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ABSTRACT

In this study, we consider a multiple-item Economic Lot Sizing problem where the
demands for items depend on their stock quantities. The objective is to find a pro-
duction plan such that the resulting stock levels (and hence demands) maximize total
profit over a finite planning horizon. The single-item version of this problem has been
studied in the literature, and a polynomial time algorithm has been proposed when
there are no bounds on production. It has also been proven that the single item version
is N'P-hard even when there are constant (i.e, time-invariant) finite capacities on pro-
duction. We extend this capacitated single-item model by considering multiple-item.
Since the single-item capacitated version is NP-hard, the multiple-item capacitated
version is N'P-hard as well. In the context of this research, we propose a Lagrangian
Relaxation method to find an initial solution to the problem, and a Tabu Search
algorithm to find better solutions. The performance of the proposed metaheuristic
model is compared with the performance of a standard commercial software that
works on a mixed integer programming formulation of the problem. We show that

our metaheuristic algorithm finds better solutions within a predetermined time limit.
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OZETCE

Bu projede talebin stoga bagli oldugu ¢ok tiriinlii ekonomik obek biiytikliigii belirleme
problemini ele aliyoruz. Bu problemde amacimiz stok seviyelerinin ve dolayisiyla tale-
plerin sinirh bir planlama ufku boyunca toplam geliri maksimize edecegi bir tiretim
plani olusturmaktir. Bu problemin tek tirtinlii versiyonu literatiirde yer almaktir ve
tiretimde kapasite kisit1 olmadigi durumlarda, polinom zamanlh c¢oziilebilmektedir.
Eger modele kapasite dahil edilirse ve bu kapasitelerin zamanla sabit kaldigi du-
rumlarda, tek triinlii problemin NP-zor oldugu gosterilmistir. Biz bu modeli tiriin
sayisimi arttiracak sekilde genigletiyoruz. Eger tek iirtinli model N'P-zor ise cok
uriinlii model de N'P-zor’dur. Bu arastirma icinde, baslangic ¢oziimii bulmak igin
Lagranj gevsetme yoOntemini, ve daha iyi sonuclar bulmak i¢in Tabu Arama algo-
ritmasini oneriyoruz. Onerilen metasezgisel modelin performansi, problemin karma
tamsayil programlama formiilasyonu iizerinde ¢aligan ticari yazilimin performansi ile
kargilagtirilir. Metasezgisel algoritmamizin belirlenmis bir zaman sinir1 i¢inde daha

iyi ¢coziimler buldugunu gosteriyoruz.
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CHAPTER 1

INTRODUCTION

In the retail sector, the main purpose is to increase sales and revenues. There are
several ways to achieve this purpose. One of them is increasing sales by increasing
visible stock levels. It is observed in many cases that increasing the visible stock
levels also increases customer demand for some product categories. [I] proposes that
increasing the stock level of a product can increase sales for a variety of reasons such
as indicating freshness (for food products), stimulating hidden demand, pointing out
a popular product, offering customers reassurance about high service standards, and
availability in the future. There is a lot of research on the hypothesis that if the
visibility of stock increases, then demand also increases. These studies recommend
that retailers should concentrate on visible stock levels while making inventory plans.
However, retailers cannot increase stock levels indefinitely due to limited storage
capacities. Furthermore, companies in the retail sector, are trying to increase the
number of alternatives that they offer to their customers. Along with the increasing
number of alternatives to offer, even a bigger struggle begins among products for
limited shelf space. Therefore, it is never easy for retail companies to arrange large
numbers of products in locations with limited storage space. Even if there is an
unlimited shelf space, due to perishability, stock levels of some items can not be
increased indefinitely.

In this paper, we consider a multiple-item economic lot sizing problem where the
demands of items depend on their stock quantities. Our main aim is to find a pro-

duction plan to maximize total profit over a finite planning horizon. We assume that



demand is a non-decreasing and convex function of inventory available after produc-
tion. We assume that there are time-variant production which means that capaci-
ties are not constant over time. Obviously, this multiple-item problem is N'P-hard.
Therefore, we propose a metaheuristic solution method to the problem. In particu-
lar, we utilize Lagrangian Relaxation to find an initial solution and the Tabu Search
algorithm to reach better solutions. We generate several test instances and compare
the performance of our proposed Tabu Search algorithm with the performance of
commercial software which works on a mixed integer programming formulation of the

problem.

1.1 Previous Work

The economic lot-sizing problems have been studied in the literature since the 1950s
when they were first time introduced by [2]. In the single-item ELS model of [2],
there are demands for an item over the discrete and finite planning horizon. There
are production, set-up, and inventory carrying costs. The aim is to find a minimum-
cost production plan to satisfy demands in each discrete time period. This model
is the simplest version created on this subject. To this day, it has been extended
in several ways. Some of these studies assume bounded production or inventory
storage, some incorporate shortages, some incorporate back ordering, some consider
re-manufacturing options, and some assume a multi-level structure where the items
should follow a series of procedures or should go through several locations before
satisfying the demand. For instance, [3] and [4] analyze ELS problem with finite
production capacities. They propose a dynamic programming algorithm when ca-
pacities are time-invariant, i.e., when capacities are constant over time. [5] and [0]
prove that single item economic lot sizing problems are NP-hard when capacities are

time-varying. [6] list several N'P-hard cases of the ELS with production capacities.



[7] works on an ELS problem where backlogging is allowed in a multi-echelon struc-
ture. [§] works on an ELS model with finite production and inventory bounds in each
period. In all the ELS models listed above, there is a single item, and demands are
predetermined.

The multiple-item ELS problems are widely covered in the literature, as are the
single-item ELS problems. [6] work on multiple-item capacitated problems and prove
that problem is N'P-hard when capacities are non-increasing over time. In accordance
with the literature, we say a problem is capacitated if there are finite production ca-
pacities, and uncapacitated, if there are no production capacity restrictions or produc-
tion capacities are infinite. [9] develop a part-period balancing heuristic method to
solve multiple-item multi-level capacitated lot-sizing problems to prevent shortages
and inventory overages. [10] works on uncapacitated multiple-item economic lot-
sizing problems with re-manufacturing and utilizes an approach that decomposes the
multiple-item problem into several single-item problems. [I1] works with Lagrangian
Relaxation and dynamic programming to solve time-varying demands with setup
times. [12] prove that the multiple-item capacitated lot-sizing problem is N'P-hard
and they suggest applying the Lagrangian algorithm to the capacity constraint.

The majority of ELS problems in the literature assume that demand is given
as a parameter and known in advance. However, demand might change with some
decisions in a limited planning horizon and this change should be integrated into
the production plan. There is limited research on models that assume demand is
a function of other decision variables. [I3] assumes that demand can change as a
function of the price for an item. [I4] and [I5] work on single-item lot sizing problems
where demand is a function of price under time-invariant production capacities. In
[13], [14] and [15], the objective function is to maximize profit, not to minimize costs.
[16] develop a dynamic programming algorithm to solve a single-item uncapacitated

lot sizing problem in a two-echelon structure, where demand is a function of price. In



addition to these studies, [I7] develop a branch-and-price algorithm for a multiple-
item capacitated ELS problem where demand is affected by the pricing decisions.
[13] and [18] also work on single-item uncapacitated ELS problems where demand is
a function of price. They propose algorithms that can be implemented in polynomial
time.

The first paper that incorporates stock-dependent demand in an ELS framework
is [19]. They analyze a single-item economic lot sizing problem where demands are
stock-dependent. They refer to their problem as ELSIDD, which is short for Economic
Lot Sizing with Inventory Dependent Demand. In [19], the demand at discrete times
varies with the amount of inventory under capacity restriction. They propose dynamic
programming for the uncapacitated version of the problem. They also prove that the
problem becomes NP-hard even under time-invariant production capacities. Their
work makes the foundation for the work presented in this thesis, where we analyze the
multiple-item capacitated ELSIDD problem. Needless to say, since the single-item
capacitated ELSIDD problem is NP-hard, the multiple-item capacitated ELSIDD
problem is also ANP-hard. This justifies the application of heuristic algorithms to
solve this problem. In this thesis, we propose a Lagrangian Relaxation method to
find an initial solution, and a Tabu Search algorithm to find better solutions for the
multiple-item capacitated version of this problem.

Lagrangian Relaxation method has been utilized for decomposing problems since
the 1970s. It is a well-known technique, used to find good lower and upper bounds in
some problem classes. [20] has a comprehensive review of the work done about the
Lagrangian Relaxation method. Briefly, in the Lagrangian Relaxation method, the
constraints that make the problem complicated are removed from the constraint set
and added to the objective function with a vector of penalty multipliers, which are also
called Langrangian multipliers. This process of replacing a constraint is sometimes

called the dualization of the constraint. The problem obtained this way is called the



Lagrangian Relazation of the original problem. For any set of non-negative Lagrange
multipliers, the solution to the Lagrangian Relaxation of the problem provides a
bound for the original problem. Then, the aim is to find those values of the Lagrange
multipliers that provide the tightest bound. The problem of finding optimal dual
multipliers is called the Lagrangian Dual problem. Lagrangian Dual problem is a
convex optimization problem, and hence a sub-gradient method can be utilized to
determine the optimal values of the Lagrange multipliers. The performance of the
sub-gradient method heavily depends on the step lengths and iteration number. [21]
discusses some methods to determine the step length. [22] shows graphically that even
if the formulation of step length changes, after some iteration number the objective
function value will not improve.

Some NP-hard problems consist of polynomially solvable sub-problems that are
combined (or tied) with some set of constraints, which make them complicated to
solve. When these tying constraints are dualized, the resulting problem is decomposed
into several easy-to-solve independent sub-problems. For instance, in multiple-item
ELS problems with production capacities, capacity constraints are usually the only
tying constraints. If these capacity constraints are dualized, the resulting problem
is just a group of independent single-item ELS problems. This special structure
of multiple-item ELS problems inspires many researchers to apply the Lagrangian
Relaxation method to such problems. [11], [23], [24], [25], and [26] utilize Lagrangian
Relaxation to solve ELS problems. The common point between them is that they all
try to minimize cost and work with capacitated ELS. Since the capacity constraint is
the complicating constraint, in all, they dualize the capacity constraints.

For handling complex combinatorial problems, metaheuristics like Tabu Search
(TSA), Simulated Annealing (SA), and Genetic Algorithms (GA) have gained pop-

ularity in recent years. In the literature, researchers utilize mostly Genetic, Tabu



Search, Greedy, Simulated Annealing algorithms or hybrid versions of these algo-
rithms in ELS problems. [27] work on multiple-item capacitated ELS problems
considering back orders and develop two hybrid heuristics: the GA/SA algorithm
and Lagrangian Relaxation/SA algorithm. Since Lagrangian Relaxation provides the
tightest upper bound and promising initial solutions, a hybrid of Lagrangian Relax-
ation/SA algorithms provides better results. Also, [28] has comprehensive research
about the Genetic algorithm in the different varieties of economic lot-sizing prob-
lems. [29] utilize the Tabu Search algorithm that includes penalty costs on infeasible
solutions in capacitated economic lot sizing problems. [30] develop Tabu Search algo-
rithm for economic lot sizing problem re-manufacturing. [31] develop general variable
neighborhood search for multiple-item lot-sizing problems with product returns and
recovery. In [31], uses classical neighborhood search with shifting the production pe-
riods for finding an initial solution then a constructive heuristic is developed. [30]
select [31]’s work as a benchmark and [30]’s algorithms give better solution in a less
time.

The remainder of this thesis is organized as follows. Since it makes the foundation
of our study, we start by summarizing the single-item ELSIDD model of [19] in Section
(IT). Then, in the same section, we present our multiple-item ELSIDD model. In
Section (IIT), we present the details of the Lagrangian Relaxation method and Tabu
Search algorithm for the multiple-item ELSIDD problem. Lastly, in Section (IV), we
test the effectiveness of our solution method by comparing Tabu Search algorithm

performance with the performance of a commercial solver.



CHAPTER 11

DETAILED PROBLEM DESCRIPTION

2.1 ELSIDD with multiple-item

The multiple-item ELSIDD problem is an extension of the single-item Economic Lot
Sizing (ELS) problem where the demand for each item is a function of the amount
of available stock of that item. The multiple-item ELSIDD is defined over a discrete
and finite planning horizon of T" periods. At the beginning of each period, a decision
is made on which items to produce (or to produce at all). If there is production for
an item, the produced amount in that period is added to the stocks. The demand for
each item in each period is assumed to be a piecewise linear concave function of the
total stock of that item available after production. After the demands for items are
realized, which depends on the total amount of items in stock, leftover products are
carried over to the following period. There are item-dependent unit production and
holding costs, and fixed set-up costs. The total amount that can be produced in each
period is limited by the production capacity. The problem is to plan production for
multiple-item so that satisfying the resulting demands creates maximum profit. The
parameters and decision variables along with the formulation of the multiple-item

ELSIDD model is given as follows:

Parameters:
C; = production capacity in period ¢
Sy = fixed setup cost of production in period ¢ of item 1
pi = unit selling price in period t of item ¢
¢y = unit production cost in period t of item 1
hy = unit inventory holding cost in period ¢ of item .



Decision variables:

D;; = demand in period t of item ¢

ry = quantity produced in period ¢ of item ¢

I;; = amount of inventory carried from ¢ to ¢t + 1 of item ¢

Uy; = amount of inventory after production in period ¢ of item :.

Mathematical Model:

N T T
maxz ZpitDit + ZZ(Sit(S(IBit) + cuit + hitlit) (1)
i=1 t=1 i=1 t=1
subject to (ELSIDD)
]i,t_j—’—xit:Dit—f‘]it, /Lzl,,N t:]_,,T (2)
Ui,t:Ii,t-J"i_:Uita Z:L,N tzl,,T (3)
Dy = gi(Us), 1=1,...,N t=1,....,T (4)
N
P i=1,....N t=1,...,T (5)
i=1
[it7Uit7[it7Dit207 221,,N t:17 '7T (6)
Iip =0, 1=1,....N (7)

The model above is nothing but the multiple-item version of the model studied in
[19], who work on the single-item ELSIDD problem. Although we will restate them
here, some further details of the model can also be found in [19]. The initial term in
the summation of the objective function stands for the total revenues and the second
summation stands for total setup, production, and holding costs. In this formulation,
if x = 0 then §(z) is accepted as 0, else 6(x) is accepted as 1. Constraints([2) guarantee
the balance between inventory, production, and demand. Constraints indicate the

quantity of available inventory after production in period ¢ for each item with Uy.



Constraints are capacity restrictions for production. Constraint@ states that
non-negativity constraint. Constraints define that there are no initial inventories.

Constraints imply that the demand is a function of Uy, the total amount of
product available after production in period ¢ of item . [19] assume that functions
gi(), i =1,...,N, t = 1,...,T, which are also called as Demand Functions, are
piecewise linear and concave in U;,. They assume that after the available stock reaches
a certain point, the function flattens out (i.e., its slope becomes zero). This implies
that after some point, increasing the stocks do not cause any further increase in

demand. In particular, below is how functions g, () are described in [19]:

do, U=ud=0
&+ al (U =), ul' <U <,

Function g;; consists of J/7%* segments. The j* segment of this function is defined in

the interval [u},",u,) and is assumed to have a slope of a,. An illustration of such a
piecewise linear function, which is extracted from [19] and modified for multiple-item
cases, is given in Figure 1. In particular, note that at point u?, we have that D;; = Uy.
This means that, in any feasible solution, we should have U;; > u%. Otherwise, for
some t, D;; > U and this implies some demand can not be satisfied on time. This
implies that the parts of the demand function below point u is not needed in any of
our calculations. So, for convenience, we carry u! to the place of (or replace u) with)
ub. In other words, throughout the rest of this thesis, when we say u?, we will be

referring to the point where you see u? in Figure 1. This makes indexing easier for

us.



it = Git (Uif,)

0 b 1 2 T
Uit Uyt Ut Ui Uit

Figure 1: Piecewise linear demand function

With this detailed definition of the demand functions, we replace constraint

with constraints — and obtain a reformulation of the multiple-item ELSIDD

problem (to use in commercial software) as follows:

N T T
maxz ZpitDit + Z Z(Sityit + cipwiy + hirliy)

i=1 t=1 i=1 t=1

10



subject to (ELSIDD)

[i,t_l—i—:cl-t:Dit—i—Iit ’izl,...7N, tzl,,T

Ui =1Lit1 + i i=1,....N t=1,...,T
J
Diy = aj;di; i=1,...,N t=1,...,T, (8)
j=1
J
Ui =Y ajuj; i=1,....,N t=1,....T (9)
j=1
af; < vl + vj i=1,...,N t=1,....T j=1...,Jm  (10)
J .
> =1 i=1,...,N t=1,...,T (11)
j=1
J
> aj=1 i=1,....N t=1,...,T (12)
j=1
a’t,Ogvé,l i=1,...,N (13)
aytl"]ll;bai S 'U;:’jﬁmw7 Z — 1, e ,N (14)
a,; >0 i=1,...,N t=1,...T  j=1..J/m (15)
U;‘jE{O,l} i:l,...,N t:ly_..’T jzl.._,Ji{max (16)
N
Y an <G t=1,...,T
=1
Ly, U, Iy, Dy > 0 i=1,...,.N t=1,....T
v € {0,1} i=1,....N t=1,...,T
Ip =0 i=1,...,N

Constraints between and , are the standard constraints used to model
piecewise linear functions. ’Uzj is a binary decision variable that indicates whether the
variable U falls into the j** segment of the g;; function in period ¢ for the product
i. Aslong as ul,’ < Uy < ul, is satisfied, then v{;=1 ; otherwise vi, = 0. If the
variable of U falls on the j' segment of the g;; function, using aij_l and aij decision

variables, can be determined where it falls. Also, binary decision variables y;; replace

11



d(z;) such that if there is positive production in a period ¢ for item 7, y;; is equal to
1, otherwise, it is equal to 0.

As we mentioned earlier, [I9] work on the single-item ELSIDD problem. In The-
orem 2 of [19], for the uncapacitated single-item ELSIDD, they prove that in an
optimal solution, between any two consecutive production periods ¢; and ts, there
exists a period t (t; < t < t,) such that the level of U, is equal to some u for
some j € {0,1,...,J} ie, the level of U; reaches one of the borders of the seg-
ments of the piecewise linear demand function ¢;(). Or equivalently, the production
in period t; raises U; to a level such that the point (U;,d;) is at one of the break-
points of the graph of the demand function g;(). Given this property, [19] develop
a dynamic programming algorithm that can be implemented in O(T*.J?) time. We
utilize their algorithms to solve the sub-problems of our Lagrange Relaxation method
for finding our initial solution. In addition to this, [19], prove that the problem is
NP-hard even production capacities are time-invariant. Since the capacitated ver-
sion of the multiple-item problem is AN/P-hard as well, the application of heuristics
and metaheuristics is justified to solve this problem. In the following, we are going

to implement a metaheuristic algorithm that can effectively solve the multiple-item

ELSIDD problem.
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CHAPTER II1

SOLUTION METHODS

Most of the time, NP-hard problems can not be solved efficiently by using exact
algorithms. As a result, people often have a tendency to utilize heuristic algorithms,
not to optimally solve such problems, but at least to find a reasonable solution to
such problems in a reasonable amount of time. Metaheuristic algorithms are one of
those heuristic algorithms that are tailored to search the solution set of a particular
problem with the hope of finding a good enough solution in a reasonable amount
of time. Multiple-item capacitated ELS problems are also among those NP-hard
problems where the application of metaheuristic methods has been proven to be useful
in finding good solutions. Because of this, we decided to develop a metaheuristic
algorithm for the multiple-item ELSIDD problem.

Local-guided search algorithms are a sub-field of metaheuristic search methods.
Roughly, they work as follows. They start with an initial solution, which is also
identified as the current solution. Initial solutions can be found in different alternative
ways such as using a heuristic, random generation, or decomposition algorithms.
Then, the solutions in the neighborhood of this current solution are evaluated. The
neighborhood of a solution is a set of solutions that can be reached by making iterative
small moves from the current solution. The best solution in the neighborhood of the
current solution is selected and is defined as (or becomes) the new current solution.
The process of evaluating the neighborhood is repeated on the new current solution,
and this process goes on. Throughout this procedure, the best solution is stored and
updated whenever a better solution is found. With the operations defined in this

manner, it is easy to see that the process might get easily stuck in a local optimal

13



solution. One strategy to avoid such a detriment is creating a memory structure
that forbids moves which lead back to local optimal solutions. Even when such
strategies are implemented, it is still very likely that the process might get stuck in a
local optimal solution. Hence, where one starts the algorithm might affect the final
outcome. That is, initial solutions have a great influence on the performance of the
local-guided search algorithms. When a predetermined criterion is met, or if it is not
possible to improve the solution found in a predetermined number of iterations, the
process is terminated and the best solution is presented.

For the multiple-item ELSIDD problem, we propose to use the Tabu Search algo-
rithm(TSA), which is one of the local guided algorithms. To find our initial solution,
we use the Lagrangian Relaxation(LR) method, the details of which we describe be-

low.

3.1 Initial solution from the Lagrangian Relaxation Method

As we stated previously, the LR of a problem is obtained by removing a set of con-
straints and adding them to the objective function by multiplying them with a set of
Lagrange multipliers. For any given set of Lagrange multipliers, the solution to LR
provides a bound for the original problem. The aim is to find those sets of Lagrange
multipliers that result in the tightest bound. As we mentioned earlier, the problem
of finding the optimal set of multipliers (i.e. the multipliers that result in the tightest
bound) is called the dual problem. The whole process of relaxing and solving the
dual is called the LR method.

We would like to note that even with the optimal Lagrange multipliers, the solu-
tion of the LR might not be feasible for the original problem. However, it might be
potentially close to a good solution for the original problem. A search in the neigh-
borhood for this solution might be fruitful. Therefore, it can be considered as a good

initial solution for local-guided search algorithms. In addition to this, if the LR of a

14



problem is easy to solve, then the application of the LR method becomes appropriate.
As a matter of fact, multiple-item ELS problems have a special structure that makes
them a good fit for the application of the LR method. In such problems, most of
the time, capacity constraints tie a set of single-item (uncapacitated) ELS problems.
Hence, if those tying capacity constraints are dualized, the corresponding LR boils
down to solving a set of independent single-item ELS sub-problems. Most of the time,
these sub-problems can be solved in polynomial time, which implies that the LR of
multiple-item ELS problems can be solved very easily.

In the multiple-item ELSIDD problem, these tying constraints are Constraints
(5), i.e., production capacity constraints. It is easy to see that if these constraints
are removed, the problem decomposes into N independent single-item uncapacitated
ELSIDD problems, for which [19], propose a polynomial time dynamic programming
algorithm. In our LR method, we utilize the algorithm of [19] to solve single-item
sub-problems. To solve the dual problem, we use the sub-gradient method. The
solution obtained at the end of the sub-gradient method depends on the number of
iterations. We pick two solutions from the sub-gradient method. One solution is
obtained early in the sub-gradient method, i.e. much before the method converges.
The other solution is the solution obtained when the method converges. Using these
two distinct solutions, we create a hybrid solution and use this hybrid solution as an
initial solution in a TSA. We explain the details of obtaining such a hybrid solution

together with the details of our LR method and the TSA below.
3.1.1 Model of Lagrangian Relaxation

Consider the formulation of multiple-item ELSIDD problem. There, constraint
represents the production capacities. If this constraint is removed, the whole
problem decomposes into N independent single-item ELSIDD problems. For i =

1,..., N, let S; be the set of feasible solutions for the single item ELSIDD problem

15



of item 2. Then, we can equivalently write the multiple-item ELSIDD formulation as

follows:

N T N T
z = maxz Zp”Dit + Z Z(Sityit + cui + i)

i=1 t=1 =1 t=1

N
intSCt tzl,,T
i=1

(Xivyh]:iaDi)Ui) S SZ 1= 1a"'7N7

where x;, y;, I;, D; and U; are vectors that hold values of x;, yit, Lit, Di, and Uy
fori=1,...,N,t=1,...,T. If we dualize the tying capacity constraints with some

vector A= (Aq,...,Ar) > 0, we get the LR of the multiple-item ELIDD problem:

N T N T T N
= mazxr Z ZpitDit + Z Z it + Cair + Nilie) + Z Ae(Cy — Z Tit)
i=1

=1 t=1 i=1 t=1 t=1

(Xiuyi71i7Di7Ui) € Sz L= 17"‘7N'

Then, if we refer to (c;-A¢) as ¢,, we can rewrite the objective function and obtain

the following final form of the LR of the multiple-item ELSIDD problem:

Z A Ct + max Z sztth Z Z itYit + Cztxzt + hzt[zt)

i=1 1=1 =1 1=1
(Xi7yi7Ii7Di7Ui) € 87, Z = 1, .. ,N.

Note that the above LR problem can be solved by solving N independent single-
item ELSIDD problems. As mentioned earlier, these single-item problems can be
easily solved by using the O(T*.J?) algorithm of [19]. For any A > 0, 2(A) > 2 means
that the objective function of the LR is greater than the objective function value of

the original problem. In other words, z(A) is an upper bound for z. Therefore, we try
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to find the smallest upper bound by solving the following Lagrangian Dual problem
(LDP):

min{z(A) : A > 0}

The objective function of the LDP, z(A) is a convex function of A. The sub-
gradient optimization method can be used to determine the optimal vector A. Below

we describe how we implement the sub-gradient method.
3.1.2 Sub-Gradient Optimization Method

The sub-gradient method starts with some vector Ay > 0. We then solve the LR of the
multiple-item ELSIDD problem for Ay (i.e. determine z(Ay) and find optimal values
of vectors x}, y!, I, D} and U? for « = 1,..., N. Substituting these optimal values,
we compute the gradient vector of the objective function z(A) at A = Ay. Note that

for any A and the corresponding optimal values x!, y/, I, Df and U} for¢ = 1,..., N,

0z(A) 0z(A) 9z(A)
OX1 7 B2 VT OAp

gradient vector of z(A) is simply equal to Vz(A) = { }, where one

can easily see that

92(A)

N
a_)\t :Ct—izlet fort=1,...,T.

Then we move some number of steps in the direction of the gradient vector, where
we arrive at another point A;. We repeat the same process with Ay, and the process
continues for some predetermined number of iterations. Determining the step length,
i.e., the number of steps to move in the direction of the gradient vector, is one of the
most important decisions in the sub-gradient method. In our algorithm, we utilize
the formulations suggested in [32] in order to determine step length. In particular,

we implement the sub-gradient algorithm as follows. We start with A= Aqg = 0. That
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is, the initial lagrangian multiplier vector is a 0 vector of dimension 7T'. For any given

lagrangian multiplier vector Ag, we obtain Ay through formulation

Apy1 = {Ak — ur(Cr — Zi\il rjy, O — ZZJL Tigy .., O — ZZJL Tir)

where, uy is a positive scalar that represents step length, which is computed via the

formula below

Bi(Z* = 2(Ay))
H(Cl - Zz]\il x7, Gy — ZzNzl Tigy .., O — ZzA;I Tir)

In (L7), Bk is a scalar chosen from the interval [0,2]. Z* is an upper bound for

= 5 (17)

LDP and illustrates the minimum LDP value found so far (at the end of the (k — 1)
iteration). In our algorithm, we start with fy=2. At iteration k, if (Z* — z(Ay)) is
below a certain threshold value, we set Sy = 5k/2.

In LR, step length has an important role in the convergence speed of the algorithm.
There are alternative ways to calculate step lengths in the literature. We did extensive
experiments to determine the step length for our algorithm. In our experiments, we
observed that choosing a constant step length does not decrease z(A) as much as
possible and the algorithm converges slowly. Similarly, some variable step lengths
(e.g. &/ VE, 1 /& where € is a constant) have a lower convergence speed for the
multiple-item ELSIDD problem. However, the formula we use in determining
step length, results in the fastest decrease in z(A) before convergence compared to

other formulations.

In the sub-gradient method, continue the calculation of (A;) as many as the num-
ber of iterations. The solution obtained from LDP for the multiple-item ELSIDD
problem, might not be a good solution or even not feasible solution in some cases.

Therefore, we develop a heuristic to improve the initial solution in the LR method.
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3.1.3 Heuristic Method for Lagrangian Relaxation

The performance of the TSA depends on the quality of the initial solution, which
we find by applying the sub-gradient method to the LR of the problem. In turn,
the solution found by the sub-gradient algorithm also depends on the number of
iterations.

Clearly, it is best to run the sub-gradient algorithm as many iterations as possible
to obtain the tightest bound. To see how the (upper) bound changes with the number
of iterations in the sub-gradient algorithm, see Figure 2. In the figure, we present four
graphs that represent the change in the value of the objective function of LR through
iterations for four different synthetic test instances. While segment numbers(.J) are
the same in all instances, the item numbers and period numbers are different. For
all instances, the sub-gradient is run for 900 iterations. The common point in these
graphs is that after a certain iteration number, the LR results no longer decrease and
starts to converge. We observe that most of the instances converge around 100 and
sometimes around 600 iterations.

However, the solution obtained with the optimal Lagrange multipliers might not
be the best solution to start the TSA. As a matter of fact, it may not even be feasible
for the original problem. Therefore, we propose to follow the following procedure to
determine the initial solution for our TSA. We take the y vectors (i.e., setup vectors),
of two different solutions obtained during the sub-gradient algorithm: one from the
solution obtained after the 100?" iteration, and one from the solution obtained at the
end of the 400" iteration. Let’s refer to the first vector as y1go, and the latter as yqo.
You can see from the graphs that there is a huge gap between the bounds obtained
at the end of the 100" and 400" iterations. So one can expect the majority of the
entries of vectors yig9 and yu4go are the same, but they might also have some number
of different entries. So, taking these two vectors, we run (on commercial software)

the formulation for the multiple-item ELSIDD problem where we fix the y;; values
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to the corresponding values in the vector y4o0 (or yi00) only if those values are the
same in both yi99 and y400. We observe that the resulting multiple-item ELSIDD
problem, where the majority of y;; values are fixed in this manner, can be solved by
commercial solvers very easily (in a few seconds) even for large-sized instances (as we
show in Chapter IV). We then use the resulting solution as an initial solution in our
TSA. As we describe in detail in Section 3.2, we define neighborhood with regard to
the setup vector. In other words, our TSA searches for the best setup vector. So,
when we say we use a solution as an initial solution, we mean that we use the setup
vector of that solution as an initial setup vector to fix in the MIP formulation for the
multiple-item ELSIDD problem. Similarly, when we say we evaluate a solution, we
mean that we solve the MIP formulation for a multiple-item ELSIDD problem with

the values in the corresponding setup vector fixed.
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Figure 2: Lagrangian Relaxation results in each iteration number

3.2 Tabu Search Algorithm (TSA)

Tabu search is a metaheuristic optimization algorithm that uses local search to find
good, but not necessarily optimal, solutions to difficult problems. It is often used
when it is not possible or practical to find the optimal solution using traditional
exact solution methods.

Roughly speaking the algorithm starts with an initial solution, which is also called
the current solution. Then it evaluates the solutions in the neighborhood of this
solution and assigns the neighboring solution with the best objective function value
as the new current solution. The algorithm performs the same search operation on
the new current solution and the procedure goes on until a predetermined stopping
criterion is reached. During all these processes, the best solution (or a number of
high-quality solutions) that has been visited so far is stored, and presented as the
final outcome.

In the TSA, as in all local-guided search algorithms, it is important to determine
how the solutions will be represented. For instance, for Economic Lot Sizing Problems,
usually, a solution is represented by its (binary) setup vector. Once the solution

representation is defined, the neighborhood of a solution should be defined. The
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neighborhood of a solution is the set of all solutions that can be reached by some
small changes in the representation of the current solution. Then, we can say that
the set of all possible moves, defines the set of neighboring solutions. By making
such small changes to the current solution, called moves, or movements, neighboring
solutions are obtained. Consider for instance the binary setup vector to represent a
solution to an ELS problem. For such a solution, changing a 0 entry (in the setup
vector) to 1 can be considered as a move. It creates a neighboring solution. In the
TSA, all possible solutions that can be obtained with all such moves are evaluated.
As we stated earlier, the best neighboring solution becomes the new current solution
and the process continues in this manner.

In the TSA, we maintain a list of tabu, or forbidden, moves, which are moves
that have recently been done and are not allowed to be redone for a certain number
of iterations. This helps the algorithm avoid getting stuck in a local optima by
forbidding the moves that will take it back to a local optima it has recently visited.

The following sections present components of the introduced TSA for solving

multiple-item ELSIDD problems.
3.2.1 Solution Representation

In metaheuristic algorithms, the solution representation is a key component of the
overall algorithm design. The solution representation determines how the problem
is represented and how the algorithm will search for solutions. A good solution
representation should be able to effectively encode the problem being solved and
should allow the algorithm to efficiently search for and evaluate potential solutions.
In our TSA, we represent the solution by the binary setup vector y. This vector holds
binary setup variables y; fori=1,...,N,t =1,...,T. So it is a vector of dimension
N xT. We determine the value of such a solution by solving the MIP formulation of

the corresponding multiple-item ELSIDD problem where the binary setup variables
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are fixed to the values in the binary setup vector y that represents that particular
solution. Recall that in our TSA, the initial solution is obtained at the end of the
sub-gradient optimization method. As a matter of fact, we only use the setup vector
y which represents that solution. We then reevaluate the objective function value of
that solution by solving the MIP formulation of the multiple-item ELSIDD where we
fix y;; values to the ones in y.

We would like to remark here that the mathematical model of the multiple-item
ELSIDD problem has two sets of binary decision variables: y;, ¢ = 1,..., N, t =
L,...,T;and vj;, i =1,...,N, t =1,...,T, j = 1,...,J;*. Due to these binary
variables, it is not an easy task for commercial solvers to find a solution to the
multiple-item ELSIDD problem in a reasonable time. However, we observed that
when y;; variables are fixed, commercial solvers can solve multiple-item ELSIDD
problems in a matter of seconds due to decreasing number of binary variables in the
problem. Therefore, we can say that given its representing y vector, the evaluation

of a solution is quite fast.
3.2.2 Local Search Evaluation Procedure and Moves

As we stated previously, the local search algorithm uses a set of small moves (or
changes to the current solution) to explore the neighborhood of the current solution.
Consider a current solution that is represented by vector y. Every single move results
in a change in vector y and creates a vector y’, which is a different representation
for one of the neighboring solutions. The objective function value corresponding
to such a representation is computed by solving the formulation of the multiple-item
ELSIDD problem by a commercial solver where the y;; variables are fixed to the values
in vector y’ obtained by such moves that correspond to that particular neighboring
solution. Below, we describe the moves we implement to explore the neighborhood

of the current solution:
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Insert production period: Converting a non-production period to a production
period. If the index of ¢ and ¢ on y;; vector is equal to 0, then setting that index to 1.
Remowve production period: Converting a production period to a non-production
period. If the index of 7 and ¢ on y;; vector is equal to 1, then setting that index to 0.
Forward flip: Transferring the production period to the forward periods. If the
index of ¢ and ¢ on y;; vector is 1, then setting this index to 0 and y;; 1 index to 1.
Backward flip: Transferring the production period to the previous periods. If the

index of ¢ and ¢ on y;; vector is 1, then setting this index to 0 and y;;_; index to 1.
3.2.3 Tabu List and Tabu Tenure

The tabu list is a key feature of the TSA and is used to prevent the algorithm from
getting stuck in local optima and cycling through the same solutions repeatedly. It is a
memory structure that stores information about the differences between the current
solution and the best solution in its neighborhood set, which includes the period
number and item number of change. For instance, the difference between the current
solution and the best solution is on item 2 and period 5. These item and period
numbers are added to the tabu list before updating every current solution.

The size of the tabu list is an important parameter in the performance of the TSA,
as it determines how long the information is stored in the list. The tabu tenure is a
parameter that controls the size of the tabu list by specifying how many iterations
the information is stored in the list. A larger tabu tenure will allow the algorithm to
explore a wider range of the solution space, however, good solutions can be skipped
and larger tabu tenure increases the computational complexity of the algorithm, as
it requires more memory to store the solutions in the tabu list. On the other hand, a
smaller tabu size increases the chance of stuck in local optima. Therefore, we decide
to use a different fixed tabu list size throughout the algorithm according to instance

sets.
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3.2.4 Aspiration and Termination Criteria

The aspiration criterion is a technique used in TSA to allow the algorithm to explore
better solutions that may be in the tabu list. It works by allowing the algorithm to
accept a move that is in the tabu list if it leads to a solution that is better than the
current best solution. This technique can be useful in helping the algorithm escape
from local optima and find better solutions.

The algorithm stops after reaching the run-time limit and this is the only termi-

nation criterion for the algorithm.
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CHAPTER IV

COMPUTATIONAL RESULTS

In this chapter, the analysis of computational results for proposed algorithms is going
to be explained for performance evaluation. We generate different test instances
to test the performance of the TSA using the same parameter generator structure
as [19). In total, 90 instances are generated and these instances have 40, 60, and
80 periods. After the implementation of algorithms on different instance sets, the
comparison tables are prepared to observe whether any improvements are successful or
not. We use Cplex as commercial software that works on a mixed integer programming
formulation of the problem. Three of the comparison tables interpret the result of
the TSA and Cplex. Another table illustrates the comparison of gap results between
TSA and Cplex. Both TSA and Cplex have a 15—minute time limit without any gap

limitation.

4.1 Generating Test Instances

For this search, test instances were generated from scratch using [19]’s generator
structure. In their search, parameters are drawn randomly from the specific uniform
distribution boundaries. For making an experiment and testing the performance of
algorithms, we generate 90 instances. One-third of these instances have 40 periods
(T'" = 40), another one-third have 60 periods (7" = 60), remaining have 80 periods
(T' = 80). There are 10, 15, 20 items and 5, 10 segments. Each table has unique period
numbers, however, combinations of items and segment numbers are the same for each

table. The parameter setting that uses in comparison tables, is illustrated in Table

1].
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Table 1: Summary of parameters

Parameters

T | 40 | 60 | 80
N |10 |15 20
J |5 |10

4.2 Selecting Upper Bound and Gap Calculation

LR is a method that can be used to find upper bounds for optimization problems. As
we mentioned in the LR section, z(A) always keeps getting smaller until reaching a
certain point. By minimizing the z(A), we can provide a tighter upper bound for the
original problem, which can improve the performance of the overall algorithm. We

utilize this upper bound when calculating the gap rates of TSA and CPLEX.

The formulations of gap rates are:

Upper Boundpr — Resultpga

GapRat =
APIAtersa Upper Boundr

Upper Boundpr — Resultcpies

GapRatecper =
p ! Upper Boundyr

4.3 Experimental Resultls

In this section, we conduct an experimental evaluation to compare the performance
of a metaheuristic algorithm (TSA) with the MIP model which is solved using Cplex.
To determine the tabu list size, we perform a series of experiments with different tabu
list sizes on a representative set of problem instances, and to compare the performance
of the algorithm with different tabu list sizes. Then this helped to identify the tabu
list size that provides the best trade-off between performance and computational
complexity. According to the number of created current solutions, in trying to prevent

stuck in local optima and not allow skipping good solutions, we decided to use different
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tabu list sizes for each period number(e.g. 30 for the 40 periods, 20 for the 60 periods,
and 15 for 80 periods).

The following tables illustrate and summarize the result of the experiments with
30 instances for each table. The experimental results include a time limit of 15
minutes for both algorithms, and the results are compared across a range of test
instances with different numbers of periods, segments, and items. While the period
number is unique for each table, segment and item number combinations for each
period number are the same. In Table [2], there are minor differences between the
performance of TSA and Cplex on the test instances. In some instances especially at
the lower item and segment numbers, Cplex has better performance. As the number
of items and segments increases, the performance of Cplex decreases. In Table [3]
and [4], the difference between results can be observed apparently and the TSA has
better performance rather than Cplex. The common point of these tables is that some
instances which have 10 item and 5 segments have better results on Cplex. However,
as the number of items and segment number increases in each table, TSA has better
results and the difference between results also increases. At higher item and segment
numbers of each table, Cplex almost never outperformed the TSA, and the number
of results where Cplex has better than T'SA is also decreasing. In Table [2], [3], and
[4], each period, item, and segment number has 5 instances. In Table [5], the average
gap rates of the algorithms are illustrated and this table is created by calculating the
average gap rates of every 5 instance. The results and gap rates can vary according to
segment, item, and period numbers. TSA performs better against Cplex, even if only
one parameter is increased between item, segment, and period number. The TSA has
lower average gap rates in every group of instances, and also in the general average
gap rate. Nevertheless, increasing item, segment, and period numbers decrease the
performance of algorithms that cause the increasing gap rates. In the end, the TSA

gives better results within a certain time limit when compared to Cplex.

28



Table 2: Comparison of algorithm results (40 periods (7=40))

T N J | TSA Results Cplex Results LR Upper Bound
6115.28 6225.62 6442.98
6290.84 6283.53 6494.98
40 10 5 6803.78 6862.21 7076.65
6604.94 6611.43 6955.08
5854.69 5890.75 6050.4
14780.41 14142.32 15204.03
15161.17 14895.76 15577.32
40 10 10 14446.61 13973.52 14895.48
15598.96 15530.49 15987.62
15566.41 15468.53 15973.16
2200.92 2258.67 2456.3
2861.23 2828.12 3068.01
40 15 5 1066.85 1014.73 1101.58
2490.93 2499.92 2693.51
2928.93 2940.88 3208.55
32602.84 31512.28 36469.74
28691.57 26985.05 31075.45
40 15 10 27598.13 28464.85 31542.47
25423.46 26498.71 28500.25
21403.81 20226.74 23066.84
1669.19 1546.95 1882.06
1357.18 1266.43 1535.58
40 20 5 2805.87 2425.28 3092.27
3005.96 2797.03 3451.09
2211.19 2030.87 2412.56
34874.86 29784.44 39973.33
33620.42 27972.91 38075.58
40 20 10 26003.98 24004.86 29086.27
32106.40 29874.59 37011.77
31539.54 26205.53 35911.98
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Table 3: Comparison of algorithm results (60 periods (7=60))

T N J | TSA Results Cplex Results LR Upper Bound
2999.03 2907.06 3097.11
2356.78 2372.06 2478.12
60 10 5 205.12 209.42 220.97
480.65 481.05 520.13
2365.64 2388.3 2600.81
20838.96 19517.21 21466.91
21855.85 20096.05 22500.35
60 10 10 23786.61 22088.19 24365.03
23728.95 23260.34 24359.76
22634.91 21740.46 23150.69
2992.26 2843.91 3188.34
5604.48 5785.64 6680.24
60 15 5 5934.32 5408.69 6508.01
6676.81 6141.47 7267.78
7099.47 6372.63 7705.07
31129.29 29949.04 33917.82
30128.78 29138.04 33629.87
60 15 10 30478.29 28536.9 35847.02
29876.23 28827.43 32967.1
31128.56 29470.42 33767.69
4848.12 4020.14 5241.56
4843.34 4692.27 5540.94
60 20 5 5883.29 5256.24 6568.52
4607.23 4471.54 5653.53
6302.24 5090.22 6587.71
39139.12 35717.22 46744.11
35199.82 32911.69 44026.65
60 20 10 39912.88 35259.48 48876.87
39688.17 35581.27 47198.56
42555.98 41039.49 49865.12
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Table 4: Comparison of algorithm results (80 periods (7=80))

T N J | TSA Results Cplex Results LR Upper Bound
984.35 993.8 1048.38
2045.67 2035.3 2112.34
80 10 5 975.2 989.34 1078.65
1135.78 1141.42 1203.3
1979.12 1992.64 2104.67
31782.35 30153.63 35651.56
31920.06 30233.37 35682.73
80 10 10 32103.01 31920.03 36873.13
29678.34 26637.57 34951.16
28238.51 27057.26 34351.53
1629.12 1554.73 1849.42
1888.12 1777.82 2082.32
80 15 5 2078.34 1902.42 2333.39
5081.98 4921.44 6240.32
3812.45 3767.85 4619.89
45671.34 41574.82 51911.18
46201.98 44165.53 54123.73
80 15 10 45486.33 41715.58 54349.32
36782.32 35862.23 45519.83
40471.36 35779.69 44474.12
-2231.47 -2128.24 -1691.61
-8591.87 -8622.02 -6942.91
80 20 5 -17835.65 -20758.34 -15125.14
-32829.69 -35360.29 -25792.65
-7843.23 -8289.68 -6556.89
39581.43 37203.52 55792.45
43427.45 41945.42 57417.46
80 20 10 52117.56 53871.44 68778.69
38451.21 34103.6 58582.56
52318.75 48918.77 69834.19
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Table 5: Comparison of algorithms’ average gap results

T N J | Average TSA Gaps (%) | Average Cplex Gaps (%)
10 5 4.07 3.45
10 10 2.69 4.71
40 15 5 7.31 7.86
15 10 9.76 11.17
20 5 10.69 18.34
20 10 12.10 23.16
Average 7.77 11.45
10 5 6.37 6.27
10 10 2.60 7.94
60 15 5 9.41 14.78
15 10 10.16 14.15
20 5 10.67 20.45
20 10 17.05 23.80
Average 9.38 14.56
10 5 6.09 5.52
10 10 13.44 17.83
80 15 5 13.64 17.72
15 10 14.23 20.46
20 5) 24.10 30.15
20 10 27.42 30.73
Average 16.49 20.40
Total Average 11.21 15.47
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CHAPTER V

CONCLUSIONS

In this study, we analyzed the multiple-item ELSIDD problem, an extension of the
ELS problem, where the demands for some number of items depend on their stock
quantities. Our aim is to find a production plan such that the resulting stock levels
(hence demands) maximize total profit over a finite planning horizon. The single-item
version of this problem has been analyzed in [19]. They prove that the single-item
ELSIDD problem is NP-hard even when production capacities are time-invariant,
and they propose a poly-time running algorithm for the uncapacitated problem. Ob-
viously, the multiple-item capacitated ELSIDD problem is NP-hard. Therefore, we
implement a Tabu Search metaheuristic algorithm where we use the solution from
the Lagrange Relaxation method as an initial solution. We show that the Lagrangian
Relaxation of the multiple-item ELSIDD problem can be decomposed into indepen-
dent uncapacitated single-item ELSIDD problems. Therefore the LR can be easily
solved by using the algorithm of [19]. As a result, a good initial solution to start our
TSA can be easily obtained.

We then test the performance of our solution procedure on a group of synthetic test
instances. For these instances, we compare the quality of the solutions obtained by
our algorithm with the solutions obtained by CPLEX (a commercial software), which
solves the MIP formulations corresponding to these instances. A summary of our
findings is given in the Tables [2], [3] and [4]. Their gap comparison is represented
in Table [5]. In total, 90 instances were tested on the performance of TSA and
Cplex. Since the Lagrangian upper limit is tighter than Cplex, gap comparisons are

calculated by using the Lagrangian upper limit. As observed in the tables, the TSA
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gives better performance especially in the larger item, period, and segment numbers
when compared to Cplex.

Although the TSA finds better solutions, gap results are not good enough, espe-
cially for the higher item, segment, and period numbers. In future research, another
algorithm or a metaheuristic can develop for creating better solutions. In addition,
this problem only considers production capacities, inventory capacities also can be
added to the problem as well as production capacities. As another future research,
our research deals with only the production side of the retail sector and the trans-
portation side can be added to this model which makes the problem a multi-level
problem.

Our critical contribution to the literature:

e We extend the single-item model of [19] by considering multiple-item and de-

velop a metaheuristic approach to solve this problem.
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