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ABSTRACT

Quantum Control of Qubits: Time Ordering Effects

Ferdi Altintas
Master of Science, Department of Physics
Supervisor: Prof. Dr. Resul Eryigit
June 2010, 108 pages

In this thesis, I have studied five different problems concerning the qubits
and the dynamics of entanglement between the qubits under various conditions.
First, the exact analytical dynamics of entanglement between two qubits subject
to independent kicks and Gaussian pulses as an external magnetic field lie along
z-axes or x — y plane has been investigated. I have showed that ”almost-steady”
high entanglement can be created between two initially unentangled qubits by
using carefully designed kick or pulse sequences.

The dynamics of several quantum correlation measures for a three qubit sytem
subject to independent noise in their energy levels has been investigated to un-
derstand the life time of quantum correlations for system in contact with an en-
vironment. Along these lines, I have compared the dynamics of quantum discord,
entanglement and Bell-nonlocalities under the same conditions for three qubits
that have stochastic energy levels represented as classical Ornstein-Uhlenbeck
noise. I have showed that Bell-nonlocalities as well as bipartite entanglement
have life times shorter than the tripartite entanglement, while the quantum dis-
cord is immune to sudden death independent of the non-Markovianity of the

dynamics and the purity of the initial states. Furthermore, I have concluded
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that the non-Markovianity of the dynamics only prolongs the death of quantum
correlations, except, quantum discord which does not suffer sudden death.

I have also analyzed the entanglement dynamics of two and three qubits which
interact with each other by dipole-dipole interaction. I have assumed each qubit
is embedded in its own non-Markovian environment and connected to each other
by dipole-dipole interactions through next-nearest, .J;, and next-next-nearest, Js,
couplings. I have showed that the entanglement created by the dipole-dipole in-
teraction is damped to zero by the qubit-environment interactions. Moreover, in
the region where Jy/J; < 0, the full disentanglement time takes longer compared

to the region where Jy/.J; > 0.

Keywords: Heisenberg XYZ and XY models; Time Ordering; Kubo-Anderson

model; Master equation; Non-Markovian environments.
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OZET

Qubitlerin Kuantum Kontrolii: Zaman Siralamasi Etkileri

Ferdi Altintas
Yiiksek Lisans, Fizik Bolumii
Tez Danismani: Prof. Dr. Resul Eryigit

Haziran 2010, 108 sayfa

Bu tezde ¢esitli durumlar altinda qubitleri ve dolagiklik dinamigini igeren 5
farkli problem inceledim. Tk olarak, z-ekseni ve x—y diizleminde dogrultulmus dig
manyetik alan olarak birbirinden bagimsiz anlik ve Gaussian sinyallerine maruz
kalan iki qubitin analitik dolagiklik dinamigini inceledim. Dikkatlice diizenlenmig
ard arda anlik veya Gaussian sinyallerle, baglangicta dolasikligi sifir olan iki
qubitin, "hemen-hemen sabit” yiiksek dolagiklik olusturabilecegini gosterdim.

Dig ortamla etkilegen bir sistemin kuantum korelasyonlarinin oliim siirelerini
anlamak icin enerji seviyelerinde birbirinden bagimsiz giirtiltiiye maruz kalan
¢ qubitin degisik kuantum korelasyon olgiimlerini analiz ettim. Bundan yola
gikarak, klasik Ornstein-Uhlenbeck tipi giirtiltii ile gosterilen rasgele enerji se-
viyeleri olan 3-qubit icin quantum discord, dolagiklik ve Bell nonlocality di-
namiklerini kiyasladim. Quantum discordun anlik 6liime bagigikligi dinamigin
Markovain olmayan 6zelligi ve ilk durumun safligindan bagimsiz iken Bell nonlo-
cality yanisira iki qubit dolagikligin yagam stirelerinin 3-qubit dolagikliktan daha
kisa oldugunu gosterdim. Buna ilaveten, anlik oliime ugramayan quantum dis-
ord disinda, Markovian olmayan dinamigin sadece kuantum korelasyonlarin 6liim

siirelerini uzattigi sonucuna vardim.



Ayrica birbirleriyle dipole-dipole etkilegimiyle bagl olan iki ve ii¢ qubitlerin
dolagiklik dinamiklerini analiz ettim. Her qubitin kendi Markovain olmayan or-
tamina batirirldigini ve birbirlerine bir sonraki yakini, .J;, ve sonraki-sonraki
enyakin, Jy, komsu ciftleri yoluyla dipole-dipole etkilegimi ile bagh olduklarini
tasarladim. Dipole-dipole etkilesimi ile yaratilmig olan dolagikligin, qubit-ortam
etkilesiminden dolayi sifira sontimlendigini gosterdim. Ayrica, Jy/J; < 0 oldugu
bolgelerde tiim edolagikhigin 6liim zamanimin J;/J; > 0 oldugu bolgelerde daha

uzun surer.

Anahtar Kelimeler: Heisenberg XYZ and XY modeli; Zaman siralamasi; Kubo-

Anderson modeli; Master denklemleri; Markovian olamayan ortamlar.
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CHAPTER 1
INTRODUCTION

Quantum entanglement is a nonlocal correlation between two (or more) quan-
tum systems that cannot be accounted for classically. It was first noted and
introduced by FEinstein, Podolsky and Rosen (EPR) as a paradox in the for-
malism of the quantum theory [1]. After EPR, quantum mechanics was left in
an unsatisfactory position, either it was imcomplete in the sense it failed to ac-
count for some elements of physical reality. However, in 1964 Bell introduced
Bell inequalities as a refutation of EPR which established a nonlocal nature of
quantum mechanics accessible to experimental verifications [2]. Nowadays, en-
tanglement is considered to be not only vital concept but also a prime resource
in some fields such as quantum teleportation [3], quantum cryptography [4] and
quantum computing [5]. There are some well-defined measures of entanglement,
e.g. concurrence [6], negativity [7] and relative entropy [8]. In this thesis, I use
concurrence and negativity. For two-qubit case, concurrence is a good measure
of entanglement in every sense. It is easily computable and can be used for
pure as well as mixed states. However, for higher dimensions or multipartite
systems, concurrence is not well-defined whose calculation is based on numerical
optimization procedure which does not guarantee exact results [9]. For this case,
negativity can be used as a measure of entanglement whose calculation based on
partial positive transposes introduced by Peres-Horodecki.

In Chapter II and III, I analyze the control of entanglement between two in-
teracting qubits subject to independently longitudinal and transverse kicks and
Gaussian pulses as external magnetic fields. In these chapters, I choose isotropic
Heisenberg XYZ model [10] to describe the interaction between qubits. There

are also some models such as isotropic or unisotropic Heisenberg XY model [11]



and Dzyaloshinskii-Moriya(DM) model [12] studied in many works to describe
qubit-qubit interactions. Also, to study the combined effect of the qubit-qubit
interaction and the nonuniformity of the field on entanglement dynamics, I con-
sider the time ordering effect, because the time ordering helps us to understand
clearly the time correlation in multiparticle systems as well as to describe an-
alytically the behavior of two-qubit system interacting with a rapidly changing
external magnetic fields [13].

However, entanglement is not the only measure of quantum correlations.
Quantum discord is a promising canditate to measure all nonclassical correla-
tions hidden in a bipartite systems. It was introduced by Ollivier and Zurek and
captures the difference of two natural quantum extensions of the classical mutual
information [14]. Although quantum discord is equal to the entanglement for pure
states, it includes the quantum correlations which are contained in mixed states
that are not entangled. It has a significant application in deterministic quantum
computation with one pure qubit [15] and estimation of quantum correlations
in the Grover search algorithm [16], in studies of quantum phase transition [17],
to define the class of initial system-bath states for which the quantum dynamics
is equivalent to a completely positive map [18], and to measure the quantum
correlation between relatively accelarated observers [19]. Like quantum discord,
violation of Bell-inequalities can be also used as a measure of quantum correla-
tions and in the literature there exists lots of works [20, 21, 22, 23, 24, 25]. It
shows the mixed states whose correlation can be reproduced by a local hidden
variable model, that is, by classical systems. This indicates that, for mixed states,
which are in practice the ones always encountered, a given value of entanglement
by itself does not imply their correlations cannot be clasically reproduced with
certainity [26].

The models described in Chapter II and III do not include the interaction
between the quantum system and its background. However this interaction is

inevitable and the background, which is called environment, is often complex



and described by a bath of bosons or fermions, or by classical random fields
and theoretically obeys on two assumptions: Markovian (memoryless) and non-
Markovian (memory). The Markovian assumption does not mean the past con-
tributions to the current time evolution and the dynamical evolution is governed
by a Lindblad master equation [27] . However, the truth every environment is
non-Markovian which includes a past contribution to the current time evolution
which enters to the master equation by a memory-integral [27, 28]. Due to the in-
evitable interaction between the qubit and environment, the system undergoes a
process called decoherence described by the decay of the off-diagonal elements of
the density matrix of the single-qubit in the given basis [29]. Under decoherence
process, the entanglement dynamics undergoes a well-known phenomena called
entangelement sudden death (ESD) introduced by T. Yu and H. Eberly and de-
fined as the termination of the entanglement in a finite time [30]. In Chapter IV,
I investigate the dynamics of quantum correlations of three uncoupled qubits sub-
ject to independently zero temperature non-Markovian environments represented
as classical Ornstein-Uhlenbeck noises [31]. I investigate how the other quan-
tum correlations, such as quantum discord and Bell-inequalities dehaves under
decoherence under the same conditions when entanglement dynamic suffers ESD.

In Chapter IV, I neglect the dipole-dipole interaction between the qubits.
However this interaction is inevitable. Thus in Chapter V, I assume two coupled
qubits through isotropic Heisenberg XY model embedded independently inside
non-Markovian environments represented as classical Ornstein-Uhlenbeck noises.
In Chapter VI, I expand the work analyzed in Chapter V for three-qubit sys-
tem with next-nearest and next-next nearest dipole dipole interactions. In these
chapters I analyze the effects of the purity of the initial states, the dipole-dipole
interaction between the qubits and the non-Markovianity of the dynamics on bi-
and tri-partite entanglements measured by concurrence and negativity, respec-

tively.



CHAPTER 2
ENTANGLEMENT DYNAMICS FOR TWO QUBITS
UNDER THE INFLUENCE OF PERIODIC
KICS-LONGITUDINAL CASE

2.1 Introduction

In this chapter, I have studied the exact analytical dynamics of two qubits
subject to independent longitudinal kicks and Gaussian pulses. Time-ordering
effects on the entanglement dynamics are investigated by using concurrence as the
entanglement measure. I also explore the effects of pulse width on entanglement
dynamics of two qubits initially prepared in a separable state |¥(0)) = [10) or
maximally entangled state |¥(0)) = (|10) 4 ]01))/v/2.

The organization of this chapter is as follows. In Sec. 2.2, [ introduce the model
and show basic formulation for two interacting qubits through Heisenberg XXX
model with nonuniform time dependent magnetic fields directed in z-direction. In
Sec. 2.3, we discussed the time ordering effects. In Sec. 2.4, I introduce Wootters
concurrence as a measure of entanglement. In Sec. 2.4 and 2.5 I explore the efects
of sudden kicks and Gaussian pulses on entanglement dynamics of two qubits by

chossing a single or multiple pulses or kicks.

2.2 The model and basic formulation

In this chapter, I consider two interacting qubits through Heisenberg XXX
model and each qubit is embedded in a time dependent external magnetic fields

acting in z-direction. The time dependent Hamiltonian for this system can be



expressed as [10, 32]:

where

~

Hy

Hint(t)

~ ~ ~ ~ 2 ~ o
where 6} =6, ®1, 6% =1® 6.

= Hy+ Hyp(t), (2.1)

= —h) Bi(t)s!, (2.2)

Here &j%‘ = x,y, z) are the usual Pauli spin

matrices, J is the exchange interaction coefficient and Bl(t) and B2(¢) are the

time dependent magnetic fields acting on qubit 1 and 2, respectively.

This model includes two simplifying assumptions. First, the time dependence

in the interaction Hamiltonian ﬁmt(t) is contained in a single real function of ¢.

Second, the interaction Hamiltonian does not contain a term proportional to H.

The most general form of an initial pure state of the two-qubit system is

|[W(0)) = a1(0)]00) + a9(0)|01) + a3(0)|10) 4+ a4(0)|11), then the probability

amplitudes evolve according to

ww | [ = mBr)
d | ax(t) 0
th— =
At ) 0
I as(t) | I 0

0 0 0
—J + hAB(t) 2] 0

2] —J — hAB(t) 0

0 0 J+hBr(t) | |

(2.3)

where AB(t) = B2(t) — BL(t), and Br(t) = BLl(t) + B2(t). The solution to




Eq. (2.3) may be written in terms of the time evolution matrix U(t) as
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where an experiment is begun at a time ¢ = 0 and completed at ¢ = T%. Since we
4 4

assume the system is closed, Z Pi(t) = Z |a;(t)]* = 1.
i=1 i=1
The time evolution operator U(t) may be expressed here as

U(t) = Te nls B — o= fo(fotHinee))dt (2.5)
(—i/h)" .
;;'/H( /Htgdtz/Htldtl.

=0 : 0

The only non-trivial time dependence in U(t) arises from time dependent H(t)

I
'ﬂ>

and time ordering 7. The Dyson time ordering operator T' [33] specifies that

~ ~

H(t;)H(t;) is properly ordered:
D) A(L) = B + 00t 1) [H). ()] (2.6

Time ordering imposes a connection between the effects of H(t;) and H(t;) and

leads to observable, non-local, time ordering effects when [ﬁ (t;), H (tz)} # 0.

2.3 Time ordering

Since time ordering effects can be defined as the difference between a result
with time ordering and the corresponding result in the limit of no time ordering,
it is useful to specify carefully the limit without time ordering. Removing time
ordering corresponds to replacing T — 1in Eq. (2.5). This corresponds to the

zeroth order term in an eikonal-like, Magnus expansion in commutator terms [34].



2.3.1 Limit of no time ordering

Replacing 7" with 1 in Eq. (2.5), in the Schrédinger picture we have,

n!
= 2 <_Z!h)n {]:Iot + /Ot [A{mt(t/)dtlln — 2 <_Z'h)n [(ﬁo n If[mt> t}n
e—z‘ﬁt/h _ Uo(t) ’ .

where

A t A
Hipst = / Hin(t")dt!
0

]ff = AO + ]flmt, and [ﬁo, ﬁmt] terms are non-zero. By expanding in powers of
[H(t"), H(')], it is straightforward to show that to leading order in H;,, and H,

the time ordering effect is given by

>
>

000 ~ 2h2 dt” / dt ", Hit ’)} - 222 [Ho, H?m} /0 t dt'(t—2t') F (1),
(2.8)
where Hy (t') = HY, f(t'). This leading term disappears if the pulse centroid T, =
t/2 and f(t') is symmetric about T},. Furthermore, U — U° vanishes identically
in the special cases of H(t') = 0, Hips(t') = Hypns , or BL(t) = B2(t) because,

A1), ()] = 20T ((BLE) = B)) = (BL(") — BA")) (68 60— 6,05,

(2.9)
Here we have used the well known identities (A ® B)(C'® D) = AC ® BD and
6:6; = 16;; + i€y 0% to calculate the commutation relation in Eq. (2.9).

In general there is no simple analytic form for the exact result U (t). For the

result without time ordering with B!t = [} BL(t')dt' = o, B2 = [} B2(t')dt' = 3



UO (t) — e—%(ﬁot-ﬁ-ﬁlintt)

Yy 0 0 0
0 ylut+w) y(—w-+iz 0
_ ( )yl ) | (2.10)
0 ylw+iz) ylu—iv) 0
0 0 0 Ny
where
iJt
y = enr,
N = el(a+ﬁ)a
r
u = cos| —
h )
ha—p) . (T
v = ——=sin| —
r h)’
w = 0,
2Jt r
z = —T sin <ﬁ> s (211)

where ' = \/ 4.J2t2 + h*(a — )2, Here we have used the well known method of
finding the matrix exponential via eigenvalues and eigenvectors [35].
Similarly, in the intermediate, or interaction, picture, U 1(t) = enHot(y (t), and

one has

Uty = Te =i Jo Hia @)t _y o= fo Hiyi(£)a

- S [ At = S S [

= ?( ), (2.12)

|
=10 <

I
where Hmt

(t') = et /RFT,  (t)e~ ot I and HT 1 = [y HL,(t")dt'. For asequence

int

of n-positive Gaussian pulses of the form discussed in Section 2.6, it is easy to



show

2 _ 47272

1
Al t= —gm(&; +6%) 4 —hAe T (a(62 = 1) + b(6, ® 6y — 6, ®62)) |

int z 9 z

(2.13)

and the propagator U%(t) = e~ #0t{/9(t) is in the form of Eq. (2.10) with elements

iJt
2

y = €er,

B = € )

h
2 47272
z = —sin (%) Ccos (e_JrﬂA/f) , (2.14)

where A = (a—f3),Q2 = (a+ ), and k = va? + b2. Here the propagator is valid

for t — T, > 7 and the parameters a and b are determined by the number of

- 4JT, - 4JT,
ulses as a = cos | —— | and b= sin :
p Do () o= 2o (57

Another example is a Gaussian pulse-anti pulse sequence, discussed again in

Section 2.6. One may show that

2.2
4J°T 2

-~ 1
H! t = ghie™ w2 (a(62 —61) +b(6, ® 6, — 6, ®6,)), (2.15)

wnt



and the propagator U%(t) = e~ #0!{J9(t) is again in the form of Eq. (2.10) with

Yy = ehr,
Y = 17
2Jt 42,2
U = COS (?) CoS ( e AK)

vo= % (cos((1) — cos((a)) sin <e4Jh22T2Afi> :

w = l(sm( 1) — sin((z)) sin <e_4Jh; ),
K
. Jt 2.2
z = —sin <7) (e TAR), (2.16)
where kK = Q{Sin(w%) A = (a—0),¢ = t—QT),Ts = (T — Th),a =

cos (4‘?1) — coS (%), and b = sin (%) — sin (%) Here the propagator

is valid for t — Ty > 7 and note if T, — 0 ,U%(t) — e~ #/0" in the form of (2.26).

2.4 Measure of entanglement

For a pair of qubits, Wootters concurrence [6] can be used as a measure of
entanglement. The concurrence function varies from C' = 0 for separable states
to C' = 1 for maximally entangled states. To calculate the concurrence function

one needs to evaluate the matrix

~

R =p(t) (&y ® ‘3y)ﬁ*(t) (624 ® &y>7 (2.17)

where p(t) is the density matrix of the system and p*(t) is its complex conjugate.

The concurrence is defined as

C(,é) = HlaX{O, )\1 - )\2 - )\3 - )\4}, (218)

where A1, Ao, A3 and A4 are the positive roots of the eigenvalues of Rin descending
order.

Due to discrete symmetry of the total Hamiltonian (2.1), the initial states

10



|W(0)) = as(0) |01) 4+ a3(0) |10) and |¥(0)) = a1(0) |00) + a4(0) [11) can never get
mixed in time. Thus we consider the time evolution of the concurrence of these
initial states individually.

The concurrence function for a pure state |U(t)) = as(t) |01) + a3(t) |10) with

density matrix p(t) = |U(t)) (U(t)| is given by

C(p) = max{0, 2 |as(t)as(t)|}. (2.19)

Similarly, for the pure state |W(¢)) = ay(t)|00) +a4(t) |11), the concurrence func-

tion reads as

C(p) = max{0,2 a1 (H)as(t)|}, (2.20)

where from Eq. (2.4), the time-dependent coefficients read

a;(t) = Y Uy(t)a;(0). (2.21)

7j=1
2.5 Entanglement dynamics of kicked qubits

In this part, we examine the entanglement evolution of kicked qubits in the
presence of time ordering for the initial pure states |¥(0)) = |10)(separable)
and |U(0)) = \%(lOl} + |10))(maximally entangled). According to Eq. (2.19)
and (2.21), to examine the entanglement evolution one has to present the analytic
expressions of the propagators after the kick is active. Thus, we firstly present the
analytic expression for the propagator for singly kicked qubits and then discuss
the extensions to multiple kicks, using a positive followed by a negative kick and

a sequence of two, three and four positive kicks as an example.

11



2.5.1 Single kick

C(p)

00
0

Figure 2.1: Concurrence as a function of time for an ideal positive single kick
applied at T" = 5 for the initial pure states |V (0)) = \%(|Ol> + [10)) (Fig. (a))
and |¥(0)) = |10) (Fig. (b)) . The dashed plots correspond to o = 23, and the
solid plots to a = 33. Here we take § =1,J =1 and h = 1.

Here we consider two qubits whose states coupled by an interaction field which
can be expressed as a sudden “kick” at t = T', namely Bl(t) = ad(t —T), B(t) =
pBo(t — T). For such a kick the integration over time is trivial and the time

evolution matrix in Eq. (2.5) becomes

[]‘K (t) _ e*%ﬁo(t*T)e—% ey ﬁmt(t')dt'efﬁ'ﬁoT’ (2'22)

with the same form of (2.10) with

y = en,

R )

w = cos (B costa - ),

v = os (22 singa - ),

w = sin (M) sinfa - ),

: — —sin (27‘”) cos(a — ), (2.23)

for t > T. The propagator for without time ordering is given in Eq. (2.10) and

as explained before when o = 8, UR(t) — U°(t) — 0 after the field is active.

12



2.5.2 A positive followed by a negative kick

The propagator for a sequence of either identical or non-identical pulses can
easily be handled by multiplication of several matrices of the form of Eq. (2.22).
For example, one may consider a sequence of two kicks of opposite sign at
times ¢t = Ty and t = Ty, namely, Bl(t) = a(6(t —Ty) — 6(t — Ty)), B(t) =
B (6(t —T1) — 6(t — Ty)). Following the procedure given in Eq. (2.22), one ob-

tains the time evolution matrix for ¢t > T,

~ i 73 _ i Tate 7 N 4/ i 7 _i pTite g g4/ i 13
UK(t) _ e—%Ho(t—Tz)e 7 fTQ—e Hint (t")dt 6—%H0(T2—T1)6 i o —e Hint(t')dt 6_%HOT1(2.24)

with the same form of (2.10) with

no o= 1
2Jt 2J(t — 2T .
u = cos (%) cos(A)? + cos (%) sin(A)?,

v = (cos((y) — cos(a))sin(A) cos(A),

w = (sin(¢) —sin(()) sin(A) cos(A),

z = —sin (27‘”) cos(A)? — sin (M) sin(A)?, (2.25)

where (; = QJ(thTi),A =(a—0),and Ty, =T, —Ty. AsTs —» 0 or a = 3, UK(t)

reduces to

e~ 0 0 0
0 61# cos(2L —zezgt sin (2L 0
- iJt ( " ) iJt ( " ) ’ (226)
0 —ien sin(Z) e cos(ZL) 0
0 0 0 e~

13



because for a positive kick followed by a negative kick ﬁmtt = 0.

(a) T T T T T T T (b) T

Figure 2.2: Concurrence as a function of time for an ideal positive kick applied
at T7 = 5 followed by an ideal negative kick at T, = 10 for the initial pure states
|V (0)) = \%(|01) + |10)) (Fig. (a)) , and |¥(0)) = |10) (Fig. (b)) . The dashed
plots correspond to o = 203, and the solid plots to a = 33. Here we plot for
t > Ty and take f=1,J =1and h = 1.

2.5.8 Two positive kicks

To show the difference between positive and negative kicks applied after the
first positive kick on entanglement dynamics of qubits, one may consider a se-
quence of two positive kicks applied at times ¢t = 717 and t = Ty , namely,
Blt) = a(6(t =Ty +6(t—Ty)),B%(t) = B(6(t —T1) +6(t — Tp)). Following
the procedure given in Eq. (2.22) one obtains the time evolution matrix Eq. (2.24)

for t > T5 in the shape of (2.10) with

y = en,
Y = 627L(o¢+,3)’
2Jt 2J(t — 2T ,
u = cos (%) cos(A)? — cos (%) sin(A)?,

v = (cos((1) + cos((z))sin(A) cos(A),

w = (sin(¢) + sin(Ce)) sin(A) cos(A),

z = —sin <27‘]t> cos(A)? + sin <M) sin(A)?, (2.27)

where (; = 2J(tg2Ti),A = (o — B) and Ty = Ty — T;. Here the propagator for

without time ordering can be calculated by replacing Blt — 2a and B?*t — 23

in Eq. (2.10) and note for a = 8, UX(t) — U°(t) vanishes.

14



(a) T T T T T T T (b) T

Figure 2.3: Concurrence as a function of time for a sequence of two ideal positive
kicks applied at T} = 5 and Ty = 10 for the initial pure states |¥(0)) = \%(|01> +
|10)) (Fig. (a)) and |¥(0)) = |10) (Fig. (b)). The dashed plots correspond to
a = 20, and the solid plots to a = 35. Here we plot for ¢t > T5 and take
f=1,J=1and h =1.

2.5.4 83-4 positive kicks

i i !

time time

Figure 2.4: Concurrence as a function of time for 4-successive ideal posi-
tive kicks for the initial pure states |¥(0)) = \/Li(|01> + ]10)) (Fig. (a)) and
|W(0)) = |10) (Fig. (b)). Here the dashed plots correspond to o = 23, and the
solid plots to a = 34 and we take 8 =1,J =1,h = 1,17 = 5,1, = 10,753 = 15
and Ty = 20.

Final example is a sequence of n-positive kicks applied at times t =1T),t =
Ty,....,t =T, , namely Bl(¢ Z ad(t — 265 (t = T;). Following
the procedure given in Eq. (2. 22) one obtains the time evolutlon matrix for three

positive kicks at times ¢ > T3

~ T3+ To+
UK<t> — o rHo(t-Ty), 3 Sl Hine () dt! o~ 7 Ho(T3-T: 4 [0 Hime(t)at!
T1+€ ’ . A
— t')dt —l
X e H (T>—T; le e Hint(t') HOTl, (2.28)

with parameters specified in (2.10)
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Figure 2.5: The contour plot of concurrence versus time and integrated pulse
strength for the initial pure state |¥(0)) = \%(|01> + |10)) (Fig. (a)) , and for
|¥(0)) = |10) (Fig. (b)). Here the contour plots include four ideal positive kicks
applied at T} = 5,15, = 10,73 = 15, and T, = 20 , and we set J = 1,3 =1 and
h=1.

iJt

y = en,
T e3i(a+/3)7
2]t ’ 2J(t + 2(T; — T}))
u = cos (7) cos(A)* — ”221 cos ( h L ) cos(A) sin(A)?,
i<y

vo= Z cos((;) sin(A) cos(A)? — cos (QJ(t — Q(Tlh_ Tt T3))) sin(A)?,

w = Z sin(¢;) sin(A) cos(A)? — sin (QJ(t — 2(T1h_ Tt T3))> sin(A)?,

z = —sin (%ﬁ) cos(A)?

+ Z sin (2J(t i Q%Ti — TJD) cos(A) sin(A)*. (2.29)

4,j=1
1<j

Similarly, the the time evolution matrix for four positive kicks for ¢ > T}

~ PPN i rTa+e 1 PP i rT3+e 7 PP
UK<t) = eiéHO(tiT‘l)ei% fT:_E Hmt(t/)dtleféHO(T4*T3)ei% fT33—e Hint(tl)dt/eféHO(TngQ)
i Ta+e 7. i 7 i T1te 7. i B
% 67% fT27€ H““(t/)dt/e*%Ho(TQ*Tﬂe*% le*e Hmt(t/)dt/e*%HoTl’ (230)
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with parameters specified in (2.10)

y = enr,
Yy = e41‘((1-1-5)7
4
u = cos (%Jt) cos(A)* — Z Cos (QJ(t i Z;Ti — TJ)>) cos(A)?sin(A)?
ij=1
i<j

+ cos (W) sin(A)*,

Vo= Z cos((;) sin(A) cos(A)? — 7'1

-
@}
[}
|}

o~
Il
—

(2J(t — AT, — Ty + T))

FOS
AS
<.

A

ol

(]~
&.
=

w = Y sin(G)sin(A) cos(A)’ - (2J (t— 2T, — T; + Ty)

> h
i,5,k=1
i<j<k
(2]t A 1L 2J(t 4 2(T; — T})) 2 . 2
z = —sin (T) cos(A) —|—iZ_1 sm( T cos(A)“sin(A)
<
— sin (W) sin(A)%,

where Cl = L%QTJ,A = (Oé — B) and T1234 = (Tl — TQ + T3 - T4) Here the

propagator for without time ordering can be calculated by replacing B}t — na
and, B2 — nf in Bq. (2.10) and note for o = 8, UX(t) — U°(t) vanishes.

In this section, we analyze how the successive ideal kicks affect the entangle-
ment evolution of the initially non-entangled state, | (0)) = |10}, and the initially
maximal entangled state, |U(0)) = \%(!01)+]10)). From Fig. 2.1, 2.2, 2.3 and 2.4,
it can be noted that the entanglement dynamics of qubits initially prepared in
the in these states can be changed by sudden kicks and each kick can change
the amplitude and minimum of the oscillation of the entanglement evolution of
each state while it does not have any effect on the frequency of the oscillation.
Also, from Fig. 2.2 and 2.3 the positive kick and negative kick applied after the
first kick shows different aspects on the entanglement evolution of each state.

For example, the amplitude of the entanglement oscillation for each state for

17
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) cos(A) sin(A)?,

(2.31)



positive kick applied after first kick is greater than the negative one. Moreover,
from Fig. 2.4 the initially maximal entangled state can nearly return its initial
condition after the third positive kick for o = 23. Finally, as shown Fig. 2.5, the
entanglement evolution for each state has a periodic pattern and repeats itself
in the increase of the integrated magnetic strength and note every kick creates a

different oscillating pattern.

2.6 Entanglement dynamics of qubits perturbed by a

sequence of gaussian pulses

In this part, we discuss the time evolution of the entanglement caused by a

, (t=Ty)?
Gaussian pulse of the form BL(t) = %6_ = , ((a12 = a, ), centered at

T), with width 7. The time evolution of the concurrence for the initial pure
states |¥(0)) = \/Li(|01) + |10)) and |¥(0)) = |10) are evaluated by numerically
integrating the equations in (2.3) and using Eq. (2.19). Here we shall determine
how the entanglement depends on the pulse witdh 7 by choosing a single pulse,
a positive pulse followed by a negative pulse, and multiple pulses centered at
Ty =5, T, = 10,73 = 15 and Ty = 20. For convenience we shall set J =1, =1
and h = 1. Note in the limit as 7 — 0, the results of entanglement evolution of
kicked qubits in the presence of time ordering can be reached that are analyzed

in the previous section.

2.6.1 Single Pulse

In Fig. 2.6 we show the results of a calculation for the concurrence for the initial
pure states |V(0)) = \%(|01> +(10)) and |¥(0)) = |10) when strongly perturbed
by a single Gaussian pulse centered at ¢t = T; with width 7. We have obtained

our results by numerically integrating the coupled equations,

18



(2 7=005 . . . (b) =005

Figure 2.6: Concurrence as a function of time for a single pulse of width 7 for
the initial pure states |¥(0)) = \/Lﬁ(|01> + |10)) (Fig. (a), (c), (e) and (g)) and
|W(0)) = [10) (Fig. (b), (d), (f) and (h)). The dashed plots correspond to oo = 24,
and the solid plots to a = 3.

Zhaz(t) = (—J — %6_“:})2) ag(t) + 2Ja3(t)
ihas(t) = (—J + we(trw) as(t) +2Jas(t) . (2.32)

As shown Fig. 2.6, the width of the pulse has a significant effect on the entangle-
ment evolution of qubits. For example, for the pulse width 7 = 0.2 and o = 23,
the minimum of C(p) of |¥(0)) = \%(|01> + [10)) can go to zero awhile the state

|W(0)) = |10) can have a constant full entanglement.
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A positive followed by a negative pulse
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2.7: Concurrence as a function of time for a positive pulse followed

by a negative pulse of width 7 for the initial pure states |¥(0)) = \%(|01) +

10))

Fig.
In Fig. 2.7 we show the results of a calculation for the concurrence for the

(

Gaussian pulse centered at t = T, with the same width 7. For this double pulse

The dashed plots correspond to o = 23, and the solid plots to «

initial pure states |¥(0)) = \/Li

the coupled equations are

Figure
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2.6.2 A sequence of two positive pulses

Figure 2.8: Concurrence as a function of time for a sequence of two positive pulses

witdh 7 for the initial pure states |¥(0

h)). The dashed plots corre-

)
= |10) (Fig. (b), (d),

spond to a = 23, and the solid plots to

and (g)) and [¥(0))

In Fig. 2.8 we show the results of a calculation for the concurrence for the
21

initial pure states |¥(0)) = \/LE(|01> + [10)) and |¥(0)) = |10) when strongly
perturbed by a sequence of two positive Gaussian pulses centered at ¢t = T}, and



t = Ty with the same width 7. For this double pulse the coupled equations are

el = (_J_E%%%ﬁhéﬁny+€Ji?3)axw+2J%a)
w(e—“:@)g + 6_@—3;2)2)) as(t) + 2Jas(t) (2.34)

ihas(t) = (—J+

As shown Fig. 2.7 and 2.8, a positive pulse or a negative pulse applied after
the first positive pulse shows different aspects on entanglement dynamics of the
qubits. For example, the initial state |¥(0)) = \%(|01> + [10)) with 7 = 0.05 and
a = 30 can become a maximal entangled again after the negative kick while the
minimum of C'(p) can go to 0.2 after the positive kick. It is interesting that for
the pulse width 7 = 0.2, the entanglement dynamics of the qubits nearly shows

a similar evolution for the two initial states.

2.6.3 A sequence of four positive pulses

In Fig. 2.9 we show results of a calculation for the concurrence for the initial
pure states |V(0)) = \%(|01> +(10)) and |¥(0)) = |10) when strongly perturbed
by a sequence of four positive Gaussian pulses centered at t = Ty,t =T, t = T,
and t = T, with the same width 7. For this sequence of pulses the coupled

equations are

ihas(t) = (—J _Ma—p) i e“‘i">2> as(t) + 2Jas(t)

ihas(t) = (—J+—ie“‘5“2)@3(@+2Ja2(t) . (2.35)

As noted before for the entanglement evolution caused by ideal sudden kicks,
the successive pulses and the magnitude of the integrated magnetic strength only
change the amplitude of the oscillation of the entanglement evolution and it has
no effect on the frequency of the oscillation. As shown Fig. 2.9, the width of the

pulses also has no effect on the frequency of the oscillation whose effect is only on
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Figure 2.9: Concurrence as a function of time for a sequence of four positive
pulses witdh 7 for the initial pure states |¥(0)) = —=(|01)+|10)) (Fig. (a), (¢), (e)
and (g)) and |¥(0)) = |10) (Fig. (b), (d), (f) and (h)). The dashed plots corre-
spond to o = 203, and the solid plots to a = 30.
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—~

the amplitude of it. Also, as shown in Fig. 2.10, the increase of the pulse width
breaks down the periodic pattern of the oscillation of the entanglement evolution
compared to Fig. 2.5.

There are some interesting features and results of the entanglement dynam-
ics of two coupled qubits under time-dependent magnetic fields. Firstly, the
successive pulses (or kicks) and the width of the pulses have a significant and un-
predictable effect on the entanglement evolution of the qubits. However, by this
control scheme, a non-entangled state can become a fully entangled state, also the
mimimum of the entanglement oscillation of the maximally entangled state can

go to zero. Secondly, it can be concluded that the frequency of the entanglement
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oscillation only depends on the exchange interaction coefficient and independent
of all other parameters of the system. Thirdly, it can be easily checked that
the initial states |¥(0)) = |11),|¥(0)) = |00) and |¥(0)) = \%(!11) +]00)) are
robust states in which the entanglement dynamics of qubits prepared in these
initial states cannot be changed by the sequence of pulses or kicks. Moreover, the
entanglement dynamics of qubits initially prepared in the states |¥(0)) = |01)
and |¥(0)) = %(HO) — 101)) is the same as of |¥(0)) = |10) and |¥(0)) =
\%(\Ol} + |10)), respectively. Finally, the entanglement evolution of qubits pre-
pared in the initial states of |WU(0)) = \/ig(|01> + ]10)) and and |¥(0)) = |10)
is controllable by the pulses (or kicks) if and only if « # 3, and if « = f3, the
entanglement evolution of these states is uneffected by the Gaussian pulses and
sudden kicks and the concurrence funciton of |W(0)) = \/Li(|01> +|10)) is equal to

1 and of |¥(0)) = [10) is equal to |sin (£2)|.
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Figure 2.10: The contour plot of concurrence versus time and integrated pulse
strength for a sequence of four positive pulses of width 7 for the initial pure

states |W
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CHAPTER 3
ENTANGLEMENT DYNAMICS FOR TWO QUBITS
UNDER THE INFLUENCE OF PERIODIC
KICS-TRANSVERSE CASE

3.1 Introduction

In this chapter, I explore the effects of transverse sudden kicks or Gaussian
pulses on entanglement dynamics of two-interacting qubits through Heisenberg
XXX model. T choose concurrence as a measure of entanglement and by con-
sidering initially separable |¥(0)) = |11) and maximally entangled |U(0)) =
\/Li(|11> +100)) states the effects of kick or pulse squences on entanglement dy-
namics are investigated.

The organization of this chapter is as follows. In Sec. 3.2, I introduce the
model and show basic formulation for two interacting qubits through Heisenberg
XXX model with nonuniform time dependent magnetic fields directed in x — y
plane. In Sec. 3.3, I discussed the time ordering effects. In Sec. 3.4, I introduce
Wootters concurrence as a measure of entanglement. In Sec. 3.4 and 3.5 I explore
the efects of sudden kicks and Gaussian pulses on entanglement dynamics of two

qubits by chossing a single or multiple pulses or kicks.

3.2 The model and basic formulation

In this paper, I consider two interacting qubits through Heisenberg XXX model
and each qubit is placed in a time-dependent nonuniform magnetic field in =z —y

plane. The Hamiltonian for this model may be expressed as [11, 56] (we set
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H(t) = Ho+ Hinl(t), (3.1)

where

& _ E AlA2

%N>=%ZF®@MM+m@@- (3.2)

Here &,°(i = x,y, z) are the usual Pauli spin matrices, B'(t) and B2(t) are the
external time-dependent magnetic fields on qubit 1 and 2, respectively, .J is the
exchange interaction coefficient and # is the angle between magnetic fields and
the r-axes (we assume 0 < 0 < 7).

In this model, we also consider that the interaction Hamiltonian, ]:Imt(t),
does not contain a term proportional to Hy and all of the time dependence in the
interaction Hamiltonian is contained in a single real function of t.

The most general form of an initial pure state of the two-qubit system is
|[W(0)) = a1(0)]11) + a2(0) |10) + a3(0)|01) 4+ a4(0) |00), then the probability

amplitudes evolve according to

| [ 7 B B o ||aw]
i d as(t) _ ?Q(t)* —J 2J ?1(t) as(t) | (33)
L I By 27 —J B || ast)

() | | 0 BY)T B T | | ) |

where Bi(t) = 17 Bi(t). The solution to Eq. (3.3) may be written in terms of
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the time evolution matrix U(t) as

CL10

) (
) az(0
) as(0
) (

I
s
—~
~+~
~—

a40

)
) , (3.4)
)
)

where an experiment is begun at a time ¢ = 0 and completed at ¢t = T}.

The time evolution operator U (t) may be expressed here as

O(t) = TeJo AW — o fy (Fotfun ) (3.5)

:TZ /H /HtgdtQ/Htldtl.
n=0

The only non-trivial time dependence in U(t) arises from time dependent H(t)

and time ordering 7. The Dyson time ordering operator 7' [33] specifies that

A~ ~

H(t;)H(t;) is properly ordered:

TH(E)H(t) = A () + 00t — ) [(t), ()]
Time ordering imposes a connection between the effects of H(t;) and H(t;) and

leads to observable, non-local, time ordering effects when [ﬁ (t;), H (tz)} # 0.

3.3 Time ordering

Since time ordering effects can be defined as the difference between a result
with time ordering and the corresponding result in the limit of no time ordering,
it is useful to specify carefully the limit without time ordering. Removing time
ordering corresponds to replacing 7" — 1 in Eq. (3.5). This corresponds to the

zeroth order term in an eikonal-like, Magnus expansion in commutator terms [34].
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3.3.1 Limit of no time ordering

Replacing 7" with 1 in Eq. (3.5), in the Schrédinger picture we have,

_ i(n") [HOH/ Ho (¢ )dt} _y [(IfloJrﬁmt) tr

n!
n=0 =0
= =) (3.6)

where

A t A

Hipst = / Hin(t")dt!

0

= To + ]flmt, and [ﬁo, ﬁmt] terms are non-zero. By expanding in powers of

[H(t"), H(')], it is straightforward to show that to leading order in H;,, and H,

the time ordering effect is given by

R R 1 t " R R 1 R t
000~ —5/ dt”/ dt’ [H(t”),H(t’)} - [HO,HEM] / dt'(t —2t) f(1),
0 0 0
(3.7)
where Hy (t') = HY, f(t'). This leading term disappears if the pulse centroid T, =

t/2 and f(t') is symmetric about T},. Furthermore, U — U° vanishes identically

in the special cases of H(t') = 0, Hips(t') = Hypns , or BL(t) = B2(t) because,

[H(t"),H(t")] = JD (3.8)

where D = ((B*(t') — BX(t')) — (B*(t") — B*(t"))) and a = e™.
In general there is no simple analytic form for the exact result U(t). For the
result without time ordering with BYt = [ BL(t)dt' = o, B* = [} BX(t')dt' = B,

we have
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UO (t) _ e—i(Hot—i-fImtt)’ (39)

with elements

Uy = % (e“t cos (%) + et (cos (g) — Zlir‘jsin (g))) = Uy,
Uyp = % <e”t CcoS (%) + et (COS (g) + lelﬂj sin (g))) = Uss,
Uys = % <e‘“t cos (%) — e cos (g) + le.lﬂjsin (g))) = Uso,
Up = %ie_ijte_ie (eQth% sin (E) — sin (%)) = Usy,

r

L e —in Q iTt r 44Jt . (T i
Uy = 26 (e cos 5 e CoS 5 T sin 5 = e YU,

1. .. A r Q
U31 _ _éieftheZG (teJtFSin (5) -+ sin (5)) = U427 (310)

where I' = V16212 + A2, A = (a« — ) and Q2 = (a + ).

2
1. _. A A r Q
U13 = —52'6_1‘”6_10 (62ZJtF sin (5) + sin (§>) = U24,

1 A Q
Uy = 52'6_2‘”619 (62"”— sin ( — sin (E)) = Uys,

3.4 Measure of entanglement

For any two-qubit case, Wooters concurrence [6] can be used as a measure of
entanglement. The concurrence function varies from C = 0 for a separable state
to C' =1 for a maximally entangled state. To calculate the concurrence function

one needs to evaluate the matrix

ﬁtrans(t) = ﬁ(t) (63/ ® &y)ﬁ*@) <6y ® &y)’ (3-11)

where p(t) is the density matrix of the system and p*(t) is its complex conjugate.

The concurrence is defined as
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C(ﬁ) = max{(), )\1 - )\2 - )\3 - )\4}, (312)

where Aj, Ao, A3 and Ay are the positive roots of the eigenvalues of pyans(t) in
descending order. It is straightforward to evaluate the concurrence of a pure

state of the form

|W(t)) = ai(t) |11) 4 aa(t) |10) + as(t) |01) + a4(t) |00) , (3.13)

where ay(t),as(t), as(t) and ay(t) are the time-dependent complex functions sat-

isfying the condition

lar (O + Jaz (0)* + lag (1)|* + las(8)]* = 1, (3.14)

and the density matrix p(t) = |W(¢)) (¥(¢)|. In this case the concurrence function

is given by

C(p) = 2|ai(t)as(t) — az(t)as(t)|, (3.15)

with time dependent coefficients given by Eq. (3.4):

a;(t) = Uij(t)a;(0). (3.16)

3.5 Entanglement dynamics of kicked qubits

In this part, we will examine the entanglement evolution of kicked qubits in
the presence of time ordering for the initial pure states |¥(0)) = |11)(separable)
and |V (0)) = \/ii(|11> + |00))(maximally entangled). According to Eq. (3.15)
and (3.16), to examine the entanglement evolution one has to present the analytic
expressions of the propagators after the kick is active. Thus, we firstly present the
analytic expression for the propagator for singly kicked qubits and then discuss

the extensions to multiple kicks, using a positive followed by a negative kick and

31



a sequence of two and three positive kicks as an example.

3.5.1 Single kick

Here we consider two qubits whose states are coupled by an external field
expressed as a sudden kick at ¢ = 1. In this case the time dependent magnetic
fields on qubit 1 and 2 may be expressed as B(t) = ad(t — T) and B*(t) =
po(t — T), respectively. For such a kick the integration over the time is trivial

and the time evolution matrix in Eq. (3.5) becomes for ¢ > T’

UK(t) _ 67iH0(t7T)e—i TT:F: I?lmt(t’)dt’efiﬁoTy (317)

with elements

Ui = e “cos (%) cos (g) = Uy,

Uy = %e‘m (e‘”‘“ cos <§> + cos (%)) = Uss,

Uy = —%e‘“t (€4th cos (%) — cos (%)) = Uss,

U = %z’e‘“te_w (64UT sin (%) — sin (%)) = e_2i6U43,
Uiz = —%ie_“te_ie <e4UT sin (%) + sin (%)) = e 200,

o A 15} Y
Uy, = —e e 2Pgin (—) sin <—> =e 4’9U41,

2 2
Uy = —e7t2De? ( cog b sin < ) sin(§) + ¢ cos <g) sin b cos(&)

2 2 2
Uy = —51'6_1‘”6_19 (6225 sin (%) + sin (%)) = e Uy, (3.18)

= 622’9U34,
where A = (a—f),Q = (a+ ) and £ = 2J(t —T'). For this case the propagator

RS

without time ordering is given by Eq. (3.9) and as explained before when o = 3,

A~

UK (t) — U(t) — 0 after the kick is active.
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@ . . )

Figure 3.1: Entanglement evolution for a positive single kick applied at T =
5 for the initial pure states |¥(0)) = |11) (Fig. (a)) and |¥(0)) = \%(!11) +
|00)) (Fig. (a)) with 3 = .J =1 and ¢ = 7. Here the dashed plots correspond to
o = 2/ and the solid plots to o = 3.

3.5.2 A positive followed by a negative kick

The second example is the positive kick followed by a negative kick applied at
times ¢t = T} and t = T5. In this case, the time dependent magnetic field on qubits
can be expressed as B1(t) = a(d(t—T1)—6(t—T3)), B%(t) = B(6(t—T1)—(t—T5)).
Following the procedure given in Eq. (3.17) one obtains the time evolution matrix

for t > T,

s _; (Tate 7y nyw, - £ _ s (Tite N ! - £
UK(t) — o iHo(t=T2) o=@ [1y—¢ Hint(t)dt' ,—iHo(To—T1),, i fp) e Hine(t))dt 6—1H0T1, (3.19)

with the elements
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Usa
Uss
Uiz

Uis

U14

U2 1

U24

where A = (a — f).

. A\
e~ 1(t=2T) (COS(QJT) — i.cos (5) sin(2JT)> = Uy,

_e—zJ(t+4T) (641Jt + 2641JT + 641J(t+T) + 641Jt(64zJT i 1) COS(A)) _ U33,

1 . .
56’”"/ (1- 2D (cos(2JT) + icos(A) sin(2J7T))) = Us,

T ,
§e—zJ(t—6T)€_7’9 sin(2J7) sin(A) =

1

_ Lol

2

—2460
€ U437

(t=6T) =10 5in (2JT) sin(A) = e~ 29U,

. . A\ 2 :
—je~ W (t=2T) =20 sin(2JT) sin (5) =e 7y,

2

1 j
5631J(t—2T)@—29 sin(2J7) sin(A) = —

1 .. )
— =32 in(2JT) sin(A) =

Ty, =T and Ty = 2T Note if @ = 3, UX(t) reduces to

—iHot
o—idt

0

0

0

0
' cos(2Jt)
—iet’t sin(2Jt)

0

0
—iet sin(2Jt)
et cos(2.Jt)

0

0
0
0

e—th

because for a positive kick followed by a negative kick ﬁmtt =0.

3.5.8  Two positive kicks

(3.20)

Here, for simplicity, we assume periodic kicks applied at

. (3.21)

The next example is a sequence of two positive kicks applied at times ¢ = T7 and

t =Ty, namely, B'(t) = a(5(t —T)) +6(t — Tb)), B2(t) = B(3(t — T1) +5(t — T)).

Following the procedure given in Eq. (3.17) one obtains the matrix elements of

the time evolution matrix (3.19) for ¢t > T} as
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time time

Figure 3.2: Entanglement evolution for a positive kick at T} = 5 followed by a
negative kick at T, = 10 for the initial pure states |¥(0)) = |11) (Fig. (a)) and
|T(0)) = \%(HD +100)) (Fig. (b)) with f=J=1and 0 = 5. Here the dashed
plots correspond to o = 23 and the solid plots to a = 30.

1 . )
Uyg = Z—le_”t (14 e"T (cos(A) — 1) + cos(A) + 2cos(Q)) = U,

1 . . . )
Uy = Ze_z‘]t (64““ + 7T (cos(A) — 1) + ¥t cos(A) + 2 COS(Q)) = Uss,

Uy = —ie“t (e"t + M1 (cos(A) — 1) 4 et cos(A) — 2c08(Q)) = Usa,
Uy = %ie_“te_w (%" cos(2JT) sin(A) — sin(Q)) = e > Uy,

Us = —%ie“tew (%" cos(2JT) sin(A) +sin(Q2)) = e > Uy,

Uy = }le_“te_w (e —1— (1 + ") cos(A) +2cos(Q)) = e Uy,

Uy = }lie_i‘]tew (e4iJ(t_2T)(1 + ") sin(A) — 2sin(Q)) = €*Usy,

Uy = —iiemeie (64”(“2:”(1 + 64“T) sin(A) + 2sin(Q)) = e 207y, (3.22)

where A = (a— ) and 2 = (a+ (). Here, for simplicity, we set Ty = T, Ty = 2T".
The propagator for without time ordering can be calculated by replacing B't —

2a and B% — 23 in Eq. (3.9) and note for o = 8, U (t) — U°(t) vanishes.

3.5.4 Three positive kicks

The final example is a sequence of three positive kicks applied at times t =
3 3

Ty,t = Ty, and t = T3 namely, B'(t) = Y ad(t — T), B>(t) = »_Bi(t — T).
i=1 i=1

Following the procedure given in Eq. (3.17) one obtains the time evolution matrix

for t > T5,
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(a) T T T T T T T (b) T

Concurrence

time

Figure 3.3: Entanglement evolution for a sequence of two positive kicks applied
at Ty = 5 and T, = 10 for the initial pure states |¥(0)) = |11) (Fig. (a)) and
|V (0)) = (]11) +100)) (Fig. (b)) with 8 =.J =1 and 6 = 7. Here the dashed
plots correspond to a = 2/ and the solid plots to a = 30.

A T3+e Tote
UK (t) — e_l-HO t TB) —1 T33 € znt t )dtl —’LHo(T3 Tg) T22 h ”Lt(t )dt/
T+
% e*lHO(TQ T1)e =i [~ U i () dt! 71H0T1 (323)

with matrix elements for 77 =T, Ty, = 2T, T3 = 3T,
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)

Uyr = %e‘“t ((3 — 2eHT BT o (%) + (1 + e* )2 cos (%) + 4 cos (3—
= Uy,
Uy = %e“t <COS (?) + e47=T) g <§) ((1 4 cos(4JT)) cos(A) + isin(4JT) — 1))
= Uss,
Uy = %e“t <cos (?) — H=T) g <%> (14 cos(4JT)) cos(A) + isin(4JT) — 1))
= Us,
Up = %ie‘“te_w (eSUT(Cos(ZlJT) +2cos(2JT)? cos(A)) sin (%) — sin (?))
= e 20y,
Uy = —%ie‘“te_w <68UT(COS(4JT) +2cos(2JT)? cos(A)) sin (%) + sin (?))
— 2y,
Uy = ée—i(Jt—l—?G) ((264iJT + 8T _ 3) cos (%) — (14 €%T)2 cos (%) + 4 cos (
— ey,
Uy = %ie‘i‘]teie (e4i‘j(t_2T) (cos(4JT) + 2 cos(2JT)? cos(A)) sin (%) — sin (?))
— 20,
Uy = —%z’e‘“te_ie (e4iJ(t_2T)(cos(4JT) + 2cos(2JT)? cos(A)) sin (%) + sin (?
= 200y,

where A = (o — ) and Q = (a + ). Here the propagator for without time
ordering can be calculated by replacing B't — 3a and Bt — 33 in Eq. (3.9) and

note for o = B, U (t) — U°(t) vanishes.

3.6 Entanglement dynamics of qubits perturbed by

gaussian pulses

In this part, we will examine the entanglement evolution of qubits whose states

, (t=Ty)*
are strongly perturbed by a Gaussian pulse of the form B*(t) = Z-e” = (a2 =
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Figure 3.4: Entanglement evolution for a sequence of three positive kicks applied
at Ty = 5,7, = 10 and T3 = 15 for the initial pure states |¥(0)) = |11) (Fig. (a))
and |U(0)) = \%(\11} +100)) (Fig. (a)) with 3 = J = 1 and 6 = 7. Here the
dashed plots correspond to = 25 and the solid plots to a = 30.

(b

205

I I I
05 10 15
6(in radians)

«a(integrated magnetic strength)

Figure 3.5: Fig. (a) shows the contour plot of concurrence versus time and inte-
grated magnetic strength for the initial state [¥(0)) = [11) with 6 = 7. Fig. (b)
shows the contour plot of concurrence versus time and the angle for the same
initial state with o = 33. Here the contour plots include three positive kicks

applied at T} = 5,75 = 10 and 73 = 15 with § = J = 1.

a, ), centered at T) with width 7 for the initial states |U(0)) = |11) and
| (0)) = \%(Hl) +100)). The entanglement evolution of these initial states can

be evaluated by using the Eq. (3.15) and numerically integrating the equations

in (3.3) which are
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af(integrated magnetic strength) 6(in redians)

Figure 3.6: Fig. (a) shows the contour plot of concurrence versus time and inte-
grated magnetic strength for the initial state | (0)) = \%(\11} +100)) with 6 = 7.
Fig. (b) shows the contour plot of concurrence versus time and the angle for the

same initial state with o = 3. Here the contour plots include three positive
kicks applied at T} = 5,75 = 10 and 15 = 15 with § = J = 1.

iay(t) = Jal(t)Jrle_wBQ(t)ag(t)—i—le_ieBl(t)ag,(t),

> >
() = %ewB2(t)a1(t) — Jag(t) + 2Jas(t) + %e@'@Bl(t)a4(t),
iag(t) = %emBl(t)al(t) +2Jay(t) — Jas(t) + %e_ieBQ(t)a4(t),
iag(t) = %eieBl(t)ag(t) + %ewB2(t)a3(t) + Jay(t). (3.25)

Here we shall determine how the entanglement evolution depends on the pulse
width,7, by choosing a single pulse, a positive pulse followed by a negative pulse
and a sequence of two and three positive pulses as an example. Note in the limit
as 7 — 0, the results of entanglement evolution of kicked qubits in the presence

of time ordering can be reached that are analyzed in the previous section.

3.6.1 Single Pulse

In Fig. 3.7, we show the results of a calculation of the entanglement evolution
of qubits for the initial pure states |V (0)) = \/Li(|11> + ]00)) and |¥(0)) = |11)

when strongly perturbed by a single positive Gaussian pulse centered at ¢ =
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Ty with width 7. The results can be obtained by numerically integrating the

(t—T1)2
coupled equations in (3.25) with replacing B'(t) — —Ze” 2 and B2(t) —
g _l=T)?
Vet T

(@ r=0.1 (b) r=0.1

10+
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Figure 3.7: Entanglement evolution of qubits perturbed by a single Gaussian
pulse centered at T} = 5 with width 7 for the initial pure states |¥(0)) =
[11) (Fig. (a), (c) and (e)) and [¥(0)) = J5(|11) +100)) (Fig. (b), (d) and (f))
with f=J=1and 0 =2%

5"

3.6.2 A positive followed by a negative pulse

In Fig. 3.8, we show the results of a calculation of the entanglement evolution
of qubits when strongly perturbed by a single Gaussian pulse centered at t =
T, followed by a negative Gaussian pulse centered at t = T, with the same

width, 7. The results can be obtained by numerically integrating the coupled

_ (=172 _ (t=Ty)?

equatins in (3.25) with replacing B'(t) — —Z-(e” = —e -7 ) and B%(t) —
g —u=Ty)? _=Ty)?
ﬁ(e T — € T
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(@ 7=0.1 (b) 7=0.1

Figure 3.8: Entanglement evolution of qubits perturbed by a positive Gaussian
pulse centered at T} = 5 followed by a negative Gaussian pulse centered at T, = 10
with the same width 7 for the initial pure states |¥(0)) = |11) (Fig. (a), (c)
an e)) and |¥(0)) = \%(Hl) +100)) (Fig. (b), (d) and (f)) with 5 =J =1 and

—~

TR

3.6.3 A sequence of two pulses

Fig. 3.9 shows the calculation of the entanglement evolution of qubits when
strongly perturbed by a sequence of two positive Gaussian pulses centered at
t = T; and t = Ty with the same width, 7. The results can be obtained by
numerically integrating the coupled equations in (3.25) with replacing B'(t) —

_@-1? (t=Ty)? _ =12 _(t=Tp)?

2 (e7 2 4e o )ande(t)%ﬁT(e 2 4e 2.

3.6.4 A sequence of three pulses

The last numerical calculation is the entanglement evolution of qubits whose
states are coupled to a sequence of three positive Gaussian pulses centered at

t = Ty,t = 15 and t = T3 with the same width, 7. The results shown in
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(@ 7=0.1 (b) 7=0.1

Figure 3.9: Entanglement evolution of qubits perturbed by a sequence of two
positive Gaussian pulses centered at 77 = 5 and T, = 10 with the same width
7 for the initial pure states |¥(0)) = |11) (Fig. (a), (¢) and (e)) and |¥(0)) =
5([11) +100)) (Fig. (b), (d) and (f)) with 3= J =1 and § = 5.

Fig. 3.10, 3.11 and 3.12 can be obtained by numerically integrating the cou-

-T2

3
pled equations in (3.25) with replacing B'(t) — ﬁZe* 2 and B*(t) —
=1

P 3 (=12
P E 2
VT € :

i=1
There are some interesting features of the entanglement dynamics of two cou-

pled qubits under time-dependent magnetic fields in x — y plane. Firstly, the the
frequency of the entanglement oscillation caused by Gaussian pulses or sudden
kicks only depends on the exchange interation coefficient and independent of the
all other parameters of the system. Moreover, the entanglement dynamics of the

Bell state |¥(0)) = \%(Hl) — |00)) is the same as of |[¥(0)) = 111) + |00))

1
oy
if the magnetic fields on qubits applied in z-direction (i.e. 6 = 0). Finally,
it can be easily checked that the entanglement dynamics of the initial state

U (0)) = \%(HO) + ]01)) can not be changed under this control scheme, i.e.,
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Figure 3.10: Entanglement evolution of qubits perturbed by a sequence of three

positive Gaussian pulses centered at 77 = 5,75, = 10 and T3

same width 7 for the initial pure states |¥(0))
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=1and#

I11) (Fi

1a

J

(|11) + |00Y) (Fig. (b), (d) and (f)) with 8 =

— L
DR

[w(0))

it is the robust state of this problem.
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Figure 3.11: The contour plots of concurrence versus time and integrated mag-
Here the contour

netic strength for the initial state |U(0)) = |11) with 6 =

s

R

plots include three positive Gaussian pulses centered at T} = 5,1, =

Ty =15 with 3= J = 1.
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Figure 3.12: (Fig. (a), (c) and (e)) show the contour plot of concurrence versus
time and integrated magnetic strength for the initial state |[¥(0)) = \/Li(|11)+|00>)

with = 7. Fig. (b), (d) and (f) show the contour plot of concurrence versus
time and the angle for the same initial state with o = 33. Here the contour plots
include three positive Gaussian pulses centered at 77 = 5,7, = 10 and 75 = 15

with g =J = 1.
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CHAPTER 4
DYNAMICS OF THE QUANTUM CORRELATIONS IN
NON-MARKOVIAN ENVIRONMENTS

4.1 Introduction

In this chapter, I have analyzed the dynamics of Bell nonlocalities as mea-
sured by Mermin-Ardehali-Belinksii-Klyshko (MABK) and Svetlichny inequali-
ties, quantum discord and entanglement as measured by concurrence for biparti-
tions and negativity for tripartite states for a system of three qubits which have
energy levels that are stochastic with Ornstein-Uhlenbeck type correlations. The
analytic expressions for quantum discord, Bell nonlocalities as well as concur-
rence and negativity are derived for W- and GHZ-type initial states by exploiting
a procedure based on the knowledge of single-qubit dynamics. I consider both
Markovian and non-Markovian time evolution and compare and contrast the char-
acter of time dependence of quantum correlations.

The organization of this paper is as follows. In Sec. 4.3, I introduce the model
and its solution using the procedure analyzed in Sec. 4.2. In Sec. 4.4, T show
explicit analytic calculations of quantum discord, concurrence, negativity and
Bell nonlocalities for three-qubit system initially prepared in GHZ- and W-type
states and explore the effects of non-Markovianity and mixedness on quantum

correlations.

4.2 Procedure

I consider a system includes three subsystems S = Z, E, C , and each subsystem
includes one qubit, S = A, B, C, interacting with its local reservoir R, and there

is no other interaction in the whole system. Initially, each qubit and its reservoir
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are independent, thus the evolution of the reduced density matrix for qubit S is

given by

P5(8) = Tra{US(£)5°(0) ® pP (0)U5 (1)}, (4.1)

where the trace is taken over the reservoir R, degrees of freedom and U 5 (t) is
the time evolution operator for the part S. Eq. (4.1) can be expressed in terms

of the Kraus operator Kgﬁ(t) as
=D K0 (0 K5, (4.2)

Since there is only interaction between single qubit and its corresponding reser-

voir, the time evolution operator U T(t) of the complete system factorizes as
U'(t)=Ut) @ UP(t) @ UC(t), (4.3)

then the reduced density matrix (4.2) for one qubit can be extended for three

qubits as

=D D Y KL s WKE 5 (DK 5, (0" (0) K (KT, (1)K, (1)(4.4)

a1B1 azfl2 azfs

A

Given the basis {|1g),|2s)} for qubit S, inserting the identity operator I =
Z lis) (is|, one can get the reduced density matrix elements of the single qubit

i
in the given basis as

<i5 |ﬁs| Zf5‘> = pfsls ZAZZJZ lsl’ (0). (4.5)

sl
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Combining Egs. (4.2), (4.4) and (4.5), we finally get the reduced density matrix

elements of the three-qubit system

(iviais |p(1)] 1hi5i5) =

10 151! 131}
Pt intyisi () = DD Y Ap (AL (A5 ()i oty 15, (0)- (4.6)

LU Lol 13l

The procedure given above allows us to obtain the dynamics of three qubits,
provided that the dynamics of one qubit is known, by a purely algebraic way and
independently from the initial conditions. The procedure for N-qudit system is
given in Ref. [51].

We consider the single-qubit density matrix in the form,

where

Pigl (t) = ufpfl(()) + vf(t)p%(()),
poo(t) = (1—=u)piy(0) + (1= v7)p5,(0),

Pi(t) = pai(t) = 2 pi(0), (4.8)

where u, vy and 27 are functions of time and determined by the model of chosen.

By considering Eqgs. (4.5), (4.6) and (4.8), in the standart basis |1) = |111) ,]2) =
110),13) = [101), [4) = [100),5) = [011),]6) = 010) ,|7) = 001}, |8) = 000},

we can obtain the diagonal elements of the reduced density matrix of three-qubit
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system as

P (t)

paa(t)

p33(t)

paa(t)

pss(t)

Pes(t)

pr(t)

utulug pi1(0) + uiulof paa(0) + ufvP uf pas(0) + up vl vy pas(0)
UiAutButchS(O) + U?utBU?p(iﬁ(o) + 024“5“?077(0) + U{eAUfUtCPfss(O),
utuf (1= ug)pra(0) + uftu (1 = vf ) paa(0) + uitvf (1 = uy) pss (0)
uitof (1 =07 )paa(0) + viuy (1 — uf)pss(0) + vftu (1 = vf’) pes(0)
vl (1= )prr(0) + v7'vf (1 = vf ) pss(0),

uit (1= yug pu(0) + i (1 — u o pas(0) + i (1 — v Yy pss(0)
ut (1 =0 )of paa(0) + 07 (1 — uf Jug pss(0) + 0 (1 = u)of pes(0)

Uf(l — v )uf prr(0) + Uf‘(l — v )y pss(0),
— v )paa(0)
— vf ) paa(0)

v (1 —u)(1 = uf ) pss(0) + v (1 — uf) (1 — v)) pes(0)

uft (1= uf) (1 = uf ) (0) + i (1 —uy’)(1

uft (1= v ) (1 = ug)paa(0) +u (1 — o) (1

v (1 — 0P ) (1 —ug)prr(0) + v (1 — v ) (1 — v) ) pss(0),

(1= uMuluf p11(0) + (1 — wul vy paa(0) + (1 — ui)oPug pss(0)

(1 = u o vf pas(0) + (1 = v )uuy pss(0) + (1 = v Yuvf pes(0)

(1— v;‘)vtButh77(0) + (1 — U?)vatcpsg(o),

(1= u)uf (1= uf)p1a (0) + (1= u)ug’ (1 = ;7 ) p2(0)
(1= u v (1= ug )pss(0) + (1 — ui Yol (1 = vy )paa(0)
(1= vf)uy’ (1= ug)pss (0) + (1 — v )uy’ (1 = ;") pes(0)

(1= ool (1 = uf)prr(0) + (1 = v/)v (1 = vf ) pss(0),
= )ug pru(0) + (1 = ui) (1 =)oy paa(0)

(1= u )1 = v )uf ps3(0) + (1 = u) (1 = )0y paa(0)

(1—u)(1

1-ohH0 —up vy pes(0)

(1= v = vl )uy pre(0) + (L = o) (1 = v )vy pss(0),

=y Juy pss(0) + (1= v)(1
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pes(t) = (1 —uf)(1—uf)(1—uf)pia(0) + (1 = uf)(1 = uf)(1 = vf ) p2s(0)

+ (L= ) (1= 07) (1 = uf)ps3(0) + (1 = uf) (1 = ) (1 = vf) paa(0)
+ (1= o)1 = u) (1 = uf)pss(0) + (1 = v (1 = uf) (1 = vf)pes(0)
_l’_

(1= (1 =v) 1 =g )prr(0) + (L = v (L = v ) (1 = vf ) pss (0).9)

and the off-diagonal elements as

pr2(t) = UfUtBZtCPw(O) + ufvthth34(O) + Uf“fztc/?%(o) + vf‘vfzf/)m(()),
pi3(t) = ulzluf pi3(0) + w2 v paa(0) + v 2P ug psr (0) + v 2 v pes 0),
pu(t) = ui'zlz7 pra(0) + vf'zf 2 pss(0),

pis(t) = Zuluf pis(0) + 2wl v pas(0) + 20 uf sz (0) + 20 vf pas(0),
pe(t) = z'ulzf pi6(0) + v 2 pas(0),

pre(t) = 2 z2Puf prr(0) + 220 0f pas 0),

ps(t) = 2202 pis(0),

pas(t) = w2z pas(0) + v 2P 2" per (0),

paat) = w2l (1= u)pi3(0) + uf 2 (1 = v )p2a(0) + v7' 27 (1 — uy) ps7(0)
+ of'z (1= vf ) pes(0),
pas(t) = Zul 2" pas(0) + 20l 2" par 0),
pas(t) = 2zl (1 —u)pis(0) + 2w (1= v )pas(0) + 207 (1 — uy) psr (0)
+ 2P (1= pas(0),
A_B _Cx

par(t) = 222 p2r(0),

pas(t) = z{zP(1—uf)p17(0) + 227 (1 — vf) pas(0),
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p3a(t)

p35(t)
p36(t)

ps7(t)

pss(t)
pas(t)
pas(t)
paz(t)

pas(t)

ps6(t)

ps(t)

pss(t)

pe7(t)

pes(t)

prs(t)

u' (1= u)zf p12(0) + u (1 — v7) 2 p3a(0) + v (1 — uf

v (1 = v)zf prs(0),

ZiAZf*utcp%(O) + ZthB*UtoszG(O),

22425*2150%6(0)7

(1= uYug pis(0) + 2 (1 — ug )y pas(0) + 2 (1 — v/
7 (1= v )of pas(0),

(1= u)zf p16(0) + 2 (1 = v/)zf pas(0),
%2l 2 pas (0),

727 (1= uf ) pss(0) + 2207 (1 = vf ) pas (0),

(1= uf )z pas(0) + 2 (1 = vf) 2" par (0),

A1 =uf )1 = uf)p1s(0) + 2 (1 = uf ) (1 = vf)pas(0)

(1= v2) (1 —uf)psr(0) + 2 (1 — v ) (1 — vf ) pas(0),

)z¢ pss(0)

Jugs psr(0)

(1= uup 2 p12(0) + (1 — u oz p3a(0) + (1 — v )u 2 pse(0)

(1- UtA)UthCP?s(O),

(1= w2 ug pra(0) + (1 = uf) 2P paa(0) + (1 = v;) 2wy psr (0)

(1 = o)z vf pes(0),

(1= u)zl 2 pra(0) + (1 = vf)2/ 2 pss 0),

(1= u)2l 2 pas(0) + (1 — )20 2 pe (0),

(1= u)2 (1= uf)p13(0) + (1 = uf') 2z (1 = vf) pas(0)
(1= o)z (1 =1 )ps7(0) + (1 = v7)z7 (1 = 0] ) pes (0),
(1= u) (1 = u?)z pra(0) + (1 = uf) (1 = v) 2 psa(0)

(1= o)1 = uf)z ps6(0) + (1 = v)(1 = vf) 2 prs(0).

o1

(4.10)



4.3 The Model and its Solution

The model we consider in this paper is three uncoupled qubits interacting with
its noisy environments independently which cause frequency fluctuations in their
energy levels that are random. The Hamiltonian for this model is given by [31]

(we set h =1):

69, (4.11)

where ¢, is the usual Pauli spin matrix in z-direction, Q4 p ¢(t) are the indepen-
dent fluctuations of the transition frequencies obeying on non-Markovian approx-

imation with mean value properties

M{Q;(t)} =0, (4.12)
M{Q(6)Qi(s)} = at—s)
Livy

= Te”y't’s‘,z’ — A, B, C, (4.13)

where M{...} stands for the statistical mean over the noises Q4(t), Qp(t) and
Qc(t). Here I';(i = A, B,C) are the damping rates due to coupling to the en-
vironments, 7 is the noise bandwidth which determines the environment’s finite
correlation time of the noise (7, = v~') and «a(t — s) is the reservoir correlation
function. For simplicity, we will take the noise properties to be the same for A,
Band C (e.g.,, 'y =g =T'¢ =T), although independent. And note in the limit
v — oo(7. — 0), Ornstein-Uhlenbeck noise reduces to the well-known Markov

case:

alt —s) =Tt — s). (4.14)
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For the total system described by the Hamiltonian (4.11), the stochastic Schrodinger

equation is given by

i [P() = H(t) (1)), (4.15)

with solution
W (t)) = U(t,Qu, U, Q) [¥(0)) (4.16)

where the stochastic propagator U(t, 04, 0p,00) is given by

A

Ult,Qa, 05, 00) = o5 Jo(Qa(5)62 405 ()6 +00 (5)6 )ds (4.17)

The reduced density matrix for spins A, B and C is then obtained from the

statistical mean

pt) = MA{|W(t)) (T(1)[}- (4.18)

Since we assume independent reservoirs and the only interaction between qubit
and its reservoir, we can apply the procedure given in 4.2. Using the stochastic
Schrodinger equation (4.15) and reduced density matrix (4.18), the single qubit

master equation for the reduced density matrix can be derived [27, 28, 52] :

Doty = -0 60) — 0.5(0)5.). (419
where
¢ r L
G(t) :/0 a(t —s)ds = 5(1—6 ). (4.20)

Here G(t) is a time-dependent coefficient which includes the memory information

of the environmental noises.
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Since we assume the noise properties to be the same for the qubits, the pa-

rameters given in (4.8) are:

A _ . B_,C _

u; = u; =u; =1,

A — —

v, = v, =v =0,

A B __ C _ _—f@)

2t = zp =z =e 'Y (4.21)

where

_ L <t + l(e‘"’t — 1)) . (4.22)

Using (4.9), (4.10) and (4.21), the matrix elements of the reduced density matrix

for three-qubit can be determined:

p”(t) = p”<0), {Z: 1,2,,8},
pii(t) = pi(0)e O {ij =12,13,15,24,26, 34, 37, 48, 56, 57, 68, 78},
pii(t) = pi(0)e™ O Lij =14,16,17,23, 25,28, 35, 38,46, 47, 58, 67},

pii(t) = pii(0)e™O {ij = 18,27,36,45}. (4.23)

4.4 Correlation Measurements

Quantum Entanglement: For a pair of qubits, the concurrence as a measure

of entanglement is well-defined. It is introduced by Wootters [53] and defined as

C = max{0, VA1 — VA2 — VA3 — VA, (4.24)

where the quantities \;(i = 1,2, 3,4) are the eigenvalues of the matrix

R = pap(6, @ 6.)pup(6, @ 6), (4.25)
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in descending order and p% 5 is the conjugate of psp. For the density matrix with

X-form [31],
a 0 0 w
0 b 2 O
pan = , (4.26)
0 z ¢ O
w 0 0 d

the concurrence function (4.24) has a simple analytic form:
C = 2max{0, z — Vad, w — Vbc}. (4.27)

On the other hand, for three-qubit case concurrence is not well-defined. For
this case, negativity can be used as a measure of entanglement [7] because of its
good calculational properties based on the trace norm of the partial transposes
ﬁ%sc of the tripartite state papc [54]. For the state with density matrix pagc,
the negativity reads

v 68l =1

5 : (4.28)

with its definition N is the absolute value of the sum of the negative eigenvalues
of /3%90-

Quantum Discord: For two-qubit systems, quantum discord as a measure
of quantum correlation was introduced by Ollivier and Zurek [14]. It is defined as
the difference between two expressions of mutual information: total and classical

correlations, namely,

D = I(pap) — J(pan)- (4.29)
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Here I(pap) is the total correlation between two subsystems defined as

I(pap) = S(pa) + S(pr) — S(pan), (4.30)

where S(p) = —T'r(plog, p) is the von Neumann entropy and p4(pg) is the re-
duced density matrix of p4p by tracing out B(A) [54]. The other quantity J(pap)
is the classical correlation between A and B as the maximum information one can

get from A by measuring B. It is defined as

J(pas) = I{I;%{S(ﬁA) - ZPiS(ﬁAIi)}> (4.31)

where pa), = Lrp@lipastl) o0 T1; is a set of projectors [37] used to measure sub-

" Trap(Lipapll)

system B, corresponding to the outcome i with probability p; = Tr 4 B(f[i A Bﬂi).
In general, it is hard to calculate the analytic expression of the quantum
discord. However, if the reduced density matrix of two qubits has X-form as

Eq. (4.26) with b = ¢, the quantum discord has a simple analytic form [37]:
D = min{D,, D, }, (4.32)

where

R . a b
Dy = S(pa) — S(pas) — alog, (m) — blog, ( )

a+b
d b
— dlog (m) ~ blog; (m) ,

Dy = S(5) ~ Slpas) — S0+ ) log; (%mw)

_ %(1 ~ 1) log, (%(1 - m)) , (4.33)

where k = \/(a — d)? + 4|z + w|?.
Bell-Nonlocality: For three-qubit case, violation of Bell-nonlocality can be

used as a measure of quantum correlations. From this point, we choose two
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kinds of non-locality measures. The first one is introduced by Mermin-Ardehali-
Belinksii-Klyshako (MABK) [20, 21, 47, 48, 49]. Tt is easily computable for three-

),

qubit case and violated whenever

= ‘Tr(l?ﬁ(t))‘ > 1 where MABK oper-

ator is given by

DN | —

B WMWHMMMﬁmmm_mmm) (4.34)

The second ineqaulity is put forward by Svetlichny [20, 21, 50] and denotes gen-

uine tripartite Bell non-locality if <S > = ‘T r(S ﬁ(t))) > 4 where the Svetlichny
o

operator is

U
I

MAMBMC -+ MAMBMé -+ MAM]IBMC -+ MAMBMC

NI NI NI — NN Mo — NN — NN NG, (4.35)

The primed and unprimed terms in Eqs. (4.34) and (4.35) are called measurement
operators and denote two different directions in which the corresponding party
measures; the measurement operators corresponding to measurements on qubit
K (here K=A,B,C), where the second corresponds to a measurement performed

along a direction differing by 6 relative that performed on the first qubit, are

MK cosfyr —sinfy MA
R = R , (4.36)
M sinfx  cosfk M,

where 0 (K=A,B) are the rotation angles.
To demonstrate the finite-time loss of Bell non-locality in both Markovian
and non-Markovian environments, we shall assume two different (non-)locality

regimes satisfying:
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where the regime (i) shows that the state p(¢) is genuinely tripartite Bell nonlocal.
(8) | ma|(3)
p P

In the following, we are interested in some explicit three-qubit initial states

Also we choose the rotation angles in which have maximum

values at ¢t = 0.

called GHZ- and W-type states. As is known GHZ-state cannot transformed into
W-state by local operations and classical communication [55]. This means they
bear imcompatible multipartite correlations. From this point of view, one may
expect that the two initial states might have some differences in their correlation

dynamics due to effect of external noise.

4.4.1 GHZ-type states

In this section, we explore the effects of noises on the following three qubit

GHZ-type states,

1—17r

p(0) = Is+r|GHZ) (GHZ|, (4.37)

where |GHZ) = % (|111) 4+ ]000)) is the GHZ-state and r is the purity which
ranges from 0 to 1. For this initial state one can define the measurement operators

as My = &, and M/, = 6, [20], then

My = 6,01, 1,
M, = 6,0L® I,
Mg = IL® [cos(0p)d, — sin(0p)5,] @ I,
My = I, ®[sin(05)6, + cos(0p)64] @ I,
Me = IL® I, ® [cos(0c)d, — sin(0c)d.],

M, = L®I,® [sin(0c)6, + cos(0c)o.). (4.38)
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The expectation value of B and S operators for the GHZ-state under the classical

noises can be easily obtained as:

(),
),

where Opc = 0 + 0. Also, it can be noted that this state does not retain bi-

= 2re W cos(050)]

= 4re 30 |cos(0p0) — sin(fpc)] (4.39)

partite correlations, however, it retains non-zero tri-partite negativity and equals

to

1
N = max{0, _§(1 — 7 — 4re 3 O)} (4.40)

Figure 4.1: The dynamics of N (solid plots), '<B> — 1 (dashed plots) and
p

(),

Here the thick plots correspond to non-Markovian regime with ~v/I" = 0.1 and
the thin plots to Markovian regime with v/I" = 10.

— 4 (dotted plots) versus I't with r = 0.98 for GHZ-type initial state.

In Fig. 4.1, we plot the dynamics of negativity and Bell-nonlocalities versus
I't for both Markovian (y/I' = 10) and non-Markovian (7/I' = 0.1) regimes.
Also, in Fig. 4.2 we plot the dynamics of them versus I't and ~/I" for the qubits
initially prepared in GHZ-type state with » = 0.98. It can be noted that the

dephasing time of negativity is significantly longer than the dephasing time of
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Figure 4.2: The dynamics of ‘<B> ’ — 1 (Fig. (a)), '<§> ‘ — 4 (Fig. (b)) and
P P
N (Fig. (c)) versus I't and v/I" with r = 0.98 for GHZ-type initial state. (Here
B’ and S’ denote ‘<B> ' — 1 and <5'> ‘ — 4, respectively).
P P

Bell-nonlocalities for both Markovian and non-Markovian regimes. Also, it can
be concluded that non-Markovianity only delays the death, not prevent it.

In non-Markovianity-purity versus entanglement and Bell-nonlocality relation
for the GHZ-type initial state (see Fig. 4.3), the non-Markovianity has negligible
influence compared to purity on death of entanglement and Bell-nonlocality. On
the other hand, is can be noted that purity is the most important parameter for

the existance of Bell-nonlocality compared to the entanglement [26].

4.4.2  W-type states

The W-type initial state can be expressed as:

1—17r-
Dis 4wy o, (4.41)

p(0) =
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Figure 4.3: The dynamics of ’<B> — 4 (Fig. (¢)

—1 (Fig. (a) and (b)), '<S>p

and (d)) and N (Fig. (e) and (f)) versus I't and r for GHZ-type initial state.
Fig. (a), (c) and (e) corresponds to Markovian regime with v/I' = 10 and
Fig. (b), (d) and (f) to non-Markovian regime with v/I' = 0.1. (Here B’ and

p

S’ denote ‘<B> — 1 and — 4, respectively).
P

),

where |W) = \%(HOO) +1010) +]001)) is the W-state.. For this initial states, the

measurement operators are given by [21]

My = 6.9L,® 1,
MA = 6x®f2®f2,
Mg = I, ®cos(05)6, —sin(05)6,] ® L,

My, = LL®[sin(0p)d. + cos(05)6,] @ I,
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Mo = L, ® 1, ® [cos(0c)6, — sin(0c)6,),

M, = L® I, ® [sin(00)d. + cos(0c)d,)- (4.42)
Then the expectation values of the operators B and S can be calculated as:

r .
= 5(1 + 26’2f(t)) sin(0pc)|,

= r(1+ 26’2f(t)) |(cos(0pc) + sin(fpc))| - (4.43)

Unlike GHZ state, W state retains a high degree of bi-partite correlation.
Thus, W-type states allow some comparison between tri-partite and bi-partite
correlations. The analytic forms of the tri-partite and bi-partite entanglement

and quantum discord for this state can be easily calculated as:

1
N = opmax{0,—3+3r + 8v2re 21}

1
= 5 max{0, 4re” > — \/3(1 —r)(3+ 1)},

D = min{Dl,Dg}, (444)

where

2 4 . b
Dl - - ; )\;A 10g2()\11,4) + ; )\%AB 10g2<)\;4B) — a10g2 (a——|—b) — b10g2 <a/—_i_b>

d b
— dl — | =0l —
Og2(b+d> Og2(d+b)7

2 4 1 1

Dy = = Z)‘%'A logy (A7) + ZA?B log, (AAB) — 5(1 + k) log, (5(1 + H))

i=1 =1

— LR log, (%(1 - m)) , (4.45)

where X = S, Xt = Sr A8 = Io2 M _ e 3P — L4 are=t/0), X7 =
%(3 + 1+ dre”2®) g = %,b =d= %,z = ge_Qf(t) and £ = V1 + 4e- V0.
As shown Fig. 4.4, 4.5 and 4.6, which we analyzed the effects of non-Markovianity

on Bell-nonlocalities, two- and three-qubit entanglement and quantum discord
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Figure 4.4: (Color online) The dynamics of N (thick blue solid plots), C' (thin
black dotted plots), D (thin red solid plots), ‘<B> — 1 (thick dashed red plots)

)

p
state. Here Fig. (a) corresponds to Markovian regime with v/I" = 10 and Fig. (b)
to non-Markovain regime with v/I' = 0.1.

p

and

—4 (thick black solid plots) versus I't with r = 0.98 for W-type initial

— 1 (Fig. (a)) and
versus I't and /I with r = 0.98 for W-type initial state. (Here B’ and S” denote

p

Figure 4.5: The dynamics of ‘<f>’>

<S>p‘ — 4 (Fig. (b))

— 4, respectively).

(8) | - 1ana |(3),

under the same conditions, the tri-partite entanglement has a longer lifetime

compared to bi-partite entanglement. This conclusion is independent of Marko-

(B),] e |(5),

fragile compared to all other quantum correlations (entanglement and discord)

vianity of the dynamics. Bell-nonlocalities both and are more

considered here. Also, quantum discord is found to immune to sudden death
independent of the non-Markovianity of the dynamics.
We have analyzed the purity dependence of Bell-nonlocalities as measured by

(B), ma |(3),

the results in Fig. 4.7 (a)-(d). One can conclude two important findings from

and for the Markovian and non-Markovian dynamics and present
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Figure 4.6: The dynamics of N (Fig. (a)), C' (Fig. (b)) and D (Fig. (c)) versus
I't and /T with r = 0.98 for W-type initial state.

15 00 15 00

<B>p —1 (Fig. (a) and (b)) and ‘<S’>p‘ —4 (Fig. (¢)

and (d)) versus I't and r for W-type initial state. Fig. (a) and (c) corresponds to
Markovian regime with v/I" = 10 and Fig. (b) and (d) to non-Markovian regime

with /" = 0.1. (Here B’ and S’ denote ‘<B> ‘—1 and '<S> ‘—4, respectively).
P P

Figure 4.7: The dynamics of
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these figures: i) Both of nonlocalities are highly purity dependent, suffers

(5)
p
death r < 0.7 independent of Markoviatity of the dynamics, while the non-zero
(%)
p

expected, non-Markovian dynamics offer a longer lived nonlocality compared to

is limited to a much narrower range of r values (0.9 < r < 1). ii) As

the Markovian case.

Figure 4.8: The dynamics of N (Fig. (a) and (b)), C' (Fig. (¢) and (d)) and
D (Fig. (e) and (f)) versus I't and r for W-type initial state. Fig. (a), (¢) and (e)
corresponds to Markovian regime with v/I" = 10 and Fig. (b), (d) and (f) to
non-Markovian regime with v/I' = 0.1.

Similar to the case of Bell-nonlocalities, we have considered the purity de-
pendence of Markovian and non-Markovian dynamics of tri-partite negativity,

bipartite concurrence and quantum discord and display the results in Fig.4.8 (a)-

65



(f). The most important finding from Fig. 4.8 (a)-(f) is the nonexistence of death
for the quantum discord independent of purity and Markovianity of the dynam-
ics, which indicates that although entanglement type quantum correlations die
out in finite time, not all types of quantum correlations are lost because of the
noisy dynamics. Another important observation concerns the behaviour of Bell-
nonlocalities and entanglement measures for the pure initial states (r = 1). While
<B > and <S’ >

p p

there is a sudden death of for r = 1, there is no ESD in N or

C.
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CHAPTER 5
ENTANGLEMENT DYNAMICS OF TWO
STOCHASTIC QUBITS WITH DIPOLE-DIPOLE
INTERACTION

5.1 Introduction

In this chapter, I analyze the exact entanglement dynamics of two stochastic
qubits connected to each other by dipole-dipole interaction and each qubit is em-
bedded in its own reservoir which cause stochastic fluctuations in their energy
levels represented by Ornstein-Uhlenbeck type correlations. I choose Wootters
concurrence as a measure of entanglement and examine the purity, dipole-dipole
interaction and non-Markovian effects on entanglement dynamics initially pre-
pared in different states.

The organization of this chapter is as follows. In Sec. 5.2, I introduce our
model and exactly solve the reduced density matrix elements for two qubits. In
Sec. 5.3, I solve the analytic form of concurrence for an arbitrary X-structured
density matrix and report the purity, dipole-dipole interaction as well as non-

Markovianity effects on entanglement dynamics.

5.2 The model and its solution

The model we consider in this paper is a two interacting qubits through Heisen-
berg XX model to be affected separately by separate environments which cause a
frequency fluctuations in their energy levels that are random. This model can be

reffered as Kubo-Anderson model [58] extended for two qubits. The Hamiltonian

67



for this model is given by [31, 59] (we set h = 1)

B (5.1)

where J is coupling strength, 6;4 ’B(i = z,y, z) are the usual Pauli operators and
Q4 p5(t) are the independent frequency fluctuations of the qubits with mean value

properties

M{Q;(t)} =0, (5.2)
MA{Q:i(t)Qi(s)} = alt —s)

me*v\t*SI, i= A B

5 , B, (5.3)

where M{...} stands for the statistical mean over the noises Q4(t) and Qp(t).
Here I';(: = A, B) are the damping rates due to coupling to the environments,
~ is the noise bandwidth which determines the environment’s finite correlation
time of the noise (7, = y~!) and a(t — s) is the reservoir correlation function.
For simplicity, we will take the noise properties to be the same for A and B (e.g.,
'y =T'p =1T1), although independent. And note in the limit v — oco(7. — 0),

Ornstein-Uhlenbeck noise reduces to the well-known Markov case:
alt —s) =Tt — s). (5.4)

For the total system described by the Hamiltonian (5.1), the stochastic Schrodinger

equation is given by

d A
1= [W(0)) = Hia(8) [¥(2)) (5.5)

with solution
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(1)) = U(t, 4, ) [¥(0)) , (5.6)

where the stochastic propagator U (t,Q4,Qp) is given by

A~

U(t, Qa, Q) = e Jo Heorls)ds (5.7)

The reduced density matrix for spins A and B is then obtained from the statistical

mean

pt) = M{|W(t)) (T(1)[}- (5:8)

With the help of the raising and lowering operators, 647 = (648 +io;,P)/2,
and the stochastic Schrodinger equation (5.5), the master equation for the reduced

density matrix can be derived [27, 28, 52]:

d . A A Al a ABAr A
P() = —ilH, p(t)] = == (2p — 52 p(t)o7 — 2 p(t)57), (5.9)
where H = 2.J (6462 + 6467) is the interaction Hamiltonian which represents
the dipole-dipole interaction [57] between qubits and G(t) = f(f alt — s)ds =
L(1—e7") is a time-dependent coefficient which includes the memory information
of the environmental noises.

The differential equations governing the time evolution of the system in the

standart basis {|11),]10),]01),]00)} can be easily found as
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pii (t)
paa(t)
pas(t)
pra(t)
p1s(t)
pra(t)
pas(t)
paa(t)

p3a(t)

= 0 (i=14),

= 2iJ(pa3(t) — pis(t)),

= —2iJ(pas(t) — pis(t)),

= 2iJpui3(t) — G(t)pra(t),

= 2iJpia(t) — G(t)prs(t),

= —2G(t)pu(t),

= 20 (paa(t) — pss(t)) — 2G(t)pas(t),
= —2iJpas(t) — G(t)pau(t),

= —2iJpas(t) — G(t)psal(t), (5.10)

where the asterisk in the superscript of p; . denotes the complex conjugation

of prn-

calculation, we obtained

where

Some of these equations can be solved analytically. After a simple

pii(t) =
pra(t) =
pis(t) =
pu(t) =
pau(t) =
paa(t) =

pas(t) =

pii(0) (i =1,4),

(p12(0) cos(2Jt) + ip13(0) sin(2.7t))e ),
(p13(0) cos(2.Jt) + ip12(0) sin(2.Jt))e =),
pra(0)e™*1,

(24(0) cos(2Jt) — ipsa(0) sin(2Jt) e/,

(p34(0) cos(2Jt) — ipa4(0) sin(2Jt))e ™ ®,
A+ B
2 )

(5.11)
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<t + %(e—ﬁ — 1)) :
+ p3(0)e ¥,

T'+e

(@)@

where

v gl

o - (})F (H_;l__;_ F) (T(p25(0) — p3y(0)) (7 + D) — 27 + ) — 64%)

e T €
x Fi <A+; 24 ;; —§> + (Y2 + 642 —T?)F, (H-‘r; 1+ ;? —;) ((p23(0) — p35(0))

x (I'+e€) + 8iJ(p22(0) — p33(0)))),

D - (J—) (m,uf ~0) () = O + T2y = T )+ 647

< n (2= 5Dt oar oA (n1- S-0) (Gu0) - )

x (e =T) =8iJ(p22(0) — p33(0)))),

E = T((y+D)(2y—T+¢) +64J°) Fy <A;2—£;—5) P (’”““”5;‘%

r
+ F <fi 1- 5 ——) (2e(64.J% ++* =T F, </§+; 14+ —; ——)
7 Y Y

b T((y+T)([ =2y + ) — 64T Fy (A+; 2+ %; i))

where € = VT2 — 642, kg = 27;—?“, Aq = % and F}(a;b; z) is the Kummer
confluent hypergeometric function. However pos(t) and ps3(t) have no analytic
solutions, they can be solved numerically. Note in the limit as J — 0, the
solutions (5.11) reduce to the equations given in Ref. [31] and pea(t) and pss3(¢)

become time independent and equal to their initial values.
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5.3 Entanglement Sudden Death versus Sudden Birth

For any two-qubit case, Wooters concurrence [53] can be used as a measure of
entanglement. The concurrence function varies from C = 0 for a separable state
to C' = 1 for a maximally entangled state. The concurrence function may be

calculated from the density matrix p(t) for qubits A and B:

C(p) = max{0, VA — v — Vs — v/}, (5.14)

where the quantities \; are the eigenvalues in decreasing order of the matrix

Prrans(t) = p(8) (6, © 6,))p" (8) (6, @ 6,)). (5.15)

Y

In the following, we consider entanglement dynamics of qubits with an initial

density matrix with the common X-form [60]:

p11(0) 0 0 p1(0)
0 22(0)  p23(0 0
5(0) = p22(0)  p23(0) | (5.16)
0 p32(0) ps3(0) 0
| P41(0) 0 0 P44(0) ]

which persists its shape in time. Such X-states arise in a wide variety of physical
situations and include pure Bell states [61] as well as the well-known Werner
mixed states [62].

One can easily show that the concurrence function for the initial mixed state (5.16)

is given by

C(p) = 2max{0, |pa3(t)] — v/ p11(0)paa(0), [pra(t)| — v/ p22(t)paa(t) }.  (5.17)
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Case 1: The initially separable and affected by dipole-dipole inter-
action

In Fig. 5.1, we examine the entanglement evolution of the initial state

£ 000

) 0200

p(0) = (5.18)
0000
000 3

It can be noted that this state does not retain any entanglement initially and
the entanglement created by dipole-dipole interaction is damped to zero by the
environment.

@
04~ ‘

Figure 5.1: C versus I't with J = 1 (Fig.5.1(a)), versus I't and J with v/I' =
0.1 (Fig.5.1(b)) and versus I't and ~v/T" with J =1 (Fig.5.1(c)). Here the dashed
plot corresponds to «v/T" = 10, while the solid plot to v/T" = 0.1.

Case 2: The initially entangled and unaffected by dipole-dipole in-
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teraction

The second example is Werner-like initial state in the form

=0 0 0
0 = £ 0
p(0) = ! i , (5.19)
0 s - 0
00 0 A

where 1 is the purity of the initial states ranges from 0 to 1. As seen from Fig. 5.2,
the dipole-dipole interaction has no effect on the entanglement dynamics of two
qubits initially prepared in this state. From Fig. 5.2 (a) and (d), the entanglement
dynamics is sensitive to purity and suffers ESD at all times for r < 0.4 and
independent of the non-Markovianity of the dynamics. Moreover, if r = 1, the
entanglement dies asymptotically.

Case 3: The initially entangled and affected by dipole-dipole inter-
action

In Fig. 5.3, we plot the entanglement dynamics of two qubits initially prepared

in the state

L1000
0o+ L9
p0) = o (5.20)
0110
00032

The important findings from these figures are that in the presence or absence
of dipole-dipole interaction, the two qubits retain entanglement at ¢t = 0 and
damped by the ”"qubit+environment” interactions to zero. The only effect of the
dipole-dipole interaction is to prolong the death time slightly.

The common features of these figures are the non-Markovainity can only pro-
long the sudden death depending on the magnitude of the ratio 7/T" inversly,

while it cannot prevent it. On the other hand, the dipole-dipole interaction can
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Figure 5.2: C versus I't and J with » = 0.7 and /I" = 0.1 (Fig.5.2(a)), versus I't
and /T with r = 0.7 (Fig.5.2(b)) and versus I't and r (Fig.5.2(c) with v/T" = 10
and Fig.5.2(d) with v/I" = 0.1).

slightly prolong the death time but the relation between the J and death time is

misterious.
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Figure 5.3: C versus I't with v/T" = 0.1 (Fig.5.3(a)), versus I't and J with v/I" =
0.1 (Fig.5.1(b)) and versus I't and ~/T" with J =1 (Fig.5.1(c)). Here the dashed
plot corresponds to J = 0, while the solid plot to J = 1.
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CHAPTER 6
ENTANGLEMENT DYNAMICS OF THREE
STOCHASTIC QUBITS WITH DIPOLE-DIPOLE
INTERACTIONS

6.1 Introduction

In this chapter, I consider three-interacting qubits through next nearest and
next next nearest couplings and each qubit is embedded in its own reservoir
which cause stochastic fluctuations in their energy levels. I analyze the effects
of dipole-dipole interaction between qubits, purity of the initial states as well as
the non-Markovainity of the dynamics on the entanglement between three qubits
measured by negativity and two-qubits measured by concurrence.

The organization of this chapter is as follows. In Sec. 6.2, I introduce our
model and solve the differential equations of the reduced density matrix that
governs the dynmamics. In Sec. 6.3, I introduce the entanglement measures
for both bipartite and tripartite states and analyzed the effects of dipole-dipole
interactions, purity and non-Markovianity on the entanglement of the qubits

initially prepared in GHZ- and W-type states.

6.2 The model

Our model consits of three interacting qubits coupled to separately by separate
environments which cause frequency fluctuations in their energy levels that are

random. This model is reffered as Kubo-Anderson model extended for three
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interacting qubits. The Hamiltonian for this model can be expressed as [11, 31, 56]

Ho(t) = J1(6265 +6268 + 6765 + 676C) + Jo(626C + 646C)
Qult Qp(t Qc(t
+ "‘2( )&;“ + 32( )&f + 02( )&ZC, (6.1)

where 6;(i = z,y, z) are the usual Pauli spin matrices, J; and J; are the coupling
constants between nearest neighbors and next nearest neighbor sites, respectively
and Q;(t)(i = A, B, C) are the independent fluctuations of the transition frequen-

cies obeying on non-Markovian approximation with mean value properties,

M) = 0,

MQ(H)(s)] = %w”', i=A,B,C, (6.2)

where M|.] denotes the ensemble average over the classical noises. Here, I' de-
termines the damping rates due to coupling to the environments and v is the
noise bandwith which determines the environment’s finite correlation time (that
is, 7. = y~1). For simplicity, we will take all noise properties to be the same for
ABand C, thatis, 'y =g =T¢c=T.

It can be shown that the master equation governing the dynamics of three
interacting qubits under the influence of three classical noises can be derived
from the corresponding stochastic Schrodinger equation [27, 28, 52,

b _ g, 5 - GO

= 4 —olpol — 65 pol), (6.3)

where G(t) = L(1 — ™) is the time-dependent coefficient which includes the
memory information of the environmental noises, H = 2.J; (646846268 +6859+
686%) +2.J5(646C + 6469) is the interaction Hamiltonian which represents the
dipole-dipole interaction between nearest neighbor and next nearest neighbor

qubits [57] and &, and ¢_ are raising and lowering operators, respectively.

The differential equations governing the time evolution of the system in the
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standart basis {|1) = |111),]2) = |110),|3) = |101) ,|4) = |100) ,|5) = |011),|6) =
|010) ,|7) = |001),|8) = |000) } can be easily calculated as:

pun = 0,

p12 = 2iJipis + 2iop1s — G(1)pi2,

p13 = 2iJi(pi2 + p1s) — G(t)p13,

pra = 2iJ1pis + 2iJop17 — 2G(t)pua,

P15 = 2iJ1p13+ 2iJop12 — G(t)p1s,

pr6 = 2iJ1(pia + p17) — 2G(t)pus,

prr = 2iJ1p1s + 2iJop14 — 2G(t) 1,

pis = —3G(t)pis,

P22 = 2iJ1(p2s — psa) + 2iJ2(pas — ps2),

P2z = 2iJ1(pa2 + pas — p33) — 2iJapsz — 2G (1) pas,
pas = 2iJ1(pas — p3a) + 2iJa(par — psa) — G(t)pau,
pas = 2iJ1(pas — p3s) + 2iJa(paz — pss) — 2G(t)pas,
pas = 2iJ1(pas + par — p3s) — 2iJapse — G(t)pas,
par = 2iJ1(pas — p3r) + 2iJ2(pas — ps7) — 3G(t)par,
pas = —2iJ1pss — 2iJopsg — 2G (1) pas,

P33 = 2iJ1(p32 + p3s — P23z — Ps3),

psa = 2iJ1(p3e — pas — psa) + 2iJ2psr — G(t)paa,
pss = 2iJ1(p33 — pas — pss) + 2iJapza — 2G/(t)pss,
P36 = 2iJ1(p3a + p3r — pas — pse) — 3G (t)p3e,

psr = 21J1(pse¢ — par — ps7) + 2iJopss — G(t)psr,
pss = —2iJ1(pag + pss) — 2G(t)pss,

paa = 2iJ1(pas — pe1) + 2iJo(par — pra),

pas = 2iJ1(pag — pes) + 2iJa(paz — pr5) — 3G (1) pas,
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Pas =
par =
pag =
P55 =
P56 =
ps7 =
Pss =
Pe6 =
per =
Pes =
prr =
prs =

pPgs =

20J1(pas + par — pes) — 2iJoprs — 2G () pas,
2iJ1(pas — per) + 20J2(pas — pr7) — 2G(t) par,
—2iJ1pes — 2iJoprs — G(t)pas,

2iJ1(ps3 — pas) + 2iJa(psa — p2s),

2iJ1(psa + ps7 — p3s) — 2iJapas — G(t)pses
2iJ1(ps6 — par) + 20J2(psa — par) — G(t)psr,
—2iJ1p3s — 20 J2p2s — 2G(t)pss,

2iJ1(pes + per — pas — Pr6)

2iJ1(ps6 — par — pr7) + 2iJapes — 2G (1) per,
—2iJ1(pag + prs) — G(t) pes,

2iJ1(pr6 — per) + 2iJ2(pra — paz),

—2iJ1pes — 2iJapag — G(t)prs,

0.

(6.4)

From these differential equations, it is obvious that the diagonal elements

and some of the off-diagonal elements of the three-qubit reduced density matrix

elements evolves in time independently:

pABC =

pit 0 0 0 0 0 0 pg

p2 p23 0 pos 0 0 O

ps2 ps3 0 pss O 0 0
O 0 puu O pgg par O

ps2 ps3 0 pss O 0 0

=}

0 0 pea O  pes per

o o o o o O

0 0 pu O p prr O

ps1 0 0 0 0 0 0 pss ]
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which provides us to analyze the entanglement dynamics of three-qubit as well
as the two-qubit whose reduced density matrix can be calculated taking partial

trace [54] over the third qubit and has an structure of X-form:

Ay 0 0 0
. 0 Ay Ay 0
Pr2 = (6.6)
0 0 0 Ay

The matrix elements of the reduced matrix of qubits A and B can be obtained

by partial tracing over the qubit C and has elements

Al = put+paa, A = psg+ paa,  Asz = pss + pec

Ay = prr+pss,  Ass = pss + pas. (6.7)

Similarly, the matrix elements of the reduced density matrix for qubits A and C

are

Ain = put+pss, A= pootpaa,  Asz = pss + prr

A = pes + pss,  Ass = pas + par. (6.8)

6.3 Entanglement sudden death versus sudden birth

For a pair of qubits, the concurrence as a measure of entanglement is well-

defined. It is introduced by Wooters [6] and defined as

C = max{(), \ )\1 — 1\ )\2 — 1\ A3 — \ )\4}, (69)
where the quantities \;(i = 1,2,3,4) are the eigenvalues of the matrix

R = pia(6, ® 6,)p12(6, ® 7y), (6.10)

81



in descending order and p3, is the conjugate of pi2. For the density matrix (6.6),

the concurrence function (6.9) has a simple analytic form:

C= 2max{0, |A23| — 1\ A11A44}. (611)

On the other hand, for three-qubit system, concurrence is not well-defined.
For this case negativity [7] can be used as a measure of entanglement whose calcu-
lation is based on partial positive transposes [54] introduced by Peres-Horodecki.

For the state with density matrix p4pc, the negativity reads

NV

N = pABCHl : (6.12)

where /5%‘30 denotes the partial transpose of papc with respect to the qubit A.

From its definition, the negativity (6.12) can also be expressed as

8
N => max{0,-A;}, (6.13)
i=1
where A;(i = 1,...,8) are the eigenvalues of p'/h.

In the following, we are interested in some explicit three-qubit initial states
called GHZ- and W-type states. As is known GHZ-state cannot transformed into
W-state by local operations and classical communication [55]. This means they
bear imcompatible multipartite correlations. From this point of view, one may ex-
pect that the two initial states might have some differences in their entanglement

dynamics.

6.3.1 GHZ-type states

In this section we explore the effects of external noises and dipole-dipole inter-

action on the following three qubit GHZ-type states,

1—

panc(0) = — Iy +r|GHZ) (GHZ| (6.14)
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where |GHZ) = \%(!HD +1000)) and r is the purity of the initial states ranges

from 0 to 1. These states have no bi-partite entanglement and non-zero negativity.

Figure 6.1: Fig. (a) shows the dynamics of negativity versus I't and Jy/J; with
~v/I'=0.1 and r = 0.8. Fig. (b) shows the dynamics of negativity versus /I" and
I't with » = 0.8. Here the plots are for GHZ-type initial state.

Figure 6.2: The dynamics of negativity versus I't and r for GHZ-type initial
state. Fig. (a) corresponds to Markovian regime with v/I" = 10 and Fig. (b) to
non-Markovian regime with /I" = 0.1.

In Fig. 6.1 and 6.2, we reported the effects of dipole-dipole interactions, the
non-Markovianity and purity on the entanglement dynamics of three qubits ini-
tially prepared in GHZ-type states. From Fig. 6.1(a) and 6.1(b), it can be
noted that the dipole-dipole interaction has no effect on negativity and the non-
Markovianity only prologs the death of entanglement. As seen from Fig. 6.2(a)
and 6.2(b), the purity of the initial states has a significant effect on negativ-
ity with exponential decay at r = 1 and suffers ESD at all times for » < 0.4

independent of the non-Markovainity of the dynamics.
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6.3.2 W-type states

Secondly, we assume W-type initial state expressed as

1—17r

panc(0) = Is+r W) (W] (6.15)

where |WW) = \%(HOO} +1010) 4 ]001)). Unlike GHZ states the W states retains a

high degree of bi-partite entanglement and affected by dipole-dipole interactions.
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Figure 6.3: The dynamics of N (solid plots), C'4p (dotted plots) and Cy¢ (dashed
plots) versus I't with » = 0.8 and v/I' = 0.1 for W-type initial state.
Fig. (a), (b), (¢),and (d) correspond to Jo/J; = 0,1, 1.5 and 2, respectively.

In Fig. 6.3, 6.4 and 6.5, we analyzed the entanglement dynamics of three and
two qubits initially prepared in W-type states. It can be noted that the dipole-
dipole interaction has a significant effect on N or C'45 with prolonging the deaths
for Jo/J; < 0. Moreover, as seen from Fig. 6.3(b), the two and three qubits are
unaffected from the dipole-dipole interactions. As mentioned before, N, C'4g and
C4c¢ life times take longer in non-Markovain regimes compared to Markovain one.
Finally as seen in Fig. 6.6, two qubit entanglement is more sensitive to the purity

compared to the three-qubit entanglement, except at » = 1 where they do not

suffer ESD.
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Figure 6.4: The dynamics of N (Fig. (a)), Cap (Fig. (b))and Cac (Fig. (c))
versus I't and Jy/J; for W-type initial state with /T = 0.1 and r = 0.8.

Figure 6.5: The dynamics of N (Fig. (a)), Cap (Fig. (b))and Csc (Fig. (c))
versus I't and v/I" for W-type initial state with J5/J; = 2 and r = 0.8.
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Figure 6.6: The dynamics of N (Fig. (a) and (b)) , Cap (Fig. (¢) and (d)) and
Cac (Fig. (e) and (f)) versus I't and r for W-type initial state with Jy/J; =
2. Fig. (a), (c) and (e) correspond to Markovian regime with v/I' = 10 and
Fig. (b), (d) and (f) to non-Markovian regime with v/I" = 0.1.
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CHAPTER 7
CONCLUSION

In Chapter 2, we have studied the exact analytical dynamics of two qubits
subject to independent longitudinal kicks and Gaussian pulses. Time-ordering
effects on the entanglement dynamics are investigated by using concurrence as
the entanglement measure. We have prepared the qubits initially in a separable,
|¥(0)) = |10), and in a maximally-entangled, |¥(0)) = \/LE(HO) +101)), states and
we have most importantly showed that ”almost-steady” high entanglement can be
created between two initially unentangled qubits by using carefully designed kick
or pulse sequences. Furthermore, we have observed that for an initially maximal
entangled state, one can create a full entangelement between qubits two or more
times by applying pulse sequences.

In Chapter 3, we have explored the effects of transverse sudden kicks or Gaus-
sian pulses on entanglement dynamics of two-interacting qubits through Heisen-
berg XXX model. We have chosen concurrence as a measure of entanglement
and by considering initially separable |¥(0)) = |11) and maximally entangled
U (0)) = \/Li(|11> + |00)) states the effects of kick or pulse squences on entan-
glement dynamics are investigated. We have observed that under this control
scheme, one can create a highly full entanglement between two initially separable
qubits. Moreover, the minimum of the entanglement oscillation of the initially
maximal entangled state can reach to zero. For some cases, for an initially max-
imal entangled state, the qubits can retain a full entanglement after passing
through some pulse or kick sequences.

In Chapter 4, we have analyzed the dynamics of quantum correlations, such as
quantum discord, entanglement and Bell nonlocalities for three qubits that have

stochastic energy levels. The considered noise have Ornstein-Uhlenbeck type cor-

87



relations. The dynamics is considered for GHZ- and W-type initial states and
the survival times of the quantum correlations are compared. The tripartite en-
tanglement is found to be immune to sudden death for pure GHZ as well as W
states, while Bell inequalities cease to be violated for all types of initial states
considered in this study. For GHZ-type initial states, there is no bipartite entan-
glement and quantum discord, while Bell nonlocality and tripartite entanglement
as measured by negativity is nonzero for purity greater than approximately 0.4
and 0.2, respectively. Bell inequality is found to be not violated at all purities
at much shorter times compared to the sudden death of entanglement. W-type
initial states display a richer dynamics, as they contain both bi- and tri-partite
entanglement as well as Bell nonlocalities and nonzero quantum discord initially.
Quantum discord is observed to be more robust compared to entanglement, be-
cause it decays exponentially while the concurrence of the same state suffers
sudden death. Also, tripartite entanglement is found to survive longer compared
to the bipartite one if the state is mixed; for pure W states, both bi- and tri-
partite entanglements decrease exponentially with time. We have considered the
effects of Markovianity on the dynamics of both types of states and found to
the sole effect of non-Markovianity is to prolong the lifetime of quantum correla-
tions compared to the Markovian dynamics. Moreover, it can be noted that once
the entanglement and Bell nonlocalities die, rebirth or revival does not occur,
also there is no instantaneous dissappearance of the quantum discord at some
points, in comparision to the entanglement sudden death in the same range of
the parameters of interest [24, 37, 38].

In Chapter 5, we have analyzed the exact entanglement dynamics of two
stochastic qubits connected to each other by dipole-dipole interaction. We have
assumed each qubit is embedded in its own reservoir which cause stochastic fluctu-
ations in their energy levels represented by Ornstein-Uhlenbeck type correlations.
We have chosen Wootters concurrence as a measure of entanglement and examine

the purity, dipole-dipole interaction and non-Markovian effects on entanglement
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dynamics initially prepared in different states. We have showed that the dipole-
dipole interaction can significantly prolong the full disentanglement time, but this
does not depend on its magnitude. It seems that the evident effect of J is the
increase of the number of ESB with the increasing of J. Further, the entanglement
dynamics suffer ESD for r» < 0.25 independet of the non-Markovianity of the dy-
namics. On the other hand for r = 1, the entanglement dies asymptotically which
is independent of the non-Markovianity of the dynamics, too. The sole effect of
the non-Markovianity is to prolong the life time of entanglement compared to the
Markovian dynamics.

In Chapter 6, we have considered three-interacting qubits through next-nearest
and next-next-nearest couplings and each qubit is embedded in its own reservoir
which cause stochastic fluctuations in their energy levels. We have analyzed the
effects of dipole-dipole interaction between qubits, purity of the initial states as
well as the non-Markovainity of the dynamics on the entanglement between three
qubits measured by negativity and two-qubits measured by concurrence for GHZ-
and W-type initial states. The qubits do not retain bi-partite entanglement and
the tri-partite entanglement does not affected by the dipole-dipole interaction if
the qubits are initially prepared in GHZ-type states. Most importantly, it can
be noted that tri-partite entanglement suffers ESD for » < 0.2 at all times and
exponential decay for r = 1 which are independent of the non-Markovianity of
the dynamics for GHZ-type initial states. Unlike GHZ-state, the W-state retains
a high degree of bi-partite entanglement and affected from the dipole-dipole inter-
actions. For this initial state, we have observed that the tripartite entanglement
has life time longer than the bi-partite entanglement between the qubits A and B
as well as A and C in all cases. For the condition J;/J; = 1, the tri- and bi-partite
entanglements are unaffected from the qubit-qubit interactions. Moreover, when
Ja/J1 < 0, the full disentanglement time as well as the number of ESB are larger
than the region where J;/J; > 0 for all entanglement types. Furthermore, the

tripartite entanglement suffers ESD for r» < 0.3 while C'4p and C¢ suffer ESD
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for r < 0.3 and r < 0.5, respectively. For the pure state (r = 1) all entanglement
types between qubits decay exponentially. Finally, we have showed that the non-
Markovianity of the dynamics only prolongs the full disenatnglement time, not

prevent which is common for GHZ- and W-type initial states.
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