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A SEMICLASSICAL KINETIC
THEORY OF THE DIRAC PARTICLES

SUMMARY

The semiclassical kinetic theory of massive spin—% particles interacting with the external
electromagnetic fields is formulated in terms of differential forms which are matrix valued
in spin space. Semiclassical approximation is performed by employing the wave packet
constructed as superposition of positive energy plane wave solutions of the free Dirac
equation. A symplectic two-form is derived using the wave packet. It is a matrix
in “spin indices” and possesses a term related to the Berry curvature obtained from a
non-Abelian Berry gauge field. Time evolution of phase space variables in terms of
phase space themselves are attained by making use of the volume form which is also
a matrix. Continuity equation for particle number density and the particle current density
are obtained by introducing a change of basis in order to define distribution functions
in the helicity basis. The massless limit is derived by constructing the helicity states
explicitly.

When one deals with a non-relativistic formulation of massive particles the equations
of motion should be corrected with a relativistic kinematic factor known as Thomas
precession. Its origin lies in the fact that when one would like to write two successive
Lorentz boost as one Lorentz boost it should be accompanied with a rotation whose angle
depends on the related velocities. It is shown that Thomas precession can be included
straightforwardly into the semiclassical formulation adopted in the thesis. It alters the
equations of motion and cancels the anomalous velocity terms appearing due to the Berry
curvature.

Initially, I will derive the semiclassical block diagonal Hamiltonian for a Dirac particle
in the electromagnetic field including all terms at the first order in Planck constant using
the Gosselin-Berard-Mohrbach method. In this method the unitary transformation which
block diagonalizes the Hamiltonian possesses terms related to the Berry gauge fields.
In general curvature of the Berry gauge fields appear as the phase factor of a quantum
state transported adiabatically. When the block diagonalization is carried out by unitary
transformation, the dynamical operators should also be transformed and they become
non-commutative. I will use these non-commutative phase space operators to derive the
time evolution of spin matrices which will be introduced in the course of finding the
semiclassical formulation.

The one-form corresponding to first order Lagrangian is defined by making use of the
wave packet built with the positive energy solutions of the Dirac equation. This one-form
can be written as a matrix whose indices correspond to the positive energy solutions which
are called spin indices. It has a term depending on the non-Abelian Berry gauge fields
given by the degenerate positive energy solutions. Then the symplectic two-form derived
from this one-form includes a term which depends on the Berry curvature. I use the
differential form formalism to obtain the equations of motion of phase space variables.
A straightforward method is applied to find solutions of the equations of motion for the
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phase space velocities in terms of the phase space variables employing Liouville equation
and the differential form formalism.

To get the kinetic theory of Dirac particles I need the distribution function which can
be used to define the particle number density. However, it is a matrix whose elements
should be interpreted appropriately. The mostly adopted procedure is to choose a specific
configuration where the third component of spin is a conserved quantity. Then one
can set the off-diagonal terms to zero. In general spin is not a conserved quantity
but helicity operator gives a vanishing commutator with the free Dirac Hamiltonian.
Moreover when I discuss the massless limit it would be essential to split the right-handed
and the left-handed contributions. Therefore, the appropriate basis is the one where the
helicity operator is diagonal. I define this new basis and obtain the continuity equation
for the Dirac particle using the distribution function which is diagonal. Then I derive
the continuity equation for the particle number density and the particle number current
density. Obviously, because of possessing the solutions of the equations of motion for the
velocities in terms of phase space variables one can directly obtain the particle current.

Obtaining the massless limit in the helicity basis is straightforward. It yields the continuity
equation which has an anomaly term. The particle current possesses an anomalous
velocity term and a term leading to the chiral magnetic effect.

Thomas precession which shows up as the relativistic correction in the equations of
motion are obtained. I briefly discuss what is the source of the Thomas precession. Then I
present how one should introduce this correction into the wave packet formalism. It gives
a contribution to the initial one-form on the same footing with the Berry gauge field. In
fact up to higher order terms in momentum it gives the opposite contribution of the Berry
gauge field and cancels the anomalous velocity terms given by the Berry curvature. This
result coincides with the ones obtained within the relativistic formulations of the Dirac
particles.

Originally the Thomas precession is used to obtain the corrections to the non-relativistic
formulation of the time evolution of spin matrices. However, the formalism which I
adopted is not aware of the time evolution of spin. For completeness I show that it can
be integrated into the formalism by making use of the non-commutative charter of the
dynamical variables obtained in the Gosselin-Berard-Mohrbach method. Time evolution
of spin matrices are shown to be the same with the Bargmann-Michel-Telegdi equation.

Lastly, the results obtained in the thesis and the possible extensions are discussed.
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DIRAC PARCACIKLARININ
YARI KLASIK KINETIK KURAMI

OZET

Kiitleli spin-1/2 pargaciklarin hareketini ifade etmek igin Dirac denklemi kullanilir. Ikisi
pozitif enerji, ikisi de negatif enerji ¢ozlimlerine ait olmak {izere Dirac denkleminin dort
tane ¢oziimii vardir. Kuantum mekaniksel olarak parcaciklarin hareketi dalga paketi
kurularak ifade edilmektedir. Fakat negatif enerji ¢Oziimlerinin de olmasi pargacik
yorumunu zorlagtirir.  Bu nedenle relativistik olmayan yar1 klasik dinamigi, Dirac
denkleminin pozitif enerji ¢oziimlerini iceren dalga paketi olusturarak elde edecegim.

Yar1 klasik limit bazi kuantum mekaniksel etkileri daha iyi anlamak ic¢in yararh
olabilecek bir yontemdir. Dirac denkleminde Kkiitlesiz limite gidildiginde kiral ya
da Weyl parcacigi adi verilen parcaciklarin hareketini ifade eden denklem elde
edilmis olur. Son zamanlardaki calismalarda, 3 + 1 boyutta, dis elektromanyetik
alan nedeniyle olusan anomali terimlerinin kiral parcaciklarinin yar1 klasik kinetik
kuraminda nasil yerlestirilebilecegi gosterilmistir.  Yiiksek boyutta genellestirilmis
hareket denklemlerinin, faz uzay1 degiskenlerine bagli ¢oziimlerini de tam olarak veren
yontem matris degerlidir. Bu yontemde digerlerinden farkli olarak faz uzayi degiskenleri
konum ve momentumdur, spine karsi gelen klasik bir nicelik yoktur. Klasik faz uzay:
degiskenleri matris olmadiklar1 halde hareket denklemleri ile bulunan hiz degiskenleri
matris degerlidir. Matrislerin “spin indisleri” farkli pozitif ¢oziimlere karsilik gelir.

Kiral kinetik kuraminin yar1 klasik formalizminin en 6nemli bilesenlerinden biri kuantum
mekaniksel bir faz faktorii olan Berry fazim1 veren Berry ayar alanlaridir. Kuantum
mekaniksel bir sistemde, Hamilton yogunlugunun bagh oldugu dig parametreler, bunlar
elektrik ve manyetik alan olarak diistiniilebilir, ¢cok yavas degistirildiginde adiyabatik
kurama gore, sistemin kuantum durumu degismez. Burada bahsedilen yavas degisim,
parametrelerin ¢evrimsel bir egri lizerinde hareket etmesi olarak ifade edilebilir. Bu
kapal1 egri tamamlandiginda sistemdeki durum vektorii bir faz kazanir. Bu faz dinamik ve
geometrik iki kistmdan olugsmaktadir. Adiyabatik degisim altindayken, durum vektoriiniin
kazandig1 geometrik faz carpanina Berry fazi denir. Berry ayar alanlarmin egriligi
kuantum mekaniksel bir faz ¢carpani olan Berry fazini verir.

Bu yontemle birinci derece Lagrange yogunlugu ile yariklasik Hamilton dinamigini elde
etmek i¢in ilk olarak yar klasik blok kosegen Hamilton yogunlugu verilmelidir. Yari
klasik Hamilton yogunlugunu kosegenlestirecek uniter matris doniisiimiiniin Planck sabiti
bolii 27, i, ye gore birinci mertebe tiim terimleri verecek sekilde yazilmasi gerekir.

Dalga paketi ve diferansiyel formlar kullamlarak Dirac parcaciklarinin yari klasik
kinetik kurami elde edilebilir. Bu yontemin bazi avantajlar1 bulunmaktadir. Oncelikle,
formalizmde spin ozgiirliik derecesine karsilik gelen klasik bir nicelik bulunmadigi i¢in
hareket denklemlerinin faz uzay1 hizlarinin faz degiskenleri cinsinden veren ¢oziimleri
acik¢a bulunabilir. Boylece pargacik akisi rahatlikla yazilabilir.

Tez kapsaminda, Oncelikle elektromanyetik alan igindeki kiitleli spin-1/2 parcaciklar
icin Dirac Hamilton yogunlugunu blok kosegen hale getirecegim. Dalga paketi ve
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diferansiyel form yontemiyle hareket denklemlerini ve ¢oziimlerini bulacagim. Burada
faz uzay1 degiskenlerinin hiz denklemi ¢oziimleriyle hesaplanan, hiz denklemlerinin
faz uzay1 degiskenlerine bagh c¢oziimleridir. Bu denklemlerin elde edilisi sirasinda
denklemlerimizin icine Berry ayar alanlarinin girdigini gorecegiz. Daha sonra yar1 klasik
Dirac parcaciklari icin dagilim fonksiyonunu uygun bazda yazip siireklilik denklemini
bulacagim. Kiitleli fermiyonlar i¢in elde ettigim hareket denklemlerinin ¢oziimlerinde
kiitlesiz limite giderek ve baz degistirerek elektromanyetik alandaki Weyl parcaciklarinin
hareket denklemlerinin ¢oziimlerine ulagsacagim. Thomas presesyonun ne oldugunu
anlatip inceledigim yar klasik formalizmde Thomas presesyonunun elde ettigim hiz
denklemlerine nasil bir katki yapacagini inceleyecegim. Son olarak ise elektromanyetik
alan altindaki yar1 klasik Dirac parcaciginin spinin zaman i¢indeki degisimini veren
denklemi bulacagim.

Ik kisimda, Gosselin-Berard-Mohrbach yontemini kullanarak elektromanyetik alanda
hareket eden Kkiitleli parcaciklar icin yar1 klasik blok kdsegen Hamilton yogunlugunu
hesaplayacagim. Bu yontem birka¢ adimdan olusmaktadir. Hesaplanacak olan Hamilton
yogunlugunun 7 ye gore birinci dereceden olan tiim terimleri icermesini istiyorum.
Elektromanyetik alan altindaki Hamilton yogunlugunun bagli oldugu degiskenleri, x ve
p vi, birbirleriyle komute edecek sekilde aldiginizda Hamilton yogunlugu klasik bir
biiytikliiktiir olur. Klasik Hamiltonyeni kdsegenlestirmek i¢in uniter Foldy-Wouthuysen
doniigsiimleri, Upw, kullanilir.  Yann klasik blok kosegen Hamilton yogunlugunu
hesaplamak icin, Hamilton yogunlugunun klasik faz uzayi1 degiskenleri x ve p yerine
birbirleriyle komute etmeyen kuantum mekaniksel faz uzay: operatérleri olan (P, R) ye
bagl oldugunu diisiinelim. Bu durumda Foldy-Wouthuysen doniisiimleri uniter olmaktan
cikarlar ve uniterligi saglamak i¢in birinci mertebe 7 iceren bir terim eklemek gerekir. Bu
durumu soyle ifade edebiliriz:

Urw - Urw + X Urw.

Buradaki X Berry ayar alanlarina baglidir.  Sonraki asamada ise yeni doniigiim
kullanilarak birinci derece % mertebesinde olan tiim terimleri iceren yar1 klasik blok
kosegen Hamilton yogunlugu tam olarak hesaplanmig olur. Fakat blok kosengenlestirme
islemi sirasinda Hamilton yogunlugunun bagh oldugu faz uzayi degiskenlerinin cebri
non-komutatif olur.  Hesaplanmis olan Hamilton yogunlugu tezimin bir sonraki
kisimlarindaki hareket denklemlerinin ¢dziimiinde ve spinin zaman i¢indeki degisiminin
hesabinda kullanilacaktir.

Tezin ikinci kisminda, yariklasik yontemde tek parcacik durumunu ifade edebilmek
icin Dirac denkleminin pozitif enerji ¢oziimlerinden olusan bir dalga paketi kuracagim.
Kurulan dalga paketi ile yariklasik birinci derece Lagrange yogunluguna karsilik gelen n
bir-form elde edilir.

Sonraki bolimde ise bir-form 1 araciligiyla simplektik iki-form @ olusturulur. Bu spin
indisleri ile yazilan bir matristir. Berry ayar alani iceren @ Hamilton formalizmini elde
etmek icin kulanilir.

Simplektik iki-form {izerinde diferansiyel yontem olan matris degerli vektor alaninin i¢
carpim islemi yapilarak hareket denklemleri elde edilmis olur. Dirac parcaciklarinin
hizlar i¢in hareket denklemi ¢oziimlerine ise yine bir diferansiyel form yontemi olan
Lie tiirevi iglemiyle ulagili. Bu boliimde, hareket denklemi ¢oziimlerini iki ayri
islemin sonuglarini kargilastirarak hesapladim. Bunlarin ilki, 3 + 1 uzayzaman boyutu
icin tanimlanan hacim formun Pfaffian matrise bagh olarak yazilmasidir. Pfaffian
matris bir kare matris icin determinantinin karekokii olarak tanimlanir. Diger yol
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ise, yine 3 4+ 1 uzayzaman boyutu icin, hacim formu simpletik iki-forma baglh olarak
tanimlamaktir. Hareket denklemi coziimlerine, iki farkli terimle belirlenmis hacim
formun Lie tiirevlerinin hesaplanmasi ve elde edilen denklemlerin kargilastirilmasiyla
ulagilir.

Kiitleli, spin-1/2 pargaciklar ile ¢alismama ragmen kullandigim yariklasik yontemde
spine karsilik gelen klasik serbestlik derecesi yoktur. Sistemdeki hiz ifadeleri matris
degerli olduklarindan buldugum pargacik akim yogunlugu da matris degerlidir. Buradaki
onemli nokta, serbest Dirac pargacigi i¢in spin korunumlu bir biiyiikliik olmamasina
ragmen helisite operatorii korunumlu bir biiyiikliiktiir. Bu nedenle helisite operatoriinii
kullanarak bir spin akisi tiiretilebilir. Dagilim fonksiyonu ve siireklilik denklemi
bashgindaki kisimda, pargaciklart sag elli ve sol elli olmak iizere iki kisma ayirarak
dagilim fonksiyonunu elde etmek istiyorum. Bu nedenle dagilim fonksiyonunu kdsegen
olarak yazmak icin sistemimdeki bazi degistirerek helisite bazina gececegim.

Daha sonra ise helisitenin kdsegen oldugu bazda kurdugum dagilim fonksiyonunu ters
doniisiim ile ilk bazda ifade edecegim. Kiitleli fermiyonlar i¢in sag elli ve sol elli
parcaciklar dengede oldugundan dagilim fonksiyonunun ilk bazda da kosegen olarak ifade
edilebilecegini gosterecegim. Bu boliimde son olarak ise siireklilik denklemini tiireterek
kiitleli fermiyonlarin siireklilik denklemini sagladigin1 gdsterecegim.

Onceki boliimlerde Dirac par¢aciklarimin hizlar icin hareket denklemlerinin ¢oziimlerini,
kiitleli fermiyonlarin dagilim fonksiyonunu ve siireklilik denklemini elde ettim. Bu
islemlerin ardindan ise Dirac pargaciklarinin hizlar1 icin bulunan hareket denklem-
lerindeki tiim ifadeleri helisite bazinda yazarak kiitlesiz limitini hesaplayacagim. Boylece
kiitlesiz fermiyonlar icin hareket denklemlerinin ¢Oziimiinii elde edecegim. Ayrica,
kiitlesiz fermiyonlarin parcacik akisimi ve siireklilik denklemlerini bulacagim. Dirac
parcaciklarinin aksine, siireklilik denklemini saglamadiklarini ve anomaliye sahip
olduklarimi gosterecegim.

Dalga paketi yontemiyle Dirac parcaciklar1 ic¢in elde edilen hareket denklemi
coziimlerindeki hiz ifadeleri Berry egriligi terimlerini igeren "anormal hiz" terimlerine
sahiptir.  Oysa, Dirac par¢aciklarinin kovaryant formalizmi ile elde edilen hareket
denklemlerinde Thomas presesyonu nedeniyle anormal hiz terimleri yoktur. Thomas
presesyonu spin matrisinin relativistik olmayan hareket denklemlerinde bir kinematik
diizeltme terimi olarak bulunmusgtur. Bununla birlikte Thomas presesyonu faz uzayi
degiskenlerinin hareket denklemlerine katki saglamalidir. Diferansiyel form ve dalga
paketi formalizmi ile kurdugum relativistik olmayan sistemin, Thomas donmesi katkisini
icermemesi beklenen bir durumdur. Bu durumu diizeltmek i¢in yariklasik formalizmine
Thomas donmesi yerlestirilmelidir.

Thomas presesyonu bir Lorentz 6telemesinin ard arda uygulanan iki Lorentz Stelemesi
ve donme ifadesi cinsinden yazilmasindan kaynaklanmir. Buradaki donme ifadesine
aynt zamanda Thomas donmesi de denilmektedir. Bu sayede Dirac denklemini
kullanmadan elektronun spinin zamana gore degisiminin ifadesi dogru bir sekilde
hesaplanabilmektedir.

Kullandigim yan klasik yontemin Thomas presesyonun katkisin1 hesaplamak icin cok
uygun oldugunu gorecegim. Thomas donmesini ve sistemime nasil bir katki verdigini
bularak, momentumun yiiksek mertebe katkisini1 ihmal ettigimde anormal hiz terimlerinin
kayboldugunu gosterecegim. Bu sonug ilk defa bu tezde bulunmustur.

Thomas presesyonu katkisinin incelenmesinin ardindan spin matrislerinin zaman i¢indeki
degisimi hesaplanacaktir. Kullandigim yontemde spin matrisleri Pauli spin matrisleri
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ile ifade edilmektedirler ve faz uzayr yontemi spinin hareketlerini belirlemez. Bu
nedenle spin hareket denklemleri bagka yontemlerle bulunmalidir.  Bunun igin
blok kdsegen Hamilton yogunlugunu bulmakta kullandi§im Gosselin-Berard-Mohrbach
yontemini kullanacagim. O formalizmde uniter doniisiim sonrasi faz uzay: islemcileri
non-komiitatif olurlar. Dolayisiyla Pauli matrisleri ile de komiite etmezler. Bu katkilar
goz Oniine alindiginda Gosselin-Berard-Mohrbach yontemiyle elde ettiim sonucun,
elektromanyetik alanda hareket eden elektronun spininin zaman i¢indeki degisimini veren
Bargmann-Michel-Teledgi denklemiyle ayni sonucu verdigini gosterecegim.

Tezin son boliimiinde ise elde ettigim sonuglar ve bazi uygulamalar: tartigilmigtir.
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1. Introduction

Dirac equation which describes massive spin-1/2 particles possesses either positive or
negative energy solutions described by spinors. However, to get a well defined one
particle interpretation a wave packet build of only positive energy plane wave solutions
should be preferred. Employing this wave packet one can obtain a non-relativistic
semiclassical dynamics which may be useful to have a better understanding of some
quantum mechanical phenomena. In the massless limit Dirac equation yields chiral
particles called Weyl particles. Recently it has been shown that chiral semiclassical kinetic
theory can be formulated embracing the anomalies due to the external electromagnetic
fields in 3 + 1 dimensions [1,2]. This remarkable result was extended to any even
dimensional space-time by making use of differential forms in [3] by introducing some
classical variables corresponding to spin. Although in [3] non-Abelian anomalies have
been incorporated into the particle currents successfully, the solutions of phase space
velocities in terms of phase space variables were missing. In [4] a complete description
of the chiral semiclassical kinetic theory in the presence of the external electromagnetic
fields, in any even space-time dimension was established by introducing a matrix valued
symplectic two-form, without introducing any classical variable corresponding to spin
degrees of freedom. In this formalism, although the classical phase space variables are
the ordinary ones, the velocities arising from the equations of motion are matrix valued. It
has been shown in [5] that this matrix valued symplectic two form can be derived within

the semiclassical wave packet formalism [6, 7].

One of the main ingredients of these semiclassical formalisms of chiral kinetic theory is
the Berry gauge field whose field strength yields the quantum mechanical phase factor
known as the Berry phase summarized in Appendix A. To study dynamics starting with
a first order Lagrangian, the related Hamiltonian should be provided. In the development
of the chiral kinetic theory the Hamiltonian was taken as the positive relativistic energy
of the free Weyl Hamiltonian, i.e. the magnitude of the momentum vector. However,
later it was shown that the adequate Hamiltonian should contain all the first order terms

in Planck constant [8] which can be attained by employing the method introduced in



[9]. Independently, the same Hamiltonian was conjectured in [10] to restore the Lorentz
invariance of the semiclassical chiral theory. To obtain this semiclassical Hamiltonian
one first has to derive the Hamiltonian of the massive spin-1/2 fermion and then take the

massless limit.

Massive fermions also appear in condensed matter systems which were studied in terms
of wave packets in [11, 12]. The semiclassical kinetic theory of Dirac particles was also
discussed in [13], where the Berry gauge fields described in a different basis and some
classical degrees of freedom have been assigned to spin. In the thesis the formalism given
in [4] is applied to attain the semiclassical kinetic theory of the Dirac particles. There
are some advantages of employing this method. First of all because of not attributing
any classical variable to spin but considering matrix valued quantities in spin space the
calculations can be done explicitly. The differential forms method of [4] provides us
the solutions of the equations of motion for the phase space velocities in terms of the
phase space variables straightforwardly. Thus the particle currents can readily be derived
except the difficulty interpreting the matrix elements of the distribution function. It is
a matrix in "spin indices" but spin components are not conserved. In contrary to spin,
helicity operator is a conserved quantity for the free Dirac particle. To consider the
massless limit and chiral currents when there is an imbalance of chiral particles, one
has to split the particles as right-handed and left-handed. Therefore introducing a change
of basis to the helicity basis would be appropriate. Moreover, I will show that within this
formalism one can study the relativistic corrections known as Thomas precession [14] in

a comprehensible manner.

Thomas precession stems from the fact that a Lorentz boost can be written as two
successive Lorentz boosts accompanied by a rotation which is called Thomas rotation.
This purely kinematic phenomenon is essential to obtain time evolution of electron’s
spin correctly without referring to the Dirac equation. Thomas precession should also
contribute to the equations of motion of phase space variables. In fact, due to the
Thomas precession the covariant formalism of the Dirac particles yield equations of
motion where anomalous velocity terms do not emerge [15, 16]. However, as we will
see the equations of motion derived within the wave packet formalism possess anomalous
velocity terms proportional to the Berry curvature. This would have been expected
because, our non-relativistic formalism is not aware of the Thomas rotation. Correction

due to the Thomas rotation should be installed in the formalism. I will show that to



take this correction into account the adopted formalism is very suitable: It contributes to
one-form obtained by semiclassical wave packet on the same footing as the Berry gauge
field. It yields the cancellation of the anomalous velocity terms up to higher order terms

1n momentum.

For completeness, the semiclassical formalism which is adopted in this thesis should
be supported by an equation governing time evolution of spin. This will be attained
employing Gosselin-Berard-Mohrbach (GBM) method [9] which is also needed to
derive the semiclassical Hamiltonian. Thus, I briefly review this method which is a
generalization of the Foldy-Wouthuysen transformation [17] in Section 2. In Section 3
the one-form corresponding to the first order Lagrangian is obtained by the wave packet
composed of the positive energy plane wave solutions of the Dirac equation. Then the
related symplectic form is constructed and solutions of the equations of motion for the
velocities are established in Section 4. I clarified in Section 5 how to introduce a change
of basis where the helicity operator is diagonal. Employing distribution function in the
adequate basis I then can write the particle number density and the related current by the
velocities obtained in terms of the phase space variables in Section 4. In Section 6 the
massless case is established by constructing the helicity eigenstates explicitly. In Section
7 first a brief review of the Thomas rotation is presented . Then, I show how it contributes
to the one-form built with the semiclassical wave packet. We will see that up to higher
order terms in momentum it contributes as the the Berry gauge field but with an opposite
sign. I will show that GBM method can be used to derive time evolution of spin matrices
which coincides with the Bargmann-Michel-Teledgi equation [18] in Section 8. In the

last section the results obtained and some possible applications are discussed.






2. Semiclassical Diagonalization of The Dirac Hamiltonian

In this section, I present the semiclassical block diagonal Hamiltonian for the massive
fermions in the electromagnetic field using Gosselin-Berard-Mohrbach method [9]. This
method consists of several steps. To begin with, since I would like to write semiclassical
block diagonal Hamiltonian, the diagonalization matrix must be established up to the first
order terms in the Planck constant 4. I will see that the terms which are linear in 7 are
related to the Berry gauge fields. Then, I apply the block diagonalization process. After

this, canonical variables become non-commutative.
Let us start with the Hamiltonian given by
H =Hy+eAp(x). (2.1
where Hy is
Ho(p—ea(x))=Pm+a-(p—ea(x)). (2.2)

This Hamiltonian describes the Dirac particle interacting with the external electromag-
netic fields &, B whose vector and scalar potentials are a(x) and Ag(x). H is classical

because I deal with x and p which are commuting phase space variables.

I choose the representation of the ¢; and 8 matrices as

(0 3) (%)

where o; are the Pauli spin matrices. I set the speed of light ¢ = 1 and charge e¢ < 0 for

electron.

The Hamiltonian which has commuting space and momentum variables is diagonalized

by the unitary Foldy-Wouthuysen transformation as

BHy+E

L 2.3
2E(E+m)’ @3

U(p—ea)=

where E = \/(p — e a)2 +m? is the relativistic energy.

I would like to obtain a block diagonal Hamiltonian considering the quantum mechanical

phase space operators (P, R), which satisfy the canonical commutation relations

[P,R;] = iRd;;.



When one maps p — P and x — R, the Foldy-Wouthuysen transformation matrix
(2.3) ceases to be unitary. To restore unitary at the first order in %, one replaces the

Foldy-Wouthuysen transformation adding a term:
U(p—ea) >U(P—ea(R))+X U(P—ea(R)).

Here, X is of order 7 and it is not uniquely defined. One can write it as

i

X = —[Ap,Ag,
4h[ PH Rt]’
where Ap, and Ag, are defined by
Ag, = ihUVpUT, 2.4
Ap = hUVRU". (2.5)

I would like to emphasize that R dependence of U(P — ea(R)) is due to the

electromagnetic vector potential a(R).

The semiclassical block diagonalization transformation
Hp = (U(P—ea(R))+X U)Hy(P —ea(R))(U'(P—ea(R)) +U" X").

is exact up to order 7 terms. I compute this transformation and obtain the block diagonal

Hamiltonian

Hp(%,F) =B E(F, &)+ é P[B E(F,&),Ag] Ap — [B E(F, &),Ap] Ag,, (2.6)

where P denotes the projection on to the block diagonal terms and & = p — ea(¥). The

transformed phase space variables are

# =PUP,RRU'(P,R)] =R+P(Ag), (2.7)

p =PUP,RPUP,R)] =P+PAp). 2.8)

As one can easily observe these dynamical variables are non-commutative.

Then I explicitly get
o Y B (B-m(ZXE -m
Hp(m,¥) =B E—h 2.9
p(Er) =B E e (m3rg + GOEE)), 9)
where ¥ matrices are given by
o O; 0
Y= (0 Gi) . (2.10)

It is the semiclassical block diagonal Hamiltonian for the massive fermions in the external

electromagnetic fields.



3. Wave Packet Formalism of the First Order Lagrangian

In this section I would like to construct the semiclassical first order Lagrangian in terms
of the positive energy plane wave solutions of the Dirac equation [5]. I would like to use
differential forms, so that I start with deriving the one form 17 which will be used to write

the symplectic two-form needed for obtaining Hamiltonian dynamics.

A semiclassical wave packet formulation may provide us a well defined one particle
interpretation. Therefore, I define the wave packet consisting of positive energy solutions
of the Dirac equations. The position of the wave packet center in the coordinate space is
x. and the corresponding momentum is p,.. The wave packet can be defined by using the
positive energy solutions, u*(x,p); o = 1,2, as

—ipex

II/ pcaxc Zgau pcaxc) h

For simplicity we deal with the constant coefficients &g .

As I would like to attain the one-form 1, it is defined through dS as

ds = / (dx)6 (xe — %)WL (—ifd — Hpdr) Wy = Y En %P &5, 3.1)
of
where Hp is the block diagonal Hamiltonian found in (2.9). One can show that
A, AV
d = -d —-d
I)Ux axc Xc + apc pc

zC ﬁ —ipeX
- Te" ) ) (Y (PP )oY

8xc B apc
Plugging this into (3.1) I obtain
) : dpc

oub oub
_ ¥ . o *.x o
dS = (O;ﬁ Eoihu Ix. > dx, <O§ﬁ Eo ihu 37,

Z ga*EQSaﬁéﬁdt — X de
o.B

Let us introduce the matrix valued Berry gauge fields

Cc

u(ﬁ)(pc,xc)-

a®® = int(@ (pc,xc)%u(ﬁ) (PerXc), 3.2)

c



which can be used to write dS as

ds = / [dx)W} (—ihd — Hpdt) Wy = Zé;(—xc-dpﬁaﬁ —a®P.dx,—A*P -dpc—HDaBdt>§B.
ap

Hence I calculated (3.1) and attained the one-form 1) in the general form as
n* = —6%x..dp, —a®® -dx. —A*P .dp. — Hp*Pdr.

Although we deal with the (3 + 1) dimensional space time, the derivation of the n is

independent of dimension.



4. Semiclassical Dynamics of the Dirac Particles

In this section instead of solving the Dirac equation in the presence of the electromagnetic
gauge potential a(x), I would like to consider the free solutions whose Hamiltonian is
given by (2.2) with the replacement p — p + ea(x). Then the positive energy solutions

will not have x dependence.

Therefore by renaming (x., p.) — (x, p) and setting a®P =0, 1 obtain the following one

form
N = pidx; + ea;dx; — A;dp;, — Hdt 4.1)
where the repeated indices i = 1,2, 3, are summed over. Here
H = Hp(p) +eAo(x),

where Hp(p) is found by using (2.9) which is became 2 x 2 matrices by the projection
operator onto the positive energy subspace /1 .

6-B (B p)(o-p)
252 T 2E2(E+m)>

Hp(p) =E —he (m 4.2)

I would like to derive the symplectic two-form @ to obtain the Hamiltonian formalism. I

adopt the definition of the symplectic two-form @ to be
Dd=dn—inAn.
Employing the one-form given in (4.1) it yields
® = dp;Ndx;+&dxiNdt+ fidp; \Ndt — %Gijdpi /\dpj + gFijdxi/\dxj

= dp;Ndx;+ Edx; Ndt + fidp; ANdt — G+ eF,

where &; and f; are given by

8a,~ aH
@@i:_(eWJr&xi)’




The two-forms F and G are written in terms of the Berry field strength

GA; oA
Gij = (8_19, — a—pj _l[AlaAj]) )

and the electromagnetic field strength tensor

aaj 861,‘
Fii = (a—xl- - axj)

as G = %Gijdpidpj and F = %Fijdxidxj.

The equations of motion can be found calculating the following:
i;® = 0. 4.3)

where i; is the interior product of the vector field

Jd .d . d
= E +Xia—Xi +plc9_p, (4.4)

<1

(X;, pi) are the matrix-valued time evolutions of the phase space variables (x;,p;). The

equation of motion is given by making use of (4.3) and (4.4):
Xi=fi + pe Gei,
ﬁi:é(} - efCCFci-

The solutions of the equation of motions for the velocities of the Dirac particle are attained
thanks to Lie derivative of the volume form as I will derive in the following. The volume

form for (3 + 1) spacetime dimensions is given by
~ |
Q= ya)/\a)Aa)Adt.

It can be written in terms of the canonical volume element of the phase space,

dV =dxi Ndxj Ndxp Ndp; Ndp; Ndpy,
Q=a,,dV Adt
where @, ), is the Pfaffian of the following matrix,
(5 @)
oij Gij

Obviously, @, ), is still a matrix in the (a,B) indices. For an n x n matrix, the Pfaffian

matrix is described as the square root of its determinant. It is basically given by

10



completely antisymmetric tensor. However, I do not need its explicit definition as we

will see.

Time evolution of the volume form & can be found by calculating the Lie derivative
associated with v :

LQ = (ivd + diz) @, .
It can be calculated into the two different ways. Firstly, the Lie derivative of the volume

form can be written in terms of the Pfaffian,

LQ = (iyd +diy) (@, ,dV Adt)

aCbl/z a((Dl/szi) a((bl/zﬁi)
= dv Ndt 4.5
( ot on T ap @.5)
The second way is
LQ = (isd+diy)(;0° Ndr)
I
To calculate it let me write explicitly
o ~ J0@? Ploy
d@®® = ——dt + ——dx; + ——dp;.
ar T T g P

where @3 is,

@ = dp;\dx;\dp;NdxjNdp; Ndxg+3Edxi Adpj Ndx; Adpy Adxi Adt
— O6FAGdpjNdxj+6fiF Ndp; NdxjNdp; Ndt —6&GNdp; Ndx; Ndx; \dt

— 6&F NG Adx; Adt —6fiF AGdp; \dt.

d@? can be written

- d 6
Ao’ = |5, 3!+ Je(FunGon — FanGonn))
0 6
+ g(—32'fl +66,Gun — 6efiFuGa — EeﬁFk!Gk!)
1
0 6
+ ap; (2!35,‘ +6¢fuBa, — 681G Fy — Eeéainlel)]dV Adt, 4.7)
l
where Fj; is written by
Fij = & B, (4.8)
and G;; is given as
G,’j = Eijka. (4-9)

11



When (4.7) is substituted in (4.6) and compared with (4.5), we find the solutions of the

equations of motion in general form [4]:

®,=1+eB-G 4.10)
(I)l/z fl = —fl'—f— ((ga X G), —eBl-(f- G) (4.11)
(1)1/2-]5,-:&—(fxeB)i+Gi(é”-eB) 4.12)

In order to write the solution of the equations of motion for Dirac particle explicitly, let

me first give the positive solutions for Hy(p) = @ - p+ Bm. They can be obtained as

where the rest frame solutions are

1 0

1|0 11

MO - 0 ) MO - 0

0 0

U(p) is the Foldy-Wouthuysen transformation:
BHy(p) +E
2E(E +m)
m+E I o-p
= [ WEEEm T V2EE (4.13)

 \2E(E+m) /2E(E+m)

The Berry gauge field can be found by using Foldy-Wouthuysen transformation matrix.

oUT
ai—int, U(p) 222 . 4.14)
Ipi
Then I acquire,
OXp
A= —-Hh—_—" . 4.15
2E(E +m) @.15)
Hence, by substituting (4.15) in the definition of the Berry curvature (4.9), I get
h p(c-p)
G=——m|Oo+——"]. 4.16
2E3m( T+ E) (“.16)

Observe that the covariant derivative of the Berry curvature vanishes,

0G; i
D;G; = a_p; - [A;,Gi] =0. 4.17)
The first term can be calculated as
8Gi him

= O -p.
opi  E*E1m)° P

12



The latter term is obtained by using (4.15) and (4.16):

i —im piDj
A Gl = A P PRI . A
h[ i» Gil 2E3[ i, 0 ( ”+m(m-|-E))
B fim s piPj
= 2E4<E—|—m)(6 p51] G’pJ)(6’1+m(m+E))
B him -
T EYE+m) P

Hence I established the result reported in (4.17).

I explicitly obtain the velocities (4.11), (4.12), weighted by (4.10) as

h -B(o -
@ =1—espom <o-3+%) , (4.18)
O X = —fi — Eijky 3 (éaiO'kJran;(—jEp)))— Bi(f-G), 4.19)
R h pi(0-p)
where f; is written by
D pi(6-B)  Bi(o-p)(E—m) 6B (c-p)((B-p)
f’__E”le(_ B T8 E+m) OB Esm) P 2B E+m) )

13
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5. Distribution Function and Continuity Equation

I study spin—% massive particles where the velocities are matrices in “spin spaces”. So
that one should consider a matrix valued distribution function. For a Dirac particle spin
is given by the X matrices defined in (2.10). For the semiclassical wave packet composed

of the positive energy solutions it is projected on to
u®t T uP = ob.

They do not commute with the free Dirac Hamiltonian so that they are not conserved in

time. However the helicity operator

™
N

208 — 0 (;) uB = o-p
P

commutes with the free Dirac Hamiltonian.

It is appropriate to split up the particles as right-handed and left-handed. This can be
performed in the basis where the helicity A is diagonal. In order to establish the diagonal

basis, I use the spherical coordinates given by,
Px = psinfcos ¢

py = psin@sing
p; = pcosB.

A is diagonalized by the unitary matrix:

Thus the helicity basis is defined by
¢ =Ru.

Now, the distribution function can be written in the diagonal basis as
(/R O
Jo = (0 L)’

15



The distribution function in the initial basis can be obtained by using transformation as

_ to_ cos(§)  sin(§)e N (fx 0 s(3)  —sin(z)e”
Ju=RfyR" = <—sin(%2)€i¢ coé(%) )(0 fL> (sm(g)zeup cos%%)
COS%(%)JCR + sinz(%)fL sm ) ot (fr— 1)

$00) 0 f— 1) cos?(9) ft sind(2)fi )

Since the number of the right-handed and left-handed particles are equal for massive

spin—% particles , I set fr = fr = f. So that the distribution function becomes
/& 0
u = = fIL. 5.1
f ( o )=t (5.

Let the distribution function,f, satisfy the collisionless Boltzmann equation:

df _of 3f. of . _
@ = o et gy im0 (5.2)

In order to write the continuity equation, one should identify the particle number density
n(x, p,t), and the particle current density j(x, p,t). As all of these equations which I found
are matrix valued, I have to introduce an appropriate definition of the classical limit. This

can be done by taking their trace and define the classical velocities as

\/W = Tr[d)l/z], \/le = Tr[(bl/zfi], \/Wpl = Tr[(bl/zﬁl] .

I can write the probability density function as p(x, p,t) = VW f. Hence, the particle

number density and the particle current density are given by:

3 3
n(x,t) = /(Czlnl))g,p(x?pvt):/éTP;g,Tr[d)l/Z]fa

d> d3 .
jwn) = [ P o= / I (53)

In order to attain the continuity equation, we need the Liouville equation. Equation (4.6)

can be written as

1
ZQ = (igd+diﬁ)(§(b3 Adt)

1
= Edm(zﬂ (5.4)
where d@ and @ are given by,
dd = J dpe Ndpi Ad
w 2 8p pk pl p]
hmo-p
= ——— 2.8 5.5
E*E+m)" I (5-5)

16



@ = &Fpdx Ndxi Ndxg Adt

= 28-Bd’xndt (5.6)
Hence,by making use of (5.5) and (5.6), (5.4) is rewritten as

1 mo - p
L= -doNo*=(h—————& B dV Adt. 5.7
T RA0NE <E4<E+m) > &7

Comparing (4.5) with (5.7), I can easily write

0@, ), N 9 (@ )2X;) n (@ >pi) _p MOP

o o oy EHE+m) (58)

(@ /»Pi . . .
Here f i p (@ 81 1/7 2P1) = 0 because I suppose that there is no contribution from the

boundary of the momentum space.

In conclusion I reach the continuity equation using (5.3) and (5.8):

mo - p .
V= / P EET e B

One can also obtain the particle current

b Lo~ [ 22 (2).

The Dirac particles satisfy the continuity equation, which has no anomaly.

17
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6. Massless Fermions

I found the solution of the equations of motion for the phase space velocities in terms of
phase space variables in general form in section 4. In this part, I would like to study the
massless case. The massless Dirac equation can be written as two Weyl equations for the
right-handed and left-handed fermions. Therefore, the helicity basis is suitable to discuss

the massless case.
First of all in the Berry curvature (4.16) yields

G=-np 2P

p
Here b = 2% is the monopole field situated at p = 0: V-b = 27153(p)

Now, the Berry curvature is singular and instead of (4.17) it satisfies

i = —27mho,8°(p).

When I change the bases from u to ¢, the Berry curvature becomes

+ 0P

10
P :_hb(O —1)'

Obviously, one can deal with the right-handed and left-handed fermions independently.

Gy =R GR=—hbR

They produce the similar results. Then, let us deal only with the projection onto the

right-handed massless fermions. The projection matrix is,

1 0
n- (1 9).
Pr @Pg yields the scalar value

Vo=1—ehb-B. (6.1)

The other solutions (4.19) and (4.20) obtain the massless limit:

Voxi=—fi? ~h e & by+ehB; f-b, (6.2)
Vaopi=&—eej fi® Bi+ehb; (£-B). (6.3)

19



where f; denotes the massless limit of f;.

In order to obtain the particle current density, one defines the probability density function
p(x,p,t) as /o f. f is distribution function for the right-handed fermions and satisfies
the collisionless Boltzmann equation (5.2). Thus the particle current density j is

: d*p : d*p 0

Ji= /W\/axif: /W(_fl —hgji & by+ehB; f-b)f.

where the last term where the current is parallel to the magnetic field is the chiral magnetic

effect term.

The continuity equation for massless particle can be calculated by using the Liouville
equation and making use of equation (4.5) and equation (5.4), the Liouville equation

possesses anomalies:
2 Vo+ 2 (Vo) + -2 (Vap) ) = 2183 (n)é B
ot 8x,~ ! d Di ! ‘
Thus I can write by using the definition of the probability density

ap , d(pxi) , I(ppi)
ot " Tom | ap,

= 2mef8%(p)& - B.

The chiral anomaly is explained as non-conservation of the classically conserved chiral
current at the quantum level in quantum field theory. I show this phenomena by using the

probability function f, which satisfies the collisionless Boltzmann equation.

In conclusion I derive the anomalous continuity equation for massless fermions by using

the Boltzmann equation and (5.3) as

an(x,t) . e B
T+V'1_4ﬂ2f(x7p—07t)g B.

The Berry monopole situated on the boundary |[p| = 0 is responsible for the

non-conservation of the chiral particle current.

20



7. Thomas Precession

I would like to make clear how to take into account the Thomas precession [ 14] within the
wave packet formalism. To this end let us first briefly recall Thomas precession following

[19].

The source of this phenomenon lies in the fact that if one would like to write a Lorentz
boost as two successive Lorentz boosts, one also should rotate the coordinates with an
angle depending on the velocities. This rotation yields an angular velocity known as the

Thomas precession.

Suppose that the Dirac particle is moving with the velocity v with respect to laboratory
frame at time t. Hence the particle’s co-moving frame denoted by the inertial spacetime
coordinates x/, is connected to the spacetime coordinates of the laboratory frame by the

Lorentz boost Ay, (V) at time t:

x' = Apoosi (V) x. (7.1)

Let the particle accelerate, so that it moves with the velocity v + dv with respect to the
laboratory frame at time ¢ + df. Then at time ¢ + dt the co-moving coordinate frame

coordinates x” will be connected to the laboratory frame by the Lorentz transformation

x" = Mpoost (V+dV) x. (7.2)
Let me write the connection between the two co-moving frame coordinates x’ and x” as
X = Arx.
Inspecting (7.1) and (7.2) the transformation Ay can be written as

lT = Aboost (V + dV) Aboost (_ V)‘ (7-3)

The Lorentz boost A5 (v + dv) can be separated into two successive Lorentz boosts

accompanied by the rotation R(d0)

Aboost (V + dV) = R(de) Aboost (dV) lboost (V), (7-4)
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where the angle of the rotation is

7
do = v xdv. (7.5)
Y+1
o 1 . .
Here y = o i the relativistic factor
Therefore by plugging (7.4) into (7.3)
)LT = R(dO) ;Lboost (dV) (7.6)

In the nonrelativistic systems successive co-moving frames of the Dirac particles are
connected by only boosts without any rotations. Therefore, x” coordinates of the frame
moving with the velocity v+ dv at time ¢ + dt will be obtained from the system moving

with the velocity v at time ¢ only with the boost A, (dVv) without any rotation:

x/// — lb(mst (dV) xl-

Then by making use of (7.1), (7.2) and (7.3) the coordinates of the co-moving frame, x”’,

are written in terms of the laboratory frame coordinate as

X" =R(—d0) Apoos: (v +dv) x. 7.7)

In the wave packet formalism one deals with the group velocity

JE p
=—=—. 7.8
v op  E (7.8)
Since y = %, by plugging (7.8) into (7.5) one gets
49— Px9P_
m(E +m)

Let the laboratory frame and co-moving reference frames coincide at the time ¢t = 0 when
the particle is at rest. Hence the solution of the Dirac equation in laboratory frame is u(0).

Now in the nonrelativistic system, one deals with,

du(p)yg = u"(p+dp)—u'(p) =R(—dO) Apoos (v +dv)u(0) — Apoos (v)u(0)
= R(—d@)u(p+dp)—u(p)

Hence when one considers the Thomas precession, the one-form 71 of the nonrelativistic

wave packet formalism will lead to

ifw’ (p)du(p) g = ihu’ (p) [R(d0)u(p+dp) — u(p)] (7.9)
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Rotation of the spinors is given as
R(d6) =1 —éil Gij dw'’

Here o;; and d '/ are written as

i o, O
Gijzz[%»yj]zeijk 0 o)’
do' = ™ 49, = —"™ do™.

I can write the rotation as

R(d8) =1+ 2(d).

where 2(d0) is

(7.9) yields

i’ (p)du(p)yg = ihu?(p)ag—(;ﬂ -dp+ihu’(p)2(—d8)u(p),

keeping only the first order terms in dp and dv = %p The first term is the Berry gauge

field calculated in (4.15). The Thomas precession term can be shown to be

ho X p)

ihu' (p)2(—d@)u(p) = ( 7 ap. (7.10)

Hence when the Thomas correction is considered the velocities can be read from (4.18),

(4.19) and (4.20) by the replacement of the Berry gauge fields (4.15) as

ho x ho x
Ay _1oxp) ., . (16 xp)

4m? 4m? dp =0

up to p* terms, which were ignored in the calculation of the Thomas corrections.
Therefore, 1 conclude that the anomalous velocity terms disappear when the Thomas

rotation is considered.
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8. Time Evolution of Spin

I would like to write the semiclassical equation governing time evolution of the spin for
the semiclassical Dirac particle in the electromagnetic field. However, in my formalism,
there is no classical degrees of freedom corresponding to the spin of the particle. The spin
for the wave packet composed of the positive energy solutions is ©. Therefore, I use the

o matrices which corresponds to spin and use the semiclassical Hamiltonian (4.2).

However as it has been discussed in sec. 2, the new dynamical variables 7 and p are

non-commutative and depend on spin matrices. Thus I get

do; 1 1 JoH
. = Tz iaH F = Tz i;H l'7~ 5= | 8.1
= o) = o (fonH o157 ) @
where gT’i = —eE and 7, is defined by (2.7) projecting on positive energy solutions:
- oXxXp
=R+, Al.)=R—h———.
Thus the last term in (8.1) can be written as
do; 1 e Ej P
401 _ " 16, H] - £ @97, :
ar i ol =5 € 8:2)
where G)g.f+ is
OF =07/ = [0nA]]| = =~ ~[(6p) &~ 0; pi.
1] ’ J 4] E(E +m) J J
In the Hamiltonian (4.2) I ignore higher order terms in p*
eho-B
H=F— . 8.3
°E (8.3)
By plugging (8.3) into 8.2 I get
do e e
—=—0xB+ ———|Ei(0-p) — pi (0-E)],
where the last term can be written as
Ei(6-p) — pi(6-E) = &jm & ©j Ex p;. 8.4)
Therefore by using (8.4) and setting Y = n%, one reaches the time evolution of the spin
do 1 1
e f6x|-B+——Exv|. (8.5)
dt  m Y Y+1

Observe that (8.5) is the BMT equation as composed in Jackson . [18, 19]
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9. Results and Discussion

Semiclassical kinetic theory of massive spin-1/2 particles are studied within the method
introduced in [4]. The main ingredients are the symplectic-two form which is a matrix in
the spin indices related to the positive energy solutions of the Dirac equation. These
solutions constitute the wave packet which leads to the semiclassical approximation.
The block diagonal Hamiltonian including all terms which are at the first order in
Planck constant obtained from the Dirac Hamiltonian in the presence of the external
electromagnetic fields is presented. By projecting it on the positive energy subspace |
obtain the Hamiltonian which is used to define the semiclassical symplectic two-form
which is the starting point of the formulation. Differential forms are used to define the
semiclassical Hamiltonian dynamics of Dirac particles. The solutions of the equations of
motion for the phase space velocities in terms of the phase space variables are derived.
Then I used them to define the continuity equation of the particle number density and
particle number current. To achieve it one has to define distribution function adequately.
This is possible in the basis where the helicity operator is diagonal. Therefore, I performed
a change of basis such that the helicity operator becomes diagonal. This is also needed to
obtain the massless limit. I showed that the massless limit yields the continuity equation
with an anomaly term and also to the particle current yielding the chiral magnetic effect

as expected.

Thomas precession correction needed in the non-relativistic formulation is studied within
the wave packet formalism. I showed that up to higher order terms in momentum it sweeps
out the contribution coming from the Berry gauge field. This coincides with the results
obtained in relativistic formulation of Dirac particles. This is a result which is reported
for the first time in physics literature. The method of introducing the Thomas precession
correction which I presented is valid in general. It can be applied to other semiclassical
approaches of Dirac like systems where the underlying Hamiltonian of the theory is given

by Dirac like Hamiltonian as in some condensed matter systems.

The semiclassical kinetic theory formulation of Dirac particles and obtaining the massless

limit by explicitly constructing the suitable basis which are developed in this thesis can
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be generalized to systems which have some other interaction terms in the Hamiltonian.
Obviously in the development of the semiclassical kinetic theory the next important step

is to switch-on interactions in the Boltzmann equation which are ignored in my study.
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Berry Gauge Fields

Consider the Hamiltonian depending on the external variables such as R(R},Ry,...,t)
which rely on time dependence. The physical meaning can be thought as electric
field, magnetic field etc. When the parameters change slowly in a quantum mechanical
system, the quantum mechanical state returns to the initial condition only up to phase
factor after the cyclic evolution completed. The phase factor consist of the dynamical
phase in addition to a purely geometrical part. The geometrical phase term is called
the Berry phase. Derivation of the Berry phase can obtained by the quantum adiabatic
approximation which is only related to slowly altering Hamiltonians. The Berry gauge
fields are defined by using the Berry phase factor [20,21]. To begin with, the eigenvalue
equation is given by

H(R(1))[n(R(t)) >= Eq(R(1))|n(R(1)) > .
where R(T') = R(0). This means that the cyclic evolution is closed.

In the adiabatic approximation the evolving state vector y(z) can be written in the basis
In(R(t)) > as

The Schrodinger equation,

H(R(1))en(1)In(R(1)) > = En(t)|n(R(1)) >

0
= infea(r) n(R()) >] A1)
One can obtain
n ) = ey 2 CR) >
ih ot = cu(t) [En(t) ih < n(R)| >
Then it becomes
en(T) an(l) . T _; N T (9|n(R) >

where ¢, (t) is the phase factor including the dynamical and geometrical phase terms. It
can be written as - _
calt) = e Jo Bl i)

7.(t) is the Berry phase which is real valued

() = /OT i < mmy%dﬂ — /OTm < n(R)|[Vg|n(R) >]-dR

As R(T) = R(0) in the adiabatic approximation,

T() = f ih < n(R)|[Vg|n(R) >]-dR.
In the conclusion one reach the Berry gauge fields,

A, (R) =ih < n(R)|[Vg|n(R) >].
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