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Regression analysis is a method used to model the relationship between the dependent
variables and the independent variable in the data, and to predict the dependent variable
from the independent variables in the future data. Piecewise linear regression (PLR) is a
powerful approach used in regression analysis. PLR models the data with multiple linear
regression functions. Thus, it can model non-linear data as well as retain the interpretability
of linear regression. Interpretability has recently become a hot topic for machine learning.
In application areas such as finance and health, it is important for a model not only provide a
good prediction, but also be interpretable and/or verifiable by domain experts. In this respect,

we think PLR is a promising approach.

In this study, we define PLR problem as in which data is partitioned into intervals on a
predetermined dimension and each interval is represented by a unique multivariate linear
regression. We offer a method by adopting heuristic approaches and aim for a solution
with practically acceptable computational efficiency even in large data sets. The proposed
method is compared with Decision Tree, Random Forest, XGBoost, XGBoost with Random

Forest learners, Support Vector Machines, K-Nearest Neighbors, Artifical Neural Network
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and Multivariate Adaptive Regression Splines algorithms. Several synthetic and real-world
datasets containing moderate and large number of observations are used in the experiments.
Synthetic data are particularly targeted by the proposed approach because they are generated
in a way to include structural shifts. The results reveal that our method remains competitive
with the well-known machine learning algorithms and outperforms especially in the synthetic
dataset instances. Our method is also compared with a mathematical programming-based
heuristic method and it is clearly observed that the proposed method provides better scores.
When we examine at the computational efficiency results of the proposed method, we
observe that even the largest datasets (containing 100000 observations) have computation
times expressed in milliseconds. Overall, the results show that PLR can be an effective

method, especially when considered the interpretability property it holds.

Keywords: Piecewise linear regression, Heuristic algorithm, Interpretability, Machine

learning, Non-linear data
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OZET

PARCALI DOGRUSAL REGRESYON iCiN HESAPSAL
VERIMLILIGI YUOKSEK BiR SEZGISEL ALGORITMA

Kiibra Dogan

Yiiksek Lisans, Bilgisayar Miihendisligi
Danisman: Assoc. Prof. Dr. Burkay Geng
Eyliil 2021, 86 sayfa

Regresyon analizi verideki bagimli degiskenler ile bagimsiz degisken arasindaki iliskiyi
modellemek ve gelecek veride bagimsiz degiskenlerden bagimli degiskeni tahminlemek
icin kullanilan bir yontemdir. Parcali dogrusal regresyon (PDR) ise regresyon analizinde
kullanilan gii¢lii bir yaklagimdir. PDR veriyi birden fazla dogrusal regresyon fonksiyonu ile
modeller. Boylece, dogrusal regresyonun yorumlanabilirlik 6zelliini barindirmakla birlikte
dogrusal olmayan verileri de modelleyebilir. Yorumlanabilirlik 6zelligi son zamanlarda
makine Ogrenmesi icin revagta olan bir konu haline gelmistir. Finans ve saghk gibi
uygulama alanlarinda bir modelin sadece iyi bir tahminde bulunmasi degil, ayn1 zamanda
yorumlanabilir ve/veya konu uzmanlar: tarafindan dogrulanabilir olmas: 6nem tagimaktadir.

Bu acidan PDR’nin umut verici bir yaklasim oldugunu diisiiniiyoruz.

Bu calismada, PDR’yi, verinin 6nceden belirlenmis bir boyutta araliklara boliindiigii ve
her araliin benzersiz bir cok degiskenli dogrusal regresyon ile ifade edildigi bir problem
olarak tanimliyoruz. Biiyiik veri setlerinde dahi pratik olarak kabul edilebilir seviyede
hesapsal verimlilige sahip bir ¢6ziim hedefleyerek sezgisel bir yaklasim kullanan bir ¢6ziim

yontemi sunuyoruz. Onerilen yontem Decision Tree, Random Forest, XGBoost, Random
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Forest 6grenicileri kullanan XGBoost, Support Vector Machines, K-Nearest Neighbors,
Artifical Neural Network ve Multivariate Adaptive Regression Splines algoritmalariyla
kargilastirllmistir. Deneylerde orta ve biiylik ol¢ekte gdzleme sahip bir¢ok sentetik ve gercek
veri seti kullanilmistir. Sentetik veriler, yapisal kaymalar icerecek sekilde iiretildikleri i¢in
Onerilen yaklasim tarafindan 6zellikle hedeflenmektedir. Sonuglar yontemimizin iyi bilinen
makine 68renmesi algoritmalariyla rekabetci kaldigini ve 6zellikle de sentetik verilerde
daha iyi performans goOsterdigini ortaya koymaktadir. YOntemimiz ayrica matematiksel
programlama tabanli sezgisel bir yontem ile de karsilastirilmis ve daha iyi sonug¢ gosterdigi
gozlemlenmistir. Onerilen yontemin hesapsal verimlilik sonuclarina baktigimizda ise en
biiytik (100000 gozlem iceren) veri setlerinde dahi milisaniyelerle ifade edilen hesaplama
stirelerine sahip oldugunu goriiyoruz. Genel olarak sonuglar 6zellikle yorumlanabilirlik

ozelligi dikkate alindiginda PDR’nin etkili bir yontem olabilecegini gostermektedir.

Anahtar Kelimeler: Parcali dogrusal regresyon, Sezgisel algoritma, Yorumlanabilirlik,

Makine 6grenmesi, Dogrusal olmayan veri
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1. INTRODUCTION

With the widespread use of software applications, data is generated from various application
areas. Inferring from data is valuable in today’s data driven world, and regression
analysis comes as a powerful instrument. Regression analysis is used to understand the
relationship between a set of independent variables and a dependent variable. It provides
an understanding about how input variables affect the output variable and represent this
relationship through a mathematical function. The mathematical function is computed from
data by minimizing a predefined error metric and used to predict the output of out-of-sample

data.

There are many methodologies to conduct a regression analysis. Linear regression is
arguably the simplest method among common regression methods. It fits a linear function
to data and gives interpretable outputs about changes in the data. However, it implies a
linearity assumption, i.e. it assumes that changes in the data can be modeled by a single
linear function. For most of the real-world cases, this assumption does not hold and linear
regression fails to adequately represent such data. Piecewise linear regression (PLR) comes
to the play for this reason. It takes the power of interpretability of linear regression, while

allowing non-linearities in data.

In a piecewise linear regression model, data is grouped into different segments and each
segment is fit with a unique linear function. The main idea of PLR is that each partition
consists of a good subsample of the data such that it can be modeled accurately with a single

linear function.

In literature, PLR is a well studied area. Though, the studies do not agree on a common
definition for piecewise linear regression. In the literature, it can be referred to as piecewise,
segmented, broken-line [1] or broken-stick regressions [2]. Broken-line or broken-stick
regressions imply continuity requirement between regions, whereas segmented regression
evokes mutually exclusive nature of data in each region. Indeed, some PLR studies in the

literature imply a continuity requirement of their linear regression functions, i.e. start point



of a line should be intersected by the end point of the preceding line. Other studies do not
impose a continuity requirement; it is sufficient to fit a linear function to data in the region

that best describes it.

PLR is simple in idea and explanation, but there are a number of things to determine for an
accurate PLR model: which feature or features should be used for partitioning a multivariate
dataset, how many pieces should we split, what are the breakpoints that define a partition
and what are the optimal parameters for linear functions in each partition. Finding these
parameters is not a trivial task. Studies in literature make restrictions on their problem

definition, or benefit from some heuristic approaches to speed up the process.

In addition to restricting the PLR problem definition, studies in the literature can make
assumptions or predefinitions about the parameters of the PLR problem. As far as we
observe, the number of intervals in the resulting PLR model is a common predefined
parameter in the studies, only the breakpoint locations need to be solved. This requires an
external sight of the data. Therefore, an automatic process for finding the number of intervals

1S necessary.

1.1. Scope Of The Thesis

This thesis mainly focuses on solving PLR problem for medium to large-sized datasets
by aiming for a computationally efficient solution. In this study, we consider a PLR
problem where multivariate data is partitioned into an unknown number of regions using
a predefined partition feature. A heuristic algorithm is developed to solve PLR problem
in a computationally efficient way for larger datasets while maintaining the predictive
accuracy within acceptable limits. We compare our algorithm to some popular machine
learning algorithms including decision tree, random forest, XGBoost, XGBoost with random
forest learners, support vector machine, k-nearest neighbors, artificial neural network, and
multivariate adaptive regression splines. We also benchmark our algorithm against a PLR
problem solution presented in [3]. We experiment using real-world and synthetic datasets

and provide computational results of each algorithm. Compared to the machine learning



algorithms, our algorithm remains competitive in terms of prediction performance and
outperforms most of them in terms of time efficiency. Compared to the column generation
algorithm proposed in [3], our algorithm outperforms it both in modeling accuracy and time

efficiency.

1.2. Contributions

In this research, we study PLR problem by aiming to enable the utilization of PLR
extensively in regression analysis tasks. The main contributions of this study can be

enumerated as follows:

* We propose a heuristic solution procedure that achieves good prediction scores in short

execution times.

e Unlike similar studies in the literature, the number of linear functions is not a

predefined parameter in our work and is found in the developed heuristic.

* We experiment on medium to large-sized datasets and compare the effectiveness of the

proposed algorithm.

* The proposed algorithm provides a white-box solution, unlike most machine learning

algorithms.

* Our heuristic solution can be used as an acceleration tool for providing an initial PLR
solution to be used in other algorithms.
1.3. Organization

The organization of the thesis is as follows:

» Chapter 1 presents our motivation, contributions, and the scope of the thesis.

 Chapter 2 provides background information aligned with the scope of the thesis.

3



Chapter 3 summarizes related work from the literature.
Chapter 4 presents the proposed MaSH method and gives the details.

Chapter 5 demonstrates the numerical work conducted to assess the performance of

the proposed method and analyzes the results.

Chapter 6 states the summary of the thesis and provides possible research directions.



2. BACKGROUND OVERVIEW

2.1. Piecewise Linear Regression

Linear regression models the relationship between independent variables and a dependent
continuous variable by a linear function. Let n be the number of observations and j be
the number of independent variables. xf shows the j™ feature of the i" observation and y;
is the dependent variable of the 7" observation. The mathematical representation of linear

regression is as follows:

yizﬁlx%+62x?+...+ﬁjxg+a, i=A{1,..,n} (1)

where « is the intercept and [ values are the regression coefficients.

Linear regression is powerful in terms of producing explainable outputs about the changes
of the predicted value. However, its main disadvantage lies in its linearity assumption on
data. Many real-world data are not linear in nature and linear regression cannot adequately
represent such data. In this case, piecewise linear regression (PLR) becomes a great option
to represent non-linear data while preserving the explainability feature of the single linear

regression.

PLR is a well-studied area in literature, although it is not a commonly used algorithm in
practice. The main idea of PLR is that the data is partitioned into different regions and each
region is modeled with a unique linear function. The underlying logic is that the subsample
of data in each region can be accurately modeled with a single linear function. PLR has such
a simple logic, but finding an optimal PLR model is a difficult task. Firstly, it is required to
determine the feature or features to partition the data. In this study, we use a single predefined

partition feature.
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Equation 2 shows the mathematical representation of a PLR model where the data is
partitioned on 2" feature. a*) are intercepts and ng) values are regression coefficients of
the corresponding linear function in the k" region, where k = {1,2,..., K}. by represents
the x* location of breakpoint £ and by < by < --- < bx < b,. The first breakpoint b, is the

first value and the last breakpoint b,, is the last value along the 2" axis.

In Equation 2, K represents the number of regions in the corresponding PLR model with
(K — 1) breakpoints. Deriving the number of breakpoints/regions is a difficult problem. In
the literature, most of the studies use a predefined K value in their PLR problem definition
(e.g. [3-6]). In this thesis, we don’t define the number of regions a priori. Instead, we define
an error metric to determine whether a change in the existing intervals will provide a gain in

terms of overall error of the PLR model. This error metric will be introduced in Section 4.

Another parameter that construct a PLR model is the location of the breakpoints. Breakpoints
define the region boundaries. Different approaches are developed in the literature to
discover the optimal breakpoint locations including dynamic programming and mathematical
programming models. These methodologies attempt to find an optimal PLR model, yet they
lack time efficiency. Hence, it is impractical to use them for larger datasets. In the literature,
heuristic algorithms are developed to reach a sufficiently good solution faster (e.g. [7, 8]).
Additionally, studies can benefit from some heuristic approaches accompanying with their

algorithm to accelerate reaching a solution (see [3]).

In the literature, there are two different variations of the PLR problem in terms of continuity
requirement: continuous and discontinuous. In a continuous PLR model, the start point and

endpoint of the adjacent regions must be intersected. In a mathematical representation,
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Figure 2.3 Continuous and discontinuous PLR models
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if Equation 3 holds, where z; is a breakpoint, we refer it to as continuous PLR model.
Conversely, we refer as discontinuous PLR model where Equation 3 does not hold. Figure 2.3

shows the difference between continuous and discontinuous PLR models.

In this thesis, we do not imply a continuity requirement and consider a discontinuous PLR

problem.

2.2. Heuristic Algorithm

Heuristics are shortcuts that humans naturally use to make decisions in daily life. Examples
include trial and error, educated guess, and common sense. In computer science, heuristics
refers to a solution approach that is designed to produce fast solutions to a specific problem.
A heuristic algorithm is developed when the classical methods are too slow in solving the
problem in practical times, or an exact solution does not exist. Heuristic algorithms produce
near-optimal solutions that are good enough for the problem in question, and not guarantee
the optimal or perfect solution. The purpose of developing a heuristic algorithm is often to

solve the problem at hand in reasonable times.



2.3. Interpretability

Recently, interpretability has emerged as an important concept in machine learning. Many
machine learning algorithms that are popular today are black-box models. For example,
we can mention deep neural networks, artificial neural networks, and ensemble algorithms.
These algorithms can learn complex relationships in data and can make good predictions.
However, they cannot answer the question of “why” they made this prediction. In some
problems, it is not enough to make correct predictions, further, it is important to find an
answer to the question of “why” Because as humans, we want to know the reason that made a
decision, and when we don’t know the reason, it becomes difficult to trust. Application areas
such as healthcare and self-driving cars are examples of sectors where trust is important [9].
Besides, we evaluate the prediction performance of machine learning algorithms with some

metrics. This is an incomplete assessment when we consider the real world [10].

Additionally, Kim et. al. [11] mention learning to criticize in their work. We feed machine
learning algorithms with data. Therefore, these algorithms generate a model from the data
we provide and use this model to predict. We usually pre-process the data before feeding it
to the algorithm and provide clean data with the aim of increasing the generalization ability.
Thus, we draw conclusions from prototype data, but there is a possibility of eliminating
meaningful data. Kim et. al. [11] tell us that in order to retain interpretability, we should use

also such data along with prototypes.

Interpretable machine learning concept is important for various application areas, such
as finance [12-16], scientific discovery [17], intelligent decision systems [18], and

healthcare [19-23].

The piecewise linear regression model presented in this study is also an interpretable model.
In addition, linear regression and decision tree can be given as examples for interpretable
models. Linear regression and decision tree are superior to artificial neural networks, deep
neural networks, and ensemble algorithms in terms of interpretability, yet they fall behind

these algorithms in terms of prediction performance. For this reason, the PLR model we



propose in this study is important in terms of being an interpretable model and providing

good prediction performance.



3. RELATED WORK

In the literature, there exist numerous studies on the PLR problem. These studies address the
PLR problem by defining it in different ways. As mentioned before, while some studies
impose a continuity constraint between intervals, some define the PLR problem without
this constraint. Some studies deal with functions with convexity or concavity constraint.
Some studies consider the PLR problem on discrete data, while others try to fit PLR on
a polynomial function. This is also referred to as “curve fitting”. Also, studies consider
multivariate or univariate datasets. In studies dealing with multivariate data, the partitioning
can be realized on a single dimension or on more than one dimension. All of these are
gathered under the umbrella of piecewise linear regression (PLR). Therefore, we can claim

that there is no common definition of PLR in the literature.

Studies in the literature solve the PLR problem by adopting different approaches. In this
thesis, we present the literature by classifying according to the solution methodology. These

are dynamic programming, mathematical programming models, and heuristic methods.

3.1. Dynamic Programming (DP)

[24] is one of the early studies considering PLR problem. Bellman and Roth consider
curve fitting problem. Therefore, they inherently impose the continuity requirement for
piecewise linear functions. The number of breakpoints £, or “joint” points as referred to
in [24], is predefined. All cases from one breakpoint to k breakpoints are enumerated and the
corresponding errors are computed. Then, by dynamic programming, starting from the joint
point of the rightmost interval, all joint points are found in a way resulting in the minimum

€rror.

Guthery [25] presents another early study that solves the PLR problem with dynamic
programming. In this study, sum of squared errors is used as the error metric. This approach
assumes that data is ordered in the predictor (independent) variable and experiments on two
time-series data.

10



Hawkins [26] addresses the discontinuous PLR problem. He presents two approaches to
solving the PLR problem, one of which is a dynamic programming algorithm with maximum
likelihood estimation (MLE). The other method is called the hierarchical method, in which
hierarchical split operations are performed. First, data is split into two segments at the
“best” point, which results in the lowest error. A search process is conducted to find the
best point. After splitting the data into two, a search is performed to find the best points of
each interval that split the interval into two. Among the best points found in each interval,
the best one is selected as the second breakpoint and the other is eliminated. Thus, we obtain
two breakpoints that split the data into three intervals. Subsequently, the algorithm keeps

running until a predefined £ number of breakpoints are found.

Bai and Perron [4] propose a DP algorithm for finding a predefined number of breakpoints.
They present a procedure to obtain the possible breakpoint locations. Firstly, they impose
a minimum distance between each breakpoint, resulting in some reduction in the number
of possible breakpoints. Furthermore, they offer more reductions by making practical
judgments relating to possible breakpoint locations. After obtaining the regression errors
resulting from each breakpoint combination, they proceed with the DP procedure to find the
solution that provides the minimum error. To arrive at a solution, they start with a one-break

solution up to the k-break solution, where k is a predefined value.

The study [27] by Rote deals with isotonic regression problems. He proposes a DP algorithm
which uses a priority queue structure in the solution. The data discussed in this work show
a monotonically increasing characteristic. This study presents a mathematical perspective to

solve the PLR problem rather than giving experimental results using a dataset.

Wau et. al. [6] study the PLR problem by considering the application on financial time-series
data. They propose a dynamic programming algorithm with a two-level design and provide
their time efficiency as O(kn?), where k is the number of intervals and n is the number of
observations. The data they experiment with consists of synthetic and real-world datasets.

The largest dataset they experiment with has 1,560 points in total.

11



3.2. Linear Programming

Bertsimas and Shioda [28] introduce integer optimization models for classification and
regression problems. They propose an algorithm which they named CRIO (Classification
and Regression via Integer Optimization). For regression, they compare CRIO with decision
tree and multivariate adaptive regression splines (MARS) algorithms. They report mean
absolute error (MAE) and mean squared error (MSE) as the error metrics and show that
CRIO performs better in terms of both metrics. The largest dataset experimented with has 8

independent variables and 4,177 observations.

[29] and [30] use mixed-integer linear programming (MILP) models to solve PLR problems
in optimality. Toriello and Vielma [30] deal with piecewise linear convex functions. They
report that scalability is an issue for their algorithm because the computational efficiency is

poor.

In the study of Yang et. al. [5], a definition is given for the considered PLR problem. In
this problem, data is partitioned into mutually exclusive segments on a single dimension and
each segment is represented with a distinct multivariate linear regression. The dimension
that partitions the data and the number of breakpoints are defined a priori. They propose a
MILP model for estimating the breakpoint locations and regression coefficients of each linear
regression. Experimental results are provided where the proposed method is compared with
several methods including single linear regression, support vector machine, artificial neural
networks, k-nearest neighbors, and MARS. They show that the prediction performance of
their algorithm is better than all mentioned algorithms on average. However, this method
is limited to small and medium datasets, as the computational cost is high due to the

mathematical programming methodology they use.

Gkioulekas et. al. [31] extend the study of Yang et. al. ([S]) and deal with selecting the
optimal number of breakpoints. They use Akaike and Bayesian information criteria to detect
the convergence of the algorithm. In their algorithm, model complexity is penalized in order

to prevent the overfitting problem.
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Gopalswamy et. al. [32] study PLR problem on multivariate data with a concavity constraint
and adopt mathematical programming (MILP) methodology. They propose valid inequalities
for the MILP model. Valid inequalities restrict the search space of the solution, therefore
MILP model with valid inequalities provides better computational efficiency than a standard

MILP model.

In the work of Rebennack et. al. [33], PLR problem with convexity constraint is studied.
They consider the PLR problem with the continuity requirement. They experiment with
discrete data and also univariate continuous functions (curve-fitting). The largest dataset

they experiment with contains 1,216 data points.

Warwicker and Rebennack [34] study the PLR problem by imposing a continuity constraint
and adopting the MILP methodology. Particularly, they study outlier detection and
propose an algorithm to detect the outliers in the optimization process. To enable faster

implementation of MILP, they benefit from combinatorial Benders decomposition.

3.3. Heuristic Methods

Terzi and Tsaparas [7] propose a heuristic algorithm based on dynamic programming with a
predefined value of k intervals. Initially, they partition the data into m partitions. After, they
employ the DP algorithm for each m partition, where the number of intervals inside each m
partition is k. After the completion of this step, they have the k£ x m breakpoints. These
points are representatives of the interval they belong to, and each is weighted by the interval
length. DP algorithm is performed on k x m representatives, and the result is reported as the
output. This work presents the computational efficiency of their heuristic algorithm as well

as experimental evaluation.

Magnani and Boyd [35] consider a PLR problem with a convexity constraint. They propose
a heuristic method based on a variation of the k-means algorithm in a multivariate setting.
They start with an initial solution. The initial solution is generated randomly by following

a procedure in which data points are clustered into groups according to their match to some
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distribution. Then, the initial partitions are updated to get a better solution by iterating until

the result converges to the optimum or the maximum iteration limit given is reached.

Acharya et. al. [36] propose a heuristic procedure where the number of breakpoints
is predefined. They provide the computational boundary of the proposed heuristic and
demonstrate its performance with numerical experiments. The algorithm they provide is
based on a greedy merging of the intervals. Initially, each data point defines an interval on
its own. After, each interval is assumed to be merged with its neighbor. A certain number of
intervals providing a lower error are merged while the rest remain as before. This merging
process is performed until the number of the resulting intervals reaches a certain number.
They compare their algorithm to a DP solution. The largest data they experiment with

contains 10,000 observations.

Diakonikolas et. al. [8] study the PLR problem for multivariate data. They propose a heuristic
algorithm where the partition is conducted on more than one feature. In particular, if data
has d features, they partition the data on d’ features, where d’ < d, with a presumption that
some features have more effect on dramatic changes in the data, such as time and location.
The proposed heuristic is based on a greedy merging procedure. Experiments are conducted
with synthetic and real-world datasets. The largest data they experiment with is a synthetic
dataset with n = 8000 observations and d = 10 features, where the partitioning occurs on

d = 2 features.

The study by Tun¢ and Geng [3] addresses a similar problem definition as [5]. Data is
partitioned on a single feature and subsets of data in each interval are represented by a unique
multivariate linear regression. Their work is based on mixed-integer linear programming, yet
they propose a heuristic procedure to enable faster computation. They start with an initial
solution where data is separated into equal-length observations on the partition feature. After,
they perform a column generation algorithm based on the initial solution. The experiments
conducted include several synthetic and real-world datasets. They compare their algorithm

to the study of [5] and show that their algorithm can handle larger datasets better.

14



4. PROPOSED METHOD

In this thesis, a heuristic approach is adopted to enable a computationally efficient solution
that can be used even for larger datasets. First, we shall remark on the main idea of
PLR. Piecewise linear regression partitions the data into subsamples and fits a unique linear
regression to each partition such that each can be adequately modeled by a single linear
regression. Using this fact, we first split the data into partitions, each with an equal number
of observations. Those partitions serve as an initial solution. Then, we iteratively merge or
split the intervals until there is no benefit in doing another merge or split according to the

criteria to be introduced.

As previously stated, we consider a discontinuous piecewise linear regression problem in the
current study where data is multivariate. We assume that the dataset is in increasing order on
the predefined partition feature. The problem is to find the number of breakpoints, breakpoint
locations, and optimal linear regression parameters of each interval. As the error metric of
linear regression, sum of squared errors (SSE) is used. The overall error of the resulting PLR

model is given in Equation 4.

K
DD (wi— 6 @)

k=1 i€ly
where [}, is the set of observations in the interval k, y; is the value of the target feature of

observation ¢ and g; is the corresponding prediction.

We start by generating an initial solution by simply partitioning the data into equal-length
intervals across the range of the partition feature. We refer to this initial solution as base
intervals. The length (or the number of observations) of each interval is determined by a
user-defined parameter w, base interval size. For a dataset with n observations, the number of

1=

intervals of the initial solution will be X' = [n/w|. Let I be the base interval set. Thus,

Kand I = {Ilw, ey I((Kfl)w+1)n}’ where ]1w = {(:L‘l,yl), ceey (:Ew, yw)}, ey I((Kfl)w+1)n =

(@ ((K=1)w+1), Y(K—1)w+1)s )5 ---» (Tn, Yn) }. Note that the number of observations in the last
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interval may be less than w because the data size is not always a multiple of w. The algorithm

for generating the initial solution is given in Algorithm 1.

Algorithm 1 GenerateBaselntervals(.X, w)

Input:
X: a multivariate dataset
w: base interval size
Output:
I: initial intervals

I
n <— the number of observations in X
1< 0
Split the dataset into w equal length intervals (the last interval size might be less)
for j ={1,2,...,[n/w]} do
Calculate linear regression of [, where I; = {(xi11, ¥it1), - - - (Tjuws Yjuw) }
I+ TUlI;
14 J*xw
end for

R e A A A

We benefit from memoization and store the sum of squared error of each interval when
generating the base intervals. Having obtained the initial solution, we start with the merge
process. We iterate over the base intervals and check whether two intervals are eligible to
be merged. If they are, we merge the corresponding intervals. We keep iterating over all the
intervals at hand to check for a possible merge. Then, we start iterating over the intervals to
check for a possible split. The merge and split processes will be explained in more detail.

But at this point, it is necessary to explain the criteria to perform a merge or split.

When two intervals are merged, it is obvious that the SSE after the merge will not be
smaller than the total error resulting from the two intervals. Before merging, intervals were
represented by two different linear regressions. After, only one linear regression represents
all data inside the two intervals. If the regression error due to the merged interval were
smaller, the intervals before the merge would be represented by the same linear regression of
the interval after the merge. Because linear regression tries to fit a linear function with the
smallest error. In this case, the error of the merged interval will be at least equal to the total

error of the two intervals before the merge, but not less. Thus, regression error after a merge
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never decreases. Conversely, a split of an interval will decrease the SSE since each interval
after the split will be represented by a unique linear regression that fits at least as well as the
linear regression of the interval before the split. This fact leads to establishing the following

metric provided in Equation 5 to be used when checking for a merge or split operation.

o= Epr B (Epl + E(i+1)T)
- K
Zk‘il(EI((k—l)erl)(kw))

where E,,; and E; ), are errors of the intervals [,; and /; 1), respectively.

®)

This equation serves in two ways. First, if it is being used in a merge operation, it shows
the cost of the merge. Intervals [,; and [(;;1), show the intervals before merging and I,
shows the interval established via merging. Thus, this equation basically describes whether
the increase in the regression error due to merging is significant relative to the total error

from all intervals.

The second use of Equation 5 is in a split operation. This time I, shows the interval before
the split while I,,; and /(; 1), show the intervals established by the split from the breakpoint
. Equation 5 describes whether the decrease due to split provides a significant gain over the

total error of all intervals.

We check the cost of a merge or gain of a split provided by Equation 5 against a user-defined
threshold value: T, for the merge and 7 for the split. If the cost of a merge is less than 7,
we perform merging. Similarly, if the gain of a split is greater than 7, we perform a split.
At this point, we would like to emphasize the reason why two different threshold values are
used for the merge and split, although the cost and gain equations are the same. We check if
the merge cost is less than 7}, and if not we do not merge. This means that we do not allow
the regression error to increase if the cost is significantly higher. Conversely, in a split, we
check if the split gain is higher than 7 and if not we do not perform the split. Meaning, we
do not allow the split to be realized if the split does not provide a significant gain in terms of

the total error. Therefore, we do not perform split operations for minor shifts in the data, and
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we do not perform merge operations that prevent capturing significant structural shifts in the

data.

Algorithm 2 Merge(X, I,71,,,, M)
Input:

X: a multivariate dataset

I: current intervals

T,,: merge threshold

M: previously merged intervals

S: previously splitted intervals
Output:

I, M

1: p <« length(I)

2: whilei < (p—1) do

3 merge flag < false

4 ]left7 [righta ]merge <~ Iia I(i+1)a I; U I(i+1)
5: if /;erge notin M and I, 4. not in S then
6 M <+ MU Ipnerge
7 merge_flag < true
8

9

end if

: if merge_flag then
10: Fit a linear regression for /¢y ge
11: Calculate the cost using Equation 5 and store it in ¢
12: if |¢| < T,,, then
13: I <1 \ {Ileft; Iright} ) ]merge
14: p—p—1
15: end if
16: end if
17: 14+—1+1

18: end while

After obtaining K number of base intervals, we start to iterate over them to perform merge
operations. Let I, = {(z, ), ..., (@, 4:)} and Ity = {(@ig1, Yit1), .., (27, yr) } be the
intervals at some iteration where x,, < z; < x, and I,,, be the interval established by merging.
First, we check if I); and I(;;1), have been checked for merge or already split. If these
intervals have been established by split, we do not merge them again. If they have not been
split but have been checked for merging and were not eligible, we do not attempt to merge
them again. After, if they survive to be merged, the linear regression is computed for the
new interval [, and its error E,,, is calculated. Errors of the I,,; and /(;; 1), are not calculated
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again, but are instead obtained via memoization. Having obtained the regression errors of the
respective intervals, the merge cost is calculated by substituting the corresponding variables
in Equation 5. If the cost is less than 7}, the merge is performed. The pseudo-code of the

merge process is provided in Algorithm 2.

After we have iterated over all the intervals for the merge, we start the split process. In the
split process, we iterate over all the intervals and split the eligible ones. At each iteration,
we first check whether the interval is established by merging. If it is, we do not attempt to
split the interval. If not, then we first need to decide at which point the interval will be split.
For this, we establish a certain number of candidate split points to be split at and ultimately
choose only one for the split. Split number (r) parameter decides which and how many points
are the candidate split points. The interval is split into 7 split points with an equal number
of observations and these points constitute the candidate split points. However, minimum
interval size (u), which is another user-defined parameter, can cause some candidate split
points to be eliminated. The minimum interval size parameter determines the minimum
number of observations that each interval after the split should have. Hence, r and u together
determine the candidate split points. The following example illustrates the establishment of

candidate split points.

Let Iypi200) = {(2p,Up)s - - - (Tp4200, Ypt209) } e an interval with m = 300 observations,
and letr = 5 and v = 100. This means that the interval I, +299) can be split at a point chosen
from 5 possible points. There exists |m/(r + 1)] observations between each consecutive
candidate point. Each candidate point creates two intervals that differ in the number of

observations. The candidate points are shown in Figure 4.1.

(Tp+49, Ypt49) (Tp+149, Yp+149) (p4-249, Yp+249)

(@, Yp) (Tp199, Yp+99) (p41995 Yp+199) (p+299, Yp+299)

Figure 4.1 Candidate split points (shown in blue)

Each candidate split point is checked to see if it meets the minimum interval size requirement.
When the interval is split from (2,49, Yp+49), the number of observations to the left of it will
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be 50, which is less than the minimum interval size of 100. Therefore, this point is eliminated
and not checked to be split. Similarly, when the interval is split at (21249, Yp+249), the
number of observations to the right will be 50. Even though the left interval meets the
minimum interval size requirement of 50, this point is still eliminated because the right
interval does not meet the requirement. Therefore, only the remaining 3 points will be
checked to be split at. Figure 4.2 demonstrates the candidate split points elimination process.

In the figure, the points shown in red are eliminated while the green ones are eligible to be a

split point.
(Tp+49, Yp-+49)
(p, Yp) (2p+299, Yp+299)
Lp+99; Yp+99
( )
(.%‘p, yp) ($p+2997 yp+299)
(51/',)+1/19= :Up+1f19)
($p7 yp) ($p+2997 yp+299)
(51/';)+1s,)&)~, !/p+199)
(xpv yp) (:L‘p+299, yp+299)
(J7p+2495 yp+249)
(zp, Yp) (2p+299, Yp+299)
(Ip+ 149, Z/p+149)
(xp, Yp) (2p+995 Yp+99) (p4199, Yp+199) (Tp1299; Yp+299)

Figure 4.2 Split point elimination process (shown in red are discarded)

After deciding on the candidate split points, we compute the gain resulting from each point
by Equation 5 and select the point which provides the highest gain among them. If the

interval is not split at the selected point before, we check whether the corresponding gain is
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greater than 7, and if it is, we realize the split. The algorithm for the split process is given

in Algorithm 3.

Algorithm 3 Split(X, 1,75, r, u)

Input:
X: amultivariate dataset
I: current intervals
Ty split threshold
S previously splitted intervals
M: previously merged intervals
r: split number
u: minimum interval size
Output:
LS

: p < length(I)
: while : < pdo
if I; in M then
Skip to the next iteration

best_cost, best_point < —00, —00

Let s be the start point of /; and e be the end point of I;

1

2

3

4

5: end if
6

7

8 for jin {1,2,....,7} do
9

Let split_point be the j*" split point in interval I,

10: Let L(spiit_point) b€ the interval containing observations from s to split_point

11: Let I(spiit_point+1)e be the interval containing observations from (split_point + 1)
toe

12: if H[s(split,point) H <wuor H[(split,point—i-l)eH < u then

13: Skip to the next iteration

14: end if

15: Fit linear regressions for Iy (spiit_point) A0A I (spiit_poini+1)e

16: Calculate the cost using Equation 5 and update best_point and best_cost if |c| >
best_cost

17: end for

18: if |best_cost| > T, and I; not in S where the best_point is the corresponding
breakpoint then

19: S < S U I; /* add I; to split intervals along with the best_point */

20: I+ 1 \ Iz U {[left7 Iright}

21: p—p+1

22: end if

23: 1 1+1

24: end while
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Merge and split processes are performed consecutively on the available intervals until no
interval is found eligible for either a merge or split. A merge or split process is conducted
by iterating over all intervals, and when the iteration is complete, the next process is started.
At each phase, we store the information of the intervals processed earlier, so, we do not
consider the same intervals over and over again. The general framework of the proposed

merge-and-split heuristic (MaSH) is provided in Algorithm 4.

Algorithm 4 MergeAndSplitHeuristic(X, w, T,,, Ts, r, u)
Input:

X a multivariate dataset

w: base interval size

T,,,: merge threshold

Ty: split threshold

r: split number

w: minimum interval size
Output:

I: resulting intervals

1. M, S+ [],]]

2: I < GenerateBaselntervals(X, w)
3: repeat

4 I, M < Merge(X,I,T,,, M,S)

5 I,S « Split(X, I, T, S, M,r, u)

6: until no change occurs in the intervals [

Figures 4.3 to 4.9 show the execution of the proposed heuristic for sample data. The vertical
lines in black show all breakpoints. Orange and green vertical lines indicate the breakpoints
that are currently in a merge or split operation. Orange lines indicate that the current interval
is not eligible to be merged or split, while green lines indicate that the merge/split operation
has been performed. Red lines exist only in a split operation and show the candidate split
points of the corresponding interval. Figure 4.10 shows the resulting intervals after the
execution of the merge-and-split heuristic is completed. The total number of iterations is 3,
this means that the heuristic finds the solution after 3 iterations of merge and split processes.
Note that this does not mean that all existing intervals are iterated 3 times. Iterations are
reduced for each merge and split process due to the condition of not splitting a previously

merged interval and not merging a previously split interval.
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Figure 4.3 Execution of MaSH for sample data (1)
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Figure 4.4 Execution of MaSH for sample data (2)
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Figure 4.6 Execution of MaSH for sample data (4)
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Figure 4.7 Execution of MaSH for sample data (5)
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Figure 4.8 Execution of MaSH for sample data (6)
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Figure 4.9 Execution of MaSH for sample data (7)
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5. EXPERIMENTAL RESULTS

In this section, the computational work to assess the performance of the proposed MaSH

algorithm is presented.

The evaluation consists of two parts. First, the prediction performance and computational
efficiency of MaSH are evaluated against the commonly used machine learning algorithms.
In the second part, the fitting performance along with the computational efficiency of MaSH

are evaluated against a mixed-integer programming based PLR heuristic.

Evaluation is carried out with several real-world and synthetic datasets. In the following, the
datasets used in the experiments are introduced. Then, the evaluation metrics used in this

study are briefly summarized. Lastly, the details of the experiments are provided.

5.1. Datasets

5.1.1. Real-world Datasets

Nine real-world datasets obtained from online sources are used in the experiments. Eight of
them are obtained from UCI Machine Learning Repository and one from Kaggle. Table 5.1
shows the summary of the real-world datasets. In the table, the number of observations
and the number of features for each dataset are provided. Partition feature denotes the
independent feature of the data that MaSH splits from. In this study, the same partition

features as in study [3] are used for common datasets.

Figure 5.1 shows the scatter plot of each dataset with respect to the partition feature and
target variables. As can be seen from the figure, the datasets are highly non-linear and each

displays a different non-linear character.

Concrete Compressive Strength [37] dataset includes 8 independent variables such as cement
and age, and establishes a relation between them and the compressive strength of concrete.

This dataset consists of 1030 samples.
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Number of Number of Partition feature
Data

observations features
Concrete 1030 9 Age
Airfoil 1503 6 Frequency
Red Wine 1599 12 Alcohol
White Wine 4898 12 Volatile Acidity
WESAD S17-1BI 2138 2 1502435962
Power Plant 9565 5 Exhaust Vacuum
WESAD S8-EDA 26551 2 X
Temperature 45253 2 Datetime
Tetuan city power consumption 52416 9 Timestamp

Table 5.1 Real-world datasets used in this study

Airfoil Self-Noise [38] consists of 5 independent variables for estimating the noise level of

airfoils.

Red Wine [39] and White Wine [39] datasets predict the wine quality using physicochemical

features. Both datasets consist of 11 independent features.

Power Plant [40] contains 9565 observations collected between 2006 and 2011. This dataset

consists of 4 input variables to predict the plant’s energy output.

WESAD stands for Wearable Stress and Affect Detection [41] and includes observations
from 15 subjects obtained from wrist-worn and chest-worn devices in a laboratory
environment. This dataset includes physiological and motion data such as electrocardiogram,
electrodermal activity, blood volume pulse, respiration, and body temperature, etc. Each
data is kept in separate files with the corresponding timestamps of the record. Two dataset
instances are selected from the WESAD dataset, where data follows a non-linear trend.
One of them is the interbeat interval (IBI) dataset from subject 17. The second one is the

electrodermal activity (EDA) dataset of subject 8.

Tetuan city power consumption dataset [42] contains the electricity power consumption of
Tetuan city of Morocco. The data were collected every ten minutes for a one-year period.
Predictor variables include date time with ten-minute intervals, temperature, and humidity.
It was shown that the hour in which electricity is used is the most important predictor [42].
Therefore, timestamp values are extracted from date time values.
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Figure 5.1 Scatter plot of the real-world datasets with respect to partition feature and target variables

Hourly Temperature dataset [43] is obtained from Kaggle. It contains hourly temperature

data of 36 cities. Among them, a city’s data in which non-linearity is present is selected.

Hourly Temperature and WESAD are univariate datasets, while the rest are multivariate.
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5.1.2. Synthetic Datasets

PLR is most effective when structural shifts are present in the data. Therefore, synthetic
datasets containing structural shifts are created to better demonstrate the performance of
the PLR model. We use the data generation algorithm presented in [3]. In this algorithm,
there are three parameters for generating the data: data size (n), the number of independent
variables (m), and the number of intervals (/K). Data size is the number of observations in
the dataset. It has a direct effect on the computational efficiency of the PLR model. The more
observations exist, the more computations are required. The number of independent variables
represents the dimensions. It affects the regression coefficients. The number of intervals is
the number of linear functions to be estimated by the PLR model. It can show the number
of structural shifts in data. In addition to those parameters, noise is added systematically
to data. Noise can obscure the structure of the data. Therefore, it is added to demonstrate
the performance of the PLR model better. A fourth parameter in the algorithm is the seed
value. Seed value provides controlled randomness in data. Thanks to the seed value, different

datasets with exactly the same data size and the number of features are created.

In this thesis, two sets of synthetic datasets are created. The first set consists of three different
data size levels (1000, 3000, and 9000). The second set consists of larger datasets with data
sizes of (30000, 50000, and 100000). Both sets are created using three different levels of the
number of independent features (4, 8, and 16), and three different levels of the number of
intervals (3, 5, and 7). This leads to 54 different test cases generated. 3 different seed values

are used for each test case, thus producing a total of 162 datasets.

Both sets of synthetic datasets are used in testing the prediction performance of MaSH
against the machine learning algorithms. To test the fitting performance of MaSH, only
the first set consisting of the number of observations (1000, 3000, and 9000) is used. The

details will be provided in the corresponding sections.
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5.2. Evaluation Metrics

After obtaining a regression model from data, it is essential to evaluate the model to see
its performance and to observe how the model is good at predicting data that it has never
encountered. Regression metrics are used to evaluate the model and compare it with other

regression approaches.

5.2.1. Total Absolute Error (TAE)

Total absolute error (TAE) shows the sum of all absolute errors resulting from the model.

The equation of TAE is as follows:

TAE = ) |yi — il (6)
i=1
The absolute value of the error is taken to prevent negative and positive errors from canceling

out each other. TAE shows the sum of all errors and does not scale to data size.

5.2.2. Mean Absolute Error (MAE)

Mean absolute error (MAE) is calculated by taking the average of the TAE:

1

MAE = ﬁ; i — Uil (7
Thus, MAE is scaled to the data size. Datasets having different number of observations and
giving errors on the same scale can be compared with MAE. For example, if a model gives
errors on a scale of 0 to 10 for both datasets, a comparison can be made on which data the
model performs better, regardless of the number of observations the data contains. MAE
gets a value between zero and infinity. When the MAE approaches zero, it means that the
performance of the model is good.
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5.2.3. Mean Squared Error (MSE)

Mean squared error (MSE) is calculated by averaging the squared differences between
observed (actual) and predicted values. It is the average of the sum of squared errors (SSE).
Squaring differences ensures that no negative values exist and larger errors are weighted
more. Therefore, larger errors have more effect on the increase of the error while small
errors become smaller. This makes MSE more sensitive to outliers while MAE is considered
more robust in this regard. For this reason, MSE can be used in situations where larger errors

are desired to be eliminated. The formula of MSE is given below.

n

48 a2
MSE = n;(yz ¥i) (8)

5.2.4. Root Mean Squared Error (RMSE)

Root mean squared error (RMSE) is basically the square root of MSE and is calculated as

follows:

n

1
RMSE = | — i — Ui )2 9
22 =) ©)
MSE measures the error in the square unit of the target variable. RMSE takes the square root
and reduces the error back to the scale of the target variable, so the error becomes the same

unit as the target variable.

5.2.5. Mean Absolute Percentage Error (MAPE)

Mean absolute percentage error (MAPE) measures the regression error as a percentage.
This makes it easy to compare different datasets and different models in terms of predictive

accuracy. The formula of MAPE is provided below:
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n

MAPE — 100% Z

n -
=1

Yi — Ui

Yi

(10)

Due to division by target value, this metric does not give accurate measurements for datasets
with target values close to zero and cannot be used with target values that are zero. When

this case occurs, MAPE gives a very high value rather than a percentage.

5.2.6. Normalized Mean Absolute Percentage Error (n-MAPE)

The target values of the datasets we use in the experiments are zero or very close to zero.
Thus, to tackle the division by zero error, we introduce the metric normalized mean absolute
percentage error (n-MAPE) to be used in the comparison of different datasets. This metric
is similar to MAPE, but instead of taking the target value as the divisor, we take the range of

the target variable. The formula is given as follows:

100% i — Ui
n-MAPE — 100% > 0 (11)
n max(y) — min(y)

5.3. Experiments

In testing the performance of MaSH, we have two aims to pursue. The first one is testing
the prediction and/or fitting performance and the second one is testing the computational
efficiency of MaSH. To fulfill these aims, we design the experiments in two parts. In the
first part, MaSH is compared with some commonly used machine learning algorithms and
its prediction performance along with the computational efficiency is tested. In the second
part, we compare the fitting performance and computational efficiency of MaSH with the
column generation (CG) heuristic presented in [3], which is a mixed-integer programming

based PLR solution. Figure 5.2 shows the general picture of the experimental design.
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Figure 5.2 Experimental design

5.3.1. Comparison with the Machine Learning Algorithms

Machine learning algorithms experimented with in this study are decision tree (DT),
random forest (RF), XGBoost (XGB), XGBoost with random forest learners (XGBRF),
support vector machine (SVM), k-nearest neighbors (KNN), artificial neural network
(ANN), and multivariate adaptive regression splines (MARS). These are commonly used
machine learning algorithms in practice and are also frequently studied in the literature.
All experiments are conducted with Python 3.9. For all machine learning approaches,
scikit-learn [44] implementations are used. MaSH is also implemented as compatible with

scikit-learn.

Both real-world and synthetic datasets are used to assess the prediction and time performance
of each algorithm stated above along with MaSH. Each data is split into train and test sets
using 80 percent and 20 percent ratios, respectively. Then, a hyperparameter optimization

process is conducted on the train set for model selection. Cross-validation is used in the
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optimization to obtain prediction accuracy on out-of-sample observations (validation set).
For real-world datasets, 5-fold cross-validation is performed by repeating 10 times. At
each repetition, data is permuted randomly and the average performance is reported at the
end. Thus, the optimization process is conducted using various train and validation sets.
Grid-search methodology is used in searching the optimal hyperparameters. Hyperparameter
grids are formed for each method and dataset and candidate parameters are chosen
empirically based on the prediction performance on the validation set. For computational
feasibility, hyperparameter optimization process for the synthetic datasets is performed via
3-fold cross-validation. Because, the synthetic datasets are more in number, and the second

group of the synthetic datasets are greater in terms of the number of observations.

Hyperparameter grids are selected empirically to include the parameters that affect the
prediction performance most. Hyperparameter values are chosen separately for real-world
and synthetic datasets based on the prediction accuracy of the cross-validation. Table 5.2 and
Table 5.3 show the hyperparameter values of each method for the real-world and synthetic

datasets, respectively.

Method Hyperparameters

e Base interval size: 100, 150, 200, 300, 350, 500, 1000, 2000,
3000
* Merge threshold: 0.01, 0.02, 0.03, 0.04, 0.05, 0.1, 0.2
MaSH
¢ Split threshold: 0.01, 0.02, 0.03, 0.04, 0.05, 0.1, 0.2
e Split count: 10, 15, 20, 30

¢ Minimum interval size: 50, 100, 200, 500

e Minimum samples split: 2, 5, 15, 35, 50
Decision Tree

¢ Maximum depth: None, 5, 6,7, 8, 10, 15

Table 5.2 Hyperparameter grid values used for the real-world datasets (cont.).

Continue on the next page
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Method Hyperparameters

e Number of estimators: 5, 6,7, 8,9, 10, 11, 12, 13, 15
Random Forest * Maximum features: auto, log2

e Maximum depth: 5, 10, None

* Learning rate: 0.05, 0.1, 0.2, 0.3

e Maximum depth: 2, 3,4, 5,6
XGBoost

e Number of estimators: 100, 150, 200

e Subsample: 0.8, 1.0

* Learning rate: 0.01, 1.0, 1.05, 2.0
e Maximum depth: 1,2,3,4,5,6,7, 8
XGBRF
¢ Number of estimators: 100, 150, 200, 300, 500

e Subsample: 0.8, 1.0

¢ Kernel: Radial basis function (RBF)
¢ Gamma: Scale

SVM
e Strictness (C): 1,2,3,4,5

* Epsilon: 0.1,0.2,0.3, 1.0

e Number of neighbors: 3,5,7,9, 13, 19
KNN * Weights: uniform, distance

* Power parameter for the Minkowski metric: 1, 2

Table 5.2 Hyperparameter grid values used for the real-world datasets (cont.).

Continue on the next page
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Method Hyperparameters

Hidden layer sizes: 150, 200
Activation function: tanh, relu

Solver: Stochastic Gradient Descent (SGD), Adam

ANN
¢ Strength of the L2 regularization term ([44]): 0.1, 0.01, 0.001,
0.0001, 0.00001, 0.000001
 Learning rate: 0.1, 0.01, 0.001, 0.0001, 0.00001, 0.000001
* Maximum degree: 1, 2, 3
MARS
 Penalty: 1.0, 3.0
Table 5.2 Hyperparameter grid values used for the real-world datasets
Method Hyperparameters
* Base interval size: n/20, n/10, n/5
* Merge threshold: 0.01, 0.05, 0.1, 0.2, 0.3
 Split threshold: 0.01, 0.02, 0.03, 0.05, 0.1
MaSH

Split count: 10, 20, 30, 50
Minimum interval size: n/30, n/20, n/10

(n: number of observations)

Decision Tree

Minimum samples split: 2, 5, 15, 35, 50

Maximum depth: None, 5, 6, 7, 8, 10, 15

Table 5.3 Hyperparameter grid values used for the synthetic datasets (cont.).

Continue on the next page
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Method Hyperparameters

e Number of estimators: 10, 57, 105, 152, 200
Random Forest * Maximum features: auto, log2

e Maximum depth: 5, 10, None

* Learning rate: 0.05, 0.1, 0.2, 0.3

e Maximum depth: 2, 3,4, 5,6

XGBoost
¢ Number of estimators: 50, 100, 150, 300
¢ Subsample: 0.6, 0.8, 1.0
* Learning rate: 0.1, 1.0, 1.05, 2.0
XGBRE e Maximum depth: 1,3,5,6,7, 8
¢ Number of estimators: 100, 199, 230, 251, 459, 472
e Subsample: 0.8, 1.0
¢ Kernel: Radial basis function (RBF)
e Gamma: Scale
SVM * Strictness (C): 1,3, 5
* Epsilon: 0.1,0.2,0.3, 1.0
¢ Maximum number of iterations: None, 200
e Number of neighbors: 7, 13, 15, 17
KNN ¢ Weights: uniform, distance

* Power parameter for the Minkowski metric: 1, 2

Table 5.3 Hyperparameter grid values used for the synthetic datasets (cont.).

Continue on the next page
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Method Hyperparameters

* Hidden layer sizes: 50, 100, 200
e Activation function: relu

¢ Solver: Adam

ANN
¢ Strength of the L2 regularization term ([44]): 0.1, 0.01, 0.001,
0.0001, 0.00001, 0.000001
e Learning rate: 0.1, 0.01, 0.001, 0.0001, 0.00001, 0.000001
* Maximum degree: 1, 2, 3
MARS

 Penalty: 3.0

Table 5.3 Hyperparameter grid values used for the synthetic datasets

After obtaining the best hyperparameter combinations with the optimization process, each
algorithm is trained on the entire train set using the best parameters of the respective
algorithm. Afterward, each model is used for the prediction of the unseen test set and its

prediction performance is obtained.

In the following, we present the experimental results. We prefer to give the results on a
logarithmic scale rather than a linear scale. In a logarithmic scale, the logarithm of a number
is used instead of the number itself. On a linear scale, equal distances between each point
show equal differences. On the other hand, on a logarithmic scale, the difference between two
values is not equal to the difference between the actual values. For example, the logarithm
base 10 of 100 is 2, and the logarithm base 10 of 10000 is 4. The difference between the
logarithmic values is 2, but the difference between the actual values is 9900. Because of
this, the logarithmic scale allows to display a large range of values more clearly. The results
we obtain can contain a large range of values, and to be able to observe the difference, we
present them on a logarithmic scale when needed. The captions below each figure indicate

whether the scale is logarithmic.
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Figure 5.3 and Figure 5.4 show the n-MAPE scores and train times of each approach for the
Concrete dataset. Both n-MAPE scores and time values are in the logarithmic scale. When
n-MAPE values are examined, it can be seen that MaSH shows a competitive performance.
Some approaches including XGB, RF, and XGBRF produces better n-MAPE scores but
MaSH outperforms decision tree, SVM, KNN, ANN, and MARS. When the time values
are examined, KNN, RF, and decision tree seem to be more computationally efficient than
MaSH. However, MaSH outperforms the rest with its computation time. Especially, XGB is
the top performant algorithm with its n-MAPE score, but the time efficiency falls behind the

aforementioned approaches.
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Figures 5.5 and 5.6 show the predictive accuracy and time efficiency for the dataset Airfoil
Self Noise. As can be observed from Figure 5.5, again, XGBoost appears to be the top
performant algorithm, despite its time efficiency is not that good. Decision tree and KNN
have the lowest computation times, whereas random forest and MaSH come after them.
MARS appears to have the worse computational efficiency. We would like to emphasize that
the predictive accuracy of MARS and MaSH seems very similar. However, MaSH is much

better in terms of time efficiency.
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Figure 5.7 Red Wine Quality - n-MAPE scores  Figure 5.8 Red Wine Quality - Train times
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In Figure 5.7, we can see the n-MAPE scores of each method for the Red Wine Quality
dataset. Random forest, XGBoost, and KNN are the top approaches with their predictive
accuracy where random forest is the best. MaSH and MARS follow the first three. Recall that
the values are in the logarithmic scale. For this reason, for instance, the difference between
RF and MaSH seems large but RF has an n-MAPE score of approximately 8.5% whereas
MaSH has approximately 9.5%. Overall, the range of n-MAPE scores lies between 8% to
11% and all algorithms show a good performance on this dataset. As for time efficiency,
we can refer decision tree and KNN as the best algorithms. MaSH comes after them and is
better than the rest in terms of time efficiency. Again, we can see that the n-MAPE scores of

MaSH and MARS are similar, but the computation time of MaSH is shorter.

We see the WESAD S17-IBI dataset scores in Figures 5.9 and 5.10. For this dataset, KNN is
the best algorithm in terms of predictive accuracy and ranks second with its time efficiency,
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while decision tree is the first. In terms of n-MAPE scores, RF and XGB follow KNN, and
decision tree ranks fourth. MARS and MaSH produce close n-MAPE scores, while ANN

appears to be the worst. MARS and ANN have the longest execution times.
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Figure 5.11 shows the n-MAPE scores for the White Wine Quality dataset. Similar to the Red
Wine Quality, all approaches produce close scores. However, for the spirit of comparison,
we present the graph on a logarithmic scale to be able to see the differences between them.
For this dataset, RF seems as the top-performant algorithm. XGB and KNN rank second and
third. Decision tree, MARS, MaSH, and ANN produce close n-MAPE values whereas SVM
ranks last. When the computation times are examined from Figure 5.12, we observe that
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decision tree and KNN are better than the rest and MaSH comes after them. We see that the

computational efficiency of MaSH is much better than MARS despite their n-MAPE scores

being similar.
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Figure 5.13 and 5.14 show the n-MAPE scores and train times for the Power Plant dataset.
We see that XGB and RF outperform others with their n-MAPE values. MaSH shows
comparable predictive accuracy and produces scores similar to MARS while outperforming

SVM and ANN. The time efficiency of MaSH is better than most approaches, only decision

tree and KNN are better.
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n-MAPE and time scores for WESAD S8-EDA dataset are provided in Figures 5.15 and 5.16.
Random forest, KNN, and decision tree produce better n-MAPE scores than the rest. XGB
and XGBRF come after them. MaSH and MARS produce close n-MAPE scores, but similar
to the previous instances, the time efficiency of MaSH is much better than MARS. MaSH is
better than most of the instances in terms of time efficiency, while KNN and decision tree

are the best.
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Figure 5.17 Temperature - n-MAPE scores Figure 5.18 Temperature - Train times
(logarithmic scale) (logarithmic scale)

We see the n-MAPE scores and time efficiencies for the Temperature dataset in
Figure 5.17 and 5.18. We see from Figure 5.17 that MaSH shows a comparable predictive
accuracy. Random forest outperforms all approaches, followed by KNN and decision tree.
These three approaches show noticeably better predictive performance compared to the
others. XGBoost and MARS come after them. MaSH follows XGBoost and MARS,
and outperforms XGBRF, SVM, and ANN. We see the time efficiency of each method in
Figure 5.18. While KNN and decision tree have better time efficiency than the others, MaSH

follows them in the third rank, outperforming the rest.

Figure 5.19 and 5.20 show the scores for the Tetuan Power Consumption dataset. In terms
of n-MAPE scores, KNN, random forest, and decision tree are the top three performant
algorithms, followed by XGBoost. MaSH, XGBRF, and MARS produce similar n-MAPE
scores and outperform SVM and ANN. We see the time efficiency of each algorithm in
Figure 5.20. MaSH and KNN outperform the others and decision tree comes after the two.
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As in other instances, we still observe a similar view for MaSH and MARS in terms of
prediction and computational performance. The n-MAPE scores of the two approaches are

very similar, but MaSH is much better than MARS in terms of time efficiency.

We provide the scores for each real-world dataset separately. It can be clearly seen that there
is no rule-of-thumb algorithm that works best for all datasets. An approach can be the best
in one dataset and worse in another one. Therefore, we provide box and whisker plots (box
plots in short) for each algorithm in the following. Box plots show the general performance

of an algorithm across all datasets.

The “box” in a box plot shows the interquartile range of the numerical data it displays and
represents half of the scores, which are between 25% and 75% of the numerical data. The
vertical lines outside of a box are “whiskers”. The lower whisker shows the first 25% and
the upper whisker shows the last 25%, which is between 75% and 100% of the numerical
data. The end of a lower whisker is the minimum value and the end of an upper whisker is
the maximum value. The individual points show the outliers, so these points are significantly
different than the other values. The line inside a box show the median of the numerical
data. One box plot being shorter than the other indicates that the numerical data it represents
contains values close to each other. In terms of the current context, if an algorithm has a

shorter box plot, this indicates that it produces consistent results across all datasets.
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Figure 5.21 Error scores of each method for all real-world datasets (logarithmic scale)
A shorter box plot is better and shows the consistency of an approach.
e.g. for the n-MAPE case, SVM produces consistent scores despite falling behind most
approaches.

Figure 5.21 shows the error scores of each method across all the real-world datasets. All
error metrics indicate that MaSH remains competitive with the popular machine learning
algorithms. It displays an average performance overall and even outperforms SVM and
ANN in all metrics. It shows very similar scores to MARS and XGBRF, but MaSH’s time
efficiency is superior to both. From the figure, we see that MSE, RMSE, and MAE metrics
provide a similar picture, whereas n-MAPE values show a distinction between them. Box
plots of decision tree, random forest, and KNN become taller. This indicates that these
algorithms produce scores with a larger variability across all datasets. Conversely, box plots

of SVM and ANN become shorter. Particularly, the length of SVM’s box plot shrinks
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significantly. Hence, we can claim that SVM produces consistent scores despite falling
behind most algorithms. Also, MaSH and MARS seem to be more consistent in terms of

n-MAPE scores.

To compare the time efficiency of algorithms, train and test processes are repeated five times
for each dataset and method, and the average is taken as the result. Time is taken as the
sum of the training and prediction times. Computation times for the real-world datasets are

demonstrated in Figure 5.24.
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Figure 5.24 Time comparison for real-world data

Figure 5.22 shows the total time of each algorithm across all datasets. Decision tree and KNN
stand as the fastest methods whereas MARS seems to be the slowest. Median values of SVM
and ANN are close, but the time efficiency of SVM has more variety across datasets. XGBRF
and XGB follow each other whereas the latter has a better time score. Random forest is better
on average than XGB, but XGB provides more consistent time scores across datasets. MaSH
ranks third and is consistent in producing results within computational efficiency. Figure 5.23
shows the time efficiency of each method with respect to data size. We also see here that

MaSH ranks third and its computational efficiency does not increase much as data grows.

Figure 5.25 shows the error scores of each method for all synthetic datasets. All error
measures reveal that MaSH surpasses MARS, SVM, KNN, XGBRF and decision tree in
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Figure 5.25 Error scores of each method for all synthetic datasets (logarithmic scale)

terms of prediction performance. The median values of random forest and ANN are less
than MaSH, but the greatest error that MaSH gives is less than both. XGBoost appears to
be producing the best n-MAPE scores on average, whereas ANN have the smallest n-MAPE

score. Overall, MaSH produces more consistent scores across datasets.

Figure 5.26 shows the n-MAPE scores of each method according to different data size levels.
When we take a look at the n-MAPE scores of MaSH for each data size level, we can observe
that its prediction performance remains consistent. Data size does not have a considerable
effect on MaSH. When the number of observations is 1000 and 3000, MaSH has the best
scores. When data size is 3000, it outperforms decision tree, XGBRF, SVM, KNN, and
MARS, and is slightly behind the remaining algorithms. Median n-MAPE scores of MaSH

is around 6%. As data grows, the prediction performance of MaSH increases a bit and its
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Figure 5.26 n-MAPE scores of each method for synthetic datasets with respect to data size levels
(logarithmic scale)

median becomes around 4%. It keeps outperforming MARS, KNN, XGBRF, SVM, and
decision tree. We see that XGBoost gets better when the number of observations increase,
and ANN follows it closely on average. Random forest and MaSH produce close scores
in the largest three data size levels. Overall, we find that MaSH remains competitive, and

outperforms all algorithms on the two smallest data sizes 1000 and 3000.

Computational time comparison for synthetic datasets is also performed by repeating training
and test processes five times. In this part of the experiment, we impose a 300-second time
limit for each algorithm. All algorithms but SVM and MARS provide a result within this
time limit. For a total of 162 instances, SVM cannot yield results for 16 instances whereas
MARS cannot for 11 instances. Time performance of each algorithm for each data size level

is provided in Figure 5.27.

Looking at the time performance of MaSH, we can state that data size has little effect on
its time efficiency. For the smallest data size levels, its execution times remain under a

second. For the remaining data sizes 30000, 50000, and 100000, the median values across all
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Figure 5.27 Total time scores of each method for synthetic datasets with respect to data size levels
(logarithmic scale)

datasets keep remaining under a second while the maximum time value is about 2 seconds.
KNN is the fastest method when the number of observations is 1000. However, as data
grows, its time efficiency decreases. Random forest also fails to scale with data size. It is
moderately good at the smallest data size compared to the others but becomes one of the
worst in terms of time efficiency as data grows. SVM displays a similar trend, but data size
has more of an impact on SVM. It ranks third when the data size is 1000, but as the number
of observations increases, it loses time efficiency and turns out to be the last at the largest
data size level. ANN appears to have a low time efficiency even with the smallest data sizes
while MARS is the slowest among all. As data grows, ANN catches up with MARS in this
regard. Nevertheless, the growth rate of its computation time is less than SVM and random
forest. We see a tremendous increase in the computation times of SVM and random forest
as data gets larger. XGB and XGBRF follow each other closely for all data size levels,
whereas XGB is better in all cases. We see that both keep showing moderately good time
performance as data size increases. On average, XGBoost produces time scores very close

to MaSH when the number of observations is 1000, but MaSH surpasses it as the data grows
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larger. Regarding time efficiency, decision tree appears to be superior to all algorithms for
most data size levels. In particular, it ranks first at data size levels of 9000, 30000, 50000,
and 100000. Nevertheless, we find that the rise in its computation time is greater than MaSH

as data grows. Therefore, we can claim that MaSH is the most robust method in terms of

time efficiency.
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Figure 5.28 Computation time trends of each method at different data size levels (logarithmic scale
on y-axis)

Computation time trends for different data size levels are provided in Figure 5.28 as a line
plot. The time values in this plot are taken on a logarithmic scale. We can also observe from
this figure that MaSH scales well with data size in terms of time efficiency. It is average
when the number of observations is smaller and ranks as second at the largest data size.

Particularly, we see that decision tree and MaSH converge as data gets larger.

Figure 5.29 shows the log-log plot of computation times for different data size levels, i.e.

both time and data size values are in the logarithmic scale. Log-log plots allow comparing
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Figure 5.29 Computation time trends of each method at different data size levels (logarithmic scale
on x and y axes)

the relative changes between each point on the graph. In Figure 5.29, each point represents
the data size levels 1000, 3000, 9000, 30000, 50000, and 100000 respectively. Looking at
the graph, we see that the computation times of all approaches increase as data grows, except
that the computation times of MARS decrease as the data grows from 3000 to 9000. We
see that SVM has the steepest line and it ends up having the worst computation time at the
largest data size of 100000. Random forest also has a steep line. Computational efficiency
of KNN is at a good level compared to the other approaches but we see that the increase rate
of its execution time is high. The increase rate of XGBoost’s computation time is almost
constant. We see a slightly different slope between data sizes of 1000 and 3000, but we
observe a straight line as the data grows larger. XGBoost and XGBRF are similar in terms
of the increase rate in computation time when the data sizes are 1000, 3000, and 9000.
However, the increase rate of XGBREF is less when data grows from 9000 to 30000. ANN

does not show a constant increase rate. Its computation time increases from 9000 to 30000
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more than from 30000 to 50000. Decision tree is the top-ranked algorithm for all data size
levels. However, its increase rate is higher than that of MaSH. MaSH appears to have the
smallest computation time increase rate. The line between data size levels of 3000 to 9000 is
almost a horizontal line and even has a negative slope, since the computation time decreases
slightly. When data grows from 9000 to 100000, MaSH has a straight line and the slope is
small. Therefore, we can restate our claim that MaSH appears to be the most robust approach

in terms of computational efficiency.
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Figure 5.30 Computation times of MaSH for different data size levels

We provide the computation times of MaSH in Figure 5.30. It can be clearly seen that the

computation times of MaSH show a smooth increase as data size grows and remains under a

second on average.
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5.3.2. Comparison with the Column Generation Heuristic

In this section, MaSH is compared with a mixed-integer programming based PLR solution,
namely column generation (CG) heuristic presented in [3]. In study [3], prediction scores are
not reported, instead, the entire dataset is used in fitting. Therefore, we perform experiments
accordingly and use the entire data to compare the fitting performance of MaSH with the CG
heuristic. We use synthetic datasets with the number of observations of 1000, 3000, and 9000
in the experiments. We do not use larger datasets in this part of the experiments, because
the computation times of the CG heuristic are impractical for such data. The error metric
reported in [3] for fitting performance is total absolute error (TAE), so we use the same metric
to provide a comparison accordingly. We also compare the computational efficiency of each
algorithm. In the study [3], a time limit of 200 seconds is imposed for the experiments. We

use a 300-second time limit in the experiments, but we never hit even 200 seconds limit.
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Figure 5.31 Total absolute error scores (TAE) of Figure 5.32 Computation times of MaSH and
MaSH and CG for different data size CG for different data size levels
levels (logarithmic scale on y-axis)

Figure 5.31 shows the TAE scores of MaSH and CG for each data size level. When the
number of observations is 1000, CG is barely better than MaSH. For the remaining two data
size levels, we can clearly observe that the proposed MaSH algorithm outperforms the CG
heuristic. Column generation is a mathematical programming based heuristic. Therefore, it

is expected to yield an optimal solution, and it does when the data size is 1000. However,
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when the number of observations increases, it cannot further converge the optimal value
within the given time limit. The surprising result we found is the out-performance of MaSH
in the other two cases. Because we initially aim to solve PLR problem in a computationally
efficient manner by compromising some accuracy. Nevertheless, the results indicate that
MaSH outperforms CG in terms of fitting accuracy with efficient computation times. From
Figure 5.32, we clearly observe that MaSH outperforms CG in a much more efficient way.
Note that CG hits the 200 seconds boundary after the number of observations gets greater

than 3000. Therefore, the actual computation times would be even more.
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I CG I CG
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3000 3000
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Figure 5.33 TAE vs. number of features Figure 5.34 TAE vs. number of intervals

We provide the comparison of MaSH and CG with respect to different number of feature and
number of interval levels in Figure 5.33 and Figure 5.34. Figures demonstrate that MaSH
and CG follow a similar trend in all instances. Their median values are very close to each
other and there are slight differences between them without any particular order. We can

claim that MaSH is better than CG heuristic in that its worst scores are less than CG.
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6. CONCLUSION

In this thesis, piecewise linear regression problem is addressed. Particularly, the PLR
problem defined in [5] and further studied in [3] is adopted. In this PLR problem definition,
multivariate datasets are considered where data is partitioned into intervals using a known
feature and each interval is represented by a distinct multivariate linear regression. In the
literature, there exist several studies that address the PLR problem and solve it with different
approaches. We present the studies that exist in the literature by classifying them into
three groups: solutions adopting dynamic programming, solutions adopting mathematical
programming methodologies, and solutions adopting heuristic approaches. Some studies
may present a solution by combining these approaches. In this case, we classify them
according to the primary methodology presented in the paper. The work in this thesis
falls in category three. A heuristic algorithm, namely merge-and-split heuristic (MaSH), is
proposed in this study, where the main aim is to be able to handle even larger datasets without
sacrificing computational efficiency within acceptable prediction/fitting scores. Unlike most
of the studies present in the literature, MaSH does not require a predefined number of

intervals.

We compare the computational efficiency and prediction performance of MaSH with
well-known machine learning algorithms including decision tree, random forest, XGBoost,
XGBoost with random forest learners, SVM, KNN, ANN, and MARS. In the experiments,
we use real-world and synthetic datasets and show that MaSH remains competitive for
real-world datasets, and even outperforms SVM and ANN. Also, it provides very similar
scores to MARS, yet MaSH has much better computational efficiency. For synthetic datasets,
we show that MaSH outperforms most of the experimented machine learning algorithms,
and competes with the rest. We also provide a comparison with respect to different data size
levels. We find that MaSH remains robust in terms of prediction performance across different
data sizes. As for the comparison of computational efficiency, we show that MaSH scales
well even for larger datasets. It shows a smooth increase as data grows and its execution time

is in milliseconds even for the largest data sizes.
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We also present a comparison of MaSH with the column generation (CG) ([3]) heuristic
which is a mixed-integer linear programming (MILP) based PLR solution. We compare the
fitting performance of MaSH against CG and show that MaSH is better in most cases. This is
to our surprise because initially we aim for a computationally efficient solution, and presume
this will compromise some accuracy. However, the results show that MaSH performs well in
terms of fitting efficiency as well as time efficiency. We claim this by examining the smallest
data size. CG cannot converge well for larger datasets, but it converges well when data is
smaller. Therefore, we find that the fitting performance of MaSH is quite well since it outputs
nearly the same scores as CG in the smallest data sizes. Besides, it finds the solution in very
short execution times. We do not provide a time efficiency comparison with CG because it is

obvious that MaSH is much faster than CG which uses MILP.

Overall, when the results are examined, we find the proposed heuristic very promising.
First, its computational efficiency is really at a good level. Therefore, we achieve our
goal of solving PLR for much larger datasets in computationally practical times. Second,
it demonstrates good prediction and fitting accuracy. We provide scores in different error
metrics and compare it to a number of algorithms including various machine learning
approaches and a mathematical programming based PLR heuristic. Third, we would like
to draw attention that interpretability is a trending concept in machine learning. Among the
aforementioned machine learning algorithms, only decision tree and MARS are considered
as interpretable algorithms. We show that MaSH is far better than both when the prediction
and computation efficiency results are considered together. Consequently, MaSH is a

promising approach with the interpretability it provides.

For future research, MaSH can be used as an acceleration tool and used with sophisticated
methods to provide an initial solution to reach the optimal solution faster. Also, the single
partition feature can be selected in the algorithm itself. Moreover, more than one partition
feature can be used to separate data points in multidimensional space. In addition to all
of that, hyperparameters of the proposed solution can be selected dynamically rather than
one-time fixed parameters. This dynamic approach would be according to an iteration count

or would be selected in a data-specific manner.
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