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ABSTRACT

HEAVY MESONS IN HEAVY QUARK EFFECTIVE THEORY

Elpe, Altug
M.S., Department of Physics
Supervisor : Prof. Dr. Altug Ozpineci

September 2016, [70| pages

In this thesis heavy quark effective theory is studied. Typical interaction momen-
tum between constituents of a meson is about 300M el where QCD is in its non-
perturbative region. Although there is no solution to QCD in this region information
can be obtained by using effective field theories. The heaviest quarks have mass much
greater than Agcp. This property is used to construct an effective field theory in the
infinite mass limit by modifying the QCD Lagrangian. The residual motion and the
spin interactions of the heavy quark are shown to be suppressed by the heavy quark
mass. This leads to the formation of degenerate spin doublets of B and D mesons.
Also it is predicted that the change in mass when the light quark flavor is changed
is the same between B and D mesons. Then HQET is used to study semileptonic
B — D decays upto the first order in perturbative series. In the end V; is calculated.

Keywords: Heavy Quark Effective Theory, Non-perturbative QCD, Meson Mass,
Semileptonic Decay, CKM Matrix Element
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AGIR QUARK ETKIN KURAMINDA AGIR MEZONLAR

Elpe, Altug
Yiiksek Lisans, Fizik Bolimi

Tez Yoneticisi : Prof. Dr. Altug Ozpineci

Eyliil 2016 ,[70]sayfa

Bu tezde agir kuark etkin teori ¢aligildi. Bir mezonun icerigindekilerin etkilesim mo-
mentumu yaklasik 300M eV diizeyindedir ki bu KRD’nin tedirgemesiz bolgesindedir.
Bu bolgede KRD’nin ¢6ziimii olmasa bile etkin teori kullanilarak bilgi elde edilebilir.
En agir kuarklarin kiitleleri Agcp’ den ¢ok bilyiiktiir. Bu dzellik kullanilarak sonsuz
kiitle limitinde KRD Lagrangian’ 1 modifiye edilerek etkin teori kuruldu. Agir kuar-
kin hareketinin ve spin etkilesiminin kiitle ile baskilandig1 gosterildi. Sonug¢ olarak
B ve D mezonlarimin spin ¢iftleri arasinda yaklasik olarak kiitle farkinin olmayacagi
ongoriildii. Ayrica B ve D mezonlariin hafif serbestlik derecelerinin farkli cesni-
ler i¢in kiitle farkinin yaklagik olarak ayn olacagi 6ngoriildii. Daha sonra teori yari
leptonik B — D bozunmalarini ¢aligmak icin kullanildi ve tedirgenme serisi birinci
seviyesine kadar hesap yapildi. Tez V,;, bulunarak bitirildi.

Anahtar Kelimeler: Agir Kuark Etkin Teori, Tedirgemesiz KRD, Mezon Kiitlesi, Ya-
rileptonik Bozunma, CKM Matris Elemant
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CHAPTER 1

INTRODUCTION

In the sixties, the studies on hadrons suggested that they were made up of sub-
hadronic constituents. This quickly led to the search for the internal dynamics. In
order to probe the internal structure of a hadron with high resolution, beams of elec-
tron with high energies were used in scattering experiments. The majority of the
scatterings happened in the deep inelastic region of the phase space [2]. Bjorken
argued that in these deep inelastic scatterings the structure function scales with the
ratio square of transferred momentum over energy transfer ¢?/v. Later this argument
is confirmed with the experiment. This scaling is explained by assuming electrons
scatter off almost free, point like constituents which were called partons. The scaling
also implies that the interactions between partons becomes weak at short distances.
Later partons are identified with quarks [3]].

The behavior of interactions is explained by non-Abelian gauge field theory. Its basic
property is the generators of the symmetry group do not commute. It exhibits the
desired property which is called asymptotic freedom. The effective coupling con-
stant decreases at small distances and increases at long distances. Which is different
from Quantum Electrodynamics (QED) where effective coupling increases at small
distances and tends to zero at large distances [4]].

Meanwhile there was also a requirement for a symmetry that is associated with non-
commutative algebra. SU(3) color symmetry, which gives quarks a color charge, is
proposed and the theory emerged by its combination with non-Abelian field theory
is called Quantum Chromodynamics (QCD). Just as in QED, where the interactions
between charged particles are mediated by a gauge boson called photon, in QCD in-

teractions between color charged quarks are also mediated by a gauge boson. This



boson is called gluon due to its property of binding quarks together like glue. While
photons have no electric charge, gluons possess color charge and hence interacts with

each other.

1.1 Properties of Quarks

Quarks are fermionic particles that interacts via electromagnetic, gravitational, weak
and, strong interactions. There are currently six observed quarks that are classified
under three generations [S)]. Theses quarks are; up u, down d, strange s, charm c,

bottom (or beauty) b and top (or truth) ¢ quarks with generations

s b
c t

Flavors of quarks are denoted by flavor quantum number. For example the charm
quark has the quantum number charmness C' = 1 and the remaining flavor numbers,
strangeness .S, bottomness B and topness 7" are zero. Similarly for ¢ quark the quan-
tum numbers are 7' = 1, S = C' = B = 0. The s quark has S = —1 and for b
quark B = —1. Their anti-quark counterparts have negative of their flavor numbers.
This quantum number is conserved under strong interactions [6]. The v and d quarks
are associated with another quantum number called isospin which will be covered in
chapter 1.4.

The quarks also possess electric charge of fractional values of elementary charge e.
Up, charm and top quarks have charge of 2/3e, while down, strange and bottom have
—1/3e. Then hadrons obtain the total charge of their constituent quarks. Proton made
of uud has charge +e and neutron udd has total of zero.

The idea behind generations is clear at this point. After the first generation (ud) new
observed quarks show similarities, having the same spin and interaction properties,
only difference is their masses. The masses are; up quark, m, = 2.373IMeV, down
quark, mg = 4.8795MeV, strange quark, m, = 95 & 5MeV, charm quark with
m. = 1.275 + 0.025GeV, bottom quark, m;, = 4.66 £+ 0.03GeV and top quark,
my = 173.21 £ 0.51 & 0.71GeV [6]]. Although flavor changing is not permitted with
strong interactions, later generation quarks tends to decay into early generations via

weak interaction.



1.2 Color Confinement

Quarks carry one of the three color charges; red r, green g, blue b. In SU(3) color
group quarks belong to fundamental representation 3. Anti-quarks are different ob-
jects, carry anti-charges; 7, § and b and belong to complex conjugate representation
3* [5]. Gluons on the other hand carry a charge and an anti-charge. A state with a
color and an anti-color charge corresponds to one of the irreducible representations

in 3 ® 3*.
33 =108 (1.1)

Giving eight color octets; rb, 7, gb, g7, bg, bF, \/Li(r? —49), \/Lg(rf + gg — 2bb) and
one singlet \/ig(rf + gg + bb) [7].

The colored objects however are not directly observed, but only colorless bound states
are observed. This phenomena is hypothesized as color confinement. In other words,
color carrying quarks or gluons are never observed on their own. Returning back to
the gluons, the singlet state cannot interact with strong interaction, and can leave a
hadron to exist on its own and even be undetectable. Hence there are only eight gluon
states that are color octets.

Hadrons can only appear as singlet states. Mesons; quark ¢ - anti-quark g bound states

q7:3®3" =1®8 (1.2)

9 :3®3®3=146884 10 (1.3)

has a possible singlet state required for confinement and observed experimentally.
Other non-singlet states with explicit color degrees of freedom are expected not to be

observed [3]. Diquarks
qq:3®3=3"®6 (1.4)
and four quark states
9999 :3®3®3®3=30303P6"D15®15® 15 ® 15. (1.5)

are examples of this situations.



1.3 Asymptotic Freedom

In order to give a meaningful description of asymptotic freedom, the concept of
renormalization must be understood. Starting with any quantum field theory, while
calculating an integral over all momentum space such as a Green’s function, UV
divergences in loop diagrams would be encountered. These divergences can be re-
moved order by order in perturbation theory by rescaling and redefining parameters
like mass, coupling constant and field normalization factors according to the energy
scale at hand [8]]. This process is called renormalization. There is not a unique way to
renormalize a theory and each different way to do is called renormalization scheme
(RS). Although they change the way of how things are calculated, the process must
leave the observable values unchanged [9]. RS inevitably introduces a mass scale
called renormalization scale. Then the intermediate parameters depend on RS and .
The simplest and most used scheme is MS and it is perturbative.

In QED the scale ; can be fixed to the masses of charged particles since they have
direct physical meaning. The perturbative series is asymptotic, meaning approxima-
tion to a quantity is improved by increasing the number of terms included up to a
maximum number of N, = 137 is reached. After this number terms gets too large
and series loses it’s meaning [8]].

In QCD there is no natural choice for the scale ;v as quark masses are not directly
observable due to confinement. It becomes an arbitrary value and the choice depends
on other things, such as convergence and simplicity of calculations. The coupling
constant g, or in a more convenient description oy = % is two order of magnitude
larger than QED coupling and the value of N, is of order 1 [8]. Therefore an appro-
priate choice of RS becomes important.

Asymptotic freedom is a property of QCD coupling scaled at high energies [5]. In-

troducing o, (142) from its relation to unrenormalized coupling constant %"

2
)2 (i), S ) = (16)
uUuv

where Z,, is the rescaling factor and /I%JV is the ultraviolet cut-off parameter[3]]. This
corresponds to the differential equation,

o dag

g = Blas) (1.7)



The (as) function gives how fast the coupling changes while moving through the
energy scales. It remains finite as /Ay — oo and how to calculate it through pertur-

bation theory is known.

B(as) = —a2(By + Pras + B + ...) (1.8)

At one loop, a5(p1*) can be written in terms of an overall scale Agcp

B 1
= 'ﬂozn <A52D>

Agcep is a dimensionful parameter of QCD and is measured to have the approximate

s (1?) (1.9)

value of ~ 300MeV [6]. It is the characteristic scale of QCD that also gives the
confinement at Ry,q ~ 1/Agcp ~ 1fm. As the energy scale increases the relation
as — 0 as p — oo is obtained. Asymptotic freedom allows to use perturbation

theory. However for . values close to Agcp coupling becomes large and perturbative
QCD breaks down.

1.4 Symmetries of QCD

The QCD Lagrangian is
_ 1
£ =" 0(@)(iD = m)s(a) = 6" (@)Gu () (1.10)

where 1);(x) are fermion fields that corresponds to quarks, D,, is the covariant deriva-
tive D, = 0, — igsA, and G*(x) is field strength tensor G* = gis[D“, DY[4].
Noether theorem states that if equations of motion is invariant under a continuous
transformation of Lagrangian, then there is a conserved current corresponds to this

invariance [10]. This is the notion of symmetry. This current is given by

oL
Jb=—" 5 — KH 1.11
(9t (x)) v (10

where d1)(x) corresponds to difference between transformed and the original fermion
field and 0, K* = L(¢'(z),0,¢'(x)) — L(¥(x), 0,1 (x)). Then the derivative of J*
is

0, J*(x) = 0. (1.12)

5



If this current is localized in space, then the current corresponds to a conserved charge

0.

Q:/d3a:J°, 9L =0 (1.13)

The QCD Lagrangian also shows exact and approximate symmetries.

1. CP Symmetry
Parity is taking the symmetry of a system with respect to origin. The parity

operator P acts as [[11],

P (twray?'z) = <t7 -, Y, _Z)u
P?: (t,z,y,2) = P: (t,—x,—y, —2) = (t,z,y, 2) (1.14)

Clearly the operator satisfies P? = 1, and acting it on a vector yields

—

P(V)=-V (1.15)
Note that a cross product of two vectors transforms as
PV xW)=P(V)x PW)=(=V)x (=W)=+V xW. (1.16)

An object that acts like a vector under rotations but under parity transformation
does not obtain a minus sign is obtained. This object is called an axial vector.

Moreover consider a vector V' and an axial vector A

—,

PV -A)=(-V) - (A)=-V-A (1.17)

Their dot product yields a scalar object that obtains a minus sign under parity
transformation. This object is called a pseudoscaler.

For a wave function if the following argument is satisfied
U(t,—x,—y,—z) =n¥(t,z,y, 2) (1.18)

then n is called the parity. The n = 41 case is called positive parity and
n = —1 case is called negative parity. As a convention quarks are assigned
positive parity and anti-quarks are assigned negative parity. Then for a general

state the parity transformation gives
Pl) = (=1)' Pt [¥) (1.19)

6



where [ is the orbital angular momentum and P, is the intrinsic parity. Ac-
cording to the experimental results, parity is conserved in strong interactions.
Another symmetry transformation is charge conjugation [[11]]. It transforms a

particle to its anti-particle. The operator is denoted as C' and acts on a state as

Clp) = [p)- (1.20)

Obviously it satisfies C* = 1. Most particles are not eigenstates of C' operator
because this requires the particles must be its own anti-particle. The eigenvalue

equation gives
Clp) =Ip) = £1p) (1.21)

For bound fermion- anti-fermion pairs the the eigenvalue is obtained as

Cly) = (=1 1v) (1.22)
The charge conjugation is also conserved in strong interactions.

. Global U(1) Symmetry

The Lagrangian is invariant under phase transformation [|12]]
U(z) = () (1.23)

which yields the current and a charge

Jh = d(z)y(z) B = [dPz(z)y ¢ (x) (1.24)

B is the conserved quantity called baryon number. Quarks are associated with
baryon number 1/3 and anti-quarks are associated with —1/3. In every process

number of quarks minus number of anti-quarks is conserved.

. Isospin Symmetry
The small mass difference between protons and neutrons led to the idea that
these particles are different states of the same particle named nucleon. The

states are given as [13]]



The transformation between states are given by SU(2) transformations

. 1(1 0 1.

(1 11
Ty ==
0 2\ 0
. [0 1{0
Ty - (1.27)
1 2\ 1

and similarly other transformation matrices are defined as

f=Lf% ) o ? (1.28)
2\ 10 *Li o

This is analogous to case of spin 1/2 particles, there is nothing about spin when
defining isospin. Proton and neutron forms doublet with total isospin 7" = 1/2
and the third component T3 = +1/2. If the charge difference is ignored, then
there is nothing to distinguish these particles. Then the physics is expected to
be invariant under rotations in the isospin space.
This idea is extended for the quarks. If the mass difference between u quark and
d quark is ignored, the strong interactions becomes invariant under an isospin

transformation. In other words an approximate flavor symmetry is obtained.

The field transformation is generated as
b(x) — ey (a). (1.29)

This gives the current and the charge

Ti

T =T ), Q= [ Pt (@)F(). (1.30)

. SU(3)FlavorSymmetry
The idea for isospin can be expanded to include s quark. If m, = my; =
m is assumed, then a SU(3) flavor symmetry would be obtained. The field

transformations are given by SU(3) group;

Y(z) = e 2%(x). (1.31)



Then the obtained current and charge are

al

T = Plan5

Wv(z), Q= [dzyi(z)dy(z). (1.32)

This symmetry is broken by the mass difference between s quark and lighter

quarks.

A new symmetry of QCD appears when moving to low energies. It is called heavy
quark symmetry. It is a symmetry of the Lagrangian in the infinite quark mass limit.
The purpose of this thesis is to explain and show the applications of this symmetry.

We first need to start with the question, what is an effective theory?

1.5 Effective Field Theories

When describing a physical system it is useful to concentrates on the relevant degrees
of freedom. For example the motion at low velocities does not require special rel-
ativistic description. The calculations would be more complicated than Newtonian
mechanics’ and the solutions would approximately be the same. Although the New-
tonian mechanics fails at higher velocities, for low velocities it is considered to be the
correct effective theory of special relativity.

Construction of effective theories for field theories is also possible and yields great
simplifications. It starts with defining energy or distance scales. A very heavy particle
cannot be created in an energy scale smaller than it’s mass. This is given by decou-
pling theorem [14]; heavy degrees of freedom decouples at low energies, meaning
their contribution to correlation function is suppressed by their mass. It is then useful
to construct an effective field theory by removing irrelevant degrees of freedom from
the Lagrangian [[15]].

An example is W-boson propagator appearing in tree level of b — clv. The maximum
transferred momentum in this process is ¢> = (m; — m,.)? which is small compared

to myy . Therefore the propagator can be approximated as

1 1 2
= — o — (1.33)
P — My My, My

Instead of working on each amplitude one by one, the weak Lagrangian is expanded

in terms of local operators in powers of external momenta divided by the scale of

9



heavy physics. The result is called an effective Lagrangian.

A more appropriate description for constructing an effective field theory is as follows
[L6]]. In the begining a very large scale that is above all masses, with renormalization
scale y is taken. In this region, the set of fields X describes the heaviest particles and

¢ describes the lighter particles. The full Lagrangian is in the form
Lu(X,¢)+ L(®) (1.34)

Then the theory start evolving to lower energies. As long as the renormalization scale
does not encounter to a particle mass, renormalization group methods describes the
evolution. When p becomes lower than a heavy particles mass, full theory is modified

to an effective theory without the heavy particle.

1.6 Physical Picture of a Heavy Meson

Consider a heavy meson; a bound state of a heavy quark () and light degrees of free-
dom, containing light quark ¢ and gluon cloud [17]. Typical momentum transfer in-
side a hadron is approximately given by the constituent quark model which is around
a third of a proton’s mass m,,/3 ~ Agcp ~ 330MeV. This is the amount how much
the quarks are off-shell inside a hadron [18]. Given the masses of lightest quarks,
the quarks composing proton and light quarks inside the heavy hadron are off-shell
by a very large amount. However a heavy quark with the mass mg > Agcp, being
off-shell by Agcp, is in fact nearly on-shell. This also means the hadron as a whole,
is nearly on-shell. With this definition, light quarks are u, d and s while heavy quark
are t, b and c [19]. However t quarks are short lived with lifetime of ~ 0.5 x 10~%4s
which is less than the time scale for strong interactions A~! ~ 107235 and hence
decays via weak interaction before forming a hadron [20]. Also considering the ratio
Agep/me = 1/6, ¢ quark is considered a heavy quark only with some reservation.
Therefore the notion of heavy quark generally refers to b quark [17].

Interaction with the light degrees of freedom changes heavy quarks momentum by
Agep and so changes its four velocity vector by Agcp/mg. Velocity change is
bounded by the limit Agcp/mg — 0, which is approximately the case. Heavy quark
velocity becomes constant in infinite heavy quark mass limit. This is the idea under-

lying HQET. A very heavy object sits in the middle of the meson. Light degrees of

10



freedom interacts with it as if it is an infinitely heavy object. Of course the quark is
not infinitely heavy, so it is said that heavy quark symmetry is an approximate sym-
metry appearing in infinite mass limit. The rest of the physical picture is understood
with this behavior. Interactions are not energetic enough to change heavy quarks
quantum numbers. Then the light degrees of freedom perceive it only as an external
color source.

Then the question is which fields are integrated out while constructing the effective
theory? Removing heavy quark fields would lose the meson picture which is wanted
to be described. The answer dwells on the fact that interactions cannot create a heavy

quark anti-quark pair. The field mode that gives pair production is integrated out.

The author claims no originality in this work. Most of the material follows from

the review of Neubert [21] and the book of Manohar and Wise [22]].

11






CHAPTER 2

HEAVY QUARK EFFECTIVE THEORY

The effective theory is going to be constructed in the infinite mass limit for the heavy
quarks. Therefore the part of QCD Lagrangian corresponding to heavy degrees of

freedom needs to be restated accordingly. The Lagrangian is
Lo = Qi) —mq)Q .1

Consider a heavy hadron that contains a heavy quark and a light quark and moves

with the four velocity v#. The momentum of the hadron is given by [16]
Pi = Mguv" (22)

Where My, is the mass of the bound state. Heavy quark approximately moves with the
hadron’s velocity v*. Then the heavy quark is nearly on-mass shell with momentum

(23]
p‘é = mou" + k" = Pg -l (2.3)

where p# is the momentum carried by light cloud, £* is the residual momentum and

is defined through above equation.
k' = (Mg — mq)v" — pl (2.4)

It is of order Agcp. As expected, in the limit mg — oo the velocity of the heavy
quark is equal to the velocity of the hadron. This can be seen from eq.(2.3)), as the k*

term goes to zero.

(2.5)



Note that infinitely heavy quark cannot have well defined position and momentum at

the same time but for position and velocity this is possible [24].

1 1
[z,0] = lim —Iz,p] = lim 2o (2.6)
mgQ—00 mQ mgQ—0o0 mQ

Now suppose the bound state scatters into a new state with the same heavy quark.

Momentum of the heavy quark in the new state becomes
pg = mgu™" + k' 2.7)
so the momentum transfer is
p‘é — pg =mg(v" — ™) + (k" — k') (2.8)

In order to keep the transferred momentum finite in the infinite mass limit, the velocity
of the heavy quark should be considered to remain unchanged under soft interaction
processes. This leaves the momentum transfer at an order of Agcp.

The aim is to write an effective theory for a static heavy quark. Given the Lagrangian

in eq.(2.1)), the equation of motion reads
(i) —mg)Q =0 (2.9)

Plane wave solutions are natural choice for our fields. Hence, heavy quark field be-

comes [25, 26]]
Qz) =) / ﬂ‘ [79 (b, (F)us (P)e = + di(Pos(B)e™™T)  (2.10)
- (277')3/2 wp S

where the index s denotes spins with s = +, —. b is the annihilation operator for
particles and d is called the annihilation operator for antiparticles. u(p,s) spinors

satisfy the equation
Hpus(p) = (p — meg)us(p) =0 (2.11)

with energy E =  /p* +mg,. Similarly v,(p) spinors are eigenfunctions of Dirac
Hamiltonian Hp with negative energy £ = —,/p? + mé. Their explicit form in

Dirac representation is

E +m Ps
us(p) = \/ ‘|2TQ . (2.12)
< [El+mq s
> _
%@:Miﬂ@ Bltong ? 2.13)
QmQ ¢S

14



corresponding the positive energy; Q*, and negative energy; Q~ parts of eq.(2.10).
The fields Q* are decomposed by introducing projection operators Py = (1 + ¢)/2,
satisfying P? = Py and §° = 1 [27].

Q+:(1;¢+1;¢)Q+:hj+fjj (2.14)
Q = (%%Jr#) Q =h, +H; (2.15)

For an infinitely heavy, stationary quark i.e. v = (1,0, 0, 0) the values of decomposed

fields have the proportionality as the following [28],

1
im ht — lim Lo
mg—+00 mgQ—00 2
E
x hm,ﬂliﬁﬁ L I (2.16)
1_
lim A, = Ilim JQ‘
mg—+00 mgQ—00 2
[E 0 0
x lim //ElE™e - 2.17)
mgQ—00 2mQ ¢374 ¢374
1_
lim H' = lim JQ+
mQ—>oo mQ—>oo 2
E 0 0
x hm,ﬂiifﬁ - (2.18)
memree | 2mq 0 0
1
lim H = lim ﬂQ*
mQ—>OO mQ—>oo 2
E 0 0
x  lim 4|t e — (2.19)
me=ee || 2mg  \ 0 0

For non-stationary quarks the relation |p| < |E| + mg gives approximate values to
the above ones. Hence h;" and h, are called large components and H.," and H, are
called small components. In the rest of the thesis quark fields are going to be focused
on therefore superscript plus signs are going to be dropped from these fields for a
simpler notation.

As a consequence of using the projection operators and v? = 1, a heavy quark, satis-

fies

Phy = hy, (2.20)
yH, = —H, 2.21)

15



From eq.(2.10) it is clear that in the infinite mass limit heavy quark fields oscillate
with infinite frequency. A field redefinition is required to pull out mass dependence

from the phase. The redefinition gives [21],

hy = €MRVIP.QT,  H, — ™V P_QT, (2.22)
hy — e "MeVTP Q7 H — e MmeUTP ()~ (2.23)
so that
QT = e "mevTh, + H, (2.24)
Q™ =™ hs + H, ] (2.25)

Then the plane wave solution for a heavy quark is rescaled to[26]

Fp  [MQ 5 o Ty ik L Atie TN (T ik
Qx) =Y / oo /w—p(bs(v,k)us(k)e +di (@ Fyoa(F)et™™)  (2.26)

Hence the phase factor added to eq.(2.24) implies that the fields &, and H,, have resid-
ual momentum k,. Also now there are different fields for each velocity.

Now note that in the infinite mass limit, strong interactions cannot create a heavy
quark- heavy anti-quark pair or annihilate a heavy quark or a heavy anti-quark, pro-
jected fields should not be combined to give the whole field. Instead heavy quark
field and heavy anti-quark fields must be studied separately. This argument can be

seen from the example action
S = /d%@@ = /d%;@ +Q QT +Q7)
- / ' Q) Q1 +Q,Q; + e Q; + e QF| 227)
where Q" = h, + H, and Q, = h;, + H, . The last two terms oscillate with infinite
frequency and hence does not contribute to S.

The rescaling effects the Lagrangian and the equation of motion as the covariant

derivative acting on our quark field now gives
iPQ = e (mgy + iD)Q, = €V (mgy + ilp)[hy + H))  (2.28)

The Lagrangian becomes

L = Q. —mg)Q,

= hy(iv-D)h, — Hy(iv - D + 2mq)H, + h,ilDH, + H,ilph, (2.29)
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The derivative operator can be decomposed into two parts

D=0, +D (2.30)
with
Dy=4w-D), D, =D —y(v-D). (2.31)
They satisfy the (anti)commutation relations
(D), ¢] =0, {D, ¢}=0. (2.32)
This gives
hoPH, = hy[Dy +¢(v - D)|H, = h,P H,. (2.33)

This equality is easy to see by writing ,, = P_ H, and anticommuting the projection
operator through /). This would yield ), P. = P, ), and lD”P, = PJD”. Then

the Lagrangian becomes

L = @v(zw - mQ)Qv
= hy(iv-D)h, — Hy(iv- D +2mg)H, + h,ilp, H, + H,ilp | h, (2.34)

It is clear that h, describes massless degrees of freedom while H, gives fluctuations
with mass 2mg. Due to being heavy, the field H, is going to be integrated out. This

is done by using its equation of motion. It gives [21]

1
=——— i h,. 2.35
w - D+ 2mg lel ( )

v

H, field can be eliminated by inserting this relation in the Lagrangian.

_ _ 1
= hytv - Dhy, + hyilp) | ———iI) | h,. 2.36
L, w + hyilp | - D+ QszlDJ_ ( )

The second term can be expanded in 1/m(, which is calculated in Appendix A, to

give

_ 1 — 1 — 1
= hyiv - Dhy + ——hy(iD)?*h, — —— e — | @
Ly, = hyiv - Dhy, + ST ho(iD, ) hy oo hygso" G by + O <m2Q> (2.37)

where the field strength tensor is G, = [D,,, D,]/igs. The effective Lagrangian is

the leading term of the expansion,
Le.ts = hyiv - Dh, (2.38)
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The mass of the heavy quark does not appear in the Lagrangian. Strong interactions
are independent of the heavy quark flavor. It corresponds to U (Ng) flavor symmetry
where N stands for number of heavy quarks [18].

The system also has a spin symmetry since the Lagrangian does not contain any spin

matrices [21]. In the rest frame an infinitesimal spin transformation takes the form

hy' = (146 - Sp)h, (2.39)
where
" 1o 0 1
2 — —~yen07, 2.4
Sq =3 0 s 57577 (2.40)

The change in the Lagrangian becomes

8Loss = hyliv- D,if - Sglh, = 0 (2.41)

SU(2) spin symmetry is associated with this behavior. Combining with the flavor
symmetry, HQET is said to have SU(2N,) spin-flavor symmetry [29].
The remaining two terms appearing at order 1/m breaks these symmetries. These

terms can be identified in the rest frame easily [21]. The first term;(i D 1)?, becomes

1 1
Om:—h r D 2h’U’I‘:_
F QmQ v (Z L) ’ 2mQ

where h,, stands for at rest fields. This term is the kinetic energy arising from

Ty r(—=iD)?hy (2.42)

the residual motion of the heavy quark. It breaks the flavor symmetry. The other
term; chromomagnetic operator, gives the heavy quark spin’s interaction with the

light cloud. In the rest frame it becomes

1 7 1 _— — —
Oma = _hvr SO-IWG Vh’UT = __hvr SS : Bchvr 2.43
97 Ty ™ g o, —— 9s5Q : (2.43)
where B = —3¢7*G;, are the color magnetic field components. This term violates

the spin symmetry in addition to flavor symmetry as the infinitesimal spin transfor-

mation eq.(2.39) now leaves L.y changed.

2.1 Reparametrization Invariance

The particles in the effective field theory are described with velocity dependent fields

with constant velocity, residual momentum and total momentum. The velocity v is ar-
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bitrarily chosen. The effective theory should be invariant under the reparametrization
of the velocity and momentum [30].

v—)w:v+i k—K=k—q (2.44)
mq

where ¢ is an arbitrary infinitesimal four vector that must satisfy
2
(v n i) —1. (2.45)
mgq
The relation v? = 1 for v must also hold for w. Recall the equality ¢h, = h,. Under

the reparametrization this equation takes the form

(;é + i) (hy + 0hy) = (hy + 0hy)

mq

$ho + §oh + 2 hy + 51, = hy + 6h,
mq mq

Ay~ (1 = #)hs (2.46)

where eq.(2.20) is used. The term - (5h is ignored because both factors are very

small quantities. Hence their product would be much smaller. The solution to eq.(2.46)

is not unige. A suitable choice for the 5, field is

oh, = 4 ——Hh,. (2.47)
ZmQ

which satisfies ¢oh, = —dh, [22]. Thisisduetov-q¢ = O (%) obtained from
eq.(2.45). This leads to the relation ¥¢ = —gy. Therefore, the large fields are

reparametrized as

hy — hy — (1 + i) h, (2.48)
QmQ

and while reparametrizing the whole field, a phase factor must be added, which can
be seen from eq.(2.24).
Qv — Qw = eiq-va (2.49)

The reparametrization of the effective Lagrangian is calculated in extend in Appendix

B, and is in the form

£ = hy(iw - D)hy,

= (o) g 2l (e )

(2.50)
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By using the relation v - ¢ = O (%), the following can be obtained.

= (. q-D (0) (0)
7y (iv- D+ T2V h, =29 162 2.51
(/“) + 2mQ) Qv + Qv ( )
Therefore
_q-D
5L 7 L=y 2.52

The first order in the Lagrangian can also be reparametrized similarly [31]. The

calculations are done in Appendix B. The first appearing term is

E(Qli,k;in = Ew(iDl)Qhw
= {Ev <1 + i) eiq-x} (iDL)Q |:€iq-ac <1 + % > hv} (2.53)
QmQ QmQ
= E(le,km + 55837/“71' (2.54)

The term 5£827 win 18 calculated as

1 —q-D
Y, ) O N A Sl 2.55
QmQ Qu,kin QmQ ( )

For the chromomagnetic term variation in the first order is zero.

oLy (2.56)

Quw,mag —

Hence the effective Lagrangian is reparametization invariant up to the first order.

2.2 Normalization of Effective Meson States

The construction of an effective theory in the infinite mass limit requires showing
quark masses explicitly in all expressions. This principle is followed so far. However
this procedure needs to be applied to meson states too. The argument goes as follows

[21]]. Consider the vector current composed of a light quark and a heavy quark.
VE=gv"Q (2.57)

By using the form eq.(2.24) and implementing eq.(2.35)), the heavy quark field can be

stated in effective theory as

Q= e mevT (1 LI ) he (2.58)
QmQ

20



Then the vector current takes the form

Vi = emimeuag,, (1 n ;i; n ) hy (2.59)

Matrix elements containing this current can be expressed in terms of hadronic form
factors. The purpose in the effective field theory is to show the mass dependence of
these form factors explicitly. Now consider the matrix element containing a general

meson state | M)

O[V#IM(v)) = (Olgy*hy| M(v)) (0[gy"i) ho| M(v)) + ... (2.60)

" omg
It would be ideal if the matrix elements on the right hand side are independent of m.
Then the second term would act as power correction to the first one. However, from
the equation of motion for h, coming from the full Lagrangian eq.(2.37); that corre-
sponds to QCD Lagrangian, contains mg dependence. Therefore all matrix elements
must have m dependence. A way to approach this situation is to take the effective
theory Lagrangian as eq.(2.38) and treat the terms with higher dimension operators

as perturbative corrections.

1 1
Lpowegls Li+——5Ly+ ... (2.61)
Then the equation of motion for £, fields are
1w - Dh, = 0. (2.62)

This also means the meson states of the effective theory are mass independent. How-
ever these effective states are now different from the full theory states. Then eq.(2.60)

needs to be rewritten as

ﬁ OV M())gon

1 ‘
= <0|§7“hv|M(U)>HQET + % <0|G'VMZIpth|M(U)>HQET

+2L<ou / TG (0), L (2 MO)) .. (2.63)

mq HQET
where T is the time ordering product. The contributions from Oy;, and O,,,, be-
comes different. Once these terms are included in the Lagrangian, the effective states
|[M(v)) opr are no longer eigenstates of the Hamiltonian. The possibility that a

state created at ¢ = —oo, then the operators Oy;,, and O,,, acting on this state before
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decaying at ¢ = 0 must be accounted. This is done with time ordering products in
which these operators are inserted along the heavy quark line [32].

The matrix elements on the right hand side are now mass independent. The mass
dependence of QCD states are given by the third term in eq.(2.63) in HQET.

As the effective theory states are mass independent, their normalization condition
are different from the full theory states. The normalization condition for the usual

relativisticly normalized heavy meson states is [19]
(M@)IM(P))gep = 20°(27)°6(5 — ). (2.64)
For the effective states, the relevant normalization condition is
AN 2])0 3¢r1 71
(M KN M (v, k))HQET = ﬁég/(%r) (k- K. (2.65)
Q

One way to think is that the relativistic version of a state is related to HQET definition

by [22]

Mip) = /g [|M@) +0 ()] (266)

Q

2.3 Covariant Representation of Fields

In the heavy quark limit the heavy quark decouples from the light degrees of freedom.
As a consequence, §Q and the total angular momentum of light degrees of freedom J;
are conserved separately. Therefore it is convenient to classify mesons according to
the value of J in doublets formed by mesons of total angular momentum J = J; + %
and parity P = (—1)"*! [33]]. Let us look at a ground state meson g. Under Lorentz
transformation for spinors heavy quark transforms as a particle moving with v and

light quark transforms as an anti-particle moving with v.
Q— DNQ, q§—qgD(A)™! (2.67)
The meson must then transform as a bilinear
Q7 — D(A)QgD(A)™! (2.68)
Denoting this object with H? the above equation is rewritten as [22]]

H'Y(2') = D(A)HQ (2)D(A)™" (2.69)
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where
= Az, v =Av (2.70)
So that

H'@(z) = D(A)H'?, (A~'2)D(A)™! (2.71)

and a vector meson P\

This object should contain both a pseudoscalar meson P
A convenient way to combine two fields into a single field, a 4x4 matrix is in a linear

superposition in gamma matrix base [22]

1+9 .
H@ = : [Pr(@ k4§ P ] (2.72)
~* and ~y; convert vectors and pseudoscalars into bispinors. A more extensive illustra-
tion of how this object is obtained is shown in Appendix C. The form above satisfies

the parity transformation rule.

H® — PH? (z)P = 1" H{? (x,)7° (2.73)

(@)

Two constraints for Hy ¥’ are obtained,

YHQ = HQ, H@Py = —H@ (2.74)

The first one is expected for 1Y to satisfy. But second one is a consequence of this

construction. It can be seen by anti-commuting ¢ through HY? and using v - Py @,

The conjugate field is then defined as

O = P — [P @y 4 (Pl ! ‘g i (2.75)
which also must transform as a bilinear
"7'92) = DNHY,, (A7) D(A) (2.76)
The object
Tr(H.O H?) = —2P@1P@ 4 2pr @i p@ 2.77)

is invariant under Lorentz transformation and heavy quark spin transformations [34]].

In the rest frame; v = v, = (1, 6), the field H? takes the form [22]

0 P —o- P9
HQ = ' ' (2.78)
0 0
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in the Dirac basis. It transforms as a (1/2,1/2) under Sp ® S,

. 1 . . .
(S HIP) = 5012, 18] HY) = —§H o), (2.79)

1
2

where o, , = i¢"*[ry;,v;] /4 are Dirac rotation matrix in spinor representation. The

infinitesimal heavy quark spin transformation takes the form,
H? = D(R)gH? (2.80)
where D(R), is the rotation matrix for a rotation R. The above equation means
SH? =i[f- Sg, HQ)] = %5 Gy s HD (2.81)

Inserting the form of HQS?) in eq. li gives a result that mixes pseudoscalar and

vector states.

JPQ = —%5 P P @ = 1g % BiQ — 1gpi@) (2.82)
Similarly for an infinitesimal total spin rotation
SH@ =ilf - (Sq + S)), HP] = %[5 G, HO)] (2.83)
which gives,
P =0, §P;Y = x PP (2.84)

The resulting terms are spin transformation rules for pseudoscalar and vector parti-

cles.
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CHAPTER 3

MESON MASSES

Consider the ground state pseudoscalar and vector mesons in the effective theory.
They form degenerate doublet states in the leading order in the 1/m expansion. The
mass of the meson differs from the heavy quark mass they are constitute of, by the

contribution from the part of Lagrangian that does not contain heavy quark /A
Mg =mg + 4 3.1

which is a constant quantity and of order Agcp. However the masses of pseudoscalar
and vector mesons are not precisely degenerate. The difference in the common mass
of these states can be accounted in the effective theory with the high order terms in

the expansion. The physical mass of a meson takes the form of an expansion [/1]]

My = mo + A+ 3Ma 30
Q =mg+ +2mQ+... (3.2)

AME . . . . .
where Wg is the correction from the first order in the effective Lagrangian. The
mass of a meson is equal to the expectation value of the Hamiltonian when three
momentum vanishes.

(M(0)|H|M(0))

Mo = "0 m)

(3.3)

In the leading order, Hamiltonian is obtained from the Lagrangian, H#(*) = £ This
is due to the vanishing conjugate momentum. Adding the Hamiltonian obtained from
the Lagrangian of light degrees of freedom, in the rest frame mass contribution related
to this term is

(M(0)|HO ()| M(0))
(M(0)|M(0))

=A (3.4)
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This term respects the flavor-spin symmetry. In the rest frame the 1/m order terms,

where HM) = — £ are

(M(0)[LY ()| M(0))

AMG = = M)

(3.5)

1n the rest frame the normalization yields (M (0)|M(0)) = 2M¢ [15]. This results

with two quantites in the first order.

AME (MR DR M(0)
2mQ o 2MQ X ZmQ
(M) g0, G 1P| M(0))
ZMQ X 4mQ

(3.6)

The contributions from these terms are related to a hadronic parameter );. To begin

with the kinetic term

<M (0> |E’U7" (iDL)thr |M (O>>
2Mo

=\ (3.7)

does not depend on my since it is removed from both heavy quark fields and the
heavy meson states. Thus it is independent from both flavor and spin of the hadron.

The next contribution is from the chromomagnetic term. In the rest frame this term
can be rewritten as Ewaw,G“”th = EUTJ' B h.,.. The color magnetic field is created
by the light degrees of freedom. Since B is a vector, it can only be proportional
to the only vector quantity that light degrees of freedom possess; the total angular

momentum. [ = 0 case is the interest of this thesis, therefore the braket is proportional

to §Q S}

(M(0)|hrs, 950 G T, | M(0))
20,

—2),5, - 5, (3.8)

Then the form of heavy meson masses becomes

A 225, - S
1+ 20Q * Ol

Mg = A— 39
@ mQ + QmQ mQ ( )

Note that for L = 0 case the following relation holds.
So- Sy =(J*— 54— 57)/2 (3.10)
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Hence

[V S I
me me
_ A A
MB*:mb+A——1+_2
me me
_ A 3o

Mp=m,+A— 22

D =M+ 2m. 2m,
_ A A

Mpe =m.+ A — 2L 4+ 22 (3.11)

2m,.  2m,

The experimental results support the predicted behavior. By using the observed
masses given in [6], the following arguments can be deduced [1]. First consider the
mass splitting between different flavors of B and D mesons. Since the interactions are
suppressed, similar difference in two systems that is equal to the difference of light

degrees of freedom are expected. HQET predicts

myp

— 1
mBg_mB:As_Ad+O<_)7

mpt —mp: = A, — Ag+ O <i) . (3.12)

c

Experimental results corresponding to these predictions are

mpo —mp = 87.35 £ 0.24MeV
mps —mp= = 98.69 = 0.05M eV (3.13)

Considering my as a good approximation for the heavy quark limit, the contribution
from order 1/m, is &~ 11%. The approximate value of A\, can be obtained from the

mass splitting between pseudoscalar and vector mesons.

M3. — M%: = (Mg — Mg)(Mp- + Mp) (3.14)
4\ .
= Z(2my+24+ ) (3.15)
2mb

In the heavy quark limit it is equal to Ay. The same argument can follow from the D

mesons. The value of )\, is then

M3, — Mz = 0.49GeV? ~ 4),,
M3, — M} = 0.55GeV? ~ 4\, (3.16)
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Mass m, is a good approximation for the heavy quark limit, hence \, is
A2 & 0.12GeV? (3.17)

For the ¢ quark case the value is Ay ~ 0.14GeV?2. The contribution from O (mi) is
about 14%.
Next, the value of )\ is obtained by introducing spin averaged meson masses. Spin

dependence cancels out and )\, disappears. This results with

1
mp = Z(mB + 3mp+) = 5.31GeV,

1
mp = Zl(mD +3mp+) ~ 1.97GeV (3.18)

Then mass difference can be stated as

my — me = (Mp — mp) [1—L+O (%)] (3.19)

2mpmp
which gives

A = —0.3+0.2GeV?2. (3.20)
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CHAPTER 4

SEMILEPTONIC B DECAYS

The flavor changing weak decays are governed by the electroweak Lagrangian that

couples charged current J*, to W-boson fields[1].

g
Lo, =—2J'W! + h.c. 4.1
2 A 4.1)
where
er dr,
J(lfc = < U, ﬁ# U, >’V'u 1753 = ( ur, Cy, EL )’YMVCKM Sy, 4.2)
TL br,

Vek ur 1s the Cabibbo-Kobayashi-Maskawa matrix; giving the strength of quark mix-

ing, defined as

Vud Vus Vub
Verm = | Vg Vs Va 4.3)
Via Vis Va

Up to this point the internal dynamics of a B meson involved two scales; the heavy
quark mass at m;, ~ 4.7GeV and interactions at Agcp ~ 0.2GeV . The weak decays
however, takes place at a different scale at my, ~ 80GeV. Effective field theory
methods are proved to be helpful to tackle this multiple scale problem. The Feyn-
man diagrams with W boson propagators represents the situation for very short dis-
tances as the weak interactions are perceived as point like at hadronic scales m; and
Agcepl35)]. Hence the physical picture of a decaying B meson can be described more

appropriately with an effective Lagrangian that couples four fermions locally (see
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Figure . 1)).

Loerr = —2V2GpJ I (4.4)

cc¥ cc, b

where the effects of W-boson is accounted in Fermi constant,

2

g
Gp=—2
r 4v/2m3,

= 1.16692GeV 2. 4.5)

4.1 Operator Product Expansion and Inclusive Decays

The next step is to evaluate decay rate. The optical theorem states inclusive decay
into a final state with c quark; X, is described in terms of imaginary part of transition

operator T, defined as [[1} [15]]
T=i / d*zT{L,(z)L] (0)} (4.6)

where 7' is the time ordering operator. Then the width is obtained by inserting a
complete set of states inside the time ordered product

1

F(B — Xc) = —2mB (27T)4§4(p3 r pr>’ <Xf|£w,eff‘B> |2
Xy
1
- 2mB Im d4x <B’£wﬂeff(l‘)£w,eff(0)‘B>
1 N
= —Im(B|T|B n

As a short distance approxiamation for the product of two operators that are separated

by distance z, the product is expanded in terms of local operators.
7 =i [ ¢ {Lu@)LL ) = 3 Co, @8)
This is known as operator product expansion (OPE). It yields [3]

I(B = Xo) = Gi|Val'md Y &l (1) (03) (4.9)

where O; are local operators with the short-hand notation

1

mp
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Vc b

Figure 4.1: If W boson is neglected, the weak interaction is given by four-fermion
local interaction. (The figure is taken from [1]] )

The scale p is the normalization point, Wilson coefficients Elf , proportional to C; of
eq.(4.8) but has different mass dimension, depends on the quantum numbers of the fi-
nal state and consists two parts Elf = m3~% czf ; the powers of 1/m and dimensionless
coefficients czf depends on the ratio of mass of final state to initial state. They can be
interpreted as couplings [[17]. The role of this expansion is to separate the amplitude
in two parts. The short distance effects from the couplings, calculated perturbatively,
and long distance effects from the calculations of (O;) which are non-perturbative.
By starting from the scale . = O(myy ) and evolving down to the hadronic scales, the
physical contributions from the higher scales are implemented in clf [36]].

To find the amplitude first the matrix elements (O;) need to be evaluated. Heavy
quark expansion is useful in our case with B mesons. The first operator of the series,
bb, appears at dimension d = 3. The following operator at d = 4 is bi[Pb. From the
equations of motion this term is reduced to mbb and hence there is no correction to
width from order 1/m¢. Operators of a new form starts at d = 5 with Bgsau,,G“”b.
The width is then in the explicit form of [[1]]

G|V [P my

I'B— X.) = 99,3
f 7 CEJ: (,LL) 7 v 1
x ez (p) (bb) g + =5~ (bgs0wG""b) y + O | — (4.11)
mp mp
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These operator can be expanded upto order 1/m¢ in HQET by using the definition
for the field H, in eq.(2.35), the heavy quark field can be corrected as,

I e AL
_ [1 N ;ﬁ; N } o (2) @.12)

Expansion yields

B
2(B) — u%4(B 1
_ o a(B)— pel >+O(—3), (4.13)
2mj m;

79s v 2 1
b=0,G"b) = 2u,(B)+0|— 4.14
B50u6m) | = 25+ 0 (o) @19

for
1~
2 - D 27 (b)
12(B) = 5o (R GDPHY).
L 709
2(B) = Is pv , (b) 4.1
MG( ) QmB <h’v 2 UHVG hU > ( 5)
Then eq.(4.11)becomes
GZ\Vb|2m5
NB—X,)=-+-t->"_258
(B = X =g
2 2 2
f px(B) — p6(B) 7y (B) 1

X {03(,@ <1— o2 + 2c5 (1) m2 +0 i (4.16)

The terms 2 and ;2 can be written in terms of A; and A, that were found in chapter

3 [.

—\1 = 0.3+ 0.2GeV?,

T
pg = 3X = 0.36GeV?, (4.17)

The coefficients —1 and 3 are explained in chapter 3.

4.2 Exclusive B — D Decays

One of the most important applications of HQET is obtaining the relations between

form factors. Let us start with the form factors in QCD. Elastic scattering of B meson
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is stated as

(B(")[by"b|B(p)) = fald®)(p+p')* (4.18)

The semileptonic B — D decays induced via weak current can be expressed in terms

of six form factors

(D@ IVHB(p)) = f(@)p+0)+ f-()p—1)" (4.19)
(D*(p,e)[V¥|B(p)) = g(a®)e*es(p+ 1 )alp — ), (4.20)
(D*(p',e)|A"|B(p)) = —f(g*)e™

—ie* - p lap(®)(p + )" + a—(¢*)(p — P')"] (4.21)

where V# = ¢yHb, A* = cy*y°b and ¢* = (p — p')*. These matrix elements can be
constructed as follows[22]. The most general current matrix element must transform
as Lorentz four vector. In eq.(4.19) the matrix element can only depend on the four
vectors p and p’. Hence it must be in the form of their linear combination ap* + bp'*
or in a more convenient form f, (p 4+ p')* + f_(p — p’)*. The form factors f and f_
can only have dependence on Lorentz invariants at hand. There are three independent
invariants p?, p’? and p - p’. Two of them are constants; p?> = m? and p”? = m'. Itis
convenient to choose the third one as ¢* = (p — p')?

In the eq.(@.20)the left hand side as a whole is an axial vector component. The only
way for the right hand side to have same sign with the left hand side after applying the
equalities P |D*(p/, €)) = |D*(p/,€)) and P |B(p)) = — | B(p)) is to have Levi-Civita
symbol. The Lorentz vectors in this case are p,p’ and . Contraction must leave the
right hand side with one Lorentz index, therefore it takes the form in eq.(4.20).
Again the choice of the form of the last equation is determined by parity transfor-
mation. The right hand side is going to be a linear combination of three vectors.
However all the terms must contain the polarization vector since the wave function of
D~ is proportional to the polarization vector, hence its matrix elements should contain
this vector linearly. There is only one Lorentz invariant; ¢ - p.

The matrix elements are generally denoted as in [37]]

- 2 2
(D) VHB) = (<p ) %q) B¢
2 2



2

mp -+ mp

(D* (0, )| A" B(p)) = (<mB T mp ) Ay ()

(D*(p/,e)|[V*|B(p)) = e“”apeipap;V(QQ) (4.23)

€-q / 2 €-q 2
——(p+p)HA — 2mp~——q" A:
mp + Mpe (p+ ) A2(q”) D o q"As(q ))

8 .
+ 2mp- q—Qqq“Ao(qQ) (4.24)

Where Aj; is written as linear combination of A; and A,

__ mp -+ mp-
QmD*

mp — Mp+

As(q?) Ai(?) - As(q?). (4.25)

2mD*

Furthermore the poles at g> = 0 are canceled by imposing conditions
F1(0) = Fo(0) A3(0) = Ap(0) (4.26)

Our aim is to study these decays in HQET and compare the results with the full
theory. We now move on to low energy calculations. The meson states are replaced
by effective meson states as well as the currents goes to effective currents by changing
fields. Heavy quarks and anti-quarks decouples and their spin transformations are
generated by independent SU(2) symmetries. This property has implications while
relating states with different spins. Heavy quark’s interactions with light cloud cannot

change its velocity or spin hence the effective meson can be written as
IM(v)) = |Q(v, sg)) |light cloud(v, s,)) (4.27)

Then the hadronic part of the most general decay induced by V' — A current would

have the form [38§]]

(MWW Ty |[M(v)) = (Q' (V)W T hy|Q(v))
X (light d.o.f(V', sy)|light d.o.f(v, s,))(4.28)

where I'* takes the forms v* or iy#~°. It is useful to express theses matrix elements
in tems of hadron fields H?. Heavy quark spin transformation D(R)¢ transforms

h, field as

hy — D(R)ohs (4.29)
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while leaving h!, field untouched. If the spin transformtion for /™* is assumed as
' —T"D(R),' (4.30)

then the current would be invariant under heavy quark spin transformations. Then
the equivalent of the matrix element should also has the same transformation propery.
Hence it should be proportional to [’ nH@ . Also considering the rotations D(R)¢

and Lorentz invariance, the current must be in the form [22]

Wy h, = Tr F,E?”FﬂH?X] 4.31)
where X is the most general bispinor,

X = Xo+ Xup + Xof' + Xsppy'. (4.32)

Any other possible combinations can be written in terms of linear combination of
given terms. The reason why - does not appear is discussed in Appendix D. In
general the coefficients X; must be a function of the only possible Lorentz invariant
v - v' which is generally denoted as w. As a consequence of relations yh, = h,
and $h, = —h, the only independent term left is X;. The common notation is to
denote X with £(w) which is known as the Isgur-Wise function. Inserting the current
eq.(#.31)in the matrix element with pseudoscalar | M (v)) and vector |M (v, €)) meson

states gives

(M) o T hoM(0)) = —€(w)Te {fl el ’”(—f)} L @33)

2 2

*1+¢/ 1+¢ 5
5 (= )}. (4.34)

(M, )|l y TFhy| M (v)) = —&(w)Tr {;{

Defining M (v) and M (v, ¢)

M) = T 0, W) = ot (439)
M(v,e) = 1%7@, M(v,e) = ¢ (4.36)



for further usage. Then the explicit effective matrix elements corresponding to

eqs.(d.19H4.21) at the leading order are [22]]

W) = it (51 y)

2 2
= £lw)(" + ") 437)
(DB = e (v )
= ig(w)e“”a’)e;vav’p, (4.38)
(D HOB) = e (et S e L)
= {(w)(w+1)e™* — (e" - v)u™ (4.39)

Similarly the elastic scattering takes the form
(BOW)IFv*h[B(v)) = &w)( + )" (4:40)
By comparing eq.(4.40) to eq.(4.18)), the form factor f,; is obtained.

E(w) = lim  fou(q?) (4.41)

mpB—00
Further argument can be made about the nature of (w). Calculation of the following

matrix element for the case v = v’ in the rest frame gives

<M(UT>|Evr7uhw‘M(vr)> = f(l)TI‘ (MVHM)
= 2¢(1)oy. (4.42)

The same result can be obtained without calculating any trace by pointing out that
hy. Y"h,, is a conserved current. Passing to the momentum space via Fourier trans-

formation yields

(00 o M) = (M) [ G55y M)

= G (MG [ il () @)

The fact that in the rest frame ¥ = ~° turns the integral into the number operator.
Since there is only one heavy quark, the charge is equal to 1. The above equation

turns to

(M (0:)| oy, Y hoy, | M (0)) = 0 (M (v,)| M (v,.))
= ot (4.44)

T
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Comparing eqs.(#.42)) and (#.44) concludes that Isgur-Wise function is normalized at

w=1
£(1) = (light cloud(v, sy)|light cloud(v, s,)) =1 (4.45)

Light cloud was seeing the heavy quark as an external color source. When the heavy
quark decays, if v = v’ light cloud would feel no difference. However if v # v’ then
the light cloud will experience a sudden change in the velocity of the external source,

leading to the change in the momentum of the light cloud ¢ for [21]

¢~ Ajep(v =) = Ajep(l—v-0) (4.46)

The recoil energy of the released meson M’ is
E=mp(1—v-0). (4.47)

At the zero recoil point where the velocity does not change v = v/, the recoil energy

turns out to be zero as expected.

4.3 Alternative Derivation

By using eq.(2.66), the eqs.(@.I9}4.21)) for low energies are modified to [39]:

(DW)IVI[B(v)) = & (w)(v+v)' +& (w)(v—v)"  (448)

(D*(V',e)|[V*B(v)) = Ev () *Pejuau), (4.49)
(D*(v,e)|A*[B(v)) = &a,(w)(w+ 1)
ie* v [Ea, (W)0" 4 €, (W) (4.50)

The relation between effective theory form factors &; and the full theory form factors

in eqs(@.2244.24) is straight forward [39].

9y _ Mmp+mp __mp—mp

R = PR (e ) - I () @s
oy _ Mmp+mp 2mpmp

FO(Q ) - 2 (mB+mD)2 (w_'_l)

mgp+mpw —1

mp—mpw-+1>

x [@ - 3 (w)] (4.52)
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mpg+ mp

Vi) = —5—&v(w) (4.53)
o0y _ Mp+mp- 2mpmp+

Ai(g”) = 5 (i £ 1) (w+ 1), (4.54)

A2(q2) _ % {5143 (w) + 7:;2—]:5,42 (w)} (4.55)
2 o mp + ™mp= mp

As3(q”) = 5 [(mB p—— (w+1)&a, (w)

(ma = o) <§A3( )+ T ))] (456)

Ae?) = Asla?)+ m\/j (600) - 20, (w)) 457

Heavy quark symmetry gives relations between these form factors. Due to eq.(2.20),

(v — V) iy ey = By hey — oyt hy = by — Biyhy = 0. (4.58)
Using this yields

(v =) (D) V" ho[ B)) = (v = ') [ (w) (v + ') + & (w) (v — V)]
0 = & (w)(2—w) (4.59)

Here w is less then 2. It follows from

2 .2 2
w=v.of = PBIPD 4 (4.60)
2memy

The maximum for value for w is obtained if the transferred momentum is zero.

. 2
w, = MBI mD)] (4.61)
2mBmD

Hence

¢ (w) =0. (4.62)

Transforming the spin of the heavy quark turns a pseudoscalar meson into vector.
The pseudoscalar; J© = 0~ , can only have the values s = 0 and [ = 0 since the
eigenvalues of parity and c-parity operators are (—1)*! and (—1)"** respectively.

Then the pseudoscalar state is

P)=—=(Q1lqT) —1QTql)) (4.63)

7
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If the third component of the heavy quark spin is acted on this state it yields [40]

55100 = S31P) = —=Sh(IQtat—1QTaL)

1\ 1
= (-3) = +
(-3) J5Qian+Qtad)
1 1
= —5|V(e0)) = —5 [10) (4.64)
2 2
where ¢, stands for longitudal polarization. Similarly
3 1
S3IV () = —3 |P) (4.65)
By using these relations eq.(4.48)) can be related to eq.(@.50).

(D(")|V*|B(v)) = V)] (S3) VHB(v))
= 2<D(’ o)l [56, V*] [B(v)) (4.66)

where the fact that S% is defined for each field with velocity v’ is used. The commu-

tation can be calculated by using the explicit form of Sg’?

1

—/d% : ho(2) P03 hy (2) - (4.67)

S3 =
Q7 9

The calculation of eq.(4.66)) is done in Appendix E, and it yields,

(DW)VE[B(v)) = (D*(v,20))|A°[B(v))
(DW)VO[B(v)) = (D*(v.20))|A°[B(v))
(DW)VIB(v) = (D*(v,0))[iA%|B(v))
(DW)V?[B(v)) = (D*(v,0))| —iA'[B(v)) (4.68)

Near zero recoil point; w =~ 1, all non-vanishing form factors can be expressed in
terms of one. This calculation can easily be done choosing v = (1,0,0,0) and

go = (0,0,0,1). It yields

§(w) = & (w) = Ea (W) = Eag(w)
€1, = 0 (4.69)

This calculation also gives
(D* (v, 20) RO B () = 0 (4.70)
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as (D(v')|A*|B(v)) = 0 due to parity.
To move to eq.(d.24), the definition for + polarization of a vector meson can be used.
V(es)) = It1) =255 111) (4.71)
The following can be writted.
(D*(v, e )V B(v)) = (D*(v,e4)|28V"|B(v))
= (DRSS VB (4T

Similarly the following equalities are obtained

(D), e)|VE[B(v)) = (D*(v',e4)|A%B(v))
(D), e)|VOB(v)) = (D*(v',e4)|A%B(v))
(D*(v,e)[VI[B(v)) = (D"(v',e4)}id*|B(v))
(D*(v',e)|[V?[B(v)) = (D*(v),e4)| —iA'[B(v)) (4.73)

Using e+ = (0, 1, £4,0) [41] gives

Ea, = &v (4.74)

For v = v’ the vector current is conserved independent from the flavors of heavy

quarks [42].

VHE = Wy hy = W yo'hy, 4.75)
where #7“% = #v“# is used and
i0, V" = W yiv - Dhy + Ryiv - Dhy, = 0 (4.76)

from the equation of motion. The charge obtained from the time component of this

current generates flavor symmetry.

1 3 0 1 3,1l 5,0
N = (271‘)3 /d zV® = W/d I’h/UU hv (477)

N is a 2 x 2 matrix since h, and h! can be A and b, The diagonal terms counts

the number of heavy quarks and the off-diagonal terms transforms the flavor.

# (D(v)| /d3xﬁw0hv|§> = (D(v)|D(v)) = 20° 4.78)

Comparing the result with eq.(4.48) gives
£(1)=1 (4.79)
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4.4 1/mg Corrections

So far the calculations had been done in the leading order. Perturbative corrections
arising from heavy quark masses are calculated systematically in HQET. Using the

definition for the field H, in eq.(2.33)), the heavy quark field can be corrected as,

ho(z) — [1 + m@%] h(2)
_ [1 N ;ﬂ . ] o () (4.80)
mq

This leads to a modification to the currents up to the second order

—(¢ —(c 1 —oo¢< 1 —c =
ROThY RO ThY — — P ra® — —iB . a® @81
2mc me

with [22]

(DW)hy i T WP [B(v)) ~ Te(Dy* T B (v,0)),
(D[RS T h® [B(v)) ~ To(DI*+BY, (v, v)) (4.82)

Where Yy, is the most general form factor with relevant transformation properties.
Note that x, and its Dirac conjugate have their v and v" dependence switched.

Considering eq.(.82), corrections from the b and c fields involves the same struc-
ture therefore calculating one of them at length would suffice. Let us calculate the

contribution from the second term of eq.(#.82)) to the matrix elements [43].

(D[RS, TR [ B(w))
— (D[RS i(D — ¢ - D) [B(w))
= Tr {7514_% v ”1+¢

r
5 ! 2

1+
2

75(011}” + CQ’U;, + 03’}/”>:|

1+
—Tr [75 U;WPF“T¢75(C'1U) + Csy + Cgv{,’y”)]

= (vp — v )M (Cr(w+ 1) — 3C3) (4.83)
Note that instead of zD | there were DV the trace would have the same constants C;

resulting from the derivative. This property leads to further information regarding
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these constants as follows [44]]. Let us begin with the matrix element

(D) RSiD" r*h®|B(v))

L+y 1+
2 2

= {(U + U')“(Clv + CQU/)V
—C3 [ (1 — w) + "™ + v*™]} (4.84)

= Tr |7 v5(C3v, + Covl, + C3v,)

Details of this calculation is given in Appendix F. Multiplying both sides with v/, and

using the equations of motion, eq.(2.9), gives

—m (DR T RO B(0)) = (Crw + Cy — C3) (v + v')* (4.85)

Since ES)% = ES), eq.(4.85)) is simplified to

—me (D) RS TPR®[B(v)) = (Crw + Cy — Cy) (v + ') (4.86)
Comparing it with eq.(.37) gives
C’lw == Cg - 03 = —mcé(w) (487)

The calculation of the matrix element (D (v’ )|ES)F i DY [B(v)) is likewise and

yields similar result. These two terms can be summed up in the form

(D()[id” 5" 1) [B(w))
= (D) "D RO [B(v)) + (D[RS iD TP [B(v))  (4.88)

But upto O ( m—1Q> the following relation can be written.

(D))" (B T*h®)B(v)) = (P, — )" (D()[RS T#hP[B(v))
= (myv — m')" (v + v )*E(w) (4.89)

Hence from eq.(4.88)) it is obtained that
Ciw + Cy — C3 = (mp — mp)&(w) — wmp&(w) (4.90)
Comparing this equation with eq.(4.87) gives

Ci(w+1) — Cs = Af(w) (4.91)
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where A = mpg — my = mp — m..

If eq.(4.91) is inserted in eq.(4.83)),the coefficient C'3 can be removed.

(D) RS i T*h®[B(v)) = (v — vo)*(2C (w + 1) — 3AE(w))  (4.92)

Second source of correction is the first order corrections to Lagrangian. In the time

ordered product two terms occur at 1/mg. Their appearance is explained in chapter
2.2.

(DT HB) = - + 2; (D) [ dioT {£4(2), I#(0)) [B0)

- V)| / aat { (6D, 1) (@), (B T®) (0)} [Bw))

+ o) / a'aT { gsaqu"%Sf)) (2), (B T*RY) (0) } B(0))
(4.93)

This yields the following trace

S (D] [ @t {£,(0), J40)} [Bo)
- o [ (Pt )

2m,.

i 1+¢  1+9¢ 1494 5 _

STr(+° v r = 4.94
3 r(7 2 T 2 (454)

This requires some explaining. ( is a scalar function since DD, does not contain any

(f) and h(?)

acting on I'* and 0, from left and right. ="” is a tensor, with two possible terms that

gamma matrix. For the second term, an extra ﬂ is obtained, due to A

does not vanish [45]]

EVP = Oy + Cs[v", 7). (4.95)

. . . 1 / 1 / 1 / 1 /
Other possible terms such as v"/+* vanishes since =2 ¥ — ¥ i 1H¥  Cajcy-
2 1" 2 2

lating the traces yields

()] [ ataT {£:(0), 0} [Be)

= L= 1) 4305 (0 + o) (4.96)

2m,

2mc
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in the first order, this leads a total correction of

* o
+ (2C1(w+ 1) — 3AE(w)) (v — )M (4.97)

(D(W")|elb|B(v)) = [(C+ Cy(w—1)+3C5)(v+ 0" )"

Corrections for the B — D*I7 decay calculation is similar. In fact the corrections
from the current; the matrix element (D*(v/, 5)|E$)ib e |B(v)) has the same

constants C; as before and eq.(4.91)) is still valid. Two elements are obtained

<D*(U’, €) ‘Ef}f)zthf)/“hq(]b) ’E('U)) _ 1 — (w)igivgvpeuapy’ (498)
(D" (v, )|y iD, 1#4°h®[B(v))
1 1 —
= et (w — DA — v )T 20) + 20 e G (4.99)

Corrections from the time ordered product comes from the following terms

(0(.9)] [ daT 2:(0), 701} [BO)

2mc
:21 (D*(v/,¢)] / a'aT { (hfj (D)) (@), (B TR®) (0) } [B())
mc
b (D70 2)] [ a'aT {(R (g6 (@), (R T8 00} [Be)
mc
(4.100)
For the vector current part of J* it takes the form
+7A 1+¢ .
Tr | ely” 4.101
i (el Y 1+¢ L4y 5o
+ éTI' (61,7 5 Oup 5 ~H 5 75: P
1
= 5 (¢ — Cs)icu,v,e” ", (4.102)
and for the axial current part the correction is
1+¢ , 51 +¢ 5
Tr | eiv” 4.1
ch[r(é‘ﬂ 5 C(w) (4.103)
i (el 1+¢ L+¢ 5o
+5Tr (51/7 5 Oy V5 EY
1
= 5 [(1+w)(( — C5)e* —v-ev™((+ Cy — C5)
+uv - "t Cy] (4.104)
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The total correction to vector current induced decays become

1
2me

(A(w) + ¢ — Cs)igiv) v, 7Pr (4.105)

and to axial current induced decays become

o E (0 = D) + (14 w)(C - Co)

—v - eV (E(w)A = 2C) + ¢+ Cy — C5) + v - 0" (20, + Cy)] (4.106)

Luke’s theorem states that at zero recoil point all 1/m contributions vanish [45]].
The proof follows from the normalization at this point. Decays with flavor conserving
currents are starting point of the argument. Due to the flavor symmetry, the structure

with same unknown functions are obtained.
1
(D(W")|[ev*e|D(v)) = [5 + E(C + Cy(w —1) + 305)} (v+ )", (4.107)

(0 ertelpo)) = ¢ (1+2)

C

1
—|—2 (2¢+2C) — (w—1)Cy — 2C5)] ies vl v,e TP (4.108)

C

(D*(v', ) [ev" P c| D(v)) = {5*u {g (1 +w—2(1 — w)QZL )

C

_|_

(1= (201 — Ci) + 20+ 1(Ci+)

v {ﬁ(w) (1 + fn—A) + 21

(¢

C

(D* (0, ") er*e| D* (0, )) = { (5<w> + (o~ cs>) e (4 o)

+ 271’% (2C) — Cy)v - ™" - e(v + ")
- {g(w) + 21 (2¢+2(14+w)Cy + (1 —w)Cy — 205)} v - ge™H
- {f(w) + 5 (2¢+2(14+w)Cy + (1 —w)Cy — 205)} v-etet (4.110)

Note that when w = 1, all terms except the ones containing ¢ and C5 functions are

zero, due to v - ¢ = v - &’ = 0. The remainings are

(D)€ D(v)) = 2m (1 b

(C(1) +3C5(1))) 4.111)
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and

<D*(v,g')|m%|p*(v,e)>zzvo(1+ (2<;(1)—205(1))) 4.112)

2m,

Now recall that the charges correspond to number of ¢ quarks
(D(v)[ey%c|D(v)) = 20° (D*(v,&")[ey e| D*(v,¢)) = 20° (4.113)
Leaving ((1) and C5(1) with the only possible value
((1)=C5(1)=0 (4.114)

Thus the conclusion is that all 1/mg, corrections vanish at zero recoil point.

4.5 Determination of |V,|

The differential semileptonic decay rates for B — D*{v is [29]

dI'(B — D*Ip) G2
dw = 1a3Val’(ms —mp-Pmp. Vw? — 1(w+1)°
4: 2 - 2 R 2 *
« |14 Al = 2empmp: £ mp) | s (g g ys,)

(w+1)(mp — mp~)?
where Fp- is hadronic form factors that are perturbatively corrected both in Agep/mg
and matching «,. Determination of V,, is as follows. The product |V,|Fp-(w) is
measured. Then the value of V,, is extracted by extrapolating the data to zero recoil
point. This point allows the calculation of Fp-(w) around Fp-(1) with small error,
this is possible since the range of w accessible in these decays is; 1 < w < 1.5. The

extrapolation is with an expansion around w = 1 [29].
Fp-(w) = Fp- (1[Il = *(w — 1) + O(w — 1)?] (4.116)

where o is treated as a fit parameter. From HQET the structure of the form factor

Fp+(1) is found as

Agep Adep
Fp«(1) = nal140. +eop—5—+ ...

= Na+0+01/m (4.117)

where the first term is £(1) and there is no contribution from the second term due to
Luke’s theorem. 774 is the matching to the axial current [22, 46]]

(1) (mb +me. My

77A:1+a In
T

my —me Me

8
— §) ~ 0.960 £ 0.007. (4.118)
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With the 9, /,,> correction; calculated in [47];

O1/m2 = (5.5 £2.5)% (4.119)
the result is

Fp+(1) =0.93 +0.03. (4.120)

Combining these results with the measurements at the 7°(4s) resonance from CLEO

Collaboration [48]];
I'(B — D*Ip) = [29.9 4+ 1.9(stat.) + 2.7(sys.) £ 2.0(li fetime)ns~* (4.121)
and the weighted average of data

|Vip| Fp+(1) = 0.035140.0019 & 0.0018 = 0.0008
o> = 0.084+0.124+0.08 (4.122)

CLEO Collabration determined
Vi = 0.0362 £ 0.0019 £ 0.0020 £ 0.0014 (4.123)

where the second error is due to uncertainity in B lifetime and the third error is due

to uncertainity in F(1).
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CHAPTER 5

CONCLUSION

In this thesis heavy quark effective theory is analyzed in details. The main properties
of QCD are given in the first chapter. The non-perturbative region and why there is
no solution to QCD is mentioned. An effective field theory matching to the physical
picture of a heavy meson is also suggested as a mean of solution for a specific case.
In the second chapter the infinite heavy quark mass limit in the QCD Lagrangian is
taken to obtain the heavy quark effective theory Lagrangian. The main property that
is used is in the infinite mass limit, heavy quarks velocity becomes a constant of mo-
tion. The heavy quark fields are separated into two modes via velocity projection
operator. The mode with mass 2m, is integrated out, leaving the massless mode as
the effective heavy quark field. However in the infinite mass limit these field were
still oscillating with infinite frequency. The fields were redefined to constrain their
momentum to a finite value. The resulting Lagrangian with these fields show that the
kinetic energy arising from the residual motion of the heavy quark and the interaction
between light degrees of freedom and heavy quarks spin is suppressed by the heavy
quark’s mass.

The chapter continues with noting the arbitrarines of the heavy quark velocity cho-
sen while constructing the effective field theory. The effective theory is shown be
invariant under choosing another arbitrary four velocity. Then the effective meson
states are defined in a manner that all mass dependence are explicitly shown. The
normalization conditions are derived for these states. Finally, instead of using the
transformation properties of individual states in a spin doublet, a way to transform
the doublet as a whole is found.

In the third chapter, as a first application of the theory, the form of meson masses
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constructed with the tools provided by HQET. The contribution of kinetic energy of
the residual motion and light degrees of freedom- heavy quark spin interaction’s con-
tribution to mass were predicted to be suppressed by heavy quark mass. For B and
D mesons, the mass difference between s flavored and d flavored B and D mesons
are predicted to be the same up to the first order corrections. Also HQET predicts the
same mass difference between spin doublets of B and D meson up to the first order.
The experimental result supports these predictions as the mass differences are found
to be very small. This calculation can also be used to comment on how well HQET
works for ¢ quarks. In case of accepting b quark as a good approximation for a heavy
quark, calculations with ¢ quark yields a 11 — 14% difference from the calculations
with b quark.

In the fourth chapter, semileptonic B decays are studied. First the weak interaction is
described with four fermion coupling. The decay rate of inclusive B — D decay is
written. The non-local interaction is expanded in terms of local operators. The way
to handle the local operators are important. The local operators are described in terms
of tools defined by HQET. It is useful because their expectation values were predicted
by the effective theory. In this way the form of decay rate for the inclusive decays in
HQET is obtained.

The exclusive B — D decays are also examined in the fourth chapter. All form fac-
tors appearing in different matrix elements are shown to be equal in the infinite mass
limit which are equal to Isgur-Wise function. The normalization condition for this
function is shown to be at zero recoil limit. This derivation is done in two different
ways. In the first way, matrix elements are written in terms of effective states. The
same function £ appeared in each trace. In the second derivation all form factors are
related to each other in the infinite mass limit. It turned out they were either equal to
each other or equal to zero.

The 1/m correction to decay matrix elements are calculated. They received correc-
tions from the fact that both effective fields and the Lagrangian received first order
corrections. In the zero recoil limit the corrections are shown to be equal to zero due
to Luke’s theorem.

At the end of the chapter the form factor Fp+(w) is expanded around w = 1. Luke’s
theorem showed to be useful in this process. Then V; is extracted by from the data

of "/cblfD*-
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APPENDIX A

EFFECTIVE LAGRANGIAN

The second term in eq.(2.36) can be expanded as follows.

_ 1 1 — 1
hoilp | ————iID  hy = ——hyil) | ————=iID | h, Al
D D amg P = g il %UDL (A1
1/m¢ expansion yields
S v - D
= hilh, (1 L2 ) D, h,
ZmQ QmQ
T _ AW, 1
= —h(ilD,)*h, + O = (A.2)
The 1/mg order takes the form
1 —
———hy(D 1, D1, A" ) he. (A.3)

277’LQ
Since D, resides in the color space and the gamma matrices reside in spacetime, they
commute. Now using the identity
YA =0 =it (A4)
gives
L - wo_ pv
_%hv(DLuDLyn - ZDJ_;;DJ_VO- )hv (AS)
For the second term the multiplication of covarian derivatives can be seperated into

symmetric and anti-symmetric parts.
1
DJ_,u,DJ_V: 5({DLM7DLV}+[DJ_/UDJ_V]) (A6)

Hence the Lagrangian becomes

mQ 2

— 1 - 1 — 1
Lo = hyiv - Dhy + ——hy(iD ) )2hy — ——Tygoo™ Guhy + O | — | (A7)
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APPENDIX B

REPARAMETRIZATION INVARIANCE

B.1 Reparametrization of the Effective Lagrangian

Keeping in mind that ¢ is infinitesimal and
_o(C
v-q-(’)(—), (B.1)
m

The leading order in Lagrangian

= i (v o o] [ (e 2]
- (g e (i) L ()
¥ <1 N %) p} h
= [E gl%—%)]z{i%q(l—i—%) - (1—#%)1}'1)
(15t () 1

- [ﬁv (1+%>] [w-Dan;ﬂ hy

_ _ - D
— hyiv- Dhy+ Ryl =h, (B.2)
mq

B.2 The First Order Terms

The kinetic term in the first order Lagrangian

LY i =2 [Ev (1 + i) eiw} (Dy)? [e-iq“ (1 + i) hv} (B.3)

2mQ QmQ

57



Let us expand the covariant derivative term

o = (= (e5t) ((+3) 2)
= [ () ((5a) )
o () (-+5) 2)

.D .
= D?>—2(w-D)— 2L Zw. D)+ (v D) + 2L v D)
me mq
e
+—2<U . D)2
mq
= D?*—(v-D)? (B.4)
In the previous part, the following is already calculated.
(v- D) {6“” (1 + %) hU] = e“"(v - D)h, (B.5)

and

D, {ez‘q.x (1 N %) hv} _ s _(1 A %) D, + i, (1 + %)} h, (B.6)
Thus

(v-D)? {em <1+%) hv_ = €77 [~iv-q(v- D)+ (v- D) h,
= 7%y - D)?h, (B.7)

and

(o] = e (1438)
+2i (1+%>q'D+ (1+%) Dz} hy

= €% |2iq- D+ D? + QLDQ] Ry (B.8)

mq

cffor st oot

= [R, (1+%)] {DQ—(U-D)2+2¢q-D+%D2} B

Hence

= i*h, [D* = (v- D)* = 2iq- D] hy, + i°h, {zizﬂ
QmQ

v Dot gDy (i)le h (B.9)
2mq 2mq 2mq ' '
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All of the second term is of high order. Thus leaving

i*hy (D1 )*h,, — hy2iq - Dh, (B.10)

The chromomagnetic term in the first order Lagrangian

hwgs0™ Gy = —ihywo™ (D, D)l

2mQ

[o(r2%)

i)
(1455
(1+5%)

—ia x} o D,D, {e (1 + QL) hv] +pv
mq

[zqy 1+ 4 +(1+—)Dy}hv+p<—>y

2mQ QmQ
= [ 1 i :| |: quqv + { <1 + i) quDl/ + iQVD[L
2m 2mg

+<1+2—>DHDV] hy + 1 <> v

mQ
= —ih, [iqﬂDy +1iq,D, + (1 + i) DHD,,] hy +p <> v
QmQ
= —ih,0"[D,, D,]h, (B.11)
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APPENDIX C

COVARIANT REPRESENTATION OF STATES

The most general 4 x 4 matrix can be written is
HY = S1+ V4" + Tp0™ + AA"Y° + Py (C.1)
The condition 7AH5Q) = 19 has to be implemented on this object. Trace of a9 is
Tr (H{?) =4S (C.2)
This is equal to Tr <¢H5Q)> ,
Tr ($H®) = v, Tr (Y H®) = 4o, V" (C.3)
This gives the first relation between two terms
S =,V (C4)
Next,
Tr (v*HY) = 4V (C.5)
and

Tr (VO‘HIEQ)) ="Tr (7“¢H£Q)) = vgT,,Tr (7“760‘“’) + SvgTr (vayﬁ)

= 16057 + 450" (C.6)
which gives
Ve = 40T + So® (C.7)
Next,
Tr (v*/°H{®) = —4A“ (C.8)
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and
Tr (’ya’y5H5Q)) =Tr (’Ya75¢H1SQ))
= 57, Tr (7“75750‘“’) + v PTr (’Va7575’75)

= 8iUgTW(—:aﬂl’“ — 40*P
gives the third relation
—A% = 2ivﬁTuyea6”’“‘ —v*P
Next
Tr (Y H{@) = 4P

then,

Tr (75H£Q)) =Tr (75¢H5Q)) = v, A, Tr (7570‘7“75) = 4v,A*

gives the relation
P =y, A"
Finally

Tr (aaﬁﬂﬁ"?)) = T#,,Tr(ho‘,vﬂ} [7“,7”]) = 167"

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

Here the fact that 7" is anti-symmetric is used. Similarly this expression is equal to

Tr (0P H?) = sV Tr ([v*,7°]7"9") + 0s AT ([v*77] 7°79°)

= 8 [vﬁva - vaVﬁ} — 82’@514#6“55“
Hence the last relation is
TP = %[(vﬁ\/a — VP — iv(;AMeo‘Bd”]
All of the relations then can be summed up then.

S =y, V¥
Ve = dug T + So°

— A = 2iv8T, e — v P

P =v,A"
1
TP — 5[(115\/@ — VP —dus A, e
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Now separating V), and A,, into parallel and orthogonal parts gives

V., = Vj + 0,5,
A, = At +v, P

with

v"VML =0,

’U“At =0.
The eq.(C.21) can be rewritten as
1 .
TP = Pyt — 52@5At€ Bop
Hence eq.(C.I) takes the form

H®@ = 5+ (V& +0,57" + (AF + v, Py’ + Py’
+(20, V" — v A e a8) 0"
> 5 il 5 L
= (L+ S+ 1 +9P° + A"y + Vi

L.
+v, Vi — §ZUQABL6W/0[60'MV

Now using V" ~v* = g"# — y#~" to obtain

ot = %(7“7” — ") =iy = g*")
This gives
H® = (1+§)S+ 1+ §)P7° + Ay’ + Vi
—l—i}éVlf’y“ + ﬁAt'y”fys.
Hence

H®@ = (1+§)[(S + Ay"y°) + (P° + V)]

(C.22)
(C.23)

(C.24)
(C.25)

(C.20)

(C.27)

(C.28)

(C.29)

(C.30)

The (S + Af/y“fﬁ) terms were not in eq. |i However just like P> + Vjv“ they

form a doublet of total angular momentum J = 0,1 hence their appearance is ex-

pected. This can be seen from the following argument. The total angular momentum

is givenby J = J, £ % and the angular momentum of the light degrees of freedom is

given by J=1+ gq. For [ = 0 one obtains
=0, JF=5'=1"

63

(C.31)



Thus
1 o
Jp:lei§:0,1 (C.32)
They are the pseudoscalar and vector meson states. For [ = 1,
+ 3+
=1, le:1+Slp:% ,% (C.33)

+
For J} = % case one finds

1+ 1 + 1+
=g £5=001 (C.34)

The claim was doublets are formed according to the value of J;. Hence the ground
state doublet is given by

_ 1ty

HQ)
Y 2

[P0 + iP ] (C35)

These fields are required to turn into each other under heavy quark spin transforma-

tion. The formal derivation is given in chapter 2.3.
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APPENDIX D

OTHER LORENTZ INVARIANT TERMS IN FUNCTION X

There is one more term that that contains a different Lorentz invariant. That is X,i~°.
However X is found to be zero due to parity. Placing P? = 1 inside the correspond-

ing matrix element yields

ﬂg

() (3" = i7" ) M(0) X4 (i7°))
(0") (7 — in"y°)M(v) X4 (i°) P)
( (v))) (PP — Piny"P) M’ (1,) Xy (Pm5P)>
(M @) (=" = i) M () X4 (~i7"))
= Tr (M (o)) (77 + ™) M (1) Xa (7)) (D.1)

Il
=
i il §|

P

(M
(

I
=

Il
e

Where M (v) stands for M (v) or M (v, ). Anti-commuting P through M (v) would
yield a minus sign and while anti-commutation through M (v,e) would not. This
effect is given by the convention M’. The only way to have this equality is Xy = 0.

The argument goes same for products of 7* with velocities.
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APPENDIX E

TURNING A PSEUDOSCALAR MESON INTO A VECTOR
MESON

The commutation relation in eq.(#.66) can be calculated as follows.
[5G, V*(0) — A*(0)]

1 i B
::&/ﬁwwﬁ@W%%%y@%%NWWWWWJﬂmMW%W@
(E.1)

First of all the current can get inside integral without a problem since it has no z
dependence. Although there is a normal ordering in the definition in our case it has
no implication as the positive and negative energy fields decouples. From eq.(2.10)

the commution relation for fermion fields is given as
[Wa(20), s (y0)] = (W (o), ¥h(y0)] = 0 (E.2)
[Za(o), W} (yo) | = 356% (@0 — 30) (E3)
Hence the commutation becomes
1 C (&
(55 V#(0) = A“(0)] = 5 / &b (@) P07, 709" = 4°997 I (0)8% (w — 0)
(E.4)

The result is; commutation turns the components of vector current in to axial vector

components and vice versa. For different values of y the result is

(S5, V2(0) = A%(0)] = A%(0) — V°(0)

(S5, V0(0) — A%(0)] = A4%(0) — V?(0)

(S VH(0) = AN0)] = i(A%(0) — V*(0))

(86, VZ(0) — A%(0)] = —i(A'(0) = V'(0)) (E.5)






APPENDIX F

1/M CORRECTIONS

The calculation of eq.(d.84) is as follows.

(D)[E"i( — ¢’ - DYT"h) [ B(v))
1+ ¢ 1+ A y
= /mgmp {Tr [75 2¢ P I 5 ¢75(C'1v” + Cov” + Cyy )}

s1+9f

1
—Tr {’y v’p’ypf“%¢75(01w +Co + Cgvl’/y”)} }

= i {ITr(y"*a,) + R\ Te(Y Y 7" a,) — v, Tr(y" 7"y a,)
+0iv, Te(v "9, ) — Te(y°y v a,) + o\ Tr(y°y v a, )
+u,Tr(VP vy a,) + v, Tr(vV Yy 9 a,)]

— 0, [Tr(y77"b) — Wy Tr(7*y74"b) — v, Tr(y77*~7b)

00, Tr( 79 97b) — Tr(77779b) — v\ Tr(7°y 7~ n)

+0, Tr (777 y*4"b) + AU, Tr(Voy v )]} (F.1)
where a” and b are the short notation for (Cyv” + Cyv" + C3v”) and (CLw + Cy +
Csv/+"). Note that the terms arising from axial vector current, traces with 7°, does
not contribute. Trace of 5 multiplied with two or odd numbers of gamma matrices

is zero and or the trace gives Levi-Civita symbol, an antisymmetric object, multiplied

with symmetric velocity multiplication. Remaining traces yields

vVmemp {[C1(v" + 2wv* — ™) 4+ Cy(v + ") + Cs (4™ — 20M)]
—[(Crw + Cy = C3) (v — )]}
= mBmD(Ub — vc)u(C’l(w -+ 1) — 303) (FZ)

69



(DW)[E"iD" r*h® | B(v))

L+¢ 1+ v v v
= mpmpTr |7y 2¢F“ 2¢75(Clv + Cov™ + C3vY)

1 v v v
= J[=Tr(y"a") = i Tr(v*9"a”) — 0, Tr(y"3"a”)
— 0,0\ Te(Y* 7P a”) — Tr(vPy#a”) — v, Tr(v* a”)
+u, (Y297 a”) + v, 0i Te(y° 7 a”)] E3)

Again a” stands for (C1v” 4+ Cov™ + Cyv¥). Similarly there is no contribution from

the matrix element induced by the axial vector current. Calculating the traces yields

vmpemp {(v+ V)" (Crv+ Cov') — C3 [ (1 — w) + 0" +v*0™]}  (F4)
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