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ABSTRACT

INCORPORATING PIECEWISE LINEAR FUNCTIONS WITH CONSTANT
REGIONS IN BACKPROPAGATION

Doğan, Adnan Harun

M.S., Department of Computer Engineering

Supervisor: Prof. Dr. Sinan Kalkan

Co-Supervisor: Assoc. Prof. Dr. Emre Akbaş

January 2025, 85 pages

Solving many fundamental problems, such as travelling salesman (TS), shortest path

(SP), and graph matching (GM), requires the use of piecewise linear functions with

constant regions (PFC). Although using such functions in deep neural networks (DNN)

is promising, integrating a PFC into a DNN poses a significant challenge for gradient-

based iterative optimizations. That is, traditional backpropagation methods struggle

when encountering PFCs in DNN pipelines, leading to zero or undefined gradients

that stall training. Although various heuristics-based gradient approximations exist,

these approaches often remain task-specific and theoretically ungrounded.

This thesis addresses the need for a unified and theoretically sound methodology for

gradient approximation through PFC layers. First, it provides a comprehensive re-

view and comparative analysis of existing techniques, highlighting that, despite their

diversity, most methods share a common underlying principle. Building on these in-

sights, the thesis introduces the Generalized Update (GU) as a unifying framework

capable of representing known approximations as special cases and inspiring the de-

velopment of new variants. The thesis also integrates Optimal Transport (OT) theory
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to replace non-differentiable label assignment in models like DEtection TRansformer

(DETR), demonstrating how OT-based solutions can enhance tasks involving discrete

decision-making.

Overall, the thesis empirically validates the Generalized Update method’s effective-

ness across multiple domains, including object detection, combinatorial optimization,

and quantization. By closing the theoretical gap, offering a unified perspective, and

validating the proposed approach in practice, this work provides a robust foundation

for incorporating PFCs into DNN pipelines, ultimately broadening the scope and ap-

plicability of gradient-based optimization methods.

Keywords: Gradients of Piecewise Linear Functions with Constant Regions, Com-

binatorial Optimization, Optimal Transport, Error-driven Update, Identity Update,

Bipartite Matching in Object Detection
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ÖZ

SABİT BÖLGELİ PARÇALI DOĞRUSAL FONSİYONLARIN GERİ
YAYILIM ALGORİTMASINA DAHİL EDİLMESİ

Doğan, Adnan Harun

Yüksek Lisans, Bilgisayar Mühendisliği Bölümü

Tez Yöneticisi: Prof. Dr. Sinan Kalkan

Ortak Tez Yöneticisi: Doç. Dr. Emre Akbaş

Ocak 2025, 85 sayfa

Birçok temel problemi çözmek —örneğin Gezgin Satıcı (TS), En Kısa Yol (SP) ve

Çizge İzleme (GM)— için parçalı doğrusal sabit aralıklı fonksiyonların (PFC) kulla-

nılması gerekir. Bu fonksiyonları derin sinir ağlarında (DNN) kullanmak umut vaat

etse de, bu entegrasyon gradyan tabanlı yinelemeli optimizasyon için önemli bir zor-

luk oluşturur. Öyle ki, derin sinir ağlarında de kullanılan geleneksel geri yayılım1

yöntemleri, bu fonksiyonlarla karşılaştıklarında, sıfır veya tanımsız türevin eğitimi

durdurmasından dolayı, çalışmaz ve sorun yaşarlar. Çeşitli sezgisel gradyan benze-

timleri geliştirilmiş olsa da, bu yaklaşımlar genellikle probleme özgü ve/veya kuram-

sal temelden yoksun kalmaktadır.

Bu tez, PFC katmanları üzerinden gradyan benzetimi için birleşik ve kuramsal açı-

dan sağlam bir metodoloji ihtiyacını ele almaktadır. İlk olarak, mevcut tekniklerin

kapsamlı bir incelemesi ve karşılaştırmalı analizi sunularak, yöntemlerin çeşitliliğine

rağmen ortak bir temel ilkeye dayandığı vurgulanmıştır. Bu analizden hareketle, bili-
1 çev.: backpropagation
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nen benzetimleri özel durumlar olarak temsil edebilen ve yeni varyantların geliştiril-

mesine ilham veren Genelleştirilmiş Güncelleme (Generalized Update - GU) yöntemi

tanıtılmıştır. Ayrıca, DEtection TRansformer (DETR) gibi modellerde türevi alınama-

yan etiket atamasını değiştirmek amacıyla Optimal Taşıma (OT) kuramı entegre edi-

lerek, OT tabanlı çözümlerin ayrık karar süreçlerini iyileştirebileceği gösterilmiştir.

Genel olarak, tez, Genelleştirilmiş Güncelleme yönteminin nesne tespiti, kombina-

toryel optimizasyon ve kuantizasyon gibi alanlarda etkinliğini deneysel olarak doğ-

rulamaktadır. Bu yaklaşım, bu fonksiyonların derin sinir ağlarına entegrasyonu için

sağlam bir temel sunarak, gradyan tabanlı optimizasyon yöntemlerinin kapsamını ve

uygulanabilirliğini genişletmektedir.

Anahtar Kelimeler: Parçalı Doğrusal Sabit Aralıklı Fonksiyonların Türevi, Kombi-

natöryel Optimizasyon, Optimal Taşıma, Hata-tabanlı Güncelleme, Özdeşlik Güncel-

leme, Nesne Tespitinde Müşterek Eşleşme
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CHAPTER 1

INTRODUCTION

1.1 Motivation

This section discusses the importance of piecewise linear functions with constant

regions (PFC), the challenges associated with their use in deep neural networks, and

why we need gradient approximations.

1.1.1 Piecewise Linear Functions with Constant Regions in Deep Learning

Modern deep learning methods have achieved remarkable success across various do-

mains, including computer vision [8, 9, 10], natural language processing [11, 12, 13],

and beyond [14, 15]. The ability to train large, complex models end-to-end using

gradient-based optimization is a key contributor to this success. Researchers increas-

ingly utilize piecewise linear functions with constant regions (PFC) in their deep neu-

ral network (DNN) architectures. These functions often appear as step functions [16],

threshold operations [17, 18], combinatorial modules [1, 19], rank-based transforma-

tions [20, 21, 22, 23], or discrete decision-making layers [24, 25]. However, standard

gradient-based training assumes that all neural network components have an informa-

tive, i.e., non-zero and tractable, gradient.

PFCs are fundamental to operating several early and modern machine learning mod-

els. Among them, the thresholding function (Eq. 1.1) is one of the simplest and most

1
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Figure 1.1: In the left figure, the Heaviside step function P(x) is shown with a dis-

continuity at x = 0 indicated by open circles and a single filled circle. The middle

figure draws the derivative of the Heaviside step function, represented by a Dirac delta

δ(x). Lastly, the right figure displays the derivative of a surrogate function f(x) = x,

which is simply the constant 1; this differentiable surrogate is introduced because its

derivative can effectively replace the Dirac delta in practical applications.

widely used examples of PFCs. It is defined as:

P (x) =




1 if x ≥ 0,

0 if x < 0.
(1.1)

Figure 1.1 demonstrates a typical discontinuity in PFCs and exemplifies their utility

in transforming continuous inputs into discrete outputs for decision-making tasks.

PFCs enable discrete decision-making, efficient computations, and structured predic-

tions within deep learning architectures. They model discrete phenomena such as

thresholding and binary decisions, as seen in combinatorial layers, which support

tasks like structured prediction and enforcing logical constraints [16, 26]. PFCs also

enhance computational efficiency; for instance, binarized weights reduce memory

usage and improve inference speed, particularly beneficial for resource-constrained

applications [17, 18]. Furthermore, they allow for structured and interpretable out-

puts, enabling models to solve ranking problems, combinatorial optimizations, and

other tasks requiring logical decision-making [19, 27, 28].

A pioneering example is the Perceptron model [16], introduced by Frank Rosenblatt

in 1958. As one of the earliest neural networks, the Perceptron leverages the (Heav-

iside) step function as its activation function to make binary classification decisions.

2



This model is pivotal in understanding the role and challenges associated with PFCs

in neural network architectures [16, 29].

Example 1.1 (Perceptron Model) The Perceptron model is a foundational example

of early neural networks [16]. It learns a linear decision boundary based on the

input data and the associated weights and biases. The perception model performs

binary classification by applying the Heaviside step function (Eq. 1.1) as an activation

function. The output is computed as:

ŷ = P(θ⊤x + β), (1.2)

where the input data x and the associated weights θ and biases β.

As seen in Figure 1.1, the gradient of the Heaviside step function is zero almost ev-

erywhere. Therefore, standard gradient-based optimization cannot be applied directly

to update the model parameters. This ineffective gradient forces the use of alternative

strategies, such as the perceptron update rule (Eq. 3.12), which adjusts the weights

based on the error between the predicted output and the desired output without relying

on gradient computations. Such an approach allows the model to learn a linear de-

cision boundary through iterative updates despite the inability to propagate gradients

through the step function.

The Average Precision (AP) Loss [30] is a more recent example. The AP Loss opti-

mizes the average precision metric directly by reformulating it as a ranking problem.

In the forward computation, we calculate pairwise score differences for each pair of

logits i and j, expressed as xij = zj − zi, where zi and zj represent the predicted

scores for the respective logits. The goal is to ensure that positive logits are ranked

higher than negatives regarding their confidence scores.

Example 1.2 (Average Precision Loss) The AP Loss captures ranking violations by

transforming labels into a pairwise representation. To measure ranking consistency,

a Heaviside step function P(xij) or its smoothed variant is applied to the score dif-

ferences to calculate the primary terms:

Lij =
P(xij)

1 +
∑

k ̸=iP(xik)
. (1.3)

3



These terms prioritize logits with higher confidence scores while penalizing incorrect

rankings. The overall AP Loss is defined as:

LAP =
1

|P |
∑

i∈P

∑

j∈N

Lij, (1.4)

where P and N represent the set of positive and negative logits, respectively, the

term Lij ensures that positive logits are weighted appropriately based on their ranks

relative to negatives.

In the backward computation, the AP Loss employs an error-driven update scheme

inspired by perceptron learning. Pairwise updates for the score differences are calcu-

lated as ∆xij = −Lij , which captures the degree of violation for each pair. These

updates are then aggregated into gradients for individual logits:

∂LAP

∂z
=

1

|P |

(∑

j

∆xij −
∑

j

∆xji

)
. (1.5)

This gradient accumulation ensures that the ranking adjustments are distributed across

all pairs involving the given logit. Focusing on pairwise rankings directly aligns the

optimization process with the evaluation metric, making it particularly effective for

imbalanced datasets and detection tasks.

1.1.2 Monotonicity in Vector-Valued Functions

Even though both the Perceptron model (Example 1.1) and the AP Loss (Example 1.2)

utilize different update rules to solve various problems, they demonstrate a form of

monotonicity in their underlying PFCs. In the Perceptron, the Heaviside step function

is non-decreasing: As its input increases, the function value never decreases. Sim-

ilarly, the pairwise ranking mechanism in the AP Loss ensures that higher-scoring

(i.e., larger) logits, i.e. z, lead to more favourable terms in the loss, reflecting the

same principle of preserving an input order.

Formally, a function f : R → R is said to be monotonic if an increase in its input

does not decrease its output. In other words, if x ≤ y, then f(x) ≤ f(y). This prop-

erty simplifies analysis and proofs within optimization and learning theory because it

provides predictable function behaviour as inputs vary [16, 26].
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However, real-world problems, like multi-class decision-making or multi-dimensional

structured prediction, require an extension of the monotonicity to the vector-valued

functions, i.e., P : Rn → Rn = P1 × · · · × Pn. Therefore, a PFC, defined as

P : Rn → Rn, is monotonically increasing if x ≤ y, then Pi(x) ≤ Pi(y) for every

i = 1, 2, . . . , n and x, y ∈ R. Lastly, vice versa, for the monotone decreasing case.

1.2 Challenges of Using PFCs in Gradient-Based Optimization

Incorporating PFCs, such as the Heaviside step function in the Perceptron model

and the AP Loss, into neural networks is foundational for enabling discrete decision-

making, efficient computations, and structured predictions. However, once these

PFCs are introduced into neural networks, their zero or undefined gradients render

standard gradient-based optimization inapplicable. Consequently, it becomes neces-

sary to propose alternative update rules that accommodate the discontinuities while

preserving the task’s inherent structure [15, 31, 32, 33, 34].

1.2.1 Task-Specific Solutions for PFC Gradients

Although techniques like the Straight-Through Estimator (STE) [31] partially address

these issues by approximating gradients through non-differentiable components, they

often lack formal guarantees and can limit model design flexibility [35, 36]. Con-

sequently, discrete gating, combinatorial layers, and quantization steps remain sig-

nificant bottlenecks to fully end-to-end training. Despite these limitations, PFCs are

essential for tasks requiring discrete decisions, thresholding, and structured outputs,

often found in combinatorial layers [16, 26].

Researchers have developed specialized methods to accommodate or bypass discon-

tinuities introduced by PFCs. For instance, ranking and sorting operations rely on

structured losses implemented via stochastic optimization [37], differentiable sort-

ing [38], and top-k selection [39]. In structured prediction, approaches like CRFs [40],

multiscale models [41], and constraint-based learning [1] accommodate interdepen-

dent outputs.
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Similarly, combinatorial optimization and decision-focused learning embed discrete

reasoning into neural architectures [24, 42, 43, 44, 45], with reinforcement learn-

ing [35, 46] and object detection [40, 47] serving as prominent applications. Further-

more, general-purpose frameworks for differentiable layers [28, 48, 19] enable robust

regression [49, 50], probabilistic modeling [51, 52], and metric learning [32, 53],

underscoring the adaptability of these techniques across diverse domains.

1.2.2 Research Gaps in Gradient Approximation Methods

Current research lacks a unified framework for gradient approximation. As a result,

researchers and practitioners rely on isolated techniques that do not offer system-

atic guidance. A comprehensive approach is needed to address both theoretical and

practical aspects of gradient approximation. Such a framework would provide robust

solutions for integrating decision-making components, reduce the need for trial-and-

error in model design, and allow seamless adaptation across different tasks. Estab-

lishing this foundation would unify existing methods and drive progress in learning

and optimization pipelines.

1.3 Problem Definition and Scope of the Thesis

The central challenge of this thesis is to develop a robust and general-purpose frame-

work for approximating gradients through PFC layers. Rather than treating existing

gradient approximations as isolated solutions, this work aims to unify them under one

theoretical perspective. This unified approach is expected to enable effective back-

propagation through PFC layers, thereby expanding the range of architectures and

tasks that can be handled using gradient-based optimization.

More specifically, this thesis consolidates existing gradient approximation methods

into a single framework, termed the Generalized Update (GU) method. Additionally,

the thesis incorporates insights from Optimal Transport (OT) theory [54, 55, 56, 57]

and applies them to models such as the DEtection TRansformer (DETR) [5] to refine

assignments in object detection tasks. This combined approach addresses the theo-

retical need for a unifying perspective and the practical requirement for methods that
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handle discrete decision-making layers in continuous optimization pipelines. Empiri-

cal results across applications, including object detection, combinatorial optimization,

and quantization tasks, are presented to validate the proposed methods.

1.4 Contributions

This thesis makes several key contributions to the understanding and practical han-

dling of PFC layers in deep neural networks:

1. Comprehensive Literature Review and Comparative Analysis: A system-

atic review of existing gradient approximation methods is provided, highlight-

ing their commonalities and differences. This analysis clarifies the underlying

patterns in a fragmented research area.

2. Introduction of the Generalized Update Method: The thesis introduces a

unified framework, the Generalized Update (GU). This framework generalizes

existing approaches and recovers known approximations as special cases while

offering a clear basis for developing new techniques.

3. Theoretical Analysis and Connections to Established Principles: The thesis

connects the Generalized Update (GU) method to classical algorithms like the

Perceptron and statistical techniques such as Maximum Likelihood Estimation

(MLE). These connections deepen the theoretical understanding of gradient ap-

proximation.

4. Empirical Validation in Diverse Applications: The proposed framework is

validated through experiments in object detection, combinatorial optimization,

and quantization tasks. Results show that the unified approach improves per-

formance and provides better guidance for model design in real-world applica-

tions.
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1.5 Outline of the Thesis

Chapter 2 provides background on the role of PFC layers in deep learning and reviews

existing gradient approximation methods. It also introduces the core concepts of

Optimal Transport, explaining the need for a unified approach.

Chapter 3 presents the Generalized Update methodology in detail, including theo-

retical derivations, algorithmic implementations, and integration with standard deep

learning frameworks. This chapter also features experiments that demonstrate the

method’s effectiveness.

Chapter 4 describes the experimental evaluation of the proposed methods. It covers

three key applications: the Warcraft Shortest Path problem, a Conditional Random

Field (CRF) task for semantic segmentation, and an object detection experiment with

DETR. These experiments illustrate the strengths and limitations of the unified frame-

work in various settings.

Chapter 5 summarizes the key findings, discusses the limitations, suggests directions

for future research, and explains the broader impact of unifying gradient approxima-

tion methods in deep learning.
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CHAPTER 2

RELATED WORK AND BACKGROUND

Deep learning has demonstrated exceptional success in image classification [58, 59],

object detection [60, 61, 62, 63], segmentation [64, 65] tasks. Moreover, it has rev-

olutionized natural language processing —for example, improving machine transla-

tion [11], sentiment analysis [66], and language modelling [13]— and has driven

advancements in robotics, where techniques such as reinforcement learning enable

autonomous navigation [67] and robotic manipulation [68]. This progress is pri-

marily attributed to the end-to-end training framework enabled by backpropagation,

which requires differentiability for propagating gradients through deep neural net-

works (DNNs).

As DNNs are applied to complex problems more and more, challenges arise when

piecewise linear functions with constant regions (PFC), such as the Heaviside step

function [17, 69], branch-and-bound algorithms [70], and SAT solvers [71], are in-

corporated into the training process. These discrete elements obstruct the direct use

of gradient-based optimization. Various heuristic and principled methods have been

proposed to approximate or circumvent gradient computations to address this. While

techniques like the Straight-Through Estimator (STE) [69] have achieved notable em-

pirical success, they often lack theoretical rigour and generality, resulting in diverse

but fragmented solutions.

In parallel, the field has witnessed a growing interest in Optimal Transport (OT) the-

ory [54, 55, 56, 57] as a tool for measuring and aligning probability distributions.

Initially developed in mathematics and economics, OT has numerous applications in

machine learning and computer vision. Its ability to handle structured, global assign-

ments between sets has made it a candidate for addressing discrete matching steps
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in complex pipelines, as in object detection using transformers [72], or differentiable

ranking and sorting [73, 74].

2.1 Gradient-Based Optimization via PFCs

The integration of mathematical optimization into machine learning has enabled the

development of methods for structured prediction, decision-focused tasks, ranking,

and reinforcement learning. This section systematically explores methodologies, em-

phasizing their shared principles, innovative contributions, and application of gradient-

based optimization techniques in a unified notation.

2.1.1 Differentiable Optimization Layers

Differentiable optimization layers embed constrained optimization problems as train-

able components within neural networks, enabling structured predictions and decision-

making. These layers integrate mathematical optimization into the neural network

pipeline, allowing gradients to flow through optimization solvers and facilitating end-

to-end learning.

Quadratic Optimization Amos and Kolter [48] introduced quadratic programming

(QP) layers to solve optimization problems of the form:

minimize
s

1

2
s⊤Q(z)s+ c(z)⊤s,

subject to A(z)s = b(z),

G(z)s ≤ h(z)

(2.1)

where Q(z) is positive semi-definite, and Q(z), c(z) are components of the objective

function, A(z), b(z) are linear, and G(z), h(z) are affine. The solution s is computed

by solving the problem using the Karush-Kuhn-Tucker (KKT) conditions. Gradients

are derived by differentiating through the KKT system, which involves solving a large
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linear system:

∂L
∂Q

=
1

2

(
∂L
∂s
P (z)⊤s + P (z)s

∂L
∂s

⊤) ∂L
∂q

= −∂L
∂s

∂L
∂A

=
∂L
∂ν
P (z)⊤s + P (z)ν

∂L
∂s

⊤ ∂L
∂b

= −∂L
∂ν

∂L
∂G

= diag(P (z)λ)
∂L
∂λ
P (z)⊤s + P (z)λ

∂L
∂s

⊤ ∂L
∂h

= diag(P (z)λ)
∂L
∂λ

,

(2.2)

where ∂L
∂ν

and ∂L
∂λ

represent the differentials (or Jacobians) of the loss L with respect

to the dual equality multipliers ν, and the dual inequality multipliers λ, respectively.

The terms P (z)s, P (z)ν , and P (z)λ are values computed during the forward pass by

solving the quadratic optimization problem (2.1) to represent the optimal solutions

for the primal and dual variables, ensuring that the KKT conditions are satisfied. This

direct approach provides exact gradients and ensures numerical accuracy. However,

it requires explicit inversion or factorization of the KKT matrix, which can be com-

putationally expensive and memory-intensive for large-scale QP problems. OptNet’s

reliance on KKT-based solvers limits its scalability but makes it suitable for smaller

optimization tasks requiring high precision.

Butler et al. [75] extended this work by introducing an Alternating Direction Method

of Multipliers (ADMM)-based approach for QP layers. While solving the same op-

timization problem, the ADMM method decomposes the problem into simpler sub-

problems that are solved iteratively, avoiding direct manipulation of the KKT matrix.

Gradients are computed by differentiating through the ADMM iterations rather than

the KKT conditions, trading off exactness for computational efficiency. This itera-

tive framework scales better to large and complex QP problems, particularly those

encountered in large-scale machine learning and structured optimization tasks.

SATNet [71] approximates Boolean satisfiability by relaxing the problem into a quadratic

programming (QP) form, as defined in OptNet [48]. The problem is solved using

the same quadratic programming formulation and constraints as in OptNet. This re-

laxation enables smooth and differentiable optimization for inherently discrete and

logical tasks.

Canonicalized Optimization Agrawal et al. [76] propose a differentiable frame-

work for solving cone programming problems. The forward pass solves the opti-
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mization problem formulated as:

s = minimize
s

c(z)T s, subject to A(z)s+ w = b(z), w ∈ K, (2.3)

where K is a convex cone, such as the nonnegative orthant1, second-order cone, or

positive semidefinite cone. The formulation does not include explicit inequality con-

straints but instead represents all constraints through cone membership.

The authors employ the Homogeneous Self-Dual Embedding (HSDE) to reformulate

the problem into a residual map:

Φ(s, λ, τ, κ) = Hs− r, (2.4)

where H is a structured matrix, and λ, τ, κ are dual and scaling variables. Solving

this system yields the primal and dual optimal solutions.

For the backward pass, gradients are computed by differentiating the HSDE residual

map using the implicit function theorem. The Jacobian of the residual system is used

to compute:
∂Φ

∂s

∂s

∂z
= −∂Φ

∂z
. (2.5)

The cone’s structured nature and dual enables scalable differentiation, making this

approach suitable for large-scale optimization tasks in machine learning and robust

control.

Agrawal et al. [28] extend differentiable optimization layers to general convex prob-

lems under disciplined convex programming. The optimization problem is defined

as:

s = minimize
s

f0(s; z), subject to A(z)s = b(z), fi(s; z) ≤ 0, i = 1, . . . ,m.

(2.6)

Here, z encapsulates the input parameters while solving the problem in an affine-

solver-affine pipeline facilitates efficient computation through convex solvers.

The backward pass uses the Lagrangian L, which incorporates equality and inequality

constraints:

L(s, λ, ν; z) = f0(s; z) + λT (A(z)s− b(z)) + νTf(s; z), (2.7)
1 A n-dimensional generalization of the terms quadrant (in two-dimensional Cartesian space) and octant (in

three-dimensional space).
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where λ and ν are dual variables for equality and inequality constraints, respectively.

The Karush-Kuhn-Tucker (KKT) conditions are applied:

∇sL(s, λ, ν; z) = 0, A(z)s = b(z), fi(s; z) ≤ 0, νi ≥ 0, νifi(s; z) = 0.

(2.8)

Integer Programming Integer programming (IP) layers enable neural networks to

address structured decision-making tasks that involve discrete constraints. These

methods extend the quadratic programming (QP) framework introduced by OptNet [48]

to handle integer variables, leveraging relaxation and projection techniques to main-

tain differentiability while solving or learning from discrete optimization problems.

MIPaaL [24] approaches integer programming by first relaxing the integer constraints

to continuous variables, solving the relaxed problem to find an optimal solution, and

then projecting this solution back onto the feasible integer domain. This process is

equivalent to finding a QP problem within the convex hull of the integer constraints

that yields the same optimal solution as the original mixed-integer program. Gradi-

ents are computed by differentiating the Karush-Kuhn-Tucker (KKT) conditions of

the relaxed problem, ensuring smooth backpropagation. MIPaaL applies a cutting-

plane approach during the projection step to refine the solution iteratively, making it

suitable for tasks like resource allocation and combinatorial reasoning.

CombOptNet [1] focuses on fitting the integer programming problem to the data

rather than directly solving it. As shown in Figure 2.1 CombOptNet learns the cost

terms and constraints of the integer program from data, enabling the model to adap-

tively encode the structure of the optimization problem without necessarily solving

it. The forward pass involves solving a relaxed version of the integer program:

s = minimize
s∈Zn

c(z)⊤s, subject to A(z)s ≤ b(z). (2.9)

Gradients are computed by relaxing the problem to a continuous domain and differen-

tiating through the KKT conditions. After training, CombOptNet can be evaluated on

the discrete problem, but its primary goal is learning the structure of the optimization

problem rather than strictly solving it.

Gao et al. [77] introduce a framework for integrating combinatorial losses into neural

network training by leveraging the concept of subdifferentials and generalized gradi-
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Figure 1: CombOptNet as a module in a deep architecture.

Abstract

Bridging logical and algorithmic reasoning with
modern machine learning techniques is a funda-
mental challenge with potentially transformative
impact. On the algorithmic side, many NP-HARD
problems can be expressed as integer programs, in
which the constraints play the role of their “com-
binatorial specification.” In this work, we aim to
integrate integer programming solvers into neural
network architectures as layers capable of learn-
ing both the cost terms and the constraints. The
resulting end-to-end trainable architectures jointly
extract features from raw data and solve a suitable
(learned) combinatorial problem with state-of-the-
art integer programming solvers. We demonstrate
the potential of such layers with an extensive per-
formance analysis on synthetic data and with a
demonstration on a competitive computer vision
keypoint matching benchmark.

1Max-Planck-Institute for Intelligent Systems, Tübingen, Ger-
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USA. Correspondence to: Anselm Paulus & Georg Martius <first-
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1. Introduction
It is becoming increasingly clear that to advance artificial
intelligence, we need to dramatically enhance the reason-
ing, algorithmic, logical, and symbolic capabilities of data-
driven models. Only then we can aspire to match humans in
their astonishing ability to perform complicated abstract
tasks such as playing chess only based on visual input.
While there are decades worth of research directed at solving
complicated abstract tasks from their abstract formulation, it
seems very difficult to align these methods with deep learn-
ing architectures needed for processing raw inputs. Deep
learning methods often struggle to implicitly acquire the
abstract reasoning capabilities to solve and generalize to
new tasks. Recent work has investigated more structured
paradigms that have more explicit reasoning components,
such as layers capable of convex optimization. In this paper,
we focus on combinatorial optimization, which has been
well-studied and captures nontrivial reasoning capabilities
over discrete objects. Enabling its unrestrained usage in
machine learning models should fundamentally enrich the
set of available components.

On the technical level, the main challenge of incorporating
combinatorial optimization into the model typically amounts
to non-differentiability of methods that operate with discrete
inputs or outputs. Three basic approaches to overcome
this are to a) develop “soft” continuous versions of the dis-
crete algorithms (Wang et al., 2019; Zanfir & Sminchisescu,
2018); b) adjust the topology of neural network architec-
tures to express certain algorithmic behaviour (Graves et al.,
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Figure 2.1: A depiction of the CombOptNet framework, integrating integer linear pro-

gramming (ILP) solvers into neural networks. The network learns constraints (A, b)

and cost vector c from input data, which are fed into the ILP solver to compute the

discrete solution y(A, b, c). The solver’s output is integrated into the network layers

for end-to-end optimization, enabling combinatorial reasoning within deep learning

pipelines. [Figure taken from: [1]]

ents within linear programming (LP) formulations. The forward pass involves solving

a combinatorial optimization problem, conceptually represented as a linear program:

s = minimize
s

c(z)⊤s, subject to A(z)s = b(z), s ≥ 0, (2.10)

where c, A, and b are parameters derived from the neural network’s output, and s is

the optimal objective value. A black-box combinatorial solver computes s alongside

primal and dual solutions.

For the backward pass, the gradients of the combinatorial loss are computed using

subdifferentials, enabling efficient propagation through the non-differentiable opti-

mization process. The subgradients of z⋆ with respect to c, A, and b are:

∂z⋆

∂c
= u⋆,

∂z⋆

∂b
= v⋆,

∂z⋆

∂A
= −v⋆u⋆⊤. (2.11)

These subgradients are derived directly from the LP’s primal and dual solutions,

where v⋆ lies in the Clarke subdifferential2 of z⋆. The total gradient of the loss func-

tion L with respect to the neural network parameters β is computed as:

∂L

∂β
=
∂L

∂z⋆

(
u⋆
∂c

∂β
− v⋆u⋆⊤∂A

∂β
+ v⋆

∂b

∂β

)
. (2.12)

2 The subdifferential of a convex function f : Rn → R at a point x is the set denoted by ∂f(x) = {g ∈
Rn | f(y) ≥ f(x) + g⊤(y − x), ∀y ∈ Rn}. The subdifferential generalizes the gradient to non-differentiable

points, capturing all possible slopes of supporting hyperplanes at x. That is ∂f(x) = conv

{
lim

xk→x
∇f(xk)

}
.
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2.1.2 Gradient Approximation Techniques

Gradient approximation techniques are pivotal in integrating PFC components—such

as combinatorial solvers, binary decision modules, or ranking functions—into end-to-

end trainable learning frameworks. These methods enable gradient-based optimiza-

tion by approximating or bypassing gradients for piecewise linear operations.

Straight-Through Estimator (STE) [31] is a simple yet effective method to ap-

proximate gradients for discrete or non-differentiable functions. During the backward

pass, STE approximates the gradient as:

∂L
∂z
≈ ∂L

∂s
· 1{0<}, (2.13)

where 1{0<} represents the forward evaluation of the indicator function. This method

is widely applied in Binarized Neural Networks [17], where weights are constrained

to {−1, 1}. STE bypasses the need for continuous relaxations by approximating gra-

dients with the identity function, making it computationally efficient for large-scale

applications.

Finite Difference Gradients In tasks involving black box solvers, exact gradients

may not be accessible. Pogancic et al. [19] approximates gradients using finite differ-

ences:
∂L
∂z
≈ L(z + δ)− L(z)

δ
, (2.14)

where δ is a hyperparameter that determines the scale over which finite differences

are computed. The greater the δ, the smoother the gradient approximation becomes;

however, it strays from the local gradient and produces a gradient that deviates from

the actual value. Conversely, the lower the δ, the more locally informative and sharper

the gradient, capturing the local behaviour more accurately but behaving more unsta-

ble due to the sharpness.

Perturbation-Based Gradients Berthet et al. [44] introduces stochasticity to smooth,

non-differentiable objectives. The problem is modified by adding a noise term:

s = minimize
s

f(s, z) + ϵ · r(s, ζ), (2.15)

where r(s, ζ) is a noise function parameterized by ζ . The added perturbation allows

gradients to flow through the optimization process, making the solver differentiable.
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This method is particularly useful for blackbox optimization and structured prediction

tasks.

Surrogate Loss Functions Surrogate losses provide a differentiable approximation

of the original non-differentiable objective for optimisation-based modelling tasks.

Domke et al. [78] propose designing surrogate loss functions that align gradient com-

putations with downstream task objectives. By replacing the non-differentiable objec-

tive with a smooth approximation, surrogate losses enable backpropagation through

complex decision-making pipelines.

Implicit Differentiation for Bi-Level Optimization

In bi-level optimization problems, the decision variable s is determined as the solution

to a nested optimization problem:

minimize
s

g(s; z), (2.16)

where z represents the input or parameter of the objective function g, and s is the

decision variable.

Gould et al. [36] utilize the implicit function theorem to compute gradients of the

solution s with respect to z. The gradient is given by:

∂s

∂z
= −

(
∂2g

∂s2

)−1
∂2g

∂z∂s
, (2.17)

where ∂2g
∂s2

is the Hessian of g with respect to s, ∂2g
∂z∂s is the Jacobian of the gradient

of g with respect to z. This method ensures exact gradient computation by solving a

linear system involving the Hessian ∂2g
∂s2

. It is particularly effective for applications in

structured prediction and decision-focused learning, where the quality of the decision

depends on accurately differentiating through the nested optimization problem.

2.1.3 Ranking-Based Methods

Ranking-based methods address the inherent non-differentiability of ranking and sort-

ing objectives, enabling their integration into neural networks for object detection,

retrieval, and structured prediction tasks. These methods focus on approximating
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ranking and sorting operations with smooth, differentiable formulations or surrogate

loss functions.

Differentiable Ranking Using Optimal Transport Cuturi et al. [27] formulates

ranking as an optimal transport problem, where the goal is to find a doubly stochastic

matrix P that minimizes a cost:

s = minimize
s∈U(a,b)

⟨s, C(z)⟩+ λH(s), (2.18)

where U(a, b) is the set of doubly stochastic matrices ensuring row and column sums

match a and b, C(z) is a cost matrix encoding ranking preferences,H(s) is an entropy

regularization term promoting smoothness. This approach leverages Sinkhorn dis-

tances to ensure computational tractability, making ranking objectives differentiable

and scalable for large datasets.

Permutohedron-Based Sorting Blondel et al. [38] approximates sorting operations

by projecting onto the permutohedron3, the convex hull of all permutations of a vector

y:

minimize
x∈Pn

∥x− y∥2, (2.19)

where Pn represents the permutohedron for n-dimensional vectors, y is the target

ranking.

This method achieves O(n log n) complexity, making it efficient for large-scale rank-

ing tasks. The permutohedron-based approach smooths the ranking operation, en-

abling gradients to propagate through sorting layers while maintaining computational

efficiency.

Rank & Sort Loss The Rank & Sort (RS) Loss [21] introduces a ranking-based loss

function tailored for visual detection tasks such as object detection and instance seg-

mentation. The RS Loss incorporates ranking positives above negatives and sorting

positives among themselves based on their localization qualities (e.g., IoU values).

The RS Loss combines a ranking objective to rank positives higher than negatives

and a sorting objective to sort positives in descending order of their continuous IoU
3 The permutohedron Pn can be constructed by acting the symmetric group Sn on the permutohedron by

permutation of coordinates. In other words, for a n-dimensional vector v, the permutohedron Pv is the convex
hull of all vectors obtained by permuting the coordinates of v, i.e. Pv = conv{(π(v1), . . . , π(vn))|π ∈ Sn},
where π ranges over all permutations in the permutation set Sn.

17



labels. This results in:

LRS =
1

|P |
∑

i∈P




NFP(i)
rank(i)︸ ︷︷ ︸

Ranking Error

+
∑

j∈P

H(xij)(1− yj)
rank+(i)

︸ ︷︷ ︸
Sorting Error



, (2.20)

whereH(xij) is a smoothed unit step function, NFP(i) is the number of false positives

ranked higher than i, rank(i) is the rank of i relative to all examples, rank+(i)is the

rank of i among positives, yj: IoU of example j. The sorting error penalizes positives

whose logits are higher than i but have lower IoU labels. Using the reformulated rule,

the gradient of RS Loss w.r.t. logits si is expressed, for negatives (i ∈ N ) as:

∂LRS

∂si
=

1

|P |
∑

j∈P

NFP(j)
rank(j)

· pR(i|j)
︸ ︷︷ ︸

Ranking Update

, (2.21)

where pR(i|j) distributes the ranking error over negatives. For positives (i ∈ P ), the

gradient includes both ranking and sorting updates:

∂LRS

∂si
=

1

|P |


(ℓ∗RS(i)− ℓRS(i)) +

∑

j∈P

(ℓS(j)− ℓ∗S(j)) · pS(i|j)︸ ︷︷ ︸
Sorting Update


 , (2.22)

where ℓ∗RS(i) and ℓ∗S(j) are the target errors, pS(i|j) is the probability mass function

for sorting. This formulation ensures that RS Loss optimizes ranking-based objec-

tives while addressing the non-differentiability of ranking and sorting operations. It

eliminates the need for auxiliary heads or sampling heuristics, making it robust to

imbalanced datasets.

Blackbox Differentiation for Rank-Based Metrics Rolinek et al. [53] enables

rank-based metrics such as Average Precision (AP) in end-to-end training. By ap-

proximating gradients for such metrics, it bridges the gap between evaluation criteria

and training objectives, allowing neural networks to optimize directly for ranking

performance.

Distributional and Top-k Ranking Losses Other ranking methods include various

ranking loss functions such as DRLoss [47] and Average Top-k Loss [79]. In more

detail, Qian et al. [47] optimizes distributional ranking objectives for object detection,

focusing on balancing classification and localization quality. Additionally, Fan et

18



al. [79] Emphasizes the top-k elements during training, providing better alignment

with ranking-based performance metrics.

MetricOpt MetricOpt [23] focuses on optimizing non-differentiable blackbox eval-

uation metrics (e.g., F1-score) in reinforcement learning. The forward pass involves

computing the desired metric over a batch of predicted and actual outputs:

M(ŷ, y) = Metric(ŷ, y), (2.23)

where ŷ are predictions and y are ground truths.

Gradients with respect to the policy are approximated using finite differences or sur-

rogate gradient methods. For example, using a differentiable surrogate M̃(ŷ, y), the

gradient is:

∇θL(θ) = ∇θE[M̃(ŷ, y)], (2.24)

where M̃ approximates the blackbox metric M .

2.1.4 Decision-Focused Learning

Smart Predict-then-Optimize (SPO) The Smart Predict-then-Optimize (SPO) frame-

work [42] is a decision-focused learning approach that directly integrates predictive

modelling with downstream optimization tasks. Instead of minimizing prediction er-

ror alone, SPO focuses on optimizing decision quality, ensuring the predictive model

is trained concerning its impact on the optimization problem.

The framework predicts cost parameters z = Fθ (x), where x represents input fea-

tures, and θ denotes the model parameters. These predicted costs are used in the

following optimization problem:

P (x; θ) = minimize
s∈S

s⊤Fθ (x) , (2.25)

where P (x; θ) is the decision (i.e. predicted solution) based on the prediction z =

Fθ (x), and S is the feasible region defined by problem constraints.

SPO introduces the SPO loss function, which measures the regret of decisions made

using the predicted costs. The regret compares the cost of the predicted solution P (z)
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against the true optimal solution P (z⋆):

LSPO = P (z)⊤ z∗ − ξ(z∗) =
(
P (z)− P (z⋆)

)⊤z⋆

≤ max
s∈P(z)

s⊤z∗ − ξ(z∗) = LSPO+.
(2.26)

where ξ(z) := mins∈S s⊤z = P (z)⊤ z is the cost of the optimal solution. This loss

penalizes the predictive model for solutions that lead to suboptimal decisions.

A challenge in using the SPO loss directly is the non-differentiability of the optimiza-

tion operator with respect to c. To address this, the SPO+ framework introduces a

convex surrogate loss that approximates the SPO loss while remaining computation-

ally efficient and differentiable. The surrogate loss is defined as:

LSPO+ = max
s∈P(z)

{
s⊤z∗ − α s⊤z

}
+ α ξ(z)− ξ(z∗)

≤ inf
α∈R+

{
max
s∈P(z)

(
s⊤z∗ − α s⊤z

)
+ α ξ(z)

}
− ξ(z∗).

LSPO+ = lim
α→∞

{
max
s∈P(z)

(
s⊤z∗ − α s⊤z

)
+ α ξ(z)

}
− ξ(z∗).

(2.27)

where the second term ensures differentiability by using the optimization problem’s

dual structure. This surrogate enables the end-to-end training of the predictive model

with gradients propagated through the optimization step.

∆z = −α (P (αz− z∗)− P (z∗)) . (2.28)

The SPO framework has proven effective in domains where predictive errors can

have significant downstream impacts, such as supply chain optimization, portfolio

management, and energy resource allocation.

Melding the Data-Decisions Pipeline This approach embeds a combinatorial solver

into the forward pass. For a problem:

x⋆ = argmin
x∈C

f(x; θ), (2.29)

the optimization problem is solved for a given input θ.

Gradients are computed by differentiating through the optimization problem. Using

the implicit function theorem, the gradient with respect to θ is:

∇θx
⋆ = −∇2

xf(x
⋆; θ)−1∇θ∇xf(x

⋆; θ). (2.30)
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This approach requires solving a linear system involving the Hessian of the objective,

making it computationally intensive for large-scale problems. However, it enables

precise gradients for combinatorial tasks, ensuring that the predicted parameters lead

to optimal decisions.

2.1.5 Reinforcement Learning

Reinforcement learning (RL) methods optimize sequential decision-making tasks by

leveraging gradient-based approaches to improve policies. These methods differ in

their techniques for forward computation of policy evaluations and backward opti-

mization of gradient updates. Below, we merge and analyze key RL methods mathe-

matically, focusing on their formulations for forward and backward computations.

Proximal Policy Optimization (PPO) PPO [35] stabilizes policy updates by clip-

ping the objective function to prevent overly large updates that can destabilize train-

ing. The PPO loss function is given by:

LPPO(θ) = E [min (r(θ)A, clip(r(θ), 1− ϵ, 1 + ϵ)A)] , (2.31)

where: - r(θ) = πθ(a|s)
πθold (a|s)

is the probability ratio of the new policy πθ to the old policy

πθold , - A(s, a) is the advantage function, which estimates the relative value of an

action a in state s, - ϵ is a clipping parameter that bounds the ratio r(θ).

Gradients are computed using stochastic gradient descent (SGD) to update policy

parameters θ:

∇θL
PPO(θ) = ∇θE [min (r(θ)A, clip(r(θ), 1− ϵ, 1 + ϵ)A)] . (2.32)

This clipping mechanism ensures that the policy does not deviate significantly from

the old policy, stabilizing training.

Trust Region Policy Optimization (TRPO) TRPO [80] constrains policy updates

within a trust region defined by the Kullback-Leibler (KL) divergence. The optimiza-

tion problem is:

max
θ

E

[
πθ(a|s)
πθold(a|s)

A(s, a)

]
, subject to KL(πθ||πθold) ≤ δ, (2.33)
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where: - πθ(a|s) is the policy probability of taking action a in state s, - KL(πθ||πθold)

measures the divergence between the new and old policies, - δ is the maximum al-

lowed divergence, controlling update stability.

The optimization uses conjugate gradient methods to compute the policy update di-

rection, solving:

θ′ = θ + α∇θL(θ), (2.34)

where α is a step size chosen to satisfy the KL constraint. The conjugate gradient

ensures computational efficiency while maintaining the trust region.

REINFORCE The REINFORCE algorithm [81] proposes a stochastic gradient-

based approach for policy optimization. The policy gradient is expressed as:

∇θJ(θ) = Eτ∼πθ

[
T∑

t=1

∇θ log πθ(at|st)R(τ)
]
, (2.35)

where: - τ = (s1, a1, . . . , sT , aT ) is a trajectory sampled from the policy, - R(τ) is

the cumulative reward of trajectory τ .

Gradients are computed using the policy gradient theorem:

∇θJ(θ) ≈
1

N

N∑

i=1

[
T∑

t=1

∇θ log πθ(at|st)R(τi)
]
, (2.36)

where N is the number of sampled trajectories. This method is simple but often

suffers from high variance, making variance-reduction techniques crucial for stable

training.

2.1.6 Probabilistic and Structured Modeling

Probabilistic approaches integrate uncertainty and discrete latent variables into learn-

ing frameworks. Discrete Variational Autoencoders [51] address the challenge of gra-

dient computation for discrete variables through reparameterization techniques. Im-

plicit MLE [52] extends this by enabling backpropagation through exponential family

distributions using implicit differentiation methods. Stochastic Neurons [31] further

advance probabilistic modeling by introducing gradient propagation techniques for

stochastic units, facilitating conditional computation within neural networks.
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Structured prediction methods focus on capturing dependencies among interdepen-

dent outputs, often leveraging graphical models. Conditional Random Fields (CRFs)

are reformulated as differentiable recurrent layers in Conditional Random Fields as

Recurrent Neural Networks [40], providing end-to-end trainability. Gaussian CRFs [82]

enable efficient closed-form inference, particularly useful in low-level vision appli-

cations. Multiscale Conditional Random Fields [41] extend this framework to model

fine-grained multiscale interactions, improving image segmentation performance.

2.2 Object Detection

Object detection [83, 84, 85, 86] is a critical task in computer vision that involves

object classification and localization. The goal is to identify objects within an image

and predict their spatial locations as bounding boxes. Each detected object is assigned

a class label from a predefined set of categories. Object detection applications span

various domains, including autonomous driving [67], medical imaging [87, 88] and

video surveillance [89].

Object detection methods have evolved from traditional computer vision techniques

relying on handcrafted features to modern, deep learning-based approaches. Early

methods, such as sliding window detectors with feature descriptors like Histogram of

Oriented Gradients (HOG) [90], struggled with efficiency and scalability [91]. The in-

troduction of convolutional neural networks (CNNs) revolutionized the field, enabling

models to learn hierarchical features directly from data and significantly improve ac-

curacy [15]. However, CNN-based methods have limitations in capturing global con-

text due to their localized receptive fields. This challenge has been partially addressed

by incorporating transformer architectures, which leverage self-attention mechanisms

to model global dependencies effectively [10].

2.2.1 Notation

Let’s consider an input image I to formalise the object detection task. The objective

is to predict a set of N objects, where two components characterize each object:
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• A class label ci ∈ C, where C = {c1, c2, . . . , cK , cbg} represents the set of K

predefined object classes, and cbg denotes the background class.

• A bounding box bi ∈ R4, parameterized as (xi, yi, wi, hi), where (xi, yi) are

the coordinates of the top-left corner, and (wi, hi) specify the width and height

of the bounding box.

The distinction between anchor-free and anchor-based models arises in how these

bounding boxes are predicted:

Anchor-Free Models predict bounding boxes directly from image features or key-

points k(i), where k = {k(1), k(2), . . . , k(M)}, without relying on predefined anchors [83].

These models determine bounding boxes based on key features, such as object centers

or corners, simplifying the detection pipeline.

Anchor-Based Models rely on a set of predefined reference boxes, called anchors,

distributed across the image. Each anchor a(j), where a = {a(1), a(2), . . . , a(N)}, is

refined through bounding box regression to align with the ground truth [83]. During

training, a matching process assigns anchors to ground-truth objects based on metrics

such as Intersection over Union (IoU).

The training objective for both approaches involves minimizing a combined loss func-

tion:

L = Lcls + λLloc, (2.37)

where Lcls denotes the classification loss, Lloc is the localization loss, and λ balances

the contributions of the two terms.

2.2.2 Loss Functions for Object Detectors

Loss functions are critical in object detection as they guide the optimization of both

classification and localization tasks. A well-designed loss function ensures accurate

class predictions and precise bounding box regressions while addressing challenges

like class imbalance and misaligned predictions. This section explores the most

widely used loss functions, categorized into score-based losses, localization losses,

and advanced formulations like IoU-based and ranking-based losses [83, 84, 85, 86].
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2.2.2.1 Score-Based Loss Functions

Score-based losses focus on optimizing the classification component of object detec-

tion. These losses aim to ensure that each predicted bounding box is assigned the

correct class label with high confidence.

Cross-Entropy Loss Cross-entropy loss is a widely used loss function for classi-

fication tasks, including object detection. It measures the dissimilarity between the

predicted probability distribution and the true class labels. For a binary classification

scenario, Cross-Entropy Loss is defined as:

Lcls = −
1

N

N∑

i=1

[yi log(pi) + (1− yi) log(1− pi)] , (2.38)

where yi is the ground-truth label, and pi is the predicted probability for the positive

class. For multi-class classification, the loss is extended by summing over all classes.

While effective, Cross-Entropy Loss often struggles with class imbalance, particu-

larly in dense prediction tasks where background regions dominate.

Focal Loss To address class imbalance, Focal Loss [92] modifies Cross-Entropy

Loss by down-weighting well-classified examples and focusing on hard-to-classified

ones. The loss is defined as:

Lfocal = −α(1− pt)γ log(pt), (2.39)

where pt is the predicted probability for the true class, α is a weighting factor for class

imbalance, and γ controls the scaling factor. Higher values of γ focus more on hard

examples. Focal Loss has been instrumental in improving performance in models like

RetinaNet.

2.2.2.2 Localization Loss Functions

Localization losses measure the accuracy of predicted bounding boxes by compar-

ing them with ground-truth boxes. These losses aim to minimize discrepancies in

position, size, and shape.

26



Smooth L1 Loss Smooth L1 Loss, introduced in Fast R-CNN [4], is a robust al-

ternative to L1 Loss. It is less sensitive to outliers due to its piecewise quadratic

formulation:

Lloc =




0.5(x− y)2 if |x− y| < 1,

|x− y| − 0.5 otherwise,
(2.40)

where x is the predicted bounding box coordinate, and y is the ground-truth coordi-

nate. This loss strikes a balance between L1 Loss and L2 Loss, making it suitable for

bounding box regression.

IoU-Based Losses Intersection over Union (IoU) is a standard metric for evaluating

bounding box overlap, and IoU-based losses extend this concept to regression tasks.

Basic IoU Loss is defined as:

LIoU = 1− IoU(b, b̂), (2.41)

where b and b̂ are the ground-truth and predicted bounding boxes, respectively.

Extensions of IoU Loss, such as Generalized IoU (GIoU) [93], Distance IoU (DIoU),

and Complete IoU (CIoU) [94], address limitations like non-overlapping boxes and

incorporate factors such as box distance and aspect ratio consistency. For example,

GIoU Loss improves alignment for non-overlapping boxes:

LGIoU = 1− IoU +
Area of Union - Area of Smallest Enclosing Box

Area of Smallest Enclosing Box
. (2.42)

2.2.2.3 Ranking-Based Loss Functions

Ranking-based losses focus on optimizing the relative ordering of predictions, en-

suring that positive predictions are ranked higher than negatives. These losses align

closely with metrics like Average Precision (AP), commonly used to evaluate object

detection models.

Average Precision (AP) Loss AP Loss [95] directly optimizes the Average Preci-

sion metric by considering the ranking of positive and negative samples. The loss

uses a pairwise comparison approach to adjust the confidence scores of predictions,

improving the model’s performance on densely populated datasets.
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aLRP Loss The Localization-Recall-Precision (LRP) metric extends the AP concept

by integrating localization quality into ranking. The aLRP Loss [96] optimizes this

metric, prioritizing accurate classification and precise bounding box predictions. It is

particularly effective in scenarios where localization quality is critical.

Rank & Sort Loss Rank & Sort Loss [21] extends ranking-based optimization by

considering the continuous IoU values among positive predictions. This loss im-

proves alignment between predicted and ground-truth boxes by focusing on both clas-

sification scores and IoU-based ranking.

2.2.3 Datasets for Object Detection

Datasets are pivotal in advancing object detection research, providing the necessary

benchmarks for training, validation, and algorithm comparison. A good dataset in-

cludes diverse and challenging scenarios and provides comprehensive annotations for

object localization and classification. This section explores some of object detection

research’s most widely used datasets.

COCO: Common Objects in Context The COCO (Common Objects in Context)

dataset [97] is one of the most prominent benchmarks for object detection, instance

segmentation, and image captioning. It features over 330,000 images, with 80 object

categories, including animals, vehicles, and household items. COCO’s annotations

include object bounding boxes, segmentation masks, and key points for human pose

estimation.

One of COCO’s defining features is its emphasis on context. Images are selected

to include complex scenes with multiple objects, occlusions, and interactions. For

example, an image might depict people interacting with objects in crowded envi-

ronments, creating challenges for object detectors to identify small, overlapping, or

partially visible objects.

COCO evaluation metrics, such as mean Average Precision (mAP) at IoU thresh-

olds from 0.5 to 0.95 (mAP@[0.5:0.95]), have become standard in the field. These

metrics provide a comprehensive assessment of both classification and localization

performance.
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Pascal VOC The Pascal Visual Object Classes (VOC) dataset [98] was one of the

first large-scale benchmarks for object detection. Pascal VOC provides annotated im-

ages across various scenes for 20 object categories, ranging from animals to vehicles.

The dataset consists of two main splits: Pascal VOC 2007 and Pascal VOC 2012.

VOC annotations include bounding boxes, class labels, and segmentation masks,

making them suitable for multi-task learning. Its relatively small size compared to

COCO allows for rapid experimentation and model validation. VOC’s evaluation

metric, Average Precision (AP) at IoU = 0.5, remains widely used despite the dataset

being overshadowed by newer benchmarks.

Cityscapes The Cityscapes dataset [99] focuses on semantic understanding of urban

street scenes, making it particularly relevant for applications in autonomous driv-

ing and smart city planning. Cityscapes includes 5,000 finely annotated images and

20,000 coarsely annotated images collected from 50 cities. The dataset features an-

notations for 30 classes grouped into pedestrians, vehicles, and road infrastructure

categories.

Cityscapes provides pixel-level annotations for semantic segmentation and instance

segmentation, along with bounding box annotations. This makes it a comprehen-

sive resource for evaluating object detection in real-world urban environments, where

challenges like occlusion, motion blur, and varying lighting conditions are common.

LVIS: Large Vocabulary Instance Segmentation

The LVIS (Large Vocabulary Instance Segmentation) dataset [100] is designed to ad-

dress the long-tail distribution problem in object detection. Unlike COCO and VOC,

which focus on relatively balanced distributions of object categories, LVIS features

a vocabulary of over 1,000 object categories. These categories include frequent and

rare objects, highlighting the challenges of detecting objects with limited examples in

the training data.

LVIS provides detailed instance segmentation masks for over 2 million object in-

stances across 164,000 images. Its evaluation metrics include mAP, with a focus on

measuring performance across frequent, common, and rare object categories. LVIS

has become an essential benchmark for studying the scalability and robustness of
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object detection models.

Open Images The Open Images dataset [101] is one of the most prominent object

detection datasets, featuring over 9 million images annotated with 16 million bound-

ing boxes across 600 object categories. Open Images includes diverse scenes, with

annotations for bounding boxes, segmentation masks, and object relationships.

The dataset is designed for large-scale learning and includes various training, vali-

dation, and testing splits. Open Images is particularly valuable for evaluating object

detectors at scale, as it covers a broader range of object classes and contexts than

COCO and VOC.

Specialized Datasets

In addition to general-purpose datasets, several specialized datasets cater to specific

domains, addressing unique challenges in object detection. The KITTI dataset [102],

designed for autonomous driving, provides images captured from moving vehicles

with annotations for cars, pedestrians, and cyclists. It is widely used for evaluating

object detection models in road scenes. Objects365 [103], on the other hand, is a

large-scale dataset featuring 365 categories and 10 million bounding boxes, making it

suitable for training models that need to handle a diverse range of object types across

various scenarios. Meanwhile, the DOTA dataset [104] focuses on object detection in

aerial imagery, offering annotations for objects such as vehicles, ships, and buildings

with oriented bounding boxes, making it a valuable resource for remote sensing and

aerial surveillance applications. These specialized datasets enable the development

of domain-specific object detection models tailored to meet the demands of distinct

real-world applications.

2.2.4 Models for Object Detections

Object detectors are algorithms designed to identify and localize objects within an

image, often represented by bounding boxes and associated class labels. Over the

years, these detectors have been categorized into two primary types: anchor-based

and anchor-free methods. Both categories have made significant contributions to ob-

ject detection, addressing challenges such as accuracy, speed, and scalability. This
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Figure 2.2: Architecture of YOLOv1: The input image is divided into a grid, and each

grid cell predicts bounding boxes and class probabilities in a single forward pass. This

unified structure enables real-time object detection. [Figure taken from [2]]

section explores both approaches’ evolution and key features, as well as recent devel-

opments leveraging transformer architectures.

2.2.4.1 Anchor-Based Object Detectors

Anchor-based object detectors rely on a predefined set of reference boxes, or anchors,

distributed across an image at different scales and aspect ratios. These anchors are

initial candidates for bounding box predictions and are refined during training to align

with ground-truth objects. The anchor-based approach has been a cornerstone of

object detection, enabling precise localization and robust performance on benchmark

datasets such as COCO [97] and Pascal VOC [98, 7].

One-Stage Detectors One-stage detectors simplify the object detection pipeline by

eliminating the proposal generation step. These models directly predict bounding

boxes and class labels from the input image, achieving real-time performance.

YOLO (You Only Look Once) [2] is one of the most prominent one-stage detectors.

Figure 2.2 shows that YOLO divides the input image into a grid and predicts bound-

ing boxes and class probabilities for each cell. Its single-pass architecture makes it

highly efficient, but early versions struggled with small object detection. Subsequent
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Abstract

Object detection performance, as measured on the
canonical PASCAL VOC dataset, has plateaued in the last
few years. The best-performing methods are complex en-
semble systems that typically combine multiple low-level
image features with high-level context. In this paper, we
propose a simple and scalable detection algorithm that im-
proves mean average precision (mAP) by more than 30%
relative to the previous best result on VOC 2012—achieving
a mAP of 53.3%. Our approach combines two key insights:
(1) one can apply high-capacity convolutional neural net-
works (CNNs) to bottom-up region proposals in order to
localize and segment objects and (2) when labeled training
data is scarce, supervised pre-training for an auxiliary task,
followed by domain-specific fine-tuning, yields a significant
performance boost. Since we combine region proposals
with CNNs, we call our method R-CNN: Regions with CNN
features. We also compare R-CNN to OverFeat, a recently
proposed sliding-window detector based on a similar CNN
architecture. We find that R-CNN outperforms OverFeat
by a large margin on the 200-class ILSVRC2013 detection
dataset. Source code for the complete system is available at
http://www.cs.berkeley.edu/˜rbg/rcnn.

1. Introduction

Features matter. The last decade of progress on various
visual recognition tasks has been based considerably on the
use of SIFT [29] and HOG [7]. But if we look at perfor-
mance on the canonical visual recognition task, PASCAL
VOC object detection [15], it is generally acknowledged
that progress has been slow during 2010-2012, with small
gains obtained by building ensemble systems and employ-
ing minor variants of successful methods.

SIFT and HOG are blockwise orientation histograms,
a representation we could associate roughly with complex
cells in V1, the first cortical area in the primate visual path-
way. But we also know that recognition occurs several
stages downstream, which suggests that there might be hier-

1. Input 
image

2. Extract region 
proposals (~2k)

3. Compute 
CNN features

aeroplane? no.

...
person? yes.

tvmonitor? no.

4. Classify 
regions

warped region
...

CNN

R-CNN: Regions with CNN features

Figure 1: Object detection system overview. Our system (1)
takes an input image, (2) extracts around 2000 bottom-up region
proposals, (3) computes features for each proposal using a large
convolutional neural network (CNN), and then (4) classifies each
region using class-specific linear SVMs. R-CNN achieves a mean
average precision (mAP) of 53.7% on PASCAL VOC 2010. For
comparison, [39] reports 35.1% mAP using the same region pro-
posals, but with a spatial pyramid and bag-of-visual-words ap-
proach. The popular deformable part models perform at 33.4%.
On the 200-class ILSVRC2013 detection dataset, R-CNN’s
mAP is 31.4%, a large improvement over OverFeat [34], which
had the previous best result at 24.3%.

archical, multi-stage processes for computing features that
are even more informative for visual recognition.

Fukushima’s “neocognitron” [19], a biologically-
inspired hierarchical and shift-invariant model for pattern
recognition, was an early attempt at just such a process.
The neocognitron, however, lacked a supervised training
algorithm. Building on Rumelhart et al. [33], LeCun et
al. [26] showed that stochastic gradient descent via back-
propagation was effective for training convolutional neural
networks (CNNs), a class of models that extend the neocog-
nitron.

CNNs saw heavy use in the 1990s (e.g., [27]), but then
fell out of fashion with the rise of support vector machines.
In 2012, Krizhevsky et al. [25] rekindled interest in CNNs
by showing substantially higher image classification accu-
racy on the ImageNet Large Scale Visual Recognition Chal-
lenge (ILSVRC) [9, 10]. Their success resulted from train-
ing a large CNN on 1.2 million labeled images, together
with a few twists on LeCun’s CNN (e.g., max(x, 0) rectify-
ing non-linearities and “dropout” regularization).

The significance of the ImageNet result was vigorously

1

ar
X

iv
:1

31
1.

25
24

v5
  [

cs
.C

V
] 

 2
2 

O
ct

 2
01

4

Figure 2.3: Overview of the R-CNN workflow: Region proposals are generated using

selective search and processed independently through a CNN for feature extraction.

Class labels and bounding box coordinates are predicted using SVMs and regression

models [Figure taken from [3]].

versions, such as YOLOv3 [105] and YOLOv4 [106], introduced multi-scale feature

maps and improved feature extraction techniques, significantly enhancing accuracy

without compromising speed.

Similarly, SSD (Single Shot MultiBox Detector) [107] employs multi-scale feature

maps and predefined anchors to handle objects of varying sizes. SSD balances speed

and accuracy, making it a popular choice for real-time applications. Advances in one-

stage detectors have focused on improving assignment strategies, feature representa-

tion, and post-processing techniques to bridge the performance gap with two-stage

models [108].

Two-Stage Detectors Two-stage detectors pioneered using region proposals to achieve

high accuracy in object detection tasks. These models generate a set of candidate

object regions in the first stage, which are then refined in the second stage for classi-

fication and localization.

The R-CNN family represents a significant milestone in the development of two-

stage detectors. The original R-CNN [3] introduced, depicted in 2.3, the concept

of using selective search to generate approximately 2,000 region proposals, each of

which was processed by a CNN to extract features. These features were subsequently

classified using a support vector machine (SVM). While R-CNN demonstrated the

potential of deep learning in object detection, its computational inefficiency, arising
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from redundant feature extraction, limited its scalability.

SPPnet also has notable drawbacks. Like R-CNN, train-
ing is a multi-stage pipeline that involves extracting fea-
tures, fine-tuning a network with log loss, training SVMs,
and finally fitting bounding-box regressors. Features are
also written to disk. But unlike R-CNN, the fine-tuning al-
gorithm proposed in [11] cannot update the convolutional
layers that precede the spatial pyramid pooling. Unsurpris-
ingly, this limitation (fixed convolutional layers) limits the
accuracy of very deep networks.

1.2. Contributions

We propose a new training algorithm that fixes the disad-
vantages of R-CNN and SPPnet, while improving on their
speed and accuracy. We call this method Fast R-CNN be-
cause it’s comparatively fast to train and test. The Fast R-
CNN method has several advantages:

1. Higher detection quality (mAP) than R-CNN, SPPnet

2. Training is single-stage, using a multi-task loss

3. Training can update all network layers

4. No disk storage is required for feature caching

Fast R-CNN is written in Python and C++ (Caffe
[13]) and is available under the open-source MIT Li-
cense at https://github.com/rbgirshick/
fast-rcnn.

2. Fast R-CNN architecture and training
Fig. 1 illustrates the Fast R-CNN architecture. A Fast

R-CNN network takes as input an entire image and a set
of object proposals. The network first processes the whole
image with several convolutional (conv) and max pooling
layers to produce a conv feature map. Then, for each ob-
ject proposal a region of interest (RoI) pooling layer ex-
tracts a fixed-length feature vector from the feature map.
Each feature vector is fed into a sequence of fully connected
(fc) layers that finally branch into two sibling output lay-
ers: one that produces softmax probability estimates over
K object classes plus a catch-all “background” class and
another layer that outputs four real-valued numbers for each
of theK object classes. Each set of 4 values encodes refined
bounding-box positions for one of the K classes.

2.1. The RoI pooling layer

The RoI pooling layer uses max pooling to convert the
features inside any valid region of interest into a small fea-
ture map with a fixed spatial extent of H ×W (e.g., 7× 7),
where H and W are layer hyper-parameters that are inde-
pendent of any particular RoI. In this paper, an RoI is a
rectangular window into a conv feature map. Each RoI is
defined by a four-tuple (r, c, h, w) that specifies its top-left
corner (r, c) and its height and width (h,w).

Deep
ConvNet

Conv
feature map

RoI
projection

RoI
pooling
layer FCs

RoI feature
vector

softmax
bbox

regressor

Outputs:

FC FC

For each RoI

Figure 1. Fast R-CNN architecture. An input image and multi-
ple regions of interest (RoIs) are input into a fully convolutional
network. Each RoI is pooled into a fixed-size feature map and
then mapped to a feature vector by fully connected layers (FCs).
The network has two output vectors per RoI: softmax probabilities
and per-class bounding-box regression offsets. The architecture is
trained end-to-end with a multi-task loss.

RoI max pooling works by dividing the h× w RoI win-
dow into an H ×W grid of sub-windows of approximate
size h/H × w/W and then max-pooling the values in each
sub-window into the corresponding output grid cell. Pool-
ing is applied independently to each feature map channel,
as in standard max pooling. The RoI layer is simply the
special-case of the spatial pyramid pooling layer used in
SPPnets [11] in which there is only one pyramid level. We
use the pooling sub-window calculation given in [11].

2.2. Initializing from pre-trained networks

We experiment with three pre-trained ImageNet [4] net-
works, each with five max pooling layers and between five
and thirteen conv layers (see Section 4.1 for network de-
tails). When a pre-trained network initializes a Fast R-CNN
network, it undergoes three transformations.

First, the last max pooling layer is replaced by a RoI
pooling layer that is configured by setting H and W to be
compatible with the net’s first fully connected layer (e.g.,
H = W = 7 for VGG16).

Second, the network’s last fully connected layer and soft-
max (which were trained for 1000-way ImageNet classifi-
cation) are replaced with the two sibling layers described
earlier (a fully connected layer and softmax over K+ 1 cat-
egories and category-specific bounding-box regressors).

Third, the network is modified to take two data inputs: a
list of images and a list of RoIs in those images.

2.3. Fine-tuning for detection

Training all network weights with back-propagation is an
important capability of Fast R-CNN. First, let’s elucidate
why SPPnet is unable to update weights below the spatial
pyramid pooling layer.

The root cause is that back-propagation through the SPP
layer is highly inefficient when each training sample (i.e.
RoI) comes from a different image, which is exactly how
R-CNN and SPPnet networks are trained. The inefficiency

Figure 2.4: Fast R-CNN architecture: The entire image is passed through a CNN

to produce a feature map, and region proposals are projected onto this map for ROI

pooling. This process significantly reduces redundancy compared to R-CNN. [Figure

taken from [4]]

Fast R-CNN [4] addressed these inefficiencies by introducing a shared convolutional

feature map for the entire image. Figure 2.4 shows that the region proposals were

projected onto this feature map, and region-of-interest (ROI) pooling was used to ex-

tract fixed-size feature representations for each proposal. This approach significantly

reduced inference time while maintaining high detection accuracy. However, it still

relied on external region proposal generation.

To overcome this dependency, Faster R-CNN [109] integrated a Region Proposal Net-

work (RPN) into the detection pipeline, enabling end-to-end training. The RPN gen-

erates proposals directly from the shared feature map, streamlining the detection pro-

cess. Faster R-CNN remains a benchmark for two-stage object detectors, achieving

state-of-the-art performance across multiple datasets.

Extensions of Faster R-CNN, such as Mask R-CNN [110] and Cascade R-CNN [111],

introduced additional capabilities and refinements. Mask R-CNN adds an instance

segmentation branch, enabling pixel-level object segmentation, while Cascade R-

CNN employs a multi-stage refinement process to improve detection quality at pro-

gressively higher IoU thresholds. These models have further advanced the accuracy

and versatility of two-stage detectors.
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2.2.4.2 Anchor-Free Object Detectors

Anchor-free object detectors eliminate the need for predefined anchors, predicting

bounding boxes directly from key points or dense regions in the image. This approach

simplifies the detection pipeline and reduces hyperparameter tuning while maintain-

ing competitive performance.

Keypoint-based detectors represent a significant innovation in anchor-free object de-

tection. CornerNet [112] formulates object detection to predict bounding box corners.

By introducing a novel corner pooling mechanism, CornerNet enhances the localiza-

tion of corners and achieves robust performance. Building on this concept, Center-

Net [113] detects object centres along with their dimensions and offsets, streamlining

the detection process and improving inference speed.

Another anchor-free approach, FCOS (Fully Convolutional One-Stage Object Detec-

tion) [114], treats object detection as a dense regression problem. FCOS predicts the

distances from each feature map point to the edges of bounding boxes and introduces

a centerness score to prioritize predictions near the object’s centre. This method elim-

inates the need for anchor boxes and significantly reduces computational complexity

while achieving state-of-the-art results on benchmark datasets.

2.2.4.3 Transformer-Based Object Detectors

The advent of transformer architectures has introduced a new paradigm in object

detection. Transformers leverage self-attention mechanisms to model global depen-

dencies, addressing limitations in CNN-based methods, such as localized receptive

fields.

Detection Transformer (DETR) [5] was the first model to integrate transformers into

the object detection pipeline, which can be seen in Figure 2.5. By formulating ob-

ject detection as a set prediction problem, DETR eliminates the need for components

like anchors, region proposals, and NMS. Its encoder-decoder architecture processes

image features extracted by a CNN backbone while object queries predict bounding

boxes and class labels. DETR’s bipartite matching algorithm ensures a unique assign-

34



2 Carion et al.

transformer 
encoder-
decoder

CNN

set of box predictions bipartite matching loss

no object (ø) no object (ø)

set of image features

Fig. 1: DETR directly predicts (in parallel) the final set of detections by combining
a common CNN with a transformer architecture. During training, bipartite matching
uniquely assigns predictions with ground truth boxes. Prediction with no match should
yield a “no object” (∅) class prediction.

We streamline the training pipeline by viewing object detection as a direct set
prediction problem. We adopt an encoder-decoder architecture based on trans-
formers [47], a popular architecture for sequence prediction. The self-attention
mechanisms of transformers, which explicitly model all pairwise interactions be-
tween elements in a sequence, make these architectures particularly suitable for
specific constraints of set prediction such as removing duplicate predictions.

Our DEtection TRansformer (DETR, see Figure 1) predicts all objects at
once, and is trained end-to-end with a set loss function which performs bipar-
tite matching between predicted and ground-truth objects. DETR simplifies the
detection pipeline by dropping multiple hand-designed components that encode
prior knowledge, like spatial anchors or non-maximal suppression. Unlike most
existing detection methods, DETR doesn’t require any customized layers, and
thus can be reproduced easily in any framework that contains standard CNN
and transformer classes.1.

Compared to most previous work on direct set prediction, the main features of
DETR are the conjunction of the bipartite matching loss and transformers with
(non-autoregressive) parallel decoding [29,12,10,8]. In contrast, previous work
focused on autoregressive decoding with RNNs [43,41,30,36,42]. Our matching
loss function uniquely assigns a prediction to a ground truth object, and is
invariant to a permutation of predicted objects, so we can emit them in parallel.

We evaluate DETR on one of the most popular object detection datasets,
COCO [24], against a very competitive Faster R-CNN baseline [37]. Faster R-
CNN has undergone many design iterations and its performance was greatly
improved since the original publication. Our experiments show that our new
model achieves comparable performances. More precisely, DETR demonstrates
significantly better performance on large objects, a result likely enabled by the
non-local computations of the transformer. It obtains, however, lower perfor-
mances on small objects. We expect that future work will improve this aspect
in the same way the development of FPN [22] did for Faster R-CNN.

Training settings for DETR differ from standard object detectors in mul-
tiple ways. The new model requires extra-long training schedule and benefits

1 In our work we use standard implementations of Transformers [47] and ResNet [15]
backbones from standard deep learning libraries.

Figure 2.5: DETR pipeline: The input image is processed by a CNN backbone to

produce feature maps, which are passed to a transformer encoder-decoder. Object

queries interact with the encoded features to predict bounding boxes and class labels,

with matching handled by the Hungarian algorithm. [Figure taken from [5]]

ment between predictions and ground truth, simplifying training and post-processing.

Despite its innovation, DETR suffers from slow convergence, often requiring hun-

dreds of epochs to achieve optimal performance. Variants such as Deformable DETR [115],

Conditional DETR [116], and Sparse DETR [117] have addressed these challenges

through modifications like sparse attention, conditional queries, and learnable spar-

sity. DINO [118] has further improved the efficiency and scalability of this ap-

proach. These models have significantly improved the efficiency and scalability of

transformer-based object detection.

2.3 Optimal Transport

The purpose of this section is to concisely introduce Optimal Transport (OT) [119]

in Rd. Let P(Rd) denote the space of probability measures on Rd. For a function

T : Rd → Rd, its push-forward operator T♯ is defined by

(T♯P )(A) = P
(
T−1(A)

)
for any set A ⊂ Rd, (2.43)

Let Lip1 be the set of 1-Lipschitz functions, and let CVX(P ) be the set of convex

functions that have finite moments with respect to some distribution P ∈ P(Rd). For

a function f : Rd → R, its convex conjugate is

f ∗(x2) = sup
x1∈Rd

(
⟨x1,x2⟩ − f(x1)

)
. (2.44)
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2.3.1 Monge and Kantorovich Formulations

Consider two distributions P,Q ∈ P(Rd). The Monge approach [54] seeks a transport

map T pushing P forward to Q (T♯P = Q) and minimizes

inf
T♯P=Q

LM(T ) = Ex∼P
[
c(x, T (x))

]
. (2.45)

Here c : Rd× Rd → R+ is the “ground cost.” However, it is challenging to handle the

constraint T♯P = Q. The Kantorovich version [55] instead replaces the map T with a

transport plan γ, a measure over Rd × Rd, and solves

inf
γ∈Γ(P,Q)

LK(γ) = E(x1,x2)∼γ
[
c(x1,x2)

]
, (2.46)

subject to the condition that γ has marginals P andQ. This version, known as Monge-

Kantorovich (MK), is more tractable because Γ(P,Q) and LK(γ) are linear in γ.

By linear-program arguments [120], the MK problem has a dual in terms of Kan-

torovich potentials φ, ψ : Rd → R. This yields

sup
(φ,ψ)∈Φc

L∗
K(φ, ψ) = Ex∼P

[
φ(x)

]
+ Ex∼Q

[
ψ(x)

]
, (2.47)

with Φc being those pairs (φ, ψ) satisfying φ(x1) +ψ(x2) ≤ c(x1,x2). In the special

case c(x1,x2) = ∥x1 − x2∥22, Brenier’s theorem [121] links Equations (2.45) and

(2.46) by asserting that the optimal map is the gradient∇φ.

2.3.2 OT with Specific Costs

When c(x1,x2) = d(x1,x2)
p for a metric d and p ≥ 1, the resulting cost is widely

studied. A noteworthy instance is p = 1, yielding the Kantorovich–Rubinstein (KR)

formulation [57]:

sup
φ∈Lip1

L∗
KR(φ) = Ex∼P

[
φ(x)

]
− Ex∼Q

[
φ(x)

]
, (2.48)

When p > 1, a time-dependent dynamic OTperspective [120] interprets mass being

moved continuously from P to Q. One obtains an interpolation ρ(t,x) with ρ(0, ·) =
P, ρ(1, ·) = Q, and a velocity field v. In that language, Equation (2.46) is replaced

by

LB(ρ,v) =
∫ 1

0

∫

Rd

∥v(t,x)∥p2 ρt(x) dx dt, (2.49)
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under the continuity equation

∂ρt
∂t

+∇ · (ρt v) = 0. (2.50)

2.3.3 OT-Induced Distances

A central property of OT is how it induces a distance between probability measures

P and Q:

Tc(P,Q) = inf
γ∈Γ(P,Q)

E(x1,x2)∼γ
[
c(x1,x2)

]
. (2.51)

If c arises from a metric on X , then Tc is itself a metric [120]. The Wasserstein

distances, for p ≥ 1, are

Wp(P,Q) =
(
Tdp(P,Q)

)1
p
. (2.52)

These distances see broad use in machine learning. OT-based interpolation between

distributions can be expressed via Wasserstein geodesics [122] and OT-based averag-

ing is via Wasserstein barycenters [123, 124].

For instance, a geodesic from P toQ can be realized by Pt = πt,♯γ, where πt(x1,x2) =

(1 − t)x1 + tx2. Similarly, for a collection of measures P = {Pi}Ni=1 with weights

α ∈ ∆N , the Wasserstein barycenter solves

B
(
α;P

)
= argmin

Q

N∑

i=1

αiWp

(
Pi, Q

)p
. (2.53)

2.4 Computational Optimal Transport

Research on computational aspects of OT has become quite active in machine learn-

ing. For example, Levy et al. [125] and Peyre et al. [126] provided key foundations

in their resources, and widely used softwares such as POT [127] and OTT [128] are

provided for researchers’ use. In this overview, we concentrate on two common ways

to discretize OT problems: (i) discretizing the ambient domain itself, and (ii) ap-

proximating distributions via samples. Concretely, let x(P )
i be drawn from P with

probability pi > 0. Then the empirical approximation P̂ of P takes the form

P̂ (x) =
n∑

i=1

pi δ
(
x− x

(P )
i

)
, (2.54)
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Summation of the weights implies
∑

i pi = 1, or p ∈ ∆n. Choosing to discretize the

domain amounts to dividing it into bins (with each x
(P )
i as a bin center) and treating

pi as the proportion of mass in each bin. Alternatively, one can draw x
(P )
i as i.i.d.

samples from P ; in that scenario, all pi are 1/n, so the sample locations become the

parameters.

Assume two sets of points {x(P )
i }ni=1 and {x(Q)

j }mj=1, coming from distributions P and

Q with probabilities p and q. The Monge formulation in the discrete realm seeks a

transport map T minimizing
n∑

i=1

c
(
x
(P )
i , T (x

(P )
i )
)
, (2.55)

subject to
∑

i∈I pi = qj for I =
{
i : x

(Q)
j = T (x

(P )
i )
}

. This approach is non-linear

with respect to T , and no solution exists if m > n.

The Monge–Kantorovich (MK) alternative uses an OT plan γ ∈ Rn×m, with γi,j

representing mass moved from the i-th sample of P to the j-th sample of Q. The plan

γ must minimize

γ̂ = T arg min
γ∈Γ(p,q)

n∑

i=1

m∑

j=1

γi,j c
(
x
(P )
i ,x

(Q)
j

)
, (2.56)

under constraints
∑

i γi,j = qj and
∑

j γi,j = pi, i.e. γ ∈ Γ(p,q). This is a classic

linear program, solvable by the simplex method [129] in O(n3 log n) time. A faster

option arises from adding an entropic penalty, as introduced by Cuturi [130], leading

to

γ̂ϵ = arg min
γ∈Γ(p,q)

{∑

i,j

γi,j c(x
(P )
i ,x

(Q)
j ) + ϵH(γ)

}
. (2.57)

This is more computationally efficient and can be solved using the Sinkhorn algo-

rithm. An additional advantage is that the solution γ̂ϵ factorizes as

γ̂ϵ = diag(f) exp
(
−C

ϵ

)
diag(g), (2.58)

where f and g act as Kantorovich potentials (as in Equation (5)).

When using finite samples, one obtains an empirical estimate of Tc or Wp, namely

Tc(P̂ , Q̂) = LK(γ̂). Also, for γ∗ϵ , we get Tc,ϵ(P̂ , Q̂) = LK(γ∗ϵ ). Genevay et al. [131]

proposes a Sinkhorn divergence

Sp,ϵ(P̂ , Q̂) = Wp,ϵ(P̂ , Q̂)−
Wp,ϵ(P̂ , P̂ ) +Wp,ϵ(Q̂, Q̂)

2
. (2.59)
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This smoothly interpolates between the Maximum Mean Discrepancy [132] and the

Wasserstein distance. In practical terms, entropic OT offers two computational bene-

fits over exact OT: it is GPU-friendly and can be computed in O(Ln2) steps after L

Sinkhorn iterations. Furthermore, Sc,ϵ is a differentiable approximation of Wp [133]

and has improved sample complexity [134].

2.4.1 Algorithmic Foundations of Optimal Transport

This section examines foundational algorithms and their theoretical underpinnings,

focusing on their design principles and efficiency in solving OT problems. By lever-

aging the structure of the OT problem—specifically, its connections to combinatorial

optimization and linear programming—these algorithms achieve robust performance

across diverse domains.

2.4.1.1 Kantorovich Formulations and Algorithmic Foundations

The OT problem, formalized by Kantorovich, considers two probability distributions

a and b defined on finite spaces and seeks a transport plan P that minimizes the

cost of moving mass from one distribution to the other. This optimization problem is

expressed in its primal form:

LC(a,b) = min
P∈U(a,b)

n∑

i=1

m∑

j=1

CijPij, (2.60)

where C is a cost matrix, and U(a,b) represents the feasible transport plans satisfy-

ing marginal constraints:

P1m = a, P⊤1n = b, P ≥ 0. (2.61)

The dual formulation, derived using linear programming duality, introduces potential

vectors f and g associated with the supply and demand distributions:

LC(a,b) = max
f ,g

{
n∑

i=1

fiai +
m∑

j=1

gjbj : fi + gj ≤ Cij ∀i, j
}
. (2.62)
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2.4.1.2 Algorithmic Approaches to Optimal Transport

Linear Programming Solvers Linear programming (LP) provides a direct approach

to solving OT problems, treating the transport cost as a linear objective function with

constraints encoded in a sparse constraint matrix. This perspective enables the appli-

cation of general LP solvers, such as the simplex method and interior-point methods.

By vectorizing P into p ∈ Rn·m and encoding constraints in a matrix A, the primal

problem becomes:

min

p≥0,Ap=

a
b


c⊤p. (2.63)

Since feasible transport plans often contain only n+m− 1 nonzero entries (extremal

solutions of the transportation polytope), LP solvers can exploit sparsity to reduce

computational complexity.

LP solvers are versatile but can be computationally intensive for large-scale problems

due to the O(n3) complexity of standard simplex implementations [26].

Simplex Algorithm The network simplex algorithm is a specialized variant of the

simplex method designed for flow problems, including OT. It operates on the bipar-

tite graph representing the transport problem, where nodes correspond to supply and

demand locations, and edges represent transport routes with associated costs.

The algorithm starts with a feasible transport plan, often generated using heuristics

like the North-West Corner Rule. At each step, the algorithm identifies cycles in the

graph and adjusts flow along these cycles to reduce transport cost, ensuring feasibility

at each iteration. The network simplex achieves significantly faster convergence than

standard LP solvers by maintaining and updating only a subset of variables (those

corresponding to active edges in the graph).

The network simplex is particularly effective for medium-sized problems but may

face scalability issues due to degeneracy in large-scale settings .

Auction Algorithm The auction algorithm [135], introduced by Bertsekas, is in-

spired by market dynamics. It interprets the OT problem as a resource allocation task
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in which suppliers "bid" for demand locations.

The algorithm iteratively updates dual variables (prices) to ensure complementary

slackness while incrementally constructing a primal solution. Each supply node bids

for the demand node offering the highest profit (reduced cost). The bid value reflects

the difference between the current price and the second-best alternative, ensuring

rapid convergence. The auction algorithm is highly parallelizable and well-suited for

assignment problems (a special case of OT with unit supply and demand).

For general OT problems, adaptations of the auction algorithm incorporate scaling

techniques to handle continuous supply distributions efficiently [135].

Sinkhorn Algorithm The Sinkhorn algorithm introduces entropy regularization to

the OT problem, yielding a strictly convex objective:

LC,λ(a,b) = min
P∈U(a,b)

∑

i,j

CijPij + λ
∑

i,j

Pij logPij. (2.64)

The algorithm alternates between normalizing the rows and columns of P to satisfy

marginal constraints:

P← diag(u)Kdiag(v), (2.65)

where K = exp(−C/λ), and u,v are scaling factors updated iteratively. Sinkhorn’s

method exhibits linear convergence under mild conditions, with a complexity of

O(n2/λ2) per iteration [20].

The Sinkhorn algorithm is a cornerstone of modern OT, particularly in machine learn-

ing, due to its scalability and compatibility with GPU acceleration.

Multiscale and Parallel Methods Multiscale methods decompose the problem into

hierarchies of smaller subproblems to tackle high-dimensional OT problems. At each

scale, coarse approximations guide finer-scale solutions, enabling efficient conver-

gence [136]. Parallel algorithms leverage GPU and distributed architectures to accel-

erate computation, making OT feasible for real-time applications.
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Algorithm 1 Sinkhorn Algorithm for Entropic Regularized Optimal Transport

Require: Cost matrix C ∈ Rn×m, Source histogram a ∈ Rn, Target histogram

b ∈ Rm, Regularization parameter λ (default λ = 0.1), Maximum number of

iterations maxiters.

Ensure: Optimal transport plan S ∈ Rn×m.

1: K← exp
(
−C

λ

)
▷ Compute the kernel matrix

2: u← 1n ▷ Initialize scaling factor u

3: v ← 1m ▷ Initialize scaling factor v

4: S← diag(u) ·K · diag(v) ▷ Initialize transport plan

5: for k = 1 to maxiters do

6: u← a⊙ (K · v)−1 ▷ Update scaling factor u (Eq. 2.69)

7: v ← b⊙
(
K⊤ · u

)−1
▷ Update scaling factor v (Eq. 2.69)

8: S← diag(u) ·K · diag(v) ▷ Update transport plan (Eq. 2.70)

9: end for

return S ▷ Return the optimal transport plan

2.4.2 Entropic Regularization in Optimal Transport

Entropic regularization has emerged as a pivotal approach in the numerical approxi-

mation of optimal transport problems, particularly the Kantorovich formulation. By

introducing an entropic penalty, the regularization modifies the transport problem to

achieve smoother, more computationally tractable solutions while preserving essen-

tial structural properties. This chapter delves into this methodology’s mathematical

underpinnings, computational techniques, and practical implications.

2.4.2.1 Entropic Regularization Framework

The discrete entropy function for a coupling matrix P is defined as:

H(P) = −
∑

i,j

Pi,j (log(Pi,j)− 1) , (2.66)

where H(P) = −∞ if any entry of P is zero or negative. By integrating this entropy

term into the classical transport problem, we define the regularized transport problem:

LεC(a,b) = min
P∈U(a,b)

⟨P,C⟩ − εH(P), (2.67)
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where ε > 0 is the regularization parameter, and U(a,b) represents the set of cou-

plings with fixed marginals a and b. Including entropy ensures that the solution is

unique, smooth, and computationally stable, even in high-dimensional settings [20].

Computational Benefits The regularized formulation exhibits several computational

advantages: 1. Simplified Optimization: The problem becomes ε-strongly convex,

allowing the application of alternating minimization algorithms. 2. Efficient Matrix

Operations: Iterative updates involve only matrix-vector products, facilitating paral-

lelization on GPUs. 3. Memory Efficiency: Sparse representations reduce memory

requirements, particularly for kernel evaluations. 4. Improved Differentiability: The

regularised solution’s smoothness enables automatic differentiation in optimization

tasks.

Convergence Properties As ε → 0, the regularized solution converges to the so-

lution with maximum entropy among all optimal solutions of the original transport

problem:

Pε → argmin{−H(P) : P ∈ U(a,b), ⟨P,C⟩ = LC(a,b)}. (2.68)

In contrast, as ε→∞, the solution converges to the outer product of the marginals a

and b, representing an independent coupling.

Sinkhorn’s Algorithm Sinkhorn’s algorithm is a key computational tool for solving

the entropic regularized problem. This algorithm iteratively adjusts scaling factors u

and v:

u(ℓ+1) =
a

Kv(ℓ)
, v(ℓ+1) =

b

KTu(ℓ+1)
. (2.69)

where Ki,j = exp(−Ci,j/ε). The coupling satisfies the marginal constraints:

Pi,j = uiKi,jvj, (2.70)

Sinkhorn’s algorithm exhibits linear convergence under suitable conditions and scales

efficiently to large datasets [126].

2.5 Summary

This chapter reviewed a broad range of literature and key concepts related to gradient

approximation methods. We presented various techniques for handling differentially
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intractable or inefficient functions, which behave piecewise linearly with constant

regions, discussing their applications and inherent limitations. We also introduced

the Optimal Transport (OT) to create differentiable solutions for naturally discrete

tasks, as illustrated by transformer-based object detectors.

Furthermore, we argued for a unified framework combining theoretical rigour and

practical implementation. Such a framework would streamline the development and

selection of gradient approximation methods. Additionally, we outlined measure-

theoretic and classical machine learning principles that can guide the construction of

this comprehensive approach.

These discussions lay the foundation for the subsequent chapters. The following sec-

tions will demonstrate how the Generalized Update method integrates these insights

into a coherent, theoretically sound, and practically efficient approach for gradient

approximation and OT integration in deep learning.
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CHAPTER 3

GENERALIZED UPDATE

This chapter introduces Generalized Update (GU) as a generalization of the gradient-

approximations methods reviewed in Section 2.1.

3.1 Piecewise-Linear Functions with Constant Regions (PFCs)

P (·)

learned
representation

z

piecewise linear
function output

s

∂L
∂z = ∂L

∂s
∂s
∂z

∂L
∂s

Fθ (·) Gω (·)

Input

x

model
output
ŷ

Loss

L(ŷ,y)

Figure 3.1: Notation and Problem Formulation. We are interested in incorporating

PFCs into the deep neural network (DNN) pipelines. Considering this problem from

a more general perspective is crucial as P (·) can represent essential operations such

as step function, a combinatorial solver or a performance measure. As such opera-

tions do not provide useful gradients ∂s
∂z for training, we review the existing methods

to approximate ∂s
∂z and unify them in our Generalized Update method based on our

theoretical and empirical analyses. As expected, our method provides approximate

gradients for all operations, as mentioned earlier and provides notable gains in some

cases.

As we have discussed in Section 2.1, incorporating piecewise linear functions with

constant regions (PFCs) into neural networks extends the capability of deep learning

models to address tasks involving discrete decision-making, combinatorial optimiza-

tion, and other structured prediction problems. As shown in Figure 3.1, the PFC P (·)
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represents discrete decision-making or structured prediction operations such as step

functions, combinatorial solvers, or performance metrics, all of which have inher-

ently either inefficient or intractable gradients. This section formalizes the problem,

defines the key challenges, and identifies the fundamental issue to address.

Notation Given an input x, a neural network Fθ (x) generates an intermediate repre-

sentation z. This representation is passed through a PFC P (·), producing the output

s, which is further processed by subsequent network layers Gω (·) to yield the final

output ŷ. Mathematically, the pipeline can be expressed as:

ŷ = Gω (s) , s = P (z) , z = Fθ (x) . (3.1)

Computation of PFC In the forward pass, the model computes ŷ given x by sequen-

tially applying Fθ (·), P (·), and Gω (·). This computation is straightforward because

all functions in the pipeline are predefined and deterministic. For example:

ŷ = Gω (P (Fθ (x))) . (3.2)

While this enables efficient computation of ŷ, the challenge arises in the backward

pass, where gradients must be computed to update the model parameters.

Optimization of PFC In the backward pass, gradient-based optimization relies on

the chain rule to compute parameter updates. Considering the pipeline:

∂L
∂θ

=
∂L(ŷ,y)
∂ŷ

· ∂ŷ
∂s
· ∂s
∂z
· ∂z
∂θ
, (3.3)

As shown in Figure 1.1, the gradient of a PFC, i.e., ∂s
∂z , is zero or undefined because

P (·) is constant almost everywhere. This disrupts the flow of gradient information

back to the learnable parameters θ in Fθ (·), rendering standard backpropagation in-

applicable:
∂s

∂z
= 0 (constant regions). (3.4)

The network cannot learn effective representations without meaningful gradients, and

the model training stagnates.

Fundamental Problem The core challenge of incorporating PFCs into neural net-

works is to define a substitute for the missing or zero gradients. Formally, the task is

to find an update rule ∆z to replace the ineffective gradient ∂s
∂z so the model can still
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learn end-to-end. The following sections discuss various methods proposed in the lit-

erature to address this challenge, focusing on techniques for approximating gradients

and enabling gradient-based optimization for piecewise linear functions with constant

regions.

3.2 Limitations of Existing Gradient Approximation Methods

As discussed in Section 2.1, numerous methods have been proposed to address the

challenge of backpropagating through PFC layers. Techniques such as the Straight-

Through Estimator (STE) [69], Rank-Identity Update [21], blackbox differentiation

via local perturbations [6], and reward maximization with REINFORCE [137] have

made significant contributions. However, several key limitations remain.

Many methods are tailored to specific tasks (e.g., binary neural networks [138, 139])

or particular performance measures (e.g., ranking-based losses [21]). This restricts

their applicability to a narrow set of non-differentiable functions. Surrogate-based or

interpolation methods [22, 42, 140] may involve repeated function evaluations, lead-

ing to heavy computational demands. Similarly, optimization-as-a-layer approaches [42,

1] often rely on complex solvers or iterative schemes. Many gradient approximations

lack a solid theoretical grounding, making it difficult to predict their behaviour, ensure

stability, or guarantee convergence.

3.3 Introducing Generalized Update Method

We propose the Generalized Update method to address the limitations of the existing

gradient approximation methods introduced in Section 3.2. Our approach provides

a unifying framework that subsumes multiple existing gradient approximation strate-

gies under a single theoretical umbrella, ensuring generality, simplicity, and improved

computational properties.
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3.3.1 Contributions of the Generalized Update Method

The Generalized Update method offers:

• Generalization of Existing Methods: We show that prominent methods, in-

cluding STE and Rank-Identity Update, and methods linked to combinatorial

solvers, can be seen as exceptional cases of the Generalized Update.

• Theoretical Connections: By linking our update rule to classical learning prin-

ciples such as the Perceptron algorithm [141] and Maximum Likelihood Esti-

mation (MLE) [142, 143], we provide a firm theoretical foundation.

• Efficiency and Practicality: The Generalized Update simplifies the backward

pass through PFCs, reducing complexity and often lowering computational

overhead.

3.3.2 Assumptions and Formal Definition

Following the problem formulation and notations defined in Section 3.1, given an

input x, we want to learn a model Fθ (x) that produces a useful representation z.

This z is then passed through a PFC P (·), resulting in an output s, which is further

processed in the network.

Assumptions Typically, Fθ (·) and Gω (·) are neural networks. For P (·), we impose

two assumptions on PFCs:

First, the domain and range ofP (·) have the same dimensionality: dim(Z) = dim(S) =
n.

Second, P (·) is a vector-valued monotonic1 (i.e. either increasing or decreasing)

function.

Additionally, we assume that there exists a loss functionL(ŷ,y) such that ∂L
∂z ≈ ŷ−y.

1 P (·) : Rn → Rn is an increasing vector-valued function if xi ≤ yi whenever P(x)i ≤ P(y)i for
every x,y ∈ Rn. Similarly, P (·) : Rn → Rn is a decreasing vector-valued function if xi ≥ yi whenever
P(x)i ≤ P(y)i for every x,y ∈ Rn. Monotonicity indicates it is either an increasing or decreasing function.
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These assumptions, while constraining, still encompass a diverse set of operations.

For instance, a step function or a combinatorial solver, such as Dijkstra’s shortest path

algorithm, satisfies our assumptions on P (·). After obtaining s, additional operations

may be denoted by Gω (·) in Figure 3.1. Gω (·) can consist of learnable parameters

(e.g., additional neural network layers) or operations to manipulate s for computing

the loss function L(ŷ,y), where ŷ and y denote the prediction and the ground truth,

respectively.

Generalized Update The Generalized Update suggests:

∆z = α (P (z)− P (z)∗) , (3.5)

where α is +1, when P (·) is monotone increasing, and α is −1, when P (·) is mono-

tone decreasing.

In a more general form:

∆z =




P (z)− P (z)∗ , if P (·) is monotone increasing,

P (z)∗ − P (z) , if P (·) is monotone decreasing.
(3.6)

Here, P (z)∗ represents the target value associated with P (z).

3.3.3 Motivations for the Generalized Update Method

Example 3.1 (Stock Price Risk Prediction) Consider a stock price prediction sce-

nario involving N stocks. Let x ∈ Rn be a histogram of observable random variables

that capture news articles, stock price reports, and Twitter data. A neural network

Fθ processes x to produce a risk vector z = Fθ (x), which represents the cost or risk

associated with investing in each of the N stocks.

The goal is to train the network so that z accurately reflects the true risk associated

with each stock, guiding the investment decision s = P (z)∗. The predicted investment

decision is denoted by ŝ = P (z).

To derive ŝ, we formulate a linear programming problem. Specifically, we define a
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cost function ϕ(z, ŝ) = z⊤ŝ and solve the following optimization problem:

P (z) = minimize
s∈RN

z⊤s,

subject to
N∑

i=1

si = 1,

si ≥ 0 for all i.

(3.7)

The solution ŝ represents the investment decision that minimizes the overall risk cost.

Since the decision-making process involves solving a linear programming (or the

Heaviside step function used in some formulations), standard gradient-based opti-

mization cannot be applied directly.

However, it is intuitive to consider a suboptimal case, i.e., ŝ ̸= s since ŝi ̸= si for some

0 ≤ i < N . Without loss of generality, let’s assume ŝi ≤ si for some 0 ≤ i < N . This

indicates that the investment decision ŝi for the ith stock should be more favourable;

in other words, the predicted risk zi for this stock is higher than desired, and the

model Fθ needs to adjust its output to lower this risk cost z.

Since the decision component —derived from solving the linear programming problem—

is deterministic, whereas the neural network that produces the risk vector is proba-

bilistic and updated iteratively based on its hyperparameters, the gradient for Fθ must

update θ so that the predicted risk zi = Fθ (x)i decreases for the i-th stock.

Therefore, assuming ŝi ≤ si for 0 ≤ i < N provides information about the gradient’s

sign or direction, namely ∂L
∂zi

< 0. In other words, a slight increase in the current cost

value zi leads to a decrease in the loss function L, which measures the discrepancy

between the current predicted decisionP (Fθ (x)) and the target decisionP (Fθ (x))∗.

Conversely, if we assume ŝi ≥ si for some 0 ≤ i < N , this indicates that the in-

vestment decision for the ith stock is too favourable —that is, the predicted risk zi is

lower than desired. In this case, the gradient for the neural network Fθ should up-

date θ such that zi increases to better reflect the true risk. This condition implies that
∂L
∂zi

> 0; in other words, a slight increase in zi would decrease the loss function L.

The Generalized Update, as described in Equation 3.6, is the minimal equation that

satisfies the gradient directions discussed in Example 3.1, which is not coincidental
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Stock Price Risk Prediction Example Visualization

Figure 3.2: The left panel displays the prediction coefficients z, where the price costs

for each stock are visualized using the colour of the strategy that minimizes the risk.

The right panel shows the decision coefficients, corresponding loss values and gradi-

ent update directions.

and arises because the decision-making layer P (·) is a monotone-decreasing vector-

valued function. In the Generalized Update, the gradient directions are consistently

maintained and parametrized by α, which determines whether the update increases or

decreases the predicted cost. This design ensures that the update rule preserves the

essential directional information provided by the monotonicity of P (·).

Example 3.2 (Illustrative Example of the Generalized Update Method) Let’s con-

sider Example 3.1 from a geometric perspective. For visualization, we simplify the

scenario by setting N = 2, meaning we have two stocks, AAA and BBB, and we

restrict the strategy space to five discrete options:

S =

{(√
2

2
,

√
2

2

)
,

(√
2

2
,−
√
2

2

)
,

(
−1

2
,−1

)
,

(
−1,−1

2

)
,

(
−
√
2

2
,

√
2

2

)}
.

(3.8)

Each strategy is assigned a unique colour: blue, orange, green, red, and purple, re-

spectively. Figure 3.2 illustrates the geometric interpretation of the risk minimization

process and provides additional insight into how the model updates its predictions

based on the cost minimization principle.

Moreover, Figure 3.2 reveals that, for any given price cost vector z, the predicted
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investment ŝ ∈ S is computed by P (z) such that the inner product with the risk vector

z is maximized. This selection process follows directly from the linear programming

formulation, where the goal is to minimize the overall cost ϕ(z, ŝ) by selecting the

strategy that best aligns with the current risk profile. As defined, the inner product

z⊤s = ∥z∥∥s∥ cos(θ) quantifies the alignment between z and the strategy vector s; a

smaller angle θ corresponds to a higher inner product.

Without loss of generality, for this hypothetical example, we selected the green strat-

egy, i.e., s(3) = (−1
2
,−1), as the true investment strategy under the given scenario

x. Figure 3.2 also shows that applying the Generalized Update rule (Equation 3.6)

helps Fθ adjust its hyperparameters θ so that the predicted risk vector z converges

towards the optimal solution s(2). This demonstrates that the update mechanism ef-

fectively reduces the discrepancy between the predicted and true strategies even with

a minimal approximation of the gradient direction.

3.4 Relation to Existing Gradient-Approximation Methods

To understand the motivations behind the Generalized Update method, it is critical to

examine foundational methodologies like the Straight-Through Estimator [31] (STE),

the Perceptron algorithm [16], and Maximum Likelihood Estimation (MLE) [144].

These methods have shaped the development of modern techniques for handling

piecewise linear components, discrete decision-making, and probabilistic learning.

Perceptron The Perceptron algorithm [16] is one of the earliest examples of gradient-

based learning. Recalling from Eq. (1.1) and Eq. (1.2), it models binary decision-

making through a simple linear classifier. During training, weights are updated using

the rule:

θ ← θ + η(y − ŷ)x, (3.9)

where η is the learning rate, (y − ŷ) represents the error, θ represents the weights,

and x is the input.

Corollary 3.1 (Perceptron Algorithm) The derivation for a single-layer perceptron

classifier with the thresholding function simplifies to the perceptron update rule (3.9).
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Proof sketch. Since the Heaviside step function (1.1) is an increasing function, i.e.

α = 1, our assumption on the loss function ∂L
∂s

= ŷ − y indicates that,

∂L
∂z

= α(ŷ − y) where α = 1. (3.10)

Therefore, the gradient of the loss function with respect to the neural network’s weight

θ is:
∂L
∂θ

=
∂L
∂z

∂z
∂θ

= (ŷ − y)x. (3.11)

Finally, using an iterative optimization approach like gradient descent uses the deriva-

tive as below

θt+1 = θt − ηt
∂L
∂θ

= θt − ηt(ŷ − y)x. (3.12)

Here is exactly the perceptron update rule.

Straight-Through Estimator (STE) The Straight-Through Estimator [31] is piv-

otal in Binarized Neural Networks [17], where weights are constrained to binary val-

ues ({−1, 1}) for memory efficiency and computational speed. Similarly, XNOR-

Net [18] extends this idea to binary convolutional neural networks, using STE to

backpropagate gradients through discrete activations and weights. These innovations

enabled efficient implementations of deep networks on resource-constrained devices.

While STE is effective for tasks requiring discrete decision-making, it introduces

challenges such as gradient mismatch between the forward and backward passes. De-

spite these limitations, it remains a foundational tool for handling non-differentiability

in modern neural networks.

STE provides a straightforward approach to handling non-differentiable functions,

such as thresholding (3.13), in neural networks:

P (x)STE =




1 if x ≥ 0,

0 otherwise.
(3.13)

As it can be seen, the derivative will be zero or undefined during back-propagation,

and therefore, the gradient wont propagate anything informative, since the preceding

layers’ weights won’t get updated. STE sets the incoming gradients to a threshold

function equal to its outgoing gradients, disregarding the derivative of the threshold

function itself. That is:

∆zSTE = 1. (3.14)
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The Universite Update rule also corresponds to the same gradient approximation since

the thresholding function (3.13), is an increasing function.

Maximum Likelihood Estimation (MLE) Although the Generalized Update method

directly tackles the issue of missing or zero gradients in PFCs, its underlying princi-

ple of adjusting model parameters based on discrepancies between predictions and

targets aligns closely with the essence of MLE. In MLE, model parameters are cho-

sen to maximize the likelihood of observed data (or equivalently, to minimize the

negative log-likelihood), which often reduces to updating parameters in proportion to

the difference between predicted probabilities and ground-truth outcomes. This core

idea of “error-based” parameter updates in MLE parallels the way Generalized Up-

date derives its approximate gradient direction from discrepancies between P (z) and

its target P (z)∗. Consequently, while Generalized Update is designed to handle non-

differentiable functions by enforcing monotonic consistency, it naturally resonates

with MLE’s principle of aligning predictions with observations through gradient-

based adjustments.

Maximum Likelihood Estimation [144] statistical method to find the values of param-

eters θ in a probability distribution that make the observed data z most likely. Given

data D = {xi}Ni=1 and a model Fθ (x), MLE optimizes:

θ⋆ = argmax
θ

N∏

i=1

Fθ (x) , (3.15)

which, equivalently, minimizes the negative log-likelihood:

L(θ) = −
N∑

i=1

log Fθ (x) . (3.16)

In general, there is no analytical solution of this maximization problem and a solution

must be found numerically [144].

MLE plays a crucial role in modern methods, such as Implicit MLE [52], which ex-

tends MLE to discrete exponential family distributions using implicit differentiation:

∂L
∂θ

=
∂

∂θ
logZ(θ)− EFθ(x)

[
∂f(x; θ)

∂θ

]
, (3.17)

where Z(θ) is the normalization constant.
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Discrete Variational Autoencoders (VAEs) [51] also incorporate MLE principles by

introducing reparameterization techniques for discrete latent variables. This allows

gradient-based learning of probabilistic models with structured outputs.

MLE’s focus on parameter estimation underpins probabilistic approaches in machine

learning, from classical models to modern generative frameworks.

Corollary 3.2 (Logistic Regression) The Derivation for Classifier with Sigmoid Ac-

tivation.

In the logistic regression model, the output variable yi is a Bernoulli random variable,

and

Pr(yi = 1 | x, θ) = Plogistic(xiθ) = ŷi, (3.18)

where

Plogistic(t) =
1

1 + exp(−t) , (3.19)

is the (sigmoid) logistic function, xi is a 1 × K vector of inputs, and θ is a K × 1

vector of coefficients. The vector of coefficients θ is the parameter to be estimated by

maximum likelihood.

Assuming that the estimation is carried out with an identical and independent dis-

tributed sample comprising N data points (yi, xi) for i = 1, . . . , N .

The likelihood of an observation (yi, xi) can be written as

L(θ;yi, xi) = [Plogistic(xiθ)]yi [1− Plogistic(xiθ)]1−yi = ŷyi

i (1− ŷi)
1−yi . (3.20)

Let y be the N × 1 vector of all outputs, and x be the N ×K matrix of all inputs.

Since the observations are identical and independent distributed, the likelihood of the

entire sample is equal to the product of the likelihoods of the single observations:

L(θ;y, x) =
N∏

i=1

ŷyi

i (1− ŷi)
1−yi . (3.21)

The negative log-likelihood of the logistic model is

L(ŷ,y) := − lnL(θ;y, x) = −
N∑

i=1

(
yi ln ŷi + (1− yi) ln(1− ŷi)

)
. (3.22)
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Let z = xiθ to follow our conventional notation and recall ŷ = Plogistic(z). Then, the

gradient of negative log-likelihood with respect to z follows:

∂L
∂z

= −
N∑

i−1

(
y

ŷ

∂Plogistic

∂z
− 1− y

1− ŷ

∂Plogistic

∂z

)
. (3.23)

since the gradient of the (sigmoid) logistic function is ∂Plogistic

∂z = ŷ(1 − ŷ), Equation

(3.23) simplifies,
∂L
∂z

= −
N∑

i−1

y(1− ŷ) + (1− y)ŷ. (3.24)

Therefore, we can deduce that ∂L
∂s

= ŷ − y.

The foundational methods—STE, Perceptron, and MLE—are often integrated into

more complex architectures to address challenges in non-differentiability, structured

prediction, and probabilistic modeling. For example, Learning with Differentiable

Perturbed Optimizers [44] combines MLE principles with perturbation-based gradi-

ent approximations, while Binarized Neural Networks [17] extend STE for efficient

learning on discrete weight spaces.

By embedding these methodologies into differentiable layers, modern approaches en-

able end-to-end training across a wide range of applications, including object detec-

tion, reinforcement learning, and decision-focused tasks.

56



CHAPTER 4

EXPERIMENTS

This chapter evaluates the Generalized Update framework on three challenging tasks:

the Warcraft Shortest Path problem, semantic segmentation using Conditional Ran-

dom Fields (CRF), and object detection with DETR. In the first experiment, optimal

paths are inferred from terrain maps by combining CNN-based cost predictions with

Dijkstra’s algorithm. The second experiment refines segmentation outputs by lever-

aging global contextual information. The third experiment examines the integration

of DETR with a differentiable assignment method based on the Sinkhorn-Knopp al-

gorithm for 2D object detection. Our results demonstrate that Generalized Update

outperforms established baselines, highlighting its robustness and scalability across

diverse optimization challenges.

4.1 Warcraft Shortest Path Problem

The Warcraft Shortest Path problem is a combinatorial optimization challenge that

involves finding the minimum-cost path on a terrain map. The dataset used for

this problem consists of 10,000 randomly generated maps from the Warcraft II tile-

set [145]. Each map represents a k×k grid, where k ∈ {12, 18, 24, 30}. Every vertex

on the grid corresponds to a specific terrain type, each associated with a fixed traver-

sal cost. However, these costs are not explicitly provided to the learning model; they

must be inferred based on the terrain image.

Problem The task requires determining the shortest path (minimum total cost) from

the top-left corner to the bottom-right corner of the grid. The true shortest path for

each map is encoded as an indicator matrix, which serves as the ground truth label
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Figure 4: The SP(k) dataset. (a) Each input is a k × k grid of tiles corresponding to a Warcraft II
terrain map, the respective label is a the matrix indicating the shortest path from top left to bottom
right. (b) is a different map with correctly predicted shortest path.

Architecture. An image of the terrain map is presented to a convolutional neural network which
outputs a k × k grid of vertex costs. These costs are then the input to the Dijkstra algorithm to
compute the predicted shortest path for the respective map. The loss used for computing the gradient
update is the Hamming distance between the true shortest path and the predicted shortest path.

Table 2: Results for Warcraft shortest path. Reported is
the accuracy, i.e. percentage of paths with the optimal costs.
Standard deviations are over five restarts.

Embedding Dijkstra ResNet18
k Train % Test % Train % Test %
12 99.7± 0.0 96.0± 0.3 100.0± 0.0 23.0± 0.3
18 98.9± 0.2 94.4± 0.2 99.9± 0.0 0.7± 0.3
24 97.8± 0.2 94.4± 0.6 100.0± 0.0 0.0± 0.0
30 97.4± 0.1 94.0± 0.3 95.6± 0.5 0.0± 0.0

Results. Our method learns to pre-
dict the shortest paths with high ac-
curacy and generalization capability,
whereas the ResNet18 baseline un-
surprisingly fails to generalize al-
ready for small grid sizes of k =
12. Since the shortest paths in the
maps are often nonunique (i.e. there
are multiple shortest paths with the
same cost), we report the percentage
of shortest path predictions that have
optimal cost. The results are summa-
rized in Tab. 2.

4.2 GLOBE TRAVELING SALESMAN PROBLEM

Problem input and output. The training dataset for problem TSP(k) consists of 10000 examples
where the input for each example is a k-element subset of fixed 100 country flags and the label
is the shortest traveling salesman tour through the capitals of the corresponding countries. The
optimal tour is represented by its adjacency matrix (see also Fig. 5). We consider datasets TSP(k)
for k ∈ {5, 10, 20, 40}.
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1 . . . 0


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k × k adjacency matrix
with optimal TSP tour

(a) (b)

Figure 5: The TSP(k) problem. (a) illustrates the dataset. Each input is a sequence of k flags and
the corresponding label is the adjacency matrix of the optimal TSP tour around the corresponding
capitals. (b) displays the learned locations of 10 country capitals in southeast Asia and Australia,
accurately recovering their true position.

7

Figure 4.1: A sample terrain map from the Warcraft II tileset overlaid with the optimal

shortest path from the top-left to the bottom-right corner. Each cell represents a ter-

rain type with an inferred traversal cost, illustrating the challenge of determining the

minimum-cost path in the Warcraft Shortest Path problem. [Figure taken from: [6]]Published as a conference paper at ICLR 2020

Input (e.g. image)

NN layers / convolutions Blackbox combinatorial solver

learned

representation
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 (optional)
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Figure 1: Architecture design enabled by Theorem 1. Blackbox combinatorial solver embedded into
a neural network.

objective function. This effectively turns the algorithm or solver into a composable building block
of neural network architectures, as illustrated in Fig. 1. Suitable problems with linear objective
include classical problems such as SHORTEST-PATH, TRAVELING-SALESMAN (TSP), MIN-COST-
PERFECT-MATCHING, various cut problems as well as entire frameworks such as integer programs
(IP), Markov random fields (MRF) and conditional random fields (CRF).

The main technical challenge boils down to providing an informative gradient of a piecewise con-
stant function. To that end, we are able to heavily leverage the minimization structure of the un-
derlying combinatorial problem and efficiently compute a gradient of a continuous interpolation.
While the roots of the method lie in loss-augmented inference, the employed mathematical tech-
nique for continuous interpolation is novel. The computational cost of the introduced backward
pass matches the cost of the forward pass. In particular, it also amounts to one call to the solver.

In experiments, we train architectures that contain unmodified implementations of the fol-
lowing efficient combinatorial algorithms: general-purpose mixed-integer programming solver
Gurobi (Gurobi Optimization, 2019), state-of-the-art C implementation of MIN-COST-PERFECT-
MATCHING algorithm – Blossom V (Kolmogorov, 2009) and Dijkstra’s algorithm (Dijkstra, 1959)
for SHORTEST-PATH. We demonstrate that the resulting architectures train without sophisticated
tweaks and are able to solve tasks that are beyond the capabilities of conventional neural networks.

2 RELATED WORK

Multiple lines of work lie at the intersection of combinatorial algorithms and deep learning. We
primarily distinguish them by their motivation.

Motivated by applied problems. Even though computer vision has seen a substantial shift from
combinatorial methods to deep learning, some problems still have a strong combinatorial aspect and
require hybrid approaches. Examples include multi-object tracking (Schulter et al., 2017), semantic
segmentation (Chen et al., 2018), multi-person pose estimation (Pishchulin et al., 2016; Song et al.,
2018), stereo matching (Knöbelreiter et al., 2017) and person re-identification (Ye et al., 2017). The
combinatorial algorithms in question are typically Markov random fields (MRF) (Chen et al., 2015),
conditional random fields (CRF) (Marin et al., 2019), graph matching (Ye et al., 2017) or integer
programming (Schulter et al., 2017). In recent years, a plethora of hybrid end-to-end architectures
have been proposed. The techniques used for constructing the backward pass range from employing
various relaxations and approximations of the combinatorial problem (Chen et al., 2015; Zheng
et al., 2015) over differentiating a fixed number of iterations of an iterative solver (Paschalidou
et al., 2018; Tompson et al., 2014; Liu et al., 2015) all the way to relying on the structured SVM
framework (Tsochantaridis et al., 2005; Chen et al., 2015).

Motivated by “bridging the gap”. Building links between combinatorics and deep learning can
also be viewed as a foundational problem; for example, (Battaglia et al., 2018) advocate that “com-
binatorial generalization must be a top priority for AI”. One such line of work focuses on designing
architectures with algorithmic structural prior – for example by mimicking the layout of a Turing
machine (Sukhbaatar et al., 2015; Vinyals et al., 2015; Graves et al., 2014; 2016) or by promoting
behaviour that resembles message-passing algorithms as it is the case in Graph Neural Networks and

2

Figure 4.2: Blackbox Backprop [6] Network architecture for the Warcraft Shortest

Path problem. The diagram illustrates how a CNN predicts vertex costs from terrain

maps, which are then used by Dijkstra’s algorithm to compute the optimal path. [Fig-

ure taken from: [6]]

for training. This problem serves as a benchmark for testing models’ ability to solve

complex combinatorial problems using machine learning techniques.

Network To tackle this problem, a convolutional neural network (CNN) is em-

ployed. The CNN processes the terrain map images x and predicts a k × k grid

of vertex costs z, representing the inferred traversal costs for each terrain type. These

predicted costs are then input into Dijkstra’s shortest path algorithm PSP:

PSP(z) = minimize
s∈Spaths

s⊤z, (4.1)

which computes the shortest path across the map.
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Objective The training objective is defined using the ground truth and predicted

shortest paths. This loss function effectively measures the deviation of the model’s

predictions from the ground truth, guiding the optimization process during training:

L(ŷ,y) =
k∑

i=0

∥ŷi − yi∥1, (4.2)

where ŷ = PSP(z). The performance of the Generalized Update method and other

benchmarks is evaluated across various grid resolutions (k ∈ {12, 18, 24, 30}) to as-

sess its robustness and scalability.

Table 4.1: Accuracy results for solving the Warcraft Shortest Path problem across

different grid resolutions using various methods.

Resolution

Method 12×12 18×18 24×24 30×30

ResNet18 46.1% 0.8% 0.0% 0.0%

STE [Dijkstra] [69] 13.2% 0.2% 0.0% 0.0%

BB [Dijkstra] [6] 95.4% 94.8% 94.4% 93.6%

CombOpt [Dijkstra] [146] 95.3% 94.3% 93.5% 93.4%

UnivUpd [Dijkstra] 96.2% 95.2% 94.5% 95.1%

Results The Generalized Update approach outperforms existing methods in accu-

racy and generalization, as demonstrated by its high performance even on larger grid

resolutions. This validates its effectiveness as a scalable and robust solution to com-

binatorial optimization problems, such as the Warcraft Shortest Path. The consistent

performance across resolutions highlights the potential of Generalized Update in ap-

plications requiring precision and efficiency in decision-making tasks.

4.2 Semantic Segmentation Problem

The Conditional Random Fields (CRF) experiment evaluates the effectiveness of the

Generalized Update framework. It uses the widely recognized PASCAL VOC 2012

segmentation dataset [7, 98], which comprises diverse images annotated with pixel-

level labels for 20 object classes (i.e. categories). Figure 4.3 shows object-level and

class-level segmentation on an example image in PASCAL VOC. This dataset serves
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(a)

(b)

(c)

(d)

Fig. 1 Sample images from the Pascal dataset. a Each image has an
annotation file giving a bounding box and object class label for each
object in one of the twenty classes present in the image. Note that mul-
tiple objects from multiple classes may be present in the same image.
Annotation was performed according to a set of guidelines distributed
to all annotators. b A subset of images are also annotated with pixel-
wise segmentation of each object present, to support the segmentation
competition. Segmentations are annotated at the object and object class

level. c Images for the action classification task are disjoint from those
of the classification, detection and segmentation tasks. They have been
partially annotated with people, bounding boxes, reference points and
their actions. Annotation was performed according to a set of guide-
lines distributed to all annotators. d Images for the person layout taster,
where the test set is disjoint from the main tasks, have been additionally
annotated with parts of the people (head, hands and feet)

123

Figure 4.3: Example segmentation from the PASCAL VOC 2012 dataset. The left

figure shows the original image from the PASCAL VOC 2012 segmentation dataset.

The middle figure depicts the object-level segmentation where the chairs are seg-

mented into distinct regions with colours such as blue, red, green, and yellow, while

the background is marked in black. The right panel shows the class-level segmenta-

tion, where all chairs are uniformly labelled in red, and the background is depicted in

black. [Figure taken from: [7]]

as a benchmark for assessing segmentation accuracy and the ability to incorporate

context into predictions.

Problem The task for the Conditional Random Fields (CRF) experiment involves

refining semantic segmentation outputs to achieve more precise pixel-level object

categorization. Given an input image, the goal is to assign each pixel to one of sev-

eral predefined object classes while maintaining consistency in spatial and contextual

relationships. The CRF acts as a postprocessing step to smooth the initial segmenta-

tion predictions by considering the global image context and enforcing coherence in

labelling. This task serves as a benchmark for evaluating the ability of models to in-

tegrate local predictions with global dependencies, thereby testing their effectiveness

in improving segmentation accuracy through advanced optimization frameworks.

Network In this experiment, the CRF is applied as a postprocessing step to refine the

initial segmentation outputs generated by a deep neural network. Due to its strong fea-

ture extraction capabilities, the baseline model is a ResNet50 [59], a widely adopted

backbone for segmentation tasks. The Generalized Update framework is integrated

into the CRF pipeline to improve the model’s ability to capture spatial relationships

and contextual dependencies in the image.

Objective The segmentation process begins with a deep neural network Fθ(X),
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where X ∈ RH×W×3 is the input image and Fθ(X) = z provides initial pixel-wise

label predictions, with z ∈ RH×W×K (where K is the number of classes). These pre-

dictions serve as the unary potentials for the subsequent CRF refinement. The CRF

defines an energy function that integrates the network outputs with pairwise interac-

tions between pixels:

E(s | z) =
∑

i∈V

ψu(si, zi) +
∑

(i,j)∈E

ψp(si, sj), (4.3)

where V is the set of all pixels (with s ∈ R|V|) and E denotes the set of neighboring

pixel pairs. The unary potential ψu(si, zi) leverages the network prediction for pixel

i, while the pairwise potential ψp(si, sj) enforces spatial and contextual consistency

between adjacent pixels. The final segmentation is obtained by solving the following

minimization problem:

P (z) = minimize
s∈R|V|

E(s | z). (4.4)

The refined segmentation s∗ is then evaluated using the Mean Intersection-over-Union

(Mean IU) metric, which quantifies the overlap between the refined segmentation and

the ground truth labels.

Table 4.2: Mean IU accuracy results on segmentation with Conditional Random Field.

Method CRF Postprocess

ResNet50 [59] 77.70%

CRFasRNN [147] 74.40%

UnivUpd [CRF]-Estim. 70.37%

UnivUpd [CRF] 78.35%

Evaluation The performance results are summarized in Table 4.2. The Generalized

Update-enhanced CRF achieves a Mean IU of 78.35%, outperforming the baseline

ResNet50 (77.70%) and CRFasRNN (74.40%) models. These results demonstrate

that the Generalized Update framework effectively improves the segmentation quality

by leveraging its capacity.

Notably, the Generalized Update framework surpasses traditional CRF postprocess-

ing techniques and provides a more consistent and robust approach to segmentation
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refinement. This improvement highlights Generalized Update’s adaptability to vari-

ous tasks and datasets, establishing its value as a versatile tool for semantic segmen-

tation tasks.

4.3 COCO Object Detection Problem with DETR

This experiment explores the integration of the Sinkhorn-Knopp algorithm (Alg. 1)

into the assignment step of DETR [5] for the 2D object detection problem. By replac-

ing the traditional, non-differentiable, Hungarian matching method with a differen-

tiable optimal transport-based approach, we aim to enhance assignment stability and

overall detection performance on complex scenes from the COCO dataset [148].

Problem The task for object detection involves assigning a set of predicted an-

chors A = {a(i)}Ni=1 = {(ĉi, b̂i)}Ni=1 to the corresponding ground truth objects G =

{g(j)}Mj=1 = {(cj,bj)}Mj=1. As introduced in Section 2.2.1, each predicted anchor a(i)

comprises a class label ĉi ∈ C = {c1, c2, . . . , cK , cbg}, where cbg denotes the back-

ground class, and a bounding box b̂i ∈ R4, parameterized as (xi, yi, wi, hi). There-

fore, The fundamental problem is to perform a one-to-one matching between the set

of predicted anchors and a subset of ground truths.

Traditional DETR [5] employs Hungarian matching algorithm [149] to compute the

one-to-one assignment matrix S, that minimizes the pairwise assignment cost matrix

C ∈ RN×M , but this approach is differentially intractable and can stall end-to-end

training. In this experiment, we replace Hungarian matching with the Sinkhorn-

Knopp algorithm (Alg. 1), an optimal transport-based method designed to yield a

differentiable and robust assignment, ultimately improving detection performance on

challenging scenes from the COCO dataset [148].

Network A transformer-based object detector workflow can be broken into three

main stages: feature extraction, transformer encoding and decoding, and object pre-

diction.

During feature extraction stage, the input image I ∈ RH×W×3 is processed by a CNN

backbone, such as ResNet, to extract feature maps F ∈ RHf×Wf×D, where Hf and
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Wf are the height and width of the feature map, and D is the feature depth. These

feature maps are flattened into a sequence of vectors X ∈ R(Hf ·Wf )×D, which serve

as input to the transformer. Positional encodings P ∈ R(Hf ·Wf )×D are added to X to

retain spatial information:

Xinput = F+P. (4.5)

In the transformer encoding and decoding stage, the transformer encoder processes

Xinput using multi-head self-attention and feed-forward layers to capture global con-

text across the image. The output of the encoder is a set of encoded features Ze ∈
R(Hf ·Wf )×D, where:

Ze = softmax
(
Qe ·K⊤

e√
D

)
·Ve, (4.6)

and Qe,Ke,Ve represent the query, key, and value matrices derived from the input

sequence.

The decoder takes as input a fixed set of N learnable object queries Qd ∈ RN×D,

which interact with the encoded features through cross-attention:

Zd = softmax
(
Qd ·K⊤

e√
D

)
·Ve. (4.7)

The decoder refines these queries over multiple layers, each predicting intermediate

object representations.

Finally, in the object prediction stage, the refined queries Zd are mapped to object

predictions using two parallel feed-forward networks (FFNs): A classification head

predicts each query’s class label ci. A regression head predicts the bounding box bi,

parameterized as (xi, yi, wi, hi).

Objective During training, the following objective function is minimized:

L
({
a(i)
}N
i=0

,
{
g(σ(i))

}N
i=0

)
=

N∑

i=1

Lcls
(
ci, ĉσ(i)

)
+ λLloc

(
bi, b̂σ(i)

)
, (4.8)

where Lcls denotes the classification loss, Lloc represents the localization loss, and λ is

a balancing hyperparameter. Here, σ is a permutation function that defines the optimal

assignment between the N predicted anchors and the ground truth objects. In other

words, σ(i) indicates the index of the ground truth object that is matched to the ith

prediction. This optimal assignment is typically determined by a matching algorithm
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(e.g., Hungarian matching or an optimal transport-based approach), ensuring a one-

to-one correspondence between predictions and ground truth, which is crucial for

correctly computing the loss during training.

In DETR [5], the matching between a predicted anchor a(i) and a ground truth object

g(j) is quantified by a combined loss L defined as a weighted sum of three compo-

nents:

LDETR = λcls Lcls + λbbox Lbbox + λiou Liou. (4.9)

The classification loss encourages correct class prediction by penalizing low proba-

bility for the target class ℓj . It is defined as

Lcls(a
(i), g(j)) = − log

(
p
(i)
ℓj

)
. (4.10)

The bounding box loss measures the discrepancy between the predicted bounding box

b(i) and the ground truth bounding box b(j) using the L1 norm, thereby promoting

precise localization:

Lbbox(a
(i), g(j)) = ∥b(i) − b(j)∥1. (4.11)

The IoU loss is designed to enhance the spatial overlap between the predicted and

ground truth boxes and is formulated as follows:

Liou(a
(i), g(j)) = 1− IoU(b(i),b(j)). (4.12)

Together, these unified loss components form the overall loss L, guiding the optimal

matching process during training by addressing classification and localization in a co-

herent framework. The overall goal is to enhance detection accuracy and convergence

stability, as measured by the mean Average Precision (mAP) on the COCO dataset.

Results Figure 4.4 reveals a significant performance gap between the traditional

DETR [5] using Hungarian matching [149] and the Sinkhorn-Knopp [130] assign-

ment approach. The baseline DETR attains nearly 25 mAP within 24 epochs, demon-

strating rapid convergence and effective matching. In contrast, our Sinkhorn-Knopp-

based approach remains stalled at approximately 13-14 mAP even after 36 epochs,

maintaining this suboptimal performance for over 10. This discrepancy suggests that

the optimal transport-based assignment while offering differentiability, may suffer

from reduced versatility and a coarse approximation of the matching process. These
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Figure 4.4: The comparison of the mean Average Precision (mAP) over training

epochs for DETR using two different assignment strategies: the traditional Hungarian

matching and the Sinkhorn-Knopp algorithm.

limitations likely contribute to the slower convergence and lower detection accu-

racy observed. Future work should focus on refining the Sinkhorn-Knopp integra-

tion—through improved parameter tuning or enhanced approximation techniques—to

better harness its theoretical benefits in end-to-end object detection scenarios.

4.4 Summary

Performance Analysis The experimental results show that the Generalized Update

framework works effectively across different tasks. In the Warcraft Shortest Path

problem, it consistently achieved higher accuracy across all grid resolutions. In

semantic segmentation, the Generalized Update-enhanced CRF reached the highest

Mean IU accuracy on the PASCAL VOC 2012 dataset. However, in the DETR exper-

iment, while the Hungarian matching baseline model reached nearly 25 mAP within

24 epochs, the Sinkhorn-Knopp approach remained around 13-14 mAP even after 36

epochs. This indicates that the Sinkhorn-Knopp method may not accurately approxi-
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mate the matching process in this context.

Scalability and Robustness The framework shows good scalability and robustness

in some tasks. Its performance stayed stable in the shortest path problem even when

the grid size increased. Similarly, the framework effectively integrated contextual

information in semantic segmentation to improve object boundaries. On the other

hand, the DETR experiment reveals that the Sinkhorn-Knopp approach may have

limitations in handling complex object detection scenarios, as evidenced by its lower

and stagnant mAP values.

Generalization Across Problems A major advantage of the Generalized Update

framework is its potential to generalize across various tasks. While our experiments

focused on the shortest path problem, semantic segmentation, and 2D object detection

with DETR, the framework’s underlying principles can be applied to other areas, such

as portfolio optimization, scheduling, and other combinatorial problems. Its ability to

integrate with different models makes it a promising tool for many applications that

require efficient and accurate solutions.
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CHAPTER 5

CONCLUSION

In this thesis, we focused on integrating discrete decision-making processes, such as

the PFC layer, with gradient-based iterative optimization techniques in deep learning.

This integration is essential for developing models capable of handling complex tasks

that require structured predictions and flexible learning.

5.1 Summary of Contributions and Results

The Generalized Update framework tackles the challenge of incorporating PFC layer

components —including methods such as Dijkstra’s algorithm and Conditional Ran-

dom Fields (CRFs)— into neural networks. By approximating gradients for piece-

wise linear functions with constant regions (PFCs), our approach enables end-to-end

training while preserving the behaviour of combinatorial solvers.

As seen in Table 4.1, our method achieved state-of-the-art performance in the War-

craft Shortest Path problem across various grid resolutions, outperforming ResNet,

STE, and CombOpt. For example, our approach reached 96.2% accuracy on 12×12

grids and maintained 95.1% accuracy on 30×30 grids, demonstrating good scalabil-

ity. In semantic segmentation, integrating CRFs via Generalized Updates improved

the Mean IU on the PASCAL VOC 2012 dataset to 78.35%, surpassing the perfor-

mance of both ResNet50 (77.70%) and CRFasRNN (74.40%) baselines (Table 4.2).

However, our experiments with DETR revealed a different outcome. When replacing

Hungarian matching with the Sinkhorn-Knopp algorithm for object assignment, the

detection performance did not improve. As plotted in Figure 4.4, the baseline DETR
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achieved nearly 25 mAP at 24 epochs, while the Sinkhorn-Knopp method stalled at

around 13–14 mAP even after 36 epochs. This suggests that the differentiable assign-

ment provided by the Sinkhorn-Knopp algorithm may offer a coarser approximation

and lacks the versatility needed for optimal performance in this context.

5.2 Limitations and Future Work

Despite these advancements, our proposed methods have limitations. The Sinkhorn-

Knopp algorithm introduces additional computational overhead due to its iterative

matrix operations, which can slow down training in high-dimensional scenarios. Ad-

ditionally, the Generalized Update framework requires careful tuning of hyperpa-

rameters to ensure stable gradient approximations, particularly in environments with

noisy or sparse data. Our evaluations have so far focused primarily on computer

vision tasks; broader validation in areas such as natural language processing or rein-

forcement learning is needed.

Future work should concentrate on optimizing the computational efficiency of these

methods-potentially through sparsity-aware implementations of the Sinkhorn-Knopp

algorithm or adaptive regularization schedules. Extending the Generalized Update

framework to additional domains, such as graph-based tasks or sequence modeling,

would further demonstrate its generalizability. Addressing these challenges will ad-

vance the integration of discrete and continuous learning paradigms and help develop

more adaptable and efficient models for real-world applications.
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