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GRAVITY AS A GAUGE THEORY

SUMMARY

In this thesis, we summarize Einstein’s theory of General relativity and examine its
symmetries. We develop a systematic way to deal with symmetries as gauge theories.
Approaching from the gauge perspective, we show how to construct Einstein’s theory
again.

General relativity (GR) has been proven to be in line with many observations where
Newtonian gravity fails. Some of them include precessions of Mercury’s perihelion,
expansion of the universe and gravitational waves. Although its great achievements,
it is in contradiction to quantum mechanics which explains remaining interactions
very well. At the intersection of these theories, there are black holes that require
both theories to give a consistent description. However, the unification of these two
theories yields infinities. One of the solution attempts to this problem is adding more
symmetries to GR. To deal with symmetries, gauge theories are very useful as we
explain in chapter 3.

In the second chapter, we present that special relativity and Newtonian gravity are
in contradiction. The solution to this inconsistency gives birth to GR by Einstein.
It is needed to learn and gain experience with geometrical tools of GR. Thus, we
summarize them here. Manifolds are given by a simple intuitive definition to match
them curved spaces. Tensors are explained to investigate how objects transform
under coordinate transformations. Metric is presented as an object that specifies the
structure of spacetime. New derivatives are defined to deal with correct transformation
properties. Other objects such as curvature tensor which is related to metric and
spacetime structure are presented. Eventually, with the usage of correct tools,
Einstein’s gravitation theory is given.

In the third chapter, we develop a systematic way to examine symmetries. Lie algebra
of the Poincare group is investigated. The infinitesimal transformations of quantities
are found. Then, we present how to localize symmetries. This procedure is known
as gauging and requires new objects called gauge fields. To preserve symmetries, one
needs to change derivatives of the theory with the covariant ones. At this point, gauge
fields come into play with particular transformation properties.

In the subsequent chapter, we show how the objects of gauge theories match the GR’s
with some constraints. One can construct Einstein’s theory from gauge theories. We

take Poincare algebra and the gauging procedure gives us GR with one independent
field.

In the last chapter, we first show how Newton’s gravity can be formulated as
geometrically known as Newton-Cartan theory. Newton’s gravity can be embedded
into spacetime as in GR, but it requires 2 degenerate metrics with 2 conditions called
Trautman and Ehler.
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As in GR, the Newton-Cartan theory can be reformulated as a gauge theory. Gauging
of Bargmann algebra with some extra conditions again gives us the Newton-Cartan
theory.
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AYAR TEORISI OLARAK KUTLECEKIMI

OZET

Bu tez calismasinda, Einstein’in kiitlecekimi teorisi Ozetlenmis ve bu teorinin
simetrileri detayl bir sekilde incelenmistir. Daha sonra, simetrilerle caligabilmek icin,
sistematik bir yontem, ayar teorisi ad1 altinda verilmistir. Ayar teorisi perspektiviyle,
Einstein’1n kiitlecekim teorisinin nasil elde edilebilecegi gosterilmistir.

Genel gorelilik bir ¢cok yonden gozlemlerle uyum iginde ¢ikmis ve Newton’un
kiitlecekim teorisinin aciklayamadigi bir ¢ok gozlemi agiklamayi basarabilmistir.
Bunlardan bazilari, fizikgileri uzun siire mesul eden Merkiir’iin perihelon problemi,
evrenin genislemesi ve kiitlecekim dalgalaridir. Yine de biiyilik basarilarina ragmen
genel gorelilik , modern fizigin bir diger basarisi olan ve yercekimi disindaki diger
biitiin etkilesimleri, iizerine kurulu olan Standard model ile agiklamada epey basarili
olan kuantum mekanigiyle uyum i¢inde degildir. Bir teori, basitce agiklamak
gerekirse, atomik olgeklerde cok basarili olurken, digeri astronomik Olceklerde gayet
iyi calismaktadir. Bu iki teorinin kesisim noktasinda kara delikler bulunmaktadir.
Kara deliklerin fiziginin anlagilmasi kuantum mekanigiyle genel goreliligin birlesimini
gerektirmektedir. Fakat, bu iki teorinin birlestirimesi i¢in denenen bir ¢ok yontem
istenmeyen sonsuzluklara yol agmaktadir.

Tezin ikinci boliimiinde 6zel gorelilik ile Newton’un kiitlecekim teorisinin celiskisi
aciklanmaktadir. Ozel gorelilik hig bir seyin 1siktan hizli ilerleyemeyecegini soylerken,
Newton denkleminin ¢oziimleri kiitlegcekimsel alanin degisimlere anlik olarak tepki
verdigini soylemektedir. Bu c¢eligkinin ¢oziimii Einstein’in kiitlecekim teorisinin
dogumuna yol agmaktadir. Genel gorelilik uzayzamani bir biitiin olarak ele almakta
ve yercekimi algisinin yerine uzayzamanin egriliini yerlestirmektedir. Bu gorevi
yapabilmek ve teoriyi iyi anlayabilmek i¢in, egri uzay zamanlarla alakali pek ¢ok kisi
icin yeni olan bazi geometrik araclari tanimak gerekmektedir. Bu amagla egri uzaylar
aciklayan manifoldlar ilk basta tanitilmistir. Daha sonra, farkli gozlemcileri birbirine
baglayan koordinat doniistimleri i¢in faydali bir ara¢ olan tensorler tanitilmistir.
Uzayzamanin yapist hakkinda bilgi edinebilecegimiz metrik kavrami sunulmustur.
Objelerin uygun doniisebilmesi i¢in yeni tiirevler tamtilmistir.  Metrik ile ilgili
olan ve uzayzamanin yapis1 hakkinda bilgi elde edebilecegimiz bir diger obje olan
egrilik tensoriide sunulmustur. Ayrica, metrigin Veilbein’ler ile ifade edilebilecegi
de gosterilmigstir. Bir metrik i¢in birden fazla Vielbein c¢oziimleri bulunmakta ve
bu c¢oziimler birbirlerine Lorentz doniisiim matrisleriyle baglanmaktadir. Vielbeinler
bize ayrica Lorentz tensorleri tanimlama imkani da vermektedir. Bu tensorler
koordinat doniisiimlerinden etkilenmeyip, Vielbein tercihlerine gore dontismektedirler.
Lorentz tensorleri de kendilerine ait baglanti ve kovaryant tiirevlere sahiptirler.
Daha sonra baglantilar tanimlanip, aralarindaki iliski Vielbeinler ile kurulmustur.
Simetrik baglantilar genel gorelilikte kulanilan 6zel bir baglantiya yol agmaktadir. En
sonunda, dogru objelerin kullanilmasiyla, Einstein’in kiitlecekim teorisi tamamlanip
sunulmustur.
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Uciincii boliimde simetrileri ¢alisabilmek icin sistematik bir yontem gelistirilmistir.
Poincare grubunun Lie cebiri elde edilmigstir.  Degisik objelerin sonsuz kiiciik
doniisiim kurallar1 verilmistir. Daha sonra evrensel simetrilerin nasil yerellestirelecegi
anlatilmistir. Bu prosediir ayarlama olarak bilinir ve ayar alanlarim gerektirmektedir.
Yerellesen simetrileri korumak icin tiirevlerin kovaryant tiirevlerle degistirilmesi
gerekmektedir. Bu asamada ayar alanlar1 devreye girmekte ve Ozel doniisiim
kurallariyla simetrileri korumaktadir. Ayar teorileri i¢in egrilik objesinin tanimi
yapilmis ve doniisiim kurallar1 verilmistir. Ayar teorilerinde her bir simetri i¢in bir
de egrilik vardir. Bu egrilik Bianchi esitliini saglamaktadir.

Takip eden boliimde, ayar teorisinin genel gorelilik teorisiyle nasil eglestigi
anlatilmigtir. Ayar teorilerinin simetrilerini, genel koordinat doniisiimlerine baglayan
onemli bir denklik sunulmugtur. Bu gorevi yapabilmek i¢in tabi ki de bazi kosullar
uygulanmasi gerekmektedir. Daha sonra ayar teorilerinden Einstein’in kiitlecekim
teorisinin nasil elde edildigi gosterilmistir.  Ayar teorisinden Einstein’in kiitle
cekim teorisini elde etmek igin Oteleme simetrisinin egriliinin sifira esitlenmesi
gerekmektedir. Bu esitlik, geometrik olarak karsimiza ¢ikan Cartan yap1 denklemiyle
ayn1 denklemi vermekte ve ayar teorisindeki iki ayar alanini, genel gorelilikteki
Vielbein ve spin baglanti alaninin birbirine baglandig1 gibi biribirine baglamaktadir.
Bu esitlik ayrica bize bir tane bagimsiz ayar alan1 birakmaktadir. Daha sonra bu
ayar alaninin doniisiim 6zellikleri incelenerek aslinda Vielbein oldugu gosterilmeye
calistimistir.  Bunlarin uygulanmasiyla genel gorelilikteki tiim objeler Poincare
cebrinin ayar edilmesiyle elde edilebilmektedir. = Daha sonre Einstein hareket
denkleminin 6ne siiriilmesiyle teori tamamlanmaktadir.

Ayn1 Einstein’in kiitlecekimini uzay zamanin geometrisinin icine yerlestirdigi gibi,
klasik olarakta, Newton’un Kkiitlecekim teorisi uzay zaman geometrisinin icine
yerlestirilebilmektedir. Bu yeni formulasyonu ilk olarak E. Cartan 1920’li yillarda
ortaya sunmustur. Bu teori Newton-Cartan teorisi ismiyle bilinmektedir.

Genel goreliligin aksine, bu prosediir iki tane dejenere metrik gerektirmektedir. Bu iki
metrik, metrik uygunluk kogsullariyla ve simetrik baglant1 sartiyla bize tek bir baglanti
vermemektedir. Bu sartlar genel gorelilikte tek bir baglant1 i¢in yeterli olmaktadir.

Yukarida bahsedilen sartlar altinda, bulunan en genel baglantinin iizerine iki kosul
verilerek, Newton’un teorisine ulagilabilmektedir. Bu kosullardan biri Trautman digeri
de Ehler kosuludur.

Iki dejenere metrik ve Ehler ile Trautman kosullartyla, Newton un kiitlegekim teorisi
uzay zamanin i¢ine gomiilebilmektedir.

Bu kosullar altinda, 6zel bir koordinat doniisiimiiyle, hem geodezik denklemi hem de
Poisson denklemi elde edilip, Newton-Cartan teoreminin, klasik Newton yercekimine
esitligi gosterilebilmektedir.

Genel goreliligin ayar teorisi olarak tekrar yazilabildigi gibi, Newton-Cartan teorisi
de ayar teorisi olarak elde edilebilmektedir. Poincare cebrinin ayar edilmesiyle
gene gorelilik, Bargmann cebrinin ayar edilmesi ile de Newton-Cartan teorisi elde
edilebilmektedir.

Bargmann cebri, Galilei cebrinin bir merkezcil {iretecle genisletilmis halidir.
Bargmann cebrinin ayar edilmesi ve istiine Ehler ve Trautman kosullarinin
uygulanmas1 bize Newton-Cartan teorisini vermektedir.  Yalniz, Newton-Cartan
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teorisinin aksine, burda ayar etme prosediirii bize tek bir baglant1 vermektedir. Hareket
denkleminin empoze edilmesiyle teori tamamlanmaktadir.
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1. INTRODUCTION

General Relativity (GR) is Einstein’s successful theory of gravity such that replacing

our perception of gravity with the curvature of spacetime.

Many observations of the Solar system and astronomy were very well explained by
Newtonian Mechanics except the precession of Mercury’s perihelion. One of the first
achievements of GR was to explain the deviation of the precession from the Newtonian

gravity prediction.

GR does not only explain the motions of planets. It also describes many other
phenomena such as the evolution of the universe. It was shown that Einstein’s
equations allow solutions for the expanding universe. Thus, Edwin Hubble’s discovery
of the expansion of the universe was accepted as a direct confirmation of GR by many

scientists.

GR also predicts the existence of gravitational waves. According to it, the merger of
two astronomical objects such as black holes or neutron stars can lead to gravitational
waves. The existence of gravitational waves has been recently confirmed by the Laser

Interferometer Gravitational-Wave Observatory (LIGO).

Although GR has been successful to explain many observations, we still have some
gaps in our knowledge. Our current understanding of physics separates into two
categories, GR and quantum mechanics (QM). Simply put, GR explains one of the
four known fundamental interactions today, gravity. Other remaining interactions are
explained by Standard Model (SM) which is built on QM. At the intersection of these
two theories, there are black holes that have been directly observed by the Event
Horizon Telescope (EHT) recently. In order to understand black holes properly, it
is needed to unify QM and GR. However, many attempts for this unification gives

unwanted infinities.

There are several possibles routes in order to combine GR and QM. One of them is

adding more symmetries to Einstein’s theory. Those include conformal symmetry,



supersymmetry, and superconformal symmetry. Here, considering gravity as a
gauge theory has been very successful to construct gravity models. Moreover, the
quantization of the gauge theories is a well-understood topic. This is one of the main
motivations for us to write gravity as a gauge theory. Furthermore, non-relativistic
gauge theories have been contributed to understanding of many phenomena such as

quantum fractional Hall effect.

The notion of gauge transformation was first brought to physics by H.-Weyl in 1921
[1]. After that, it became a significant tool in modern physics. Subsequently, it is
discovered that quantum electrodynamics is a gauge invariant theory [2—4]. Then,
with the introduction of non-Abelian gauge field theories by Yang and Mills [5],
electroweak theory and quantum chromodynamics was built on gauge field theories

[6-8]. Later, they became the most successful theories in physics.

It was shown by E.Cartan that Newton’s gravity can be embedded into spacetime
known as Newton-Cartan theory [9]. These geometrical view of gravity then improved
later [10-14]. It is investigated and showed that GR in classical limit leads to the

Newton-Cartan theory [13, 15-17].

An important motivation for studying the Newton-Cartan theory is the Newton-Cartan
cosmology. Some complicated problems of GR get easier in the Newtonian
approximation such as structure formation in the early universe and cosmic no-hair

theorem [18, 19].



2. GENERAL RELATIVITY AS A GEOMETRICAL THEORY

I will mention briefly Newtonian gravity (NG) and why it fails. Eventually, "gravity"
will show itself as a thing related to spacetime structure, but not a force, in general

relativity (GR).

2.1 Newtonian Gravity

NG can be summarized in two equations. First, how particles behave under
gravitational potential ®,

a=-Vo, 2.1)

i.e, the second law of Newtonian mechanics, where a stands for acceleration. Second,

how matter, i.e., mass, generates gravitational potential,
V2® = 4nGp, (2.2)

where G and p are Newton’s gravitational constant and mass density, respectively. This

equation is known as Poisson’s equation for gravity.

2.2 Why Newtonian Gravity Fails

Special relativity (SR) contradicts NG. According to the first postulate of SR, physics
laws must be the same in all inertial reference frames. However, Poisson’s equation is

not Lorentz-invariant.

Furthermore, the solutions of Poisson’s equations allow the gravitational field
propagate instantaneously, which conflicts with the second postulate of SR, nothing

can travel faster than light.

In NG, mass is seen as the "amount of matter" and it is responsible for gravitational
interaction. However, SR says that mass is a kind of energy. It is known that hot gases
weigh heavier than cold gases, rotating objects also weigh more than steady ones.

Moreover, gravity bends light trajectory. All of those observations suggest that rather



than mass, energy and motion are responsible for gravity as Einstein’s equation states

in GR.

2.3 Equivalence Principle

It is known that all bodies behave in the same way independent of its composition.
Also, Einstein realized freely falling bodies feel weightless. Thus, he concluded there
is no experiment to distinguish uniform acceleration from the gravitational field in
short distances for observers. Short distances are required to keep gravitational field
uniform. Gravity actually behaves like fictitious force. This is a sign that it is a different
thing rather than force. The same thing is not true for electromagnetic force because
of electromagnetic charge. Thus inertial frames are updated as "freely falling" frames.
Consequently, this led to Einstein think that, in small regions of spacetime, physics
must reduce to SR laws, in other words, physics in the "freely falling" frames are the
same in the absence of gravity, known as Equivalence Principle. This principle shows
itself in GR as "metric" of spacetime must be reducible to the "Minkowski metric" at

every point of spacetime.

2.4 Differential Geometry

2.4.1 Manifolds

N dimensional manifolds are simply spaces that you can find one to one maps from a
point on them to coordinates ()c1 X2, xN ). Those maps are called coordinate charts.
A point can be represented by more than one chart. Coordinate transformations x* (x")

must be invertible and analytic.

2.4.2 Tensors

Tensors are objects transforming with a particular rule under general coordinate

transformations such as,



() = fx),
I
Vi) = D),
oxv
W;J (x') = ax—/“Vv(x),
ox'* 9xP ox¥
Ty () = abc_amax_praﬁy(x)' (2.3)

Those objects, f,VH* w,, TH vp, are called scalar, contravariant vector, covariant vector,
and mixed (1,2) type tensor, respectively. They have properties like product of two
tensors,with type (p,q) and (r,s), yields a type (p+ ¢,r+s) tensor. Also, contraction
(i.e. summation) of indices gives a related type tensor. Einstein summation convention

will be used for summation of indices throughout this thesis.

2.4.3 Lie derivatives

Lie derivative is an operator such that when applied to a tensor, it gives a same type

tensor. Its definition requires a vector field.

For scalars, it is defined as

Ly 9(x) = VH(x)9uo(x) (2.4)
Its definition for relevant type tensors goes as follow,
LU =VvAo,U* — (9, VMU,
LWy = V2R Wy + (VW

AT =VAo T — (VM T} + (9, V) TL. (2.5)

For the coordinate transformations x'* = x* — E#(x), the infinitesimal transformations

of tensors can be calculated. They are given by Lie derivatives

89(x) =9¢'(x) — ¢(x) = Z: 9,
SUH(x) =U™(x) —U*(x) = Z: UX,
8Vyu(x) = Vjy(x) = Vi (¥) = LV,
8T (x) = TV (x) = TV (x) = Z T (2.6)



2.4.4 Metric

Metric is a symmetric, type (0,2), non-degenerate tensor denoted by g,y Itis related to

its inverse g"¥ by relation with kronocker delta 8 due to non-degeneracy as follows,
g"gvp =8h. (2.7)

This property allow us to raise or lower indices by defining objects like V# = gHtVV,,

for any type of tensors.

Metric gives us information about the infinitesimal distance, ds, between two

neighboring points on a manifold by the relation,
ds? = gy dxt dx”. (2.8)

Since it is symmetric, it can be diagonalized by orthogonal transformation, which will
allow us to define "frame fields". Its signature, i.e signs of eigenvalues, are invariant

under coordinate transformations. We will use metric signature — + +--- 4.

2.4.5 Frame field

Since our metric gMv is symmetric, it can be brought a special form, Minkowski metric
Nap = diag(—1,1,...,1), at a point on manifold by an orthogonal transformation with

the help of matrices called frame fields ej; (x),
guv (x) = €, () Mavely (x). (2.9)

Given a metric, there are more than one solution at a point for equation (2.9). Other
solutions can be found by local Lorentz transformation matrices A%,(x). With our

convention and given a frame field ej; (x), satisfying (2.9), they become,

ey (x) = A*I“b(x)ez (x). (2.10)

From (2.9), it can be shown that frame fields transform under coordinate

transformations as covariant vector,

a \%
() = axi,“eav(x). 2.11)

Since frame fields are orthogonal, they are invertible with inverse matrices eﬁf , which
satisfy relations,
eleh =80, and effel =5 (2.12)
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As a result, its local Lorentz indices (i.e. Latin indices) are raised or lowered by
Minkowski metric 1,5, where coordinate indices (Greek indices) are handled by

general metric gy .

2.4.6 Covariant derivatives and connections

Usually, ordinary partial differentiation d;;, does not produce a tensor when applied to
another tensor. In order to achieve a covariant differentiation V,, we have to define
objects transforms in a particular way, which we will call affine connections Fffp. Its
transformation property will compensate the term coming from the differentiation of

metric.
Covariant derivative for covariant and contravariant vectors are given as,
vV __ \% vV 171p
vV.Uu¥=9d,U —l—FupU ,
VuWy = W, — 0, W), (2.13)

with transformation rule for affine connection,

e _ dxP  9%x° ox'P Ix% JxP -
Y " 9x0 dx/Hoxv + 0xC Jx'M Jx'vV_ B

(2.14)

The rule for covariant differentiation of arbitrary type tensor can be deduced from

following example,

VuT" 52 = TP i +T0aT® 52+ Lol o2 —Tio TP ar =TT P o (2.15)

There also objects that transforming with local Lorentz transformation A~'%;(x),
which we call Lorentz tensors, as in the case with Latin indices of (2.10). Latin indices
will be used to indicate them. However, not all objects with those Latin indices will be
Lorentz tensors. Any type of coordinate tensors like 7#, can be converted to Lorentz

tensors using frame fields, such as TH, = eéi elf, T4,

Ordinary partial derivative dy, will also change the transformation properties of Lorentz
tensors. In order them to be remain same, we will introduce this time spin connection

o, “ with a particular transformation property under local Lorentz transformations,

o, = N1+ AT 0u AL (2.16)



Then we can define covariant differentiation for Lorentz tensors D,,. For covariant and

contravariant Lorentz vectors it is given as

DyU* = 9,U° + ., U”,

DyVa = yVa— 0,V (2.17)
For arbitrary type tensors, rule goes as follow,

DuTabcd = auT“bcd + C(),uafobcd + (DubfTafcd — (O“chabfd — CO”deabcf. (2.18)

We can define spin connection’s raised or lowered indices forms of Latin indices with
Minkowski metric 1. It is obvious from (2.16) that its Latin indices do not behave
like Lorentz tensors. It will be imposed that its Greek index transforms as a coordinate

tensor and it is antisymmetric in its Latin indices (i.e. @y“, = —@y,).

Now we can relate two covariant derivative by the relation V, V" = e;yD,V“. This
equation allow us to determine relation between affine and spin connection with frame
fields,
Thy = € (Juey + 0y pel), (2.19)
or, in another form,
Ve = duely + oy et —Thyel =0. (2.20)

Here, above, covariant derivative for mixed type tensors are written with both

connections. We can also show identity V gvp = 0 using (2.19).

Since we have just a transformation rule for affine connection, we have many of them.

Given a connection F{fp, Fﬁ v Will also transform properly, as it can be seen from (2.14).

The difference of two connections, f’vlp and Fep, will also transform as a tensor.

Thus,given a connection, we can define a new tensor known as Torsion tensor 7 vps

— M Lo Al
THyp =T =Ty =2, . 2.21)

If we add property that affine connection is symmetric in its last two indices (this will
make torsion tensor vanish), we can find a unique connection from a metric. Using

V.gvp = 0 with that symmetry, one can show that,

1
1ﬁep = Eg‘w(&vgpc +dpgov — ds8vp)- (2.22)

This connection is known as Christoffel connection.



2.4.7 Cartan structure equation

Furthermore, making the connection torsionless gives us Cartan structure equation. We

present it here for future purposes. From the equation (2.19), we make antisymmetric

)

] = 0, then we have

part of the connection vanish I"

Iy + 0y “pel = 0. (2.23)

Besides, Cartan structure equation make us able to solve spin connection in terms of

frame fields and and their derivatives;

b]

w0y (e,de) = Zek[aameu

| +euce PP el (2.24)

2.4.8 Parallel transport

Covariant derivative gives us a way for "parallel transport" a tensor. For example, given
a vector V* at a point on our manifold, if we wanted to move it, keeping the vector
constant on a curve parametrized by A, we just would equate its derivative to zero and
then, solve the differential equation dV# / dA = dxV / dA x dyVH* = 0. However, it is
not a tensor equation so we just simply replace partial derivative with the covariant
one. Now, we can define directional covariant derivative as

D dx¥

A= dl Vy. (2.25)

Then, the equation for parallel transport, for arbitrary rank tensor, just becomes

DVp,V dxa
d)LPGm = VaV* pe. = 0. (2.26)

2.4.9 Riemann curvature tensor, Ricci tensor and Ricci scalar

As we learned in the previous section, covariant derivative is related to parallel
transporting a vector. Thus we can extract information about the "curvature" of
spacetime using it. The commutator of two covariant derivative V, and V, will give
us difference of transporting a vector field, to the same point, using two different way.

Then, we find

= (Vs = WTho + 10, T — T4, Tig)VE =207, Vi VP (2.27)
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Here, the second term is torsion tensor, so the term in the parenthesis must be a tensor,

and it is defined as Riemann curvature tensor RP sy,

RP oy = Oyl — W Tho + 10, Tio — T, Do (2.28)

Now, if we use Christoffel connection, we can find following identities,

Ruvps = —Ryupos, antisymmetry in first pair,
Ruvps = —Rpuvep, antisymmetry in second pair,
Ruvps = Ropuv, symmetry between second and first pair,

Ryuvps +Ruvpo +Ruvps =0, cyclic symmetry of last three indices. (2.29)

The last identity can be written in a more compact form as R[] = 0. There is also
an identity known as Bianchi,

ViuRvpior = 0. (2.30)
Contraction of the first and third indices of Riemann tensor gives us Ricci tensor Ry,

Ruyv=RP 5. (2.31)
Using identities of Riemann tensor, its symmetry can be shown,

Ruv =Ryy. (2.32)

Trace of Ricci tensor is known as Ricci scalar R,

R — R““ — g“vR“v. (2.33)

Einstein tensor Gy is defined using Ricci tensor and Ricci scalar,

1

It satisfies the relation,

VEG,y =0. (2.35)

10



2.5 Towards GR

In GR, spacetime is a four-dimensional manifold with the signature — + ++.
Spacetime is "locally flat" in the sense that metric can be made equal to the Minkowski
metric at every point. Spacetime structure can be deduced from the metric. Thus, as in
the Poisson’s equation, we need an equation to govern the spacetime structure. In GR,
not only mass, but also all forms of energy and motion are responsible for determining

the spacetime structure, as we indicated before.

2.6 Energy-Momentum Tensor

Suppose we have N particles, with four momentum for nth particle pl,, and word-lines

yh (1) parametrized by A. The energy-momentum tensor T*Y (x?) is given by

i)y = 3 [PEEE 36 ViA)
n—1 p2 dA V=8

where g is determinant of g, and & (4)(x*) is four-dimensional Dirac Delta function.

A, (2.36)

This definition ensures that it is symmetric (i.e. THY =TV*)

It can be shown that the 00 component of energy-momentum tensor gives energy
density. The 0i components give momentum density and the ij components give

momentum flux density in the direction i projected on ;.

2.7 Einstein’s Equation

Now, we can present Einstein’s equation,
1

where G 1s Newton’s gravitational constant.

It is analog of the Poisson’s equation in Newtonian Gravity. The equation allows us to
determine the spacetime structure in the presence of energy and motion. It is a set of
non-linear differential equations for metric g,y as function with variables as spacetime

coordinates x*.

11



2.8 Einstein-Hilbert Action

As in most of the theories, Einstein’s equation can be derived from an action,

Ser = / d*x\/—gR. (2.38)

where R and g are Ricci scalar and determinant of the metric, respectively. This action

is called Einstein-Hilbert action. Its variation with respect to metric gives,

ﬁ% = Ry — 3 Rep. (2.39)
Of course, since Einstein-Hilbert action includes second order derivatives of metric, in
order to get (2.39), one must also set variations of first order derivatives of metric as
well as its variation, at the boundary. Or, that term can be eliminated by adding another

term to the action.

By setting the variation (2.39) to zero, one can get Einstein’s equation in vacuum. In
order to get full equation, we must add a term Sj; to become responsible for matter

part of the Einstein’s equation. Now we can introduce action in the following form

1
= 167G

Sen +Su. (2.40)

Taking variation of it, we can simply show that for the right equation, variation of
matter term must be,

OSu 1

Soiv = 3TV (2.41)

2.9 Geodesic Equation

Once we solved Einstein’s equation of motion, we know the structure of spacetime
and can determine the particles paths (worldlines) using geodesic equation for free
particles. It is the analog of Newton’s second equation in Gr. We present it;

d2et L dx¥ daP

e et ar =° 242

where A is a scalar wordline parameter and F’VLP is the symmetric Christoffel
connection.

It can be extended to include Lorentz Force.

12



3. NON-ABELIAN GAUGE THEORIES

Gauge theories are the field theories having local symmetries. Promoting global
symmetries to local ones require objects called gauge fields. Since localized
parameters cannot escape derivatives anymore, we have to change derivatives
with "covariant" ones with gauge fields having particular transformation properties.

Non-abelian is the property that the symmetry group is not commutative.

3.1 Global Symmetries

Global symmetries are symmetries that transformation parameters £4’s do not depend
on the spacetime coordinates. The letters A,B,C,... denotes the related symmetries.

As in our case, linear infinitesimal symmetry transformations O are given as
e = €Ty, 3.1)
where Ty’s are symmetry generators. Ty s act on the space of fields.

We will develop the algebra using internal symmetries but the formalism can also
be applied spacetime symmetries. First, we have matrices #4’s as Lie algebra

representation of operators Ty’s, with the following commutation relations

[tast8] = fasic. (3.2)
fa®’s are called structure constants, and they are obviously antisymmetric in the
indices A and B.

Assume we have fields ¢'s, transform under this representation as

Tad' = —ta'j¢7. (33)
This relation ensures the identity

T4, T3] = fa5 Tc- (3.4)

For successive transformations, transformations acts on the dynamical fields in our

convention. Then, we can find the commutator of two infinitesimal transformation,

[581 ) 582]¢i = ggg?fABCTC(])i = 883¢i, 3.5
13



where 83C = 858{4 fag€. Both results (3.4) and (3.5) can be extended to include

spacetime symmetries, i.e. translations and Lorentz transformations.

3.2 Translations and Lorentz Group

Our convention for Lorentz transformations with the transformation matrices A*,’s
goes as

AR = AT Y (3.6)

Lorentz transformation preserve the Minkowski norm of any vector. Then, we have

Ail'upnuv/\ilvc = Npo- 3.7
This relation defines the Lorentz transformations.

In order to find the Lie algebra of Lorentz transformations, we must expand the A*,’s
around identity matrix,
A'uv:8'uv+8muv+.... (3.8)
If we put (3.8) in (3.7), we can find the relation
m'uv — _mv'u. (39)

The indices of m*, are raised or lowered by Minkowski metric. The identity (3.9)
gives us D(D+ 1) /2 constraints for the matrix elements m*,’s. Thus we have D(D —
1)/2 independent matrix elements. For this reason, we have D(D — 1)/2 independent
parameters A*Y = —AV# with basis matrices m P s = —my;P 5. The indices of A#Y
are also raised or lowered by Minkowski metric. Here, the first two indices indicate
the name of matrices while remaining two their matrix elements. A useful basis are

given as

muvpcr = 6,5 Nov — 6\’/)77;10- (3.10)

Now, we can introduce finite Lorentz transformation by applying infinite times the
infinitesimal ones,
A= e mav, (3.11)

The 1/2 factor are inserted to prevent double counting.

Now we can derive the commutation relations for matrices myy and its structure
constant using (3.10),
[muy,mpe] = 4N My e (3.12)
14



Thus, the structure constant becomes

8] — 8,1, 8185, (3.13)

Jiuvilpo) u] Yol

If the symmetry indices in (3.4) are replaced by antisymmetric indices, then one must

insert 1/2 factor to prevent double counting as we did finding the structure constant

above.

We will be interested in active transformations, so will let the fields change not
coordinates. For the scalar fields, infinitesimal Lorentz transformation generator M,;,
is given as

MI-W = 2x[“8v]. (3.14)

Its commutators are isomorphic to (3.12). It can be easily verified that generator My;,’s

correspond to infinitesimal Lorentz transformations,
5,0 = ¢'(x) — 0 (x) = —%/I“VMWQ) — _AMx,9,0. (3.15)
One can also show that Lorentz transformation generators for covariant and
contravariant vector field are given as
ToaVH(x) = (Mp 8 +mps*v)V" (x),
TosWy (x) = (Mp 8y +mpeyv )Wy (x), (3.16)
with infinitesimal transformations
BVH = SAP JpgVH = AP xpdgVH — AV,
oWy = —%APGJPGW“ = —APOxpdsWH — A" Wy. (3.17)
For space time translations x'# = x* —a", corresponding generators are P, = dy, = ﬁ
with parameters a*. Since partial derivatives commute, its structure constant vanishes.
Finally, the Poincare group is defined by the composite transformation
K= AT (2 —aY). (3.18)

Then, one can find the following infinitesimal transformation rules for the Poincare

transformation,
8109 = (a” = A" xu)0v 9,
S)L’aV'u = (ao- — lpo.xl))agvu — AMVVV,
62{7aW‘u - (ac - APGXP)aO'W'u - A,IJVVW\/. (3.19)
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The Lie algebra for Poincare group includes D(D + 1)/2 generators with the following

commutators

JuviIps] = 4N v Iuol
oo Pu] = 2Ny (o Pp).
[Py,Py] =0. (3.20)

3.3 Local Symmetries

In local symmetries, parameters become coordinate dependent €4(x). In order to
compensate terms coming from derivatives of parameters, one needs to introduce new
covariant derivatives with gauge fields Bﬁ’s. For this reason, we will define covariant

quantities and special transformation rules for gauge fields to preserve symmetries.

A covariant quantity is defined as a local function that transforms under all local

symmetries without the derivatives of the transformation parameter.

Here, we define covariant derivative Dy, in the following way

Dy =0y — 3, (3.21)
where 513” means compute all infinitesimal gauge transformations with parameters
replaced by Bﬁ.

The right transformation rule for gauge fields B‘;‘l is
8By = due® + By, fc”. (3.22)

It can be easily shown for scalar field set ¢!, with localized internal symmetry
having generators Ty, that the quantity D”q)i transforms without the derivative of

transformation parameter £*(x).
One must include all symmetries in the prescriptions above.

Now, we can introduce parameters and gauge fields for translations, Lorentz

transformations and internal symmetries in the table (3.1).

We will also introduce commutators, structure constants and third parameters for our

gauge symmetries in the table (3.2).
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Table 3.1 : Gauge parameters and fields.

gauge symmetry paremeter gauge field
Ty el Bﬁ
translations P, &a el
Lorentz Transformations M, Aab oy ab
internal symmetry Ty 64 Aﬁ

Table 3.2 : Commutators, structure constants and third parameters.

commutators structure constants third parameters
[Map, Mea] = AN (oM gy Faplea = Sn[c[h5f5ﬁ A = 27l 2500
[PavM[bc}] = 2na[ch] fa,[bc]d = zna[béd §3a = _)'zabélb + A’lab§2b
[Py, Py) =0

3.4 Local Poincare Transformations

We have seen that Poincare transformation for scalar fields are given by J;, ,¢ = (a +
AMVxy)dy¢. While localizing symmetry, we can put the effect of both parameters
at(x) and A"V (x) into one parameter E* (x) = a* + A*Vx,. Then local translations for

scalar fields are given by
89 (x) = EH(x) 9 (x). (3.23)
This exactly corresponds to the general coordinate transformations with infinitesimal

parameter &# (x).

Including local Lorentz transformation A%?(x) with local translations £ (x), we define
the local Poincare transformations. Since scalar fields have no Lorentz indices, its

transformation property remains same,
S 29 (x) = & (x) I (x). (3.24)

For contravariant vector fields V#, local Poincare transformation is given by only Lie

derivative (as we did in the previous chapter) since they have no Lorentz indices,

Se )V = LeVH = EYO,VH — (9, EMVY. (3.25)

For covariant vector fields W#, local Poincare transformation is given by only Lie

derivative again for the same reason,
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Frame field transforms with both Lie derivative and local Lorentz,
Sz pep = EP dpey + (Iu&P ey —l“beﬁ. (3.27)

Infinitesimal transformation of the spin connection can be deduced from (2.16) (also

not forgetting its Greek index),

6&2{ w‘uab — éva\/a)ﬂab + (a'ugv)wvab + a'ua/ab — Aacwucb + w“'aCACb. (328)

Frame vectors are related to the coordinate vectors, VH = e’al V4. Thus we can find their

transformations using (3.25), (3.26) and (3.27). They are given as

S AV =EM VI —AYVP,

8z 2 Wa = EH0uWo — A" W, (3.29)

3.5 Curvatures

In gauge theories, curvatures are defined using the covariant derivatives,

[Dy.Dy] = =8y, (3.30)

Ruv* =20,,B," + By“B,” fzc”. (3.31)

As in the covariant derivatives, g, means compute gauge transformations of the

quantities with transformation parameters replaced by Ry, VA

It can be shown that curvatures transform as
SRy = €Ruv® fac™. (3.32)

Thus, curvatures are covariant quantities.

They also satisfy the Bianchi identities,

DRyt =0. (3.33)
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4. GENERAL RELATIVITY AS A GAUGE THEORY

In this chapter, we will show how GR arises as gauging the Poincare algebra.

The following identity can be proven to hold for gauge theories

0= 8 (§%)By + E Ry — ) 8(8*BS) By @.1)
@

where parenthesis show transformation parameters. Thus for P transformation we have
Sgcr (E1)¢f = 8p(&7 €} efy — &M Ruv (P) — Su (& 02"l (4.2)
Now, relating the parameters £# and £¢ by
gt =epge, (4.3)
and making curvature of P transformations zero, we find
Sger (EM Vel = Sp(EP) el — Su(E™ w3 ”)e. (4.4)

Hence, we found that if a gauge field transforms under P transformations, we can
relate it to the general coordinate transformations with other gauge symmetries of the

algebra, by making its curvature equal to zero.

4.1 Frame Fields and Gauge Fields

We want to show the gauge fields for P transformations ¢}, and M transformations a)u“b
are actually frame field and spin connection, respectively. This is the reason why we
used the same symbols for them in the previous chapter. We will show it calculating

their infinitesimal transformations.

Using the prescription (3.22), we can find the gauge transformation of the gauge field

a
€l

el = &+ &Py, — A%yel). (4.5)
We will also assume the gauge field e is invertible in the way that el ez = 6,? and
et =6l
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Here, we present curvature for translations RMV(P“) using (3.30),
Ryy(P) =20y,¢4; + 2ay,“ pehy. (4.6)

Making it equal zero, we get the first Cartan structure equation and, thus, connect the
gauge field ¢, and @y “) in the same way as we did geometrically. Thus, if we show
now that the gauge field ¢}, transforms in the same way as frame field, we also prove

that the gauge field @, “, is actually the spin connection.

Now, we can calculate the transformation of the frame field under the translations and
local Lorentz transformation. Since the frame field transforms as a coordinate tensor
in its Greek index, it will transform with the Lie derivative under translations. There

will be also a term coming from local Lorentz transformation. Thus, we have

defy = EPdpey, + (9u&P)es — A%l 4.7)

"
Playing with this equation and defining 1", 4+ £P @,),, we can show it is equal to
ety = & + EPwyy — A el + 2EP Ry (PY). (4.8)

The last term is zero from the Cartan structure equation. Thus, the two equations, (4.5)

and (4.7), are equal to each other. We have just proved our assertion.

4.2 Curvatures

Now we will show that curvature for the M transformation Ry, (M%) is closely related

to the Riemann curvature tensor.

We begin by presenting the curvature Ry, (M%) using the (3.30),

Ry (M) = 29,0, + 201, “ 0,7 (4.9)

For our purpose, we give the following quantity;

ef eh Ry (M™) = 2e eB 9y, 0, + 2ef eh oy, 0, (4.10)

uc

Now, we need to state Riemann tensor in terms of frame fields and spin connections.

For this reason, we present the two identity from previous chapters,

A A
RuPo = aﬂrﬁo—8vrﬁa+rﬁlrw—rﬁlrw, 4.11)
Fﬁv = ePIye + wy el el (4.12)

20



If we insert (4.12) into the (4.11), we find
RuvPC = 2ef eh 9y 0, +2e§ ef oy, 0, (4.13)

This is the same equation as (4.10). Thus, we have just found that curvature for M

transformations in our gauge theory appears the Riemann curvature tensor,

Run?™ = e Ry (M), @14

4.3 T Connection

Now, we impose Vielbein postulate to solve for I" connection from our gauge theory
Vel = duel — el + o, el = 0. (4.15)

Using this, we find
Ty = ef (uel + @usey). (4.16)

This is the same connection as we found geometrically. Furthermore, it is symmetric
due to curvature for P transformations giving us Cartan structure equation. Cartan

equation also makes our gauge field e, only independent field.

We can continue building elements of GR by defining metric and its inverse by
relations,

Suv = eﬁnabel",, and gMv = effnabel‘;. 4.17)

Eventually, we have all the elements of GR. Thus, we related our gauge theory to
the GR. Now, we can finish our gauge theory formulation by just imposing Einstein’s

equations of motion.
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5. NEWTON-CARTAN GRAVITY

Newton’s gravity can be embedded into spacetime geometry as in GR. The equation

of motion of a particle in the absence of other forces are given by
K +9'¢=0. (5.1)

This equation can be converted to geodesic equation
A2t dxV dx?
F—i_ v g a0 (5.2)
provided
Thy = 6"9;¢ (5.3)
is the only non-zero connection coefficients and x” = 7. From this connection, we can

find following non-zero curvature terms
Riojo = 6%,9;¢. (5.4)

Hence, we have only one non-vanishing Ricci tensor term Ryy. If we impose Ry =
47 Gp, we get Poisson’s equation. Thus, we must write a covariant equation of motion

and show that it reduces to Poisson’s equation with a proper metric.

The connection (5.3) can not be obtained from a non-degenerate metric. It can be seen
from that Riemann tensor, defined by that connection, does not satisfy non-degenerate
Riemann tensor symmetry properties. Besides, Newtonian limit of Minkowski metric

(c — o) leads degenerate metrics;

-1 0 v (—1/ 0
mle= (g ) =767 1) &)

Thus, we have two degenerate metric 7, with three zero eigenvalues , and ¥ with
one zero eigenvalues. Since Tyy’s rank is 1, it is effectively 1 x 1 matrix. Hence, we
can decompose it T,y = T, Ty. We can see from (5.5) that h“"rvp = 0 so we have

h’uvT\/ - O.
Next step is to impose metric compatibility conditions.

V”hvl) — 0, and V”fv — 0. (5.6)
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The second equation implies
where f(x) is a scalar field.

In GR metric compatibility conditions with a symmetry requirement gives us a unique

connection. However, here, the situation is a little different.

The connection’s shift

Thy = Thy + 1P K 4Ty, (5.8)
with an arbitrary two form K},y, still satisfies (5.6).

We can write most general connection compatible with (5.6) using Kj;,,. For this

reason, we introduce inverse metrics /1,y and T# by relations

Vp _ SP _ P He o
huyh'? = o — P 1y, =1,

huva =0, T, =0. 5.9
From these relations, we find
1

This connection is rather different than the one (5.3) that we want to reach. In order to

achieve that we must impose two extra conditions.

At first, we must use adapted coordinates where f = ¢ in (5.7). Then, from relations

(5.9), we have

T =35, t=(1,7),

RO =0, hyo=—hyt' (5.11)
The relations above are preserved under the coordinate transformations,

x4+ 20

Xt xfF E(M). (5.12)
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In adapted coordinates, connection coefficients become

. N 1 N
60 = hl](a()hjo — Eajhoo—{-KJ-o) = /’lUCI)j,

. - 1 21
g, = h*(dohj + o — =Kj) = hlk(iaohjk +Qji),

2
P i
K=\ kS

Ty =0,

where {; k} are the Christoffel connections with metric /;;.

Now, we introduce equations of motion

Ryy =4nGtyty.

In adapted coordinates, only non-zero component of Ricci tensor is Royp.

implies flat spatial surfaces. Then we can choose 1"/ = 8"/ and h;; = §;;.

The usage of flat metric reduces allowed coordinate transformations to
0 0, #0 i VN Y
X —=x 48, X = AN +E(r),
where Al j € SO(3), and make connections,

Ty, =h*"Qu  — -Qij:hk[jrﬁ()a

F60 = hijq)j — CI)i = h,-jl“éo.

(5.13)

(5.14)

R,'j:O

(5.15)

(5.16)

Now, we can impose our first condition, Trautman condition, to be able to derive

Poisson’s equation,

hRH ) 6(T) = 0.

This implies in adapted coordinates that

80le~ - a[jd)i} = 0, and 8[,-ij} =0.
These equations are covariant under (5.15). They can be also expressed as
%Kuv] =0 — K,uv = 28[”mv},

where my, = d,, f and f is a some scalar field.
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Our second requirement is that €;; must depend on only time [20]. This can be

achieved by one of the three Ehler conditions below,

hle“vpc(r)Rvulaa‘) =0, or

TR (D) =0, or hTRRH,,o(T) =0. (5.20)

After that, we can set Q; = 0 by a time dependent rotation x’ i— Al j(t)xj . Hence, in
this new coordinate system, (5.18) gives us 8[’1.6133.] =0, so ®; = 9'i® where ® is some

scalar field. It follows from (5.16) that
Lo =60/®. (5.21)
Thus, we have, from the equations of motion (5.14),
Roo = 0T}, = 8" 9;® = 4nGp. (5.22)

Hence, we reached Poisson’s equation.

Geodesic equation can be obtained also by the time dependent rotation above using

adapted coordinates,

#(1)=0, and (1) +9"®=0. (5.23)

Finally, our proof is complete for the Newton-Cartan gravity.

5.1 Newton-Cartan Gravity as a Gauge Theory

It is known that GR reduces to the Newton-Cartan theory in the nonrelativistic limit.

We will apply the same procedure to obtain Newton-Cartan gravity as in GR.

Gauging Bargmann algebra gives us the Newton-Cartan gravity. Bargmann algebra is

actually Galilean algebra with a central generator M,

VijsJia] = 481,
Vijs Pi] = —28iPy),
Vij Gi] = =28;Gy,
[Gi,H] = —P,
(G, Pj] = —&iiM. (5.24)
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Table 5.1 : Generators, parameters and gauge fields

generators parameters gauge fields
spatial translations P 4 eL
temporal translations H V=1 eg =1
Galilean boosts G A0 @y
spatial rotations J Al @y
mass M o my

Now, we should gauge it as in the case of GR. Its parameters and gauge fields, splitting

temporal and spatial parts, can be summarized as in the table (5.1).
Transformations properties of gauge fields are;
0Ty = ouT,
SeL =Dy¢ +7Lijeﬁ + A7, — 1,
S, = DyAY + 1 @, 70,
5a)uij = Dul‘j,
Smy = dyo — o, + 1%}, (5.25)
The derivative Dy, represents covariant derivative with connection a)”“b.

We present curvatures below;

)
) <D[ueiv} — o Ty)),
R (J) =2(9 0, — " 0, 7),
)
Ruy(M) = 2(Jmy) + e, 0,)°). (5.26)

Using the prescription in (4.1), we will relate P and H transformations to the general

coordinate transformation. First, we define inverse gauge fields elH and t* by relations

eLeif = 51’:

eyel =8 — 11",

T“eL =0,

TuelH =0,

= 1. (5.27)
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These equations are compatible with (5.9) with the realization of

hyy = eLe{,S,-j, and K"V = ef-le)-’Sij. (5.28)

Now, we can relate P and H transformations with general coordinate transformations
of space and time by setting

EH =el'Ci 1M (5.29)

The fields eil, Ty and my, transform under P and H transformations. Thus, following

the same reasoning in (4.1), we must make their curvatures equal to zero
RIJVi(P> =Ryv(H) =Ruy(M) =0. (5.30)

Hence, their gauge fields eil, T, and my, will remain independent.

Ruv(H) = 0 implies d|, T,) = 0. Thus, we can take it as in Newton-Cartan theory. From
the remaining relations we can express @y i/ and y 0 with independent gauge

fields,

kl __ k vl I vk i i vk pl plk ., 10
Oy —Q[Hev]e Q[Mev}e +e“8[vep}e e’ — 1P,

0, = ¥ Ipmy) + eVitPel, (9[‘,6’];] + 1t eP Oy mp) + ‘Eva[ue’;,}. (5.31)

Next, we impose vielbein postulates to find a I" connection,

Outy — T, 73 = 0. (5.32)

Then we can solve for I’ ﬁv,

Ty = 0y + € (Ouel) — oel, — 0, 1y). (5.33)

This connection satisfies metric compatibility conditions in the Newton-Cartan gravity.
However, this gives I" connection uniquely unlike that case. Comparing this with (5.10)
we find

Ky =2ay,"e! (5.34)

V]

Then, expanding dependent field @, we find

K’u_v — 28[“1’”\,], (5.35)
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which relates my, to the Newton-Cartan gravity via (5.19).

Now, from Bianchi identities for our gauge theory we have

R[;Luij(.]>€j

1= R (G)1y), (5.36)

which is equal to the Trautman conditions one can show explicitly.

Besides, each one of the Ehler conditions corresponds to the

Ruv'/(J) =0. (5.37)

Finally, we can show, with all these constraints, Riemann curvature tensor R* VPG(F),

following from the connection (5.33), becomes

One can show that only non-zero component of this curvature, with the help of (5.36)
is

S URY (1) = the" Ry, )0, (5.39)
which is exactly the same non-zero components as in the Newton-Cartan theory.

Eventually, we found the same connection and metrics. By just imposing the same

equation of motion in the Newton-Cartan theory, we can have the same theory.
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