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Hypergraph Partitioning (HP) and Graph Partitioning by Vertex Separator (GPVS)
problems are very well known problems which are used in scientific and parallel com-
puting effectively. A typical problem in parallel computing is to partition the data/tasks
into several processors such that the overall performance of the computation gets more
qualified in terms of time and/or memory. Besides, GPVS is generally used for fill-
reducing ordering of sparse matrices for solving sparse linear systems efficiently which
lies in the area of scientific computing. In this thesis, the relation between these two
problems, HP and GPVS problems, are investigated. Two combinatorial reductions,
from HP Problem to GPVS Problem and from GPVS Problem to HP Problem are dis-
closed along with their theoretical bases. In practice, the nontrivial part of HP Problem
to GPVS Problem reduction is the input transformation, that is, converting a graph to
a hypergraph such that the reduction holds. The nontrivial part of the reduction from
GPVS Problem to HP Problem is the output transformation, that is, decoding a vertex
separator of the corresponding graph to a partition for the hypergraph. In this part,
some useful impossibility results are derived. These nontrivial parts are investigated
deeply and effective and efficient algorithms and methods are proposed.

Furthermore, “oPaToH”, an HP-based fill-reducing ordering tool based on PaToH,
is enhanced along with implementation of input transformations. Besides, based on
fill-reducing ordering tool onmetis, a GPVS-based HP tool “hpmetis” is derived and
a Dantzig-Wolfe decomposition tool for efficient parallelizm of linear programming
problem solutions is constructed, which is called as “dwmetis”. The fill-reducing or-
dering results obtained with enhanced oPaToH produced more qualified ordering re-
sults such as up to %20 improvements for operation count compared to state-of-the
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art ordering tools such as onmetis. Note that decreasing operation count relates to
performing sparse linear equation solutions faster. The Dantzig-Wolfe decomposition
results with dwmetis produced results around 5 times faster than the state-of-the art
hypergraph partitioning tool PaToH with comparable quality for net balancing. This
is also valuable because the preprocessing overhead is also considered inside the total
execution time, generally. As a result, in this work it is showed that parallel and sci-
entific computing applications can be performed faster by exploiting the combinatorial
reductions between HP problem and GPVS problem.

Keywords: hypergraph partitioning, graph partitioning by vertex separator, combina-
torial scientific computing, parallel computing, combinatorial reduction, fill reducing
ordering, Dantzig-Wolfe decomposition, singly-bordered block diagonal form.



OZET

PARALEL VE BILIMSEL HESAPLAMA
UYGULAMALARI ICIN HIPERCIZGE BOLUMLEME

VE DUGUM AYIRACI iLE CiZGE BOLUMLEME

PROBLEMLERININ BIRBIRINE KOMBINATORIYAL
DONUSTURUMU

Enver Kayaaslan
Bilgisayar Miihendisligi, Yiiksek Lisans
Tez Yoneticisi: Prof. Dr. Cevdet Aykanat
Agustos, 2009

Hiper¢izge Boliimleme (HB) ve Diigiim Ayiraci ile Cizge Boliimleme (DACB) prob-
lemleri literatiirde gayet bilinen, kosut ve bilimsel hesaplamada etkin bi¢cimde kul-
lanilan problemlerdir. Kosut hesaplamalarda tipik bir problem, verilerin ve gorevlerin
degisik sayida islemciye Oyle sekilde dagitilmasidir ki hesaplamanin ¢alisma per-
formanst zaman ve yer gereksinimleri acisindan hizli ve verimli olsun. Bunun
yaninda, DACB problemi seyrek dogrusal sistemlerin verimli ¢oziilebilmesi i¢in
doluluk azaltan siralama yapmak i¢in etkin bicimde kullanilmaktadir. Bu da bil-
imsel hesaplamanin konu sahasi i¢ine girmektedir. Bu tez calismasinda, HB ve
DACB problemleri arasindaki iligki incelenmektedir. Bu baglamda, iki kombi-
natoriyal doniistiirim agiga cikarilmistir. Birinci doniistirme, HB probleminden
DACB problemine, ikincisi ise DACB probleminden HB probleminedir. HB prob-
leminden DACB problemine doniistirmede girdi doniistimii kolay olmamaktadir.
Girdi doniistimiinden kasit, verilen bir ¢izgeyi, problem doniistiiriimii uygun ola-
cak sekilde bir hipercizgeye doniistiirmektir. DACB probleminden HB problemine
dontistiiriimde ise c¢ikti doniisiimii kolay olmamaktadir. Burada da kasit, verilen bir
cizge boliimlemeyi asil problemimiz olan hipergizge boliimlemeye doniistiirmektir.
Bu kisimda 6nemli ve faydali imkansizlik sonuglart tiiretilmistir. Bu kolay olmayan
kisimlar derinliince incelenmis, etkili ve verimli ¢oziimler ve yontemler onerilmisgtir.

Bu calisma cercevesinde, bir HB tabanli doluluk azaltan siralama araci olan
oPaToH, gelismis girdi doniisiimleri ile genisletilmistir.  Bunun yaninda, bagka
bir doluluk azaltan siralama araci olan onmetis kullanilarak DACB tabanli bir HB
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araci olan “hpmetis” tretilmistir. Ayrica, yine onmetis kullanilarak bir Dantzig-
Wolfe ayristirma araci olan “dwmetis” tretilmistir. Dantzig-Wolfe ayristirma ise do-
grusal problemlerin etkin kosutlanmasinda kullanilmaktadir. Deneysel sonuclarimiz
gosterdi ki, genigletilen oPaToH, seyrek dogrusal sistem c¢oziimiinde hali hazirdaki
iyi yontemlere gore %?20’lere varan iyilesme gostermistir. Uretilen Dantzig-Wolfe
ayristirma araci dwmetis ise hali hazirda kullamilan HB tabanli yontemlere gore
makul kalite farkliliklarinda 5 kata kadar hizli sonug iiretebilmistir. Bu sonug¢ da
gayet degerlidir, cilinkii toplam performans oOlciiliirken Ongalisma zamani da deger
tasimaktadir. Sonug olarak, bu caligmada gosterildi ki kosut ve bilimsel hesaplama
islemlerinin, HB ve DACB problemlerini birbirlerine doniistiiriimii kullanilarak daha
hizli ¢caligmalar1 saglanabilmektedir.

Anahtar sozciikler: hipercizge boliimleme, diigiim ayiraci ile ¢izge boliimleme, kom-
binatoriyal bilimsel hesaplama, kosut hesaplama, kombinatoriyal doniistiiriim, doluluk

azaltan siralama, Dantzig-Wolfe ayristirma.
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Chapter 1

Introduction and Related Work

Two problems constitute the main ground of the thesis: Hypergraph Partitioning (HP)
Problem and Graph Partitioning by Vertex Separator (GPVS) Problem. These prob-
lems are well known and commonly used for modeling realistic problems encountered
in parallel and scientific computing. Among the graph partitioning problems the Graph
Partitioning by Edge Separator (GPES) Problem is more studied. In GPES, the prob-
lem is to partition the vertices into a specified number of parts minimizing the total
weight of the edges that are shared by two different parts such that the total weights of
the vertices in each part are balanced. On the other hand, in the GPVS problem, the
separator is formed by vertices instead of edges and the objective is to find a set of ver-
tices, which forms the separator, along with a partitioning of the non-separator vertices
to a specified number of parts while minimizing the total weight of the vertices in the
separator such that no two vertices in different parts have adjacency in the graph and
again the total weights of the vertices in each part are balanced. Recall that in graphs
the edges connect exactly two vertices. Hypergraphs can be considered as generalized
versions of graphs, where edges can connect arbitrary number of vertices. Here, the
vertices of hypergraphs will be referred as nodes, and the edges of hypergraphs will
be referred as nets. The HP problem is to partition the nodes while minimizing the
total weight of the nets that are shared by at least two different parts such that the total
weights of either nodes or nets in each part are balanced. In this work, we generally

refer to the HP problem in which the balance on the total weights of the nets in each
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part is considered.

There are several applications that are effectively solved by using HP and GPVS
problems. In this work, we present combinatorial reductions between these two prob-
lems. That is we present a solution for the GPVS problem that utilizes solutions for
HP problem by converting the GPVS problem into the HP problem. We also present
a solution for the HP problem that utilizes solutions for GPVS problem by converting
the HP problem into the GPVS problem. This enables us to use solutions proposed for
one problem in solving applications that are being solved by the solutions of the other
problem. For example, we can use HP solutions for an application which is used to be

solved by GPVS, or vice versa.

The work in this thesis can be considered as the generalization of two previous
works: Hypergraph Partitioning-Based Sparse Matrix Ordering [[10] by Catalyurek as
a chapter in his PhD thesis in 1999 and Decomposing Linear Programs For Parallel
Solutions [42]] which also has been his master thesis in 1998. However, these works
were application-oriented works. Catalyurek used combinatorial reduction from GPVS
problem to HP problem to solve fill-reducing problem for efficient sparse linear system
solutions. Lieserson and Lewis also studied GPVS solution by using HP problem [35]],
however in their formulation the HP solution and the GPVS solution was quite loosely
related. On the other hand, Pinar used combinatorial reduction from HP problem to
GPVS problem to solve the problem of finding Dantzig-Wolfe decomposition of sparse
matrix for parallel solutions of LP Problems. Actually, the idea of GPVS-based HP was
earlier given by Cong et al. [13, [14] under the circuit partitioning problem. However
these works tried to solve HP problem by using GPES. Catalyurek, in his master the-
sis [9], also studied solving HP problem by using minimum degree ordering which is
used to solve GPVS problem. However, Catalyurek also didn’t mention about GPVS.
Yet to my knowledge, Pinar’s work is the first work, which pronounces “GPVS” con-

cretely, to solve HP problem.

The contribution of this thesis can be considered as three-fold:

1) Generalizing the combinatorial reductions between HP and GPVS problems for



CHAPTER 1. INTRODUCTION AND RELATED WORK 3

2)

3)

generic use: The GPVS-based HP idea was specialized under circuit partition-
ing and Dantzig-Wolfe decomposition, whereas the HP-based GPVS idea was spe-
cialized under fill-reducing ordering. In this work, these ideas are generalized for
generic use. Some theoretical possibility and impossibility results are presented for

the reductions.

Proposing effective and/or efficient algorithms for input transformation of GPVS to
HP reduction and output transformation of HP to GPVS reduction: The nontrivial
part of the GPVS to HP reduction is its input transformation. For a given graph,
we need to find a hypergraph such that the reduction holds. New algorithms are
proposed to handle this along with sound theoretical grounds. Similarly, the non-
trivial part of the HP to GPVS reduction is its output transformation. For a given
graph partition by vertex separator and a hypergraph, we need to find a hypergraph
partition which induces given vertex separator. New algorithms and methods are

proposed to handle this along with some theoretical impossibility results.
Producing and enhancing useful tools:

e hpmetis, which is a GPVS-based hypergraph partitioning with net balanc-
ing tool, is derived from the state-of-the-art fill-reducing ordering tool on-
metis [32]

e dwmetis, which is a Dantzig-Wolfe decomposition tool, is derived from the

state-of-the-art fill-reducing ordering tool onmetis [32]

e oPaToH [11, 110], which is a fill-reducing ordering tool produced by
Catalyurek based on the state-of-the-art HP tool PaToH [11], is enhanced via

importing extended input transformations



Chapter 2

Preliminaries

2.1 Graph Partitioning by Vertex Separator (GPVS)

2.1.1 GPVS Problem

An undirected graph G = (V, ) is defined as a set V of vertices and set £ of edges.
Every edge e;; € £ connects a pair of distinct vertices v; and v;. Adjg(v;) is used to
denote the set of vertices that are adjacent to vertex v; in graph G. This operator is
also extended to include the adjacency set of a vertex subset V' C V), i.e., Adjg(V') =
{v; € V=V : v; € Adjg(v;) for some v; € V'}. The degree d; of a vertex v; is equal
to the number of edges incident to v;, i.e., d; = |Adjg(v;)|. A vertex subset Vg is a
K -way vertex separator if the subgraph induced by the vertices in )V — Vs has at least

K connected components. Let w; denote the weight of the vertex v; € V.

Mys={V1,Vs,...,VKk; Vs} is a K-way vertex partition of G by vertex separator.
Vg CV if the following conditions hold: V, CV and V;, #0 for 1<k < K; VNV, =0
for 1<k</<K and V) Wg=0 for 1<k<K; UkKZIVkUVg =V; removal of Vg gives
K disconnected parts Vi, Vs, ..., Vi (i.e., Adjg(Vr) C Vs for 1 <k < K). A vertex
v; € Vj 1s said to be a boundary vertex of part V) if it is adjacent to a vertex in Vs.

In a partition Iy g, a vertex that has at least one neighbor in a part is said to connect
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(b)

Figure 2.1: (a) An example graph G (b) An example 3-way vertex separator Iy g of
g

that part. Connectivity set \; of a vertex v; is defined as the set of parts connected by
v;. Connectivity \; = |A;| of a vertex v; denotes the number of parts connected by v;.
A vertex separator is said to be narrow if no subset of it forms a separator, and wide

otherwise.

Figure [2.1(a)| shows an example graph. Figure [2.1(b)| presents an example vertex
separator on the graph given in Figure

In the GPVS problem, the partitioning constraint is to maintain a €-balance on
the weights of the K parts of the K-way vertex partition 1Ty s ={Vi, Vs, ..., Vi; Vs}.
The weight W, of a part V), is defined by the sum of the individual weights of vertices
in V,,ie., W, = Zuievk w;, for 1 < k < K. A partition Il g is said to satisfy

e-balance if the following equation holds:
Wi < Wapg(1+¢), forl<k<K (2.1)

where W,,, = Zszl Wy /K . The basic imbalance ¢y of a vertex separator Iy g is
defined as the minimum value of ¢ that Il g has -balance. The partitioning objective
is to minimize the separator size, which can be defined as the total weight of vertices
in the separator, i.e.,

Separatorsize(Ilyg) = Z w;. (2.2)

viGVs

Problem 1 GPVS Problem: Given an undirected graph G = (V, ), an imbalance

parameter € and an integer K, find a K-way partition Iy s of G by vertex separator,



CHAPTER 2. PRELIMINARIES 6

minimizing the Separatorsize(Ilyg) such that Ily g has €-balance.

The version of the GPVS problem in which the separator is restricted to be a nar-

row.separator is referred to here as the narrow GPVS (GPVSn) problem.

Problem 2 GPVSn Problem: Given an undirected graph G = (V, &), an imbalance
parameter € and an integer K, find a K-way partition Ily,s of G by narrow vertex

separator, minimizing the Separatorsize(Ilyg) such that 1y s has €-balance.

The GPVS problem is known to be NP-hard [6]].

2.1.2 Matrix-Theoretic View for GPVS

Given a pxp symmetric and square matrix M ,let G(M) = (V, £) denote the standard
graph representation of matrix M . Therefore, the M matrix is the adjacency matrix

of a given graph G = G(M).

M, ME ]
M, ML
Mpp = PAPT = : . (2.3)
My ML
| Mp, Mp, ... Mg, Mg |

A K-way GPVS Ilys = {V1,Vs,...,Vk; Vs} of G(M) can be decoded as per-
muting matrix M into a doubly-bordered block diagonal (DB) form Mpp = PAPT
as follows: Iy ¢ is used to define the partial row/column permutation matrix P by per-
muting the rows/columns corresponding to the vertices of V; after those corresponding
to the vertices of Vy_; for 2<k < K, and permuting the rows/columns corresponding
to the separator vertices to the end. The partitioning objective of minimizing the sepa-
rator size of Il ¢ corresponds to minimizing the number of coupling rows/columns in

Mpp, whereas the partitioning constraint of maintaining balance on the part weights
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of Il g infers balance among the row/columns counts of the square diagonal subma-

trices in Mpp. Figure shows the matrix view of a 3-way vertex separator Iy g
given in Figure 2.1(b) of the graph G presented in Figure

X X X
X X X X
X X X X
X X X X
X X X X X
XX X
X X X X
X X X
X X
X X X X X
X X X X X X X X

6
nnz =47

Figure 2.2: The matrix representation Mpp of the graph G given in Fig. in-
duced by 3-way vertex separator Il ¢ given in Fig.

2.2 Hypergraph Partitioning (HP)

2.2.1 HP Problem

A hypergraph H = (U, N) is defined as a set U of nodes (vertices) and a set A/ of
nets (hyperedges). We refer to the vertices of H as nodes, to avoid the confusion
between graphs and hypergraphs. Every net n; € A connects a subset of nodes of
U, which are called as the pins of n; and denoted as Pins(n;). The set of nets that
connect node uy, is denoted as Nets(uy). Two distinct nets n; and n; are said to be
adjacent, if they connect at least one common node. We use the notation Adjx(n;) to
denote the set of nets that are adjacent to n; in H, i.e., Adjy(n;) ={n; e N —{n;} :
Pins(n;)NPins(n;)#0}. We extend this operator to include the adjacency set of a net
subset N' C N, i.e., Adju(N')={ni e N =N": n; € Adjy(n;) for some n; e N'}.
The degree d;, of a node wu; is equal to the number of nets that connect uy, i.e.,
dp, = |Nets(up)|. The size s; of a net n; is equal to the number of its pins, i.e.,
s; = |Pins(n;)|. Let w; and ¢; denote the weight of vertex u; € U and cost of net

n; € N, respectively.
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Figure 2.3: (a) An example hypergraph H (b) An example 3-way hypergraph partition
II HP of H

gp={Us,Us, ... Uk} is a K-way node partition of H if the following condi-
tions hold: Uy CU and Uy, #0 for 1 <k < K; U, NU; =0 for 1 <k < (<K,
Ulel/{k =U . In a partition Il p of H, a net that connects at least one node in a part is
said to connect that part. Connectivity set \; of a net n; is defined as the set of parts
connected by n;. Connectivity A\; = |A;| of a net n; denotes the number of parts con-
nected by n;. A net n; is said to be an internal net of a node-part 4}, , if it connects only
part Uy, i.e., Pins(n;) C U,. We use N} to denote the set of internal nets of node-
part Uy, for 1 <k < K. A net n; is said to be cut (external), if it connects more than
one node part. We use Ny to denote the set of external nets, to show that it actually
forms a net separator, that is, removal of Ny gives at least K disconnected parts. As a
corollary, a K -way hypergraph partition can be considered as K -way node-partition
which induces a (K + 1)-way net-partition IIyp = N, Na, ..., Ng; Ns.

Figure shows an example hypergraph. Figure 2.3(b)] presents an example
hypergraph partition on the graph given in Figure 2.3(a)|

A node wu; is said to be a free node of a partition 11y p of H if all nets of w; lies in
the cut, i.e., Nets(u;) C Ng. The set of free nodes U of a Iy p of H is defined as
the set of all free nodes of Ilp in H,i.e., Ur = U — Uy, gn Pins(n;).

In the HP problem, the partitioning constraint is to maintain a €-balance on the
weights of the K parts of the K-way node partition Iy p = {U;,Us, ..., Ui }. The
weight Wj. of a part U}, can be either defined by the sum of the individual weights of
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nodes in U}, which is called Node Balancing, i.e., W;, = Zuz cu, Wis for 1<k< K,
or defined by the sum of the individual weights of internal nets in U, which is called
Net Balancing, i.e., W, = ane/\/’k ¢j, for 1 <k < K. A partition IIyp is said to

satisfy e-balance if the following equation holds:
Wi < Wapg(1+¢), forl<k<K (2.4)

where W, = Zszl Wi/K =3, o, wi/ K. The basic imbalance ¢, of a hypergraph
partition IIyp is defined as the minimum value of ¢ that IIyp has e-balance. The
partitioning objective is to minimize the cut size, which can be either defined as the

total weight of external (cut) net, which is called Cutnet metric, i.e.,
Cutsize(Ilyp) = Z ¢ (2.5)
nj GNS

or defined as the total weight of external (cut) nets multiplied along with their connec-

tivity minus one, which is called Connectivity metric, i.e.,

Cutsize(Ilgp) = Z ci(A—1) (2.6)

n]-E/\fs

Problem 3 HP Problem: Given a hypergraph H = (U, N'), an imbalance param-
eter € and an integer K, find a K-way node partition 1lyp of 'H, minimizing the

Cutsize(llgp) such that Iy p has €-balance.

The HP problem is known to be NP-hard [36].

2.2.2 Matrix-Theoretic View for HP

Given a p X ¢ rectangular matrix A, let Hgy(A) = (U, N) denote the row-net hy-
pergraph representation of matrix A. In this representation, the columns and rows
of matrix A respectively constitute the nodes and nets of hypergraph Hry(A). Ma-

trix A can also be considered as row-net matrix representation of a given hypergraph
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H = Hpn(A).

A
Ay
Agp = PAQ = . 2.7)
Ag
Ap, Ap, ... Ap,

A K -way node-partition Iy p = {U;,Us, ..., Uk}, which induces a (K+1)-way
net partition { N7, Na, ..., Ng;Ns}, of Hrn(A) can be decoded as permuting matrix
A into a K -way rowwise singly-bordered block diagonal (SB) form as follows: Il p
is used to define the partial column permutation matrix () by permuting the columns
corresponding to the nodes of part 4, after those corresponding to the nodes of part
U1 for 2<k < K. The (K+1)-way partition on the nets of Hrn(A) is used to define
the partial row permutation matrix P by permuting the rows corresponding to the nets
of N} after those corresponding to the nets of N;_; for 2 < k < K, and permuting
the rows corresponding to the external nets to the end. Here, the partitioning objective
of minimizing the cutsize of II;p corresponds to minimizing the number of coupling
rows in Agp. The partitioning constraint of balancing on the internal net counts of
node parts of Il p infers balance among the row counts of the rectangular diagonal
submatrices in Agp. It is clear that the transpose of Agg will be in a columnwise SB

form. Figure shows the matrix view of a 3-way hypergraph partition II;p given
in Figure[2.3(b)] of the hypergraph H presented in Figure

X X
2 X X X X
3F X X
X X
X X X
XX
X X X X
X X
X X
X X X X

Figure 2.4: The matrix representation Agp of the hypergraph H given in Fig.
induced by hypergraph partition I15p given in Fig.[2.3(b)]
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(b)

Figure 2.5: (a) An example hypergraph H (b) The net intersection graph NIG(H) of
H

2.3 Net Intersection Graph (NIG) of Hypergraph

2.3.1 NIG Representation

The NIG representation [[14]], also known as intersection graph [1, 5], was proposed
and used in the literature as a fast approximation approach for solving the HP prob-
lem [29]. In the NIG representation NIG(H) = (V,€) of a given hypergraph
H = (U,N), each vertex v; of NIG(H) corresponds to net n; of H. There exist
an edge between vertices v; and v; of NIG(H) if and only if the respective nets n;
and n; are adjacent in H, i.e., e;; € & if and only if n; € Adjy(n,;) which also
implies that n; € Adjy(n;). This NIG definition implies that every node u; of H
induces a clique C;, in NIG(H) where C;, = Nets(uy).

Figure shows an example hypergraph and Figure [2.5(b)| presents the net in-
tersection graph of the hypergraph given in Figure

2.3.2 Matrix-Theoretic View for NIG Representation

Given a hypergraph H, the rectangular matrix A with property H = Hry(A) is the
row-net matrix of H. The matrix M = AA” forms the adjacency matrix of the graph

G = NIG(H).
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2.4 Graph Partitioning by Edge Separator (GPES)

2.4.1 GPES Problem

An undirected graph G = (V, ) is defined as a set V of vertices and set £ of edges.
Every edge e;; € £ connects a pair of distinct vertices v; and v;. We use the nota-
tion Adjg(v;) to denote the set of vertices that are adjacent to vertex v; in graph G.
We extend this operator to include the adjacency set of a vertex subset V' C V), i.e.,
Adjg(V')={v; € V=V': v; € Adjg(v;) for some v; € V'}. The degree d; of a vertex
v; is equal to the number of edges incident to v;, i.e., d; =|Adjg(v;)|. An edge subset
Es is a K -way edge separator if the subgraph induced by the edges in £ —Eg has at
least K connected components. Let w; and c¢;; denote the weight of the vertex v; € V

and the weight of the edge e;; € £, respectively.

Mgs={V1,Vs,..., Vk} is a K-way vertex partition of G by edge separator if the
following conditions hold: V;, CV and V;, #0 for 1<k< K; VNV, =0 for 1<k <
I<K; Ulevk =V; removal of g gives K disconnected parts V;, Vs, ..., V.

In the GPES problem, the partitioning constraint is to maintain a ¢-balance on the
weights of the K parts of the K-way vertex partition [Tgg = {V;, Vs, ..., Vx}. The
weight Wy, of a part V;, is defined by the sum of the individual weights of vertices in
Vi, ie., Wi, = Zvievk w;, for 1 <k < K. A partition I1gg is said to have e-balance
if the following equation holds:

Wi < Wapg(1+¢), forl<k<K (2.8)

where Wy, = S0 Wi /K = > v,y Wi/ K. The basic imbalance ¢, of a graph
partition Ilgg is defined as the minimum value of ¢ that IIgzg has e-balance. The
partitioning objective is to minimize the cut size (separator size), which can be defined

as the total weight of edges in the cut (separator), i.e.,

Cutsize(llgs) = Z Cij- (2.9)

eij€ES

Problem 4 GPES Problem: Given an undirected graph G = (V, ), an imbalance



CHAPTER 2. PRELIMINARIES 13

parameter ¢ and an integer K, find a K-way partition llgs of G by edge separator,

minimizing the Cutsize(Ilgg) such that Ilgg has €-balance.

The GPES Problem is known to be NP-hard [6].

2.4.2 Matrix-Theoretic View for GPES

Given a pxp symmetric and square matrix M, let G(M) = (V, £) denote the standard
graph representation of matrix M . Therefore, the M matrix is the adjacency matrix

of a given graph G = G(M).

Mix My ... Mgk
My My ... M

Mp=PAPT = | "% T ol (2.10)
| Mgy Mgy ... Mgk

A K-way GPVS Ilys = {V1,Vs,...,Vk; Vs} of G(M) can be decoded as per-
muting matrix M into a dense block diagonals form Mp = PAPT as follows:
IIgs is used to define the partial row/column permutation matrix P by permuting
the rows/columns corresponding to the vertices of V), after those corresponding to the
vertices of Vy_; for 2<k < K. The partitioning objective of minimizing the separator
size of IIgg corresponds to minimizing the number of off-diagonal nonzeros, whereas
the partitioning constraint of maintaining balance on the part weights of Ilgg infers

balance among the row/columns counts of the square diagonal submatrices in Mp.
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2.5 Edge Clique Cover (ECC)

2.5.1 ECC Problem

Given a set C = {C1,Cs, ...} of cliques in G = (V,€), C is an edge clique cover
(ECC) of G if for each edge ¢;; € £ there exists a clique C;, € C that contains both v;

and v;.

Problem 5 ECC Problem [34]: Given a graph G = (V, &), find an ECC C of the

graph G minimizing the number of cliques in C.

The ECC problem is known to be NP-hard [34]].

2.5.2 Clique-Node Hypergraph

Given a set C = {C1,Cy, ...} of cliques in graph G = (V, &), the clique-node hy-
pergraph CNH(G,C) = H = (U, N) of G for C is defined as a hypergraph with |C|
nodes and |V| nets, where H contains one node wy, for each clique C;, of C and one net
n,; for each vertex v; of V,i.e.,d =C and N = V. In ‘H, the set of nets that connect
node u;, corresponds to the set C;, of vertices, i.e., Nets(uy) = Cp, for 1 <h <|C|.
In other words, the net n; connects the nodes corresponding to the cliques that contain

vertex v; of G.

Figure shows an example graph and Figure presents the clique-node
hypergraph for a given edge clique cover.

2.6 Minimum Set Cover (MSC)

There is a main set 7 of n elements. Besides, there is a set F of m subsets of the
main set, i.e., F = {S1,S5s,...,Sn} where VS; C 7. A set F' is said to cover a
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(b)

Figure 2.6: (a) An example graph G (b) the clique-node hypergraph H of G for ECC
C = {C1 = {v1,v2,v3},Co = {v2,v10,v11}, C3 = {v2,v3,011},Cs = {v1,12},C5 =
{v4,vs,v10, 011}, C6 = {05, 06,011}, Cr = {5, 06}, Cs = {v4,v5},Co = {v7,09},C10 =

{U% Ug, U9}, Cin= {1)77 011}7 Cia= {’07, US}}

set 7", if the union of subsets of F’ is equal to the set 77, i.e., Ug,c=S; = 7'. The
minimum set cover problem is finding a subset F’ of F. The objective is to minimize
the cardinality of the subset F’, whereas the constraint is to make the subset F’ cover

the main set 7 .

Problem 6 MSC Problem: Given a main set T, and a family F of subsets of main

set, find a subset F' of F, minimizing the cardinality, |F'|, such that F' covers the

main set T .

The MSC problem is known to be NP-hard [30].

In the decision version of MSC Problem, an additional input parameter 7 presents
and Set Cover (SC) Problem asks for the existence of a set 7/ C F that covers 7 with

cardinality less than or equal to 7, i.e., | F'| < 7.

2.7 Maximum Set Splitting (MSS)

There is a main set 7 of n elements. Besides, there is a set F of m subsets of the
main set, i.e., F = {S1,5,...,5,} where VS; C 7. For a given partition a subset

S, is said to be splitted if the elements of subset 5; is neither completely in S nor in
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Sy. The maximum set splitting problem is finding a 2-way partition of the main set 7°

minimizing the number of splitted subsets in F .

Problem 7 MSS Problem: Given a main set T, and a family F of subsets of main
set, find a partition (T1,T) of T, maximizing the number of splitted subsets in F.
The MSS problem is known to be NP-hard [19].

In the decision version of MSS Problem, Set Splitting (SS) Problem asks for the
existence of a partition (77, 73) of 7 such that all subsets of F are splitted.



Chapter 3

Theoretical Foundations

Theorem 1 A vertex separator is narrow if and only if there is no vertex in separator

with connectivity less than 2.

Proof If there is a vertex v; € Vg with \; = 1, we can put v; to the only part V,, € A;,
and since Adjg(v;) € Vi, U Vs, Vs — v; would still be a valid separator. If there is
a vertex v; € Vg with \; = 0, we can put v; to any part and since Adjg(v;) C Vs,
Vs — v; would still be a valid separator. Thus, if a vertex separator is narrow, there
is no vertex in the separator with connectivity less than 2. If a vertex separator Vg is
not narrow, there exists a set Vi C Vs which forms a separator. Assume that there
is a vertex v; € Vg — Vi with \; > 2. Let the part V;, be the part that vertex v; is
assigned to. Then Adjg(Vx) Z Vs, which invalidates the separator. Hence, for all
vertices v; € Vg — V'S, \; < 2. Therefore, if a vertex separator Vg is not narrow,

there exists a vertex in separator whose connectivity is less than 2. O

For an optimization problem A with input parameters a, if A(a) has no feasible
solution than the optimal solution S4 is to be oo and —oo, if A is a minimization and

maximization problem, respectively.

Proposition 1 Given an undirected graph G = (V,E), an imbalance parameter &

and an integer K, either GPVSn has no feasible solution or optimal solution Sgpys

17
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(minimum separator size) of GPVS problem is less than or equal to the optimal solution

Sapvsn (minimum separator size) of GPVSn problem, i.e., Sapyvs < Sapvsn-

Proof Any narrow vertex separator is also a valid vertex separator for GPVS problem.
Therefore, given the same input, any solution to narrow GPVS problem is also a valid
solution to GPVS problem. So, if a feasible solution exists for GPVSn problem, min-
imum separator size of GPVS problem is less than or equal to the minimum separator

size of GPVSn problem given the same input. O

The following theorem is the basis for hypergraph-partitioning-based GPVS ap-

proach.

Theorem 2 Consider a hypergraph H = (U, N') and its NIG representation NIG(H)
= (V,&). A K-way node-partition llgp = {Uy,Us, . .. ,Ux } of H can be decoded as
a K-way vertex separator llys = {V1, Vs, ..., Vk; Vs} of NIG(H), where

(a) partitioning objective of minimizing the cutsize of llyp according to the cutnet

metric corresponds to minimizing the separator size of Ilyg.

(b) partitioning constraint of €-balance on internal nets of llyp infers c-balance of
Hys

Proof As described in [4], the K -way node-partition [1yp = {U;,Us, ... , Uk} of H
can be decoded as a (K +1)-way net-partition {N7,Na, ..., Nx;Ns}. We consider
this (K +1)-way net-partition Iyp = {N1,Ns,...,Nk;Ns} of H as inducing a
K-way GPVS Ilys = {V1,V,,...,Vk;Vs} on NIG(H), where V, = N, for 1 <
k< K, and Vg = Ng. Consider an internal net n; of node-part U}, in IIyp, ie.,
n; € Ng. Itis clear that Adjy(n;) C N, U Ng, which implies Adjy(Ny) € Ns.
Since Vi, = N and Vs = N, Adjy(Ni) C Ns in IIzp implies Adjg(Vi) C Vs
in ITy5. In other words, Adjg(Vx) NV, = 0, for 1 </ < K and ¢ # k. Thus, Vg
of Ily g constitutes a valid separator of size Zvi cve Wi = an eNs Ci- So, minimizing

the cutsize of 1l p with cutnet metric corresponds to minimizing the separator size of
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ITy/s. Since Zvier w; = aneNk ¢;j, for 1 <k < K, e-balance on the internal nets

of node parts of Il p corresponds to e-balance on vertices of parts of Il g. O

Corollary 1 Consider an undirected graph G. A K-way node-partition 11y p of any
hypergraph 'H for which NIG(H) = G can be decoded as a K-way vertex separator

Iy s of G with same objective value under same constraint parameter.

The following theorem is the basis for GPVS-based Hypergraph Partitioning ap-

proach.

Theorem 3 Consider a hypergraph H = (U,N) and its NIG representation G =
NIG(H) = (V,€). A K-way narrow vertex separator 1lys = {V1,Vs,...,Vk; Vs}
of G can be decoded as a K-way node-partition Hyp = {Uy,Us, ... Uk} of H,

where

(a) partitioning objective of minimizing the separator size of 11y, s corresponds to min-

imizing the cutsize of llyp according to cutnet metric.

(b) partitioning constraint of c-balance of 1ly g infers c-balance on internal nets of

HHP-

Proof The K -way narrow vertex separator IIys = {Vi, Vs, ..., Vk;Vs} of G in-
duces a (K +1)-way net-partition Ilgp = {Ni,Na, ..., Ng;Ns} of H, where
Ni = Vg, for 1<k< K, and Ng = Vs. As to be remembered, the set of free nodes
Ur of a Ilyp of ‘H is defined as the set of nodes whose all nets are external nets, i.e.,
Upr =U — UanNs Pins(n;). The net-partition Ilyp = {N1,Na, ..., Ng; Ns} can
be realized by the following node-partition Ilyp = {U; = U] U Up,Us, ... Uk}
where Uy = U, cp, Pins(ng), for 2 < k < K and U = U, cn, Pins(ng).
Clearly, this node partition covers all nodes in . The disjointness of this node par-
tition should be checked. Assume that there exists a node u; that appears in two
different node parts Uy, and Uy,. This node u; can not be free, because we as-

sure that free nodes are only appear in node part {/;. Then, since u; is not a free
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node and w; € Uy, N Uy,, there exists two nets nj; and nj,, from parts N, and
N, , respectively such that w; € Pins(n;,) N Pins(n;,), which yields to the cor-
responding vertices v;, € Vi, and vj, € V, are adjacent vertices in G. This con-
tradicts with the vertex separator definition. Therefore the disjointness property of
the node partition Iyp = {Uy = U] UUp,Us, ..., Uk} holds. Let net partition
0y p = {N|, NG, ..., Nj; N} of H be the net partition induced by this node parti-
tion. U, = UnjeNk Pins(nj), Ny C NJ,for 1 < k < K. Since the vertex separator
IIy s is narrow, each vertex v; € Vg has connectivity at least 2. This also refers to
that n; € N has connectivity at least 2 induced by non-free nodes. Therefore, any
net n; € N is also an element of N, i.e., Ng C N{. As aresult, T}, = Iyp
and the node partition I1yp = {Uy = U] UUp,Us, ..., Uk} induces the net parti-
tion Iyp = {N1, N, ..., Nk; Ns} of H. So, minimizing the separator size of ITy g
corresponds to minimizing the cutsize of Il p according to the cutnet metric. Since
anex\fk ¢ = Zvievk w;, for 1 < k < K, e-balance on vertices of parts of Il g

corresponds to £-balance on the internal nets of node parts of Il p. O

Corollary 2 Consider a hypergraph H. A K-way narrow vertex separator 1ly g of
G = NIG(H) can be decoded as a K-way node-partition Ilgp of H with the same

objective value under the same constraint parameter.

Theorem 4 (Main Theorem) Given a hypergraph H = (U, N'), an imbalance param-

eter € and a part count K, consider the following three problems:

(1) HP Problem of net balancing with cutnet metric on hypergraph H, imbalance
parameter ¢ and partition amount K.

(2) GPVS Problem on graph N1G(H), imbalance parameter ¢ and part count K .

(3) GPVSn Problem on graph N1G(H), imbalance parameter ¢ and part count K.

Let Syp, Scgpvs and Sgpvs, be the optimal solutions of HP problem (1), GPVS
problem (2) and GPVSn problem (3), respectively. Then;

Sarvs < Sup < Sapvsn
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Proof According to Theorem [2| an optimal solution 15, of HP Problem (1) can be
decoded as a feasible solution Il s of GPVS Problem (2) with same objective value.
Therefore Sgpys < Spp. According to Theorem [3] an optimal solution IIy g of
GPVSn Problem (3) can be decoded as a feasible solution IIgzp of HP Problem (2)

with same objective value. Therefore Syp < Sgpysn- O



Chapter 4

Hypergraph-Partitioning-based
Graph Partitioning by Vertex

Separator

Here, we are interested in the hypergraph partitioning (HP) problem in which objec-
tive is defined according to the cutnet metric as in Equation and the constraint of
e-balance is considered on the internal nets. Theorem [2|forms the basis of hypergraph-
partitioning-based graph partitioning by vertex separator (GPVS) approach. The theo-
rem states that a K-way node-partition [Ty p = {U;,Us, ..., Uk} of H can be decoded
as a K-way vertex separator Iy g = {V1,Vs, ..., Vik;Vs} of NIG(H), where the ob-
jective of minimizing the cutsize of 11 p corresponds to minimizing the separator size
of Il s and constraint of e-balance of llyp infers e-balance of Il g. Here, we try
to solve GPVS problem by using HP problem. So, we are given a graph G and we are
to find a vertex separator Il g of the graph G. Therefore, the approach is much more
related to Corollary |1} which states that a K-way node-partition II;p of any hyper-
graph ‘H for which NIG(H)= G can be decoded as a K-way vertex separator IIy g of
G, where the objective of minimizing the cutsize of [Igp corresponds to minimizing
the separator size of Il s and constraint of €-balance of Ilyp infers e-balance of
IMys.

22
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The definition of GPVS problem in Section 2.1.1]is reshowed below:

Problem: GPVS Problem: Given an undirected graph G = (V, ), an imbalance
parameter € and an integer K, find a K-way partition 1l s of G by vertex separator,

minimizing the Separatorsize(Ilyg) such that 11y g has €-balance.

Combinatorial Reduction 1 GPVS Problem = HP Problem

Algorithm 1 GPVS Problem = HP Problem Reduction

Require: G = (V,&),e, K
1: G —H
2: Mpp — HP(H, e, K)
3: gp — lyg
4: return Iy g

1) Constructing a hypergraph H for which NIG(H)= G: This is not trivial because
there is no unique construction of a hypergraph H for which NIG(H)= G. The
approaches for constructing such hypergraph H is explained in this chapter in de-

tail.
2) Finding K-way Hypergraph Partition 11y p with minimum cutsize under < -balance

3) Decoding llyp to a vertex separator 1lyg: A node-partition Ilyp of H can
be trivially be decoded to the vertex separator Il s of G as follows: A node-
partition Ilyp = {Uy,Us,...,Ux} of H induces a net-partition Iyp =
{N1, Nz, ..., Ng;Ns} of H and Tl g of G is constructed from this net partition
as ys ={Vi =M, Vo =N, ..., Vi = Ng; Vs = Ns}.

Figure 4| shows the combinatorial reduction from HP problem to GPVS problem
as follows. In Figure firstly we are given a graph G. In the second step, we
construct a hypergraph H based on finding an ECC C of G as in Figure [d.1(b)] Then,
in the third step, we find a hypergraph partition II5;p of H as in Figure Finally,

in the forth step, we decode Il p as a vertex separator Il ¢ of the given graph G as

in Figure @.1(d)}
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() ()

Figure 4.1: (a) An example graph G (b) The clique-node hypergraph H = CNH(G,C)
of G foran ECC C (c) A hypergraph partition [15p of H (d) The vertex separator 11y g
of G induced by Il p of H

4.1 Hypergraph Construction

4.1.1 Theoretical Base

The following two theorems state that, for a given graph G, the problem of constructing
a hypergraph whose NIG representation is same as G is equivalent to the problem of
finding an ECC of G.

Theorem 5 Given a graph G = (V, ) and a hypergraph H = (U, N), if NIG(H) =
G then H = CNH(G,C) with C = {C,=Nets(uy) : 1<h<|U|} isan ECC of G.

Proof Since NIG(H) = G, there is an edge e;; = {v;,v;} in G if and only if nets

n; and n; are adjacent in H which means there exists a node u;, in ‘H such that both
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n; € Nets(up,) and n; € Nets(uy). Since uy, induces the clique C;, € C, Cj, contains

both vertices v; and v;. O

Note that C = {C, = Nets(up) : 1 < h < |U|} is the unique ECC of G satisfying
H = CNH(G,C).

Theorem 6 Given a graph G = (V, &), for any ECC C of G, the NIG representation
of clique-node hypergraph of C is equivalent to G, i.e., NIG(CNH(G,(C)) = G.

Proof By construction, two nets n; and n; are adjacent in CNH(G, C) if and only if
there exists a clique C;, € C such that C;, contains both vertices v; and v; in G. Since
C is an ECC of G, there is such a clique C;, € C if and only if there is an edge ¢;; in
G.O

4.1.2 Hypergraph Construction Methodology

The approach for hypergraph construction is first finding an ECC C of G, and then
constructing the hypergraph H as the clique-node hypergraph of G for C. This hyper-

graph construction methodology is presented as follows:

Algorithm 2 Hypergraph Construction Methodology
Require: G = (V,€)

1. C+— ECC(G)

2: ‘H — CNH(G,C)

3: return H

The choice of the ECC may affect the run-time performance of HP-tool depending
on the size of the clique-node hypergraph. Since the number of nets in the clique-
node hypergraph is fixed, the number of cliques and the sum of the clique sizes, which
respectively correspond to the number of nodes and pins, determine the size of the
hypergraph. Hence, an ECC with small number of large cliques is likely to induce a

clique-node hypergraph of small size.
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Figure 4.2: (a) An example graph G (b) The 2-clique-node hypergraph H? (c) A 4-
clique-node hypergraph H*

The ECC problem can be considered to be relevant to our problem of finding a
“g0od” ECC. The ECC problem is known to be NP-hard [34] and the literature contains
a number of heuristics [23] 33, 134]] for solving the ECC problem. However, even
the fastest heuristics’ [23] running time complexity is O(|V||€]), which makes it an

impractical approach.

In this work, three different types of ECCs are investigated, namely C2,C?, and
C*, to observe the effects of increasing clique size in the solution quality and run-time
performance of the proposed approach. Here, C? denotes the ECC of all 2-cliques
(edges), i.e., C?> = &£; C? denotes an ECC of 2- and 3-cliques; C* denotes an ECC of
2-, 3-, and 4-cliques. In general, C* denotes an ECC of cliques in which maximum
clique size is bounded above by k. Note that C? is unique, whereas C3 and C* are
not necessarily unique. The clique-node hypergraph induced by C* will be referred as
HE = CNH(G,C*).

The clique-node hypergraph H? deserves special attention, since it is uniquely
defined for a given graph G. In H?, there exists one node of degree 2 for each edge ¢;;
of G. The net n; corresponding to vertex v; of G connects all nodes corresponding to
the edges that are incident to vertex v;, for 1 <4 <|V|. So, H? contains |€| nodes,
|V| nets, and 2|€| pins. The running time of HP-based GPVS using H? is expected
to be quite high because of the large number of nodes and pins. Figure 4.1.2] displays
the 2-clique-node hypergraph H? and a 4-clique-node hypergraph H* of the sample

graph G given in Figure As seen in Figure 4.2(b)| each node of H? is labeled
as u;; to show the one-to-one correspondence between nodes of H? and edges of G.
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Algorithm 3 C3 Construction Algorithm

Require: G = (V,€)
1: for each vertex v € V do
2 m[v] «— NIL
3: for each edge ¢;; € £ do
4:  cover[e;;] <0
5: C3— 10
6: for each vertex v; € V do
7
8
9
0
1

for each vertex v; € Adjg(v;) with j > i do
m [v;] v
for each vertex v; € Adjg(v;) with j > i do
for each vertex v;, € Adjg(v;) with k> j do
if 71 [vp]= v; and Zee({i,i,uj,vk}) cover[e]< 2 then
2

12: C3 — C3 U {{vi,vj,vr}} > Add the 3-clique to C?
13: for each edge ¢ € ({”"’”2?’”’“}) do

14: cover[e] «— 1

15: if cover[e;; ] = 0 then

16: C3 — C3 U {{vi,vj}} > Add the 2-clique to C*

17: cover[e;;] « 1

That is, node w;; of H? corresponds to edge e;; of G, where Nets(u;;)={n;, n;}.

4.1.3 Hypergraph Construction Algorithms

Algorithm [3| and Algorithm {4 display the algorithms developed for constructing a C?
and a C*, respectively. The goal of both algorithms is to minimize the number of pins
in the clique-node hypergraphs as much as possible. Both algorithms visit the vertices
in random order in order to introduce randomization to the ECC construction process.
In both algorithms, each edge is processed along only one direction (i.e., from low to

high numbered vertex) to avoid identifying the same clique more than once.

In Algorithm [3] for each visited vertex v;, the 3-clique(s) that contain v; are
searched for by trying to locate 2-cliques between the vertices in Adjg(v;). This search
is performed by scanning the adjacency list of each vertex v; in Adjg(v;). For each
vertex, a parent field 7 is maintained for efficient identification of 3-cliques during
this search. An identified 3-clique C}, is selected for inclusion in C? if the number of
already covered edges of C; is at most 1. The rationale behind this selection criteria

is as follows: Recall that a 3-clique in C® adds 3 pins to H?, since it incurs a node of
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Algorithm 4 C* Construction Algorithm
Require: G = (V,€)

1: for each vertex v € )V do

2: m[v] < m[v] «— NIL

3: for each edge ¢;; € £ do

4:  cover[e;;] <0

5: Ct—10

6: for each vertex v; € V do

7. for each vertex v; € Adjg(v;) with j > i do

8: m [v;] v

9:  for each vertex v; € Adjg(v;) with j > i do

10: for each vertex v;, € Adjg(v;) with k& > j do

11: mo[v] — Vj

12: for each vertex vi, € Adjg(v;) with k > j do

13: if 7 [vg]= v; then

14: if Zee({vi,vg,vk}> cover[e] < 2 then

15: for each vertex vy € Adjg(vy) with £ > k do
16: if T [vy]=v; and mo[ve]= U then

17: if Zee({vi,vj,;k,v[}) cover[e] < 4 then
18: Ct — c* U {{vi,vj, vk, ve}} > Add the 4-clique to C*
19: for each edge e € ({”i’”j’zv""”"'}) do
20: cover[e] «— 1
21: if Zee({ui,vg,vk}) cover[e]< 2 then
22: Ct — C* U {{vi,vj,vr}} > Add the 3-clique to C*
23: for each edge e € ({”i’vg ’”"‘})
24: cover[e] «— 1
25: if cover[e;;] = 0 then
26: C* — C* U {{vi,v;}} > Add the 2-clique to C*
27: cover[e;;] « 1

degree 3 in ‘H3. If only one edge of Cj, is already covered by other 3-clique(s) in C3,
it is still beneficial to cover the remaining two edges of Cj;, by selecting Cj, instead of
selecting the two 2-cliques covering those uncovered edges, because the former selec-
tion incurs 3 pins whereas the latter incurs 4 pins. If, however, any two edges of Cj,
are already covered by another 3-clique in C3, it is clear that the remaining uncovered
edge is better to be covered by a 2-clique. After scanning the adjacency list of v; in
Adjg(v;), if edge {v;,v;} is not covered by any 3-clique then it is added to C* as a

2-clique.

In Algorithm [] for each visited vertex v;, the 4-clique(s) that contain v; are

searched for after finding the 3-clique(s) that contain v; as in Algorithm [3| For each
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3-clique {v;,v;,v;} identified in Adjg(v;), the 4-clique(s) that contain the 3-clique
{vi,v;, v} are searched for by scanning Adjg(vy), where vy, is the last vertex added
to the 3-clique. For each vertex, a second parent field 75 is maintained together with
m for efficient identification of a vertex v, in Adjg(vy) that is adjacent to both v;
and v;. A 4-clique C, = {v;, v}, vy, v} is selected to be added to C*, if at most 3
out of 6 edges of C;, are already covered by other 3- and/or 4-clique(s) in C*. After
scanning Adjg(vy), if at most one edge of the 3-clique {v;, v;, v} is covered by other
3- or 4-cliques then it is added to C* as a 3-clique. After scanning Adjg(v;), if edge

{vi,v;} is not covered by any 3- or 4-clique then it is added to C* as a 2-clique.

Note that the ideas in Algorithms [3] and §] can be extended to a general approach
for constructing C;.. However, this general approach requires maintaining k—2 parent
fields for each vertex. Secondly, in some cases, such as Linear Programming Problems,
the ECC C of the graph G might be given naturally. In such situations, the hypergraph

‘H can be directly constructed skipping the ECC construction procedure.

4.2 Hypergraph Sparsening

Assume a hypergraph H of a given graph G, where NIG(H) = G, exists either by
constructing from an ECC which is naturally given or constructed using the techniques
explained in Section This hypergraph H can further be sparsened. Still, some
nodes or pins might be redundant in terms of determining the graph G. Here, two
problems will be proposed and discussed. For the purpose of comprising sparsened
hypergraph H’, one problem aims at deleting as many nodes from 7, whereas the
other aims at deleting as many pins from H so as not to disturb NIG property, i.e.,

NIG(H') = G.

4.2.1 Hypergraph Sparsening by Node Deletion (HS-n)

Problem 8 Hypergraph Sparsening by Node Deletion Problem (HS-n Problem):
Given a hypergraph H = (U, N'), find a hypergraph H' minimizing the number of
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nodes of H' such that NIG(H') = NIG(H).

Theorem 7 The HS-n Problem is NP-Hard.

Proof Consider the decision version of the HS-n Problem. For the NP-completeness
proof, a reduction from Set Cover Problem, which is decision version of Mini-
mum Set Cover Problem, is used. For a given Set Cover Instance (7,F), where
T = {ti1,ta,...,ty} of m elements and F = {S;,5,...,5,} of n subsets,
the HS-n Instance H = (U, N) is constructed as U = {uy,ug, ..., Uy 1me1} and

N ={nq,na,...,namio}. The pin construction is done as follows:

Pins(ngi—1) = {u; : t; € S;} U{upt1, upyiv1}, for 1 <i <m.

Pins(ng;) = {u; 1 t; € S;} U{uptjir 1 1 <j#i<m}, forl <i<m.

Pins(nom+1) = {tns1}-

Pins(nomi2) = {tnsjp1 : 1 < j <m}.

Take a HS-n solution H’ with 7+m+1 nodes. The nodes w11, Un12, - - -, Untmi1
should exists in H’, because each vertex u; has at least one unique edge e € NIG(H)
which can be constructed by only the node u;, for n+1 < 7 < n+m-+1. The remaining
uncovered m edges in graph NIG(H) corresponds to m elements of the main set of
SC Instance. By the construction of hypergraph H, for the remaining uncovered m
edges, a node u; can cover edge ¢; if and only if subset S; includes element ¢;, for
1 <i<nand1l < j < m. Inthis construction, there exists a hypergraph H’ such
that NIG(H') = NIG(H) with size smaller or equal to 7+ m+ 1 if and only if there
exists a set cover JF’ with size smaller or equal to 7. Therefore, the decision version

of HS-n problem is NP-complete which implies that HS-n problem is NP-hard. O

Combinatorial Reduction 2 HS-n Problem = MSC Problem

1) Constructing the MSC instance (7,F): The edges of the graph G = NIG(H)

constitutes the main set 7 = {¢;; : e;; € G}, whereas the nodes of hypergraph
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Algorithm 5 HS-n Problem = MSC Problem Reduction

Require: 'H = (U,N)
cH—(T,F)

2- F — MSC(T, F)
32 F—H

4: return H’

~

H constitutes family F = {S1,5,,..., 5y} , where S, = {t;; : {ni,n;} C
Nets(up)}, for 1 < h < |U].

2) Finding minimum set cover F' on (T, F).

3) Decoding F' to HS-n Solution H': The subsets of F’' comprises the node set U’
of H asU' ={u, €U : S, € F'}.

The objective of finding a minimum number of subsets from F covering the main
set corresponds to finding a node set set ' C U of H minimizing the number of nodes
‘H'. The constraint of covering the main set ensures that NIG(H') = NIG(H). Note
that this combinatorial reduction preserves the optimality, i.e., an optimal solution to
the constructed MSC Problem instance yields an optimal solution to the given HS-n

Problem instance.

The minimum set cover problem is known to be NP-hard [30]. However, there is
a well known (Inn)-approximation algorithm [[15], which works as follows: It grows
a cover set using a sequence of greedy decisions. The greedy decision at each step is
to select a subset that covers as many uncovered elements as possible. The algorithm

terminates when all elements are covered.

For the sake of efficiency, Algorithm[6]is proposed which interleaves node selection

operations with pin deletion operations.

In Algorithm [6] two successive for loops at lines 2 — 10 construct the list of nodes
of H that cover each edge of G and compute the number of edges covered by each
node. A priority queue Q which contains all nodes is built in line 11, where nodes are
keyed by the number of uncovered edges that they cover. The while loop in lines 12 —
26 repeatedly identifies and selects a node that covers the maximum number of uncov-

ered edges and then updates the relevant data structures accordingly. Meanwhile, the



CHAPTER 4. HYPERGRAPH-PARTITIONING-BASED GPVS 32

Algorithm 6 Node-Deletion-Oriented Sparsening Algorithm

Require: H = (U,N),G=(V,€E)
1: totalUncovered < 0

2: for each edge ¢;; € £ with i <j do

3:  NodeCoverList[e;; ] < ()

4:  covered|e;;] <+ FALSE

5:  totalUncovered « totalUncovered +1

6: for each node uy, € U do

7:  keylup] <+ 0

8:  for each net pair (n;,n;) € Nets(up) with i <j do
9: NodeCoverList[e;; ] < NodeCoverList[e;;] U{up}

10: key[up] < key[up] +1

11: Q « PriorityQueue({uy, : up is node of H}, key)
12: while totalUncovered > 0 do

13: up, — EXTRACT-MAX(Q)

14:  for each net n; € Nets(uy,) do

15: DeleteFlag[ pin;;, ] « TRUE

16:  for each net pair (n;,n;) € Nets(uy) with i <j do

17: NodeCoverList[e;;] < NodeCoverList[e;; ] —{up}
18: if covered| e;; | = FALSE then

19: covered[e;; | < TRUE

20: totalUncovered «— totalUncovered —1

21: for each node u;,, € NodeCoverList[e;;] do

22: key[upn/] < key[up ] —1 > DECREASE-KEY operation
23: DeleteFlag[ pin;;, | < DeleteFlag[pin;j, ] < FALSE
24:  for each net n; € Nets(up) do

25: if DeleteFlag[pin;;,] = TRUE then

26: delete pin pin;y,

27: for each node u;, € Q do
28:  delete node uy,

pins of the selected node are processed for deletion with respect to set of previously
selected and processed nodes. After detecting a full coverage of the edges of graph
G, the set of nodes remaining in the priority queue are deleted in lines 27 — 28. This
algorithm can also be made to run in O(}_, INets(uy)®) time through a priority
queue implementation with O(1)-time extract-max and decrease-key operations. A
sorted linear array implementation can achieve the desired bounds for those opera-
tions by exploiting the bounded integer key values and decrement-type decrease-key

operations.
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4.2.2 Hypergraph Sparsening by Pin Deletion (HS-p)

This approach for hypergraph sparsening is also mentioned by Catalyurek ??. Here,

the NP-hardness of the problem is presented.

Problem 9 Hypergraph Sparsening by Pin Deletion Problem (HS-p Problem): Given
a hypergraph H = (U, N), find a hypergraph H' minimizing the number of pins of
H' such that NIG(H') = NIG(H).

Theorem 8 The HS-p Problem is NP-hard.

Proof Consider the decision version of the HS-p Problem. For the NP-completeness
proof, a reduction from Set Cover Problem, which is decision version of Mini-
mum Set Cover Problem, is used. For a given Set Cover Instance (7, F), where
T = {t1,ts,...,t,} of m elements and F = {51,95,,...,5,} of m subsets,
the HS-p Instance H = (U, N) is constructed as U = {uj,us,...,u,+1} and

N ={ny,na,...,Nmins2}. The pin construction is done as follows:

Pins(ny) = {uy,ug, ..., Ups1}-

Pins(ni1) ={u; : t; € S;},for 1 <i <m.
o Pins(Nmyiv1) = {wi, ups1}, for 1 <i <n.

o Pins(Nmini2) = {tns1}-

Let p denote the total number of elements of all subsets of F . Take a HS-p solution
H' with 74+2n+p+2 nodes. All pins except pins uq, us, . . ., u, of net n; should exist
in H', because each of them has at least one unique edge e € NIG(H) that can not be
constructed without that node. The remaining uncovered m edges in graph NIG(H)
corresponds to m elements of the main set of SC Instance. By the construction of
hypergraph H, for the remaining uncovered m edges, a pin u; of net n; can cover
edge e; if and only if subset .S; includes element ¢;, for 1 <i <mnand 1 < j < m.
In this construction, there exists a hypergraph H’ such that NIG(H') = NIG(H)
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with size smaller or equal to 7 + 2n + p + 2 if and only if there exists a set cover F’
with size smaller or equal to 7. Therefore, the decision version of HS-p problem is

NP-complete which implies that HS-p problem is NP-hard. O

4.3 Hypergraph Construction for Bipartite Graphs

H? can be considered as dual hypergraph of 2-pin hypergraph representation, in which
all edges are considered as nets with two pins, of the given graph G.As mentioned in
Section H? is uniquely defined for a given graph G. Furthermore, if G is a bi-
partite graph, H? is the unique such hypergraph, which is stated as following theorem.

Theorem 9 Given a bipartite graph G, H? is the only hypergraph H, whose NIG
representation is equal to G, i.e., NIG(H) = G.

Proof Since G is a bipartite graph, it contains no 3-cliques. Therefore C? is the
only ECC C of G. From the Theorem |5 7{? is the only hypergraph H such that
NIG(H)=¢G. O

4.4 Matrix-Theoretical View

Here, the association between the graph-theoretic and matrix-theoretic views of the
HP-based GPVS formulation is revealed. Given a p X p symmetric and square matrix
M, let G(M) = (V,E) denote the standard graph representation of matrix M .

In graph-theoretic discussion given in Sectiond.1] we are looking for a hypergraph
‘H whose NIG representation is equivalent to G(M ). In matrix-theoretic view, this
corresponds to looking for a structural factorization M = AA” of matrix M, where
A is a p x ¢ rectangular matrix. Here, structural factorization refers to the fact that
A = {ay;} is a {0,1}-matrix, where AA” determines the sparsity patterns of M.

In this factorization, the rows of matrix A correspond to the vertices of G(M) and
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the set of columns of matrix A determines an ECC C of G(M). So, matrix A can
be considered as a clique incidence matrix of G(M ). That is, column ¢;, of matrix A
corresponds to a clique Cj, of C, where a;;, # 0 implies that vertex v; € Cj, . The row-net
hypergraph model Hgrn(A) of matrix A is equivalent to the clique-node hypergraph
of graph G(M) for the ECC C determined by the columns of A, i.e., Hrn(A) =
CNH(G(M),C). In other words, the NIG representation of row-net hypergraph model
Hgrn(A) of matrix A is equivalent to G(M ), i.e., NIG(Hgrn(A)) = G(M).

An SB form Agp of A induces a DB form Mpg of M, since multiplying Asp
with its transpose produces a DB form of M. That is,

o _
AT AL
ASBA:gB =
= AT AT
Ap, A, K By
[ A,AT A AT
_ ’ 4.1)
ARAT  AgAl
| Ap AT L Ap ALY, Ap AT,
[y M5 ]
_ | = Mo 4.2)
K By
| Mg, Mg, Mg |

As seen in , the number of rows/columns in the square diagonal block AkAz,p
of Mpp is equal to the number of rows of the rectangular diagonal block A of Agp.
Furthermore, the number of coupling rows/columns in Mpp is equal to the number
of coupling rows in Agp. So, minimizing the number of coupling rows in Agp cor-
responds to minimizing the number of coupling rows/columns in Mpp, whereas bal-
ancing on row counts of the rectangular diagonal submatrices in Agp infers balance
among the row/column counts of the square diagonal submatrices in Mpg. Thus,

given a structural factorization M = AAT of matrix M , the proposed HP-based GPVS
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formulation corresponds to formulating the problem of permuting M into a DB block
diagonal form as an instance of the problem of permuting A into an SB block diagonal

form.



Chapter 5

Graph Partitioning by Vertex
Separator-based Hypergraph

Partitioning

Here, we are interested in the hypergraph partitioning (HP) problem in which objec-
tive is defined according to the cutnet metric as in Equation and the constraint of
e-balance is considered on the internal nets. The objective and constraint of Graph Par-
titioning by Vertex Separator (GPVS) problem is stated in Section [2.1.1] Theorem [3]
forms the basis of GPVS-based hypergraph partitioning approach. The theorem states
that a K-way narrow vertex separator Iy g = {Vi, Vs, ..., Vk; Vs} of NIG(H) can
be decoded as a K-way node-partition Ilyp = {U,Us, ... , Uk} of H, where the ob-
jective of minimizing the separator size of Il g corresponds to minimizing the cutsize
of Il p and the constraint of ¢-balance of 1l g infers e-balance of Ilyp. Here, we
try to solve HP problem by using GPVS problem. So, we are given a hypergraph H
and we are to find a node-partition Iz p of the hypergraph H. Therefore, the approach
is much more related to Corollary 2] which states that a /{-way narrow vertex separator
[Ty s of graph G = NIG(H) can be decoded as a K-way node separator 1y p of H,
where the objective of minimizing the separator size of Il g corresponds to minimiz-

ing the cutsize of Il p and the constraint of €-balance of Ily g infers e-balance of

Myp.

37
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The definition of HP problem in Section [2.2.1]is reshowed below:

Problem: HP Problem: Given a hypergraph H = (U, N'), an imbalance param-
eter € and an integer K, find a K-way node partition 1lyp of 'H, minimizing the
Cutsize(llgp) such that llyp has e-balance. To solve the HP Problem, we use a
combinatorial reduction to GPVS Problem instead of GPVSn Problem.

Combinatorial Reduction 3 HP Problem = GPVS Problem

Algorithm 7 HP Problem = GPVS Problem Reduction

Require: H= (U,N),e, K
1: H— G
2: Mlyg <« GPVS(G,e, K)
3: HVS — HHP
4: return Ilgp

1) Constructing the Net Intersection Graph G : This is straightforward by just taking
Net Intersection Graph of H.

2) Finding K-way Vertex Separator 1ly s with minimum separator size under ¢-

balance

3) Decoding 1y g to node-partition 11 p: This is not trivial because given the vertex
separator Iy s of G, there is no unique and easy construction of Il p of H if the
separator is not narrow. The approaches for decoding to a node-partition [15p of

‘H is explained in this chapter in detail.

Figure [5] shows the combinatorial reduction from GPVS problem to HP problem
as follows. In Figure firstly we are given a hypergraph . In the second step,
we construct the net intersection graph G = NIG(H) as in Figure[5.1(b)} Then, in the
third step, we find a vertex separator 1l g of G as in Figure [5.1(c)|Finally, in the forth
step, we decode Ily g as a hypergraph partition 115 p of the given hypergraph H as in

Figure ST}
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(c) (d)

Figure 5.1: (a) An example graph H (b) The net intersection graph G = NIG(H) (c)
A vertex separator I1y,¢ of G (d) The hypergraph partition 115 p of ‘H induced by Iy ¢
of G

5.1 Hypergraph Partition Construction

For a given hypergraph H, we obtain a vertex separator IIyg = {V1, Vs, ..., Vk; Vs}
of graph G = NIG(H). Ilyg refers to a (K + 1)-way net-partition [ p, = {N; =
Vi,No = Va,...,Ng = Vi; Ns = Vs} of H. However, in hypergraph partition-
ing the set U is partitioned and a K -way node-partition I} 5 = {Uj, Uy, ... Uy}
induces a (K + 1)-way net-partition ITy;p = {N], N3, ... ,Ni; N§} of H, where
N = {n; € N : Pins(n;) C Uy} for 1 < k < K, Ng = N — Uy Ni-
Unfortunately, for a given net-partition Il p, it is not guaranteed that there exists a
node-partition Il p, such as to induce 115 p, . Even worse, to find whether there exists

such a node-partition is an NP-complete problem.
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5.1.1 Theoretical Base

Problem 10 Hypergraph Net Decoding (HND) Problem: Given a hypergraph 'H =
(U,N) and a (K + 1)-way net-partition yp, of H, does there exists a K -way

node-partition Iy p, of H such that Il p, induces llyp, ?

Theorem 10 The HND Problem is NP-Complete.

Proof For the NP-completeness proof, a reduction from Set Splitting Problem, which
is a decision version of Maximum Set Splitting Problem, is used. For a given Set
Splitting Instance (7,F), where 7 = {t1,1s,...,t,} of m elements and F =
{S1,S2,...,8,} of n subsets, the HND Instance (H = (U, N), K,Ilyp,) is con-
structed as U = {uy, uz,...,un}, N = {ni,ne,...,n,} where Pins(n;) = {u; €
U:t, e S}, K =2and yp, = {Ny = 0,N, = O; Ng = N'}. If there exists
a node-partition I p, of H, then a partition (77,7%) of the main set 7 can be con-
structed as Ty = {t; : u; € Uy} and Ty = {t; : u; € Us}. Note that a net n; is in cut,
i.e., n;j € Ny if and only if the subset S; of F is splitted. Since in IIyp, is given as
all nets are in cut, it implies that all subsets of F are splitted. If there exists a partition
of 7 into (71,T5), then than node-partition I1yp, = {U;,Us} of H is constructed
as Uy = {u; : t; € T1} and Uy = {u; : t; € To} which will induce the net-partition
yp,. O

Definition 1 (Partial Node Partition) Given a hypergraph H = (U,N) and a
(K + 1)-way net-partition llyp, = {N1,Na,...,Ni;Ns} of H, the partial node-
partition 1y p = {UT, U3, ..., Ur} of H for Tlyp, is defined as the node-partition
constructed as Z/{,f = Pins(Ny), for 1 < k < K. Furthermore U? is defined as the

nodes in partial node-partition 11y p, .

Definition 2 (Free Node) Given a hypergraph H = (U, N'), a node u; € U is said to
be free for a (K + 1)-way net-partition Ugp, = {N1,Na, ..., Ng;Ns} of H, if all

nets of node u; is an element of Ns.
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Let the free set Uy of the hypergraph H for a given net-partition IIzp, define the
set of all free nodes of H for I p, . Note that, Y = UP UUr and UP NUEr = ). Thus,
for a hypergraph H, a K -way net-partition ITyp, = {N7, N2, ..., Ng;Ng} can be
thought as to induce a (K + 1)-way node-partition Iy p = {U7, U5, ..., UL UFR}.

Definition 3 (Free Node Set of Net) Given a hypergraph H = (U,N) and a
(K + 1)-way net-partition 1lyp, = {N1,Na,...,Nk;Ns} of H, the free node set
F; of anet nj € N for Uyp, is defined as the set of free nodes of net n; for Uyp,,
ie, Vn; € N, F; = Ur N Pins(n;).

Definition 4 (Free Node Assignment) Given a hypergraph H = (U,N) and a
(K + 1)-way net-partition llyp, = {N1,Na,...,Nk;Ns} of H, a free node as-
signment f : Up — [1 : K| is a function from the free node set Ur of H for llgp, to
part indices [1 : K].

Definition 5 (Complete Node/Net Partition) Given a hypergraph H = (U,N), a
(K + 1)-way net-partition Uyp, = {N1,Na, ..., Ni;Ns} of H and a free node as-
signment f, the complete node-partition HfHPU = {L{lf,ug, e ,Z/{If(} of H for llyp,
induced by f is defined as the node-partition constructed as Z/{If = Uy U {uy €
Ur @ f(u;) = k}, for 1 < k < K. The complete net-partition HJ;IPN =
(NT N NLNLY of H for Typ, induced by f is defined as the net-partition
induced by the complete node-partition H{q p, induced by f.

Proposition 2 Given a (K + 1)-way net-partition llyp, = {N1,Na, ..., Ng;Ns}
of a given hypergraph H, for the complete net-partition HfH py Produced by any free-
node assignment f, we have N g C Ns.

Proof Assume the contrary. Take a free-node assignment f for the induced complete
net-partition HfH py » there exists a net n; € N g but n; ¢ Ng. Then there exists a
net-part Ny, of Il p, such that n; € N, which implies that Pins(n;) C Uy, where
U, is a node part of partial node partition II7,, . From the definition of the complete

node-partition Hf{ p, induced by the free node assignment f, Uy C Z/{,f which yields
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Pins(n;) € U. Tt implies that n; € A, which contradicts with the assumption
n; S N g . g

Corollary 3 Given a hypergraph 'H and an optimal vertex separator llyg =
V1, Va, ..., Vi; Vs} of G = NIG(H) with e-balance, let 1y p, = {N1,Na, ..., Nk; Ns}
be the (K + 1)-way net-partition of 'H induced by lyg. If there exists no node-
partition 11y p, which induces the net-partition 11y p, then for any free node assign-
ment f, the basic imbalance 85 of the complete net-partition HQPN induced by f, is

larger than ¢, i.e., 55 > €.

The Proposition [2] and Corollary [3] disclose the rationale behind the objective of
Free Node Assignment (FNA) Problem, which is defined below. That is, they explain
why the objective of FNA is minimizing the basic imbalance instead of minimizing the

cut with the given ¢-balance.

Problem 11 Free Node Assignment Problem (FNA Problem): Given a hypergraph
H = (U,N) and a (K + 1)-way net-partition Uyp, = {N1,Na,...,Nk;Ns} of
H, find a free node assignment f : Ur — [1 : K|, minimizing the basic imbalance 65

of the complete net-partition Hf; py induced by f.
Theorem 11 FNA Problem is NP-Hard.

Proof Consider the decision version of FNA Problem in which the instance is
(H, K,I1yp,,c) and the problem asks for the existence of a free node assignment f
where induced complete net-partition Hf{ py has £-balance. For the NP-completeness
proof, a reduction from Hypergraph Net Decoding Problem is used. For a given HND
instance (H, K,Ilgp, ), the FNA instance is (H, K, IIgp,,c0) with unit net costs
and ¢y is the basic imbalance of the given net-partition HfH py - 1f there exists a node
partition ITyp, which induces the net-partition 1l p, then there exists a free node
assignment f where HfH p, = lmp, and so H}; py = lmp, implying that there exists
a free node assignment f, HfH py has go-balance. From the Corollary (3, if there ex-
ists no node-partition Il p, inducing the net-partition IIzp, then there exists no free

node assignment f such that Hf{PN has ey-balance. O
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Table 5.1: Partition of N of a net-partition I p,

[Fi=0]F=1[F>2
/\g-’:O Ny Ni, NF
/\?:1 N, Np Np
)\?ZQ NEg Ng NEg

Consider the hypergraph H = (U, N') and a net-partition Iz p, of H. Let partial
node connectivity )\f and partial node connectivity set A? respectively denote the con-
nectivity and connectivity set of a net n; € N according to the partial node-partition
1% p,, of H for Hpp, .

Table presents which set any net n; in Ny lies into as discussed in Proposi-
tion 3

Proposition 3 Given a hypergraph H = (U,N) and a net-partition 1lyp, =
{NL Ny, Nis Nst of H, consider the partial node/net partition 1135~ and
H%PN of H for lyp,. For any free node assignment f, the net set Ns of the

given net-partition llyp, is the composite of the following disjoint net sets, i.e.,

NS :MUMl UN[2 UNE UNF UNP, where;

o Ny={n; € Ns: F; =0 and N} = 0}
o Niy={n; €Ns: F;=0and X; =1}
o N, ={n; € Ns:|Fj| =1and \; =0}
. NE:{anNS:)\§22}

o Np={n; € Ns:|Fj| >2and X! =0}

° NP:{TZJEN5|FJ|Zland/\§:1}

Proof Since a net n; € N is exactly one of the sets of Ny, N,, N1,, N, N and

Np, the sets are disjoint and covers Ng. O
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Theorem 12 Given a hypergraph H = (U,N) and a net-partition 1lyp, =
{N,Na, ...\ Ni; Ns} of H, consider the partial node partition 11— of ‘H for

Iy p, . For any free node assignment f;

(i) Nl =N

(i) Ne TN/ for 1 <k <K
(iii) N C N

(iv) Nog=10

(v) Ny NNL =10

(vi) N, AN =0
(vii) N € N

Proof of the Theorem|[I2]is given at the Appendix. As the result of the Theorem|[I2]
anet of N7, UN7, and N is inevitably internal and external in complete net partition,
respectively. The remaining nets of Ng constitute Nz U Np and we call a net in this

set as preservable net.

Lemma 1 Given a hypergraph H = (U,N') and a vertex separator llyg of G =
NIG(H) = (V, &), for a net n; € N, the partial node connectivity \; of the net n;
of 'H for the net-partition 11y p, which is induced by 11y s and the connectivity of the

corresponding vertex v; of G are equal, i.e., )\5 = Aj.

Proof Consider a net n;, € N and the corresponding vertex v;, € V. Part U of
I, p, 18 in the partial connectivity set of a net nj, € N for I p, if and only if there
exists a node u; € Pins(nj,) that lies in part U}, i.e. U N Pins(n;,) # 0. Part Vy
of Ily g is in the connectivity set of a vertex v;, € V if and only if there exists a vertex
vj, € Adj(vj,) U{v;, } thatlies in part Vi, i.e. Viy N (Adj(v;,) U{v;, }) # 0. If there
exists a node u; € Pins(n;,) that lies in part U} then there exists a net n;, € N
(Theorem [12{ [ii)) such that u; € Pins(nj,) which implies that there exists a vertex
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vj, € Vj such that v;, is adjacent or equal to vj,, i.e., vj, € Adj(v;,) U {v; }. If
there exists a vertex v;, € Adj(v;,) U {v;,} that lies in part V; then there exists a
node u; € U which is both connected to nets n; and n;,. Since n;, € N and

u; € Pins(nj,), u; €Ur. O

The following theorem presents that if we obtain a narrow vertex separator, then

hypergraph partitioning decoding exists and trivial.

Theorem 13 Given a hypergraph H = (U, N') and a vertex separator 11y s of G =
NIG(H) = (V, &), if llys is narrow then for any free node assignment f, consider the
net-partition 1lyp, induced by vertex separator 1ly,g. The complete node-partition
Hf{PU of H for Ilyp, induced by f, induces the net-partition I1yp,, ie., Hf;PN =

HHPN-

Proof If ITy g is narrow, then for any vertex v; € Vg, A; > 2 and correspondingly
for any net n; € N, A} > 2 which implies that Ny = N. Since Ng = N C N
(Theorem) and N C N (Theorem), NI = Ng. Since Ny, € N/
(Theorem ), NI =N (Theorem ) and N = N, N, = N/, Therefore
Y, =ypy. O

The following sets the basis for hypergraph partition construction algorithms.

Theorem 14 Given a hypergraph H = (U, N'), a net-partition Myp, of H and a

free node assignment f;

(i) For anet nj € Np, n; € Ng if and only if there exists two different free nodes
with different assignments of free node set F; of net n;, i.e., n; € N, g <~

El#jui,uj S JT:7 S.1. f(ul) 7é f(uj)

(i) Foranet nj € Ng, n; € ./\/'g if and only if there exists a free node with different
assignment than the part that n; is connected to, i.e., n; € N g — dJu; € F;

s.t. f(u;) # k, where A = {Uy}.
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Proof For a net n; € Np, since the only nodes connected to net n; are the nodes of
Fi, nj € N; g if and only if there exists two different free nodes with different assign-
ments of free node set F; of net n;. For anet n; € N, since the all nodes connected
to net n; excluding the nodes of F; are in part U}, the net n; has a connectivity to
part Z/l,fj of Hf{ p, » inevitably. Therefore, n; € N, g if and only if there exists a free

node with different assignment than the part that n; is connected to. O

5.1.2 Hypergraph Partition Construction Methodology

The approach for hypergraph partition construction comprises firstly constructing the
partial node partition, secondly finding a free node assignment and lastly construct-
ing the hypergraph partition as the complete node partition induced by the free node
assignment. This hypergraph partition construction Methodology is presented as fol-

lows:

Algorithm 8 Hypergraph Partition Construction Methodology

Require: H = (U, N), Ilyg of NIG(H)
: lys — lgpy

c Mppy — My p,

: f— FNAH,IIgp,)

: Upp — (Wyp,, f)

: return Il p

Dn AW N =

By this construction, the problem of constructing hypergraph partitioning 11z p of
'H given a vertex separator 11, g of G = NIG(H) induces to the Free Node Assignment
(FNA) Problem.

The quality of free node assignment directly affects the overall GPVS-based Hy-
pergraph Partitioning quality. Considering the objective and constraint of HP Problem
it seems that the goal of the FNA Problem should be finding a free node assignment that
minimizes the cutsize of induced complete node partition such that the balance con-
straint is esteemed. However, we have some impossibility results on such partitions.
Theorem 4| tells us that there doesn’t exist a hypergraph partition with smaller cutsize
holding the same balance constraint. Furthermore Corollary [3| implies that the mini-

mum imbalance ratio of hypergraph partition can not fall under the imbalance ratio of
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given optimal vertex separator. It also implies that the lower bound for the imbalance
ratio can be realized, i.e., the desirable balance constraint can be realized only when
the separator is preserved in cut as a whole. If it is not possible, then we will inevitably
yield to a solution without conforming the desirable balance constraint. Nonetheless,
we can try to minimize the imbalance disturbance, i.e., minimize the basic imbalance.
The objective of preserving cut also conforms with the objective of minimizing the
basic imbalance, so we can just use minimizing the basic imbalance as the objective of

the Free Node Assignment Problem.

5.1.3 Hypergraph Partition Construction Algorithms

In this section, simple yet effective algorithms are proposed to solve Free Node As-

signment Problem.

5.1.3.1 Randomized Approximation Algorithm

The proposed algorithm depends on the relation between the cutsize and imbalance
(basic imbalance) of complete node partition for a free node assignment. When the
external nets are preserved in the complete node partition, i.e., Ng = N, 7, itis guar-
anteed that the imbalance is minimal. However, when the cutsize is maximized at

complete node partition, it is not necessary that the imbalance is minimized.

Problem 12 Maximum Cut Free Node Assignment (MC-FNA) Problem: Given a hy-
pergraph H = (U, N'), a (K + 1)-way net-partition lgp, = {N1,Na, ..., Ni; N5}
of H and a weight function w : N' — Z%, find a free node assignment f : Up — [1 :
K|, minimizing the cutsize an ent G of the complete node partition HfH p, of H for
Iy p, induced by f.

Although the reduction from FNA Problem to MC-FNA Problem is not perfect,
the results will relate to each other, i.e., maximizing cutsize relates to minimizing the

imbalance (basic imbalance).



CHAPTER 5. GPVS-BASED HYPERGRAPH PARTITIONING 48

Theorem 15 MC-FNA Problem is NP-Hard.

Proof Consider the decision version of MC-FNA Problem in which there is an addi-
tional parameter C' and the problem asks for the existence of a free node assignment
f where the cutsize of the induced complete node partition HfH p, 18 smaller than or
equal to C'. For the NP-completeness proof, a reduction from HND Problem is used.
Consider the HND Problem with instance (H, K, IIyp,). Recall that the decision
version of FNA Problem has an instance (H, K, Ilgp,,c) with unit net costs g¢ is
the basic imbalance of the given net-partition H{{ py - The decision version of FNA
Problem with instance (H, K, IIgp,, <) returns YES if and only if HND Problem with
instance (H, K, Ilgp, ) returns YES. As Corollary |3|implies that FNA Problem with
instance (H, K, 1y p,, <) returns YES if and only if MC-FNA Problem with instance
(H, K,11gpy, Cnas) returns YES, where Ciop = an eNs G- Thus, HND Problem
with instance (H, K, Ilyp, ) returns YES if and only if MC-FNA Problem with in-
stance (H, K, I11gp,, Cinaz) returns YES. O

The following algorithm is proposed to solve the FNA Problem.

Algorithm 9 Algorithm RANDOMASSIGN
Require: H = (U,N), K, llgp,

1 wp 1/K

2 wp 1/K
1: Yu; € Up, f(u;) < < . . /

K wp 1/K

2: return f

Theorem 16 Algorithm RANDOMASSIGN is a Randomized (%) -approximation
algorithm for the Maximum Cut Free Node Assignment (MC-FNA) Problem, where

K is the number of parts of partitions.

Proof As Proposition [3|and Theorem [12] state, for any free node assignment f, a net
n; € N1,UNT, is inevitably internal and a net n; € N is inevitably external. Let W,

define the solution value for the MC-FNA Problem with the given parameters. Then,
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Winaz = Zn]_ ENPUNPUN Ci constitutes an upper-bound for W, 1.e., Wy, < Wiz

We define a random variable z; for each net n; € Nr U Np such that

1, ifn; e N
&= e (5.1)
0, otherwise

Then, the value of the cutsize of the complete node-partition induced by the free node
assignment f produced by Algorithm RANDOMASSIGN is as follows:

Wi= N g+ Y g (5.2)

njENFUNP njENE

Then, the expected value E{WW} can be computed as follows:

E(W/} = E{ Y i+ Y. o} (5.3)
anNFUNP anNE

= Y gE{E}+ ) ¢ (5.4)
njE/\/FUNp njE/\/E

For the expected value E{%,} of a random value Z; can be computed as follows:

B{i;} = L.P{# =1}+0.P{i =0} (5.5)
= P{i; =1} (5.6)
= 1-P{&; =0} (5.7)

Regarding to Proposition [3| for a net n; € Np, |F;| > 2 and for a net n; € Np,
| F;| > 1. Therefore, for a net n; € Np,

. 1 1 1
P{z; =0} = KKV‘}'I = A < = (5.8)
For anet n; € Np:
. 1 1 1
This implies the following:
1 K—-1
E{z;} >1——=> 1
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As a result:
E(W/Y = ) gB{El+ Y ¢ (5.11)
n; ENpUNPp n;ENg
K-1
> ) g (T) + > ¢ (5.12)
anNFUNp anNE

> (%)( | Yoo+ Z ¢;) (5.13)

_ (—K . 1) W (5.14)

> (%) Wopt (5.15)

For all free node assignments f, since W/ < Wt E{W/} < W,,. Since
(E) Woe < E{W/} < W,,, Algorithm RANDOMASSIGN is a Randomized

(%) -approximation algorithm for the maximization problem Maximum Cut Free

Node Assignment (MC-FNA) Problem. O

Note that, when K gets larger, the gap between solution of the algorithm and the
optimal solution gets smaller. In the worst case of K = 2, the approximation ratio is
1/2. Note that the complexity of the Algorithm RANDOMASSIGN is ¢(N), where

N denotes the number of free nodes.

5.1.3.2 Greedy Heuristic Algorithm

The proposed algorithm is a greedy heuristic that assigns a selected free node to the yet
least loaded partition. The selection order is computed before the selection procedure
starts and while selecting the free node, this order is strictly complied. This algorithm
tries to solve the FNA Problem directly, i.e, tries to minimize the basic imbalance of
the complete net-partition induced by the computed free node assignment. Let degree
of a free node u; be the number of nets connected to u;, that still lies in the separator.

The selection order is the non-increasing order of free nodes on their degrees.

Note that the complexity of the Algorithm GREEDYASSIGN is §(K + P +

Nlog(K)), where N denotes the number of free nodes and P denotes the number
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Algorithm 10 Algorithm GREEDYASSIGN
Require: H = (U,N), K, llgp,

1: Up ={u; €U : Nets(u;) C Ng
for each part ,f € H}; py 40

partwgts[/\f,f] —0
for each part Ny, € Ilyp, do

for each net n; € Ny, do

partwgts[/\/']f] — partwgts[/\/'g] +c¢;j
Any) — (N}
for each net n; € Ng do
9:  nfree[n;] «— |Pins(n;) NUr|
10:  A(n;) <0
11:  for each node u; € Pins(n;) —Up do
120 A(ny) — Alng) UENT ok = f(u)}
13: for each node u; € Ur do
14:  degree[u;] « |Nets(u;) N Ng|
15: Q « PriorityQueue({N; ,f SHIY }, partwgts)
N

16: for each node w; € U in non-decreasing order of degree values do
17: N « EXTRACT-MAX(Q)

18 f(w) «— k

19:  for each net n; € Nets(u;) do

20: if nfree[n;] > O then

21: nfree[n;] < degree[n;] —1

22: A(ny) — A(nj) UNT

23: if nfree[n;] = 0 and A(n;) = {Ng} then
24: partwgts[/\/,f] — partwgts[/\/’,f] +c;j

25:  DOWN-HEAPIFY(Q,N/)

of pins of the hypergraph H.

5.2 Matrix-Theoretical View

Here, the association between the graph-theoretic and matrix-theoretic views of the
GPVS-based HP formulation is revealed. Given a p X ¢ rectangular matrix A, let

H = Hgrn(A) = (U, N) denote the row-net hypergraph representation of matrix A.

In graph-theoretic discussion given in Section we are taking the NIG repre-
sentation of the hypergraph H. In matrix-theoretic view, this corresponds to the struc-

tural multiplication of matrix A with AT, i.e., M = AAT, where M is the p x p
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square and symmetric matrix. Here, structural multiplication refers to the fact that
A = {a;;} is a {0,1}-matrix, where AA” determines the sparsity patterns of M. In
this scheme, the rows/columns of matrix A/ correspond to the nets of H = Hgn(A).
The standard graph model G(M) of matrix M is equivalent to the net intersection
graph G = NIG(H) of the hypergraph H which is the row-net hypergraph model
Hrn(A) of matrix A, i.e., NIG(Hrn(A)) = G(M).

A DB form Mpg of M induces an SB form Agp of A.

M, ME,
Mpp = : (5.16)
My M3,
| Mp, Mg, My |
[ AAT A AT, |
- ' (5.17)
AgAL Ar AT,
| Ap AT Ap AL (3, Ap AR + ApA |
L _
Agp = h (5.18)
Ak
| Ap, Ap, Ap |

As seen in (5.18), the number of rows/columns in the square diagonal block A; AT
of Mppg is equal to the number of rows of the rectangular diagonal block A; of Agg.
Furthermore, the number of coupling rows/columns in Mpp is equal to the number of
coupling rows in Agp. So, minimizing the number of coupling rows/columns in Mpp
corresponds to minimizing the number of coupling rows in Agp, whereas balancing on
row/column counts of the square diagonal submatrices in Mpp infers balance among
the row counts of the rectangular diagonal submatrices in Agg. Thus, the proposed
GPVS-based HP formulation corresponds to formulating the problem of permuting A
into a SB block diagonal form as an instance of the problem of permuting M into an
DB block diagonal form.
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It should be noted that decoding Mpp to Agp is quite straightforward compared
to decoding IIys of G(M) to a [Iyp of Hrn(A). This is because the net-partition
depends on the node-partition of the hypergraph, a net cannot be enforced to be in cut
explicitly, whereas a non-coupling row can be enforced to be in border. Actually, by the
definition, the row and column disjointness of blocks is necessary and sufficient for a
matrix A to be said in singly-border block diagonal form. This property has one-to-one
correspondence with the definition of vertex separator of graph representation of the
matrix M = AAT . Therefore, GPVS formulation models the problem of transforming

a matrix A into SB form, more powerfully (Theorem {4).



Chapter 6

Experimental Results with

Applications

6.1 Hypergraph Partitioning-based GPVS Formula-

tion

The experimental evaluation is performed using 50 matrices obtained from the Uni-
versity of Florida sparse matrix collection [[17]]. The first 25 matrices are general sym-
metric and square M matrices arising in different application domains, whereas the
remaining 25 M matrices are derived from Linear Programming (LP) constraint ma-
trices using M = AAT. Table illustrates the properties of these matrices. In this
table, p and nnz(M) denote, respectively, the number of rows/columns and nonzeros
of matrix M . For an M -matrix derived from an LP problems, the number of columns
q and nonzeros nnz(A) are also listed for the respective A-matrix. Note that the num-
ber of rows of A is equal to the number of rows/columns of M . The general matrices
are further divided into three groups (first 5, second 5 and remaining 15) according to
the size of the maximum cliques that can be obtained from their graph representations.
The reason for this division will become clear in Section The matrices in each

category/group are listed in increasing order of number of nonzeros.

54



CHAPTER 6. EXPERIMENTAL RESULTS WITH APPLICATIONS

Table 6.1: Properties of test matrices for HP-based GPVS formulation

General Matrices LP Problems
pxp M matrix pxp M matrix pxq A matrix
name P nnz(M) | name P nnz(M) q nnz(A)
ncvxqp9 16554 54040 | Is_pdf 02 2953 23281 7716 16571
aug3dcqp 35543 128115 | delf_A_36 3170 33508 | 6654 15397
c-53 30235 355139 | 1p-dfloo1l 6071 82267 | 12230 35632
c-59 41282 480536 | model9 2879 103961 | 10939 55956
c-67 57975 530229 | nl 7039 105089 | 15325 47035
Ishp3025 3025 20833 | ge 10099 112129 | 16369 44825
Ishp3466 3466 23896 | Ip_ken_13 28632 161804 | 42659 97246
bodyy4 17546 121550 | lpi_gosh 3792 206010 | 13455 99953
rail_20209 20209 139233 | cq9 9278 221590 | 21534 96653
cvxbgpl 50000 349968 | Ip_osa_14 2337 230023 | 54797 317097
shuttle_eddy | 10429 103599 | co9 10789 249205 | 22924 109651
nasa4704 4704 104756 | pltexpa 26894 269736 | 70364 143059
besstk24 3562 159910 | modell0 4400 293260 | 16819 150372
skirt 12598 196520 | fomel2 24284 329068 | 48920 142528
bcsstk28 4410 219024 | lpcred 8926 372266 | 73948 246614
slrmg4ml 5489 262411 | r05 5190 406158 | 9690 104145
vibrobox 12328 301700 | world 34506 582064 | 67147 198883
crystk01 4875 315891 | mod2 34774 604910 | 66409 199810
bcsstm36 23052 320606 | lp-maros_r7 3136 664080 | 9408 144848
gridgena 48962 512084 | ex3stal 17443 679857 | 17516 68779
k1_san 67759 559774 | psse2 28634 736338 | 11028 115262
finan512 74752 596992 | fxm3_16 41340 765526 | 85575 392252
msc23052 23052 1142686 | Kemelmacher | 28452 781148 | 9693 100875
besstk35 30237 1450163 | graphics 29493 1577187 | 11822 117954
oilpan 73752 2148558 | stat96v5s 2307 1790467 | 75779 233921
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In Section hypergraph construction performances of graphs both induced
by general matrices and LP constraint matrices are discussed. Moreover, hypergraph
sparsening performance of graphs induced by LP constraint matrices are presented. In
Section [6.1.2] HP-based fill-reducing ordering performances of matrices are investi-

gated.

6.1.1 Hypergraph Construction

Table displays the hypergraph construction performance in G(M) of general ma-
trices for HP-based GPVS formulation, whereas Table [6.3] displays the hypergraph
construction performance in G(AAT) of LP problems and hypergraph sparsening per-
formance in G(AAT) of LP problems using row-net hypergraph of matrix A. The per-
formance results are given in terms of number of nodes and pins. In the tables, H?, H3
and H* denote the clique-node hypergraphs induced by ECCs C2, C? and C*, respec-
tively. Recall that ECCs C® and C* are constructed from G(M) using Algorithm
and Algorithm @ respectively. In Table HA denotes the row-net hypergraph of
A matrix, whereas H* denotes the hypergraph obtained by sparsening the hypergraph
HA. In the tables, || and p, respectively, denote the number of nodes and the number
of pins in the corresponding constructed hypergraph. Note that the number of nodes in
H? is equal to the number of edges in the graph G(M). Also note that the number of
nets for all constructed hypergraphs is equal and it is equal to the number of vertices in
the graph G(M). In the tables, the H? model is considered as the base model, so the
number of nodes and pins of H3, H*, H* and H* are displayed as normalized with

respect to those of 2.

As seen in Table the size of clique-node hypergraph for a given M matrix
decreases in terms of both number of nodes and pins when larger cliques of G(M ) are
considered while constructing the hypergraph. That is, H* has smaller size than H3,
which in turn has smaller size than H?. However, the first five and the first ten out of
25 general matrices do not lead to 3-cliques and 4-cliques, respectively. So, the H?,
H? and H* hypergraphs are the same for the first five general M matrices, whereas
the 13 and H* hypergraphs are the same for the first ten general M matrices. The

second geomean row shows the values when those five and ten matrices are excluded
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Table 6.2: Hypergraph construction performance in G(M ) of general matrices for HP-
based GPVS formulation

General Matrices

H> H3 HE

name V=WV U =[] p wl p [l p

ncvxqp9 16554 23047 45540 | 1.00 1.00 | 1.00 1.00
aug3dcqp 35543 50286 100572 | 1.00 1.00 | 1.00 1.00
c-53 30235 170989 341978 | 1.00 1.00 | 1.00 1.00
c-59 41282 219627 439254 | 1.00 1.00 | 1.00 1.00
c-67 57975 236980 473960 | 1.00 1.00 | 1.00 1.00
Ishp3025 3025 8904 17808 | 0.35 0.53 | 0.35 0.53
Ishp3466 3466 10215 20430 | 0.35 0.53 | 035 0.53
bodyy4 17546 52196 104392 | 0.36  0.53 | 0.36  0.53
rail 20209 20209 59512 119024 | 048 0.71 | 048 0.71
cvxbgpl 50000 149984 299968 | 0.45 0.67 | 045 0.67
shuttle_eddy 10429 46585 93170 | 0.51 0.75 | 0.43 0.68
nasa4704 4704 50026 100052 | 048 0.72 | 0.29 0.57
besstk24 3562 78174 156348 | 049 0.73 | 0.30 0.60
skirt 12598 91964 183925 | 048 0.72 | 0.30 0.57
besstk28 4410 107307 214614 | 049 0.73 | 0.31 0.62
slrmg4ml 5489 137811 275622 | 049 0.74 | 0.32 0.64
vibrobox 12328 165250 330500 | 0.50 0.74 | 0.33 0.61
crystkO1 4875 155508 311016 | 0.50 0.74 | 0.31 0.62
besstm36 23052 165097 319314 | 0.52 0.74 | 0.34 0.59
gridgena 48962 231561 463122 | 0.54 0.74 | 0.39 0.60
k1 _san 67759 256411 512821 | 045 0.65 | 0.27 0.49
finan512 74752 261120 522240 | 0.49 0.68 | 0.27 0.47
msc23052 23052 565881 1131762 | 0.49 0.74 | 032 0.63
besstk35 30237 709963 1419926 | 0.49 0.73 | 0.30 0.60
oilpan 73752 | 1761718 3523436 | 049 0.74 | 0.30 0.59
geomean 054 0.74 | 042 0.65
6-,11- 047 0.69 | 0.32 0.59

from the geometric averaging. That is, 6— and 11— refer to the geometric averages

when the first five and the first ten matrices are excluded, respectively.

As seen in Table the size of clique-node hypergraph of graph G(AAT) for
a given A matrix decreases in terms of both number of nodes and pins when larger
cliques of G(AAT) are considered while constructing the hypergraph. However, using
row-net hypergraph H4 of A matrix drastically decreases size as to be smaller than
even H* hypergraphs in general. Furthermore, As also seen in the table, sparsening

the hypergraph H* also yields considerably smaller size hypergraph HA.
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Table 6.3: Hypergraph construction and sparsening performances in G(AAT) of LP
problems for HP-based GPVS formulation

LP Problems
H? H3 HA HA HA
name V=N Ul =€ p Ul p U p [ U p M p
Ip_pds_02 2953 10164 20328 [ 0.75 0.83 [ 0.74 081 ] 076 0.82 ] 0.74 0.81
delf_A_36 3170 15169 30338 | 0.48 0.70 | 0.34 0.60 | 0.44 051 | 0.18 0.31
1p_dfioo1 6071 38098 76196 | 0.51 0.70 | 0.37 056 | 0.32 047 | 028 0.44
model9 2879 50730 101271 | 0.51 075 | 033 0.62 | 022 0.56 | 0.13 0.48
nl 7039 49034 98059 | 0.52 0.74 | 036 0.61 | 0.30 0.48 | 0.16 0.37
ge 10099 51015 102030 | 0.50 0.72 | 0.35 0.60 | 0.32 044 | 0.18 0.31
Ip_ken_13 28632 66586 133172 | 0.62 0.72 | 0.62 0.72 | 0.64 0.73 | 0.64 0.73
Ipi_gosh 3792 | 101213 202322 | 052 0.75 | 035 0.66 | 0.14 049 | 0.10 0.47
cq9 9278 | 106187 212343 | 0.50 0.74 | 0.34 0.60 | 0.20 0.45 | 0.11 0.33
Ip_osa_14 2337 | 113843 227686 | 0.51 0.76 | 0.48 0.74 | 048 1.40 | 0.46 0.73
c09 10789 | 119330 238538 | 0.50 0.74 | 0.35 0.63 | 0.19 046 | 0.10 0.33
pltexpa 26894 | 121421 242842 | 0.51 0.69 | 043 0.63 | 0.58 0.58 | 0.33 0.46
model10 4400 | 144431 288861 | 0.51 0.75 | 033 0.62 | 0.12 0.52 | 0.10 0.49
fome12 24284 | 152392 304784 | 0.51 0.70 | 037 0.56 | 0.32 047 | 028 0.44
Ip_cre_d 8926 | 184120 365790 | 0.57 0.78 | 0.47 0.68 | 040 0.67 | 0.38 0.58
105 5190 | 200503 400987 | 0.50 0.74 | 0.34 0.66 | 0.04 026 | 0.04 0.26
world 34506 | 274179 547958 | 0.49 0.72 | 0.34 0.60 | 0.24 0.37 | 0.11 0.29
mod2 34774 | 285487 570555 | 049 0.72 | 034 0.60 | 022 0.35 | 0.10 0.28
Ip_maros_r7 3136 | 330472 660944 | 0.50 0.75 | 0.35 0.70 | 0.03 022 | 0.01 0.11
ex3stal 17443 | 331207 662414 | 049 0.73 | 0.31 0.61 | 0.05 0.10 | 0.02 0.08
psse2 28634 | 353852 707704 | 048 0.72 | 0.30 0.60 | 0.02 0.16 | 0.01 0.08
fxm3_16 41340 | 362093 724186 | 0.51 0.74 | 037 0.65| 023 055 | 0.13 0.29
Kemelmacher 28452 | 376348 752696 | 048 0.72 | 0.31 0.62 | 0.03 0.13 | 0.03 0.13
graphics 20493 | 773847 1547694 | 049 0.74 | 032 0.64 | 0.03 0.08 | 0.01 0.06
stat96vs 2307 | 894082 1788162 | 0.50 0.75 | 0.34 0.68 | 0.00 0.25 | 0.00 0.01
geomean 052 0.74 | 0.37 0.64 | 0.14 038 | 0.09 0.26
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6.1.2 Hypergraph Partitioning-based Fill-Reducing Ordering

This idea backs to PhD work of Catalyurek [[10] and also there is a recent work by
Catalyurek, Aykanat and Kayaaslan [8]].

6.1.2.1 Fill-Reducing Ordering

In most scientific computing applications, the core of the computation is solving a
symmetric system of linear equations in the form Mz =0. Direct methods, such as LU
and Cholesky factorizations, are commonly preferred for solving such systems for their
numerical robustness. A typical first step of a direct method is a heuristic reordering of
the rows and columns of M to reduce fill in the triangular factor matrices. The fill is the
set of zero entries in M that become nonzero in the triangular factor matrices. Another
goal in reordering is to reduce the number of floating-point operations required to
perform the triangular factorization, also known as operation count. It is equal to the
sum of the squares of the nonzeros of each eliminated row/column, hence it is directly

related with the number of fills.

For a symmetric matrix, the evolution of the nonzero structure during the factoriza-
tion can easily be described in terms of its graph representation [43]. In graph terms,
the elimination of a vertex (which corresponds to a row/column of the matrix) creates
edges for every pair of its adjacent vertices. In other words, elimination of a vertex
makes its adjacent vertices clique of size its degree minus one. In this process, the
added edges directly correspond to the fill in the matrix. Obviously, the amount of fill
and operation count depends on the row/column elimination order. The aim of order-
ing is to reduce these quantities which leads to both faster and less memory intensive

solution of the linear system. Unfortunately this problem is known to be NP-hard [46]

Heuristic methods for fill reducing ordering can be divided into mainly two
categories: bottom-up (also called local) and top-down (also called global) ap-
proaches [38]. In the bottom-up category, one of the most popular ordering methods

is Minimum Degree (MD) heuristic [45] in which at every elimination step vertex with
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minimum degree, hence the name, is chosen for elimination. Success of the MD heuris-
tic is followed by many variants of it, such as Quotient Minimum Degree (QMD) [21]],
Multiple Minimum Degree (MMD) [37], Approximate Minimum Degree (AMD) [2],
and Approximate Minimum Fill (AMF) [44]. Among the top-down approaches, one
of the most famous and influential one is surely nested dissection (ND) [20]. The main
idea of ND is as follows: Consider a partitioning of vertices into three sets: V;, V» and
Vs, such that the removal of Vg, called separator, decouples V; and V,. If we order
the vertices of Vg after the vertices of V; and Vs, certainly no fill can occur between
the vertices of V; and V,. Furthermore, the elimination process in V; and )V, are
independent tasks and their elimination only incurs fill to themselves and Vs. Hence,
the ordering of the vertices of V; and V), can be computed by applying the algorithm
recursively. In ND, since the quality of the ordering depends on the size of Vg, finding

a small separator is desirable.

Although the ND scheme has some nice theoretical results [20], it has not been
widely used until the development of recent multilevel graph partitioning tools. State-
of-the-art ordering tools [[12} 25} 27, [32]] are mostly a hybrid of top-down and bottom-
up approaches and built using incomplete ND approach that utilizes a multilevel graph
partitioning framework [/, 24,126, 31] for recursively identifying separators until a part
becomes sufficiently small. After this point, a variant of MD, like Constraint Minimum
Degree (CMD) [138]] is used for the ordering of parts.

6.1.2.2 Hypergraph Partitioning-based Solution

Given a p x p symmetric and square matrix M = {m;;} for fill reducing ordering, let

G(M) = (V,€) denote the standard graph representation of matrix M .

As described in [3], the fill-reducing matrix reordering schemes based on incom-
plete nested dissection can be classified as: nested dissection (ND) and multisection
(MS). Both schemes apply 2-way GPVS (bisection) recursively on G(M) until the

parts (domains) become fairly small. After each bisection step, the vertices in the
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Figure 6.1: (a) A sample 4-way SB form of a matrix A obtained through a 2-level
recursive hypergraph bipartitioning process; (b) the corresponding 4-way DB form of
matrix M = AAT

2-way separator (bisector) are removed and the further bisection operations are re-
cursively performed on the subgraphs induced by the parts of bisection. In the pro-
posed recursive-HP-based ordering approach, the constructed hypergraph ‘H (where
NIG(H) = G(M)) is bipartitioned recursively until the number of internal nets of the
parts become fairly small. After each bipartitioning step, the cut nets are removed and
the further bipartitioning operations are recursively performed on the sub-hypergraphs
induced by the node parts of the bipartition. Note that this cut-net removal scheme
in recursive 2-way HP corresponds to the above-mentioned separator-vertex removal
scheme in recursive 2-way GPVS. In this work, we only consider MS scheme. The
parts of the multiway separator are ordered using an MD-based algorithm before the
separator. It is clear that the parts can be ordered independently. These two schemes
differ in the order that they number the vertices of the multiway separator. In the MS
scheme, the multiway separator is ordered using an MD-based algorithm as a whole in

a single step.

Figure displays a sample 4-way SB form of matrix A and the corresponding
4-way DB form of matrix M induced by a 2-level recursive bipartitioning/bisection
process. Here, the bipartitioning/bisection operation at the root level is numbered as
0, whereas the bipartitioning/bisection operations at the second level are numbered as
1 and 2. The parts of a bipartition/bisection are always numbered as 1 and 2, whereas
the border is numbered as B. For example, A;;/M;; and A5/ M5 denote the diago-

nal domain submatrices corresponding to the two parts of the bipartitioning/bisection



CHAPTER 6. EXPERIMENTAL RESULTS WITH APPLICATIONS 62

operation 1, whereas As;/Ms; and Ags/ Moy denote the diagonal domain submatrices
corresponding to the two parts of the bipartitioning/bisection operation 2. As seen
in the figure, Myp = AOBAOTB denotes the diagonal border submatrix correspond-
ing to the 2-way separator obtained at the root level, whereas Mz = A, BAlTB and
My = AspAl, denote the diagonal border submatrices corresponding to the 2-way
separators obtained at the second level. Note that Mp denotes the diagonal border
submatrix corresponding to the overall 4-way separator. Diagonal domain submatrices
are ordered before the diagonal border submatrix Mpz. The Schur complement of the

overall diagonal border submatrix Mp is ordered as a whole.

6.1.2.3 Experimental Results

Catalyurek embedded the HP-based GPVS formulation into the state-of-the-art HP
tool PaToH [11] in [10] and throughout this work the mentioned tool is enhanced as
to enable use of 3-clique- and 4-clique-node hypergraphs as described in Algorithms
and[]along with the new sparsening method described in Sectiond.2]and Algorithm 6]
This tool along with the enhancements is named as oPaToH. In oPaToH, the recursive
hypergraph bipartitioning process is continued until the number of internal nets of a
part of a bipartition drops below 200 or the number of nodes of a part of a bipartition
drops below 100. All experiments are performed on a PC equipped with a 1.6 Ghz

Pentium 4, and 1 GB memory.

Table 6.4: The geometric mean results of HP-based fill-reducing ordering

General Matrices LP Problems
oPaToH-MS oPaToH-MS
criteria. | MMD oe SM | H? H3® H*|MMD oe SM | H* HA HA
opc 140 1.08 1.01 | 092 0.88 0.84 1.27 222 142|084 079 0.79
nnz(L) 1.13 1.02 1.00 | 0.97 094 0.92 1.10 140 1.19 | 094 091 091
time (s) 081 1.34 386|375 3.63 4.08 146 098 519 |7.62 195 1.79

The ordering performances of oPaToH is summarized in Table [6.4] The metrics
used to evaluate the ordering are operation count (opc), nonzero fill (nnz(L)) and pre-

processing time. The geometric mean of the normalized results according to onmetis
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are showed in the table. The table compares the ordering results also with other state-
of-the-art ordering tools MM D, oemetis and SMOOTH. As seen in the table,
oPaToH produces more qualified ordering results in terms of opc and nnz(L). For
general matrices, in the second geomean row, 1—, 6— and 11— refer to the geomet-
ric averages when none, the first five and the first ten of the matrices are excluded,
respectively. Generally, oPaToH even using 2-clique-node hypergraphs H? improves
the ordering quality at a cost of spending much more time to find ordering. Moreover,
oPaToH produces better orderings than all presented ordering tools, on the average. In
terms of preprocessing time, oPaToH performs faster only than SMOOTH when H?
or H? is used for general matrices and H* or H* is used for LP problems. In the
ordering of general matrices, if we concentrate on using 3-clique- and 4-clique-node
hypergraphs H?® and H*, we see that the ordering quality increases considerably with
increasing size of cliques. On average, using H> amortizes its time cost of construct-
ing the 3-clique-node hypergraph, whereas using H* doesn’t amortize. But, using H*
leads to better orderings than using H?. In the ordering of matrices induced by LP
problems, we see that using H* yields considerably better orderings than using even
H*. Although, sparsening H* doesn’t improve the ordering quality, it improves the

preprocessing time of finding the ordering.

Tables and[6.7) gives detailed results of ordering performances of oPaToH.
Table[6.5|compares the ordering quality performance in terms of operation count opc in
linear solution of ordered matrix. Table[6.6]compares the ordering quality performance
in terms of nonzero fill count in linear solution of ordered matrix which is equal to
nnz(L). Finally, Table [6.7| investigates the time performances of the ordering tools.
In the tables, the results of ordering tools (except onmetis) are given normalized to

results of onmetis.
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Table 6.5: Operation counts of HP-based fill-reducing ordering
General Matrices LP Problems
oPaToH-MS oPaToH-MS
name onmetis H2 O H3 HA name onmetis H2 H3  HY HA HA
ncvxgp9 5.94E+06 | 0.74 0.74 0.74 | lp_pds_02 7.34E+08 | 0.85 0.84 0.82 0.78 0.77
aug3deqgp | 2.78E+08 | 0.92 0.92 0.92 | delf_ A_36 1.76E+06 | 0.98 0.86 0.87 0.73 0.80
c-53 3.03E+07 | 0.85 0.85 0.85 | 1p_dfi001 7.34E+08 | 0.75 0.72 0.70 0.73 0.72
c-59 248E+09 | 1.17 1.17 1.17 | model9 4.86E+06 | 0.68 0.67 0.67 0.70 0.70
c-67 1.32E+07 | 0.88 0.88 0.88 | nl 4.20E+07 | 0.87 0.88 090 0.90 0.87
1shp3025 3.01E+06 | 0.97 1.02 1.02 | ge 2.28E+07 | 1.15 1.19 099 1.07 0.93
1shp3466 3.65E+06 | 0.99 091 0091 | Ipken_13 1.72E+07 | 0.98 0.97 097 097 0.97
bodyy4 3.29E+07 | 1.04 1.03 1.03 | lpi_gosh 3.66E+07 | 0.96 0.88 0.84 0.82 0.81
rail 20209 | 1.31E+07 | 1.01 0.98 0.98 | cq9 4.10E+07 | 1.00 0.99 1.00 0.89 0091
cvxbgpl 4.56E+08 | 0.99 098 0.98 | lp-osa_14 6.21E+06 | 1.06 1.06 1.06 1.06 1.06
shuttle_ed. | 2.07E+07 | 1.09 1.06 1.04 | co9 5.03E+07 | 0.96 097 097 096 0.96
nasa4704 | 3.88E+07 | 0.63 0.70 0.67 | pltexpa 1.57E+08 | 0.78 0.68 0.67 0.61 0.68
besstk24 4.14E+07 | 091 0.83 0.82 | modell0 5.69E+07 | 1.06 0.99 097 1.02 0.99
skirt 2.92E+07 | 1.09 1.00 0.97 | fomel2 2.58E+09 | 093 093 091 0.89 0091
besstk28 5.40E+07 | 0.76 0.78 0.76 | lp_cred 2.05E+08 | 0.87 0.90 0.89 0.86 0.84
slrmg4ml | 1.07E+08 | 0.93 0.92 091 | r05 1.21E+08 | 0.44 044 044 044 044
vibrobox 1.31E+09 | 0.79 0.56 0.53 | world 3.52E+08 | 0.71 0.71 0.71 0.64 0.64
crystkO1 273E+08 | 1.20 1.12 1.17 | mod2 4.24E+08 | 0.57 055 0.55 0.51 0.52
bcsstm36 1.14E+08 | 0.76  0.75 0.77 | lp_.marosr7 | 7.19E+08 | 1.10 1.09 1.02 092 0.92
gridgena 3.61E+08 | 0.88 0.84 0.84 | ex3stal 7.89E+09 | 1.35 122 159 1.02 1.03
kl_san 4.00E+08 | 1.30 0.86 0.93 | psse2 7.67E+07 | 0.68 0.70 0.65 0.59 0.62
finan512 1.56E+08 | 0.95 091 0.80 | fxm3_.16 2.76E+07 | 0.72 0.74 0.72 0.74 0.73
msc23052 | 6.40E+08 | 0.84 0.85 0.85 | Kemelm. I.11IE+09 | 1.65 1.28 1.14 0.89 0.89
besstk35 481E+08 | 0.82 0.80 0.81 | graphics 1.33E+09 | 0.83 0.82 0.84 0.73 0.73
oilpan 278E+09 | 095 0.97 1.00 | stat96v5 2.55E+09 | 094 098 0.88 0.85 0.79
geomean 092 0.89 0.88 0.88 0.86 084 0.79 0.79
1-,6-,11- 092 0.88 0.84
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Table 6.6: Factor nonzero counts of HP-based fill-reducing ordering
General Matrices LP Problems
oPaToH-MS oPaToH-MS
name onmetis H2 O H3 HA name onmetis H2 H3 HY HA HA
ncvxgp9 123,462 | 095 0.95 0.95 | Ip_pds_02 1,277,948 | 0.97 0.96 0.95 0.93 0.93
aug3dcqp | 1,011,206 | 0.90 0.90 0.90 | delf_A_36 50,185 | 098 095 095 091 0.93
c-53 391,804 | 1.07 1.07 1.07 | 1p_dfi001 1,277,948 | 0.85 0.83 0.82 0.84 0.83
c-59 3,221,503 | 097 097 0.97 | model9 97,041 | 0.86 0.86 0.86 0.87 0.87
c-67 439,898 | 1.02 1.02 1.02 | nl 298,181 | 0.94 0.94 095 095 094
1shp3025 72,058 | 099 1.00 1.00 | ge 267,891 | 1.01 1.01 0.97 099 0.96
Ishp3466 84,338 | 0.99 097 0.97 | Ipken_13 349,677 | 1.02 1.02 1.02 1.02 1.02
bodyy4 501,494 | 1.01 1.00 1.00 | Ipi_gosh 249,770 | 0.97 094 094 093 092
rail_20209 319,401 | 1.02 1.01 1.01 | cq9 406,070 | 0.99 099 099 0.95 0.96
cvxbgpl 1,978,965 | 0.97 097 0.97 | Ip-osa_14 116,160 | 1.02 1.02 1.02 1.02 1.02
shuttle_ed. 352,363 | 1.03 1.01 1.01 | co9 471,887 | 0.97 097 097 096 0.96
nasa4704 303,720 | 0.81 0.83 0.82 | pltexpa 1,229,360 | 0.85 0.81 0.81 0.79 0.81
besstk24 314,104 | 0.94 091 0.91 | modell0 392,002 | 1.03 1.00 099 1.01 0.99
skirt 465,553 | 1.02 0.99 0098 | fomel2 4,732,776 | 0.95 095 094 092 0.93
besstk28 403,052 | 0.89 090 0.90 | Ip_cred 752,413 | 093 095 094 093 0.92
slrmq4ml 646,878 | 0.96 0.96 0.95 | 05 528,707 | 0.82 0.82 0.82 0.82 0.82
vibrobox 2,482,629 | 0.85 0.74 0.72 | world 2,001,206 | 0.86 0.86 0.86 0.83 0.83
crystkO1 1,003,272 | 1.06 1.03 1.05 | mod2 2,214,268 | 0.79 0.78 0.78 0.76 0.76
bcsstm36 879,713 | 0.90 090 0.90 | lp.marosr7 | 1,401,207 | 1.03 1.03 1.00 095 0.95
gridgena 2,671,255 | 0.96 095 0.94 | ex3stal 8,052,424 | 1.12 1.09 126 0.99 0.99
kl_san 2,605,291 | 1.12 0.94 0.97 | psse2 963,141 | 0.87 0.87 0.86 0.83 0.84
finan512 1,747,840 | 1.02 0.99 0.96 | fxm3_16 686,497 | 0.93 0.94 093 095 094
msc23052 | 2,934,092 | 0.90 090 0091 | Kemelm. 4,152,721 | 1.23 1.10 1.04 094 0.94
besstk35 3,049,203 | 0.90 0.90 0.90 | graphics 4,966,956 | 0.89 089 0.89 0.85 0.85
oilpan 9,137,443 | 096 0.97 0.98 | stat96v5 2,169,949 | 0.97 099 094 0.93 0.90
geomean 0.97 095 0.95 095 094 094 091 091
1-,6-,11- 0.97 094 0.92
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Table 6.7: Total execution times of HP-based fill-reducing ordering
General Matrices LP Problems
oPaToH-MS oPaToH-MS
name onmetis HE O H3 HA name onmetis H? H3 HA HA HA
ncvxgp9 0.160s | 2.06 2.06 2.06 | Ip_pds_02 0.120s | 580 495 505 554 5.10
aug3dcqp 0.540 s 1.30 1.30 1.30 | delf_.A_36 0.030s | 5.17 380 357 205 1.70
c-53 0.570 s 341 341 341 | lp-dfiool 0.120 s 5.28 3.97 3.76 2.22 2.44
c-59 0.960 s 377 3.77 3.77 | model9 0.060 s 9.35 8.05 7.22 2.40 2.62
c-67 1.060s | 9.40 940 9.40 | nl 0.090s | 11.19 7.06 650 2.05 230
1shp3025 0.010s | 9.30 6.00 6.00 | ge 0.140s | 478 3.41 2.82 1.6l 1.48
1shp3466 0.020s | 570 3.50 3.50 | lp_ken_13 0.300s | 6.10 349 406 297 342
bodyy4 0.180 s 445 2.62 262 | Ipi_gosh 0.110s | 17.22 13.65 11.83 3.08 3.33
rail_20209 0.240 s 418 244 244 | cq9 0.170s | 20.19 1343 12.53 3.13 2.75
cvxbgpl 0.650 s 552 347 343 | lp-osa_14 0.140 s 0.55 11.86 34.02 5.41 0.92
shuttle.ed. | 0.110s | 6.43 4.05 3.53 | co9 0.200s | 19.63 13.75 1143 3.14 251
nasa4704 0.030s | 4.10 4.57 4.70 | pltexpa 0.500s | 426 2.80 253 1.51 1.80
besstk24 0.020s | 3.85 5.05 8.30 | modellO 0.150s | 15.15 1397 1262 3.63 4.03
skirt 0.170 s 840 526 423 | fomel2 0.670's 7.98 4.89 4.07 2.57 2.78
besstk28 0.030 s 1.93 323 5.03 | lpcred 0.350s | 4790 2663 19.69 1571 13.35
slrmg4ml | 0.030s | 230 5.03 7.43 | 105 0.170s | 6.64 459 524 094 153
vibrobox 0.340s | 10.14 6.61 5.45 | world 0.830s | 1195 7.00 554 182 1.77
crystkO1 0.600s | 4.03 597 8.05| mod2 0.870s | 11.18 7.04 534 1.63 1.60
bcsstm36 0.380 s 0.85 098 1.03 | Ipomarosr7 | 0.320s | 51.00 31.61 30.35 1.02 1.23
gridgena 0.720 s 6.63 446 3.73 | ex3stal 0.450 s 8.18 7.81 6.34 0.68 0.82
kl_san 1.200 s 4.61 247 1.95 | psse2 0.220 s 2.50 3.34 4.38 0.73 0.85
finan512 1.290s | 5.08 298 1.72 | fxm3_16 0900s | 772 578 542 215 1.42
msc23052 | 0.220's 1.82 3.52 4.52 | Kemelm. 0940s | 11.74 636 546 0.8l 091
besstk35 0.300 s 243 3.56 5.57 | graphics 0.390 s 3.04 4.86 6.59 0.42 0.71
oilpan 0.640 s 145 2.60 4.69 | stat96v5 0.670s | 1754 1049 82.9 0.70 0.16
geomean 3.75 352 3.74 938 789 7.62 194 1.79
1-,6-,11- 3.75 3.63 4.08
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6.2 GPVS-based Hypergraph Partitioning Formula-

tion

The experimental evaluation is performed using 36 p X ¢ sparse rectangular matri-
ces obtained from the University of Florida sparse matrix collection [[17]. Table [6.§]
illustrates the properties of these matrices. In this table, p, ¢ and nnz(A) denote,
respectively, the number of rows, columns and nonzeros of matrix A. In the second
part, p and nnz(M) denote, respectively, the number of rows/columns and nonzeros
of matrix M = AAT. Note that the number of rows of a matrix A is equal to the

number of rows/columns of corresponding matrix M = AAT.

In Section hypergraph partition construction performances of vertex separa-
tors of net intersection graphs of hypergraphs induced by the matrices are discussed.
These sparse rectangular matrices are obtained from LP constraint matrices and in Sec-
tion[6.2.2] GPVS-based Dantzig-Wolfe decomposition performances of these matrices

are investigated.

6.2.1 Hypergraph Partition Construction

Table[6.9)displays the hypergraph partition construction performance of partitions with
different number of part counts: for 2,4,8,16,32,64,128-way partitions, whereas Ta-
ble shows the hypergraph partition construction performance of 128-way parti-
tions Ty g of NIG(H"), where H* represents the row-net hypergraph of A matrix.
In the tables ¢( represents the basic imbalance of corresponding partition. The ta-
bles are composed of three parts. In the first part, vertex separator results on graph
NIG(H*) is displayed in terms of basic imbalance €, and percentage of separator size
(Vs) to all vertices of the resultant vertex separator IIyg. In the second part, (Ur) de-
notes the percentage of free nodes to all nodes and (Nr_p) denotes the percentage of
preservable nets to all external nets of the net-partition IIzp, induced by the resultant
vertex separator Iy g. Third part also has two subparts. At each subpart the com-
plete node partition Il p, results are displayed induced by the free node assignment
resulted by each of the Algorithms RANDOMASSIGN and GREEDYASSIGN Here,
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Table 6.8: Properties of test matrices for GPVS-based HP formulation

A M = AAT
name D q nnz(A) D nnz(M)
Ip_ken_07 2426 3602 8404 | 2426 14382
delf_A_36 3170 5598 15397 | 3170 33508
Ip_pds_02 2953 7716 16571 | 2953 23281
fxm2-16 3900 7335 32972 | 3900 74806
1p-dfi001 6071 12230 35632 6071 82267
ge 10099 16369 44825 | 10099 112129
nl 7039 15325 47035 | 7039 105089
Ipken_11 14694 21349 49058 | 14694 82454
model7 3358 9560 51027 | 3358 97438
cqs 5048 11748 51571 5048 117920
model9 2787 10939 55956 2787 103869
co5 5774 12325 57993 | 5774 131692
p05 5090 9590 59045 | 5090 224528
Ip_pds_06 9881 29351 63220 | 9881 88003
ex3stal 17443 17516 68779 | 17443 679857
cq9 9278 21534 96653 9278 221590
Ip_ken_13 28632 42659 97246 | 28632 161804
Ipi_gosh 3790 13455 99953 | 3790 206008
r05 5190 9690 104145 | 5190 406158
Ip_pds_10 16558 49932 107605 | 16558 149658
co9 10789 22924 109651 | 10789 249205
scfxm1-2b 19036 33047 111052 | 19036 538278
p010 10090 19090 118000 | 10090 448318
fomel2 24284 48920 142528 | 24284 329068
pltexpa 26894 70364 143059 | 26894 269736
modell0 4400 16819 150372 4400 293260
nemswrld 6647 28550 192283 6647 361421
world 34506 67147 198883 | 34506 582064
mod2 34774 66409 199810 | 34774 604910
route 20894 43019 206782 | 20894 1294804
Ip_pds_20 33798 108175 232647 | 33798 320120
Ip_cre_d 6476 73948 246614 6476 369816
Ip_cre_b 7240 77137 260785 7240 396398
Ipll 32460 32460 328036 | 32460 6882066
fxm3_16 41340 85575 392252 | 41340 765526
stormg2-125 | 65935 172431 433256 | 65935 1953519
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Table 6.9: Hypergraph partition construction performance for GPVS-based HP formu-
lation with geometric means

g p, (HY)

Mys(NIG(HA)) | Hppy (HA) RANDOMASSIGN GREEDYASSIGN

K-way | g (Vs) Ur) Nrup) | €0 (Ns) Ip o (Ns) Ip
2-way | 0.01 %1.0 | %0.1 %0.0 | 0.01 %09 %183 ] 001 %09 %19.0
4-way | 0.04 %4.8 | %0.6 %02 | 0.04 %46 %932 | 005 %47 %709
8-way | 0.08 %6.8 | %1.0 %0.6 | 0.08  %6.7 %92.0 | 0.08 %6.6 %71.4
16-way | 0.10 %8.9 | %1.6 %1.1 | 0.10 %88 %97.0 | 0.10  %8.8 %92.2
32-way | 0.15 %13.3 | %2.7 %21 | 0.15 %133 %99.0 | 0.17 %13.2  %94.1
64-way | 0.21 %18.7 | %4.9 %3.4 | 021 %18.6 %99.5 | 027 %184 %92.4
128-way | 0.30 %23.8 | %7.2 %48 | 030 %237 %99.8 | 048 %233  %90.9

(Ns) denotes percentage of cut size to all nets of the constructed hypergraph partition
IIyp, . fp shows the free node assignment performance of the algorithms in terms of
percentage of preserved nets at 11 p,, to all preservable nets of the net-partition Iz p,

induced by Iy g.

As seen in Table [6.9] when part counts of the partition increases, basic imbal-
ance and separator size of vertex separator increases. Furthermore, percentage of free
nodes and percentage of preservable nets also increase with increasing number of parts.
For the free node assignment performance, it can be seen that Algorithm RANDO-
MASSIGN performs almost perfectly, whereas Algorithm GREEDYASSIGN shows a
poorer performance. As seen in the table, Algorithm RANDOMASSIGN could pre-
serve much more preservable nets than Algorithm GREEDYASSIGN, on the average.
Also note that when part count of partitions increases, the preservability also increases
and Algorithm RANDOMASSIGN could preserve almost all preservable nets. This
also confirms the %—approximability of Algorithm RANDOMASSIGN, because
larger K is expected to yield better performance. As seen in the table, when preserv-
able nets are preserved more, the basic imbalance of hypergraph partition IIyp is
nearer to basic imbalance of vertex separator 1l g. Algorithm RANDOMASSIGN
achieved to preserve the imbalance and separator size values of the vertex separator,
whereas Algorithm GREEDYASSIGN deviated from the original imbalance and sepa-
rator size which yielded just worse imbalance ratio. As also seen in the table, the basic

imbalance and percentage of cutsize results of complete node partition Il p, is also
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Table 6.10: Hypergraph partition construction performance of 128-way partition for
GPVS-based HP formulation

70

g p, (HY)
My s (NIG(HA)) g py (H?) RANDOMASSIGN GREEDYASSIGN

K-way €0 (Vs) Ur)  (Nrup) €0 (Ns) Ip €0 (Ns) fp

1p_ken_ 07 %13.3 028 | %3.5 %3.0 | %133 028 %1000 [ %133 028 %100.0
delf_A 36 %26.2 022 | %12.2 %22 | %26.1 022 %100.0 | %26.1 022 %100.0
Ip_pds_02 %14.8 022 | %19 %12 | %147 022 %100.0 | %147 022 %100.0
fxm2-16 %32.9 031 | %7.0 %9.4 | %325 037 %994 | %323 036  %95.4
1p_dfioo1 %47.8 0.28 | %19.3 %6.6 | %478 028 %100.0 | %472  0.69  %87.6
ge %21.7 031 | %65 %106 | %21.7 031  %99.8 | %21.5 031  %93.4
nl %17.6 024 | %5.0 %27 | %176 024 %993 | %17.6 024  %98.5
Ip_ken_11 %2.9 027 | %0.5 %0.0 | %29 027 %1000 | %29 027 %!100.0
model7 %32.6 033 | %122 %178 | %326 033  %99.6 | %320 044  %91.0
cq5 %22.6 032 | %8.6 %7.7 | %226 032  %99.9 | %225 032  %95.8
model9 %46.5 052 | %272 %21.2 | %464 051 %100.0 | %41.8 928  %54.3
co5 %25.3 022 | %98 %129 | %252 022 %1000 | %244 072  %86.1
p05 %29.0 0.30 | %18.9 %41 | %29.0 030 %100.0 | %29.0 030  %99.1
1p_pds_06 %19.5 023 | %59 %39 | %19.5 023 %1000 | %19.3 025 %822
ex3stal %50.6 0.41 | %10.1 %8.5 | %50.5 0.41  %99.7 | %50.5 0.41  %98.8
cq9 %20.3 030 | %6.3 %9.3 | %203 030  %99.9 | %202 030  %94.2
Ip_ken_13 %3.5 0.17 | %0.9 %0.1 | %35 017 %1000 | %3.5 0.17 %100.0
Ipi_gosh %29.3 037 | %79 %117 | %288 038  %99.5 | %28.8 037  %98.0
105 %34.7 0.42 | %25.2 %42 | %346 042  %99.8 | %34.6 042  %99.0
Ip_pds_10 %22.1 023 | %6.2 %3.5 | %221 023 %1000 | %220 023 %893
c09 %28.1 027 | %93  %I18.0 | %279 029  %99.6 | %262 143  %83.1
scfxm1-2b %7.3 0.14 | %0.6 %24 | %72 015 %999 | %72 0.5 %100.0
p010 %17.7 0.16 | %10.1 %28 | %177 016  %99.5 | %17.7  0.16  %98.7
fome12 %46.1 028 | %179 %112 | %46.1 027  %99.9 | %452 143  %85.8
pltexpa %24.2 024 | %7.1 %52 | %242 024  %99.9 | %24.1 024  %97.9
model 10 %53.6 0.57 | %30.6  %I18.1 | %53.5 0.61  %99.6 | %52.1 2.67  %86.6
nemswrld %52.6 0.45 | %38.6  %29.7 | %523 046  %99.8 | %47.1 11.83  %67.2
world %18.7 021 | %5.7 %34 | %187 021  %99.8 | %18.7 021  %96.1
mod2 %19.5 023 | %5.5 %25 | %19.5 023  %99.8 | %19.5 023  %97.8
route %48.9 0.63 | %198 %258 | %488 0.63  %99.6 | %48.8 0.62  %99.3
Ip_pds_20 %21.5 021 | %5.3 %25 | %21.5 021  %99.9 | %21.5 021  %85.8
Ip_cred %42.6 0.49 | %26.0  %16.8 | %425 049 %999 | %404 344 %727
Ip_cre b %38.4 0.40 | %244  %16.7 | %384 040 %1000 | %372 146 %819
Ipll %74.7 143 | %29.7  %21.6 | %734 156  %99.8 | %73.1 1.60  %98.0
fxm3_16 %S5.5 0.10 | %O0.1 %03 | %55 010  %99.7 | %55 0.10 %100.0
stormg2-125 | %17.7 029 | %12 %3.7 | %17.6 029  %99.5 | %175 032 %923
geomean %23.8 030 | %7.2 %4.8 | %237 030 %99.8 | %233 048  %90.9
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related to performance of free node assignment. The results also implicitly imply that
the number of inevitably internal nets of Ng of I1yp, is negligibly small. The results,
as a whole, conform to the theoretical results discussed in Section [5.1.1] and confirm

the validity of decision of trying to preserve the preservable nets in cut.

6.2.2 GPVS-based Dantzig-Wolfe Decomposition of Linear Pro-

gramming Problems
6.2.2.1 Dantzig-Wolfe Decomposition of LP Problems

Dantzig and Wolfe [16] disclosed the exploitation of the block-angular structure or
equivalently singly-border block diagonal (SB) form for solving linear programs (LPs)
and then the problem of transforming a matrix into the block-angular structure is
named as Dantzig-Wolfe Decomposition. The motivation was solving large LPs with
limited memory. After that, several studies are done to investigate the parallelization
techniques [22, 28|, 139]. The techniques proposed in [16, 36, 40] highlighted the itera-
tive algorithms, where each iteration involves solving K independent LP subproblems.
These subproblems correspond to the block constraints. This process follows by a co-
ordination phase for coordinating the solutions of the subproblems due to the coupling
constraints. The two nice properties are, firstly, as the solution times of most LPs in-
crease in practice as a quadratic or cubic function with the size of the problem, it is
more efficient to solve a set of small problems. Secondly, they bring forth to a natural,
coarse-grain parallelism by processing the subproblems concurrently. In the imple-
mentation of coarse-grain parallelism, at each iteration, slave processors solve the LP
subproblems concurrently, whereas a master processor solves the serial master prob-
lem in the coordination phase. The successful decomposition-based techniques can be
used for coarse-grain parallel solution of general LP problems by transformation to
block-angular forms [18]. This transformation can be presented as permuting the rect-
angular constraint matrix of the LP problem into a singly-bordered block diagonal (SB)
form, as shown in Equation The transformation problem refers to permuting LP
constraint matrix minimizing the border size, while maintaining a given balance crite-

rion on the diagonal blocks. Here, permuting rows refers to permuting constraints and
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permuting columns refers to permuting variables. Thus, each processor concurrently
solves a sub-LP Problem with disjoint constraints and disjoint variables. The objec-
tive of minimizing the border size corresponds to minimizing the size of the serial
master problem, whereas maintaining a given balance criterion on the diagonal blocks
corresponds to maintaining the given balance criterion on the load of the solution of
the subproblems. An HP-based solution to the decomposition problem is presented
by Pinar et al. [42]] Furthermore, Aykanat et al. [4]] proposed a two-phase bipartite-
graph model to transform sparse rectangular matrices into SB form, where in the first
phase they transform matrix into doubly-bordered block diagonal (DB) form by find-
ing a GPVS on the bipartite graph representation of the rectangular matrix, and at the

second phase, they transform into SB form by using column- splitting technique.

6.2.2.2 GPVS-based Solution

An GPVS-based solution is mentioned firstly by Pinar and Aykanat in 1997 [41]. How-

ever, this work lacked to use a vertex separator tool directly.

We are given a p X ¢ sparse rectangular matrix A, which corresponds to the con-
straint matrix of an LP Problem. Consider A matrix as a {0, 1}-matrix. An hypergraph
partition on the row-net hypergraph of A matrix forms a SB form Agp of A matrix.
Aykanat et al. ?? proposed a HP-based approach to solve this problem. Referring to
that work, by exploiting the idea of GPVS-based HP formulation, we can form the
Agp form, which corresponds to Dantzig-Wolfe Decomposition, of A matrix by using
GPVS as described in Algorithm

Algorithm 11 GPVS-based Dantzig-Wolfe Decomposition Algorithm

Require: A e, K
. M — AAT
HVS — GPVS(Q(M), g, K)
Ilys — Mpp
Mpp — Asp
return Agp

A
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X X X X

(b) ()

Figure 6.2: (a) The graph G(AAT) (b) A vertex separator I of G(AAT) (c) The
Dantzig-Wolfe Decomposition of A induced by Il g.

The algorithm works as follows:

1) Performing M = AAT: This is done by multiplying A matrix with its transpose
AT,

2) Finding K-way Vertex Separator 1y g of G(M) with minimum separatorsize under

e-balance

3) Converting Ily g to DB form of M matrix: 11,¢ induces a DB form Mpg of M
matrix as described in Section [2.1.2]

4) Decoding Mpp to Agp: This is straightforward by just using the same row/column
permutation of M matrix as the row permutation of A matrix. Column permutation
is performed as permuting the columns including nonzero with £’th row-part of
Agp! Mpp after the columns including nonzero with (k—1)’th part of Asg/Mpp.
Permute the remaining columns at last. Note that here remaining columns will refer
to free nodes of row-net hypergraph of A for net-permutation induced by the row-

permutation of Agp.

Figure [6.2] displays the methodology as follows. As displayed in Figure
we first construct the graph G(M = AAT) for a given matrix A. Then, we find a
vertex separator Iy g of G under the constraints as shown in Figure [6.2(b)] Finally,

we convert this vertex separator 1y ¢ to a Dantzig-Wolfe Decomposition of A matrix
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as in Figure Note that we didn’t need to convert A matrix to hypergraph and

decode the vertex separator Il g to a hypergraph partition.

It should be noted that, the produced Dantzig-Wolfe decomposition Agp of ma-
trix A might not induce a hypergraph partition of row-net hypergraph of A. This
is because a row in the border share a column with at least two subblocks. But for
Dantzig-Wolfe decomposition, there is no such a constraint. For the graph partitioning
by vertex separator problem, the separator does not need to be narrow . This property
brings a flexibility in the search space. Thus, GPVS formulation is more powerful than
HP formulation for Dantzig-Wolfe decomposition of sparse rectangular matrices. The
question is that GPVS formulation is exact for this decomposition. Indeed, it is exact.
Because, only consideration for the definition of a Dantzig-Wolfe decomposition is
column-disjointness of the subblocks of Agp. The only consideration for the defini-
tion of a vertex separator is non-adjacency of parts of ITy;g on G(AAT). These two
consideration are reflective to each other. Therefore, we conclude that HP formulation
is not perfect for Dantzig-Wolfe decomposition, whereas GPV'S formulation is perfect,
theoretically. Since the smaller sized border would generally yield a better decomposi-
tion, this detail is not very important in practice. So that, using hypergraph partitioning

for Dantzig-Wolfe decomposition is still reasonable and valuable.

6.2.2.3 Experimental Results

The experiments are performed on 36 sparse rectangular matrices mentioned in Sec-
tion 6.2] These matrices arise from Linear Programming Problems. The validity of
GPVS-based Dantzig-Wolfe decomposition on these matrices are checked by com-
paring with a HP-based Dantzig-Wolfe decomposition. For HP-based decomposition,
state-of-the-art hypergraph partitioning tool PaToH [11]. However, throughout this
work, a GPVS tool is derived from the state-of-the-art fill-reducing ordering tool on-
metis [32]. In onmetis, a given graph is recursively bipartitioned and separator removal
is applied after each bipartitioning. However, in onmetis, the balance of part is con-
cerned not directly on parts but on parts with separator. Secondly, recursive biparti-

tioning continues until parts get fairly small. The tool is modified as to make K -way
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Table 6.11: The geometric mean results of GPVS-based Dantzig-Wolfe decomposition
of LP Problems

PaToH dwmetis dwmetis / PaToH
time

K-way | imb border | imb border | border with AAT wlo AAT
2-way | 0.01 %1.9 | 0.01 %2.6 1.32 0.25 0.21
4-way | 0.04 %3.5 | 0.04 %4.8 1.34 0.24 0.21
8-way | 0.08 %5.2 | 0.08 %6.8 1.29 0.22 0.21
16-way | 0.09 %6.9 | 0.10 %8.9 1.29 0.21 0.20
32-way | 0.14  %10.5 | 0.15 %I13.3 1.26 0.21 0.20
64-way | 0.21 %149 | 021 %18.7 1.25 0.21 0.20
128-way | 0.28 %203 | 0.29  %23.8 1.17 0.21 0.19

partition and concern the balance on parts, directly and named as vsmetis. For GPVS-
based decomposition, vsmetis is used in experiments. To define the problem clearly,
for a given sparse rectangular matrix A, we are trying to find a Dantzig-Wolfe de-
composition (or SB form) of the matrix A, minimizing the border size such that the

number of rows of each block is balanced.

The experiments are performed under different K values. For a given matrix A,
the row-net hypergraph of A with unit net weights is used as input to PaToH, whereas,
the graph of AAT with unit vertex weights is used as input to vsmetis. Besides vs-
metis, a Dantzig-Wolfe decomposition tool, called as dwmetis, is trivially generated
that performs Algorithm The execution time of dwmetis consists of constructing
G(M = AAT), finding a vertex separator by vsmetis and decoding the resultant vertex
separator to Dantzig-Wolfe decomposition. The execution time of HP-based Dantzig-
Wolfe decomposition tool, which we will still refer as PaToH here, is composed of
constructing row-net hypergraph H“ of A matrix and finding a hypergraph partition-
ing by PaToH and decoding the resultant hypergraph partitioning to Dantzig-Wolfe
decomposition. The experiments are performed as to make the imbalance values on
block sizes of the decompositions nearly equal. Thus, the border size determines the

quality of the decomposition.

The decomposition performances of dwmetis compared to PaToH is summarized
in Table [6.11] In the table, results are summarized under three catagories. In the first

and second catagory, the decomposition performance of PaToH and dwmetis is given,
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respectively, in terms of imbalance on the row numbers of the blocks and percentage
of the border size to total number of rows. At the third catagory, the normalized values
of the decomposition performance of dwmetis with respect to PaToH is given in terms
of bordersize and execution time. The normalized values for the execution time is pre-
sented in two groups. In first group, the AA” structural multiplication is included to
the total time, whereas in the second group it isn’t included. As seen in the table, im-
balance on the number of rows of the blocks and border size increases as the number
of blocks of the decomposition increases, as expected, for both PaToH and dwmetis.
As also seen in the table, dwmetis produces larger border sizes with comparable imbal-
ance values. Even though, this seems to contradict the theoretical results, this is pos-
sible because the problems are NP-complete and the tools are not perfect. Moreover,
PaToH applies heuristics which effectively make moves of columns, whereas dwmetis
applies heuristics which effectively make moves of rows of matrix A. Thus, move of
columns might yield a superior decomposition in terms of border size. Nonetheless,
the ratio between dwmetis and PaToH decreases from 1.32 for 2-way decomposition
to 1.17 for 128-way decomposition. When we concentrate on the execution times, it
is clearly seen that dwmetis performs drastically faster, that is, around 5 times faster
than PaToH. The execution time performance gap between the execution time with and
without structural multiplication AAT operation gets smaller with increasing number
of blocks. This is reasonable, because the structural multiplication cost is constant for
decompositions of all number of blocks, whereas vertex separator execution time in-
creases as the number of parts (blocks) increases. Tables and|[6.13]present detailed
results for PaToH and dwmetis, respectively, where the number of blocks are selected
to be 16, 32, 64 and 128.
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Table 6.12: The Dantzig-Wolfe decomposition performance of PaToH

imb border total time (s)

16 32 64 128 16 32 64 128 16 32 64 128
Ip_ken_07 0.15 021 036 064 | %1.2 %4.4 %9.2 %153 | 0.014 0.024 0.036 0.056
delf_A_36 0.07 0.13 0.14 0.23 %89 %119 %l17.1 %27.6 | 0.028 0.040 0.063 0.097
Ip_pds_02 0.07 0.10 0.13 0.16 | %8.0 %10.1 %128 %15.1 | 0.032 0.043 0.057 0.076
fxm2-16 0.07 0.10 021 034 | %4.8 %8.6 %20.5 %32.0 | 0.046 0.068 0.104 0.139
Ip_dfi001 0.31 030 035 031 | %224 %309 %369 %41.0 | 0.126 0.157 0.183 0.216
ge 0.07 0.11 0.17 0.23 %5.9 %74 %104  %17.8 | 0.078 0.099 0.135 0.189
nl 0.06 0.07 0.15 0.19 | %7.3 %8.5 %109 %l16.2 | 0.098 0.112 0.140 0.184
Ipken_11 0.06 0.06 0.07 0.09 | %04 %0.7 %1.3 %2.4 | 0.108 0.125 0.148 0.187
model7 0.09 021 032 043 | %141 %214  %28.1 %33.5 | 0.094 0.118 0.143 0.165
cqS 0.07 0.11 0.17 028 | %6.1 %83 %134 %20.2 | 0.132 0.155 0.181 0.214
model9 0.12 022 033 046 | %124 %284 %35.1 %402 | 0.131 0.165 0.185 0.206
co5 0.08 0.12 022 041 %5.9 %9.1 %134  %19.0 | 0.151 0.175 0.202 0.238
p05 0.17 0.16 0.18 0.23 %77 %114 %1777 %29.3 | 0.277 0.298 0.330 0.359
Ip_pds_06 0.11 0.13 020 0.17 | %9.0 %11.2 %13.0 %159 | 0.184 0.219 0.254 0.292
ex3stal 0.18 0.19 030 0.32 | %283 %343 %404 %472 | 0.310 0.353 0.387 0.433
cq9 0.08 0.11 0.16 022 | %5.6 %74  %11.0 %16.7 | 0.342 0.368 0416 0.469
Ip_ken_13 0.04 0.12 0.16 0.19 | %0.2 %0.5 %1.7 %3.1 | 0.352 0.394 0441 0.508
Ipi_gosh 027 054 122 252 | %187 %21.1 %2477 %304 | 0.204 0.237 0.271 0.302
r05 0.17 0.16 0.19 030 | %93 %13.0 %19.1 %304 | 0.546 0.569 0.570 0.631
Ip_pds_10 0.12 0.15 0.17 0.18 | %94 %l11.6 %132 %155 | 0400 0443 0495 0.559
co9 0.07 0.11 020 0.35 %5.2 %7.1  %11.0 %16.2 | 0420 0.451 0.494 0.548
scfxm1-2b 0.08 0.11 0.14 0.15 %5.2 %5.6 %5.8 %6.7 | 0.174 0.210 0.249 0.303
p010 0.12 0.18 0.19 0.18 | %4.2 %73 %108 %173 | 1.400 1466 1.510 1.521
fome12 0.17 024 034 034 | %154 %182 %227 %31.6 | 1.213 1330 1420 1.532
pltexpa 0.08 0.12 0.15 0.21 %5 .4 %6.8 %142  %17.7 | 0428 0.512 0.621 0.692
model10 0.19 032 043 055 | %234  %40.0 %456 %499 | 0.388 0.462 0.503 0.536
nemswrld 0.11 022 050 090 | %20.5 %273 %31.0 %355 | 0.706 0.760 0.795 0.833
world 0.12 0.11 0.16 0.23 %4.9 %8.1 %113  %13.5 | 0.727 0.839 0.927 1.016
mod2 0.13 0.10 0.16 0.21 %5.0 %82 %11.8 %144 | 0.707 0.817 0914 1.001
route 0.00 0.08 0.17 0.41 %1.4 %8.9 %179 %395 | 6.172 6.524 6.664 6.908
Ip_pds_20 0.13 0.14 0.17 0.19 | %9.8 %11.7 %137 %157 | 1.088 1.221 1311 1414
Ip_cre_d 0.09 0.14 027 035 | %16.6 %21.8 %302 %37.0 | 2.557 2.654 2738 2.822
Ip_cre b 0.07 0.15 021 032 | %16.2 %20.0 %26.1 %32.7 | 2.658 2.743 2818 2.884
Ipll 0.39 053 077 1.29 | %9365 %479 %57.1 %715 | 1.974 2.121 2249 2.296
fxm3_16 0.03 0.04 0.06 0.10 | %04 %2.8 %4.4 %5.9 | 0.722 0.886 1.036 1.182
stormg2-125 | 0.15 0.15 0.15 018 | %90 %112 %128 %147 | 1.449 1.678 1.891 2.114
geomean 0.09 0.14 021 028 | %6.9 %105 %149 %20.3
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Table 6.13: The Dantzig-Wolfe decomposition performance of dwmetis

imb border total time (s)

16 32 64 128 16 32 64 128 16 32 64 128
Ip_ken_07 0.12 0.16 023 028 | %l1.2 %4.1 %8.1  %13.3 | 0.005 0.007 0.011 0.014
delf_A_36 0.09 0.09 0.13 022 | %122 %134 %19.5 %26.2 | 0.010 0.013 0.017 0.022
Ip_pds_02 0.08 0.13 0.16 022 | %73 %10.7 %13.7 %14.8 | 0.010 0.014 0.017 0.019
fxm2-16 0.07 0.11 025 0.31 %4.3 %6.7 %23.6 %329 | 0.015 0.020 0.035 0.047
Ip_dfi001 0.06 0.11 0.13 028 | %46.0 %449 %458 %47.8 | 0.028 0.032 0.039 0.042
ge 0.13 0.15 0.19 0.31 %6.6 %82 %12.0 %21.7 | 0.036 0.043 0.051 0.064
nl 0.10 0.13 0.15 024 | %86 %10.5 %188 %17.6 | 0.028 0.032 0.033 0.043
Ip_ken_11 0.16 0.11 0.17 0.27 | %0.5 %1.0 %1.7 %2.9 | 0.033 0.039 0.044 0.051
model7 0.07 0.16 027 033 | %20.6 %26.5 %31.7 %32.6 | 0.027 0.033 0.038 0.039
cqS 0.10 0.12 022 032 | %7.8 %l11.5 %175 %22.6 | 0.024 0.028 0.034 0.044
model9 0.14 035 054 052 | %174  %38.0 %417 %46.5 | 0.024 0.034 0.040 0.044
co5 0.09 0.18 020 022 | %88 %157 %19.0 %253 | 0.029 0.034 0.038 0.045
p05 0.13 0.14 0.18 030 | %79 %l4.6 %185 %29.0 | 0.029 0.033 0.038 0.050
Ip_pds-06 0.10 0.19 0.26 0.23 %9.1 %120 %17.0 %19.5 | 0.038 0.046 0.054 0.061
ex3stal 0.14 024 028 041 | %327 %393 %453 %50.6 | 0.184 0.206 0.224 0.239
cq9 0.10 0.12 020 030 | %7.3 %8.5 %150 %20.3 | 0.051 0.057 0.064 0.076
Ip_ken_13 0.09 0.12 0.15 0.17 | %0.2 %0.5 %1.8 %3.5 | 0.084 0.095 0.108 0.121
Ipi_gosh 0.22 021 028 0.37 | %23.1 %248 %26.3 %293 | 0.043 0.045 0.049 0.051
r05 0.12 0.13 0.18 042 | %162 %172 %243 %347 | 0.055 0.053 0.061 0.073
Ip_pds_10 0.12 0.15 0.19 023 | %122 %143 %182 %22.1 | 0.078 0.089 0.100 0.115
co9 0.09 0.12 021 027 | %123 %143 %146  %28.1 | 0.059 0.064 0.081 0.081
scfxm1-2b 0.07 0.11 0.12 0.14 | %5.8 %5.9 %6.1 %73 | 0.137 0.149 0.161 0.174
p010 0.11 0.13 0.14 0.16 | %4.5 %72 %109 %17.7 | 0.067 0.074 0.080 0.091
fome12 0.14 0.15 0.16 028 | %32.6 %383 %426 %46.1 | 0.204 0.222 0.231 0.241
pltexpa 0.14 0.15 024 024 | %10.5 %13.1 %224 %242 | 0.143 0.163 0.191 0.205
model10 027 041 055 057 | %323 %48.1 %517 %53.6 | 0.062 0.071 0.079 0.080
nemswrld 0.13 040 049 045 | %23.0 %39.6 %490 %52.6 | 0.100 0.111 0.127 0.130
world 0.15 0.15 0.17 0.21 %8.5 %122  %15.6 %18.7 | 0.257 0.290 0.320 0.345
mod2 0.13 0.16 0.18 0.23 %82  %12.1 %162  %19.5 | 0.265 0.299 0.332 0.360
route 0.00 0.05 0.12 0.63 %1.8 %9.2 %223 %489 | 0.338 0.403 0.457 0.494
Ip_pds_20 0.09 0.14 0.17 021 | %133 %16.0 %180 %21.5 | 0.228 0.255 0.273 0.299
Ip_cre_d 0.12 0.19 039 049 | %©19.8 %234 %423 %42.6 | 0.084 0.097 0.101 0.117
Ip_cre b 0.11 0.16 031 040 | %19.6 %242 %315 %384 | 0.093 0.103 0.115 0.121
Ipll 0.27 057 088 1.43 | %398 %54.0 %634 %747 | 1.844 1.986 1982 2.033
fxm3_16 0.04 0.06 0.08 0.10 | %0.3 %3.3 %4.7 %5.5 | 0.286 0.338 0.371 0.405
stormg2-125 | 0.18 021 0.23 0.29 | %124 %152 %16.1  %17.7 | 0.753 0.827 0.869 0.918
average 010 0.15 021 029 | %89 %133 Y%18.7 %23.8




Chapter 7

Conclusion and Future Work

Hypergraph Partitioning (HP) and Graph Partitioning by Vertex Separator (GPVS)
problems are very well known problems which are used in scientific and parallel com-
puting effectively. A typical problem in parallel computing is to partition the data/tasks
into several processors such that the overall performance of the computation gets more
qualified in terms of time and/or memory. Besides, GPVS is generally used for fill-
reducing ordering of sparse matrices for solving sparse linear systems efficiently which
lies in the area of scientific computing. In this thesis, the relation between these two
problems are investigated. Two combinatorial reductions, from HP Problem to GPVS
Problem and from GPVS Problem to HP Problem are disclosed along with their the-
oretical bases. In practice, the nontrivial part of HP Problem to GPVS Problem re-
duction is the input transformation, that is, converting a graph to a hypergraph such
that the reduction holds. The nontrivial part of the reduction from GPVS Problem to
HP Problem is the output transformation, that is, decoding a vertex separator of the
corresponding graph to a partition for the hypergraph. These nontrivial parts are inves-
tigated deeply and effective and efficient algorithms and methods are proposed. Fur-
thermore, “oPaToH”, an HP-based ordering tool based on PaToH, is enhanced along
with implementation of input transformations. Besides, based on fill-reducing order-
ing tool onmetis, a GPVS-based HP tool “hpmetis” is derived and a Dantzig-Wolfe

decomposition tool for efficient parallelizm of linear programming problem solutions
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is constructed, which is called as “dwmetis”. The fill-reducing ordering results ob-
tained with enhanced oPaToH produced more qualified ordering results such as up to
%20 improvements for operation count compared to state-of-the art ordering tools such
as onmetis. Note that decreasing operation count relates to performing sparse linear
equation solutions faster. The Dantzig-Wolfe decomposition results with dwmetis pro-
duced results around 5 times faster than the state-of-the art hypergraph partitioning tool
PaToH with comparable quality for net balancing. This is also valuable because the
preprocessing overhead is also considered inside the total execution time, generally.
As a result, in this work it is showed that parallel and scientific computing applica-
tions can be performed faster by exploiting the combinatorial reductions between HP
problem and GPVS problem.

As the future work, the following can be considered:

i) GPVS can be used for permuting a sparse rectangular matrix to double bordered
block diagonal (DB) form as stated by Aykanat et al [4]. We can exploit HP-based
GPVS formulation to permute a sparse rectangular matrix to DB form. Since the
graph to be partitioned by vertex separator is a bipartite graph, the only hypergraph
is H? for using HP-based GPVS formulation which in turn relates to hypergraph
partitioning of row-col-net hypergraph of the sparse rectangular matrix to be per-

muted into DB form.

1) The most common balance criteria for hypergraph partitioning problem is balanc-
ing on node weights. Therefore, GPVS-based HP formulation still can be used
as to approximate the balance of node weights by using net weights. Simply, us-
ing inverse cut heuristic is anticipated to work well to approximate node balance,
which we also confirmed by our preliminary works. The main difficulty is that we
need separator be minimized according to one weight function, whereas balance

on parts should be done according to another weight function.

iii) In the HP-based GPVS approach, only the construction of H?, H?* and H* is con-
sidered in this work. However, a more general hypergraph construction algorithm
can be considered for the use of HP-based GPVS formulation. Furthermore, these

algorithms can be specialized such to produce better vertex separators.
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Appendix A

Main Theorem Strictness Results

The following presents the examples where the inequalities given in Theorem 4| might

be strict.

(1) HP solution might not correspond any GPVSn solution: Consider HP problem
instance (H=(U,N), K=2,e=0) with unit net costs, where

o U= {Ul,UQ,Ug,U4}

L N: {n1>n27n37n4}

Pins(ny) = {uy, us}

The node-partition Iy p = {U; ={uy, us}, Uy ={us,us} } forms a feasible so-
lution for the given HP problem instance, whereas there exists no feasible GPVSn
solution for the GPVSn problem instance (G=NIG(H), K =2,e=0) with unit

vertex weights. O

(i) GPVS solution might not correspond any HP solution: Consider HP problem
instance (H=(U,N), K=2,e=0) with unit net costs, where
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u - {ula U27U3}
N - {n17n2’n3}
Pins(ny) = {uy}

Pins(ng) = {us}

Pins(ng) = {us}

The vertex separator Iy g = { Vi ={v1}, Va={v2}; Vs={v3}} forms a feasible
GPVS solution for the GPVS problem instance (G = NIG(H), K =2, =0)
with unit vertex weights, whereas there exists no feasible HP solution for the

given HP problem instance.



Appendix B

Properties of Net-Partition

The following presents the proof of the Theorem

Theorem Given a hypergraph H = (U,N') and a net-partition llyp, =
{NL Ny, Nis Nt oof 'H, consider the partial node partition 1y p - of 'H. for

Iy p, . For any free node assignment f;

i) Nf =N

Since all nodes has assigned to some part, all nets are either external or also

assigned to some part.

(i) Ny TN/, for 1 <k <K

Since all pins of an internal net n; of N, is an element of U, n; is also an
internal net of /. If all free nodes of a net n; € N is assigned to part 4, than
n; is also an internal net of N,f Therefore Ny, C NV, for 1 <k < K.

(i) N C Ns
This property can be considered as a corollary of first two properties.

(iv) Ny=10

Assuming that there is no node with empty net set and no net with empty pin

set, if a net n; has no free node than it has a non-free node which leads to a
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connectivity of v;. If a vertex v; has no connectivity than n; has no non-free

node which implies n; at least one free node in its pin list.

V) Ny nNL =0

This property implies that the nets of S}, are inevitably internal nets independent
of free node partition IIp. For a net n; € Sy, n; is an internal net of k;’th
part of IIp corresponding to the vertex-part Vj, of Ilyg, where A; = {Vy,}.
Because all non-free nodes of net n; lie in node-part Uy, of Ilgp and n; has no
free nodes, all nodes of net n; lie in node-part Uy, . This yields to that n; is an

internal net of L{kj of Ilyp.

i) Ny "N =0

This property implies that the nets of Sy, are also inevitably internal nets but
dependent on the free node partition IIz. For a net n; € Sy, n; is an internal
net of £’th part of Il p corresponding to the node-part U/, where the only free

node u; € F; is in the free node part Uy, of 1.

(vii) N C VY

This property implies that the nets of S are inevitably external nets. For a net
n; € Sr,, n; is an internal net of k’th part of Il p corresponding to the node-

part U, where the only free node u; € F; is in the free node part U, of Ilp.
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