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ABSTRACT

ANALYSIS OF COOPERATIVE BEHAVIOR WHEN UTILITY
IS SEMI-TRANSFERABLE

Dede, Yasemin
Ph.D., Department of Economics

Supervisor: Prof. Dr. Semih Koray

May 2018

The primary purpose of this study is to analyze both cooperative and nonco-
operative games under semitransferable utility. In game theory literature, utility
seems so far to have been assumed “not to be transferable at all” in noncoopera-
tive games, while both “fully transferable” and “nontransferable” utility are con-
sidered in the context of cooperative games. There are, however, an abundance of
real life situations, where utility is partially transferable. Here we introduce the
notion of semitransferable utility, which encompasses “full-transferability” and
“nontransferability” as its two extreme special subcases. We explore and exem-
plify what changes some well-known equilibrium notions undergo when one allows
utility to be only partially transferable. In particular, we relate core allocations
in a convex cooperative transferable utility (TU) game to their counterparts in a
corresponding strategic context, to show that, for each core allocation of a given
TU game, there is a strategic form game, where that allocation survives, while

almost all other allocations are eliminated.

Keywords: a-Core, $-Core, Cooperative Games, Core, Noncooperative Games
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OZET

FAYDANIN YARI AKTARILABILIR OLDUGU DURUMLARDA
ISBIRLIKLI DAVRANISIN INCELENMESI

Dede, Yasemin
Doktora, Ekonomi Boliimii

Tez Yoneticisi: Prof. Dr. Semih Koray

Mayis 2018

Bu calismanin birincil amaci, hem igbirlikli, hem de igbirliksiz oyunlarin yar:
aktarilabilir yarar altinda ¢oziimlenmesidir. Oyunlar kurami yazininda, simdiye
kadar, igbiliksiz oyunlarda yararin “hi¢ aktarilamaz” oldugu varsayimi yapilirken,
igbirlikli oyunlarda yararin hem “tam akatarilabilir”, hem de “hi¢ aktarilamaz”
oldugu durumlarin ele alindig1 goriilmektedir. Oysa gergek yasamda, yararin kis-
men aktarilabilir oldugu sayisiz durum stz konusudur. Bu calismada, yararin
“tam aktarilabilirligi” ile “aktarilamazlhigini” 6zel iki ug¢ hali olarak kabul eden
“var1 aktarilabilirlik” kavramin tamimliyoruz. Iyi bilinen bazi denge kavram-
larinin, yararin yalnmizca kismen aktarilabilir olmasina izin verildigi zaman, ne
tiir bir degisime ugradiklarini inceliyor ve érnekliyoruz. Ozel olarak, disbiikey
igbirlikli aktarilabilir yarar (AY) oyunlarinin gekirdek dagilimlarim stratejik bir
ortamdaki kargiliklar: ile iligkilendirerek, verili bir AY oyununun her cekirdek
dagilimi ic¢in, o dagihmin denge olarak varligini siirdiiriip, geri kalan dagihm-
larin hemen hemen hepsinin denge olmaktan ciktigi bir stratejik bi¢im oyununun

varoldugunu gosteriyoruz.
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Anahtar Kelimeler: a-Cekirdek, $-Cekirdek, Cekirdek, Isbirlikli Oyun, Isbir-
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CHAPTER 1

INTRODUCTION

In game theory literature, coalitional behavior has so far been analyzed under
two different assumptions concerning transferability of utility. Utility is either
assumed to be fully transferable (as in transferable utility (TU) games), or not
transferable at all (as in nontransferable utility (NTU) games). In a TU game,
the characteristic function assigns a value to each coalition in the absence of
any kind of strategic structure. Coalitional rationality is based on the value of
coalitions, and any utility allocation that gives a coalition a total payoff less than
its value is regarded as unstable. Different cooperative solution concepts such as
core (Gillies, 1953), Shapley value (Shapley, 1953), kernel (Davis and Maschler,
1965) and nucleolus (Scmeidler, 1969) pertaining to TU games have been defined

and the corresponding existence theorems have been proven.

In an NTU game, on the other hand, every coalition is assigned a set of
utility allocations for its members, representing what allocations the coalition can
secure for its members. Stability of an allocation is now based on the fact that
no coalition is able to improve its members’ individual welfares by materializing
an allocation in the set assigned to itself in the NTU game in question. In a
cooperative NTU game, a strategic background rendering the set of allocations

assigned to a coalition achievable is again hidden and thus not visible.



The counterparts of some cooperative solution concepts in a strategic context,
where coalitions cooperate via agreeing upon joint strategies, are exemplified by
strong Nash equilibrium (Aumann, 1959), a- and [S-core (Aumann, 1961), and
coalition-proof Nash equilibrium (Bernheim et al., 1987). The global assumption

here is again that utility is not transferable at all.

There are, however, a large variety of real life situations, where utility is
partially transferable. In a fund transfer through a bank, for instance, the amount
the recipient receives is less than the sender sends due to transaction costs, how
all this gets reflected to the decrease and increase in the utilities of the sender
and the recipient, respectively, still being a separate manner. In case a rich man
transfers 100 dollars to a poor guy, the increase in the latter’s utility is for sure
to far exceed the decrease in the former’s utility. A complete model for utility
transfers would actually require the specification of the rate of loss or gain for
any ordered pair of individuals, where the rate may also very well depend upon

the amount of transfer.

In this study, we consider the simplest case, where there is a constant rate of
loss v € [0,1] in all transfers between any two agents. The case, where v = 1,
corresponds to full transferability of utility, while v = 0 is almost the same as, but
not identical with nontransferability, as it allows self-destruction of utility. As for
cooperative games, TU games and NTU games correspond to the two extreme
values of v, which are 1 and 0, respectively. Our general setup, on the other
hand, also enables us to consider strategic form games under semitransferability

uf utility along with cooperative games.

The core of a TU game, in case it is nonempty, is rarely a singleton set. A non-
empty core is an infinite set unless it is a singleton. Marinacci and Montrucchio

(2002) and Derya (2015) can be listed among the studies that find conditions for



a TU game to have a singleton core. The infinite multiplicity of core allocations
is usually considered as “undesirable”, since it diminishes the predictive power
of this major stability notion in cooperative game theory. Thus, there have been
many attempts to refine the core, mainly using normative criteria such as fairness

or focality.

Here we associate to each convex TU game and each core allocation thereof a
strategic form game, which induces the TU game via both the maxmin and the
minmax operators, such that the chosen core allocation survives in both the a-
and (-cores of the strategic form game, while almost every other core allocation
is rejected, in case we employ full transferability of utility in the strategic context
as well. Thus, core allocations are separated strategically among themselves in
the sense that each has its own strategic environment, in which it is the only

core-consistent outcome.

The notion of a semitransferable utility (STU) game provides a theoretical
framework unifying TU and NTU games under the same umbrella. For each
~v € [0,1], as v-transferability means that the recipient receives only yw “units
of utility” from a transfer w, while the decrease in the utility of the agent who
makes the transfer is precisely w units, all noncooperative and cooperative so-

lution concepts along with efficiency notions can now be modified accordingly.

In particular, we introduce the y-versions of the a- and (3-cores of a strategic
form game and examine how the a- and (-core change as v changes. It is clear
that any coalition becomes stronger concerning its ability to block outcomes in
either the a- and the (3-sense, as « increases. Thus, both cores continue shrinking
as the degree of transferability becomes larger. Moreover, for each strategic form

game, there is some critical value 7, such that the a-core [respectively, the (-



core] of the game under v is the same as its a-core [respectively, S-core] for any

v € [0,1] with v > ..

The ~-transferability of utility can be used for purposes of design as well
as from the angle of positive theory. Some famous dilemmas or paradoxes in
game theory, mainly reflecting a severe tension between stability and efficiency,
disappear under semi-transferability for appropriate values of v € [0,1]. In case
transfers are observable by the designer, each transfer may be “taxed” by the
designer in accordance with some v € [0, 1], so that the players find themselves
playing the game under y-transferability. Pareto improvements thereby obtained
are exemplified in this study by Prisoners’ Dilemma (Luce and Raiffa, 1957),
Tragedy of Commons (Hardin, 1968) and Centipede Game (Rosenthal, 1981).

Making pre-declared transfers a part of the players’ strategies clearly trans-
forms a given strategic form game into one, where the strategy sets become much
richer than before. The players are now endowed with additional tools possibly
enabling them to induce certain best responses on the part of their rivals, which
might be more desirable from their viewpoint than the best responses in the
“naked game”. Formally, we construct a two-stage game, inspired by the notion
of “predonations” introduced by Sertel (1992), where one deals with one-sided
predonations in a bargaining setting. In our model, the first stage consists of
simultaneous declarations of commitments to feasible transfer vectors by each of
the players at every joint strategy of the underlying game, where the transfer-
ability degree v is commonly known. In the second stage, the players resolve the

(transformed) strategic game a la Nash.

For the extensive form game thus constructed, we employ a modified version of
subgame perfect equilibrium, referred to as “quasi subgame perfect equilibrium”.

As there is no further restriction than feasibility to transfer commitments in



the first stage, in the second stage there easily arise some (irrelevant) subgames
that have no Nash equilibrium in pure strategies. The quasi subgame perfect
equilibrium concept requires the restriction of a joint strategy to a proper subgame
to be a Nash equilibrium of that subgame only in case that subgame possesses at

least one Nash equilibrium.

Which players gain more power from the introduction of the transfer decla-
ration stage turns out to strongly depend on the structure of the initial strategic
form game. Although there is almost always (except for some trivial cases) at
least one player benefitting from the introduction of this additional pre-stage,
no societal improvement in comparison to the outcome of the naked game is

guaranteed.

This two-stage construct also turns out to be related to “games of pretension”
introduced by Koray and Sertel (1983), where the players in a strategic form
game are allowed to pretend to have any preferences whatsoever in the first stage,
provided that they perform accordingly in the second stage, while they enjoy their
true utilities at the arising final outcome. As transfers do not allow a player to
pretend to have any kind preferences, but rather provide a tool to influence other
players’ preferences, the two approaches seem to be “dual”, rather than similar.
The information the two approaches respectively reveal about the structure of the

underlying game, however, seems yet to be worthy of a more detailed comparison.

The rest of the study is organized as follows. In section 2, basic definitions of
TU and NTU games, necessary tools for adoption of ~-transferability of utility
and the relation between equilibrium notions of TU, STU and NTU games are
presented. In section 3, -TU normal form games are introduced where strategy
space is extended with simultaneous choice of transfers and actions to be played,

and Nash Equilibria of new game form is analyzed. Section 4 introduces a two



stage game and a new equilibrium notion, namely quasi subgame perfect equillib-
ria (QSPE), and its application to Prisoners’ Dilemma and Centipede Game to a
better understanding of the concept. In Section 5 properties of QSPE is explored,
such as existence of an improvement in payoffs with respect to Nash equilibrium,
achieving welfare maximizing outcomes as an equilibrium as v increses, and prop-
erties of v values for a certain outcome when it constitutes QSPE. In Section 6
a direct consequence of incorporation of strategy space to TU games shows that
core selections need verifications with respect to strategical background other-
wise they are not reliable. In lack of any strategic information other than the
value of coalitions any two allocations of the core are equally valuable. Section 7

concludes.



CHAPTER 2

SEMI-TRANSFERABLE UTILITY

Game theory is the branch of mathematics that analyze competitive situations
where the outcome and agents’ payoffs depend on participants’ strategic actions.
Coalitional behavior of individuals is also possible and analyzed in the literature
under very different two assumptions, where utility is either considered to be
non-transferable or fully transferable. To unite NTU and TU games under one
framework we introduce semi-transferable utility games. Firstly we provide basic
definitions of NTU and TU games and adapting them to the case of v-transferable

utility where v € [0, 1].

Definition 1. g = (N, X, u) is a normal form game, where N = {1,2,...,n}
is the set of agents with |[N| = n, X = X;enX; is the strategy space and u =
(u1,us,...,u,) is the utility profile of the agents where u; : X — R for i €

{1,2,...,n}.

Definition 2. The associated side payment (transferable utility -TU) game
of a normal form game g = (N, X,u) is a function v : S — R for each S € 2V
with v(@) = 0 that associates a real valued payoff v(S) to each coalition that
coalition members can distribue among themselves.

We define two special associated side payment games of a given normal form

game as follows:



i. v9(S) = max, ex, Mily\ e Xy s Y ics Ui(rs, Ta\s) and

ii. vg(S) = My, ge Xy s MAXzgeXs Y ics Wi(Ts, Tans)-

vd corresponds to the case where coalition S can achieve for itself no matter
what the complementary coalition does. vg corresponds to the case where the

coalition S can somehow anticipate the strategy of the nonmembers and act

accordingly.

Definition 3. Core of a side payment game v is the set of allocations that
no coalition can improve upon. Core(v) = {(y1, 2, - -+ ¥n) : 2 _ien ¥ = v(N) and

forall SC N >, cyi > v(9)}.

Definition 4. Let g = (N, X, u) be a normal form game. a-Core of normal
form game g, denoted C,(g), consists of strategy profiles * € X such that there
is no coalition S C N such that 37¢ € Xg Vo g € Xms :

Vi€ S:ui(Ts, vns) 2> ui(z*) and 35 € S : u;(Tg, xn\g) > uj(x*))].

Definition 5. Let ¢ = (IV, X, u) be a normal form game. -Core of normal
form game g, denoted Cjz(g), consists of strategy profiles 2* € X such that there
is no coalition S C N such that Voy g € Xy drs € X -

Vi e S:ui(xs, xns) > ui(z*) and 3j € S uj(zg, xng) > uj(a*)].

Notation 1. Given z,y € R",
x>yifandonly if Vie {1,....,n} :2; > y; ;
x >y if and only if x > y and x # y;
x>>yifand only if Vi € {1,... ,n}:x; > y,.

For any nonempty set K, R'fl = {x ceRIEl: 2z > 0} .

Up to this point we have presented some of the the existing definitions in the
literature of cooperative game theory. As we have mentioned in the introduction,

these definitions are either related to NTU games or TU games. Considering



these two type of games as extreme cases of transferability of utility, now we will

introduce semi-transferable utility as follows:

Definition 6. Utility transfer degree v € [0,1] is the rate of unlost utility
transferred among agents.

Let g = (N, X, u) be given, x € X, ¢;(x) > 0 and t;(z) = 0. Then payoffs of
agents i and j at outcome z with transfers for agents i and j will be u;(x) —¢;(z)
and u;(z) + vt;(x) respectively. Agent i loses t;(z) amount of utility whereas

agent j gets only a v portion of the transferred utility.

Definition 7. Given a finite normal form game g = (N, X, u), where v : X —
R" with v-transferable utility, v € [0,1], ts(z) € RISl is a feasible transfer vector
for coalition S C N at outcome x € X where tg(z) = (t;(x));es such that

i. ts(x) = (ti(z))ies such that t;(x) is the total amount of transfer that agent
i proposes to give to other members of coalition where 0 < ¢;(x) < u;(x).

ii. t;;(x) is the amount of transfer than agent ¢ proposes to transfer to agent j
at outcome x, where t;(z) = (t;;(2))jes with 3, s tij(x) = ti(z), 0 < t;(z) and
tii(z) = 0.

The set of feasible transfer vectors for coalition S C N at outcome x € X is

denoted as Ts(z).

Note that as transfers are defined on R} throughout the study we will be
working with normal form games with v : X — R" where R} ={ye€ R":y, >0

Vie N}.

Notation 2. Note that given the utility transfer degree ~, the payoff of agent i
at outcome = when t5(z) realizes is ) (v, ts(2)) = u;(v) —ti(2) +7 > co iy ti(2)-

We denote 7(z, tg(x)) = (@ (z, ts(z))N].

Now with proposed definitions above, given a feasible transfer vector, t;(z)

is the amount of utility transfer that agent j € S is proposing to give to any

9



other member in a given coalition S C N at an outcome =z € X. t;(z) =0
for some j € S, implies that agent j is a potential transfer reciever from other
members of the coalition S. Therefore a coalition S C N mainly consists of two
disjoint groups at an outcome x € X with respect to t(x). One group S for
which t;(x) > 0 Vi € S, the group that is proposing to make utility transfers,

and other group transfer takers S” = S\S" such that ¢;(x) =0 Vi € S".

The restriction of ¢;(z) < w;(z) on feasible transfer vectors is mainly the
budget constraint. At an outcome x € X an agent is prohibited to propose an

amount of transfer that is more than his payoff at outcome x.

Moreover, when a coalition S is formed to cooperate, utility transfer is a part
of the cooperative behavior, thus feasible transfer vectors are defined with respect

to each coalition together with the strategy space of each coalition.

Definition 8. Given a nonempty finite set S where |S| = s and z,y € R%, we
say that y is reachable from x under + if, for each i € S, there is some (¢;;);cs €

RS with Ejesfij < x,; such that Vk € S : y, = z1, — Zjeszk;j + 2 es Vhik-

Definition 9. We define the correspondence 74 : RS — RS by 7y4(x) = {y €

R% : y is reachable from x under v} at each x € R?.

Definition 10. Given z,y € R’} , we say that
i) x Pareto dominates y if x > y.

ii) x is Pareto efficient if there is no y that Pareto dominates x.

Definition 11. Given z,y € R, we say that

i) x y-dominates y for S, and write x > y, if there is some 2’ € J¢4(z) such
that 2’ > y.

ii) x y-dominates y, and write x =" y, if there is some 2’ € 7, (x) such that

x>

10



iii) x € X is y-efficient if there is no y € R} such that y y-dominates .
Remark 1. Pareto efficiency coincides with 0-efficiency.

Remark 2. Given a finite normal form game g = (N, X, u), u(z) is l-efficient
if and only if u(x) € argmax ), yui(r). Thus we see that as v increases,
v efficiency is compatible with an increase in welfare such that for v = 1 the

efficient outcomes are the ones that maximize total welfare.

Lemma 1. Given 2 € RY, if x is not y-efficient for some 7 € [0, 1], then it is

not y-efficient for all v > 7.

Proof: Let x € R be given and suppose that z is not vy-efficient for some
7 € [0,1]. Then Jy € R’} such that Iy € Fn(y) such that 3/ =7 x. But then as

for any v > 7 one has 3 € 75 (y), x is not y-efficient for all v > 7. O

Definition 12. Given @ # B C RS, the set P,(B) = {w € B| #u' € B :

w' >} w} is called the y-Pareto frontier of B.

Definition 13. Let g = (N, X, u) be given, for any @ # S C N, define the
associated side payment games under -y as

vﬁ(S = P,({w e R* | Jzg € Xg Vamg € Xns ' € Yg(us(zs, xa\g)) with

)
)

v9(9) = P,({w e R® | Vanms € Xnms Jrg € Xg Fu' € Yg(ug(xs, za\s)) with
)

Definition 14. We say that S € 2V\{@} y-blocks = € X in the o [3] sense

if there exists w € v%(S) [v7(S)] such that w > (u;(z))es-

Definition 15. Let g = (N, X, u) be a finite normal form game. The «a-core
[B-core] of g under v, denoted C7(g) [C3(g)], is defined as

11



Cl(g) [C3(g)] = {z € X | there is no S € 2V such that S y-blocks z in the

a-sense [[3-sense|}.

Proposition 1. Let g = (N, X, u) be given. For any v,7" € [0,1] such that
7' > 7 one has C7'(9) C C3(9) [C5 (9) € C3(9)].

Proof: Let ¢ = (N, X,u) be a finite normal form game. Let z € X and

v,7" € [0, 1] are such that 4/ > =, if there exists 2’ > z, then 2’ >gl x, hence for

any x ¢ CJ(g) [C3(g)] one has @ ¢ C7'(9) [CF (9)].

Now let € C'(g) [Cg, (9)], assume on the contrary that = ¢ C7(g) [C3(g)],
then there exists a coalition S € 2V such that S 7-blocks x in the a-sense [3-
sense]. That is there exists w € v$(S) [v(S)] such that w > (ui(x))ses. But for
any w' € v5(5) [vfj,(S)] one has w' =1 w as v/ > 7, which implies S 4-blocks =
in the a-sense [3-sense] for 4. Then x ¢ C7'(g) [Cgl (9)], a contradiction. Thus
v € CYg) [CY(9)] and €Y (g) < CA(g) [CY(5) < Ci(g)). O

Proposition 2. Let ¢ = (N, X,u) be a finite normal form game. Now

u(Ca(g)) € Core(vf) [u(C3(g)) C Core(v)].
Proof: Let g = (N, X, u) be a normal form game.
If Cl(g) = @ the statement holds voidly.

Suppose that Cy(g) [C5(g)]# @. Suppose that z* € C}(g) [Cj(g)], assume
on the contrary that u(z*) ¢ Core(v)) [Core(v})]. Then there exists 5" C N
such that v2(S") = max, exs MiNg \ ceX s Yoics UilTs, xanng) > D e ui(T¥)
[vg(S’) = Mg, gexy, s MAXzgeXs Y ics Ui(zs, va\g)]. Then for

= max min ui(Tsr, T\ g
y T €Xgr iKN\SIGXN\S/; ( s N\S)

ly = min max ui (g, T\ 5)]
wN\S’EXN\S’ Tgr€Xgr 4
2

12



one has (u;(y))ies: > (ui(x*))ies’, which implies that y ~-blocks * € X in the
«a sense [ sense]. Contradiction with the fact that z* € C.(g) [Cj(g)]. Thus
u(z*) € Core(v]) [Core(v})], and u(Cl(g)) C Core(vy) [ u(Ci(g)) C Core(vy)].
U

Proposition 1 states that as 7 increases the set of C7(g) [C3(g)] shrinks.
Hence there exists games such that CJ(g) # @ [Cj(g) # @] whereas C)(g) = @
[C3(g) = 2]. As transferability of utility is continuously defined by v € [0, 1] there
exists a critical (intermediate) value ~, € [0, 1] such that C7(g) = @ [C}(g) = 2]

for Vy > 7.

Now the following intermediate value theorem proves that there exists a crit-
ical value of utility transfer degree such that the coalitions have same power in
terms of a-blocking [8-blocking] as if the utility is transferable without any loss.
This critical value of utility transfer degree is game specific. And if we consider
the v to be exogeneous, in games with v > 7.(g), analysis of the associated TU
game and its core will be sufficient for analysis of stable allocations in the STU
game. Whereas for normal form games that have 7 < v.(g), neither NTU game
nor TU game will give us a accurate interpretation about the equilibrium strate-
gies. Only in these cases the equilibrium of analysis of the extremes that exist in

the literature will suffice.

Theorem 1. Let g be a finite normal form game with C%(g) # @ and
Cl(g) # C%(g). There exists a critical value of transfer degree, say ., such that

C7(g) = CL(g) where utility is transferable of degree v > 7.

Proof: Let g = (IV, X, u) be a finite normal form game and let the associated
TU game to be vd(S). Assume that C2(g) # @ and C?(g) # C.(g). Proposition 1
implies that there exists z* € C2(g)\CL(g). As x* ¢ C(g) there exists a coalition

S that v-blocks u(z*) in the a-sense for v = 1. Then there exists g € Xg such

13



that for any s € Xn\g one has ) ..o ui(Tg, zn\5) > D ,cqui(2*). Note that
S is not a blocking coalition for the a-core of NTU game g, so S can be written
as union of disjoint sets as S = S'(zpxs) U S (zn5) such that S'(zns) = {i €

S ui(Ts, ans) > ui(z*)} and S” (vas) = {j € S u;(Ts, vas) < uj(z*)}

Now the following algorithm ensures to find the minimal critical value of utility
transfer degree 74, € [0,1] such that coalition S y-blocks u(z*) in the a-sense

whenever utility transfer degree is greater than vg ;.
Step 1: Fix some xy\ s € X\ g.

Step 2: Compute the amount of transfer to be made among the members
of S as follows: For each agent i € S'(xn\g) compute the maximum value to be
transferred to the rest of the coalition by taking the u;(x*) as his reservation value.
That is, t; = wi(Zs, xn\s) — u;(z*) > 0, therefore the total maximal amount of
utility that can be transferred among coalition members is M = ). S (aans) t; =

D iest ) [Ui(Tsr Tn\s) — wi(27)].

Step 3: Compute the total amount of compensation of utility needed among
members of S as follows: Compute the compensation amount of utility for each
j € S"(xms) by considering u;(z*) as his reservation value, t; = wu;(z*) —

u;(Zs, rn\s). Total compensation amount is

C= Y. ti= > (") —u@sens)

J€S" (zn\s) i€S" (zn\s)

Step 4: Minimal critical value of transfer degree VSzans that depends on zn\g
is found by VSoms = %

Step 5: Repeat steps 1 to 4 for each xy\s € Xn\g to find the set of {757931\[\3 :
Tn\s € Xns}-

14



Step 6: Compute the minimal critical value of utility transfer degree 74, =
max$N\S€XN\S{757xN\S} as coalition S has no control over the strategy to be

played by coalition N\S.

Step 7: Repeat steps 1 to 6 for each 7s € Xg such that Voygs € Xng -
Y ics Ui(Ts, Ta\s) > D g ui(z*) in order to find the set {vg,, : Ts € Xg such

that Voys € Xns 1 D ics i(Ts, Tang) > D icq ti(2*)}

Step 8: Compute the minimal critical value of utility transfer degree sufficient
for S to «-block u(z*) in the a-sense since one blocking strategy is sufficient for
coalition S to ~-block u(z*) in the a-sense whenever utility is transferable of

degree v > vg.

Vs = Minggexs{Vszs : Ts € Xg such that Vo g € Xy :

D wi(@s, xws) > > ui(z*)}

i€es i€S

Now note that there may exist more than one S C N such that »_, ¢ u;(z*)
< v9(S5). Repeating the above process for all such S C N will give the set
{7vs:S C N such that ), cu;(z*) < vI(5)}.

As existence of one coalition S C N such that S y-blocks u(z*) in the a-sense
whenever utility is transferable of degree « is sufficient to have z* ¢ C?(g) where
Y > Yous Vo = min{yg : S € N such that ). u;(2*) <vI(5)}.

Now if there exists more than one z* € C%(g)\C1(g) for game g where utility
is not transferable (i.e. transferable of degree 0), we will carry out the previous
algorithm for each z* € C2(g)\C.(g) to find all such critical values <. C2(g) =

Cl(g) where utility is transferable of degree v > ~. where v, = maz{y¢. : z* €
Cal9\Calg)}. O
Theorem 2. Let g be a finite normal form game, let C§(g) # @ , whereas
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Ci(g9) # Cj(g) there exists a critical value of transfer degree , v,, such that

C3(g) = Cj(g) where utility is transferable of degree v > 7,.

Proof: Let ¢ = (N, X, u) be a finite normal form game and let the associated
TU game to be v3(S). Assume that C§(g) # @ and Cj(g) # Cj(g). Proposition 1
implies that 32* € C3(9)\Cj(g). As z* ¢ Ci(g) IS € 2¥\{@} : S y-blocks u(z*)
in the -sense for v = 1. Then Vons € Xys 3Ts € Xg 1 Y, g ui(Ts, zans) >
Y ics wi(x*). Note that S is not a blocking coalition for the 3-core of NTU game
g, so S can be written as union of disjoint sets as S = S'(zns) U S (za\s)
such that S'(zns) = {i € S : u;(Ts, 2ns5) > ui(z*)} and S (zas) = {j € S

uj(Zs, x\s) < uj(z*)}.

Now the following algorithm ensures to find the minimal critical value of utility
transfer degree v, € [0, 1] such that coalition S 7-blocks u(x*) in the S-sense

whenever utility transfer degree is greater than v ;_.
Step 1: Fix some xnx\s € Xn\s-

Step 2: Compute the amount of transfer to be made among the members
of S as follows: For each agent i € S'(xn\g) compute the maximum value to be
transferred to the rest of the coalition by taking the u;(x*) as his reservation value.
That is, t; = u;(Zs, rn\s) — us(2*) > 0, therefore the total maximal amount of

utility that can be transferred among coalition members is M = ). S (anns) t; =

Zz’eS/(xN\S)[Ui(fs, rn\s) — ui(T")].

Step 3: Compute the total amount of compensation of utility needed among
members of S as follows: Compute the compensation amount of utility for each
j € S"(xms) by considering u;(z*) as his reservation value, t; = wu;(z*) —

u;(Ts,xn\s). Total compensation amount is

16



= = > (") = ui(Ts, 2ns))-

JES" (n\5) i€S" (zn\s)

Step 4: Minimal critical value of transfer degree g ;. that depends on Tg is

found by vg ;. = %

Step 5: Repeat steps 1 to 4 for each g € Xg such that for Voyg € Xag
s € Xg Y cqui(Ts, Ta\s) > D ;cqui(2”) in order to find the set {vg;, :

Venms € Xans 3Ts € X 1 ) ieqtilTs, Tas) > D g ti( @)}

Step 6: Compute the minimal critical value of utility transfer degree sufficient
for S to y-block u(x*) in the [S-sense.

Ys = MiNzgexsiVszs @ Vns € Xms ITs € Xg @ D, cqui(Ts, Tag) >
> icq wi(r*)} since one blocking strategy is sufficient for coalition S to ~-block

u(z*) in the [-sense whenever utility is transferable of degree v > vg.

Now note that there may exist more than one S C N such that ), ¢ u;(z*)
< v3(S). Repeating the above process for all such S C N will give the set
{7s: S € N such that ), qui(z*) < vj(5)}.

As existence of one coalition S C N such that S ~y-blocks u(z*) in the S-sense
whenever utility is transferable of degree 7 is sufficient to have z* ¢ C';(g) where

Y > Yo, Vor = min{vyg : S C N such that } . g u;(z*) < v3(5)}

Now if there exists more than one 2* € C§(g)\Cj(g) for game g where utility
is not transferable (i.e. transferable of degree 0), we will carry out the previous
algorithm for each z* € C§(g)\Cj(g) to find all such critical values v5.. C3(g) =

C}(g) where utility is transferable of degree v > v, where 7, = maz{y;. : 2* €

C3(9)\Cj(9)}. O
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Up to this point, it is assumed that transfer degree, v, is homogeneous in the
society. To mimic the real life phenomena, the heterogeneity of utility transfer
degree in the society can be increased . It is useful to replicate the results about
the critical values of utility transfer degree for a heterogeneous society such that
there exists a v value for each member of the society. So we will assume that
there exists a different v value for each transfer taker while we will keep the ~
value for transfer givers to be one. This corresponds to the case that when a
transfer giver transfers 1 util, he will lose 1 util whereas the transfer taker can
get the v portion of the 1 util where the value of v may vary with respect to
each transfer taker due to wealth level of the transfer taker. In the extreme case
one may also assign different values of v for transfer givers that may be different
than 1 which represents that loss of utility also depends on the wealth level of the
transfer giver. One may also consider a 7, > 1 for some transfer takers. All of
these situations can be modeled by inserting v to the model not as a scalar but
as a vector. And the intermediate value theorem can be replicated models that

include v as a vector.

Definition 16. Let ¢ = (N, X,u) be a normal form game where utility
transfer vector is the vector of ¥ = (v4,...,7,) € R" with v, € [0, 1] is the unlost
utility defined for each agent during transfer taking as follows: Consider coalition
{i,j,k} € 2% with t;(z) = (t; = 0,85 > 0,8y > 0), t;(x) = 0 and tx(z) = 0
at outcome x € X. Then u](z) = w;(z) — t;(2), U;’(x) = u;(z) + v;ti;(r) and
() = up(@) + Ytin()-

The following example elaborates the idea how to use existing results in the

case that utility transfer degree is a vector instead of a scalar.

Example 1. Consider ¢ = (N, X,u) where N = {1,2,3}, X; = {4, B},
Xy = {a,b}, X3 = {L, R} and payoff vectors for the outcome space are given by

the below tables:

18



Player 2 Player 2

a b a b
25 5 9 |25 5 9
Player 1 A 1,1,1 1,2,1 Player 1 A 10° 10° 10 10° 10° 10
B|1,1,1]|11,1 B| 1,11 1,1,1
Player 3 plays L Player 3 plays R

(A,b,L) € Cl(g) where ¥ = (0,0,0), whereas (A,b,L) ¢ Corel (g) where

—/

¥ =(1,1,1) as S = {1, 3} is a blocking coalition with strategy AR.

Let ¥ = (71,72,73), t = (t1,0,t3), (t3 = 0 as player 3 is transfer taker)

ul(ARv P)/) = ?_8 a ’yltl? ’LL3(AR, P)/) — % + ’73161

Vit = %, Y3t = 73}_3711 = 1_10

2o L

Y1 15

Ve={v€ R+ 22 = 4,7 €[0,1],7; € [0,1]}.

In example 1 S = {1, 3} is the only 7-blocking coalition in the a-sense. Note
that in general the set of all critical utility transfer vectors is actually a superset

of 4, as there may exist other coalitions that can y-block u(z*) in the a-sense.

Theorem 3. For a given n-person finite normal form game g = (N, X, u), let
C’f (9) # @, whereas C’aT (9) # C’f (9), there exists a set of critical utility transfer

degree vectors 7, € [0,1]" such that C7(g) = C’z(g) if ¥ > 7,.

Proof. Let g = (N, X, u) be an n-person finite normal form game and let the
associated TU game be v2(S5). Assume that C’f(g) # &, and Cz(g) # Cf(g).
The proof will be carried out as in the proof of Theorem 1. The steps to find
critical transfer vectors will be carried as follows: Let. Jz* € C’aH (g)\C’E> (g9). As

z* ¢ Cj(g), 35 € 2M\{@} : S 7-blocks u(z*) in the a-sense for 7 = 1. Then
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there exists at least one Tg € Xg such that Voyg € Xys @ D ,cqui(Ts, vas) >
Y ics wi(x*). Note that S is not a blocking coalition for the a-core of NTU game
g, s0 S can be written as union of disjoint sets as S = S'(zn\5) U S (zns) such
that S"(zms) = {1 € 5 1 u(Tg, xns) > wi(xs, o g)} and S”(mN\S) ={jes:

uj(Zs, xn\s) < uj(T%, Ta\s)}-

Now the following algorithm ensures to find the minimal critical value of utility
transfer degree 7 sz, € [0, 1] such that coalition S y-blocks u(z*) in the a-sense

the strategy profile 2* whenever utility transfer degree 7 is such that 7 > 7 g z,.
Step 1: Fix some zy\5 € Xn\g-

Step 2: Compute the amount of transfer to be made among the members of
S as follows: For each agent i € S'(xn\g) compute the maximum value to be

transferred to the rest of the coalition by taking the w;(z*) as his reservation

value. That is, t;(Zg, zns) = ui(js’wN;S)_ui(m*) >0VieS(xnmg).

i

Step 3: Compute the total amount of compensation of utility needed among
members of S as follows: Compute the compensation amount of utility for each

j € S"(zms) by considering u;(z*) as his reservation value, t;(Zs,zns) =

Uj(z*)—uj(ig,mN\s) vj E S”(

5

mN\S)-

Step 4: Minimal critical utility transfer vector 7 g, ms that depends on zy\s

is found by the following equation

Z u; (Tg, xa\s) — wi(x*) Z u;(2%) — u;(Ts, xa\s)

i€S (T N\ 5) 7 vies” (zn\s) T3

Step 5: Repeat steps 1 to 4 for each xy\g € Xz g to find the set of
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~ S| .
/YS,Z‘N\S = U{7 e R‘ | :

5 ui(Ts, Tas) — wilzT) 3 u; (%) — uy(Ts, l’N\S)}
. _ar Yi .l Fy]
i€S (TN 5) vieS" (xn\s)

Be careful to choose the minimal vectors that satisfy the equation on step 4.
That is there should be no 77,7 € 5 hthat 5 > 7 or 7 = k7 f

at 1s there shou N0 7, 7 € Vgay s SUC that v > +" or v = k' for

some k € N!.

Step 6: Find the set of minimal critical utility transfer vector

ﬁ

Yozs = UxN\SGXN\S{7 € VSaps ° 3y € VSaans such that 37 € Vs s for
B — — L.

some Z g € Xy\g such that ~ >4 or 5 =k~ for some k € N} as coalition

S has no control over the strategy to be played by coalition N\S.

Step 7: Repeat steps 1 to 6 for each 7s € Xg such that Voy s € Xng -
Y ies Ui(Ts, Tag) > D e ui(z*) in order to find the set {Vg,, : Ts € Xg such

that Voys € Xas Do Ui(Ts, Tans) > D g wi(@*) )

Step 8: Compute the minimal critical value of utility transfer degree sufficient
for S to y-block u(z*) in the a-sense.
— — _ ~ - _~ — _ ~ ’
Vs =17 €7Vsas: 3+ € Vs.z Such that 39 € 757%\3 for some Tys € Xns
R I . .
such that 7" > 4 or ¥ = k~' for some k € N} since one blocking strategy
is sufficient for coalition S to v-block u(z*) in the a-sense whenever utility is

transferable of degree 7 > 7 g.[]

Theorem 4. Let g = (N, X,u) be given with Cg(g) #+ &, and C’E(g) =+
C’g(g), there exists a set of critical utility transfer degree vectors 4, € [0, 1] such

that C3(g) = C4 (g) if 7 > 7.

Proof. Let ¢ = (N, X, u) be an n-person finite normal form game and let the

associated TU game be v3(S). Assume that Cg(g) #+ &, and C’E(g) # C’g(g).

IN denotes the set of natural numbers.
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The proof will be carried out as in the proof of Theorem 1. The steps to find
critical transfer vectors will be carried as follows: Let. Jz* € C’E (g)\C’; (9). As
T* ¢ Cg(g), 35 € 2Y\{@} : S 4-blocks u(z*) in the B-sense for 3 = 1. Then
Vas € Xms 375 € Xg @ Y cqui(Ts, vas) > D equi(z*). Note that S is
not a blocking coalition for the -core of NTU game g, so S can be written as
union of disjoint sets as S = S'(zps) US" (zas) such that S"(zys) = {i €
S u(ZTs, wns) > ui(xh, was)} and SN(I'N\S) ={j € S :ui(Ts,zms) <

uj(xz‘v :CN\S)}'

Now the following algorithm ensures to find the minimal critical value of utility
transfer degree 7 gz, € [0, 1] such that coalition S y-blocks u(2*) in the 3-sense

the strategy profile 2* whenever utility transfer degree 7 is such that 5 > 7 g z,.
Step 1: Fix some zyx\s € Xn\s-

Step 2: Compute the amount of transfer to be made among the members of
S as follows: For each agent i € S’(zn\s) compute the maximum value to be
transferred to the rest of the coalition by taking the wu;(x*) as his reservation

value. That is, t;(Zs, zn\5) = ui(fs’xN,\f)fui(w*) >0VieS(xnmg).

Step 3: Compute the total amount of compensation of utility needed among
members of S as follows: Compute the compensation amount of utility for each

j € S"(zms) by considering u;(z*) as his reservation value, t;(Ts,rns) =

uj(x*)*uj(fS,IN\S) VJ c S//(

v, .IN\S).

Step 4: Minimal critical utility transfer vector %' sz, that depends on Zg is

found by the equation

Z ui (T, xa\s) — ui(a*) Z u; (%) — u;(Ts, Ta\s)

Yi Vi

€S’ (zn\s) vies" (zn\s)

Vszs = V{7 € R

22



Z ui(Zs, N\ g)—ui(z*) _ Z , uj(:c*)—uj(:is,acN\S)}
€S (xn\5) Yi vieS  (znys) Y5 )

Be careful to choose the minimal vectors that satisfy the equation on step 4.
— — —
That is there should be no 7/, 7 € Ys.z¢ Such that 5 >4 ory = %’y’ for some

ke N.

Step 5: Repeat steps 1 to 4 for each g € Xg such that Vong € Xas
Jdzg € Xg such that ) . o ui(ZTs,xns) > D ,cqui(2*) in order to find the set

{WS@S : Tg € Xg such that Voys € Xps 1 D icq ti(Ts, Tans) > D ieq i)}

Step 6: Compute the minimal critical value of utility transfer degree sufficient

for S to v-block u(z*) in the S-sense.

— /
~Ys={7 € Vszs 3+ € Vs.z¢ Such that 35 € ”?S’IIN\S for some ¢ € Xn\s
such that 9 > +" or 5 = k~ for some k € N} since one blocking strategy
is sufficient for coalition S to 7'-block u(z*) in the 3-sense whenever utility is

transferable of degree 7 > 7'g. O
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CHAPTER 3

v—=TU NORMAL FORM GAMES

In this section we insert semi-transferability of utility to normal form games
with smallest change as possible. Transfer vector is embeded to the strategy
space of individuals whereas simultaneity of choice of strategies are conserved.
We question whether outcomes other than Nash equilibriua of the original game

can be achieved via transfers when utility is semi-transferable.

Definition 17. A strategy profile * € X is a Nash Equilibrium (NE) if no
unilateral deviation in strategy by any single player is profitable for the deviating

player, i.e. Vi € N, z; € X; : wi(xf,z*,) > ui(z;, 2*,).

Notation 3. Given a 2-person finite normal form game g = (X, u) we denote
the best response relation of agent i for a strategy x; € X; as BR;(z;) where for

any 7; € BR;(z;) one has w;(T;, x;) > w;i(x;, ;)

Example 2. Consider the following 2 person normal form game where X; =

{A, B}, X3 = {a, b} and payoff vectors are given in the below table where u(z) =

(w1 (), uz(z))*:

a b
A|401]0,1
Bl1,1]21

2Throughout the study in two person games row player is the first player and column player
is the second player, and the payoffs at each outcome are shown as (uq(z), uz(x)).

24



Let v(S) = max, ex, Mily .\ geXy 5 ug(xg, rn\g). One has v(1) = 1,v(2) =

1,0(12) = 4.

Note that for v > %, when transfer vector t(A,a) = (t12 = %,tgl = 0) is
realized, u](A,a) = 4 — % > 2, ug(Aya) = 0+ %7 = 1, new payoff vector -
dominates u(B,b) = (2,1).

Proposition 1 suggests that a-core [§-core] shrinks as utility transfer degree
increases. This is due to the fact that « or 3 blocking an outcome becomes easier
with the increase in utility transfer degree. Note that as utility transfer degree
increases, coalitions not only become stronger in blocking, but they also become
stronger in utility sharing. As utility transfer degree increases given that binding
agreements on transfers exists, an outcome can now become a candidate for y-a-
core by transfers as the example above suggests. Thus transfer giving proposes
opportunuties to cooperate and reach more efficient outcomes as equilibria. The
outcomes that can be blocked in the a-sense [3-sense] when v = 0 can become
a member of the o core [§-core| by a rearrangement of the payoff vector at that
outcome. To include both of those two effects into consideration, we expand the

strategy space of agents by feasible transfers as follows:

Definition 18. Given a finite normal form game ¢ = (N, X,u) and v €
[0,1], a v-TU normal form game is defined as g = (N, (X x T),ua"), where N =
{1,2,--- ,n} is the set of agents, (X x T) is the strategy space where X = [ X;

ieN

k
[kl such

n—1_
and T = (t?)ieN7ke{ScN:1S|S|Sn_1} where t? X — (R+ )2 L

ke{SCN:1<|S|<n—1}
that tf(l’) = (tij)jGS\{i} € Ri with ZjeS\{i} tz’j < Uz(l'), and w0 = (E’I, ﬂg, s ,’lj%)

is the utility profile of the agents where @] : X x T' — R, for i € {1,2,--- ,n}

where ] (¢, t5(2')) = us(e') = ¥yesgay (@) + 7 e e

Definition 19. Given a finite v-TU normal form game g = (N, (X x T),a"),

(x*,t(z*)) € C2(g) (a core of v-TU normal form game) if there is no coalition S :
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Jzg € Xg Vons € Xag such that It(xs, vas) € Ts(xs, was) @ @] (2%, t(x*)) <
u) ((zs,xns), t(xs, zn\s)) for all ¢ € S and 3j € S such that @) (z*, t(z*)) <

uj ((zs, vn\s), HTs, Ta\s))-

Definition 20. Given a finite 7-TU normal form game g = (N, (X x T, "),
(z*,t(z*)) € C4(9) (B core of v-TU normal form game) if there is no coalition S :
Vens € Xams Jrg € Xg such that Jt(zg, xns) € Ts(zg, xag) @ @) (2%, t(z*)) <
u; ((zs, xn\s), Hrs, xn\g)) for all i € S and 3j € S such that (2", t(z*)) <

) ((rs, 23\s), (x5, T3\5))."

H
Now when we turn back to example 2, ((B,b), 0) € C(g) for v € [0, 3],

((A,a), (ti2 = %,tzl =0)) € C(g) for v € [5,1].

Proposition 3. Given a 2 person finite normal form game g = (X, u),

(z*,t(z*)) € C34(9) [C1(9)] if and only if

«

U (", t(x")) > Mingex,Maxq,ex,Ui(Ts, T;)

@ (z*, t(z*)) > MAT 3, e x, NN e x ;Ui (T3, T5)]

for Vi € N and @ (a*,t(z*)) is v-efficient.

Proof: Let g = (X, u) be a 2 person finite normal form game and (z*, t(z*)) €
C5(9) [C2(3)], then for Vi e N
Y

u) (27, 6(x")) > mingex,Maxq,ex,Ui(Ti, T;j) [MaTy,ex,mingex,;ui(Ts, 1;5)],

because if there exists i € N such that

) (x, t(x%)) < min:cjexjma%,-exiui(%,%’) [max$ieximinwjexjui(xi,mj)],

3Definitions of a- and B-core defined here are compatible with the definitions provided in
Chapter 2.
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coalition S = {i} y-blocks @ (z*, t(x*)) in the S-sense [a-sense| by playing (z;,t;)
where t;(x) = 0,

T = arg{ming e x, Maxy,cx,ui (i, ;) arg{mary,c x, ming e x, u; (i, ;) }.

Contradiction with (2% t(2*)) € C3(g) [C7(g)]. Now assume on the contrary
w'(z*,t(z*)) is -dominated. Then 3(2’,t(2’)) € X x T such that Vi € N,
a; ((z*,t(x*)) < @f(2,t(2") Vi € N and 3j € N @) ((z*, t(z*)) < aj(2',t(a")).
Contradicting with the fact that (z*,¢(z*)) € C3(g) [C7(9)]. Hence w(z*,t(z*))

is not y-dominated.

Now given a 2 person finite normal form game g = (X, u), let the out-
come (z*,t(z*)) be such that Vi € N @] (2", t(x*)) > ming ex,mary,cx,ui(T;, ;)
[Max,,ex,ming e x,;wi(vs, v;)] and u’(2* t(z*)) is not y-dominated. Assume on

the contrary that (2%, t(z*)) & C3(9) [C7(9)]. As
w) (2%, t(2%)) = ming, ex, MaZy,ex,Ui(Ts, ;) [MAT e x,MiNG e x, Ui (T3, ;)]

S = {i} is not a 7 blocking coalition in the [-sense [a-sense| as an agent can
not transfer herself any utility from outside resources. Thus it should be the
in the [-sense [a-sense]. Therefore

grand coalition that v blocks uw”(z*,t(x*)
there exists (2/,t') € X x T such that ]

)
(' t(z") > u)(xz*,t(z*)) Vi € N and
3j € N such that @} (2',t(2")) > @j(z*,t(z*)). Then u(2',t(z')) 7-dominates
' (z*,t(2*)), a contradiction. Hence (z*,t(2*)) € C}(3) [C1(7)].0

Now, theorem below shows the close relation between the core of the associated

side payment game v} [v] and C§(7) [C,(9)]-

Theorem 5. Let g = (N, X, u) be a finite normal form game, if (z*,t(2*)) €
C’é@) [CL(9)] then W (z*,t(z*)) € Core(vy) [Core(vd)]. Andify = (y1, -+ ,yn))
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€ Core(v}) [Core(vd)] then 3(a*,t(z*)) € C3(g) [Ca(9)] such that w (z*, t(z*))

:y.

Proof: Let g = (N, X,u) be a finite normal form game. Suppose that
(z*,t(2z*)) € C4(g) [CL(9)], thus there is no coalition S € N such that

Veams € Xys Jrs € Xg such that
Vie S t(xs,znms) € Ts(zs, wms) @ @] (2%, t(2")) < @] ((zs, zms), t(zs, zn\s))

and 3j € S such that @] (2", t(2")) < 4 ((zs, v3\5), L(Ts, Tn\s))-

As S = N is also possible as well, one has z* € argmazzex Y ;o ui(x). That
is D ien i) = vi(N) [04(N)]. Assume on the contrary that @”(z*,t(z*)) ¢
Core(vy) [Core(vy)]. Then 3S" C N such that v3(S") [v(S")] > > e @] (2%, t(z7)).

Then by playing strategy

arg{xrjrg(l max wi(x;, xj)}[arg{glg)cc xIJIél)I{l wi(wi, ;) }H,

coalition S” C N 7-blocks @ (z*,t(z*)) in the [-sense [a-sense|. Contradiction

with (2%, ¢(z*)) € C4(7) [CL(T)).

Now let y = (y1,- -+ ,yn)) € Core(vy) [Core(vy)]. Now as vi(N) [v(N)] =
> ien Yi and utility is transferable of degree 1, there exists an outcome z* € X
such that z* € argmax) . NaeX u;(x) and allocation y can be regenerated from
u(z*) via transfers such that @”(z*,t(z*)) = y. Now suppose that (z*,t(z*)) ¢
C5(@) [CL(G)], then 3S C N : Vays € Xy\s g € X such that It(zg, zn\s) €
Ts(xg, xng) = 4 (2%, t(z")) < @] ((zs, vns), t(xs, xns)) foralli € Sand 3j € S
such that (2", t(z*)) < @ ((zs,vms), (s, 2ms)) [Frs € XsVanms € Xmg
such that 3t(zg, xn\s) € Ts(zg, xans) = @) (%, t(z*)) < @] ((xs, n\s), t(zs, Tans))

u (
for all i € S and 3j € S such that @} (v*,t(2*)) < @] ((rs, 2ms), H(Ts, Ta\s))]. As
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utility is 1-transferable, summing up inequalities side by side one has (y;)jecs =
ul(z*, t(z*)) < wi((rs, zms), t(xs, za\s)). Contradiction with the fact that y €

Core(vg) [Core(v)]. O

Lemma 2. Given a 2 person finite normal form game g = (X, u), where
u: X1 x Xy — R%, and u(z) > 0. For any « € [0,1], if ((21,t1), (2, t2)) € NE(3),
then (z1,22) € NE(g(t1,t2)).

Proof. Let ¢ = (X,u) be a 2 person finite normal form game where u :
Xy x Xy — R, and u(z) > 0 Vo € X. Suppose ((z},t1), (xh,12)) € NE(g) but
(z1,24) € NE(g(t1,t1)). Then 3i € N such that x; ¢ BR;(z}) in game g(t1,%1).
Hence ] ((BR;(2}), t:), (2, t;)) > ] (a7, ), (2], t2)), hence agent i is better off
if he changes his strategy to (BR;(7}),t;), a contradiction with the fact that

((13/1, tl)? (.77,27 tQ)) S NE(?)D

Lemma 3. Given a 2 person finite normal form game g = (X, u), where
u: Xy x Xy — R%, and u(z) > 0. For any v € [0,1], if (2, t1), (¢4, t2)) € NE(7),

then 2} € BR;(z}) Vi € N in game g.

Proof. Let ¢ = (X,u) be a 2 person finite normal form game where u :
Xy x Xy — R%, and u(z) > 0 Vo € X. Suppose ((z},t1), (xh,12)) € NE(g) but
Ji € N such that x; ¢ BR;();) in game g. As 2 is not a function of ¢; agent i is
better off by changing his strategy to t(z;, z;) = {0 if (x;, x;) = (2, 2%), ti(z;, x;)
otherwise} and x; = BR;(2) as u; ((BRi(}),t;), (2),t;)) > w} (2}, t;), (2], 12)).

A contradiction with the fact that ((x},t1), (25, t2)) € NE(g).O

Theorem 6. Given a 2 person finite normal form game g = (X, u), where u :
Xy x Xy — R%, and u(z) > 0 Vo € X. Let v € [0,1] be given, ((t1,}), (t2,25)) €

NE(g) if and only if (2, 2}) € NE(g).

Proof. Let ¢ = (X,u) be a 2 person finite normal form game where u :

Xy x Xo — B2, and u(z) >0 Vz € X.
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Suppose ((z,11), (h,t2)) € NE(g) but (2, 2}) ¢ NE(g), 3i € N such that
z; ¢ BR;(7)) in game g, then contradiction with Lemma 3. Hence (z7,z5) €

NE(g).

Let (2}, 24) € NE(g). Consider the following transfer vector: ¢;(z) € TVi € N
such that t;(z}, z4) = 0. For any (7;, ;) such that [z; € BR;(z;) and u;(z;, ;) >
U,j(l‘/l, $/2)], let tz(%l, fj) = Uz(fﬂ fj) and Vx,; € X; ti(l‘i, f]) > 0 such that El%l € X;

such that 7; € argmin,, u;(z;, z;) and W@ ((F;, ), (T, 1;)) < W (@, 1), (T, 1))

Note that EI%Z« € X as u;(], 15) > Maxy,ex,Ming,ex,ui(T;, ;). For any other
z € X let t;(z) = 0. By construction (2, z}) € NE(g(t1,t2)), hence deviations

in strategies in game g(t1,t2) are not beneficial.

Note that Vi € N @ ((x}, t;), (2], t;)) = wi(z}, 25) > @} (27, 7), (2}, t;)) for any
t; € T and V(x},2}) € NE(g(t;,t;)) with (2}, 27) # (27, 25) as change in #; does
not effect the strategy ZE; and as agent j propose to play the min strategy for

u;(x) except for the outcome (), x%). Hence ((z,t1), (25, t2)) € NE(g). O

Corollaryl. Given a 2 person finite normal form game g = (X, u), where
u: Xy x Xo — R%, and u(x) > 0. For any v € [0, 1] given, let (z},25) € Ca(g),
3(t1,t2) € Ty x Ty such that ((2],t1), (25, t2)) € NE(g) only if (2}, 2) € NE(g).

Corollary2. Given a 2 person finite normal form game g = (X, u), where
u: Xy x Xy — R%, and u(z) > 0. Let v € [0,1] given, let (2],2%) € Csl(g),
A(t1,ta) € Ty x Ty such that ((x),t1), (25, t2)) € NE(g) only if (27, 25) € NE(g).

30



CHAPTER 4

v—TU PREDONATION GAMES

In this chapter following the idea of Sertel, we will study the semi-transferable
utility games when it is possible to make predonations. To insert a predonation
mechanism to normal form games when utility is semi-transferable we construct
a two stage game to assure that the announced transfers will realize. In our
analysis we will preserve the characteristics of the normal form game like the
strategy space and simultaneity of the actions, and analyze how introduction of

predonation mechanisms will effect the wellfare of the players.

Sertel (1992) shows that in case of bargaining problems, predonation mecha-
nisms yield an increase in the total welfare of the agents. Now, given a normal
form game, it is clear that if only one agent has the right to make transfers, this
agent will not get worse off with respect to Nash Equilibrium outcomes of the
normal form game as he always have the opportunity to choose his strategy to
be making no transfers and play the original game. Whereas in the case where
all agents have the right to make transfers, it is ambigious whether total welfare

will increase in stable outcomes.

Definition 21. T' = (N, H, P, 2;) is an extensive game with perfect informa-
tion where
N is the set of players,

H is set of sequences (finite or infinite) that satisfies three properties as
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i. The empty sequence & is a member of H,

. If (ag)g=1,. .k € H and L < K then (ay)k=1,.r € H (where K may be

infinite).

ili. If an infinite sequence (ay)3>, satisfies (ay)g=1,.. € H for every positive
integer L then (a;)32, € H.

Each member of H represents a history where each component of a history
shows an action taken by a player during the play of the game. A history
(ak)k=1,..x € H is terminal if it is infinite or if there is no a K + 1 such that
(ak)k=1...k+1 € H. The set of terminal histories is denoted Z.

Function P assigns to each nonterminal history (each member of H\Z) a
member of N.

2, is the preference relation of player i on Z.

After any nonterminal history h player P(h) chooses an action from the set

A(h) = {a: (h,a) € HY.

Definition 22. A strategy of player i € N in an extensive game with perfect
information I' = (N, H, P, (17);) is a function that assigns an action in A(h) to

each nonterminal history h € H\Z for which P(h) = 1.

Definition 23. A Nash equilibrium of an extensive game with perfect in-
formation T' = (N, H, P, (77);) is a strategy profile s* such that for every player
i € N we have O(s*,, s¥) 7=; O(s*,, s;) for every strategy s; of player i. (O(s*;, s})
denote the outcome that is realized when strategy profile s* is chosen. Notation
(s*,,s;) denotes the case that the players except than i stick to their strategies

at s* whereas agent ¢ deviates and plays s;.

Definition 24. A subgame perfect equilibrium of an extensive game with
perfect information I' = (N, H, P, (7);) is a strategy profile s* such that for every

player i € N and every nonterminal history h € H\Z for which i € P(H) we have
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O(s*; |n, 5 |n) Zi O(s*; |n, s;) where s;|;, denotes the strategy that s; induces in
the subgame I'(h).
A subgame perfect equilibrium is a strategy profile s* in I' for which for any
history h the strategy profile s* |, is a Nash equilibrium of the subgame I'(h).
Given a 2 person finite normal form game g = (X, u) where u : X1 x Xy — R%,

we define the associated game with transfers as a two stage game as follows:

In the first stage, the agents announce a transfer at each outcome, where

ti : X1 X Xo — R such that 0 < ¢;(x1, 22) < w;(21,x9) for any (z1,25) € X; x Xo.

In the second stage, the agents play the normal form game with transfers
g(t1,t2) = (X, @), where u; : X; X Xy — R such that ;(x1,z2) = w;i(z1,29) —

ti(w1, ) + yt; (21, x2) for any (x1,xs) € Xy X X, where i, j € {1,2}.

Definition 25. Given a 2 person finite normal form game g = (X, u) where

X =X x Xo,u: X1 x Xy — Ri, the associated game with transfers, v(G),

is a two stage extensive form game where v(G) = (Y1,Y2, 4], u5), where Y; =
TiXTj

T, x X; T =A{t; : X1 x X9 — R such that 0 < ¢;(x, 22) < u;(21,x2) for any

(Il,xg) € X1 X XQ} and

] ((ty, w1 (), 15)), (t2, w2(t, 15))) = @ (w1 (L1, t2), 21(t1, 2))

= U,i(l’l(tl, tg), I’Q(fl, tg)) — tl<l'1 (tl, tg), .I'Q(tl, tz)) + ’}/t] (Il(tl, tg), {L‘Q(tl, tg))

Definition 26. Given a 2 person finite normal form game g = (X, u), where
u: X1 X Xy — R2, let v(G) be the associated 2 stage game.

((t1, z1(t), ), (t2, z2(t], t5))) is a Quasi Subgame Perfect Equilibrium if and
only if

Lo ((t1, 218, t5)), (t2, ma(t], ) is a NE of v(G) = (Y1, Ys, 4], uq) and

. (a1 (8], t5), z2(t], 1)) is a Nash Equilibrium of g(#},t}) with NE(g(t},1}))
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4.

Given utility transfer degree 7, we will denote the set of Quasi Subgame
Perfect Equilibria as QSPE”, and we say that an outcome x € X is reachable as
a QSPE outcome if there exists x,(t},t}) and =;(}, ;) and t; € T;,t; € T; such

that ((tl,l'l(tll,té)), (tg,l’g(tll,t/z))) € Q)SPEW7

The notion of quasi subgame perfect equilibrium is very similar to the notion
of subgame perfect equilibrium. Note that when ¢, t5 are announced it is possible
to have NE(qg(t},t,)) = &, then QSPE allows players to announce any strategy
function for the second stage. To understand the concept we will investigate

QSPE" of Prisoner’s Dilemma.
Example 3. Prisoners’ Dilemma

Let g = (N, X1 X X5, u) be such that X; = Xy = {C, D} and u be defined
by the following table where agent 1 is the row player and agent 2 is the column

player where u(z) = (u1(z), us(z)).

C D
Cl1,1]30
D 0,322

When the game is transformed to 2-stage game v(G), the game g(t1,1s) is as

follows:

C | @(C,C),a(C,C) | @(C,D),ds(C,D)
D | @(D,C), (D, C) | @ (D, D), is(D, D)
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(1 (C,C),u2(C,C)) = (1 = t1(C, C) +7t2(C, C), 1 — to(C, C) + 711 (C, C))
(u1(C, D), u2(C, D)) = (3 —t1(C, D), ~t1(C, D))

(u1(D, C),u3(D,C)) = (vt2(D, C),3 — t2(D, C))

(i (D, D), u2(D, D)) = (2 —t1(D, D) +~t2(D, D), 2 — t5(D, D) + ~vt1(D, D))

(C,C) € NE(g(t1,tz)) if and only if
1-— t1<C, C) + ’)/tz(c, C) Z ’}/tQ(D, C) (1) and

(C,D) € NE(g(t1,t2)) if and only if
3—1t:1(C,D) >2—t1(D, D)+ ~ts(D, D) (3) and

(D,C) € NE(g(t1,t2)) if and only if
vta(D,C) > 1 —t1(C,C) + vt2(C,C) (5) and
3—1to(D,C) > 2 —ty(D, D) +~t1(D, D). (6)

(D,D) € NE(g(t1,19)) if and only if
2 — t1<D,D> +’7t2(D,D) Z 3— tl(C, D) (7) and
2_t2(D>D>+7t1(D7D) Z3—t2(D,C> (8)

Note that the above conditions are necessary to have an outcome to be reach-
able as a QSPE since the outcome should belong to NE(g(t1,t2)). QSPE" for

v € [0, 1] are as follows:
Casel: v € [0, 3)

Let t(z) = 0 and ty(z) = 0 and 21(t),t,) = {D if [ty(D,C) > % and
t(C,D) > %],C’ otherwise}, xo(t),t,) = {D if [ty(D,C) > % and t(C,D) >
%],C’ otherwise} Equations (1) and (2) are satisfied thus (xq(t1,t2), z2(t1,12)) =

(C,C) € NE(g(t1,t2)). Condition (ii) of definition 27 is satisfied.
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Now we will check condition (i) of definition 27. ((¢1, z1(t],15)), (t2, z2(t],15)))
€ NE(v(Q@)) where (z1(t1,t2), x2(t1,t2)) = (C,C) as follows: Since agents are
symmetric, it is sufficient to show that one sided deviation is not profitable for

agent 1. Agent 1 can change game ¢(t1,t2) to g(t],t2) shown below:

C D
C 1—t,(C,0), 3—t,(C, D),
1+9t,(C,C) 7t,(C, D)
D 0, 2 —t,(D, D),
3 2 +4t,(D, D)

For any t/(C,C') > 0 agent 1 only worse off thus ¢(C,C) = 0 is domi-
nant strategy. For any 0 < t/(C,D) < 3, t|(C,D) < % thus zo(t),t2) =
C'. Similarly there is no use to change t{(D, D) > 0. Changing ¢} such that
NE(g(t},t2)) = @ is not profitable since outcome (C, C') hence payoff vector does
not change. Agent 1 cannot unilaterally deviate and become better off, by symme-
try neither can agent 2, hence ((t1,z1(t],15)), (t2, z2(t],t5))) € NE(v(G)) where
(z1(t1,t2), 22(t1,t2)) = (C,C). Thus ((t1,z1(t],t5)), (t2, zo(t],15))) € QSPE”
where (x(t1,t2), 22(t1,t2)) = (C, C).

(D, D)) is reachable as a QSPE outcome as follows: Keeping z1(#],t,) and
xo(th, 1)) same as above, let t;(z) = {3 if z = (C, D), 0 otherwise}, to(z) = {3
if z = (D,C),0 otherwise}. Now (z1(t1,ta), za(t1,t2)) = (D, D) € g(t1,t2) and
clearly ((t1,z1(t),t5)), (t2, zo(t],15))) € NE(v(G)) where (x1(t1,1t2), x2(t1,12)) =
(D, D). Thus ((t1,z1(t],t5)), (t2, z2(t], t5))) € QSPE" where (x1(t1,t2), x2(t1,t2))
— (D, D).

(C, D)) is not reachable as a QSPE outcome as follows:
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Let (xq(t),t5), x2(t],t5)) be such that if game g(t},t,) has Nash Equilibria,
(x1(t), 1), x2(t],t5)) constitute a Nash Equilibrium, if game ¢(t},t,) does not
have any Nash Equilibrium z;(#),t5) = zo(t],t5) = C. Let Jt; € T} and t5 € T
such that (z1(t1,t2),z2(t1,t2)) = (C,D) € NE(g(t1,t2)). Agent 2 can always
unilaterally change ; = 0, then equation (1) is satisfied for any ¢, (C, C) € [0, 1],
and equation (2) is satisfied for any ¢,(C,D) € [0,3], t;(C,C) € [0,1], hence
(C,C) € NE(g(t1,t5)) and agent 2 is better off as

ﬂ;((thml(t,l’ tg))? (t,2’ jQ(tllatg))) = ag«tl’ C)? (t;’ C)) =

=1 +'7t1(0, C) > 'Ytl(o, D) = ﬂ;((tlaxl(taaté))’ (t27x2(t,17t/2))) =
= a3((t1,0), (ta, D)).

Thus for any ¢, € Ty and ty € To, ((t1, z1(t],t5)), (t2, z2(t], t5))) € QSPE” where

(xl(tlv t2)v xQ(tb t2)) = (Cv D)

As agents are symmetric, similar arguments as above show that for any ¢; € T}
and ty € T, ((tl,xl(t’l, tlz)), (tg, Ig(tll,té))) ¢ QSPE" where

(@1(t1, 12), 22(t1, t2)) = (D, C).
Case 2: v € [3,3)

(C,C)) is reachable as a QSPE outcome as follows: Let zy(t],,) = {D if
[t5(D,C) > = and t1(C, D) > 2], C otherwise}, a5(ty,t5) = {D if [t4(D,C) > *
and t{(C, D) > %], C otherwise}.((0,C), (0,C)) constitute a QSPE as profitable
unilateral deviations are not possible. Agent 1 is not able to profitably devi-
ate as follows: As v € [1,1),(C,D) ¢ NE(g(t},t2)) as equation (4) requires
t(C,D) = % which implies a] (C(t},t2), D(t},t2)) < 1, so agent 1 is worse off.
For a profitable deviation with an equilibrium at outcome (D, D) one needs

Uy (D(t,t2), D(t),t2)) > 3. As to(D, D) = 0, one needs t;(D,D) = =, then
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] (D(t),t2), D(t},t2)) < 1 = @] (C(t1,t2),C(t1,t2)). Agent 2 is symmetric, thus

for v e [%, %), ((6, Jfl(tll,té)), (6, ZL’Q(tll,tIQ))) S QSPE’Y where (Il(t17t2),$2(t1,t2))

(D, D)) is reachable as a QSPE outcome as follows: Similar as in case 1,
((tl,l'l(tll,té)),(tg,l'g(t,l,té))) c QSPE’Y where ($1<t1,t2),1’2(t1,t2>> = (D,D),
where x1(t],t5) and x5(t],t,) same as above, and t;(x) = {3 if x = (C,D),0

otherwise}, ta(x) = {3 if z = (D, C), 0 otherwise}.

For any t; € Tj, ((ty, x1(t),1h)), (ta, 2o(t],15))) & QSPEY where (z1(t1,t),
zo(t1,t2)) = (C, D) as follows. Let (xy(t],t}), z2(¢],t5)) be such that if game
g(t},t5) has Nash Equilibria, (z1(#], 1), z2(t), t5)) constitute a Nash Equilibrium,
if game g¢(t),t,) does not have any Nash Equilibrium z;(¢],t,) = xo(t], t5) = C.
Let 3t; € Ty and ty € Ty such that (z1(t1,t2), xa(t1,t2)) = (C, D) € g(t1,t2). If
uy((t1,C), (ty, D) < 1, agent 2 can always profitably unilaterally change t, = 0
as explained in case 1. If u3((¢1,C), (t2, D) > 1 one has u]((t1,C), (t2, D)) < 1,
then agent 1 can unilaterally deviate and play ¢, = 0 and become better off as
follows: If NE(g(t],t2)) # @, then agent 1 gets a payoff greater than or equal
to 1 as maxm(6’t,2)min$2(67t,2)61(x1(6, th), 2(0,t5)) = 1. If NE(g(t],t2)) = @,
then outcome (C,C) will be realized with payoff @] (z1(0,t}), 22(0,15)) = 1 +

’}/tg(o, C) >1>1= ﬂi’((tl,C’), (tQ,D)

As agents are symmetric, similar arguments as above show that for any
tl S T1 and tg S T2 ((tl,xl(tll,té)),(tg,xg(tll,té))) ¢ QSPE’Y where (ZL‘l(tl,tQ),
xQ(tlth)) = (D,C)

Case 3: v € [5,1)

For v = 3, x1(t},th) = {D if [t4(D,C) > * and ¢|(C, D) > %]’C otherwise},

- 7
ooty th) = {D if [ty(D,C) > L and #(C, D) > 1],C otherwise}. ((0,a1(t},15)).

1
¥
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(0, 25(t,,1,))) € QSPEz where (x1(t1,t2), 22(t1,12)) = (C,C) as profitable uni-

lateral deviations are not possible.

For v > 2, for any ((t1, z1(t],t})), (t2, 22(t, 5))) ¢ QSPE" where (w1(t1,t2),
xo(t1,t2)) = (C,C) as follows: Agent 1 can unilaterally profitably deviate by

announcing t,(C, D) = %,t;’(D,D) = 2t;(x) = 0if x € {(C,C),(D,C)}.
(CvD) < NE(g(tlll>t2)) as

a;(c(tlllth): D(tllla t2>) =1>1- t2<ca C) = a’g(C(tlllj t2>7 C<tll,>t2)) and

" " ]. " "
u (C(ty,t2), D(ty,12)) = 3 — ~ 12 713(D, D) = a{(D(ty,12), D(ty, 12)).

Agent 1 is better off as
@ (C(ty,12), D(ty,t2)) = 3= 1 > 1 > @ (C(tr, t2), C(tr, 2)).
(Note that in above cases we have shown that if ((t1,z1(t],5)), (ta, x2(t],15)))

€ QSPE" where (x1(t, t), 22(t1, 1)) = (C.C), @ (1, C), (t2,C)) = 1.)

For any t; € T;, ((t1,z1(t],t5)), (ta, z2(t), 1)) ¢ QSPE"Y where (z1(t1,ts),
za(t1,t2)) = (C, D) as follows. Let (x(t],t}), z2(t],t5)) be such that if game
g(t},t5) has Nash Equilibria, (z1(#], 1), z2(t), t5)) constitute a Nash Equilibrium,
if game g(#],t,) does not have any Nash Equilibrium z(t],t)) = xo(t}, ;) = C.
Let 3t; € T1 and ty € Ty such that (z1(t1,t2), x2(t1,t2)) = (C, D) € g(t1,t2). If
uy((t1,C), (ty, D) < 1, agent 2 can always profitably unilaterally change t, = 0
as explained in case 1, thus a3 ((t1,C), (t2, D) > 1. Then a]((t1,C), (t2, D) < 2 as
$<y<1Ifty(D,C) > % agent 1 can unilaterally deviate and play ¢, (z) = {0 if
x € {(C,C),(D,C),(D,D)},3if = (C, D)} and become better off as (D, D) €
g(ty,t2) and @ ((t;, D), (t2, D)) = 2 > @]((tr,C), (ts, D). If t2(D,C) < I agent 2
can unilaterally deviate to t,(x) = {0 if = € {(C, C), (C, D)}, Sifr=(D,C), 2if
z = (D, D)} and become better off as (D, C) € g(t1,t,y) and @] ((t, D), (t, D)) >

1 = u3((t1,C), (ta, D). Hence for any t; € T;, ((t1,z1(t,th)), (t2, z2(t),15))) ¢
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QSPE" where (z1(t1,t2), 22(t1,t2)) = (C, D) for % <y<l1

As agents are symmetric, similar arguments as above show that for any
tp € Th and to € Ty ((t1,x1(t),t5)), (t2, 22(t), 15))) ¢ QSPEY where (z1(t1,t2),

Ig(tl,tg)) = (D,C) for % <y < 1.

Whereas for v = 3, ((t1, z1(t],t5)), (2, 22(t], 1)) € QSPE"Y where (21(t1, t2),
zo(t1,t2)) = (C, D) and (xy(t],t5), z2(t), 1)) are such that if game g(¢],t5) has
Nash Equilibria, (x1(t},t), z2(t],t5)) constitute a Nash Equilibrium, if game
g(t},t) does not have any Nash Equilibrium x; (¢}, t5) = xo(t], t5) = C, t1(z) = {0
if z € {(C,C),(D,C)},2ifz € {(C,D),(D,D)}}, ta(z) = 0. And ((t1, z1(},1})),
(ta, mo(th, 1)) € QSPE"Y where (x1(t1,t), 22(t1,12)) = (C,D) and t,(z) = 0,
to(x) ={0if x € {(C,C),(C,D)}, 2 it x € {(D,C),(D,D)}}.

Similar as in case 1, ((t1, x1 (8], 5)), (t2, x2(t],15))) € QSPEY, where (z1(t1, t2),
zo(t1,t2)) = (D, D) and x1(t), ) and zo(t),t5) are such that if game g(t),1))
has Nash Equilibria, (z1(¢],t5), z2(t],t5)) constitute a Nash Equilibrium, if game

g(t},t5) does not have any Nash Equilibrium x, (], t,) = x2(t],t,) = C, and
t1(z) = {3 if 2 = (C, D), 0 otherwise}, to(x) = {3 if x = (D, C), 0 otherwise}.

Case 4: v = 1.

Similar arguments as in case 3 show that for any t; € T} and ty € Ty,

(1, 21 (5, 15)), (b2, 2 (£, £4))) & QSPE" where (2,(t1, t2), 22(t, t2)) = (C, C).

Similar as in case 1, ((t1, z1(¢],t5)), (ta, T2(t), t5))) € QSPE! where (z1(t1, ts),
a(t1,t2)) = (D, D) and a1 (ty,15) = {D if [t5(D,C) > 7 and #(C, D) > 1], C
otherwise}, xo(t],t5) = {D if [tH(D,C) > % and ¢} (C, D) > %],C’ otherwise} and

ti(x) = {3 if z = (C, D), 0 otherwise}, to(z) = {3 if z = (D, C), 0 otherwise}.
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For any t; € T;, ((t1,1(t), 1)), (t2, xa(t], 1h))) & QSPE" where (z1(t1,ts),
To(t1,t2)) = (C, D) as follows. Let (xy(t],t5), z2(t],t5)) be such that if game
g(t},t5) has Nash Equilibria, (z1(t],t5), zo(t],15)) constitute a Nash Equilib-
rium, if game g(t},t,) does not have any Nash Equilibrium z, (], t}) = z2(t], t5)
= C. Let 3t; € T} and ty € Ty such that (xq(t1,12),22(t1,t2)) = (C,D) €
g(t1,t2). Now if ¢1(C, D) < 1,a9((t1,C), (ta, D) < 1 and agent 2 can always prof-
itably unilaterally change t, = 0 as explained in case 1, thus ¢;(C, D) > 1 and
ug((t1,C), (t2, D)) > 1. If t1(C, D) > 1,4{((t1,C), (t2, D) < 2 and agent 1 can
unilaterally deviate to t(z) = {t,(C, D) — e > 1 if x = (C, D), t,(2) otherwise}
and become better off as @] ((t],C), (ty, D)) =3 — t,(C, D) +¢ > 3 — ,(C, D) =
u]((t1,C), (t2, D)). (Note that this rule is generally true for a QSPE, that is
the transfers given should be minimal possible.) Therefore ¢,(C, D) = 1, then
agent 2 can unilaterally deviate to t,(z) = {0 if z € {(C,C),(C,D)},3 if
z=(D,C),t1(D,D) if x = (D, D)} and become better off as follows: (D, D) €
g(ty,ty) since 4] ((t1,C), (t3, D)) = uy(C, D) —t,(C,D) =3 —t,(C,D) =3 -1 =
2 <2—t(D,D) +ty(D,D) =2—t,(D, D)+ t,(D, D) = @ ((t1, D), (t;, D) and
iy ((t1, D), (ty,C) = 0 < 2 — ty(D, D) + t,(D, D) = 2 = uy((t1, D), (t5, D). As
uy((t1, D), (ty, D) = 2 > 1 = a3((t;,C), (ty, D)) agent 2 is better off. Thus
for any t; € Ty and to € Ty ((t1,21(t),1h)), (t2, z2(t),t5))) ¢ QSPE' where
(1(t1,t2), z2(t1,t2)) = (C, C).

As agents are symmetric, similar arguments as above show that for any
tl € T1 and t2 € TQ ((tl,l'l(tll,té))7(tg,l’g(tll,té))) ¢ QSPEl where (ZL‘l(tl,tQ),
xQ(tlth)) = (Da C)

For v € [0,3),(D, D) is reachable as a QSPE outcome with ¢;(z) € Ti,
ta(x) € T such that t,(C, D) — t,(D,D) + vt2(D,D) = 1 and t2(D,C) —
to(D, D) + ~t1(C, D) = 1 where t1(C, D) € [1,2] and t5(D,C) € [1,2] as fol-
lows: With given t;(x) € T; one has @] ((t1, D), (t2, D) = @] ((t1,C), (t2, D) and
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uq((t1, D), (t2, D) = ug((t1, D), (t2,C). Hence (D, D) € g(t1,t2). Equations (7)
and (8) being tight with ¢,(C, D) € [1,2] and t2(D, C) € [1, 2] implies the follow-
ing: Firstly @ ((t1, D), (t2, D) > 1,Vi € N. Secondly agent ¢ cannot unilaterally
deviate from ¢; and become better off since only outcome that agent ¢ could be-
come better off is outcome (D, D) as v € [0,3). Thus (D, D) is rachable as a
QSPE outcome with @ ((t1, D), (t2, D)) = (2—t1(D, D)+~t2(D, D), 2—ts(D, D)+
~vt1(D, D)) > (1,1).

For v € [3,1], (D, D) is reachable as a QSPE outcome with ¢1(z) € T}, t5(z) €
Ty such that t1(C, D) — t1(D, D) + vt2(D, D) = 1 and t2(D,C) — to(D, D) +
~vt1(C, D) = 1 where t;(C,D) € [1,%] and t3(D,C) € [1,%] as follows: With
given t;(x) € T; one has @] ((t1, D), (t2, D) = u]((t1,C), (t2, D) and @g((t1, D),
(ta, D) = ug((t1, D), (t2,C). Hence (D, D) € g(t1,t2). Equations (7) and (8)
being tight with ¢,(C, D) € [1,7] and t,(D,C) € [1, 7] implies the following:
Firstly ] ((t1, D), (t2, D) > 3 — %,Vi € N. Secondly agent ¢ cannot unilaterally
deviate from ¢; and become better off since agent can maximally get 3 — %y at
an outcome different than (D, D). And it is not possible to make (D, D) €
NE(g(t;,t;)) where @, (D(t},t;), D(t;,t;)) as equations (7) and (8) are tight. Thus
(D, D) is reachable as a QSPE outcome with u”((t1, D), (to, D)) = (2—t1(D, D)+
Vt2(D, D), 2 —t5(D, D) + 7t1(D, D)) > (3 = 2,3 — 7).

Example 4. Centipede game
T ¢ 2 ¢ 1 Cc 2 CcC 1 C 2 C

(1,0) (0,2) (3,1) (2,4) (5,3) (4,6)

The corresponding strategic normal form game is given by the below table

where player 1 and 2 are row and column players respectively.

X; =X, ={555,55C,5CS,SCC,CSS,CSC,CCS,CCC}, and
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(1, xe) = (uy(xq, x2), us(xy,x2)) are given in the below table.

SSS SSC SCS SCC (€SS CSC CCS CCC

SSS (10 [1,0 |10 |10 |1,0 |10 |10 |10

SSC (10 |1,0 |10 |10 |1,0 |10 |1,0 |10

sCs |10 |10 |10 |10 |10 |10 |10 |10

scCc (10 [1,0 |10 |10 |1,0 |10 1,0 |10

¢ss (0,2 02 (0,2 (02 |31 |31 |31 |31

¢csCc (0,2 102 (0,2 0,2 |31 |31 |31 |31

ccs |02 102 |02 |02 |24 |24 |53 |53

ccclo2 |02 |02 |02 |24 (24 |46 |65

1 = min,, max,, u; ($1, 372) =L

By = min,, max,, us(xy,x2) = 0.
iz = (21,23) € {SS5,55C,SCS,SCC} x Xy where u(z) = (1,0).

For v < 0.15,

((t1, z1(t), 1)), (ta, z2(t], t5))) € QSPEY where (z1(t1,t2) , xa(t1,12)) = .

Let (x1(t],t5), x2(t],t5)) are such that if game ¢(¢},t,) has Nash Equilibria,
(x1(t), 1), x2(t], ty)) constitute a Nash Equilibrium, if game g(t/, t}) does not have
any Nash Equilibrium zq (], t}) = zo(t], 1) = SSS. t1(z) = {w(z) if us(x) > 1,

0 otherwise}, to(z) = {us(z) if ug(x) # 2, 0 otherwise}.

Firstly note that x € NE(g(t1,t2)). Agent 1 cannot profitably deviate as
follows:

3+v— % > 1 requires v > 0.73

244y — % > 1 requires v > 0.59

D+ 3y — % > 1 requires v > 0.25

446y — % > 1 requires v > 0.38

6+ 5y — % > 1 requires v > 0.31
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Agent 2 cannot profitably deviate as follows:
1+3vy— %Y > () requires v > 0.43
44 2y — %Y > 0 requires v > 0.22
3+ 5y — % > () requires v > 0.24
6+ 4y — %y > () requires v > 0.15

3+ 6y — % > ( requires v > 0.17

Note that in a game g(¢},t}) agent 1 and 2 individually can guarantee a total
payoff

5—|—37—%+6—|—47—%and 11—}—77—% > 1 whenever v > 0.63, , note that
% < 5 whenever 7 > 0.8 and % < 6 whenever 7 > 0.83 hence z = (x1,22) €

{888,55C,SCS,SCC} x Xy where u(z) = (1,0) is not a part of any QSPE for
v > 0.83.

ii. = = (x1,29) € {CSS,CSC,CCS,CCC} x {SSS,55C,SCS,SCC} =
X, x X, where u(z) = (2,0).

Suppose 3(t1,t2) € T such that ((¢t1,z1(t],15)), (t2, 22(t), 1)) € QSPE" for

some vy € [0, ].] where (Il(thtg),l’g(tl,tQ)) = c Xl X )N(Q.

Note that if x is a part of a QSPE, agent 1 cannot get a payoff of 1 due to

proposition and [ .

As B, = 0 one should have 2 — % > 0 implying v > % (Note also that

2 — % > 1 if v > 1).Now consider z, = C'SS. If in game ¢(t1,t2) BR1(CSS) €
{CSS,CSC,CCS,CCCY} then agent 2 should better deviate as 2 — % <1 as
v < 1and 2 — % < 4. Similar arguments imply that the payoff vector (2,4)
must be destructed by agent 1. Suppose this destruction is at maximal level,

ie. w'(x}),CSS) € {(1,0),(0,1+37v),(0,4+2v)}. But 4+ 27 — % > 2 — %y as

242y >0, and 1+ 3y —% > 2 —% as y > % Therefore A(t;,t,) € T such
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that ((t1,z1(t),15)), (t2, x2(t),15))) € QSPEY where (x1(t1,t2),z2(t1,t2)) = x €

X, x X, for any v € [0,1].

ili. © = (21,22) € {CSS,CSC}x{CSS,CSC,CCS,CCC} = X x X5 where
u(z) = (3,1).

For v < 0.4,

((t1, z1(t), 1)), (to, z2(t), 15))) € QSPE"Y where (z1(t1,t2), x2(t1,t2)) = x €
X X Xo.

Let (z1(t],t5), zo(t],t5)) are such that if game g(t},t,) has Nash Equilibria,
(1 (8], t5), xo(t], th)) constitute a Nash Equilibrium, if game ¢(#/, t;,) does not have
any Nash Equilibrium x; (], t5) = xo(t], ) = SSS. t1(x) = {6 if uy(z) =6, 2 if
ui(z) = 2, 5 if uy(x) =5, 4 if uy () = 4, 0 otherwise}, to(x) = {6 if uy(z) =6, 5
if ug(z) =5, 4 if ug(x) =4, 3 if us(x) = 3, 0 otherwise}.

Firstly note that * € NFE(g(t1,t2)). Agent 1 cannot profitably deviate as
follows:

2+ 4y — % > 3 requires 7y > (.84

D+ 3y — % > 3 requires v > 0.55

44 67— % > 3 requires v > 0.5

6+ 5y — % > 3 requires v > 0.4

Agent 2 cannot profitably deviate as follows:
442y — % > 1 requires v > 0.68
3+ 5y — % > 1 requires v > 0.96
6+ 4y — % > 1 requires v > 0.44

o+ 6y — % > 1 requires 7 > 0.45

Note that agent 1 and 2 individually can guarantee a total payoft

5+37—%+6+4W—%and 11+77—%>4whenever7>0.74, note that

% < 5 whenever v > 0.8 and % < 6 whenever v > 0.83 hence = = (x1,23) €
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{8885,55C,SCS,SCC} x Xy where u(z) = (3,1) is not a part of any QSPE for

v > 0.83.
iv. x = (21,29) € {CCS,CCC} x {CSS,CSC} where u(x) = (2,4).

For v < 0.58,

((t1, z1(t), 1)), (t2, z2(t), t5))) € QSPEY where (z1(t1,t2), x2(t1,t2)) = .

Let (z1(t],t5), zo(t],t,)) are such that if game g(¢},t,) has Nash Equilibria,
(x1(t],t5), z2(t], t5)) constitute a Nash Equilibrium, if game g(t/, t}) does not have
any Nash Equilibrium zq (], 1)) = xo(t],t,) = SSS. t1(z) = {6 if uy(z) =6, 5 if
uy(z) = 5, 0 otherwise}, to(z) = {6 if us(z) =6, 5 if us(z) =5, 3 if ug(x) =3, 0

otherwise}.

Firstly note that x € NE(g(t1,t2)). Agent 1 cannot profitably deviate as
follows:

3—% > 2 requires v > 1

5+ 3y — % > 2 requires v > 0.76

44 67 — % > 2 requires v > 0.68

6+ 5y — % > 2 requires v > 0.58

Agent 2 cannot profitably deviate as follows:
6+ 4y — % > 4 requires v > 0.65

3+ 6y — % > 4 requires v > 0.63

Note that agent 1 and 2 individually can guarantee a total payoff

5—|—3”y—%—|—6—|—47—% = 11+7’y—% and 11—1—77—% > 6 whenever
v > 0.83, note that % < 5 whenever v > 0.8 and % < 6 whenever v > 0.83, hence
= (11,13) € {CCS,CCC} x {CSS,CSC} where u(z) = (2,4) is not reachable
as a QSPE for v > 0.83.

v. = (11,22) € {CCS} x {CCS,CCCY} where u(x) = (5, 3).
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For v < 0.54,

((t1, x1 (], 15)), (ta, x2(t),15))) € QSPE" where (x1(t1,t2), xa(t1,t2)) = .

Let (z1(t),t5), zo(t],t,)) are such that if game g(},t,) has Nash Equilibria,
(1 (8], t5), xo(t], t5)) constitute a Nash Equilibrium, if game g(#/, t;,) does not have
any Nash Equilibrium x;(t],t}) = z2(t],t,) = SSS. t1(x) = {4 if uy(x) =4, 6 if
uy(z) = 6, 0 otherwise}, to(x) = {5 if us(x) =5, 6 if us(z) = 6, 0 otherwise}.

Firstly note that x € NFE(g(t1,t2)). Agent 1 cannot profitably deviate as
follows:
44 67— % > 5 requires v > 0.90

6+ 5y — % > 5 requires v > 0.54

Agent 2 cannot profitably deviate as follows:
4—% > 3 requires v > 1
6+ 4y — % > 3 requires v > 0.80

3+ 6y — % > 3 requires v > 0.76

Note that for v > 0.94 agent 1 and 2 individually can guarantee a total payoff
5—1—37—%—1—6—1—47—% and 11—1—77—% > 8 whenever v > 0.94, note that
% < 5 whenever v > 0.8 and % < 6 whenever 7 > 0.83, hence x = (71,x2) €
{CCS,CCC} x{C8S,CSC} where u(z) = (5,3) is not a part of any QSPE for

v > 0.94.
vi. x = (21, 29) = (CCC,CCS) where u(z) = (4,6).

For v < 0.91,

((t1, z1(t, 1)), (ta, x2(t], t5))) € QSPE"Y where (x1(t1,ts), xa(t1,t2)) = .

Let (z1(t],t5), zo(t], t,)) are such that if game g(t},t,) has Nash Equilibria,
(x1(t],t5), x2(t], t5)) constitute a Nash Equilibrium, if game g(#/, t}) does not have
any Nash Equilibrium z(t},t,) = xo(t],t5) = SSS. t1(z) = {1 if uy(x) =5, 0

otherwise}, to(z) = {5 if us(x) = 5, 0 otherwise}.
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Firstly note that x € NFE(g(t1,t2)). Agent 1 cannot profitably deviate as
follows:
5—%>4require8fy> 1

6+ 5y — % > 4 requires 7 > 0.91 and % < 6 requires v > 1

Agent 2 cannot profitably deviate as she is getting her maximal payoff in the

centipede game.

Note that for v = 1 agent 1 guarantees payoff of 6 4+ 5y — % = 5 and agent 2

guarantees payoff of 6—1—47—% = 5, suppose t}, t}, are such that " (CCC,CCS) =
(5,5) and (CCC,CCS) € NE(g(t},1,)), note that agent 1 can always unilaterally
deviate to t](z) = {(5+¢) — (b — th(CCC,CCQO)) if x = (CCC,CCC), t|(x)
otherwise} where ¢ > 0 (infinitely small),where (CCC,CCC) € NE(g(t],t}))
and @] ((CCC,t)),(CCC,t,)) > 5 , this profitable deviation implies that (CCC,
CCC) cannot be reachable as aQSPE when ~ = 1.

vil. © = (21, 29) = (CCC,CCC) where u(z) = (6,5).

For v € [0, 1],

((t1, x1 (], 15)), (ta, x2(t),15))) € QSPE" where (x1(t1,t2), xa(t1,t2)) = .

Let (z1(t),t5), zo(t],t,)) are such that if game g(},?,) has Nash Equilibria,
(x1(t, 1), x2(t],t5)) constitute a Nash Equilibrium, if game ¢(t},t,) does not
have any Nash Equilibrium (], t5) = xo(t],t,) = SSS. t;1(x) = 6), to(z) = {6

if us(x) = 6, 0 otherwise}.

Firstly note that x € NFE(g(t1,t2)). Agent 1 cannot profitably deviate as
follows:

4+6v—%>6isnotpossibleasy>0and%>4

Agent 2 cannot profitably deviate as

6—%>5requiresy>1
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Note that for v = 1, the only outcome that are reachable as a QSPE is the

one which maximizes total welfare.

Note also that as 7 increases, the outcomes that are reachable as a QSPE are

the ones which are more efficient with respect to total welfare.

We introduced semi transferable utility where utility can assume non-integral
values between 0 and 1 allowing players to utilize their advantages in terms of
payoffs in the outcome space. We added utility transfer to strategic form games
in such a way that players do not have means of coordination when announcing
transfers or choosing strategies, yet it turns out that outcomes that are reach-
able by coordination now become stable equilibria. For the games where Nash
equilibrium gives players their minmax values and self interested players cannot
improve upon these payoffs in spite of existence of superior outcomes for both
agents’ best interests, without having means of cooperation there is an improve-
ment in efficiency of stable outcomes in STU games. Depending on the payoff
and strategy structure of a given game one can achieve welfare maximizing out-
come to be the only equilibrium as v increases. Introduction of STU might have
interesting results depending on variations of the associated STU games such as
agents not moving simultaneously or having right of not aacepting the transfers

given by the opponent. These points will motivate future studies.
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CHAPTER 5

FURTHER STUDIES ON QSPE

In previous chapter we introduced a two stage game given a normal form
game, and we showed that more efficient outcomes can become stable outcomes
in famous examples like Prisoners’ Dilemma and Centipede Game as v increases.
In this chapter we will question whether this is valid for every game by questioning
properties of QSPE. For a better understanding of the QSPE we analyze cases
where choice of transfers and actions are simultaneous or made in an order in
order to utilize the classification of 2 person games of pretension in Koray and

Sertel (1983).
5.1. Simultaneous Choice of Transfers and Actions

As introduced in previous chapter, two stage game is played such that firstly
the choice of transfers and consequtively choice of actions are made simultaneously
by all players. Following remark states that given =, tension between stability

and efficiency prevails for QSPE.
Remark 5. A quasi subgame perfect equilibrium is not necessarily v-efficient.

We have seen in example 1, Prisoners’ Dilemma, for v € (O,%) (C,C) is

reachable as a quasi subgame perfect equilibrium which is Pareto dominated by
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(D, D), i.e. y-dominated for v = 0, hence by Lemma 1, y-dominated Vv € (0, §)

by outcome (D, D).

In Prisoners’ Dilemma it is the case that as 7 increases QSPE outcomes offer
a better payoff to one agent and the other agent is not worse off with respect
to the Nash Equilibrium payoff of the original game. Can we argue in general
that a QSPE outcome is not Pareto dominated at least by one Nash Equilibrium
of the original game? Formally, given a finite 2-person normal form game ¢ let
(t*,z(t)) € QSPE" where x(t) = z* for some v € [0, 1] it is not necessarily true
that Jy* € NE(g) such that z* is not Pareto dominated by y*. Consider the

following example.

Example 5. Consider the following 2-person finite normal form game g¢:

A B C
3311
a| L1137 131
3 3|3 1
bl 3311010
113
Cc 13 Z’O 0,0

(a, A) is the only Nash Equilibrium of game g.

Let (xq1(t},t5), x2(t],t5)) be such that if game g(¢},t,) has Nash Equilibria,
(x1(t],t5), x2(t],t5)) constitute a Nash Equilibrium, if game g(t},t,) does not

have any Nash Equilibrium x4 (t},t,) = ¢, zo(t},t) = C.

Let v = 3 be given. ((t1,z1(t],t5)), (t2, 22(t],15))) € QSPE" where (21(t1, t2),
zo(t1,t2)) = (b, A) where ti(z1,29) = {1 if (z1,22) = (a, A), 0 otherwise} and

to(z1,9) = {1 if (21,22) = (a, A), 0 otherwise}.

g(t1,t2) is as follows:
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s
Sy
Q

al1 133|121
272 | 474 | 274
3 3 3 1

b 47 4 4’0 470
11 3

C 13 4_170 0,0

(b,A) € NE(g(t1,t2)) and we will check whether agent 1 can unilaterally

deviate by changing t;(x1,z2). Agent 1 can transform game to g(t},t2) as follows:

()

A

B

C

uy(a, A),us(a, A)

uy(a, B), us(a, B)

?71(@, C), 62(0,, C)

a1 (b7 A)v a2(bv A)

a1(ba B)762(b7 B)

ﬂ1<b, O)v a2(b? C)

ﬂl (C, A), ﬁg(c, A)

171(0, B), 62(6, B)

ﬂl (C, C), "LZQ(C, C)

(tir(a, A), Ua(a, A) = (3 — t1(a, 4), 71y (a, A))

(i (a, B),Tio(a, B)) = (§ — (e, B), § +1t:1(a, B))
(iin(a, C), iz(a, C)) = (5 — t1(a, C), § +71(a, C))
(@ (b, A), ia(b, A)) = (§ = 11(0, A), § +911(b, A))
(@1 (b, B), (b, B)) = (§ — t1(b, B),71,(b, B))

(@ (b, C), U2 (b, ©) = (3 — £1(b,C), 7, (b, C))

(i (e, A),a(c, A)) = (1 = 11, A), 5 + 711 (e, A))
(e, B), (e, B)) = (§ — ty(e. B), 7t (c, B))
(1(c, C), uz(c,C)) = (0,0)

Only outcome that agent 1 possibly becomes better off is (a, A). (a,A) €
NE(g(t},ts)) requires 3 — t{(a, A) > 3 and ~t(a, A) > 3. Second inequality im-
plies t{(a, A) > 3y = 3. Then 2 —#|(a, A) < 0. Thus agent 1 can not beneficially
unilaterally deviate. Note that in case of a game such that NE(g(t),t2)) = @,
agent 1 can get at most % < %, hence a beneficial unilateral deviation for agent 1

such that NE(g(t},t2)) = @ is not possible.
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Similarly in game g¢(t;,t,) agent 2 can only become better off at (a, A).

a,A) € NE(g(t1,t,)) requires 2 — t4(a, A) > 3 and t,(a, A) >
2 2 2

5 7l Second in-

NS

equality implies ty(a, A) > 3y = 2. Then 2 — #)(a,A) < 0. Thus agent 2
cannot profitably unilaterally deviate. Note that in case of a game such that
NE(g(t1,t})) = @, agent 2 can get at most 3 < 2, hence a beneficial unilateral

deviation for agent 2 such that N E(g(t1,t,)) = @ is not possible.

Thus ((tl,ﬂfl(t/l,tlg», (tg,l’z( ll,té))) S QSPE% where (l’l(tl,tg),l‘g(tl,tg)) =
(b, A) and outcome (a, A) € NE(g) Pareto dominates (b, A).

It is clear that if the right of transfer giving belongs to only one agent in the
game, that agent will always become better off or at least he is not worse off at a
QSPE outcome with respect to Nash Equilibria of game g, as he always has the
opportunity to play ¢ = 0 and play the original game g. When all agents have
the opportunity to transfer the game into another via transfer making, and they
do it simultaneously; as they do not communicate, it is possible that both agent
might have changed the game to another such that restoring the original game

by unilateral deviations via transfers is not possible.

In Prisoners’ Dilemma we have seen that the 1-efficient outcome where social
welfare is maximized is reachable by predonation games even when v = 0, and for
v > % 1-efficient outcome is the only QSPE outcome, which can be interpreted as
an improvement in the wellfare. Given a finite normal form game g, is it always
possible to reach the l-efficient outcome as a QSPE outcome for some v € [0, 1]7

Following example shows that it is not necessarily true.

Example 6. Consider the following 2 person normal form game:

C D
C| 0,0 |5, 15
D| X 1] 6,0
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(D, D) is the only 1-efficient outcome.

Let (x1(t], 1)), x2(t],t5)) be such that if game ¢(t},t,) has Nash Equilibria,
x1(t . th), xo(t), th)) constitute a Nash Equilibrium, if game g¢(¢},t,) does not
( ( 1> L2), 159 q ) g g\ty, b

have any Nash Equilibrium 1 (t1,t3) = x2(t1,t2) = C.

For any t; € T;, ((t1,m1(th,t5)), (t2, xa(t), 1)) & QSPE°® where (z1(t1,ts),
zo(t1,t2)) = (D, D), as (D, D) € NE(g(t1,t2)) requires that to(D,C) = 1 where
) (D(t1,t5), D(t1, 1)) = 0. Agent 2 is better off if she deviates and plays ¢, = 0
as (D,C) € NE(g(t1,t,)) for any t; € T} and @y (D(t1,t5),C(t1,15)) =1 > 0 =
Uqg(D(ty1,t2), D(t1,t2)).

For any v > 0 and for any t; € T;, ((t1,z1(t],15)), (t2, 22(t], 1)) ¢ QSPE"Y
where (z1(t1,t2), x2(t1,t2)) = (D,D). Let 3t; € T and ty € T, such that
(x1(t1,t2), 22(t1,t2)) = (D, D) € g(t1,t2). If ug(D(ty,ta), D(t1,t2)) < 1 as ex-
plained above agent 2 can always deviate to t; = 0 and get better off. @J(D(t1,ts),
D(t1,t3)) > 1 implies that t;(D, D) > “ly > 1as vy € (0,1]. Thus aj(D(t1,t2),
D(ty1,t3)) = 6—1t1(D, D) < 6—% < 5. Note that agent 1 is better off if he deviates
and plays ¢, (z) = {1if 2 = (D, D), 0 otherwise} as (C, D) € NE(g(t],t5)) for any
ts € Ty, and u](C(t],t2), D(t], t2)) = ¥ > 1 > a](D(t1,t2), D(t1,t2)). Thus for
any t; € Ty, ((t1, 21 (8], t5)), (ta, za(t), 1)) € QSPEY where (x1(t1,t2), za(t1,t2)) =
(D, D).

Hence for Vt; € T; and Vv € [0,1], ((t1, x1(t],15)), (t2, x2(t],t5))) ¢ QSPEY

where (Il(tl,tg),l’g(tl,tg)) = (D, D)

Now in example 3 the 1l-efficient outcome where social welfare is maximized

is never reachable as a QSPE outcome for any v € [0, 1].

If reachability of 1-efficient outcome as a QSPE is considered as a measure of
tension between stability and efficiency, we can say that Prisoner’s Dilemma has

tension 0, whereas the game in example 6 has tension infinity.
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Remark 6. Example 6 also shows that it is not necessarily true that given
v € [0,1], if (2, 23) € argmax 3 ic(1 9y () mp)ex WilT1,T2) is not reachable as a

QSPE outcome, then QSPE"Y = @.

Now following remark states that if we pick an outcome (71, 72) € X7 X X5
is it necessarily true that the set of v such that (z;,Z2) is reachable as a QSPE

outcome is connected.

Remark 7. Given a 2 person finite normal form game g = (X, u), where
u Xl X Xg — Ri, let (i‘l,fg) € Xl X X2 and I(i‘l,fg) = {’}/ S [0,1] . Htl S E
such that ((tl,‘fl(t,hté)), (tg,l’g(t’l,té))) c QSPE’Y where (Z)’Jl(tl,t2>,$2(t1,t2)) =

(Z1,Z2)}. I is not necessarily connected. The following constitutes an example:

Example 7. Consider the following 2 person normal form game:

C D
1 1

C 100° 100 3,0
11

D 200 100 2,2

Let (xq(t},t5), x2(t],t5)) be such that if game g(t},t,) has Nash Equilibria,
21 (1), 1), vo(t), t5)) constitute a Nash Equilibrium, if game ¢(¢},t,) does not
(z1(t7, 85 15 b2 q ) g g\ly, Lo

have any Nash Equilibrium (], t5) = xo(t},t,) = C.

For v = 0, let t;(z) = {1 if z = (C, D), 0 otherwise}, and t5(x) = 0. (D, D) €
NE(g(t1,t2)). ug(D(t1,t2), D(t1,t2)) = 2 is the maximal utility that agent 2 can
achieve in the given game, hence agent 2 has no incentive to deviate. Can agent
1 become better of by deviating”? Only outcome that agent 1 can become better
off is (C, D) where agent 2 gets a payoff of zero, (C, D) ¢ NE(g(t},t2)) Vt| € T.

Thus agent 1 cannot profitably deviate, and ((t1,x1(t],15)), (t2, x2(t],t5))) €
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NE(v(Q)) where x1(tq,t2) = xo(t1,t2) = D. Thus ((t1, z1(t],t5)), (t2, zo(t], 15))) €
QSPEO where I’l(tl,tg) = Ig(tl,tg) =D.

Now for v = }1, agent 1 can guarantee himself a payoff of 3 — 1;30 as playing

t)(z) = {355 if # = (C, D), 0 otherwise}, he can always have (C, D) € NE(t},ts)
Vity € Ty. Assume that 3(t1,ty) € T1x Ty such that ((¢1, x1(¢],t5)), (to, x2(t),15))) €
QSPE% where x1(t1,t5) = z5(t1,12) = D. By previous argument it should be the

case that u](D(ty,ts), D(t1,t9)) > 3 — -, that is 2 + yto(D, D) > 3 —

4 4
100° 100°

hence t5(D, D) > 4(1 — 155) > 2, a contradiction. Hence V(t1,t) € Ti X

TQ, ((tl,xl(t’l,tg)), (tg,xg(tll,té))) ¢ QSPE% Where fL‘l(tl,tQ) = I’Q(tl,tg) =D.

For v =1, let t1(z) = {5 if = (C, D), 0 otherwise}, and t5(z) = {1 — 155
if © = (D, D),0 otherwise}. (D,D) € NE(g(t1,t2)). ug(D(t1,t2), D(t1,t2)) =
1 + 5 and agent 2 cannot get better off at any game g(t1,t5), thus agent 2
has no incentive to deviate. Agent 1 cannot become better of by deviating as
] (D(ty,t3), D(ty,t3)) = 3 — 155 and agent 1 cannot have a strictly greater payoff
at (C, D) which is the only outcome that he can probably get better off at any
game g(t),t3). Thus ((t1,x1(t), ), (t2, T2(t], 1h))) € QSPE! where x1(ty,t3) =
Ta(t1,t2) = D. Therefore 0,1 € I(D, D) whereas ; ¢ I(D, D), hence I(D, D) is

not connected.

Proposition 4. Given a 2 person finite normal form game g = (X, u), where
u: X1 X Xg — Ri, and U,(LU) >0Ve e X. If ((tl,xl(tll,té)),(tg,!ﬂg(tll,té))) c

QSPE" where x;(t1,t2) = T;, one has
) (Zi(t1, t2), T;(t1, t2)) > Ming,ex, MaLy,ex,ui(Ts, ;).

Proof: Let ¢ = (X,u) be a 2 person finite normal form game where u :
Xy x Xy — R%, and u(x) > 0 Vo € X. Let ((tr,z1(t],15)), (t2, za(t], 1)) €

QSPE" where z;(t1,t2) = Z;, but assume on the contrary that 3i € N such that
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] (Ti(ty,t2), Tj(t1, t2)) < mingex,maty,,ex,ui(x;, ;). Then agent i can deviate

to strategy t/(z) = 0, now there are 3 cases:

Case 1: NE(g(t,,t;)) # @ and (Z;,%;) € NE(g(t,,t;)) where Z; € BR;(Z;)

then @) (Z;(t),t;), Z;(t},t;)) = ming, ex,maxy,ex,ui(T;, ;) as t; = 0.

Case 2: NE(g(t],t;)) # @ and (%;,%,;) € NE(g(t},t;)) where Z; ¢ BR;(Z;). As
t/(x) = 0, it should be the case that t;(Z;, Z;) > 0 such that @) (Z;(t}, t;), #; (], t;)) >
u;(BR;(Z;),%;). Thus Z; constitutes a best response strategy to Z; in game

g(ti, t;), hence @] (%;(t],t;), T;(t;, ;) > Mingex;Mary,ex,ui(vs, ;).

Case 3: NE(g(t;,t;)) = @. Then agents are free in choosing their strate-
gies, and agent ¢ can choose his deviation strategy as x; € BRi(x;») where
agent 2 proposes to play x; in case NE(g(t;,t;)) = @. Thus again one has

@ (23, 1), 25t 1)) > ming, ex,mawy,ex,wi(ws, ).

Proposition 5: Given a 2 person finite normal form game g = (X, u), where
u: Xy x Xy — R, and u(x) > 0 Ve € X. Let C3(g) = @ and 37 € [0, 1] such
that Vo € X Vi(r) € T 3i € N such that, @/ (£, Z) < ming,ex,mazy,cx,wi(v:, ;)

for all v < #, then QSPE"Y = @ for v < 7.

Proof: Let ¢ = (X,u) be a 2 person finite normal form game where u :
X1 x Xy — R, and u(z) > 0 Yz € X. Let v = 0 and suppose that C§(g) = &,

then by proposition 3 there are 2 cases:

Case 1: Vo € X Ji € N such that u;(z) < ming,ex;mazs,ex,ui(z;, ;). Then
V(t,x) € Tx X one has @] (t,2) < ui(2) < ming,ex,mat,,ex,ui(x;, ;) for vt € T.

By proposition 4 QSPE® = &.

Case 2: If 2z € X such that u;(x) > min,,ecx,;max,,ex,ui(xi, z;) Vi € N but

x ¢ C3(g), © is Pareto dominated by some & € X. If Z is not Pareto dominated,
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by proposition 3 3(t,%) € C3(9), contradicting Cj(g) = @. Then there must be
an outcome x’ € X such that 2’ that Pareto dominates Z, similar as above if 2’
is not Pareto dominated, by proposition 3 which leads to (¢, ') € C3(7). As the
game is finite this sequence will last and contradict with C’g (g) = @. Thus case

2 is not possible.

And if 35 € [0,1] such that Vo € X Vt(z) € T Ji € N such that ,@](t,z) <
MiNg, e x,MATq e x, Ui (75, ;) for all ¥ <7, then QSPEY = @ for v < 74 by propo-

sition 4. [

Proposition 6. Given a 2 person finite normal form game g = (X, u), where
u: Xy x Xy — R, and u(x) > 0 Vo € X. Let C3(g) = @ and 37 € [0, 1] such

that C3(g) = @ for v < 7, then QSPE" = @ for v < 7.

Proof: In proof of proposition 5 we see that if C'j(g) = @ for v < 7 where
~ € 10, 1], then the 2 cases in proof of proposition 5 suggests that Vo € X 31 € N
such that Vt € T, @/ (t,7) < ming,ex,maxy,ex,ui(x;,v;) for all v < 4. Then by

Proposition 4 QSPEY = & for v < 7.0

Proposition 7. Given a 2 person finite normal form game g = (X, u), where
u: X1 x Xy — R%, and u(z) > 0 Ve € X. If ((tr, 28], 15)), (t2, 22(t], 15))) €
CQSP.E’y where [E1<t/1,t12) == [fl, xg(tll,tlz) == IZ‘Q, then ﬂ:(i’z(tz,t]),f]@wt])) S

ul(BRZ(a_:j), fj),VZ' e N.

Proof: Let g = (X, u) be a 2 person finite normal form game where u : X; x
X, — R, and u(z) > 0 Vo € X. Suppose that ((t1,z1(¢],t5)), (ta, z2(t],15))) €
QSPE" where z1(t),t) = Ty, x2(t}, t,) = To. Assume on the contrary that 3i € N

such that a?(fz(tz, tj)7 i’j(ti, tj>> > UZ(BRZ(.T]), jfj).

Now if T, € BRl<f]) in game ¢, as aZ(fl(t“t]),f](tl,t])) > UZ(BR1<3_TJ),.T])

it must be the case that t;(z;,7;) > 0. As (7;,%;) € NE(g(t1,t2)) one has
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ﬂ;(fi(ti,t]’),ﬂ_ﬁj@i,t]’)) > ﬂ](fi(ti,tj),a:j(ti,tj)) V.Ij S Xj. But as z; € BRZ(.T])
agent j can deviate to t;(l’) = {%[uz(@,@) — tz(i’z,f]))] if x = (fi,fj),tj(xi,:cj)

otherwise} and become better off as (Z;, Z;) € NE(g(t;,t})) and Va; € X

@ (@it 1), 75t 1)) > @ (Ta(ti, ), 75 (t, 1)) 2> @ (Tt ), 25 (ki 15).

Because with the new transfer vector u](Z (tl,tj) (tl,tj)) = w;(BRi(Z;), 7))

hence t(7;,7;) < t;(7;,7;). Contradicting with ((t1,z1(t],15)), (2, 72(t],13))) €

QSPE’Y where Il(tll,té) = I, l’g(t’l,té) = To.

If z; ¢ BR;(Z;) in game g, as @, (Z;(t;, t;), Tj(t:i, t;)) > wi(BR;(Z;), Z;) it must

be the case that t;(z;,z;) > 0. As (Z;,%;) € NE(g(t1,t2)) one has Vz; € X;
u (Ti(ti; 1), (i, 1)) = ) (@i(ti, 1), 5L, 1)
But as @ (z;(t;, t;),7;(t:, t;)) > u;(BR;(Z;),%;), agent j can deviate to
ti(z) = {%[Ui(BRi(%‘)a%‘)—(Uz‘(ﬂfiaxj)—tz‘(l“iaffj))] if x = (Z;,7;), t;(x) otherwise}

and become better off as (7;,7;) € NE(g(t;,t;)) and w}(Z;(t; ), (i, ) >

1779 1779 1779

] (7(ti, t5), Tj(t;, ;). Because with the new transfer vector

@ (Ti(ti, 1)), 75(ti, 1)) = wi( BRi(T)), T;)

hence t;([fz, J_Ij) < tj(lfi, J_Ij).
Contradiction with ((t1, x1(t],15)), (t2, x2(t],15))) € QSPE" where x1(t),t5) =

ff‘l,Ig(tll,tlz) = i’g. O

Theorem 7. Given a 2 person finite normal form game g = (X, u), where

u: X1 x Xo — R where u;(z) > 0 Ve € X,Vi € {1,2}.If (Z1,%2) € Cs(g) then
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372 € T’z such that ((7,?1,11_71), (1?2,3_32)) € QSPEO

Proof: Let ¢ = (X,u) be a 2 person finite normal form game where wu :
Xy X Xy — R% where u;(z) > 0 Ve € X,Vi € {1,2}. Let (z1,72) € Cs(9)),
then u;(Z1,%2) > ming ex,mazy,,ex,ui(z;, x;) for Vi € N. We will construct

(t1,t2) € T such that (Z1,Z2) € NE(g(t1,12)) as follows:

As (71, 72) € Cp(g) it is not Pareto dominated, that is if u;(x1, x2) > u;(Z1, T2)
then w;(x1,22) < u;(ZT1,T2).Let t;(x) = {wi(wr, x2) if wi(wr, x2) > wi(T1,T2),
wi(x1, x2) if wj(zy, 22) > uj(Z1,T2), 0 otherwise} Vi € N. (Z1,Z2) € NE(g(t1,12))
as t;(r) = wi(xy, x2) if ui(xy,x2) > ui(T1,T2), ((t1,71), (f2,T2)) € NE(v(G)) as
agent i cannot unilaterally deviate and become better off since t;(z) = u;(x1, x2)
if w;(x1, xa) > ui(T1, T2), and ¢;(z) = u;(x1, x2) if uj(z1, 22) > ui(Z1, T2) for every

e N. U

Corollary 3. Given a 2 person finite normal form game g = (X, u), where
u: Xy x Xy — R% where u;(z) > 0 Ve € X,Vi € {1,2}. If 3(z41, T2) € Cs(g) such
that (1, Z2) € argmax ZiGN@eX u;(x) then 3t; € T; such that ((¢1,71), (t2, T2)) €

QSPEP.

Proposition 8 . Given a 2 person finite normal form game g = (X, u), any
(x7,73) € X satisfying w; (2], 15) > ming ex,maz,,ex,ui(z;, v;) for all i € N, is

reachable as a QSPE for v = 0.

Proof. Let ¢ = (X,u) be a 2 person finite normal form game where u :
Xy x Xy — R%, and u(z) > 0Vz € X. Let (27, 23) € X be such that u;(z}, 23) >
MiNy,ex,MAT e x,;Ui(75, ;). Consider the transfer vector (t],t3) € T such that

Vi € N ti(z) is chosen as follows:

If v} € BR;(z}) then t;(z},2}) = 0.

17
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If 27 ¢ BR;(x}) then t;(z;, 23) > 0 such that w ((tF, xf), (tr, 7)) > ) ((tF, x;),

(t5,23)) Va; € X;. This is possible as u;(z) > 0 Vo € X, Vi € {1,2}.
For any (7;,7;) such that u;(z;, 7;) > u;(x}, 7}).
i) if 7; ¢ BR;(;) then tf(7;,7;) = 0,
i) if 7; € BR;(%;) then t7(%;, ;) > 0 such that 37; € X; such that if 7; €
BR;(7;) then t;(7;,7;) > 0 such that 37; € X, such that ay ((t7,7), (t5,75)) <
w] (2, %), (t5,7;)) where uj(i-, 7;) < uj(xf, x7). Suppose that 3%; ¢ X, such that

uj(%,fﬁj) < (7}, x%). So Va; € Xi uj(wy, 7;) > uj(x;, ;). Then

minmEXimaxijXjuj<xia'Tj) > uj(xiazgj)
> uy(zf, 7))

> MmN, e X, MAT e x,; Ui (T3, Tj)

which implies that
MMy, ex,MAT ;e x,; Ui (T5, T5) > MiNgex,MATy, e x,;u;(Ti, T;), a contradiction.
Thus dz; € X; such that

wy ((t5,70), (85, 75)) <] ((¢],7,), (t;,7;)) where u;(7;, 7;) < uy(x}, x7).

For any other z € X choose tf(x) = 0.

Now by construction (x7,z3) € NE(g(t3,t5)). Thus one sided deviations in

strategies are not profitable.

Note that the t(x) are chosen in such a way that for any = € X that Pareto
dominates (z7,2%), both agents have destructed their utilities, thus one sided

deviations in strategywise or transferwise cannot ensure = € g(t;,t}) Vi € N.

One sided deviations in transfers is not profitable as follows: Transfer vectors
correspond to destruction of utility of an agents own payoff, and the agent j

cannot effect the best response relation of the opponent by a change in t; € 7j.
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As t} is chosen in such a way that V(z;, ;) € X such that 3j € N u;(z;, z;) >
w;(z}, 2%) one has x; ¢ BR;(x;). Thus agent j cannot become better off in any

game g(t},1;) Vi, € T,
Hence ((¢5, 27), (t5,73)) € QSPE°.0]

Definition 27. Let g = (N, X, u) be a normal form game, 2* is said to be a
strong equilibrium of ¢ if and only if, for any S € 2¥\{0} and 5 € Xg, one has

ui(z*) > uizs, vy g) for all i € S.

Corollary 4. Given a 2 person finite normal form game g = (X, u). Then
the following holds:

i. If € NE(g) then z is reachable as a QSPE for v = 0.

ii. If z € SNE(g) then x is reachable as a QSPE for v = 0.

ili.If € Coreg(g) then x is reachable as a QSPE for v = 0.
Proof: Due to proposition 8.

Above results imply that = belonging to Core,(g) is not necessarily reachable

as a QSPE for v = 0.

Lemma 4. Given a 2 person finite normal form game g = (X, u), where
u: Xy x Xo — R%, and u(z) > 0 Ve € X. If ((¢1, 21 (8], ), (t2, z2(t], 15))) €
QSPE" then @ (x1(t1,t2), xa(t1,12)) > p;(7y) where

(uj(wi, BR;(1:)))

2% (7) = maxmiGXi{maIZjGXj {ul (232‘, xj) - + YU (xlﬁ ‘Tj)v 0}}

Proof: Let ¢ = (X,u) be a 2 person finite normal form game where u :

X; x Xy — R% | and u(x) > 0 Vo € X. Suppose ((t1,z1(t],15)), (2, 22(t],15))) €
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QSPE" whereas there exists i € N such that @(x1(t1,%2), 22(t1,12)) < ()

where f1;(7) = maz,,ex,{max,,cx, {u;(x;, x;) — (w + yuj(x;, x;),0}}.

As ((t1, z1(t),15)), (t2, z2(t],t5))) € QSPEY one has (x1(t1,1s), xa(t1,t2)) €

)_(uJ'(ImBRj(%)))_,_

NE(g(ty,t2)). Let (2}, 2%) € argmaz,,cx, {max,,ex, {0, ui(x;, x; -

1))
yui(x;, ;) . Agent i can deviate to strategy t)(x) = {t;(7;,%;) + ¢ if z =

(2, 7,), LN IV I 3¢ = (2, 1), wi(s, 3;) i @ = (23, 75) Va €

Xz',t_l(l’i,l’j) OthGI‘WiSG} if tz(ff'l,ﬂ_f]) < Ui(i’i,i’j). If ﬂ(@,@) = Ui(lfi,.fj) agent 1
can deviate to strategy
t;(x) = {t_l(ilajj) +eifz= (:Ehi'j)a

uj (@5, BR; (7)) — (u; (i, 25) — 1;(27, 75))
gl

if x = (CC;,JC;),

wi(zy, ;) if & = (xl,x;)‘v’xz e X,
ti(z;, x;) otherwise}.

Agent i becomes better off as follows: (z},2%) € NE(g(t},t;)) as 2, € BR;(x}) and
z; € BR;(7)) in game g(t},t;) and @} (z}(t], 2), ¥ (t;, t2)) > p;(7) > @] (v1(t1, 22),
xo(t1,t2)). Contradiction with ((¢1,x1(t],t5)), (fa, x2(t],5))) € QSPE". Thus

one must have ] (z1(t1, 1), xa(t1,t2)) > p; () if ((t1,71), (t2,72)) € QSPEY. O

Corollary 5. Given a 2 person finite normal form game g = (X, u), where
u: Xy x Xy — R%, and w(z) > 0 Ve € X. If ((t, 28], 15)), (T2, 22(t], 15))) €

QSPE" then u] (21(t1,t2), x2(t1, 2)) > max{ju,(y), ming e x, max,,cx, wi(T;, ;) }.
Proof. Due to Proposition 4 and Lemma 4. [J

Proposition 9. Given a 2 person finite normal form game g = (X, u), where
u: Xy x Xy — R, and u(z) > 0. (2*,t*) € QSPE" then the following conditions
hold:
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1. fLZ(xT(tT,tZ),x;(tT,t;)) > maX{Mi(l)vminijXj maXgz;eX; ul<xlvxj)}

ii. ui(BRi(z}), %) > max{y,(1), ming,ex, max,,cx, ui(v;,v;)} Vi € N.
Proof: Due to Proposition 7 and corollary 5.

Note that given a 2 person finite normal form game g = (X, u), where u :

Xy x X, — R%, and u(z) > 0. Then the following holds:

i. If # € NE(g) then 3t € T such that (¢,z) € QSPE" only if

) (w1(t1,t2), v2(t1, t2)) > p1;(1) and

3] € N such that ﬂ}(l’i@l,tg),BRj(l’i)(tl,tg)) > uj(l)

ii. If z € SNE(g) then 3t € T such that (¢,z) € QSPE" only if

) (z1(t1,t2), w2(t1, t2)) > p;(1) and

E'j € N such that ﬁ?(xi(tl,h), BRJ(.’LZL)(tl,t2)) Z /l,j<1)

iii.If 2 € Coreg(g) then 3t € T such that (¢,2) € QSPE! only if

] (w1(t1, ta), 2a(t, 2)) > p1;(1) and

Elj eN such that ﬂ}(l’i(thtg), BR](I'Z)(tl,tg)) Z [Lj(]_)

Proposition 10. Given a 2 person finite normal form game g = (X, u), where
u: Xy x Xo — RY, and u(z) > 0. If D0, p:(7) > mazgex Y ey wi(x) for some

v € 10,1], then QSPE"Y = & for all ' > 7.

Proof: Let ¢ = (X,u) be a 2 person finite normal form game where u :
X1 x Xy — R%, and u(x) > 0 and >,y p;(7) > mazgex ;o ui(x) for some

v € [0,1]. Assume that ((t1,z1(t],1,)), (t2, x2(t],t5))) € QSPE". Now then for
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any © € X hence for (z1(t1,%2),x2(t1,2)) one has 3i € N such that p,(y) <
ﬂZ(Il('El,t_Q),ZL’Q(El,t_Q)). By Lemma 4 ((t_171171(t11,t/2)),(t_Q,ZL'Q(t/l,tIQ))) ¢ C?S.P.E’Y

As p;(v) < @} (x1(t1,t2), z2(t1,12)) for any € X, QSPE" = .

Note that p,(y) is nondecreasing in 7 as 8“8457) = —w +u;(z;, ;) <0
as uj(z;, BRj(;)) > uj(z;, ;) and v € [0,1]. Thus QSPEY = @ for all v/ > 7.

0

5.2. Ordered Choice of Transfers and Actions

Up to this point we have considered the case that two stage game is played
such that in the first stage agents choose their transfer vectors simultaneously,
and in the second stage agents choose their actions simultaneously. This led to
inefficiency in QSPE as shown in example 5, where agents could end up in a
situation where everybody is worse off when compared to the Nash equilibria of

the original normal form game.

In study of Sertel and Koray (1983) "Games of Pretension", they analyze their
two stage game and with a richer structure where they also consider the cases
where agents can play the first and second stage of the game in an order. By
adapting their notation we will denote 2 stage game as I‘; such that i, j € {0, 1,2},
where superscript ¢ denotes that agent ¢ plays first in the in the first stage where
transfers are chosen, and subscript j denotes that agent j plays first in the second
stage where actions are chosen. Thus I'} is the two stage game where agent 1 is
the stackelberg leader in choosing transfer vector, and agent 2 is the stackelberg
leader in choosing the actions from the set X,. If ¢ or j equals 0, agents are
choosing their strategies in the first or second stage simultaneously respectively

that coincides with subsection 5.1.
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We will denote the set of strategy profiles (¢, x) which constitute a solution

for the game I'} as f;

Now we see that for v = 0, fg is equal to the solution of game of pretension
where ¢ = (X = X; x Xy, (u,v)) where u and v are such that u(z) > 0 and
v(x) > 0 for every x € X. Having a strictly positive payoffs is compatible
with games of pretension where agents are free to choose any type of robot in
the first stage. But note that in games of pretension agents are free to pretend
to have any preference relation but eventually with the chosen robots they will
get the payoffs in the original game. Whereas in our model in 2 stage game
with transfers if agents announce to give positive transfers at an outcome, that
transfer realizes and the game played eventually is g(t1,t2), not g. For v = 0,
as transfer vector of any agent only effects the preference relation of the agent
himself, but not the opponent, we have that if (t,z) = ((t1,t2), (z1,22)) € Fj-,
then t(z1,22) = ta(x1,22) = 0. Thus fg is equal to the solution of game of
pretension where g = (X = X7 x Xy, (u,v)) where u and v are such that u(x) > 0
and v(z) > 0 for every z € X for 7 = 0. But note that this is not generally true

for the case v > 0.
Now we will analyze the f; where 7, j € {1, 2}.

Assumption 1. Given f; where i,j € {1,2},minimal public spirit is the
requirement that the follower who is indifferent between two choices of a strategy
in response to a choice of strategy by the leader should not be malovelent to the

leader and choose the strategy that will please the leader the most.
5.2.1. Ordered Choice of Transfers and Actions where v =0

In our study we allow v to have a value in the interval [0, 1], For the ease of

analysis firstly we will assume v = 0.
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Proposition 11. f; where i, j € {1,2} has a unique value in terms of payoff
functions. That is if ((F1,%), (T1,72)), (f1, 1), (F1,72)) € T then u, (1, T2) —
(T, Tz) = ug(T1, To) — t:(T1, To) Vi € N.

Proof. Assume on the contrary (T, %) — £:(T1, Ta) # wi(T1, To) — t;(T1, T2)
(*). Without loss of generality assume u;(T1,T2) — 6;(T1,T2) > wi(T1,72) —
5(51, To). Let 1 =1, as 5 is a BR to f;, agent 1 becomes better off if he chooses
t1. So one has uy (%1, Ty) — t1(T1, To) = uy(T1, To) — t1(F1, T2), then we have the
equation (*) for agent 2. That is uq(T1, Ta) — t2(T1,T2) > us(Ty,T2) — fg(fl,@),

but then minimal public spirit rules out ((¢y,%2), (1, %2)) € f;. thus (*) cannot

hold Vi € N. When we change i, j € {1,2}, the above proof is valid VF;.D

Lemma 5. If ((517%2), (fl,fg)) S f; where Z,] S {1,2}, then %i(fl,fg) =0

Vi € N.

Proof. Note that when v = 0, transfers can only change best response relation
of the transfer making agent himself not the opponent. Thus if 3i € N such
ti(ZT1,To) > 0, deviating to

ti(x) = {0 if x = (T1,T2), t;(x) otherwise} makes agent ¢ better off as best
response relation of agent j does not change and ((¢,%;), (T1,72)) € f; Thus

Ei(fl,fg) =0V:e N.OI

Lemma 6. If ((71,%), (T1,7)) € T; where i,j € {1,2}, then u;(Z1,72) —

ti(Z1, T2) > max,, ming; u;(1, x2) Vi € N.

—i

Proof. Assume not, let ((t1,t2), (T1,T2)) € T

; where 4,7 € {1,2} suppose

. ﬁ e .
u;(T1,T2) < max,, ming, u;(z1, ). Let tj(z) = 0. Then even #;(x) is such that
BR;(z;) = min,, u;(21,72) in game g(%;,1}), agent j can choose her strategy
), such that w;(xzf, 2%) > max,, min,, u;(z1, 22) where ((Z;,t}), (2}, 7)) € f; A

contradiction.

67



Then it must be the case that u;(¥1,72) < max,, min,; u;(z1,72). Now let
ti(x) = 0. For any t; € Tj, one has ((t},t;), (T1,72)) € F; such that w;(Z1,7s) €

arg max,, u;(v;,r;) where zj € {zj € X; : wi(v},2;) > ui(x;,x;) Va;}. Thus

u;i (1, T2) > max,, ming; u;(z1, r2). Contradicting Proposition 11.
Hence ui(fhfg) — %i(fl,fQ) Z maxy, minmj Ui(l'l, $2) Vi e N.O

Proposition 12. If ((1,t2), (T1,T2)) € f; where i, j € {1,2}, then (u1(T1,T2),

ug(T1,T2)) is Pareto efficient, i.e. O-efficient.

Proof. Let ((t1,12), (T1,T2)) € f; where i, j € {1,2}, assume on the contrary

that (uq(Z1,Ta), uz(T1,T2)) is not Pareto efficient.

Suppose that 3(z],x5) € X3 x X5 such that u(z], %) is Pareto dominates

(T1, T2).

Let i # j, t;(x) be such that BR;(z;) = {2} if ¥; = x}, v; € argmin,; u;(zy, z2)

if 2; # @i} and t;(@, 2) = uj(wy, 2) where u;(z;, 25) > ui(z}, ) at game g(t},t2)
Vty. This is possible as u;(z) > 0 Vo € X. Now as agent j is first mover in the

second stage to announce x;

Let ¢;(z) where BR;(x;) = x; Vr; € Xj. ((ti,t5), (2}, 2})) € f;. where w; (2}, 2) >

(2B

u;(T1,T2) leads to a contradiction by Proposition 11.

Now let ¢ = j, be as above. For any t;(z) one has z} € arg max,, u;(x;, x;) for
any x; € arg max u;;(r;, ;) Va; € X;. Thus the above solution ((¢;, 1), (v, 2%)) €

—i _ -
['; where u;(}, 7)) > u;(T1,T2) , a contradiction.

Thus (uy(T1, Ta), uz(T1, To)) is Pareto efficient, i.e. O-efficient.[]

Proposition 13. If ((t1,t2), (T1,T2)) € f; and ((t1,12), (T1,72)) € fg then

U1 (Z1, @) > ug (21, T2).
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Proof. Let ((f1,%), (T1,7)) € Ty and ((f1, %), (F1,72)) € T, assume on
the contrary that ui(Z;,7T2) < wui(71,Z2). Let t)(x) be such that BRy(z2) =
{71 if 29 = To, x1 € argminug(xy, ) Yoo # To} where t)(z) = ui(x) where
ug () > ug(T1, T2) at game g(t), ta) Vta. Now let t5(x) be such that BRy(x1) = T2
Yz, € Xi, is compatible with ((¢],t}), (71, 72)) € F; where uy (71, T2) > ui(Ty1, To),

contradicting Proposition 11.
Thus Ul(fl,fg) Z Ui (fl, fg) O

Proposition 14. If ((¢1,%2), (T1,T2)) € Fi and ((t1,12), (T1,72)) € Ff then

(51 (fl, 52) 2 Ul(,i'/l, 52)

Proof. Let ((f1,%), (F1,72)) € T, and ((f1,%2), (F1,72)) € T.. Assume on
the contrary that uy(Z;,72) > u1(Z1,T2). By proposition 13 we know that
ug(T1, To) > uz(T1,T2). But these two inequalities together imply that (71, 72) is

not Pareto efficient which contradicts with Proposition 12. [J

Proposition 15. If (({1, ), (T1,T2)) € f; and ((t1,12), (F1,72)) € fi then

U1 (Z1, Ta) > ui (21, T2).

Proof. Let ((f1,%), (T1, 7)) € Ty and ((1, f2), (F1, 7)) € [;. Assume on the
contrary that uy(zy,Ts) > uy(T1,T2). Let ti(x) = {0 if z = (T4, Ta), ui(z1,T2)
if @ = (21,%2), ur(z1,x2) if (21, x2) is such that us(zq,x2) > us(T1,72)}. Now
let t,(z) be such that BRy(x;) = Ty Va; € X3, is compatible with ¢ (z) where
(1), t5), (T1,T9)) € f; where uq(Z1, To) > u1(T1,T2) contradicting Proposition 11.

Thus ul(fl,fg) Z ul(il, §2>D

Proposition 16. If (({1,t2), (T1,T2)) € F§ and ((t1,12), (Z1,72)) € fi then

u(T1, Ta) > ur (T, Ta).

Proof. Similar to proof of Proposition 14, with use of Proposition 15 and

Proposition 12.[]
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5.2.2. Ordered Choice of Transfers and Actions where v =1

In previous section we studied the set of equilibria where choice of transfers
and actions are made in an order for the case v = 0, now we will study the set
of equilibria for the other extreme case where v = 1 in order to improve our

understanding for the general case where v € [0, 1].

Proposition 17. fj- where i, j € {1,2} has a unique value in terms of payoff
functions. That is if ((F1,%), (T1, 7)), (f1, 1), (F1,72)) € T then (1, Ts) —

zl'<fl,fg) = U,i<:’fl, f.fi:g) — ti(ffl\,:l,:’l\fg) Vi € N.
Proof. Similar to case v = 0. [J
Proposition 18. F; where i, j € {1,2} is incentive compatible.

Proof. Assume IlOt, let ((1_51,%2), (51,52)) € F; but Ui<fl,fg) — fi(fl,EQ) +
- _ — .
t;(Z1,T2) < max,, min,, u;(7;, ;). Let tj(x) = 0, now as agent i is second mover
in second stage, agent j will maximize her utility from choosing among best
responses of agent i. For Vt; € T}, clearly at the solution ((t},¢;), (], %)) one has
ui (2], 24) +t; (2], v5) > max,, min,; u;(7;, ;). So agent i should play t;(z) = 6),

and ((t,t;), (2", 2h)) € fi-, contradicting Proposition 17 as u; (2, x4)+t: (a2}, x45) >
7] 142 J 1) %2 J\¥1y P2

ui(fl, Tg) — %z(fl,fQ) + fj(fl, fg).

Now assume that u;(71,T2) — t;(T1,T2) + £:(T1, T2) < max,, ming, u;(z;, ;).
Let t; (x) = U, Vt; € T; even if t; is such that best response relation of agent i
chooses min,, u;(z;, z;) Vo; € X; at game g(t;,t;) agent j xan guarantee a payoff

wi (2}, xh) + t: (2, ) > max, min, u;(x;, x;). A contradiction.
(L1, Lo i\T1, Lo J i Uj j

The above case was for ¢ # j, but works also for i = j with same strategy

that the agent who gets less than his maxmin value will play t'(z) = 0.0
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Proposition 19. f; where 7, j € {1,2} is 1l-efficient.

Proof. Suppose not, let ((¢1,t2), (T1,T2)) € F; but not 1-efficient and there
exists (71, T2) which is l-efficient and uy (%1, To) + ua(Z1, T2) > Z?:l u;j(T1,T2) —

t(T1,T2) + t:(T1, Ta) = ur(T1, T2) + u2(T1, T2). Now there are three cases:

Case 1: Ul(%l,gg) > Ul(fl,fz) — g1(f1,f2) +z2(fl,f2)

ug(T1, To) > ug(T1,T2) — to(T1, Ta) + t1(T1, T2).

Now if 7; € BR;(¥;) under ¢;, this contradicts with the choice of Z;. Thus we
have 7; ¢ BR;(z;) under ¢;. Consider ¢;(x) such that for x # (x;, z;) ti(z) = t;(x),
and T; € BR;(¥;). Now agent j is better off at some other x so that ¢; is not a
best response to t;. As t} is equal to t; only at row (x;,Z;), if agent j is better
than u; (71, T2) she must change BR of agent i at ;. But then 3@}, z;) such that
wi (T, ) — (T2, ) > (T, 75) and w; (T, 7;) +(T3, ;) = (s, T;), which con-
tradicts with the fact that (7;, ;) is 1-efficient. Thus ((¢,¢;), (%;,Z;)) € F; with
wi(Ti, Ty) — (T, Ty) + t5(Z5, T5) > ug(T, T;) — £:(Ti, Tj) + 15(T3, T;), contradiction

with Proposition 17. Thus case 1 cannot hold.

Case 2: Ui(il,%g) > Ui(fl,fg) — EZ’(fl,fg) +Ej(fl,fg)

wj (T, T2) < uy(T1,Ta) — £5(T1, Ta) + 4:(T1, 7).

Note that in case of equality in the second inequality above minimal public
spirit solves the problem. Let t;(x) be such that same as t;(z) (as in Case 1) at
x # (z;,7;), only different at (z;,7;) such that z; € BR;(z;) where

wi (@i, T5) + 6:(T, T5) = w(Ti, T5) — 4T, Tj) + 6(T, T5).

ti(x) be same as t;(x) at © # (¥;,x;) only differs at (Z;,z;) such that at
(Ti, BR;(7;)) agent j has payoff equal u;(T;, T;) —t;(Zi, 7;) +1;(Zi, 7;). t); is a best
response to t;. As in case 1 agent i or j cannot become better off with respect

to the payoff of outcome (z;,z;), otherwise it contardicts 1-efficiency of (z;, Z;).
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Thus ((t],15), (71,72)) € F; where agent i is strictly better off, as l-efficiency
implies first inequality of case 2 has a surplus bigger than the deficiency of payoff

of agent j. Contradiction with Proposition 17.

Case 3: Ui(gl’fQ) S ’U/i(fl,fQ) — Zi(fl,fg) +%j(§1,f2)

Uj(%l,fg) S Uj(fl,fg) — %j(fl,fg) +Ei(fl,fg).

Similar transfer vectors as in Case 2 works and minimal public spirit implies
that given that agent 1 gets the same maximal payoff, he should choose the

transfer and strategy such that agent j is better off.[]

Proposition 20. If (({1, ), (T1,T2)) € f; and ((t1,12), (F1,72)) € f; then

uy(T1, T2) — t1(T1, T2) + ta(T1, Ta) < uy (71, T2) — t1(T1, Ta) + ta2(T1, T2).

Proof. Let ((f1,%), (T1,T2)) € Ty and ((f1, %), (F1,72)) € T2. Assume on the
contrary that

1 (Z1,@a) — t1(T1, T2) + t2(T1, Ta) > wi(T1, T2) — t1(T1, T2) + to(T1, T2) ...(%).
Now there are following cases:

Case 1: 11(T1,To) = t2(T1,T2) = 0.

Then it is the case that ui(BR;(T2),T2) > u1(T1,T2). Consider t)(z) such
that BR;(T2) under ¢} is T; and BR;(x2) under t| for any other z5 € X, is
xr1 € argmin,, (1, z2). If agent 1 is second mover in transfer making, this implies
that best response t, to t; is such that ((¢],t,), (T1,T2)) € f;. assume that 3t}
such that 3(x7, 25) such that us(xy, z5) — ta(xy, 25) + t1(a], 25) > ua(T1,T2) and
uy (2}, 28) — ty(xf, 2y) + to(x], 24) = uy(T1, 25) where T, € arg min,, us(xy, x4).
But then player 2 could play t} instead of ¢, when agent 1 plays #; and chooses
strategy x4 which contradicts with ((f1,2), (T1,T2)) € f;. Thus such a t§ with
(x7,25) does not exist. Vi, which is BR to ¢ one has ((t|,t), (ZT1,72)) € fﬁ,

where agent 1 is better off by (*), contradiction with Proposition 17.
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Case 2: 11(T1,T2) > 0 and 5(71,T2) = 0.
Similar as in case 1, agent 1 plays t|(z) with ¢|(Z1,T2) = t1(T1,T2) and
BR;(T3) under t] is T1, and BR;(z5) under t| for any other zo € X3 is x7 €
—2

argmin,, us(x1, ). Best response t, to ¢} results with ((¢},t), (T1,72)) € .

Equation (*), contradiction with Proposition 17.

Case 3: El(fl,fg) =0 and EQ(Tl,fg) > 0.

Similar as above t}(x) is such that BRi(Ty) under t| is Ty, t|(T1,T2) =
t1(Z1,T2) and BR;(x5) under t] for any other x5 € X5 is 21 € argming, us (1, 22)
which results with a ¢, such that ((¢},t,), (T1,%2)) € fi, equation (*) contradicts

with Proposition 17.

Case 4: t1(T1,To) > 0 and t5(Ty,To) > 0.
In this case as there is no loss in utility,
if ¢1(71,Ta) = t2(T1,T2) we are in case 1.
if 11(Z1,T2) > t2(T1,To) we are in case 2.

if #1(71,T2) < t2(T1,T2) we are in case 3.0

Proposition 21. If ((¢1,%2), (T1,T2)) € fi and ((t1,12), (T1,72)) € f? then

1 (T1, T2) — t1(T1, Ta) + t2(T1, T2) < uy(T1,Ta) — t1(T1, T2) + ta(T1, T2).

Proof. Let ((t1,%2), (T1,T2)) € fi and ((t1,12), (71, 73)) € Ff, by Proposition
20 one has Ug(fl,fQ) - tg(fl,EQ) + tl(fl,fg) 2 Ug(f.fl, 53/2) — tg(?fi’/l, 57/2) + tl(/‘fl, jfg),
and by Proposition 19 one has u; (71, Ta) — t1(T1, T2) + t2(T1, T2) < ug(T1,22) —

t1(Z1, T2) + to(T1, 72).0

Now in two stage games when played in order it is shown that there is a
preference relation on moving first or second with respect to gamma values. While
choosing the strategy first is better for v = 0, moving second is better for v =

1. The question to be answered is whether there exists a monotonicity on this
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change in preference on moves. In other words can one argue that there exists an
intermediate value of gamma where preferences on moves change and continue
monotonically. The following example shows that it is not necessarily true that

such an intermediate value exists.

Example 8. Consider the following 2 person normal form game:

1,1]6,4 | %, L

For v = 0, ((f1,%), (T1, 7)) € T, where f1(z) = {4if 2 = (4,a), 1 if 2 =
(C,a), 0 otherwise}. #s(z) = 0. (T1,72) = (B,b) where @((f1,%2), (T1,T2)) =
(6,4). ((f1,12), (71, 72)) € T, where £ (z) = 0 . ta(z) = {us(z1, 72) if 22 € {b, c}
0 otherwise}. (F1,72) = (A, a) where @ ((t1,1,), (T1,%2)) = (4,6).

For v = 0.31, ((t1,t2),(71,T2)) € F where t,(z) = 0 and ta(z) = 0.
(71, %2) = (A, a) where W ((f1, 1), (T1,72)) = (4,6).
ti(z) = {4 if 2, = (A, a), 0 otherwise}. f(z) =

@ (4, 1), (71, 72)) = (6,4).

t(
((th%v?)a (5517 §2)) S F; where
0

(Z1,T9) = (B,b) where

For v = 0.7, ((f1, 1), (T1, %)) € Ty where f1(z) = {4 — - if 2, = (C,¢), 0

1
otherwise} and ty(z) = {3 if 2o = (C,b), 0 otherwise}. (T1,To) = (C,¢) where
W((fl,fg),(fl,EQ)) = (74,6) ((%\/1,?2), (gl,.’fg)) S F; where /tvl(l’) = {7 — 1—00 if

x5 = (C, ¢), 0 otherwise}. ty(z) = 0. (T1,%2) = (C, ¢) where @ ((t1, t3), (T1, 2))

(6.01,7).

For v = 1, by Proposition 20 if ((¢1,t2), (T1,72)) € f; and ((t1,3), (T1,72)) €

=2 _ _ _ ~ o~ _ o~ _ -
F2 then ul(xl, Ig)—tl(éﬁl, .’172)+t2(331, Ig) S U1<x1,$2)—t1(371, I2)+t2($1,$2). Thus
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preferences of agents on the order of the game to be played does not necessarily

change only once between v =0 and v = 1.
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CHAPTER 6

A NEW PERSPECTIVE ON REFINING THE CORE

The core of a transferable utility (TU) game consists of imputations that can-
not be blocked by any coalition of players. Consequently, the elements of the core
shows a stability property such that if any allocation from the core is considered
as a solution for the game, no coalition can deviate and improve upon it. However
for any other allocation that does not lie in the core, there exists a coalition S
whose members can do better by forming S and leaving the grand coalition. Al-
though core has nice properties as stated above, if there exists x,y € Core(v) such
that  # y, core has infinitely many elements due to the fact that it is convex.
It then follows which imputation among core members should be proposed as a
solution and implemented for nonsingleton cores. A core selection is a function
which for each cooperative game with non-empty core selects a subset, possibly a
single element of the core. Core selections provide a concise form of information
contained in the TU game. Nucleolus (Schmeidler, 1969), per capita nucleolus
(Grotte, 1970), core center (Gonzalez-Diaz and S anchez-Rodriguez, 2007), and
Shapley value for convex games (Shapley, 1953) are among the reported core se-
lections. Interestingly whether or not, the information structure provided by the
value functions in choosing from among the set of a core is adequate, remains

obscure to date.

Unlike TU games, information structure is richer in normal form games where

cooperational behavior and stability is also analyzed. Aumann (1961) introduces
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core like coalition proof solution concepts to normal form games where utility is
not transferable. Solution concepts of Strong Nash Equilibrium (Aumann, 1959),
a-core (Aumann, 1961) and f[-core (Aumann, 1961) are composed of strategy
profiles such that any coalition does not deviate and become better off given
specific deviation circumstances related with each solution concept. But unlike
from core imputations the information structure provided by a-core and S-core
contains strategy spaces and payoff functions. To utilize this information we
will adopt the approach suggested by Von Neumann and Morgenstern (1944)
in seminal book Theory of Games and Economic Behaviour, where TU games
are developed from normal form games. Hence given a normal form game there
exists an associated T'U game and given a convex T'U game there exists a normal
form game where one can find the underlying strategy space and utility function
for each agent. This approach implies that there is further information about
agents and coalitions which is lost during the formation of the TU game from its

underlying normal form game.

In this chapter it is shown that in order to make a refinement of the core
accurately, the lost information structure of the underlying strategic form game
of the TU game is needed. To incorporate the strategic information structure to
TU games, the notions of a-core and S-core are generalized to the setting where
utility is transferable without any loss. The generalized notion of a-core and (-
core for transferable utility is made for any level of transferability of utility, where
utility can be 7-transferable for v € [0, 1]. Thus, nontransferable utility and fully
transferable utility are special cases of generalized notion of a-core and S-core
with ~-transferable utility where v = 0 or v = 1. Together with the information
structure incorporated to TU games via generalized versions of a-core and -core
in case of transferable utility, a new refinement of the core is provided. Examples

are presented to show that any refinement of the core that has nice properties and
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looks "fair" with a limited information of value functions will be considered as
"unfair" given further information about the underlying strategy space and utility
profiles. Finally it is shown that any two elements of the core is equally valuable
given that further information about the underlying strategies and utility profiles

are completely lost.
Consider the following normal form game;
Example 9. Prisoners’ Dilemma

Let g = (N, Xy x Xs,u) be such that X; = Xy = {C, D} where C represents
"confess" and D is "don’t confess". And let u : X; X X5 — R be defined by the

following table where agent 1 is the row player and agent 2 is the column player.

C D
C|1,1]3,0
D 0,322

This is a tight game as vJ(S) = v3(S) = v where v({1}) = 1 = v({2}) and
v({1,2}) = 4. Core(v) = {(x1,22) € R* : 2y > 1,29 > 1,21 + 29 = 4}. So
our statement about 1-a-core and 1--core both are represented by the example

above.

The core of the associated TU game consists of all allocations on the half
line between points (1,3) and (3,1). But note that only the allocation (2,2) is
implementible as it is the only vector in the core that is compatible with the
strategic information structure of the normal form game that v emerges from.
The reasoning is as follows: v is defined in the context where utility is completely
transferable. An individual can guarantee a payoff of 1, and block any allocation

that gives less than 1, whereas if agents become a coalition they can achieve a total
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utility of 4. However, when normal form game is transformed to the side payment
game, strategic information structure is completely lost. The only information
is the minimal level of utility that agents and coalitions will not try to change.
When strategical information is kept, it is clear that agents together can get the
total payoff of 4 by playing (D, D) and get w(D, D) = (2,2). Any allocation in the
core except than (2,2) requires one of the agents to transfer a positive amount
of utility to the opponent. This is not compatible with the incentives as single
agent coalitions has value 1, hence any agent has no power to oppose the payoff
vector (2,2). Moreover no agent has the incentive to transfer some of his payoff
to the opponent as the opponent can not deviate from the imputation (2,2) and
become better off. Thus the allocation (2,2) is the only achievable payoff vector

among core allocations.

Core refinement of Shapley value, nucleolus and center of the core is (2,2)
which is consistent with the strategy profile (D, D) € Cl(g) [(D, D) € Cj(g)]. The
allocation (2,2) chosen from the core as a refinement seems as a meaningful core
selection due to the fact that agents are not only symmetric in terms of value
functions, but they are symmetric with respect to the payoff vectors at outcomes
in the normal form game. Now consider second version of Prisoners’ Dilemma
where u(C,C) = (1,1), u(C, D) = (3,0), u(D,C) = (0,3) and u(D, D) = (1, 3).
Note that the new game has the same associated TU game v and agents are still
symmetric in terms of value functions. Therefore Shapley value, nucleolus and
center of the core still selects (2,2). But according to the argumentation above
(1,3) is the only achievable payoff vector from among core allocations as (D, D)

is the only member of 1-« core [1-8 core].

Consider a third version of Prisoners’ Dilemma where u(C, C') = (1,1), u(C, D)
= (2,0) and u(D,C) = (0,3), u(D,D) = (1,3). Note that in this example, the

associated TU game still does not change. Now although agents are symmetric
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in terms of value functions, agents are not completely symmetric in the normal
form game. Meanwhile (D, D) is the only member of the 1-a core [1-3 core],
hence (1, 3) is the only core selection that is compatible with the strategy space.
Whereas if we selected the refinement of the core allocation with respect to the
Shapley value, nucleolus or center of the core, one would never achieve the allo-
cation (1,3). Choosing the imputation (1,3) over other core imputations seems

unfair with respect to the information provided by the value function v.

Now in a fourth version of Prisoners’ Dilemma suppose that «w(C,C) = (1,1),
u(C, D) = (3,0), u(D,C) = (0,3), u(D, D) = (4,0). Then C}(g) = C}(g) = @. It
is the fact that the agents can achieve the total payoff of 4 at (D, D), at outcome
(D, D) where agent 2 has to be compansated by agent 1 such that us(D, D) > 1.
as utility is 1-transferable agent 1 will give agent 2 a payoff of 1. Thus whenever
w'((D,D),t(D,D)) = (3,1), agent 1 shares enough utility with agent 2 in order
to make her not to deviate, and agent 1 keeps the surplus to himself. At payoff
vector (3,1) agent 2 will not be able to block in the a-sense or S-sense. Clearly
giving the least transfer amount is the optimal strategy for agent 1. Now the
core refinement compatible with the information structure given by the normal
form game is @ ((D, D), t(D,D)) = (3,1). So in this approach, the outcome
T € argmaxXyex y ;o Ui(x) such that w’(x,t(x)) € dCore(v) where Vi € S C N
such that >, o u;(x) < v(S) one has >, @ (v, t(x)) = v(S), is proposed as an

element of the core refinement.

Core refinement need not be a singleton, any y € Core(v) such that 3z €
Ci(g) [Bz € Cj(g)] such that u(z) = y; y is belongs to the set of core refine-
ment. By this approach normal form games are classified into groups such that
refinement of the core of the associated TU game is single valued, or multivalued.

Given a normal form game g, whenever |C3(g)| = 1 [|CL(g)| = 1], then the

set of core refinement is singleton, otherwise it is a multivalued set.
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The refinement of the core porposed is as follows:

Given a finite normal form game g = (N, X, u), let the associated side payment
game be v¢ [v8] and let |Core(vd)] > 1 [|Core(vf)| > 1]

i. if Ci(g) # @ [C5(g) # @], core refinement is the set CR = {u(x) : € Ci(g)
Ciah

ii. if Ci(g9) = @ [Ci(g) = @], core refinement is CR = {u(z,t(z)) : 2 €
argmax ) ;. n ey wi(7) and [L(z) N Core(vy)| =1 [|L(z) N C’ore(vg)‘ = 1] where
L(z) ={y € R?: y = Ou(x) + (1 — 0)u'(z,t(x)),0 € [0,1]} where L(z) is the line
segment between the vectors u(x) and u”(z,t(x)). Note that L(x) N Core(v?) =
W (z,t(x)), and at @ (z,t(x)) Vi € S C N such that ). o ui(x) < v(S) one has

D ies U (4, H(x)) = v(S).

On the other hand one may argue that the TU games are defined in the
context where the strategical information about the coalitions are not existent
except for the value of coalitions. The following theorem shows that if strategical
background of a given TU game is completely unknown, it is not possible to
distinguish between the elements of the core to make a refinement. This is due
to the fact that, given a convex TU game v with a nonempty core, for any
element y € Core(v) there exists a normal form game ¢ that leads to v such that
Jz € Ci(g) [3z € C4(g)] such that u(x) = y. And if the information structure of
v is compatible with g, y should be in the refinement of the Core(v). So any two

allocations of the core are equivalent in terms of valuebility.

In previous sections with the introduction of semi-transferable utility we an-
alyzed v-TU games. In this section we will be focusing on the extreme cases of
~ but the origin of the problem is TU games now. We know that given a normal
form game g there exists a TU game that can be derived from g. On the other

hand, given a TU game v there exists a family of finite normal form games that
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have v as their associated TU game (v = v or v = UZ) given that v is convex.
Convexity arises naturally as v being the associated game and any agent cannot

become worse off by cooperation in the $-sense or a-sense.

Definition 28. A TU game is said to be

i) convex if v(S1) +v(S2) < v(S1USy) —v(S1NSy) ¥VS1, 52 € N with Sy g S
and Sy g Si.

ii) strictly convex if v(Sy) +v(S2) < v(S1USy) —v(S1NS2) VS, S € N with
St g Sy and Ss g Sy.

Now consider the following 3 agent TU game that which we will construct
the strategic coalition formation game. Then given a convex TU game v we will

generalize the construction of coalition formation game to n agent case.

Example 10. Givenv(1),v(2),v(3),v(12), v(13),v(23), v(123) such that (v, N)
is a convex game. Let core of game v be nonempty, a singleton set.(Below in the
propositions core need not to be a singleton set). Consider the following asso-
ciated normal form game g = (N, X,u) where N = {1,2,3} = {i,j,k} where
X, =1{2,{j},{k},{Jj, k}}. the utility payoffs are given by the following 4 tables
where player 1 is the row player, player 2 is the column player and tables represent
the payoffs where agent 3 plays @ in the first table, {1} in the second table, {2}

in the third table, {1,2} in the fourth table and u(x) = (uy(x), uz(x), uz(z)).

Player 3 plays &
Z {1} {3} {1,3}

o o1),0(2),03) | v(1),0(2),0(3) | v(1),0(2),v(3) | v(1),v(2),v(3)
{20 | v(1),v(2),v(3) | 7,0(12) =7, v(3) | v(1),v(2),v(3) | v(1),v(2),v(3)
{3} | o(1),0(2),0(3) | 0(1),0(2),0(3) | 0(1),0(2),0(3) | v(1),0(2),v(3)
12,3} | v(1),0(2),0(3) | v(1),0(2),0(3) | v(1),0(2),0(3) | v(1),0(2),v(3)
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Player 3 plays {2}

{1,3}

{3}

{1}

v(1),v(2),v(3)

v(1),%,v(23) =7

e U<12) =7 0(3)
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Let the associated TU game is defined as v3(5). Note that

u (21,9, 2) < v(l)



A1} @) < max{y,v(1)}
1(71,{3},9) <v(1)
uy (21, {1,3},2) < wv(1)

uU\xr

S

(21

(

(

ui(z1, 9, {1}) < max{7,v(1)}

(w1, {1}, {1}) < max{7,7,v(1)}

1(z1, {3}, {1}) < max{¥y,v(1)}

ur(z1,{1,3}, {1}) < max{y,v(1)}
1(21,2,{2}) < v(1)
(
(
(
(
(
(
(

e

<

e

<

1(21, {1}, {2}) < max{y,v(1)}
ur(z1, {3}, {2}) < o(1)

(21, {1, 3}, {2}) < o(1)
1(z1,2,{1,2}) <wv(1)

<

e

1(21, {1},{1,2}) < max{y,v(1)}
uy(z1, {3}, {1,2}) < o(1)
uy(z1,{1,3},{1,2}) < max{y;,v(1)}
Hence v3(1) = v(1)

e

us (D, x2, &) < v(2)
({2}, 72, 2) < max{v(2), v(12) — 7}
2({3},22,2) <v(2)

<

e

u2({2,3}, 22, @) < v(2)

2@1‘2 {1})<U()

(
(
(
(
(
(
(
(
(
(

e

us({2}, 2, {1}) < max{v(2),v(12) — 7}
2(13}, 22, {1}) < 0(2)

2(12,3}, 2, {1}) < 0(2)

us(@, w2, {2}) < max{v(2),v(23) — 7}

uz({2}, 22, {2}) < max{v(12) — v,v(13) — ¥,v(2)}

<

e
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uz({3}, 72, {2}) < max{v(2),v(23) — 7}
u2({2, 3}, 22, {2}) < max{v(2),v(23) -7}
ue (D, x2,{1,2}) < v(2)

uz({2}, 22, {1,2}) < max{v(2),v(12) — 7}
uz({3}, 72, {1,2}) < v(2)

u2({2,3}, 22, {1,2}) < max{v(2), y2}
Hence v3(2) = v(2)

uz(9, D, z3) < v(3)
v(3)
ax{v(3), v(23) =7}

)

<
us(@, {1}, 23)
ug(2,{3},23) <m
< (3
uz({2}, @, x3) < v(3)
v(3

us({2}, {1}, = )

<
<
us(2, {1, 3}, z3)
<
3)
)

(

(

(

(

(

( <
us({2}, {3}, 23) < max{v(3),v(23) — 7}
us({2},{1,3}, 23) < v(3)
u3({3}, @, 23) < max{v(3),v(13) — 7}
us({3}, {1}, 23) < max{v(3),v(13) — 7}
us({3}, {3}, 73) < max{v(23) —7,v(13) — 3, v(3)}
us({3}, {1, 3}, 23) < max{v(3),v(13) — 7}
us({2,3}, @, 23) < v(3)
uz({2,3}, {1}, 23) < v(3)
uz({2,3}, {3}, 23) < max{v(3),v(23) — 7}
uz({2, 3}, {1, 3}, 23) < max{v(3),ys}
Hence v%(3) = v(3)

U121, T2, @) < v(12)
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wrs(w1, 2, {1}) < max{o(12), 5 + v(2)}
u12(w1, 2, {2}) < max{v(12),5 +v(2)}
wns(r, 2, {1,2}) < max{o(12), y1 + s}
Hence v5(12) = v(12)

w31, @) < v(13)

wiz(z1, {1}, z3) < max{v(13),y + v(3)}

uz(x1, {3}, 23) < max{v(13),v(23) — 5+ v(1)}
wiz(x1,{1,3}, x3) < max{v(13),y; + y3}

Hence v3(13) = v(13)

s (D, , 12, 03) < v(23)
sy ({2}, 7o, 73) < max{v(23),v(12) — 7 + v(3)}
sy ({3}, 2, 23) < max{v(23),v(13) — 7}
uss({2,3Y, 72, 23) < max{v(23), 9o + ys}

Hence v%(23) = v(23).

Therefore vg = 0.

Also note that if we let

v9(S) = max min ug(zs, rny\g) = max min E ui(rs, v3\s), VS C N,
TS ITN\S zs xN\S

we have the following results:

ug (21, D, x3) > v(2)
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ug(z1, {1}, 23) > min{v(12) — v, v(2) — 2¢}
us (1, {3}, x3) > min{7,v(2) — 2¢}
ug (1, {1,3}, 23) > v(2) — 2¢. Note that we have xo > v(2)

U3(l’1 T, @) ( )

ug(z1, xe, {1}, x3) > min{v(13) — 3,v(3) — 2¢}
uz(x1, o, {2}, 3) > min{v(23) — 7,v(2) — 2¢}
(

mi
ug(z1, 2,{1,2},23) > v(3) — 2¢. Note that we have z3 > v(3)

<

i

S

~=

\)

—

~= -
= -

—

H

u12({3}9, x3) > min{v(1) + v(2) — 2¢,v(2) + 7}
+0(2),v(2) +7}

+0(2),0(2) +7,v(1) + 7}
u2({3H{1,3}, #3) = min{v(1) +v(2), v(2) + 7}

I

o
—
w
—
—
—_
—
8

w
S~—
V
=

=
—
/’i

>
> min{v(1) +v(3) — 2¢,v(1) + v(23) — 7}
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wi3(@{1,2},29) > v(l) + v(3) — 2¢
u13({2}9, x2) > min{v(1) + v(3),v(3) + v}

13({2H{1}, 22) = min{v(1) +v(3), v(3) + 7}
u13({2H{2}, 22) > min{v(1) +v(3),v(3) + 7}
uz({2}H{1, 2}, x5) > min{v(1) + v(3),v(3) + v}
u13({3}9, 22) > v(1) +v(3) —

(
(
(
(
(
(
13({3H1}, 22) > v(13)
(
(
(
(
(
(

<

2e

S

13({331{2}, 22) = min{o(1) +v(3), v(1) + v(23) = 7}

e

> mi

w3 ({3}{1, 2}, 22) > v(1) + v(3
w3({2,3}2, 25) > v(1) + v(3) — 2¢
u13({2,3H{1}, 22) > v(1) +v(3)
u13({2,3}{2}, 22) ) +v(3),v(1) +v(23) — 7}

>
> mi
w13({2,3}{1,2}, 25) > v(1) + v(3) as x; + x3 > v(13)

in{v(1

b
=

ugs (w1, @) > v(2) + v(3)
usz (1, @{1}) > min{v(2) + v(3) — 2¢,v(2) + v(13) — 7}

<

23(z1, D{2}) > v(2) + v(3) — 2¢
93(71, @{1,2}) > v(2) + v(3) — 2¢

e

(
(
(
(
uss (w1, {1}@) > min{v(2) + v(3) — 2¢,0(12) + v(3) — 7}
uss (w1, {1}{1}) > min{v(2) + v(3),v(12) + v(3) — 7,v(2) + v(13) — 7}
us (w1, {11{2}) 2 min{v(2) +v(3),v(12) +v(3) — 7}
ugs (w1, {11{1, 2}) 2 min{v(2) +v(3),v(12) +v(3) — 7}
23(11, {3}9) 2 0(2) +0(3) — 2¢
(
(
(
(
(

e

ugs(w1, {34{1}) = min{v(2) + v(3),v(2) + v(13) — 7}
uzs(w1, {31{2}) = v(23)

usz(1, {3H{1,2}) > v(2) + v(3)

uoz(1,{1,3}2) > v(2) + v(3) — 2¢

ugs (w1, {1,3}{1}) > min{v(2) + v(3),v(2) + v(13) — 7}
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UQg(Qfl, {1, 3}{2}) Z 'U<2> + U(3)
uss(1,{1,3H1,2}) > v(2) + v(3) as x5 + x3 > v(23)

Thus we have v4(S) = v and (z1,x9,x3) € Core,(g) where u(zy, z2,23) €

Core(v).

Now, given a TU game v we have a normal form game which turns out to
have nice properties. This coalition formation game is tight and the outcomes
such that the coalitions that form a partition of the set of agents belong to the set
of Nash equilibria. And note that any allocation x € Core(v) can be written as
payoff vector of (21, x5, x3) which implies that (1, z2,23) € Coreg(g) [Corea(g)].
Now we have the following propositions that generalize the normal form game we

generated for 3 agent TU games to any TU game with finite set of agents.

Let v be a convex TU game and w € Core(v). For each i € N, set X; = {S €
2NV i e S}. Forany v € X = 1 Xi, we define a coalitional partition B(x) of N
as follows: For any T € 2V WiztehN|T| > 1, we let T € B(x) if and only if z; =T
for any i € T. For any j € N, we let {j} € B(x) if and only if either z; = {j} or
xy, # x; for some k € x;. We say that g = (IV, X, u) is a canonical strategic form
game for (v,w) if and only if u satisfies conditions (a) and (b) below:

Condition (a): If z € X is such that x; = N for all i € N, then u;(z) = w; for
each i € N.

Condition (b): If z € X is such that x; # N for some i € N, then u;(x) >

v({j}) for all j € N, and ., u;(x) = v(T) for any T € B(x).

The existence of a canonical strategic form game for any (v,w) as above follows

from the convexity of v.

Theorem 8. Let v be a convex TU game, w € Core(v) and g = (N, X, u) a
canonical strategic form game for (v,w). Also let € X be such that x; = N for

all 7 € N. Now
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i) v =l =w.

i) z € Cl(g) N Ch(g) and u(x)ien = w.
Proof: (a) First note that v3(N) = ) (N) = Mazzecx Y ui(x) by definition of
iEN
v and vf. For any = € X\{z}, one has B(z) # {N}, and thus >ren@ V(T) <

v(N) by convexity of v. On the other hand, > w;(x) = > w; = v(N) by

i€EN €N
definition of g and since w € Core(v). So, Maz,ex > wi(x) = > u;(x), implying
ieN ieN

that v2(N) = S (N) = v(N).
Now take any S € 2V\ {0, N}. Let # € X be such that 7; = S for alli € S and
T; = N\Sforall j € N\S. Now }_ u;(Zg, xns) = v(S) for all zy\g € X\ g since

B(zg,xng) = {5, T1,...,T1} fofgome partition {74,...,T;} of N\S. Thus, we
have both v¢(S) > v(S) and v} (S) > v(S). On the other hand, for any x5 € Xg,
we have B(xg, Tng) = {N\S,T1,...,T;} for some partition {T1,...,T;} of S.
By definition of g, it follows that > u;(zs, Tn\s) = zk: v(T;) < v(S) by convexity
of v. So, v7(S) < v(S). As v;‘(S)lE; vi(S), we also l:(;nclude that v§(S) < v(S).
Therefore, we have vZ(S) = v(S) = v (S) for all S € 2V\{0}.

(b) Suppose that = ¢ Cj(g). Now there is some S € 2¥\{@}, which TU-f

blocks z. In particular, there is some rg € Xg such that Z ui(rg, Tans) >
>oui(z) = > wi = v(5), since w € Core(v). Recall thzchB(xs, Tns) =
Z{ejff\S, T, .. z,e%ﬂ} for some partition {77,...,T;} of S.

We thus also have ) u;(zs, Tns) = i v(T;) by definition of g, while i o(T)) <

ies i=1 i=1
v(S) by convexity of v, yielding a contradiction. Thus, 2 € C§(g). Since clearly
Ci(g) € Ci(g), we have x € Cj(g) as well. Moreover u;(x);en = w by condition

(a). O

Corollary 6. Let v be a strictly convex TU game and w € Core(v). If g =
(N, X,u) is a canonical strategic form game for (v,w), then Cj(g) = C4(g) = {=}
for some z € X with w = u;(x)en.

Proof. Suppose that z,y € Cl(g) with z # y for some canonical game g =
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(N, X,u) for (v,w). By definition of g, we have B(z) # {N} or B(y) # {N}.
Assume without loss of generality that B(z) = {11,...,7;} with [ > 1. Again

by construction of g, we have ) u;(z) = v(T}) for each k € {1,...,l}. Thus
JET
!
Y- uj(z) = Y v(T)) < v(N), where the last strict inequality follows from the
jEN k=1

strict convexity of v. Then, however, N TU-a blocks = by playing x € X with
x; = N for each i € N, in contradiction with z € Cl(g). As we already know

that z € C}(g) we conclude that C(g) = {x} with w;(z);cy = w . Finally since

x € Cig) C Cily), it also follows that C3(g) = {z}. O

Definition 29. Let ¢ = (N, X, u) be a strategic form game and x € X. We
say that x is a TU-strong equilibrium of g if and only if, for any S € 2V\{0} and

rg € Xg, one has Y w;(x) > > ui(rs, xn\g)-
i€s i€s

Theorem 9. Let v be a convex TU game, w € Core(v) and g = (N, X, u) a
canonical strategic form game for (v,w). Also let € X be such that x; = N for
all i € N. Now z is a TU-strong equilibrium of g with w;(z);eny = w. Moreover,
if v is strictly convex, then z is the unique TU-strong equilibrium of g.

Proof. Suppose that there are some S € 2N¥\{()} and r5 € Xg such that

%ui(l’s,(l}]\[\s) > lezsuz(m) Then B(zg,xns) = {Th,..., Ti} U{{j} | € N\S}
for some partition {73, ..., T;} of S. Now, however, 3 u;i(zs, xxs) = i v(Ty) <
v(S) by definition of g along with the convexit;egf v. On the okt;ler hand,
> ui(z) = Y wi = v(S) since w € Core(v), yielding a contradiction. Thus,
eris a TU—StZI‘f)ig equilibrium of g.

Now assume that v is strictly convex. Suppose that there is a TU-strong
equilibrium y € X of g with y # x. Then, however, B(y) # {N}, i.e., B(y) =

!

{T1,...,T;} with I > 1. But now > u;(y) = >_ v(T}) < v(N) by strict convexity
ieN k=1

of v, contradicting that y is a TU-strong equilibrium. U

No matter which natural strategic counterparts of the core we take, i.e. TU-«
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core, the TU-f core or the TU-strong equilibrium, the family of canonical games
we constructed strategically separates different core allocations from each other.

We have so far been interested in strategically separating different core out-
comes from each other. The canonical family of strategic form games associated
with each pair (v,w), where v is a convex game and w € Core(v), however, paves
also the ground for strategically separating core outcomes from noncore outcomes.

Given a convex TU game v, instead of specifying a particular core allocation of
v, we now construct a strategic form game the set of whose TU-strong equilibria
turns out to yield all core allocations of v.

Let v be a convex TU game. For each i € N, set X; = {(S,w) € 2V x RY |
i € Sand 3 w; =v(9)}. Givenany z € X = [[ X; , we write 2; = (', ') for
each i € NZ.G?NG define, for any ¢ € N, 4

ui(z) = {w! if z; = x; for all j € S%, v({i}) otherwise }

at each x € X. We refer to (IV, X, u) as the strategic form game induced by
v and denote it by g,.

The game g, induced by a convex TU game v can also be described by the fol-
lowing scenario. Once every player i € N picks a strategy x; € X;, the joint strat-
egy x leads to a coalition structure and a feasible distribution of the worth of any
coalition in this partition among its members. Formally, denoting this “outcome
function” by h, we have, for each z € X, h(z) = {(T1,w™), ..., (T;,w™)}, where
B(z) = {Ty,...,T;} is a partition of N and w’ € R”x with P wl* = v(T},) for
each k € {1,...,l} defined as follows in a similar fashion to oifrTi:anonical games.
For any T € 2V with |T| > 1, we let T' € B(z) if and only if x; = (T,w”) for
all i € T. For any j € N, we let {j} € B(z) if and only if z; = ({j},v({sj}))
or ry # x; for some k € S7. For nonsingleton coalitions 7' € B(z),w” is the
allocation agreed upon by the members of T via their declarations. A singleton
coalition {i} € B(x) receives v({i}). The utility profile u of g, above summarizes

the outcome of this process.

92



We denote the set of all TU-strong equilibria of a strategic form game g by
S ETU(g)-

Theorem 10. For any convex TU game v, one has u(SEry(g,)) = Core(v).
Proof. Take any w € Core(v). Let x € X be such that z; = (IV,w) for each
i € N . Take any S € 2V\{0} and 25 € Xg with x5 # x5. Now B(zg,2ns) =
{Th,....,T;}U{{j} | j € N\S} for some partition {71,...,T;} of S, implying that

> ui(Ts, Tv\s) = zl: v(Ty) < v(S) by convexity of v. As w € Core(v), we also
f&fve v(S) < X wik: 2 ui(z) since clearly u;(z) = w; by definition of g,. Thus
> uilws, xN\;e)SS > ;ezj(vx) So x € SEry(g,) with u;(z) = w.

. Conversely, letzizse SEry(g,). Now suppose that there is some S € 2V\{(}

with " w;(7) < v(S). Let w € R® be such that Y w; = v(9), and set x; = (S, w)
€S €S
for each i € S. Now, however, > u;(zg,xns) = > w; = v(S) > > u;(z), in
€S €8 €S
contradiction with = € SEry(g,). Thus, u(x) € Core(v). O

93



CHAPTER 7

CONCLUSION

In this study we have introduced the notion of semi-transferable utility to
complete the analysis of transferable utility where utility is neither nontransfer-
able nor fully transferable. The efficiency notion (Pareto) of NTU games, and the
solution concepts a-core and (3-core are generalized for any given utility transfer
degree v € [0,1]. With the notions of a-core and S-core where utility is semi-
transferable, the relation of a-core and the (-core in the NTU games and the
~v-a-core and 7-f-core are provided respectively. Moreover it is shown that the
utility profile of 1-a-core and 1-(3-core belongs to the the core of the relevant as-
sociated TU game. The intermediate value theorems we provide show that there
exists a critical value of utility transfer degree such that with high enough utility
transfer degree, payoffs of a-stable or [-stable outcomes are in accordance with
the Core of the relevant associated TU game. We provide critical vector of utility
transfer degree where each agent can have different utility transfer degree which
is related to his/her wealth level, which is a generalization of the above result via

vectors.

Adding semi-transferable utility to a normal form game involves adding trans-
fers at each outcome as commitments. In this study we propose 2 types of games
where transfers are introduces to strategy space of each agent. In the first ap-

proach, transfers are added to the strategy space of the agent as a simultaneous
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choose with the actions of the normal form game. In the second approach we
propose a two stage extensive form game where transfers are incorporated to the
game as the first stage game. The second stage of the game is a normal form

game where transfers proposed in the first stage are realized.

In the game introduced via the first approach, 7-TU normal form game is
introduced where agents choose the strategies and outcomes simultaneously. -
a-core and 7-(-core of the 7-TU normal form game is introduced. Given a 2
person finite normal form game necessary and sufficient conditions for the non-
emptiness of y-a-core and v-(-core of the 7-TU normal form game is provided.
The relation between the 1-a-core or 1-F-core of the v-TU normal form game
and the core of the relevant associated TU game is shown. The relation between
the Nash equilibrium, a-core and [-core of a finite normal form game and the
Nash equilibrium of the 7-TU normal form game is questioned. It turns out
that inserting the semi-transferability of the utility to the model via transfers
as simultaneous choices together with the strategies does not help to implement

outcomes other than the Nash equilibrium of the original normal form game.

In the second approach, the transfers are incorporated to the finite normal
form game as a pre-stage to the normal form game to be played. In the first
stage the agents announce the transfers that they are proposing to give at each
outcome constrained with a budget constraint; in the second stage the game is
played with the transfers realized. As we have changed the setting to an exten-
sive form game, a new equilibrium concept Quasi Subgame Perfect Equilibrium
is introduced. Although utility transfer is incorporated to strategic form games
in such a way that players do not have means of coordination when announcing
transfers or choosing strategies, yet it turns out that outcomes that are reach-
able by coordination now become stable equilibria in famous examples Prisoners’

Dilemma and Centipede Game. It turns out that for the games where Nash
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equilibrium gives players their minmax values and self interested players cannot
improve upon these payoffs in spite of existence of superior outcomes for both
agents’ best interests, without having means of cooperation semi-transferability
of utility with binding agreements on transfers improves efficiency of stable out-
comes. More properties of quasi subgame perfect equilibrium such as whether
an improvement with respect to Nash equilibrium concept in terms of welfare
exists as gamma increase, achievability of welfare maximizing outcomes as stable
outcomes are questioned. Relation between v-(3-core of the v-TU normal form
game and quasi subgame perfect equilibrium at v is presented. It is shown that
Nash equilibrium, Strong Nash equilirium, 3-core can be implemented as QSPE
if utility transfer degree is zero. Necessary conditions for a QSPE for v > 0 are
characterized. Utilyzing the approach of games of pretension set of equilibria

when agents choose their transfers and actions in order are analyzed.

Moreover utilizing the relation between the normal form games and their
associated TU games, the study questions the refinement of the core of a TU
game given that there is no information about the underlying strategic struc-
ture of coalitions. Given a convex TU game with a nonempty core, we construct
a canonical normal form game where a-core, [-core and TU strong equilibria
coincide. We show that if the strategic information structure is lost, any two
allocations that belong to the core are equally valuable as there exists a strategic
background respecting them. The strict convexity of a TU game also guarantees
strict separation between different core outcomes. Given a convex TU game v
along with a particular core allocation w, the utility profile of the associated coali-
tion formation game depends upon both v and w. We obtain the mechanism that
“implements” the core from our canonical family of coalition formation games
by making the payoff profile a function of the joint strategy instead of fixing it

contingent upon a given core allocation.
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Introduction of semi-transferable utility to study the cases in between the two
extreme cases of transferability of utility is the main contribution of this study. It
is applicable to both cooperative and noncooperative games and any model that
exists in the literature of game theory. As a precedent we study semi-transferable
utility for normal form games and mainly a-core and [-core. Assuming utility
to be y-transferable where v € [0, 1] enables us to find the relation between equi-
librium notions of NTU games and TU games. With this approach we not only
incorporate strategy structure to TU games, we also embed a utility destruction
possibility to strategic space of individuals in NTU games. Given a 2 person
normal formal game, to insert semi-transferability of the utility to the game,
two different game forms are proposed where transfers are incorporated to the
strategy structure. It turns out that incorporating the transfers to the game as
simultaneous choose with strategies of the normal form game cannot provide a
mechanism to implement different outcomes other than the Nash equilibria of the
NTU game since announcement of transfers are not binding agreements. Whereas
inserting transfers to a NTU game as a 2 stage transfer mechanism makes it pos-
sible to implement outcomes that belong to a-core and the [-core when v = 0.
Lastly, utilizing the relation between the normal form game and its associated
TU game, given a TU game v a strategic canonical coalition formation game is
proposed. This canonical game approach shows that without the knowledge of
the underlying strategic information structure of a TU game, any two elements of
the core is equally valuable. As a refinement of core of a given TU game, utility

profiles of outcomes that belong to 1-3-core is proposed.
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