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ABSTRACT

Master’s Thesis
Design of Fractional Order Proportional-Integral-Derivative (FOPID) Controllers by
Using 3-Dimensional (3-D) Plots
Mohamed Hassan Nor
Ondokuz Mayis University
Graduate School of Sciences
Department of Electrical and Electronics Engineering
Supervisor: Assoc. Prof. Dr. Mehmet Emir KOKSAL
Traditional proportional-integral-derivative (PID) and fractional order PID (FOPID) controllers
are standard feedback control loop mechanisms that are commonly used today in many industrial
applications. These controllers are designed to accurate the error between the reference and
measured variables and to achieve the required output value, following the system design
specifications. 3-dimentional plots and their use in designing ordinary PID or FOPID controllers
have not been considered before in the literature on this extend.

In this thesis, a 3-D graphical method is developed to tune the gain parameters K, K;, K, of

the FOPID controller knowing the fractional orders A and u . The method gives a graphical view
of the acceptable control parameters satisfying the specified requirements on the 3- dimensional
Euclid space (K, K;, K4) € R*. Although some design specifications in 2-dimentional plots have
been given in the literature, this 3-D method has not been implied before. Also 3-dimensinoal
plots, their mathematical and programming details as well as 3-D examples are not studied
thoroughly in the literature.

For designing controllers by using this 3-D graphical method, system design specifications
such as phase margin (PM), gain margin (GM), phase flatness (PF), output disturbance rejection
(ODR) and high frequency noise rejection (HFNR) are considered and their important
characteristics are shown.

Key words: PID controller, FOPID controller, Phase margin, Gain margin, Iso-damping,

Noise rejection.



OZET

Yiiksek Lisans Tezi
Kesirli Mertebeden Oransal-integral-Tiirev (FOPID) Denetleyicilerinin 3-Boyutlu (3D)
Grafikler Kullanarak Tasarimm
Mohamed Hassan Nor
Ondokuz Mayis Universitesi
Fen Bilimleri Enstitiisii
Elektrik ve Elektronik Miihendisligi Anabilim Dali
Danisman: Dog. Dr. Mehmet Emir KOKSAL

Alisila gelmis oransal-entegral-tiirevsel (PID) ve kesirli mertebeden oransal-entegral-tiirevsel
(FOPID) denetleyiciler giiniimiizde bir¢ok endiistriyel uygulamalarda siklikla kullanilan standart
geri beslemeli kontol donglisii mekanizmalaridir. Bu denetleyiciler, arzu edilen system tasarim
ozelliklerini saglamak suretiyle referans degeri ve Olciilen isaret arasindaki hatay1 ayarlamak ve
istenilen ¢ikis degerini elde etmek icin tasarimlanir. Ug boyutlu ¢izimler ve bunlarmn alisila gelmis
PID veya FOPID denetleyicilerin tasarimi i¢in kullanilmasi, daha 6nce literatiirde bu 6lciide ele
alinmamustir.

Bu tezde A ve p kesir mertebelerinin bilindigi farz edilerek, FOPID denetleyicilerin K, K;, Kq
kazang parametrelerini ayarlamak igin 3-boyutlu (3-D) grafiksel metod gelistirilmistir. Metod,
istenilen tasarim gereksinimlerini saglayan kabul edilebilir kontrol parametrelerinin ii¢ boyutlu
(Kp, Kiy Kg) € R3 Euclid uzayinda grafiksel goriiniimiinii vermektedir. Literariirde 2-boyutlu
uzayda bazi tasarim gereksinimleri verilmis olmasina ragmen, bu tezdeki 3-D metodu daha dnce
ele alinmamustir. Bu tezdeki 3-D ¢izimleri, bunlarin matemeatiksel ve programlama detaylart ve
orneklere uygulamalari daha once literatiirde detayli olarak incelenmemistir.

Onerilen 3-D metodu ile denetleyicilerin tasarimi igin, faz aralig: (phase margin, PM), kazang
aralig1 (gain margin, GM), faz diizgiinliigii (phase flatness, PF), ¢ikis bozucu bastirimi (output
disturbance rejection, ODR) ve yiiksek frekans giiriiltii bastirimi (high frequency noise rejection,
HFNR) gibi tasarim gereksinimleri ele alinmis ve bunlarin 6nemli karakteristikleri gosterilmistir.

Anahtar kelimeler: PID denteleyici, FOPID denetleyici, Faz araligi, Kazang araligi,

Bozucu bastirimi, Giiriiltii bastirima.
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1. INTRODUCTION

For the last decades, dynamical system controllers have been getting in numerous research
interests which are constructed on fractional order (FO) calculus. It has been promoted
that FO calculus will play a key role in a smart system. (Podlubny, 1998) proposed the
concept of the FO Proportional Integral Derivate (PID) controllers and confirmed the

efficiency of such controllers for activating the response of FO systems.

Fractional calculus is a term for the theory of integrals and derivatives of arbitrary
orders, which combine and oversimplify the concepts of integer-order differentiation and
n-fold integration (Podlubny, 1998).

1.1. Fractional Order System

A branch of mathematics that analysis the chance of changing the actual whole-number
powers into a fractional (non-integer) order of derivatives and integrations is known as
fractional calculus. There are different ways to describe fractional order operators of
derivative and integrals. Fractional calculus has been studying since 1695. Because of its
increasing facilitates of computational and the tools, fractional calculus has become a very
important research topic. The equation that comprises fractional derivatives is called
fractional differential equation (FDE), and the equation that contains fractional integrals

is known as fractional integral equation (FIE) (Podlubny, 1998).

A system that contains FDE or FIE or both of these fractional equations is said to be
a fractional order system (FOS). FOS is a very useful in a typical behavior of studying
dynamic systems, in biology, chemistry and also chaotic system. In dynamic systems and
the theory of control systems, fractional order is an essential tool that can be used for

modelling FOS by using FDE and/or FIE that contains fractional orders.

Recently, applications with FOS have increased rapidly. The FOS, mathematically

increases the accuracy of the real objects better than the traditional “integer order”



methods. The fractionality of many systems is very low even though the real objects are
usually fractional (Nakagawa and Sorimachi, 1992). The absence of the fractional
differential equations’ solutions in explicit forms are the main reasons behind the usage

of integer order methods.

Nowadays, Linear Time Invariant (LTI) systems with fractional orders, have attracted
the intention of many control systems in the world, though, the investigations of the

fractional order control systems have started in early 1960s (Manabe, 1960).

The general form of FOS can be written as

H(Dal,(lz;"'.am)(yl,yz’ e, ym) — G(DBI!BZ!""BH)(X]J XZ’ e, Xl’l) (11)

where y; and x; are time domain output and input functions respectively, H and ¢ are also
functions of FD (fractional derivative) and DY is the fractional derivative operator, y =
Qy, 0y, , 0, and By, B, -+, B, are the orders of the fractional derivatives and generally

these orders can be complex quantities.

A Linear Time Invariant system is a special case of Eqg. (1.1) and this can be also
modified as follows

i=0

(Z aiD“i>y(t) _ Zb,-DBi %(0). (1.2)
j=0

Taking the Laplace transform of the LTI system of Eq. (1.2), the transfer function (TF) of

the system is going to be as

_Y(s)  XjobySP

TF = = .
X(s) 2,a; S%

(1.3)

Generally based on the orders of «; and g; of the transfer function, it can be said that

FOS have unlimited memory potentially.

One of the motivations that encourages to study FOS is that dynamical systems are
mostly described as exponential way and this exponential way are very classical approach

and can be measure for the growth of population.



In (Rivero et al, 2011), it is stated that the order of a FOS is an admirable controller,
and using this FO can be controlled how the target point is approached to or getting away

from the target point.

1.2. PID Controller

Proportional integral derivative (PID) controller is a controller that has been used very
widely and magnificently for the last several decades in various applications in industry
and many other systems that need endlessly moderated controllers. What makes PID

controller more widespread is its design simplicity and effectiveness (Podlubny, 1998).

A PID controller constantly computes the errors between the preferred set-point (SP)
and the actual values of the system output which is called “process variable” (PV) and
after calculating the error values the system will put on a correction based on the PID
expressions. The proportional integral derivate (PID) controller produces an output that
contains the combination of the results of proportional, integral and derivative controllers.

In real-world term, PID applies automatically and correct the responses to the
controlled function. For daily practical example is going to be “cruise control” which is
on the car, and this control system is effected externally. These external impacts decrease
the speed of the car (such as peaks or hills). For the PID control system reinstates from
present speed to the preferred speed in an optimum way, lacking of postponement or
exceed, and this PID system restore is done just by controlling the car’s engine output
power. In the early 1920 s, automatic steering systems were the first theoretic study and
applied application of PID controller and this steering system was developed for ships.
Later it has been used widely for automatic procedure and for implementation in industrial

manufacture, such as pneumatic, and electric controllers (Podlubny, 1998).

Nowadays, there are a lot of usage of the PID controller conception in the desires of

demanding a precise and enhanced automatic control systems.



1.2.1. Block diagram of PID controller

The different appearance of PID controller is the capability to be able to use the
combination of the controllers of proportional, integral and the derivative controllers to
impacts on the control output to provide an occurrence and optimization of the desired
output. Figure 1.1 shows the block diagram of the principles of the combined PID

controller and how these three controller terms are combined.

Proportional
_P P
Reference Error Integral Plant imput Output
t u(t t
r(®) 4 e(t) N I © Plant y(®
B Derivative
i D
Feedback

Figure 1. 1. Block diagram of a PID controller system

PID controller continuously computes the error e(t), as mentioned before, considering
the preferred set-point (SP) which is the reference point r(t) and the measured values
from the plant output y(t), and according to the predefined reference value the system
applies an improvement regarding the P, I and D control terms. Then the PID controller
tries to lessen the error values by the modification of the controlled output as much as it
can (Astrom and Higglund, 1995).

The error value that are proportional to the present value of the subtraction of plant
output y(t) from the reference value r(t) is called proportional (P). P controller compares
the preferred or the reference (set-point) with actual plant output value or the response
procedure value. The consequential error value is multiplied by the proportional gain

constant (K,) to get the desired result. When the error value e(t) is zero, then the output

of this controller is also zero (Astrdm and Higglund, 1995).

For instance, if there is a positive and a large value of error e(t), then proportionally,

regarding the gain factor K, the control output will be large and positive. Using only P



controller with compensation, will consequence in e(t) between the reference point r(t)
and the plant output value y(t), because there is no error generated to have proportional

answer there won’t be any corrective reaction (Astrém and Higglund, 1995).

The integral controller accounts the error from the difference between the reference
value and the plant output value of the previous error and integrates the difference over
time to yield the integration (I). Due to the residual error values or the existence of the
difference between the set-point value r(t) and the actual plant output y(t) variable which
proportional (P) controller couldn’t solve it, integral controller is required, to provide the

essential accomplishment to diminish the residual error values or the steady state error.

Integral controller holds the final preferred value at which the difference between the
reference value and the plant output reaches zero. When the error values go to negative
value then the integral controller reduces its output. Integral controller limits the quickness
of its response and this disturbs the stability of the system. The speed of integral controller
response can be increased by reducing the K; integral gain. For instance, if residual error
is found after the proportional controller is applied, the integral controller (I) try to find
out the solution of this residual error, by accumulating the effects of the integration for
the cumulative error value. After the residual error is removed, the effects of integral
controller will be stopped. This result will show the proportional consequence lessening
as the error declines. When there is no need for high speed response, proportional-integral
(PI) controller is used in most of the time (Podlubny, 1998).

P and I controllers don’t have the ability to guess the upcoming performance of error.
Derivative controller devastates this difficulty by predicting the upcoming performance
of the system or error of the system. The best estimation of the future error result e(t)
from r(t) — y(t), is done using the derivative (D) controller. The estimation is done based
on the present error rate of alteration with respect to time and the constant K, “derivative
gain constant”. Sometimes, derivative control is called “anticipatory control), because of
its effect for trying to find out a reduction of the upcoming error r(t) — y(t). So, by
applying D controller effects the amount (rate) of error rate alteration (Astrém and
Héagglund, 1995).



So lastly PID is the combination of these three different controllers (proportional,
integral and derivative), and this combination is done to have the best required response

of the system.

1.2.2. Mathematical form of PID controller

Mathematically, the general PID controller output u(t) is direct proportional to the
proportional controller, the integral controller and the derivative controller, as can be seen
from the equation below.

u(t) o (e(t) + [ e(Ddt + e(v)). (1.4)

Replacing the proportionality in Eqg. (1.4) into proportional gain, integral gain and
derivative gain constants, we have the general equation in time domain of the PID

controller
u(t) = Kp e(t) + K; [ e(dt + Kq S-e(t) (1.5)

where, K,, K; and K; are constants, representing the proportional, integral and the

derivative gain constants. Taking the Laplace transform on both sides of Eq. (1.5), we

obtain
U(s) = K,E(s) + Ki§ E(s) + Kg s E(s). (1.6)
Factoring out E (s) from the right side of Eq. (1.6) we can rewrite it as
1
U(s) = E(s) (Kp +KiS +Kq s). (1.7)

So, the transfer function of PID controller is going to be

U(s) 1
Ge(5) =%= Kp +Ki=+Kqys (1.8)
=K, (1 + T—; + 14 s) where, (1.9
T = I]{(—‘: and Tty = E—Z. (1.10)



1.3. Fractional Order PID Controller

PID controllers have been used widely for the last decades in industrial applications,
because of its simplicity structure and its well performance, and also because of its simple

tuning in large range of conditional operations (Varol and Bingul, 2004).

Even though the control system theory has been developing, PID controllers are in use
still for many industrial control systems (such as motor drivers, aerospace control, etc.).
Dynamic systems such as FOS, and many other control systems have been considered as

Important research topics in various areas in engineering and science for the last decades.

FO controllers are defined by making the orders of the derivatives of the derivative
controller and the integrals of the integral controller fractional (non-integer), and this can
be easily control or modify the frequency response of the system straightly and
unceasingly. Lacking of solution methods for the fractional differential equations were the
main reasons behind the usage of integer-order models. But this disadvantage of FOC’s
has been overcome with the numerical techniques conducted by the developed high-speed

digital computers.

Although, PID controller is one of the leading industrial controllers and hence PID
controllers are matters of stable determination for the improvement of the system quality
and the system robustness. One of the potentials to advance PID controllers is to habit the
usage of fractional order controllers with non-integer derivatives and non-integer

integration portions of the controller.

For the last few years industrial applications have been using systems that are
containing derivatives with fractional order and integrals with fractional order (Vinagre et
al, 2007). And different areas also have used fractional order controllers like electronics
(Calderén et al, 2006), documentations of systems (Schlegel and Cech, 2004), robot
manipulations (Ferreira and Machado, 2003), canal control for irrigations (Feliu-Batlle et
al, 2007), Mechatronic-systems (Zhang et al, 2007; Ma and Hori, 2004) and heat control
systems (Jesus and Machado, 2008).

It is important to mention that using FOS theory can compactly regulate and control

many rising numbers of physical systems, and can be easily control these systems with



the help of FOPID controllers (Podlubny, 1999). Also FOPID controllers can be used even
when the system has time delay behavior or is unstable (Hamamci and Koksal, 2010).

The generalization of traditional PID controller can be modified using fractional
orders as PI*DH, where A and u are the non-integers of the integrator-order and the

derivative-order respectively.
Then the output response of the FOPID controller in time domain can be defined as:
u(® =K, e(t) + K; D™ e(t) + KqD* e(t). (1.11)

From Eq. (1.11), if A =1 and pu=1 then, we have normal conventional
PID controller, if A = 1 and u = 0 we have PI controller, and ifand u = 1 and A = 0 we
have PD controller, and if both orders A and u are zero we only have proportional gain

constants. These are different scenarios for the FOPID controllers design cases.

The continuous transfer function of the controller can be represented as

U 1 1
Ge(5) =£= (Kp +Kix +Kqs*) =K, (1 +Ti?+rds”),(7\,u > 0) (1.12)

where 7; and t,; are given in Eq. (1.10).

Different from the standard PID, two extra parameters which are denoted A and u are
additionally added. Scientists have indicated that these two additional parameters
reinforce the system properties, and the pointer of the users, also these parameters increase

the flexibility of the system and its stability.

When designing FOPID controllers, there are many factors that should be considered
into account. Five different parameters (K, K;, K4, 4, 1) have to be considered for FOPID
controller’s specification design. Sometimes the required specifications for the controllers
are generally to attain the load instabilities, frequency noises and the instability of the

typical design mode.

So, under the consideration of all the tuning parameters (K, K;, K4, 4, 1) values of the

FOPID controller, the optimum and the most appropriate solution of the system can be

reached.



FOPID controller is a useful configuration that has been active for control dedications.
FOPID controller is constructed by using the abovementioned five parameters which are

the proportional, integral and the derivative gain constants (K, , K;, K4) and the fractional

integral and the derivative orders (4, i) of the system respectively.

At the first time, fractional-order proportional integral derivative controller is studied
by (Podlubny, 1999), since then the researches about the FOPID controllers have been
increasing continuously (Boudjehem and Boudjehem, 2013; Kheirizad et al, 2013;
Kheirizad et al, 2012; Ghasemi et al, 2014; Cao, 2006; Ozbay et al, 2012; Dimeas et al,
2017; Li et al, 2010; Li and Chen, 2008; Luo et al, 2010; Padula and Visioli, 2011; Shah
and Agashe, 2013).

1.3.1. Genetic algorithms for PID and FOPID controllers

There are different studies for FOPID and PID controllers’ design algorithms in the past
researches. Bingul and Karahan has developed a method to get the optimal values of the
parameters of the FOPID controller for robot trajectory control, considering given
restrictions (Bingul and Karahan, 2012). This method is an easy method and since the

reliability is high it has future potential for the control zone.

It is not easy to optimize the FOPID controller’s parameters (K, K;, K4, A, i) of linear

systems and non-linear systems. It is essential to have a global approach automatic

optimization parameters in order to have efficient and effective FOPID controllers.

Numerous evolutions for parameter’s optimization algorithms have been developed
for the last decades, such as genetic algorithms (Chang and Chen, 2009; Aldair and Wang,
2010; Lee and Chang, 2010). Bingul (2004), has proposed a differential evolution
algorithm (DEA) for PID controller design, to have a stable reference point and to provide
an integrating procedure with time domain and this is one of the important algorithms for
PID controllers. The evolution of the differential algorithm has recently upgraded and
realized that this is a very dominant algorithm for the optimization of the FOPID
controller’s parameters. In (Biswas et al, 2009), Biswas et al. have suggested that
differential evolution algorithms have very useful effects on the FOPID controller

containing fractional derivatives and the fractional integrals. The parameters of FOPID

9



controller containing the three constants of proportional, integral and the derivatives gain
constants and the orders of the integrals and the derivatives have been designed in a
different way than the traditional PID controller making the integer order fractional orders

that make the system more complex.

Smart optimization for designing FOPID controllers based on the particle swarm
optimization (PSO) is proposed in (Cao and Cao, 2006; Maiti et al, 2008). Based on this
approach, FOPID controller can be designed with the help of fractional calculus and this

can give the FOPID controller high-performance.

To design the FOPID controller parameters, PSO is used and this promises the position
of the particles. Zamani et al. have proposed and studied a FOPID controller to control
automatic voltage regulator (AVR) (Zamani et al, 2009). In this study PSO algorithm is
used to transfer the above-mentioned design process. The PSO algorithms is a progressive
research process that has been demonstrated to have actual high effectiveness. Both time
domain and the frequency domain control strategy is facilitated by using this PSO

algorithms.

Nevertheless, FOPID controller’s design complication increased, because of the
fractional orders of derivative and integrals in contrast with the conventional PID

controller.

Adaptive PSO (APSQ) algorithm which is a method intended to control the system
parameters and the system parameter’s optimization is proposed in (Alfi and Modares,
2011). In the proposed method, each particle is adjusted dynamically with inertia weight
considering the previous best memories of each feedback. The main compensations of the
suggested “APSO” algorithm are to accomplish more rapidly convergence-speed and

enhanced resolution precision with smallest incremental computational responsibility.

Closed loop system with time delay plant of PI controller have been proposed by
(Yice et al, 2016) using a relay automatic tuning tests, the final frequency of the system
is achieved, after that using the received frequency the parameters of the PI control system
are estimated from the tuning formula of Ziegler-Nichols (Z-N). The process of finding
the parameters of the system is known as tuning. The Ziegler-Nichols (Z-N) method of

finding the parameters of both open loop and closed loop control systems of Pl and PID

10



controllers are still in use and it is a widespread turning formula. The consequence of
changing the fractional integrator order (1) by using the profound parameter’s values for
FOPI controller of a closed-loop system, the system step response is observed and
according to the varying A values, the proposed study has shown that using fractional order

P1 controller is more desired then the normal Pl controller.

In (ElI-Khazali, 2013), EI-Khazali proposed a new method to design FOPD controller
and the FOPID controller. Using biquadratic approximation of FO differential operator, a
fresh construction of predictable order of FOPID are suggested. This FOPID control has
less tuning parameters then the conventional tuning parameters. Also using this fractional
order PD controller, the system can attain the preferred phase-margins lacking of

transferring the gain crossover-frequency of the un-controlled system.

Both traditional PID controller and the FOPID controllers have gained a significant
care for the last few years both in industrial and educational researches (see the references
(de Oliveira Valério, 2005; Micharet, 2006; Vinagre et al, 2007; Monje et al, 2008) for
more details). According to these researches, FOPID controller provides the traditional
PID control systems more flexibility, more reliability, because of the five parameters that
FOPID controllers have, instead of having only three parameters as the conventional PID
controllers. However, this increase of parameters also increases the complexity of the
system tunings parameters. So, in order to solve these FOPID controller’s tuning
parameters problem, various methods have been used for designing FOPID controllers in
the last years as aforementioned in (Maiti et al, 2008a; Biswas et al, 2009; Zamani et al,
2009).

It is conversely accepted that, for the FOPID extensive use in engineering, FOPID
controllers should maintain the similar easiness of the traditional PID controller and it
should clearly provide the enhancement of FOPID controller’s performance and show that
they are better than the traditional PID controllers. Increasing the tuning rules is one of
these advantageous success of the traditional PID controllers (O'Dwyer, 2009). Also
according to (Astrém and Higglund, 2006) to make the tuning parameters automatic is
another important reason for the FOPID controller design success. Considering these

11



reasons, the tuning rules for fractional order PID controller is essential issue (Sanchez et
al, 2017)

Choosing an appropriate tuning parameters is very important for designing an
effective control system algorithm, depending on this parameter selection, model structure
can be modified according to the desired systems. It is out of question that selecting the
best parameters and making the best approximation lead the system to have better yields
for forming progression. (Senberber and Bagis, 2018) Proposed two different modeling
parts. The first one is to design an integer-order system model using “differential evolution
algorithm (DEA) and “artificial bee colony” (ABC), and this is done using integer and
fractional model constructions with time delays. The second part is done using a new
prototype attained with the assistance of matlab/simuling set, to design a FOPID
controller. ISE (integrated square error) modeling procedure is chosen as the presentation

error criteria.

According to the result of this research, fractional-order exhibition has attained the
enhanced result than the integer-order modeling. Also, the first part of the two modeling
study parts or the design algorithms have better suitable performance. Furthermore,
Senberber and Bagis have proposed a detailed debate on the FOPID controller’s system
performance using ABC algorithms for a non-integer order systems (Senberber and Bagis,
2017).

On the other hand, Bagis and Senberger have presented a study that tests the system
performance of high order modeling system using ABC algorithms (Bagis and Senberber
2016). Another system model is presented in (Mete et al, 2016) establishing on cascade
of a linear model and non-linear second order volterra (SOV) model using differential

evolution algorithms.

In (Azar and Serrano, 2018), Azar and Serrano have proposed a slide mode of FOPID
controller and an observer that intends for the non-linear continuous stabilization. The
system design and the observer scheme is done in an isolated style. PSO algorithm is used
for the tuning parameter designs, especially to develop and select the integral order (1)
and the derivative order (u) parameters. Lastly, in synchronous switching closed-loop

system stability is guaranteed.
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Integer-order PID controller and the FOPID controller are proposed in (Chopade et al,
2018). This study is for to control the levitated objects in their position in (magnetic

levitation system), and this system is naturally a non-linear and unstable system.

The traditional integer-order such as PD controller and the PID controllers have been
implemented in industrial applications more than 50-years, and these controllers are used
for controlling linear and non-linear systems (Astrom and Higglund, 1995). For the last
years, conventional PID controller and the FOPID controllers have been prolonged to their
general forms with the help of fractional differentiation and fractional integration of
arbitrary orders (Podlubny, 1999; Das, 2008). (The transfer function of the fractional-
order is approximated by integer-order transfer function using different methods
(Podlubny, 1999; Charef et al, 1992; Oustaloup et al, 2000)).

The strange action of the brain cells sources an epilepsy which is a dynamic disorder
of the brain at the system level. A closed loop control system is proposed by Soltan et al.
to identify the epileptic appropriations and to destroy it through stimulating the brain cells
(Soltan et al, 2018). According to that study, PID is the most widely used “closed-loop”
controller, due to the simplicity of the implementation and the system robustness of PID
controller. The study use FOPID controller. Using the FOPID controller, various stability
of the system domains were established based on the non-integer order and therefore,
because of the increased parameters the freedom of the system also increased. (“Neural
mass model (NMM)” is used to exam the stage for the controller for suppressing the brain
activity). Luo et al. have defined that “Brain neurological disorders such as epilepsy are
dynamical disorders due to abnormal activities of the brain cell” (Luo et al, 2017). It is
difficult to cure abnormal activity and such an illness of brain cells using open loop
frontward stimulation techniques because of its dynamic behavior and unpredictable. So
closed-loop controllers were preferred to identify the abnormality and then via the control
algorithms the controller selects to beat these abnormality (Salam et al, 2016; Wang et al,
2016). Furthermore, an important amount of studies have been completed using fractional-

calculus in various research zones (Ali et al, 2013; Freeborn et al, 2013; Saha et al, 2013).

13



Actually, the FOPID controller has been recognized earlier in the application control
theory and this demonstrates a huge flexibility in the system tuning-parameters and the

system design (Caponetto, 2010).

On behalf of the flexibility of FOPID controllers, there are some difficulties for
designing fractional controllers in time-domain. Furthermore, it has been detected that the
procedures centered at the “gain” and the “phase” margins presenting in the past studies
for conventional order systems are not totally appropriate to the FOS. According to
identified gain and the phase margins, stability regions of FOPID controllers were studied
by Cokmez et al. in order to control the integrating procedure with time domain obtaining
and visualizing in the plane (Cokmez et al, 2018). In that study, the fractional integral of
arbitrary order (1) were assumed to be varying from 0.1 to 1.7. According to the values
of the arbitrary order of the integral order (1), and the different phase and gain margins,

various stability areas have been gained.

Because of the two extra additional parameters (4, 1), FOPID controllers have more
effective performance than the traditional integer-order PID controllers (Zheng et al,
2017) .

In (Ren et al, 2018), Ren et al. have proposed a FO system model of “pneumatic servo
system” by changing the dynamic equations of the integer-orders into a fractional-order
equations. Then the FOPID controller is improved for the “servo system” by using “an
online multi-variable multi-objective genetic algorithm (MMGA)”. And in order to have
comparable results the study also have used the traditional integer-order PID controller
with the same method.

FOPID controllers with variable-orders have been studied in (Dabiri et al, 2018) using
for linear dynamic systems. In this study a method to discretize the FDE with the variable-
operators have been suggested. To find the optimum tuning parameters PSO algorithm is
used in this research article. Three different examples have been done in the research and
these three results have shown that fractional order-PID controller have more effective

than the conventional PID controllers.
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1.3.2. Optimization methods for PID and FOPID controllers

For the closed loop control systems viewpoint, asymptotic following of various forms of
set-point inputs (for example step and ramp) are some of the noticeable objectives of
control systems (Tavazoei, 2010). To control the system performance, integral
performance indices are considered, and the integral indices are established on the system
error, also time is regarded as a computable measure of the closed (feedback) loop

systems.

A system controller is on its optimal, when the system parameters are tuned to values
such that the pre-required design restriction are met, and when the integral indices touches
its lowest point. In time domain performance criteria, some of the familiar integral indices
of PID and FOPID and some other control structures include “Integral Absolute Error
(IAE)”, “Integral Time Square Error (ITSE)”, “Integral Time Absolute Error (ITAE)”,
“Integral Square Error (ISE)”, “Integral Square Time Error (ISTE)” and “Integral Square
Time Square Error (ISTES)”. The mathematical formulation of these integral performance

indices are given as (Das et al, 2011).

IAE = ["le(t)|dt (1.13)
ITSE = [;” te?(t)dt (1.14)
ITAE = [” tle(t)|dt (1.15)
ISE = [,” e?(D)dt (1.16)
ISTSE = [ t?e?(t)dt (1.17)
ISTES = [, [t?e(D)]?dLt. (1.18)

The fact is that each of the different types of integral performance indices, has its
particular advantages in control system design (Rajasekhar et al, 2014). According to
(Rajasekhar et al, 2014), ITSE has the most benefits of punishing the system error further,
and also because the presence of time multiplication term, ITSE restrains out the system
oscillation very rapidly. Conversely, when unexpected alterations occur in the reference

point, ITAE based controllers are preferred.
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Nevertheless, the time-multiplication term in ITAE integral indices disciplines the
error further at future or later steps, and supports reducing the settling-time Ty which is
defined as the time that elapses for the output to remain near the reference value with an
error less than + 5%. Also the absolute error that take in the ITAE is for minimizing the

overpass.

For PID and FOPID optimal design, different smart techniques have been suggested
by (Das et al, 2013) in order to diminish the integral performance indices. ITAE is used
for FOPI control system design in a permanent magnet synchronous motor using
HDABCA “Hybrid Differential Artificial Bee Colony Algorithm” by (Rajasekhar et al,
2014).

Optimizing the ITAE with the PSO algorithm have been established by (Maiti et al,
2008b) for PID and FOPID control system design stability. (Cai et al, 2009) proposed a
very useful application of ITAE using different evolutionary algorithms based on the FO
system controllers. The advantage of ISE and ITAE have been confirmed by (Xue et al,
2006) in the existence of non-linearity, using a test-bed as a DC-motor. The study was
examined for a “position-Servo-mechanism” control systems regarding the actuator-

saturation and the system-flexibility of shaft-torsional.

Freshly few scientists, separately from regarding the aforementioned error placed
metrics, likewise concentrated on lessening the control signal. For example, Integral
Square Controller Output (ISCO) and also Integral Square Deviation Controller Output
(ISDCO) are the best and most extensively used ones.

(Cao et al, 2005) have used genetic algorithm to improve and find the best controller’s
parameters and to optimize weighted sum of ISE and ISCO. Furthermore, Cao et al. have

used PSO for the similar application.

Revolutionary, researches involved combining of the “time integrals and the
controller’s integrals and their tunings by several evolutionary-algorithms for application
alternating from the plant control, multiple-input multiple-output (MIMQ) systems,
network control systems chaotic systems can be found in” (Pan and Das, 2013). Different
from the evolutionary and PSO based design, another important way of designing FOPID

controller is for Fuzzy instructions (Das et al, 2012).

16



In the time domain optimization methods of controller design, the error function
e(t) = r(t) — y(t) is not the only objective to minimize. There are other performance
indices. Different from the time-integrals, (Biswas et al, 2009) proposed an optimization
method using “Differential Evolutions”, for the problem optimizations of FOPID
controllers such as “dominant pole-placement”. PSO based optimizations outline has been
designed by (Kadiyala et al, 2009) in order to minimize the “weighted sum, rise-time,
overshoot, settling-time steady-state-errors” of the FOPID control systems. Some other
approaches for minimization and system optimization can be found in (Zamani et al, 2009;
Rajasekhar et al, 2012; Pan and Das, 2012; Das et al, 2011).

The advantage of the ITAE has the ability to produce small overshoot and oscillations
compared to the IAE and the ISE performances. And according to the ITAE has the best
selectivity and sensitivity compared to the IAE and ISE (Schultz and Rideout, 1961) “In
contrast to ITAE, ITSE has also les sensitivity and it is not contented computationally”

(Maiti et al, 2008b) .
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2. FRACTIONAL ORDER CALCULUS

The branch of mathematics, that is the study of the chances of describing the real or the
complex number of powers of a differential operator and the integral operator (D and 1) is
called Fractional calculus. The generalizations of basic differentiation and integration into
a non-integer order operator (aD%,) equations are referred as a fractional calculus or
sometimes it is called “extraordinary differential equations”. Where a and t are the
boundaries of lower and upper limits of the integration respectively also, D is the operator

and « is the operator order (@ € R).

The representation of differential operator and the integral operator are shown in Eq.

(2.1) below, and this evolves the generalization of an integer calculus operators.
_4d _(t
D f(t) = f(t), If(H) = J, f®adt. (2.1)

More usually, this fractional calculus can be defined as the linear function D%, and if
the power of the operator (D) is a real number, such that if the operator has an integer
value ¢ > 0 and a = n € Z it agrees coincidently with the normal differentiation and if
a <0 and a =n € Z this means that negative power of operator (D) agrees with the

normal integration (1I).

2.1. Fractional Derivative of the general power

Consider and assume the monomial f (x) has the form of
f(t) = x (2.2)

If we take the first derivative and write the usual form of the first derivative, the above

function is going to be as
1 d a-1
f'(x) = &f(x) = ax? . (2.3)

And taking the derivative of Eq. (2.3) once again, it will give more general formula of that
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n 1
a? a a a-n

X =
dxn (a—n)!

(2.3)

Before replacing the factorial with the gamma function, let’s first see and define the

gamma function.

In mathematics, one of the most important function of factorial calculus is called
gamma function or Euler’s gamma function. The Greek letter of I' is denoted by the
gamma. Certainly, this Euler’s gamma function I'(z), is an extension of a shifted 1 to real
or complex numbers down for the factorial function which generally allows the factorial

n! to have a non-integer or a complex value.

The definition of Euler’s gamma function I"(z), is defined as follows:
['(z) = [, e 't* 1dt. (2.4)

This integral converges when the real part of z (complex number) is positive Re (z) > 0.
Assuming that z = x + iy, and substituting in Eq. (2.4) we are going to have

[0e] [oe]

et tX_1+iydt — f et tx—l eiylog(t) dt
0

F'(x+iy) = f

0
= f0°° e~tt*"1 [cos(ylog(t)) + isin(ylog(t))]dt. (2.5)

Having look at Eq. (2.5), when t = 0 we have only the real number Re(z) which is equal

to 1 and when t = oo we have et in the square brackets.
The gamma function satisfies the following equation
['(z+1) =2zl(2). (2.6)

Using the gamma function formula which is given in Eq. (2.4) and using the integration
by part then, Eqg. (2.6) can be proved.
Clearly, I'(1) is going to be 1 and by using Eq. (2.6), we can conclude that when z =
1,2,3,4,-
r)=1r1) =10=1!
r(3) =2.r)=21=2!
r'(4) =3.T(3) =3.2! = 3!
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I'm+1)=nTn) =nTnh-1)!=n!

Finally, we can write this as I'(n) = 1.2.3.4--(n—1) = (n — 1)! for all positive
integers. Now going back to Eq. (2.3) and substituting the factorial part with the gamma

function (Euler’s gamma function), we have

dn Fa+1)
— yd — a—n >
dxrIX 'a—n+1) X (@=0). 2.7)

For example, assuming thata = 1 and n = 1/2, and substituting into Eq. (2.7), we obtain

q1/2 < = r(1+1) 1-1/2 _ r() x1/2 = 2x1/2
dx1/2 r(1-1/2+1) F(%) vm

Taking half derivative again, we have to get the first derivative of function f(x) as

expected;

dt/? 2x/z r(1/2+1) 1/2-1/2 _ _LB/2) o _ 1
dx1/2 @ = Vmr(a/2-1/2+1) T Vmr(y)”

Knowing that I'(1) = 1and I'(3/2) = g this is the similar of taking the first derivative

of the function f(x) = x then

(dl/z d1/2 ) _ d _ 1
dx1/2 dx1/2 X = dxx o

On the other hand, if the integer power of a is a negative number, then gamma function

is undefined so, the following relationship is valid in that case.

d" ['(a+
e X3 = (—1)“%x‘(a+“),for a>0. (2.8)

Because of the undefined gamma function when the real part of a is a negative integer

and the imaginary part is zero, “it is required to do the fractional derivative after the integer

derivative has been performed”. For instance, if you have such a fractional derivative

3
Dz f(x) the following way should be performed.

3
D2f(x) = DY/? D* f(x) = DY/? < f(x).
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2.2. Mathematical Formulation of Fractional Order Calculus

Among different definitions of fractional order fundamental operators, three commonly

used definition formulas, are considered in this section.

2.2.1. Grunwald-Letnikov (GL) fractional definition

Grunwald-Letnikov (GL) fractional definition is one of the most important and

fundamental definitions for the fractional calculus. Taking [a t] as the lower and the upper
limits, the GL fractional definition is define as
5]

aD*f(t) = lim h- QZ( ! () e~ ih, (2.9)

ala-1)(a—-2)--(a—i+1)

- is the binomial coefficients

where [-] is the integer-part and (C;) =

notation.

2.2.2. Riemann-Liouville fractional definition

One of the fractional calculus classic forms is given by Riemann-Liouville (RL). The RL
fractional definition is a very fundamental and important equation for the fractional
calculus. Especially, for the boundary conditions and the repetition functions which is
called periodic function is considered in RL equation. Similar to the GL there exist lower
and upper limits for the RL fractional calculus definition [a t]. The general form of RL
fractional differ-integral is given as:

f
aD%f(D) = ——— O() dt J ( © (2.10)

t—T)1 (n O()

It is essential to mention that n is the smallest integer that is greater than or equal to o

suchthatn — 1 < a < n, and I'(*) is the familiar Euler’s gamma function.
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2.2.3. Caputo’s fractional definition

In 1967 M. Caputo introduced in a paper a different method of calculating fractional
derivatives. Comparing Riemann-Liouville’s fractional derivative definition, when it
comes to solve differential equations Caputo’s fractional derivatives do not need the initial
condition’s definition of the fractional order. Caputo’s fractional derivative definition is

very popular and most of the systems use Caputo’s definition given below.

1 tfM(r)dt

Df =
CoDr [(a—n) ), (t—7)atimn

forn—1 <a<n. (2.11)

If @ = n then the Caputo’s definition turns to a classical form as
CoDf = <f(t) fora=n. (2.12)

where n is the smallest integer that is greater than or equal to .

2.3. Laplace Transform of Fractional Calculus

In most system concepts, the study of dynamical manners is frequently prepared by means
of transfer-functions. The overview of the Laplace transform of the fractional order
derivatives is essential for an optimum training. Luckily, not a huge variance can be
established with admiration to the conventional occasion, approving the usefulness of the
Laplace transform mathematical implement even for the non-integer order systems. The
very basic definition of Laplace transform is

F(s) = L{f(D} = [, e SU(Ddt (2.13)
where s is a complex number.

Coming back to the Laplace transform of the fractional order, the most overall

formulation is given as

n-1 da—1—kf(t)l (2 14)
t=0

L{D® £(6)} = sOL{E(D)} — Z sk[ —

k=0 =
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where n is an integer number, such thatn — 1 < @ < n. We can also state that Eq. (2.14)
is the general form of the fractional order derivatives. This equation converts to a very
easy way, when the initial (derivative part) condition is zero.

L{D(D)} = s*L{E(D)). (2.15)

On the other hand, the Laplace transform of the integration can be expressed as below,

starting from the first integration.
t 1
L{DEO} = £ ( f f(r)dt) =~ ().
0
For the second and third operators of the Laplace transform are
, 1 1
L{D* f(1)} = ~ (L{DF(D}) = 5 (L{f)

L{D? f(9)} = 5 (L{D*f(H)}) = 5 (L{f(H)}) and s0 on.
And this provides the general formula of the fractional integral calculus formula as
L{D* (D)} = 5 (£{R). (2.16)
Note that a can be a non-integer number.

Undoubtedly, Laplace transform is a very useful tool for solving fractional DE. For
instance, the convolution rule in time domain becomes a multiplication in frequency

domain, and this is done with the help of Laplace Transformation.

L{f(0) » g(O} = LI(Dg(D}. (2.17)

For example, assuming that there are two functions of f(¢) and g(t), where g(t) = x%1,

using Cauchy Laplace transform, we obtain

(D% 1)) = ooy £ () LN = 1 (80 * F0) = o f gt— 1) f(Ddr

=T )f (t — * H(r)dr
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2.5. Fractional Order System Stability

For the last decades, fractional calculus application theories have become a desirable
development. Various researchers have been studying on the dynamic system control
stability and the FOS stability. However, because of the huge determinations in a short
time, offerings are distributed beside the past study, and to have a whole picture of today’s

FOS become hard for the researchers.

Stability is a very essential factor for dynamic systems that can be considered both in

time domain and in frequency domain.

2.5.1. Time domain stability criterion

The general notion of bounded-input bounded-output (BIBO) system stability can be
considered in time domain and can be stated or defined through the bellow conditions
(Petras, 2008). A causal LTI system which has the impulse response of h(t) must satisfy

the condition below in order to be BIBO system stable.
Jy 1Ih(Dlldr. (2.18)

The output y(t) of the systems in time domain is the convolution of the LTI system
input x(t) and the system impulse response h(t). An LTI system is a causal system, only
if the system output depends on the past and the present input values and not its future
values (Matignon, 1998).

y () = x(®) * h(t) = f; h(D) x (t — Ddr. (2.19)

2.5.2. Frequency domain stability criterion

Frequency domain representation is very important demonstration of stability. Let a SISO
system be represented by the transfer function between its input and output as in Eq. (1.3).
For the stability of the system it is required that all the poles of this transfer function, that

is the roots of the characteristic equation

m
Zais“i =0 (2.20)

i=0
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should be in the left half of the complex s-plane. To check this, algebraic methods such as
Routh Hurwitz standards can’t be used directly in FOS because, in FOS we have
multivalued function also known as “pseudo polynomial with rational power” instead of
having polynomial characteristic that can be used for Routh Hurwitz. In some special
situations it might be possible (Ahmed et al, 2006). Furthermore, linear matrix inequality
method and some other algorithms have been used for modern control systems (Oustaloup
et al, 2008; Hamamci, 2008; Hwang and Cheng, 2006).

Nevertheless, an exact s- domain stability test like Routh Hurwitz Criterion can be
used to test the stability of commensurate FOSs. For illustrating commensurate case
consider the Caputo fractional derivative D%, let us have a look at the fractional order LTI

system. The state space model of the fractional order LTI system can be written as follows.
D“x = Ax + Bu (2.21)
y = Cx (2.22)

where x,u, and y are the state of input and output vectors, A4, B and C are matrixes, of

orders mxm, mx1,1xm, and « is called commensurate of fractional order.

According to (Matignon, 1998) the FOS D%x = Ax is asymptotically stable, if the

condition

larg(eig(A))| > ag for0<a<2 (2.23)

is met, where (eig(A)) is the “eigenvalues of matrix A”. Note that eig(A) are the zeros

of the characteristic polynomial

d(p) = det(pl — A) = Z d; (s*)!, where p = s%. (2.24)

1=0
Hence, the characteristic polynomial is a commensurate polynomial in s with the

common power of a. Therefore, the stability criterion of Matignon is valid for any FO

system having a commensurate characteristic polynomial.

Note that the transfer function of the system defined in Egs. (2.21) and (2.22) is

Y(s
TF = # = C(s*I — A)‘lD =

(s)

CAdj(s®1 — A)D
det(s®I —A)

(2.25)
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And hence the characteristic equation in Eq. (2.20) is said in commensurate form with

m n

Z a;s™i Z d; (s (2.26)
i=0

i=0

Hence, power in Eq. (2.20) is a multiple of some common power « , that is «<;= «a;,i =
0,1,---,m.

The regions of the system stability and instability of the FOS for the values of 0 <

a <land 1< a < 2onthe complex frequency plane s = ¢ + jw are demonstrated in

(Figs. 2.1 and 2.2).

S5-plane

Im(s) = w
~
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stable n unstable
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» Re(s) = o+ jw
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Figure 2. 1. Stability regions of fractional order LTI system withorder0 < a <1
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-plane
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Figure 2. 2. Stability regions of fractional order LTI system with order 1 < a < 2

NE]

unstable

When applied to the characteristic Eq. (2.24) of the SISO FOPID control system, the
characteristic polynomial can be obtained as the numerator polynomial of the

characteristic Eq. (2.24).
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3. FRACTIONAL ORDER PID CONTROL SYSTEM
DESIGN

In this chapter, the FOPID control system structure is reconsidered again and the design

specifications of the FOPID controller are outlined.

3.1. Control System Structure

A Single-input single-output (SISO) general form of fractional order control system is a

generalization of the structure given in Fig. 1.1 as seen in Fig. 3.1.

D(s)
) Virtual
P1*D*Controller  gontroller Plant
- U - Yi
R(s) + E(s) 6.5) Ll Gy = gme7rem (s) G, (5) = G(s)e + (s)
Cle—x0

Figure 3. 1. Basic structure of SISO fractional-order control system

In this figure, Y (s) represents the output of the system, U(s) is the controller’s output
signal, R(s) is the reference or the preferred input, E(s) is the error between the reference
input and the output. G.(s) is the fractional order PID controller’s transfer function and
Gp (s) is the transfer function of the controlled system. D (s) and N (s) represent the output
disturbance and measurement noise, respectively. This type of systems can be controlled
both integer and/or fractional orders (arbitrary order systems) of the controllers.

In this figure
Gy = gpe1¢m (3.1)

is defined as a virtual gain; it is not actually present and it is included to gain some relative

stability requirements gain margin g,, and phase margin ¢,,, that will be defined in the
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sequel (see Egs. (3.14) and (3.15)). It is the transfer function of the virtual compensator
which is also called gain-phase margin tester, GPMT (Cokmez et al, 2018; Hamamci,
2007). Therefore, in the following discussions it should be taken as an identity (G, = 1),

otherwise stated.

Considering the unity feedback system in Fig. 3.1, the transfer function of the FOPID

system controller G.(s) is in the form bellow

KqSMH+Kp S K

U(s) Kj
GC__=Kp+S_A+KdSu= 5y

" E(9)

(3.2)

where p and A are the fractional orders of derivative and integrals respectively. The

transfer function of the controlled systems is defined as

N(s) o0s j=obj SBj

— —0s _ — —0s
Gp(s) = G(s)e D) oo S e s, 3.3)
or it can be represent as
m n
i=0 j=0

The output of the control system is given as

G (s)Gy Gp(s) G ()Gy Gp(s) N
14 G (s)Gy Gp(s) 14 Gc (s)Gy Gp(s) 1+ Gc (s)Gy Gp(s)

= TR(S)R(s) + Ty (s)N(s) + Tp(s)D(s) (3.5)

Y(s) = R(s) + N(s) D(s)

Above, Tx(s),Ty(s),Tp(s) are the transfer functions between the input reference, the

noise signal, the disturbance signal and the controlled output of the plant.

A LTI system to be a stable system all the zeros of the denominator that is the roots of

the characteristic equation
1+ G:(5)Gy Gp(s) =0 (3.6)

have to be in the left half plan (LHP).

28



3.2. Relative Stability of FOPID Control System

If the characteristic Eq. (3.5) does not lead to a commensurate characteristic polynomial
as in Eq. (2.24), which is usually the case, then the stability test therein cannot be applied.
Therefore, another stability test is needed for FOPID control system. In this case, to check
the system stability in frequency domain, we first convert the s-plane into the complex
plane G, (jw)G,(jw) and the conversion is done considering the open loop transfer
function G, (jw)G,(jw) of the system. Through the conversion, all the poles of the
denominator of the transfer functions in Eq. (3.4) are mapped from s-plane into a “critical

point” (-1,0j) in the complex plane of G, (jw)G, (jw).

The transformation of the s-plane into a complex plane G, (jw)G,(jw) is conform,

such that, the path and position of all the points in s-plane is conserved in the complex

plane G, (jw)G,(jw). Nyquist frequency characteristics of frequency examination

techniques of stability and the consumption of its principle are designated in (Petras et al,
2000).

This test is known as the Nyquist criteria and is considered in this section. When
passing from the left-hand s-plane to the right-hand s-plane, the roots of the characteristic

Eq. (2.24) become purely imaginary and this equation takes the form
Gc(jw)Gp (](.0) =-1 (37)

which defines a border on the parameter space between the stable and unstable states, the
parameters are implicit and being those of the transfer functions G.(s) and C, (s).This
case is better illustrated by the unity gain and -180° phase of the open loop gain function
Gc(jw)C,p (jw); in other words

M(®) = [Gc(jw)Gyp () | = 1 (3:8)
?(w) = Arg[G.(jw)G, (jw)] = 180°. (3.9)

The Nyquist plot of the open loop gain G.(jw)G, (jw) is obtained as the plot on the
complex G, (jw)G, (jw) plane for w = [0, ), and the typical plots are shown in fig. 3.2
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The critical point which enters the system into the unstable state is (—1, 0). Two plots
one indicating an unstable closed-loop system (CLS) and the other is a stable CLS are also
indicated in Fig. 3..2 by line styles ‘---’ and ‘-.-.-.” respectively. The gain crossover

frequency wg. and the phase crossover frequency wy, are defined by
M(wgc) = |Ge(jowge)Gp (joge) | =1 (3.10)
D(jwpe) = Arg[Ge(jw)G, (jw)] = 180° (3.11)

respectively. The gain cross-over point (GCOP) and the phase cross-over point (PCOP)

are defined in polar coordinates as

1
GCOP: (—g—m,n), (3.12)
PCOP: (1, + @), (3.13)
respectively; where
’ GM = 20log(g,,) in dB (3.14)
8m =~ , ) = 20 log(gm) In :
" Gg(]‘”pC)Cc (J“)DC) "

_ 180°

Op =T — arg[Gg(jpr)CC (joopc)], PM @, indegrees (3.15)

are defined as the gain margin and phase margin, respectively. Note that the gain margin
and the phase margin are expressed in decibels and degrees respectively and denoted GM
and PM, specifying the relative stability of the CLS. In other words, greater GM results
with a PCOP far away from the critical instability point (—1, 0) hence with a more stable
CLS. Similarly, greater PM results with a GCOP far away from the critical instability
point (=1, 0) hence with a more stable CLS. A gain margin > 20 dB and a phase margin
> 60° results with a sufficiently stable CLSs. Therefore, GM and PM are very important

concepts in designing integer order and fractional order controllers for control systems.
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Figure 3. 2. Typical Nyquist plot of the open loop gain G, (jw)C, (jw)

Gain and phase margins serve as important measures of robustness as well. It is known
that PM is related to damping of the system and therefore can also serve as a performance
measure (Monje et al, 2008; Franklin et al, 1998).

3.3. Frequency Domain Methods of FOPID Controller Design

Traditional PID control is a standard feedback mechanism control loop, commonly used
in many industrial applications. This PID controller tries to accurate the error, which is
the difference between the reference measured variable and the required output value, by
computing and fixing the error for the corrective achievement that can regulate the
procedure accordingly.

The transfer function of the traditional integer-order PID controller is given in Eq.
(1.8). Three different parameters have involved the standard PID controllers: (K, K;, K;)
which are the proportional, integral and the derivative gain constants of the controllers
respectively.

The proportional gain constant is used to determine the present error response, the
integral gain constant is used to determine the previous latest errors based on the responses
and the derivative gain constant is used to determine the response of the system to the

degree at which the error had been varying.
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Different control elements such as the heat control, automatic voltage regulator, power
supply controlling and many other control elements use these combined three control
elements to adjust and control their processes system of PID controller. Generally, the
functional process of real objects are considered. Though the FOSs are very low,
commonly the integer-order system’s approximation might have some significant
variations between the real systems and their mathematical styles.

Due to the luck of fractional deferential equation’s solutions (FDEs), integer-order
prototypes are used. PID controller is one of the leading industrial system controllers used
today, and hence are the things of putting very strong effort to develop the quality of PID
control systems and the robustness of the system.

So using fractional order PID is one of the most important possibilities to progress
the traditional PID controllers and it is denoted or called by PI*D*. FOPID was presented
in (Kaczorek, 2008; El-Sayed et al, 2007; Podlubny, 1999).

The general form of FOPID controller is given in Eq. (1.12), and there are two surplus

parameters compared to the conventional PID controller equation given in Eqg. (1.8).

To design a FOPID controller in the form of Eq. (1.12), there are five different
parameters to consider (K, K;, K4, 4, 1) in order to turn, and these five different
parameters increases the flexibility of succeeding the current preferred requirements, “for
example controlling the steady state errors, margins of gain and phase, or even the system
performances and robustness”. However, these also increase the system complexity
anyway. So, the trail is to develop a feasible and reliable FOPID controller that behaves
and meets the identical system design requirements (necessities) and performance, but has
less parameter numbers. And the most important point here is to find out for suitable and

achievable estimation to the integral and derivative operators (4, w).

Numerous efforts to discover an optimal set for PI*D# controller’s five parameters
have been studied, so as to accomplish predefined desires of the system (El-Khazali, 2013;
Biswas et al, 2009). For designing PI*D* controllers, Ziegler-Nichols parameters tuning
rules were stated in (Valério and Da Costa, 2004). Also some other new methods for the
tuning parameters of the PI*D* controllers have been stated recently in (Veronesi and
Visioli, 2010; Maiti et al, 2008). Reference (El-Khazali, 2013) suggested assuming that
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A = pand t; = 14, in order to simplify the design procedure of the PI*D* controller, and
then Eqg. (1.12) can be modified as

Ge () = K, (1 + % + 1, S ) (3.16)
or even modify more using biquadratic formulation

1 1+1; SH)? K
Ge (s) = K,y (2+m+riS”)=Kc%;whereKczt—f. (3.17)

Apparently, the five parameters in Eq. (3.2) is compacted into only three parameters
that have to be select carefully to control and meet the requirements of the system design.
And to find the integral time constant (z;) and the fractional order (u), (EI-Khazali, 2013)

uses the following equations.

-+ @m—0p 1

== e K = ) 3.18
2 T ¢ gogm ( )
tan (¥8)+tan(575) 241
T = {tan(%)_tan(%) ; for . # (n—/s) (3.19)
(ti+1)+tan(C2E)
@. = 2tan”! {T“M} ; forty # 1, (3.20)

where ¢,,, and g,, are the preferred phase and gain margins, 6, and g, are the phase and

the gain margins of the uncontrolled system, and ¢, is the controller’s phase-angle.
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4.3D METHOD OF DESIGNING FOPID CONTROLLER

In this thesis, a graphical method is developed to tune the gain parameters K, K;, K; of
the FOPID controller knowing the fractional orders A and u . The method gives a
graphical view of the acceptable control parameters satisfying the specified requirements
on the 3- dimensional Euclid space (Ky, K;, K;) € R*. Although some of them have been
mentioned in the previous chapters of the thesis, the specifications considered are
summarized in the following subsection for the sake of completeness and compactness of
the presented design method. The method has not been implied before. Also 3-dimensinal
plots, their mathematical and programming details as well as 3-D examples are not studied

thoroughly in the literature.

4.1. Design Specifications

Frequency domain design specifications for robust FOPID tuning frequency domain
design (Das et al, 2011) of FOPID controllers was proposed by (Monje et al, 2008) based
on a constrained optimization problem, i.e. if G,,(s) given in Eq. (3.3) is the model of the
process plant, then the objective is to find a controller G, (s) as given in Eq. (3.2), so that
the open loop system would meet the following design specifications:

(@) Phase margin specification: For sufficiently good relative stability phase margin
should be greater or equal to some pre-assigned value. Attaining a preferred phase margin
PM (see Eq. 3.15) at the gain-crossover frequency wy. (see Eq. 3.9). Equations are

repeated below for the compactness of the design specifications

@O =T — arg[Gc(ngc)Gp(ngc)], (4.2

M(“’gC) = |GC(j“’gC)Gp(j‘°gC) | = 1. (4.2)
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(b) Gain margin specification: Sustaining a preferred gain-margin GM (see Eq. 3.14)
of the closed-loop system at the phase crossover frequency wy, (see Eq. 3.10) of the open

loo system. Equations are repeated below for the compactness of the design specifications

1
R _ 4.3
B Gy eope) Ce o) 9
Q(ijC) = Arg[Gg(ijC)Cc (j‘*’pC)]' (4.4)

(c) Robustness to gain variation (Iso-damping): The phase of the open loop system must
be flat at w,. (Chen et al, 2003). This condition given in Eq. (4.5) forces the phase of the
open loop system to be flat at w,4. and almost constant in its neighborhood (Yspec < 0,
decreasing Yy increases relative stability). The system is more robust to gain changes
and the overshoot of the response is almost constant within a gain range, which is known

as iso-damping of time response.
d . :
aArg[Gc(](*))Gp (](*))] |00=0)gc = —Wspec (usually 0). (4.5)

(d) Output disturbance rejection: A constraint on the disturbance transfer function
Tp(s) in Eg. (3.5) with G, = 1, can be set to prevent the low frequency disturbance by
setting (Monje et al, 2008; Das et al, 2011)

1

To(0) = o600 < Ba, (4.6)

W=Wq

where B, is an upper limit for the noise gain for frequencies w < wy,. By is the load
disturbance suppression for frequencies w < w, (Das et al, 2011).

(e) High frequency noise rejection: A constraint on the noise transfer function Ty (s)
in Eq. (3.5) with G, = 1 (also known as the complementary sensitivity function or noise
attenuation requirement (Das et al, 2011)), can be set to prevent the interference of high

frequency noise by setting

Ge (jw)Gp(jw)

1+Ge (j0)Gp () < G, (4.7)

W=wq

Tn(w) =

where C,, is a lower limit on the complementary sensitivity function for frequencies w >
w, (Das etal, 2011; Monje et al, 2008).
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The condition (b) is not included as a design specification in (Monje et al, 2008). Due
to its importance from relative stability point of view and to guarantee a stable control
system, it is included in design requirements in this thesis. Further, although steady-state
error cancellation is included in (Monje et al, 2008), the fractional integration s~ in the
controller is an efficient term to cancel the steady-state error so the steady-state error
specification is automatically fulfilled, and this specification is null and not included in

the above specification list.

4.2. Formulation of Design Specifications

To achieve the required performance parameters @, gm, Wgc, Yspec» W, Cn, W, By
defined in the previous subsection, the values that controller gains K, K;, K, can take will
be discussed graphically in this section by using 3D plots in the space (Kp, K;, Kd) € R3.
The plant transfer function is assumed to be given as a fractional order rational function
with a time delay as in the form of Eq. (3.3); the fractional order integrator and
differentiator control orders A and u are assumed to be known as well; A1 and u are either
known or can be found using by the existing methods in the literature (for example see
the references (Biswas et al, 2009), (Maiti et al, 2008), (Zamani et al, 2009) (El-Khazali,
2013), (Valério and Da Costa, 2004), (Veronesi and Visioli, 2010)).

4.2.1. Stability boundaries

To find the stability boundaries (Cokmez et al, 2018; Hamamci, 2007; Tan et al, 2006) for
achieving the specified phase and gain margins defined by items (a) and (b) in Section
4.1, consider Eqg. (3.6) together with Egs. (3.1), (3.2) and (3.3).

Real root boundary (RRB) is found by letting s = 0 in Eq. (3.6) which leads to
Hence, RRB is a plane perpendicular to K;, — K; plane in (Kp,Ki, Kd) = R3.

Complex root boundary (CRB) is obtained by s = jw in Eq. (3.6); this leads to the
Egs. (3.8) and (3.9).

Using the expressions (3.2), (3.3), (4.8) in (3.8) we obtain
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K22 + Kjw?®W + KZ + 2K, Kq0?** cos(0.5mp) + 2K, K;w” cos(0.5mA)
A+ w2t
+2KgK;w*H cos(0.5m(A + p)) = ~= » Where (4.9)

GyGp(jw) = Nelv. (4.10)

N and y can be found from Egs. (3.1) and (3.3) as follows:

_ [[ZRo b cos(0.5mBi)I? + [Ty by sin(0.5mB)]*]
N = (4.11)
_oarcos(0.5ma)]? + X2, a, sin(0.5ma, '
Bm | T2, cos(0.5me)]? + [Xpo ar sin(0.5me,)]?
k=0 bk sin(0.51By) M_oasin(0.5ma,)
== t — t —0w. (4.12
Y @m + arctan Y=o bk cos(0.5mpBy) g o cos(0.5ma,) o ( )

Using the expressions (3.1), (3.2), and (3.3) in (3.9), we obtain
Kpoox sin(y) — K; sin(0.5mA — y) + Kqo***sin(0.5mp + y) = 0. (4.13)

Drawing K; from Eq. (4.13) and inserting in Eq. (4.9) and arranging after long calculations

Eq. (4.9) takes the simpler form
Kyw" sin(0.5m) + Kgw sm(O.Sﬂ(A + u)) = +Fsm(0.51't7\ -v). (4.14)

As the summary of the derivation, CRB defined by Egs. (3.8) and (3.9) lead to the

compact form

sin (g )\) 0 w*sin E A+ u)] Kp [1 sin(gx—v)]
Ki = .
sin(y) —w sin G)\ — y) w"sin E A+ y)] K4 ON
(4.15)
Using some matrix manipulations the above matrix equation can be extended as
[ w*sin G ?\) 0 o Hsin E A+ u)]] K, I[ Sin(il—v) ]I
—wh
0 ) ) -5ty |
w™sin (g u) sin E A+ u)] 0 d sin (57\ + Y)
(4.16)
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In this form, only any 2 of the equations are linearly independent at a time and the
remaining is linearly dependent on these two. In 3-dimensional Euclid space R3 =
(Ky, Ki, Kq) EQ. (4.15) defines a surface as the parameter w changes from 0 to . This
surface separates the stable and unstable regions with G, = g,,e /%™ present in the
control loop; further if G, = 1 the stable region guaranties the stability with the required

gain and phase margins.

Infinite root boundary (IRB) which results when w — oo does not exists for the control

system applications (Cokmez et al, 2018; Hamamci, 2007).

The illustration of finding RRB, CRB, IRB stability boundaries and the programming

details will be given in Chapter 5.

4.2.2. Phase flatness surface and flatness curve

First, the gain crossover frequency condition in Eq. (4.2) is used together with Egs. (3.2)
and (3.3) defining G, and G, to obtain Eq. (3.8) with N given in Eq. (4.11) and with g,,, =
1. Second, the phase flatness condition in Eq. (4.5) is used together with Eqg. (3.2) and
(3.3) defining G, and G, (see Eq. (4.18) given below). Combining these two conditions,
the equations describing constant phase flatness surface in 3-dimensional space are
obtained as:

K22 + Kjw?®W + K2 + 2K, Kg0?** cos(0.5mp) + 2K, K;w” cos(0.5mA)

2
+2KgK;wM*H cos(0.5m(A + ) = =, (4.17)

K,K;iAsin(0.5mA) + Kpde““u sin(0.5mp) + K;Kg(A + ) w*sin[0.5m(A + )]

0)7‘+”

N2 (9 - LIJspec - ﬁ): (4.18)

dw

where N, 3, y,% are

N =

[Xk=o bi cos(0.5mBi)]* + [Xi—o b Sin(o'snﬁk)]zrﬂ’ (4.19)

>, ar cos(0.5ma,)]? + [Xr, ar sin(0.5ma,)]?

Y k=0 bk sin(0.51Py) Yoo arsin(0.5ma,)

- t
Y=o bk cos(0.5mPy) arctan o ar cos(0.5may)

B = Arctan

. (4.20)
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=B - 0w, (4.21)

dg 7 TR [Shoker bibneP P (B — By sinf0.5m(By — B
4o 3h_; bfw?P + 2 TR} [ Zhoicss bibnwPitPh cos[0.5m(By — By

B o T YNNI L arap 0@t (a — ay) sin[0.5m(a, — ay,)]] | 4.22)

m aZw?%r +2 [Zh 41 arap @t cos[0.5m(a — och)]]

On the face flatness surface Yy = —),.., the value of the face flatness in Eq. (4.5) is
exactly satisfied, that is ¥y = —g,... On one side of this surface the flatness is smaller
than the value specified by this equation, and on the other side greater. In the design of
the controller, any point (Kp, K;, Kd) chosen on this surface or the greater side will fulfill

the requirement

d . .
aArg[Gc(]oo)Gp (]oo)]|m=mgC = —Yspec (usually 0). (4.23)

If the gain cross over frequency wg, is given, then Egs. (4.17) and (4.18) define a
curve in the 3-dimensional (K, K;, K;) space where Egs. (4.19), (4.20) and (4.21) are

evaluated at w = wg,. This curve is defined as the flatness curve on which Eq. (4.5) is

satisfied.

4.2.3. Disturbance rejection surface

Using Egs. (3.2) and (3.3) for G, (s = jwg) and G, (s = jwg), respectively, the equation

of disturbance rejection surface is obtained from Eq. (4.6) by taking the equality sign as

A 003
IKpooﬁ + K; cos(0.5mA) + Kdood+” cos(0.5mp) + Wcos(y)

[K sin(0.5mA) — Kgsin(0.5mp) + —sm(y)] NZBZ' (4.24)
Or equivalently,
g
IP + Icos(0.5mA) + D cos(0.5mp) + Wcos(y)
[I sin(0.5mA) — Dsin(0.5mp) + —cos(y)] NZBZ (4.25)
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where G,(jw,) = Ne¥; N,y are

2 2.1/2
N [ZLO bkwgk COS(O.5T[Bk)] + [Zﬂ=0 by wgksin(O.San)] (4.26)
[Xn,ar (1)ng05(0.51‘[0(1-)]2 + X0, ar wgrsin(o.Snar)]z .
n_ by whksin(0.5m D ar w5t sin(0.5ma
Yy = Arctan Lic=o Di Bd ( B — arctan Z;_O d 3r ( ) — Bwg, (4.27)
Y ko bxwy* cos(0.5mPy) dir=oar wy" cos(0.5ma,)

P =K,w},1= K;,D=Kqo}™ (4.28)

Output disturbance rejection specification is satisfied on the side

2 2 wﬁx

[1°+[]* = gz forallw < wq, (4.29)

d

of this surface where the term in the parenthesis represent the left-hand sides of Egs. (4.24)
and (4.25) with N and y taken as in Eq. (4.26) and Eq. (4.27), respectively.

4.2.4. High frequency noise rejection surface

High frequency noise rejection condition in Eq. (4.7) together with Egs. (3.2) and (3.3)

for G. (s = jwy) and G, (s = jwgn), respectively, yield

cz-1
C3

[P2 + 12 + D? + 2PI cos(0.5mA) + 2PD cos(0.5mp) + 2IDcos{0.5m(A + p)}]

A A
+ 2% [Pcos(y) + I cos(0.5mA — y) + Dcos(0.5mu + y] + (;—22 >0. (4.30)
Or, assuming |C,| < 1 which is usually the case,
[P2 + 12 + D? + 2PI cos(0.5mA) + 2PD cos(0.5mp) + 2IDcos{0.5m(A + p)}]

wzrcz
N2(CZ-1)

200 c2
N(C3-1)

In Egs. (4.30) and (4.31) G,(jw,) = Ne/¥; N,y,P,1,D are

+ [Pcos(y) + I cos(0.5mA — y) + Dcos(0.5mp + y] + < 0.(4.31)

211/2

[Zﬂzo bkwﬁk cos(O.San)]2 + [Zﬂ:o by (»Eksin(O.San)]
N = , (4.32)

X, a, ooffrcos(O.Snar)]Z + X ar oogrsin(O.SHO(r)]2
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Y2, by 0Pksin(0.5mBy) >0 a, wy" sin(0.5ma,)

Yy = Arctan — arctan . — Bwyg, (4.33)
Dk=0 bkwﬁk cos(0.5mBy) Xi-oar wy" cos(0.5ma,)
P =Kyw}, 1= K;, D=Kqwp™. (4.34)

Note that the direction of the inequality sign in Eq. (4.30) should be reversed if |C,,| <
1; further, if the equality sign is taken instead of the inequality sign this equation defines
a surface (constant noise rejection surface C,, at frequency w,,). If v > w,,, Eq. (4.7) will

be satisfied on the side of this surface which will be defined in Chapter5.

In Egs. (4.30) and (4.31), P,1,D are used instead of K,, Ky;, K, for programming

easiness, see Chapter 5. If K, K;, K, are used the following inequallty results

K2wZ* + K7 + Ke2?HW 4 2K, K;wh cos(0.5mA) + 2K deﬁ““ cos(0.5mp)

+2KdKiwﬁ+”cos[O.51T(7\ +w]+ Nz(iﬁc’;) [K w cos(y) + K; cos(0.5mA —y) +
}\+u _ 27\(:2
Kqwy, = cos(0.5mu y)] NZ(C%_D > 0. (4.35)
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5. 3D PROGRAMMING IMPLEMENTATIONS

In this section, Programming details for the 3-D plots of the stability, flatness, disturbance
and noise surfaces as well as the flatness curve are illustrated. The basic ideas for the
preparation of the related function and their use are illustrated. The programs are prepared

by using Matlab language.

5.1. Stability Surfaces

Consider Eq. (4.16) for CRB. For a mesh-grid structure for the variables K, K;. The third
line in Eq. (4.16) that is
f[(Kp, Ki), u)] = pr}‘ sin(0.5mp) + K;sin[0.5T(A + w)] + %sin(O.Sn?\ +y)=0
(5.1)

should be satisfied for each grid point (K, K;). When the frequency o f[(K,, K;), w] is
scanned with convenient steps Aw over a reasonable range, the frequencies satisfying Eq.
(5.1) can be found by checking

f](Kp, Ki), wn—s] - f](Kp, Ki), wp] < 0. (5.2)
Whenever this equation is satisfied the solution of Eq. (5.1) for w is thus found for the
grid point (K,, K;) within an error £Aw. Then the second line of Eq. (4.16) can be used to
find K, as

o K;sin(0.5mA) + %

Ka= wHsin(0.5mp) (5.3)

which is the point on the stability surface corresponding to (K, K;). 3-D Surface plot is
obtained by the Matlab function “mesh”.

RRB K; = 0 is easy to plot since it is so simple.
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We note that due to the transcendental nature of the function f[(K,, K;), w]and +

sign in it, Eq. (5.1) may have more than one solution. Each solution is considered as a
separate stability surface and considered in the programming separately.

5.2. Flatness Surfaces

Consider Egs. (4.17) and (4.18). For a mesh-grid structure for the variables K, K;, Eq.
(4.18) is solved for K4:

A+p d .
ooNz (9 — Ygpec — %) — KpKiAsin(0.5mA)
KporHusin(0.5mp) + Ki(A + p)wtsin[0.5m(A + )]’

Substitute this K,; in Eq. (4.17) to obtain

Ka(Kp Kj @) = (5.4)

fe[ (Kp, Ki), o] = K3(Kp, Ki, 0) 0?0 4+ Ky (K, Kj, w)[ 2K, 02 cos(0.5mp) +
2K;wMHcos(0.5m(A + w))] + K2w? + KZ + 2K, K;0* cos(0.5mA) — wN—? =0. (5.5

This equation should be satisfied for each grid point (K, K;). When the frequency w is

scanned with convenient steps Aw over a reasonable range, the frequencies satisfying Eq.
(5.5) can be found by checking

fe[ (Kp, Ki), wn_1] - [ (Kp, Ki), wn] < 0. (5.6)

Whenever this equation is satisfied the solution of Eq. (5.5) for w is thus found for
the grid point (K,, K;) within an error +Aw. Then Eq. (5.4) can be used to find K4 which
is the point on the flatness surface corresponding to (K, K;). 3-D Surface plot is obtained

by the Matlab function “mesh”.

We note that due to the transcendental nature of the function f¢{(K,, K;), w} in Eq.

(5.5) may have more than one solution. Each solution is considered as a separate flatness

surface and at most four flatness surfaces are considered in the programming.

5.3. Flatness Curve

When the gain GCOF wg, (cross over frequency) is given and the flatness is specified at

this frequency as in Eq. (4.23) (with an equality sign) then Egs. (4.17) and (4.18) define
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the flatness curve in the space (Kp, K;, Ki) as already indicated in Section 4.2.2. To find
the flatness curve we draw K; from Eq. (4.18) to obtain

A+p d
o .
v(@ — Yspec — %) — KgKp0M*psin(0.5mp)

KpAsin(0.5mA) + Kq(A + p)wHsin[0.5T(A + w)]

K, = (5.7)

Substituting this in Eq. (4.17) and rearranging we obtain the following forth order
polynomial equation in K:

q4K§ + q3K3 + q2K5 + q:Kq +qo =0,  where, (5.8)

qs = ag?, qs = g(2fa + hc + byg), qy = af? + fhc + 2gfb + efg?
q: = 2hH + gdH + fcH + fdh + bf? + 2gef,  q, = fH? + fdH + ef?,
a = w***2h, b = 2K,w**** c0s(0.511), ¢ = 2w cos[0.5m(2 + p)],

w2
d= ZKI,a))L cos(0.5mA), e = Kgcuz’l — F'f = K,Asin(0.5m2),

F A+1 d
g = w*(A+ w)sin[0.5t(A + w)], h = —Kpa)’”“/x.H =— wNz (6 — Yspec — ﬁ)_

Choosing a set of successive values of K,,, for each value find the roots of Eq. (5.8)

for each value of K, and then the corresponding values of K; by using Eq. (5.7). Then 3D

plot of (Kp, K;, Kd) by using Matlab function “plot3”. The function subprogram prepared
for computing flatness curve is given and the results are shown in chapter 6 examples. In
general Eq. (5.8) have 4 roots and only real roots of it are considered. Hence there may be

more than one flatness curves.

5.4. Disturbance Rejection Surface

Consider Eq. (4.24) or Eq. (4.25) to find the surface on which the disturbance specification
is satisfied with an equality sign. Then the disturbance specification will be satisfied on
and on one side of this surface as implied by Eq. (4.29). Equation (4.25) can be arranged

as a quadratic equation in the parameter D as follows:

wg

D? + 2D IPCOS(O.Snu) + I cos{0.5m(1 + w)} + Wcos(O.Snu + )/)l

Zwé wlzi)l 1
+=° [Pcos(y) + Icos(0.5tu —y) + ~7 (1- ﬁ)] =0, (5.9)
d
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where N,y, P, 1, D are as defined in Egs. (4.26), (4.27) and (4.28). Equation (5.9) is solved
for each grid point of K,,, K;. Then Eq. (4.28) is used to find K; = D/a)fi’“”). If a real root

exists, then there are 2 solutions for D and hence for K, and the permissible region to
satisfy Eq. (4.29) is outside of these roots. This corresponds to the outside of the two
disturbance surfaces in the 3-D implementation obtained by the Matlab “mesh” function.
The evaluation of the disturbance surfaces are conducted and shown by the examples

given in Chapter 6.

5.5. Noise Rejection Surface

Noise rejection surface is defined by Egs. (4.30) or (4.31) with the equality sign. Its

equation is rewritten below in quadratic form in the parameter D.
whCh
D? + 2D [P cos(0.5mp) + Icos{0.5m(A + p)} + mcos(O.Snu +v)| +P2+12
2 _

wAc?
N(CZ-1)

where N,y, P,I,D are as defined in Egs. (4.32), (4.33), (4.34). Equation (5.10) is solved

A
+2PI cos(0.5mA) + [ZPcos(y) + 2l cos(0.5mA —y) + %] =0, (5.10)

for each grid point of K,,, K;. Then Eq. (4.34) is used to find K; = D/w,(l“”). If a real root
exists, then there are 2 solutions for D and hence for K, and the permissible region to
satisfy Eq. (4.32) is inside of these roots (the case |C,| < 1, otherwise outside). This
corresponds to the inside of the two noise surfaces in the 3-D implementation obtained by
the Matlab “mesh” function. The evaluation of the noise surfaces are conducted by matlab

programming and the results are demonstrated in the next chapter.

5.6. Performance Characteristics

For any example with the FOPID controller and a rational FO plant transfer function with
time constant time delay some performance characteristics are calculated and/or are
plotted to verify the design results. This is done by the prepared function subprogram
“performance”. The outputs of this program are: Noise rejection variation with w,
Disturbance rejection variation with w, Phase flatness variation with w, Nichols chart for

open loop gain, Polar plot for open loop gain, Nyquist plot for open loop gain, Gain and
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phase plots (Bode diagrams) for open loop gain, Controller transfer function G., Plant

transfer function G, Open loop transfer function G.G,, Gain margins GM, g, (in dB, and
normal), Phase margins PM, ¢, (in degrees and radians), Phase crossover frequency w.,

and finally Gain crossover frequency wy..
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6. EXAMPLES

Examples presented in this section generally are taken as benchmark problems chosen
from the literature and each one exhibits the theory in Section 4.2 and the programming

aspects in Sections 5.1-5.6.

6.1. Example 1

Consider the experimental platform controlling liquid level in Basic Process Ring 38-100
Feedback Unit treated in (Monje et al, 2008). The plant (liquid level system) is

characterized by the transfer function

& 313 . ‘1
P T 33335+ 10 (6.1)

where dc gain is 3.13, time constant is 433.33 s and time delay is 50 s.

With the design specifications GCOF wg,. = 0.008 rad/s, PM ., = 60°, robustness to
variations in the gain of the plant must be fulfilled (Ygpec = 05 at wgy), sensitivity
function < B; = —20 dB for w < w,z = 0.001 rad/s, noise rejection < C,, =
—20dB forw = w, = 10 rad/s. In (Monje et al, 2008), the function FIMCON in the
optimization toolbox of MATLAB is used to find the FOPID controller transfer function

0.01
— 0.4773
Ge = 0.6152 + —5oc5 + 4.38675%477%, (6.2)

6.1.1. Performance characteristics

The control system performance is analyzed by the subprogram “performance”; the
elapsed and CPU times are recorded as 1.6571s and 1.7188 s, respectively. The realized
performance characteristics are satisfying the specified ones as seen in Table 6.1.
Especially the ones indicated by ‘ + ’ sign in the comment column fulfils the given design

specifications.
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Table 6. 1. Performance characteristics of PI*D* controlled liquid level system

Characteristics Specification Realized Comments: (--: No comment)
(*Not specified) =: Exact value , +: Satisfied value
Wy (rad/s) 0.008 0.008 =
PM (degrees) 60 60.0808 =
@ (rad) 1.0472 1.0486
Wspec (5) 0 -0.0124
Bg4 0.1 0.0706
Bq4 (dB) -20 -23.0178
wy (rad/s) 0.001 0.001 =
Cn 0.1 0.0099 +
C, (dB) -20 -40.1217
Wy, (rad/s) 10 10 =
wp (rad/s) * 0.0392 --
GM (dB) * 11.7541 _
gm 3.8699
Overshoot (%) % 14.3 (Found by Simulink)
Rise time (s) * 50+138 (from 10 % - to 90 %)
Settling time (s) * 50+587 (95-105 % of final value)
Elapsed time * 1.6571s --
CPU time * 1.7188 s --

The performance characteristics are illustrated by the plots shown in Figs. 6.1-6.7.
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Phase (deg)

-360
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Figure 6. 1. Bode diagram of Example 6.1
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Figure 6. 2. Nyquist plot of Example 6.1
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Figure 6. 3. Polar plot of Example 6.1
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Figure 6. 4. Phase flatness curve of Example 6.1
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Oustaloup continuous approximation (Oustaloup et al, 2000) is used with order N =
5 wp = 107%, w, = 10* rad /s for evaluation of step response by the FO Simulink
blocks which appear in the FOTF Toolbox for FO system analyzer in Matlab (Xue, 2017).
The function subprograms in this toolbox is also used for programming implementations
presented in Chapter5. The resulting step response is shown in Fig. 6.7, and it has an

overshoot of 14.3 %.

1.2
a /_/ R S

0.8 | .

ol / E

Step response

04 .

1 1
0] 500 1000 1500
Time (seconds)

Figure 6. 7. Step response of closed loop system of Example 6.1
6.1.2. Disturbance and noise rejection boundaries

The disturbance rejection requirement is illustrated by the two boundary surfaces obtained
by using matlab programing and the result of the 3D-plot is shown in Fig. 6.8. It is
observed in this figure that the point TP1 = (K, K;, K4) with the designed parameters of
PI*D# controller is in the permissible region. Hence the disturbance rejection
specification is satisfied. In fact in Table 6. 1, the transfer function |Tp| = 0.0706 which
is less than the specified limit B; = 0.1 at wy; = 0.001 rad/s,and |Tp| < 0.1 forall w <
wg. In Fig. 6.8, TP1 is the designed point. When the test point TP2 is taken between the
boundary surfaces DBU and DBL as TP2 = (K, = 0.6,K; = 0.002, K; = 25), then the
disturbance rejection specification will not be satisfied as expected; in fact, it is calculated
that |T;| = 0.2464 > 0.1 at w,; = 0.001rad/s.
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Disturbance rejection boundaries: Upper DBU + Lower DBL
(always outside is permissable)
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Figure 6. 8. Disturbance rejection boundaries and the test points of Example 6.1

Noise boundaries: Upper NBU + Lower NBL
for abs(Cn)<0. innerside is permissable
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Figure 6. 9. Noise rejection boundaries and the test points of Example 6.1

When the noise specification is considered, Table 6.1 shows that noise rejection is
well satisfied with the chosen controller parameters. In Fig. 6.9, noise rejection boundaries
in 3-dimensional (K, K;, K;) space, which are obtained by using the matlab function and
are shown with the test point TP1 of the designed controller. When the controller
parameters are changed to K,, = 0.9,K; = 0.01, K; = 55 (—55), which correspond to the
test point TP2 (TP3) shown in Fig. 6.9 (which is outside of the permissible region), then
the noise transfer function takes the value |Ty(jw,)| = 0.1226 (0.1144) which

obviously, being greater than C,, = 0.1, violates the noise rejection specification.
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6.1.3. Phase flatness curves and surfaces

Robustness to variations in the gain of the plant is satisfied by the phase flatness
curve Yy = 0 at wg. . By choosing Y, = 0 at wye = 0.008 rad/s in Eq. (4.5), the
flatness curve is obtained as shown in Fig. 6.10. Obviously the designed parameters fulfill
this requirement (see the test point TP1). In fact v, =-0.0124=0 at wy =
0.008rad/s and TP1 is almost on this curve. On the same figure, the phase flatness
surface 1y = 0 without restricting the gain crossover frequency w,. = g, is also shown.
It is naturally true that the phase flatness curve is on this surface as seen in the figure.
Consider the two test points TP2 = (K, = 0.2,K; = 0.018,K; = 10) andTP3 = (K, =
0.5,K; = 0.01,K; = 18) which are inside and outside of the phase flatness boundaries.
At TP3, it is found thaty, = 41.9616 s > 0 at wg. = 0.0093 which is far away
from Y, = 0. At TP2, itis found that oy = —48.8777 s < 0 at w,y. = 0.0281, which
is far away from v, = 0 and being much negative, the relative stability is poor and the
system may go to instability easily with uncertain plant parameters. So, the outer region
of the phase flatness boundary is hardly desired design area. Note that the flatness curve
data (FlatC1) is not in the visible range of the axis, and the phase flatness surfaces F3 and

F4 do not exist for this example.

Phase flatness curves + Tesl points+Phase flainess surfaces
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=
e ] —_——
10 — et -
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0.4
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0.02 :
0.015 0.01 o
0.005 o K
24 P

Figure 6. 10. Phase flatness curves and surfaces, and the test points
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6.1.4. Complex root boundaries (CRB)

Complex root boundaries are plotted for a GM = 11.7541 dB(g,, = A = 3.8699) as
realized by the design in (Monje et al, 2008) (see Table 1). As expected, due to the delay
term of the plant transfer function and the transcendental behavior of the CRB equations
treated in Section 5.1, there are multiple solutions for the boundary surface. Note that the
designed system becomes unstable when the open loop gain is multiplied by the GM that
is by A = 3.8699, which causes the Nyquist plot to pass from the critical point (—1,0).
Hence, the test point TPO (*) should be on the CRB,; this is in fact so as seen on the red
surface CRBE2 in Fig. 6.11. In this figure, some other test points are indicated with blue
squares (stable) and purple diamond (unstable) markers. The black hexagram TP8 =

(K, = 0.6152,K; = 0.01,K; = 7.10) is a transition test point between stable and
unstable cases (at TP8,GM = —0.0026dB, PM = 0.0121 rad/s).

t boundaries CRBA1-8,CRBE 1-6, and some lest points

EEEEE

data2

. 1 —

nnnnn
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1 0.8 0.6 0.4 0.2 00.02 0.0156 0.01 0.005 o
K
i

Figure 6. 11. Complex root boundaries and the test points of Example 6.1

The elapsed and CPU times are recorded as 17.0951 and 19.6719 s, respectively.

6.2. Example 2

Consider the benchmark problem treated as example 2 in (Zhao et al, 2005), fractional

order plant model is given as (Podlubny, 1994):

1
P ™ 0.8522+0.5509+1"

G (6.3)
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According to the proposed method in (Zhao et al, 2005), it is selected that A = 0.1
and u =1.15 to achieve a GM g,, = 1.3 (2.2789 dB) and PM ¢,, = 60°, then the
controller parameters are determined as K, = 233.4234,K; = 22.3972,K; =

18.5274. Thus, the controller transfer function is

22.3972 c
G. = 233.4234 + 50—1 + 18.5274s1

_ 18.5274s%2> 4+ 233.4234s%1 4+ 22.3972
- g0.1 :

(6.4)

6.2.1. Performance characteristics

The performance characteristics of the designed control system is shown in Table 6.2. The
elapsed and CPU times for running the subprogram “performance” are recorded as 3.1323
and 4.1719 s, respectively. The realized performance characteristics are satisfying the
specified PM and GM as indicated by “ 4+’ in Table 6.2.

Table 6. 2. Performance characteristics of PI*D* controlled system of Example 6.2

Characteristics Specification Realized Comments: (--: No comment)
(*Not specified) =: Exact value , +: Satisfied value
I: Can be improved
g (rad/s) * 19.8601
PM (degrees) 60° 60.9404 +
@y (rad) 1.0472 1.0636 !
P (3) * 0.0244 !
Bq * 0.3455 !
By (dB) -9.2306
wgq (rad/s) * 8 --
Cn * 0.2657 !
Cy (dB) -11.5114
wy, (rad/s) * 70
wp (rad/s) * Not defined --
GM (dB) 2.2789 o +
8m 13 0
Overshoot (%) * 25.2 (Found by Simulink)
Rise time (s) * 0.0707 (from 10 % - to 90 %)
Settling time (s) * 0.4860 (95-105 % of final value)
Elapsed time (s) * 3.1323
CPU time (s) * 4.1719
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Let us first check the realized parameters ¢.,, ¢, By, Cn, 9,m Shown in Table 6.2 by
verifying the 3-D plots. The stability boundaries, flatness curves and surfaces, disturbance
and noise boundaries together with the test point TPO = (K, = 233.4234,K; =

22.3972,K; = 18.5274) obtained with g, = 1, ¢, = 60°, wye = 19.8601, spe =
—0.0244 s,B; = 0.3455 at wy = 8,C, = 0.2657at w,, = 70 are shown in Figs. 6.12,
6.14, 6.15, 6.16, respectively.

CRBA?
CRBE1

++v-Aaro0
333233333888

Figure 6. 12. Stability boundaries and the test points for Example 6.2

Table 6.3 shows the PMs and GMs calculated at some test points. It is seen that the test
points TP5, TP7, TP11 are near the complex root boundary CRBA1. It worth’s to remark
first that CRBAL is not the desired boundaries as mentioned at the end of Section 4.2.1;
it is resulted due to the multivalued property of the solutions in Egs. (4.15), (4.16), (5.1)
and (6.3). In fact, at TP5, TP7, TP1l, the PMs are computed
as —115.7367°,—119.0596°, —123.8282°, which are all near to—120°; further,
tan(—120°) = tan(60°) and the inverse tangent function (which is used in Eq. (4.12)
for example) can’t differ at these arguments.

On the other hand, complex root boundary CRBE1, satisfies the property of PM
crossing of 60°; note that, in Table 6.3, the phases of TPO and TP2 are above
60° (60.9404°,64.2633°) whilst RP9 and TP10 result with PMs below
60° (31.6260°,58.28039).
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Table 6. 3. Stability characteristics of test points for Example 6.2

Test K, K; Kq Marker PM GM Stability
Point (degrees) (dB)
TPO Kpo = Kio = Kao =

233.4234 22.3972 18.5274 * 60.9404 0 S
TP1 Kpo Kio —Kqo 0 -75.8054 -50.3260 U
TP2 Kpo —Kjo Kao X 64.2633 e S
TP3 Kpo —Kjo —Kao o -77.3033 -48.6125 u
TP4 —Kpo Kio Kdo Diamond 102.6967 -46.0955 U
TP5 —Kpo Kio —Kao Pentagram -115.7367 -46.1052 U
TP6 —Kpo —Kjo Kao Hexagram 104.1946 © U
TP7 —Kpo —Kio —Kao < -119.0596 o U
P8 Kpo Kio 10.5274 . 31.8576 -19.9537 U
TP9 Kpo —Kjo 9.5274 > 31.6260 -23.1595 u
TP10 Kpo Kio 17.5274 + 58.2803 o S
TP11 —Kpo Kio —15.5274 + -123.8282 -46.1044 U

Having the positive GMs and PMs, test points TPO, TP2, TP10 correspond to a stable
system, which is also verified by the obtaining the step responses shown in Fig. 6.13. All
the other test points correspond to unstable systems. Since PM for TP10 < 60°, the only
test points among the shown in Table 6.3 remaining in the feasible stable region (stable
region satisfying the given PM specification) are TPO and TP2. The overshoots are
measured as 26.9, 24.5 %, and 28.5 % for TPO, TP2, TP10, respectively. This similarity
between the overshoots are expected due to near PMs of values
60.9404°, 64.2633°,58.2803°, respectively.
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Figure 6. 13. Step responses for the test points TPO, TP2, TP10 of Example 6.2
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6.2.2. Phase flatness curves and surfaces

Flatness curves and surfaces are shown in Figs. 6.14 and 6.15 which include some critical
test points at which the relevant performance characteristics are shown in Table 6.4. The
flatness curves and surfaces including the stability, disturbance and noise boundary plots
are obtained and show on the Figs 6.14 and 6.15. Its time properties are elapsed time =
29.7287 s , CPU time = 48.6250 s.

The following observations are pointed out about the flatness plots:

I.  Onall the flatness curves FlatC1-FlatC4, i = 0.0244, which is the case it should
be (see TPO-TP12).

ii.  Onall the flatness surfaces FS1-FS2, 1, = 0.0244 within 3 significant digits (see
TP13, TP14). Since these points are not on the flatness curves w,. # 19.86, it is
12.8061(24.2674) at TP13 (TP14).

iii.  In particular, the test point TPO lies on the flatness curve (FlatC2) and the flatness
surface FS2; further the flatness curve FC2 is on the flatness surface FS2. Since the curves
and surfaces are not drawn for the same range of the controller parameters, the complete
coincidence cannot be observed on the figures.

iv. When the test point is out of the flatness curves and as a consequence of this on
the flatness surfaces, the phase flatness deviates from 1 = 0.0244; for example, see the
test points TP15, TP16, TP17, at which Yy = —0.0198 < 0.0244,= 0.0461 > 0.0244,

= —0.0198 < 0.0244, respectively. That is face flatness requirement is satisfied between

the face flatness surfaces FS1 and FS2, and it is not satisfied outside.

Table 6. 4. Phase flatness characteristics of some test points of Example 6.2

Test K, K; Ky Wgc Y GM PM Stabil

Point (dB) (degrees) ity
TPO 2334234 223972 185274  19.8601  0.0244 © 60.9404 S
TP1 265 -635.6 2121 19.8625  0.0244  -13.5713 -112.0665 U
TP2 135 -473.1 -20.53 19.8563  0.0244  -13.6652 -113.6843 U
TP3 -155 -117.1 -18.97 19.8600  0.0244 © -117.8024 U
TP4 -405 180.4 -17.51 19.8583  0.0244  -46.6953 -122.2076 U
TP5 160 603.3 7.42 19.8602  0.0244  1.1178 -1.6409 U
TP6 -100 972 7.262 19.8604  0.0244  4.1339 -6.5587 U
TP7 -80 943.8 7.269 19.8599  0.0244  3.9307 -6.2016 U
TP8 365 307.4 7.679 19.8607  0.0244  -2.0696 2.8195 S
TP9 -480 267.3 -17.04 19.8582  0.0244  -47.4766 -123.7497 U

58



Table 6.4. (Continue)

TP10
TP11
TP12
TP13
TP14
TP15
TP16
TP17

-135
95
335
-240
470
233.4
233.4
2334

-141.3
-423.5
-123.7
26

30
224
224
224

-19.08
-20.32
-21.57
-34
22.1
30

-15

19.8588
19.8565
19.8647
12.8061
24.2674
20.1367
14.0624
20.1367

0.0244 0
0.0244  -151.3584
0.0244  -109.6292
0.0244  -46.1883
0.0245 -27.8106
-0.0198  -49.7082
0.0461 -14.0027
-0.0198  -49.7082

-117.4902
-114.2098
-111.2481
-179.2739
53.4259
-69.5048
20.0876
-69.5048

CunwCwCCCCc

100

Phase flatness curves, Phase flatness surfaces, Test points

TP15=(233.4, 22.4,30)

3
*

TP0=(233 4, 22.18.5274)

TP17=(233.4, 22.4,-15)

Y.-4734
Z:-2053

Figure 6. 14. Phase flatness curves and surfaces, and the test points TPO-TP6, TP15-
TP17 of Example 6.2

Figure 6. 15. Phase Flatness curves and surfaces, and the test points TPO-TP6 of
Example 6.2
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6.2.3. Disturbance rejection boundaries

Disturbance rejection boundaries including the test points tabulated in Table 6.5 are shown
in Fig. 6.16. It is seen that the test point TPO at which the disturbance is B; =
0.3455 (—9.2306 dB) at w,; = 8 rad /s is on the disturbance boundary as expected. The
disturbances at test points TP1, TP2, TP7 which are outside the boundary defined by the
disturbance boundary surfaces DBU and DBL are computed as —12.8050, —11.1968,
and —11.5875dB which are all less than—9.2306 dB, respectively. On the other hand,
the disturbances at the test points TP3, TP4, TP5, TP6 which are all in the inner side of
the disturbance boundary surfaces DBU and DBL are —6.6959,2.6749,1.0445 and
—7.3311 dB which are greater than —9.2306 dB, which means disturbance specification
is not satisfied at these points. So, the theoretical results of Section 5.4 and the 3-D plot

of disturbance rejection surfaces are well verified.

Table 6. 5. Disturbance characteristics of some test points for Example 6.2

Test K, K; Kq4 By (dB)al C, (dB)at | s PM GM | Stabil
Point wq Wy (degrees) (dB) ity
=8r/s | =70r/s
TPO  233.423 223972 185274  -9.2336 -11.5114 0.0244 60.3404 © S
TP1 320.1 34.88 26.24 -12.8050 -8.6298 0.0126 68.7722 © S
TP2 276.7 28.64 22.38 -11.1968 -9.9284 0.0173 65.4755 © S
TP3 190.1 16.16 14.68 -6.6559 -13.5019 0.0353 54.5864 © S
TP4 103.4 3.68 6.971 2.6749 -19.9733 0.0693 32.7970 © S
TP5 16.7 -8.8 -0.735 1.0445 -39.2671 -0.1353  -21.7298  —16.4517 S
TP6 -69.98  -21.28 -8.441 -7.3311 -18.6297 0.0664  -133.1718 © U
TP7 -156.7  -33.76 -16.15  -11.5875 -13.3019 0.0276  -118.3933 © U
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Disturbance rejection boundaries: Upper+Lower and Test point
always outside s permissable

TP1

DBU
20 DBL
o TPO

Figure 6. 16. Disturbance rejection surface and test points of Example 6.2
6.2.4. Noise rejection boundaries

Noise rejection boundaries including the test points tabulated in Table 6.6 are shown in
Fig. 6.17. It is seen that the test point TPO at which the noise gain is C, =
0.2657(—11.5114 dB) at w = 70 rad/s is on the noise boundary (NBU) as expected.
The same property is valid for the test point TP7 which is on the lower boundary NBL.
Being between the noise boundaries surfaces NBU and NBL, the test points TP2, TP3,
TP4, and TP5 satisfy the noise rejection requirement since, the noise gains at these points
are all smaller than the specified value at —11.5114 dB at w,, = 70 rad/s. The test point
TP1which is above the noise boundary NBU does not satisfy the noise rejection
requirement since, it yields a noise gain —8.5031 dB which is greater than the specified
value —11.5114 dB. Similarly, the test point TP6 which is below the noise boundary NBL
does not satisfy the noise rejection requirement since, it yields a noise gain —9.8731 dB
which is greater than the specified value —11.5114 dB. As a result, the points remaining
between the noise boundary surfaces NBU and NBL are the feasible points from the noise

rejection point of views; and the points outside of these boundaries are not permissible.

So, the theoretical results of Section 5.5 and for 3-D plot of noise rejection surfaces

are well verified.
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Table 6. 6. Noise characteristics of some test points for Example 6.2

Test K, K; K4 | B4 (dB)at| C, (dB)at Vs PM GM Stabi
Point wq Wy (degrees) (dB) lity
=8r/s = 70r/s
TPO 233423 22397 18.527 -9.2336 -11.5114 0.0244 60.3404 © S
TP1 230.1 31.88 26.84 -11.5581 -8.5031 0.0086 73.9958 © S
P2 236.7 12.92 10.22 -7.1768 -16.6134 0.0486 31.0285 —-19.9884 S
TP3 240 3.44 1.918 -6.8526 -29.2536 0.0120 —8.1255 11.1198 U
TP4 243.4 -6.04 -6.388 -8.6061 -19.7476 -0.0287 -44.1608  —46.8469 U
TP5 246.7 -15.52 -14.69 -10.9464 -13.2978 -0.0205 -69.3573  —48.4513 U
TP6 250 25 23 -13.0966 -9.8731 -0.0089 -81.8201  —49.7436 U
TP7 120 -4 -19.01 -10.1111 -11.5104 -0.0089 844180  —46.3027 U

Noise

TP7

20 ~

=30 =l -
40 e P&

Figure 6. 17. Noise rejection boundaries, and the test points for Example 6.2

6.2.5. Composite 3D plottings

When the controller parameters are to be changed to obtain better performances than the

specified ones, the new set of parameters should be chosen in the permissible regions

defined by the individual plots. Therefore, a collection of the related boundaries is

preferred on the same 3-D coordinate axis. For example, flatness, disturbance and noise

are of concern, then the related boundaries are redrawn altogether as in Fig. 6.18 (flatness

curves FC1, FC3, FC4 cannot be observed since they are out of the used scale) for the

given example. Hence, a better design point (K, K;, K;) can be chosen by the use of

Matlab 3D plotting facilities together with the subprogram “performance” to test the

results. For example, the test point TP+ shown in this figure has design parameters K,, =

310,K; = 20,K; = 15 and it is in the permissible regions defined by the flatness,
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disturbance and noise boundaries. Therefore, it is expected to give performance results
better than the test point TPO; in fact flatness, disturbance rejection and noise rejection
values of TP+ are 0.0382 s,10.5988 dB, 13.2581 dB which are all greater than those
0.0244 s5,9.2336 dB,11.5114 dB of TPO.

The composition is not restricted to the flatness, disturbance and noise plots only.
Other 3D plots (stability boundaries, specified phase and gain margin boundaries) can also

be combined among themselves or together with the above plots in a similar manner.

Flatness curves and surfaces
Disturbance and Noise rejection boundaries, Test points

=20 —|

-30

-500 -400 -300 -200 -100 o 100 200 300 400 508020
P

Figure 6. 18. Flatness, disturbance and noise boundaries on a single 3D plot of
Example 6.2

6.3. Example 3

This example is taken from (Bhase and Patre, 2014), which presents a FOPI controller
design for stabilizing the power control of a pressurized heavy water reactor. The reactor
model is given by the transfer function

1522.8947
20971 4 81944510036 1 77684

Design specifications are PM ¢,,, = 90°, GCOF wy. = 0.3 rad/s at which a flat phase

Gp(s) — - -2.0043x107*?s. (6.5)

satisfying 1, = Os is required. For this non-integer order plus time delay (NOPTD) plant,

(Bhase and Patre, 2014) has obtained the following FOPI controller,

0.001506

Ge(s) = 0.0016323 + — 57 (6.6)
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They claimed that their controller design approach provides better robust performance
than other methods (Lee and Na, 2006; Das and Gupta, 2011).

The purpose of this example is to show how a PID controller design better than (Bhase

and Patre, 2014) can be achieved by using 3-D methods presented in this thesis.

6.3.1. Performance characteristics

The performance characteristics of the control system designed by (Bhase and Patre,
2014) is shown in Table 6.7. The elapsed and CPU times for running the subprogram
“performance” are recorded as 9.4474sand 7.2355s, respectively. The realized
performance characteristics are satisfying the specified PM as indicated by ‘ 4+’ in Table
6.7; so it is better the phase flatness (0.0022 > 0). The performance table is shown in the

table below.

Table 6. 7. Performance characteristics of PI* controlled system of Example 6.3

Characteristics Specification Realized Comments: (--: No comment)
(*Not specified) =: Almost exact, +: Satisfied
I: Can be improved
wgc (rad/s) 0.3 0.3003 =
PM (degrees) 90 90.0006 =
@, (rad) 1.5708
Ys (5) 0 0.0022 +
B4 * 0.1651 !
Bq4 (dB) -15.6433
wq (rad/s) * 0.05 -
Cn * 0.1159 !
C, (dB) -18.7212
w, (rad/s) * 3
wpe (rad/) * 32.999
GM (dB) * 55.6438 !
gm 605.6060
Overshoot (%) * 0% (Found by Simulink)
Rise time (s) * 7.2355 (from 10 % - to 90 %)
Settling time (s) * 10.1088 (95-105 % of final value)
Elapsed time (s) * 9.4474 --
CPU time (s) * 9.2656
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6.3.2. Complex root boundaries

For the modification of the designed PI* controller to obtain a proper PID controller,
consider PI#=1004 pr=1 first. The CRBs are drawn first. With 2 = 1.00 and keeping
K, = 0.0016323, K; = 0.001506 different K; values tabulated in Table 6.8 are tested.

Complex root boundaries and test points in the table are shown in Fig. 6.19.

Table 6. 8. Test points and the associated performance characteristics of Example 6.3

Test K, C, B, i PM GM (dB) Wge Stabil
Point (s) ) (rad/s) ity
TP1 0.050 0.9077 0.1793 -0.0023 87.4079 0 52.4630 S
TP2 0.0351 0.8734 0.1749 -0.0044 89.9963 o 38.0901 S
TP3 0.02 0.7967 0.1705 -0.0129 96.5714 o 22.8036 S
TPO 0 0.1159 0.1651 0.0022 90.0006 55.6438 0.3003 S
TP4 -0.0048 44.3871 0.1639 -0.8276 77.4509 0.1772 0.5168 S
TP5 -0.0049 109.1646 0.1639 -0.2993 0.2673 0.0041 3.0149 S, U
TP6 -0.0050 48.0528 0.1638 -0.2598 -7.9166 -0.1627 3.5207 U
TP7 -0.020 1.3362 0.1601 -0.0132 -83.0231 -11.9591 22.8096 U
TP8 -0.0356 1.1653 0.1563 -0.0044 -89.9897 -16.9233 38.5833 U
TP9 -0.06 1.0920 0.1508 -0.0016 -93.5597 -21.4333 61.8681 U
Complex root boundaries CRBA1,CRBE1.CRBE2.Test points TPO-TP8
-+
0.04 = Cree
0.02 - = S =
. o P > Tra
a = o TPS
-0.02 | + TPy
o TP8
0.04 - = TPO
-0.06 - = 1
1.2
1. 1.5 -
1073 9. =10
K. T 2 K

Figure 6. 19. Complex root boundaries and some test points of Example 6.3

The following observations are detected from the results of Fig. 6. 19 and Table 6.8.
Only 3 CRB:s are observed in the 3D plots, CRBA1, CRBE1, and CRBEZ2. Since

PM is measured as 90° at TP2 and TPO these are the actual feasible between which the
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PM specification is satisfied. On the other hand, CRBAL is not acceptable one since at
TP8 (on CRBAL) the PM = —90° (not +90°). As aresult, the feasible region is bounded
by the CRBE2 on the top, and by the CRBEL at the bottom.

ii.  The controlled system is unstable for K; < —0.0049, hence the region below
K; = —0.0049 (so are the test points TP6-TP9) is out of interest. In facts these points
yield both negative GM and PM.

iii. In the sense of phase flatness TP3 with K; = 0.02 yields a better PM (= 96° >
90°) then TPO with K; = 0, further, it yields a flatness over a larger range of frequencies
around wg. = 22.8036 rad/s (though the flatness is slightly less than that of TPO, it is
still almost 0). Disturbance rejection properties are almost the same. Although TPO has a
higher noise suppression, this characteristic is as a design specification.

iv.  Result: K; should satisfy 0 < K; < 0.0351.

6.3.3. Phase flatness curves and surfaces

For discussing the phase flatness boundaries, the test points shown in Table 6.9 are
considered. TP2 is on the flatness surface FS2 and TPO is on the FS1 whilst TP3 is between
these surfaces. See Fig. 6.20 where the flatness curves FC1 and FC2 do not exist for this
example that is there are only 2 flatness curves. Hence, the phase requirement
specification 1 > 0.0022 are satisfied for these test points. Note that the original design
gives a phase flatness 0.0022, therefore the “0” phase flatness requirement is made more
stringent by choosing 0.0022 instead of 0. TP1 and TP4 do not satisfy phase flatness
requirement for having ¢, < 0.0022 s. Note that TP1 is above FS2 and TP4 is below
FS1. Note also that TPO is on the flatness curve (FlatC4) as well, which should be the
case.

Result: K, should satisfy 0 < K; < 0.013.
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Table 6. 9. Test points for discussing the phase flatness boundaries and the associated
performance characteristics of Example 6.3

Test Kq Cp By Y PM GM (dB) Wgc Stabil
Point (%) (*) (rad/s) ity
TP1* 0.02 0.7967 0.1705 -0.0129 96.5714 (o) 22.8036 S
TP2 0.013 0.7175 0.1686 2.0175 95.8821 (o) 0.2008 S
TP3 0.007 0.5759 0.1670 1.1140 94.1412 (o) 0.2304 S
TPO 0 0.1159 0.1651 0.0022 90.0006 55.6438 0.3003 S
TP4 -0.010 1.9972 0.1626 -0.0509 -65.9491 -6.0306 11.6598 U

*Some of the data for TP1 is not reliable since there are 3 different wg.

0.03 Phase flatness curves. Phase flatness surfaces, Test points

0.02
FlatG1 o
0.01 FlatG2 i
FlatC3 == =
FlatC4
=l o Fs1 »
= Fs2 F
~0.01 o o .-‘i
% TP3
(=] TPO o
-0.02 o TP4
0.034\
2
1.5
=107
1
K 3 2.5 2 1.5 1 0.5 o
P K. <1073

Figure 6. 20. Phase flatness curves and surfaces of Example 6.3

6.3.4. Noise boundaries

Noise boundaries are plotted in Fig. 6.21. The permissible region is between the boundary
surfaces NBU and NBL. The designed system is at the test point TPO which is on the
surface NBL. The data for the test points on the figure are given in Table 6.10. It is
observed that TP2, TP3 and TPO satisfy the noise rejection requirement, and the test points
TP1 and TP4 do not. The mentioned requirement is not a design specification, it is the
limit by considering the determined by the PI* design by (Bhase and Patre 2014).
Therefore the following result can be waived.

Result: K; should satisfy 0 < K; < 0.00045.
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Noise boundaries: Upper+Lower and Test points
for abs(Cn)=<0, innerside is permissable
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Figure 6. 21. Noise rejection boundary surfaces for Example 6.3

Table 6. 10. Test points for discussing the noise rejection boundaries and the
associated performance characteristics for Example 6.3

Test Kq C, By P PM GM (dB) Wgc Stabi

Point (s) (*) (radfs) | ity
TP1 0.0010 0.1685 0.1654 0.1667 90.8924 © 0.2852 S
TP2 0.00045 0.1144 0.1653 0.0765 90.4232 © 0.2931 S
TP3 0.0003 0.1075 0.1652 0.0518 90.2866 © 0.2954 S
TPO 0 0.1159 0.1651 0.0022 90.0006 55.6438 0.3003 S
TP4 -0.0005 0.1953 0.1650 -0.0810 89.4818 18.7161 0.3090 U

6.3.5. Disturbance boundaries

There is no disturbance specification given in the design problem. In fact, the disturbance
rejection is hardly affected by the change of the parameter K. This is observed from the
plots of the relevant boundaries which give a large region of permissible values for K.

See also the results in Tables 6.4 — 6.6 where B, changes in the limits = [0.16 — 0.18]

only.

6.3.6. Step responses

The step responses of the original design with PI* controller and the suggested PID

controller are shown in Fig. 6.22. The step response with a combination of PID and
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PI Delay controller is also shown on the same figure. The critical time domain
characteristics are indicated in Table 6.11.

It is observed that although the PID controller has better PM and GM values
(94.1412° and o dB) than those (90.0006° and 55.6438 dB) of PI* controller (see
Table 6.9), It has slightly higher rise time T,, = 8.58 > 7.25. Further, the phase flatness
of PID controller is better than that of PI* controller, Yy =1.1140 and 0.0022 s,
respectively. There appear no overshoots in the step responses of both designs.

To reduce the rise and settling times a composite controller is suggested; the proposed
controller is aPID in parallel with a PIcontroller which takes an action at
0.2 s (PI with 0.2 s Delay) as shown in Table 6.11. This composite controller has
reduced the rise time and settling time to 0.27 « 7.25s and 2.5 « 10 s, respectively
paying a tolerance of 1 % on the overshoot.

Step responses with for different contollers for Example 6.3
T T

o
®

Step response
o
b

=]
s

PID
PID + Pl {at 0.2 5)

Qriginal FOP1
0z

Figure 6. 22. Step responses of the system of Example 6.3 with different controllers

Table 6. 11. Time characteristics with the controllers PI*, PID and PID + PI Delay

Controller K, K;, Kq, T, T, Overshoot
A W (s) (s) (%)

pPI* 0.0016323 0.001506, 0, 7.25 10 0
1.004 0

PID 0.0016323 0.001506, 0.007, 8.58 10 0
1 1

(PID) + 0.08 0.02, 0, 0.27 2.5 1
P1 0.2 s Delay 1 0




7. CONCLUSIONS

After a short introduction of the FOS, PID and FOPID controllers and giving the
fundamental definitions and properties of fractional order calculus, important design
methods of FOPID controllers are reviewed. And then the main topics of the thesis are
considered in Chapters 4, 5, and 6. The frequency domain design specifications are given
and frequency domain PI*D* control design formulas convenient for the 3D design
method to realize these specifications are derived in Chapter 4. In particular, frequency
domain characteristics such as stability boundaries to yield the required gain and phase
margins, phase flatness surfaces and curves to achieve the required iso-damping property,
boundary surfaces for low frequency disturbance rejection and high frequency noise
rejection limits are considered. Chapter 5 illustrates how the derived formulas can be
implemented for a computer programming yielding 3D plots usable in choosing design

parameters.

The 3D plots and their use in designing ordinary PID or FOPID controllers have not
been considered before in the literature on this extend. The method itself and different 3D
plots are illustrated by examples in Chapter 6. The formulas derived in Chapter 4 and the

3D plots described in Chapter 5 are verified by these examples.

The presented method applies to control 10 as well as FO plants with time delay by

using PI*D* controllers, in particular by using any of PI,PD, PI*, PD*, PID controller.

FOTF toolbox (Xue, 2017) is used for preparing the subprograms to obtain the 3D
plots of different surfaces and curves from the obtained formulas. The programs are
written by using MATLAB notation. Oustaloup continuous approximation (Oustaloup et
al, 2000) is used with order N = 5, w, = 10™%, w,, = 10* rad /s for evaluation of step

response by the FO Simulink blocks which appear in the FOTF.
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The main advantage of the presented 3D design method of PI*D# controllers is that
one views in 3-D (K, K;, K;) space what ranges of the parameters can be used to achieve

the required design specifications.

On behalf of its mentioned main advantage, there’re are a few restrictions that can be

listed as follows:

i.  The method assumes the fractional orders A and u to be known. Never mind, these
can be determined by other conventional design techniques reviewed and referred in the
literature surveys of Section 1.3 and Chapter 3.

ii.  Although the method is applicable for a large range of variety of plant transfer
functions (FO or 10 rational transfer functions with or without delay), it cannot be used
for linear or nonlinear time varying plants, for stochastic plants and plants having
hysteresis behavior.

iii.  Since the formulas derived in this thesis are valid for any of PI*D# controllers
and its abovementioned special forms, they cannot be used other controller designs such
as (PID)* (Lachhab et al, 2013), DOF FOPID (Vilanova and Visioli, 2018), TID (Tilt
integral derivative, PY/*ID) (Lurie, 1994), FO lead-lag (Tepljakov et al, 2018) controls.

There are a few points that should be cared on when using the presented 3D method

of design of PI*D* controllers:

1.  Due to the exponential (delay) term in the plant transfer function and due to the
fractional orders in the transfer functions of the controller and/or plant as well as the
multivalued solutions of some algebraic equations in the formulations, the boundaries
computed for the stability, flatness, noise and disturbance rejections may be multiple. One
has to decide which of them are true ones and which sides of these boundaries are
permissible regions for the searched characteristics satisfying the given requirements. To
decide this some test points should be tried by the program “performance” and the
convenient regions should be chosen accordingly (Hamamci, 2008).

2. When the Nyquist plots of the open loop gain crosses negative real axis (multiple
phase crossovers) and unity gain circle (multiple gain crossovers), improper GM and PM
values may be resulted. This may occur when the plot travels in the right half plane due

to the multiple values of inverse trigonometric functions (especially inverse tangent). One
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should investigate the actual Bode plots given by “performance” instead of looking at the
numerical results only; that is both the numerical results obtained by “performance” and

the 3D plots used for different characteristics should be always judged.

Finally, similar derivations valid for the 3-D design of integer and/or fractional order
controllers other than PI*D* controllers can be derived and there computer

implementations can be programes as a future work.
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