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ABSTRACT4

Context : Analyzing the shape distortions of galaxies on large scales due to weak lensing allows5

for statistical analysis of the shear field, which measures the overdensities of matter in the universe.6

Thus, weak lensing shear fields and their power spectra can be used to constrain the values of multiple7

cosmological parameters, such as Ωm, σ8 and H0. These observables can be modeled independently of8

assumed cosmological models, allowing for a flexible complement to the current probes.9

Aims: To model the posterior distributions of the low multipole (ℓ < 50) E-modes of the power10

spectra of the weak lensing shear field obtained from the Almanac (Loureiro et al. 2023) Bayesian11

hierarchical model (BHM) using normalizing flows.12

Methods: First, I present a mathematical framework adjoining normalizing flows and BHM. Within13

this framework, the analytically unknown posteriors of the low-ℓ are iteratively mapped to known14

probability distributions via variable transformations learned by neural networks. This enables the15

generation of new data, probability calculation and parameter inference.16

Results: In this thesis, I present the mathematical framework and the initial code-base developed for17

solving simple inference problems using normalizing flows. I demonstrate the basic capabilities of the18

normalizing flow code, set up and execute an inference problem utilizing normalizing flows to ensure19

the accuracy of the mathematical formulation. I also present the initial progress of the next step in the20

project, which is generalizing the flow models to non-Gaussian functions.21

Conclusions: The inference tests prove the accuracy of the assumptions and conclusions of the22

mathematical formulation. The normalizing flows code produces accurate results in Gaussian and23

simple non-Gaussian tests. However, more work needs to be done to reliably map to a larger selection24

of non-Gaussian functions.25

1. INTRODUCTION26

—In the absence of matter, photons travel along paths that minimize the distance they travel called geodesics. However,27

the presence of luminous or dark matter in the vicinity of their trajectory causes the geodesics to be bent due to the28

gravitational potential proportional to the mass affecting it. Thus, when observing light emitted by distant galaxies, it29

is possible to notice a systematic distortion of the shapes of these distant galaxies. Applying this general methodology30

to the entire night sky allows for the creation of weak lensing cosmic shear maps, which quantify how much and in31

which direction the shapes of the background galaxies would be distorted in a given line of sight. Since this phenomenon32

is well understood and observed, it is possible to accurately link the amount and direction of the distortion to the33

distribution and amount of mass along the path of photon travel. As a result, and for the first time in Castro et al.34

(2005) it becomes possible to use weak lensing to measure the three-dimensional matter distribution in the universe35

without having to rely on assumptions about cosmological evolution (as for example is the case in CMB measurements).36

Acquiring a model independent and accurate three-dimensional mass distribution as a function of time can allow for37

considerable improvement of the estimates we currently have of cosmological parameters that are sensitive of the mass38

distribution of the universe such as the Hubble constant H0, matter density parameter Ωm and matter fluctuation39

amplitude σ8. On top of this, since the path diversion is caused by the total mass and not only the luminous mass of40

the foreground galaxies or clusters, combining weak lensing with observations of the luminous matter in these sources41
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can lead to better understanding of the dark matter content of galaxies (Heavens 2009), which allows for detection of42

dark matter halos in galaxies using wide field cameras such as the Suprime-Cam on the Subaru Telescope (Miyazaki43

et al. 2002).44

With upcoming stage-IV spectroscopic surveys, such as Euclid (Laureijs et al. 2011) and the Large Scale Survey45

Telescope (LSST) (LSST Science Collaboration et al. 2009), it is valuable to ensure that the approach taken to extract46

summary statistics from these extremely high dimensional datasets are accurate enough for scientific inference of47

cosmological parameters. The approach taken by Almanac is to create a Bayesian hierarchical model to infer the48

cosmic shear fields and their power spectra that do not depend on the assumed cosmological model (Alsing et al. 2016;49

Loureiro et al. 2023). Unlike its predecessors, Almanac is applicable in both full-sky and flat-sky approximation, via50

probing the entire posterior distributions of the E- and B-modes of the cosmic shear power spectra Cl. Almanac51

also recovers the marginalized posteriors of the power spectra, which are highly non-Gaussian for low-ℓ, which become52

Gaussian in higher-ℓ due to the central limit theorem. Almanac then samples the power spectra in harmonic space,53

while taking into account the uncertainties of the sky maps and the regions where it is not possible to observe distance54

galaxies (stellar and galaxy masks). However, the non-uniformity of the noise in the maps and the discontinuities55

caused by the masks causes the marginalized form of the posteriors to be unobtainable.56

Since the analytic form of the marginalized power spectra posteriors is not obtainable, most parameter constraining57

methods that assume a given model are therefore left inaccurate. This attribute of this problem makes it a perfect use58

case for normalizing flows, which allow for mapping of unknown probability distributions to known ones through learnable59

variable transformations. Normalizing flows are used as a flexible and powerful tool in many science applications for60

simulation-based inference, both within and outside of astronomy (Dai & Seljak 2023; Lim et al. 2023; Wen et al. 2023).61

This thesis aims to provide a mathematical proof for employing normalizing flows in a Bayesian hierarchical model, to62

address concerns regarding parameter priors and to test the model in an inference problem, thus ensuring the validity63

of the mathematical conclusions.64

Therefore, this work is structured as follows. In Section 2, I provide 1) an intuitive derivation of weak lensing and65

its usage as a probe for cosmological parameters, 2) a description of Bayesian statistics and inference problems in66

astronomy and 3) a summary of Almanac working principles and goals. In Section 3, I discuss 1) the mathematical67

proof of existence of solutions for function mapping via normalizing flows, 2) the code basis developed for implementing68

and training normalizing flows and 3) motivate the extension of the work to non-Gaussian distributions. In Section 4,69

I provide the aforementioned mathematical proof for marrying normalizing flows and Bayesian hierarchical models,70

followed by the results of an inference problem using normalizing flows. Finally, in Section 5, I provide the conclusions71

and the closing remarks and motivate the future work for this thesis and its parent project Almanac.72

2. BACKGROUND73

2.1. Weak Lensing as a Probe for Cosmological Parameters74

—Put in simplest terms, the presence of strong gravitational potentials cause the trajectories of light rays to be75

noticeably bent. In astronomical contexts, this is referred to as gravitational lensing. To understand the more complex76

formulation that will be discussed later in this section, I will intuitively derive some of the key equations and concepts77

pertaining to weak lensing and how they can be used to probe some of the cosmological parameters of our universe.78

Inspecting Figure 1 shows the simple setup in which gravitational lensing occurs. The light emitted from a background79

galaxy at comoving distance rs is distorted by two foreground galaxies located at r1 and r2 by angles dα1 and dα280

respectively. In the plane of the sky (for example in an image taken of this field), this corresponds to a linear shift of81

δx⊥ = dα1(rs − r1) + dα2(rs − r2). Under the assumptions of a flat (K = 0) universe, this can be generalized into an82

integral of the form83

δx⊥ =

∫ rs

0

(rs − r) dα84

Using the fact that dα
dr = − 2

c2∇⊥Φ (where ∇⊥Φ is the gradient of the Newtonian potential perpendicular to the line85

of sight given by r), we can write the angular shift in the sky as86

θs − θl = − 2

c2

∫ rs

0

(rs − r)

rs
∇⊥Φ(r) dr87

where θs and θl are the angular positions of the source and the lens respectively. The associated lensing potential88



3

Figure 1. A simple visual representation of gravitational lensing. The figure depicts the bending of the path of the light rays
emitted from a pink galaxy due to two foreground blue galaxies.

Ψ(rs) at the location of the source galaxy can be defined as following89

Ψ(rs) =
2

c2

∫ rs

0

(rs − r)

r · rs
Φ(r) dr90

such that the angular shift can be written now as91

θs − θl = −∇θΨ92

where ∇θ is now the gradient along the angular directions in the sky. Please note that this is a simplified treatment93

of this theory, and a more detailed derivation can be found in Bartelmann & Schneider (2001). This above relation can94

also be written in the form95

θ⃗s = Aθ⃗l where A =

(
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

)
96

where κ is the spin-0 lensing convergence field and γ = γ1 + iγ2 is the spin-2 shear field, related to the lensing97

potential via98

κ =
1

4
(ðð̄ + ð̄ð)Ψ γ =

1

2
ððΨ99

where ð and ð̄ are the spin raising and spin lowering operators defined in ?. The effects of κ, γ1 and γ2 are intuitive100

in the flat-sky assumption where they are reduced to101

κ =
1

2
(Ψ11 +Ψ22) γ1 =

1

2
(Ψ11 −Ψ22) γ2 = Ψ12102

where Ψ12 = ∂
∂θ2

( ∂Ψ
∂θ1

) are the partial derivatives of the lensing field with respect to the flat-sky coordinates (θ1, θ2).103

With this definition, the effects of the different convergence and shear terms on the images of galaxies is given in Figure104

2. The convergence κ causes the entire field to magnify, while the two components of the shear γ causes stretching in105

the “cardinal” and diagonal directions respectively.106107

Figure 2. A simple visual representation of shear of galaxies due to weak gravitational lensing.
108

Weak lensing specifically refers to the region where κ, γ1, γ2 << 1. Hence, it is detected through the assumption that,109



4

in a large enough given patch of the sky, the orientation of galaxies should be random. If this assumption is violated110

due to an observed preferred alignment of galaxies, this points to a field effected by weak gravitational lensing. In111

practice it causes a very faint warping of the field, such as in Figure 3.112113

Figure 3. Weak and strong gravitational lensing caused by galaxy cluster RCS2 J2327 depicted in this composite image from
the VLT and Hubble. While some strongly lensed galaxies are immediately visible, a statistical study of the orientations of the
surrounding galaxies allows the calculation of the lensing field and the Newtonian potential of the galaxy cluster. Image Credit:
ESO & ESA/Hubble & NASA at https://esahubble.org/images/potw1752b/

114

Generalizing this idea to the entire night sky allows for creation of shear maps of the entire sky, which in turn can be115

used to derive the power spectra of κ and γ, which can in turn be used to constrain the Hubble’s constant H0, the116

total mass density Ωm, and the magnitude of the density fluctuations σ8.117

We can look at how this can be achieved by taking a more detailed look at how the shear field γ and its power118

spectrum can be represented for the 3D sky. Any spin-s field on the sphere f(ω) can be decomposed into a basis of119

spin-s spherical harmonic functions sYlm as120

f(ω) =

∞∑
l=0

l∑
m=−l

flm sYlm(ω) where flm =

∫
f(ω)sY

∗
lm(ω) dΩ121

where dΩ represents an integral over the solid angles of sky. Using this basis, one can decompose Ψ(r, θ, ϕ) into Ψlm,122

which makes it possible to relate the shear and convergence terms as123

κlm = −1

2
l(l + 1)Ψlm γlm =

1

2

√
(l − 1)l(l + 1)(l + 2)Ψlm124

Additionally, the γlm components can be further decomposed into scalar gradient E and scalar curl B modes, known as125

a spin-s generalization of the Helmholtz decomposition in Newman & Penrose (1966). This yields the well documented126
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components (Loureiro et al. 2023)127

γE
lm = −1

2

∫
[γ(ω) 2Y

∗
lm(ω) + γ∗(ω) −2Y

∗
lm(ω)] dΩ γB

lm =
i

2

∫
[γ(ω) 2Y

∗
lm(ω)− γ∗(ω) −2Y

∗
lm(ω)] dΩ128

For two redshift bins (represented by α and β), the covariance between the E-mode, B-mode and cross-EB are given129

by (Alsing et al. 2016)130

⟨γE(α)∗
lm γ

E(β)
l′m′ ⟩ = CEE

l,αβ δll′δmm′ ⟨γE(α)∗
lm γ

B(β)
l′m′ ⟩ = CEB

l,αβ δll′δmm′ ⟨γB(α)∗
lm γ

B(β)
l′m′ ⟩ = CBB

l,αβ δll′δmm′131

where δab is the Kronecker-delta. Most cosmological models predict CBB
l,αβ = 0, and parity considerations lead to132

CEB
l,αβ = 0. Thus, we are only left with CEE

l,αβ as the non-zero terms. To finally see how these CEE
l s can be used133

to constrain cosmological parameters, in a short aside, I will give some elementary background about the Limber’s134

approximation (Limber 1954). It is common is astronomy to observe a quantity on sky that is the projection of the135

properties of some three-dimensional field along the line-of-sight. Then using Limber’s approximation it is possible to136

relate137

138

F (θ, ϕ) =

∫
q(z)f(θ, ϕ, z) dz139

where q(z) is some radial weighting function, F is the quantity observed on sky and f is the three-dimensional field140

causing the observed behavior (as presented in Kaiser (1998)). Then, we can go back and use this approximation to141

write142

143

CEE
l,αβ =

∫
q(α)(r)q(β)(r)

(1 + z)2

r2m(r)
Pδ

(
l

rm(r)
, r

)
dr144

where r is the comoving radial distance, P (k, r) is the 3D matter power spectrum and rm(r) is the transverse145

comoving distance corresponding to comoving distance r. Finally, the weighting functions of lensing are given by, for a146

given redshift147

148

q(β)(r) =
3ΩmH2

0

2

∫ rH

r

n(β)(r
′)
rm(r′ − r)

rm(r′)
dr′149

where nβ(r) dr = pβ(z) dz is the redshift distribution for galaxies around redshift of α. With this formulation, CEE
l,αβ150

are sensitive to the models of ΛCDM cosmology thorough the dependence of q(i)(r) on Ωm (these functions are actually151

invariant to changes in H0 even though the constant explicitly appears in their definition due to the integral over the152

comoving coordinate also being sensitive to H0). CEE
l,αβ are also sensitive to H0 through another means, as the 3D153

matter power spectrum P (k, r) define its volume scales in h−3Mpc3 where h = H0/100 (Hall 2021). Thus, we can see154

how the cosmological models can effect our expectations of the shear field in large scales, and how studying the shear155

field can help constrain parameters of our cosmological models.156

2.2. Inference in Astronomy and Bayesian Statistical Analysis157

—After having established the astrophysical foundation this thesis rests on, I would also like to take the time to jump158

disciplines and do the same on the mathematical side. Both this thesis and the much larger project it is a part of159

(which will be summarized later in this section) are astrostatistics projects. Therefore to understand this thesis and its160

goals, I will summarize how statistics is generally conducted in astronomy.161

For starters, let us look at a familiar problem from outside astronomy. Wide clinical cohort studies have proven162

that smoking at least 1 cigarette a day for an extended period of time is a strong predictor for the 4 most common163

types of lung cancer (Tran et al. 2013). In this specific study and its peers that aim to derive a statistical relationship164

between smoking and lung cancer (for example, something along the likes of "possibility of getting lung cancer in165

lifetime as a function of number of cigarettes smoked in a day"), both of the random variables, namely how much166

someone smokes in a day and whether they develop lung cancer, are both directly observable to the medical scientists167

conducting this study. Therefore, with a large enough sample in smokers and lung cancer patients, it is possible to168

derive this relationship without any (or very little) assumptions about both of these variables.169

In astronomy, however, we are often not as lucky. Most of the core variables of astrophysical theory are not directly170
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observable quantities, and only exist as necessities of our theories of physics. We can think of a simple relevant example171

is astronomy: the current age of the universe. Direct observations of the beginning of the universe (as far as our172

technology and our understanding of physics points out) is unfeasible, meaning that the age of the universe is not173

directly observable. We can only infer the age of the universe from other directly observable quantities, such as the174

cosmic microwave background. Problems such as this where only one of the variables is observable, and the path to the175

claims about the statistics about the unobservable quantity passes through theories about our understanding of physics176

are called inference problems.177

The last data release of the Planck satellite from 2018 predicts the age of the universe to be 13.787±0.020 billion years178

(Planck Collaboration et al. 2020). However this number and its accompanying precision are undeniably dependant179

on out theories of the early universe, where the cosmic microwave background and its anisotropies predict this age of180

the universe assuming the connection going from the anisotropies to the beginning of the universe is the truth. Then,181

how do we make sure that our mesaurements of the fundamental unobservable variables of the universe are not biased182

heavily due to our current conceptions of our theory? The key is Bayesian statistical analysis, where we can test and183

quantify the believability of our models using our data.184

The complete Bayesian statistical analysis process is very well known and discussed, so I will only motivate it here185

and discuss it further when I discuss the specifics of the project this thesis is a part of. Let us look at Bayes’ theorem186

in the context of a Bayesian statistical analysis187

188

P (θ|x⃗) = L(x⃗|θ)π(θ)
ϵ(x⃗)

189

Here, the left-hand side probability P (θ|x⃗) is the posterior, the quantity that tells us how likely our model parameters190

θ are given that we have observed some data x⃗. In the above example, this could be the probability that the age of191

the universe is ∼ 13 billion years old given the Planck CMB data. The L(x⃗|θ) is the likelihood, the probability of the192

current model parameters giving rise to the observed data. This can, for example, be acquired with simulating mock193

universes with the same model parameters (in this case could be the Hubble constant H0, matter density parameter194

Ωm and matter fluctuation amplitude σ8), evolving them till the hot plasma of the early universe cools down and the195

photons decouple, and comparing the anisotropies with the Planck observations. The π(θ) parameter is a prior on the196

model parameters, and is the term where uncertainty from the specific model parameters is input into the analysis. It197

is the answer to the question "How would the credibility our age estimate change if the assumed different values for the198

(above) model parameters?". Finally, the last term ϵ(x⃗) =
∫
π(x⃗|θ) dθ is the evidence, a prior weighing the confidence199

in our model. Since now we integrate over all the possible parameters θ, it shows the probability the model (λCDM, for200

example) produces this CMB data at all. If this likelihood is not high, we would have to give theoretical physicists a201

visit.202

Even with this simple setup, it is possible to see how Bayesian statistical analysis aims to use the information available203

in the theory, the data and the errors involved to model the outcomes while working under assumed uncertainty.204

2.3. Almanac: Inference of Cosmological Parameters with Weak Lensing205

—As I have alluded to before, this thesis exists as a part of a larger project named Almanac, which aims to provide a206

parameter inference algorithm with shear maps and power spectra (as discussed in 2.1) that are sampled independently207

of the cosmological theory assumed. The details of this work can be found in Loureiro et al. (2023), but I will illustrate208

the key process here for completeness. The posterior of Almanac looks like the following209

210

P (C, a⃗|d⃗, N) ∝ L(d⃗|⃗a,N)G (⃗a|C)π(C)211

And the process behind the Bayesian hierarchical model of Almanac is illustrated and discussed in Figure 4 below.212213

If one inspects the marginalized posterior distributions for CEE
l from Almanac for two tomographic redshift bins214

(bin-1 and bin-2), an expected yet challenging result appears.215216

Figure 5 display this challenge, where the apparent non-Gaussianity of the lower-l multipoles poses a problem.217

Without any knowledge the analytical form of the underlying family of distributions available, it is not possible to fit a218

function to these probability distributions using any of the conventional methods of parameter fitting or likelihood219

minimization. This lays the scientific goal of this thesis.220

The method that is utilized is known as normalizing flows, which allows for the mapping of analytically unknown (but221

can be sampled from) probability distributions to be mapped to probability distributions with known analytic forms222
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Figure 4. A diagram representing the Bayesian hierarchical model of Almanac. Adapted from Fig. 1 in Loureiro et al. (2023).
Begin by sampling a series of Cl from a posterior distribution π(Cl). These are then used to sample shear field coefficients a⃗
(following the original paper notation, would correspond to a vector of Ylm in Section 2.1). These shear field coefficients are used
in conjunction with noise covariance N to sample the actual full-sky shear field maps d (again, in this work, denoted with γ).

Figure 5. Fig. 6 of Loureiro et al. (2023) displayed here for discussion. The figure displays the marginalized one dimensional
posteriors of CEE

l for l = 8, 10, 15.150, 1600 and two separate Hamiltonian Monte Carlo chains. The posteriors for large-l are
fairly Gaussian due to being sums of a large number of spherical harmonics (more Ylm for larger l) in combination with central
limit theorem. This however, is not the case for low-l.

via series of variable transformations learned iteratively using neural networks. The next section lays the mathematical223

foundation behind normalizing flows, and further discusses their implementation for this thesis.224

3. METHODOLOGY225

3.1. Mathematical Proof of Normalizing Flows226

—At the conclusion of the last section I have introduced the concept of normalizing flows to obtain the probabilities227

from analytically unknown distributions through mapping known probability distributions to them via a series of228

variable transformations. This begs the natural question of whether normalizing flows can map to any unknown229

probability distribution. This section aims to adapt the proof from Papamakarios et al. (2019) to show that it is indeed230

possible to do so without any prior knowledge on the unknown probability distribution (hereafter called the target) but231

just some basic assumptions about it.232

Label Px(x⃗) the probability of x⃗ in x-space the target distribution and Pu(u⃗) the well-known prior distribution of u⃗.233

Safely assume that Px(x⃗) > 0 ∀x⃗ ∈ RD and that Pr(xi|x⃗<i), namely the cumulative probability of the i-th element of234

x⃗ conditional on the vector of all the previous elements of x⃗, here given as x⃗<i is differentiable with respect to (xi, x⃗<i)235

for all indices i for the vector x⃗. Then we can decompose Px(x⃗) into a product of conditional probabilities236

237

Px(x⃗) =

D∏
i=0

Px(xi|x⃗<i)238
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where Px(xi|x⃗<i) is now the probability (non-cumulative) of the i-th element of x⃗ conditional on the previous elements,239

and the product goes up to D since x⃗ is assumed to be D-dimensional. In addition, we can say that Px(xi|x⃗<i) > 0 for240

all i and x⃗ since we have previously assumed Px(x⃗) > 0 everywhere. Then, define the transformation F : x⃗ 7→ z⃗ ∈ (0, 1)D241

whose i-th element is defined as the cumulative probability of the i-th element, Pr(xi|x⃗<i) as denoted above. Or, more242

explicitly243

244

zi = Fi(xi, x⃗<i) =

∫ xi

−∞
Px(x

′
i|x⃗<i) dx

′
i = Pr(xi|x⃗<i)245

as we have defined. Note a couple of facts about F . First off, F is differentiable with respect to x⃗ since all of its246

constituent elements Fi are differentiable with respect to their inputs by one of the initial assumptions. Additionally,247

each Fi(_, x⃗<i) : R 7→ (0, 1) are invertible since its derivative ∂Fi

∂xi
= Px(xi|x⃗<i) is positive everywhere by assumption.248

This means we can invert F element by element249

250

xi = (F−1)i(zi) = (Fi(_, x⃗<i))
−1(zi)251

for i ∈ 1, ..., D. This shows that F is invertible by this formulation. Since the derivatives ∂Fi

∂xi
do not depend on xj for252

j > i, the Jacobian of F is lower triangular. For a triangular matrix, the determinant is simply given by the product of253

the elements on the diagonal ∂Fi

∂xi
. Thus254

255

detJF (x) =
D∏
i=0

∂Fi

∂xi
=

D∏
i=0

Px(xi|x⃗<i) = Px(x⃗)256

and hence is non-zero everywhere. This suggests the existence of the inverse of JF (x) and it is simple to show that it257

is equal to the Jacobian of F−1. This proves that F is a diffeomorphism, a differentiable bijection with a differentiable258

inverse, which is necessary for a flow-like model to operate. Finally, using a change of variables, we can show259

Pz(z⃗) = Px(x⃗) |detJF (x⃗)|−1 = Px(x⃗) |Px(x⃗)|−1 = 1260

and that z⃗ is distributed uniformly over the D-dimensional cube in (0, 1)D. This proves that any target probability261

distribution can be mapped to a uniform distribution of the same dimension. To further generalize this to any prior262

distribution, it is possible to find a diffeomorphism between the prior and the uniform distribution, and use it to map263

from the prior distribution to the uniform first, followed by using F−1 as defined above to go to the target distribution.264

Chaining multiple of these transformations with different prior and target distributions in intermediate steps is the265

mathematical working principle of normalizing flows.266

3.2. Building Normalizing Flows267

—In the previous section I have shown that it is theoretically always possible to find a transformation between two268

probability distributions. In practice, it is difficult to find this transformation analytically, as we go not have access to269

the original probability distribution Px(x⃗) (or the cumulative one by extension). Thus, the idea is to chain multiple270

well-known transformations together to approximate the theoretical transformation F from the previous section. Then,271

the change of variables rule looks like the following, given in log form272

273

logPx(x⃗) = logPz(fn(z⃗n−1)) + log
∣∣∣∣det

df1(x⃗)

dx⃗

∣∣∣∣+ log
∣∣∣∣det

df2(z⃗1)

dz⃗1

∣∣∣∣+ log
∣∣∣∣det

df3(z⃗2)

dz⃗2

∣∣∣∣+ ...+ log
∣∣∣∣det

dfn(z⃗n−1)

dz⃗n−1

∣∣∣∣ (∗)274

where f1 : x 7→ z1 and every other fi : zi−1 7→ zi for i in 2, ..., n. In this case, Px(x⃗) represents the target275

distribution, and Pz(z⃗n) would be the prior distribution, generally selected as a standard normal distribution of the276

same dimensionality as x⃗. Even though the discussion of this is beyond the scope of this thesis, this causes flow-based277

models to be far more expensive to train and sample from compared to other models that can learn and produce278

samples from data distributions. Unlike the other options, however, this fact combined with the invertibility of the flow279

transformations allows for the modeling of the true data distribution, lossless reconstruction, and accurate probability280

estimates1. In a more visual form, the working principle of a chain of flow transformations looks like Figure 6.281282

1 Other generative models such as generative adversarial networks (GANs) or variational autoencoders (VAEs) all map the data
distribution to a latent space representation of a much smaller dimension than the data itself. This allows for faster training and
sampling, however causes losses in expressivity.
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Figure 6. A simple visual representation of normalizing flows. The blue curve on the left represents the original data (or target)
distribution Px(x⃗), while the pink one on the right represents the prior distribution Pz(z⃗n). Note that the flow transformations
fi are all invertible, so even though the arrows point in the (what will be soon defined as) forward direction, they can also be
used in the reverse direction to go from the prior to the data distribution. This is the generative aspect of normalizing flows.

—Now that we have seen the overall structure of normalizing flows, I will talk about a natural choice for the well-known283

transformation functions I have alluded to in the previous paragraphs. Thinking about the discussion of normalizing284

flows in general, we require the transformation functions to be diffeomorphisms, differentible bijections with differentible285

inverses as discussed in Section 3.1. However, expressive flexibility (aka. possessing free parameters that allow for the286

range of the transformation to be variable) is also of utmost importance. Many functions satisfy these conditions for287

normalizing flows, and Papamakarios et al. (2019) offers detailed descriptions for many. For now however, I will limit288

the discussion to a simple shift-scale transformation called affine coupling transformation, but a more complex and289

expressive transformation will be discussed in the next section. This section of the discussion follows material taught in290

the Deep Learning lectures from University of Amsterdam (UvA), available online (Lippe 2022), which I have used to291

build up most of my initial understanding and code base for this thesis.292

The coupling aspect of the affine coupling transformation comes from the splitting of the input vector z⃗ into two293

pseudo-random parts, z⃗1 and z⃗2. I will talk about how this is implemented, but for now, assume such a split is294

conveniently available. The two parts are coupled because the shift parameters T⃗ and scale parameters S⃗ returned295

from the deep neural network for the first part of the input z⃗1 are used instead to transform the second part of the296

input z⃗2 and vice versa. Then in this sense, every fi of the flow looks like the following297

298

z⃗i,1 = fi(z⃗i−1) = exp (S⃗(z⃗i−1,2)) · (z⃗i−1,1 + T⃗ (z⃗i−1,2))299

where the operation in the right-hand side of the second equals sign is performed element-by-element to the involved300

matrices and S⃗(z⃗i−1,2)) represents the scale transformation variables learned from the second half of the input z⃗i−1 and301

so on. I will also discuss the neural networks used in this implementation, but for now, the affine coupling transforms302

used in this thesis are implemented as follows303

304
class AffineCouplingTransform(nn.Module):305

def __init__(self, network, mask, input_channels) -> None:306
super().__init__()307
self.network = network308
self.scaling_factor = nn.Parameter(torch.zeros(input_channels))309
self.register_buffer(’mask’, mask)310

311
def forward(self, z, log_det_jacob, reverse = False):312

z_in = z * self.mask313
nn_out = self.network(z_in)314
s, t = nn_out.chunk(2, dim = 1)315

316
stabilizing_factor = self.scaling_factor.exp().view(1,-1,1,1)317
s = torch.tanh(s / stabilizing_factor) * stabilizing_factor318

319
s = s * (1 - self.mask)320
t = t * (1 - self.mask)321

322
if not reverse:323

z = (z + t) * torch.exp(s)324
log_det_jacob += s.sum(dim=[1,2,3])325

326
else:327

z = (z * torch.exp(-s)) - t328
log_det_jacob -= s.sum(dim=[1,2,3])329

330
return z, log_det_jacob331332
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where the modules are built onto the existing PyTorch neural network architecture2. Note that the affine coupling333

layer takes and returns two variables in its forward implementation, z and log_det_jacob. Here z is defined exactly as334

described earlier in this section, and log_det_jacob refers to the cumulative sum of the determinants of the Jacobian335

matrices of the transformations that are passed from one layer to the next. Notice the input z is passed through a336

mask that is passed to the layer at initialization. This mask performs the splitting of the input into the two parts z⃗1337

and z⃗2 as discussed above. There are multiple methods in how this mask can be implemented, but here I mainly work338

with a checkerboard mask that masks every other element from the original input z, created as such339

340
def make_checkerboard_mask(height, width, invert = False):341

x, y = torch.arange(height, dtype=torch.int32), torch.arange(width, dtype=torch.int32)342
xx, yy = torch.meshgrid(x, y, indexing = ’ij’)343
mask = torch.fmod(xx + yy, 2)344
mask = mask.to(torch.float32).view(1,1,height,width)345
if invert:346

mask = 1 - mask347
return mask348349

where the invert flag allows for either starting with an accepted or rejected element (aka. inverts the mask). Once350

the data has been masked, the remaining half is passed to the network associated with this affine coupling layer. This351

network is same as the network used in the course tutorials from UvA at Lippe (2022), which itself is inspired by the352

more robust implementation known as Flow++ (Ho et al. 2019) where its full description and discussion is available.353

The specifics are beyond this work’s scope, but the implementation can be found in Appendix A. For this discussion, it354

is important to realize that the shift parameters T⃗ and scale parameters S⃗ are acquired from the neural network at this355

point, and multiplied by the inverted mask. Finally, as alluded before, for this affine layer and all layers that will be356

discussed from hereon, the reverse direction refers to the direction of the flow going from the prior distribution to the357

data distribution, while the not reverse, or forward direction refers to transforming from the data distribution to the358

prior distribution.359

—With the above components in mind, the general flow (aka. composed of multiple flow transformations) can be built360

using the following code, where I have left out some methods of the class that have to do with training the models361

using the PyTorch Lightning module3.362

363
class Flow(pl.LightningModule):364

def __init__(self, flows, importance_samples = 8) -> None:365
super().__init__()366
self.flows = nn.ModuleList(flows)367
self.importance_samples = importance_samples368
self.prior = torch.distributions.normal.Normal(loc = 0., scale = 1.0)369

370
def forward(self, input):371

return self._get_likelihood(input)372
373

def encode(self, input):374
z, log_det_jacob = input, torch.zeros(input.shape[0], device = self.device)375
for flow in self.flows:376

z, log_det_jacob = flow(z, log_det_jacob, reverse = False)377
return z, log_det_jacob378

379
def _get_likelihood(self, input, return_ll = False):380

z, log_det_jacob = self.encode(input)381
log_pz = self.prior.log_prob(z).sum(dim=[1,2,3])382
log_px = log_pz + log_det_jacob383
neg_log_llh = -log_px384
bits_per_dim = neg_log_llh * np.log2(np.exp(1)) / np.prod(input.shape[1:])385
return bits_per_dim.mean() if not return_ll else log_px386

387
@torch.no_grad()388
def sample(self, shape, z_init = None):389

if z_init is None:390
z = self.prior.sample(sample_shape = shape).to(self.device)391

else:392
z = z_init.to(self.device)393

394
log_det_jacob = torch.zeros(shape[0], device = self.device)395
for flow in reversed(self.flows):396

2 PyTorch documentation available at: https://pytorch.org/
3 The documentation for Lightning available here: https://lightning.ai/docs/pytorch/latest/
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z, log_det_jacob = flow(z, log_det_jacob, reverse = True)397
398

return z399400

The Flow object is initialized with its flow transformation layers, objects such as the AffineCouplingTransform401

from above, in a list in self.flows. The prior distribution that I have extensively referred to in my mathematical and402

conceptual descriptions is initialized in the self.prior as a standard normal distribution. Here, the encode method403

allows the input to the flow (which would be the data x⃗ in this case) to be passed through all of the layers of flow404

transformations in the flow, and additionally accumulates the log_det_jacob along the way.405

This encode method is used the method that the Flow executes in its forward pass, defined here as _get_likelihood.406

This method runs the input data x⃗ through the forward direction to get the representation of it in the prior distribution407

(or generally known as the latent) space, previously labeled z⃗n. Once the data is transformed, the latent space408

probabilities can be obtained from the prior distribution, mathematically
∑

logPz(zn), or in this case log_pz. We409

can then use the transformation formula (∗) to get the data distribution space probability, mathematically previously410

referred to as logPx(x⃗), or here log_px. Since this is inherently a minimization problem, instead of the log-likelihood,411

one uses either the negative log-likelihood, or in this case the bits-per-dimension, defined as412

413

bits-per-dimension = negative log-likelihood · log2(e) · (data dimension)−1
414

which can be seen as a dimension-normalized negative log-likelihood, allowing for a generalized tracker regardless415

of the dimensionality of the problem. Hence the training algorithm presented in its entirety in Appendix B uses the416

bits-per-dimension metric to find the best fitting transformation variables, T⃗ and S⃗ for the case of the affine coupling417

transform.418

Finally, the sample method represents the previously mentioned generative of reverse direction of the flow. Here,419

a random sample from the prior distribution is acquired (which is a trivial problem since the prior is a well-known420

function). Then, this sample is passed through the flow backwards to transform it from the prior space to the data421

space, resulting in a randomly generated (and most likely never-before-seen) sample of data (hencewhy flow algorithms422

are generative algorithms). While the forward direction of the flow can be used to acquire probabilities of available data,423

the reverse direction can be used in generating new data for parameter fitting and inference, which will be demonstrated424

in Section 4 in a case study.425

3.3. Gaussian vs. Non-Gaussian Normalizing Flows426

—In the previous section I have laid out the mathematical proof of the existence of flow transformations that can427

map any probability distribution to another, and went over some of the specifics of implementing and training such428

normalizing flows using affine coupling transforms as the basis. Although this approach is very powerful for many cases429

such as image generation, in this case it falls short for a specific reason. Affine coupling transforms, their combinations,430

and moreover the inverses of such combinations, are linear transformations. This means that, if the prior is selected431

as a standard Gaussian function, the target functions it can mathematically map to are limited to other Gaussian432

functions, as Gaussians conserve their Gaussianity under linear transformations. In Section 2 I had alluded that the433

requirement for normalizing flows arose from the apparent non-Gaussianity of the distributions of some of the Cl’s.434

Hence, to accurately model these distributions, affine coupling transforms are not satisfactory on their own.435

To resolve this limitation, it is possible to add other diffeomorphisms as transformation options to the flow besides436

the affine coupling transforms. One such is candidate is the logarithmic transformation. It is remarkably simple in its437

implementation438

439
class LogTransform(nn.Module):440

def __init__(self) -> None:441
super().__init__()442

443
def forward(self, z, log_det_jacob, reverse = False):444

z = z.view(-1, 1, z.shape[-2], z.shape[-1])445
446

if not reverse:447
z = torch.log(z)448
log_det_jacob += torch.log(torch.abs(1/z)).sum(dim=[1,2,3])449

450
else:451

z = torch.exp(z)452
log_det_jacob -= torch.log(torch.abs(1/z)).sum(dim=[1,2,3])453
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454
return z, log_det_jacob455456

yet when combined with an affine coupling transformation, can allow for mapping to any logarithmic function of the457

Gaussian variable of the form z ∼ ab·x+c where x ∼ G(µ, σ). Even though the transformation only transforms with458

respect to the natural base e, this is possible because459

460

ln ab·x+c = (b · x+ c) · (ln a) = (b · ln a)x+ (c · ln a)461

and a shift of (c · ln a) followed by a scale by (b · ln a) allows the original Gaussian distribution to be recovered. Figure462

7 shows a case of this transform combined with the aforementioned affine coupling transform used together. The prior463

in this case is a 3× 3 standard normal distribution, and the target distribution is a 3× 3 matrix of data coming from 2464

separate lognormal distributions, where 5 entries in the matrix come from one distribution and 4 from the other. This465

test is a simple yet interesting result, as the two distributions are independent. Even though the CNN used to learn the466

flow parameters sees data from both distributions at every training step, it is able to distinguish between them and fit467

to them separately. Thus Figure 7, which stows the histogram for the flattened data, shows two well-fit lognormal468

peaks.469470

Figure 7. Depicting a sample generated from a flow trained on a set of lognormal data coming from 2 separate distributions.
The flow coefficients learned accurately distinguish between the two independent distributions.

471

Another simple yet powerful option in combination with the previous two mentioned is the coupled power transfor-472

mation473

474
class PowerTransform(nn.Module):475

def __init__(self, network, mask, input_channels) -> None:476
super().__init__()477
self.network = network478
self.scaling_factor = nn.Parameter(torch.zeros(input_channels))479
self.register_buffer(’mask’, mask)480

481
def forward(self, z, log_det_jacob, reverse = False):482

z = z.view(1, 1, z.shape[-2], z.shape[-1])483
484

z_in = z * self.mask485
nn_out = self.network(z_in)486

487
power, sign = nn_out.chunk(2, dim = 1)488

489
stabilizing_factor = self.scaling_factor.exp().view(1,-1,1,1)490
power = 1 + (torch.tanh(power / stabilizing_factor) * stabilizing_factor)491
sign = torch.sign(torch.tanh(sign) + torch.rand_like(sign)*1e-8)492
power = sign * power * (1 - self.mask) + self.mask493

494
if not reverse:495
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z = z**(1/power)496
log_det_jacob += torch.log(torch.abs(((1/power)*z**(1/power -1)))).sum(dim=[1,2,3])497

498
else:499

z = z**power500
log_det_jacob += (torch.log(torch.abs(power*z**(power-1)))).sum(dim=[1,2,3])501

502
return z, log_det_jacob503504

where the parameters learned are the magnitude and sign of the power the prior distribution should be raised to505

instead of the shift and scale of the distribution.506

Note that even though these additional flow transformations increase the expressivity of the normalizing flow507

significantly, they still do not match the universality in the mathematical derivation. For that, more complicated flow508

transformations have to be utilized, such as cubic splines, which will be the continuation of this work going into my509

PhD.510

4. RESULTS511

4.1. Bayesian Hierarchical Discussion of Normalizing Flows512

—Throughout this work I have extensively talked about the modus operandi of Bayesian statistics and the mathematics513

behind normalizing flows, however never the latter in the context of the former. By formulation, in calculating the514

posterior distribution of any parameters of interest, the Bayesian statistics approach requires the introduction of515

all variables present, subsequently followed by the integration over all variables the parameters only depend on by516

association. Thus, the posterior of a set of a hypothetical parameters θ⃗ dependent on some data x⃗ can be written as517

follows518

519

P (θ⃗|x⃗) =
∫

P (θ⃗, f⃗ , µ⃗, σ⃗|x⃗) df⃗ dµ⃗dσ⃗520

where f⃗ represents the unknown variables of the flow (such as the weights of the neural network, their outputs521

etc.), µ⃗ and σ⃗ represent the mean and covariance matrices of the data x⃗ respectively. As alluded to above, they are522

introduced and integrated over their full assumed support (aka. this in practice would be a definite integral, albeit left523

here indefinite for legibility purposes). From here, we can go to the full joined probability distribution524

525

P (θ⃗|x⃗) =
∫

1

ϵ(x⃗)
P (θ⃗, f⃗ , µ⃗, σ⃗, x⃗) df⃗ dµ⃗dσ⃗526

via introducing the evidence of the data, ϵ(x⃗). Then, continuing in a familiar fashion527

528

P (θ⃗|x⃗) =
∫

1

ϵ(x⃗)
PNF (x⃗|f⃗ , µ⃗, σ⃗, θ⃗) π(f⃗ , µ⃗, σ⃗, θ⃗) df⃗ dµ⃗dσ⃗529

we can label the first probability PNF as the output of the normalizing flow. This step leads us to the major hurdle530

of this implementation. The posterior calculation seems to require a prior π(f⃗ , µ⃗, σ⃗, θ⃗) on the flow variables f⃗ . As the531

variables of the flow are hard to reach and even harder to predict analytically, it is a significant challenge to come up532

with a prior distribution that accurately predicts the numerical values these flow variables can take. Admitting the533

total lack of knowledge and assuming a uniform prior would also be dangerous, as for example, variables such as neural534

network weights are controlled against large absolute values for stability. This choice then would end up biasing the535

results against most likely values of f⃗ unnecessarily. I will deal with this hurdle momentarily, but this requires some536

other assumptions to be made about the formulation first.537

We can split the joint prior into constituents as follows538

539

P (θ⃗|x⃗) =
∫

1

ϵ(x⃗)
PNF (x⃗|f⃗ , µ⃗, σ⃗, θ⃗) π(θ⃗|f⃗ , µ⃗, σ⃗) π(f⃗ , µ⃗, σ⃗) df⃗ dµ⃗dσ⃗540

=

∫
1

ϵ(x⃗)
PNF (x⃗|f⃗ , µ⃗, σ⃗, θ⃗) π(θ⃗|µ⃗, σ⃗) π(f⃗ , µ⃗, σ⃗) df⃗ dµ⃗dσ⃗541

=

∫
1

ϵ(x⃗)
PNF (x⃗|f⃗ , µ⃗, σ⃗, θ⃗) π(θ⃗, µ⃗, σ⃗) π(f⃗ |µ⃗, σ⃗) df⃗ dµ⃗dσ⃗542
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543

where we have assumed the true parameters of interest θ⃗ are independent of the flow variables f⃗ , and recombined544

π(θ⃗, µ⃗, σ⃗) = π(θ⃗|µ⃗, σ⃗)π(µ⃗, σ⃗) in the final step. This leaves us with a final dependence π(f⃗ |µ⃗, σ⃗) to be resolved.545

—Now, I argue that there exists a function I will label h that takes as input µ⃗ and σ⃗ and returns the flow variables f⃗ .546

One can justify the existence of such a function h via considering how the normalizing flow learns its variables:547

• The normalizing flow training is achieved via minimizing the negative log-likelihood of the training data, where548

the variable of interest are the coefficients of the transformations of the normalizing flow. This is a classical549

minimization problem, and there exists a unique set of coefficients that minimize the negative log-likelihood that550

can be found in a reproducible manner for a given set of data (assuming the minimization algorithm is robust).551

• The transformation coefficients are predicted using a set of neural networks that take the data as input. Assuming552

that the coefficients are unique by above for a given set of data, there must also exist a mapping between the data553

and the coefficients. This implies that there exists a unique set of flow variables (for example network weights554

given a pre-determined architecture) that return the transformation coefficients when the data in inputted.555

• Thus, for a given normalizing flow objective and set of data, there exists a unique set of transformation coefficients556

and a unique set of network weights, or more generally, flow variables f⃗ .557

Thus I justify the existence of such a function h(µ⃗, σ⃗). Then, we can rewrite π(f⃗ |µ⃗, σ⃗) as δ(f⃗ − h(µ⃗, σ⃗)). While558

the function h is necessitated by the existence of a mapping, the Dirac delta is necessitated by the uniqueness of the559

solution as discussed above. Then, continuing from where we left off and utilizing this discussion560

561

P (θ⃗|x⃗) =
∫

1

ϵ(x⃗)
PNF (x⃗|f⃗ , µ⃗, σ⃗, θ⃗) π(θ⃗, µ⃗, σ⃗) π(f⃗ |µ⃗, σ⃗) df⃗ dµ⃗dσ⃗562

=

∫
1

ϵ(x⃗)
PNF (x⃗|f⃗ , µ⃗, σ⃗, θ⃗) π(θ⃗, µ⃗, σ⃗) δ(f⃗ − h(µ⃗, σ⃗)) df⃗ dµ⃗dσ⃗563

=

∫
1

ϵ(x⃗)
PNF (x⃗|h(µ⃗, σ⃗), µ⃗, σ⃗, θ⃗) π(θ⃗, µ⃗, σ⃗) dµ⃗dσ⃗564

=

∫
1

ϵ(x⃗)
PNF (x⃗|µ⃗, σ⃗, θ⃗) π(θ⃗, µ⃗, σ⃗) dµ⃗dσ⃗565

566

where I have used the Dirac delta to eliminate the integral df⃗ and subsequently eliminated h(µ⃗, σ⃗) from the right-hand567

side of the normalizing flow output as µ⃗ and σ are already included. Thus it is possible to completely eliminate the568

dependence on the flow parameters in this Bayesian problem, ensuring that the probabilities returned by the normalizing569

flows can be used, completely avoiding the aforementioned hurdle without having to make a difficult decision about the570

priors on the flow variables. This is a key result in implementing normalizing flow-driven probabilities in Bayesian571

models where probability the likelihood distribution of the data is not analytically available.572

4.2. Simple Parameter Inference with Normalizing Flows573

—In the previous section I have discussed the theoretical proof of integrating normalizing flows into a Bayesian574

hierarchical model. The aim of this discussion was to show that it is possible to use normalizing flows in Bayesian575

integration, as the parameters introduced by the normalizing flows can be represented as a function of the data (or its576

summary statistics), and this can be canceled out of the integral, as δ(f⃗ − h(µ⃗, σ⃗)). If this formulation holds, then577

the probabilities returned by the normalizing flow trained on some data set PNF (x⃗|f⃗ , µ⃗, σ⃗, θ⃗) would be unbiased, or in578

other words, would be the same probabilities with the case where we had access to the analytic form of the function.579

This claim is possible to test thanks to one of the fundamental strengths of normalizing flows.580581

As the flow transformations are diffeomorphisms, it is possible to run the flow in the reverse direction and generate582

new data samples from it, as discussed in Section 3. If the flow has been trained to the point where the above assumption583

holds, then these samples, granted they are large enough, would follow the sampling theorem and have the same584

summary statistics as the training data set and the analytic distribution. And the requirement that PNF (x⃗|f⃗ , µ⃗, σ⃗, θ⃗)585

be unbiased is true if and only if the generated samples from the flow also follow the sampling theorem for the analytic586
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Figure 8. Parameter fitting to the data generated from the normalizing flow to recover the summary statistics and θ.

distribution they come from. Thus, I formulate and present a test of my previous claim as follows.587588

First, create a dummy “physical” parameter θ that is distributed as589

θ⃗ ∼ G

(
[1.47, 0, 47],

[
1 0.5

0.5 1

])
590

591

Then, assume that there exists a function f that maps the dummy parameter to the mean of the observable data µ592

593

µ⃗ = f(θ⃗)594

where in this example I take f(θ⃗) = [θ31, θ
3
2] where θi represent individual elements of the the θ⃗ vector. Finally,595

generate the observable data with this596

597

x⃗ ∼ lognorm(µ⃗, I)598

The normalizing flow is trained on this data set x⃗. Once it has been trained, a new data set is sampled from the599

trained flow, z⃗. Now, we can modify the original requirement for this test to read that, if the summary statistics of z⃗600

and the associated θ⃗ match the original analytic distribution, the normalizing flow introduces no biases to the Bayesian601

hierarchical model.602

In every individual case, a dummy parameter θ is sampled from the prior distribution, the mean are generated with603

the function mapping f , and a data set is created from the data prior. Then, the normalizing flow is trained on this604

data set. The trained flow is then used to generate a new sample of data, the marginalized distributions of which can605

be seen in Figure 8. Then, these marginalized samples are used to fit to the mean and the standard deviation of the606

data, which allows for the recovery of the θ⃗ parameter through inverting f . Please note that in “real-life” use cases of607

normalizing flows, this is of course not feasible, as the relation function f cannot be assumed to be available. But this608

information is precisely what makes this a case to test for any biases that can be introduced, as every other step of the609

experiment other than the normalizing flows are controlled.610

Figure 9 shows the results of an extended study of this simple parameter inference experiment, which consists of611

over 540 repetitions of the experiment described in the previous paragraph. Most of the recovered (⃗θ) lie very close612

to the peak, with the densest region of the scatter lying exactly on top of the analytic peak of the distribution at613

[1.47, 0.47]. Considering both the location and the shape of the sample distribution, it is safe to conclude that the614
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Figure 9. The result of a simple parameter inference test case with normalizing flows to investigate the possibility of any biases
incurred due to possible missing priors on the flow parameters. The plot shows, in color, the analytic prior contour for the
dummy physical parameter θ⃗, and the overplotted grey scatter points are the θ⃗ recovered from the normalizing flow.

above mathematical formulation is correct, and that the normalizing flows incur no biases in the Bayesian hierarchical615

model integration.616

5. CONCLUSIONS617

—Light emitted by distant galaxies interact with matter along their path, and observations show a systematic distortion618

of the shapes of these distant galaxies from what should be a uniform distribution of shapes and orientations. Thus,619

studies of this weak lensing phenomenon use this shear field to measure the three-dimensional matter distribution in620

the universe in a model-agnostic way, which allows for considerable improvement of the estimates we currently have of621
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cosmological parameters that are sensitive of the mass distribution of the universe such as the Hubble constant H0,622

matter density parameter Ωm and matter fluctuation amplitude σ8.623

Almanac aims to create a Bayesian hierarchical model to infer the cosmic shear fields and their power spectra624

independent of cosmological models assumed, which ensures the inference methods used for upcoming weak lensing625

surveys such as LSST and Euclid are fault-proof. However, Almanac priors show that the marginalized one-dimensional626

posteriors for the low multipole (l < 50) E-modes of the weak lensing power spectra are highly non-Gaussian. This627

violates the Gaussianity assumption in the Bayesian hiererchical model. Thus this thesis aims to understand and model628

these functions without having to rely on the many-dimensional full Almanac prior.629

To achieve this, this thesis develops and implements normalizing flows, which allow for mapping of unknown probability630

distributions to known ones through learnable variable transformations. In this work, I have presented the code base I631

have put together to build and train normalizing flows for Bayesian parameter inference. The modularity of the code632

presented allows for convenient implementation of various flow transformations. This means that, even though the633

expressive capability of the flow tranformations yet implemented is limited compared to the desired scope for modeling634

the Almanac posterior (which is mainly a computational challenge), the expansion to achieve that should not require635

the overhauling of the already existing framework, but mainly building on it.636

In addition to the code developed, this work has addressed the concerns with using normalizing flows in a Bayesian637

hierarchical model, specifically speaking the introduction of a possible bias in the posterior integration due to the638

emergence of new nuisance parameters, the hidden parameters the flow uses to transform the data. The mathematical639

formulation, even though it makes some simplifying assumptions about the underlying likelihood minimization via640

gradient descent using neural networks, the controlled parameter inference case results presented show that no such641

bias is sustained in repeated experimentation with flows.642

Finally, the next step in expanding this project is expected to be twofold. The first part is the complete implementation643

of cubic splines, which seems to have issues with its gradient descent in finding its parameters. Fixing this should644

increase the expressivity of the flows, allowing for a broader range of functions to be mapped to. The second part is the645

computational fine-tuning. The sample inference case has proven an expected conclusion, that normalizing flows are646

expensive to train due to the latent space representation sharing the dimensionality of the data. Thus, minimizing the647

computational time requires fine tuning of the code base to minimize unnecessary overhead as much as possible, which648

will be the second focus as the project moves to working with the Almanac data.649

APPENDIX650

A. SIMPLE FLOW++ CNN WITH GATED RESNET651

652
#Here is the NN that learns the affine transform for the flows. Insipred by Flow++.653
import torch654
import torch.nn as nn655
import torch.nn.functional as f656

657
class ConcatELU(nn.Module):658

def forward(self, x):659
output = torch.cat([660

f.elu(x),661
f.elu(-x),662

], dim = 1)663
return output664

665
class LayerNormChannels(nn.Module):666

def __init__(self, input_channels, epsilon = 1e-5) -> None:667
super().__init__()668
self.gamma = nn.Parameter(torch.ones(1, input_channels, 1, 1))669
self.beta = nn.Parameter(torch.zeros(1, input_channels, 1, 1))670
self.epsilon = epsilon671

672
def forward(self, x):673

mean = x.mean(dim=1, keepdim=True)674
var = x.var(dim=1, unbiased=False, keepdim=True)675
y = (x - mean) / torch.sqrt(var + self.epsilon)676
y = y * self.gamma + self.beta677
return y678

679
class GatedConvolution(nn.Module):680
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def __init__(self, input_channels, hidden_variables) -> None:681
super().__init__()682
self.net = nn.Sequential(683

ConcatELU(),684
nn.Conv2d(2*input_channels, hidden_variables, kernel_size=3, padding=1),685
ConcatELU(),686
nn.Conv2d(2*hidden_variables, 2*input_channels, kernel_size=1)687

)688
689

def forward(self, x):690
out = self.net(x)691
val, gate = out.chunk(2, dim=1)692
return x + val * torch.sigmoid(gate)693

694
class GatedConvNet(nn.Module):695

def __init__(self, input_channels, hidden_variables = 32, output_channels = None, num_layers = 3) -> None:696
super().__init__()697
output_channels = output_channels if output_channels is not None else 2*input_channels698

699
layers = []700
layers += [nn.Conv2d(input_channels, hidden_variables, kernel_size=3, padding=1)]701
for index in range(num_layers):702

layers += [703
GatedConvolution(hidden_variables, hidden_variables),704
LayerNormChannels(hidden_variables)705

]706
layers += [707

ConcatELU(),708
nn.Conv2d(2*hidden_variables, output_channels, kernel_size=3, padding=1)709

]710
711

self.net = nn.Sequential(*layers)712
self.net[-1].weight.data.zero_()713
self.net[-1].bias.data.zero_()714

715
def forward(self, x):716

return self.net(x)717718

B. TRAINING THE FLOW WITH PYTORCH LIGHTNING719

720
#This file contains funcitons for training and testing.721
import os722
import time723
import sys724

725
import torch726
import torch.utils.data as data727

728
import pytorch_lightning as pl729
from pytorch_lightning.callbacks import LearningRateMonitor, ModelCheckpoint730

731
def train_flow(flow, epochs, train_set, validation_set, test_set, model_name):732

MODEL_PATH = os.path.join(sys.path[0], ’models’)733
N_DEVICES = 1734
NUM_NODES = 1735

736
trainer = pl.Trainer(737

default_root_dir = os.path.join(MODEL_PATH, model_name),738
accelerator = ’gpu’ if torch.cuda.is_available() else None,739
devices = N_DEVICES if torch.cuda.is_available() else 0,740
num_nodes = NUM_NODES,741
max_epochs = epochs,742
#strategy = ’ddp’, #Enable on ALICE.743
gradient_clip_val = 0.5,744
callbacks = [745

ModelCheckpoint(save_weights_only=True, mode=’min’, monitor = ’validation_bits_per_dim’),746
LearningRateMonitor(’epoch’)747

],748
check_val_every_n_epoch = 3749

)750
751

train_data_loader = data.DataLoader(train_set, batch_size=128, shuffle=True, drop_last=True, pin_memory=True, num_workers=0)752
validation_data_loader = data.DataLoader(validation_set, batch_size=64, shuffle=False, drop_last=False, num_workers=0)753
test_data_loader = data.DataLoader(test_set, batch_size=64, shuffle=False, drop_last=False, num_workers=0)754

755
trainer.fit(flow, train_data_loader, validation_data_loader)756

757
validation_result = trainer.test(flow, validation_data_loader, verbose = False)758
start_time = time.time()759
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test_result = trainer.test(flow, test_data_loader, verbose = False)760
duration = time.time() - start_time761
result = {"test": test_result, "val": validation_result, "time": duration / len(test_data_loader) / flow.importance_samples}762

763
return flow, result764765
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