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Abstract
This master thesis presents robust trajectory planning methods that are used on an un-

deractuated parallel robot, R-min. By their nature, underactuated mechanical systems have
undesired residual oscillations when they are in action. This behavior is caused by elastic kind
of like structure. Thus, the aim of this study is to annihilate residual oscillations or at least
to attenuate to an acceptable level and to provide robustness with existing trajectory planning
methods such as rest-to-rest trajectory planning and input shaping methods. Rest-to-rest tra-
jectory planning method is an optimization based method which requires exact dynamic model
of the system. Hence, this method is not robust against model uncertainties. On the contrary,
input shaping methods provide robustness against model uncertainties upto some level. There
are numerous input shaping methods in the literature but only 4 of them were selected to be
implemented on a physical robot in the scope of this study. Mentioned rest-to-rest and other
4 input shaping methods were tested and compared with simple spline trajectory both in sim-
ulation and experiment. In the end, experimental results verified the predicted behavior of
mentioned trajectory planning methods.

Keywords— underactuated, parallel robot, control, input shaping, rest-to-rest trajectory plan-
ning
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Notations
n : number of generalized coordinates
m : number of actuated generalized coordinates
r : number of unactuated generalized coordinates
k : maximum order of derivation to maintain required continuity
l : order of sliding-mode control
∆t : length of input shaper time
τd : undamped vibration period
c(·) : abbreviation of cos(·)
s(·) : abbreviation of sin(·)
q1 =

[
q11 q21

]
: Actuated coordinates

q2 =
[
q12 q22

]
: Proximal unactuated coordinates

q3 =
[
q13 q23

]
: Distal unactuated coordinates

q4 =
[
q4 l5

]
: Unactuated coordinates of preload bar

M : Inertia matrix
h : The vector of Coriolis, gravity and centrifugal effects
J : The Jacobian matrix
tss : Settling-time
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Abbreviations
UA : Underactuated
DoF : Degrees of Freedom
EE : End-effector
DGSP : Direct Geometrico-Static Problem
IGSP : Inverse Geometrico-Static Problem
IK : Inverse Kinematics
DKM : Direct Kinematic Model
IDM : Inverse Dynamic Model
CTC : Computed-Torque-Control
IS : Input Shaper
ZV IS : Zero-Vibration IS
ZVD IS : Zero-Vibration and Zero-Derivative IS
ZVDD IS : Zero-Vibration and Double Zero-Derivative IS
ZVDDD IS : Zero-Vibration and Triple Zero-Derivative IS
EI IS : Extra-Insensitive IS
TVIS : Time-Varying IS
MM IS : Multi-Mode IS
CDPR : Cable Driven Parallel Robot
STD : Standard Trajectories
RTR : Rest-to-Rest
P&P : Pick-and-Place
SI : Specified Insensitivity
DS : Dynamics Scaling
ODE : Ordinary Differential Equation
IVP : Initial Value Problem
BVP : Boundary Value Problem
RMS : Root-Mean-Square
SS : Steady-State
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Introduction

With the technological advancements on the computational power of computers, recent advances in
the control theory and demanding optimization problems arising from the energy consumption, weights
and motor capabilities pushed researchers in a new field of robotics, underactuated (UA) robots. Thus,
in the past decade, these robots have drawn attention by researchers increasingly in many aspects such
as control [1][2][3][4][5][6][7], workspace analysis [8] and path planning [8][9][10][11][12][13]. These type
of robots have major roles in space, mobile, structurally flexible robotics and underwater vehicles.

UA robots are characterized by their nature of having lesser actuators than the number of degrees-
of-freedom (DoF) to be controlled, their nonlinear complex dynamics, nonholonomic constraints which
are also known as the internal dynamics. The control of these systems are distinguished from other
nonlinear systems. This property can be introduced in the design process for cost minimization, weight
reduction and sufficient degrees of dexterity with extension of workspace [1][2][3][4][5][6][7].

R-min robot was designed to be used collaboratively in a work environment and to reduce the risk
of injury in case of a collision with an operator. The robot design was based on the planar five-bar
mechanism where 2 additional links are introduced on the forearms with passive revolute joints. This
makes the robot a seven-bar mechanism with two degrees of underactuation. These additional DoF
were taken care of by a passive link that connects the base and the End-Effector (EE) with a tension
spring and a coupled revolute-prismatic joint pair at the base and a revolute joint at the EE [8][9].

Jeanneau et al. proposed a geometrico-static analysis of R-min robot to obtain forward and inverse
geometric model and analysed it’s workspace [8]. Moreover, these methods were used to obtain
trajectories in joint level for static configurations of the robot. Later on, the authors used these
trajectories in conventional PID computed-torque-control (CTC) to control R-min robot for pick-and-
place (P&P) operations [9]. Ida et al. proposed rest-to-rest (RTR) trajectory planning for UA cable
driven parallel robot (CDPR) whose dynamic model is perfectly known to eliminate undesired residual
oscillations of the EE [10]. Then, Ida et al., by extending [10], proposed robust trajectory planning
method, input shaping (IS), for UA CDPR which provides robustness against model uncertainties or
parameter variations [11] which was detailed in [14]. Even more robust variations of this method were
introduced in [15][16][17]. The implementation of one of the IS method was shown in [12]. Magee et
al. pointed possible problems of ISs emerge from time and state dependence of dynamic parameters
of flexible systems and proposed a method to overcome [18]. Thomsen et al. proposed time-varying
input shaper (TVIS) for flexible systems[13]. These are some novel and existing trajectory planning
methods for UA mechanical systems in the literature that are examined. Then, most suitable ones
were implemented on R-min. In the end, their merits and demerits are elaborated and compared.

The aim of this study was, while exploiting the mentioned advantages of UA systems, to implement
oscillation-free robust trajectory planning methods on an UA parallel robot, R-min, and to compare
the performance in various criteria. After validating the success of mentioned methods in both sim-
ulation environment and experimentally, as expected, RTR, zero-vibration and triple zero-derivative
(ZVDDD), zero-vibration and double zero-derivative (ZVDD), extra-insensitive (EI) and zero-vibration
and zero-derivative (ZVD) methods were listed from best to worst in terms of residual oscillations.

The outline of this paper is developed as follows, in Section 1, detailed study of R-min is examined,
in Section 2, trajectory planning methods in the literature are elaborated. Lastly, in Section 3, imple-
mented trajectory methods are compared in terms of residual oscillation of unactuated coordinates,
settling times and SS error of EE position.
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Chapter 1

State of the art

1.1 Dynamics of underactuated systems
One of the distinguished property that differs UA systems from fully actuated systems is their

dynamics. Robot dynamics are highly nonlinear systems that have been examined for decades in
the sense of robustness, control, etc. In the last decade, UA systems have found their places in the
literature because optimization demands have emerged day by day [1][2][3][4][5][6][7].

Conventional general dynamics equation of fully actuated systems can be represented as;

M(q)q̈ + h(q, q̇) = τ (1.1)

where q ∈ Rn is the vector of generalized coordinates, M(q) ∈ Rn×n is the robot generalized inertia
matrix(robot inertia matrix), h(q, q̇) ∈ Rn is the vector of Coriolis, centrifugal, gravity, friction effects
and also spring effects (for R-min) and τ ∈ Rn is the vector of applied input force/torque to the
system. For UA systems general dynamics equation can be represented as:

M(q)q̈ + h(q, q̇) = u (1.2)[
Maa Mad

Mda Mdd

] [
q̈a

q̈d

]
+

[
ha

hd

]
=

[
τ
0

]
= u (1.3)

Maaq̈a + Madq̈d + ha = τ (1.4)
Mdaq̈a + Mddq̈d + hd = 0 (1.5)

Equation (1.3) is the decoupled system of Equation (1.2) where u ∈ Rn combines the applied input
τ and null-input that comes from UA part, Maa ∈ Rm×m, Mad ∈ Rm×r, Mdd ∈ Rr×r, Mda = MT

ad ∈
Rr×m, ha ∈ Rm, hd ∈ Rr, τ ∈ Rm where n, m and r = n − m are numbers of generalized, actuated
generalized and unactuated generalized coordinates respectively.

By isolating q̈a in Equation (1.4) and implementing to Equation (1.5) Equation (1.6) is obtained
as;

MdaM−1
aa (τ − Madq̈d − ha) + Mddq̈d + hd = 0 (1.6)

Equation (1.6) is a second-order nonholonomic constraint also called as internal dynamics.
Equation (1.3) is provided in [9] and Equations (1.2), (1.4), (1.5) and (1.6) are obtained accordingly.
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1.2 Holonomic constraints and nonholonomic constraints

1.2.1 Holonomic constraints
The DoF also indicates how to parametrize the Configuration Space (C-space) of the system. The

C-space is denoted as a space that controlled coordinates are lying down. As an example, a five-bar
mechanism has two DoF thus, C-space can be parametrized by two variables. This two-dimensional
C-space is integrated into five-dimentional space. In the closed-loop form, two coordinate equations (x
and y) and one angle equation are obtained whereas the configuration space size is five. Thus, two DoF
are obtained by this way. These close-loop geometric equations are denoted as holonomic constraints.
In the end, if the system is defined by n variables and subjected to k independent holonomic constraints
that means the system has n-k DoF. These constraints are also called as integrable constraints since
these geometric holonomic constraints also form velocity constraints. One can come back to these
constraints by integrating velocity holonomic constraints [19][20].

1.2.2 Nonholonomic constraints
With holonomic constraints, one can determine the differential relationship between the state(s)

and the input(s) as well as the close-loop geometric relationship. In contrast to holonomic constraints,
with nonholonomic constraints, one can determine the differential relationship between the state(s)
and the input(s) at best but not the close-loop geometric relationship. This indicates that the past
state values are required in order to determine the current state. A vehicle is a good example because
one nonholonomic constraint reduces some velocities of the vehicle and prevents it to slide directly
to its sides but it does not reduce the configuration space. These side motions are still achievable
by changing the wheel position while it is moving thus, the vehicle can reach any pose within it’s
3-dimentional C-space [19][20].

UA mechanical systems have second-order nonholonomic behavior by their nature.

1.3 Design of R-min
In the literature, there is vast amount of UA serial kinematic structures. In comparison to parallel

robots, serial robots have lower speed and stiffness whereas parallel robots have less workspace than
serial robots. Thus, by introducing 2 passive links to forearms, the robot gains more workspace
but also the weight does not increase relatively to the actuated configuration of the same seven-bar
mechanism. The kinematic integrity of the system is maintained with a passive link that connects
the base and the EE by a tension spring with coupled revolute-prismatic joint pair at the base and
a revolute joint at the EE. In every engineering field, if there is a gain, there is a loss. In this case,
residual oscillations on the passive additional joints is the loss [8].

(a) Conventional five-bar mechanism (b) R-min robot

Figure 1.1: Kinematic representation of five-bar and R-min [8]
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Kinematic structure of R-min robot is represented in Figure 1.1b and it is composed of [8]:

• The robot has two actuated revolute joints on Oi1, and five passive revolute joints on Oi2, Oi3
and P where (i=1,2).

• The mechanism has four DoF with two acuated joints. This makes the system UA with two
unconstrained DoFs. In this form, the seven-bar mechanism is lack in stiffness, thus a passive
mechanical system is composed of a passive link that connects the base and the EE by a tension
spring with coupled revolute-prismatic joint pair at the base and a revolute joint at the EE.
This passive system contributes the kinematic integrity of the system and also contributes as
an elastic element.

R-min has more rigidity than UA seven-bar mechanism but less rigidity than conventional five-bar
mechanism which is shown in Figure 1.1a. This makes R-min a good candidate to be utilized as a
collaborative robot.

(a) Downward Force on the EE
(b) Asymmetric Upwards Force on the EE

(c) Asymmetric Upwards Force on the Intermedi-
ary Joint

(d) A human head in collision with R-min

Figure 1.2: Different configurations under different external forces [8]

In case of a collision which is represented in Figure 1.2d, the robot reconfigures itself and reduces
the impact in comparison to five-bar mechanism. Whereas, in Figures 1.2a, 1.2b and 1.2c, it is shown
that how forces acting on distal unactuated coordinate and EE changes the configuration of R-min.
In case of downward forces, the EE position is obtained as if lOi2Oi3 is a rigid link and thus it acts like
a five-bar mechanism which can be considered for pick and place operations [8].

The robot variables are listed as:

• qa = [q11 q21]T is the vector of actuated joints, motorized at Oi1 where (i = 1, 2),

• qd = [q12 q13 q22 q23]T is the vector of unactuated joints,

• p = [x z]T is the position of the EE P,

• q4 and l5 = ||
−→
AP || =

√
x2 + z2 are the angle between x0 and the preload bar and the length of

the preload bar respectively.
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1.4 Specifications of R-min
The prototype has properties of:

• All links are made in aliminum hollow tubes, for link11 and link21 external diameter of 30mm,
thickness of 5mm and for other links external diameter of 20mm, thickness of 2mm.

• Currently only positional measurements of actuated joint coordinates are measured (Velocities
and accelerations are derived from position but acceleration is quite noisy).

• Tracking spring has stiffness of 80N/m and 0.2m length in the rest.

• Two direct drive SIMOTICS S-IFL6 are used (max torque is 70Nm, rated is torque 23.9Nm).

• Unactuated joints, qi3, positions, velocities and accelerations are assumed as zero in control
process and all the effects of these joints are disregarded.

1.5 Direct geometrico-static problem
Conventional robots have equilibrium positions which can be found from their holonomic con-

straints whereas for R-min robot, holonomic constraints are not sufficient to find the equilibrium
positions but also gravitational effects, external forces and stiffness of the preload spring are required.
This is caused by the unconstrained DoF in the mechanism. Thus, Jeanneau et al. proposed a method
to solve the Direct Geometrico-Static Problem (DGSP) based on potential energy minimization of the
system. As it can be understood from the the name, the method considers only the static configura-
tions [8].

1.5.1 Problem definition of DGSP
Static positions exist in the solution of DGSP found by all configurations qt = [pT qT

d ]T that
minimizes the potential energy of the system subject to geometric constraints for a given set of actuated
joint coordinates qa [8].

1.5.2 Potential energy of the robot
Potential energy of the system is obtained from the potential energy, Ui,j , of the links (i, j) where

(i = 1, 2, j = 1, 2, 3) which depends on the masses mij , the position of the center of mass (CoM) Sij ,
and the length lij of the links. Oij , Sij and Oij+1 are assumed to be aligned and lSij is the length of
||
−−−−→
OijSij ||. The extensive leg (prismatic joint), lS4 is the distance between P and it’s CoM S4, lS5 is the

length between point A and it’s CoM S5, m4, m5 are their masses, U4, U5 are their potential energies
respectively [8]. All these parameters are visualized in Figure 1.1b.

Ui,1 = gmi1lSi1 sin(qi1) (1.7)
Ui,2 = gmi2(li1 sin(qi1) + lSi2 sin(qi1 + qi2)) (1.8)

Ui,3 = gmi3(li1 sin(qi1) + li2 sin(qi1 + qi2) + lSi3 sin(qi1 + qi2 + qi3)) (1.9)
U4 = gm4z(1 + lS4

l5
) (1.10)

U5 = gm5lS5 sin(q4) (1.11)
US = 1

2k(
√

x2 + z2 − l0)2 (1.12)

where Us is denoted as the potential energy caused by the spring, k is it’s spring constant, and l0
is the length in rest position. The total potential energy of the system becomes:
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U = (
2∑

i=1

3∑
j=1

Ui,j) + U4 + U5 + US − fT p (1.13)

where f is a conservative constant payload applied to the EE which shows up in the total potential
energy.

The potential energy depends on qa, qd, p and f. qa, qd and p creates geometric holonomic
constraint ϕ(qa, qd, p) = 0 ∈ R4 must be satisfied for any configuration and these constraints are
shown below as:

ϕ = [ϕ11 ϕ12 ϕ21 ϕ22]T (1.14)
ϕi1 = −−−→

OOi1.x0 + li1 cos(qi1) + li2 cos(qi1 + qi2) + li3 cos(qi1 + qi2 + qi3) − x (1.15)
ϕi2 = −−−→

OOi1.z0 + li1 sin(qi1) + li2 sin(qi1 + qi2) + li3 sin(qi1 + qi2 + qi3) − z (1.16)

where i = (1, 2).
A solution to DGSP exists where U is at a local minima while Equation (1.14) is satisfied. This

problem is formed as:

qt = argmin U(qa, qd, p, f) subject to ϕ(qa, qd, p) = 0 (1.17)

where f and qa are kept constant.
This optimization problem is solved with Lagrange multipliers. The Lagrangian is defined as

L = U + λT ϕ where λ ∈ R4 is the vector of Lagrange multipliers. Static equilibrium points can be
found by solving:

∇qt
U(qa, qd, p, f) + λT ∇qt

ϕ = 0, ϕ(qa, qd, p) = 0 (1.18)

where ∇qt
denotes the gradient w.r.t. qt. The term λ is added into the Equation (1.18) because

there exist 10 equations with only 6 parameters to be found.
A second-order condition is introduced because some equilibrium configurations are not stable in

the solution space and it is given as:

Hp = ZT HZ ≻ 0 (1.19)

where H is the Hessian of the Lagrangian obtained from the Hessian HU
qt

of the potential energy U

w.r.t. the variables of qt and from the Hessian Hϕk
qt

of the holonomic constraint ϕk w.r.t. the variables
of qt as follows:

H = HU
qt

+
4∑
k

λkHϕk
qt

(1.20)

Z is the kernel of ∇qt
ϕ, i.e.

∇qt
ϕZ = 0 (1.21)

and Equations (1.7)-(1.21) are provided in [8].

Hessian
Assume V is a function to be minimized.

min
u

V (u, v) (1.22)

where u, v are the variables to be found and parameters of the function respectively. The necessary
condition to find the solution of Equation (1.21) is:
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∂V

∂u = 0 (1.23)

A function f is defined as f(u, v) = ∂V
∂uT and zeros of this function are found. The Hessian of V is

defined as the derivative of f w.r.t. u as:

H = ∂f
∂uT

(1.24)

Let u(0) is the solution of f = 0. It will be a minimum for any variation du(0), the function V
increases.

∀du(0), duT
(0)Hdu(0) (1.25)

where H should be positive definite and Equations (1.22)-(1.25) are provided in [21].

1.6 Inverse geometrico-static problem

1.6.1 Problem definition of IGSP
In the same sense of DGSP, Inverse Geometrico-Static Problem (IGSP) is examined to determine

actuated and unactuated joints sequence qad = [qT
a qT

d ]T from desired trajectory positions p but it
cannot be solved from the potential energy, since the compression of the preload bar is given by the
position p. Thus, equilibrium forces acting on the EE is examined [8].

1.6.2 Forces acting on the EE
The equilibrium configurations exist where total forces acting on the EE is zero (∑f = 0) which is

found by: ∑
f
= f13 + f23 + f4 + f (1.26)

Figure 1.3: Forces acting on the EE [8]

With the assumption of no external forces acting on the links (i2) and (i3), gravity and joint
forces form equilibrium forces applied by forearms (i3) to the EE is shown in Figure 1.3 and their
components are given as:

fT
i3x0 = g(miα−miβ)

tan(θi3)−tan(θi2) (1.27)

fT
i3z0 = g(miα tan(θi3)−miβ tan(θi2))

tan(θi3)−tan(θi2) (1.28)
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where θi2 = qi1 + qi2, θi3 = qi1 + qi2 + qi3 and

miα = lSi2

li2
mi2 + mi3, miβ = mi3

lSi3

li3
(1.29)

and components of the force of the preload system is given as:

fT
4 x0 = −

(
k(l0 − l5) + ηg

l5
sin(q4)

)
cos(q4) (1.30)

fT
4 z0 = −k(l0 − l5) sin(q4) + m4g + ηg

l5
cos2(q4) (1.31)

where η = lS4m4 + lS5m5.

qad = argmin
∑

f
(qa, qd, p, f) subject to ϕ(qa, qd, p) = 0

and
∑

f
(qa, qd, p, f) = 0

(1.32)

Equation (1.32) can be treated as the Equation (1.17) by following the same methodology and the
Equations (1.26)-(1.32) are provided in [8].

1.7 Dynamic model of R-min

1.7.1 Kinematic model

Direct kinematic model

Kinematic model represents the relationship between velocities of system elements. Different
from Sections 1.5 and 1.6 qa ∈ R4×1 is defined as qa =

[
qT

1 qT
2

]T
and qd ∈ R4×1 is defined as

qd =
[
qT

3 qT
4

]T
where

Aṗ + Bq̇a = 0 (1.33)

where A ∈ R2×2, p ∈ R2×1, B ∈ R2×4. B can be decomposed into:

B =
[
B1
B2

]
(1.34)

Thus, Equation (1.33) can be written as:

Aṗ + B1q̇1 + B2q̇2 = 0 (1.35)

In final form, DKM is written as:

ṗ = −A−1Bq̇a (1.36)
ṗ = Jq̇a (1.37)

Unactuated coordinate kinematics

Unactuated coordinate velocities can be expressed as:

Jtṗ = Jtaq̇a + Jtdq̇d (1.38)

where Jt ∈ R4×2, Jta ∈ R4×4 and Jtd ∈ R4×4.
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1.7.2 Second order kinematic model
Second order kinematic model can be expressed as:

Ap̈ = −B1q̈1 − B2q̈2 + bc (1.39)
Jtp̈ = Jtaq̈a + Jtdq̈d + dc (1.40)

where bc and dc are obtained as:

bc = −Ḃ1q̇1 − Ḃ2q̇2 (1.41)
dc = J̇taq̇a + J̇tdq̇d (1.42)

By isolating p̈ in Equation (1.39), and implementing it into Equation (1.40), second order kine-
matics of unactuated coordinates is obtained as:

q̈d = Jdq̈a + J−1
td (JtA−1bc − dc) (1.43)

where

Jd = J−1
td (JtJ − Jta) (1.44)

1.7.3 Dynamic model
The dynamic model can be expressed as:

[
τ
0

]
= Mq̈a + h (1.45)

Equation (1.45) can be decomposed into:

τ = M11q̈1 + M12q̈2 + h1 (1.46)
0 = M21q̈1 + M22q̈2 + h2 (1.47)

By isolating q̈2 in (1.47) and implement it into Equation (1.46), Equation (1.49) is obtained as:

q̈2 = −M−1
22 (M21q̈1 + h2) (1.48)

τ = (M11 − M12M−1
22 M21)q̈1 + h1 − M12M−1

22 h2 (1.49)

Expression of q̈1 from p̈

By multiplying Equation (1.49) with B2, Equation (1.50) is obtained as:

B2q̈2 = −B2M−1
22 (M21q̈1 + h2) (1.50)

By using Equations (1.39) and (1.50), (1.51) is obtained as:

Ap̈ + B1q̈1 − B2M−1
22 (M21q̈1 + h2) = bc (1.51)

and finally, by isolating q̈1 in Eqn. (1.51) and q̈1 is obtained in terms of p̈ as:

q̈1 = (B1 − B2M−1
22 M21)−1(−Ap̈ + B2M−1

22 h2 + bc) (1.52)
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1.7.4 Implementation of friction in the dynamic model

Friction model definition

Friction model of any joint is simply considered as:

fsq = kqatan(lq q̇) (1.53)

where kq, lq are the friction coefficients of corresponding joint and q̇ is the joint velocity.

Friction model implementation

Friction model implementation for R-min is computed as:

−ffa + u = −ffa +
[
τ
0

]
= d

dt
∂L
∂q̇a

− ∂L
∂qa

+ AT
q λ (1.54)

−ffd
= d

dt
∂L
∂q̇d

− ∂L
∂qd

+ BT
q λ (1.55)

where

ffa =
[
kq11atan(lq11 q̇11) kq21atan(lq21 q̇21) kq12atan(lq12 q̇12) kq22atan(lq22 q̇22)

]T
(1.56)

ffd
=

[
kq13atan(lq13 q̇13) kq23atan(lq23 q̇23) kq4atan(lq4 q̇4) kl5atan(ll5 l̇5)

]T
(1.57)

By isolating λ in Equation (1.55) and implementing it into Equation (1.54), Equation (1.58) is
obtained as:

−ffa + u =
[
I JT

d JT
]

Mt

 I
Jd

J


︸ ︷︷ ︸

M

q̈a +
[
I JT

d JT
]

(ht + Mt

 0
ad

at

)

︸ ︷︷ ︸
h

+f⋆
fd

(1.58)

where

ffa =
[
ffa1

ffa2

]
(1.59)

f⋆
fd = JT

d ffd
=

[
f⋆
fd1

f⋆
fd2

]
(1.60)

Equations (1.59) and (1.60) represent the friction forces caused by actuated and unactuated coor-
dinates respectively. Thus, friction model in dynamic model is established as:

−ffa1 + τ = M11q̈1 + M12q̈2 + h1 + f⋆
fd1

(1.61)
−ffa2 = M21q̈1 + M22q̈2 + h2 + f⋆

fd2
(1.62)

By isolating q̈2 in Equation (1.62), Equation (1.63) is obtained as:

q̈2 = −M−1
22 (ffa2 + M21q̈1 + h2 + f⋆

fd2
) (1.63)

By multiplying Equation (1.63) with B2, Equation (1.64) is obtained as:
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B2q̈2 = −B2M−1
22 (ffa2 + M21q̈1 + h2 + f⋆

fd2) (1.64)

By using Equations (1.39) and (1.64), Equation (1.65) is obtained as:

Ap̈ + B1q̈1 − B2M−1
22 (ffa2 + M21q̈1 + h2 + f⋆

fd2
) = bc (1.65)

and finally, by isolating q̈1 in Equation (1.65), Equation (1.66) is obtained as:

q̈1 = (B1 − B2M−1
22 M21)−1(−Ap̈ + B2M−1

22 ffa2 + B2M−1
22 h2 + B2M−1

22 f⋆
fd2

+ bc) (1.66)

Estimation of friction coefficients

First, joint level trajectories are obtained from Inverse Dynamic Model (IDM) for given EE tra-
jectories without friction model. After that, trajectories are implemented and validated with exper-
imentation. Then, an optimization process is established to fit joint positions and torques obtained
from IDM into joint positions and torques obtained from encoders. For this process, optimization
parameters are 16 friction parameters for 8 joints.

1.7.5 Implementation of IDM
IDM is computed with the Equations (1.33)-(1.52) and implemented in the Matlab environment.

The system of equations is solved as ordinary differential equations (ODEs) with built-in Matlab
function ode45. This system is classified as initial value problem (IVP) with states

[
qa q̇a

]
=[

q1 q2 q̇1 q̇2

]
. The knowledge of initial state values are obtained from static configuration solution

by IGSP shown in Section 1.6. The inputs of the system are position and acceleration of EE positions,
p and p̈ respectively. For each time instant, ODE computes the state values by integrating from q̈a.
The computation diagram of the dynamic model is shown in Figure 1.4.

Figure 1.4: Dynamic model in the form of IVP
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1.8 Control of R-min
Passing from EE space to joint space, either with IGSP or IDM, necessary computations which

are elaborated in Sections 1.6 and 1.7 must be calculated. Then, trajectories in joint space can be
given to the system to compute necessary input τ .

Jeanneau et al. assumed linki2, linki3 and the EE position are perfectly aligned for the simplicity
of the control. Thus qi3, q̇i3, q̈i3 are considered as 0 during motion [9]. Of course, due to UA nature
of the robot leads to error in the EE position while tracking a pick-and-place trajectory. Simulation
results and the tracking error are shown in Figure 1.5.

Figure 1.5: Pick-and-place trajectory (up), simulation results and tracking error (down) [9]

Figure 1.6: Kinematic representation of initial (right) and final (left) positions of R-min for
P&P operation

Jeanneau et al. by using the IGSP solution [8], obtained static trajectories and used it to drive
R-min for given trajectories. PID Computed torque control (CTC) diagram of R-min robot is shown
in Figure 1.7.

22



Figure 1.7: Control diagram of R-min

Position and acceleration of EE position, is obtained from spline trajectory. Then, by giving it to
IDM, qa =

[
qT

1 qT
2

]T
are obtained. Actuated and proximal passive coordinate positions, velocities

and accelerations are given to CTC. Since the motor rated torques are limited, torque saturation is
applied. Finally, applied torques τ a are given to R-min. There are 2 sensor measurements obtained
from the system which are online encoder sensor measurement located on actuated coordinates q1
and offline high framerate camera that measures blobs located on each revolute joint in the system.
Thus, actual positions of all joint and EE are obtained by image processing with high precision and
the results are compared with simulations. Simulations are made in the Adams environment that
is controlled with PID CTC in Simulink integrated with Adams. The simulation and experimental
results of IGSP trajectory is shown in Figures 1.8 and 1.9 as:

(a) t=0s (b) t=0.185s (c) t=0.55s

Figure 1.8: IGSP (Trial 3) in Adams simulation environment

(a) t=0s (b) t=0.185s (c) t=0.55s

Figure 1.9: IGSP (Trial 3) on R-min
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Chapter 2

Trajectory planning for UA system

Trajectory planning has been used for decades in kinematic and dynamic level to control mechanical
systems. In the last decade, a search of new ways to plan trajectories emerges in the field of UA
robotics as well as the control strategies for these systems. Trajectory planning has a key role for the
elimination of residual oscillations. For P&P operations, initial positions, velocities and accelerations
are the essential considerations. In spite of this, intermediary positions, velocities and accelerations
have no importance except feasibility problems of actual systems. Existing trajectory planning method
for R-min is obtained by creating a spline trajectory between 2 stationary points in EE level. Then by
giving these points to IGSP, trajectories are obtained in joint level [8]. This method is only applicable
to slow (static) motion. On the other hand, applying this trajectory as a fast motion introduces
residual oscillations to the system. To achieve fast and stable motion, dynamics of the system must
be considered. Thus, five methods which are suitable in this sense, were investigated in the scope
of this study. First one, RTR trajectory planning, proposes to use boundary conditions (BCs) to
define the problem and solves it numerically with optimization techniques which does not consider
model uncertainties [10]. The remaining ones are IS methods which take into account the model
uncertainties and provide robustness against them [11][12][13][14][15][16][17][18]. The only drawback
of IS methods is that the introduced time delay to the original (unshaped) trajectory. However, for
RTR trajectory, the time of motion is predefined. The compromise is between residual unactuated
coordinate oscillations and the time of motion. For P&P operations the speed is essential thus RTR
is the first choice. In Section 3, simulation and experimental results are compared and it is concluded
that RTR has acceptable residual oscillations and faster than ISs by far.

2.1 RTR trajectory planning

Ida et al. investigated a method to eliminate residual oscillations while tracking a predetermined
geometrically constrained trajectory between 2 static poses within predetermined time for an under-
actuated CDPR whose dynamic equation is subject to Equation (1.3). The robot is controlled by 3
cables which are connected to the moving platform whose position p = [x, y, z] and orientation (in
Euler angles) ϵ = [ϕ, θ, χ] but only the position of the EE is controlled.

The mentioned spatial robot has three actuated coordinates, m = 3, n = 6 generalized coordinates
and thus three unactuated coordinates, r = 3 and whose dynamics are perfectly known.

The method proposes for actuated joints qa = qa(u(t)) where u(t) is the motion law with initial and
final states u(0) = 0 and u(T )=1 where T is the duration of motion. To fulfill the necessary conditions
of transition between 2 stationary poses are taken care of boundary conditions. The continuity and the
differentiability of the motion law are essentials. To achieve the motion without residual oscillations,
stationary conditions of qd should also be considered for BCs which can be obtained by isolating q̈d

in Equation (1.5). To solve it, state-space representation is introduced as [10]:
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x =
[
qd

q̇d

]
(2.1)

ẋ =
[

q̇d

−M−1
dd (Mdaq̈a + hd)

]
= f(x, qa, q̇a, q̈a) (2.2)

The BCs for RTR trajectory are given as:

x(0) =
[
qd(qa(0))

0

]
(2.3)

x(T ) =
[
qd(qa(T ))

0

]
(2.4)

where qa(0) and qa(T ) are the stable equilibrium poses of the actuated coordinates and qd(qa(0))
and qd(qa(T )) are the stable equilibrium poses of the unactuated coordinates at the static equilibrium
poses of the actuated coordinates. ẋ ∈ R2r and only 2r can be satisfied out of 4r proposed by Equations
(2.3) and (2.4). Thus, additional 2r amount of scalar optimization parameters, κ = [κ1, · · · , κ2r] ∈ R2r

are introduced to solve the problem to convert actuated coordinates into qa = qa(κ, t). And boundary
value problem (BVP) becomes [10]:

ẋ = f
(
x(κ, t), qa(κ, t), q̇a(κ, t), q̈a(κ, t)

)
(2.5)

x(0) = x0, x(T ) = xT

The motion law should be designed so that actuated coordinates can fulfill the initial and final
conditions defined by the task. So, a function γ(κ, t) is introduced to modify the motion law u(γ((κ, t))
which is defined as:

u(γ(κ, t)) = ∑2k+1
i=k+1 aiγ

i(κ, t) (2.6)
γ(κ, 0) = 0, γ(κ, T ) = 1, ∀κ ∈ R (2.7)

where

ai = (−1)i−k−1(2k + 1)!
i.k!(i − k − 1)!(2k + 1 − i)! (2.8)

and k denotes the maximum order of derivation upto required continuity.
Ida et al. decided to go with k = 3 to impose the continuity of the jerk for start and end positions.

γ(κ, t) is chosen as:

γ(κ, t) = αt +
2r+1∑
i=2

κi−1ti, α = 1 −
∑2r+1

i=2 κi−1T i

T
(2.9)

In the end, actuated coordinates has a shape of qa(u(γ(κ, t)) and by chain rule, q̇a is obtained as:

q̇a = ∂qa

∂u

∂u

∂γ

∂γ

∂t
= q′

au∗γ̇ (2.10)

and the second-order derivation of a chain derivative is a cumbersome process and not elaborated
here and given as:

q̈a = q′′
a(u∗γ̇)2 + q′

a(u∗γ̈ + u∗∗γ̇2) (2.11)
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where (·)′ and (·)∗ are partial derivatives w.r.t. u and γ respectively. One should note that, for
the case r ≥ 2 and Equation (2.7) is satisfied, there is nothing to be imposed for γ(κ, t).

Solution of the RTR can be found numerically but it does not guarantee success. Thus, Ida et al.
imposed IVP instead of BVP by excluding the final state, x(T ) because the solution was not obtained.
The IVP is defined as:

ẋ = f
(
x(κ, t), qa(κ, t), q̇a(κ, t), q̈a(κ, t)

)
(2.12)

x(0) = x0 (2.13)

Ida et al. proposed an optimization method to minimize a function F to satisfy the end conditions,
Equation (2.4), of the BVP with unkown κ as:

F(κ) = x(κ, T ) − xT = 0 (2.14)

Equations (2.1)-(2.14) are given and the aforementioned optimization process is detailed in [10].
Some of the experimental results using the methodology examined above are shown below as:

(a) x (b) y (c) z

(d) ϕ (e) θ (f) χ

Figure 2.1: EE Positions and orientations with different trajectory planning [10]

In Figure 2.1 proposed RTR trajectory planning method is compared with Standard Trajectories
(STD) which were created with splines. It is clearly seen that, RTR trajectory planning method
eliminates residual oscillations for the UA CDPR.

2.1.1 RTR trajectory planning on R-min
BVP is an extension IVP which is shown in Figure 1.4. Additional to initial state values, final

state values are also imposed to define the bounds of the ODE problem. For R-min, these bound
conditions are initial and final positions, velocities and accelerations of q1, q2 and q3. RTR trajectory
planning method does not only satisfy these bounds as constraints but also lowers residual oscillations
of the distal unactuated coordinates q3. Such computationally expensive operation can be handled
with optimization. Matlab provides wide variety of optimization methods in its toolbox but optimizing
ODE is a cumbersome process with many possible failures due to the matrices that are used to solve
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the ODE becoming ill-conditioned matrices and this phenomenon introduces discontinuities in the
objective function as well as in the nonlinear inequality constraints for some values of the optimization
parameters.Hence the number of optimization methods that can solve this type of problem by default
Matlab optimization algorithms are narrowed to fmincon and patternsearch. Also, because of the
complexity of the model and the trajectory definition, gradient and the hessian functions of objective
function and constraints w.r.t. the optimization parameters are not given. Of course, if the gradient
and hessian functions were supplied, fmincon could perform much better solution however, in this case,
the optimization is done by numerical finite differentiation. To avoid this, derivative-free optimization
algorithm patternsearch was used. The optimization process diagram is shown in Figure 2.2.

Figure 2.2: Optimization process diagram

where in both objective function and nonlinear constraints, the same κ values are used at each
iteration.

Optimization

The optimization process is defined for fixed time step, T , and initial starting point of κ ∈ Rr×1

values are always zero.
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Figure 2.3: γ vs time
u vs γ
EE position vs time

As an example, in Figure 2.3, the trajectory that is used at the zero iteration of the optimization
and it is defined between X =

[
x z

]T [
0.15 −0.4666

]T
m and

[
−0.15 −0.4666

]T
m for T = 0.283

with the frequency of 2000Hz.
In Figure 2.4, the obtained trajectory from optimization is shown as:

Figure 2.4: γ vs time
u vs γ
EE position vs time
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Objective function

The desired behavior of R-min is to go as fast as possible between 2 stationary points with un-
actuated coordinates to oscillate as low as possible. The residual oscillations are limited by reducing
the root-mean-square (RMS) of distal unactuated coordinate velocities and accelerations. Thus the
objective function is defined as:

F =
2∑

i=1
wi

√
1
T

∫ T

0
[q̇i3]2dt +

2∑
i=1

wi+2

√
1
T

∫ T

0
[q̈i3]2dt (2.15)

where wi for i=1,. . . ,4 are the weights of each RMS term. To scale RMSs of velocities and
accelerations, weights are chosen based on the importance of RMS of different parameters.

Constraints

The nonlinear constraints are defined to satisfy initial and final positions, velocities and accelera-
tions of the generalized coordinates, to satisfy physical constraints such as max rated motor torques.
All mentioned constraints are modeled as inequality constraints. The initial and final position of the
EE are satisfied by Equation (2.7). Final velocities and accelerations are satisfied as:

at t = T |q̇i3| ≤ q̇i3treshold

deg

s
for i = 1, 2 (2.16)

at t = T |q̈i3| ≤ q̈i3treshold

deg

s2 for i = 1, 2 (2.17)

whereas physical constraints, such as motor maximum rated torque constraints are defined as:

max(|τ1|) ≤ 23.9Nm (2.18)
max(|τ2|) ≤ 23.9Nm (2.19)

Actuated coordinate velocities and accelerations q̇1, q̈1 are passively satisfied by Equation (2.7)
and proximal unactuated coordinate velocities and accelerations q̇2, q̈2 are passively satisfied by their
coupled dynamic behavior with both q1 and q3.

2.2 Input shaping
Input shaping is a method to eliminate residual oscillations in the system to be controlled. It is

based on convolving a sequence of impulses, also called as the input shaper. The duration of shaped
input takes ∆t time more than the unshaped input. An IS can have as many impulses as possible and
the duration can be as long as possible but one should note that the desired input shaper duration
should be as short as possible due to the fact that it affects system rise time [14][12][17].

The IS eliminates residual oscillations for elastic systems which R-min can be considered as one.
Properties of the IS are listed as [14]:

• If an IS does not generate residual oscillations, then convolution of that IS with any function
also does not generate residual oscillations.

• If an IS does not generate residual oscillations, Laplace transform of that IS is 0 at the modeling
frequency.

• Impulse(s) of the IS that do not generate residual oscillations must be present at suitable time
instant(s) with suitable amplitude(s).
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These quantities are obtained by satisfying a set of constraints. The amplitude of residual oscil-
lations caused by IS can be found from the ratio of residual oscillation with IS to without IS. For a
second-order system with natural frequency ω and damping ratio ζ, the percentage of oscillation ratio,
V , is shown below as [14]:

V (ω, ζ) = e−ζωtn
√

C(ω, ζ)2 + S(ω, ζ)2 (2.20)
C(ω, ζ) = ∑n

i=1 Aie
ζωti cos(ω

√
1 − ζ2ti) (2.21)

S(ω, ζ) = ∑n
i=1 Aie

ζωti sin(ω
√

1 − ζ2ti) (2.22)

where Ai, ti, n are the amplitude, the time instant and number impulses respectively. One should
select the time instant of the first impulse of the IS, t1, to be placed at 0 to minimize the delay.

t1 = 0 (2.23)

Also, to have same desired final positions with both unshaped input and shaped input, the sum
of all amplitudes must be equaled to 1 [14] as:

n∑
i=1

Ai = 1 (2.24)

To obtain zero residual oscillation with the shortest IS, V = 0 condition must be satisfied. Thus,
Equations (2.21) and (2.22) also become 0 independently as:

∑n
i=1 Aie

ζωti cos(ω
√

1 − ζ2ti) = 0 (2.25)∑n
i=1 Aie

ζωti sin(ω
√

1 − ζ2ti) = 0 (2.26)

The shortest IS is not considered in the solution of Equations (2.25) and (2.26) as the impulse
magnitudes tend to go ±∞ to decrease the time of IS. To prevent this problem, all impulses, Ai are
positive definite [14].

Ai ≥ 0 (2.27)

The desired IS found by satisfying Equations (2.23)-(2.26) subject to Equation (2.27). Thus, four
equations require four unknown to solve. For an impulse, there exist two variables, so n = 2 impulses
are sufficient to define this problem. Thus Equations (2.24), (2.25) and (2.26) become:

A1 + A2eζωt2 cos(ω
√

1 − ζ2t2) = 0 (2.28)
A2eζωt2 sin(ω

√
1 − ζ2t2) = 0 (2.29)

A1 + A2 = 1 (2.30)

Equations (2.28)-(2.31), obtained amplitudes and time instances are provided in [14].
Solution of the problem mentioned above is called as zero-vibration input shaper (ZV IS) because

it provides zero residual oscillations when the system model is perfect. Thus, it is highly sensitive to
model uncertainties and/or errors [14]. Singhose et al. proposed different ISs for two-mode systems
and examined their merits and demerits from simulation results. There are two methods to obtain
multimode shapers [14]:

• By convolution of shapers that are calculated separately for each mode.

• By the simultaneous solution of constraint equations for all existing modes.

One should note that modes are basically frequencies in other words. For example, if a system has
a behavior of harmonic motion, the system is multi-mode system.
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2.2.1 IS methods

There exist many types of convolved ISs [14][15][16][17]:

• ZV : zero-vibration IS, which is obtained by satisfying Equations (2.23)-(2.26).

• ZVD : zero-vibration and zero-derivative IS is obtained exactly with the same methodology as
ZV plus derivative of Equation (2.20) is equal to 0 at the modeling frequency.

• ZVDD : zero-vibration and double zero-derivative IS is obtained exactly with the same method-
ology as ZVD plus one more derivative of Equation (2.20) is equal to 0 at the modeling frequency.

• ZVDDD : zero-vibration and triple zero-derivative IS is obtained exactly with the same method-
ology as ZVDD plus one more derivative of Equation (2.20) is equal to 0 at the modeling
frequency.

• EI : extra-insensitive IS, which proposes limited, small, non-zero residual oscillation magnitude,
V ̸= 0, at the modeling frequency. In the literature, most encountered limiting factor is to
allow 5% residual oscillations and obtained by V = 0.05 to increase robustness in the neighbor
frequencies.

Vaughan et al. investigated robust IS methods for elastic systems by exploiting their structures
and pushing their limits [15]. From Figures 2.5 and 2.6, it is clearly seen that as the order of derivative
increases, input which is shaped by an IS becomes more insensitive to model errors and thus it increases
the robustness. ZV must be used for perfectly known system which introduces least time delays but
in reality, nothing is perfect and estimations are true at some level. Thus, more robust IS methods
such as ZVD, EI, ZVDD and ZVDDD are introduced for non-perfectly known systems.

Figure 2.5: Sensitivity curve of single-mode system [15]
− ZV
−− ZVD
− · − EI
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Figure 2.6: Sensitivity curve of single-mode system [15]
− ZV
− · − ZVD
· · · ZVDD
−− ZVDDD

After cumbersome calculations, for all IS methods impulse magnitudes and time of occurrence of
these impulses are formulated. In the following sections they are elaborated.

ZVD

ZVD has 3 impulses to shape the input and they are given as:

A1 = 1
D

, A2 = 2K

D
, A3 = K2

D
(2.31)

where

K = e
−ξπ√
1−ξ2 , D = K2 + 2K + 1 (2.32)

with impulse times

t1 = 0, t2 = τd

2 , t3 = 2τd (2.33)

where τd is the undamped vibration period and denoted as:

τd = 2π

ω
√

1 − ξ2 (2.34)

EI (option 1)

EI is an example of tolerable vibration IS methods which provides more robustness to model
uncertainties than ZVD but it comes with a prescribed oscillation percentage. Unlike ZVD method,
V (ω, ξ) is equaled to small non-zero oscillation percentage. For most applications, this is taken as 5%.
EI IS introduces the same amount of time delays with ZVD but it has different impulse magnitudes.
Its impulse magnitudes and times are given as [15]:
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A1 = 1+Vtol
4 , A2 = 1−Vtol

2 , A3 = 1+Vtol
4 (2.35)

t1 = 0, t2 = τd
2 , t3 = 2τd (2.36)

where Vtol is the tolerated vibration percentage.
For systems with viscous damping, EI IS impulse magnitudes and times are given as:

A1, A2 = 1 − (A1 + A3), A3 (2.37)
t1 = 0, t2, t3 = 2∆t (2.38)

where

A1 = 0.24968 + 0.24962Vtol + 0.80008ξ + 1.23328Vtolξ + 0.49599ξ2 + 3.17316Vtolξ
2 (2.39)

A3 = 0.25149 + 0.21474Vtol − 0.83249ξ + 1.41498Vtolξ + 0.85181ξ2 − 4.90094Vtolξ
2 (2.40)

and

t2 = 1
2π

ω
√

1−ξ2
(0.49990 + 0.46159Vtolξ + 4.26169Vtolξ

2 + 1.75601Vtolξ
3 + 8.57843V 2

tolξ

−108.644V 2
tolξ

2 + 336.989V 2
tolξ

3) (2.41)

EI (option 2)

The EI IS that is used on R-min is this one because in simulation environment, option 1 gave worse
result than option 2 in terms of the amount of residual oscillations. It is based on an optimization
algorithm which satisfies Equations (2.24) and (2.27) with the same impulse times and the same
amount of impulses. The difference between this EI IS method and Vaughan et al.’s EI IS method is
that this method provides more robustness but in contrast it introduces more time delays.

Thus, the objective of the optimization problem is to maintain this percentage at the modeling
frequency as:

F = |V (ω, ξ) − 0.05| = |V1(ω1, ξ1) − 0.05| + |V2(ω2, ξ2) − 0.05| (2.42)

where V1 and V2 are defined as:

V1 = e−ξ1ω1tn
√

C(ω1, ξ1)2 + 2(ω1, ξ1)2 (2.43)
V2 = e−ξ2ω2tn

√
C(ω2, ξ2)2 + 2(ω2, ξ2)2 (2.44)

C1(ω1, ξ1) = ∑3
i=1 A1ie

ξ1ω1ti cos(ω1
√

1 − ξ2
1ti) (2.45)

S1(ω1, ξ1) = ∑3
i=1 A1ie

ξ1ω1ti sin(ω1
√

1 − ξ2
1ti) (2.46)

C2(ω2, ξ2) = ∑3
i=1 A1ie

ξ2ω2ti cos(ω2
√

1 − ξ2
2ti) (2.47)

S2(ω2, ξ21) = ∑3
i=1 A1ie

ξ2ω2ti sin(ω2
√

1 − ξ2
2ti) (2.48)

(2.49)

where F is the objective function. The reason there are two different percentage of oscillation
ratios, V1 and V2 is because R-min is two-mode system. The optimization parameters are the 3 impulse
magnitudes, Ai where (i=1,2,3), which satisfies both V1 = 0.05 and V2 = 0.05. The constraints are
given in Equations (2.24) and (2.27). Impulse times are chosen the same with ZVD IS as in Equation
(2.33).
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ZVDD

ZVDD provides more robustness to model uncertainties than ZVD and EI, it introduces more time
delays than ZVD and less than EI. It has one more impulse than ZVD and EI. Its impulse magnitudes
and times are given as:

A1 = 1
D , A2 = 3K

D , A3 = 3K2

D , A4 = K3

D (2.50)
t1 = 0, t2 = τd

2 , t3 = τd, t4 = 3τd
2 (2.51)

where K is the same as Equation (2.32) and D is denoted as:

D = K3 + 3K2 + 3K + 1 (2.52)

ZVDDD

ZVDDD provides more robustness to model uncertainties than ZVD, EI and ZVDD but it in-
troduces more time delays than all except EI IS. It has 1 more impulse than ZVDD. It’s impulse
magnitudes and times are given as:

A1 = 1
D , A2 = 4K

D , A3 = 6K2

D , A4 = 4K3

D , A5 = K4

D (2.53)
t1 = 0, t2 = τd

2 , t3 = τd, t4 = 3τd
2 , t5 = 2τd (2.54)

where K is the same as Equation (2.32) and D is denoted as:

D = K4 + 4K3 + 6K2 + 4K + 1 (2.55)

2.2.2 Multi-mode shapers

For multimode systems like R-min, there exist 2 methods in the literature which are convolved
multi-mode shapers and simultaneous multi-mode shapers. These 2 methods are elaborated in the
following sections.

Convolved two-mode shapers

Their shaped input durations, robustness against modeling errors which is examined through
sensitivity curve and residual oscillation behaviors are compared. Sensitivity curve is a plot obtained
by the ratio of residual oscillation over frequency. The robustness can be increased by ensuring the
slope of sensitivity curve to be zero. ZVD is less sensitive to modeling errors because at the system
frequency, ZVD has a larger width than ZV which is shown in Figure 2.7 [14].
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Figure 2.7: Sensitivity curve of single-mode 1Hz system [14]
− ZV
−− ZVD
− · · · − EI

Simultaneous two-mode shapers

Simultaneous solution of ZV-ZV two-mode shaper satisfies Equations (2.25) and (2.26) at system
frequencies which are shown in Equations (2.56) and (2.57) whereas ZVD-ZVD shapers satisfies also
the derivatives of Equation (2.20) at system frequencies, Equations (2.58) and (2.59) which provide
robustness against modeling errors.

∑n
i=1 Aie

ζjωjti cos(ωj

√
1 − ζ2

j ti) = 0, j = 1, 2 (2.56)∑n
i=1 Aie

ζjωjti sin(ωj

√
1 − ζ2

j ti) = 0, j = 1, 2 (2.57)∑n
i=1 Aitie

ζjωjti cos(ωj

√
1 − ζ2

j ti) = 0, j = 1, 2 (2.58)∑n
i=1 Aitie

ζjωjti sin(ωj

√
1 − ζ2

j ti) = 0, j = 1, 2 (2.59)

For EI-EI two-mode shapers, Equations (2.58) and (2.59) are satisfied but not (2.56) and (2.57)
which allow small amount of residual oscillations.

2.2.3 Comparison of convolved and simultaneous shapers

Singhose et al. simulated the application of ZV-ZV, ZVD-ZVD, EI-EI, EI-SI (specified insensi-
tivity) two-mode convolved and direct shapers on systems and compared their total time delays and
performances [14].

The main disadvantage of direct method is that it is not easy to obtain the shaper as it is for
convolved method which convolves single-mode shapers.

For both shaper methods, they must be obtained by an optimization method.
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Figure 2.8: Sensitivity curve of two-mode ZVD-ZVD ISs for 1Hz and 2.5Hz systems [14]
− convolved
−□− direct
− · · · − 2.5Hz
−− 1Hz

One should note that elimination of residual oscillations at 3Hz with convolved shaper is obtained
due to the fact that it treats as convolution of single-mode shapers. For single-mode shapers odd
frequency multipliers are eliminated, thanks to 1Hz frequency.

Figure 2.9: Shaper durations of two-mode systems over frequency ratio, R [14]
− convolved ZVD-ZVD
−□− Direct ZVD-ZVD
−− direct EI-SI

where SI constraints are implemented around a high frequency to make shaper insensitive to
residual oscillations of which their percentages are kept under a value, V . SI constraints assure
acceptable level of robustness against high frequency modelling errors. Direct shapers perform with
less time delays than their convolved ones because they use less number of impulses which can be
seen in Figure 2.9. Also, direct ZVD-ZVD has time delay advantage over direct EI-SI. For robustness
against errors, in the low system frequency, performances of direct and convolved methods are nearly
identical whereas convolved method is more robust to modeling errors for higher system frequency
which can be seen in Figure 2.8. One should decide which merit is more important for considered
system [14].

For convolved shapers, the total time delay is equal to sum of individual time delays introduced
for each mode as:

tn = Tw1 + Tw2 (2.60)
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whereas direct shapers do not satisfy Equations (2.60) and total time delay is always less than the
sum of individual time delays of each shaper.

tn < Tw1 + Tw2 (2.61)

2.2.4 IS to eliminate residual oscillations for UA system
Ida et al. extended the RTR trajectory generation to robust generic trajectory generation with the

help of methods dynamic scaling (DS), and IS which proposed in [14] for aforementioned UA CDPR.
The main drawback of [10], the robustness against model uncertainties was not examined for the
proposed method but in [11], the proposed method has proven it’s merits against model uncertainties
for both simulation and experimental studies. The trajectory defined between 2 set points is given as
[11]:

qa(t) = qa,s + (qa,f − qa,s)u(t) (2.62)

The desired behavior of the robot to move between 2 stationary points with non-residual oscilla-
tions, u(t) must be designed considering this. Thus, multi-mode zero-vibration input shaper (MMZVIS)
is introduced to shape qa(t) trajectories. Equation (2.62) becomes:

qa(t) ∗ S(t) = qa,s + (qa,f − qa,s)
(
u(t) ∗ S(t)

)
, S(t) =

n∑
i=1

Aiδi(t − ti) (2.63)

where δ(t = ti) = 1, δ(t ̸= ti) = 0 is an impulse function, Ai is the impulse magnitude and n is
the number of impulses. A%(f), the magnitude of the Fourier transform of S(t) at the frequency f is
shown as:

A%(f) =

√√√√( n∑
i=1

Ai cos(2πfti)
)

+
( n∑

i=1
Ai sin(2πfti)

)
= 0 ⇒ (Ai, ti) (2.64)

where IS supposes to eliminate residual oscillations at frequency f . Because of the process of IS
is cumbersome and introduces additional time delay to the system, ∆t, Ida et al. proposed DS to
be used on the reference trajectory. The trajectory parameters can be obtained by setting U(f) = 0
or Ü= (−2πf)2U(f) = 0 for desired frequency. This method allows to determine the total time of
robust trajectory, T +∆t. One should note that, with DS, optimal time Toptd

is bounded by the lowest
frequency. Also, in comparison to convolved method total time, robust DS trajectory total time is less
and bounded as Toptd

+ ∆td ≤ Toptconv + ∆tconv. 4 trajectories are applied with DS only, IS version of
DS and trapezoidal IS motion laws (IS-T ) with different T s [11].

(a) θ (b) τ2

Figure 2.10: Critical oscillations on θ and τ2 [11]
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As it can be seen from Figure 2.10, IS is more resilient to residual oscillations. Also, for larger
T values, IS provides less residual oscillations but for fast motions, T should be small, thus IS may
not be a suitable option whereas DS allows to determine the best case of T . However, DS was not
investigated in this master thesis.

2.2.5 IS on R-min
To be tested, four IS methods are chosen. These are ZVD, EI, ZVDD, ZVDDD ISs. Since R-min

is a two-mode system, a MM IS method must be selected. For the sake of simplicity of calculations,
convolved two-mode IS method is chosen. Implementation of single mode 3 impulse input shaping
(ZVD) is shown in Figure 2.11.

Figure 2.11: IS representation with 3 impulses in Matlab [12]

To achieve MM IS, output which is shaped for lower ω becomes the input of higher ω to be shaped
hence convolved MM IS obtained.

2.2.6 Dynamic characteristics of R-min
Identification of dynamic characteristics of R-min is important due to shape the input trajectory

at the modeling frequency.
As an example multi-DoF undamped system’s equation of motion is represented as [22]:

Md2x
dt2 + Kx = 0 (2.65)

where K, x are the stiffness matrix of the system and displacement respectively. To find harmonic
solution of x, the solution is assumed to be X sin(ωt). By substituting this expression into (2.66),
following equation of motion is obtained as:

−MXω2 sin(ωt) + KX sin(ωt) = 0 ⇒ KX = ω2MX (2.66)

The form of Equation (2.66) can be represented as:

Ku = λMu (2.67)

Equation (2.67) is denoted as generalized eigenvectors and generalized eigenvalues. To obtain
natural frequency, following calculation is made as:

ωi =
√

λi (2.68)

Both left and right arm of R-min have their own natural frequencies. These frequencies are
obtained as:
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ω =
[
ω1
ω2

]
=

√
eig(M−1

22 K) (2.69)

Natural frequencies come from the part of −−−−→
Oi2Oi3 −

−−−→
Oi3P where (i=1,2). That’s why M22 is taken

for the calculations of natural frequency.
For rigid systems, natural frequency is constant throughout motion. For elastic systems, natural

frequency can vary throughout motion. Also, change in the natural frequency is affected by the speed
of the followed trajectory. Considering these, for every RTR trajectory generation, natural frequencies
of the system must be analysed and modeling frequency must be chosen accordingly.

Natural frequency is computed throughout the trajectory between
[
x z

]
=

[
0.15 − 0.4666

]
m to[

x z
]

=
[
−0.15 − 0.4666

]
m EE positions within 0.283sec. After comparing the effects of different

modeling frequencies and modeling damping ratios, modeling frequencies are selected according to
the significant part of the motion which is the middle part. Hence, the modeling frequencies are
selected as ω =

[
5.95 6.5

]
Hz and the modeling damping ratios are selected ξ =

[
0.7 0.7

]
. Also,

it is clearly seen from the Figure 2.12 that for chosen modeling frequencies, including ZVD which is
the least effective IS method among all IS methods used on R-min will provide robustness against
±5% of the normalized frequencies which is acceptable for R-min since the modeling errors are not
considered more than 5%. Clearly, ZVDDD is expected to be the most effective IS method against
model uncertainties and residual oscillations.

Figure 2.12: Natural frequencies vs time with chosen modeling frequencies (up)
Normalized frequency vs time (down)
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2.2.7 Impulse magnitudes and times of ISs
Computed MM IS impulse magnitudes and times are given as:

ZVD EI ZVDD ZVDDD
A11 = A12 0.914 0.8778 0.87381 0.83539
A21 = A22 0.084 0.07081 0.12055 0.15367
A31 = A32 0.001933 0.0514 0.005544 0.0106
A41 = A42 − − 8.49E−5 3.25E−4

A51 = A52 − − − 3.7366E−6

t11 (s) 0 0 0 0
t12 (s) 0 0 0 0
t21 (s) 0.11767 0.11767 0.11767 0.11767
t22 (s) 0.10771 0.10771 0.10771 0.10771
t31 (s) 0.23534 0.23534 0.23534 0.23534
t32 (s) 0.21543 0.21543 0.21543 0.21543
t41 (s) − − 0.35301 0.35301
t42 (s) − − 0.32314 0.32314
t51 (s) − − − 0.47068
t52 (s) − − − 0.43085

Table 2.1: Multi-mode IS impulse magnitudes and times
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2.2.8 IS on systems with time and state dependent dynamics
All IS methods are used on R-min are designed for time and state independent dynamics which

means system ω and ξ are constant. However, for elastic systems, ω and ξ are functions of position e.g.
joint angles and other various parameters. Magee et al. extended IS method applied to systems with
time and state independent dynamics to systems with time and state dependent dynamics. Thus, a
change in ω and ξ changes impulse magnitudes and times and this phenomenon introduces undesired
residual oscillations by the shaper itself [18].

To visualize this phenomenon, trajectories in EE level were created with different methods which
is shown as in Figure 2.13. These trajectories are just extension of the trajectories shown in Figure
2.16 by adding rest time at the end of their motion.

Figure 2.13: Reference EE trajectories

and passing from EE level to joint level is done by IDM which is detailed in Section 1.7 and shown
in Figure 2.14.

Figure 2.14: Passing from reference EE trajectories to joint level trajectories
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These actuated coordinates are, then, given to R-min to be tracked. However, because of the
undesired residual oscillations introduced by ISs, actuated coordinate positions do not converge desired
positions which is shown in Figure 2.15 and velocities and accelerations are not null. Also, It is clearly
seen from Figure 2.15 that the residual oscillations are introduced after the motion is completed and
from lowest to highest, oscillation magnitudes are listed as ZVDDD, ZVDD, EI and ZVD respectively.

Figure 2.15: Oscillations caused by ISs in actuated joint coordinates
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To eliminate this problem, trajectories were created from t = 0 to t ≈ 0.72 as:

Figure 2.16: Reference EE trajectories

The same procedure is followed as in Figure 2.14 but to make actuated coordinates reach to
desired positions with zero velocities and accelerations, a simple spline trajectory is imposed after
shaped trajectories are finished which is shown in Figure 2.17.

Figure 2.17: Passing from reference EE trajectories to joint level trajectories
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Figure 2.18: Actuated joint coordinates

Thomsen et al. implemented time-varying input shaping (TVIS) on UR robots. Despite the ef-
ficiency of IS on systems with time and state independent dynamics is proven, it does not provide
enough robustness on systems with time and state dependent [13]. As an example, ZV IS for for
systems with time and state independent dynamics is given as:

A1 = 1
D , A2 = K

D (2.70)
t1 = 0, t2 = τd

2 (2.71)

where τd is defined in Equation (2.34) and

K = e
−ξπ√
1−ξ2 , D = K + 1 (2.72)

and ZV IS for systems with time and state dependent dynamics is given as:

A1
(
ξ(t)

)
= 1

D
(
ξ(t)

) , A2
(
ξ(t)

)
=

K
(
ξ(t)

)
D

(
ξ(t)

) (2.73)

t1 = 0, t2
(
ω(t), ξ(t)

)
=

τd

(
ω(t), ξ(t)

)
2 (2.74)

To sum up, if the model of the system is perfectly known or close to perfectly known, RTR
trajectory planning method is the best method because the time of the motion is predefined by the
user whereas for ISs, introduced time delays are inevitable and not predetermined. Also RTR gives
the least oscillatory motion for the unactuated coordinates in comparison to ISs. In contrast, ISs
are straightforward methods of filtering and easier to implement in comparison to RTR and also ISs
provide robustness against model uncertainties.
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Chapter 3

Results and discussion

Simulation and experimental results are shown in this chapter to compare the effect of the origi-
nal spline trajectory, shaped trajectories of the original trajectory with different ISs and the RTR
trajectory are compared for different time of motions. All the trajectories are created between
X0 =

[
0.15 −0.4666

]
m and Xf =

[
−0.15 −0.4666

]
m. As an example, RTR of trial 2 is followed

in Adams environment and shown in Figure 3.1 as:

(a) t=0s (b) t=0.175s (c) t=0.335s

Figure 3.1: RTR (Trial 2) in Adams simulation environment

The colorful ball shaped objects at the joints are mass points but they are just representative in
this case. Then, the same trajectory is tested on R-min and shown in Figure 3.2 as:

(a) t=0s (b) t=0.175s (c) t=0.335s

Figure 3.2: RTR (Trial 2) on R-min
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The original trajectory which is created by splines and then by giving it to IGSP to obtain the
trajectory in joint level. Shaped trajectories and RTR trajectory are given to IDM to obtain trajectories
in joint level. The simulations are made in the Adams environment connected to Simulink environment.
The PID CTC controls R-min model which is found in Adams from Simulink. The trajectories which
were created in Matlab are given to the controller as reference signals. Both in Adams and IDM in
Matlab, friction models were implemented.

3.1 Simulation results

3.1.1 Trial 1
At the time of trial 1, RTR did not obtain a good trajectory so original trajectory and the shaped

trajectories of this original trajectory were tested.

Figure 3.3: Reference EE trajectory
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Figure 3.4: Reference actuated coordinate trajectory

IGSP ZVD EI ZVDD ZVDDD RTR
5% tss EE position (s) 0.2486 0.3368 0.4402 0.3627 0.3895 NaN

% of Introduced time delay (s) 0 35.4453 77.0292 45.8855 56.6419 NaN
Max |τ | (Nm) 17.5206 16.1404 15.6985 15.6508 15.1966 NaN

SS |pe| (m) 5.6282E−5 2E−4 1.5E−4 4.7772E−5 4.8122E−5 NaN
q13 Overshoot (deg) 15.6338 11.8992 10.971 10.3791 9.08559 NaN
q23 Overshoot (deg) 3.3171 0.08334 -0.18225 -0.89466 -1.5993 NaN

q13 Undershoot (deg) -4.83 -0.41142 -0.09208 -0.056471 0.29346 NaN
q23 Undershoot (deg) -13.0296 -10.5409 -9.58843 -9.49135 -8.58825 NaN

RMS of q13 (deg) 96.6486 80.952 75.8619 70.4171 66.5793 NaN
RMS of q23 (deg) 88.0666 80.0325 73.1361 74.5859 71.4077 NaN

Table 3.1: Comparison of trajectory planning methods
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Figure 3.5: Distal unactuated coordinate oscillations

Residual oscillations of distal unactuated coordinates are listed ZVDDD, ZVDD, EI, ZVD and
IGSP from best to worst respectively. 5% tss EE trajectory tracking, EE trajectory tracking error,
5% tss EE trajectory tracking error and applied torques are given in Section A.1.1.

3.1.2 Trial 2

In this trial, RTR is included to comparison and the motion time of the original trajectory is
slightly lower.

Figure 3.6: Reference EE trajectory
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Figure 3.7: Reference actuated coordinate trajectory

IGSP ZVD EI ZVDD ZVDDD RTR
5% tss EE position (s) 0.24699 0.33483 0.44093 0.36137 0.38882 0.33544

% of Introduced time delay (s) 0 35.5635 78.5211 46.3081 57.4209 35.8111
Max |τ | (Nm) 17.6211 16.2115 15.7652 15.717 15.2587 15.9045

SS |pe| (m) 8.48E−5 2.73E−4 1.499E−4 2.807E−5 2.683E−7 1.766E−4

q13 Overshoot (deg) 15.9408 12.1124 11.1755 10.5498 9.21666 6.98714
q23 Overshoot (deg) 3.5563 0.23802 -0.042683 -0.7791 -1.5176 -1.9632

q13 Undershoot (deg) -5.1377 -0.4795 -0.25789 -0.11177 0.24101 0.27414
q23 Undershoot (deg) -13.2196 -10.6938 -9.72005 -9.6211 -8.69875 -7.74113

RMS of q13 (deg) 333.8367 268.96 252.533 237.4655 221.3829 214.9655
RMS of q23 (deg) 293.2537 255.5201 234.3958 236.8179 225.8291 220.3778

Table 3.2: Comparison of trajectory planning methods
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Figure 3.8: Distal unactuated coordinate oscillations

The RTR has the same tss with the worst IS which is ZVD however the residual oscillations of distal
unactuated coordinates noticeably smaller than the best IS which is ZVDDD IS. Also, in the interval
of

[
0.43 1.2

]
s, distal unactuated coordinates with RTR converges to it’s final position whereas for

IGSP, it is still in action. This behavior of IGSP can be seen for both q13 and q23 in comparison to
other methods. This can cause a problem in case IGSP is used as a fast P&P trajectory because even
if the motion with IGSP is finished at 0.247s, distal unactuated coordinates stop moving at nearly
0.7s. If R-min forced to move back to the original position after 0.25s, the oscillation frequency of the
distal unactuated coordinates will increase due to the potential energy stored by the first motion. This
is definitely an unwanted behavior for repeated tasks such as P&P operations. At the end, residual
oscillations of distal unactuated coordinates are listed RTR, ZVDDD, ZVDD, EI, ZVD and IGSP
from best to worst respectively. 5% tss EE trajectory tracking, EE trajectory tracking error, 5% tss

EE trajectory tracking error and applied torques are given in Section A.1.2.
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3.1.3 Trial 3
In this trial, to compare fairly IGSP and RTR trajectory planning methods, their tss are set to be

equal.

Figure 3.9: Reference EE trajectory

Figure 3.10: Reference actuated coordinate trajectory
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IGSP ZVD EI ZVDD ZVDDD RTR
5% tss EE position (s) 0.31785 0.39312 0.49036 0.41748 0.43994 0.33562

% of Introduced time delay (s) 0 23.6793 54.2721 31.3448 38.4114 5.58874
Max |τ | (Nm) 15.0892 14.2612 13.9566 13.9239 13.7142 15.9045

SS |pe| (m) 1.126E−4 7.12E−5 1.138E−4 9.547E−5 1.15E−4 1.059E−4

q13 Overshoot (deg) 8.7512 7.1129 6.3665 6.7795 6.52 6.9871
q23 Overshoot (deg) -2.1395 -2.478 -3.0258 -2.5926 -2.7729 -1.9632

q13 Undershoot (deg) 0.73493 1.2821 1.5531 1.58 1.84 0.27414
q23 Undershoot (deg) -8.1901 -6.7936 -6.2731 -6.2346 -5.7414 -7.7411

RMS of q13 (deg) 214.255 207.7548 205.5076 212.3329 214.6556 207.0094
RMS of q23 (deg) 239.733 213.7628 216.3267 211.2964 208.2982 221.4868

Table 3.3: Comparison of trajectory planning methods

Figure 3.11: Distal unactuated coordinate oscillations

Except slightly lower undershoot of q13 with RTR in comparison to IGSP, overall, RTR oscillates
less. This can be observed easier on q13 however it is not easy to say for q23 oscillations. In the
interval of

[
0.175 0.3

]
s RTR has a settled point which stays stable for couple of milliseconds and

then reaches the overshoot value with IGSP. Like in trial 2, in the interval of
[
0.43 1.2

]
s, distal

unactuated coordinates with RTR converges to it’s final position whereas for IGSP, it is still in action.
This behavior of IGSP can be seen for both q13 and q23 in comparison to other methods. This can
cause a problem in case IGSP is used as a fast P&P trajectory because even if the motion with IGSP
is finished at 0.34s, distal unactuated coordinates stop moving at nearly 0.6s. If R-min forced to move
back to the original position again 0.34s, the oscillation frequency of the distal unactuated coordinates
will increase due to the potential energy stored by the first motion. This is definitely an unwanted
behavior for repeated tasks such as P&P operations. To compare ISs with RTR, one should note that
there is a compromise. For faster motion, which can be very useful for fast P&P operations, RTR
is the best candidate however it is clearly seen that all the ISs have lesser residual oscillations but
they are slower than RTR. Among ISs, ZVDDD, ZVDD, EI and ZVD are listed from best to worst
in terms of residual oscillations respectively. Thus, depending on the need, best candidate can be
chosen accordingly. 5% tss EE trajectory tracking, EE trajectory tracking error, 5% tss EE trajectory
tracking error and applied torques are given in Section A.1.3.
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3.2 Experimental results
Experimental results of all the trials that were simulated in Section 3.1 are shown in this Section.

One should note that there is no automated setup to calibrate R-min and hence it is calibrated
manually. Also, with different trajectories, distal unactuated coordinate reach different final positions.
Thus, the more trajectories are tested, the more error accumulates.

3.2.1 Trial 1
Simulated trajectories in Section 3.1.1 were implemented on R-min. The results are shown below

as:

IGSP ZVD EI ZVDD ZVDDD RTR
5% tss EE position (s) 0.25899 0.3559 0.45164 0.39212 0.42792 NaN

% of Introduced time delay (s) 0 37.4384 74.3868 51.4047 65.2287 NaN
Max |τ | (Nm) 19.0549 18.5656 18.0078 18.5307 17.563 NaN

SS |pe| (m) 6.655E−3 6.7408E−3 6.6649E−3 6.1224E−3 6.087E−3 NaN
q13 Overshoot (deg) 18.4801 11.9665 9.78394 10.4457 9.79656 NaN
q23 Overshoot (deg) 0.50955 -1.655 -1.8066 -2.0623 -2.012 NaN

q13 Undershoot (deg) -4.1422 0.25521 0.5957 0.72003 1.0062 NaN
q23 Undershoot (deg) -9.7658 -7.7157 -6.829 -6.5762 -5.8211 NaN

RMS of q13 (deg) 105.9174 77.44362 74.22776 77.52765 78.12546 NaN
RMS of q23 (deg) 76.5166 64.7946 62.4594 62.9478 60.2584 NaN

Table 3.4: Comparison of trajectory planning methods

Figure 3.12: Distal unactuated coordinate oscillations

All the trajectories start the motion with ≈ 6E−3m position error. It is clearly seen from Figures
3.5 and 3.12 that the friction forces acting on q23 on R-min is more than the simulation model. The
residual oscillations are listed ZVDDD, ZVDD, EI, ZVD and IGSP from best to worst respectively.
The SS EE position error remained maximum of ≈ 0.75E−3m w.r.t. initial calibration error. Followed
trajectories, proximal unactuated coordinates and applied torques are given in Section A.2.1.
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3.2.2 Trial 2
Simulated trajectories in Section 3.1.2 were implemented on R-min. The results are shown below

as:

IGSP ZVD EI ZVDD ZVDDD RTR
5% tss EE position (s) 0.26875 0.34488 0.45202 0.38033 0.41615 0.35802

% of Introduced time delay (s) 0 28.3266 68.1932 41.516 54.8463 33.216
Max |τ | (Nm) 22.4117 21.552 21.0836 21.201 19.684 19.3802

SS |pe| (m) 5.35E−3 5.42E−3 4.89E−3 5.66E−3 5.30E−3 4.98EE−3

q13 Overshoot (deg) 17.2616 10.3149 6.59322 7.60466 6.73313 9.31335
q23 Overshoot (deg) 1.2461 -0.4181 -0.13272 -0.85717 -1.6364 -2.5212

q13 Undershoot (deg) -1.6249 0.61846 0.78564 0.97328 0.86181 1.0521
q23 Undershoot (deg) -11.0598 -9.21822 -8.23771 -8.20455 -7.77261 -7.04866

RMS of q13 (deg) 336.2289 259.4919 222.6673 248.4344 230.2125 247.9253
RMS of q23 (deg) 253.2001 236.6566 224.1047 223.9055 220.5714 223.3375

Table 3.5: Comparison of trajectory planning methods

Figure 3.13: Distal unactuated coordinate oscillations

All the trajectories start the motion with ≈ 4E−3m position error. It is clearly seen from Figures 3.8
and 3.13 that the residual oscillations of distal unactuated coordinates from simulation and experiment.
However, the residual oscillation of q13 with IGSP trajectory in the interval of

[
0.4 0.7

]
s in simulation

is not observed in experiment. This friction on q13 of R-min also drastically reduced the oscillations
with other trajectory planning methods as well. That makes a bit hard to decide for q13 because
except IGSP, other methods are close to each other but for q23, it is obvious that RTR has the least
oscillatory behavior hence, that makes RTR best trajectory planning method for this case. The SS EE
position error remained maximum of ≈ 1.5E−3m w.r.t. initial calibration error. Followed trajectories,
proximal unactuated coordinates and applied torques are given in Section A.2.2.
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3.2.3 Trial 3
Simulated trajectories in Section 3.1.3 were implemented on R-min. The results are shown below

as:

IGSP ZVD EI ZVDD ZVDDD RTR
5% tss EE position (s) 0.33621 0.40859 0.50564 0.42964 0.46116 0.3579

% of Introduced time delay (s) 0 21.528 50.3917 27.7873 37.1628 6.45043
Max |τ | (Nm) 20.6968 20.1278 19.2356 19.0029 19.6665 20.6905

SS |pe| (m) 4.85E−3 5.44E−3 5.62E−3 5.17E−3 5.53E−3 5.02E−3

q13 Overshoot (deg) 9.3414 8.3474 6.0336 7.1387 6.8644 8.9754
q23 Overshoot (deg) -1.7736 -2.3396 -2.1447 -2.0908 -2.3897 -2.6802

q13 Undershoot (deg) 1.3165 1.9404 2.0465 1.8877 2.3178 0.8622
q23 Undershoot (deg) -8.023 -6.5357 -6.2423 -5.9838 -5.8646 -7.1979

RMS of q13 (deg) 221.8884 249.6108 229.4627 228.7039 240.7693 237.497
RMS of q23 (deg) 225.2443 223.9005 214.0166 216.7185 213.1925 233.0802

Table 3.6: Comparison of trajectory planning methods

Figure 3.14: Distal unactuated coordinate oscillations

All the trajectories start the motion with ≈ 4.5E−3m position error. The same problem that is
stated for IGSP trajectory in Section 3.1.3 was valid for experimental results. Also, for q23, in the
interval of

[
0.2 0.35

]
s, an additional small oscillation happened which did not happen in simulation.

The experiemntal result of unactuated coordinates came out as expected from simulation but the
oscillation undershoot and overshoot magnitudes are less due to actual friction. For safety cautions,
except IGSP, all trajectories can be implemented for P&P operations. RTR is the fastest motion with
slightly more oscillations in comparison to ISs. In the interval

[
0 0.15

]
s, RTR oscillation bounced

back with an oscillation for both distal unactuated coordinates but thereafter it was kept constant in
the interval of

[
0.15 0.375

]
s for q23. For q13, the only noticeable difference happened in the interval

of
[
0.22 0.4

]
s. In those seconds, the overshoot of RTR was 2◦ more than ZVDDD. Overall, RTR

is better than ZVDDD except some small differences thus it is selected the best for the purpose of
this study. However, if the time is not essential and one desires the least oscillatory motion, among
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ISs, ZVDDD, ZVDD, EI are listed from best to worst. The SS EE position error remained maximum
of ≈ 1.5E−3m w.r.t. initial calibration error. Followed trajectories, proximal unactuated coordinates
and applied torques are given in Section A.2.3.

3.3 Comparison of simulation and experimental results
The modeled robot and physical robot are slightly different in terms of inertial parameters, friction

coefficients and calibration errors. For IS methods, robustness to model uncertainties increases by
equating higher order derivatives of Equation (2.20) or by allowing it to have small percentage of
oscillation. In trial 1, oscillations of distal unactuated coordinates from best to worst ZVDDD, ZVDD,
EI, ZVD IS were listed. In trial 2, RTR trajectory has almost the same tss with ZVD IS which is
considered the worst IS for the residual oscillations among ISs presented in this master thesis. However,
with RTR, the residual oscillations are taken care of even better than ZVDDD IS which is the best
IS. Thus, that makes RTR trajectory planning method the best candidate for P&P operations with
R-min. In trial 3, a fair comparison between IGSP and RTR were made by setting the tss same. For
IGSP, it took more time to stop after RTR stopped. The residual oscillations are considerably smaller
for RTR in comparison to IGSP but not for ISs. This is the compromise to be made. To sum up,
in the scope of this study, safety and the speed of P&P operation are essential. The oscillations are
in acceptable level for RTR and ISs except the initial oscillations were caused by the force acting on
the distal unactuated coordinates when the motion starts. The fastest and safe motion, BVP is one
to choose, for lesser residual oscillations, one should ZVDDD, ZVDD, EI, ZVD from best to worst
respectively.
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Conclusion

In this master thesis, considerably new robotic type, UA mechanical systems, their raison d’être,
their characteristics and dynamics, what makes them appealing were explained. R-min, an example
robot to this kind, was designed to work collaboratively in a work environment with an operator.
Due to its elastic kind of behavior which makes it oscillate and change its configuration as it is
shown in Figure 1.2. To prevent this, proven robust trajectory planning methods were examined and
implemented both in simulation environment and experimentally.

In Chapter 1, carried out work of R-min’s design, dynamics, trajectory planning and control
studies were explained. The existing trajectory planning was based on extraction of static equilibrium
points to obtain a trajectory but in motion, the robot passes these points with non-zero velocity
and acceleration. This causes R-min to oscillate. The control strategy, conventional CTC, uses the
aforementioned trajectory as well as the velocity and acceleration profiles to compute necessary torques
to track. However, the control approach also contributes to this residual oscillations and passively
limit applied torque inputs.

In Chapter 2, five trajectory planning methods and their implementation on R-min were explained
elaborately. The first one was RTR which was experimentally validated on a CDPR. The remaining
four were robust ISs that are used in various applications. These ISs were ZVD, EI, ZVDD and
ZVDDD which reduce residual oscillations at the modeling frequency and provide robustness against
model uncertainties.

In Chapter 3, simulation and experimental results of the mentioned methods were compared. The
comparison criteria were 5% tss of EE position p, SS EE position error |pe|, applied torques τ and
amount of residual oscillations of the distal unactuated coordinates q3. From best to worst in terms
of residual oscillations of q3, RTR, ZVDDD, ZVDD, EI, ZVD, IGSP were listed. But of course, in
every engineering field, when there is a gain there is also loss. For this case, RTR is computationally
expensive and cumbersome because at each iteration the optimization evaluates ODE

[
0 T

]
s. Also, it

does not guarantee to find a global minimum. Furthermore, the bounds of the optimization parameters
are not known because they do not represent physical quantities. During the optimization, it took
23 hours to converge to a local minimum by exploring 105000 functions with patternsearch which
was better than the local minimum of fmincon. IS methods, in contrast, are straightforward and
not as computationally expensive. However, the time delays introduced by ISs are deterministic
and inevitable whereas the duration of motion is predefined in RTR. One should remember that for
elastic systems conventional IS methods introduce residual oscillations. For R-min oscillations with
two different magnitudes and periods were introduced to the actuated coordinates by maximum of
≈ 0.1deg which is shown in Figure 2.15 however a simple solution was introduced as it is shown in
Figure 2.17 and these oscillations were damped by the joint frictions on the physical robot. To sum
up, for the considerably lesser oscillation and the fastest motion, one should chose RTR but only if the
system parameters are perfectly known. For ISs, the only drawback is the introduced time delays. One
should note that, for R-min, the introduced time delay was at maximum of 74.3768% (in experiment)
w.r.t. IGSP but for repeating P&P operations, these time delays accumulate the time more than
RTR trajectory. Other than that, ZVDDD, ZVDD, EI and ZVD are the options listed from best to
worst. For less time delay and easy computation, one should chose ZVD, ZVDD, ZVDDD and EI. To
sum up, this study aimed for the UA robot, R-min, to track a fast and oscillation-free trajectory with
acceptable SS EE position error. RTR and ZVDDD are finest methods out of all for all the criteria.
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Appendix A

Results

A.1 Simulation results

A.1.1 Trial 1
Detailed simulation result shows in Section 3.1.1 is given below as:

Figure A.1: EE trajectory tracking with tss
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Figure A.2: EE trajectory tracking error

Figure A.3: EE trajectory tracking error with tss
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Figure A.4: Applied τ

A.1.2 Trial 2
Detailed simulation result shows in Section 3.1.2 is given below as:

Figure A.5: EE trajectory tracking with tss
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Figure A.6: EE trajectory tracking error

Figure A.7: EE trajectory tracking error with tss
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Figure A.8: Applied τ

A.1.3 Trial 3
Detailed simulation result shows in Section 3.1.3 is given below as:

Figure A.9: EE trajectory tracking with tss
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Figure A.10: EE trajectory tracking error

Figure A.11: EE trajectory tracking error with tss
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Figure A.12: Applied τ

A.2 Experimental results

A.2.1 Trial 1

Detailed experimental result shows in Section 3.2.1 is given below as:

Figure A.13: EE trajectory tracking (IGSP)
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Figure A.14: EE trajectory tracking (ZVD)

Figure A.15: EE trajectory tracking (EI)
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Figure A.16: EE trajectory tracking (ZVDD)

Figure A.17: EE trajectory tracking (ZVDDD)
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Figure A.18: Proximal unactuated coordinate oscillations

Figure A.19: Applied τ
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A.2.2 Trial 2
Detailed experimental result shows in Section 3.2.2 is given below as:

Figure A.20: EE trajectory tracking (IGSP)

Figure A.21: EE trajectory tracking (ZVD)
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Figure A.22: EE trajectory tracking (EI)

Figure A.23: EE trajectory tracking (ZVDD)
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Figure A.24: EE trajectory tracking (ZVDDD)

Figure A.25: EE trajectory tracking (BVP)

71



Figure A.26: Proximal unactuated coordinate oscillations

Figure A.27: Applied τ
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A.2.3 Trial 3
Detailed experimental result shows in Section 3.2.3 is given below as:

Figure A.28: EE trajectory tracking (IGSP)

Figure A.29: EE trajectory tracking (ZVD)
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Figure A.30: EE trajectory tracking (EI)

Figure A.31: EE trajectory tracking (ZVDD)
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Figure A.32: EE trajectory tracking (ZVDDD)

Figure A.33: EE trajectory tracking (BVP)
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Figure A.34: Proximal unactuated coordinate oscillations

Figure A.35: Applied τ
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