent vertex of component N, & Ky:

Since w;j R = w; F' is a simple right R-module by Lemma 4.2.4(2) and Rw; =< N, & K; >
by Lemma 4.2.1(2), we have that R(w;R) = R(w;F) = Rw; € w;R.

The above proposition characterizes the ring 2 in which every simple right ideal is also a left

ideal.
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5. EXAMPLES

In this section of the thesis, examples are presented from the paper [3] by Diaz-Boils and

Lopez-Permouth, focusing on Example 1 and Example 6.

5.1 Algebras only with the components of the form N, & i

In this subsection, we will examine algebras with bases consisting of the vertices of the
component N; & K. For this, we will consider upper-triangular matrices algebras. Note that
ei; = €;; denotes the matrix with a 1 in the j-th column of the i-th row and Os everywhere
else. Recall that A is a graph magma algebra if and only if it has a spanning set of vertices.
If V' C A is basis of vertices, the graph G = (V, E)) where (u,v) € V if and only if uv = u,
is called the graph induced by the base of vertices. Note that the graph G induces an algebra

isomorphic to A.

F F
(1) The algebra A =
0 F

is a graph magma algebra: Take V' = {ej3, €90} C A.

> = Ty(F'), consist of upper-triangular two-by-two matrices

» V is a set of vertices for A: €12€12 = €992€19 = O, €99€99 — €99 and €12€929 = €12.

* V is the spanning set of vertices for A: 14, ¢<V >, and V L {14} spans A as

an F'-vector space.

» V is abase of vertices: B = {1} U {ejo, €2} is a basis for A.

G = (V,E) = ({e12, €22}, {(€12, €22), (€22, €22) } is the graph induced by the base

of vertices V.

* (7 induces an algebra isomorphic to A.
The algebra A is isomorphic to A[N; & K;]:

* G = (V,E) is isomorphic to a graph (N; & K;) : Let the vertex set of
(N7 @ K;) be V! = {v;,w;}, where v; is the source nilpotent vertex and
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wy is the target idempotent vertex and E’ be edge set. Define a one-to-one
correspondence ¢ : V' — V’ such that ¢(e12) = vy, and ¢(eq2) = wy. Since

(¢(e12), P(ea)) = (vi,w1) € E', (¢(e12), plexn)) = (vi,w1) € E', ¢ is an

edge-preserving bijection.
 Consequently, A = A[N; & K;|. Also A = A[K,] by Proposition 3.4.3.

Since GG has only finitely many non-null connected components, A has both right and

left indecomposable decompositions by Proposition 4.3.1 : Let e = 1 — es5. Then

F 0 F F
Ae = and eA = .
0 0 0 0

* A is the direct sum of 2 non-isomorphic indecomposable projective left modules:

F 0 0 F
A:AG@Aeggz @ .
0 0 0 F

* Ais the direct sum of 2 non-isomorphic indecomposable projective right modules

by Proposition 4.3.2 :

F F 0 0
A:eA@eggA: D .
0 O F 0

F F F
(2) The subalgebra A = | 0 F 0 | = T3(F) is upper-triangular 3 x 3 matrices is a

0 0 F
graph magma algebra: Let V' = {e12, €90, €13, €33} C A.

e VV is a set of vertices for A : Fori = {2, 3}, €ii€ii = €44, €1i€4; = €14, €4;,€1; = 0,
€1;€1; — 0.

 V is a spaning set of vertices for A: 14 ¢< V >, and V LI {14} spans A as an

F-vector space.
» V is abase of vertices: B = {1} U {ejs, €29, €13, €33} is a basis for A.
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e G = (‘/7 E) = ({612762276137633}, {(6’12,622)7 (6227622), (613,633)> (6337633)} is

the graph induced by the base of vertices.

* (G induces an algebra isomorphic to A.
The algebra A is isomorphic to A[(N; & K;) U (N, & K4)):

* Let the vertex set of (N, & K;) U (N & K;) be V! = {1, v9, w1, wy}, with
v1, Uy are source nilpotent vertes and wy, wo are target idempotent vertices. The
mapping ¢ : V. — V' is one-to-one correspondence defined by ¢(ejs) = vy,
¢(e13) = vo,0(€22) = wy, and ¢(ez3) = wo, making ¢ is an edge-preserving

bijection.

* Therefore A = A[(N; & K;) U (N, @ K;)], and also A = A[(K3) U K5)].

Since G has only finitely many non-null connected components, A has both right and

left indecomposable decompositions: Let e = 1 — e95 — e33. Then Ae = (g § §) and

ea=(§54):

» A is a direct sum of 3 non-isomorphic indecomposable projective left modules

ooy

I
0
0

ooy

by Proposition 4.3.1

A= aco oo = (i) o (151) « (4F)

* A is a direct sum of 3 non-isomorphic indecomposable right modules by

i) (388)= (

Proposition 4.3.2

AZGA@GQQA@B:ggA:(

[ele]en]
oo

oo
N———

oo
coo
oo
coco
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(3) In general, for all n € Z+,

F F F F
0 F 0 0

A= 0 o F 0 | CT.(F)
o 0 ... .. F

is a graph magma algebra: Let V' = {ey;,¢;|2 <i <n} C A.
» V is a set of vertices for A: For all i = {2,...,n}, e;ei; = ey, €565 = €14,
eiie1; = 0, eyer; = 0.

* V is a spaning set of vertices: 14 ¢< V >, and VU {14} spans A as an F’-vector

space.

» Vis abase of vertices: B = {1} U {ey;, e;|2 < i < n} is a basis for A.

G = (‘/, E) = ({611',6“‘|2 S 7 S ’I’L}, {(eli,eii), <€ii’eii>|2 S 1 S n}) is the graph

induced by the base of vertices.
* ( induces an algebra isomorphic to A.

The algebra A is isomorphic to A[(N; & K;)"|, where (N7 & K7)" denotes a graph

with n connected.

* (G isomorphic to the graph with n connected components each isomorphic
to Ny & K, denoted as (N; & K;)" : By the above observation, each
({e1i, i}, {(e1s, €i), (€, €i:)}) connected component of G is isomorphic to

N, @ K;. Then G = (V, E) isomorphic to (N; & K;)™.

* Consequently, A = A[(N; & K;)"].
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Since G has only finitely many non-null connected components, A has a right and left

indecomposable decomposition: Lete = 1 — " , e;;. Then

for 2 < i < n, Aey; is all zero except for the ¢ columns and e;; A is all zero except

possibly for the (i,7) entry.
» A is adirect sum of n non-isomorphic indecomposable projective left modules
=2

and

* Itis a direct sum of n non-isomorphic indecomposable right modules
A=eA® (P eid).
=2

(4) An analogous infinite-dimensional example is an algebra of w X w square matrices
with nonzero entries only on entries in the first row (finitely many) and on the main
diagonal, where the sequence {a;;} becomes eventually constant. A typical element of

A is of the form

aix a2 Aaiz ... Qin
0 929 0 0
0 0 . Qpn O
a O
a 0
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A is a graph magma algebra with basis of vertices V' = {ey;,e;|i > 2} and edges
E = {(eieu), (e1i,€i)|j > 2}. A = A[G] where G is a graph consisting of countably
infinite connected components, each isomorphic to N; & ;. Since there are no finite

components, A has no left and right indecomposable decomposition.

5.2 Algebras only with the component of the form N, © K,

F 0
(1) The algebra A = = Ly(F) of lower-triangular 2 X 2 matrices is a graph

FF
magma algebra: Let V' = {ey1, €11} C A.
» V is a set of vertices for A: €11€11 = €11, €11€21 = 0, €21€11 = €91 and €91€91 = 0

* V is the spanning set of vertices for A: 14 ¢< V >, and V U {14} spans A as

an F'-vector space.

» V is abase of vertices : B = {1} LI {ea, €11} is a basis for A.

G = (V,E) = ({ear,e11}, {(€a1,€11), (e11,€11)}) is the graph induced by the

base of vertices

* (G induce an algebra isomorphic to A.
The algebra A is isomorphic to A[N; & K.

* G = (V, E) is isomorphic to the graph N; & K: Let the vertex set of (N; & K)
be V' = {v;,w;}, where v; is the source nilpotent vertex and w; is the target
idempotent vertex, and £’ be the edge set. Define a one-to-one correspondence
¢ V. — V' such that ¢(ea;) = vy and ¢(e11) = wy. Since (¢(ea1), d(e11)) =
(vi,wy) € F', and (¢(e11), d(e11)) = (wy,wr) € E', ¢ is an edge-preserving
bijection.

M ThllS, A= A[Nl D Kl]

Since G has only finitely many non-null connected components, A has a right and

left indecomposable decomposition: Let e = 1 — e;;. Then A is the direct sum of 2
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non-isomorphic indecomposable projective left modules

0 0 F 0
A:Ae@AeH: ) y
0 F F 0

and its right decomposition

0 O F 0
AZGA@GHA: @
F F 0 0

F 00
2) A= |l,er | F a 0] is a graph magma algebra with the basis of vertices | and

F 0 a
edges E = {(611,611)’2- = 1,2,3}: Take V = {611,621,631} & A.

» V is a set of vertices for A: For all i = {1,2,3}, e;1en1 = e;; for i = {2, 3},
eineir = 0, ere; = 0.

e V is the spanning set of vertices for A: 14 ¢< V >, and V U {14} spans A as

an F'-vector space.

» Visabase of vertices : B = {1} U {1, e11, €21, €31} is a basis for A.

G = (V7 E) = ({61176217631};{(6217611)7(6317611); (6117611)}) is the graph

induced by the base of vertices.

* (7 induces an algebra isomorphic to A.
The algebra A is isomorphic to A[Ny, & K, |:

* G = (V, E) is isomorphic to the graph N, @ K: Let the vertex set of (Ny @ K1)
be V' = {wvy,v9, w1}, where v and v, are source nilpotent vertices and w; is a
target idempotent vertex and £’ be edge set. The one-to-one correspondence
¢ V. — V' is defined as ¢(eq1) = v1, ¢(e31) = vg, and ¢(ey) = wy.
Since (¢(e21), ¢(enn)) = (vi,w1) € E, (d(ez1), d(e11)) = (v, w1) € E, and
(p(e11), p(e11)) = (wy,wq) € E' the map ¢ is an edge-preserving bijection.
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« Thus, A = A[N, & K.

Since G has only finitely many non-null connected components, A has a right and left

indecomposable decomposition: Lete = 1 — ey;.

* Then A is the direct sum of 2 non-isomorphic indecomposable projective left

Jot(4)aern

* A is the direct sum of 2 non-isomorphic indecomposable projective right

0
0 ].
a

modules:

[e]e}en]

A€11€BA6: <§8
Fo

and

modules:

00
F a
FO

ewrwed=(§1)e [ (

a€F

(3) In general, for all n € Z™", the subalgebra

F 0 0 0

F a 0 0
A= |_|
acF

F 0 a

of L,(F) is a graph magma algebra with the basis of vertices V' = {e;1|1 < i < n}
and edges F = {(e;1,e11)|1 <i<n}: Take V = {e;|l <i<n} C A

e VV is a set of vertices for A: Foreach1 < ¢ < n e;;¢;; = €;1, and for each
2<i<mnepeq =0, eneq =0.

* V is the spanning set of vertices for A: 14 ¢< V >, and V U {14} spans A as

an F'-vector space.

» Visabase of vertices : B = {1} U{e;;|1 <i < n}isabasis for A.

G=WV,E)= ({eu|l <i<n},{(ei1,e1n)|l <i<n})is the graph induced by

the base of vertices

* (& induces an algebra isomorphic to A.
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The algebra A is isomorphic to A[N,,_; & K] :

» G = (V, E) is isomorphic to the graph IV,,_; & K;: Let the vertex set of (IV,,_; &
Kiy) be V' = {v;,w1]|2 < n}, where v; is source a nilpotent vertex for all i =
2,...,n, and w; is a target idempotent vertex, and £’ be an edge set. Define a
one-to-one correspondence ¢ : V' — V' is defined by fori = 2,...,n, ¢(e;1) =

v;, and ¢(e1;) = wy. Thus, ¢ is an edge-preserving bijection.

* Hence, A = A[N,_1 & K;].

Since G has only finitely many non-null connected components, A has a right and

FO0O..0
. 4 FO0O0..0
left indecomposable decomposition: Let e = 1 — e1;. Then Aey; = (F 00 . 0),
Fo .o
0298 e e
Ae = 00a.0 la€e Fp,enA=100020],eA = Uswr Foalol.
00 . a 00 .00 FO .. . a
Therefore,
A= Ae ©® AeH
is a left decomposition and
A=c¢cA D 61114

is a right decomposition.

(4) The infinite-dimensional algebra of w x w square matrices has nonzero entries appear
only finitely many entries of the first column and as a constant element (except for the

aq1 value). A typical element of A is of the form
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a1 0 0

921 a 0 0

A is a graph magma algebra with basis of vertices V' = {e;;|i > 1} and edges £ =
{(ei1,11)]s > 1}. Likewise, in the above example, A = A[G] = A[N, & K;]. Let

e=1—eq;.

00 ..
Then Aell = (

oY Ty
oo o
o oo
ob oo
N——

N

QM)

I
—
7 N
P ol oo
ol o
[es]en)
oo
N——

B

m

)
~——

FO0O0..0 00O0..0

00O0..0 Fa 0..0
enA=\ gm0 |eA=Uwer| 5574 |-

00O0..0 0 0..0

Therefore, A = Ae @ Aey; is a left decomposition and A = eA @ e A is a right

oo

decomposition.
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6. CONCLUSION

In this thesis, the ring structure of graph magma algebras is examined in details based
on articles [1], [3], and [8]. Diaz-Boils and Lopez-Permouth, in [3], fully characterize
graph magma algebras with finitely many non-null connected components. It is shown that
such algebras are exactly semiperfect rings, and that a semiperfect graph magma algebra is
semiprimary. Furthermore, it is determined under what conditions semiperfect algebras can
arise as graph magma algebras. Moreover, it is proved that a graph has finitely many vertices
if and only of R = A[G] is right (left) Artinian, if and only if R is right (left) Noetherian.
Also, it is given a characterization of commutative graph magma algebras R in which the
graph has finitely many non-null connected components: R is commutative if and only if R
is right duo (every right ideal is a left ideal.) if and only if every simple right ideal of R is a
left ideal, if and only if R is left duo (every left ideal is a right ideal.). Under any equivalent
conditions, R is of the form R = B & C, where B is zero or a quotient algebra

B — _Fllicl]

<z;T; li,jel>" and

C'is zero or a direct sum of copies of the field F'.

Sara¢ and Aydogdu, in [8], show that the simple left modules of these semiperfect rings are

either injective or poor.

We determine the structure of idempotent elements and the Jacobson radical of graph magma

algebras induced by graphs with infinitely many non-null connected components.

* If x is an idempotent vertex of R = A[G], then x is either in the form ), , e; +
ZjeJ w; + ZjeJ 71'(j)vji orl— Ziel € — Z]eJ wj + Zjej 'Vz sza
where {ej,es,...,e,} is set of isolated idempotent vertices of K fm),
{vj1,v52,...,v5,} is set of source nilpotent vertices of component N, @ K,
©)

and wj 1s its target the idempotent, ~;

€ F', I and J are finite sets.
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* Let z and y be idempotent elements in R = A[G].

D)z = > cn €+ Dicsn, Wi+ D e, 7 vjs and y = Dier, € T Xjen, Wi+
e 6Y )vji are orthogonal idempotents if and only if I; NI, = @ and J, N J, =
0.

@) Mz =3 it 2jes, Wi+ 2 e, v v andy =1 - Dien, € Djes, Wit
ZjEJQ ng)vji then
(1) xy =0ifand only if I; C [y and J; C J,.

(i) yz = Oifandonlyif Iy C Iy, .J; C Jo, and 4 +6Y) = 0 forall 1 < i < p;
and for all j € J;

* The Jacobson radical of R = A[G] is

J(R) = (@ Rv;) & (@ Ruj;),

where {v;1,v)2,. .. ,vjpj} is set of source nilpotent vertices of component N, & K3

and {vy,vo, ..., v;} is set of isolated nilpotent vertices. Moreover, J(R)? = 0.

Furthermore, we determine right and left socle, right and left singular ideal of a graph magma

algebra induced by a graph with finitely many non-null connected components.

Let R = A|G] be the graph magma algebra induced by the graph G with finitely

many non-null connected components. Assume that {e, e, ..., e, } is the set of isolated

idempotent vertices of K fm), {vj1,v52,...,v5,} is the set of source nilpotent vertices of

m

component N, @ K and w;’s are corresponding target idempotents and e = 1 — > 1", e; —

25:1 w;. Then we obtain the following ideals:

Re ® (", Re;) @ (@', J(R)w;),  ift=0

J=1

J(R)e ® (B}, Re:) @ (D, J(R)w;), ift #0

J=1

Soc(rR) =
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(D, By vjiR) ® (B, eiR) & (D, wiR), if t=0

Soc(Rg) =
J(R) & (P, eiR) @ (@le w;R), otherwise

0, ift =0
D, uR, ift>0

i=1

0, ift =0
J(R), ift>0

Zi(R) =

Lastly, we explore commutative graph magma algebras with infinitely many non-null

connected components, uncovering some properties of these algebras:

* Every prime ideal of R = A[G] is maximal.

* R is a semiartinian ring.

If t = 0 (i.e., there is no isolated nilpotent vertex), then R is a regular ring. In other

words, every simple 1?- module is injective.

If t # 0, then R is a semiregular ring.

The ring R has a single non-injective simple singular module up to isomorphism.
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