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Physics Department, METU

Assoc. Prof. Dr. Güray Erkol
Department of Natural and Mathematical Sciences,
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ABSTRACT

HEAVY MESONS IN HEAVY QUARK EFFECTIVE THEORY

Elpe, Altuğ

M.S., Department of Physics

Supervisor : Prof. Dr. Altuğ Özpineci

September 2016, 70 pages

In this thesis heavy quark effective theory is studied. Typical interaction momen-
tum between constituents of a meson is about 300MeV where QCD is in its non-
perturbative region. Although there is no solution to QCD in this region information
can be obtained by using effective field theories. The heaviest quarks have mass much
greater than ΛQCD. This property is used to construct an effective field theory in the
infinite mass limit by modifying the QCD Lagrangian. The residual motion and the
spin interactions of the heavy quark are shown to be suppressed by the heavy quark
mass. This leads to the formation of degenerate spin doublets of B and D mesons.
Also it is predicted that the change in mass when the light quark flavor is changed
is the same between B and D mesons. Then HQET is used to study semileptonic
B → D decays upto the first order in perturbative series. In the end Vcb is calculated.

Keywords: Heavy Quark Effective Theory, Non-perturbative QCD, Meson Mass,
Semileptonic Decay, CKM Matrix Element
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ÖZ

AĞIR QUARK ETKİN KURAMINDA AĞIR MEZONLAR

Elpe, Altuğ

Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi : Prof. Dr. Altuğ Özpineci

Eylül 2016 , 70 sayfa

Bu tezde ağır kuark etkin teori çalışıldı. Bir mezonun içeriğindekilerin etkileşim mo-
mentumu yaklaşık 300MeV düzeyindedir ki bu KRD’nin tedirgemesiz bölgesindedir.
Bu bölgede KRD’nin çözümü olmasa bile etkin teori kullanılarak bilgi elde edilebilir.
En ağır kuarkların kütleleri ΛQCD’ den çok büyüktür. Bu özellik kullanılarak sonsuz
kütle limitinde KRD Lagrangian’ ı modifiye edilerek etkin teori kuruldu. Ağır kuar-
kın hareketinin ve spin etkileşiminin kütle ile baskılandığı gösterildi. Sonuç olarak
B ve D mezonlarının spin çiftleri arasında yaklaşık olarak kütle farkının olmayacağı
öngörüldü. Ayrıca B ve D mezonlarının hafif serbestlik derecelerinin farklı çeşni-
ler için kütle farkının yaklaşık olarak aynı olacağı öngörüldü. Daha sonra teori yarı
leptonik B → D bozunmalarını çalışmak için kullanıldı ve tedirgenme serisi birinci
seviyesine kadar hesap yapıldı. Tez Vcb bulunarak bitirildi.

Anahtar Kelimeler: Ağır Kuark Etkin Teori, Tedirgemesiz KRD, Mezon Kütlesi, Ya-
rıleptonik Bozunma, CKM Matris Elemanı
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CHAPTER 1

INTRODUCTION

In the sixties, the studies on hadrons suggested that they were made up of sub-

hadronic constituents. This quickly led to the search for the internal dynamics. In

order to probe the internal structure of a hadron with high resolution, beams of elec-

tron with high energies were used in scattering experiments. The majority of the

scatterings happened in the deep inelastic region of the phase space [2]. Bjorken

argued that in these deep inelastic scatterings the structure function scales with the

ratio square of transferred momentum over energy transfer q2/ν. Later this argument

is confirmed with the experiment. This scaling is explained by assuming electrons

scatter off almost free, point like constituents which were called partons. The scaling

also implies that the interactions between partons becomes weak at short distances.

Later partons are identified with quarks [3].

The behavior of interactions is explained by non-Abelian gauge field theory. Its basic

property is the generators of the symmetry group do not commute. It exhibits the

desired property which is called asymptotic freedom. The effective coupling con-

stant decreases at small distances and increases at long distances. Which is different

from Quantum Electrodynamics (QED) where effective coupling increases at small

distances and tends to zero at large distances [4].

Meanwhile there was also a requirement for a symmetry that is associated with non-

commutative algebra. SU(3) color symmetry, which gives quarks a color charge, is

proposed and the theory emerged by its combination with non-Abelian field theory

is called Quantum Chromodynamics (QCD). Just as in QED, where the interactions

between charged particles are mediated by a gauge boson called photon, in QCD in-

teractions between color charged quarks are also mediated by a gauge boson. This
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boson is called gluon due to its property of binding quarks together like glue. While

photons have no electric charge, gluons possess color charge and hence interacts with

each other.

1.1 Properties of Quarks

Quarks are fermionic particles that interacts via electromagnetic, gravitational, weak

and, strong interactions. There are currently six observed quarks that are classified

under three generations [5]. Theses quarks are; up u, down d, strange s, charm c,

bottom (or beauty) b and top (or truth) t quarks with generations u

d

  s

c

  b

t


Flavors of quarks are denoted by flavor quantum number. For example the charm

quark has the quantum number charmness C = 1 and the remaining flavor numbers,

strangeness S, bottomness B and topness T are zero. Similarly for t quark the quan-

tum numbers are T = 1, S = C = B = 0. The s quark has S = −1 and for b

quark B = −1. Their anti-quark counterparts have negative of their flavor numbers.

This quantum number is conserved under strong interactions [6]. The u and d quarks

are associated with another quantum number called isospin which will be covered in

chapter 1.4.

The quarks also possess electric charge of fractional values of elementary charge e.

Up, charm and top quarks have charge of 2/3e, while down, strange and bottom have

−1/3e. Then hadrons obtain the total charge of their constituent quarks. Proton made

of uud has charge +e and neutron udd has total of zero.

The idea behind generations is clear at this point. After the first generation (ud) new

observed quarks show similarities, having the same spin and interaction properties,

only difference is their masses. The masses are; up quark, mu = 2.3+0.7
−0.5MeV , down

quark, md = 4.8+0.5
−0.3MeV , strange quark, ms = 95 ± 5MeV , charm quark with

mc = 1.275 ± 0.025GeV , bottom quark, mb = 4.66 ± 0.03GeV and top quark,

mt = 173.21± 0.51± 0.71GeV [6]. Although flavor changing is not permitted with

strong interactions, later generation quarks tends to decay into early generations via

weak interaction.
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1.2 Color Confinement

Quarks carry one of the three color charges; red r, green g, blue b. In SU(3) color

group quarks belong to fundamental representation 3. Anti-quarks are different ob-

jects, carry anti-charges; r, g and b and belong to complex conjugate representation

3∗ [5]. Gluons on the other hand carry a charge and an anti-charge. A state with a

color and an anti-color charge corresponds to one of the irreducible representations

in 3⊗ 3∗.

3⊗ 3∗ = 1⊕ 8 (1.1)

Giving eight color octets; rb, rg, gb, gr, bg, br, 1√
2
(rr − gg), 1√

6
(rr + gg − 2bb) and

one singlet 1√
3
(rr + gg + bb) [7].

The colored objects however are not directly observed, but only colorless bound states

are observed. This phenomena is hypothesized as color confinement. In other words,

color carrying quarks or gluons are never observed on their own. Returning back to

the gluons, the singlet state cannot interact with strong interaction, and can leave a

hadron to exist on its own and even be undetectable. Hence there are only eight gluon

states that are color octets.

Hadrons can only appear as singlet states. Mesons; quark q - anti-quark q bound states

qq : 3⊗ 3∗ = 1⊕ 8 (1.2)

and baryons with three quarks

qqq : 3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10 (1.3)

has a possible singlet state required for confinement and observed experimentally.

Other non-singlet states with explicit color degrees of freedom are expected not to be

observed [3]. Diquarks

qq : 3⊗ 3 = 3∗ ⊕ 6 (1.4)

and four quark states

qqqq : 3⊗ 3⊗ 3⊗ 3 = 3⊕ 3⊕ 3⊕ 6∗ ⊕ 15⊕ 15⊕ 15⊕ 15. (1.5)

are examples of this situations.
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1.3 Asymptotic Freedom

In order to give a meaningful description of asymptotic freedom, the concept of

renormalization must be understood. Starting with any quantum field theory, while

calculating an integral over all momentum space such as a Green’s function, UV

divergences in loop diagrams would be encountered. These divergences can be re-

moved order by order in perturbation theory by rescaling and redefining parameters

like mass, coupling constant and field normalization factors according to the energy

scale at hand [8]. This process is called renormalization. There is not a unique way to

renormalize a theory and each different way to do is called renormalization scheme

(RS). Although they change the way of how things are calculated, the process must

leave the observable values unchanged [9]. RS inevitably introduces a mass scale µ

called renormalization scale. Then the intermediate parameters depend on RS and µ.

The simplest and most used scheme is MS and it is perturbative.

In QED the scale µ can be fixed to the masses of charged particles since they have

direct physical meaning. The perturbative series is asymptotic, meaning approxima-

tion to a quantity is improved by increasing the number of terms included up to a

maximum number of N∗ = 137 is reached. After this number terms gets too large

and series loses it’s meaning [8].

In QCD there is no natural choice for the scale µ as quark masses are not directly

observable due to confinement. It becomes an arbitrary value and the choice depends

on other things, such as convergence and simplicity of calculations. The coupling

constant gs or in a more convenient description αs = g2s
4π

is two order of magnitude

larger than QED coupling and the value of N∗ is of order 1 [8]. Therefore an appro-

priate choice of RS becomes important.

Asymptotic freedom is a property of QCD coupling scaled at high energies [5]. In-

troducing αs(µ2) from its relation to unrenormalized coupling constant αurs

αs(µ)Zα

(
αs(µ

2),
µ2

Λ2
UV

)
= αurs (1.6)

where Zα is the rescaling factor and Λ2
UV is the ultraviolet cut-off parameter[3]. This

corresponds to the differential equation,

µ2dαs
dµ2

= β(αs). (1.7)

4



The β(αs) function gives how fast the coupling changes while moving through the

energy scales. It remains finite as ΛUV → ∞ and how to calculate it through pertur-

bation theory is known.

β(αs) = −α2
s(β0 + β1αs + β2α

2
s + ...) (1.8)

At one loop, αs(µ2) can be written in terms of an overall scale ΛQCD

αs(µ
2) =

1

β0ln
(

µ2

ΛQCD

) (1.9)

ΛQCD is a dimensionful parameter of QCD and is measured to have the approximate

value of ≈ 300MeV [6]. It is the characteristic scale of QCD that also gives the

confinement at Rhad ≈ 1/ΛQCD ≈ 1fm. As the energy scale increases the relation

αs → 0 as µ → ∞ is obtained. Asymptotic freedom allows to use perturbation

theory. However for µ values close to ΛQCD coupling becomes large and perturbative

QCD breaks down.

1.4 Symmetries of QCD

The QCD Lagrangian is

L =
∑
i

ψi(x)(i /D −mi)ψi(x)− 1

4
Gµν(x)Gµν(x) (1.10)

where ψi(x) are fermion fields that corresponds to quarks, Dµ is the covariant deriva-

tive Dµ = ∂µ − igsAµ and Gµν(x) is field strength tensor Gµν = 1
gs

[Dµ, Dν ][4].

Noether theorem states that if equations of motion is invariant under a continuous

transformation of Lagrangian, then there is a conserved current corresponds to this

invariance [10]. This is the notion of symmetry. This current is given by

Jµ =
∂L

∂(∂µψ(x))
δψ −Kµ (1.11)

where δψ(x) corresponds to difference between transformed and the original fermion

field and ∂µKµ = L(ψ′(x), ∂µψ
′(x)) − L(ψ(x), ∂µψ(x)). Then the derivative of Jµ

is

∂µJ
µ(x) = 0. (1.12)
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If this current is localized in space, then the current corresponds to a conserved charge

Q.

Q =

∫
d3xJ0, dQ

dx0
= 0 (1.13)

The QCD Lagrangian also shows exact and approximate symmetries.

1. CP Symmetry

Parity is taking the symmetry of a system with respect to origin. The parity

operator P acts as [11],

P : (t, x, y, z) = (t,−x,−y,−z),

P 2 : (t, x, y, z) = P : (t,−x,−y,−z) = (t, x, y, z) (1.14)

Clearly the operator satisfies P 2 = 1, and acting it on a vector yields

P (~V ) = −~V (1.15)

Note that a cross product of two vectors transforms as

P (~V × ~W ) = P (~V )× P ( ~W ) = (−~V )× (− ~W ) = +~V × ~W. (1.16)

An object that acts like a vector under rotations but under parity transformation

does not obtain a minus sign is obtained. This object is called an axial vector.

Moreover consider a vector ~V and an axial vector ~A

P (~V · ~A) = (−~V ) · ( ~A) = −~V · ~A (1.17)

Their dot product yields a scalar object that obtains a minus sign under parity

transformation. This object is called a pseudoscaler.

For a wave function if the following argument is satisfied

Ψ(t,−x,−y,−z) = nΨ(t, x, y, z) (1.18)

then n is called the parity. The n = +1 case is called positive parity and

n = −1 case is called negative parity. As a convention quarks are assigned

positive parity and anti-quarks are assigned negative parity. Then for a general

state the parity transformation gives

P |ψ〉 = (−1)lPint |ψ〉 (1.19)
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where l is the orbital angular momentum and Pint is the intrinsic parity. Ac-

cording to the experimental results, parity is conserved in strong interactions.

Another symmetry transformation is charge conjugation [11]. It transforms a

particle to its anti-particle. The operator is denoted as C and acts on a state as

C |p〉 = |p〉 . (1.20)

Obviously it satisfies C2 = 1. Most particles are not eigenstates of C operator

because this requires the particles must be its own anti-particle. The eigenvalue

equation gives

C |p〉 = |p〉 = ± |p〉 (1.21)

For bound fermion- anti-fermion pairs the the eigenvalue is obtained as

C |ψ〉 = (−1)l+s |ψ〉 (1.22)

The charge conjugation is also conserved in strong interactions.

2. Global U(1) Symmetry

The Lagrangian is invariant under phase transformation [12]

ψ(x)→ eiθψ(x) (1.23)

which yields the current and a charge

JµB = ψ(x)γµψ(x) B =
∫
d3xψ(x)γ0ψ(x) (1.24)

B is the conserved quantity called baryon number. Quarks are associated with

baryon number 1/3 and anti-quarks are associated with−1/3. In every process

number of quarks minus number of anti-quarks is conserved.

3. Isospin Symmetry

The small mass difference between protons and neutrons led to the idea that

these particles are different states of the same particle named nucleon. The

states are given as [13]

p =

 1

0

 , n =

 0

1

 (1.25)

7



The transformation between states are given by SU(2) transformations

T̂3 =
1

2

 1 0

0 −1

 =
1

2
τ̂3 (1.26)

so that the nucleons are assigned eigenvalues of T3 = ±1/2.

T̂3

 1

0

 =
1

2

 1

0


T̂3

 0

1

 = −1

2

 0

1

 (1.27)

and similarly other transformation matrices are defined as

T̂1 =
1

2

 0 1

1 0

 T̂2 = 1
2

 0 −i
i 0

 (1.28)

This is analogous to case of spin 1/2 particles, there is nothing about spin when

defining isospin. Proton and neutron forms doublet with total isospin T = 1/2

and the third component T3 = ±1/2. If the charge difference is ignored, then

there is nothing to distinguish these particles. Then the physics is expected to

be invariant under rotations in the isospin space.

This idea is extended for the quarks. If the mass difference between u quark and

d quark is ignored, the strong interactions becomes invariant under an isospin

transformation. In other words an approximate flavor symmetry is obtained.

The field transformation is generated as

ψ(x)→ ei
τi
2
θiψ(x). (1.29)

This gives the current and the charge

Jµi = ψ(x)γµ
τi
2
ψ(x), Qi =

∫
d3xψ†(x) τi

2
ψ(x). (1.30)

4. SU(3)FlavorSymmetry

The idea for isospin can be expanded to include s quark. If mu = md =

ms is assumed, then a SU(3) flavor symmetry would be obtained. The field

transformations are given by SU(3) group;

ψ(x)→ ei
λi
2
θiψ(x). (1.31)

8



Then the obtained current and charge are

Jµi = ψ(x)γµ
λi
2
ψ(x), Qi =

∫
d3xψ†(x)λi

2
ψ(x). (1.32)

This symmetry is broken by the mass difference between s quark and lighter

quarks.

A new symmetry of QCD appears when moving to low energies. It is called heavy

quark symmetry. It is a symmetry of the Lagrangian in the infinite quark mass limit.

The purpose of this thesis is to explain and show the applications of this symmetry.

We first need to start with the question, what is an effective theory?

1.5 Effective Field Theories

When describing a physical system it is useful to concentrates on the relevant degrees

of freedom. For example the motion at low velocities does not require special rel-

ativistic description. The calculations would be more complicated than Newtonian

mechanics’ and the solutions would approximately be the same. Although the New-

tonian mechanics fails at higher velocities, for low velocities it is considered to be the

correct effective theory of special relativity.

Construction of effective theories for field theories is also possible and yields great

simplifications. It starts with defining energy or distance scales. A very heavy particle

cannot be created in an energy scale smaller than it’s mass. This is given by decou-

pling theorem [14]; heavy degrees of freedom decouples at low energies, meaning

their contribution to correlation function is suppressed by their mass. It is then useful

to construct an effective field theory by removing irrelevant degrees of freedom from

the Lagrangian [15].

An example is W-boson propagator appearing in tree level of b→ clν. The maximum

transferred momentum in this process is q2 = (mb −mc)
2 which is small compared

to mW . Therefore the propagator can be approximated as

1

p2 −m2
W

= − 1

m2
W

− p2

m4
W

− ... (1.33)

Instead of working on each amplitude one by one, the weak Lagrangian is expanded

in terms of local operators in powers of external momenta divided by the scale of
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heavy physics. The result is called an effective Lagrangian.

A more appropriate description for constructing an effective field theory is as follows

[16]. In the begining a very large scale that is above all masses, with renormalization

scale µ is taken. In this region, the set of fields X describes the heaviest particles and

φ describes the lighter particles. The full Lagrangian is in the form

LH(X,φ) + L(φ) (1.34)

Then the theory start evolving to lower energies. As long as the renormalization scale

does not encounter to a particle mass, renormalization group methods describes the

evolution. When µ becomes lower than a heavy particles mass, full theory is modified

to an effective theory without the heavy particle.

1.6 Physical Picture of a Heavy Meson

Consider a heavy meson; a bound state of a heavy quark Q and light degrees of free-

dom, containing light quark q and gluon cloud [17]. Typical momentum transfer in-

side a hadron is approximately given by the constituent quark model which is around

a third of a proton’s mass mp/3 ≈ ΛQCD ≈ 330MeV . This is the amount how much

the quarks are off-shell inside a hadron [18]. Given the masses of lightest quarks,

the quarks composing proton and light quarks inside the heavy hadron are off-shell

by a very large amount. However a heavy quark with the mass mQ � ΛQCD, being

off-shell by ΛQCD, is in fact nearly on-shell. This also means the hadron as a whole,

is nearly on-shell. With this definition, light quarks are u, d and s while heavy quark

are t, b and c [19]. However t quarks are short lived with lifetime of ≈ 0.5× 10−24s

which is less than the time scale for strong interactions Λ−1 ≈ 10−23s and hence

decays via weak interaction before forming a hadron [20]. Also considering the ratio

ΛQCD/mc ≈ 1/6 , c quark is considered a heavy quark only with some reservation.

Therefore the notion of heavy quark generally refers to b quark [17].

Interaction with the light degrees of freedom changes heavy quarks momentum by

ΛQCD and so changes its four velocity vector by ΛQCD/mQ. Velocity change is

bounded by the limit ΛQCD/mQ → 0, which is approximately the case. Heavy quark

velocity becomes constant in infinite heavy quark mass limit. This is the idea under-

lying HQET. A very heavy object sits in the middle of the meson. Light degrees of

10



freedom interacts with it as if it is an infinitely heavy object. Of course the quark is

not infinitely heavy, so it is said that heavy quark symmetry is an approximate sym-

metry appearing in infinite mass limit. The rest of the physical picture is understood

with this behavior. Interactions are not energetic enough to change heavy quarks

quantum numbers. Then the light degrees of freedom perceive it only as an external

color source.

Then the question is which fields are integrated out while constructing the effective

theory? Removing heavy quark fields would lose the meson picture which is wanted

to be described. The answer dwells on the fact that interactions cannot create a heavy

quark anti-quark pair. The field mode that gives pair production is integrated out.

The author claims no originality in this work. Most of the material follows from

the review of Neubert [21] and the book of Manohar and Wise [22].
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CHAPTER 2

HEAVY QUARK EFFECTIVE THEORY

The effective theory is going to be constructed in the infinite mass limit for the heavy

quarks. Therefore the part of QCD Lagrangian corresponding to heavy degrees of

freedom needs to be restated accordingly. The Lagrangian is

LQ = Q(i /D −mQ)Q (2.1)

Consider a heavy hadron that contains a heavy quark and a light quark and moves

with the four velocity vµ. The momentum of the hadron is given by [16]

P µ
Q = MQv

µ (2.2)

WhereMQ is the mass of the bound state. Heavy quark approximately moves with the

hadron’s velocity vµ. Then the heavy quark is nearly on-mass shell with momentum

[23]

pµQ = mQv
µ + kµ = P µ

Q − p
µ
q (2.3)

where pµq is the momentum carried by light cloud, kµ is the residual momentum and

is defined through above equation.

kµ = (MQ −mQ)vµ − pµq (2.4)

It is of order ΛQCD. As expected, in the limit mQ → ∞ the velocity of the heavy

quark is equal to the velocity of the hadron. This can be seen from eq.(2.3), as the kµ

term goes to zero.

vµQ =
pµQ
mQ

= vµ +
kµ

mQ

(2.5)
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Note that infinitely heavy quark cannot have well defined position and momentum at

the same time but for position and velocity this is possible [24].

[x, v] = lim
mQ→∞

1

mQ

[x, p] = lim
mQ→∞

i~
mQ

= 0 (2.6)

Now suppose the bound state scatters into a new state with the same heavy quark.

Momentum of the heavy quark in the new state becomes

p′µQ = mQv
′µ + k′µ (2.7)

so the momentum transfer is

pµQ − p
′µ
Q = mQ(vµ − v′µ) + (kµ − k′µ) (2.8)

In order to keep the transferred momentum finite in the infinite mass limit, the velocity

of the heavy quark should be considered to remain unchanged under soft interaction

processes. This leaves the momentum transfer at an order of ΛQCD.

The aim is to write an effective theory for a static heavy quark. Given the Lagrangian

in eq.(2.1), the equation of motion reads

(i /D −mQ)Q = 0 (2.9)

Plane wave solutions are natural choice for our fields. Hence, heavy quark field be-

comes [25, 26]

Q(x) =
∑
s

∫
d3p

(2π)3/2

√
mQ

wp
(b̂s(~p)us(~p)e

−ip·x + d̂†s(~p)vs(~p)e
+ip·x) (2.10)

where the index s denotes spins with s = +,−. b̂ is the annihilation operator for

particles and d̂ is called the annihilation operator for antiparticles. u(~p, s) spinors

satisfy the equation

HDus(~p) = (/p−mQ)us(~p) = 0 (2.11)

with energy E =
√
p2 +m2

Q. Similarly vs(~p) spinors are eigenfunctions of Dirac

Hamiltonian HD with negative energy E = −
√
p2 +m2

Q. Their explicit form in

Dirac representation is

us(~p) =

√
|E|+mQ

2mQ

 ϕs
~σ·~p

|E|+mQ
ϕs

 (2.12)

vs(~p) =

√
|E|+mQ

2mQ

 − ~σ·~p
|E|+mQ

φs

φs

 (2.13)
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corresponding the positive energy; Q+, and negative energy; Q− parts of eq.(2.10).

The fields Q± are decomposed by introducing projection operators P± = (1± /v)/2,

satisfying P 2
± = P± and /v2 = 1 [27].

Q+ =

(
1 + /v

2
+

1− /v
2

)
Q+ = h+v +H+

v (2.14)

Q− =

(
1− /v

2
+

1 + /v

2

)
Q− = h−v +H−v (2.15)

For an infinitely heavy, stationary quark i.e. v = (1, 0, 0, 0) the values of decomposed

fields have the proportionality as the following [28],

lim
mQ→∞

h+v = lim
mQ→∞

1 + /v

2
Q+

∝ lim
mQ→∞

√
|E|+mQ

2mQ

 ϕ1,2

0

 =

 ϕ1,2

0

 (2.16)

lim
mQ→∞

h−v = lim
mQ→∞

1− /v
2

Q−

∝ lim
mQ→∞

√
|E|+mQ

2mQ

 0

φ3,4

 =

 0

φ3,4

 (2.17)

lim
mQ→∞

H+
v = lim

mQ→∞

1− /v
2

Q+

∝ lim
mQ→∞

√
|E|+mQ

2mQ

 0

0

 =

 0

0

 (2.18)

lim
mQ→∞

H−v = lim
mQ→∞

1 + /v

2
Q−

∝ lim
mQ→∞

√
E +mQ

2mQ

 0

0

 =

 0

0

 (2.19)

For non-stationary quarks the relation |p| � |E| + mQ gives approximate values to

the above ones. Hence h+v and h−v are called large components and H+
v and H−v are

called small components. In the rest of the thesis quark fields are going to be focused

on therefore superscript plus signs are going to be dropped from these fields for a

simpler notation.

As a consequence of using the projection operators and v2 = 1, a heavy quark, satis-

fies

/vhv = hv, (2.20)

/vHv = −Hv (2.21)
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From eq.(2.10) it is clear that in the infinite mass limit heavy quark fields oscillate

with infinite frequency. A field redefinition is required to pull out mass dependence

from the phase. The redefinition gives [21],

hv → eimQv·xP+Q
+, Hv → eimQv·xP−Q

+, (2.22)

h−v → e−imQv·xP+Q
−, H−v → e−imQv·xP−Q

− (2.23)

so that

Q+ = e−imQv·x[hv +Hv], (2.24)

Q− = eimQv·x[h−v +H−v ] (2.25)

Then the plane wave solution for a heavy quark is rescaled to[26]

Q(x) =
∑
s

∫
d3p

(2π)3/2

√
mQ

wp
(b̂s(~v,~k)us(~k)e−ik·x + d̂†s(~v,

~k)vs(~k)e+ik·x) (2.26)

Hence the phase factor added to eq.(2.24) implies that the fields hv andHv have resid-

ual momentum kµ. Also now there are different fields for each velocity.

Now note that in the infinite mass limit, strong interactions cannot create a heavy

quark- heavy anti-quark pair or annihilate a heavy quark or a heavy anti-quark, pro-

jected fields should not be combined to give the whole field. Instead heavy quark

field and heavy anti-quark fields must be studied separately. This argument can be

seen from the example action

S =

∫
d4xQQ =

∫
d4x(Q

+
+Q

−
)(Q+ +Q−)

=

∫
d4x

[
Q

+

v Q
+
v +Q

−
v Q
−
v + e2imQv·xQ

+

v Q
−
v + e−2imQv·xQ

−
v Q

+
v

]
(2.27)

where Q+
v = hv +Hv and Q−v = h−v +H−v . The last two terms oscillate with infinite

frequency and hence does not contribute to S.

The rescaling effects the Lagrangian and the equation of motion as the covariant

derivative acting on our quark field now gives

i /DQ = e−imQv·x(mQ/v + i /D)Qv = e−imQv·x(mQ/v + i /D)[hv +Hv] (2.28)

The Lagrangian becomes

L = Qv(i /D −mQ)Qv

= hv(iv ·D)hv −Hv(iv ·D + 2mQ)Hv + hvi /DHv +Hvi /Dhv (2.29)
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The derivative operator can be decomposed into two parts

/D = /D⊥ + /D‖ (2.30)

with

/D‖ = /v(v ·D), /D⊥ = /D − /v(v ·D). (2.31)

They satisfy the (anti)commutation relations

[ /D‖, /v] = 0,
{
/D⊥, /v

}
= 0. (2.32)

This gives

hv /DHv = hv[ /D⊥ + /v(v ·D)]Hv = hv /D⊥Hv. (2.33)

This equality is easy to see by writing Hv = P−Hv and anticommuting the projection

operator through /D. This would yield /D⊥P− = P+ /D⊥ and /D‖P− = P− /D‖. Then

the Lagrangian becomes

L = Qv(i /D −mQ)Qv

= hv(iv ·D)hv −Hv(iv ·D + 2mQ)Hv + hvi /D⊥Hv +Hvi /D⊥hv (2.34)

It is clear that hv describes massless degrees of freedom while Hv gives fluctuations

with mass 2mQ. Due to being heavy, the field Hv is going to be integrated out. This

is done by using its equation of motion. It gives [21]

Hv =
1

iv ·D + 2mQ

i /D⊥hv. (2.35)

Hv field can be eliminated by inserting this relation in the Lagrangian.

LQv = hviv ·Dhv + hvi /D⊥
1

iv ·D + 2mQ

i /D⊥hv. (2.36)

The second term can be expanded in 1/mQ, which is calculated in Appendix A, to

give

LQv = hviv ·Dhv +
1

2mQ

hv(iD⊥)2hv −
1

4mQ

hvgsσ
µνGµνhv +O

(
1

m2
Q

)
(2.37)

where the field strength tensor is Gµν = [Dµ, Dν ]/igs. The effective Lagrangian is

the leading term of the expansion,

Leff = hviv ·Dhv (2.38)
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The mass of the heavy quark does not appear in the Lagrangian. Strong interactions

are independent of the heavy quark flavor. It corresponds to U(NQ) flavor symmetry

where NQ stands for number of heavy quarks [18].

The system also has a spin symmetry since the Lagrangian does not contain any spin

matrices [21]. In the rest frame an infinitesimal spin transformation takes the form

hv
′ = (1 + i~θ · ~SQ)hv (2.39)

where

~SQ =
1

2

 ~σ 0

0 ~σ

 =
1

2
γ5γ

0~γ. (2.40)

The change in the Lagrangian becomes

δLeff = hv[iv ·D, i~θ · ~SQ]hv = 0 (2.41)

SU(2) spin symmetry is associated with this behavior. Combining with the flavor

symmetry, HQET is said to have SU(2NQ) spin-flavor symmetry [29].

The remaining two terms appearing at order 1/mQ breaks these symmetries. These

terms can be identified in the rest frame easily [21]. The first term;(iD⊥)2, becomes

Okin =
1

2mQ

hv,r(iD⊥)2hv,r =
1

2mQ

hv,r(−i ~D)2hv,r (2.42)

where hv,r stands for at rest fields. This term is the kinetic energy arising from

the residual motion of the heavy quark. It breaks the flavor symmetry. The other

term; chromomagnetic operator, gives the heavy quark spin’s interaction with the

light cloud. In the rest frame it becomes

Omag =
1

4mQ

hv,rgsσ
µνGµνhv,r = − 1

mQ

hv,rgs~SQ · ~Bchv,r (2.43)

where Bi
c = −1

2
εijkGjk are the color magnetic field components. This term violates

the spin symmetry in addition to flavor symmetry as the infinitesimal spin transfor-

mation eq.(2.39) now leaves Leff changed.

2.1 Reparametrization Invariance

The particles in the effective field theory are described with velocity dependent fields

with constant velocity, residual momentum and total momentum. The velocity v is ar-
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bitrarily chosen. The effective theory should be invariant under the reparametrization

of the velocity and momentum [30].

v → w = v +
q

mQ

k → k′ = k − q (2.44)

where q is an arbitrary infinitesimal four vector that must satisfy(
v +

q

mQ

)2

= 1. (2.45)

The relation v2 = 1 for v must also hold for w. Recall the equality /vhv = hv. Under

the reparametrization this equation takes the form(
/v +

/q

mQ

)
(hv + δhv) = (hv + δhv)

/vhv + /vδhv +
/q

mQ

hv +
/q

mQ

δhv = hv + δhv

/q

mQ

hv = (1− /v)δhv (2.46)

where eq.(2.20) is used. The term /q

mQ
δhv is ignored because both factors are very

small quantities. Hence their product would be much smaller. The solution to eq.(2.46)

is not uniqe. A suitable choice for the δhv field is

δhv =
/q

2mQ

hv. (2.47)

which satisfies /vδhv = −δhv [22]. This is due to v · q = O
(
q2

m

)
obtained from

eq.(2.45). This leads to the relation /v/q = −/q/v. Therefore, the large fields are

reparametrized as

hv → hw =

(
1 +

/q

2mQ

)
hv (2.48)

and while reparametrizing the whole field, a phase factor must be added, which can

be seen from eq.(2.24).

Qv → Qw = eiq·xQv (2.49)

The reparametrization of the effective Lagrangian is calculated in extend in Appendix

B, and is in the form

L(0)
Qw

= hw(iw ·D)hw

=

[
hv

(
1 +

/q

2mQ

)
e−iq·x

] [
i

(
v +

q

mQ

)
·D
] [
eiq·x

(
1 +

/q

2mQ

)
hv

]
.

(2.50)
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By using the relation v · q = O
(
q2

m

)
, the following can be obtained.

= hv

(
iv ·D +

q ·D
2mQ

)
hv = L(0)

Qv
+ δL(0)

Qv
(2.51)

Therefore

δL(0)
Qv

= hv
q ·D
2mQ

hv. (2.52)

The first order in the Lagrangian can also be reparametrized similarly [31]. The

calculations are done in Appendix B. The first appearing term is

L(1)
Qw,kin

= hw(iD⊥)2hw

=

[
hv

(
1 +

/q

2mQ

)
e−iq·x

]
(iD⊥)2

[
eiq·x

(
1 +

/q

2mQ

)
hv

]
(2.53)

= L(1)
Qv ,kin

+ δL(1)
Qv ,kin

. (2.54)

The term δL(1)
Qv ,kin

is calculated as

1

2mQ

δL(1)
Qw,kin

= −hv
q ·D
2mQ

hv. (2.55)

For the chromomagnetic term variation in the first order is zero.

δL(1)
Qw,mag

= 0 (2.56)

Hence the effective Lagrangian is reparametization invariant up to the first order.

2.2 Normalization of Effective Meson States

The construction of an effective theory in the infinite mass limit requires showing

quark masses explicitly in all expressions. This principle is followed so far. However

this procedure needs to be applied to meson states too. The argument goes as follows

[21]. Consider the vector current composed of a light quark and a heavy quark.

V µ = qγµQ (2.57)

By using the form eq.(2.24) and implementing eq.(2.35), the heavy quark field can be

stated in effective theory as

Q = e−imQv·x
(

1 +
i /D⊥
2mQ

+ ...

)
hv (2.58)
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Then the vector current takes the form

V µ = e−imQv·xqγµ
(

1 +
i /D⊥
2mQ

+ ...

)
hv (2.59)

Matrix elements containing this current can be expressed in terms of hadronic form

factors. The purpose in the effective field theory is to show the mass dependence of

these form factors explicitly. Now consider the matrix element containing a general

meson state |M〉

〈0|V µ|M(v)〉 = 〈0|qγµhv|M(v)〉+
1

2mQ

〈0|qγµi /D⊥hv|M(v)〉+ ... (2.60)

It would be ideal if the matrix elements on the right hand side are independent of mQ.

Then the second term would act as power correction to the first one. However, from

the equation of motion for hv coming from the full Lagrangian eq.(2.37); that corre-

sponds to QCD Lagrangian, contains mQ dependence. Therefore all matrix elements

must have mQ dependence. A way to approach this situation is to take the effective

theory Lagrangian as eq.(2.38) and treat the terms with higher dimension operators

as perturbative corrections.

Lpower =
1

2mQ

L1 +
1

4m2
Q

L2 + ... (2.61)

Then the equation of motion for hv fields are

iv ·Dhv = 0. (2.62)

This also means the meson states of the effective theory are mass independent. How-

ever these effective states are now different from the full theory states. Then eq.(2.60)

needs to be rewritten as

1
√
mM

〈0|V µ|M(v)〉QCD

= 〈0|qγµhv|M(v)〉HQET +
1

2mQ

〈0|qγµi /D⊥hv|M(v)〉HQET

+
1

2mQ

〈0|i
∫
d4xT{qγµhv(0),L1(x)}|M(v)〉

HQET

+ ... (2.63)

where T is the time ordering product. The contributions from Okin and Omag be-

comes different. Once these terms are included in the Lagrangian, the effective states

|M(v)〉HQET are no longer eigenstates of the Hamiltonian. The possibility that a

state created at t = −∞, then the operators Okin and Omag acting on this state before
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decaying at t = 0 must be accounted. This is done with time ordering products in

which these operators are inserted along the heavy quark line [32].

The matrix elements on the right hand side are now mass independent. The mass

dependence of QCD states are given by the third term in eq.(2.63) in HQET.

As the effective theory states are mass independent, their normalization condition

are different from the full theory states. The normalization condition for the usual

relativisticly normalized heavy meson states is [19]

〈M(p′)|M(p)〉QCD = 2p0(2π)3δ(~p− ~p′). (2.64)

For the effective states, the relevant normalization condition is

〈M(v′, k′)|M(v, k)〉HQET =
2p0

MQ

δvv′(2π)3δ(~k − ~k′). (2.65)

One way to think is that the relativistic version of a state is related to HQET definition

by [22]

|M(p)〉 =
√
MQ

[
|M(v)〉+O

(
1

mQ

)]
(2.66)

2.3 Covariant Representation of Fields

In the heavy quark limit the heavy quark decouples from the light degrees of freedom.

As a consequence, ~SQ and the total angular momentum of light degrees of freedom ~Jl

are conserved separately. Therefore it is convenient to classify mesons according to

the value of ~Jl in doublets formed by mesons of total angular momentum J = Jl ± 1
2

and parity P = (−1)l+1 [33]. Let us look at a ground state meson Qq. Under Lorentz

transformation for spinors heavy quark transforms as a particle moving with v and

light quark transforms as an anti-particle moving with v.

Q→ D(Λ)Q, q → qD(Λ)−1 (2.67)

The meson must then transform as a bilinear

Qq → D(Λ)QqD(Λ)−1 (2.68)

Denoting this object with H(Q)
v the above equation is rewritten as [22]

H
′(Q)
v′ (x′) = D(Λ)H(Q)

v (x)D(Λ)−1 (2.69)
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where

x′ = Λx, v′ = Λv (2.70)

So that

H ′(Q)
v (x) = D(Λ)H

(Q)

Λ−1v(Λ
−1x)D(Λ)−1 (2.71)

This object should contain both a pseudoscalar meson P (Q)
v and a vector meson P ∗(Q)

v,µ .

A convenient way to combine two fields into a single field, a 4x4 matrix is in a linear

superposition in gamma matrix base [22]

H(Q)
v =

1 + /v

2
[P ∗(Q)
v,µ γµ + iP (Q)

v γ5] (2.72)

γµ and γ5 convert vectors and pseudoscalars into bispinors. A more extensive illustra-

tion of how this object is obtained is shown in Appendix C. The form above satisfies

the parity transformation rule.

H(Q)
v → PH(Q)

v (x)P = γ0H(Q)
vp (xp)γ

0 (2.73)

Two constraints for H(Q)
v are obtained,

/vH(Q)
v = H(Q)

v , H
(Q)
v /v = −H(Q)

v . (2.74)

The first one is expected for H(Q)
v to satisfy. But second one is a consequence of this

construction. It can be seen by anti-commuting /v through H(Q)
v and using v · P ∗(Q)

v .

The conjugate field is then defined as

H
(Q)

v = γ0H(Q)†
v γ0 = [P ∗(Q)†

v,µ γµ + iP (Q)†
v γ5]

1 + /v

2
(2.75)

which also must transform as a bilinear

H
′(Q)

v (x) = D(Λ)H
(Q)

Λ−1v(Λ
−1x)D(Λ)−1 (2.76)

The object

Tr(H
(Q)

v H(Q)
v ) = −2P (Q)†

v P (Q)
v + 2P ∗(Q)†

v,µ P ∗(Q)µ
v (2.77)

is invariant under Lorentz transformation and heavy quark spin transformations [34].

In the rest frame; v = vr = (1,~0), the field H(Q)
v takes the form [22]

H(Q)
vr =

 0 iP
(Q)
vr − σ · P

∗(Q)
vr

0 0

 (2.78)
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in the Dirac basis. It transforms as a (1/2, 1/2) under SQ ⊗ Sl

[SiQ, H
(Q)
vr ] =

1

2
σi4×4H

(Q)
vr , [Sil , H

(Q)
vr ] = −1

2
H

(Q)
vr σ

i
4×4 (2.79)

where σi4×4 = iεijk[γj, γk]/4 are Dirac rotation matrix in spinor representation. The

infinitesimal heavy quark spin transformation takes the form,

H(Q)
vr → D(R)QH

(Q)
vr (2.80)

where D(R)Q is the rotation matrix for a rotation R. The above equation means

δH(Q)
vr = i[~θ · ~SQ, H(Q)

vr ] =
i

2
~θ · ~σ4×4H(Q)

vr (2.81)

Inserting the form of H(Q)
vr in eq.(2.81), gives a result that mixes pseudoscalar and

vector states.

δP (Q)
vr = − i

2
~θ · ~P ∗(Q)

vr , δ ~P
∗(Q)
vr = 1

2
~θ × ~P

∗(Q)
vr − 1

2
~θP

(Q)
vr (2.82)

Similarly for an infinitesimal total spin rotation

δH(Q)
vr = i[~θ · (~SQ + ~Sl), H

(Q)
vr ] =

i

2
[~θ · ~σ4×4, H(Q)

vr ] (2.83)

which gives,

δP (Q)
vr = 0, δ ~P

∗(Q)
vr = ~θ × ~P

∗(Q)
vr . (2.84)

The resulting terms are spin transformation rules for pseudoscalar and vector parti-

cles.
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CHAPTER 3

MESON MASSES

Consider the ground state pseudoscalar and vector mesons in the effective theory.

They form degenerate doublet states in the leading order in the 1/mQ expansion. The

mass of the meson differs from the heavy quark mass they are constitute of, by the

contribution from the part of Lagrangian that does not contain heavy quark Λ̄

MQ = mQ + Λ̄ (3.1)

which is a constant quantity and of order ΛQCD. However the masses of pseudoscalar

and vector mesons are not precisely degenerate. The difference in the common mass

of these states can be accounted in the effective theory with the high order terms in

the expansion. The physical mass of a meson takes the form of an expansion [1]

MQ = mQ + Λ̄+
∆M2

Q

2mQ

+ ... (3.2)

where
∆M2

Q

2mQ
is the correction from the first order in the effective Lagrangian. The

mass of a meson is equal to the expectation value of the Hamiltonian when three

momentum vanishes.

MQ =
〈M(0)|H|M(0)〉
〈M(0)|M(0)〉

(3.3)

In the leading order, Hamiltonian is obtained from the Lagrangian,H(0) = L(0). This

is due to the vanishing conjugate momentum. Adding the Hamiltonian obtained from

the Lagrangian of light degrees of freedom, in the rest frame mass contribution related

to this term is

〈M(0)|H(0)(x)|M(0)〉
〈M(0)|M(0)〉

= Λ̄ (3.4)
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This term respects the flavor-spin symmetry. In the rest frame the 1/mQ order terms,

whereH(1) = −L(1), are

∆M2
Q = −〈M(0)|L(1)(x)|M(0)〉

〈M(0)|M(0)〉
(3.5)

ın the rest frame the normalization yields 〈M(0)|M(0)〉 = 2MQ [15]. This results

with two quantites in the first order.

∆M2
Q

2mQ

=
〈M(0)|h(Q)

vr D
2
⊥h

(Q)
vr |M(0)〉

2MQ × 2mQ

+
〈M(0)|h(Q)

vr gσµνG
µνh

(Q)
vr |M(0)〉

2MQ × 4mQ

(3.6)

The contributions from these terms are related to a hadronic parameter λi. To begin

with the kinetic term

〈M(0)|hvr(iD⊥)2hvr |M(0)〉
2MQ

= λ1 (3.7)

does not depend on mQ since it is removed from both heavy quark fields and the

heavy meson states. Thus it is independent from both flavor and spin of the hadron.

The next contribution is from the chromomagnetic term. In the rest frame this term

can be rewritten as hvrσµνGµνhvr = hvr~σ · ~Bhvr . The color magnetic field is created

by the light degrees of freedom. Since ~B is a vector, it can only be proportional

to the only vector quantity that light degrees of freedom possess; the total angular

momentum. l = 0 case is the interest of this thesis, therefore the braket is proportional

to ~SQ · ~Sl.

〈M(0)|hvrgsσµνGµνhvr |M(0)〉
2MQ

= 2λ2~SQ · ~Sl (3.8)

Then the form of heavy meson masses becomes

MQ = mQ + Λ̄− λ1
2mQ

+
2λ2~SQ · ~Sl

mQ

(3.9)

Note that for L = 0 case the following relation holds.

~SQ · ~Sl = (J2 − S2
Q − S2

l )/2 (3.10)
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Hence

MB = mb + Λ̄− λ1
2mb

− 3λ2
2mb

MB∗ = mb + Λ̄− λ1
2mb

+
λ2

2mb

MD = mc + Λ̄− λ1
2mc

− 3λ2
2mc

MD∗ = mc + Λ̄− λ1
2mc

+
λ2

2mc

(3.11)

The experimental results support the predicted behavior. By using the observed

masses given in [6], the following arguments can be deduced [1]. First consider the

mass splitting between different flavors of B and D mesons. Since the interactions are

suppressed, similar difference in two systems that is equal to the difference of light

degrees of freedom are expected. HQET predicts

mB0
s
−mB = Λs − Λd +O

(
1

mb

)
,

mD±s
−mD± = Λs − Λd +O

(
1

mc

)
. (3.12)

Experimental results corresponding to these predictions are

mB0
s
−mB = 87.35± 0.24MeV

mD±s
−mD± = 98.69± 0.05MeV (3.13)

Considering mb as a good approximation for the heavy quark limit, the contribution

from order 1/mc is ≈ 11%. The approximate value of λ2 can be obtained from the

mass splitting between pseudoscalar and vector mesons.

M2
B∗ −M2

B = (MB∗ −MB)(MB∗ +MB) (3.14)

=
4λ2
2mb

(2mb + 2Λ̄+ ...) (3.15)

In the heavy quark limit it is equal to λ2. The same argument can follow from the D

mesons. The value of λ2 is then

M2
B∗ −M2

B = 0.49GeV 2 ≈ 4λ2,

M2
D∗ −M2

D = 0.55GeV 2 ≈ 4λ2 (3.16)
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Mass mb is a good approximation for the heavy quark limit, hence λ2 is

λ2 ≈ 0.12GeV 2 (3.17)

For the c quark case the value is λ2 ≈ 0.14GeV 2. The contribution from O
(

1
mc

)
is

about 14%.

Next, the value of λ1 is obtained by introducing spin averaged meson masses. Spin

dependence cancels out and λ2 disappears. This results with

mB =
1

4
(mB + 3mB∗) ≈ 5.31GeV,

mD =
1

4
(mD + 3mD∗) ≈ 1.97GeV (3.18)

Then mass difference can be stated as

mb −mc = (mB −mD)

[
1− λ1

2mBmD

+O

(
1

m3
Q

)]
(3.19)

which gives

λ1 = −0.3± 0.2GeV 2. (3.20)
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CHAPTER 4

SEMILEPTONIC B DECAYS

The flavor changing weak decays are governed by the electroweak Lagrangian that

couples charged current Jµcc to W-boson fields[1].

Lw = − g√
2
JµccW

†
µ + h.c. (4.1)

where

Jµcc =
(
νe νµ ντ

)
γµ


eL

µL

τL

+
(
uL cL tL

)
γµVCKM


dL

sL

bL

 (4.2)

VCKM is the Cabibbo-Kobayashi-Maskawa matrix; giving the strength of quark mix-

ing, defined as

VCKM =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 (4.3)

Up to this point the internal dynamics of a B meson involved two scales; the heavy

quark mass at mb ≈ 4.7GeV and interactions at ΛQCD ≈ 0.2GeV . The weak decays

however, takes place at a different scale at mW ≈ 80GeV . Effective field theory

methods are proved to be helpful to tackle this multiple scale problem. The Feyn-

man diagrams with W boson propagators represents the situation for very short dis-

tances as the weak interactions are perceived as point like at hadronic scales mb and

ΛQCD[35]. Hence the physical picture of a decaying B meson can be described more

appropriately with an effective Lagrangian that couples four fermions locally (see
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Figure 4.1).

Lw,eff = −2
√

2GFJ
µ
ccJ
†
cc,µ (4.4)

where the effects of W-boson is accounted in Fermi constant,

GF =
g2

4
√

2m2
W

= 1.16692GeV −2. (4.5)

4.1 Operator Product Expansion and Inclusive Decays

The next step is to evaluate decay rate. The optical theorem states inclusive decay

into a final state with c quark; Xc, is described in terms of imaginary part of transition

operator T̂, defined as [1, 15]

T̂ = i

∫
d4xT{Lw(x)L†w(0)} (4.6)

where T is the time ordering operator. Then the width is obtained by inserting a

complete set of states inside the time ordered product

Γ (B → Xc) =
1

2mB

∑
Xf

(2π)4δ4(pB − pXf )| 〈Xf |Lw,eff |B〉 |2

=
1

2mB

Im
∫
d4x 〈B|Lw,eff (x)Lw,eff (0)|B〉

=
1

2mB

Im 〈B|T̂ |B〉 (4.7)

As a short distance approxiamation for the product of two operators that are separated

by distance x, the product is expanded in terms of local operators.

T̂ = i

∫
d4xT{Lw(x)L†w(0)} =

∑
i

Ci(µ)Oi (4.8)

This is known as operator product expansion (OPE). It yields [5]

Γ (B → Xc) = G2
F |Vcb|2m5

Q

∑
i

c̃fi (µ) 〈Oi〉B (4.9)

where Oi are local operators with the short-hand notation

〈Oi〉B =
1

2mB

〈B|Oi|B〉 (4.10)
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Figure 4.1: If W boson is neglected, the weak interaction is given by four-fermion
local interaction. (The figure is taken from [1] )

The scale µ is the normalization point, Wilson coefficients c̃fi , proportional to Ci of

eq.(4.8) but has different mass dimension, depends on the quantum numbers of the fi-

nal state and consists two parts c̃fi = m3−dicfi ; the powers of 1/mQ and dimensionless

coefficients cfi depends on the ratio of mass of final state to initial state. They can be

interpreted as couplings [17]. The role of this expansion is to separate the amplitude

in two parts. The short distance effects from the couplings, calculated perturbatively,

and long distance effects from the calculations of 〈Oi〉 which are non-perturbative.

By starting from the scale µ = O(mW ) and evolving down to the hadronic scales, the

physical contributions from the higher scales are implemented in cfi [36].

To find the amplitude first the matrix elements 〈Oi〉 need to be evaluated. Heavy

quark expansion is useful in our case with B mesons. The first operator of the series,

bb, appears at dimension d = 3. The following operator at d = 4 is bi /Db. From the

equations of motion this term is reduced to mQbb and hence there is no correction to

width from order 1/mQ. Operators of a new form starts at d = 5 with bgsσµνGµνb.

The width is then in the explicit form of [1]

Γ (B → Xc) =
G2
F |Vcb|2m5

B

192π3

×

[
cf3(µ) 〈bb〉B +

cf5(µ)

m2
B

〈bgsσµνGµνb〉B +O
(

1

m3
B

)]
(4.11)
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These operator can be expanded upto order 1/mQ in HQET by using the definition

for the field Hv in eq.(2.35), the heavy quark field can be corrected as,

hv(x)→
[
1 +

1

iv ·D + 2mQ

i /D⊥

]
hv(x)

=

[
1 +

i /D⊥
2mQ

+ ...

]
hv(x) (4.12)

Expansion yields

〈bb〉B = 〈h(b)v

[
1−

(
i /D⊥
2mb

)2
]
h(b)v 〉

B

= 1− µ2
π(B)− µ2

G(B)

2m2
b

+O
(

1

m3
b

)
, (4.13)

〈bgs
2
σµνG

µνb〉
B

= 2µ2
G(B) +O

(
1

mb

)
(4.14)

for

µ2
π(B) =

1

2mB

〈h(b)v (iD)2h(b)v 〉 ,

µ2
G(B) =

1

2mB

〈h(b)v
gs
2
σµνG

µνh(b)v 〉 (4.15)

Then eq.(4.11)becomes

Γ (B → Xc) =
G2
F |Vcb|2m5

B

192π3

×
[
cf3(µ)

(
1− µ2

π(B)− µ2
G(B)

2m2
b

)
+ 2cf5(µ)

µ2
G(B)

m2
b

+O
(

1

m3
b

)]
(4.16)

The terms µ2
π and µ2

G can be written in terms of λ1 and λ2 that were found in chapter

3 [1].

µ2
π = −λ1 = 0.3± 0.2GeV 2,

µ2
G = 3λ2 ≈ 0.36GeV 2. (4.17)

The coefficients −1 and 3 are explained in chapter 3.

4.2 Exclusive B → D Decays

One of the most important applications of HQET is obtaining the relations between

form factors. Let us start with the form factors in QCD. Elastic scattering of B meson
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is stated as

〈B(p′)|bγµb|B(p)〉 = fel(q
2)(p+ p′)µ (4.18)

The semileptonic B → D decays induced via weak current can be expressed in terms

of six form factors

〈D(p′)|V µ|B(p)〉 = f+(q2)(p+ p′)µ + f−(q2)(p− p′)µ (4.19)

〈D∗(p′, ε)|V µ|B(p)〉 = g(q2)εµναρε∗ν(p+ p′)α(p− p′)ρ (4.20)

〈D∗(p′, ε)|Aµ|B(p)〉 = −f(q2)ε∗µ

−iε∗ · p
[
a+(q2)(p+ p′)µ + a−(q2)(p− p′)µ

]
(4.21)

where V µ = cγµb, Aµ = cγµγ5b and qµ = (p − p′)µ. These matrix elements can be

constructed as follows[22]. The most general current matrix element must transform

as Lorentz four vector. In eq.(4.19) the matrix element can only depend on the four

vectors p and p′. Hence it must be in the form of their linear combination apµ + bp′µ

or in a more convenient form f+(p+ p′)µ + f−(p− p′)µ. The form factors f+ and f−

can only have dependence on Lorentz invariants at hand. There are three independent

invariants p2, p′2 and p · p′. Two of them are constants; p2 = m2 and p′2 = m′2. It is

convenient to choose the third one as q2 = (p− p′)2

In the eq.(4.20)the left hand side as a whole is an axial vector component. The only

way for the right hand side to have same sign with the left hand side after applying the

equalities P |D∗(p′, ε)〉 = |D∗(p′, ε)〉 and P |B(p)〉 = − |B(p)〉 is to have Levi-Civita

symbol. The Lorentz vectors in this case are p,p′ and ε. Contraction must leave the

right hand side with one Lorentz index, therefore it takes the form in eq.(4.20).

Again the choice of the form of the last equation is determined by parity transfor-

mation. The right hand side is going to be a linear combination of three vectors.

However all the terms must contain the polarization vector since the wave function of

D∗ is proportional to the polarization vector, hence its matrix elements should contain

this vector linearly. There is only one Lorentz invariant; ε · p.

The matrix elements are generally denoted as in [37]

〈D(p′)|V µ|B(p)〉 =

(
(p+ p′)µ − m2

B −m2
D

q2
qµ
)
F1(q

2)

+
m2
B −m2

D

q2
qµF0(q

2) (4.22)
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〈D∗(p′, ε)|V µ|B(p)〉 =
2i

mB +mD

εµναρε∗νpαp
′
ρV (q2) (4.23)

〈D∗(p′, ε)|Aµ|B(p)〉 =

(
(mB +mD∗)ε

∗µA1(q
2)

− ε · q
mB +mD∗

(p+ p′)µA2(q
2)− 2mD∗

ε · q
q2

qµA3(q
2)

)
+ 2mD∗

ε · q
q2

qµA0(q
2) (4.24)

Where A3 is written as linear combination of A1 and A2

A3(q
2) =

mB +mD∗

2mD∗
A1(q

2)− mB −mD∗

2mD∗
A2(q

2). (4.25)

Furthermore the poles at q2 = 0 are canceled by imposing conditions

F1(0) = F0(0) A3(0) = A0(0) (4.26)

Our aim is to study these decays in HQET and compare the results with the full

theory. We now move on to low energy calculations. The meson states are replaced

by effective meson states as well as the currents goes to effective currents by changing

fields. Heavy quarks and anti-quarks decouples and their spin transformations are

generated by independent SU(2) symmetries. This property has implications while

relating states with different spins. Heavy quark’s interactions with light cloud cannot

change its velocity or spin hence the effective meson can be written as

|M(v)〉 = |Q(v, sQ)〉 |light cloud(v, sq)〉 (4.27)

Then the hadronic part of the most general decay induced by V − A current would

have the form [38]

〈M′(v′)|h′v′Γ µhv|M(v)〉 = 〈Q′(v′)|h′v′Γ µhv|Q(v)〉

× 〈light d.o.f(v′, sq)|light d.o.f(v, sq)〉(4.28)

where Γ µ takes the forms γµ or iγµγ5. It is useful to express theses matrix elements

in tems of hadron fields H(Q)
v . Heavy quark spin transformation D(R)Q transforms

hv field as

hv → D(R)Qhv (4.29)
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while leaving h′v′ field untouched. If the spin transformtion for Γ µ is assumed as

Γ µ → Γ µD(R)−1Q (4.30)

then the current would be invariant under heavy quark spin transformations. Then

the equivalent of the matrix element should also has the same transformation propery.

Hence it should be proportional to Γ µH
(Q)
v . Also considering the rotations D(R)Q′

and Lorentz invariance, the current must be in the form [22]

h′v′Γ
µhv = Tr

[
H

(Q′)

v′ Γ µHQ
v X
]

(4.31)

where X is the most general bispinor,

X = X0 +X1/v +X2/v
′ +X3/v/v

′. (4.32)

Any other possible combinations can be written in terms of linear combination of

given terms. The reason why γ5 does not appear is discussed in Appendix D. In

general the coefficients Xi must be a function of the only possible Lorentz invariant

v · v′ which is generally denoted as w. As a consequence of relations /vhv = hv

and /vhv = −hv the only independent term left is X0. The common notation is to

denote X with ξ(w) which is known as the Isgur-Wise function. Inserting the current

eq.(4.31)in the matrix element with pseudoscalar |M(v)〉 and vector |M(v, ε)〉meson

states gives

〈M′(v′)|h′v′Γ µhv|M(v)〉 = −ξ(w)Tr
[
γ5

1 + /v′

2
Γ µ1 + /v

2
(−γ5)

]
, (4.33)

〈M′(v′, ε)|h′v′Γ µhv|M(v)〉 = −ξ(w)Tr
[
/ε∗

1 + /v′

2
Γ µ1 + /v

2
(−γ5)

]
. (4.34)

Defining M(v) and M(v, ε)

M(v) = −1 + /v

2
γ5, M(v) = γ5 1+/v

2
(4.35)

M(v, ε) =
1 + /v

2
/ε, M(v, ε) = /ε

1+/v

2
(4.36)
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for further usage. Then the explicit effective matrix elements corresponding to

eqs.(4.19-4.21) at the leading order are [22]

〈D(v′)|h(c)v′ γµh(b)v |B(v)〉 = ξ(w)Tr
(
γ5

1 + /v′

2
γµ

1 + /v

2
γ5
)

= ξ(w)(vµ + v′µ), (4.37)

〈D∗(v′, ε)|h(c)v′ γµh(b)v |B(v)〉 = ξ(w)Tr
(
γνε∗ν

1 + /v′

2
γµ

1 + /v

2
γ5
)

= iξ(w)εµναρε∗νvαv
′
ρ, (4.38)

〈D∗(v′, ε)|h(c)v′ γµγ5h(b)v |B(v)〉 = ξ(w)Tr
(
γνε∗ν

1 + /v′

2
γµγ5

1 + /v

2
γ5
)

= ξ(w)(w + 1)ε∗µ − (ε∗ · v)v′µ (4.39)

Similarly the elastic scattering takes the form

〈B(v′)|h(b)v′ γµh(b)v |B(v)〉 = ξ(w)(v + v′)µ (4.40)

By comparing eq.(4.40) to eq.(4.18), the form factor fel is obtained.

ξ(w) = lim
mB→∞

fel(q
2) (4.41)

Further argument can be made about the nature of ξ(w). Calculation of the following

matrix element for the case v = v′ in the rest frame gives

〈M(vr)|hvrγµhvr |M(vr)〉 = ξ(1)Tr
(
MγµM

)
= 2ξ(1)vµr . (4.42)

The same result can be obtained without calculating any trace by pointing out that

hvrγ
µhvr is a conserved current. Passing to the momentum space via Fourier trans-

formation yields

〈M(vr)|hvrγµhvr |M(vr)〉 = 〈M(vr)|
∫

d3x

(2π)3
hvrγ

µhvr |M(vr)〉

=
vµr

(2π)3
〈M(vr)|

∫
d3xhvrhvr |M(vr)〉 (4.43)

The fact that in the rest frame /vr = γ0 turns the integral into the number operator.

Since there is only one heavy quark, the charge is equal to 1. The above equation

turns to

〈M(vr)|hvrγµhvr |M(vr)〉 = vµr 〈M(vr)|M(vr)〉

= 2vµr (4.44)

36



Comparing eqs.(4.42) and (4.44) concludes that Isgur-Wise function is normalized at

w = 1

ξ(1) = 〈light cloud(v, sq)|light cloud(v, sq)〉 = 1 (4.45)

Light cloud was seeing the heavy quark as an external color source. When the heavy

quark decays, if v = v′ light cloud would feel no difference. However if v 6= v′ then

the light cloud will experience a sudden change in the velocity of the external source,

leading to the change in the momentum of the light cloud q for [21]

q2 ' Λ2
QCD(v − v′)2 ' Λ2

QCD(1− v · v′) (4.46)

The recoil energy of the released mesonM′ is

E = mM′(1− v · v′). (4.47)

At the zero recoil point where the velocity does not change v = v′, the recoil energy

turns out to be zero as expected.

4.3 Alternative Derivation

By using eq.(2.66), the eqs.(4.19-4.21) for low energies are modified to [39]:

〈D(v′)|V µ|B(v)〉 = ξ+(w)(v + v′)µ + ξ−(w)(v − v′)µ (4.48)

〈D∗(v′, ε)|V µ|B(v)〉 = ξV (w)εµναρε∗νvαv
′
ρ (4.49)

〈D∗(v′, ε)|Aµ|B(v)〉 = ξA1(w)(w + 1)ε∗µ

iε∗ · v [ξA2(w)vµ + ξA3(w)v′µ] . (4.50)

The relation between effective theory form factors ξi and the full theory form factors

in eqs(4.22-4.24) is straight forward [39].

F1(q
2) =

mB +mD

2

(
ξ+(w)− mB −mD

mB +mD

ξ−(w)

)
(4.51)

F0(q
2) =

mB +mD

2

2mBmD

(mB +mD)2
(w + 1)

×
[
ξ+ −

mB +mD

mB −mD

w − 1

w + 1
ξ−(w)

]
(4.52)
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V (q2) =
mB +mD

2
ξV (w) (4.53)

A1(q
2) =

mB +mD∗

2

2mBmD∗

(mB +mD∗)2
(w + 1)ξA1 (4.54)

A2(q
2) =

mB +mD∗

2

[
ξA3(w) +

mD∗

mB

ξA2(w)

]
(4.55)

A3(q
2) =

mB +mD∗

2

[
mB

(mB +mD∗)2
(w + 1)ξA1(w)

−
(mB −mD∗)

√
mBmD∗

2mD∗

(
ξA3(w) +

mD∗

mB

ξA2(w)

)]
(4.56)

A0(q
2) = A3(q

2) +
q2

4
√
mBmD∗

√
mB

mD∗

(
ξA3(w)− mD∗

mB

ξA2(w)

)
(4.57)

Heavy quark symmetry gives relations between these form factors. Due to eq.(2.20),

(v − v′)µh
′
v′γ

µhv = h
′
v′/vhv − h

′
v′
/v′hv = h

′
v′hv − h

′
v′hv = 0. (4.58)

Using this yields

(v − v′)µ 〈D(v′)|h′v′γµhv|B(v)〉 = (v − v′)µ [ξ+(w)(v + v′)µ + ξ−(w)(v − v′)µ]

0 = ξ−(w)(2− w) (4.59)

Here w is less then 2. It follows from

w = v · v′ = p2B + p2D − q2

2mcmb

(4.60)

The maximum for value for w is obtained if the transferred momentum is zero.

wmax =
(mB −mD)2

2mBmD

+ 1 ≈ 1.6 (4.61)

Hence

ξ−(w) = 0. (4.62)

Transforming the spin of the heavy quark turns a pseudoscalar meson into vector.

The pseudoscalar; JP = 0− , can only have the values s = 0 and l = 0 since the

eigenvalues of parity and c-parity operators are (−1)l+1 and (−1)l+s respectively.

Then the pseudoscalar state is

|P 〉 =
1√
2

(|Q ↓ q ↑〉 − |Q ↑ q ↓〉) (4.63)
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If the third component of the heavy quark spin is acted on this state it yields [40]

S3
Q |00〉 = S3

Q |P 〉 =
1√
2
S3
Q (|Q ↓ q ↑〉 − |Q ↑ q ↓〉)

=

(
−1

2

)
1√
2

(|Q ↓ q ↑〉+ |Q ↑ q ↓〉)

= −1

2
|V (ε0)〉 = −1

2
|10〉 (4.64)

where ε0 stands for longitudal polarization. Similarly

S3
Q |V (ε0)〉 = −1

2
|P 〉 (4.65)

By using these relations eq.(4.48) can be related to eq.(4.50).

〈D(v′)|V µ|B(v)〉 = 4 〈D(v′)|
(
S3
Q

)2
V µ|B(v)〉

= −2 〈D∗(v′, ε0)|
[
S3
Q, V

µ
]
|B(v)〉 (4.66)

where the fact that S3
Q is defined for each field with velocity v′ is used. The commu-

tation can be calculated by using the explicit form of S3
Q

S3
Q =

1

2

∫
d3x : hv(x)†γ5γ0γ3hv(x) : (4.67)

The calculation of eq.(4.66) is done in Appendix E, and it yields,

〈D(v′)|V 3|B(v)〉 = 〈D∗(v, ε0))|A0|B(v)〉

〈D(v′)|V 0|B(v)〉 = 〈D∗(v, ε0))|A3|B(v)〉

〈D(v′)|V 1|B(v)〉 = 〈D∗(v, ε0))|iA2|B(v)〉

〈D(v′)|V 2|B(v)〉 = 〈D∗(v, ε0))| − iA1|B(v)〉 (4.68)

Near zero recoil point; w ≈ 1, all non-vanishing form factors can be expressed in

terms of one. This calculation can easily be done choosing v′ = (1, 0, 0, 0) and

ε0 = (0, 0, 0, 1). It yields

ξ(w) = ξ+(w) = ξA1(w) = ξA3(w)

ξA2 = 0 (4.69)

This calculation also gives

〈D∗(v′, ε0)|h
(c)

v′ γ
µh(b)v |B(v)〉 = 0 (4.70)
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as 〈D(v′)|Aµ|B(v)〉 = 0 due to parity.

To move to eq.(4.24), the definition for± polarization of a vector meson can be used.

|V (ε+)〉 = |↑↑〉 = 2S3
Q |↑↑〉 (4.71)

The following can be writted.

〈D∗(v′, ε+)|V µ|B(v)〉 = 〈D∗(v′, ε+)|2S3
QV

µ|B(v)〉

= 〈D∗(v′, ε+)|2[S3
Q, V

µ]|B(v)〉 (4.72)

Similarly the following equalities are obtained

〈D∗(v′, ε+)|V 3|B(v)〉 = 〈D∗(v′, ε+)|A0|B(v)〉

〈D∗(v′, ε+)|V 0|B(v)〉 = 〈D∗(v′, ε+)|A3|B(v)〉

〈D∗(v′, ε+)|V 1|B(v)〉 = 〈D∗(v′, ε+)|iA2|B(v)〉

〈D∗(v′, ε+)|V 2|B(v)〉 = 〈D∗(v′, ε+)| − iA1|B(v)〉 (4.73)

Using ε± = (0, 1,±i, 0) [41] gives

ξA1 = ξV (4.74)

For v = v′ the vector current is conserved independent from the flavors of heavy

quarks [42].

V µ = h′vγ
µhv = h′vv

µhv (4.75)

where 1+/v

2
γµ 1+/v

2
= 1+/v

2
vµ 1+/v

2
is used and

i∂µV
µ = h′viv ·Dhv + h′viv · ~Dhv = 0 (4.76)

from the equation of motion. The charge obtained from the time component of this

current generates flavor symmetry.

N =
1

(2π)3

∫
d3xV 0 =

1

(2π)3

∫
d3xh′vv

0hv (4.77)

N is a 2 × 2 matrix since hv and h′v can be h(b)v and h(c)v . The diagonal terms counts

the number of heavy quarks and the off-diagonal terms transforms the flavor.

1

(2π)3
〈D(v)|

∫
d3xh′vv

0hv|B〉 = 〈D(v)|D(v)〉 = 2v0 (4.78)

Comparing the result with eq.(4.48) gives

ξ+(1) = 1 (4.79)
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4.4 1/mQ Corrections

So far the calculations had been done in the leading order. Perturbative corrections

arising from heavy quark masses are calculated systematically in HQET. Using the

definition for the field Hv in eq.(2.35), the heavy quark field can be corrected as,

hv(x)→
[
1 +

1

iv ·D + 2mQ

i /D⊥

]
hv(x)

=

[
1 +

i /D⊥
2mQ

+ ...

]
hv(x) (4.80)

This leads to a modification to the currents up to the second order

h
(c)

v′ Γµh
(b)
v → h

(c)

v′ Γµh
(b)
v −

1

2mc

ih
(c)

v′
~/D⊥Γµh

(b)
v −

1

2mb

ih
(c)

v′ Γµ
~/D⊥h

(b)
v (4.81)

with [22]

〈D(v′)|h(c)v′ i ~/D⊥Γ
µh(b)v |B(v)〉 ∼ Tr(DγνΓ µBχν(v, v

′)),

〈D(v′)|h(c)v′ Γ µi /D⊥h
(b)
v |B(v)〉 ∼ Tr(DΓ µγνBχν(v

′, v)) (4.82)

Where χν is the most general form factor with relevant transformation properties.

Note that χν and its Dirac conjugate have their v and v′ dependence switched.

Considering eq.(4.82), corrections from the b and c fields involves the same struc-

ture therefore calculating one of them at length would suffice. Let us calculate the

contribution from the second term of eq.(4.82) to the matrix elements [43].

〈D(v′)|h(c)v′ i ~/D⊥Γ
µh(b)v |B(v)〉

= 〈D(v)|h(c)v′ i( ~/D − /v′v′ · ~D)Γ µh(b)v |B(v)〉

= Tr
[
γ5

1 + /v′

2
γνΓ µ1 + /v

2
γ5(C1vν + C2v

′
ν + C3γν)

]
−Tr

[
γ5

1 + /v′

2
v′ργ

ρΓ µ1 + /v

2
γ5(C1w + C2 + C3v

′
νγ

ν)

]
= (vb − vc)µ(C1(w + 1)− 3C3) (4.83)

Note that instead of ~/D⊥ there were ~Dν the trace would have the same constants Ci

resulting from the derivative. This property leads to further information regarding
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these constants as follows [44]. Let us begin with the matrix element

〈D(v′)|h(c)v′ i ~D
ν
Γ µh(b)v |B(v)〉

= Tr
[
γ5

1 + /v′

2
Γ µ1 + /v

2
γ5(C3vν + C2v

′
ν + C3γν)

]
= {(v + v′)µ(C1v + C2v

′)ν

−C3 [ηµν(1− w) + vνv′µ + vµv′ν ]} (4.84)

Details of this calculation is given in Appendix F. Multiplying both sides with v′ν and

using the equations of motion, eq.(2.9), gives

−mc 〈D(v′)|h(c)v′ /v
′Γ µh(b)v |B(v)〉 = (C1w + C2 − C3)(v + v′)µ (4.85)

Since h
(c)

v′ /v
′ = h

(c)

v′ , eq.(4.85) is simplified to

−mc 〈D(v′)|h(c)v′ Γ µh(b)v |B(v)〉 = (C1w + C2 − C3)(v + v′)µ (4.86)

Comparing it with eq.(4.37) gives

C1w + C2 − C3 = −mcξ(w) (4.87)

The calculation of the matrix element 〈D(v′)|h(c)v′ Γ µi ~Dνh
(b)
v |B(v)〉 is likewise and

yields similar result. These two terms can be summed up in the form

〈D(v′)|i∂ν(h′(c)Γ µh(b)v )|B(v)〉

= 〈D(v′)|h(c)v′ Γ µi ~Dνh(b)v |B(v)〉+ 〈D(v′)|h(c)v′ i ~D
ν
Γ µh(b)v |B(v)〉 (4.88)

But upto O
(

1
mQ

)
the following relation can be written.

〈D(v′)|∂ν(h(c)v′ Γ µh(b)v )|B(v)〉 = (Pb − Pc)ν 〈D(v′)|h(c)v′ Γ µh(b)v |B(v)〉

= (mbv −mcv
′)ν(v + v′)µξ(w) (4.89)

Hence from eq.(4.88) it is obtained that

C1w + C2 − C3 = (mB −mb)ξ(w)− wmDξ(w) (4.90)

Comparing this equation with eq.(4.87) gives

C1(w + 1)− C3 = Λξ(w) (4.91)
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where Λ = mB −mb = mD −mc.

If eq.(4.91) is inserted in eq.(4.83),the coefficient C3 can be removed.

〈D(v′)|h(c)v′ i ~/D⊥Γ
µh(b)v |B(v)〉 = (vb − vc)µ(2C1(w + 1)− 3Λξ(w)) (4.92)

Second source of correction is the first order corrections to Lagrangian. In the time

ordered product two terms occur at 1/mQ. Their appearance is explained in chapter

2.2.

〈D(v′)|cΓ µb|B(v)〉 = ...+
i

2mc

〈D(v′)|
∫
d4xT {L1(x), Jµ(0)} |B(v)〉

= ...+
i

2mc

〈D(v′)|
∫
d4xT

{(
h
(c)

v′ (iD⊥)2h
(c)
v′

)
(x),

(
h
(c)

v′ Γ
µh(b)v

)
(0)
}
|B(v)〉

+
i

2mc

〈D(v′)|
∫
d4xT

{(
h
(c)

v′ (gsσνρG
νρ)h

(c)
v′

)
(x),

(
h
(c)

v′ Γ
µh(b)v

)
(0)
}
|B(v)〉

(4.93)

This yields the following trace

i

2mc

〈D(v′)|
∫
d4xT {L1(x), Jµ(0)} |B(v)〉

=
1

2mc

[
Tr
(
γ5

1 + /v′

2
Γ µ1 + /v

2
γ5ζ(w)

)
+

i

2
Tr
(
γ5

1 + /v′

2
σνρ

1 + /v′

2
Γ µ1 + /v

2
γ5Ξνρ

)]
. (4.94)

This requires some explaining. ζ is a scalar function since D⊥ does not contain any

gamma matrix. For the second term, an extra 1+/v′

2
is obtained, due to h

(c)

v′ and h(c)v′

acting on Γ µ and σνρ from left and right. Ξνρ is a tensor, with two possible terms that

does not vanish [45]

Ξνρ = C4v
νγρ + C5[γ

ν , γρ]. (4.95)

Other possible terms such as v′νγρ vanishes since 1+/v′

2
γρ 1+/v

′

2
= 1+/v′

2
v′ρ 1+/v

′

2
. Calcu-

lating the traces yields

i

2mc

〈D(v′)|
∫
d4xT {L1(x), Jµ(0)} |B(v)〉

=
1

2mc

[C4(w − 1) + 3C5](v + v′)µ (4.96)

43



in the first order, this leads a total correction of

〈D(v′)|cΓ µb|B(v)〉 = ... +
1

2mc

[(ζ + C4(w − 1) + 3C5)(v + v′)µ

+ (2C1(w + 1)− 3Λξ(w))(v − v′)µ] (4.97)

Corrections for the B → D∗lν decay calculation is similar. In fact the corrections

from the current; the matrix element 〈D∗(v′, ε)|h(c)v′ i ~/D⊥Γ
µh

(b)
v |B(v)〉 has the same

constants Ci as before and eq.(4.91) is still valid. Two elements are obtained

〈D∗(v′, ε)|h(c)v′ i ~/D⊥γ
µh(b)v |B(v)〉 =

1

2mc

Λξ(w)iε∗νv
′
σvρε

νσρµ, (4.98)

〈D∗(v′, ε)|h(c)v′ i ~/D⊥γ
µγ5h(b)v |B(v)〉

=
1

2mc

[
ξ(w)εµ(w − 1)Λ− v · ε∗v′µ(ξ(w)Λ− 2C1) + 2v · εvµC1

]
. (4.99)

Corrections from the time ordered product comes from the following terms

i

2mc

〈D∗(v′, ε)|
∫
d4xT {L1(x), Jµ(0)} |B(v)〉

=
i

2mc

〈D∗(v′, ε)|
∫
d4xT

{(
h
(c)

v′ (iD⊥)2h
(c)
v′

)
(x),

(
h
(c)

v′ Γ
µh(b)v

)
(0)
}
|B(v)〉

+
i

2mc

〈D∗(v′, ε)|
∫
d4xT

{(
h
(c)

v′ (gsσνρG
νρ)h

(c)
v′

)
(x),

(
h
(c)

v′ Γ
µh(b)v

)
(0)
}
|B(v)〉

(4.100)

For the vector current part of Jµ it takes the form

1

2mc

[
Tr
(
ε∗νγ

ν 1 + /v′

2
γµ

1 + /v

2
γ5ζ(w)

)
(4.101)

+
i

2
Tr
(
ε∗νγ

ν 1 + /v′

2
σνρ

1 + /v′

2
γµ

1 + /v

2
γ5Ξνρ

)]
=

1

2mc

(ζ − C5)iε
∗
νv
′
σvρε

νσρµ, (4.102)

and for the axial current part the correction is

1

2mc

[
Tr
(
ε∗νγ

ν 1 + /v′

2
γµγ5

1 + /v

2
γ5ζ(w)

)
(4.103)

+
i

2
Tr
(
ε∗νγ

ν 1 + /v′

2
σνρ

1 + /v′

2
γµγ5

1 + /v

2
γ5Ξνρ

)]
=

1

2mc

[(1 + w)(ζ − C5)ε
∗µ − v · ε∗v′µ(ζ + C4 − C5)

+v · ε∗vµC4] (4.104)
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The total correction to vector current induced decays become

1

2mc

(Λξ(w) + ζ − C5)iε
∗
νv
′
σvρε

νσρµ (4.105)

and to axial current induced decays become

1

2mc

[ε∗µ(((w − 1)Λξ(w) + (1 + w)(ζ − C5))

−v · ε∗v′µ(ξ(w)Λ− 2C1 + ζ + C4 − C5) + v · ε∗vµ(2C1 + C4)] (4.106)

Luke’s theorem states that at zero recoil point all 1/mQ contributions vanish [45].

The proof follows from the normalization at this point. Decays with flavor conserving

currents are starting point of the argument. Due to the flavor symmetry, the structure

with same unknown functions are obtained.

〈D(v′)|cγµc|D(v)〉 =

[
ξ +

1

mc

(ζ + C4(w − 1) + 3C5)

]
(v + v′)µ, (4.107)

〈D∗(v′, ε)|cγµc|D(v)〉 =

[
ξ

(
1 +

2Λ

mc

)
+

1

2mc

(2ζ + 2C1 − (w − 1)C4 − 2C5)

]
iε∗νv

′
σvρε

νσρµ, (4.108)

〈D∗(v′, ε)|cγµγ5c|D(v)〉 =

{
ε∗µ
[
ξ

(
1 + w − 2(1− w)

Λ

2mc

)
+

1

2mc

((1− w)(2C1 − C4) + 2(w + 1)(C4 + ζ)

]
v · ε∗v′µ

[
ξ(w)

(
1 +

2Λ

mc

)
+

1

2mc

(2ζ − 2C1(2 + w) + wC4 + 2C5)

]}
, (4.109)

〈D∗(v′, ε′)|cγµc|D∗(v, ε)〉 =

{(
ξ(w) +

1

mc

(ζ − C5)

)
ε · ε′∗(v + v′)µ

+
1

2mc

(2C1 − C4)v · ε′∗v′ · ε(v + v′)µ

−
[
ξ(w) +

1

2mc

(2ζ + 2(1 + w)C1 + (1− w)C4 − 2C5)

]
v′ · εε′∗µ

−
[
ξ(w) +

1

2mc

(2ζ + 2(1 + w)C1 + (1− w)C4 − 2C5)

]
v · ε′∗εµ. (4.110)

Note that when w = 1, all terms except the ones containing ζ and C5 functions are

zero, due to v · ε = v · ε′ = 0. The remainings are

〈D(v)|cγ0c|D(v)〉 = 2mDv
0

(
1 +

1

2mc

(ζ(1) + 3C5(1))

)
(4.111)
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and

〈D∗(v, ε′)|cγ0c|D∗(v, ε)〉 = 2v0
(

1 +
1

2mc

(2ζ(1)− 2C5(1))

)
(4.112)

Now recall that the charges correspond to number of c quarks

〈D(v)|cγ0c|D(v)〉 = 2v0 〈D∗(v, ε′)|cγ0c|D∗(v, ε)〉 = 2v0 (4.113)

Leaving ζ(1) and C5(1) with the only possible value

ζ(1) = C5(1) = 0 (4.114)

Thus the conclusion is that all 1/mQ corrections vanish at zero recoil point.

4.5 Determination of |Vcb|

The differential semileptonic decay rates for B → D∗lν is [29]

dΓ (B → D∗lν)

dw
=

G2
F

48π3
|Vcb|2(mB −mD∗)

2m3
D∗

√
w2 − 1(w + 1)2

×
[
1 +

4w(m2
B − 2wmBmD∗ +m2

D∗)

(w + 1)(mB −mD∗)2

]
F2
D∗(w)(4.115)

whereFD∗ is hadronic form factors that are perturbatively corrected both inΛQCD/mQ

and matching αs. Determination of Vcb is as follows. The product |Vcb|FD∗(w) is

measured. Then the value of Vcb is extracted by extrapolating the data to zero recoil

point. This point allows the calculation of FD∗(w) around FD∗(1) with small error,

this is possible since the range of w accessible in these decays is; 1 < w < 1.5. The

extrapolation is with an expansion around w = 1 [29].

FD∗(w) = FD∗(1)[1− %2(w − 1) +O(w − 1)2] (4.116)

where % is treated as a fit parameter. From HQET the structure of the form factor

FD∗(1) is found as

FD∗(1) = ηA

(
1 + 0.

ΛQCD
mQ

+ c2
Λ2
QCD

m2
Q

+ ...

)
= ηA + 0 + δ1/m2 (4.117)

where the first term is ξ(1) and there is no contribution from the second term due to

Luke’s theorem. ηA is the matching to the axial current [22, 46]

ηA = 1 +
α(µ)

π

(
mb +mc

mb −mc

ln
mb

mc

− 8

3

)
≈ 0.960± 0.007. (4.118)
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With the δ1/m2 correction; calculated in [47];

δ1/m2 = (5.5± 2.5)% (4.119)

the result is

FD∗(1) = 0.93± 0.03. (4.120)

Combining these results with the measurements at the Υ (4s) resonance from CLEO

Collaboration [48];

Γ (B → D∗lν) = [29.9± 1.9(stat.)± 2.7(sys.)± 2.0(lifetime)]ns−1 (4.121)

and the weighted average of data

|Vcb|FD∗(1) = 0.0351± 0.0019± 0.0018± 0.0008

%̂2 = 0.084± 0.12± 0.08 (4.122)

CLEO Collabration determined

Vcb = 0.0362± 0.0019± 0.0020± 0.0014 (4.123)

where the second error is due to uncertainity in B lifetime and the third error is due

to uncertainity in F(1).
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CHAPTER 5

CONCLUSION

In this thesis heavy quark effective theory is analyzed in details. The main properties

of QCD are given in the first chapter. The non-perturbative region and why there is

no solution to QCD is mentioned. An effective field theory matching to the physical

picture of a heavy meson is also suggested as a mean of solution for a specific case.

In the second chapter the infinite heavy quark mass limit in the QCD Lagrangian is

taken to obtain the heavy quark effective theory Lagrangian. The main property that

is used is in the infinite mass limit, heavy quarks velocity becomes a constant of mo-

tion. The heavy quark fields are separated into two modes via velocity projection

operator. The mode with mass 2mQ is integrated out, leaving the massless mode as

the effective heavy quark field. However in the infinite mass limit these field were

still oscillating with infinite frequency. The fields were redefined to constrain their

momentum to a finite value. The resulting Lagrangian with these fields show that the

kinetic energy arising from the residual motion of the heavy quark and the interaction

between light degrees of freedom and heavy quarks spin is suppressed by the heavy

quark’s mass.

The chapter continues with noting the arbitrarines of the heavy quark velocity cho-

sen while constructing the effective field theory. The effective theory is shown be

invariant under choosing another arbitrary four velocity. Then the effective meson

states are defined in a manner that all mass dependence are explicitly shown. The

normalization conditions are derived for these states. Finally, instead of using the

transformation properties of individual states in a spin doublet, a way to transform

the doublet as a whole is found.

In the third chapter, as a first application of the theory, the form of meson masses

49



constructed with the tools provided by HQET. The contribution of kinetic energy of

the residual motion and light degrees of freedom- heavy quark spin interaction’s con-

tribution to mass were predicted to be suppressed by heavy quark mass. For B and

D mesons, the mass difference between s flavored and d flavored B and D mesons

are predicted to be the same up to the first order corrections. Also HQET predicts the

same mass difference between spin doublets of B and D meson up to the first order.

The experimental result supports these predictions as the mass differences are found

to be very small. This calculation can also be used to comment on how well HQET

works for c quarks. In case of accepting b quark as a good approximation for a heavy

quark, calculations with c quark yields a 11 − 14% difference from the calculations

with b quark.

In the fourth chapter, semileptonic B decays are studied. First the weak interaction is

described with four fermion coupling. The decay rate of inclusive B → D decay is

written. The non-local interaction is expanded in terms of local operators. The way

to handle the local operators are important. The local operators are described in terms

of tools defined by HQET. It is useful because their expectation values were predicted

by the effective theory. In this way the form of decay rate for the inclusive decays in

HQET is obtained.

The exclusive B → D decays are also examined in the fourth chapter. All form fac-

tors appearing in different matrix elements are shown to be equal in the infinite mass

limit which are equal to Isgur-Wise function. The normalization condition for this

function is shown to be at zero recoil limit. This derivation is done in two different

ways. In the first way, matrix elements are written in terms of effective states. The

same function ξ appeared in each trace. In the second derivation all form factors are

related to each other in the infinite mass limit. It turned out they were either equal to

each other or equal to zero.

The 1/mQ correction to decay matrix elements are calculated. They received correc-

tions from the fact that both effective fields and the Lagrangian received first order

corrections. In the zero recoil limit the corrections are shown to be equal to zero due

to Luke’s theorem.

At the end of the chapter the form factor FD∗(w) is expanded around w = 1. Luke’s

theorem showed to be useful in this process. Then Vcb is extracted by from the data

of |Vcb|FD∗ .
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APPENDIX A

EFFECTIVE LAGRANGIAN

The second term in eq.(2.36) can be expanded as follows.

hvi /D⊥
1

iv ·D + 2mQ

i /D⊥hv =
1

2mQ

hvi /D⊥
1

1 + iv·D
2mQ

i /D⊥hv (A.1)

1/mQ expansion yields

1

2mQ

hvi /D⊥

(
1 +

iv ·D
2mQ

+ ...

)
i /D⊥hv

=
1

2mQ

hv(i /D⊥)2hv +O

(
1

4m2
Q

)
. (A.2)

The 1/mQ order takes the form

− 1

2mQ

hv(D⊥µD⊥νγ
µγν)hv. (A.3)

Since D⊥ resides in the color space and the gamma matrices reside in spacetime, they

commute. Now using the identity

γµγν = ηµν − iσµν (A.4)

gives

− 1

2mQ

hv(D⊥µD⊥νη
µν − iD⊥µD⊥νσµν)hv. (A.5)

For the second term the multiplication of covarian derivatives can be seperated into

symmetric and anti-symmetric parts.

D⊥µD⊥ν =
1

2
(
{
D⊥µ, D⊥ν

}
+ [D⊥µ, D⊥ν ]) (A.6)

Hence the Lagrangian becomes

LQ = hviv ·Dhv +
1

2mQ

hv(iD⊥)2hv −
1

4mQ

hvgsσ
µνGµνhv +O

(
1

m2
Q

)
(A.7)
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APPENDIX B

REPARAMETRIZATION INVARIANCE

B.1 Reparametrization of the Effective Lagrangian

Keeping in mind that q is infinitesimal and

v · q = O
(
q2

m

)
, (B.1)

The leading order in Lagrangian

L(0)
Qw

=

[
hv

(
1 +

/q

2mQ

)
e−iq·x

] [
i(v +

q

mQ

) ·D
] [
eiq·x

(
1 +

/q

2mQ

)
hv

]
=

[
hv

(
1 +

/q

2mQ

)
e−iq·x

]
ieiq·x

(
v +

q

mQ

)
·
[
iq

(
1 +

/q

2mQ

)
+

(
1 +

/q

2mQ

)
D

]
hv

=

[
hv

(
1 +

/q

2mQ

)]
i

[
iv · q

(
1 +

/q

2mQ

)
+

(
1 +

/q

2mQ

)
v ·D

+
iq2

mQ

(
1 +

/q

2mQ

)
+

(
1 +

/q

2mQ

)
q ·D
mQ

]
hv

=

[
hv

(
1 +

/q

2mQ

)][
iv ·D + i

q ·D
mQ

]
hv

= hviv ·Dhv + hvi
q ·D
mQ

hv (B.2)

B.2 The First Order Terms

The kinetic term in the first order Lagrangian

L(1)
Qw,kin

= i2
[
hv

(
1 +

/q

2mQ

)
eiq·x

]
(D⊥)2

[
e−iq·x

(
1 +

/q

2mQ

)
hv

]
(B.3)
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Let us expand the covariant derivative term

(D⊥)2 =

(
D −

(
v +

q

mQ

)((
v +

q

mQ

)
·D
))2

=

[
Dµ −

(
vµ +

qµ

mQ

)((
v +

q

mQ

)
·D
)]

.

[
Dµ −

(
vµ +

qµ
mQ

)((
v +

q

mQ

)
·D
)]

= D2 − 2(v ·D)− 2
q ·D
mQ

(v ·D) + v2(v ·D)2 + 2
q · v
mQ

(v ·D)2

+
q2

m2
Q

(v ·D)2

= D2 − (v ·D)2 (B.4)

In the previous part, the following is already calculated.

(v ·D)

[
eiq·x

(
1 +

/q

2mQ

)
hv

]
= eiq·x(v ·D)hv (B.5)

and

Dµ

[
eiq·x

(
1 +

/q

2mQ

)
hv

]
= eiq·x

[(
1 +

/q

2mQ

)
Dµ + iqµ

(
1 +

/q

2mQ

)]
hv (B.6)

Thus

(v ·D)2
[
eiq·x

(
1 +

/q

2mQ

)
hv

]
= eiq·x

[
−iv · q(v ·D) + (v ·D)2

]
hv

= eiq·x(v ·D)2hv (B.7)

and

D2

[
eiq·x

(
1 +

/q

2mQ

)
hv

]
= eiq·x

[
−q2

(
1 +

/q

2mQ

)
+2i

(
1 +

/q

2mQ

)
q ·D +

(
1 +

/q

2mQ

)
D2

]
hv

= eiq·x
[
2iq ·D +D2 +

/q

2mQ

D2

]
hv (B.8)

Hence

i2
[
hv

(
1 +

/q

2mQ

)
e−iq·x

]
(D⊥)2

[
eiq·x

(
1 +

/q

2mQ

)
hv

]
= i2

[
hv

(
1 +

/q

2mQ

)][
D2 − (v ·D)2 + 2iq ·D +

/q

2mQ

D2

]
hv

= i2hv
[
D2 − (v ·D)2 − 2iq ·D

]
hv + i2hv

[
2

/q

2mQ

D2

+
/q

2mQ

(v ·D)2 − 2i
/q

2mQ

q ·D +

(
/q

2mQ

)2

D2

]
hv (B.9)
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All of the second term is of high order. Thus leaving

i2hv(D⊥)2hv − hv2iq ·Dhv (B.10)

The chromomagnetic term in the first order Lagrangian

hwgsσ
µνGµνhw = −ihwσµν [Dµ, Dν ]hw

= −i
[
hv

(
1 +

/q

2mQ

)
e−iq·x

]
σµνDµDν

[
eiq·x

(
1 +

/q

2mQ

)
hv

]
+ µ↔ ν

= −i
[
hv

(
1 +

/q

2mQ

)
e−iq·x

]
Dµe

iq·x

×
[
iqν

(
1 +

/q

2mQ

)
+

(
1 +

/q

2mQ

)
Dν

]
hv + µ↔ ν

= −i
[
hv

(
1 +

/q

2mQ

)][
−qµqν + i

(
1 +

/q

2mQ

)
qµDν + iqνDµ

+

(
1 +

/q

2mQ

)
DµDν

]
hv + µ↔ ν

= −ihv
[
iqµDν + iqνDµ +

(
1 +

/q

2mQ

)
DµDν

]
hv + µ↔ ν

= −ihvσµν [Dµ, Dν ]hv (B.11)
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APPENDIX C

COVARIANT REPRESENTATION OF STATES

The most general 4× 4 matrix can be written is

H(Q)
v = S1 + Vµγ

µ + Tµνσ
µν + Aµγ

µγ5 + Pγ5 (C.1)

The condition /vH(Q)
v = H

(Q)
v has to be implemented on this object. Trace of H(Q)

v is

Tr
(
H(Q)
v

)
= 4S (C.2)

This is equal to Tr
(
/vH

(Q)
v

)
,

Tr
(
/vH(Q)

v

)
= vαTr

(
γαH(Q)

v

)
= 4vµV

µ (C.3)

This gives the first relation between two terms

S = vµV
µ (C.4)

Next,

Tr
(
γαH(Q)

v

)
= 4V α (C.5)

and

Tr
(
γαH(Q)

v

)
= Tr

(
γα/vH(Q)

v

)
= vβTµνTr

(
γαγβσµν

)
+ SvβTr

(
γαγβ

)
= 16vβT

αβ + 4Svα (C.6)

which gives

V α = 4vβT
αβ + Svα (C.7)

Next,

Tr
(
γαγ5H(Q)

v

)
= −4Aα (C.8)
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and

Tr
(
γαγ5H(Q)

v

)
= Tr

(
γαγ5/vH(Q)

v

)
= vβTµνTr

(
γαγ5γβσµν

)
+ vβPTr

(
γαγ5γβγ5

)
= 8ivβTµνε

αβνµ − 4vαP (C.9)

gives the third relation

−Aα = 2ivβTµνε
αβνµ − vαP (C.10)

Next

Tr
(
γ5H(Q)

v

)
= 4P (C.11)

then,

Tr
(
γ5H(Q)

v

)
= Tr

(
γ5/vH(Q)

v

)
= vαAµTr

(
γ5γαγµγ5

)
= 4vµA

µ (C.12)

gives the relation

P = vµA
µ (C.13)

Finally

Tr
(
σαβH(Q)

v

)
= TµνTr

([
γα, γβ

]
[γµ, γν ]

)
= 16T βα (C.14)

Here the fact that T µν is anti-symmetric is used. Similarly this expression is equal to

Tr
(
σαβ/vH(Q)

v

)
= vδVµTr

([
γα, γβ

]
γδγµ

)
+ vδAµTr

([
γα, γβ

]
γδγµγ5

)
= 8

[
vβV α − vαV β

]
− 8ivδAµε

αβδµ (C.15)

Hence the last relation is

T βα =
1

2
[(vβV α − vαV β)− ivδAµεαβδµ] (C.16)

All of the relations then can be summed up then.

S = vµV
µ (C.17)

V α = 4vβT
αβ + Svα (C.18)

−Aα = 2ivβTµνε
αβνµ − vαP (C.19)

P = vµA
µ (C.20)

T βα =
1

2
[(vβV α − vαV β)− ivδAµεαβδµ] (C.21)
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Now separating Vµ and Aµ into parallel and orthogonal parts gives

Vµ = V ⊥µ + vµS, (C.22)

Aµ = A⊥µ + vµP (C.23)

with

vµV ⊥µ = 0, (C.24)

vµA⊥µ = 0. (C.25)

The eq.(C.21) can be rewritten as

T βα = vβV α⊥ − 1

2
ivδA

⊥
µ ε

αβδµ (C.26)

Hence eq.(C.1) takes the form

H(Q)
v = S + (V ⊥µ + vµS)γµ + (A⊥µ + vµP )γµγ5 + Pγ5

+(2vµV
⊥
ν − ivαAβ⊥εµναβ)σµν

= (1 + /v)S + (1 + /v)Pγ5 + A⊥µ γ
µγ5 + V ⊥µ γ

µ

+vµV
⊥
ν −

1

2
ivαAβ⊥εµναβσ

µν (C.27)

Now using γνγµ = gνµ − γµγν to obtain

σµν =
i

2
(γµγν − γµγν) = i(γµγν − gνµ) (C.28)

This gives

H(Q)
v = (1 + /v)S + (1 + /v)Pγ5 + A⊥µ γ

µγ5 + V ⊥µ γ
µ

+i/vV ⊥µ γ
µ + /vA⊥µ γ

µγ5. (C.29)

Hence

H(Q)
v = (1 + /v)[(S + A⊥µ γ

µγ5) + (Pγ5 + V ⊥µ γ
µ)] (C.30)

The (S +A⊥µ γ
µγ5) terms were not in eq.(2.72). However just like Pγ5 + V ⊥µ γ

µ they

form a doublet of total angular momentum J = 0, 1 hence their appearance is ex-

pected. This can be seen from the following argument. The total angular momentum

is given by J = Jl ± 1
2

and the angular momentum of the light degrees of freedom is

given by ~Jl = ~l + ~Sq. For l = 0 one obtains

l = 0, Jpl = Spl = 1
2

− (C.31)
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Thus

Jp = Jpl ±
1

2
= 0−, 1− (C.32)

They are the pseudoscalar and vector meson states. For l = 1,

l = 1, Jpl = 1 + Spl = 1
2

+
, 3
2

+ (C.33)

For Jpl = 1
2

+ case one finds

Jp =
1

2

+

± 1

2
= 0+, 1+ (C.34)

The claim was doublets are formed according to the value of Jl. Hence the ground

state doublet is given by

H(Q)
v =

1 + /v

2
[P ∗(Q)
v,µ γµ + iP (Q)

v γ5] (C.35)

These fields are required to turn into each other under heavy quark spin transforma-

tion. The formal derivation is given in chapter 2.3.
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APPENDIX D

OTHER LORENTZ INVARIANT TERMS IN FUNCTION X

There is one more term that that contains a different Lorentz invariant. That is X4iγ
5.

However X4 is found to be zero due to parity. Placing P 2 = 1 inside the correspond-

ing matrix element yields

Tr
(
M(v′)(γµ − iγµγ5)M(v)X4

(
iγ5
))

= Tr
(
PM(v′)(γµ − iγµγ5)M(v)X4

(
iγ5
)

P
)

= Tr
(
M′

(v′p)(PγµP− Piγµγ5P)M′(vp)X4

(
Piγ5P

))
= Tr

(
M′

(v′p)(−γµ − iγµγ5)M′(vp)X4

(
−iγ5

))
= Tr

(
M′

(v′p)(γ
µ + iγµγ5)M′(vp)X4

(
iγ5
))

(D.1)

WhereM(v) stands for M(v) or M(v, ε). Anti-commuting P through M(v) would

yield a minus sign and while anti-commutation through M(v, ε) would not. This

effect is given by the conventionM′. The only way to have this equality is X4 = 0.

The argument goes same for products of γ5 with velocities.
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APPENDIX E

TURNING A PSEUDOSCALAR MESON INTO A VECTOR

MESON

The commutation relation in eq.(4.66) can be calculated as follows.[
S3
Q, V

µ(0)− Aµ(0)
]

=

[
1

2

∫
d3x : h

(c)
v′ (x)†γ5γ0γ3h

(c)
v′ (x) :, h

(c)

v′ (0)γµh(b)v (0)− h(c)v′ (0)γµγ5h(b)v (0)

]
(E.1)

First of all the current can get inside integral without a problem since it has no x

dependence. Although there is a normal ordering in the definition in our case it has

no implication as the positive and negative energy fields decouples. From eq.(2.10)

the commution relation for fermion fields is given as

[Ψα(x0), Ψβ(y0)] = [Ψ †α(x0), Ψ
†
β(y0)] = 0 (E.2)[

Ψα(x0), Ψ
†
β(y0)

]
= δαβ δ

3(x0 − y0) (E.3)

Hence the commutation becomes[
S3
Q, V

µ(0)− Aµ(0)
]

=
1

2

∫
d3xh

(c)
v′ (x)†[γ5γ0γ3, γ0γµ − γ0γµγ5]h(c)v′ (0)δ3(x− 0)

(E.4)

The result is; commutation turns the components of vector current in to axial vector

components and vice versa. For different values of µ the result is[
S3
Q, V

3(0)− A3(0)
]

= A0(0)− V 0(0)[
S3
Q, V

0(0)− A0(0)
]

= A3(0)− V 3(0)[
S3
Q, V

1(0)− A1(0)
]

= i(A2(0)− V 2(0))[
S3
Q, V

2(0)− A2(0)
]

= −i(A1(0)− V 1(0)) (E.5)

67



68



APPENDIX F

1/M CORRECTIONS

The calculation of eq.(4.84) is as follows.

〈D(v)|h′(c)i( ~/D − /v′v′ · ~D)Γ µh(b)v |B(v)〉

=
√
mBmD

{
Tr
[
γ5

1 + /v′

2
γνΓµ

1 + /v

2
γ5(C1v

ν + C2v
′ν + C3γ

ν)

]
−Tr

[
γ5

1 + /v′

2
v′ργ

ρΓ µ1 + /v

2
γ5(C1w + C2 + C3v

′
νγ

ν)

]}
=

1

4

{
[Tr(γνγµaν) + v′λTr(γλγνγµaν)− vρTr(γνγµγρaν)

+v′λvρTr(γλγνγµγρaν)− Tr(γ5γνγµaν) + v′λTr(γ5γλγνγµaν)

+vρTr(γ5γνγµγρaν) + v′λvρTr(γ5γλγνγµγρaν)]

−v′σ[Tr(γσγµb)− v′λTr(γλγσγµb)− vρTr(γσγµγρb)

+v′λvρTr(γλγσγµγρb)− Tr(γ5γσγµb)− v′λTr(γ5γλγσγµn)

+v′ρTr(γ5γσγµγρb) + v′λvρTr(γ5γλγσγµγρ)]
}

(F.1)

where aν and b are the short notation for (C1v
ν + C2v

′ν + C3γ
ν) and (C1w + C2 +

C3v
′
νγ

ν). Note that the terms arising from axial vector current, traces with γ5, does

not contribute. Trace of γ5 multiplied with two or odd numbers of gamma matrices

is zero and or the trace gives Levi-Civita symbol, an antisymmetric object, multiplied

with symmetric velocity multiplication. Remaining traces yields

√
mBmD {[C1(v

µ + 2wvµ − v′µ) + C2(v + v′)µ + C3(4v
′µ − 2vµ)]

−[(C1w + C2 − C3)(v − v′)µ]}

=
√
mBmD(vb − vc)µ(C1(w + 1)− 3C3) (F.2)
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〈D(v′)|h′(c)i ~D
ν
Γ µh(b)v |B(v)〉

=
√
mBmDTr

[
γ5

1 + /v′

2
Γ µ1 + /v

2
γ5(C1v

ν + C2v
′ν + C3γ

ν)

]
=

1

4
[−Tr(γµaν)− v′λTr(γλγµaν)− vρTr(γµγρaν)

−vρv′λTr(γλγµγρaν)− Tr(γ5γµaν)− v′λTr(γ5γλγµaν)

+vρTr(γ5γµγρaν) + vρv
′
λTr(γ5γλγµγρaν)] (F.3)

Again aν stands for (C1v
ν + C2v

′ν + C3γ
ν). Similarly there is no contribution from

the matrix element induced by the axial vector current. Calculating the traces yields

√
mBmD {(v + v′)µ(C1v + C2v

′)ν − C3 [ηµν(1− w) + vνv′µ + vµv′ν ]} (F.4)
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