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ABSTRACT

MODELING THE EFFECT OF ELECTROLYTE ON THE
LITHIUM SULFUR BATTERY PERFORMANCE

Due to their ability to have a higher cell capacity, lithium-sulfur (Li-S) batteries have
recently become more prominent compared to Li-ion batteries. This thesis expands on this
premise by presenting the impact of electrolyte amount and properties on the performance and
lifespan of Li-S cells. To do so, the 0-dimensional electrochemical model by Marinescu et al.
[1] is implemented with a C-rate of 0.5 C. The 0-dimensional model is modified to predict
continuous charge and discharge cycles and is simulated by using the Fortran programming
language. To determine the effect of the amount of electrolyte on cell performance, the
electrolyte-to-sulfur (E/S) ratio is altered by changing the electrolyte volume in the model
directly. It is demonstrated that when the E/S ratio increases, the capacity of cell discharge
remains unaffected, contrary to expectations. However, the capacity fading over the first two
cycles is effectively predicted. The effect of electrolyte type and properties on cell performance
is captured implicitly through model parameters and sensitivity analysis is conducted. It is
shown that cell capacity is sensitive to changes in the initial voltage (V,), the high voltage
plateau standard potential (EY), and the shuttle constant (kg), whereas cell voltage output is
sensitive to changes in EJ, V,, and high and low voltage plateau reaction exchange current
densities (iy g, i, o). The model does not respond accurately to changes in the active area (a,),
precipitation constant (kp), and C-rate. Furthermore, by adjusting the value of the shuttle
constant (Kk), the predicted cycling performance can align with experimental data for different

E/S ratios and electrolyte types.



OZET

ELEKTROLIT OZELLIKLERININ VE MIKTARININ LITYUM-
KUKURT BATARYA PERFORMANSI UZERINDEKI ETKISININ
MODELLENMESI

Son dénemde, lityum-kiikiirt bataryalari, yiiksek kapasiteli olmalar1 nedeniyle lityum-
iyon bataryalarindan daha fazla ilgi gormektedir. Bu tezde, elektrolit miktarmin ve
ozelliklerinin lityum-Kkiikiirt hiicrelerinin performansi ve 6mri tizerindeki etkisi incelenmistir.
Marinescu et al. [1] tarafindan gelistirilen 0-boyutlu elektrokimyasal model temel alinmistir.
Birbirini takip eden desarj ve sarj prosesleri, yani dongiiler, Fortran programlama kullanilarak
simiile edilmistir. Elektrolit miktarinin hiicre performansi tizerindeki etkisini belirlemek igin,
elektrolit hacmi dogrudan degistirilerek elektrolit-kiikiirt (E/S) orani degistirilmistir. E/S orani
arttiginda, beklentilerin aksine hiicre desarj kapasitesinin etkilenmedigi gosterilmistir. Ancak,
dongiiler boyunca kapasite azalmasi etkili bir sekilde tahmin edilmistir. Elektrolit tipi ve
ozelliklerinin hiicre performansi tizerindeki etkisi, mekanik bir yaklagimla model parametreleri
araciligiyla dolayli olarak 6ngdriilmiis ve hassasiyet analizleri yapilmistir. Hiicre kapasitesinin,
baslangig voltaji (V), yiiksek voltaj platosu standart potansiyeli (EY) ve mekik sabitindeki (kg)
degisimlere duyarli oldugu, hiicre voltajmin ise E}, V,, yiiksek ve diisiik voltaj platosu degisim
akim yogunluklarmdaki (iy g, ir, o) degisimlere duyarli oldugu gosterilmistir. Model, aktif alan
(ar), ¢okelme sabiti (k) ve C-oranindaki degisimlere dogru bir sekilde yanit verememektedir.
Ek olarak, mekik sabiti (k) degeri degistirilerek deneysel sonuglara uygun desarj prosesleri
ve kapasiteleri, farkli E/S oranlar1 ve elektrolit tipleri i¢in elde edilmistir. Bu analizlerin
sonucunda, elektrolit tipi ve 6zelliklerinin etkisinin, modelin duyarli oldugu parametreler

araciligiyla dolayli olarak gosterilebilecegi ¢ikarimina varilmaistir.
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1. INTRODUCTION

The importance of energy systems, especially batteries, has increased exponentially as
electronic devices increase in complexity. Lithium-ion batteries are the most widely used kind
of batteries, and with modern technology, they have the highest capacity for energy storage [2].
Heavy metals, such as nickel (Ni) and cobalt (Co), are used in lithium-ion batteries [3]. While
these metals are excellent for delivering energy, they are also known to cause tremendous
environmental and humanitarian risks [4]. Equivalent energy storage systems are still being
researched to overcome the disadvantages of lithium-ion batteries. A newly emerging equivalent
energy system is the lithium-sulfur batteries, which could turn out to be a potential replacement
for Li-ion batteries [5]. Lithium-sulfur batteries are fundamentally different from lithium-ion

batteries and have several advantages in comparison [6].

As mentioned, battery systems, especially in terms of capacity, must keep up with the swiftly
developing technologies that, for example, combat global warming through electric vehicles.
This is a common demand since zero-carbon emission projects are becoming more and more
widespread to prevent global warming [7]. In the coming years, thanks to government policies
in various countries [5], the usage of fossil fuel-powered cars will inevitably decrease. The
shrinkage of the market for fossil fuel cars will allow electric cars to fill that gap and become
more common, as they are seen as the biggest competitor to fossil fuel cars. One of the biggest
hurdles for electric cars to become dominant in daily life is the inability of electric cars to travel
long distances due to the low capacities of lightweight battery systems. In addition, electric cars

need to become cheaper for these and similar technologies to become widespread.

Lithium-sulfur batteries, which offer a potential solution to the shortcomings of Li-ion
batteries, have a high theoretical specific energy, 2600 Wh/kg, to be exact [8]. The theoretical
specific energy of Li-S batteries is greater than the theoretical specific energy of Li-ion batteries,

which is between 500-600 Wh/kg [8]. Lithium-sulfur batteries are composed of electrochemical



cells and oxidation and reduction reactions occur through charge and discharge, namely cycling.
In a Li-S cell, there exists a lithium anode, commonly an organic electrolyte, and cathode, which

is a composite of sulfur and carbon [9]. Representation of a Li-S cell is shown in the Figure 1.1.

discharge charge
e e

Load/Charger

Sulfur particle

P
« o, Carbonadditive

. L
(34
z Polymer binder

Figure 1.1. Representation of a Li-S with cell reactions [9].

The equation representing the whole redox electrochemical reaction in the Li-S cell is

provided as [10]

16Li + Sg — 8Li,S . (1.1)

The lithium metal is oxidized at the anode and transferred through the cathode, where free
electrons are transported with an external circuit, which leads to electricity production. The
cathode reaction happens subsequently, and with this reaction, sulfur is reduced to Li2S. Then,
the charging process takes place with the opposite of these reactions. In addition to this,
intermediate lithium polysulfides and their dissolution in the electrolyte can be seen during these
processes, which initiates the polysulfide shuttle mechanism. Moreover, it poses a great
challenge since sulfur and Li2S are both insulators. Therefore, supporting salts are added to the

electrolyte or conductive materials such as carbon are added to the electrode [9,11].

The oxidation process of the lithium anode is as follows

Lie>Lit+e. (1.2)



Following the dissolution of Sg o 0 the electrolyte, the reduction reactions to polysulfides and

the subsequent precipitation and dissolution processes can be written as

1 1,
558(1) +e (—)ESS , (13)

3

SSE e oS, (1.4)

3

SE+e &3 SE, (1.5)

Y S

555 tem oSt (1.6)

iy &

S5 tem oSt (1.7)
2Li* + SF > LizSy ) (1.9)
2Li* + S} > LizSy ), (1.10)
2Li* + S > LiyS(s) - (1.11)

The electrochemical processes that take place during discharge are shown in Equations (1.2)-
(1.11) [10]. Also, lithium-sulfur battery systems rely on sulfur, which is abundant in nature,
incredibly cheap, and non-toxic [12], which makes Li-S batteries excellent for storing energy

cheaply [10].

Despite their good properties and advantages, there are some fundamental issues that need
to be resolved for Li-S batteries to be successful. The challenges are mainly the polysulfide
shuttle mechanism, short cycle life, low utilization of sulfur, self-discharge, and irreversible

capacity loss [1,11].
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Figure 1.2. Representation of shuttle mechanism in Li-S cell [9]

The polysulfide shuttle mechanism poses a significant challenge in the advancement of Li-
S batteries. Typically, in an electrochemical cell, lithium ions (Li*) move from the anode to the
cathode via the electrolyte during discharge. This movement of ions generates electrical energy
that is transferred to an external circuit through the flow of electrons [13] Li-S cell also works
with this principle, but during discharge, sulfur (Ss(s) in the cathode dissolves in electrolyte and
reacts with Li+ ions to form lithium polysulfides (Li2Sx) [9]. The lithium polysulfides generated
move in the opposite way through the electrolyte when the cell is being discharged and
eventually reach the lithium anode. At the anode, the compounds are reduced to Li2S and Li2Sz,
causing them to lose solubility in the electrolyte [9]. Furthermore, they can react with chemicals
present in the electrolyte, leading to the breakdown of the electrolyte. Polysulfides are
responsible for the self-discharge of the lithium-sulfur cell, depletion of active material inside
the cell, and the gradual decline in capacity over cycles [9]. Li-S cell polysulfide shuttle

mechanism is shown in the Figure 1.2.

There are efforts made to overcome these obstacles, which can be grouped into several main
topics. The first one is using electrolyte additives like LiNO3 to protect the anode surface by
forming a passivation layer [14]. Another one is to encapsulate polysulfides at the cathode, i.e.,
by using carbon nanostructures [15]. Also, interlayers of specialized materials may be used to

slow down the diffusion of the polysulfides and selectively pass only the lithium ions [16,17].



Suppressing the polysulfide shuttle mechanism is the main purpose of these efforts since the
polysulfide shuttle mechanism leads to self-discharge and poor charging efficiency as well as to
an irreversible capacity loss [11]. Hence, the design of the Li-S cell has an important role in

determining the battery performance.

It is expected that the practical energy density of a battery is less than its theoretical value.
However, in Li-S battery systems, this value is much less than it should be in practice, so Li-S
batteries are not able to realize their full potential. The practical specific energy is lower, which
is between 200 to 400 Wh/kg [18], whereas, for Li-ion batteries, the practical energy density is
around 250 Wh/kg [19]. This shows that Li-S batteries have the potential to improve to
overcome the problems that are caused by the lack of an advanced battery system. There are
many parameters that affect battery performance in lithium-sulfur batteries like electrolyte
material, electrolyte-to-sulfur (E/S) ratio, carbon-to-sulfur (C/S) ratios and composite cathode
design [20-22]. These are the key parameters in the development of Li-S battery systems. By
optimizing these parameters, it can be possible to achieve energy densities closer to the

theoretical energy density level.

Among these parameters, the optimum level of the E/S ratio is important for Li-S cell design
because electrolyte occupies a large space in the cell and plays a crucial role in the reactions. As
the electrolyte volume increases, the energy density of the battery decreases and a high
electrolyte volume can cause the electrolyte material to interact with polysulfides more,
increasing the shuttle mechanism [23]. Conversely, a low E/S ratio might impair the reaction
kinetics by diminishing ion transport inside the cell and decrease cell capacity by limiting the
use of active materials [23]. The overpotential is diminished and the conductivity of the cell is

enhanced using an adequate quantity of electrolyte.

Moreover, the correct selection of the electrolyte type is crucial since it has a direct impact
on the performance of the Li-S cell. Electrolyte properties such as ionic conductivity and
viscosity directly affect the reaction kinetics, internal resistance and overpotential in the Li-S
cell [24]. While it is important for the electrolyte to have a low viscosity to facilitate the fast

transportation of ions, it is also important for it to have a high viscosity to slow down the



polysulfide shuttle mechanism. In addition, it is important that the substances in the electrolyte
do not interact with the polysulfides and thus the electrolyte does not degrade [24]. Overall, it
is crucial to consider all these factors during cell design and to optimize the E/S ratio to enhance

cell performance when selecting the appropriate electrolyte type.

1.1. Scope of the Current Work

As mentioned before, Li-S batteries have challenges that must be overcome, which are
caused by complex electrochemical processes during charge and discharge of the battery. As a
result of the formation of soluble polysulfide intermediates, electrolyte design is crucial for
defining the reaction kinetics and the polysulfide shuttle mechanism. Both the amount and the
properties of the electrolyte are key parameters in overcoming these issues, and the design of
the electrolyte requires an integrated investigation of materials chemistry, mechanisms, and rates

at the cathode level and electrochemical performance at the cell level.

The aim of this thesis is to investigate the effect of the electrolyte properties and amount (or
the electrolyte-to-sulfur (E/S) ratio, in other words) on the lithium-sulfur battery performance
by developing an electrochemical model predicting the cycling of a cell at a constant current

density.

A 0-dimensional model is developed for the charge and discharge, namely cycling, of a Li-
S cell where the impact of electrolyte amount and properties on the Li-S battery performance is
investigated by examining mechanisms and rates of reactions during cycling. The electrolyte-
to-sulfur ratio is directly defined by adjusting the volume of the electrolyte in the model.
However, it is not feasible to directly modify the type and properties of the electrolyte in the
model. Therefore, the impact of the electrolyte type and properties on both discharge and charge

performance is implicitly evaluated through model parameters.



The parameters that are investigated to determine the effect of electrolyte type and properties
on the Li-S battery performance are active reaction area (a,.), initial cell voltage (V;)), shuttle
constant (k), high and low voltage plateau standard potentials (E9, E), high and low voltage
plateau electrochemical reaction exchange current densities (iH,Or iL,O) , and precipitation rate
constant (kp). By conducting a sensitivity analysis through alteration of these parameters, the
implicit impact of electrolyte type and properties on cell capacity, voltage output, and reaction
kinetics is determined. Due to its concentration independence, the 0-dimensional model has
fewer assumed parameters, resulting in increased computational effectiveness. The model is

solved numerically using computational methods and the Fortran programming language.

The 0-dimensional model proposed by Marinescu et al. is used for this study, and the cell
design parameters from this publication are taken [1]. In the “2. Literature Review” part, several
electrochemical models studied in the literature and research for Li-S cells, along with the key
parameters that are modified to enhance the performance of Li-S cells are presented. This part
also covers studies that investigated the impact of different electrolyte types and the electrolyte-

to-sulfur (E/S) ratio on cell performance.

The details of the model simulating the continuous discharge and charge processes and the
electrochemical and precipitation/dissolution reactions are explained in “3. Model
Development” part. In addition, the initial conditions and model parameters, along with a
detailed explanation of the linearization procedure for the model equations are included in the

same chapter.

In the “4. Results and Discussions” part, an explanation of the cycle simulation graphs and
sensitivity analysis of the model according to the changing model parameters are provided.
Discharge and charge processes are examined separately, and two cycle results are given for all
to prevent repetition. Voltage outputs and capacity changes are examined in detail, whereas the
effect of electrolyte type and properties on cell performance is investigated implicitly through
model parameters; model parameters reflecting electrolyte properties are determined. The

impact of the electrolyte-to-sulfur (E/S) ratio on cell performance is also thoroughly analyzed



in the same chapter. A comprehensive conclusion of the study and the results are provided in “5.

Conclusion” part.



2. LITERATURE REVIEW

In this part of the thesis, previous studies on the effect of electrolyte amount and properties

on the Li-S battery performance are summarized.

Electrolyte amount and properties influence battery performance by affecting the depth of
sulfur reduction and the cycle life. This is because of the development of solvate complexes of
lithium polysulfides during charge and discharge processes, and electrolytes carry ions between
the anode and the cathode. Solvate complexes of Li2Sm and their structures necessitate a
sufficient level of electrolyte contents and additives since they influence overall charge and
discharge processes and the efficiency of the Li-S cell [6]. The experiments carried out by
Kolosnitsyn et al. in 2016, which used sulfolane as the electrolyte, examined solvate numbers
of Li-ion in lithium polysulfide, and the minimum solvate number is determined as 1 for the Li-

ion [6].

In Li-S cells, a mixture of dimethoxyethane (DME) and 1,3 dioxolane (DOL) is used as
electrolytes in general, and as the salt, lithium bis-(trifluoromethanesulfonyl)amide (Li[ TFSA])
is used [25,26]. LiNOs is also typically used to increase the performance by suppressing the
shuttle mechanism to some extent. However, the dissolution of lithium polysulfides cannot be
prevented completely, which is a major problem since it causes low cycle life and rapid fading
of capacity as well as low Coulombic efficiency [27-29]. According to a study, an increase in
the electrolyte amount increases the cycle life and depth of sulfur reduction, and if the supporting
salt is changed, such as lithium perchlorate, the cycle life is not affected, but the capacity is

affected [6].

Different electrolyte types, such as polymers and inorganic solid states, are suggested to
overcome the shuttle mechanism [30-32]. In addition, the study done by Ueno et al. suggests
solvating ionic liquid electrolytes rather than aprotic ionic liquids and lithium salts and examines

their anionic effects [33]. For this purpose, different anionic versions of [Li(glyme)]X
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electrolytes are used, and it is concluded that [Li(G4)][BETI] and [Li(glyme)][TFSA] are
electrochemically stable in the Li—S cell and [Li(G4)][BETI], which is a concentrated

electrolyte leads to a low capacity [33].

As investigated by Cheng et al. in 2016, the electrolyte system that achieves a long-lasting
battery is a sparingly solvating electrolyte [34]. In this type of an electrolyte, salt dissolves
sparingly which provides the control mechanism of the migration of substances in the electrolyte

solution.

Another research done by Weller et al. in 2017 presents an electrolyte system that can be
applied to large-scale batteries since its volatility is not high, which is a requested property in
large-scale applications [35]. The method suggests an intrinsic shuttle suppression with a pouch
cell. The study presents an electrolyte, which is a mixture of hydrofluoroether and sulfolane,
which is successful in suppressing polysulfide solubility without adding lithium nitrate while

providing high discharge capacity and coulombic efficiency (>94%) [35].

In the paper published by Nakanishi et al. to examine the properties of sulfolane-based
electrolytes with high and low concentrations, the binary systems of sulfolane and lithium
bis(trifluoromethanesulfonyl)amide(LiTFSA) and its diluted version with hydrofluoroether
(HFE) is examined along with the tetraglyme(G4)-based electrolytes, which are sparingly
solvating [36]. It is concluded that the dilution with HFE leads to a lower viscosity and higher
conductivity as expected and in addition, the electrolytes with sulfolane display good mass

transfer properties [36].

In addition to the electrolyte type, the eftect of the electrolyte-to-sulfur (E/S) ratio has also
been widely investigated since this ratio also influences the Li-S battery performance. The
analysis done by Kilic et al. indicates that low E/S ratios and high sulfur loadings are required
for high energy densities [37]. In addition, material design, including the design of the
encapsulation of cathodes and electrolyte contents, is key for the future of lithium-sulfur battery
systems [37]. Another research, which is carried out by Bilal and Eroglu, determines 13 mL/g"!

as the best E/S ratio, showing good performance at the cell and system level, and this study
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considers discharge capacity, capacity retention, and specific energy metrics while carrying out

the analysis for the E/S ratio [21].

In a study by Mikhaylik et al. [11], the effect of the shuttle mechanism on the discharge and
charge performance in a Li-S cell is modeled. For this purpose, a shuttle equation is introduced
to the model and a shuttle constant is included in the calculations. Two distinct reactions in the

two discharge plateaus are considered for the sulfur reduction.

The model proposed by Kumaresan et al. [10] is a comprehensive electrochemical model of
a Li-S cell, which is then used by various studies. The model can predict two discharge voltage
plateaus and the dip between them in the discharge process. In addition, the anode and cathode
reactions and mass transport of various species within the cell are well defined in this model.
There are six electrochemical and five dissolution and precipitation reactions in the model,
which enables the model to predict concentrations of species with respect to time and space.
Consequently, the model is a one-dimensional model, as it is concentration and time dependent.
Ghaznavi et al. [38] conducted a sensitivity analysis using the mathematical model presented by
Kumaresan et al. [10] The study is conducted based on variations in the C-rate and cathode

conductivity, and shortcomings in the model are determined.
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3. MODEL DEVELOPMENT

The zero-dimensional discharge and charge electrochemical models proposed by
Marinescu et al. are applied to model the cycling of a Li-S cell within the scope of this thesis
[1]. Continuous discharge and charge profiles are obtained by performing cycles where
discharge and charge are carried out consecutively. FORTRAN (f90) is used to code and execute
these theoretical models. The model is time-dependent, and the changes in variables are
observed over time. On the contrary, the model is concentration-invariant, indicating mass

transport phenomena are not considered.

The cycles are executed at 0.5 C-rate, which indicates that the discharge/charge would
take 2 hours theoretically for 1.675 A per gram of sulfur. A delta time of 0.1 is applied to get
more precise outcomes. For instance, the initial investigation at a 0.5 C-rate takes 72000 steps
to complete to achieve a delta time of 0.1. Different cycling (continuous discharge and charge

processes) simulations at various C-rates are also performed for comparison.

This model is zero-dimensional; thus, some assumptions must be made to see the time-
dependent changes. To begin with, the sulfur is in the S§ form and initially dissolved completely.
There are two stages of discharge: the low plateau and the high plateau. One electrochemical
reaction is dominant at every stage, giving a total of two electrochemical reactions. Given that
the overpotentials at the anode and the separator are insignificant, the overpotentials at the anode
and the separator are ignored. The precipitation of Li2S is considered in the model through the

k, constant. The symmetry factor is taken as 0.5 in the Butler-Volmer equations since reactions

are assumed to be symmetrical. In the model, the shuttle mechanism is represented by including
the k, constant. Current is positive during discharge and negative during charge, and it is
constant during both processes. The governing and electrochemical reactions are the same for
charge and discharge but are carried out in opposite directions. The model neglects the double-

layer effect that happens at the electrolyte-electrode interface.
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As mentioned above, discharge occurs in two stages, and for every stage, a distinct
electrochemical reaction is valid. The equation suitable for the initial plateau of discharge is

assumed to be the following equation as

Sy + 4e” — 257, (3.1

At the beginning of the discharge, it is assumed that all the sulfur is present in the dissolved S§

form. The equation that applies to the second plateau of discharge is assumed as follows

SZ 4 4e™ — 2527 | +852, (3.2)

It is assumed that the discharge and charge electrochemical equations are identical but in the
reverse directions. For the discharge part, governing equations in this zero-dimensional model
are taken from Marinescu et al. [1]. The first governing equations are Nernst equations for high

and low potentials at equilibrium which are shown as

. RT S9
EH:EH+ﬁln fH@f—_)z B (33)
RT Si™
= 0 —_— —4
EL EL + 4F ln fL (SZ_)Z 522_ y (3-4)

EY and E are standard potentials for the high and low plateau, respectively. The f and f;, are
defined to obtain masses of sulfur species in grams. They are calculated as
_ ng Mg v

fo=—""", (3.5)

7158

2 2,2
ng ng Mg v
fuo=—"7T""—, (3.6)
ns,

v is electrolyte volume of the cell, Mg, is the molar mass of sulfur and n represents the number

of polysulfides in the subscripts. For the reaction kinetics, Butler-Volmer approximations are

used for the high and low voltage plateaus, which are estimated from the equations shown as
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nanH

iy =2y agsinh SRT (3.7)
. . . nanL
ip =21i,0agsinh SRT (3.8)

igo and i, are exchange current densities for high and low plateau reactions subsequently.
a, is the active reaction area of the cell. n, is the electron number per reaction, which is 4. n,
and n, are the overpotentials for the first and the second electrochemical reaction, which are

calculated as
nH=V_EHJ (39)
n=V-E. (3.10)

The following formulae are used to determine the concentration evolution of the five species in

this model over time:

ds? ng M,

Bl s (3.11)
dzzt - ni::‘;l:ss - (3.13)

h e vipskpspwz' =S, G189
% - vipskpsp(sz- — 527, (3.15)

k, is the shuttle constant. Since the shuttle effect is considered in this model, it is indicated
through a shuttle constant. In the model, precipitation effects are included. The precipitation rate

is represented through k;, in the formula, and p is density of precipitated sulfur. S27 is the

saturation mass of S2~.
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Given that the charge is preserved, cell current is calculated using the following equation

which is expressed as

I - iH + iL . (3.16)

The applied current is calculated through considering the C-rate and mass of active sulfur (my)

for 1.675 A per gram of sulfur, by using the equation which is expressed as

Iapplied = mg * 1.675 = Crate - (317)

The value of cell current applied (Igppiieq) is taken as positive during discharge and the same

but opposite sign, negative during charging. There are 12 variables in the model. Sg, S7~, 5%,

S 2_,Sp are the mass of species in grams. iy, i; are current contributions from the two (high and
low voltage plateau) electrochemical reactions in A/m?. n > N, are overpotentials for the high

and low voltage plateau reactions, respectively, in V. Ey, E; are Nernst potentials for the high

and low voltage plateau reactions, and V is the cell voltage, all in V.

3.1. Initial Conditions

Initial conditions of each parameter for the first discharge are determined by using the

values in Marinescu et al. [1] which is expressed as

Sy = ms=0.99, (3.18)
S, = ms+10°, (3.19)
iy =1, (3.20)
ip=1—Iyori,=0, (3.21)

V=24, (3.22)
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(i
sinh (=7,

= - 2
Ny SFRT , (3.23)
sinh (— iy
21,00y )
= . 24
n, SFRT , (3.24)
SO
S~ = Jh Se , (3.26)
E, — E®
exp (—H H)
A4RTF
E,=V-n, (3.27)
§2- =1078. (3.28)

$2~ cannot be calculated directly, so it is calculated in the Fortran code by doing 100000

iterations, satisfying both equations which are

1/2
-
§7 = fux Si S| (3.29)
exp (F, — EY) « 20
S =852 +5,. (3.30)

The initial values of the first charge and the following charges are the variable values at
the end of the previous discharge. Similarly, the variable values of the previous charge are taken

as the initial condition for the 2nd discharge and the following discharges.

3.2. Parameters in the Model

The parameters in the model are shown in the Table 3.1. The values are taken

from the zero-dimensional model by Marinescu et al. [1]



Table 3.1. Parameters in the zero-dimensional model [1].
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Notation Name Units Value
F Faraday’s Constant C mol! 9.649 x 10*
R Gas constant J K- mol! 8.3145
T Temperature K 298

Mg, Molar mass of S§ g mol! 32
Ny Avogadro number 1 mol! 6.0221 x 1023
Electron number per 4
n -
. reaction
Number of sulfur 8421
n ) n ) n ) n = 9 Toly
S < atoms in polysulfide
Density of
P r gL! 2x103
precipitated sulfur
Active reaction area
a, m? 0.960
per cell
Dimensionality
fu trctor H g L mol! 0.7296
Dimensionality
f g2 L? mol! 0.0665
g factor L
Electrolyte volume
% L 0.0114
per cell
Mass of active
mg g 2.7
sulfur per cell
Ep Standard potential H \% 2.35
E? Standard potential L \% 2.195
Exchange current
iH,O . A 1'1'1-2 10
density H
) Exchange current
iro A m? 5

density L
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Table 3.1. Parameters in the zero-dimensional model [1]. (cont.)

Notation Name Units Value
S§2- $?~ saturation mass g 0.0001
Precipitation rate
k, s 100
constant
kg Shuttle constant s 0.0002
1 External current A Variable

3.3. Linearization Procedure

The governing equations are linearized, and their coefficients (b;y,d;, and g; ) are
found. These coefficients are then used in the FORTRAN code to solve the equations using the
previously reported subroutines [39]. After linearization, they are brought to the following
equation form which is expressed as

busc (T + dig () € = g0 (331)
To determine b, (x), d;j (x) and g; x (x), the following procedures are applied. For instance,
the variable iy is replaced by iy pre,, + Aly, and this is done for all variables (step 1). Then,
the values in the common factors are placed in parentheses after the nonlinear terms of delta
products, if any, are ignored and removed from the equations (step 2). Eventually, coefficients

are determined.

For example, for Equation 3.11, the linearization is carried out as

ASO ngs *MS . . o o
Step 1: A_ts = :lge*F . (lH,prev + ALH) — ks * (Ss,prev + ASg),
o (1 Ngg*Ms . Ngg*Msg . °
Step 2: ASg (A_t + ks) + ﬁ Aly == se*p * Ui prev = ks * Sgprev-

Finally, coefficients are determined as

1
di, =—+k;,
1,1 At+ S
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_ nss * MSS
ne*F '
—i — kg * Sg .

N * F H,prev S 8,prev
These coefficients are then used in matrices in Fortran to solve the equations. The Fortran codes

generated in this work are presented in the Appendix.
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4. RESULTS AND DISCUSSION

The simulations of the cycles, specifically the sequential discharge and charge profiles of
the O-dimensional electrochemical model discussed earlier, were executed using the Fortran
programming language, and the results were acquired. In the sensitivity analysis section, the
effect of the changes in parameters on the predicted Li-S cell performance was examined. In the
next section, Li-S cell performance was investigated as a function of the electrolyte-to-sulfur
(E/S) ratio. Following the modifications, graphs illustrating the variations in cell capacity and
discharge profiles over cycles were generated. The impact of the electrolyte design on Li-S cell
performance was assessed by analyzing these graphs and comparing the results with the existing
literature data. Furthermore, the impact of both the amount and the properties of electrolytes on

the performance of Li-S cells was examined implicitly through model parameters.

4.1. Sensitivity Analysis

In this part, the simulation of cycles, that is, successive discharge and charge profiles, in the
0-dimensional electrochemical cell was achieved by varying various parameters. The graphs
below show the discharge profiles and capacity variations in each cycle based on parameter
alterations. The changed parameters are active reaction area (a,), initial cell voltage (V,),
shuttle constant (k,), high and low voltage plateau standard potentials (EJ, EQ), high and low

voltage plateau electrochemical reaction exchange current densities (iH,OliL,O) , precipitation

rate constant (kp), and C-rate. By performing this analysis, the model's sensitivity to variations

in several parameters was evaluated.

Initially, one hundred discharge and charge cycles were simulated at a C-rate of 0.5;
however, only the discharge capacities and the final variable values of the first and second cycles
were different. The capacities were the same in the second cycle of discharge and in subsequent

cycles, and the final variable values ended up at the same values as shown in Figure 4.1.
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Figure 4.1. Simulated discharge and charge voltages vs. time at a C-rate of 0.5 for 5 cycles.

Therefore, for each simulation, two cycles were run to demonstrate the results and to prevent
repetition in each cycle. For the charge, all cycles ended with the same final variables and charge
capacities. Therefore, only the first and the second cycle charge voltage vs. capacity graphs were

taken. All the graphs obtained from the simulations are shown below.

4.1.1. Active Reaction Area

The first parameter changed was the active reaction area, and discharge profile scenarios
were obtained by taking 10 and 1/10 times the baseline active reaction area value as shown in
Figure 4.2. The discharge capacity of the lithium-sulfur cell should theoretically increase as the
active reaction area increases since a rise in the active area indicates better kinetics, thus more

sulfur utilization [40.,41].
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Figure 4.2. Simulated discharge voltages vs. capacities for various active reaction areas (a,) at

a C-rate of 0.5 for 2 cycles.

As the a, value increases, high and low voltage plateaus, i.e., discharge voltage output
values, are higher, as shown in Figure 4.2. These changes in voltage values are more noticeable
in a,/10 but are minor in a,-*10. This leads to the conclusion that when the a, value goes below
a specific threshold, it has a detrimental impact on cell voltage. On the other hand, the drop in
voltage output as a, reduces is to be expected since as the active area increases, so does the
utilization of lithium and sulfur ions, and the reaction kinetics improve [42]. In general, the
results obtained with the change in the active area appear to be analogous with those reported

in the literature.

As seen in Figure 4.3, the discharge capacity of the cell increases as the active reaction area
(a,) increases, but very slightly. The decrease in the capacity with a tenfold decrease in the area
is slightly more prominent. Figure 4.3 shows that the discharge capacity of the second cycle is
lower than the first cycle in all cases, independent of the a, value. However, as can be seen, this

decrease is more noticeable in the case of a,/10. From this, it can be concluded that when the
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active area declines, the capacity loss in the second cycle becomes more noticeable. This may

be explained by the hindered kinetics at lower values of this parameter.
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Figure 4.3. Simulated discharge capacities for 2 different cycles for various active reaction

areas (a,) ata C-rate of 0.5.

As previously stated, the charge voltage outputs remain constant for both the first and second
cycles despite the alteration of the a, values. Figure 4.4 illustrates that an increase in a, leads
to an insignificant decrease in charge voltage output values. However, the capacity remains
nearly unaltered, similar to the discharge scenario. Unlike during discharge, where there are two

distinct voltage plateaus separated by a dip, there is only one plateau during charge.
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Figure 4.4. Simulated charge voltages vs. capacities for various active reaction areas (a,.) at a

C-rate of 0.5 for 2 cycles.

4.1.2. Initial Voltage

Figures 4.5 and 4.6 show the consequences of altering the initial cell voltage value. The
largest capacity value is attained when the initial voltage is the lowest, i.e., 2.35 V. As the initial
voltage decreases, the cell capacity increases, but the capacity difference between V|, values of
2.4V and 2.45 V is not very significant. In all scenarios, the capacity in the 2nd cycle is less
than the 1st cycle. The capacity difference between the first and second cycles is roughly the

same in all circumstances.

The low voltage plateau values are similar across all situations but lower in the high
voltage plateau where V;, is equal to 2.45. This shows that the initial voltage value decreases the
high voltage plateau when it falls below a certain value. According to the literature, high initial
voltages can increase sulfur utilization and voltage values, but low voltage plateau may end
earlier due to the shuttle effect [43]. On the other hand, the decrease in the initial voltage also
decreased the difference between the plateaus, and a more stable discharge plateau was obtained.

The first voltage drop occurred almost simultaneously in all three scenarios.
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Figure 4.5. Simulated discharge voltages vs. capacities for various initial cell voltages (V) at

a C-rate of 0.5 for 2 cycles.
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Figure 4.6. Simulated discharge capacities for 2 different cycles for various initial cell voltages

(V) at a C-rate of 0.5.
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According to Figure 4.7, when the initial voltage increases, the charge capacity reduces

and the voltage output increases. Capacity change exhibits similarities to changes in discharge.
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Figure 4.7. Simulated charge voltages vs. capacities for various initial cell voltages (V) at a

C-rate of 0.5 for 2 cycles.

4.1.3. Shuttle Constant

Increasing the shuttle constant strengthens the shuttle effect in the Li-S cell, lowering
the coulombic efficiencies, reducing the first discharge capacity, and causing capacity to drop
over time in each cycle [44]. Figures 4.8 and 4.9 illustrate that when the shuttle constant
increases, the capacity decreases in the initial discharge. Furthermore, the second discharge

capacity is lower than the first, as expected.

As kg increases, the high voltage plateau values decrease, and the first voltage drop
occurs faster. The low voltage plateau values exhibit no substantial change according to shuttle

constant changes; however, when k; increases, the discharge time reduces, which is reasonable.
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Figure 4.8. Simulated discharge voltages vs. capacities for various shuttle constants (k) at a

C-rate of 0.5 for 2 cycles.
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Figure 4.9. Simulated discharge capacities for 2 different cycles for various shuttle constants

(k) at a C-rate of 0.5.
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Figure 4.10. Simulated charge voltages vs. capacities for various shuttle constants (k) ata C-

rate of 0.5 for 2 cycles.

Concerning the charge aspect, as depicted in Figure 4.10, altering the value of k¢ results in
a modification of the curve's form and an unanticipated rise in capacity. The rise in kg leads to

infinite charging, as expected from the experimental trends.

4.1.4. Precipitation Constant

An increase in the precipitation rate can increase the polysulfide precipitates formed
during discharge, resulting in a reduction in the cathode surface, an increase in the shuttle effect,
and a decrease in the electrochemical performance of the Li-S battery cell, thus lowering cell

capacity and voltage profile stability [45].

Figure 4.11 illustrates that during the first cycle, the voltage profiles overlap and are

nearly indistinguishable. In the second cycle, the voltage profile at k,*3 appears to be the most
stable, whereas the one at k,*0.8 appears to be the least stable, with the high voltage section

being nearly a straight line downwards. It seems that k, has no influence on capacity in the first
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cycle, and the capacity difference between the first and second cycles appears to be the least at

kp*3 and the greatest at k;,*0.8, indicating that increasing kj, lessens capacity fading, which is

unexpected.
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Figure 4.11. Simulated discharge voltages vs. capacities for various precipitation rates (kp) at

a C-rate of 0.5 for 2 cycles.

Based on Figure 4.13, the reduction in k;, has significantly diminished the charge capacity.
The decrease in k, also resulted in a reduction of the discharge capacity during the 2™ cycle.
As the value of k, increased, the charge capacities also increased, resulting in a corresponding

increase in duration. The cause of this phenomenon may be attributed to the increased

precipitation of Li2S in the discharge, which consequently necessitates a longer duration for its

oxidation back to Ss.
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Figure 4.12. Simulated discharge capacities for 2 different cycles for various precipitation

rates (kp) at a C-rate of 0.5.
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Figure 4.13. Simulated charge voltages vs. capacities for various precipitation rates (kp) ata

C-rate of 0.5 for 2 cycles.
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4.1.5. Standard Potential for High Voltage Plateau

Changes in E} impact the high voltage plateau, whereas changes in E{ affect the low
voltage plateau. According to Figure 4.14, as E} increases, the capacity increases, and, in all
scenarios, the capacity in the 2nd cycle is lower than in the 1st cycle. The capacity difference
between the 1st and 2nd cycles increases as Ef decreases, which shows that the decrease in EJ
increases capacity fading. As expected, there is a significant difference in high-voltage plateaus.
As EY increases, the high voltage plateau becomes higher, and the difference between the high
and low voltage plateau also increases. There is also some change in low voltage plateaus, but

it is significantly less than the high voltage plateau.
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Figure 4.14. Simulated discharge voltages vs. capacities for various high voltage standard

potentials (E) at a C-rate of 0.5 for 2 cycles.
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Figure 4.15. Simulated discharge capacities for 2 different cycles for various high voltage

standard potentials (EJ}) at a C-rate of 0.5.
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Figure 4.16. Simulated charge voltages vs. capacities for various high voltage standard

potentials (Ef) at a C-rate of 0.5 for 2 cycles.
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Upon analyzing Figure 4.16, it is evident that increasing EJ not only enhances the
capacity but also elevates the charge voltage output. Furthermore, for EJ*1.02, it becomes
apparent that two voltage plateaus start to develop. An increase in EJ can lead to an acceleration

in reaction kinetics, resulting in a faster dissolution of the precipitated material.

4.1.6. Standard Potential for Low Voltage Plateau

In Figure 4.17, E was increased and decreased by a factor of 1.05 and 0.97, respectively.
As E? increases, capacity reduces, and the time required to reach the first voltage drop point
shortens. There is no significant change in high voltage plateaus in all 3 cases, but there is a
change in low voltage plateaus, as expected. The low voltage plateau is the highest when E{ is
high and the lowest when it is low. As seen in Figure 4.18, the capacity decrease from the first
cycle to the second cycle is the highest in the scenario where E{ is the highest, while it is very
similar in the other two. Accordingly, it can be predicted that increasing the E? value increases

capacity fading in cycles.
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Figure 4. 17. Simulated discharge voltages vs. capacities for various low voltage standard

potentials (E?) at a C-rate of 0.5 for 2 cycles.
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Based on Figure 4.19, when E? increases, the capacity declines while the charge voltage
output increases. As the E{ value falls, two distinct charge plateaus become evident, as in the

E%*1.02 charge graph.

4.1.7. Exchange Current Density for High Voltage Plateau

As high voltage plateau electrochemical reaction exchange current density increases,
capacity is expected to increase, whereas capacity fading diminishes [44]. As opposed to these
conclusions, an increase in i,0 does not have a major effect on capacity in all cycles. As observed
in Figure 4.20, only iHO/10 has a lower capacity value; however, the difference is minor. Yet, it
is apparent in the figure that a decrease in ino causes lower first plateau voltages; this is expected
as worse kinetics would lead to higher overpotentials. On the other hand, lower voltage plateau
is indifferent to this parameter. Cycle 2 has a lower capacity than cycle I, as expected, but

capacity fading has not changed significantly in Figure 4.21.
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Figure 4.20. Simulated discharge voltages vs. capacities for various high voltage plateau

electrochemical reaction exchange current densities (iH,O) at a C-rate of 0.5 for 2 cycles.
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In addition, as demonstrated in Figure 4.22, like the discharge results, the variations in

iy o have no influence on the charge capacities.

4.1.8. Exchange Current Density for Low Voltage Plateau

Figure 4.23 shows that the high voltage plateau is not affected by the changes in the low
voltage plateau electrochemical reaction exchange current density, and the high voltage plateaus

cannot be distinguished, unlike the changes in the discharge profiles when iy , was changed.

The low voltage plateau increases as iy, o increases, and for iy, /10, the difference in the
low voltage plateau is more apparent. On the other hand, iy, and i} ,*10 low voltage plateau
values are close to each other. The change in if, ; does not seem to affect the capacity change at
all. However, according to Figure 4.24, the capacity decrease in the 2nd cycle is slightly greater

at iy o*0.1.
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Figure 4.23. Simulated discharge voltages vs. capacities for various low voltage plateau

electrochemical reaction exchange current densities (iL,o) at a C-rate of 0.5 for 2 cycles.
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Moreover, as depicted in Figure 4.25, it can be observed that the variation in i, y has minimal
impact on the charge voltage output and capacity. Yet, the initial values of the charge voltage

output are slightly greater at i, ,*0.1 because of poorer kinetics.

4.1.9. C-rate

The C-rate is the parameter that governs the rate at which the battery can be discharged
or charged. A decrease in C-rate signifies an extension of the battery's discharge duration. The
simulation of this model was conducted at C-rates of 0.1, 0.5, and 0.7, and the sensitivity to C-
rate was evaluated. According to Figures 4.26 and 4.27, when the C-rate increases, it also aftects
the capacity in the first cycle; the initial discharge capacity increases with increasing C-rate.
This predicted trend is not correct, as both the discharge voltage and capacity are expected to
decrease at higher current densities. It is known that zero-dimensional models fail to predict the
right trend for C-rate as mass transfer phenomena are not included in these models. As the C-
rate increases, there is a predicted increase in overpotential, diffusion limitations, and a loss in
voltage efficiency. Conversely, as the time needed for reactions reduces, there is a reduce in
sulfur and active material utilization [46]. Due to the simplification of the diffusion effects in

the 0-dimensional model, the stated effects are not observable.

Yet, the capacity difference between cycle 1 and cycle 2 is the highest at a C-rate of 0.7
and the lowest at a C-rate of 0.1, which shows that capacity fading increases with increasing C-
rate, as expected from experimental trends. The voltage profiles indicate that, as the C-rate
increases in all cycles, voltage values decrease, but discharge time increases. The lowest

difference between high and low-voltage plateaus is at the lowest C-rate of 0.1.

Based on Figure 4.28, the capacity increases, and the voltage output decreases as the C-rate
decreases during the charging processes. The voltage output begins to flatten when the C-rate
reaches 0.1. The voltage output becomes flattens due to the prolonged charge time at a C-rate

of 0.1, which in turn impacts the reaction kinetics.
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Figure 4.28. Simulated charge voltages vs. capacities for various C-rates for 2 cycles.

4.2. The Effect of Electrolyte-to-Sulfur (E/S) Ratio on Li-S Cell Performance

Electrolyte is one of the main constituents of the Li-S cell, with the greatest weight
proportion, additionally performing a crucial role within the cell [47]. The presence of the
electrolyte influences the rate at which reactions occur by impacting the shuttle mechanism and
enabling polysulfide dissolution and precipitation reactions, as well as the transfer of ions
between electrodes. Additionally, electrolyte properties impact the efficiency at which sulfur is
utilized in the cathode [24]. This demonstrates that both the amount and the properties of the

electrolyte have a direct impact on the performance of a Li-S cell.

The E/S ratio is altered in the model to assess the impact of electrolyte quantity on
performance. The impact of the E/S ratio on cell performance is given in the graphs provided
and analyzed below. Although the 0-dimensional model does not allow for direct measurement
of the impact of electrolyte type and properties on cell capacity and discharge voltage, it can be

implicitly measured through model parameters. The effect of electrolyte properties on cell
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capacity, cycling performance, and discharge behaviors according to the change of parameters

is further examined in the next section.

Based on Figure 4.29, the alteration in the E/S ratio does not have any discernible impact
on the discharge capacity, either positive or negative. During the initial discharge, the capacity
remains constant, independent of the electrolyte-to-sulfur ratio. Upon analyzing the discharge
profile of the initial cycle, it is observed that the alteration in the E/S ratio only influences the
voltage profile at the low voltage plateau, with no impact on the high voltage plateau. As the
E/S ratio increases, the low voltage output decreases. Consequently, the highest voltage output

is observed when the E/S ratio is 2.5 mL/g.

2.4 _ =
E/S = 2.5 ml/g, 1% Cycle
E/S = 4.2 mL/g, 1% Cycle
E/S = 10 mL/g, 15! Cycle
E/S = 15 mL/g, 1% Cycle
E/S = 20 mL/g, 1! Cycle

by
w
[

hed
w
(=2
T
* 8 0 0 0

i) N

(i w w

w 5] &
T T

Voltage (V)

n

L%}

@©
T

ra
)
@

Loy

ha

i~
T

n

n

n
T

0 200 400 600 800 1000
Capacity (mAh gS™')

Figure 4.29. Simulated discharge voltages vs. capacities for various E/S ratios for 1% cycles.

The experimental data contradicts the notion that the capacity and high discharge plateau
remain unaffected, as investigations have shown that the capacity increases with an increase in
the E/S ratio [22,48]. This phenomenon occurs since as the electrolyte volume rises, there is a
corresponding increase in the utilization of active materials and ameliorated reaction kinetics.

The decrease in the low voltage plateau, resulting from the rise in the E/S ratio, contradicts the
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expected low voltage profile. Consequently, this model fails to accurately forecast the impact of

the E/S ratio on capacity and voltage profiles of the 1% cycle.
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Figure 4.30. Simulated discharge voltages vs. capacities for various E/S ratios for 2™ cycles.

The effect of the change in the electrolyte-to-sulfur ratio on the change in capacity is
evident in the discharge profile of the second cycle, as depicted in Figure 4.30. The capacity
reaches its maximum when the E/S ratio is 20 mg/L. As the E/S ratio increases from 2.5 mg/L
to 10 mg/L, there is a decrease in both cell capacity and voltage output. Nevertheless, when the
E/S ratio exceeds 10 mg/L, the capacity of the cell increases in proportion to the increase in the
E/S ratio. However, beyond a certain threshold, a further increase in the electrolyte volume do

not result in a substantial change in capacity.
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Figure 4.31. Simulated discharge capacities for 2 different cycles for various E/S ratios.

In all E/S ratios, the first discharge capacity remains constant, however it subsequently
declines in the second cycle as illustrated in Figure 4.31. Capacity fading increases as the E/S
ratio increases from 2.5 mg/L to 10 mg/L, but diminishes as the E/S ratio exceeds 10 mg/L. This
demonstrates that as the volume of the electrolyte is increased, the decrease in capacity also

increases up to a certain threshold. However, as the concentration exceeds the threshold of 10

mg/L, the capacity fading begins to diminish.

4.3. The Effect of Electrolyte Type and Properties on Li-S Cell Performance

Modifying the E/S ratios in the model clearly does not lead to the experimental trends.
Similarly, the effect of electrolyte type and properties cannot be directly modeled using this
model. One approach to capture the experimental trends on the effect of the E/S ratio and
electrolyte type on the initial discharge capacity and cycling performance of a Li-S cell would
be changing model parameters, shown in the previous section to be determinative of the

capacity. For instance, an analysis of the initial voltage (V;), high voltage standard potential
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(ED), and shuttle constant (kg) can determine the implicit relationship between the capacity and
the type and properties of the electrolyte. These parameters are included in the model since the
electrolyte content affects cell performance by altering these parameters and the cell capacity is

sensitive to changes in V,, E{}, and Kg in the first cycle.

As the E} has a higher value, capacity of the cell and voltage output increases due to
enhanced reaction kinetics. This occurs because an elevation in EJ leads to a corresponding rise
in the equilibrium potential, thus resulting in an augmentation of the Nernst potentials [1]. This
results in a decrease in the surface overpotential, which is the main driving force for
electrochemical processes. Considering that the electrolyte has a major effect on the
electrochemical reactions and, as a result, the capacity of the cell, we can infer that the changes
in EY implicitly indicate the impact of electrolyte type and properties on the cell performance.
On the other hand, E? can demonstrate electrolyte properties indirectly by causing a gradual

increase in the low voltage plateau as its value rises, as predicted.

Figures 4.5 and 4.6 demonstrate that as the initial voltage value decreases, the high
voltage plateau decreases, as expected, while the low voltage plateau elongates and the overall
cell capacity increases. It is anticipated that increasing the initial voltage will result in higher
voltage and capacity of the cell, as it improves the use of active materials. The reduction in
capacity can be related to the degradation of the electrolyte and electrode by accelerating the
rates of side reactions as initial voltage increases. This degradation can subsequently lead to a
drop in capacity during the first and subsequent cycles [46] The sensitivity analysis of the initial

voltage parameter may provide information on the characteristics of the electrolyte.

It is anticipated that the capacity will decrease as the shuttle constant increases, since the
effect of the shuttle mechanism will be intensified by the increase in the shuttle constant [49].
Similarly, as illustrated in Figure 4.8, an increase in K leads to a reduction in the high voltage
output. The shuttle effect in Li-S batteries leads to self-discharge, decreased utilization of active
material, and anode corrosion, resulting in a reduction in cell performance [50]. The shuttle

constant is inversely proportional to the ionic conductivity and the solubility of lithium



46

polysulfides of electrolyte [51]. Therefore, it can be inferred that the impact of the electrolyte
type and properties on cell performance can be indirectly assessed through analysis of the kg

parameter.

On the other hand, an increase in the value of precipitation constant only has a minor
effect on the voltage output. Consequently, this shift can be disregarded, and it can be inferred

that changing k,, does not accurately represent the effect of properties of the electrolyte.

The cathode area (a,) is a critical factor that significantly impacts the performance of
the cell [52]. In this model, any changes in a, do not have an observable effect on capacity.
Nevertheless, the active area of electrodes is directly related to the wettability of the electrolyte
and the electrochemical reaction rate and stability effects of the electrolyte can be shown by
changing active area since as a, increases overall voltage output increases as well. This

implicitly demonstrates the impact of electrolyte characteristics on the voltage output.

Moreover, as iy o increases, the high voltage output also increases, while an increase in
ipo results in an increase in the low voltage output. However, both exchange current
densities do not have an impact on the capacity of the cell in the first cycle. However, these
factors affect the kinetics of the reaction. These characteristics do not directly indicate the impact
of electrolyte properties on cell capacity. Nevertheless, they indirectly reflect this impact by
changing the outputs of the high and low voltage plateaus. Overall, due to the limitations of this
0-dimensional model, it is not feasible to directly modify the electrolyte type and properties.
Therefore, the cell's performance and voltage output were examined by altering the parameters,
a process referred to as sensitivity analysis. This facilitated the identification of parameters that

had an implicit impact.
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4.4. Capturing the Experimental Trends on the Discharge Performance by

Changing the Model Parameters

According to the experimental data obtained by Yuksel and Firtin et al. [52], shown in Tables
4.1, 4.3 and 4.5, the discharge capacity decreases by certain percentages in each cycle from the
first to the tenth cycle. The data is obtained from experiments for the two electrolyte types at
different electrolyte-to-sulfur ratios: 1 M LiTFSI containing sulfolane electrolyte (SL-LiTFSI)
at an E/S ratio of 6 mL/g in Table 4.1., SL-LiTFSI at an E/S ratio of 9 mL/g in Table 4.3, and 1
M LiTF containing triglyme electrolyte (G3-LiTF) at an E/S ratio of 6 mL/g in Table 4.5.

As discussed in the previous sections, the capacity decrease after the second cycle cannot
be predicted by this model. In this part, the discharge capacity drop percentage in each cycle
calculated from the experimental data is tried to be captured by the model by changing kg or
En’ for each cycle since our previous results indicate that the predicted discharge capacities are

highly sensitive to these parameters.

Table 4.1. Experimental Discharge Capacities and Decrease Rates of the 1%, 2" and 10t

Cycles for the SL-LiTFSI Electrolyte at an E/S Ratio of 6 mL/g.

Discharge Capacity (mAh | Decrease Rate of Capacity
Cycle Number
gS™) (o)
1 977.75 -
2 851.026 13.0
10 711.371 16.4

Initially, the discharge capacity decrease percentage of SL-LiTFSI at an E/S ratio of 6 mL/g
in Table 4.1 is obtained by simulating the model at a C-rate of 0.5 and the kg values providing
this acquisition are presented in Table 4.2. When the E/S ratio changes, only the electrolyte
volume is altered in the model while the mass of the sulfur is kept constant. Then, to be able to

predict the capacity decreases in Table 4.3, an E/S ratio of 9 mL/g is used in the simulation and
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the shuttle constant values providing the same discharge capacity reduction percentage as the

experiments are obtained and presented in Table 4.4.

Table 4.2. Simulated Discharge Capacities, Decrease Rates and Precipitation Constants (k) of

the 1%, 2" and 10" Cycles for the Simulation at an E/S Ratio of 6 mL/g.

Discharge Capacity | Decrease Rate of Shuttle constant
Cycle Number
(mAh gS) Capacity (%) (k)
1 1191.58 - 0.000200
2 1037.33 13.0 0.001520
10 866.800 16.4 0.028000

Table 4.3. Experimental Discharge Capacities and Decrease Rates of the 1%, 2" and 10"

Cycles for the SL-LiTFSI Electrolyte at an E/S Ratio of 9 mL/g.

Discharge Capacity (mAh | Decrease Rate of Capacity
Cycle Number
gS™) (“o)
1 1022.21 -
2 948.981 7.16
10 826.020 13.0

Table 4.4. Simulated Discharge Capacities, Decrease Rates and Precipitation Constants (k) of

the 1%, 2" and 10" Cycles for the Simulation at an E/S ratio of 9 mL/g.

Discharge Capacity | Decrease Rate of Shuttle constant
Cycle Number
(mAh gS) Capacity (%) (k)
1 1191.58 - 0.000200
2 1105.96 7.18 0.000700
10 962.420 13.0 0.003790
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In the next experiment, which is shown in Table 4.5, the electrolyte is replaced with G3-
LiTF and the E/S ratio is set at 6 mL/g. Thus, the E/S value is taken as 6 mL/g in the simulation
as well. As the electrolyte type cannot be explicitly modified in the code, one of the factors that
influences cell capacity in the sensitivity analysis is selected to demonstrate the implicit effect
of changing the electrolyte. For this purpose, EJ} parameter is selected, and it is multiplied by
0.95. This implies that a different type of electrolyte is developed implicitly. The kg values

obtained from the simulations are presented in Table 4.6.

Table 4.5. Experimental Discharge Capacities and Decrease Rates of the 1%, 2™ and 10

Cycles for the G3-LiTF Electrolyte at an E/S Ratio of 6 mL/g.

Discharge Capacity (mAh | Decrease Rate of Capacity
Cycle Number
gS™) (o)
1 717.660 -
2 692.746 3.47
10 636.226 8.16

Table 4.6. Simulated Discharge Capacities, Decrease Rates and Precipitation Constants (k) of

the 1%, 2"d and 10" Cycles for the Simulation at EJ*0.95 and an E/S ratio of 6 mL/g.

Discharge Capacity | Decrease Rate of Shuttle constant
Cycle Number
(mAh gS) Capacity (%) (ky)
1 1069.79 - 0.0002000
2 1032.85 3.45 0.0002545
10 948.888 8.13 0.0004000

It is evident that in all three simulations, the discharge capacity decrease percentage
of the experiments can be obtained by manipulating the shuttle constants in the 2™ and 10®

cycles. Therefore, it is obvious that in all three scenarios, the experimental discharge capacity
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decrease trend can be approximated by increasing the value of kg as the number of cycles

increases.



51

5. CONCLUSION

This study presents an electrochemical model of the Li-S cell predicting the impact of
electrolyte design on performance using the 0-dimensional model by Marinescu et al. The model
is evaluated by solving difterential equations and discharge and charge processes were simulated
in the Fortran program. In this way, the effect of electrolyte amount and properties on the cycle
performance of the Li-S cell was examined individually for discharge and charge. The current

was taken as positive for discharge, and it is assumed to be negative for charge process.

Initial conditions are set and solved for the first discharge. Subsequently, the program
proceeds with the charge and discharge operations, utilizing its own variable values that change
over time as new initial conditions. It is recognized that the initial two cycle behaviors and
discharge/charge variables were distinct from each other. For the subsequent cycles, the results
were the same with the previous cycles. Therefore, the analyses in the rest of the thesis were
simulated only for the two-cycle process, and the effect of electrolyte amount and properties on

cell performance could be examined over the first two cycles.

The C-rate was taken as 0.5 C first, but this value was changed to examine the cell
behavior as a function of the C-rate. Model predictions demonstrate that the discharge capacity
of the battery increases proportionally with increasing C-rate. Nevertheless, this outcome is
inaccurate as both the discharge voltage and capacity are anticipated to diminish at elevated

current densities. The model cannot predict the effect of the C-rate on the cell capacity.

The model examined the impact of varying E/S ratios on discharge and charge voltage
outputs and capacity over cycles by simply altering the electrolyte volume. The E/S ratio has no
impact on the capacity during the first discharge. Moreover, increasing the E/S ratio only leads
to a reduction in the low voltage output. This indicates that the model is incapable of quantifying

the impact of electrolyte volume on discharge capacity and voltage. The rate of capacity loss
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over the cycles increases when the E/S ratio increases up to 10 mg/L, but decreases beyond this

value, contrary to expectations.

Modifications were made to the model parameters to assess the impact of changes in the
electrolyte type and characteristics on the voltage behavior and capacity of the model. The
sensitivity analysis allowed for the implicit investigation of the impact of the electrolyte type
and characteristics on the cell performance. Based on this investigation, it was concluded that
the voltage output and cell capacity were sensitive to variations in the parameters Vy, EJ, iy o,
iLo> ar and k. As EJ} increases and V; and kg diminishes, the capacity of the cell increases.
Increasing the values of EJj, Vy, and iy, leads to a rise in the high voltage plateau output.
Similarly, increasing if, o results in an increase in the low voltage plateau output. These outcomes
are in line with expectations. As the value of kg increases, the voltage output decreases, whereas
an increase in a, leads to an overall increase in voltage output, as expected. Nevertheless, the
impact of k, on cell performance and cycles remains undetectable, and the model lacks the
ability to determine its effect. Given that these parameters have an impact on variables that can
be modified through electrolyte properties, such as reaction kinetics, active material utilization,
side reaction rate, anode corrosion, and ionic conductivity, it is feasible to identify the electrolyte

properties that enhance cell performance by analyzing model parameters.

To conclude, experimental discharge and charge behaviors cannot be obtained solely by
changing the E/S ratio or the electrolyte type and properties in the model. One possible approach
to capture the experimental trends on the change of the discharge capacity and voltage with
changing E/S ratio and electrolyte characteristics might be varying the k, values at each cycle.
Therefore, to obtain the experimental decrease in the discharge capacity for the 2"¢ and the 10™
cycles, kg parameter is changed for each cycle in the simulations. Thus, the discharge capacity
decrease percentages in the experiments are achieved by increasing the value of kg parameter

in simulations.

In future studies, new methods can be developed to estimate how much the ks parameter

should change for discharge and charge at each cycle and to define the changes in this parameter
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depending on the cycle number and the results closer to experimental data can be obtained. For
this purpose, machine learning methods can be implemented by using various experimental data.
Therefore, a more accurate estimation of cell performance may be achieved by considering the

impact of the electrolyte type, properties, and the E/S ratio.
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APPENDIX A: FORTRAN CODE OF ZERO-DIMENSIONAL
CYCLE MODEL

module cycle_common

IMPLICIT DOUBLE PRECISION(a-h,0-z)

COMMON A(12,12), B(12,12), Delc(12,903), D(12,25), G(12), X(12,12), Y(12,12)

COMMON /SMALL/ SMA(13,13) , SMB(13,13), SMD(13,13), SMG(13), SME(13,13),
SMP(13,13), SMF(13)

COMMON /var/ Cprev(12,903), DCDx(12), D2Cdx2(12)

COMMON /MISC/ Delt, XX(1001), time, aa, bb, timecalca, timecalcb, timech, timedc

COMMON /PARS/ TONdischarge, temp, abc, f1, f2, {3, f4, £5, fo, {7, {8, 19, {10, f11, {12,
gl, g2, g3, g4.&

&g5, gb, g7, g8, g9, g10, gl1, g12, stotdc, diff, ara, avg&

&ecl, c2, ¢3, ¢4, c5, cb, c7, ¢8, 9, cl0, cl1, c12, bl, b2, b3, b4, b5, b6, b7, b8, b9, b10, bll,
b12, var, vartwo

COMMON/ints/ N, NJ, Numbertimesteps, ki

END module cycle common

module cycle common_dc

IMPLICIT DOUBLE PRECISION(a-h,0-z)

PARAMETER (aMS8 = 32, ane=4, ans8=8, ans4=4, ans2=2, ans=1, rhos=2000,
anu=0.0114, fH=0.7296, &

& f1.=0.0665, sstar2=0.0001, akp=100, aks=0.0002, ams =2.7, F = 96485, R =8.3145, &

&T =298, ar=0.960 , ¢_rate = 0.5 ,alcurrent = 1.675*ams*c_rate, aiHO=10, aiL0=5
,EH0=2.35,EL0=2.195)

END module cycle common_dc

module cycle_common_ch

IMPLICIT DOUBLE PRECISION(a-h,0-z)



PARAMETER (aMS8 = 32, ane=4, ans8=8, ans4=4, ans2=2, ans=1, rhos=2000,
anu=0.0114, fH=0.7296, &

& fL.=0.0665, sstar2=0.0001, akp=100, aks=0.0002, ams = 2.7, F = 96485, R = 8.3145, &

&T =298, ar=0.960 , c_rate = 0.5 ,alcurrent = -1.675*ams*c_rate, aiHO=10, aiL0=5
,EH0=2.35,EL0=2.195)

END module cycle common_ch
program main

use, intrinsic :: ieee_arithmetic

use cycle_common

use cycle_common_dc

OPEN (71,FILE="cyc.0.5c.dc.cv.txt',STATUS="unknown')

OPEN (75,FILE="cyc.0.5c.dc.capno.txt',STATUS="unknown")

OPEN (73,FILE='"cyc.0.5c.dc.tv.txt',STATUS="unknown")

abc = ieee_value( abc, ieee_signaling_nan )

abc = ieee_value( abc, ieee_quiet nan )

Iprint *, abc

aa=0

bb=0

ki=0

var =0

vartwo=0

timecalca = 0 !discharge time

timecalcb = 0 !charge time

timech =0

N=12

NJ=103

Xmax=1

H = Xmax/FLOAT(NJ-1)

DOj=1,NJ

XX(j) = H*FLOAT(-1)
if(j.eq.NJ) then



XX(j)=Xmax
end if
ENDDO
time=0.0
Delt=0.0
CALL INTIAL_CONDITION(H)
DO j=1,NIJ !to write initial conditions
if (j.eq.3) then
WRITE (71,913) (1675.0/(3600.0/c_rate))*(time),Cprev(8.j) !file id=71
913 FORMAT (2(G12.6,1X)) !6 decimal points
WRITE(73,912)time, XX(j),Cprev(1,j),Cprev(2,j),Cprev(3.j),&
&Cprev(4,)),Cprev(5,j),Cprev(6.,j),Cprev(7,j), Cprev(8,j),&
&Cprev(9,)),Cprev(10.)),Cprev(11,j),Cprev(12,j)
912 FORMAT (14(G12.6,1X))
end if
END DO
one: DO ki=1,2
Numbertimesteps= 72000
TONdischarge = 7200
Delt = TONdischarge/FLOAT(Numbertimesteps)
two: DO it =1 , Numbertimesteps
CALL BOUND_VAL(H)
time = time + Delt
three: DOj=1,NJ
if (time .gt. vartwo) then
if (c8 - cprev(8.j) .gt. 0.01) then
Istotdc = cprev(l,j) + cprev(2.j) + cprev(3,j) + cprev(4,j) + cprev(5,j)
time = time - delt
aa = time

timecalca = aa-bb
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print *, 'cycle is', ki, 'timecalca is', timecalca, 'capacity is',
(1675.0/(3600.0/c_rate))*timecalca
exit two
end if
end if

f1=Cprev(l,j)
f2=Cprev(2.,j)
f3=Cprev(3.j)
f4=Cprev(4,))
f5=Cprev(5.j)
f6=Cprev(6.j)
f7=Cprev(7.j)
f8=Cprev(8.j)
f9=Cprev(9,j)
f10=Cprev(10,j)
f11=Cprev(11,j)
f12=Cprev(12,j)

if (f1.1t.0.0) then
£1=0.0000000000000001
cprev(1,j)=fl1
end if

if (£2.1t.0.0) then
£2=0.00001
cprev(2,j)=f2
end if

if (£3.1t.0.0) then
£3=0.00001
cprev(3,j)=f3
end if



if (f4.1t.0.0) then
f4=0.00001
cprev(4,j)=f4

end if

if (£5.1t.0.0) then
£5=0.0000000000000001
cprev(5,))=f5

end if

if (6.1t.0.0) then
£6=0.0
cprev(6,j)=f6
end if

if (7.1t.0.0) then
£7=0.0
cprev(7,j)=f7
end if

if (9.gt.0.0) then
9=0.0
cprev(9,j)=f
end if

if (f10.gt.0.0) then
£10=0.0
cprev(10,j)=f10
end if

if (£8.1t.0.0) then

£8=0.0000000000000001
cprev(8,j)=f8

end if

if (f11.1t.0.0) then
£11=0.0000000000000001
cprev(11,j)=f11
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end if

if (f12.1t.0.0) then
£12=0.0000000000000001
cprev(12,j)=f12

end if

if (j.eq.3) then

WRITE (71,911) (1675.0/(3600.0/c_rate))*(time-timech),Cprev(8,j)

911 FORMAT (2(G12.6,1X))

WRITE(73,910)time, XX(j),Cprev(1,j),Cprev(2,j),Cprev(3.j),&
&Cprev(4,)),Cprev(3,j),Cprev(6.j),Cprev(7,j), Cprev(8.j),&
&Cprev(9,)),Cprev(10,j),Cprev(11,j),Cprev(12,))

910 FORMAT (14(G12.6,1X))
if (cprev(8,j) .NE. abc) then
cl=cprev(l.j)
c2=cprev(2,j)
c3=cprev(3.j)
cd=cprev(4.j)
cS=cprev(5.j)
co6=cprev(6.j)
c7=cprev(7.j)
c8=cprev(8.j)
c9=cprev(9.,j)
cl0=cprev(10,j)
cll=cprev(11,j)
cl2=cprev(12,j)
end if
end if
END DO three
END DO two
DOj=1,NJ



cprev(l,j) =cl
cprev(2,j) = c2
cprev(3,j) =c3
cprev(4,j) = c4
cprev(5,j) =c5
cprev(6,j) = c6
cprev(7,j)) =c7
cprev(8,j) =c8
cprev(9,j) =c9
cprev(10,j) =cl0
cprev(ll,j) =cll
cprev(12,j) =cl2

end do

timedc = time

WRITE (75, 915) (1675.0/(3600.0/c_rate))*(timecalca),ki
915 FORMAT (2(G12.6,1X))

var = time + 10

CALL CHARGE
END DO one
END program main

SUBROUTINE INTIAL _CONDITION(H)
use cycle_common
use cycle_common_dc
DOj=1,NJ
Cprev(1,j) = ams*0.99
Cprev(5,j) = 0.000001*ams
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Cprev(6.j) = alcurrent
Cprev(7,j) = alcurrent - Cprev(6,j) ! or Cprev(7,j) =0
Cprev(8.j) =2.4
Cprev(9,j) = asinh(-Cprev(6,j)/(2*aiH0*ar))*((2*R*T)/(ane*F))
Cprev(10,j) = asinh(-Cprev(7.j)/(2*aiL0*ar))/((2*R*T)/(ane*F))
Cprev(11,j) = Cprev(8.j) - Cprev (9,j)
Cprev(2,j) = SQRT( (fH*Cprev(1,j)) / exp(((cprev(11,j)-EHO)*4*F) / (R*T)) )
Cprev(12,j) = Cprev(8,j) - Cprev (10,j)
Cprev(4, j) = 0.00000001 !initial guess
var_4: DO kIl =1, 100000 !!

Cprev(3.j) = Cprev(4.j) + Cprev(5,j)

temp = Cprev(4,))

Cprev(4.j) = SQRT ((fL * Cprev(2, j)) / (exp((Cprev(12,j) - ELO) * (4 *F) /(R *

T)) * Cprev(3, j)))
if (ABS(temp - Cprev(4, j)) < 0.000000000000001) then
exit var_4
end if
ENDDO var 4

Cprev(3.j) = Cprev(4,j)+Cprev(5.j)
F (j.EQ.1 ) THEN

! DOi=1,12
! print*, Cprev(i,j)
! ENDDO
'ENDIF
ENDDO
RETURN
END
SUBROUTINE FILLMAT(H,J)

use cycle_common

use cycle_ common_dc
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! Boundary-condition at x=0
IF (J.EQ.1 ) THEN
DOic=1,N
DCDx(ic) = (-3.0*Cprev(ic,J)+4.0*Cprev(ic,J+1)-Cprev(ic,J+2))/2.0/H
ENDDO
SME(1,1)=1+(aks*Delt)
SME(1,6)=(ans8*aMS8*Delt)/(ane*F)
SMEF(1)=((-aMS8*Delt*ans8*Cprev(6,J))/(ane*F))-(Delt*Cprev(1,J)*aks)

SME(2,1)=-(Delt*aks)

SME(2,2)=1

SME(2,6)=(-ans8*Delt*aMS8)/(ane*F)

SME(2,7)=(ans4*aMS8*Delt)/(ane*F)

SME(2)=-
((Delt*ans4*aMS8*Cprev(7,J))/(ane*F))+((Delt*ans8*aMS8* Cprev(6,J))/(ane*F))+(aks*Delt
*Cprev(1,)))

SME(3,3)=1
SME(3,7)=(-Delt*ans2*aMS8)/(F *ane)
SMEF(3)=(1/(ane*F))*(Delt*Cprev(7,J)*ans2*aMS8)

SME(4,4)=1+(akp*Cprev(5,J)*(Delt/(rhos*anu)))

SME(4,5)=-((sstar2-Cprev(4,)))*Delt*akp)/(rhos*anu)

SME(4,7)=-(1/(ane*F))*(2*Delt*ans*aMS8)

SME (4)=-(((Cprev(4.))-
sstar2)*akp*Delt*Cprev(5.J))/(anu*rhos))+((2*Delt*ans*aMS8*Cprev(7,J))/(ane*F))

SME(5,4)=-(1/(anu*rhos))*(Cprev(5,J)*akp*Delt)
SME(5,5)=1-((Delt*akp*(Cprev(4,J)-sstar2))*(1/(anu*rhos)))
SMEF(5)=(1/(anu*rhos))*((Cprev(4,J)-sstar2)*Delt*akp*Cprev(5,J))



Cprev(11.,J))
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SME(6,6)=-1
SME(6,9)=2*(cosh(ane*F*Cprev(9,J)/(2*R*T)))*(-1/(2*R*T))*aiHO*ar*ane*F
SMF(6)=(sinh(ane*Cprev(9,J)/(2*R*T))*2*aiHO*ar*F)+Cprev(6,J)

SME(7,6)=1
SME(7,7)=1
SME (7)=-Cprev(6,J)+alcurrent-Cprev(7,J)

SME(8,8)=1

SME(8,10)=-1

SME(8,12)=-1

SMEF (8)=+Cprev(10,J)+Cprev(12,])-Cprev(8.J)

SME(9,8)=-1

SME(9,9)=1

SME(9,11)=1

SMEF (9)=+Cprev(8,])-Cprev(9,))-Cprev(11,J)

SME(10,7)=-1
SME(10,10)=(-1/(R*T))*(cosh(ane*F*Cprev(10,J)/(2*R*T))*aiL0*ar*ane*F)
SMF(10)=(sinh(ane*F*Cprev(10,J)/(2*R*T))*2*aiL0*ar)+Cprev(7,))

SME(11,1)=(-1/(4*F*Cprev(1,J)))*R*T

SME(11,2)=(1/(Cprev(2,J)*2*F))*R*T

SME(11,11)=1
SMF(11)=-((R*T*dlog((Cprev(2,J)*Cprev(2,J))/(fH*Cprev(1,1))))/(4*F))+EH0-

SME(12,2)=(-1/(Cprev(2.J)*4*F))*(R*T)
SME(12,3)=(1/(Cprev(3,J)*4*F))*(R*T)
SME(12,4)=(1/(Cprev(4,J)*2*F))*(R*T)
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SME(12,12)=1
SMF(12)=-
Cprev(12,J)+ELO+(R*T*dlog(fL*Cprev(2,J)/((Cprev(4,])*Cprev(4,]))*Cprev(3,))))/(4*F))
RETURN
ENDIF
! Boundary-condition at x=Xmax
IF (J.LEQ.NJ ) THEN

DOic=1,N
DCDx(ic) = (3.0*Cprev(ic,J)-4.0*Cprev(ic,J-1)+Cprev(ic,J-2))/2.0/H
ENDDO
SME(1,1)=1+(aks*Delt)
SME(1,6)=(ans8*aMS8*Delt)/(ane*F)
SMF(1)=((-aMS8*Delt*ans8*Cprev(6,J)))/(ane*F))-(Delt*Cprev(1,J)*aks)

SME(2,1)=-(Delt*aks)

SME(2,2)=1

SME(2,6)=(-ans8*Delt*aMS8)/(ane*F)

SME(2,7)=(ans4*aMS8*Delt)/(ane*F)

SME(2)=-
((Delt*ans4*aMS8*Cprev(7,J))/(ane*F))+((Delt*ans8*aMS8*Cprev(6,)))/(ane*F))+(aks*Delt
*Cprev(1,J)))

SME(3,3)=1
SME(3,7)=(-Delt*ans2*aMS8)/(F *ane)
SMEF(3)=(1/(ane*F))*(Delt*Cprev(7,J)*ans2*aMS8)

SME(4,4)=1+(akp*Cprev(5,])*(Delt/(rhos*anu)))

SME(4,5)=-((sstar2-Cprev(4,)))*Delt*akp)/(rhos*anu)

SME(4,7)=-(1/(ane*F))*(2*Delt*ans*aMS8)

SMF (4)=-(((Cprev(4,J)-
sstar2)*akp*Delt*Cprev(5.J))/(anu*rhos))+((2*Delt*ans*aMS8* Cprev(7,J))/(ane*F))



SME(5,4)=-(1/(anu*rhos))*(Cprev(5,J))*akp*Delt)
SME(5,5)=1-((Delt*akp*(Cprev(4,J)-sstar2))*(1/(anu*rhos)))
SMEF(5)=(1/(anu*rhos))*((Cprev(4,J)-sstar2)*Delt*akp*Cprev(5,J))

SME(6,6)=-1
SME(6,9)=2*(cosh(ane*F*Cprev(9,J)/(2*R*T)))*(-1/(2*R*T))*aiH0*ar*ane*F
SMEF(6)=(sinh(ane*Cprev(9,J))/(2*R*T))*2*aiHO*ar*F)+Cprev(6,J)

SME(7,6)=1
SME(7,7)=1
SME (7)=-Cprev(6,J)+alcurrent-Cprev(7,J)

SME(8.,8)=1

SME(8,10)=-1

SME(8,12)=-1
SMEF(8)=+Cprev(10,J)+Cprev(12,J)-Cprev(8,J)

SME(9,8)=-1

SME(9,9)=1

SME(9,11)=1

SMF (9)=+Cprev(8,])-Cprev(9,J)-Cprev(11,J)

SME(10,7)=-1
SME(10,10)=(-1/(R*T))*(cosh(ane*F*Cprev(10,J)/(2*R*T))*aiL0*ar*ane*F)
SMEF(10)=(sinh(ane*F*Cprev(10,J)/(2*R*T))*2*aiL0*ar)+Cprev(7,J))

SME(11,1)=(-1/(4*F*Cprev(1,J)))*R*T
SME(11,2)=(1/(Cprev(2,J)*2*F))*R*T
SME(11,11)=1
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SMFE(11)=-((R*T*dlog((Cprev(2,J)*Cprev(2.,)))/(fH*Cprev(1,J))))/(4*F))+EHO0-
Cprev(11,J))

SME(12,2)=(-1/(Cprev(2,J)*4*F))*(R*T)
SME(12,3)=(1/(Cprev(3.J)*4*F))*(R*T)
SME(12,4)=(1/(Cprev(4,])*2*F))*(R*T)
SME(12,12)=1

SMF(12)=-
Cprev(12,J)+ELO+R*T*dlog(fL*Cprev(2,J)/((Cprev(4,J)*Cprev(4,)))*Cprev(3.J)))/(4*F))
RETURN
ENDIF
! Governing Equations
DOic=1,N

DCDx(ic) = (Cprev(ic,J+1)-Cprev(ic,J-1))/2.D0O/H
D2Cdx2(ic) = (Cprev(ic,J+1)-2.0*Cprev(ic,J)+Cprev(ic,J-1))/H**2
ENDDO
SMD(1,1)=1+(aks*Delt)
SMD(1,6)=(ans8*aMS8*Delt)/(ane*F)
SMG(1)=((-aMS8*Delt*ans8*Cprev(6,J))/(ane*F))-(Delt*Cprev(1,J)*aks)

SMD(2,1)=-(Delt*aks)

SMD(2,2)=1

SMD(2,6)=(-ans8*Delt*aMS8)/(ane*F)

SMD(2,7)=(ans4*aMS8*Delt)/(ane*F)

SMG(2)=-
((Delt*ans4*aMS8*Cprev(7,J))/(ane*F))+((Delt*ans8*aMS8*Cprev(6,J))/(ane*F))+(aks*Delt
*Cprev(1,)))

SMD(@3.3)=1
SMD(3,7)=(-Delt*ans2*aMS8)/(F *ane)
SMG(3)=(1/(ane*F))*(Delt*Cprev(7,J)*ans2*aMS8)



SMD(4,4)=1+(akp*Cprev(5,))*(Delt/(rhos*anu)))
SMD(4,5)=-((sstar2-Cprev(4,J))*Delt*akp)/(rhos*anu)
SMD(4,7)=-(1/(ane*F))*(2*Delt*ans*aMS8)
SMG(4)=-(((Cprev(4.J)-

sstar2)*akp*Delt*Cprev(5.J))/(anu*rhos))+((2*Delt*ans*aMS8* Cprev(7,J))/(ane*F))

SMD(5,4)=-(1/(anu*rhos))*(Cprev(5,J)*akp*Delt)
SMD(5,5)=1-((Delt*akp*(Cprev(4,))-sstar2))*(1/(anu*rhos)))
SMG(5)=(1/(anu*rhos))*((Cprev(4,J)-sstar2)*Delt*akp* Cprev(5.J))

SMD(6,6)=-1
SMD(6,9)=2*(cosh(ane*F*Cprev(9.J)/(2*R*T)))*(-1/(2*R*T))*aiHO*ar*ane*F
SMG(6)=(sinh(ane*Cprev(9,J)/(2*R*T))*2*aiH0*ar*F)+Cprev(6,J)

SMD(7,6)=1
SMD(7,7)=1
SMG(7)=-Cprev(6,))+alcurrent-Cprev(7,J)

SMD(8,8)=1

SMD(8,10)=-1

SMD(8,12)=-1
SMG(8)=+Cprev(10,J)+Cprev(12,])-Cprev(8.J)

SMD(9,8)=-1

SMD(9,9)=1

SMD(9,11)=1
SMG(9)=+Cprev(8,])-Cprev(9,J)-Cprev(11.J))

SMD(10,7)=-1
SMD(10,10)=(-1/(R*T))*(cosh(ane*F*Cprev(10,J)/(2*R*T))*aiL0*ar*ane*F)
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SMG(10)=(sinh(ane*F*Cprev(10,J)/(2*R*T))*2*aiL0*ar)+Cprev(7.J)

SMD(11,1)=(-1/(4*F*Cprev(1,])))*R*T

SMD(11,2)=(1/(Cprev(2,J)*2*F))*R*T

SMD(11,11)=1

SMG(11)=-((R*T*dlog((Cprev(2,J)*Cprev(2,)))/(fH*Cprev(1,)))))/(4*F))+EHO-
Cprev(11,J))

SMD(12,2)=(-1/(Cprev(2,J)*4*F))*(R*T)
SMD(12,3)=(1/(Cprev(3,J)*4*F))*(R*T)
SMD(12,4)=(1/(Cprev(4,J)*2*F))*(R*T)
SMD(12,12)=1
SMG(12)=-
Cprev(12,J)+ELO+(R*T*dlog(fL*Cprev(2,J)/((Cprev(4,])*Cprev(4,)))*Cprev(3,)))))/(4*F)
END

SUBROUTINE ABDGXY(H.J)
use cycle_common
use cycle_common_dc
IF (J.EQ.1 ) THEN
DOii=1,N
DOkk=1,N
B(ii,kk) = H*SMEC(ii,kk) - 1.5*SMP(ii,kk)
D(ii,kk) = 2.0*SMP(ii,kk)
X(ii,kk) = -0.5*SMP(ii,kk)
ENDDO
G(ii) = H*SMF(ii)
ENDDO
RETURN
ENDIF
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IF (J.EQ.NJ ) THEN
DOii=1,N
DOkk=1,N
B(ii,kk) = H*SME(ii,kk) + 1.5*SMP(ii,kk)
A(ii,kk) = -2.0*SMP(ii.kk)
Y(ii,kk) = 0.5*SMP(ii,kk)
ENDDO
G(ii) = H*SMF(ii)
ENDDO
RETURN
ENDIF
DOii=1,N
DOkk=1,N
A(ii.kk) = SMA(ii,kk) - H/2.0*SMB(ii,kk)
B(ii,kk) = -2.0*SMA(ii,kk) + H**2*SMD(ii,kk)
D(ii,kk) = SMA(ii,kk) + H/2.0*SMB(ii,kk)
ENDDO
G(ii) = H**2*SMG(ii)
ENDDO
RETURN
END

SUBROUTINE BOUND_VAL(H)
use cycle_common
use cycle_common_dc
DOj=1,NJ
DOic=1,N
DOkc=1,N
SMA (ic.ke) =0.0
SMB(ic.ke) = 0.0
SMD(ic.ke) = 0.0
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SMP(ic,kc) = 0.0
SME(ic,kc) = 0.0
ENDDO
ENDDO
CALL FILLMAT(H.,))
CALL ABDGXY(H,j)
CALL BANDj)
ENDDO
!DOj=1,N
! print*, Cprev(l,j) , Cprev(2,j) , Cprev(3,j) ,Cprev(4.,j)
! ENDDO
DOk=1,N
DOj=1,NJ
Cprev(k,j) = Cprev(k.j) + Delc(k,j)
ENDDO
ENDDO
RETURN!
END

SUBROUTINE MATINV(N,M,Determ)
IMPLICIT DOUBLE PRECISION (a-h,o0-z)
INTEGER i, id, irow, ], jc,jcol ,k, M, N, nn
DIMENSION id(12)
COMMON A(12,12), B(12,12) , Delc(12,903) , D(12,25)
Determ = 1.0
DOi=1,N
id(i)=0
ENDDO
DOnn=1,N
bmax = 1.1

DOi=1,N
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IF (id(i).EQ.0 ) THEN

bnext = 0.0
btry = 0.0
DOj=1,N

IF (id(j).EQ.0 ) THEN
IF ( DABS(B(i,j)).GT.bnext ) THEN
bnext = DABS(B(i,j))
[F ( bnext.GT.btry ) THEN
bnext = btry
btry = DABS(B(i,j))
je=j
ENDIF
ENDIF
ENDIF
ENDDO
IF ( bnext.LT.bmax*btry ) THEN
bmax = bnext/btry
irow =1i
jeol =jc
ENDIF
ENDIF
ENDDO

IF (id(jc).EQ.0 ) THEN
id(jeol) =1
IF (jeol.NE.irow ) THEN
DOj=1,N

save = B(irow,))
B(irow,j) = B(jcol,j)
B(jcol,j) = save
ENDDO



DOk=1,M
save = D(irow,k)
D(irow,k) = D(jcol.k)
D(jcol,k) = save
ENDDO
ENDIF
f=1.0/B(jcol,jcol)
DOj=1,N
B(jcol,j) = B(jeol,j)*f
ENDDO
DOk=1,M
D(jcol.k) = D(jcol,k)*f
ENDDO
DOi=1,N
IF (i.NE.jcol ) THEN
f=B(i,jcol)
DOj=1,N
B(i,j) = B(i,j) - f*B(jcol,))
ENDDO
DOk=1,M
D(i,k) = D(i,k) - f*D(jcol.k)
ENDDO
ENDIF
ENDDO
ELSE
Determ = 0.0
RETURN
ENDIF
ENDDO
END
SUBROUTINE BAND(J)



IMPLICIT DOUBLE PRECISION (a-h,0-z)
INTEGER i, }, jj, k, 1, Ipn, m, N, NJ, npl, Numbertimesteps
DIMENSION e(12,13,903)
COMMON A(12,12) , B(12,12) , Delc(12,903) , D(12,25) , G(12) , X(12,12) , &
& Y(12,12)
COMMON/ints/ n, NJ, Numbertimesteps, ki
SAVE e, npl
IF (j.LT.2 ) THEN
npl =N+ 1
DOi=1,N
D(1,2*N+1) = G(i)
DOI1=1,N
Ipn=1+N
D(,lpn) = X(i,])
ENDDO
ENDDO
CALL MATINV(N,2*N+1,determ)
IF ( determ.EQ.0 ) PRINT 99001 ,J
DOk=1,N
e(k,npl, 1) =D(k,2*N+1)
DOI1=1.,N
e(k,1,1) =-D(k.])
Ipn=1+N
X(k,l) =-D(k,lpn)
ENDDO
ENDDO
RETURN
ELSEIF (j.EQ.2 ) THEN
DOi=1.,N
DOk=1,N
DOI1=1,N
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D(i,k) = D(i.k) + A(i,1)*X(Lk)
ENDDO
ENDDO
ENDDO
ENDIF
IF (j.GE.NJ ) THEN
DOi=1,N
DOI1=1,N
G(i) = G(1) - Y(i,D*e(l,np1,J-2)
DOm=1,N
A =A@ + Y(i,m)*e(m,1,J-2)
ENDDO
ENDDO
ENDDO
ENDIF
DOi=1,N
D(i,np1) =-G(i)
DO1=1,N
D(i,npl) = D(i,npl) + A(i,))*e(L,np1,J-1)
DOk=1,N
B(i,k) = B(i,k) + A(i,)*e(l,k,J-1)
ENDDO
ENDDO
ENDDO
CALL MATINV(N,np1,determ)
IF (determ.EQ.0 ) PRINT 99001 , J
DOk=1,N

DOm=1,npl
e(k,m,J) = -D(k,m)
ENDDO

ENDDO
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IF (j.GE.NJ ) THEN
DOk=1,N
Delc(k,J) = e(k,np1,J)
ENDDO
DOjj=2,NJ
m=NJ-jj+1
DOk=1,N
Delc(k,m) = e(k,np1,m)
DOI=1,N
Delce(k,m) = Delc(k,m) + e(k,],m)*Delc(l,m+1)
ENDDO
ENDDO
ENDDO
DOI=1,N
DOk=1,N
Delc(k,1) = Dele(k, 1) + X(k,)*Delc(1,3)
ENDDO
ENDDO
ENDIF
99001 FORMAT (' DETERM=0 AT J='14)
END
SUBROUTINE CHARGE
use, intrinsic :: ieee_arithmetic
use cycle_common
use cycle_common_ch
OPEN (58,FILE='cyc.0.5c.ch.cv.txt',STATUS="unknown")
OPEN (60,FILE="cyc.0.5¢c.ch.capno.txt',STATUS="unknown")
'OPEN (59,FILE='cyc.0.5c.ch.tv.txt',STATUS="unknown')
abc = ieee_value( abc, ieee_signaling nan )
abc = ieee_value( abc, ieee_quiet_nan )

N=12



NJ=103
Numbertimesteps = 72000
Xmax=1
TONCcharge= 7200
Delt = TONcharge/Numbertimesteps
H = Xmax/FLOAT(NJ-1)
DOj=1,NJ
XX(j) = H*FLOAT(-1)
if(j.eq.NJ) then
XX(j)=Xmax
end if
ENDDO

four: DO it =1 , Numbertimesteps
CALL BOUND VAL CHARGE(H)
time = time + Delt
five: DOj=1,NJ
if (time .gt. var) then
if (cprev(8,)) - b8 .gt. 0.01) then
time = time - delt
bb = time
timecalcb = bb-aa
print *,'timecalcb is', timecalcb, 'capacity is',
(1675.0/(3600.0/c_rate))*timecalcb
exit four
end if
end if
gl1=Cprev(l,j)
g2=Cprev(2,))
g3=Cprev(3,))
g4=Cprev(4,))
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g5=Cprev(5.))
g6=Cprev(6.j)
g7=Cprev(7,))
g8=Cprev(8,))
g9=Cprev(9,j)
g10=Cprev(10.,j)
g11=Cprev(11,j)
g12=Cprev(12,j)
if (g1.1t.0.0) then
21=0.0000000000000001
cprev(l,j)=gl
end if

if (22.1t.0.0) then
22=0.00001
cprev(2,j)=g2
end if

if (g3.1t.0.0) then
23=0.00001
cprev(3,j)=g3
end if

if (g4.1t.0.0) then
24=0.00001
cprev(4,))=g4
end if

if (g5.1t.0.0) then
25=0.0000000000000001
cprev(5,j)=g5
end if

if (g6.gt.0.0) then !ih, il
26=0.0
cprev(6,j)=g6
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end if

if (g7.gt.0.0) then

g7=0.0

cprev(7,))=g7

end if

if (29.1t.0.0) then !etah, etal
29=0.0

cprev(9,))=g9

end if

if (g10.1t.0.0) then
g10=0.0

cprev(10,j)=gl10

end if

if (g8.1t.0.0) then
£8=0.0000000000000001
cprev(8,))=g8

end if

if (g11.1t.0.0) then
g11=0.0000000000000001
cprev(l1,j)=gll

end if

if (212.1t.0.0) then
212=0.0000000000000001
cprev(12,))=gl2

end if

if (j.eq.3) then
WRITE (58.911) (1675.0/(3600.0/c_rate))*(time-timedc),Cprev(8,j)
911 FORMAT (2(G12.6,1X))
WRITE(73,910)time, XX(j),Cprev(1,j),Cprev(2,j),Cprev(3.j),&
&Cprev(4.,j),Cprev(5,j),Cprev(6,j),Cprev(7,j), Cprev(8.j),&



&Cprev(9,)),Cprev(10,)),Cprev(11,j),Cprev(12,))
910 FORMAT (14(G12.6,1X))
if (cprev(8,)) .NE. abc) then
bl=cprev(l,j)
b2=cprev(2,j)
b3=cprev(3,j)
b4=cprev(4,j)
b5=cprev(5,))
b6=cprev(6,j)
b7=cprev(7.j)
b8=cprev(8,j)
b9=cprev(9,j)
b10=cprev(10,j)
bl1=cprev(11,j)
b12=cprev(12,j)
end if
end if
END DO five
END DO four
DOj=1,NJ
cprev(l,j) =bl
cprev(2,j) = b2
cprev(3,j) =b3
cprev(4,j) = b4
cprev(5,j) = b5
cprev(6,j) = b6
cprev(7,j) =b7
cprev(8,j) = b8
cprev(9,j) = b9
cprev(10,j) =bl0
cprev(11,j) =bll
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cprev(12,)) =bl2

end do

WRITE (60, 915) (1675.0/(3600.0/c_rate))*(timecalcb),ki
915 FORMAT (2(G12.6,1X))
timech = time
vartwo = time + 10
RETURN
END

SUBROUTINE FILLMAT CHARGE(H.J)
use cycle_common
use cycle_common_ch
! Boundary-condition at x=0
IF (J.EQ.1 ) THEN
DOic=1,N

DCDx(ic) = (-3.0*Cprev(ic,J)+4.0*Cprev(ic,J+1)-Cprev(ic,J+2))/2.0/H
ENDDO
SME(1,1)=1+(aks*Delt)
SME(1,6)=(ans8*aMS8*Delt)/(ane*F)
SMF(1)=((-aMS8*Delt*ans8*Cprev(6,J))/(ane*F))-(Delt*Cprev(1,J)*aks)

SME(2,1)=-(Delt*aks)

SME(2,2)=1

SME(2,6)=(-ans8*Delt*aMS8)/(ane*F)

SME(2,7)=(ans4*aMS8*Delt)/(ane*F)

SME(2)=-
((Delt*ans4*aMS8*Cprev(7,J))/(ane*F))+((Delt*ans8*aMS8*Cprev(6.J))/(ane*F))+(aks*Delt
*Cprev(1,J)))

SME(3,3)=1



SME(3,7)=(-Delt*ans2*aMS8)/(F *ane)
SMEF(3)=(1/(ane*F))*(Delt*Cprev(7,J)*ans2*aMS8)

SME(4,4)=1+(akp*Cprev(5,))*(Delt/(rhos*anu)))
SME(4,5)=-((sstar2-Cprev(4,J))*Delt*akp)/(rhos*anu)
SME(4,7)=-(1/(ane*F))*(2*Delt*ans*aMS8)

SMEF (4)=-(((Cprev(4,))-

sstar2)*akp*Delt*Cprev(5.J))/(anu*rhos))+((2*Delt*ans*aMS8*Cprev(7.J))/(ane*F))

SME(5,4)=-(1/(anu*rhos))*(Cprev(5,J)*akp*Delt)
SME(5,5)=1-((Delt*akp*(Cprev(4,J)-sstar2))*(1/(anu*rhos)))
SME(5)=(1/(anu*rhos))*((Cprev(4,J)-sstar2)*Delt*akp*Cprev(5.,J))

SME(6,6)=-1
SME(6,9)=2*(cosh(ane*F*Cprev(9,])/(2*R*T)))*(-1/(2*R*T))*aiH0*ar*ane*F
SMEF(6)=(sinh(ane*Cprev(9,J)/(2*R*T))*2*aiH0*ar*F)+Cprev(6,J)

SME(7,6)=1
SME(7,7)=1
SMEF (7)=-Cprev(6,J)+alcurrent-Cprev(7,J)

SME(8,8)=1

SME(8,10)=-1

SME(S8,12)=-1
SMEF(8)=+Cprev(10,J)+Cprev(12,J)-Cprev(8,J)

SME(9,8)=-1

SME(9,9)=1

SME(9,11)=1
SMF(9)=+Cprev(8,J)-Cprev(9,))-Cprev(11,J)
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SME(10,7)=-1
SME(10,10)=(-1/(R*T))*(cosh(ane*F*Cprev(10,J)/(2*R*T))*aiL0*ar*ane*F)
SMEF(10)=(sinh(ane*F*Cprev(10,J)/(2*R*T))*2*aiL0*ar)+Cprev(7,J)

SME(11,1)=(-1/(4*F*Cprev(1,J)))*R*T

SME(11,2)=(1/(Cprev(2,J)*2*F))*R*T

SME(11,11)=1

SME(11)=-((R*T*dlog((Cprev(2,J)*Cprev(2,)))/(fH*Cprev(1,)))))/(4*F))+EHO-
Cprev(11.J))

SME(12,2)=(-1/(Cprev(2,1)*4*F))*(R*T)
SME(12,3)=(1/(Cprev(3,J)*4*F))*(R*T)
SME(12,4)=(1/(Cprev(4,J)*2*F))*(R*T)
SME(12,12)=1
SME(12)=-
Cprev(12,J)+ELO+(R*T*dlog(fL*Cprev(2,J)/((Cprev(4,J)*Cprev(4,)))*Cprev(3,))))/(4*F))
RETURN
ENDIF
! Boundary-condition at x=Xmax
IF (J.EQ.NJ ) THEN

DOic=1,N
DCDx(ic) = (3.0*Cprev(ic,J)-4.0*Cprev(ic,J-1)+Cprev(ic,J-2))/2.0/H
ENDDO
SME(1,1)=1+(aks*Delt)
SME(1,6)=(ans8*aMS8*Delt)/(ane*F)
SMEF(1)=((-aMS8*Delt*ans8*Cprev(6,J))/(ane*F))-(Delt*Cprev(1,J)*aks)

SME(2,1)=-(Delt*aks)

SME(2,2)=1
SME(2,6)=(-ans8*Delt*aMS8)/(ane*F)
SME(2,7)=(ans4*aMS8*Delt)/(ane*F)



SMF(2)=-
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((Delt*ans4*aMS8*Cprev(7,J))/(ane*F))+((Delt*ans8*aMS8* Cprev(6,J))/(ane*F))+(aks*Delt

*Cprev(1,)))

sstar2)*akp*

SME(3,3)=1
SME(3,7)=(-Delt*ans2*aMS8)/(F *ane)
SMEF(3)=(1/(ane*F))*(Delt*Cprev(7,J)*ans2*aMS8)

SME(4,4)=1+(akp*Cprev(5,J)*(Delt/(thos*anu)))
SME(4,5)=-((sstar2-Cprev(4,)))*Delt*akp)/(rhos*anu)
SME(4,7)=-(1/(ane*F))*(2*Delt*ans*aMS8)

SME (4)=-(((Cprev(4,))-
Delt*Cprev(5,J)))/(anu*rhos))+((2*Delt*ans*aMS8*Cprev(7,J))/(ane*F))

SME(5,4)=-(1/(anu*rhos))*(Cprev(5,))*akp*Delt)
SME(5,5)=1-((Delt*akp*(Cprev(4,J)-sstar2))*(1/(anu*rhos)))
SMEF(5)=(1/(anu*rhos))*((Cprev(4,J)-sstar2)*Delt*akp*Cprev(5.J))

SME(6,6)=-1
SME(6,9)=2*(cosh(ane*F*Cprev(9,])/(2*R*T)))*(-1/(2*R*T))*aiH0*ar*ane*F
SMF(6)=(sinh(ane*Cprev(9,J)/(2*R*T))*2*aiHO*ar*F)+Cprev(6,J)

SME(7,6)=1
SME(7,7)=1
SME (7)=-Cprev(6,J)+alcurrent-Cprev(7,J)

SME(8,8)=1

SME(8,10)=-1

SME(8,12)=-1

SMEF (8)=+Cprev(10,J)+Cprev(12,])-Cprev(8.J)
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SME(9,8)=-1

SME(9,9)=1

SME(9,11)=1

SMF (9)=+Cprev(8,J)-Cprev(9,))-Cprev(11,J)

SME(10,7)=-1
SME(10,10)=(-1/(R*T))*(cosh(ane*F*Cprev(10,J)/(2*R*T))*aiL0*ar*ane*F)
SMEF(10)=(sinh(ane*F*Cprev(10,J)/(2*R*T))*2*aiL0*ar)+Cprev(7,J)

SME(11,1)=(-1/(4*F*Cprev(1,J)))*R*T

SME(11,2)=(1/(Cprev(2,J)*2*F))*R*T

SME(11,11)=1

SMF(11)=-((R*T*dlog((Cprev(2,J)*Cprev(2,)))/(fH*Cprev(1,)))))/(4*F))+EHO0-
Cprev(11,))

SME(12,2)=(-1/(Cprev(2,J)*4*F))*(R*T)
SME(12,3)=(1/(Cprev(3,J)*4*F))*(R*T)
SME(12,4)=(1/(Cprev(4,J)*2*F))*(R*T)
SME(12,12)=1

SMF(12)=-
Cprev(12,J)+ELO+R*T*dlog(fL*Cprev(2,J)/((Cprev(4,J)*Cprev(4,1))*Cprev(3.))))/(4*F))
RETURN
ENDIF
! Governing Equations
DOic=1,N

DCDx(ic) = (Cprev(ic,J+1)-Cprev(ic,J-1))/2.D0/H

D2Cdx2(ic) = (Cprev(ic,J+1)-2.0*Cprev(ic,J)+Cprev(ic,J-1))/H**2
ENDDO

SMD(1,1)=1+(aks*Delt)

SMD(1,6)=(ans8*aMS8*Delt)/(ane*F)
SMG(1)=((-aMS8*Delt*ans8*Cprev(6,J))/(ane*F))-(Delt*Cprev(1,J)*aks)
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SMD(2,1)=-(Delt*aks)

SMD(2,2)=1

SMD(2,6)=(-ans8*Delt*aMS8)/(ane*F)

SMD(2,7)=(ans4*aMS8*Delt)/(ane*F)

SMG(2)=-
((Delt*ans4*aMS8*Cprev(7,)))/(ane*F))+((Delt*ans8*aMS8*Cprev(6,J))/(ane*F))+(aks*Delt
*Cprev(1,)))

SMD(3.3)=1
SMD(3,7)=(-Delt*ans2*aMS8)/(F*ane)
SMG(3)=(1/(ane*F))*(Delt*Cprev(7,J)*ans2*aMS8)

SMD(4,4)=1+(akp*Cprev(5,])*(Delt/(thos*anu)))

SMD(4,5)=-((sstar2-Cprev(4,J))*Delt*akp)/(rhos*anu)

SMD(4,7)=-(1/(ane*F))*(2*Delt*ans*aMS8)

SMG(4)=-(((Cprev(4,J)-
sstar2)*akp*Delt*Cprev(5.J))/(anu*rhos))+((2*Delt*ans*aMS8*Cprev(7,J))/(ane*F))

SMD(5,4)=-(1/(anu*rhos))*(Cprev(5,J)*akp*Delt)
SMD(5.5)=1-((Delt*akp*(Cprev(4,))-sstar2))*(1/(anu*rhos)))
SMG(5)=(1/(anu*rhos))*((Cprev(4,J)-sstar2)*Delt*akp*Cprev(5.J)))

SMD(6,6)=-1
SMD(6,9)=2*(cosh(ane*F*Cprev(9,))/(2*R*T)))*(-1/(2*R*T))*aiHO*ar*ane*F
SMG(6)=(sinh(ane*Cprev(9,J)/(2*R*T))*2*aiHO0*ar*F)+Cprev(6,J)

SMD(7,6)=1
SMD(7,7)=1
SMG(7)=-Cprev(6,J)+alcurrent-Cprev(7,J)



SMD(8.8)=1

SMD(8,10)=-1

SMD(8,12)=-1
SMG(8)=+Cprev(10,J)+Cprev(12,))-Cprev(8.J)

SMD(9,8)=-1
SMD(9,9)=1

SMD(9,11)=1
SMG(9)=+Cprev(8.J)-Cprev(9,J)-Cprev(11,J)

SMD(10,7)=-1
SMD(10,10)=(-1/(R*T))*(cosh(ane*F*Cprev(10,J)/(2*R*T))*aiL0*ar*ane*F)
SMG(10)=(sinh(ane*F*Cprev(10,J)/(2*¥*R*T))*2*ailL0*ar)+Cprev(7,J))

SMD(11,1)=(-1/(4*F*Cprev(1,J)))*R*T

SMD(11,2)=(1/(Cprev(2,J)*2*F))*R*T

SMD(11,11)=1

SMG(11)=-((R*T*dlog((Cprev(2,])*Cprev(2,)))/(fH*Cprev(1,)))))/(4*F))+EHO-
Cprev(11,J))

SMD(12,2)=(-1/(Cprev(2,J)*4*F))*(R*T)
SMD(12,3)=(1/(Cprev(3,))*4*F))*(R*T)
SMD(12,4)=(1/(Cprev(4,))*2*F))*(R*T)
SMD(12,12)=1
SMG(12)=-
Cprev(12,J)+ELO+(R*T*dlog(fL*Cprev(2,J)/((Cprev(4,])*Cprev(4,)))*Cprev(3.)))))/(4*F)
RETURN
END

SUBROUTINE ABDGXY_CHARGE(H,J))

use cycle_common



use cycle_common_ch

IF (J.EQ.1 ) THEN
DOii=1,N
DOkk=1,N
B(ii,kk) = H*SME(ii,kk) - 1.5*SMP(ii,kk)
D(ii,kk) = 2.0*SMP(ii,kk)
X(ii,kk) = -0.5*SMP(ii,kk)
ENDDO
G(ii) = H*SMF(ii)
ENDDO
RETURN
ENDIF

IF (J.EQ.NJ ) THEN
DOii=1,N
DOkk=1,N
B(ii,kk) = H*SME(ii,kk) + 1.5*SMP(ii,kk)
A(ii,kk) = -2.0*SMP(ii,kk)
Y(ii,kk) = 0.5*SMP(ii,kk)
ENDDO
G(ii) = H*SMF(ii)
ENDDO
RETURN
ENDIF
DOii=1,N
DOkk=1,N
A(ii.kk) = SMA(ii.kk) - H/2.0*SMB(ii.kk)

B(ii,kk) = -2.0*SMA(ii,kk) + H**2*SMD(ii,kk)

D(ii,kk) = SMA(ii,kk) + H/2.0*SMB(ii,kk)
ENDDO
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G(ii) = H**2*SMG(ii)
ENDDO
RETURN

END

SUBROUTINE BOUND_ VAL CHARGE(H)
use cycle_common

use cycle_common_ch

DOj=1,NJ
DOic=1,N
DOkc=1,N

SMA (ic.ke) =0.0
SMB(ic.kc) = 0.0
SMD(ic.ke) = 0.0
SMP(ic,kc) = 0.0
SME(ic.ke) = 0.0
ENDDO
ENDDO
CALL FILLMAT _CHARGE(H,j)
CALL ABDGXY_CHARGE(H,))
CALL BAND_CHARGE()
ENDDO
!'DOj=1,N
! print*, Cprev(1,j), Cprev(2.j) , Cprev(3,j) ,.Cprev(4.j)
! ENDDO

DOk=1,N
DOj=1,NJ
Cprev(k.j) = Cprev(k.j) + Delc(k,j)
ENDDO

ENDDO
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RETURN
END

SUBROUTINE MATINV_CHARGE(N,M,Determ)
IMPLICIT NONE
DOUBLE PRECISION A, B, bmax , bnext, btry , D, Delc , Determ ,&
& f, save
INTEGER i, id, irow, |, jc,jcol .k, M, N, nn
DIMENSION id(12)
COMMON A(12,12), B(12,12) , Delc(12,903) , D(12,25)
Determ = 1.0
DOi=1,N
idd)=0
ENDDO
DOnn=1,N
bmax = 1.1
DOi=1,N
IF (id(i).EQ.0 ) THEN
bnext = 0.0
btry = 0.0
DOj=1,N
IF (id(j).EQ.0 ) THEN
IF ( DABS(B(i.j)).GT.bnext ) THEN
bnext = DABS(B(i,j))
IF ( bnext.GT.btry ) THEN
bnext = btry
btry = DABS(B(i,j))
je=j
ENDIF
ENDIF
ENDIF
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ENDDO

IF ( bnext.LT.bmax*btry ) THEN
bmax = bnext/btry
irow =i
jeol =jc
ENDIF

ENDIF

ENDDO

IF (id(jc).EQ.0 ) THEN
id(jeol) =1
IF (jcol.NE.irow ) THEN
DOj=1.N
save = B(irow,j)
B(irow,j) = B(jcol,j)
B(jcol,j) = save
ENDDO
DOk=1,M
save = D(irow,k)
D(irow,k) = D(jcol,k)
D(jcol,k) = save
ENDDO
ENDIF
f=1.0/B(jcol,jcol)
DOj=1,N
B(jcol,j) = B(jeol,j)*f
ENDDO
DOk=1,M
D(jcol.k) = D(jcol,k)*f
ENDDO
DOi=1,N
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IF (i.NE.jcol ) THEN
f=B(i,jcol)
DOj=1,N
B(i,j) = B(i,j) - f*B(jcol,))
ENDDO
DOk=1,M
D(i,k) = D(i,k) - f*D(jcol,k)
ENDDO
ENDIF
ENDDO
ELSE
Determ = 0.0
RETURN
ENDIF
ENDDO
END
SUBROUTINE BAND CHARGE(J)
IMPLICIT NONE
DOUBLE PRECISION A, B, D, Delc, determ, e, G, X, Y
INTEGER i, }, jj, k, I, Ipn, m, N, NJ, npl, Numbertimesteps, ki
DIMENSION e(12,13,903)
COMMON A(12,12) , B(12,12) , Delc(12,903) , D(12,25), G(12) , X(12,12) , &
&Y(12,12)
COMMON/ints/ n, NJ, Numbertimesteps, ki
SAVE e, npl
IF (j.LT.2 ) THEN
npl =N+ 1
DOi=1,N
D(1,2*N+1) = G(i)
DO1=1,N
Ipn=1+N
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D(i,Ipn) = X(i,1)
ENDDO
ENDDO
CALL MATINV_CHARGE(N,2*N+1,determ)
IF ( determ.EQ.0 ) PRINT 99001 , J
DOk=1,N
e(k,npl,1) = D(k,2*¥*N+1)
DOI1=1,N
e(k,1,1) =-D(k.I)
Ipn=1+N
X(k,l) =-D(k,lpn)
ENDDO
ENDDO
RETURN
ELSEIF (j.EQ.2 ) THEN
DOi=1,N
DOk=1,N
DOI1=1,N
D(i,k) = D(i,k) + A(1,D)*X(Lk)
ENDDO
ENDDO
ENDDO
ENDIF
IF (j.GE.NJ ) THEN
DOi=1,N
DO1=1,N
G(i) = G(i) - Y(i,))*e(I,np1,J-2)
DOm=1,N
A =AG]) + Y(i,m)*e(m,LJ-2)
ENDDO
ENDDO



ENDDO
ENDIF
DOi=1,N
D(i,npl) =-G(i)
DOI1=1,N
D(i,np1) = D(i,npl) + A(i,)*e(l,np1,J-1)
DOk=1,N
B(i,k) = B(i,k) + A(i,)*e(l,k,J-1)
ENDDO
ENDDO
ENDDO
CALL MATINV_CHARGE(N,np1,determ)
IF ( determ.EQ.0 ) PRINT 99001 , J
DOk=1,N
DOm=1,npl
e(k,m,J) =-D(k,m)
ENDDO
ENDDO
IF (j.GE.NJ ) THEN
DOk=1,N
Delc(k,J) = e(k,np1,J))
ENDDO
DOjj=2,NJ
m=NJ-jj+1
DOk=1,N
Delc(k,m) = e(k,np1,m)
DOI1=1,N

Delc(k,m) = Delc(k,m) + e(k,],m)*Delc(l,m+1)

ENDDO
ENDDO
ENDDO
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DOI=1,N
DOk=1,N
Dele(k, 1) = Dele(k, 1) + X(k,1)*Delc(l,3)
ENDDO
ENDDO
ENDIF
99001 FORMAT (' DETERM=0 AT J=',14)
RETURN
END
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APPENDIX B: FORTRAN CODE OF ZERO-DIMENSIONAL
DISCHARGE MODEL

module cycle_common

IMPLICIT DOUBLE PRECISION(a-h,0-z)

COMMON A(12,12), B(12,12), Delc(12,903), D(12,25), G(12), X(12,12), Y(12,12)

COMMON /SMALL/ SMA(13,13) , SMB(13,13), SMD(13,13), SMG(13), SME(13,13),
SMP(13,13), SMF(13)

COMMON /var/ Cprev(12,903), DCDx(12), D2Cdx2(12)

COMMON /MISC/ Delt, XX(1001), time, aa, bb, timecalca, timecalcb, timech, timedc

COMMON /PARS/ TONdischarge, temp, abc, f1, 2, f3, f4, £5, 16, {7, {8, 19, f10, f11, {12,
gl, g2, g3, g4.&

&g5, gb, g7, g8, g9, g10, gl1, g12, stotdc, diff, ara, avg&

&ecl, c2, ¢3, ¢4, c5, cb, c7, ¢8, 9, cl0, cl1, c12, bl, b2, b3, b4, b5, b6, b7, b8, b9, b10, bll,
b12, var, vartwo

COMMON/ints/ N, NJ, Numbertimesteps, ki

END module cycle common
1962.89
module cycle common_dc

IMPLICIT DOUBLE PRECISION(a-h,0-z)

PARAMETER (aMS8 = 32, ane=4, ans8=8, ans4=4, ans2=2, ans=1, rhos=2000,
anu=0.0243, fH=0.7296, &

& f1.=0.0665, sstar2=0.0001, akp=100, aks=5, ams = 2.7, F = 96485, R = 8.3145, &

&T =298, ar=0.960 , ¢_rate = 0.5 ,alcurrent = 1.675*ams*c_rate, aiHO=10, aiL0=5
,EH0=2.35,EL0=2.195)

END module cycle common_dc

program main
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use, intrinsic :: ieee_arithmetic
use cycle_common
use cycle_common_dc
OPEN (71,FILE="ES9.0.5¢.dc.cv.txt',STATUS="unknown')
OPEN (75,FILE='ES9.0.5c.dc.capno.txt',STATUS="unknown")
OPEN (73,FILE="ES9.0.5¢.dc.tv.txt',STATUS="unknown')
abc = ieee_value( abc, ieee_signaling_nan )
abc = ieee_value( abc, ieee_quiet_nan )
Iprint *, abc
aa=0
bb=0
ki=0
var =0
vartwo=0
timecalca = 0 !discharge time
timecalcb = 0 Icharge time
timech =0
N=12
NJ=103
Xmax=1
H = Xmax/FLOAT(NJ-1)
DOj=1,NJ

XX(j) = H*FLOAT(-1)

if(j.eq.NJ) then

XX(j)=Xmax

end if
ENDDO
time=0.0
Delt=0.0
CALL INTIAL_CONDITION(H)

DO j=1,NIJ !to write initial conditions
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if (j.eq.3) then
WRITE (71,913) (1675.0/(3600.0/c_rate))*(time),Cprev(8,j) !file id=71
913 FORMAT (2(G12.6,1X)) !6 decimal points
WRITE(73,912)time, XX(j),Cprev(1,j),Cprev(2,j),Cprev(3,j),&
&Cprev(4,)),Cprev(5,j),Cprev(6.,j),Cprev(7,j), Cprev(8,j),&
&Cprev(9,)),Cprev(10,j),Cprev(11,)),Cprev(12,j)
912 FORMAT (14(G12.6,1X))
end if
END DO
one: DO ki=1,1
Numbertimesteps= 72000
TONdischarge = 7200
Delt = TONdischarge/FLOAT(Numbertimesteps)
two: DO it =1 , Numbertimesteps
CALL BOUND_VAL(H)
time = time + Delt
three: DOj=1,NJ
if (time .gt. vartwo) then
if (c8 - cprev(8.j) .gt. 0.01) then
Istotdc = cprev(l,j) + cprev(2,j) + cprev(3,j) + cprev(4,j) + cprev(5,j)
lif (stotdc .gt. 2.69832000000) then
lif (cprev(8,)) .1t. 2.22222222) then
lif(cprev(1,)) .1t. 0.0 .or. cprev(2,j) .It. 0.0 .or. cprev(3,j) .It. 0.0 &
1&.or. cprev(4,j) .1t. 0.0 ) then
time = time - delt
aa = time
timecalca = aa-bb
print *, 'ks is', aks,'capacity is', (1675.0/(3600.0/c_rate))*timecalca, 'timecalca is',&
& timecalca, 'voltage', cprev(8.))
exit two

end if
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end if

f1=Cprev(1,j)
2=Cprev(2,j)
f3=Cprev(3.j)
f4=Cprev(4.j)
f5=Cprev(5.j)
f6=Cprev(6.j)
f7=Cprev(7.j)
f8=Cprev(8.j)
f9=Cprev(9.j)
f10=Cprev(10,j)
f11=Cprev(11,j)
f12=Cprev(12,j)

if (f1.1t.0.0) then
£1=0.0000000000000001
cprev(1,j)=fl
end if

if (£2.1t.0.0) then
£2=0.00001
cprev(2,j)=f2
end if

if (£3.1t.0.0) then
£3=0.00001
cprev(3,))=f3
end if

if (f4.1t.0.0) then
£4=0.00001
cprev(4,j)=f4
end if



if (£5.1t.0.0) then
£5=0.0000000000000001
cprev(5,))=f5

end if

if (£6.1t.0.0) then
f6=0.0
cprev(6,j)=f6
end if

if (£7.1t.0.0) then
£7=0.0
cprev(7,j)=f7
end if

if (19.gt.0.0) then
9=0.0
cprev(9,j)=f9
end if

if (f10.gt.0.0) then
£10=0.0
cprev(10,j)=f10
end if

if (£8.1t.0.0) then

£8=0.0000000000000001
cprev(8,j)=f8

end if

if (f11.1t.0.0) then
£11=0.0000000000000001
cprev(11.))=f11

end if

if (f12.1t.0.0) then
£12=0.0000000000000001
cprev(12,j)=f12
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end if

if (j.eq.3) then

WRITE (71,911) (1675.0/(3600.0/c_rate))*(time-timech),Cprev(8,j)

911 FORMAT (2(G12.6,1X))

WRITE(73,910)time, XX(j),Cprev(1,j),Cprev(2,j),Cprev(3.j).&
&Cprev(4,)),Cprev(5,j),Cprev(6,j),Cprev(7,)), Cprev(8.,j),&
&Cprev(9,)),Cprev(10.j),Cprev(11,j),Cprev(12,))

910 FORMAT (14(G12.6,1X))
if (cprev(8,j) .NE. abc) then
cl=cprev(l.,j)
c2=cprev(2.j)
c3=cprev(3.j)
cd=cprev(4.j)
cS=cprev(5.j)
cb6=cprev(6.j)
c7=cprev(7.j)
c8=cprev(8.j)
c9=cprev(9.j)
cl0=cprev(10,j)
cll=cprev(1l,j)
cl2=cprev(12,))
end if
end if
END DO three
END DO two
DOj=1,NJ
cprev(l,j)=cl
cprev(2,)) =c2
cprev(3,j) =c3
cprev(4,)) =c4
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cprev(5,j) =c5
cprev(6,j) = cb
cprev(7,j)) =c7
cprev(8,j) =c8
cprev(9,j) =c9
cprev(10,j) =cl0
cprev(l1,j) =cll
cprev(12,)) =cl2

end do

timedc = time

WRITE (75, 915) (1675.0/(3600.0/c_rate))*(timecalca),ki
915 FORMAT (2(G12.6,1X))

END DO one
END program main

SUBROUTINE INTIAL_CONDITION(H)

use cycle_common

use cycle_common_dc

DOj=1,NJ
Cprev(1l,j) = ams*0.99
Cprev(5.j) = 0.000001*ams
Cprev(6,j) = alcurrent
Cprev(7.j) = alcurrent - Cprev(6,j) ! or Cprev(7,j) =0
Cprev(8.j) =2.4
Cprev(9.j) = asinh(-Cprev(6,j)/(2*aiH0*ar))*((2*R*T)/(ane*F))
Cprev(10,j) = asinh(-Cprev(7,j)/(2*aiL0*ar))/((2*R*T)/(ane*F))
Cprev(11,j) = Cprev(8.j) - Cprev (9,j)



109

Cprev(2.j) = SQRT( (fH*Cprev(1.j)) / exp(((cprev(11.j)-EHO)*4*F) / (R*T)) )
Cprev(12,j) = Cprev(8,j) - Cprev (10,j)
Cprev(4, j) = 0.00000001 !initial guess
var_4: DO kIl =1, 100000 !!

Cprev(3,j) = Cprev(4,j) + Cprev(5,))

temp = Cprev(4.))

Cprev(4.j) = SQRT ((fL * Cprev(2, j)) / (exp((Cprev(12,j)- ELO) * (4 *F)/ (R *

1)) * Cprev(3, j)))
if (ABS(temp - Cprev(4, j)) < 0.000000000000001) then
exit var_4
end if
ENDDO var_4
Cprev(3.j) = Cprev(4,j)+Cprev(5.j)
F (j.EQ.1 ) THEN
' DOi=1,12
! print*, Cprev(i,j)
! ENDDO
'ENDIF
ENDDO
RETURN
END

SUBROUTINE FILLMAT(H,J)
use cycle_common
use cycle_common_dc

! Boundary-condition at x=0

IF (J.EQ.1 ) THEN
DOic=1,N
DCDx(ic) = (-3.0*Cprev(ic,J)+4.0*Cprev(ic,J+1)-Cprev(ic,J+2))/2.0/H
ENDDO
SME(1,1)=1+(aks*Delt)
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SME(1,6)=(ans8*aMS8*Delt)/(ane*F)
SMEF(1)=((-aMS8*Delt*ans8*Cprev(6,J))/(ane*F))-(Delt*Cprev(1,J)*aks)

SME(2,1)=-(Delt*aks)

SME(2,2)=1

SME(2,6)=(-ans8*Delt*aMS8)/(ane*F)

SME(2,7)=(ans4*aMS8*Delt)/(ane*F)

SMEF(2)=-
((Delt*ans4*aMS8*Cprev(7,J))/(ane*F))+((Delt*ans8*aMS8*Cprev(6,J))/(ane*F))+(aks*Delt
*Cprev(1,)))

SME(3,3)=1
SME(3,7)=(-Delt*ans2*aMS8)/(F *ane)
SMF(3)=(1/(ane*F))*(Delt*Cprev(7,J)*ans2*aMS8)

SME(4,4)=1+(akp*Cprev(5,J)*(Delt/(rhos*anu)))

SME(4,5)=-((sstar2-Cprev(4,)))*Delt*akp)/(rhos*anu)

SME(4,7)=-(1/(ane*F))*(2*Delt*ans*aMS8)

SME(4)=-(((Cprev(4,))-
sstar2)*akp*Delt*Cprev(5,J))/(anu*rhos))+((2*Delt*ans*aMS8*Cprev(7,J))/(ane*F))

SME(5,4)=-(1/(anu*rhos))*(Cprev(5,J))*akp*Delt)
SME(5,5)=1-((Delt*akp*(Cprev(4,J)-sstar2))*(1/(anu*rhos)))
SME(5)=(1/(anu*rhos))*((Cprev(4,J)-sstar2)*Delt*akp*Cprev(5,J))

SME(6,6)=-1
SME(6,9)=2*(cosh(ane*F*Cprev(9,])/(2*R*T)))*(-1/(2*R*T))*aiHO*ar*ane*F
SMF(6)=(sinh(ane*Cprev(9,J)/(2*R*T))*2*aiHO*ar*F)+Cprev(6,J)

SME(7,6)=1
SME(7,7)=1
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SME (7)=-Cprev(6,J)+alcurrent-Cprev(7.J)

SME(8,8)=1

SME(8,10)=-1

SME(8,12)=-1

SMEF (8)=+Cprev(10,J)+Cprev(12,])-Cprev(8.J)

SME(9,8)=-1

SME(9,9)=1

SME(9,11)=1

SMF (9)=+Cprev(8,])-Cprev(9,J)-Cprev(11,J)

SME(10,7)=-1
SME(10,10)=(-1/(R*T))*(cosh(ane*F*Cprev(10,J)/(2*R*T))*aiL0*ar*ane*F)
SMF(10)=(sinh(ane*F*Cprev(10,J)/(2*¥*R*T))*2*aiL0*ar)+Cprev(7,))

SME(11,1)=(-1/(4*F*Cprev(1,J)))*R*T

SME(11,2)=(1/(Cprev(2,1)*2*F))*R*T

SME(11,11)=1

SMF(11)=-((R*T*dlog((Cprev(2,J)*Cprev(2,)))/(fH*Cprev(1,)))))/(4*F))+EHO0-
Cprev(11.J))

SME(12,2)=(-1/(Cprev(2,))*4*F))*(R*T)
SME(12,3)=(1/(Cprev(3,J)*4*F))*(R*T)
SME(12,4)=(1/(Cprev(4,J)*2*F))*(R*T)
SME(12,12)=1
SMF(12)=-
Cprev(12,J)+ELO+(R*T*dlog(fL*Cprev(2,J)/((Cprev(4,])*Cprev(4.,J))*Cprev(3.))))/(4*F))
RETURN
ENDIF

! Boundary-condition at x=Xmax
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IF (J.LEQ.NJ ) THEN
DOic=1,N
DCDx(ic) = (3.0*Cprev(ic,J)-4.0*Cprev(ic,J-1)+Cprev(ic,J-2))/2.0/H
ENDDO
SME(1,1)=1+(aks*Delt)
SME(1,6)=(ans8*aMS8*Delt)/(ane*F)
SMEF(1)=((-aMS8*Delt*ans8*Cprev(6,J))/(ane*F))-(Delt*Cprev(1,J)*aks)

SME(2,1)=-(Delt*aks)

SME(2,2)=1

SME(2,6)=(-ans8*Delt*aMS8)/(ane*F)

SME(2,7)=(ans4*aMS8*Delt)/(ane*F)

SMF(2)=-
((Delt*ans4*aMS8*Cprev(7,J))/(ane*F))+((Delt*ans8*aMS8* Cprev(6,J))/(ane*F))+(aks*Delt
*Cprev(1,)))

SME(3,3)=1
SME(3,7)=(-Delt*ans2*aMS8)/(F *ane)
SMEF(3)=(1/(ane*F))*(Delt*Cprev(7,J)*ans2*aMS8)

SME(4,4)=1+(akp*Cprev(5,J)*(Delt/(rhos*anu)))

SME(4,5)=-((sstar2-Cprev(4,J))*Delt*akp)/(rhos*anu)

SME(4,7)=-(1/(ane*F))*(2*Delt*ans*aMS8)

SME (4)=-(((Cprev(4,))-
sstar2)*akp*Delt*Cprev(5.J))/(anu*rhos))+((2*Delt*ans*aMS8*Cprev(7.J))/(ane*F))

SME(5,4)=-(1/(anu*rhos))*(Cprev(5,J)*akp*Delt)
SME(5,5)=1-((Delt*akp*(Cprev(4,J)-sstar2))*(1/(anu*rhos)))

SMF(5)=(1/(anu*rhos))*((Cprev(4,J)-sstar2)*Delt*akp*Cprev(5.J))

SME(6,6)=-1



Cprev(11,))
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SME(6,9)=2*(cosh(ane*F*Cprev(9,J)/(2*R*T)))*(-1/(2*R*T))*aiH0*ar*ane*F
SMF(6)=(sinh(ane*Cprev(9,J)/(2*R*T))*2*aiHO*ar*F)+Cprev(6,J)

SME(7,6)=1
SME(7,7)=1
SMEF (7)=-Cprev(6,J)+alcurrent-Cprev(7,J)

SME(8,8)=1
SME(8,10)=-1
SME(8,12)=-1
SMF (8)=+Cprev(10,])+Cprev(12,J)-Cprev(8.J)

SME(9,8)=-1

SME(9,9)=1

SME(9,11)=1

SMEF (9)=+Cprev(8,J)-Cprev(9,))-Cprev(11,J)

SME(10,7)=-1
SME(10,10)=(-1/(R*T))*(cosh(ane*F*Cprev(10,J)/(2*R*T))*aiL0*ar*ane*F)
SMEF(10)=(sinh(ane*F*Cprev(10,J)/(2*R*T))*2*aiL0*ar)+Cprev(7,J))

SME(11,1)=(-1/(4*F*Cprev(1,J)))*R*T

SME(11,2)=(1/(Cprev(2,J)*2*F))*R*T

SME(11,11)=1
SMF(11)=-((R*T*dlog((Cprev(2.J)*Cprev(2.)))/(fH*Cprev(1,1))))/(4*F))+EH0-

SME(12,2)=(-1/(Cprev(2.J)*4*F))*(R*T)
SME(12,3)=(1/(Cprev(3.J)*4*F))*(R*T)
SME(12,4)=(1/(Cprev(4,])*2*F))*(R*T)
SME(12,12)=1
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SMF(12)=-
Cprev(12,J)+ELO+(R*T*dlog(fL*Cprev(2,J)/((Cprev(4,])*Cprev(4,]))*Cprev(3.))))/(4*F))
RETURN
ENDIF
! Governing Equations
DOic=1,N

DCDx(ic) = (Cprev(ic,J+1)-Cprev(ic,J-1))/2.D0/H
D2Cdx2(ic) = (Cprev(ic,J+1)-2.0*Cprev(ic,J)+Cprev(ic,J-1))/H**2
ENDDO
SMD(1,1)=1+(aks*Delt)
SMD(1,6)=(ans8*aMS8*Delt)/(ane*F)
SMG(1)=((-aMS8*Delt*ans8*Cprev(6,J))/(ane*F))-(Delt*Cprev(1,J)*aks)

SMD(2,1)=-(Delt*aks)

SMD(2,2)=1

SMD(2,6)=(-ans8*Delt*aMS8)/(ane*F)

SMD(2,7)=(ans4*aMS8*Delt)/(ane*F)

SMG(2)=-
((Delt*ans4*aMS8*Cprev(7,J))/(ane*F))+((Delt*ans8*aMS8* Cprev(6,J))/(ane*F))+(aks*Delt
*Cprev(1,)))

SMD(@3.,3)=1
SMD(3,7)=(-Delt*ans2*aMS8)/(F *ane)
SMG(3)=(1/(ane*F))*(Delt*Cprev(7,J)*ans2*aMS8)

SMD(4,4)=1+(akp*Cprev(5,J)*(Delt/(rhos*anu)))

SMD(4,5)=-((sstar2-Cprev(4,J]))*Delt*akp)/(rthos*anu)

SMD(4,7)=-(1/(ane*F))*(2*Delt*ans*aMS8)

SMG(4)=-(((Cprev(4.J)-
sstar2)*akp*Delt*Cprev(5.J))/(anu*rhos))+((2*Delt*ans*aMS8*Cprev(7,J))/(ane*F))
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SMD(5.,4)=-(1/(anu*rhos))*(Cprev(5,J)*akp*Delt)
SMD(5,5)=1-((Delt*akp*(Cprev(4,))-sstar2))*(1/(anu*rhos)))
SMG(5)=(1/(anu*rhos))*((Cprev(4,J)-sstar2)*Delt*akp* Cprev(5.J))

SMD(6,6)=-1
SMD(6,9)=2*(cosh(ane*F*Cprev(9,])/(2*¥*R*T)))*(-1/(2*R*T))*aiHO*ar*ane*F
SMG(6)=(sinh(ane*Cprev(9,J)/(2*R*T))*2*aiH0*ar*F)+Cprev(6,J)

SMD(7,6)=1
SMD(7,7)=1
SMG(7)=-Cprev(6,))+alcurrent-Cprev(7,J)

SMD(8.8)=1

SMD(8,10)=-1

SMD(8,12)=-1
SMG(8)=+Cprev(10,J)+Cprev(12,))-Cprev(8,J)

SMD(9,8)=-1

SMD(9,9)=1

SMD(9,11)=1
SMG(9)=+Cprev(8,))-Cprev(9,J)-Cprev(11.J))

SMD(10,7)=-1
SMD(10,10)=(-1/(R*T))*(cosh(ane*F*Cprev(10,J)/(2*R*T))*aiL0*ar*ane*F)
SMG(10)=(sinh(ane*F*Cprev(10,J)/(2*R*T))*2*aiL0*ar)+Cprev(7.J)

SMD(11,1)=(-1/(4*F*Cprev(1,])))*R*T

SMD(11,2)=(1/(Cprev(2,J)*2*F))*R*T

SMD(11,11)=1

SMG(11)=-((R*T*dlog((Cprev(2,J)*Cprev(2,)))/(fH*Cprev(1,)))))/(4*F))+EHO-
Cprev(11,J))
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SMD(12,2)=(-1/(Cprev(2,J)*4*F))*(R*T)
SMD(12,3)=(1/(Cprev(3,J)*4*F))*(R*T)
SMD(12,4)=(1/(Cprev(4,])*2*F))*(R*T)
SMD(12,12)=1
SMG(12)=-
Cprev(12,J)+ELO+(R*T*dlog(fL*Cprev(2,J)/((Cprev(4,])*Cprev(4,)))*Cprev(3.)))))/(4*F)
END

SUBROUTINE ABDGXY(H.,J)
use cycle_common
use cycle_common_dc
IF (J.EQ.1) THEN
DOii=1,N
DOkk=1,N
B(ii,kk) = H*SME(ii,kk) - 1.5*SMP(ii,kk)
D(ii,kk) = 2.0*SMP(ii,kk)
X(ii,kk) = -0.5*SMP(ii,kk)
ENDDO
G(ii) = H*SMF(ii)
ENDDO
RETURN
ENDIF

IF (J.EQ.NJ ) THEN
DOii=1,N
DOkk=1,N
B(ii,kk) = H*SME(ii,kk) + 1.5*SMP(ii.kk)
A(ii.kk) = -2.0*SMP(ii.kk)
Y (ii,kk) = 0.5*SMP(ii,kk)
ENDDO



G(ii) = H*SMF(ii)
ENDDO
RETURN
ENDIF
DOii=1,N
DOkk=1,N
A(ii,kk) = SMA(ii,kk) - H/2.0*SMB(ii,kk)
B(ii.kk) = -2.0*SMA(ii,kk) + H**2*SMD(ii,kk)
D(ii,kk) = SMA(ii,kk) + H/2.0*SMB(ii,kk)
ENDDO
G(ii) = H**2*SMG(ii)
ENDDO
RETURN
END

SUBROUTINE BOUND_VAL(H)
use cycle_common

use cycle_common_dc

DOj=1,NJ
DOic=1,N
DOkc=1,N

SMA (ic.ke) = 0.0
SMB(ic.ke) = 0.0
SMD(ic,ke) = 0.0
SMP(ic,kc) = 0.0
SME(ic.,ke) = 0.0
ENDDO
ENDDO

CALL FILLMAT(H.,))

CALL ABDGXY (H.j)

CALL BAND(j)
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ENDDO
!'DOj=1,N
! print*, Cprev(l,j) , Cprev(2,j) , Cprev(3,j) ,Cprev(4.j)
! ENDDO
DOk=1,N
DOj=1,NJ
Cprev(k,j) = Cprev(k,j) + Delc(k,j)
ENDDO
ENDDO
RETURN !
END

SUBROUTINE MATINV(N,M,Determ)
IMPLICIT DOUBLE PRECISION (a-h,0-z)
INTEGER i, id,irow, ], jc,jcol ,k, M, N, nn
DIMENSION id(12)
COMMON A(12,12), B(12,12) , Delc(12,903) , D(12,25)
Determ = 1.0
DOi=1,N
idi)=0
ENDDO
DOnn=1,N
bmax = 1.1
DOi=1,N
IF (id(i).EQ.0 ) THEN
bnext = 0.0
btry = 0.0
DOj=1,N
IF (id(j).EQ.0 ) THEN
IF ( DABS(B(i,j)).GT.bnext ) THEN
bnext = DABS(B(i,j))
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IF ( bnext.GT.btry ) THEN
bnext = btry
btry = DABS(B(i,j))
je=j
ENDIF
ENDIF
ENDIF
ENDDO
IF ( bnext.LT.bmax*btry ) THEN
bmax = bnext/btry
irow =1i
jeol = jc
ENDIF
ENDIF
ENDDO

IF (id(jc).EQ.0 ) THEN
id(jeol) =1
IF (jcol.NE.irow ) THEN
DOj=1,N
save = B(irow,))
B(irow,j) = B(jcol,j)
B(jcol,j) = save
ENDDO
DOk=1,M
save = D(irow,k)
D(irow,k) = D(jcol.k)
D(jcol.k) = save
ENDDO
ENDIF
f=1.0/B(jcol,jcol)
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DOj=1,N
B(jcol,j) = B(jeol,j)*f
ENDDO
DOk=1,M
D(jcol.k) = D(jcolk)*f
ENDDO
DOi=1,N
IF (i.NE.jcol ) THEN
f=B(i,jcol)
DOj=1,N
B(i,j) = B(i,j) - f*B(jcol))
ENDDO
DOk=1,M
D(i,k) = D(i,k) - f*D(jcol.k)
ENDDO
ENDIF
ENDDO
ELSE
Determ = 0.0
RETURN
ENDIF
ENDDO
END
SUBROUTINE BAND(J)
IMPLICIT DOUBLE PRECISION (a-h,0-z)
INTEGER i, }, jj, k, 1, Ipn, m, N, NJ, npl, Numbertimesteps
DIMENSION ¢(12,13,903)
COMMON A(12,12) , B(12,12), Delc(12,903) , D(12,25), G(12) , X(12,12) , &
&Y(12,12)
COMMON/ints/ n, NJ, Numbertimesteps, ki
SAVE e, npl



IF (j.LT.2 ) THEN
npl =N+ 1
DOi=1,N
D(1,2*N+1) = G(i)
DOI1=1,N
Ipn=1+N
D(i,Ipn) = X(i,I)
ENDDO
ENDDO
CALL MATINV(N,2*N+1,determ)
IF ( determ.EQ.0 ) PRINT 99001 ,J
DOk=1,N
e(k,npl,1) = D(k,2*N+1)
DOI1=1,N
e(k,1,1) =-D(k.])
Ipn=1+N
X(k,l) =-D(k,lpn)
ENDDO
ENDDO
RETURN
ELSEIF (j.EQ.2 ) THEN
DOi=1,N
DOk=1,N
DOI=1,N
D(i,k) = D(i,k) + A(1,D)*X(Lk)
ENDDO
ENDDO
ENDDO
ENDIF
IF (j.GE.NJ) THEN
DOi=1,N
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DOI1=1,N
G(i) = G() - Y(i,h)*e(I,np1,J-2)
DOm=1,N
A =AG]) + Y(i,m)*e(m,L,J-2)
ENDDO
ENDDO
ENDDO
ENDIF
DOi=1,N
D(i,np1) =-G(i)
DOI1=1,N
D(i,npl) = D(i,npl) + A(i,))*e(l,np1,J-1)
DOk=1,N
B(i,k) = B(i,k) + A(i,))*e(l,k,J-1)
ENDDO
ENDDO
ENDDO
CALL MATINV(N,np1,determ)
IF ( determ.EQ.0 ) PRINT 99001 , J
DOk=1,N
DOm=1,npl
e(k,m,J) = -D(k,m)
ENDDO
ENDDO
IF (j.GE.NJ ) THEN
DOk=1,N
Delc(k,J) = e(k,np1,J)
ENDDO
DOjj=2,NJ
m=NJ-jj+1
DOk=1,N



Delc(k,m) = e(k,np1,m)
DO1=1,N
Delc(k,m) = Delc(k,m) + e(k,l,m)*Delc(l,m+1)
ENDDO
ENDDO
ENDDO
DO1=1,N
DOk=1,N
Delc(k,1) = Dele(k,1) + X(k,1)*Delc(1,3)
ENDDO
ENDDO
ENDIF
99001 FORMAT (' DETERM=0 AT J='14)
END
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