US

University of Sussex

Projective Plane Curves

A Dissertation
Presented to the Mathematical and Physical Sciences

School of Sussex University

by

Fatma Karaoglu

Submitted for the degree of Master of Science
University of Sussex

August 2014



Declaration

I hereby declare that this dissertation has not been submitted, either in the same or

different form, to this or any other university for a degree.

Signature:

Date:



il

UNIVERSITY OF SUSSEX

FATMA KARAOGLU, MASTER OF SCIENCE

PROJECTIVE PLANE CURVES

ABSTRACT

Let C" and C” be two projective curves in P2 such that deg(C’) = n and deg(C”) = m,
with n and m positive integers. The curves C’ and C” intersect in at most nm points if
they do not have any common factor. Furthermore, C’ and C” meet at exactly nm points
if all the intersection points of C’ with C” are non-singular and the tangent lines to C’ and
C" at such points are distinct. The above statements are part of the celebrated Bézout’s
Theorem.

A short historical note is necessary. The theorem was first stated by Isaac Newton.
The French mathematician Etienne Bézout (1730-1783) gave a proof of the theorem. It
was not the first proof, and it turned out it was not correct. In spite of this, the theorem
was given the name of Bézout. The German mathematician Max Noether (1844-1921)
added to the original statement of the the condition stating when a projective curve can
be expressed in terms of two other projective curves.

The aim of this dissertation is to introduce the proof of Bézout’s theorem for project-
ive plane curves. In addition, we give some basic definitions and theorems in algebraic
geometry and we investigate another important result, Max Noether’s Fundamental The-

orem.
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Chapter 1

Introduction

Let k be an algebraically closed field. The affine space A} is defined as the n—cartesian
product of k, i.e A} is the set of n-tuples of elements of k. We usually write A™ to denote
A} if k is understood.

Let AZ“ be the affine n 4+ 1 space. We define the projective n space over k to be the
space of all lines through the origin in AZ“; this space is usually denoted by Pj.

As is well known, a point different from the origin on a line [ passing through the
origin in A”*! uniquely identifies the line [. Let (xo,z1,...,7,) be a nonzero point in
A" and let [ be the unique line in A”*! that passes through the origin and the point
(xo,x1,...,2y). This immediately implies that each (Azg,...,Ax,) is on [ as well. The
line passing through the origin and (xg, 21, ..., %) is denoted by [z : 21 : ... : x,]|. Hence,
P can be identified with the set of equivalence classes of points in A"t under the relation

~ where a ~ b if and only if @ = Ab for some non-zero X in k. There is a projection
T: A"\ (0,...,0) — P"

sending each point p in A"*! to its equivalence class, i.e the line through p and the origin.
A curve in the affine plane A7 is defined to be the set of zeros {(X,Y)} of a polynomial
f(X,Y). Any curve in the affine plane Ai uniquely corresponds to a curve C’ in the
projective plane P%, where C’ can be defined as the set of zeros {(, y, 2)} of a homogeneous
polynomial F(x,y, z).
In the projective plane we can define the points of IP’% with z = 0 correspond to ratios
[z :y:0]. There is a bijection

Pt — RU {oc}.

Hence these points we defined above shape the ’line at infinity’. Therefore we say parallel

lines meet at infinity.
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A projective curve C’ defined by the non-constant homogeneous polynomial F(z,y, z)

consists of all zeros of F(z,y, z), that is,
C' = {(x,y,2) € P} : F(x,y,2) =0}.

In this dissertation we focus on two important results regarding projective plane curves.

Firstly, we consider the intersection of two projective curves.
Question 1: In how many points do two projective curves intersect?

The famous theorem of Bézout solves Question 1. This theorem says that the number
of intersection points of two projective curves equals the product of the degrees of these

curves, counting multiplicities. Secondly, we consider the following question.
Question 2: When can a projective curve be decomposed in terms of two other curves?

Max Noether gave the conditions answering question 2; they are called Noether’ s condi-
tions:
Let C',C"” be two curves defining by F,G and they have no common components

through p € P? and let D be a curve defined by H. If there are a,b in Op(P?) such that
H, =aF, + bG,
then Noether conditions are satisfied at p with respect to C’,C” and D. Here
D, = D(z,y,1),C, = C'(z,y,1),Cl = C"(x,y,1)

are the corresponding affine curves defined by Fi, Gy, H,.

Max Noether’ s Fundamental Theorem: Let C" and C” be two plane curves defined by
the polynomials F, G of the degrees m and n. By Bézout’ s theorem we know that they
intersect in mn points. Assume that D is a curve defined by the polynomials H of degree
r such that H = AF 4+ BG = 0 where A, B are the polynomials of degrees r —m and r —n,
respectively. Then the curves D passes through all the intersection points of C’, C”.

The thesis is divided as follows.

In Chapter 2 we introduce some basic definitions and results required in the subsequent
chapters.

Chapter 3 is devoted to the resultant of two polynomials, which is a very important
technical tool in the proof of Bézout’ s Theorem. First we give the definition of resultant
in one variable, and then in several variables. After defining the resultant, we describe the

relation between the resultant and the intersection points of two curves.
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In Chapter 4 we give the proof of Bézout’ s Theorem, and illustrate some of its applic-
ations.
In Chapter 5 we introduce Max Noether’ s Fundamental theorem and its applications.

Finally, Chapter 6 contains conclusions.



Chapter 2

Algebraic and Geometrical

Preliminaries

In this chapter we introduce the basic definitions and theorems that will come into play

in the process of answering the two important questions posed in the introduction.

2.1 Algebraic Preliminaries

From here on we assume that the underlying ring k is commutative, and has multiplic-
ative identity. Let k[x1,xo,...,x,] denote the ring of polynomials in n variables whose

coefficients are from the ring k.

Every polynomial f in k[z1,z2,...,2,] can be uniquely written as

fl@)=>agz" (2.1)

where z(") are the monomials with 2 = (x1,a,...,2,) and the coefficients ag) € k.

Definition 2.1.1 A non-zero polynomial f is called homogeneous of degree d if

flpa) = pf(x)

for all scalars p. Equivalently, all coefficients a® are zero apart from monomials of degree

din f(x)= Za(i)x(i).

Any polynomial f can be written uniquely as a sum f = fo + f1 + -+ + fn, where f; is
homogeneous of degree i. If f, # 0 then n is the degree of f, and we write deg(f) = n.
When f = fy, f is referred to as a constant polynomial; when f = fo + f1, f is called
linear; when f = fo + f1 + f2, f is a quadratic polynomial.
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Lemma 2.1.2 Let f(x,y) be a non-zero homogeneous polynomial in two variables, with

deg f =n. Then f can be factorised as a product of linear polynomials

n

fa,y) = [[(cim + Bi)

=1

for some ., B € k. (10)

Proof We have

f(@,y) = aox’y" + arx'y" ! 4 az®y" T + -+ apa”y’
n .
_ Z aixzyn—z
i=0
d . I3

ga()

i=0 Y

where ag, a1, ..., a, € k are not all zero. Let e be the largest element of S = {0,1,2,...,n}

such that a. # 0. Then g is a polynomial of degree e in one variable % such that

So it factors as

for some A1, Ag, ..., Ac € k. Then

and the result follows. O

Proposition 2.1.3 (Fundamental Theorem of Algebra) Let f(x) be non-zero one
variable polynomial with deg f = n in Clx]. There are exactly n roots of f(x), count-

ing multiplicities. Namely there exist aq,ao,...,a, € C and ey, es,...,e. € Z such that
f(@) = an(z — a1)™ (z — ag)® - (x — )™

with e1 + ea + -+ - + e, = n where ay, is the leading coefficient of f(x).

Proof One of the many proofs of this classical result is indicated in detail in (2). O

Definition 2.1.4 A non-zero polynomial f in k[x1,xa, ..., x| is called irreducible if f =
gh, where g,h in klxi,za,...,xy,], implies that either g or h is constant. Otherwise we

say f is reducible.
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Example 2.1.5 Let R[z| be a polynomial ring and
f(x) = 22" + 923 4 52% — 11z + 3.

Here, f is reducible since f can be factorised as a product of irreducible polynomials
flx) =2z —1)(z+3)(z* +22 — 1)

, whose degree is at least 1.

Example 2.1.6 Let Z3[x] be a polynomial ring with Zs = {0,1,2} and

f=x?+2+2.
Since f does not have any root in Zs, f is irreducible.

Definition 2.1.7 An integral domain R is a unique factorization domain (or has a unique
factorization), written UFD, if all non-zero a € R can be written uniquely as a product

a=u[]p:% where u is a unit, d; are integers and the p; are irreducible.

Example 2.1.8 The rational numbers Q, the real numbers R and the complexr numbers
C are integral domains and also they are all fields. Recall that every non-zero element in
a field has an inverse. As is known any field has no irreducible elements so it follows that

they are unique factorization domains.
Theorem 2.1.9 Z is a UFD. (2)

Proof Let a € Z; by multiplying a by a unit it may be assumed a > 1. Let S(n) denote

the mathematical statement below, that is,
S(a):a= quidi
where u is a unit, d; are integers and the p; are irreducible and u, p;, d; are unique. Let
S={a€Z:S(a)istrue}

We prove the existence of factorization of a by induction on a. First show that ”.S(1) is
true”, i.e. 1 € S. The base case is trivial since there are no factors in the product.

Then suppose S(b) is true such that b < a, that is every positive b has a unique
factorization. Now it is shown that ”S(a) is true”.

If a is prime, obviously it can be factorized with itself since there is only factor is a.
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If a« = nm where both n and m are non-unit positive integers. Clearly from the

induction hypothesis n and m have factorizations as n,m < a such that
— Hpindin7

Hence, by combining the factorizations of n and m the factorization of a is obtained below:

/i d; d;
a=uu Hpin D

Definition 2.1.10 R is a Noetherian ring if every ideal of R is finitely generated.

Theorem 2.1.11 Hilbert Basis Theorem: If R is a Noetherian ring, then R[z1,xa, ..., Ty]

is a Noetherian ring.
Proof A proof of this celebrated result can be found, for instance, in (10). [l

Definition 2.1.12 Let k be a field. If every polynomial f in k[xyi,x2,...,x,] has at least

one root, then k s said to be algebraically closed.
Example 2.1.13 It is easy to verify that the field C is algebraically closed.

In this dissertation when we speak of field, we mean an algebraically closed field.

Definition 2.1.14 The derivative of a polynomial f(x) =3 a;x® in k[x] is defined to be

of . il
%—fgg—z:zala: )

Iff S ]{7[1‘1,...,1’”],

of
a:L'Z‘ N f%
Theorem 2.1.15 (Euler’ s Theorem) Let f be a polynomial in k[xyi,xza,...,2,] and

deg(f) =m. Then

mf = szfxz (10)
i=1
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2.2 Geometrical Preliminaries

This section introduces the required background related to affine and projective planes,
and algebraic curves. Furthermore, we describe the relation between the affine and the

projective spaces.

Definition 2.2.1 The affine plane is the 2-dimensional affine space, denoted by Ai.

Definition 2.2.2 An algebraic set V is a set of values that satisfy a system of polynomial
equations. More explicitly,

V={zek": fi(x) =0}

where k is a field and {f;} is the set of polynomials in k[z1,z2, ..., xy).

If V' cannot be written as the union of two algebraic subsets, i.e it is irreducible, then V'

is an algebraic variety.

Example 2.2.3 Let k =R. Here are some classic example of algebraic sets:
V(y? — z(z® — 1)) C A?
V(y? —2*(z +1)) C A?

Definition 2.2.4 Let C be an algebraic curve defined by f(X,Y) =0, where f is a non-

constant polynomial in two variables. Then C consists of all zeros of f(X,Y). Formally,

When k& = R we shall call C real (algebraic) curves. If £ = C we call C' as complex

(algebraic) curves.

Example 2.2.5 The example follows one given in (7). The unit circle C : (X?+Y? = 1)

s an algebraic curve. It can be rationally parametrized by one variable. For example,

1
/Mm=3 m=1
Wt
A

m = 1

4
(10 / \ .
KJ )

The line through the point (—1,0) with slope m is given by the linear equation Y =

m(X + 1). The intersection of this line with the unit circle is the another point on unit
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circle, so varying m every point of unit circle is identified. Combining the unit circle

X2 +Y?%=1 and the line Y = m(X + 1) we have the equation,

224+ (m(x+1))* =1

Then the roots of this equation are X = —1 and X = ﬁ_—zz It follows that Y = 13_7:12.

Another example of a parametrised curve is
C:(2X?+Y?=527%).

e e 2_
A parametrisation is X = ﬁ% and Y = %, for some A constant.

Definition 2.2.6 A projective plane consists of the lines of R3 through origin. It is de-
noted by IP)%. Here, IP’%g is the set of all ordinary points and points at infinity. (5)

It is also represented by a ratio z : y : z under the relation ~ where (x,y,z) ~
(Az, Ay, Az) for which z # 0 if A € R?\ {0}. We set X = £ and Y = ¥, the equivalence
class of (z,y, z) has a unique representative under the relation ~ and the ratio corresponds
to just two real numbers. Also P4 has a copy of R?.

We have the transformation which is from R? into R3\ {0} defined by (X,Y) — (=, y,1).

Definition 2.2.7 Let T : P} — P} be a bijection induced by some linear isomorphism
a: AmHL 5 AL
Then T is called a projective transformation (or a change of coordinates) of P}.

Consider that for any given P, Q € P} there exists a projective transformation from P to

Q.

Definition 2.2.8 A projective curve C' is an algebraic curve in projective plane which is
defined by F(z,y,z) where F' is non-constant homogeneous polynomial in three variables.
More explicitly;

C' = {(z,y,2) €P} : F(zx,y,2) =0}

Example 2.2.9 Let C' and C” be two projective lines, i.e., C' and C" be the curves of
degree 1. They are defined by linear polynomials F, G such that

F(z,y,2) = apx + a1y + a2z, (ap:ay : az) € P}

G(x,y,2) = box + by +baz, (by:by:by) € Ps.
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These two projective lines always intersect. They intersect exactly at one point if and only

if they are different lines. The linear system of equations
F(z,y,z) =0
G(z,y,z) =0
has exactly one nontrivial solution if and only if rankA = 2 where A is the matrix:

ap ap az
bo b1 be

Otherwise, (ag : aj : ag) = (bp : by : ba), that is they give the same line.
The projective curve
(C" = {(z,y,2) € P} : F(x,y,2) = 0})
is called conic (respectively conic, cubic, quartic, ...) if the degree of F' is 2 (respectively

3,4,...)

Definition 2.2.10 Let f be an any polynomial of degree d in k[x1,x2,...,xy]; this poly-

nomial can be written as

f=h+fit+-+/a
where each f; is a homogeneous polynomial with degree i. Define a new polynomial f* €
klxy, 22, ..., Tnt1] by

fe=aqforaiafi o alinfa
where each term is a homogeneous polynomial of degree d. So f* is a homogeneous poly-
nomial of degree d. This procces is called "homogenizing” polynomials in klx1,xo, ..., zy]
with respect to Tp41.

An example should suffice to explain this. Let
f=a"+ a3y —20% + 44
be an polynomial of degree 5. Here
f*=a® + 23yz — 2z + ytz

is the homogeneous polynomial of degree 5.
Conversely, every polynomial Fy € klx1,x2,...,Tnt1] of degree d in k[z1,x2, ..., Tni1]

has a dehomogenization obtained by setting
F.=F(x1,...,2p,1),

as defined in (10).
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Proposition 2.2.11 Let F, G, f,g and Fy, G, f*, g* be as above. Then the following hold:
(1) (FG)« = FiGx and (f9)* = f*g".
(2) If F be a nonzero polynomial and r be the highest power of x,+1 that divides F,
then z;,  (Fy)* = F and (f*). = [.
(3) (F+G)s =F.+ G,
(4) 2l (f+9)* =al  f*+as 9" where degg =r,deg f = s and t = r+s—deg(fy).

Proof A proof is indicated in (10). O

Homogenization and dehomogenization will allow us to study the relations between
affine curves and projective curves.
Hilbert’ s Nullstellensatz allows us to verify when two polynomials define the same

curve.

Theorem 2.2.12 (Hilbert’ s Nullstellensatz) Let C' and C' be two curves defined by
p(z,y) and q(z,y), respectively. C = C' if and only if there exist integers m,n > 0 such
that p | ¢" and q | p™, i.e. the polynomials have same irreducible factors with different

scalars.
Proof A proof can be found in (8). O

There is a correspondence between the inhomogeneous quadratic polynomial f(X,Y’) and

the homogeneous quadratic polynomial F'(x,y, z) such that
f(X,Y)=kX?4+IXY +mY? +nX +pY +7r

F(x,y,2) = ka* + loy + my? + nxz + pyz + r22.

Obviously there is a bijection f <— F given by f(X,Y) = F(%,%,1) and conversely;
Fo2f(2,1),

2’z

Definition 2.2.13 Let C’ be a projective curve determined by F(z,y, z) € k|z,y, z]. Con-
sider partial derivatives
oF oF oF

rR=2"F=%"F =%
oY oyt 0z

The point p = (a,b,c) is called a singular point if

F(a,b,c) = Fy(a,b,c) = Fy(a,b,c) = F,(a,b,c) =0, (10).

Definition 2.2.14 The tangent line to a curve C' at a non-singular point (a,b,c) € C’ is

the line given by

Fy(a,b,c)x + Fy(a,b,c)y + F.(a,b,c)z =0, (10).



12

Example 2.2.15 Let C be an affine curve defined by the polynomial
f(X,Y)=Y? - X3 - X?
and let p = (0,0). The point p = (0,0) is a singular point since f(0,0) =0 and

fx(X,Y) = =32 —2X = fx(0,0) =0

fr(X,Y)=2Y = fy(0,0)=0.

The lowest order homogeneous polynomial within f shows which lines are tangent lines to

the curve C at (0,0). The lowest order homogeneous polynomial is
Y2 - X?=(Y - X)(Y +X).

The lines Y + X and Y — X are the tangent lines to C at (0,0). The tangent line Y + X

can be seen in the figure below:

Figure 2.1: The line Y + X is tangent to the curve Y? — X3 — X2 at the origin
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Chapter 3

Intersection of Projective Curves

Consider the intersection of two algebraic curves which are given by F, Q. These intersec-
tion points are related to common solutions of the polynomials F, Q). To be able to solve

this system of equations, it is needed to introduce the resultant of two polynomials.

3.1 The Geometric Idea

Let C' and C” be two curves in P4 and defined by F(z,y,z) and G(z,y,z) where F and
G are non-constant homogeneous polynomials in k[z,y, z] such that deg F' = s, deg G = t.
Assume that the point [0 : 0 : 1] belongs to neither C’ nor C”. Then we have;

1

F(l’»yaz) =24+ a1z 4+ ...t as 12+ as,

G(z,y,2) =2 + a2V a1z +ay

where a; and b; are homogeneous polynomials in k[X,Y] of degrees i and j, respectively.

Assume that [X : Y : Z] is a intersection point. Then F(X,Y,z) and G(X,Y,z)
have the common root z = Z, so by Corollary 3.1.5 the resultant Resg g must vanish for
(z,y) = (X,Y). More explicitly, the intersection points of C’ and C” can be verified by
the zeros of the resultant Resp . (1)

The next two sections, we will give some properties and definitions about the resultant
in order to find the intersection points of two curves. First of all, we will study very basic
case on one variable field in the section 3.2. Then we generalise for two variables in the

section 3.3.

3.2 Resultants in One Variable

Let k be an algebraically closed field and k[z] denotes the ring of polynomials in one

variable whose coeflicients are from k.
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Definition 3.2.1 Let f,g be two polynomials of degrees s,t in k|x].

f(@) = apr® + a12° '+ asx® * + -+ +as, (ag #0)

g(x) = boa' + b1’ +boa' 24 4By, (bo #£0).

Then the resultant of polynomials f, g is given by the determinant of the matriz:

a/o al CEEEY as O .. 0
0 ag N As_1 ag e 0
Qs
by b1 by 0 0
0 bo bi—1 b 0
bt
where the matriz is (s+t) X (s+t) and the matriz is constituted by shifting (ag, a1, az, ..., as)

for the first t rows and for the last s rows by shifting (bo, b1, ba,...,b:). The resultant of

two polynomials f,g is written as Ress 4. (1)
Example 3.2.2 Let f,g be polynomials in R[x] such that

f(x) = apr® + a12”® + agw + ag, deg f(z) =3

g(x) = box” + brz + by, degg(ax) =2.

The resultant of polynomials f, g is given by:

ag a1 az a3z 0O
0 ap a1 as ag
Resfg=1bg by by 0 0
0 by by by O
0 0 bp b1 b

Lemma 3.2.3 Let k be a UFD and f(x),g(x) be polynomials in klx] with deg f = s,
degg = t. Then ged(f(x),g(x)) # 1 if and only if there exist non-zero polynomials
p(x), q(x) with degp < s and degq < t such that fq = pg.

Proof Suppose ged(f,g) = h # 1, i.e., there exist 0 # p(z), 0 # g(x) polynomials such
that f = hp and g = hq. Since degh > 1, degp < s and degg < t. It is also clear that

these polynomials p, ¢ satisfy the relation fq = gp.
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Conversely, suppose there are p(x),q(z) polynomials such that fqg = pg. All these
polynomials can be uniquely factorized into irreducible factors. The factors of g(x) cannot
cover all factors of g(z) because degq < degg, so g and f have at least one same factor.

Therefore, ged(f, g) # 1. O

Example 3.2.4 Let f,g be polynomials in R[z] such that

f(x) =28 — 7% + 42 — 272 — 72 + 42 — 28
= (xQ +4)(x — 7)(1‘3 +1)
g(x) =z + 425 + 22 + 4

= (22 +4)(z° +1).
We have ged(f,g) = x% + 4, then,

px)=a* —Tx3 +z -7
(2 - T + 1)

g(z) =z +1.
Therefore, these polynomials p,q satisfy the equation fq = pg.

Corollary 3.2.5 The polynomials f(x),g(x) have a common non-constant factor, i.e.,

gcd(f,g) # 1 if and only if Resyy = 0. Equivalently, gcd(f,g) =1 <= Resfy, #0. (1)

Proof We would like to show that

Resp =0 <= ged #1

< dp,qwith fq=pg.
Set;

p(x) =c1z® F et . ey, (1 #0)

q(z) = dia P+ de' 2+ ...+ dy, (dy #0).
The equation fq = pg implies that

a0d1x5+t_1 + (a0d2 + a1d1)$5+t_2 + (aodg + ai1dy + agd1)$s+t_3 + ...+ asd; =

b061$8+t_1 + (b0C2 + b161)$8+t_2 + (5003 + bieca + b261)$8+t_3 + ...+ by
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the relation fq = pg is equivalent to the following linear system of (s +t) equations in the

s 4+t unknowns ci, ¢, ...,Cs,d1,do, ..., d;:

apdy = bpcy
ardi + agdz = bicy + boco

azdy + aids + agdz = bacy + bica + bpcs

asdt = btcs .

There exist non zero polynomials p(z), ¢(z) satisfying the equation fq = pg if and only
if this linear system of equation has non-trivial solution if and only if the determinant of
the matrix which is comprised of the coefficients of each equations vanishes. Multiplying

available columns by —1 and transposing, the resultant matrix is obtained. (Il
Example 3.2.6 Let f,g be two polynomials in R[x].

fx)=2%—1, degf =2

glx)=x+1, degg=1.

It is clear that the polynomials f,g have a common non-constant factor (x + 1). The

resultant of these polynomials as below:

1 0 -1
Resgg=11 1 0
01 1

As a result, Resy g =1—1=0 as required in Corollary 3.2.5.

3.3 Resultants in Two Variables

Let C and D be two plane curves defined by f(X,Y),g(X,Y) of degrees s, t, respectively.
Let C" and C” be two projective curves defined by F(z,y, z), G(x,y, z) of degrees m,n. In
this section, we define the resultant of polynomials f(X,Y), g(X,Y) fistly. Then we define
the resultant of homogeneous polynomials F(z,y, z), G(x,y, z) and give some important

tools to prove Bézout’ s Theorem.
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Definition 3.3.1 Let f(X,Y) and g(X,Y) be two polynomials such that

FX,Y) = fo(X)Y° + LX)V + fo(X)Y* 2+ 4 fo(X)

9(X,Y) = go(X)Y' + g1 (X)Y'™ + ga(X)Y' 2 4+ ge(X).

Then the resultant of polynomials f, g is given by:

(X)) AX) o AX) 0 0

0 foX) - fim(X) f(X) -0

Res}/g(X) = fs(X)
’ (X)) a(X) o @X) 0 - 0

0 QO(X) gt_l(X) gt(X) 0

9+(X)

where the first t rows of the matrixz consist of shifts of (fo(X), f1(X),..., fs(X)) and the
last s rows of it consist of shifts (go(X),91(X), ..., (X)) and is written as Res}fg(X)

Example 3.3.2 Let f, g be polynomials in k[X,Y] such that;

f(X,Y) = X% -2XY +3X = —2XY + X% 4+ 3X
= f()(X)Y + fl(X), s=1
g(X,Y)=Y?-4X

= g(X)Y24+0Y + go(X), t=2.

The resultant Res}/g of polynomials f, g is as follows:

—2X X?+3X 0
Res}  (X) =1 0 —2X  X?43X
1 0 —4X

Resy, = X*(X? = 10X +9)

f(X,Y)=X?-2XY +3X =X?>+(3-2Y)X +0
= foMX*+ L(Y)X +0, s=2
g(X,)Y)=Y? - 4X = 4X +Y?

=g(V)X+q(Y), t=1.



18

The resultant Res?g of polynomials f, g is as follows:

1 3-2Y 0
Res}/’g(X) =|—49 Y2 0
0 —4 Y2

Res}, =Y?(Y? —8Y +12)
Theorem 3.3.3 gedy (f,g) € k[X] < Res}/’g(X) =0
Proof The proof follows one given from Corollary 3.2.5. U

Theorem 3.3.4 Assume that (fo(a),go(a)) # (0,0) and (fo(b), go(b)) # (0,0). There is
a solution (a,b) of the system;

fX,Y)=0

9(X,Y)=0.

if and only if Res}/,g(a) =0, Res;{g(b) =0 and (fO(a)ng(a)) 7é (070)7 (fO(b)ng(b)) 7é
(0,0).

Proof The proof is given in (9). O

Example 3.3.5 Recall the polynomials f, g in Example 3.3.2. In order to find the common
factor of f,g, the solution of the system (a,b) should be verified using the Theorem 3.3.4.
Recall that;

Resy ,(X) = X*(X? - 10X +9)
Res}/’g(a) =a*(a®> —10a+9)=d*(a—1)(a—9) =0
=a=0,1,9
Res},(Y) =Y?*(Y? - 8Y +12)
Res} ,(b) = b*(b* — 8b+12) = b*(b—2)(b— 6) =0
=0=0,2,6.
The pairs of possible solutions of the system:
(0,0),(0,2),(0,6),(1,0),(1,2),(1,6),(9,0),(9,2),(9,6)

It is easy to find that the solutions are only

(0,0),(1,2),(9,6).



19

Definition 3.3.6 Let F' and G be two homogeneous polynomials in k[z,y, z] = (k[y, z])[x]
with deg F = m and deg G = n such that

F(UC,% Z) = FO(y> z)xm + Fl(yv z)'Tm_l + F2(y7 Z)xm_2 +...+ Fm—l(ya Z).CE + Fm(y7 Z):
G(I‘, Y, Z) = GO(y’ Z):En + Gl(y’ Z)xn_l + G2(y7 Z)xn_2 +...+ anl(yv Z).’E =+ Gn(ya Z)v

where Fi(y,z), Gj(y,z) are the homogeneous polynomials in kly,z] and the degrees of
Fi(y,z), Gj(y,z) are i,j, respectively. Then, the resultant of F,G is a polynomial in
kly, z] as below:

Fo(y,z) Fi(y,z) -  Fnly,z) 0 0
0 FO(y7 Z) Fm—l(yVZ) Fm(ya Z) 0
Res(y,z) = Fin(y, 2)
Go(y, Z) Gy (ya Z) t Gn(y7 Z) 0 T 0
0 Go(yvz) t Gn—l(yaz) Gn(yy Z) s 0
Gn(y, 2)

It is denoted by Rest. o(y, 2) or more simply Res(y, z).

Example 3.3.7 Let f(X,Y)=Y — X2+ 1 and g(X,Y) =Y — X2 — 1 be two parabolas

in C2. The corresponding conics in }P’(QC are

F(x,y,z) :yZ—JZ2+Z2,

G(z,y,2) = yz — x> — 2°.

More explicitly,

F(x,y,2) =22 + yz' — 2220

= Fy(x,y)2* + Fi(z,y)2" + Fa(z,y)2°
G(z,y,2) = =22 + yz' — 222°
= Go(z,y)2> + Gi(z,y) 2t + Ga(z,y)2°
They are irreducible polynomials and the point [0 : 0 : 1] does not belong to any of these

polynomials. The resultant of the polynomials F, G with respect to z is

Res(z,y) =
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Therefore, Rest. o = Res(z,y) = 4z,
Proposition 3.3.8 Let F(x,y, z) and G(z,y, z) be two homogeneous polynomial in k[x, y, z]
and the leading coefficients of x are constants, i.e., F'(1,0,0) # 0 and G(1,0,0) # 0. Then,

gcd(F,G) = H where H is non-constant homogeneous if and only if the resultant of these

polynomials vanish, i.e., Res(y,z) = 0.

Proof Res}., = Res(y,z) =0
<= F(z,y,2) and G(z,y, z) have a common factor in (k(y, z))[z] (By Corollary
3.2.5.)
<= F(z,y,2) and G(z,y, z) have a common factor in (k[y, z])[z] (By Gauss Lemma.)
<= F(z,y,z) and G(z,y, z) have a common factor in k[x, y, z].
Additionally, this common factor is homogeneous since every factor of homogeneous

polynomial is homogeneous. O

Lemma 3.3.9 Let F(x),G(x) are two polynomials in klz] such that
F(z)=(z—XA)(x—X2)...(x — \pn),

G(z) = (z — p)(x — p2) - .. (T — )

where A1,..., Am, [, .- ., Un € k, then the resultant of the polynomials F, G is

Respg = H (5 — N).

Particularly,

Resp gy = RespgResp

where F,G and H are polynomials in k[z].

The result is also true when F,G and H are polynomials in k[z,y, z|.
Proof [Geunho Gim, p:4] O

Proposition 3.3.10 Let F,G be two homogeneous polynomials of degrees m,n, respect-
ively. Then the resultant Res(y, z) of the polynomials F,G with respect to x is a homo-

geneous polynomial of degree mn in kly, z]. (4)

Proof Recall that Res(y, z) is the determinant of a (m +n) x (m +n) matrix. Let R be
a (m+n) x (m + n) matrix such that Res(y,z) = |R|. Here,

R = [rij](m-l—n)x(m-I—n)'
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Due to the fact that F, G are homogeneous polynomials, 7;; is a homogeneous polynomial
in k[y, 2] of degree d;; where r;; is the ijth entry of R. Owing to the definition of Res(y, z)
and constructing of the matrix R, the degree of r;; is given by;
m+1i—j, 1<:<n
11— n+1<i:<m+n.

Let x be a permutation of {1,2,...,n + m}. Then, Res(y,z) is a sum of terms of
the form H?:Jrlm Tir(i)- Res(y, z) is a homogeneous polynomial since every Tix(s) 1S @ homo-
geneous polynomial in kly, z]. Now, it will be shown that the degree of the homogeneous
polynomial Res(y, z) is mn.

Each summand []r;..;) has degree

m+n n m+n

Z din(i) = Z(m +1i— k(i) + Z (@ — k(7))
i=1 i=1 i=n-+1

n n n m—+n m—+n
=Y m+ Y i—Y w(i)+ Y i— Y k(i)
i=1 i=1 =l

i=n—+1 i=n—+1

n m+n n m-+n
=mn+Y i+ » i—O_kli)+ Y k(i)
i=1 i=n+1 i=1 i=n-+1
m-+n m+n
=mn + Zi— ZK(Z)
i=1 i=1
=mn
Namely; Res(y, z) has degree mn. O

Example 3.3.11 Let F(x,y,z) be unit circle

2 2 2
oty —z7,

and G(z,y,z) be the cubic

R i y2z.

Clearly; [0 : 0 : 1] is on neither of these curves. The resultant of the polynomials F, G with

respect to z 1s :

F(x’yvz):$2+y2—z2

= Fy(x, y)zo +0z2' + Fy(x, y)22

3

G(z,y,2) = 2> — (2® + y?)z + —x2? + 23

= Go(z,y) + G1(2,y)2 + Go(z,9) 2> + Ga(z,y)2*

Here, m =2, n=3.
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2 4+ 92 0 -1 0 0

0 z2 + 12 0 -1 0
Res(z,y)=| 0 0 2+y2 0 -1
x3 —z? — y2 —x 1 0

0 a3 —z? - y2 —x 1

Resp o = Res(x,y) = —2%y*. There are two possibilities either x =0 ory = 0.

First case: x =0;
F,y,2)=y*—2>=0
G(O7y7 Z) = z(yZ - 22) =0.

Hence, the solutions of the system equation [0:1:1] and [0: —1 :1].

Similarly, second case: y = 0;

F(x,0,2) =2% - 22 =0
G(z,0,2) = 2° — 2?2 — z22 + 23
:(x—z)(xQ—ZQ):O.

Moreover, this system of equation gives the points [1 : 0 : 1] and [—-1:0: 1]. Here, four

intersection points are obtained in the affine plane which are

(0,1),(0,-1),(1,0),(—1,0).
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Figure 3.1: The intersection of X> +Y? =1 and Y?=X3 - X2 - X +1
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Chapter 4

Bézout’ s Theorem and Its

Applications

4.1 The Proof of Bézout’ s Theorem

Theorem 4.1.1 Let C' and C" be two projective curves in P%. They intersect in at least

one point.

Proof Let C’ and C” defined by homogeneous polynomials F(x,y,2) and G(z,y,2).
Since deg ' = m and deg G = n by Proposition 3.3.10 the resultant Res(y,z) of F,G
is a homogeneous polynomial of degree mn in k[y, z]. By Lemma 2.1.2 Res(y, z) can be
factorised of linear polynomials vy — 8z where ~, 5 € k, not both zero. In the case of y = 3
and z = v the resultant vanishes, i.e., the resultant of F(z,3,7) and G(x, 3,7) is zero
(Res(B,7v) = 0). From Corollary 3.2.5 these polynomials have a common non-constant

factor a € k. Then,

F(a, 8,7) = 0= G(a, 8,7).

Furthermore, [a, 3,7] is the point where these two curves intersect. O

Theorem 4.1.2 (Weak Form of Bézout’ s Theorem) Let C' and C" be two project-
we curves in IP% of degrees m,n. Assume that they do not have any common component,
then they have at most mn intersection points. Equivalently; if C' and C” have more than

mn distinct points in common, then they have a common component. (/)

Proof Suppose that the curves have more than mn distinct points in common, i.e. C’
and C” have at least mn + 1 intersection points. Let S be the set of mn + 1 points of

intersection of C" and C”.
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Choose the point with coordinates [1 : 0 : 0] is not collinear with any two distinct
points of S, that is [1 : 0 : 0] does not lie on any of the finitely many lines in }P’i passing
through two distinct points of S. Also [1: 0 : 0] does not belong to C’ or C”.

Let C" and C” be defined by homogeneous polynomials F(z,y, z) and G(x,y, z) such
that

F(x,y,z) =2"+ Fi(x, y)zm_l + Fy(x, y)zm_2 +...+ Fpoi(x,y)z+ Fp(x,y) =0,

G(z,y,2) = 2" + Gi(x, y)z"fl + Go(x, y)z"i2 + ...+ Groi1(z,y)z + Gu(x,y) =0,

where the Fj(z,y) and G;(z,y) are homogeneous polynomials of degree i in k[z,y] and

since [1: 0 : 0] is not on the one of the curves
F(1,0,0) # 0 # G(1,0,0).
Let [a : b : ¢] be the point of intersection in S. We have
F(a,b,c) = G(a,b,c) = 0.

Then, consider the polynomials F(z) = F(z,b,c) and G(z) = G(x,b,c). They have a

common root a so by Corollary 3.2.5 the resultant of F'(z) and G(x) is zero. Therefore
bz —cy | Res(y, z).

If [@ : b : (] is different point from the intersection point [a : b : ¢], then b’z — 'y is
not a scalar multiple of bz — cy because if so [1:0:0], [a:b:c| and [a’ : b : /] would be

collinear, that is, they would all lie on the line in IP% defined by
bz = cy,

contradicting the choice of coordinates [1: 0 : 0].
So, mn + 1 distinct factor divide Res(y,z). By Proposition 3.3.10 Res(y, z) is a ho-
mogeneous polynomial of degree mn in k[y, z]. It follows that Res(y, z) must vanish com-

pletely. C’ and C” have a common component by Proposition 3.3.8. O

Theorem 4.1.3 (Bézout’ s Theorem) Let C' and C" be two projective curves in P% of
degrees m,n and assume that they have no common factor then they exactly intersect at

mn distinct points counting multiplicities; i.e.

Z L(C',C"y =mn, (10)
peC'nC”
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Before we prove the stronger form of Bézout’ s Theorem, first it must be defined the
intersection multiplicity I,(C’,C") of two curves C" and C” at a point p =[a : b : ¢] in
P2, Before we give the definition of the intersection number of C’ and C” at p, we will list
some properties which the intersection number has to have. Then we conclude with one

definition.

Theorem 4.1.4 There is a unique intersection multiplicity I,,(C",C") defined for all pro-
jective curves C' and C" in P2 satisfying the following properties (1) — (9).
(1) L,(C",C") > 0 for any C',C" and p such that C' and C" intersect properly at p,

that is, C' and C" have no common component that passes through p. Otherwise
L,(C",C") = .

(2) L,(C",C") =0 <= p¢ C'NC". I,(C',C") depends on the components of C' and
C" that pass through p. I,(C',C") = 0 if either C" or C" is a non-zero constant.

(3) If a(q) = p where « is an affine change of coordinates on A2, then
Ip(c/’ C”) i Iq(C/ o Oé, C// o a)

(4) L,(C",C") = L(C",C").

(5) I,(C',C") > mp(C")my(C") if and only if C' and C" have no common tangent
lines at p.

(6) The intersection number should add when it is taken unions of curves.

an are defined by homogeneous polynomials F(x,y,z) an x,Y,%) 0

7 If C" and C" defined by h [ Is F dG f

degrees m and n and E is defined by FH +G where H(x,y, z) is homogeneous polynomials

of degree n — m then,

L,(C",C") = I,(C", E).
(8) If ged(C',C") =1 then,

D L(C',C") = dimi(k[X, Y]\ (C',C")).

p

(9) If p is a non-singular point on C' then,
L,(C",C") = ordS (C").
Proof The proof can be found in (4). O

Definition 4.1.5 Let C" and C” be two projective curves and p belongs to P2. Then, the

intersection number of C' and C" is defined to be

dimyy(Op(P?) \ (C",C"))
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where Op(P2) is the set of rational functions on P2 which are defined at p.

FEquivalently, let p = [a : b : ¢] be point of intersection of the curves C',C". The
intersection multiplicity I,(C",C") of C',C" at any point p is the largest integer k such
that (bz — cy)¥ | Res(y, 2).

Example 4.1.6 The example follows one in (3).

Let C and D be two curves given by the polynomials
f(X,Y)=(X?2+Y?)?+3X%Y - V3
g(X,Y) = (X2 +Y?)?3 —4x?Y?
and let p = (0,0). By property (7) g can be written as
g— (X24+Y)f =Y (X2 + Y (Y2 -3X?%) —4X?%Y)
=YA
where A = (X2 +Y?)(Y? - 3X?2) —4X?Y . Here, by using property (6) it will be seen as

below:

I,(C,D) = L,(C,Y) + I,(C, A).
A can be written as
A+3f=Y(5X?—3Y? +4Y3 +4X?Y)
=YB
where B =5X? —3Y? +4Y? +4X?Y. So
I,(C,A) = L,(C,Y) + I,(C, B).
By applying the properties (6) and (7), we will reach that
L(C.Y)=I,(X"Y) =4.
Since C' and B do not have any common tangent lines at p = (0,0),the property (5) can
be applied. Hence,
1,(C, B) = my(C)my(B) = 6
where my, denotes multiplicity. As a result;
I,(C,D) =I1,(C,Y) + I,(C, A)
=1,(C.Y)+1,(C,Y) + I,(C, B)
=2I,(C,Y)+ I,(C,B)
=8+6

=14.
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Proof of Theorem 4.1.3 [Bézout’ s Theorem]|: Recall that two plane curves with
no common components have a finite number of intersection points. We may assume that
there does not exist any point which lies on a line at infinity ({[z : y : 0] € P2}) by a
projective change of coordinates. Recall the intersection number of C’ and C” at p is given
by

L(C",C") = dimy,(Op(P?) \ (C,C")).

The map a : k(V*) — k(V) induces an isomorphism from O, (P?) to O,(A?) for the point
of intersection p since P? is the projective closure of A2 over k. Note that a(C’) = C% and

a(C") = C¥ where C., and C! are the corresponding affine curves with C, = C'(z,y,1)
and CY = C"(x,y,1). Therefore,

L,(C',C") = dimy(O,(P*) \ (C., CY))
= dimy,(0p(A%) \ (1, CY))
= Ip(cia Ci,) .

On the other hand, the intersection number of C’, and C? is defined by

Let R = k[x,y, 2], T = k[z,y,2] \ (C',C") and T, = k[X, Y]\ (C,,CY) and let 'y and Ry
be the vector space of homogeneous polynomials of degree d in I and R. In order to prove

this theorem, it will be enough to show that
diml'y = dimI'g = mn

for d sufficiently large.
The proof will be proceed in steps. The first step shows that

dimI'y = mn
for all d > m + n. Let the map 8 : ' — I' be defined by
B(H) = =M

where the bar denotes the image of H under the natural projection 7 : R — I'. In step 2,

it will be shown that the map § is injective. In the last step, it will be proved that
dimI'y = dimI'y

for all d > m +n.
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Step 1:
Let m : R — I" be the natural projection homomorphism and ¢ : R Xx R — R be the
map which is given by

o(A,B) = AC' + BC"
and ¢ : R — R X R be defined by
P(C) = (C"C,-C'C)
where A, B,C € R. Set the sequence
0—R-—RxR—R-—T-—0

Claim: The sequence is exact, namely v is injective, kerp = Imi, kerm = Imyp, and

7 is surjective.
Let ¢~ 1(C) = ¢~ 1(D) then,
= (C"C,~C'C) = (C"D, —C'D)
=C"C=0"D and —C'C=-C'D
=C=D
= 1 is injective.
Since ¢’ and C" have no common components, the kernel of ¢ is as follows:
kero = {(A,B) : AC' + BC" = 0}
— {(C"C,~C'C) : C € R}
=Imy.

Since the kernel of 7 is the set of all finite linear combinations of C’ and C” with

coefficients in R, the kernel of 7 is as follows:

kerm = {AC' + BC" : A,B € R}

=Imyp.

Lastly, the natural map 7 is always surjective. Therefore, the sequence is exact.
If we restrict these maps to the homogeneous polynomials of various degrees, we get

the following sequence:
00— Rg—n-nn — R4g—n x R4—p —m Rg — T3 —0

Here, we need a proposition whose proof can be found in (10) as follows:
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Let Vi1, V5, V3 and V4 be finite-dimensional vector spaces and the sequence
00—V —Vo—Vs—V,—0

be exact. Then,
dimVy = dimV3 — dimVs + dimV7.

(d+1)(d+2)
2

Since dimRy = , it follows from the proposition,

dim(Fd) = dlm(Rd) — dim(Rd_m X Rd—n) + dim(Rd_m_n)

=mn

for d > m + n.

Step 2:

Let the map 8 : I' — T be defined by S(H) = zH. In order to show that 3 is
injective it is enough to show that H = A'C’ + B'C"” when zH = AC’ + BC" for some
A’ B’ € R. For any J € k[x,y, 2|, denote J(z,y,0) by Jy. Since C’,C” and z do not have
any common zeros, C{) and C{/ are relatively prime homogeneous polynomials in k[X,Y].

If zH = AC’ + BC" then,

= A()C(/) -+ B()CN =0
= A()C(/) = —B()C(/)/
= By = C(/)C and Ay = — (,JIC

for some C € k[X,Y].
We can set A7 and As such that A; = A+ CC" and By = B — CC’ since

(A1)o = Ao + CCy
— (/)l +CC(/)/
=0

and similarly (Bj)g = 0. It follows that A} = zA" and By = 2B’ for some A’, B’ € k[z,y, z].
So,

zH = A;C" + B1C”
= 2A'C' +2B'C”
— Z(A/C/ +B/c//)

which implies that
H=AC +BC".
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Step 3:
Let d > m + n and choose Ay, Ao, ..., Ayyn € R whose images in 'y form a basis for
T'y. Let
A = A;(X, Y1) € kK[X,Y]

and a; be the image of A;, in I'.

Claim: a1, a9, ..., an, form a basis for [',:

An injective linear map of vector space with the same dimension is an isomorphism so,
the map « restricts to an isomorphism between I'y and 'y for d > m + n from step 2.
Hence under the natural projection homomorphism, the image of 2" Ay, ..., 2" Ay form a
basis for 'y, for all » > 0.

First It will be indicated that {a;} span I',.

Let h € T’y be the image of H € k[X,Y] under the natural projection. Then, some
z"™H* is a homogeneous polynomial of degree d + r,

mn
ZMH* =Y XA+ BC'+CC”
i=1

for some \; € k and B,C € k[x,y, z]. Then,
H=("H"),

mn
= XA+« BCL + C.CY.
i=1
Hence, h = 37" Nia.
Secondly, we show that the {a;} are linearly independent in I'y. Suppose > "] Aia; = 0,
then

> Xidi = BCL+CCY.

2

Therefore,
2D Nidi)* = 2"(BCL + CCY)*
= 25(BCL)* + ZH(CC)*
= 2*B*C' + "
= ZT(Z )\zAz)

for some r, s,t. It is clear that

Z Aiz"A; =0, in Dgqp.
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As is known, {z"A;} form a basis for I'y,,, so every \; is zero. From this, it is clear that
the {a;} are linearly independent. In addition to this, {a;} form a basis for I',. This

completes the proof. O

Here, we give some basic examples:

Example 4.1.7 (1) Let C be defined by x> + y> — 1 and L be defined by x — vy, with
degC' =2 and deg L = 1. By Bézout’ s theorem, C and L intersect at two points which is
the product of their degrees (see Figure 4.1).

Figure 4.1: The intersection of X2 +Y?=1and X - Y =0

(2) Let C be defined by x* + y?> — 1 and let L be defined by x + 1 with degC = 2 and
deg L = 1. Here, C and L intersect at one point (see Figure 4.2). This does not contradict

Bézout’ s theorem since the multiplicity of the intersection point p = (0,1) is two.

Figure 4.2: The intersection of X2 +Y? =1 and X +1 =0
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(3) Let Ly and Lo be two parallel lines. By Bézout’ s theorem they must intersect at
one point. As is well known, two parallel lines intersect ”at infinity” in the projective

space (see Figure 4.3).

Figure 4.3: Parallel lines in afine space

Example 4.1.8 (The example revisited) Recall the Example 3.3.11. It was looked at

the intersection of unit circle

24y’ —22=0

and the elliptic curve

23—tz a2+ 22—y =0.

The point (0,0,1) does not belong to any of these curves. However, it lies on the line
through the points 0,1,1 and 0,—1,1. Choose the different coordinate system to compute

multiplicities. We have the equations as below replacing x by x — z and y by y — 2

F(z,y,2) = (x —2)% + (y — 2)? — 22
= (22 +yH)2" = 2(x + y)z + 2
Gz, y,2) = (x—2)° = (x —2)%2— (x — 2)22 + 2% — (y — 2)*2

= 232" — (42 + ¢z + 22z + y)2* — 2.

The resultant Res ¢ of F and G is



34

2?2 +y? 2z +y) 1 0 0
0 22 + 52 —2(x+y) 1 0
0 0 2+ 2@ty 1
3 —(42®+ 9% 22z +y) —1 0
0 3 —(42? +9y?) 22z+y) -1

Resi. = Res(z,y) = 2?y(y — 22)(x — 2y)%. The possibilities Res(x,y) = 0 are as
follows:
(1) y = 0; then
F(x,0,2) =2% —2z2+ 22 = (z — 2)> =0
G(x,0,2) = 2® — 42’2 + 422° — 23 = 0.
Hence, the corresponding intersection point is (1,0,1) and it has multiplicity 1.
(2) y—2x =0=y = 2z; then
F(z,2z,2) = 22 + 42% — 2(x + 22)z + 2°
=0Br—2z)(r—2)=0
G(z,2x,2) = 2° — (422 + (22)*)z + 2(22 + 22)2% — 2°
= — 82?2 + 822 — 23 =0.
Hence, © = z and the corresponding intersection point is (1,2,1).
(3) x = 0; then
F(0,y,2) =y* =2y + 2> = (y = 2)> =0
G(0,y,2) = —y°z + 292" — 2 = 0.

Hence, the corresponding point is (0,1, 1) with multiplicity 2.
(4) x — 2y = 0=z = 2y; then

F(2y,y,2) = by — 2)(y —2) =0

G(2y,y,2) =8y® — 1Ty°z + 10y2" — 2* = 0.

Hence, the corresponding intersection point is (2,1,1) with multiplicity 2.

4.2 The Applications of Bézout’ s Theorem

Let f(x) be a non-constant polynomial in C[z]; (or more generally in k[x] where k is

algebraically closed field) and the degree of f(x) be m.
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Fundamental Theorem of Algebra solves exactly the problem (1.1) for the z—axis C

and curves D which are given by

respectively. The intersection points are of the form
(a,0)

where f(a) = 0, that is, a is the root of f(x). So there exist m different a’s since the
degree of the polynomial f(z) is m, i.e. deg f(z) = m and the polynomial is defined over
an algebraically closed field. Moreover, C' and D has m distinct intersection points which

is also required by Bézout’ s Theorem. (degC x deg D =1 x m = m)

Corollary 4.2.1 (i) If the projective curve C' is a non-singular in IP’,%, then it is irredu-
cible.
(#1) Let the projective curve C' be an irreducible in ]P’%, then it has at most finitely

many singular points. (4)
Proof (i) Suppose that
C' = {(x,y,2) € P} : F(x,y,2) =0}
is a reducible projective curve in IP’%, that is, there exist P,Q € k[z,y, z] such that

F(‘T’ y7 Z) = P(I’ y7 Z)Q(x’ y? Z)

and deg P > 1 and deg @ > 1. Then, by Theorem 4.1.1 P and @ intersect in at least one
point. Assume that p = (a,b,¢) is a common root of P and . Since P(a,b,c) = 0 and
Q(a,b,c) =0,

F(a,b,c) = P(a,b,c)Q(a,b,c)

. Moreover;

oF

Fp(x,y,2) = B = Py(z,y,2)Q(x,y,2) + P(x,y,2)Qu(,y, 2)

and

Fy(a,b,c) =0, Fy(a,b,c) =0, F.(a,b,c)=0.

The point p = (a,b,c) is a singular point of C’. It contradicts the assumption that C’ is

non-singular.
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(74) Let C’ be an irreducible projective curve in IP’%, that is, there exists a homogeneous

irreducible polynomial F' of degree n such that
C" = {(x,y,2) € P{ : F(x,y,z) = 0}.

By changing a coordinates, assume that (1,0,0) ¢ C’ which is the coefficient of z™ in
F(z,y,z). Then we have;
Glr.y.2) = Paly,2) = 20

Here G is the homogeneous polynomial of degree (n — 1) and G defines a curve C” in ]P’i.

C’ and C" have no common component since C” is irreducible and the degree of C” is

certainly less than C’. Therefore, C' and C” intersect at most n(n— 1) points by Bézout’ s

theorem. Every singular point of C’ is the intersection point of C’ and C” then the result

follows. g

Recall that if the degree of the curve C’ is two in P§ then C” is called conic.

Corollary 4.2.2 Let C' be an irreducible projective conic in ]P’i. It is equivalent to the
conic
z? —yz

under a projective transformation. In particular, it is non-singular.

Proof Let C’ is an irreducible projective conic. By Corollary 4.2.1 there are at most
finitely many singular points on C’. Choose a suitable projective transformation so that
(0,1,0) is a non-singular point of C’ and the tangent line is given by z = 0. Then C’ must

be defined by the homogeneous F' such that
F(x,y,2) = ayz + ba® + cxz + dz*

for some a,b,c,d € k. Hence, a and b cannot be both zero since C’ is irreducible (if so
a=0and b=0 then F(z,y,2) = crz + dz? = 2(cx + dz)).

Let T be the projective transformation such that
T(l’, Y, Z) = (\/%7 ay + cx + dZ, —Z)

Then we get

)

F'y,2)=a"%—y7.
Hence, the projective transformation T takes C’ to the conic

2 —yz.

Moreover, C’ is non-singular since this conic is non-singular. U
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Proposition 4.2.3 Let C' and C" be two projective curves in P2 of degrees m and D' be
an irreducible curve of degree n < m. Assume that they intersect in exactly m? points and
mn of these points lie on D'. Then the remaining m? — mn = m(m — n) points liec on a

curve D" whose degree is at most m —n. (6)

Proof Let C’,C" and D’ be defined by the homogeneous polynomials P, @, R € k[x,y, z].

Choose a point (a, b, c) such that
(a,b,c € D') and (a,b,c) > C' NnC".
Set a new curve D” which is defined by a homogeneous polynomial S

S(x,y,2) = Q(a,b,¢)P(x,y, 2) — P(a,b,c)Q(z,y, 2).

Note that p = (a,b,¢) and the mn points of C’ N C” lie on D’ by hypotesis. So D" and
D’ intersect in at least mn + 1 points. D’ and D” must have a common component by
Theorem 4.1.2. Recall that D’ is irreducible so D” must be reducible. And assume that

the curve D" is defined by the homogeneous polynomial S. such that
S =RT for some T € klz,y, 2|
and deg T' < m —n. Every remaining point p’ = (a/, ¥, ¢’) which does not lie on D’ satisfies
P, v, d)=0=Q(d,V,c).
It follows that
S, v, ).
T(a',V, ) must be equal to zero, since R(a’,V, ) is not equal to zero. O

Corollary 4.2.4 (Pascal’ s Mystic Hexagon) The pairs of opposite sides of hexagon

inscribed in an irreducible conic in IP’% meet in three collinear points.

Proof Let L; be the line determined by p; and p;41 for ¢ = 1,...,5 and let Lg be
determined by pg and pg. The degree of each p; in k[x,y, 2| is 1. Let L and L' be two
cubics in }P’i such that

L= L1L3L5 and L/ = L2L4L6

with deg L = deg L' = 3. Since they have no common component they intersect in exact
deg L deg L' = 9 points by Bézout’ s theorem. By Proposition 4.2.3 six of these points are

the vertices of the hexagon and the other three lie on a line. O
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Chapter 5

Max Noether’ s Fundamentalsatz

5.1 Max Noether’ s Fundamental Theorem

Definition 5.1.1 A zero-cycle on Pi s a formal sum

Z app,

where p € P2 and {a,} are integers and all but finitely many of the a, s are zero. (10)

Consider that the set of zero-cyles on ]P’z form a free abelian group with basis X = }P’z.
The degree of a zero-cycle ) ap,p is the sum of a;,s. The zero-cycle is positive if each

ap > 0. If a, > m,, then
D_ap> ) myp,

where m,, denotes the multiplicity of the curve C’ at the point p.

Definition 5.1.2 Let C' and C” be projective plane curves of degrees m,n and they do

not have any common component. Then, the intersection cycle is a zero-cycle with
ap = I,(C",C"),

where I,(C',C") is the intersection multiplicity of C',C". Namely, the intersection cycle
C'eC" is
C'eC" =Y " I,(C',C")p.

peP?
The intersection cyle is a positive zero cycle of degree mn with a, = I,(C’, C") by Bézout’
s Theorem. Many features of the intersection number I,,(C’, C") can be adapted well into
properties of the intersection cycle. Here is some properties:

(¢) In Theorem 4.1.4 (4) implies that

C/ ° Cl/ — C// ° C/,
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(74) In Theorem 4.1.4 (6) implies that
C,.C”D:C/.C”—i—CIQD

where D is also a curve,
(74i) In Theorem 4.1.4 (7) implies that if A is a form and deg(A) = deg(C”) — deg(C")
then,
C'e(C"+aC)=C"e(C".

Suppose C’,C"” and D are curves and D intersects C’ in a bigger cycle than C” inter-
sects C’, that is
DeC' >(C"e(".

Max Noether’ s theorem solves the following question which is stated in the introduction:
Question: When is there a curve E with deg(E) = deg(D) — deg(C”) such that

Ee(C' =DeC' —(C"e(C"?

It suffices to find forms A, E such that H = AF + EG where F, G and H define the curves

C’,C" and D, since then we would have by using the properties of intersection cycle
HeoeF =(AF + EG)e F
=FEGe F
=Fel'+GeF.
Noether’ s conditions is the necessary and sufficient conditions for the question (1.2).
The conditions are as follows:

Let C’,C” be two curves and they have no common components through p € P2. If

there are a,b in Op(IP?) such that
H, = aF, + bG,
then Noether conditions are satisfied at p with respect to C’,C” and D. Here
D, = D(z,y,1),C. = C'(x,y,1),C) = C"(x,y,1)
are the corresponding affine curves defined by Fi, Gy, H,.

Theorem 5.1.3 (Max Noether’ s Fundamental Theorem) Let C' and C” be two
projective curves whose equations are F' = 0 and G = 0 with no common components.

Then there is an equation

H=AF+ EG
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where A and E are homogeneous polynomials with the degrees deg(D) — deg(C’) and
deg(D) —deg(C") if and only if Noether’ s conditions are satisfied at every point of inter-
section of C',C" (pe C"'NC"). (10)

Proof Suppose that H = AF + EG. By dehomogenizing we have the following;:

for any point p where D, C, C” are the corresponding affine curves. In addition, Noether’
s conditions are satisfied at every p € C' N C".

Conversely, suppose that Noether’ s conditions hold. As in the proof of Bézout’ s
theorem it can be assumed that none of the intersection points of C’ and C” lie on the
line at infinity by a projective change of coordinates: ({[z : y: 0] € P2}) since C’ and C”
do not have any common components. Since the image of H, in O,(P%) \ (CZ,C?) lies in
the kernel of the natural projection, Noether’ s conditions refer that it must be zero for
every intersection point of C’, C”. And also, the image of H, is zero in k[X,Y]\ (C.,CY)
that is

H, = aF, + bG,

for some a,b € k[X,Y]. Now by implementing Proposition 2.2.11, we have
2 H = 2H(H,)* = 2" (aF, + bG,)*
=2"a"F + 2°0"G
= AF + EG

where A and E are homogeneous polynomials in k[x, y, z]. Howeover, the step 2 of the proof
of Bézout’ s theorem says that the map defined by multiplication by z on k[z, y, 2]\ (C’, C")
is injective. The image of H in k[z,y, z] \ (C',C") is zero and

H=AF+FEG

for some A’ E' € k[z,y, 2] since 2'H = AF + EG. Set A’ =Y Al and E' = Y E! where

Al and E! are homogeneous polynomials of degree i. Then
H=AF+E,G
such that n = deg(H) — deg(F') and m = deg(H) — deg(G). O

Proposition 5.1.4 Let C',C" and D be plane curves and p is the intersection point of
C’" and C", i.e. p € C'NC". Then Noether’ s conditions are satisfied at p if any of the

following are true:
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(i) C" and C" intersect transversally at p, that is p is a non-singular point on both C’
and C" and the tangent line to C' at p is different from the tangent line to C" at p, and
peD.

(13) p is a simple point on C', and I,(D,C") > L,(C",C").

(i13) C" and C" have distinct tangents at p, and my(D) > my(C") +mp(C") — 1.
Proof The proof is indicated in (10). O

Corollary 5.1.5 There is a curve E such that E e C' = D e (' — C" o C', if any of the
following is true:

(i) C" and C" intersect in deg(C") deg(C") distinct points, and D passes through these
points.

(i1) All of the intersection points of C',C" are simple points of C', and DeC' > C"e(".

5.2 Applications of Noether’ s Theorem
This section illustrates the applications of Max Noether’ s Fundamental Theorem.

Proposition 5.2.1 Let A, B be cubics and the intersection cycle A e B is

9
Zpi
i=1

such that p1,pa, ..., pg are the intersection points of A, B. Suppose that C is a conic, and

the intersection cycle C o A is given by

6

sz'-

i=1
Moreover, suppose that p1,...,ps are simple points on A, that is the multiplicity my, of

the curve A at the point p; is 1, for i = 1,2,...,6. Then p7,ps and pg are collinear, i.e.

they lie on a straight line.

Proof Consider the notations C’, C” and D in the Max Noether’ s Fundamental theorem
and assert C' = A, C” = C and D = B. By Proposition 5.1.4 and Corollary 5.1.5 give
the proof. O

Corollary 5.2.2 (Pascal’ s Theorem) If a hezagon in P2 is inscribed in an irreducible

conic, then the intersection points of the three pairs of opposite lines are collinear. (11)
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Proof Consider the cubics A, B which are defined by the following two triples and a
quadratic C' defining the conic. The first triple is a triple of lines such that no two of these
lines meet in a vertex of the hexagon and second triple is the triple of opposite lines. Then

the result follows from Proposition 5.2.1. O
Corollary 5.2.3 (Pappus’ Theorem) Let Ly, Ly be two distinct lines in P2 such that

P1,P2,P3 € Ll and pllapl%pg € L2

with any of these points is not intersection point of L1, La. Let L;; be the line between p;

and p;- for each pair (i, 7). For each triple i, j, k with {1,2,3} set
sk = L;j ® Ljj,

that is sy is the point in which L;; and Lj; intersect. Then s1,s2 and s3 are collinear.

(11)

Proof Consider the two lines L1, Ly form a conic and the proof is the same as in Corollary

5.2.2. ]
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Chapter 6

Conclusion

In this dissertation we introduced two important results for algebraic curves, namely
Bézout’ s theorem and Max Noether’ s Fundamental theorem. In particular, we studied
the case of projective plane curves.

Bézout’ s theorem tells us that the number of intersection points of two projective plane
curves is obtained as the product of the degrees of these two curves, counting multiplicities.

Max Noether’ s Fundamental theorem states the necessary conditions for decomposing
a projective curve in terms of two other projective curves. In other words, the theorem
describes when the equation of an algebraic curve in the complex projective plane can be
written in terms of the equations of two other algebraic curves. Together with Bézout’ s
theorem, these results are fundamental in the study of algebraic curves in particular, and

algebraic geometry in general.
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