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DETERMINISTIC STATE TRANSFORMATIONS
IN THE RESOURCE THEORY OF SUPERPOSITION

SUMMARY

In this thesis, we investigated deterministic transformations of the resource theory of
superposition including maximal states. We fulfilled the gap between the resource
theory of coherence and the resource theory of superposition in the context of
deterministic transformations and maximal states by establishing a continuous relation
by means of a Gram matrix. We present our work as four propositions. The first
proposition states a sufficient condition for a deterministic transformation in two and
three level systems by means of superposition-free operations of the resource theory
of superposition. This sufficient condition for the deterministic transformations is a
compound proposition of two subconditions and both subconditions are expressed in
terms of a special matrix called a doubly stochastic matrix. Doubly stochastic matrices
are used in various resource theories such as bipartite entanglement and coherence
to express the conditions for deterministic transformations. In our work, a doubly
stochastic matrix is used as a building block in the generalization of the resource
theory of coherence. We first show that vectors subject to the doubly stochastic matrix
differ from the vectors in the coherence theory in general. After that we show that
in the orthonormal case one recovers the resource theory of coherence. Moreover, it
was shown that one cannot introduce the majorization theory directly in the resource
theory of superposition in contrast to the resource theory of coherence because of the
fact that the vectors subject to the doubly stochastic matrix are not necessarily real in
general. However, it is possible to introduce the majorization theory if one considers
only the transformations between states having only real components in a real scalar
product case of linearly independent basis states. It was also shown that one requires
an additional condition (which we call condition on completeness (CoC)) in addition
to the majorization condition which is stated as the second subcondition. However
in the orthogonal case the additional condition is satisfied trivially. Therefore; it is
only required to satisfy the majorization as desired. The CoC can be interpreted in
the context of positive definiteness. In contrast to the resource theory of coherence,
in the resource theory of superposition a pair of vectors satisfying the majorization
condition is not enough for the existence of a trace preserving operation that transforms
the initial state to the target state with unit probability. However, if a pair of vectors
satisfy both conditions, then the transformation can be completed to a trace preserving
operation that transforms the initial state to the target state with unit probability by
introducing additional Kraus operators. The CoC guarantees that such an operation can
be accomplished. The second proposition shows that if a state is not an eigenvector
corresponding to the minimum eigenvalue of the Gram matrix which represents the
scalar product setting, then it cannot be a maximal state. This proposition also
provides a way of representing candidate maximal states of any dimension. It is also
shown that representation of candidate maximal states reduces to the maximal states of
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coherence as a result of the continuous picture provided by the Gram matrix. The third
proposition provides the maximal states of two level systems for arbitrary settings.
In the resource theory of coherence, the relative phases can be eliminated by unitary
incoherent operations, and hence states that differ only by relative phases are equal.
However in contrast to this situation, in the resource theory of superposition the relative
phase terms cannot be changed freely in general. Therefore; there can be at most one
maximal state for each setting. Finally the fourth proposition provides the maximal
states for specific intervals of a real and equal scalar product setting.
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SUPERPOZISYON KAYNAK TEORISINDE
DETERMINISTIK DURUM DONUSUMLERI

OZET

Kuantum mekanigi cok kiiciik olcekte gerceklesen ve klasik fizik cercevesinde
aciklanamayan olaylar1 agiklamak adina ortaya ¢ikmig bir kuram, bir cati yapidir
(framework). Bu cok kii¢iik 6lcekte gerceklesen olaylar ve olaya konu olan pargaciklar,
Hilbert uzay1 olarak adlandirilan kompleks bir vektor uzayinda yasayan vektorler
ve bunlara etki eden operatorler ile temsil edilmektedir. Bu uzayda bulunan
ve fiziksel durumu temsil eden vektorlere kuantum durumu (state) denilmektedir.
Herhangi bir dl¢iim gerceklesmedigi takdirde, bir durum bagka bir duruma {iiniter
dontistimler ile evrilmektedir. Her ne kadar bu durumlarin evrimi deterministik
olsa da, bu durumlar lizerinde yapilacak herhangi bir ol¢iim determistik olmayan
bir siire¢ ile sonuclanabilmektedir. Bunun temel sebebi ise, kuantum mekaniginde
incelenen sistemi temsil eden bir durumun, dl¢iim ile gézlemlenebilecek durumlarin
bir siiperpozisyonu (superposition) halinde olabilmesidir.  Siiperpozisyon ilkesi,
kuantum mekanigini klasik fizikten ayiran Ozelliklerden biri olup, klasik fizik
kapsaminda gerceklestirilemeyecek bir takim operasyonlarin gerceklestirilebilmesine
olanak saglayan olgulardan biridir. Kuantum mekaniksel sistemler, bu baglamda klasik
fizikte karsilig1 olmayan ilintiler (non-classical correlations) icermektedir. Dolaniklik
(entanglement), uyusmazlik (discord) gibi ilinti 6rnekleri, kuantum 1sinlama, yogun
kodlama vb. gibi klasik fizik ile gerceklestirilemeyecek bilgi islem operasyonlari
gerceklestirmek icin kullanilmaktadir. Ornegin, kuantum isinlama operasyonunu
gerceklestirmek i¢in maksimal dolanikliga sahip bir kuantum durumu gerekmektedir.
Bu operasyon maksimal dolagik olmayan bir durum ile gerceklestirildigi takdirde
basarisizlik ile sonuglanabilmektedir. ~ Bu ilintilerin kuantum mekaniksel bir
operasyonu basar1 ile gerceklestirmek veya basarisizlik sansimi azaltmak adina
kullanilmasi, onlar bir kaynak statiisiine getirmektedir.

Kuantum kaynak teorisi (quantum resource theory), kuantum bilgi islemede
kullanilabilecek kaynaklar1 tespit etme, siniflandirma ve hiyerarsik bir yapiya sokma
amaci ile ortaya cikmug bir alt ¢ati yapidir. Dolaniklik kaynak teorisi, esevrelilik
(coherence) kaynak teorisi vs. gibi konusu olan kaynak tiirtine bagli olarak kendi
icinde dallanmaktadir. Bu calismada siiperpozisyon kaynak teorisi olarak bilinen,
esevrelilik kaynak teorisinin bir genellestirmesi olan kaynak teorisinin deterministik
durum doniisiimleri ve maksimal durumlari incelenmektedir.

Bir kaynak teorisi, kullanilmasi serbest olan durumlarin ve serbest operasyonlarin
tanimlanmas1 ile olusturulur. Daha sonra bu operasyonlar aracilifi ile ne gibi
doniisiimlerin gerceklestirilebilegi incelenir. Siiperpozisyon kaynak teorisinde serbest
durumlar, {|c;)}%, lineer bagimsiz bir baz vektor kiimesi olmak iizere p =
Y.ipilci)ci| formunda yazilabilecek tiim durumlar kiimesi olarak verilmektedir.

Serbest operasyonlar ise olusturulan bu serbest durumlar kiimesini kendisine veya
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alt kiimesine gotiiren operasyonlar olarak tanmimlanmaktadir. Bu kiime disinda
kalan, Ornegin |y) = yi|ci) + Y2 |c2) + ..., durumlar serbest olmayan, kaynak
olarak alinan durumdur. Siiperpozisyon kaynak teorisi ¢ercevesinde cevaplanmamis
sorulardan biri iki kaynak durum arasinda determistik bir doniisiim gergeklestirilebilip
gerceklestirilemeyecegidir. Bir diger soru ise biitiin durumlara deterministik olarak
doniistiiriilebilecek bir maksimal durumun var olup olmadigi problemidir. Bu
calismada bu sorular kismi olarak cevaplanmis olup, alanda yapilacak ilerleyen
caligmalar icin bir baslangi¢c noktast olusturulmustur. Bu tezde oncelikle iki ve
tic boyutlu kuantum sistemlerinde, saf (pure) kaynak durumlari arasinda serbest
operasyonlar aracilig1 ile determistik doniisiimler incelenmistir. Daha sonra ise biitiin
saf durumlara doniisebilen maksimal durumlar incelenmistir. Bu iki alt baglik tezin
Ozgiin icerigini olusturmaktadir.

Ozgiin calismanin icerigi dort 6nerme ciimlesi ile sunulmustur. Birinci 6nerme
cimlesinde iki ve ii¢ boyutlu saf durumlarin deterministik doniisiimii icin yeter
sart verilmistir. Bu yeter sart iki alt sarttan olusan bilesik bir 6nermedir. Bu
sartlar Oncelikle en genel i¢ carpim degerlerini (inner/scalar product) kapsayacak
sekilde verilmistir (Baz vektorlerinin arasindaki i¢ ¢carpim degerleri bir Gram matrisi
ile temsil edilebilir). En genel i¢ carpim degerleri i¢in bu sartlar iki yonden
stokastik matris (doubly stochastic matrix) kullanilarak ifade edilmistir. Iki yonden
stokastik matris dogrudan majorizasyon teorisi ile ilgili bir matris olup, esevrelilik
kaynak teorisinde de deterministik doniistimler i¢in gerek ve yeter sart1 ifade etmekte
kullanilmaktadir. Siiperpozisyon kaynak teorisi ile esevrelilik arasindaki fark ise bu
matrisin etki ettigi vektorlerin farkindan kaynaklanmaktadir. Siiperpozisyon kaynak
teorisinde bu vektorlerin bilesenleri reel sayilara doniistiiriilemedigi icin majorizasyon
teorisi dogrudan ifade edilememektedir. Ancak, deterministik doniisiimlerin sadece
bilesenleri reel olan vektorler arasinda gerceklestirildigi takdirde bu sartlarin
majorizasyon ile ifade edilebilecegi gosterilmistir. Bileske sartlarin ikincisi ise,
esevrelilik kaynak teorisinde dogrudan karsilig1 bulunmayan, ortogonal olmayan baz
vektorlerinin i¢ carpimlarindan gelen katkilar dolayisiyla ortaya ¢ikan bir sarttir. Bu
sart ortogonal durumda ¢6ziimii bayagi (trivial) olarak saglanan denklemler haline
gelmektedir. Bu baglamda birinci Onerme ciimlesi esevrelilik kaynak teorisinin
deterministik doniisiim sartin1 6zel bir durum olarak icermektedir. Bu durum da
stiperpozisyon kaynak teorisinin, esevrelilik kaynak teorisini genelleyici niteliine
katki saglamaktadir.

Ikinci, iigiincii ve dordiincii 6nerme ciimleleri maksimal durumlar baglaminda
sunulmustur.  ikinci 6nerme ciimlesinde maksimal durumunun saglamasi gereken
bir gerek sart verilmigtir. Bu gerek sart bir durumun verilen siiperpozisyon kaynak
teorisini temsil eden Gram matrisinin en kiigiik 6zdegerine karsilik gelen 6zvektorii
degilse, maksimal durum olamayacagin ifade etmektedir. Ayrica bu gerek sart, aday
maksimal durumlarin nasil bir formda olmas1 gerektigini dikte etmektedir. Ugiincii
onerme ciimlesi, iki boyutlu bir sisteminin her i¢ ¢arpim durumuna karsilik gelen bir
maksimal durum bulundugunu ifade etmektedir. Ornegin, A i¢ carpim degerlerini
temsil eden Gram matrisinin en kiiciik 6zdegeri ve {(ci|cs) = ¢/®u olmak iizere,

ly1) = /1/(2A)(|c1) — e |cp) durumu 0 < p < 1 i¢ carpim aralig1 i¢in maksimal

durumdur. |yn) = \/1/(24)(|c1) + e ™ |cy) durumu ise —1 < u < 0 i¢ carpim
aralig1 icin maksimal durumdur. Ortonormal durumda Gram matrisi birim matrisine

esittir ve biitiin 6zdegerleri bir degerine sahip olmaktadir. Bu durumda goriilmektedir
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ki verilen maksimal durumlar, esevrelilik kaynak teorisinin maksimal durumlarina
doniismektedir. Bu calismanin esevrelilik ile siiperpozisyon kaynak teorileri ile
kurdugu siirekli baginti burada da ortaya ¢ikmaktadir. Bu siireklilik sayesinde
stiperpozisyon kaynak teorisinin egevrelilik kaynak teorisini genelleme baglaminda
sahip oldugu nitelik sayisi tekrar artmaktadir. Dordiincii ve son dnerme ciimlesinde,
yiiksek boyutlu sistemlerin maksimal durumlari ifade edilmistir. Yiiksek boyutlardaki
bu caligma baz1 matematiksel zorluklar nedeni ile sadece reel ve esit i¢ carpim degerleri
icin ifade edilmistir. Iki boyutlu sistemlerin maksimal durumlarinin aksine, buradaki
maksimal durumlar sadece reel ve esit olan i¢ c¢arpimlarin belirli bir araligi i¢in
verilmistir. Ornegin, d boyutlu bir sistemde i¢c carpimlar esit (<c,~‘c j> = U, # j) ve
1/(1 —d) < u <0 arahginda olmak iizere |y) = 1/1/dA Y% |c;) durumu verilen ig
carpim durumlar icin bir maksimal durumdur. Iki boyutlu sistemlerde oldugu gibi
bu durum da ortogonal durumda esevrelilik kaynak teorisinin maksimal durumunu
vermektedir. Verilen son li¢ 6nerme, iki boyutlu sistemlerin hangi i¢ ¢carpim degerleri
icin maksimal durumlara sahip olup olmadig1 sorusunu tam olarak cevaplamakta,
yiiksek boyutlarda ise kismi olarak cevaplamaktadir. Esevrelilik ve siiperpozisyon
kaynak teorilerinin bir Gram matrisi ile birbirine baglanmasi, gelecekte yapilacak
caligmalar i¢in bir referans olusturmaktadir.
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1. INTRODUCTION

In quantum mechanics, there are certain tasks that have no classical counterpart such
as quantum teleportation [1] and dense coding [2]. An entangled state shared between
two parties is required to implement these tasks. In this sense entanglement can be
treated "as a resource as real as energy" (Horodecki et al, 2009, p. 865). Further
developments in quantum information theory showed that phenomena that do not
have classical counterpart can be treated as resources in a broader perspective. The
consideration of certain quantum states and quantum operations as resources, has led

to the formation of quantum resource theories.

A quantum resource theory (QRT) is a framework built by defining a set of states and
a set of operations. In general, the set of states is called free states and it is denoted
by F. The set of operations is called free operations and is denoted by FO. The set
of elements (F, FO) represents a QRT [3]. Elements of a QRT can be defined based
on practical reasons (available operations in a laboratory) or in a purely axiomatic
manner. For instance, in the resource theory entanglement [4-6], the set of free states
J are formed by separable states with respect to the separate parties, i.e. p4 ® pp with
A and B being (spatially) separate systems and the free operations are defined as local
operations and classical communication (LOCC). Then the elements (F,LOCC) form
aresource theory. To express the power of the resource theory of entanglement we give
a practical example. One requires one of the Bell states to perform a perfect quantum
teleportation for a qubit system [1]. For any other type of entangled state the process

is probabilistic [7,8]. Consider that Alice and Bob share the following entangled state

‘¢>:\/g|1>,4’1>3+ \/;2>A’2>Ba (L.1)

which is an entangled state but not a Bell state. Alice wants to send a qubit state
with unit probability to Bob using the quantum teleportation protocol. To this end,
she would like to convert the state |¢) to one of Bell States. What she needs to do

is to determine whether it is possible to implement such a transformation by using



(F,LOCC) with unit probability. It turns out that such a transformation is not possible
with unit probability. However it is possible to transform a Bell state to any other state
(in the corresponding Hilbert Space) by means of LOCC [9]. Here the resource theory
of entanglement provides a framework to determine whether it is possible to achieve
certain tasks or to determine required resources to implement such tasks. For instance
one may try to obtain a Bell state by using multiple copies of the state above, such an
operation is called entanglement (resource) distillation [10, 11]. As mentioned above
the state above cannot be transformed into a Bell state with unit probability, however a
Bell state can be transformed to the state above. In this context a Bell state has a higher
hierarchical order. With this motivation, one can establish a hierarchical order with
respect to resourcefulness of states by introducing entanglement measures [5, 11, 12]

with the relative entropy being the well known example.

The above example displays only a minor feature of a resource theory. There are
wide range of resource theories of different topics such as coherence [13—17] where
coherent superposition of (orthogonal) states are considered as resources and the
complementary set is considered as free. Operations that maps free states to free states
are defined as free operations. A generalization of the resource theory of coherence
which is called resource theory of superposition is introduced in Ref. [18] where
the orthogonality condition is relaxed so that superposition of linearly independent
states are allowed. A key concept in quantum mechanics and thermodynamics is
redefined in the context of resource theories. The cyclic process of an heat engine (in
microscopic scale) is scrutinized and the four Laws of Thermodynamics are derived
in Refs. [19,20] in this respect. In Ref. [21], it is shown that work and heat can be
treated in equal footing by introducing a resource theory of work and heat. Resource
theories are also used to investigate underlying mathematical structure of quantum
mechanics and phenomena. For instance the resource theory of imaginarity allows one
to treat imaginarity in an operational standpoint [22,23] and provides a point of view
in understanding the role of complex numbers. For further types of resource theories

see Refs. [24—41].

The outline of thesis is as follows. In the following section of this chapter we provide
some preliminary work such as majorization theory and Gram matrix. In chapter 2, we

first introduce the resource theory of superposition and then we introduce our work.



We stress that the section "Deterministic State Transformations" of chapter 2 is based
on our published work [42]. An additional original work is given in the "Maximal

States" section of the same chapter which is aimed to be published.

1.1 Preliminaries

In this section, we introduce various mathematical properties of vectors and matrices
that are used throughout the thesis. We first comment on Kraus operators very briefly
and state transformations and then continue with the majorization theory which has
a wide range of usage in physics but especially in resource theories such as the
deterministic transformation of bipartite states [9] and the resource theory of coherence
[43]. Then we introduce the Gram matrix which we use to establish a continuous
relation between the resource theory of coherence and the superposition. Finally, we
introduce a theorem to find the upper and lower bounds of a quadratic expression under
a constraint expressed in terms of a Gram matrix and another theorem to determine

whether a given matrix is positive semidefinite.

1.1.1 Quantum operations

In quantum information theory, the dynamics of a state is represented by quantum
operations. A quantum operation is a completely positive trace preserving or non-trace
preserving map depending on whether an additional information about the system of
interest is gained as a result of a selective measurement. A selective measurement
i1s a measurement that one obtains/reads the result of the experiment. On the other
hand if one does not read the result of the experiment, then it is called a non-selective
measurement. (For instance, assume that a detector that beeps when a projective
measurement is completed and it produces 0 or 1 depending on the result. After the
beep, the experimenter knows that the resultant state is o = PypPy + P pP; where
P;’s are projection operators. If the experimenter does not read the detector’s result
then such a process corresponds to a non-selective measurement.) If no selective
measurement takes place then the operation is a trace preserving map, otherwise the
operation is a non-trace preserving map. In this context, a trace preserving operation
corresponds to a deterministic process similar to the unitary evolution, however a trace

preserving operation is not necessarily reversible. A quantum operation consists of set



of operators called Kraus operators and it is generally written in the following form
®(p*) =Y K.p'K; (12)
n

where pA is a density operator of the input Hilbert space H4 and K, is a Kraus
operator. A quantum operation can involve arbitrary number of Kraus operators. A
quantum operation must map a valid density matrix to a valid density matrix, therefore;
one requires that tr(®(p4)) = tr(¥,, K,p2K]) = 1 given that there is no selective
measurement that took place. The condition on the Kraus operators to be a trace

preserving operation is then given as
Y KiK., =15 (1.3)
n

where 13 is the identity operator of the output Hilbert space HE. If a selective
measurement takes place, that is one obtains additional information about the system
of interest, then the quantum operation is non-trace preserving. The condition on the
Kraus operators becomes

Y KiK, < 15. (1.4)
n

Here the inequality taken to be in the context of positive definiteness that is 1p —
Y, KK, is a positive definite or a positive semidefinite operator. A non-trace
preserving map can be completed to a trace preserving map by introducing additional

Kraus operators.

In contrast to projective measurement or unitary evolution, the Kraus operators are
not necessarily orthogonal projection operators or unitary operators . The Kraus
operators can be any set of operators as long as they satisfy Eq. (1.3). In analogy
with the Hermitian picture, a measurement in this formalism causes a state to collapse
into a state p? = K,pAK!/tr(K,p%K) (where tr is the trace operator) among N
number of possible outcomes corresponding to the total number of Kraus operators.
The probability of occurrence of an outcome resulting in p? = K,pAK is given as
Pn = tr(KnpAK;f ). In this sense, a quantum operation takes a state as an argument and
maps it into a convex combination of states that is ®(p4) =¥, p.p2 where p,,’s form

a probability distribution.

The quantum operation formalism is a natural result of the postulates of the quantum

mechanics, however its power comes from the Stinespring’s dilation theorem [44].
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Stinespring’s dilation theorem states that for a map in the form of Eq. (1.2) with
Kraus operators satisfying Eq. (1.3), there exists a compound (extended) system
equipped with orthogonal projective operators and unitary operators so that the
resultant operation gives the desired quantum operation [45,46]. In other words, the

map defined in Eq. (1.2) can also be represented as

_ g (RU (p*®@p”) U'P)

(I)(P) tr<PlU<pA®pB)UTPI) ’

(1.5)

where trg(A® B) = 14 ®tr(B) is the partial trace operator, where U is a unitary operator
acting on the extended system HA®® and where P; is an element of set of orthogonal
projective operators acting HA®B. This allows one to use a broader set of operators

compared to orthogonal projective measurement operators and unitary evolution.

1.1.2 State transformations

State transformations of resource theories can be divided into two groups; probabilistic
transformations and deterministic transformations. A completely positive trace
preserving (CPTP) map represented by a set of Kraus operators {K,} has an output

in the following form
®(p) =Y K.pK| =Y puon (1.6)
n n

where p and o, are density operators and p, forms a probability distribution. Then, a
transformation is said to be a deterministic state transformation if an initial state can

be transformed into a target state with unit probability, that is,
P(p)=o0 (1.7)

otherwise, it is said to be a probabilistic transformation. If the deterministic

transformation is considered for pure states only, that is p = |y)(y| and 6 = |§ )}(¢

)

then individual Kraus operators must satisfy K,, | ) = /% /p, |¢) with 0 < p, < 1 and
Y.pn=1.

1.1.3 Majorization

Let ¥ = (x1,---,x4)" and ¥ = (y1,---,y4)T be two vectors in R¢ and let ¥ and y*

be vectors obtained by rearranging the components of X and y in decreasing order

) ) . T o
respectively. For instance, for ¥ = (xf, e ,xfl) , then xf > x% . xfl. Then it is said



that X is majorized by ¥ and denoted by X < ¥, if the following relation holds

k k
Yoxr <Y (1.8)
i=1 =1

for each 1 <k <d — 1, and equality holding for k = d [47,48]. As an example, let X =
(1/7,3/7,3/7)T and ¥ = (2/7,4/7,1/7)7. Then it follows that ¥ = (3/7,3/7,1/7)7
and W = (4/7,2/7,1/7)7. Tt is clear that Eq. (1.8) holds. As shown in the example,

we stress that X and y does not have to be in decreasing order.

The majorization condition can also be expressed in terms of a special matrix called a
doubly stochastic matrix. Let D be a d x d matrix with the entries d;;. Then D is called

a doubly stochastic matrix if

0<d;;<1 forall iyj, (1.9)
d
Y dij=1 forall j, (1.10)
i=1
d
Y dij=1 forall i, (1.11)

.
Il
=

holds simultaneously. In words, a doubly stochastic matrix is a matrix whose entries
are non-negative and whose columns and rows sum to one. Then it follows that, X < y

if and only if there exist a doubly stochastic matrix D such that [47,48]
Xx=Dy (1.12)

Further, a doubly stochastic matrix can be decomposed into the following form

d!
D= p.P, (1.13)
n=1

where P, are permutation matrices and 0 < p, <1 with },, p, =1 [48]. A doubly

stochastic matrix in the above form is also called Birkhoff-von Neumann form.

1.1.4 Gram matrix

Gram matrix is a positive semidefinite matrix whose entries are inner products (we use
the terms inner product and scalar product interchangeably) of a given set of vectors
[49,50] which is defined as follows: Let {|v;) }?:1 be a set of vectors in an inner product
space V with an inner product rule (.|.), then the corresponding d x d Gram matrix of

the given set of vectors is defined as;



G,-j:<vi‘vj>. (114)

The Gram matrix is a useful tool to determine whether a given set of vectors is linearly
independent or to compute the total number of linearly independent vectors [18,51-
53]. The number of linearly independent vectors in a given set is equal to the rank of
the Gram matrix. A set of vectors is linearly independent if and only if the determinant
of the Gram matrix is positive. If one constructs the Gram matrix by using a set of

vectors {|c,~>}fl:1 that span an inner product space, which is given by;

I ci2 -+ cuag
C* 1 Y Czd

G=| 1 “ 1, (1.15)
Cla g 1

where ¢;; = <c,~]c j> which is the overlap between normalized basis states such that
(cilei) = 1. Then, the given set of vectors is a valid basis if and only if det(G) > 0. In
the case of d = 2; det(G) = 1 — |c12|? > 0. For d > 3 the inner products are constrained

with a certain inequality. Consider the case d = 3, we have,
det(G) = 1 —|c1a|* — |c13)* — |e23]* + 2Re[e1actzens] > 0, (1.16)

where the Rel.] is the real part of a complex number. Moreover, for two given
vectors |W) =Y, Wi|ci), |@) = ¥ @i |c;) the inner product can be expressed as (y|@) =
Y.ijGijy; @;. In this context, the Gram matrix is also a metric tensor that represents
the geometric structure of the inner product space. Since the Gram matrix is a positive
semidefinite matrix, it can be decomposed into G = QAQ" where Q is a d x d matrix
whose columns are eigenvectors of the Gram matrix and A is a diagonal d X d matrix
whose diagonal entries are eigenvalues of the Gram matrix. Therefore; defining

¥ := Q" , the inner product can be written as
(vly) = §'Gy = ¥’ 040"y =x"Ax. (1.17)

In this picture, for a normalized vector it is obvious that the inner product,

2 2
X Xn
i) = 1 (118)
(A7) (A7)

is an element of (hyper)-ellipsoid. Furthermore, the eigenvectors of the Gram matrix

are the principal axes of the (hyper)-ellipsoid and eigenvalues are inverse of the half

7



length of the corresponding principal axes. These two properties of the Gram matrix
will be very useful to determine maximal states (see section 2.3). It will be shown that

any candidate maximal state has to be eigenvector of the Gram matrix.

An orthonormal basis {|i) ?: | can be transformed into a linearly independent basis
{|cl~)}l‘.1:1 via transformation matrix V with V |i) = |¢;), hence the basis vectors can be
chosen with a reference to an orthonormal basis. In this case the Gram matrix equals
to V'V. This transition from an orthonormal basis to a linearly independent basis
rather than fixing the basis vectors without a reference to an orthonormal basis also
allows us to write free operations (superposition-free operations) of the resource theory
of superposition in terms of free operations (incoherent operations) of the resource
theory of coherence [18]. However, we stress that one does not need to introduce
an orthonormal basis to build the resource theory of superposition. We show that
the majorization conditions in the resource theory of coherence and superposition are
related by a Gram matrix. For this purpose we define the following vector for a future
use.

f=diag(x],...,x)G(x1 ..., %) = (X1,...,%)7 (1.19)

where diag() is a diagonal matrix and where G is a Gram matrix. Realize that in
the orthogonal limit i.e., G — 1, the X becomes the vector subjected to the doubly

stochastic matrix in the resource theory of coherence [43].

1.1.5 Rayleigh quotient

Rayleigh quotient: Let G be a Gram matrix and V be an eigenvector corresponding to
the minimum eigenvalue A, and i be an eigenvector corresponding to the maximum
eigenvalue Apm,x. Then upper and lower bounds of a quadratic expression in the form

X' X under elliptic constraint represented by ¥'GX = 1 are given as

max {Y [P} = ¥ juf* = lnl] , (1.20)
min{2|xi|2}:Z|ui|2:Ari : (1.21)

respectively. Therefore one has

1 , 1
<) x| < .
Amax _;’ l’ ™ Amin

(1.22)



For a proof see Theorem 4.2.2 in chapter 4 of [49]. (In the book’s notation, replace

A = G and decompose G = V'V, then x' = Vx and x = V~'x. Obtain G~! for the

denominator term and modify the eigenvalues accordingly. This theorem also goes

by the name Min-Max Theorem.) For a future use, we give the following inequality

(multiply the above equation by Ayin),

_ Amin
Am

ax

1 > 1= Amin Y Jxi* >0 (1.23)
i

since Amax > Amin it is always equal or grater than zero.

Diagonally Dominant Matrix: Let A be a d X d matrix whose entries g;; € C, if |a;;| >
Yitj ‘a,- j‘ for all 1 <i<d then A is called a diagonally dominant matrix. Moreover, if
A is Hermitian with real non-negative diagonal entries , then A is positive semidefinite.

[49,54] For instance, for a matrix given as

1 1/2 1/2
12 1 1/2], (1.24)
12 1/2 1

from the above theorem it can be deduced that it is a positive semidefinite matrix.






2. RESOURCE THEORY OF SUPERPOSITION

In this chapter, we first briefly summarize a part of the resource theory of
superposition introduced by [18], mostly the definition of free states and operations
and transformations which our work is based on. Then we continue to the deterministic

state transformations of the resource theory of superposition.

2.1 Introduction

Resource theory of superposition (RTS) is a generalization of the resource theory of
coherence (RTC). In contrast to the RTC, the orthogonality condition of basis states
is relaxed by letting basis states to be linearly independent which leads to a possible
overlap between basis states. Consequences of this relaxation can be investigated in
two parts which occur to be a generalization of two aspects of the RTC. The first one is
the classification of resourcefulness of a state. The measures used to calculate and to
classify resourcefulness of a state are also generalized that is a measure that quantifies
resourcefulness of a given state is also a valid measure in the coherence theory. For

instance, the /; norm [18]

L(p) =Y |pijl 2.1)
i#]

is a both valid measure of RTS and RTC. Even though it may seem that generalization
of this step is because of the generic character of the measure functions, one may
still arrive at the conclusion that introducing only the RTS and then defining the
measures automatically involves the RTC itself, hence any tool introduced in the
RTS can be used in the RTC. The second one is manipulation of resources that
is deterministic or probabilistic conversion of states to each other. In Ref. [18],
probabilistic transformations are investigated and it is shown that any non-trace
preserving operation can be completed to a trace preserving operation by introducing
additional free operations which again coherence occurs as a special case. In this
work, we investigate the deterministic transformations of single copy pure states and

extent the generalization of the RTS, that is we provide sufficient conditions for a
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deterministic transformation between states under the free operations. Moreover, based
on this work, we also investigate the maximal states and show that there exist settings

for d level systems in general which admit a maximal state.

As in the case of coherence, the free states in the RTS are defined with respect to a
fixed basis. Let {|c;) }ld:] be a normalized linearly independent basis of a d dimensional
Hilbert space/complex Euclidean space denoted by €, then the states in the following

form .
p =Y pilci) {cil, (2.2)
i=1

where p; > 0 and }; p; = 1 are called superposition-free states. The set that contains
all superposition-free states F = {p : p = Y | p; |c;) {ci|} forms the superposition-free
states. Any state o ¢ F is called a superposition state that is a resourceful state hence,
the complementary set of F denoted by R forms the set of resourceful states. Since
any non-trivial superposition of free states such as |y) = Y4 | y;i|c;) with d > 2 is a
superposition state, a notion similar to the classical rank [55, 56] called superposition
rank is introduced to differentiate the number of superposition of free states that spans
a pure resource state. A superposition rank of a state denoted by ry(|.)) defined as
the minimum number of free states to span given state [18] (i.e., 7y ():f.l:l Vilei)) =

d, given thaty; # 0 for all 7).

The free operations of the resource theory of superposition called superposition-free
operation are defined as a subset of CPTP maps that satisfy a statistical constraint.
A Kraus operator that satisfies the constraint K,pK| € F for all p € F is called
superposition-free Kraus operator and a CPTP quantum operation ®(p) written in the

following form,
d(p) = ZK,,pK,I (2.3)
n

by means of superposition-free Kraus operators is defined to be a superposition-free
operation.  The set of free operations denoted by FO is formed by the
superposition-free operators. Moreover, the constraint on the Kraus operators also
dictates the form of the operators. A Kraus operator is superposition-free if and only

if it is in the following form

d
Ko 3 ctuleno) (¢ 2

i=1
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where the ¢, € C and the f,(i) are arbitrary index functions and ({|c;-)}){, is

a (non-normalized) basis satisfying <CHC j> = §;;. Two superposition-free Kraus
operators sharing the same index function are said to be the same type and a
superposition-free operation can involve arbitrary number of Kraus operators of the
same type. One can also write the superposition-free Kraus operators in terms of
incoherent operators of the RTC. As stated in section 1.1.4, one can transform an
orthonormal basis to a linearly independent basis via an invertible matrix V and
since the incoherent Kraus operators have the form K, = ¥, B |f,.(i))(i|, thus; the

superposition-free Kraus operators can be written as,
K,=VK,v~ L. (2.5)

Further the condition to be a trace preserving operation reads,
Y, (V) 'KiVIVE,V~! = 1, where 1, the identity operator of €. Notice that
by multiplying this condition with V' and V from left and right, respectively, the
equation becomes [42]

Y KiGK, =G (2.6)

where V'V = G is the Gram matrix that is constructed with respect to the set of basis
vectors |c;). Notice that due to the off-diagonal entries of the Gram matrix, total

number of equations to be satisfied is increased compared to the RTC.

In our framework we use two sets of superposition-free operators. The first set is
used to transform an initial state to a target state with unit probability. However,
this set alone does not produce a trace preserving operation in general due to
the non-orthogonality. We add another set of rank(1) superposition-free Kraus
operators that outputs zero to have enough degree of freedom to make the operation
trace preserving while transforming states with unit probability. Recall that a

superposition-free Kraus operator is in the form (Eq. (2.4))

d
Ku =Y. Ginles, i) <CiL :
i=1

Here we choose the first set of Kraus operators as all permutations of an index set

fn=Py(1,2,...,d), hence the set involves d! elements for dimension d (where P,
denotes the nth permutation). For the second set of Kraus operators, we choose a

set of operators containing d operators whose index functions are repeating elements
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ie. fu=Mm—d\,n—d!,....n—d!) for d! < n <d!+d so that they are rank(1)
superposition-free Kraus operators. With the defined two sets of operators, we define

the following map
dl\+d

®(p) = Y Kok, 2.7)

n=1

with K, |y) = \/pn|@) for 1 <n <d!and K, |y) =0ford! <n <d!+ 1 (Here phase
terms are embedded into the coefficients of Kraus operators). The superposition-free
Kraus operators in the first set of the defined map has the following property, the

probability terms p, form a doubly stochastic matrix, that is

d!
D= Z Pnby (2.8)
n=1

where P, is a permutation matrix. Notice that the doubly stochastic matrix is in the
Birkhoff-von Neumann form given by the Eq. (1.13). Here we denoted both the
permutation operator of the index functions and the permutation matrix in purpose,
because the nth permutation matrix corresponds to the nth permutation of the index

set. For instance, a doubly stochastic matrix of dimension two has the form

(10 0 I\_(p ;2
D =p (0 1) + P2 (1 0)_(192 p1>. (2.9)

Further details of this picture is given in the following section.

2.2 Deterministic State Transformations

In this section, we investigate the deterministic transformations of two and three
dimensional single copy pure states under superposition-free operations. Here we
first propose a sufficient condition to transform an initial state to a target state
deterministically and comment on the general structure by giving various applications
of the proposition. Then we proceed to derivation of the proposition in both two and

three dimensional systems.

Proposition 1: For d =2 and d = 3, let |y) = Y, yi|c;) € C? and |¢) =
Ziei)“iqbi |ci) € C¢ be pure states where 6;,; € [0,7) and y;,¢; € R. Further, let D
be a d x d doubly stochastic matrix. Then, |y) deterministically transforms into |¢)

(denoted by |y) — |@)) by means of the map ® if the following conditions are satisfied

14



simultaneously:

Cl: y=D¢ (2.10)

C2: (yi,....v2) >D(¢7,....02)" (2.11)

where the inequality is taken to be element-wise and where {/, ¢ defined in Eq. (1.19).
Realize that, in C1, the entries of the vector subject to the doubly stochastic matrix are
not necessarily real, hence one cannot introduce the majorization theory. We stress that
it is practically two separate equation systems since there are both real and imaginary
parts. However, in the real setting where the components of the states are real, then
one can introduce the majorization theory, since a real vector X is majorized by a real
vector y if and only if X = DY [47] for some doubly stochastic matrix D. Hence, in such
a setting condition C1 turns into the majorization condition, thereby; C1 reads § < ¢

and Eq. (1.8) can be used to determine whether it is satisfied that is,

k k
7 o2

l_lnﬁgl;q)i (2.12)
for each 1 < k < d — 1, and equality holding for k = d. We stress two points for
the conditions C1 and C2. Realize that for a normalized state, the statement in the
majorization condition "equality holding for k = d" is redundant, hence only d — 1
comparisons are required. A similar picture also appears in C2. For a given pair of
normalized states, if C1 and d — 1 elements of C2 are satisfied then the remaining

element of C2 is satisfied trivially due to the normalization and the majorization

conditions.

In Ref. [18], it is shown that superposition rank of a state cannot be increased
by means of superposition-free operations, hence; a probabilistic or a deterministic
transformation only possible if the initial state’s superposition rank is greater than or
equal to the target state’s superposition rank, that is, rs(|y)) > rs(|¢)). Even though
the Proposition 1 is a sufficient condition, it can be conjectured that the underlying
reason is due to the majorization condition. Since for two vectors X and ¥, if X has
more non-zero elements than y, then X cannot be majorized by y which can be seen

from the Eq. (2.12).

The condition C2 guarantees that sum of Kraus operators that perform the actual

transformation (the operators in the first set) can be completed to a trace preserving
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map by additional rank(1) superposition-free operators that output zero. To see this
consider the following; if one wants that K,,|w) =0 for all d!+ 1 < n < d!+d, then

the expression (recall the map given by Eq. (2.7))

d!
1s— Y KK, >0 (2.13)

n=1
must be positive semidefinite with |y) being an eigenvector corresponding to a zero

valued eigenvalue that is

d!
(nd -y KJ&) ly) =0 (2.14)

n=1
since K, |y) =0 for all d!+ 1 < n < d!+d. Therefore, one can decompose it into
positive semidefinite operators, that is,
dl+d d!
Y KK.=1,-Y KiK. (2.15)
n=d\+1 n=1
If two given states satisfy only Cl1, then Eq. (2.13) is not positive semidefinite,
hence one can not make the operation trace preserving by adding another set of
superposition-free operators. Due to this picture we call the condition C2 condition on
completeness (CoC). The CoC has further constraint on the set of settings that admit a

maximal state (see section 2.3).

This brings us to the following problem. How does one find a doubly stochastic matrix
for a pair of states to test whether they satisfy conditions C1 and C2 simultaneously?
Two real vectors can be tested by using the Eq. (2.12) to determine whether the
majorization condition holds, however to test whether C1 and C2 holds simultaneously,
one must find a doubly stochastic. Fortunately, a doubly stochastic matrix can be
constructed for a subset of initial and target state pairs by using order relation of the
states components as discussed in [57]. In section 2.2.1 and section 2.2.2 we utilize

this framework to build doubly stochastic matrices for given states.

2.2.1 Two level (qubit) systems

In this section we give various applications of the Proposition 1 for two dimensional

(qubit) systems. First consider the general form of an initial and a target states which
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can be written as

W) = ey |e1) +e®yn ea), (2.16)

10) = ™Moy |e1) + e |ca) (2.17)

where 6;,A; € [0,7) and y;, ¢; € R. Then the condition C1 (Eq. (2.10)) reads

( i+ W2012€"(.92_9‘) ) _ (Pl Pz) ( 07 + 01 ¢2612€"(.’12_ll) ) (2.18)
Y3+ yivach,e @0 ) T \py i) \@F + gigac,enieh) )T

Without loss of generality we set 6 = A; = 0. Further, we parameterize the scalar
product as cjp = ue'® where p € (—1,1) and @ € [0,7) to investigate the imaginary

part of the equation system. The imaginary part is found to be (two identical equations)

Vivausin(@ + 62) = g1 (p1 — p2) sin(@ + 4z), (2.19)
iyl sin(a) + 92) = ¢ (qu(pl — pz) sin(a) + ;Lz) (2.20)

Even though the Proposition 1 holds for the most general setting (i.e, both the scalar
product and the components of the initial and the target state are not constrained),
the set of possible deterministic transformations may be an empty set for a particular
setting. Consider the following case where @ = 0, hence the scalar product is real
and 6, # 0, A, = 0 that is, a transformation from a complex state to a real state. In
that case usin(6,) = 0 which holds only if u = 0, i.e., in the orthonormal limit, hence
there is no possible deterministic transformation except the orthonormal case which
corresponds to the deterministic transformations of the RTC. This situation also shows
that in contrast to the RTC, the operations acting on the relative phase terms are not
free in general as stated in Ref. [18]. Even if one has an initial state and a target state
with equal components up to a phase factor, one cannot accomplish a deterministic

transformation. For instance, a transformation given by

i |c1) +e2yn ) =y |e1) + ya feo) (2.21)

is not possible for a real scalar product setting.

However realize that, if one sets p; = p, = 1/2 the resultant expression of the right
hand side of the Eq. (2.18) is always (1/2,1/2)7 since ¢; + ¢» = 1. This suggest that

by taking the probabilities of transformations implemented by the first set of Kraus
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operators 1/d! in general, one may obtain maximal states. In section 2.3 we show that

this 1s in fact possible.

In the completely real case where both the scalar product and the components of the
states are real, the vectors subject to the doubly stochastic matrix become real and
hence one can introduce the majorization theory. For a given pair of an initial and a

target state

W) =wiler) +yalea) (2.22)
10) = ¢1|c1) + 2 |c2) (2.23)

respectively and where y;,¢; € R. Then the majorization condition reads (see
Eq. (2.12)),

W< ¢} (2.24)
since lf/f + 1172i = (]31i + (ﬁzi = 1 for normalized states. As an application of the
Proposition 1, consider the following set of state pairs given for the setting where

the inner product of the basis states taken to be {(ci|c2) = cjp = 1/2.

s {2l sle)- ), 025)
s {4 sle) ks, 026
s { )l 3le) | o)
sl sle) )| 28)
Ss :{4"’&1__3‘62> E |C]\>/1i3lcz> } (2.29)

Here members of a pair on the left is the initial state and the right one is the target
state. The conditions satisfied by the given pairs of states are summarized in Table
2.1. Among the given sets of pairs, only the S; (Eq. (2.25)) can be transformed

deterministically. Realize that

_ 15 —1\" . 14 —1\T

here one can check that the majorization condition holds by using Eq. (2.24). A doubly
stochastic matrix connecting the two vectors above can be found using the framework

introduced in Ref. [57] by replacing components of the initial and target states with
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the components of {/ and ¢ (the power of this framework will be demonstrated in the
following section). The probabilities are are found to be,
_$i— W
=7 = D2=Z—=.
o — ¢1— P2

(Here we omit | since the vectors themselves are sorted.) Then the doubly stochastic

Pi (2.31)

matrix can be constructed as

pi P 55
— 1 P2\ _ [210 210
D= <P2 P1> B (L 209) (2.32)

210 210

therefore; {/ = D@. Moreover, the CoC can be tested as,

9O 1\NT (3% =0\ /16 1\ (1% )33
777) L 20/ \1313) — | 1L (2.33)
210 210 182

thus, both the majorization and the CoC conditions are satisfied. The

superposition-free Kraus operators can be constructed as,

= @ l i 1 1
K =1/510 [ 3 <3 le1) <C1 ‘—ch) <c2 D} , (2.34)
= L l l 1 1
Ky =—4/ 310 [ 13 <3 c2) <c1 ‘+4|cl> <02 D] , (2.35)
= E l 1 1
K3 =— 26 (3 |Cl> <Cl ’—F |Cl> <62 D , (2.36)
where Ki |y) = /315 14). K2 |w) = ﬁ |¢), and K3 |y) = 0. (Here we take K4 = 0.)

A measure of a resource theory classifies how resourceful a given state is, therefore;
it is a requirement that if a deterministic transformation is possible, then the initial
states must be no less resourceful than the target state that is, M (|y){(y]) > M(|¢)(¢])
where M denotes a measure function. Here, we use /; norm (Eq. (2.1)) as a measure
for comparison of the resourcefulness of a state. By calculating the /; norm of the

initial and the target state of the set Sy,

h(wiwl =5, 1e)oh =15 @.37)

one can see that /1 (|y)(y| > [1(|¢)(9|) as expected.

One can check that states in the set S, satisfy the majorization condition but violates

the CoC. Hence the first set of Kraus operators (Eq. (2.7)) cannot be completed to a
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Table 2.1 : List of example set of state pairs with the conditions they satisfy or violate.
Here *v"’ denotes that the given pair satisfies the corresponding condition
and ’ X’ means the pair violates the condition.

Set Majorization CoC [} Norm

Si v v v
\Y) v X X
S3 X v X
Sy v X v
S5 X v v

trace preserving map by introducing rank(1) superposition-free Kraus operators. For
the set S3, one can find a doubly stochastic matrix that satisfies the CoC, however in
this case the majorization condition is violated hence one cannot construct the first set
of Kraus operators. Finally for the sets S4 and S5 both pairs’ initial states have greater
/1 norm than the target states (hence more resourceful) however, the S violates the

CoC and the S5 violates the majorization condition.

The given set of examples shows a difference between the RTC and RTS. In the
RTC, two states are said to be incomparable if neither |y) — |¢) nor |¢) — |y) (by
means of incoherent operations) [43] which is a notion inherited from the deterministic
transformations of bipartite entanglement [9]. In RTC, the majorization condition is
the necessary and sufficient condition for deterministic transformations and hence if
neither of them majorizes the other then they are incomparable. However, in the RTS,
two states may still be incomparable by means of the map Eq. (2.7) even if they satisfy
the majorization condition as in the case of S, or S4. Both states satisfy the majorization
condition, but they violate the CoC condition hence neither |y) — |¢) nor |¢) — |y).
We stress a point that the Proposition 1 is a sufficient condition, hence there can be
more general maps that can transform pairs of states to each other that cannot be
transformed by the map defined in Eq. (2.7). Therefore; it is an open question whether

conditions given by the Proposition 1 are necessary and sufficient conditions.

2.2.2 Three level systems

Three dimensional systems or any higher dimensional systems vastly differ from the
qubit system due to the number of Kraus operators of the first set. In qubit system
there are 2! = 2 Kraus operator in the first set, hence there are two probability terms

to be found. However in dimension three, there are six operators hence there are
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six probability terms to be found. As the number of unknown probabilities exceeds
the dimension of the system, one cannot find the probabilities trivially, therefore;
one cannot construct the corresponding doubly stochastic matrix. The majorization
condition only provides the existence of a doubly stochastic matrix. Assume that
{/ < @, then there exists a doubly stochastic matrix such that {y = D@, however entries
of D are unknown. In the case of a qubit, there are two equations (rows) and two
probabilities hence it is trivial to find the probability terms, however for d > 2 it is
non-trivial. This problem can be solved for a subset of initial and target states. If one
takes all components of states real and the scalar product terms real and equal, the
framework introduced in Ref. [57] can be invoked. However, the subset of the initial
and target states must be further split into two cases due to the majorization condition.
Assume that a pair of states with real components satisfies the majorization condition.

Then, component comparison of the majorization condition reads

iy < ¢y, (2.38)

Voo
1 1
b+ 0 < 0F + 6. (2.39)

Notice that there are two possibilities for a pair of states to satisfy Eq. (2.39). The
first one is Yn > ¢~)2 and the second one yp < ¢;2. In Ref. [57] it is shown that for
each case given above, d operators among d! type of Kraus operators (operators in
the first set), can be chosen in such a way that one can find d probability terms for d
equations (rows), hence one can construct a doubly stochastic matrix by solving the
equation system. For the first case, the Kraus operators are chosen to be such that

index functions are given as

{f1<k)}:{17273}’ {fZ(k)}:{37271}7 {f3<k)}:{27173}7 (2.40)

for 1 <k < 3, and for the second set, index functions are given as

{fl(k)}:{17273}7 {fZ(k)}:{37271}7 {f3(k)}:{17372}7 (2.41)

for1 <k <3.

Using the framework, the probability terms are found to be

) Ll
-6 W -

pr=1=pr—ps, pr=——7, p3=——1
o7 — 03 o7 — 0,

(2.42)
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for the first case (/» > ¢,). The corresponding doubly stochastic matrix is given as

P1 p3 p2
D=1\|ps pi+p2 0 : (2.43)

)2 0 P1+p3

For the second case (/> < @), the probability terms are found as

rd R rd
¢ -V ¢, —

pr=1=pr—p3, pr= ~1¢ . p3= ~2¢ ﬁ
¢| - ¢3 ¢2 - ¢3

and the corresponding doubly stochastic matrix is

(2.44)

p1+p3 p2 0
D= P2 Dl P3 - (2.45)
0 p3 p1+p2.

As an application of our findings consider the following examples. To represent the

first case we have an initial state

2
W) =/ Glen) +2[e2) + fer)), (246)
and a target state
1
[0) =1/ 17 4le) +2]e2) +er)) (2.47)

for a setting where (c;|c2) = {(c1|c3) = (c2|c3) = u = —1/4. Tt is easy to check that
¥ < ¢ with {»» > ¢, which corresponds to the first case. By using the Eq. (2.42),

probabilities are found to be

2947 1 61

P2= "z, P3= 577 (2.48)

Pr= 3519 153 391

After constructing the doubly stochastic matrix via Eq. (2.43), it is trivial to show that
the CoC is also satisfied. Using the form of the superposition-free Kraus operators
(Eq. (2.4)) with the index set define above, one can construct the following Kraus

operators to implement the deterministic transformation.

K :\/ﬂ\/g <g]cl><cﬂ+|c2> <C2L‘—|—|C3><C3L‘) , (2.49)

K2=\/P_2\/¥ <%|C3><CH+|C2) <c2L)—|—4|cl><c3LD, (2.50)

K3:\/p_3\/¥ (g\@ <cﬂ+2|c1><c;‘+|c3><cﬂ), 2.51)
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since the CoC is satisfied one does not need to explicitly built the second set operators.

Proof of Proposition 1
Two Level: In the qubit case, an initial |y) and a target |@) pure states can be written

in the most general form as

W) = yi|er) + ey cr) (2.52)
9) = 1 |c1) +e™2¢a]ea) (2.53)

where y;, ¢; € R, Vi and 6,4, € [0, 1) are relative phases of the states. We introduce
the set of Kraus operators using the same procedure in Ref [18] that is, we first define
the incoherent operators, then transform them to superposition-free operators using
the relation given in the Eq. (2.5), thus; {K,}+_, = {VIZnV_I}jzl. Using the index
functions f; ={1,2}, o ={2,1}, s ={1,1} and f4 = {2,2} we obtain the following

Kraus operators

Ky = oy |1) (1] +B1[2) (2| = K1 = ai|er) (e1] + Biler) (2l

= 2) (1[+ B2 1) (2| = K2 = a2 |c2) (1] + B2 ]e1) (c2l
(2.54)

Kz =03 |1) (1] + B3 1) (2| = K3 = azcr) (1| + B3 |er) {eal,

Ky = 0u|2) (1] + B4 |2) (2| = Ko = au|c2) (1] + Bale2) (2]

To have a trace preserving operation one needs to satisfy the Eq. (2.6), with the

coefficients given above. Then Eq. (2.6) reads

ZKZGIZ =

n

( a1 |* + |on]* + | aa|* + |l arﬁ1c122+a;ﬁ§cfz+g;ﬁ3+c2xzﬁ4)
o Byci, +onBscio+ oa Py + oy 1Bi|” +1B2|” +[B3]” + | B4l

(2.55)
where G is a Gram matrix representing the inner product setting. One can see that
G13 = G33. Unlike in the RTC, here we have also off-diagonal terms coupled with the

inner product due to the non-orthogonality. To carry out the transformation |y){y| —

|¢)(¢| one needs,

O(|y)(yl|) = ZK W)W K} = [6)9], (2.56)

n=1
therefore; the output of the operators in the first set must be K, |y) = \/p, |¢) with

p1+ p2 =1, (We omitted the overall phases of the target state using the fact that it
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can be embedded to Kraus operators) and the remaining rank(1) superposition-free
Kraus operators (the second set) must be K, |y) = 0. To obtain the output state, the

coefficients of the operators in the first set have to be in the following form,
SV By
1

2.57
— 162@ 191 ¢] ( )
0 = \/Pp2e Vi s =/ P2€

and for the rank(1) superposition-free operators, the constraints on the coefficients are
given as

1 2
a3 = —elel ﬁ3£’
Vi

e V2
oy = —e —_—. 2.58
A B " (2.58)

After algebraic manipulations, one can obtain the following equations using Eq. (2.55).

From Gy and from G»;, one obtains

P10F + P23 + BsP w3 + B3 = v (2.59)

and
P20+ p193 + B3P v3 + B3 = v3 (2.60)

respectively. From the off-diagonal element G1> = G5, (multiplied by ¢'%) one obtains

the following equation

i6,

P10102¢12€™% + prdy $acire ™% — | Bs| 2w — |Bal* W2 = v yacipe® (2.61)

By combining Eq. (2.59), Eq. (2.61) and Eq. (2.60), complex conjugate of Eq. (2.61)

one can obtain the following equation system

P ((Pl +higrene ) 2 (¢2 +1dacize” 192) = Y7 + i vacne?, 262
P <¢12 - ¢1¢2C12€i92> T <¢22 + 1 ¢2CTZ€_i92> =5 + Y1 yacie 0.

One can re-write the Eq. (2.62) in the matrix form as

(Pl pz) ( Of + 91 $ac12e’® ) _ ( i+ yiyacize’ ) (2.63)
P2 p1) \97 + d12ci,e Y3+ yivacie ) '

Realize that, for a deterministic transformation one has pi,p>» > 0 with p; + pr =
1, therefore; one can identify the matrix whose entries are the probabilities of the
transformation as a doubly stochastic matrix. Moreover, the above equation can be

decomposed into

91 0 o} (W 0 4]
(0 ¢28—192) G ((Pzeiez) - < 0 wze—iel) G (V/ elgl) (264)
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where D is a doubly stochastic matrix and where G is the Gram matrix defined in

Eq. (1.15). Therefore, the condition C1 of the proposition reads
y=Dg. (2.65)

To obtain C2, one can manipulate Eq. (2.59) and Eq. (2.60), then one obtains

) )- G e

therefore one is also required to satisfy the following due to the non-negative terms

Y o
(‘V ) >D (¢2) (2.67)

which is the condition C2 of the proposition.

Three Level: We start with defining an initial and a target pure states in the general

form,

W) = wiler) + €2y ca) + P yses), (2.68)
10) = 01 |c1) + e ]e2) + ™ g3 |c3) (2.69)

where 6;,4; € [0,7) and y;,¢; € RVi. Further we take the superposition-free Kraus

operators in the following form,

K =V (0| fa(DXA]+ Bu [ fn(2)2]+ 1 [ £ 3BV =VE, V! (2.70)

where K, is an incoherent operation of coherence and the index functions, f,(k)’s are

in the following order

f={12,3} £={2,1,3} f={3,2,1}
fa={1,3,2} fs={2,3,1} foe={3,1,2}

To have a trace preserving superposition-free operation one requires Y K/ K,, = 1,
or equivalently Y K'GK, = G, hence one must satisfy the following equations
simultaneously

9
Gi=) |ail, Gzz—Zlﬁl G33—Z|% (2.71)
i=1

i=

G2 =Gy =0 Bicia+ o Pacir, + 05 B3crs

+0y Baciz + 05 Bscaz + o Pecys + Z o Bi,
i=7
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G13=G3; =01 Y1c13+ 03 Y23 + 03 13¢]3

0y Y4C12 + O Y5C o + O YoCa3 + Z o Y,
i=7

G2z = G3 =B Yicos + By ez + B3 1els

* * * * * 2 * (2'74)
+Bs Yaco3 + Bs V513 + Be Yec12 + Z Bi' v
=7

l
To carry out the transformation K, |y) = /p, |@), coefficients of the Kraus operators

must be

o =+/pP1¢1/y1, Bi=pie "¢ Jyn, = /pre %) gy ys,
= p2e™h /v, Br=/pre %41/, Po=/p2e' M%) g3/ ys,
o = p3eB0s /w1, By=pse P Pd v, 1= /pae B o1/ s,
=P /vi.  Bi=vpie o /va. = ypae %/ ys
as = /pse2¢r /w1, Bs = /pse’ B3 /yn, 5= /pse %01 /s

a6 = /Pee™ 3/ w1, PBo=/Pse %201/, Y = /Pse "2/ s

From F;, |y) = 0 one obtains,

o = — (ﬁieigz 2 + 1€’ ‘/’3> /1, fori=17,8,9. (2.75)

By combining the coefficients with the equations above, one obtains the following

equation from Eq. (2.71) (G;; multiplied by y?),

4 . , 2
PLOT + 203 + p303 + padi + psd7 + peds + Y )/31'6192 ¥ + %e'® Ws’ =yi. (2.76)
i=7

Similarly from G, (multiplied by 11122) the equation reads,
2 2 2 2 2 2 v 2.2 2
P195 + P207 + p3ds + pads + psd3 + pedi + Y 1Bl w5 = s, (2.77)
i=5
and from the last diagonal element Gz3(multiplied by 11132) the equation found to be

]
P193 + p293 + p30f + padd + psoi + pedi + ¥ 1vi*vi = vi. (2.78)
i=5

Realize that the three equations above involve convex combinations of the components

of target states with additional real non-negative terms. Using Gi, = G3; (multiplied
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by ¢/%) one obtains
p1e™2¢19ac1n + pre M2 91 9o, + pre M) gy sy
+P4€’ 30105¢13 + pse’ ) ¢y 03005 4 pee P29y 93¢i3 (2.79)

- Z <|/31| S+ Bie Wz%) = Y1 yacie®

similarly, from G3 = G3; (multiplied by ¢'%3) one obtains

p1e® 19313 + p2e™ 2 9y 3c3 + preT M P dacls

+pae™Pr10ac1a + pse P 919acT, + pse ")y ety (2.80)

9 o .
_ Z (Bi*%ez(erez)%% n ‘%‘2%2) — Y yser3e®,
i=7

From G»3 = G3, (multiplied by ei(93_92)) the equation reads

5=22) 693003 + pae™ g1 gaciz + pae” 291 9ot

—i(A

) Gagschs + pse M digacty + pee™ digachy 2.81)

pie

+ pae

9 .
+ Y B 1B s = yoysepzel® %)
i~

By combining Eq. (2.76), Eq. (2.79), Eq. (2.80) one obtains
P101 + p202 + p33 + pady + psdr + psds = Vi, (2.82)
similarly from Eq. (2.77), complex conjugate of Eq. (2.79), Eq. (2.81) one obtains

D102+ P201 + p3da + pads + ps@3 + ped1 = Vi, (2.83)

and from Eq. (2.78), complex conjugate of Eq. (2.80), complex conjugate of Eq. (2.81)

the equation reads

D193+ P293 + p301 + pada + psd1 + pedo = V. (2.84)

The above equations can be written in the matrix form as follows,

pi+ps p2tps pitps\ [ Vi
p2+ps Pi+p3 patps| || =W (2.85)
p3+ps patps pi+p2) \93 %

Here the matrix on the left hand side is a doubly stochastic matrix as long as ) p; =1

with 0 < p; <1 [42] and it can be decomposed into Birkhoff-von Neumann form that
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is D =Y ; piP; where P;’s are permutation matrices. Therefore; the condition C1 in the
proposition reads

V= D¢ (2.86)

for a doubly stochastic matrix D. Realize that we eliminate the non-negative terms
in the diagonal entries (Eq. (2.76), Eq. (2.77) and Eq. (2.78)), therefore the equation

above is valid only if

2 2
Vi 1
v; | >D| ¢3 (2.87)
w3 03

which is the condition C2 of the proposition.

2.3 Maximal States

In this section we investigate maximal states of the RTS. We divide the problem
into two parts. We first investigate two dimensional system and then arbitrary d > 2
dimensional systems. For two dimensional systems we solve the problem for the most
general setting, however in d > 2 we solve the problem for an interval in the real
and equal scalar product settings. We first provide a necessary condition that must be
satisfied by a maximal state candidate subject to the map ® (Eq. (2.7)). This condition
provides a way of representing the candidate maximal state so that one can test whether
it is a valid maximal state for a given setting. Then we show that every setting in
dimension two admits a maximal state, however in dimension three while some scalar
product values do not admit a maximal state, there are settings where a maximal state

exists.

Before stating our findings, we change our notation to express the superposition-free
operators and states to fully utilize the matrix picture so that matrix properties of
the operators become vivider. From now on, the scalar product expression will be
represented in terms of Gram matrix for simplicity that is, (¢|y) = ¢ "G with vectors
having the components of the states i.e., ¥ = (y1,..., ;)" for a state in the form

W) = wyi|c1) + -+ Wul|cu). Then the normalization condition reads

vGy=1. (2.88)
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Moreover, consider an arbitrary superposition-free Kraus operator acting on a state

product, that is

d
Kalw) = Y g0 (e | (Wi len) + yalea) +--)
i=1

=0 Y1 }Cfn(1)> T 0y ‘Cfn(2)> o

(2.89)

since <clL |c j> = §;;, expressions for operators acting on states can be expressed as an

ordinary matrix multiplication that is,
o oo [an(i).i et —
K, |y) = K,y = . 14 (2.90)
AR

where @; ;) ; 1s entry of the matrix K, for corresponding indexes. We note that K,, is
a matrix in the form of an incoherent Kraus operator of the RTC [18]. Then, to be a
trace preserving equation one can state that
di+d
Y K/GK,=G (2.91)
n=1
since ¥, (V| KK, |w) =Y, W' K GK, ¥ = ¥'Gy = 1. The properties of the operators
will be found in this picture, however we will express the final form of the maximal

states in the Dirac’s bra-ket notation.

As mentioned previously, one cannot introduce majorization theory by using Eq. (2.10)
since the vectors subject to the doubly stochastic matrix are not necessarily real in
contrast to the RTS. In the RTC, one can eliminate phase terms of the coefficients
and make them real by using incoherent operations [43]. However, it turns out that if
one sets all entries of the doubly stochastic matrix to 1/d!, one can obtain maximal
states since such a matrix maps all vectors (given that vector satisfies Y x; = 1)
to (1/d,...,1/d)T. The additional condition, namely CoC, also adds additional
restriction which we propose as a necessary condition. Consider the following to
capture the details. For a qubit system with ¥ = (l//l,e”‘)2 l//z)T being an initial state
and (E = (o1, e ¢2)T being a target state, conditions for a deterministic transformation,
namely C1 and C2, can be written as (Eq. (2.10), (2.11))

( Wi+ y1yacipe® ) _ (Pl pz) ( 97 + P12ci2e™ ) (2.92)
2 * 71'92 - 2 * 71'/12 ’ )
Yy +yiyac)e P2 P1) \95 + 91¢aciye

y? P12 ¢12)
(%2) = (Pz p1> (%2 (293)
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respectively. Realize that if one sums the terms of Eq. (2.93), then the expression

becomes,
V43 > 67 + ¢35 (2.94)

(Since p; + p» = 1 for a deterministic transformation). It is clear that, a condition
that does not satisfy this relation cannot satisfy each component of the inequality
simultaneously. For a maximal state this relation must always hold, therefore; using
the Rayleigh quotient theorem (Eq. (1.20)) one concludes that a maximal state has to
be an eigenvector of the Gram matrix corresponding to the minimum eigenvalue. Even
though this is a necessary condition, i.e., a state that satisfies this conditions does not
have to be a maximal state, it enables us to shrink the set of maximal state candidates

by combining it with the following picture. Setting the probabilities to 1/2!, Eq. (2.93)

( W12+W1V’2C12€i?2 ) — (Wl) L (1/2) (2 95)
V3 + Y yache 7 1/2)° '

so the resultant expression does not depend on the components of the target vector.

reads,

Now assume that G = Adyin ¥ and ¥ = (1, )" = (1/2,1/2)7. It follows that

diag(w1,¢ " yn) G = = Jnin (01|, [y )" (2.96)

therefore; W = Amin|Wi|> which dictates || = |y»|. Therefore, a maximal state is

necessarily in the following form
W) =N (" |e1) + € |ca)) (2.97)

where N is the normalization constant which we comment in the next paragraph.
Motivated by the above example, we modify the probability terms of the map defined
in Eq. (2.7). That is, all probability terms are set to 1/(d!), therefore; one has
K,y = \/W (5 for all 1 <n < d! (the operators in the first set). Having described

the picture, we state our proposition for d level systems as follows.

Proposition 2: Let G be a Gram matrix that represents the scalar product settings of

the given RTS. A maximal state is necessarily

1. an eigenvector corresponding to the minimum eigenvalue of the Gram matrix,

2. it must have the following form
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\/_mjz ¢'%|c;), (2.98)

where |c;)’s forms a linearly independent, not necessarily orthogonal normalized basis
and where 6; € [0,27). Here, the Ay, joins to the normalization constant since
PGP = 1 PT -, it follows that the normalization constant N = (‘i” . ‘i‘),min> s
with |¥;| = |‘{’ j’ for all i, j, therefore N = 1/v/d Ayin. With these information in hand,
we seek maximal states by investigating first whether a Gram matrix for a given setting
has a eigenvector corresponding to the minimum eigenvalue in the form given above.
If such a vector exists, we then investigate whether the first set of Kraus operators can
be completed to a trace preserving map by the second set of operators. Due to this
fact, we call any state satisfying one of the conditions given in the Proposition 3 a
candidate maximal state. Here we first state our finding for two dimensional systems,

then continue to d dimensional systems.

Proposition 3: Let G be a Gram matrix that represents the scalar product settings
of a two dimensional RTS, then an eigenvector |¥) corresponding to the minimum

eigenvalue Ayin is a maximal state.

First, consider the known examples in two dimension given in Refs [18,42]. For a real
scalar product (ci|cp) = u in dimension two, eigenvalues of the Gram matrix are found

tobe Ay =1 —pu and A; = 1 4+ u and the corresponding normalized eigenvectors are

W) = mum — le2)). (2.99)
and
1
¥2) = m(\cﬁ +]c2)). (2.100)

For 0 < u < 1, Apin = A1 hence the maximal state for this interval is |¥;) [18].
Similarly, for —1 < g < 0 Ayin = A2, hence the maximal state is |¥,) [42]. Finally,
consider the general case for dimension two that is, (c|c2) = ¢/®u where u € (—1,1)

and € [0, ). The maximal state for the general case is found to be

oy [ el ozus

2(14pu)

(2.101)

—_

(Jet) +e @cp)) , —1<pu<0

Notice that phase of the scalar product of basis states are compensated by the relative

phase of the maximal state so that ¥ = (1/2,1/2)T. As one can see that in the
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orthogonal limit maximal states given in Eq. (2.99), Eq. (2.100) and the equation above
reduces to different form of maximal state of coherence whose general form is given

by [14],
1 & .
lv)=—=Y %)) (2.102)
Va5

(where | j)’s forms an orthonormal basis and 7; € R) in the orthogonal limiti.e, G — I,
hence Apin — 1. It is important to note that in the RTC, one has freedom to choose
T; arbitrarily since the states are equivalent to each other by means of incoherent
unitary operations, however, relative phases of the maximal states of resource theory of
superposition are fixed because of the fact that operations acting on relative phases are
not free operations [18]. As a consequence, the maximal state of the RTS for different
settings reduces to different elements of the set of maximal states of coherence as
w — 0. It is due to the fact that the Gram matrix dictates the relative phases of the
eigenvectors (satisfying the Proposition 3). For instance, an eigenvector having relative
phase 6, = 0 is allowed only in the case of negative values of scalar product, hence
only in this setting a maximal states reduces to the canonical form of the maximal
state of the coherence that is 70 = 0. Since Eq. (2.101) is in the most general case,
we conclude the qubit case by stating that there exists a maximal state for all scalar
product settings, however in higher dimensions this is not the case. For instance, for
d = 3 one cannot have a maximal state for positive and equal scalar product values by

means of the map ® (Eq. (2.7)).

Before continuing to higher dimensional systems, we first analyze the Gram matrix for
areal and equal product setting to parameterize the eigenvectors and the corresponding

eigenvalues. The Gram matrix for such a setting then can be written as
G=(1—u)l+uPer, (2.103)

where 1 is a d x d identify matrix and ¥ is a column vector whose elements are
all one. Then it is clear that ¥ is an eigenvector corresponding to the eigenvalue
1 + p(d — 1) with multiplicity one and any vector orthogonal to ¥ is an eigenvector
corresponding to the eigenvalue 1 — u with multiplicity d — 1. Moreover, to be a valid
linearly independent basis the determinant of the Gram matrix must be positive. Using

the eigenvalues of the Gram matrix, one obtains the following interval for the scalar
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product
1
———<u<l 2.104
g_1 “k<h ( )
to have det(G) > 0. Then we have Ay, = 1 + p(d — 1) for the interval —1/(d — 1) <

u < 0. Having identified the eigenvectors and the eigenvalues, we state the following

proposition.

Proposition 4: For a d > 2 system with real and equal scalar values settings, the state

given by

(2.105)

1 d

Y= o B
is a maximal state for the interval 1/(1 —d) < u < 0. Realize that the state is
normalized version of the vector ¥ in the Eq. (2.103), it corresponds to the minimum
eigenvalue, therefore; it automatically satisfies the second proposition . It is unclear
and thus is an open problem whether the second proposition is also a sufficient
condition due to the fact that maximal states we found do not seem to have any
additional property other than the conditions given by the second proposition. For
instance, in dimension three with a setting given as (c;|c2) = (ci|c3) = (ca|c3) = u =

~1/4
1) = /2 ) +lex) + e (2.106)

is a maximal state. The state corresponds to the minimum eigenvalue Ay, = 1/2.

However, for the case u = 1/2, the eigensystem of the Gram matrix is given as

1
) = \/;(|cl>—|—|cz>—|— le3))., for 4 =2 2.107)
1
“P2> = |C]> — |C3> N for ;Lz = E (2.108)
1
|‘P3> = |Cl> - |6‘2> s for )‘3 = 5 (2.109)

Here, the state |} ) is in the form of Eq. (2.98), however it does not corresponds to the
minimum eigenvalue and in Ref. [18] it is proven that there is no maximal state for this
setting. Moreover, since Api, = Ay = A3 = 1/2 for degenerate eigenvalues, any vector
in the form

ar |¥2) +a; |¥3) 2.110)

is an eigenvector corresponding to the minimum eigenvalue. Such a state cannot be

written in the form of Eq. (2.98). That is,
‘lP> :N[(a1+a2)]cl>—a2\cz>—a3|C3>] (2.111)
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—-1/2
for a;,a; € C and where N = (|a)|* + |az|* + a1d5 /2 + atay /2) " One can check
that there are no a; and a, that make |¥) in the form of Eq. (2.98), hence the state

violates the second proposition.

Proof of Propositions

We stress that the proof has three folds which corresponds to the three propositions
respectively. First we show that it is necessary for a maximal state to be an eigenvector
of the Gram matrix corresponding to the minimum eigenvalue and to be in the required
form given by Eq. (2.98) by means of the map defined in Eq. (2.7). Then, we give the
proof of both the Proposition 3 and the Proposition 4 by setting the dimension and

Gram matrix appropriately when it is it required.

We first define the initial state and the target state for dimension d,

—

= (ei"l wl,...,e""dwd>T, 2.112)
7 (ei’llq)l,...,ei’ld(])d)T, 2.113)

where 0,1, € [0,27] and y;, ¢; € R=0. To transform the initial state to the target state
thatis K, ¥ = /1/d !5 , the first set of Kraus operators has to be in the following form,
(defining &; == A; — 6;)

1 e ) O
— e (Eijn) THL 2.114
d!e Yin ( )

(Kn)i i
First consider the properties of the first set of Kraus operators. They have a matrix rank
which equals to the superposition rank of the target state (number of non-zero elements

of 5 ). The operators have at most one non-zero entry in each column and row, that is

0 0
5 e e(ll_e/)% O ..
Ki=| o e | (2.115)
Vi
0 0

It is clear that whether the entry is zero or not depends on the index n. By summing
over the index n, one obtains
& dl [1 e @
Y. (R = G| e (2.116)
n=1 d d! V/]
since the given set of Kraus operators are permutation matrices whose entries are

replaced with the corresponding transformation coefficient. Realize that this relation
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does not depend on whether the target state has non-zero entries or not. If ¢; = 0,
then the corresponding term in the sum is also zero. Also by using the property

(K} ) = (K}, ji» here we give the proof by invoking a counting problem. One can

construct the matrix entries as follows

iIZTGK i i L pieein) G, 9m Fen 2.117)
n = —e \rhn in) . .
o n ; - j,kd! Wlnll/ln

Here we can split the inner sum term on the right hand side to invoke counting problem

that is

d! e d [d e ei) e Oin Ojn
Y K,GK, .l:Z Z‘d_ nil = Ejin) G ;LI T
, =

— n—1 ‘Vz n Yin
; (2.118)
+ Z iei(gkl.nfgji,n)G ¢J n (Pkn
jk d! ‘Vl n Yin
j#k

Recall that a Kraus operator in the form of an incoherent operator is dictated to have
only one non-zero element in each column [14]. Moreover the first set of Kraus
operators have also only one non-zero element in each row (Eq. (2.114)), therefore;
for i = [, the sum over the index set j # k is zero for all n, and for i # [ the sum over
the index set j = k is zero for all n. Moreover, for i = [ there are d!/d ¢;/y;’s for each
J, therefore; summing over n one obtains
& 4 1d!e; 11 &

(;KZGKn>ii:;ag%$ iy L Z¢] (2.119)
for each 1 <i < d. For the off-diagonal elements, since i # [ and j # k, there exist
a Kraus operator with the entries ¢;/y; and ¢ /y; for an arbitrary index n’. Starting
from this, among d! number of permutations of n’-th Kraus operator, only (d —2)!

does not change the indexes, hence summing over n, one obtains

d! _ i(6,—6,) d
o d—2)! .
Y K/GK, _ | : )te Y G0y (2.120)
n—1 il d! Vi jk
Jk

By combining the diagonal and off-diagonal elements, one can obtain the matrix

entries in the index form

K'GK,| =-—Y 075,
n n ; dll/lzj:1 J -l

n=1
o 2.121)
(d—2)!e0—0) d 1)
G (1 — 8y).
A A jzk’ 7
J#k
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Now assume that Eq. (2.121) can be completed to a trace preserving map by using the

second set of Kraus operators. Recall that a rank(1) superposition-free operator is an

operator with all rows zero except the nth row, that is (Here we change the symbol for

the second Kraus operators with F,, to be able to start indices from 1.)
(Fn)ij = 0;Opi

and hence the total sum over all operators gives

d d [ d d
(Z FJGF,Z) =) (Z a;fi5niijOCkz5nk> =Y oo
il ik n=

By combining with the first set of operators, one obtains

d! i o d L 11 ¢4 5
Y. KGR, + ) FIGE, | =—— 3 9]8
n=1 i Vi =1

n=1
(d—2)! 00
al vy

d
Y MG (1 -
~
J'j#k

+ Z i Onl =

By manipulating the denominator terms, it follows that
1 ¢ d—2' & ioa
p Y 078+ (d=-2) Y MG (1 - 8y)

j=1 Jik

J#k

+Z e OOy = GO Oy

By summing over the index /, the equation reads

d o d
é LY 0j0u+ “ d!2)! Y. Y MG g00(1 - 8n)

I=1 jk
k

T

d d d
+ Y Y aome O W yyy = Y Gue 00y,
n=11=1 I=1

realize that Z?:l o, et v; = 0 since £,y = 0, hence we obtain

14, d=2)' & iy d —i(6,-6)
p Y 07 +(d—1) i Y G000 =) Gue O My
=1 bk =1
7k
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(2.122)

(2.123)

Si1)

(2.124)

(2.125)

(2.126)

(2.127)



With further algebraic manipulations, it can be simplified into the following equation

d 1 d P d o
7 Z +5 2 MG 0 = Y Gye Oy, (2.128)

Finally one can obtain the following equation

1o, -~ ¢ (60—
Z¢J+Ze WG | = —07Go =Y Gae O Myy. (2.129)
=1
/%k

Then one is required to satisfy the following equation

d
Z pe OOy = ;. (2.130)

Here, one can introduce the Rayleigh quotient (min-max theorem) with additional
manipulations to show that the maximal state is an eigenvector of the Gram matrix
corresponding to the minimum eigenvalue. Consider the diagonal elements of the

matrix given by the Eq. (2.124)
Iy 2 < 2.9 2
2 O+ ) |l v = (2.131)
J=1 j=1

for each 1 <i < d. Realize that one obtains the following inequality from the sum of

the equations over the index i,
d d
Yvwi>Y ¢ (2.132)
i=1 i=1

due to the non-negative terms. It is obvious that, a condition that does not satisfy
this relation cannot satisfy each component of the inequality simultaneously. For a
maximal state this relation must always hold, therefore; using the Rayleigh quotient
one concludes that a maximal state has to be an eigenvector of the Gram matrix
corresponding to the minimum eigenvalue. To obtain the form given by Eq. (2.98),
assume that G = Ay and ¥ = (1, Vh,...,W,)" = (1/d,1/d,...1/d)" (due to
Eq. (2.130) and Eq. (2.132)). It follows that

diag(y{, ..., ¥ )G = ¥ = Amin (w11, w2 % D), (2.133)

therefore; ; = 7‘min|‘lfi\2 which dictates |y;| = }Wj‘ for all i, j which completes the

proof of the second proposition.
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Now to prove the Proposition 3 and the Proposition 4, we show that the given first set
of Kraus operators can be made a trace preserving operation by adding the second set
of Kraus operator. To accomplish that one requires that the following matrix must be
positive semidefinite

G- ﬁK;Gknzo (2.134)

n=1
so that one can decompose into positive semidefinite operators ZZ: IF,,T GE,. Since
F,y = 0 for all n one also requires
d!
G- Y KiGK, |y =0. (2.135)
n=1
First we show that the latter is satisfied, and then show that the given matrix is positive

semidefinite. To shorten the expressions, we define ¢ := Z?:l ¢JZ and

n=1

d!
X = (G— Y K} Gl?n> : (2.136)

Now assume that § is an eigenvector of the Gram matrix corresponding to the Apyp,

then one has

192& d-2)!' (& 600 6
Xy = Zc,e W,——¢— ! )<Ze’(9’ 91>e91w,(1—5,~1)) (2.137)

= dy} 5 d! =
XY = Amine® 1//,—1‘?—? "eiq/i—<d;!2)!(1—¢2) (%—%) (2.138)
X = Amine® Wi — Amin 2™y — %(1% )(d—l)%éi (2.139)
XY = Amin€® Wi — Amin9” €' Wi — Amin (1 — 97) (d — 1)y (2.140)
XY = Amine® ¥ (1 - 9> — (1— %)) =0 (2.141)

hence V¥ is also an eigenvector of X with the eigenvalue zero. To show that X is positive

definite, first by using Eq. (1.20) and Eq. (2.133) identify that

1

in = — % 2.142
i = (2.142)

i

and by using Eq. (2.121), X then has the following diagonal entries,

— 1 — Apin > (2.143)
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and it has the following off-diagonal entries

)frnin

Xip =G — - —

(1—¢%) @9 fori#l (2.144)

Notice that Eq. (2.143) is non-negative (see Eq. (1.23)). Here, we first calculate the
entries of the matrix X and the minimum eigenvalue of the Gram matrix with the
corresponding eigenvector for d = 2 in the most general setting and then for d > 2

level for the interval given in the Proposition 4.

For d = 2 there are two cases for Ay, which are Ay, =1 —u and Ay = 1+ 1
depending on the interval of g. For A, = 1 — u case, Eq. (2.143) and Eq. (2.144)
reads,

Xii=Xp=1-(1—p)¢> (2.145)

and

Xp=X5; =p—(1—p)(1—¢2)e -0+ (2.146)

respectively. Tt is trivial to show that X1 = X = |X12| = |Xz1|, therefore; X is a
diagonally dominant matrix (see section 1.1.5). Since X is also a Hermitian matrix
with positive diagonal entries one concludes that it is a positive semidefinite matrix.
For Amin = 1+ U case, it is trivial to show that the resultant matrix is also a positive

semidefinite by repeating the steps above identically.

For d > 2 level, the Gram matrix then can be written as
G=(1-p)l+pPPe" (2.147)

where 1 is an d x d identify matrix and ¥ is a column vector whose elements are
all one. Then it is clear that ¥ is an eigenvector corresponding to the eigenvalue
1 4+ u(d — 1) with multiplicity one and any vector orthogonal to ¥ is an eigenvector
corresponding to the eigenvalue 1 — u with multiplicity d — 1. Then we have that
Amin = 1 + p(d — 1) for the interval —1/(d —1) < u < 0. By combining it with
Eq. (2.143) and Eq. (2.144), we obtain

Xi=1—(14+pu(d—1))¢> (2.148)
B 1+u(d—1) o 1+ (1+pd—1))¢9?

Realize that, |X;;| = Y;|Xj| for all / # i and 1 <i < d. Hence using the dominant

diagonal property of the matrix one can conclude that it is positive semidefinite.
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Therefore, X has a spectral decomposition that is
X =Y A, (2.150)

where u; is an eigenvector of X. Let €, be a vector whose only nth element is non-zero.
In that case F, = &,m' is a valid superposition-free rank(1) Kraus operator for an
arbitrary m. Let m be a vector in the following form m = Z?;ll apiii; where a; € C.
Therefore, the rank(1) superposition-free Kraus operators satisfy £,y = 0 for all n.

Moreover, it follows that

d _ d d—1d-1
Y FiGF, =Y anit; (G2, ) @yl 2.151)
n=1 n=1i=1 i=j
d N d d—1d-1
Y FfGE, =Y, ani@ il (2.152)
n=1 n=1i=1 j=1
To have
d
Y FiGF, =X (2.153)
n=1

it is required that Y, apia, ; = 0 for all i # j. Since d > d — 1, take a;; = 0 for all

i >d — 1 and take a;; = 0 for all remaining i # j hence,

1

d—1 d—1
) || = ) ! (2.154)
i=1 i=1

therefore, |a;;| = V/A; since A; > 0 which completes the proof of the Proposition 3 and
4.
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3. CONCLUSION

In this thesis, we investigated the deterministic transformations of the resource theory
of superposition along with the maximal states. We fulfilled the gap between the
resource theory coherence and the resource theory of superposition in the context
of deterministic transformations and maximal states by establishing a continuous
relation by means of a Gram matrix. The Gram matrix picture provides an easy way
to represent different scalar product settings of a resource theory of superposition.
We also showed that in the orthonormal limit the Gram matrix goes to the identity
matrix, therefore; one recovers the resource theory of coherence. In this context, our
work provides further development in the way of generalizing the resource theory
of coherence. It is also shown that the maximal states of the resource theory of
superposition can be represented in the Gram matrix picture, i.e. a state cannot be
a maximal state if it is not an eigenvector corresponding to the minimum eigenvalue of
the Gram matrix that represent the scalar product setting. We found the maximal states
of two level systems for arbitrary scalar product setting. Finally we provided maximal

states for higher dimensional system that are valid in certain settings.

Our future aim is to prove that the first proposition is also valid for arbitrary
dimensional systems. It is also an open question whether this proposition is a necessary
and sufficient condition. If one accomplishes to show that the first proposition is true
for arbitrary dimension, then it becomes possible to derive the remaining propositions
as immediate corollaries. In this case it may become possible to generalize the
resource theory of coherence in a broader way. Another open question is the existence
of maximal states for settings that are complementary to the settings given in the
fourth proposition. We conjecture that if a Gram matrix that represents the given
scalar product setting of an RTS admits an eigenvector corresponding to the minimum
eigenvalue in the following form |y) = \/1/dAmin Y0, €/ |c;) , then it is a maximal

state.
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