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ELECTROMAGNETIC SCATTERING
FROM CONDUCTING SURFACES
BY NYSTROM METHOD

SUMMARY

The aim of this thesis is to calculate the scattered electric field from metal surfaces
with the Nystrom solution method. This topic is of interest to computational
electromagnetic (CEM). CEM generally use Maxwell’s Equations to calculate electric
or magnetic fields. In CEM, Electric Field Integral Equation (EFIE) is used to
find scattered electric field and Magnetic Field Integral Equation is used to find
scattering magnetic field. These equations are derived from Maxwell’s equations
and Maxwell’s equations can be written as differential form or integral form. CEM
solves these equations by using numeric methods. The best known methods used
by CEM are Moments Method, Finite Element Method, Finite Difference Time
Domain Method. Finite Difference Time Domain Method solves differential equations
and other methods solve integral equations. These methods have advantages and
disadvantages while solving equations. Main advantage of using integrals equation
is that if differential equations are used to solve electromagnetic problems , there is
need to find scattering electric field of not interested observers. Because derivative
value of a point depends on derivative values of near points. While using integral
equation to solve electromagnetic problems, we do not need to know scattering electric
fields of near points if integrals are convergence.This saves us time while coding
if integral equations methods are used instead of differential equation to overcome
electromagnetic problems.

In this study, Nystrom Method (NM) was used to evaluate scattering electric
field from metal surfaces. NM converts integral equations to series sum. The more
folds the integral is, the more sum series are available. Nystrom method is not new
numeric method but it is new for CEM since 1990’s. In NM, integral equations are
solved and solution domain (scattered object) needs to meshes like other methods.
These meshes can have different geometries like triangle, square, circle, cube and
every meshes have equivalent number of sampling points and weight coefficients.
Square meshes are selected to solve problem for this thesis.

Key of the NM is to apply quadrature rule on the integral operator. Quadrature
rule turns integrals to series sum. In series sum, quadrature rule multiplies sampling
points of integrand and weights coefficient of these sampling points. There are a lot of
types quadrature rule such as Trapezoidal rule, Tanh-Sinh rule, Gauss-Kronrod rule,
Gauss-Hermite rule, Gauss-Jacobi rule and Gauss-Legendre rule.
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Gauss-Legendre quadrature rule is applied to solve EFIE in this thesis. In reality, this
rule evaluates integrals which have lower boundary as -1 and upper boundary 1. For
different boundaries, a simple transformation must be applied. Sampling points of
rule is the roots of Legendre polynomials for integrals that have the boundary between
-1 and 1. Weights coefficients also can be found from this polynomials.

Basic strategy to find scattered electric field is that first step is to find current
density, that creates scattering electric field, is stimulated by a source. This source is
generally plane wave source. Impedance matrix must be filled to find current density.
EFIE is used while calculating impedance matrix. Impedance matrix is square matrix
and gives relationship between incident electric field source (plane wave source) and
current density. Impedance matrix can be thought that it gives relationship between
every sampling point in terms of EFIE. Incident electric field source and current
density matrix are column matrix. Current density can be determined with matrix
operations.To calculate current density , there is need to take inverse of impedance
matrix. Taking inverse of this matrix causes time consuming while coding.Even if
there is a numerical method that solve this problem, while coding scattering electric
field problem, we do not use these numeric aproaches. Second step is to find scattered
electric field by using current density. To find scattering field, observation points must
be defined. Same strategy in first step could be used to evaluate scattering field but,
difference is that impedance matrix of second step is not square matrix, is rectangular
matrix. Elements of this matrix shows relationship between sampling points and
observation points. Scattering electric field is calculated with the matrix multiplication
of current density matrix and impedance matrix. This was the strategy to evaluate
scattering electric field.

Even if easy procedure, there is a problem because of quadrature rule. EFIE
has green’s function and second derivatives of green’s function. In denominator
of Green’s function, there is a distance term whose symbol is R. Also, it is easily
realized that second derivatives of green’s function has R> term in denominator. These
terms cause a singularity problem at the first stage of solution strategy because, the
distance between same sampling points is zero. Singular terms are at the diagonals
on impedance matrix. Gauss-Legendre quadrature rule is not valid for singular
integrals. But, it is known that integral is defined compare to Cauchy principle
value at the singular points although quadrature rule cannot handle it. To overcame
singularity problem, there are a lot of solution strategies like Tanh-sinh quadrature
rule, Radial angular-separation variable transform, Duffy’s transform. In this study,
Duffy’s transform is applied to get rid of singularity problem. This transform is
useful for triangular meshes. To calculate result of singular point, square meshes
are divided to 4 triangular meshes. Result of one singular point is summation of
result of 4 triangular meshes. Moreover, result of singular points have 2 terms.
One of them is the result of Duffy’s transformation and second term comes from
limit of green’s function when distance goes to 0. Total result which is diagonal
element of impedance matrix equals summation of two terms. This singular point
result is for green’s function. To calculate results of derivatives of green’s function,
Duffy’s transform can be used again. Different strategy is used to calculate results
of derivatives. This was done with finite difference theorem in the thesis. Unlike the
singular result of green’s function, there is no contribution from limit for derivatives of
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green’s function because this contribution is just number and derivative of this number
is 0. It is easily understood that there is no singularity problem for non-diagonal
terms of impedance matrix. Besides, there is no singularity problem while calculating
scattered electric field from current density as observers are not on the scattered object.

In this thesis, first two chapter are about theory of scattering electric field with
Nystrom Method. The subject of last chapter is simulation results of scattering electric
field from metallic squares and cubes. Simulation results are compared with the
results of Feko program. Properties of simulations are given detail by detail like angle
of propagation direction of plane wave, frequecy, shape of scattered object, mesh
number, quadrature number. Simulation results are given in terms of phase results of
scattering electric field and amplitude results of scattering electric field.

XX1il






NYSTROM YONTEMIYLE
ILETKEN YUZEYLERDEN
ELEKTROMANYETIK SACILMA

OZET

Bu tezin amaci metal yilizeylerden sacilan elektrik alani Nystrom ¢oziim yOntemini
ile hesaplamaktir. Bu konu hesaplamali elektromanyetik dalinin (CEM) ilgilendig8i
bir konudur. Bu dal elektrik ve manyetik alan1 hesaplamak i¢in genellikle Maxwell’s
denklemlerinden tiiretilmis olan elektrik alan integral denklemini ve manyetik alan
integral denklemini kullanir. Bu denklemler diferansiyel formda da yazilabilir.
CEM genellikle bu tarz denklemleri ¢ozmek icin sayisal ¢Oziim yoOntemlerini
kullanir. En ¢ok kullanilan ¢6ziim yontemleri ise Moment Metodu (Mom), Sonlu
Elemanlar Metodu (FEM), Zaman Domeninde Sonlu Farklar Metodu (FDTD) olarak
diisiiniilebilirBu yontemlerden olan FDTD diferansiyel olarak ¢oziim Onerirken,
diger yontemler ise ¢oziimil integral denklem olarak Onerir. Bu yontemlerin kendi
aralarinda avantajlar1 ve dezavantajlar1 da mevcuttur. Integral denklemi kullanmanin
ana avantaji, elektromanyetik problemleri ¢cozmek i¢in diferansiyel denklemler
kullaniliyorsa, ilgilenmeyen gozlemcilerin sacilan elektrik alanim1 bulmaya ihtiyag
duyulmasidir. Ciinkii bir noktanin tiirev degeri, yakin noktalarin tiirev degerlerine
baghdir. Elektromanyetik problemleri ¢6zmek i¢in integral denklemi kullanirken,
integraller yakinsaksa, yakin noktalarin sacilan elektrik alanlarini bilmemize gerek
yoktur.  Bu, elektromanyetik problemlerin iistesinden gelmek icin diferansiyel
denklem yerine integral denklem yontemlerinin kullanilmas: durumunda kodlama
yaparken bize zaman kazandirir.

Bu tezde metal yiizeylerden sagilan elektrik alani hesaplamak icin Nystrom metodu
(NM) kullanilmis.NM integral denklemleri seri toplamina doniistiiriir.Integral kac
katliysa o kadar sayida toplam serisi mevcuttur. Bu metod yeni bir metod degildir
fakat, bu metod 1990’l1 yillardan itibaren hesaplamali elektromanyetik alaninda
kullanilmaktadir. NM c¢oziimii yaparken integral denklemleri kullanir ve diger
yontemlerde oldugu gibi elektrik alanin sacilacagi nesneyi kiiciik elemanlara boler.
Elemeanlar kare, kiip, daire gibi geometrik sekillerde olabilir. Problemi ¢dzmek
icin bu tezde karesel elemanlar kullanilmigtir. Her eleman esit sayida ornekleme
noktalarina ve agirlik katsayilarina sahiptir.

NM’nin en kritik noktas1 kareleme kuralinin integral operatoriine uygulanmasidir.
Kareleme kurali integralleri seri toplamlarina doniistiiriir ve bu seri toplamlari
integrand’in Ornekleme noktalarindaki degeri ile bu Ornekleme noktalarina ait
olan agirhik katsayilarmin ¢arpimindan olusur. Integraller icin bircok kareleme
kurali1 yontemi vardir ve bunlara ornek olarak Trapezoid kurali, Tanh-Sinh kurals,
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Gauss-Kronrod kurali, Gauss-Hermite kurali, Gauss-Jacobi kurali ve Gauss-Legendre
kural1 verilebilir.

Bu tezde elektrik alan integral denklemini hesaplayabilmek icin Gauss-Legendre
kurali kullanilmistir. Bu kural limiti 1 ve +1 arasinda olan integralleri hesaplar.
Farkli bir aralikta olan integralleri hesaplayabilmek icin basit bir doniisiim yapilir.
Gauss-Legendre kuralinda Ornekleme noktalart Legendre polinomunun -1 ve +1
degerleri arasindaki kokleridir. Agirlik katsayilart ise Legendre polinomu sayesinde
rahatlikla bulunabilir.

Sacilan elektrik alan1 bulmak icin 2 adim izlenir. Ilk adimda sacilan alan1 olusturacak
nesne bir kaynak tarafindan uyarilir, bu kaynak genellikle diizlem dalgadir. Ilk
adimdaki amag nesne iizerinde olusan akim yogunlugunu matriks islemleri yardimiyla
bulmaktir. Bu matriksler karesel matriks olan empedans matriksi, akim yogunlugunu
gosteren matriks ve kaynak tarafindan nesneye gelen elektrik alan1 gosteren siitun
matriksleridir. Empedans matriksinin elemanlar1 EFIE’ne gore olusturulur ve her
elemanm1 Ornekleme noktalarinin EFIE ’'ne gore birbiri arasindaki iligkiyi gosterir.
Akim yogunlugu ise empedans matriksinin tersinin gelen elektrik alan matriksinin
carpimiyla bulunur.Akim yogunlugunu hesaplamak i¢in empedans matrisinin tersini
almak gerekir. Bu matrisin tersini almak kodlama yaparken zaman kaybina neden
olmaktadir. Bu sorunu ¢dzen sayisal bir yontem olsa bile sacilma elektrik alan
problemini kodlarken bu sayisal yaklagimlar1 kullanmiyoruz. Iknci adimda ise
ama¢ akim yogunlugundan faydalanarak sacgilan elektrik alani bulmaktir.  Bu
adimdaki yontem ile ilk adimdaki yontem birbirine benzerdir fakat, burada empedans
matriksinin karesel degildir. Bu adimda uzayda sagilan elektrik alanin hesaplanacagi
gozlemci noktalar1 olusturulur. Empedans matriksi ise bu gdzlemci noktalar1 ile nesne
tizerindeki ornekleme noktalar1 arasindaki iliskiyi gosterir. Sagilan elektrik alan ise
akim yogunlugunu gosteren matrix ile empedans matriksinin ¢arpimiyla bulunur.

Sacilan elektrik alani bulma islemi kolay olmasina ragmen anlatilan ilk adimda bir
tekillik problemi vardir. Bu problem EFIE denkleminin icerisindeki Green fonksiyonu
ve bu fonksiyonun ikinci tiirevinden kaynaklanir. Ciinkii, Green fonksiyonunun
paydasinda R ile gosterilen uzaklik terimi vardir. Green fonksiyonunun ikici tiirevinin
paydasinda ise R terimi vardir. Empedans matriksinin diagonal elemanlarinda (ayni
noktalarin etkileimini gosteren elemanlar) uzaklik O olacag: icin bir tekillik olugur.
Bu tekillik problemi Gauss-Legendre kareleme kurali ile ¢oziilemez, bu kural tekilligi
olmayan integraller i¢cin gecerlidir. Fakat, Cauchy Esas degerine goére EFIE ’nin
tekil noktalar1 icin de bir degeri vardir. Tekillik problemini ¢ozmek i¢in Tanh-sinh
kareleme yontemi, Radyal acisal-degiskenlere ayirma yontemi, Duffy doniisiimii gibi
yollar mevcuttur. Bu tezde Duffy doniisiimii tekilligi ¢6zmek i¢in kullanilmistir. Bu
doniisiim iiggensel elemanlar i¢in bir ¢6ziim sunar. Kullandigimiz karesel elemanlari
4 tane licgensel elemana bolerek sonucu bulabiliriz. Sonug bu 4 {icgensel elemanin
sonuclarimin toplamidir. Ayrica bu sonuca Green fonksiyonunun limit sifira giderken
cikan degeri de eklenmelidir. Bulunan toplam sonu¢ Green fonksiyonunun tekil
oldugu noktadaki (empedans matriksinin diagonal elemani) sonucudur. Green
fonksiyonunun ikici tiirevinin tekilligini hesaplayabilmek icin de Duffy doniisii
kullanilabilinir .  Ancak bunun yerine sonlu farklar yontemi kullanilarak ikinci
tirevlerin tekillik degerleri hesaplanmigtir. Bu asamada Green fonksiyonun ikinci
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tirevinin limit 0’a giderken aldig1 deger sifir olacagi icin bu hesaba gerek yoktur.
Ayrica su da kolaylikla anlagilabilir ki, akim yogunlugu hesaplanirken empedans
matriksinin diagonel olmayan elemanlarinda ve sacilan elektrik alan hesaplanirken
empedans matriksinin tiim elemanlarinda bir tekillik s6z konusu degildir.

Bu tezde ilk iki iinitede sag¢ilan elektrik alanin Nystrom metodu ile nasil bulunduguna
dair teoriye yer verilecektir. Son bdliimde ise metalik kare ve kiipler i¢in sacilan
elektrik alanlarin benzetim sonuglar1 iizerinde durulacaktir. Bu sonuglar Feko
benzetim programinin sonuglart ile karsilagtirnlmistir.Simiilasyonlarin 6zellikleri,
diizlem dalganin yayilma yoniiniin acisi, frekans, sagilan cismin sekli, ag sayisi,
ornekleme sayisi gibi ayrintili olarak verilmigtir.  Sacilan elektrik alanimmin faz
sonuclar1 ve sagilan elektrik alaninin genlik sonuglar1 acisindan simiilasyon sonuglari
verilmisgtir.
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1. INTRODUCTION

The main idea of computational electromagnetic (CEM) problems is to solve
Maxwell’s equations by using integral equations or differential equations. Target of
CEM deals with solution of electromagnetic problems like radiation and scattering.
Thanks to improved computer technology, computational electromagnetics are
developing day by day and application to new solution techniques will be easy to
this research area. One of these solution techniques is Nystrom Method (NM). NM
considers Maxwell’s Equations, that show solution of electromagnetic problems [1],

in integral form.

1.1 Nystrom Method

Nystrom method is a numeric technique which finds the results of integrals in
mathematics. NM assumes that every integral can be written as sum series [2].
Nystrom method was formulated by E.J. Nystréom in 1928 then it was improved in
1990.The method uses certain coefficients while doing this calculation. NM does
not only use in mathematic. NM is used many applications of sciences that consider
problems in integral form. One of them is electromagnetics. Maxwell’s Equations
solves most of electromagnetic problems like electromagnetic scattering. Maxwell’s
equations can be written integral form that is why NM is preferred this study. NM
solved non-singular integral equations when it was formulated. This was the problem
for electromagnetic because it has singular integral equation. Gedney overcame this

condition with the formulation of locally-corrected Nystrom method in 1990’s.

1.2 Electromagnetic Scattering

The removal of the electromagnetic energy that comes to the object is electromagnetic
scattering. Electromagnetic energy is transmitted with electromagnetic wave. The
cause of electromagnetic scattering is the current that is created by electromagnetic

wave on the object. With the knowledge of the scattering properties, progress has



Scattering field=?

4 A LS

Incident Field (source) Current density on surface

Figure 1.1 : Problem schema of thesis.

been made in many fields such as the military, industry and medicine. For example,
detection of tumor or pulmonary edema is done more quickly and easily thanks to the
developments in the field of electromagnetic scattering. These developments were also

effective in the discovery of minerals..

1.3 Purpose of Thesis

The purpose of thesis is to find scattered electric field from metallic objects with
Nystrom Method. Metallic objects are called perfect electric conductor (PEC) in
electromagnetics. NM does not solve Maxwell’s Equation directly. NM solves Electric
Field Integral Equation (EFIE) which derives from Maxwell’s Equations. To find
scattered electric field, the PEC object is exposed to the electromagnetic source that is
generally plane-wave source. This source is called incident field in electromagnetics.
After finding the current density, EFIE also calculates the scattered electric field using
this current density. NM is applied to solve EFIE as numeric. NM converts integrals
to finite series sum. NM does not need to basic functions unlike Method of Moments
that is generally used to solve EFIE. Problem schema of thesis can be seen from figure

1.1 like:
1.4 Dissertation Outline

The remaining parts of the thesis are organized as follows: In chapter 2, it is formulated
electromagnetic scattering theory with Maxwell’s Equations and boundary conditions.
We will also show derivation of the electric field integral equation. In chapter 3, we

will demonstrate Nystrom method to compute surface integrals. We will also talk about



advantages and disadvantages of Nystrom method according to Method of Moments.
In chapter 4, we will highlight that how to apply Nystrom method to EFIE to find
scattering electric field. We will also show solution strategies of singularity problem in
this chapter. In chapter 5, we will show simulation results of scattering electric field.
These results will give together with results of Feko simulation program to compare
them. In section 6, we will interpret simulation results, we will talk about future works

to improve this study.






2. ELECTROMAGNETIC SCATTERING FROM PEC SURFACES

Electromagnetic wave is the wave that has electric and magnetic field. Electromagnetic
scattering from surfaces means wave hits object then object scatters or delivers
this wave in the space with different directions. The purpose of this project is
to find what is the angular direction of scattering electric field and amplitude of
scattering electric field. Also, reflection or transmission are a kind of scattering.
Scattering from surfaces is one of the favorites of Computational Electromagnetics.
In electromagnetics, problems solved with Maxwell’s Equations. These equations can
be considered as two forms which are differential form and integral form. Nystrom
method is a computational method to solve Maxwell’s Equations in integral form by
using quadrature rules. Integral equations in electromagnetics are known as Fredholm
Integral Equations with first kind and second kind. Electromagnetic problems are
usually solved depending on Electric Field Integral Equation and Magnetic Field
Integral Equation. Electric Field Integral Equation shows relationship between electric
field and surface current, this equation is first kind of Fredholm Equation. Magnetic
Field Integral Equation shows relationship between magnetic field and surface current,
this equation is second kind of Fredholm Equation. EFIE is more suitable than MFIE
for problems with open geometry. In this thesis, scattering problem is solved with
EFIE for PEC by using Nystrom Method. In this chapter, firstly Maxwell’s Equations

are showed. Then it is told that how EFIE comes from Maxwell’s Equations.



2.1 Maxwell’s Equations

In this thesis, we study in frequency domain. There are four Maxwell’s Equations in

frequency domain which are:

V x E = —iwB (2.1)
VxH=iwD+J (2.2)
V.B=0 (2.3)
vV.D=p, (2.4)

where, E is Electric Field, B is magnetic flux density, H is magnetic field, D is
displacement vector (electric flux density), w is angular frequency, J is surface current
density, p, is volume charge density. It is well known that D =¢FE and B = uf[ for
isotropic mediums. VX is the curl operator and V. is the divergence operator [3].
Equation 2.1 is known as Faraday’s Law, equation 2.2 is known as Ampere’s Law,
equation 2.3 and equation 2.4 are knowns as Gauss’s Law. These four equations can
be considered as keys of electromagnetics. If one of the terms of Maxwell’s Equation
is known, others can be found easily. For Example, if electric field is calculated, it

means magnetic field is clear when there is no charge density and current density.

2.2 Boundary Conditions

Boundary conditions are important not only electromagnetic problems but also
differential and integral equations. They directly affect the solution. In CEM, EFIE
and MFIE are written with boundary conditions. These conditions are different for
dielectric materials and PECs. For interference of two material with the parameters €,

&, Uy and Uy in electromagnetics, boundary conditions can be written as:



ii.(Dy — D) = pe (2.5)

ii.(Bi—B) =0 (2.6)
iix (H —Hy) = (2.7)
ix(Ey—Ey) =0 (2.8)

where 7 is the unit normal vector to boundary. These four equations are the for
dielectric interference. The last two equation are generally used in electromagnetics.
In this study, electromagnetic problem with PECs interference was considered. It is
known that there is no field magnetic in the PEC objects (E 1= 1-71 = 0) and vectorial
product of field and unit normal vector equal to tangential component of vector. So,

conditions for PEC interference (boundary between PEC and dielectric) will be [4,5]:

7.Hy = Jj (2.9)
TE,=0 (2.10)

2.3 Electric Field Integral Equation(EFIE)

EFIE is equation that relies on boundary condition of perfect electric conductor surface
or dielectric surfaces in terms of electric field. In this part, EFIE is written according to
PEC surface. EFIE can be written in time domain and frequency domain but, frequency
domain was preferred. EFIE is valid for open and closed surfaces. Total tangential
components of electric field on the surface of PEC must be 0. In CEM, there are
two tangential components of electric field. One of them is the tangential component
of incident electric field and second is tangential component of the scattering electric

field. Compare to this idea, equation 2.10 can be written as different form like [6]:



El(r=r,)=—Ej(r=r) on S 2.11)

where S is conductor surface and r is any point on the surface of conductor, E’,S is
tangential component of scattering electric field and E} is tangential component of
incident electric field. In EFIE, problem can be considered as two steps. First step is to
find surface current density on conductor. Second one is to calculate scattered field on
space by using first step. Let’s derive EFIE by using Maxwell’s Equation. There are
a lot of strategy to reach EFIE from Maxwell’s Equations. It is started from magnetic
vector potential A to derive EFIE. First of all, let’s write relationship between magnetic

flux density B and magnetic vector potential A7:

VxA=B (2.12)

It is obvious from equation 2.1 and equation 2.12:

VxE=—iwVxA (2.13)
V x (E+iwA) =0 (2.14)
E+iwA=-V¢ (2.15)
E=—iwA—V¢ (2.16)

Electric field in equation 2.10 is scattering electric field. To determine expressions of

A and ¢, combine equation 2.2 and Equation 2.12 [5,8,9]:

VxVxA=ul+iwueE (2.17)

From vector identity of curl of curl operator, equation 2.16 and equation 2.17 can be

written as:



V(V.A) - V2A = uJ +iwue(—iwA — Vo) (2.18)

VA +K*A = —uJ+V(iweu¢ +V.A) (2.19)

where ¢ is scalar potential. Lorentz Gauge gives relationship between scalar potential

¢ and magnetic vector potential A. Lorentz Gauge is:

VZA+IPA = —uJ (2.20)

From equation 2.19 and equation 2.20, it is clear that scalar potential ¢ is [8, 10]:

VA
— 221
() el (2.21)

Magnetic vector potential A can be found from Green function properties with Lorenz

Gauge in integral form like:

— /S e(r./)JI(")dS(r) (2.22)

where g(r,r’) is free-space Green’s function that solves scalar Helmholtz equation
for dirac-delta source, r is the location of observer, 7 is the location of source on
the conducting surface. Scattering electric field could be found with equation 2.16,

equation 2.21 and equation 2.22 as:

F) = —iwg / 1+ L9V Ig(rn I as() (2.23)

where k is wave-number. If this equation is thought with boundary condition of PEC

surfaces, new expression will be [11]:



—

—?.iw;,l/[l -+ kizVV.]g(r, I(F)dS(F) = —1.E (2.24)
S

where 7 shows tangential component of surface. This expression is Electric Field
Integral Equation (EFIE). To solve EFIE easily, it is need to make expressions for
equation. EFIE has different expression because of VV.(g(r,7)J(r')) term. This
term can be written as different expressions thanks to vector identity. With the vector

identity there are four different forms of EFIE like:

f. lw,u/ ') klzg(r V'V J(P)]dS(r) =1.E! (2.25)
1 77! / 2 i

7wy / )T+ 5 VY-8V T ()]s () =T.E (2.26)

2 N7 1> / / / 2 i

iwp /S 805 ). () + 257 Vg (s ))as (') =7.E 2.27)

2 N 728 1 / 1T / 2 i

f.iwu /S[g(r,r )J () + ﬁ(Vg(r, r)V.J())dS(r) =1.E (2.28)

These four equations can be used to solve EFIE. In this thesis Equation 2.27 is used.

Let’s expand our EFIE form.

tlw,u/g r).J(F)dS(r )—i—tzwu/ r).VVg(r,/)dS(r) =7T.E  (2.29)
R 1 o
Fiwi / [1+ 25 VVg ()] ()aS(r) =T E (2.30)
N
n _ exp(—jk|r—r'])
g(rr) = P p— (2.31)

where 1+ 7 VVg(r r’) is dyadic green’s function for free-space [12]. EFIE are used

to find surface current density J| (r') and tangential component of scattering electric

10



field E (r). Equation 2.30 is to find surface current density and integral is taken on the

surface.

11






3. NYSTROM METHOD

Nystrom method is invented 1930’s. Nystorm method is a numeric method to solve
integral equations with quadrature rules. In this study, NM is used to solve EFIE.
Key idea of method is to discrete integration domain to parts or cells. NM handles
problem part by part under the integral equation. Cells, that is discrete, have smaller
dimensions because of good approximation. In shortly, quadrature rule is replaced
integrals in NM. Integral equations and NM solve linear equation systems. Linear
equations let electromagnetic problems to solve with matrix entries. It provides an

easy understanding and implementation of problem solution.

3.1 Quadrature Rules

Quadrature rules are numerical method that calculates definite integrals in 1-D, 2-D
or 3-D. Quadrature rules generally create sampling points and weight coefficients.
Quadrature rule is important to Nystrom method as sampling points of integrand is
sampling points of quadrature points. There are many types of quadrature rules like
Newton-Cotes, Mehler, Lobatto, Gaussian. Gaussian Quadrature rule is the best known
quadrature rule between them. In this thesis, gaussian quadrature is applied to calculate

integrals. In mathematics, Gaussian quadrature rule can be expressed as [13, 14]:

1 n
/ 1f (x)dx =) wif(x) (3.1)
o i=1

where 7 is the number of sampling points, x; is the roots of Legendre polynomials.

Legendre polynomial of order # is:

1 ar
21! dxt

Py(x) (& —1)" (32)

w; is quadrature weight. Formulation of w; is like:

13



(3.3)

where P]/\,(xi) is the derivative of Legendre polynomial. This expression is valid for
1-d integrals and non-singular functions. This rule is known as Gauss-Legendre
Quadrature rule. It evaluates integrals from -1 to 1. There is need to transform to
calculate integrals from a to b, where a and b are reel numbers. In mathematics,

Gauss-Legendre Quadrature form for arbitrary integral limits is:

b —_aq —
[ rar="20 Y wif(C5 S+ 210 G4
a i=1

In this thesis, it is worked with surface integrals so let’s write double integral formula

for Gauss-Legendre Quadrature rule:

2 2 2 2 )
(3.5)

b rd b—a d—c& & b—a b+a d—c d+c
| fndsay =222 8 Y ¥ w2 S 2
a Je i=1j=1

where x; and y; are sampling points, a and b are lower limit and upper limit of x
boundary. ¢ and d are lower limit and upper limit of y boundary. w; is the quadrature
weight for sampling point x;, w; is the quadrature weight for sampling point y; where
wij = w;. wj. Gauss-Legendre Quadrature rule is useful for non-integrals. There are
also rules like double exponential quadrature rule which solves singular integrals but
their implementations are harder [15]. In the table which is in next page shows x;’s and
w;’s according to number of quadrature points n for Gauss-Legendre Quadrature rule

in 1-D.
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Table 3.1 : Sampling points and weights with respect to quadrature numbers.

n Xi wi

1 0 2
|

2 i\/—§ 1

3 0 8/9

+,/2 5/9
4| £0339981 | +0.652145
£0.861136 | £0.347855

Table (3.1) is to calculate one dimensional integrals. To calculate two dimensional
integrals, sampling points of y; will be same with sampling points of x;. This stuation
is valid for weights. But, difference between 1-d and 2-d integrals are that sampling
point values (x;,y;) must be combined. For example, assume that 4-point quadrature
rule are applied to calculate 2-d integral. It means 2-point quadrature rule is used two
times. 4 sampling points will be (—\/I,—\/g) , (—\/I,\/g),(\/I,—\/g),(\/I,\/g)
in terms of (x;,y;) [16]. It was told that discretization is important factor for NM.
Number of sampling points n is other factor that is effective on accuracy. Gauss
legendre quadrature rule calculates one dimensional integrals with %100 accuracy if
m < 2n— 1. m is the order of integrand. For instance, [ El (x° + 1)dx equals 2 compare
to analytic solution. If 3-points quadrature rule is used, the result is also 2 with %100

accuracy. Error is bigger than 0 if number of quadrature point is less than 3.

3.2 Nystom Method with Integral Equations

Integral equations show how to solve problems in mathematics and physic. In these
types of equations, there is an integral kernel. It can be considered as variable function
of equations. NM is applied to integral kernels. Other parameters are constant and
they do not need to NM. Application of Nystrom method is easy to integral equations
as there is no need to know integral of function, it is just enough to know how to apply
quadrature rule. Let’s consider a physical problem that can be solved with integral

equation.

15



/k(x,x’).u(x’)dS’ =¢(x) xeSs (3.6)

N

where k(x,x’) is the kernel of integral, u(x") is the unknown function,¢ (x) is the source
function, x is the observation point and x’ is the source point. In electromagnetic
problems, k(x,x’) is the Green’s Function, u(x’) is the current density, ¢(x) is the
incident electric field [16, 17]. Surface of solution domain is divided by meshes in

NM. NM representation of integral equation can be written as:

Y

Y Y wijk(x,x;).u(xi;) = ¢ (x) (3.7)

i=1j=1

where Q; is the number of the quadrature point at the ith element, N is the total
mesh number, w;; is the quadrature weight on jth point of the ith element. Integral
equation can be solved with matrix approximation. The matrix of multiplication of

/

first two terms w; jk(x, X j) is called impedance matrix, matrix of u(x}

;) is unknown
column matrix and shows unknown current densities on each sampling points, matrix
of ¢(x) is column matrix and shows scattering electric fields on each sampling points
for electromagnetic scattering problems [16].In reality, the unknown column matrix
can be ¢(x) or u(x;;) depending on the problem. This unknown column matrix is

calculated with matrix operations. It will be explained in the next chapter.
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3.3 Advantages and Disadvantages Compare to MoM

Nystrom method have advantages and disadvantages compare to other numeric
computational techniques. Method of Moments (Mom) is well-known numeric
computational technique for integral equations in electromagnetics. Therefore, a
comparison will be made between these two methods. Differences between them can

be summarize as [16]:

e Mom has double-fold integrals when Nystrom method has one-fold.

e Mom uses boundary condition for each mesh, Nystrom method has boundary

condition only sampling nodes.

e Basis and testing function of Mom is continuous, Nystrom method has
discontinuous basis and testing function like dirac delta function. It means

representation of incident field is different for two methods.

e Increasing accuracy is easy for Nystorm Method, this can be done by using more

meshes or more sampling points.

e Mom kernel has weakly singular (1/Rtype) though basis function, Nystrdm method

has hyper-singular kernel (%) type.

e Mom has special basis function to eliminate hyper-singular kernel, Nystorm method

has no chance to eliminate them.
e Nystorm method has more unknowns for same problem.

e Formulation of Nystorm method is simpler than Mom.

17






4. APPLICATION OF NYSTROM METHOD TO EFIE

Aim of EFIF is to find scattering electric field from surfaces. There are two steps
to evaluate scattering field. First one is determining current density. Second step
is determining scattering field with the help of current density. Interestingly, EFIE
provides to solution of these two steps. In this thesis, EFIE is solved numerically with
NM. It was told that NM transforms integral equation to sum series in the previous
chapters. NM was valid for non-singular integral equations when the method was
found, but electromagnetic integral equations have singular kernels due to the green
function. To get rid of this situation, Locally-Corrected Nystorm method was defined
by Gedney in 1990’s. Though this new method, singular kernels can be calculated.
Non-singular kernels are evaluated with quadrature rules. In reality, locally corrections
are made for discrete samplings of surface current density. There is no need to use
locally corrections to evaluate scattered fields from current density because green’s
function of scattered field is non-singular [18]. Using the quadrature rule will be
enough to determine scattered field. In electromagnetics, scattering electric field can

be expressed as [3]:

E(r)= /Q G(#,7).J(7)dS 4.1)

where G(7,7') is Dyadic Green’s function (kernel), J(7') is surface current density, 7
is observer location, 7 is source location, Q is the integration domain or surface of
scattered object. If we assume that  domain has N meshes and each meshes has Q
quadrature points. Scattering field can be written by using Nystrom method as:

E(r) = ;

Y
woG(7,1y).J () 4.2)
1

In above, it is assumed that 7 is sampling points on the surface, 7 shows observation

points whose incident fields are known. To find current densities on the sampling

19



points, observation points will be sampling points. EFIE can be written again in terms

of sampling points and observation points like:

- N Q
E(rp) =Y. Y w,G(p, i) J (7y) (4.3)

3
I

—_
<
I

—_

where E (rp) is incident field for observation points. This problem can be transformed

to matrix form like:

V] =1[Z]l1] 4.4)

where [Z] is known as impedance matrix with 2NQx2NQ dimension, [Z] has
multipication of quadrature weights and dyadic green’s function. [I] shows unknown
current densities of sampling points (J(7;)) with 2NQx1 dimension, [V] shows incident
wave (E (rp)) on the observation points with 2NQx1 dimension. The row number
of matrix is 2NQ because EFIE deals with tangential components and there are two
tangential component for surfaces even if they are arbitrary surface. [I| matrix can be

found easily with matrix operations as [18, 19]:

[z~ 'Vl =11 4.5)

Impedance matrix [Z] has singularity because sampling points and observation points
are same points. [Z]~! is inverse matrix of [Z]. Evaluation of [Z]~! can cause
time consuming if mesh number and quadrature point are too big. To prevent time
consuming, it is possible to use different numeric techniques to find [Z]~!. By using
equation 4.5, current density on sampling points are found. To find scattering field,
equation 4.3 and equation 4.4 are used again. Difference is that 77, is observation point
on free-space, 7, is not on the scattered object surface. E (rp) is scattered electric
field on observers. There is no singularity problem on impedance matrix [Z]. If
observer number is M, matrix dimension of [Z] is 3Mx2NQ and matrix dimension of

[V] will be 3Mx1. Expressions have 3M term, this term can be considered to represent
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three-dimensional scattered electric field components. This was the introduction of
Application of Nystrom Method to EFIE. Now, let’s make more expressions about
calculation of singular and non-singular integrals and how to find scattering electric

field by using matrix properties.

4.1 Non-Singular Element Calculation for EFIE

Non-singular Element means distance between two sampling points is not 0. This
situation happens in the impedance matrix except diagonal elements while evaluating
unkown surface current densities. When scattering electric field is calculated, all
elements of the impedance matrix is non-singular as distance between sampling
points, that is between space and surface of perfect electric conductor, cannot be 0.
Impedance matrix is related with geometry of scattered object. EFIE has tangential
components of surface of object. Assume that there is an arbitrary PEC surface or
PEC object is at uv plane, n 1s the surface normal. Before the non-singular element
calculations, let’s expand dyadic green’s function. We found dyadic green’s function
as G(r,r') = [+ k%VVg(r, r’)], where I shows unit matrix, VVg(r,7’) is dyadic term.
/‘ i

For |r — r'| = R, matrix form of dyadic green’s function (G(R)) interms of tangential

components will be:

14+ 58w 5.guw(R)
G(R) = (4.6)
L.gu(R) 1+ 5 .gw(R)

d*g(R)
du?

R = vu?+v? +n? It is easily understood that g, = g,,. In equations above, u,v and n

exp(—jkR)

47R and

where g, (R) means scalar green’s function is g(R) =

are difference between observer and source positions for u, v and n axis. For example,

u=u —u', u is u-axis of observer, ' is u-axis of source. Second derivatives of scalar

green’s function are like:
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e—jk\/ u24+v24-n? 3M2 1

R) = _
8u(R) 4r | (U2 +124+n2)5/2 (U2 +v2 +n?)3/2
N 3iku? B ik B Ku? | @
(u2+v2+n2)2 (u2+v2+n2)1 (u2+v2 +n2)3/2 ’
e~ IRV Avien? 3uy 3ikuv
guv(R) = [ +
41 (u2+v2 +n2)5/2 (u2+v2+n2)2
k2uv
_(u2+v2—|—n2)3/2 ] (4.8)
efjk\/ u24+v24-n? 3V2 1
R) = —
8w (R) A1 [ (u2+vz+n2)5/2 (u2+vz+n2)3/2
3ikv? ik k2v?
] 4.9)

WP+ 2?2 (2+v2+n2)l (1u? +12 +n2)3/2

This was the calculation of non-singular terms for dyadic green’s function. Expressions

can be used easily with quadrature rules.
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4.2 Singular Element Calculation for EFIE

As we mention last chapter, Nystrom method has advantages but one of the major
disadvantages of the Nystrom method is the singularity problem. Singularity means
there is a singular term, which makes denominator to 0O, inside integral. When
observation and source are in same point, singularity happens. In electromagnetic,
causes of singularity is green’s function and derivatives of green’s function.
Green’s function has 1/R term, this type of singularity is weakly-singularity [20].
Second derivatives of Green’s function have 1/R> term, this type of singularity is
hyper-singularity. These two types singularity is in EFIE. Moreover, first derivatives
of green’s function have l/R2 term, this type of singularity is super-singularity.
Super-singularity is in MFIE. To solve these singularity problems, there are a lot
of solution strategies. Solution strategies can be considered as two kind which are
numeric solutions and analytic solutions. Numeric solution techniques are generally
related with quadrature rules. Numeric solutions firstly convert singular kernel to
non-singular kernel by using special transforms. After transformation, non-singular
kernel can be evaluated easily by using quadrature rules. One of the most used
transformation methods are Duffy transformation and radial angular transformation.
These transformations are useful to weakly-singular kernels. For hyper-singular
kernels, techniques are need to more transformation. Numeric solution techniques
suffer from quadrature rules as accuracy of techniques depends on number of
quadrature points. While writing codes for numerical techniques, quadrature rules
coded with loops. More loops are more running time. This is bad situation. In this
thesis, our aim is to calculate scattered fields quickly. It is no need to quadrature
rules to solve problem quickly. So, analytic solution techniques are useful instead
of numerical solution to calculate singularities techniques. As everybody knows,
analytical solution techniques give exact solution compared to numerical solution
techniques. Unfortunately, there is limited research to analytical solution techniques
for singular element calculations. Research are generally about numerical solution
techniques. Fortunately, GOKHUN SELCUK shows analytical solution technique for

singular elements in his doctorate thesis. In this study, Selcuk’s approximation is used.
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In this technique, it is thought that distance between source and observation goes to 0.

Then, scalar green’s function are separated to singular and non-singular parts like:

| i e~ kR i L e MR_1 1 410
m g(R) = lim im-—| ——+— 1
Rl—>0g( )= R1—>0 4TR  R-0 47r[ R + R ] ( )

the first term of equation 4.10 is non-singular term, second term is singular term. With

the L'Hospital’s rule, first term can be calculate as [8, 19]:

1 e R_1  —jk
i — 4.11
4w ng%) R 4r ( )

Result of non-singular term is just number so, this term can be used in quadrature rule
while filling impedance matrix. Let’s look at calculations of weakly-singular terms

and hyper-singular terms.

4.2.1 Weakly-singular term calculation

Before begin to calculation ,let’s remind EFIE:

tlw,u/ r,r)J(r)dS( )+t— lw,u/VVg ' ).J(r)dS(r) =1T.E (4.12)

In above, first integral has weakly-singular term, second one has hyper-singular term.
If constant terms ignore weakly-singular integral will be:

lim / e(NI(F)ds(r) 4.13)

r—0.Js

EFIE is linear equation and surface current can be out of the integral. With the equation

4.11 and equation 4.13, integral will be form of:

1 ) |
47IJ( )}1_r}r(1) S(—]k—i— I—e)a’S(r) (4.14)

In calculation, it is assumed that surface meshes are triangular and xy-plane. Singular

point is at the origin like figure below.
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Figure 4.1 : Triangular mesh and singular point.

After Jacobian transform (dS = RdRd9), singular integral for one subtriangular can be

written as [19]:

6 [Ri(8) 1
b:i/ (/ —RdRdO (4.15)
o Jo R

result is sum of 3 subtriangular.

i=3
1=Y1 (4.16)
i=1

In figure 1, first subtriangular has vertices (0,0), (x1,y1) and (x2,y2). Second
subtriangular has vertices (0,0), (x2,y2) and (x3,y3) and third has vertices (0,0),
(x3,y3) and (x1,y1). 6y; is the angle between first edge of subtriangular and x-axis.
6,; is the angle between second edge of subtriangular and x-axis. Expression of R;(0)

is:

4.17)

where h; is the height of subtriangular edge that is not edge of other subtriangles. 6; is
the angle between height and x-axis. By evaluating integral in equation 4.17 compare

to dR, new integral will be :
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PR e S B 4.18
'_/eli cos(6 — 6;) (4.18)

with the integral table or knowing that [ #(x)dx = In(|sec(x) +tan(x)|), result can be

found as:

I, =h; [ln(| SGC(Gzl‘ — 9,') +tan(92,~ — 9i)|) — ln(| SCC(GU — 9,') +tan(91,~ — 9,)|)]
4.19)

This is the result of weakly-singular term calculation. It is no doubt that square mesh
calculation can be made with same expression. For square mesh calculation, square

must be divided 4 subtriangles and result is sum of results of these 4 subtriangulars.

(4.20)

~
I
.M#
=~

ey
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4.2.2 Hyper-singular element calculation for EFIE

Before begin to calculation, let’s write hyper-singular term of EFIE :

/S VVe(r,r').J(r)dS(r) 421

surface current density J(r) and double-gradient operator can be out of integral
because of linearity, like weakly-singular term. By writing Green’s function expansion

for r — 0, it will be:

J(#).9V /S (—jk+ Ile)dS(r) 4.22)

— jk term is a constant term, gradient of this term will be 0 and hyper-singular integral

will be:

1
vV /S dS(r) (4.23)

There are two techniques to solve this hyper-singular integral. First technique is to use
divergence theorem. Second technique is to use finite difference theorem. Now, let’s
talk about them:

Contour Integration Method

The hyper-singular integral can be considered with divergence theorem as:

1 1
li VV—kn—=dS =1 YV ———dl’ 4.24
81—1;% S VR? + €2 sl—r>r(1) rn VR? + €2 ( )

where 7 is the normal unit vector, contour of the triangular mesh is I'. As we know
. 1 1 . st L 1 _ —daj .
hmg_)oﬁ = x and from vector identities: Vg = % [21]. Hyper-singular

integral is:
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/r il (4.25)

where ey, is the radial unit vector. Equation 4.25 is a dyadic term to calculate electric
field in specified direction. For instance, electric field in e direction due to surface

current density in €, direction is calculated as:

L . —CR

Ixx:/rn.ex%.e}dl/ (426)

From figure 1 or from analytic geometry, dot products and d! can be explain as [19]:

éR-€x = cos(0) (4.27)

ii;.ex = cos(6;) (4.28)

I'=I14+17+1I% (4.29)
r(6)d6

dl = 4.30

cos(6 — 6;) (+:30)

Finally, dyadic terms will be calculated easily like:
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Ly = i Cosh(,-ei) (sin(62;) —sin(61;))

(cos(6y;) —cos(0y;))

(sin(6y;) — sin(6y;))

Ly = i i ? (cos(6y;) —cos(6y;))

29
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Finite Difference Theorem Solution

Even if divergence theorem solution has good approximation and explicit formulations,
finite difference solution is easy to understand and implement. Theorem uses derivative
formulas of finite difference method. In mathematics, finite difference formulation is
powerful method to calculate first and second derivatives of functions. Before using
this solution for hyper-singular integrals, weakly-singular integral must be evaluated.
Let’s show hyper-singular integral with I” and weakly-singular integral with I'.

Hyper-singular integral can be written in xy-plane as [22]:

1
I"x,y)=V [ V dx'dy’ (4.35)

S V=) (v —y)?

where S’ is the surface, unprimed variables means observation locations, primed

variables means source locations. Integral I" is dyadic with 4 terms which are

h th yh 7h h e
L, Iy, Iy, Iy For example Iy, is

d d 1
T4 dx'dy’ 4.36
TS Y e e R o
with the property of % == —%, hyper-singular integrals are like:
1" (x,y) / ! ~dx'dy (4.37)
ax ax / \/ _x x y y ) )
d d —1
I dx'dy’ 4.38
( y) axay K \/)C x +(y—y’)2 x dy ( )
I (x,y) / dx’dy’ (4.39)
8y dy Js Vx—x)2+(y—y)?2

Weakly-singular integral which must be calculated before is like:

dx'dy’ (4.40)

Wiy y) = —1
re / V=22 +(y—y)?

By applying second order central difference formulation, hyper-singular integrals are

found interms of weakly-singular integral. These are:
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Lx,y)=[ I"(x+ey)+1"(x—e,y)—2I"(x,y) /€ (4.41)

Lxy)=[ I"(xy+e)+1I"(x,y—€)—2I"(x,y) /€ (4.42)

Iy =I(xy) =] I"(x+ey+e)+1"(x—€,y—¢)

—IY(x4¢e,y—¢€)+I1"(x—¢g,y+¢€) |/4€? (4.43)

where ¢ is so small number. Results have good accuracy if € is selected as 1073
or 1074, There are 3 main error while calculating hyper-singular integrals. First
one is errors of weakly-singulars integral. Second one is that second derivatives on
the formulation of hyper-singular integrals have second order accuracy. Third one is

roundoff error because of €.
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4.3 Evaluating Scattered Electric Field

In the last sections of this chapter, all integrals and matrix elements will be showed
to evaluate scattering electric field. In this chapter, calculations steps of scattering
electric field will be explained. There are two subsections on this chapter that are

Calculation of surface current density and Calculation of scattering electric field.

4.3.1 Calculation of surface current density

Most important steps are to evaluate singular elements of matrixs. By taking
inverse of impedance matrix, important contributions comes from diagonals (singular
elements).These contributions are more important than non-singular elements. Let’s

define the calculation steps. Firstly, remind EFIE again.

7wt / I+ L IVIg(r ). d()dS(r) =T E(r) (4.44)

where 7 is the tangential component of the perfect electric conductor surface. Scattering
electric field can be solved after surface current density J(r’) is evaluated. Fortunately,
EFIE is used to evaluate surface current density and scattering electric field. This
quantity can be solved by using dyadic terms and matrix equation. Dyadic terms come
from double gradient operator. By using cartesian coordinates and EFIE, matrix form

of EFIE will be [16, 19, 23]:

gR)+5.8x(R)  .8o(R) & .8x:(R) T Ei
il | zgnR) g(R)+Een(R) z8n(R) | = |Ey| 445
klz-gzx(R) kiz-gzy(R) g(R)+ kiz-gzz(R) Tz Ezl

where E}C,E;,EZ’ shows incident electric field components. First matrix in above is
known as impedance matrix. Let’s consider our problem in local coordinates that has
u,v,n directions. Assume that there is a PEC object on uv-plane and incident electric

field is plane-wave. Tangential components are ¢, and ¢,. Because of the PEC surface,
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there will be no surface current density in ¢; direction. Third row of the impedance
matrix is O as 7 is not tangential component. Terms that have derivative of n is 0. New

matrix equation will be [19]:

J E}
gR) +5.gu@®)  5-guw(R) u
iwl = (4.46)
k]_z-gvu(R) g(R) + k]_z-gvv(R) J, E‘l}

If we assume there are N meshes and each mesh has Q quadrature points. Size of
the impedance matrix is 2NQ x 2NQ. Size of I matrix is 2Ng x 1. Every element of
the impedance matrix is generally matrix which size is NQ x NQ. Every element of
this matrix tell that how arbitrary two quadrature point affect each other. For example,
element which is in 1.row and 2.column of matrix tell that what is the effect of 1. point

on the 2.point. Let’s expand the first element of impedance matrix like :

8(R) + 15 &ulR )= | s(RidS+ 1 / gu(R (4.47)

with the quadrature rule by using the equation 3.7, non-singular integrals are:

S NQO NQ
Z Z wig(ri,7}) (4.48)

11]

where S is the area of each mesh and g(r;,rj) = w. Second term will be
i J
form of:
1 1588
ﬁ.guu(R) =124 Wiguu(7i, 7)) (4.49)

I¥
—_
~.
I
—_

Other 3 elements of singular part are written with same strategy. Let’s expand singular

term of first element(first term of impedance matrix on the equation 4.45 ).
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Qv =3 Y (—k+ 1)) (4.50)
i=1
SN
uu(u,v) = 1 Z(—jk—klﬁ’u(u,v))wi 4.51)

i=1

The first singular element of impedance matrix with quadrature rule is:

NQ

1 S . 1
g(u,v)+ Eg,m(u,v) =7 Z(—]k—H(u,V) + k—zllﬁ’u(u,v))w,- (4.52)
i=1

I is the result of equation 4.40, I is the result of equation 4.41. Other 3 elements of
singular part are written with same strategy, by just considering u in terms of v. It is
assumed plane wave has propagation in +n direction and polarization in +u direction

with unit amplitude. Incident field of every sampling points are:

SN
E'(i) =Y é,exp(—jkn;) (4.53)
=1

=

Incident field vector shows as V, surface current density vector shows as I. With the

matrix equations, matrix form of surface current density [/] is:

V]=12]l1] (4.54)

1 =z""[v] (4.55)
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4.3.2 Calculation of scattering electric field

Last step is to find scattering field from surface current density. Aim is to find all
components of scattering electric field. For this scenario, scattering electric field can
have 3 components this is why third row of impedance matrix is not O but it is no need
to calculate third column because there is no J,, component of current density. Dyadic

matrix system can write as:

g(R) + kizguu(R) kirguv(R) Ju E}
v | Fgw®) (R +Egn(R) = |E; (4.56)
kiz.g,m(R) k—lz.g,w(R) Jy E,

In this scenario, impedance matrix has no singular term because R is distance between
surface and arbitrary point at free-space. With the help of quadrature rule, scattering

field in all direction will be:

1 .
=iwl— Zw, (¥',r) kzguu(r',r) Ju () +iwn— Zwl kzg”" vy 4(30)
(4.57)

1 1 / .
E; ( ) Wl — Zwl[ kzgvu(r I’) ]J +iwn— Zwl I” I’ kzgvv<r7r) ]Jv(l)
(4.58)

s s 1 , L8 1, _
E;(r)= Wy Zwi[ Eg,m(r 1) (i) + iwp Z wil Egnv(r ,r) Jh(0) (4.59)
i=1 i=1
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5. SIMULATION RESULTS

Scattering electric field from PEC are simulated with Python Programming Language.
In Python Programming language, equations of previous chapter are coded. NumPy
library was generally used to generate equations and matrix elements. Simulation
results was compared with results of Feko Programming. Feko is one of the most
known the electromagnetic simulation program. Comparisons were made using the
amplitude and phase values of the scattering electric field. In simulations, plane wave
is used as electromagnetic source. Mesh type are square mesh. To make a good
comparison, mesh number, number of quadrature points for each mesh, frequency of
plane-wave, propagation direction of plane wave and dimensions of PEC object were
changed for each simulation. Angle of propagation direction of plane are selected as
0° and 45°. Frequency are selected as 500 MHz,1GHz,3GHz and 10 GHz. Number of
quadrature points for each mesh are selected as 9,16 and 25. Scattering electric field
results can be considered as a function of these parameters while coding on Python.
Simulation results are divided two parts according to shape of scattering PEC object.
Two parts are simulation results for PEC square and simulation results for PEC cube.
Simulation results of scattering electric field will be given component by component
in terms of phase and amplitude values with Feko results. 6 simulation results will be

showed this study. 4 of them are about PEC square and 2 of them are about PEC cube.
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5.1 Simulation Results of PEC Square

PEC square is used as scattering object. There are four different experiment result for
this part. Frequency and dimensions of PEC are same but polarization angles and plane
of PEC are different in three of them. Last experiment result has different dimension

of PEC and different frequencies compare to others. Let’s show them.

5.1.1 Results of 1. simulation

PEC square has 5cm x 5cm dimension on xy-plane at z=0. Frequency is 1 GHz.
Propagation direction of plane wave is +z direction. Plane wave has +x polarization.
There are 21 observers, their x and y are coordinates are at 1m. Their z coordinates
are between -1 m and 1m with 5 cm difference. Mesh number are 36 and all meshes
are square. Every mesh has 9 sampling points. Feko uses 18 triangular meshes for this

simulation. Simulation results of Feko and this thesis can be seen below.
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Figure 5.1 : E, amplitude result
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5.1.2 Results of 2. simulation

PEC square has S5cm x Scm dimension on xy-plane at z=0. Frequency is 1 GHz.
Propagation direction makes 45° angle with xz axis. There are 21 observers, their
x and y are coordinates are at 1m. Their z coordinates are between -1 m and 1m with
Scm difference. Mesh number are 36 and all meshes are square. Every mesh has
9 sampling points. Feko uses 18 triangular meshes for this simulation. Simulation

results of Feko and this thesis can be seen below.
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of 2. simulation. simulation.
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5.1.3 Results of 3. simulation
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PEC square has S5cm x 5cm dimension on xy-plane at z=1.

simulation.

Frequency is 1 GHz.

Propagation direction of plane wave makes 45° angle with xz axis. There are 21

observers, their x and y are coordinates are at Im. Their z coordinates are between

-1 m and 1m with 5 cm difference. Mesh number are 36 and all meshes are square.

Every mesh has 9 sampling points. Feko uses 18 triangular meshes for this simulation.

Simulation results of Feko and this thesis can be seen below.
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5.1.4 Results of 4. simulation
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PEC square has 2cm x 2cm dimension on xy-plane at z=0. Frequency is 3 GHz.

Propagation direction of plane wave makes 45° angle with xz axis. There are 21

observers, their x and y are coordinates are at Im. Their z coordinates are between

-1 m and Im with 5cm difference. Mesh number are 16 and all meshes are square.

Every mesh has 9 sampling points. Feko uses 26 triangular meshes for this simulation.

Simulation results of Feko and this thesis can be seen below.
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of 4. simulation.
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5.2 Simulation Results of PEC Cube

PEC cube is used as scattered object. There are 2 different experiment result for this

part. Let’s show them.

5.2.1 Results of 5. simulation

PEC cube has 10cm x 10cm x 10cm dimension. Center of PEC cube is at S5cm,5cm and
Scm on cartesian coordinate system. Frequency is 500 MHz. Propagation direction
of plane wave makes 45° angle with xz axis. There are 21 observers, their x and y
are coordinates are at 20cm. Their z coordinates are between -1 m and Im with 5
cm difference. Mesh number are 150 and all meshes are square. Every mesh has
9 sampling points. Feko uses 108 triangular meshes for this simulation. Simulation

results of Feko and this thesis can be seen below.
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Figure 5.29 : E, amplitude result
of 5. simulation.

Figure 5.30 : E, phase result of 5.
simulation.

5.2.2 Results of 6. simulation

PEC cube has 1.5cm x 1.5¢cm x 1.5cm dimension. Center of PEC cube is at 0.75cm,
0.75cm and 0.75cm on cartesian coordinate system. Frequency is 3GHz. Propagation
direction plane wave makes 45° angle with xz axis. There are 21 observers, their x
and y are coordinates are at 20cm. Their z coordinates are between -1 m and Im with
5 cm difference. Mesh number are 144 and all meshes are square. Every mesh has
9 sampling points. Feko uses 48 triangular meshes for this simulation. Simulation

results of Feko and this thesis can be seen below.
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Figure 5.31 : E, amplitude result

of 6. simulation.
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Figure 5.32 : E, phase result of 6.

simulation.
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Figure 5.33 : E, amplitude result
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of 6. simulation.
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Figure 5.34 : E, phase result of 6.

simulation.
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Figure 5.35 : E, amplitude result

z-position(m)

of 6. simulation.
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6. CONCLUSIONS AND RECOMMENDATIONS

In this work, EFIE is solved with NM and scattering electric field from conducting
surfaces are found. Singularity of integrals is computed with Duffy’s Transform and
Finite Difference Theorem. Simulations demonstrate that there is a high accuracy for

results of scattering electric field.

Integration of NM is easy for non-singular integral equations. Unfortunately, EFIE has
singular kernel and solution of this problem is the hardest part of this thesis. There are
many methods to overcome singular kernel but, most of them uses quadrature rules.
Using quadrature rule is not acceptable, because quadrature rule means loops while
coding its formulation. This causes time consuming and memory allocation. So, we
need to analytic solution techniques like Duffy’s transform to handle singularity. Even
Duffy’s transform is for triangular meshes, it can be implemented to square meshes.
Duffy’s transform was used for weakly singular terms. The finite difference theorem
has been used for hypersingular terms even though it is a numerical method, as it is

not more time consuming and memory allocation, unlike quadrature rules.

Mom is one of the most traditional solution techniques on electromagnetics. NM
makes EFIE easier to understand than Mom. Surface current density is on the
sampling points in NM. NM does not have basis functions unlike Mom. There is no
divergence conforming in NM. So, NM has dyadic green’s function. This situation
cause that NM has more elements in impedance matrix and there is a additional
hyper singular terms compare to Mom. It is clear that NM has more unknown terms
according to Mom. Although there are disadvantages of NM, Mom uses more meshes

or sampling points to increase accuracy.

We noticed that the increased number of sampling points for each mesh does not

guarantee better accuracy. If number of sampling points increases, distance between
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sampling points goes to 0. This may create singular effect on non-singular matrix
elements. Similar condition is valid for PEC cube. While increasing number of
sampling points, distance between sampling points of adjacent surface can go 0. So,
definition of singular term must be changed. Singular terms must not be just diagonal
elements. Distance between sampling points should be important to accept matrix

element as a singular.

It is also realized that when total sampling points number are same for two different
simulation, their results will not be same because effect of non-singular terms, which
are near to diagonal elements, are different. Also, contribution comes from singular
elements are different because their mesh surfaces and their locations on the object

surface are changed.

In the future, we plan to use high order scenario that can model arbitrary surfaces. With
this scenario, we can find tangential components of arbitrary surface to apply EFIE. We
also want to solve MFIE and Combined Field Integral Equation that is a combination
of EFIE and MFIE with high order scenario. Our last plan is to find S-parameters for

multilayer structures by combining dyadic green’s function and scattering fields.
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APPENDICES

APPENDIX A.1 : Example of Python code for electromagnetic scattering problem
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APPENDIX A.1

In this part , we will show parts of Python code of the simulation result. Numpy
library ,cmath and math asist us to solve scattering problem.The simulation is the
1. Simulation on the " Simulation Results" chapter. Simulation properties are that
scattered PEC object is square with Scm edge on the z=0 plane, polarization of plane
wave is +x direction, propagation direction of plane wave is +z, amplitude of electric
field of plane wave is 1 V/m. Frequency is 1 GHz, there are 21 observers , their x
and y coordinates are at 1m, their z coordinates are between -1m and 1m with 5 cm
difference, mesh number is 25 and all meshes are square, every mesh has 9 quadrature
points.Function code of singularity problem for square mesh can be seen below.

ytcaleulate singular_element weak(x_min, s max,y_min,y max,p_x-eps,p_y)-2*calculate_singular element_weak(
_XpY):

alculate_singular_element weak(x min,x_max,y_min,y_max,p_x-eps,p_y+eps)-calculate singular_element weak(x_min,x_max,y_min
)

Figure A.1 : Functions to solve singularity.

Function code of non-singular elements are:

Figure A.2 : Functions for non-singular elements.
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Codes of impedance matrix function and taking inverse of impedance matrix(with
"np.linalg.inv") are:

differencel;

Y_Pa[ifip,

inpedance_matrix)]
inped;

mpedance_matri x_inpedance_matrix)]

Figure A.3 : Functions for impedance matrix.

"

In Figure A.3, "i" and "j" indexs shows all quadrature points.self.w,q shows
quadrature weights.In figure A.4 which is below, there are codes of obervation
coordinates ("obs"), incident electric field ("V"), non-singular impedance matrix ("g")
, surface current density (J,,Jy) and vector components of scattering electric field
(Ex,Ey,Ez).

Figure A.4 : Scattering electric field code.
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