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ABSTRACT

ON t-SPONTANEOUS EMISSION ERROR DESIGNS AND
RELATED QUANTUM JUMP CODES

Emre ERSOY

Department of Mathematics
MSc. Thesis

Adviser: Assoc. Prof. Emre KOLOTOGLU

Quantum computers are designed to solve the problems those either cannot be solved or
takes long time to solve by classical computers, fastly. One of the most known problems
is the factorization problem of integers. Factorization of very large integers cannot be
done in a reasonable time even with today's best computers. It is believed that quantum
computers will solve the factorization problem within few minutes. Some errors occur in
guantum systems while data transfer. In order to correct such errors, quantum error
correcting codes have been developed. Combinatorial structures of quantum error
correcting codes have been studied and the relation between quantum error correction
codes and combinatorial designs has been analyzed by many researchers. In this thesis,
the studies in the field of t-spontaneous emission error design, shortly t-SEED, are
surveyed and written in a more clear and understandable way of exemplification.

In the first chapter, literature review was done. In the second chapter, fundamental
definitions and theorems in combinatorial design theory are given with examples. In the
third chapter, quantum computing, quantum error correction and quantum jump codes are
described. The third chapter also provides some examples of quantum jump codes. In the
fourth chapter, the relation between quantum jump codes and combinatorial designs are
explained and t-spontaneous emission error designs (t-SEED) are introduced.

Key words: quantum jump codes, t-spontaneous emission error designs, t-SEEDs, large
sets, resolvable designs.

YILDIZ TECHNICAL UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES



OZET

t-SPONTANE YAYINIM HATA TASARIMLARI VE ILiSKILI
KUANTUM ATLAMA KODLARI UZERINE

Emre ERSOY

Matematik Anabilim Dali
Yiksek Lisans Tezi

Tez Danismani: Dog. Dr. Emre KOLOTOGLU

Kuantum bilgisayarlar giiniimiizde kullanilan bilgisayarlarin ¢6zemedigi ya da
¢Ozlimiiniin uzun siirdiigli problemleri ¢ok kisa siirede ¢ozebilecek sekilde tasarlanmastir.
En bilindik problemlerden biri de ¢arpanlara ayirma problemidir. Su an kullanilan en iyi
bilgisayarlarla bile ¢cok biiyiik tam sayilarin ¢arpanlara ayirilmasi ¢ok uzun zaman alici
bir problemdir. Kuantum bilgisayarlarin bu problemi birka¢c dakika igerisinde
¢cOzebilecegi Oon goriilmektedir. Kuantum bilgisayarlarda veri transferi sirasinda bazi
hatalar olugsmaktadir. Bu hatalarin giderilebilmesi i¢in kuantum hata diizelten kodlar
gelistirilmistir. Kuantum hata diizelten kodlarin kombinatoryel yapilar1 incelenmis ve
kuantum hata diizelten kodlar ile kombinatoryel tasarimlar arasinda baglanti
bulunmustur. Bu tezde, t-spontane yayinim hata tasarimlari alanindaki ¢aligmalar
arastirilmis ve daha anlagilabilir bir dil ile 6rneklendirmeler yapilmistir.

Tezin ilk béliimiinde literatiir dzeti verilmistir. Ikinci boliimde, kombinatoryel tasarim
teorisinden temel tanimlar ve teoremler drneklendirilerek verilmistir. Ugiincii boliimde,
kuantum hesaplama, kuantum hata diizeltme ve kuantum atlama kodlar1 tanimlanmustir.
Uciincii boliimde, bazi kuantum atlama kod 6rnekleri verilmistir. Dérdiincii béliimde,
kuantum atlama kodlar1 ve kombinatoryel tasarimlar arasindaki baglanti verilmis ve t-
spontane yaymim hata tasarimlar1 tanimlanmaigtir.

Anahtar Kelimeler: kuantum atlama kodlari, t-spontane yaymim hata tasarimi, biiyiik
kiimeler, ¢oziilebilir tasarimlar.

YILDIZ TEKNIK UNIVERSITESI FEN BiLIMLERI ENSTITUSU

Xi



CHAPTER 1

INTRODUCTION

1.1 Literature Review

Combinatorial design theory has its roots in the famous mathematical puzzles (problems)
that asked at the end of the eighteenth century. The very first problem was a prize question
that published in “Lady's and Gentleman's Diary” asked by W. S. B. Woolhouse in 1844.
The question give raise to studies on triple systems. T. P. Kirkman [1] found a solution
to this problem in 1847. In the following years, Kirkman [2] posed a question which is

known as “Kirkman’s schoolgirl problem”.

“Fifteen young ladies in a school walk out three abreast for seven
days in succession: it is required to arrange them daily so that no two
shall walk twice abreast.” Kirkman, 1850.

This problem led to studies on resolvable triple systems. Although Kirkman already
introduced the triple systems, Steiner [3] was unaware of these works, and reintroduced
triple systems in 1853. Even today, after Steiner’s works, triple systems are used with the
name of Steiner instead of Kirkman. One of the oldest problems in combinatorial design
theory which was asked by Jakob Steiner in 1853 was about existence of triple systems.
Until 2014, this problem has been studied by many authors [see; 4, 5, 6, 7]. Peter Keevash
[8] published a paper on existence of Steiner systems in 2014, and proved the existence
of such designs. Another problem is known as “36 officers problem” which is asked by
L. P. Euler [9] in 1872.

“Six different regiments have six officers, each one belonging to
different ranks. Can these 36 officers be arranged in a square
formation so that each row and column contains one officer of each
rank and one of each regiment?” Euler, 1872.



To find a solution to this problem many authors studied mutually orthogonal Latin
squares. However, Euler conjectured that there was no solution to this problem, and after
a century later Gaston Tarry [10, 11] proved the Euler’s conjecture in 1901.

Combinatorial design theory gained new research areas at the beginning of nineteenth
century, with the discovery of the connection between combinatorial designs and
statistical design of experiments. The most known works are [12, 13, 14] by R. A. Fisher
and F. Yates. These works led to some new research topics on applications of designs. In
the work [14], “balanced incomplete block designs” were introduced and this type of
design is still one of the most studied topics in combinatorial design theory.

In 1948, C. E. Shannon [15] published a paper that named “A mathematical theory of
communication” which led to foundation of information theory. Shannon also proved the
existence of codes that correct errors in communication systems. However, Shannon did
not give any construction of such codes. In the following years, R. W. Hamming [16]
described methods on linear codes. With Hamming’s works, combinatorial structures of
codes become a new research area. By using the combinatorial designs, new code families
can be found. After the realization of the relation between combinatorial designs and
codes, each discipline give contributions to other’s development. With the establishment
of quantum information theory which consist of quantum physics and information theory,
some pioneering works have seen. One of the most important papers is Shor’s [17] paper
named “Scheme for reducing decoherence in quantum computer memory”. Shor stated
that error correction is possible in quantum systems. Shor [17] and Steane [18] gave some
constructions on quantum error correcting codes. Many authors [19, 20, 21] used
combinatorial designs to construct quantum error correcting codes. In 2001, Alber et al.
[22] introduced an error correction model which corrects the errors caused by quantum
jumps and quantum decay. In the following years, Beth et al. [23] proposed a new class
of combinatorial designs to construct quantum jump codes. This new class named as t-
spontaneous emission error design, abbreviated as t-SEED. Beth et al. [23] gave a
general bound on t-SEEDs. Many authors [24, 25, 26, 27, 28, 29, 30, 31] published papers

on existence and non-existence of t-SEEDs for special parameters.

1.2 Objective of the Thesis

In this thesis, the studies in the field of t-spontaneous emission error design, shortly t-

SEEDs, are surveyed and written in a more clear and understandable way of
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exemplification. The main objective of this thesis, is to describe the relation between
quantum jump codes and combinatorial designs. The works done by Alber et. al. [22],

Beth et. al. [23] and Jimbo et. al. [24] are source materials of this thesis.

In the second chapter, fundamental definitions and theorems in combinatorial design
theory will be given with examples. In the third chapter, quantum computing, quantum
error correction and quantum jump codes are described. The third chapter also provides
some examples of quantum jump codes. In the fourth chapter, the relation between
quantum jump codes and combinatorial designs are explained and t-SEEDs are

introduced.

Another objective of this thesis is to be a useful source for researchers who are willing to
learn quantum jump codes and t-SEEDs. Therefore, we tried to give examples as much
as possible for each definition and theorem.

1.3 Hypothesis

The quantum jump error which occurs in quantum systems can be corrected by quantum
coding. There is a natural connection between quantum jumps and combinatorial designs.

Quantum jump codes can be obtained from some types of combinatorial designs.



CHAPTER 2

INTRODUCTION TO COMBINATORIAL DESIGNS

Design theory is one of the wide areas of discrete mathematics. Design theory can be
briefly described as the arrangement of elements of a finite set into subsets which satisfy
some prescribed rules. Combinatorial designs have many applications including computer
science, experimental designs, genetics, scheduling and more. There are many types of
designs which provides solutions to various problems. In this thesis, we will mainly focus
on some types of designs that include t-designs, Steiner Systems, and large sets of t-

designs.

In the history of design theory, the most famous problems are about the existence of
designs. Recently, many various studies have been done in the field which provides many

existence and non-existence results. However, there are still many open problems.
Next definition provides a general definition for a combinatorial design.

Definition 2.1 A pair (X, B) in which the following two properties are satisfied is called

a combinatorial design.

1. X is a finite set of elements which is called points, and

2. B isamultiset of nonempty subsets of X, called blocks.

If two nonempty subsets (blocks) in B have exactly same elements, they are called
repeated blocks. That is the reason for using the term multiset instead of the term set. In
a multiset, repeated elements are allowed. A design is called simple design if there are no

repeated blocks in this design.

We now study one of the most studied type of designs, t-designs.



2.1 t-designs

2.1.1 Properties of t-designs

Definition 2.2 Let v,k,A, and t be positive integers such that v >k >t.
At — (v, k, 1) design is a design (X, B) such that the following properties are satisfied:

1. |X|=v,
2. Each block consists of exactly k points,

3. Every set of t distinct points is contained in precisely A blocks.

It is clear that a t — (v, k, A) design may have repeated blocks. By the definition, if
A = 1, there cannot be any repeated blocks in this design. A t — (v, k, A1) design is called
simple t-design if there are no repeated blocks. Construction of simple designs is more
difficult than constructing non-simple designs. A t-design is said to be trivial

t-design if we take A copies of each k-subset of a w-set. Trivial t-design is a

t— (v, kA ) design, where k < v.
Example 2.1 Let X ={a,b,c,d,e, f,1,2,3,4,5,6} and
B = {{a, 1},{b, 2}, {c, 3},{d, 4}, {e, 5}, {f, 6} }.
Then, (X,8B)isa 1 — (12,2,1) design.
Example 2.2 Consider a 2 — (6,3,2) design. Let X and B be defined as follows;
X=1{0,1,2,3,4,5)},
B = {{0,1,2},{0,1,3},{0,2,4},{0,3,5}, {0,4,5},{1,2,5},{1,3,4}, {1,4,5}, {2,3,4}, {2,3,5}}.

It is clear that (X, B) satisfies all properties of a 2 — (6,3,2) design and this design is

simple since there are no repeated blocks.
From now on, to save space, we write blocks in the form xyz instead of {x, y, z}.

Example 2.3 Let X =1{0,1,2,3,4,5} be a set of 6 points. Then (X,B) is a
2 — (6, 3,4) design with the following blocks.

B = {012, 012,013,013,024, 024,035,035, 045, 045,}
~ (125,125,134, 134,145, 145, 234, 234, 235,235

By taking the complement of each block, we again obtain a t-design.



Definition 2.3 Let D = (X,B) be a t — (v, k,A) design. Then C = (X,B'), where

B' ={X/B : B € B} is called the complement design of D.

Theorem 2.4 Let D= (X,8B) be a t— (v,k,A) design and D = (X,8') be the

()
(t)

Proof. It is clear that each block of D has exactly |X|— |B| = v — k elements since

blocks of D defined by B’ = {X/B : B € B}. The number of blocks which does not

A(")
(+)

Example 2.4 We consider Example 2.3. Then, we have the following set of blocks

complement design of D. Then, D = (X, B’ )isat — (v,v — k,1*) where A1* =

contain a t-subset of D is

by the principle of inclusion and exclusion.

B = {345, 345,245,245,135,135,124, 124,123, 123,}

034,034, 025,025,023,023,015,015,014,014
Here, incidentally, the block complement (X, 8B') is again a 2 — (6, 3,4) design.

Example 25 Blocks of a 3-—(10,4,1) design with the point set
X={0,1,2,3,4,5,6,7,8,9} are given below.

0128 0136 0145 0179 0237 0246 0259 0349 0358 0478
0567 0689 1234 1257 1269 1359 1378 1467 1489 1568
2356 2389 2458 2479 2678 3457 3468 3679 4569 5789

Theorem 2.5 [32] Let D = (X,B) be a t — (v, k,A) design, and 1 < s <t. Then,
D =(X,B)isalsoans — (v, k, A;) design, where

A
s k—s) :
t—s

Definition 2.6 Let D= (X,8B) be a t—(v,k,1) design and let a € X. Then
R, = (X/{a},B, ), where B, = {B € B:a ¢ B}is called the residual design at a.

Theorem 2.7 [32] Let D = (X,B) be a t — (v, k, A1) design and let R, be the residual

v—k
k—t+1

design at a wherea € X. Then R, isa (t — 1) — (v -1,k 2 ) design.
Example 2.6 Let D = (X, B) bea 2 — (9,3,1) design. Let X = {0,1,2,3,4,5,6,7,8}.
B ={012,034,056,078,135,147,168,238,246,257,367,458}.

6



Then, R, = (X/{0}, B, ) is the residual design at 0 of the design D = (X, B) where
B, = {135,147,168,238,246,257,367,458}.
Here, R, a 1 — (8, 3, 3) design.

Definition 2.8 Let D=(X,8) be a t—(v,k,A) design and let a€X.
Then D, = (X/{a},B, ), where B, ={B/{a}:a € B € B} is called the derived

design at a.

Theorem 2.9 Let D = (X,B) be at — (v, k, A) design and let D, be the derived design
atawherea € X. ThenD,isa(t—1) — (v —1,k — 1, 1) design.

Proof. Let B(a) be the set of blocks of the design D = (X, B) that contains a given
element a of X. Each (t — 1)-subset of X /{a} occurs with a in exactly A blocks of D,
these blocks being those of B(a). Thus, (X/{a}, B, ), where B, is obtained from the
blocks of B(a) by removing a,is (t — 1) — (v — 1,k — 1, 1) design.

Example 2.7 Let D = (X, 8B) bea 2 — (9,3,1) design. Let X = {0,1,2,3,4,5,6,7,8}.
B ={012,034,056,078,135,147,168, 238,246,257,367,458}.
Then D, = (X/{0},8B, ), isa 1l — (8,2,1) design, where
B, = {12,34,56,78]}.
Next theorem gives a more general result on derived designs.

Theorem 2.10 Let (X,®B) be a t — (v, k,A) design. Let D € X,|D| =i <t. Then
(X/D,{B/D:D < Bc ®B})isa(t—i)-(v—ik—1i A)design.
Proof. The proof can be done by using induction on i with the base case proven in the

previous theorem.

Example 2.8 It is well known that a 5 — (24,8,1) design exists (see; [33]). Therefore,
from Theorem 2.10, there exists a 4 — (23,7,1) design. There also exist 3 — (22,6,1) and
2 —(21,5,1) designs.

Theorem 2.11 Let (X,B) be a t — (v, k, 1) design. Suppose that P € X, |P| =p <'t.

Then there are precisely




blocks in B that contain all points of P.

Proof. Let 4,(P) denote the number of blocks which contains all the points in P. Define

aset, say N;
N={Y,B): Y € X,|[Y| =t—pPNY=0,BEB,PUY C B}.
We will compute |N| in two different ways.

Firstly, we can choose a block B in 4,(P) ways such that P € B. For each choice of B,

we can choose Y in (’;:g) ways. Therefore,
k—p
= 1o (7).
INI= 2,(P)(, _ >

On the other hand, Y can be chosen in (’lf:z’j) ways, and for each Y, there are exactly 4

blocks B such that P UY € B. Hence,

i =a(; ")

t—p
. . B A7)
If we combine these two equations, we have 1,(P) = 4, and 4, = (k_p) .
t-p

Example 2.9 Consider a 5—(24,8,1) design. Then we have that A1, =759,
Al = 253,12 = 77,13 = 21,).4 = 5,and15 =1.

Note that 4, indicates the number of blocks, b, in a t-design.

Since 4, denotes the number of blocks in the p*”* derived design, 4, must be an integer.
Therefore, this condition is called the necessary condition for the existence of a
t — (v, k, A) design.

Theorem 2.12 A t — (v, k, 4) design have exactly b = A (¥)/(¥) blocks.

Proof. Let (X,®B) beat — (v, k, 1) design. Let T denote the t-subsets and B denote the
k-subsets of X. We know that A = |{B € B: T < B}|. Forany t — (v, k, A) design, if

we count the numbers of pairs (T, B) € (}) x B in two ways; we have A(?) = |B](¥).



Example 2.10 Consider a 2 — (7,3,1) design which is also called the Fano plane. This
designhasb = A (¥)/(¥) = 1(7)/ () = 7 blocks. This design can be shown graphically

as in Figure 1.
X=1{1,23,456,7},

B ={123,145,167,246,257,347,356}.

Figure2. 1 A2 —(7,3,1) design

Theorem 2.13 [32] Let t, v and k be positive integers such thatt < k < v — t. There

exists a nontrivial t — (v, k, 1) design for some positive integer A.

Proof. Let X be a v-set. We consider N-dimensional vector space Q" in which the
coordinates are indexed by the ¢-subsets of X where N = (¥). We define vectors, say s,
in QN for each k-subset A € X in which the entry in the coordinate corresponding to a
t-subsetY € Xisequalto1ifY < A and 0 otherwise. Sincet < k < v — t, there
are more of these vectors than the dimension of the space they are in, so, there exists a
linear dependence among them. In other words, since we have a set of (}) vectors ina N-
dimensional vector space where N = (’;) there exist rational numbers a,

(A € X,|A| = k) such that

Z O(ASA = (0, 0,,0)
ACX|Al=k

Let D denote the least common multiple of the denominators of the numbers a,. Define

Ba = Day for all A. Then we have



Z ﬁASA = (0, 0,,0)
ACX|Al=k

Here, B,’s are all integers. Clearly, at least one of the f,’s is negative. We define
M = min{B4}. Then, M < 0. Now, for every A < X, define B to be the collection of
blocks where, A occurs exactly 8, — M times in B. Since M = min{f,}, we know that
Ba— M = 0 forall A. Itisnot difficult to see that (X,B) isat — (v, k, A) design. We first

observe that

2= (G- G2)

this follows because, as we already observed, the set of all k-subsets of a v-set is a

t — (v, k, (Z:i ) design. Now, if we combine above two equations, we have that

a=msa= (- (72 0). oo (1 21))

This means that every t-set is contained in 2 blocks where 2 = —M(}~%). Therefore,

ACX|Al=k

(X, B)isat — (v, k,A) design with 2 = —M(}_"). Since (B, — M) = 0 for at least one
A, (X,B) is nontrivial.

Theorem 2.14 A 1 — (v, k, 1)-design exists if and only if vA = 0 mod k.

Proof. From the Theorem 2.12, the number of blocks in a 1 — (v, k,A) design is
b = vA/k. Since b is integer we have vl = 0mod k. Conversely, suppose that

b = vA/k is an integer. We give a method to construct a 1 — (v, k, A) design below.

Define u = gcd(k, ). Then, we have A = uA" and k = uk’, where gcd(k’,A") = 1. Now,
we get b = Wl/k = M’/k’ and gcd(k’,A") = 1, so we consider that v = 0 mod k'. Let

v = sk’, where s is a positive integer. Hence b = ”A'/k, =sA'.

Let X has k' elements. Define Y = XXZg. Then |Y| = v. Let 44, ..., Ay be A" arbitrary u-
subsets of Z,. For 1 <i < A, define B; = X X A;. So, each B; is a k-subset of Y. By
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developing each B; through Zg, we have a set of b blocks which contain every point in Y

precisely A times. Then, we have a 1 — (v, k, A) design.

Example 2.11 Let the parameters of 1 — (v, k,A) design be v =15k =9, and
A =6.Thenwe have b = 10,s = 5,k = 3, and A’ = 2. Suppose we take X = {a, b, c},
A; ={1,2,3},and A, = {1,2,4}. Then

B, ={al,b1,c1,a2,b2,c2,a3,b3,c3}
and
B, ={al,b1,cl,a2,b2,c2, a4, b4,c4}.

If we develop the second coordinates of B; and B, modulo 5 with keeping the first
coordinate fixed, we get ten blocks. In the set of ten blocks, each element occurs exactly

6 times. Consequently, we have a 1 — (15,9, 6) design.

2.2 Affine and Projective Planes

In what follows we will call the blocks of a t-design lines. If a line contains more than
one point, we say that these points are collinear. If two lines do not intersect in any point,
we say that they are parallel lines. Also, if a point p is on the line £, we say ¢ passes

through p.

Example 2.12 In Figure 2, lines £, and £, are parallel and points a, b, and c are collinear.

Figure 2. 2 Parallel lines and collinear points

11



2.2.1 Projective Planes

Definition 2.15 A design (X, 3B) is called a projective plane if the following properties
hold.

i. X contains at least one subset of 4 points no 3 of which are collinear,
ii.  Each pair of lines intersects in precisely one point, and

iii.  Exactly one line passes through any pair of points.

4 points, no 3 of which are collinear. Each pair of lines intersects in one

point.

Figure 2. 3 Projective planes

The 2 — (7,3,1) design is the smallest projective plane which has order 2. It is also known

as the Fano plane.
Example 2.13 The following pair (X, B) is a projective plane.
X={ab,cdef, g}
B = {abe,acf,adg, bdf,bcg, cde,ef g}.
An equivalent definition of a projective plane is given below.

Definition 2.16 A 2 — (n? + n + 1,n + 1, 1) design where n > 2 is called a projective

plane of order n.
Example 2.14 A 2 — (13,4,1) design is a projective plane of order 3.
X=1{1,23,45,6,7,8,9,a,b,c,d},
B = {123a,456a,789a,147b,258b,369b,159¢, 267c,348¢, 168d,249d,357d, abcd}.

Theorem 2.17 There exist a projective plane of order g for every prime power g > 2.

12



Proof. Let VV be a 3-dimensional vector space over the field 7. Let V; be the set of
1-dimensional subspaces of V, and let V, be the set of 2-dimensional subspaces of V.
Let X =V,. For each B €V,, define a block Az ={c €V, |c< B}, and let
B = {Ag : B €V, }. Then, (X,B) is a projective plane of order q.

2.2.2 Affine Planes
Definition 2.18 A design (X, B) is called an affine plane if the following properties hold.
i. X contains at least one subset of 4 points no 3 of which are collinear,

ii. Givenaline £ and a point p not on #, there is exactly one line of B

containing p which is parallel to ¢, and

iii.  Exactly one line passes through any pair of points.

4 points, no 3 of which are collinear. There is exactly one line through p parallel to ¢

Figure 2. 4 Affine planes

Note. The first condition of the definition guarantees that this plane does not consist of a

single line.
Example 2.15 The following pair (X, 3B) is an affine plane.
X ={a,b,c,d}
B = {ab, ac,ad, cd, bd, bc}.
An equivalent definition of an affine plane is given below.
Definition 2.19 A 2 — (n?,n, 1) design where n > 2 is called an affine plane of order n.
Example 2.16 A 2 — (9,3,1) design is an affine plane of order 3.

X ={1,2,3,4,5,6,7,8,9},
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B = {123,456,789,147,258,369, 168, 249,357,159, 267, 348}.

Pl

* —o—

KR

Figure 2. 5 Affine plane of order 3

Theorem 2.20 [32] There exist an affine plane of order g for every prime power g > 2.

Proof. We first define P = F,xF, for any prime q. Then, for any a, b € F,, we define a
block

By, ={(x,y) €EP:y =ax+ b}.
For any ¢ € F, define
Bo.={(c,y):y€ Tq}.
We now define
B={B,p: ab€F}U{By,:cEF
We will show that (P, B) isa 2 — (g2, g, 1) design (i.e., an affine plane of order q).

Since P = F, x F,, there are g* points in P. It is easy to see that each block contains g
points. So, we need to show that each pair of distinct points is contained in exactly one

block. Let (x4, y,), (x5, y,) € P. We have two cases:
1. If x; = x5, the pair {(xq, y1), (x2,y2)} is contained in the unique block B ., .

2. If x; # x,, we consider the system of equations in F:
y1 =ax; +b, (2.1)

Y, = ax, + b. (2.2)

14



We need to show that Equations (2.1) and (2.2) have a unique solution for a and b. If we

subtract the second equation from the first one, we have

Y1 — Y2 = alx; — x2). (2.3)

We assumed that x; # x5, SO (x; — x;) has a unique multiplicative inverse in F, i.e.
(1 — x2)~* € F,. If we multiply both sides of the previous equation by (x; — x;)~*, we

get
a = (x; = x)" (1 — y2).

We can substitute a with (x; — x,)~*(y; — y,) in Equation (2.1). Then we obtain

y1=ax; +b = (x; —x)"'(yy — ¥2)x; + b.
From the above equation, we have

b=y — (1 — %) (y1 — y2)1.

Hence, B, ; is the unique block that contains the pair {(x1,y), (x2, ¥2)}.
Consequently, (P, B) is an affine plane (i.e. a 2 — (g2, g, 1) design).
Example 2.17 We will construct an affine plane of order 3 by using the Theorem 2.20.

Let P = Z5XZ5. We construct blocks as follows:

Bo,o =1{(0,0),(1,0),(2,0)}
Bo1 ={(0,1),(1,1),(2,1)}
By, ={(0,2),(1,2),(2,2)}
B = {(0,0),(1,1),(2,2)}
B,: ={(0,1),(1,2),(2,0)}

Bl,Z = {(O, 2)1 (11 O), (21 1)}

B0 =1{(0,0),(1,2),(2,1)}
B,1 =1{(0,1),(1,0),(2,2)}
B,» ={(0,2),(1,1),(2,0)}
Be,o = {(0,0),(0,1),(0,2)}
Be, =1{(1,0),(1,1),(1,2)}

BOO,Z = {(2' 0)) (2, 1)) (2, 2)}

So, (P, B) is an affine plane of order 3.

Theorem 2.21 Residual of a projective plane of order n is an affine plane of order n.
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Proof. Let D = (X,B) bea 2 — (n? + n+ 1,n+ 1,1) design, i.e. a projective plane of
order n, if we consider the residual design on n + 1 points of this projective plane, we

obtain a 2 — (n?,n, 1) design, i.e. an affine plane of order n.

2.2.3 Connection Between Affine and Projective Planes

Two designs D; = (X1,8B;) and D, = (X,,B,)are called block-disjoint if
B, NB, =0. Let D=(X,B) be a u — (v,k,A) design, and R = {(X, B;)}/», be a
collection of disjoint t — (v, k, A") designs such that 8 = UL, B; we then say that R is

a t-resolution of D. A 1-resolvable design is just called a resolvable design.

Example 2.18 Blocks of a resolvable 2 — (8,4,3) design is given below for the point set
X ={0,1,2,3,4,5,6,7}.

{0,2,3,5}, {1,4,6,7},
{0,3,4,6}, {2,5,7,1},
{0,4,5,7}, {3,6,1,2},
{0,5,6,1}, {4,7,2,3},
{0,6,7,2}, {5,1,3,4},
{0,7,1,3}, {6,2,4,5},
{0,1,2,4}, {7,3,5,6}.

Definition 2.22 In a design (X, B), a set of mutually parallel lines, i.e. a set of disjoint

blocks, which partition the points of X is called a parallel class.

Example 2.19 Parallel classes of 2 — (8,4,3) design which is given in Example 2.18, are

listed below.
m, = {0235,1467}, m, = {0346,2571}, 5 = {0457,3612},
m, = {0561,4723}, s = {0672,5134}, g = {0713, 6245},

m, = {0124, 7356}.
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Example 2.20 In Example 2.16, there are 4 parallel classes. These parallel classes of 2 —

(9,3,1) design are given below.
m, = {123, 456,789}, m, = {147,258,369},
5 = {159,267,348}, 7, = {168,249,357)}.
These parallel classes form a 1-resolution of a 2 — (9,3,1) design. It is easy to say that

v = 0 (mod k) is the existence condition of a resolvable t — (v, k, 1) design.

Theorem 2.23 A resolvable 2 — (v, 2,1) design exists if and only if v is an even integer

and v > 4.

Proof. It is clear that v must be an even integer and v > 4 since v = 0 (imod 2) in a
resolvable 2 — (v, 2,1). To complete the proof, we now give a construction for such v.
Let the point set X be Z,_; U {oo}. For any j € Z,_,, we define the parallel classes as

follows:
;= {{oo, U {{i +jmod (v —1),j —imod (v—1)}: 1< i< (v—2)/2).

Any pair of points occurs in precisely one parallel class. Therefore, we have a resolvable
2 — (v,2,1) design.

Example 2.21 A resolvable 2 — (6, 2,1) design is given with the following parallel

classes.
Ty = {00, 14,23}, m, = {01, 20,34}, m, = {02,31,40},
5 = {03,42,01}, 7, = {004,03,12}.

Remark. Affine planes are resolvable.

Theorem 2.24 There exists a projective plane of order n if and only if there exists an

affine plane of order n.

Proof. From the Theorem 2.21, the residual design of a projective plane of order n is an
affine plane of order n. Conversely, for a given affine plane of order n, we will show how
to construct a projective plane of order n from the affine plane of order n. Let
A = (X,B) be an affine plane of order n. Since affine planes are resolvable, we can
define its parallel classes. Let my, 5, ..., T4, De the n + 1 parallel classes of A. Let
004,005, ...,00,.4 & X, define Q = {00, 0,, ..., 00,1}, and define the point set X’ as the
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union of X and Q; that is, X' = X U Q. For each B € B, define B’ = B U {c0;} where
B € m;. In other words, we add the point oo; to each block in the ith parallel class where
1< i <n+ 1. Now, define B = {B' : B € B} U {Q}. We need to show that (X', 8B') is
a projective plane of order n. There are n? points in an affine plane of order n and
n + 1 points in Q, then there are total n> + n + 1 points, and each block contains n + 1
points. Therefore, we only need to show that each pair of points x,y € X' (x #y) is
contained in a unique block. If x,y € X, then x and y are contained in a unique block
B € B, and hence x and y are contained in a unique block in B'. If x € X and y € Q, say
y = oo;. Then, {x, y} € B’ where B is the unique block in 7; which contains x. Finally,

if x = c0; and y = oo, then {x, y} € Q.

Example 2.22 We will construct a projective plane of order 3 from an affine plane of
order 3 by using the technique given in the proof of Theorem 2.24. We consider the affine

plane of order 3 constructed in Example 2.17.

B’y = {(0,0),(1,0),(2,0), 000} B';0 =1{(0,0),(1,2),(2,1),,}
B', =1{(0,1),(1,1),(2,1), 000} B', =1{(0,1),(1,0),(2,2), ,}
By, = {(0,2),(1,2),(2,2), .} B';, =1{(0,2),(1,1),(2,0), 0.}
B'10 =1{(0,0),(1,1),(2,2),004} B’ = {(0,0),(0,1), (0,2), 03}
B'11 =1{(0,1),(1,2),(2,0), 004} B'w1 ={(1,0),(1,1),(1,2), 003}
B'1, =1{(0,2),(1,0),(2,1), 004} B'w, ={(2,0),(2,1),(2,2), 03}

IT = {00, 004, 00,, 003}

2.3 Some Constructions

Until 1983, for t > 5, there had not been found any simple t-design. The most common
thought was that any simple 6-designs would not exist. In 1983, Magliveras and Leavitt
[34] constructed a 6 — (33,8,36) design which is the first simple 6-design. In the
following vyears, Tierlinck [4] showed that for any t, there exists a simple
t-design. In 2014, one of the oldest problems in t-designs is proved by Peter Keevash [8].

He proved the existence of t-designs with the parameters A = 1 and t > 2.
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We now give some constructions for t-designs with A = 1,k = 3 and t = 2. Firstly, we

give the definition of Latin squares and quasi groups.

Consider an n X n array in which each cell of this array contains only one element of the
set X = {1, 2,...,n}. If each element of X occurs only once in each column and in each
row of the array, then this array called a Latin square of order n. We now consider a set
Q which consist of n elements. Q forms a group under " o " operation with the following

condition.

(1)  For any two elements a, b of Q, the equations a e x = b and y o a = b have

unique solutions.

The pair (Q,°) is called Quasigroup of order n. The similarity between Latin squares and

quasigroups can be seen in the next example.

Example 2.23 (Latin squares and quasigroups)

o 1 2
1 2 1 1 2
() 2 1 2 2 1

a Latin square _
a quasigroup of order 2

of order 2
o 1 2 3
1 2 3 1 1 2 3
3 1 2 2 3 1 2
(i)
2 3 1 3 2 3 1

a Latin square )
a quasigroup of order 3
of order 3
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A Latin square(quasigroup) is called commutative if the cell (i,j) and the cell (j,i)
contain the same element for all 1 < i,j < n. A latin square is called idempotent if the
cell (i,i) contain the symbol i for all 1<i<n. A Latin square is called
half-idempotent of order 2n if cells (i,i) and (n + i,n + i) contain the symbol i for

1<i<n.

Example 2.24 (Commutative, idempotent and half-idempotent Latin squares)

1 3 2
3 2 1 1 2
2 1 3 2 1

_ _ half-idempotent and
idempotent and commutative )
commutative

1 4 2 5 3

4 2 5 3 1 1 3 2 4
2 5 3 1 4 3 2 4 1
5 3 1 4 2 2 4 1 3
3 1 4 2 5 4 1 3 2

_ _ half-idempotent and
idempotent and commutative )
commutative

The Bose Construction. Let (Q,0) be an idempotent commutative quasigroup of order
2n+1withQ ={1,2,...,2n+ 1} and X = Q X Z3. Let B consist of following types of
blocks:

() {xox1,x},x€Q

(i)  {xpx,(xe )il x,y €EQx #y,i €Zs.
Then (X, B) formsa 2 — (6n + 3, 3, 1) design.
Proof. Firstly, there are |X| = |Q| X |Z3| = 2n + 1)(3) = 6n + 3. There are 2n + 1

blocks in (i). For (ii), we can choose x and y in (") ways and there are 3 blocks for
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each for each such choice. Therefore, |B] =2n+1+3(*"") = (2n+ 1D(Bn+1)

which is equal to number of blocks ina 2 — (6n + 3, 3, 1) design. We now need to show
that any pair of two distinct points is contained in one blocks of 8. Let a;, b, be the two
distinct points in X. If a = b then {a,, a,, a3} is the unique block in (i) which contains
ajand by. If j = k, then a # b and moreover {a;, b, (a © b) 1} is the unique block in
(ii) that contains a; and by.. Lastly, leta # b and j # k. Suppose without loss of generality
j=1 and k=2. As (Qe) is quasi group, there exist pe€eQ
such that aep =b. As (Q,) is idempotent and a # b, then p # a. Hence,
{a;,p1,(aop), = b,} is the unique block in (ii) that contains a, and b,.
Consequently, (X,3B) formsa 2 — (6n + 3,3, 1) design.

Example 2.25 We will construct a 2 — (9, 3, 1) design with using the Bose construction.
We will use an idempotent commutative quasigroup of order |X|/3 = 3. We can use the
idempotent ~ commutative  quasigroup of order 3 given in  the
Example 2.24.

Let X = {1, 2,3} x {1, 2, 3}. Then B consist of following blocks.

H  {11),@12),1,3)}{(21),(22),23)}{3B,1),3,2),3,3)},

i i=1j=2 : {(1L,121D,G2}{12),(0272),33}{(13).0273),3 1D},
i=1j=3 : {1LDGL22}{(12),372),023)}{(13),33).2 D}
1=2,j=3:{(21,361),,2}{22),3,2),(1,3)}{(23),3,3), 1D}

The Skolem Construction. Let (Q,0) be a half-idempotent commutative quasigroup of
order 2n with Q = {1,2,...,2n} and X = {o0} U (Q X Z3). Let B consist of following
types of blocks:

(i) f{xoxux}t1<x<n,

(i) foo,(n+x);, x4, 1<x<n,i€Zs,

(i)  {xpyu(xoy)ip1 X,y EQ x #y, i € Z3.
Then (X,8B) formsa 2 — (6n + 1, 3,1) design.
Proof. The proof is similar to Bose construction’s proof.
Example 2.26 We will construct a 2 —(7,3,1) design with using the Skolem
construction. We will use a half-idempotent commutative quasigroup of order
(IX] —1)/3 = 2. We can use the half-idempotent commutative quasigroup of order 2
given in the Example 2.24.
Let X = {c0} U ({1, 2} x {1, 2, 3}). Then B consist of following blocks.

0 {1D 02,13}
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(i)  {o0,(2,1),(1,2)},{,(2,2),(1,3)},{,(2,3),(1,1)}, and
(i {(1LD, 2D, 220}1{(1,2),(22),(2,3)},{(13),(23),(2 D}

2.4 Steiner Systems

Definition 2.25 A Steiner system is a pair (X, B) in which every t-subset of X is contained

in exactly one block in B.

Steiner systems are special types of t— (v,k,A) designs where 1 =1 and
t > 2. Steiner systems are denoted as S(t, k, v). The most studied and well known Steiner
systems are those with t = 2 and k = 3. These systems are called Steiner triple systems
and abbreviated as STS. A STS of order v, denoted as STS(v), isa 2 — (v, 3,1) design.
If t=3and k =4 in an S(t, k,v), then these systems are called Steiner quadruple

systems and abbreviated as SQS.

2.4.1 Existence of Steiner Systems

One of the oldest problems in combinatorial design theory which was asked by Jakob
Steiner in 1853 was if any nontrivial Steiner system have t > 6. Until 2014, this problem
has been studied by many authors [see; 4, 5, 6, 7]. Peter Keevash [8] published a paper
on existence of Steiner systems in 2014, and proved the existence of such designs.

Lemma 2.26 (Divisibility Conditions) A Steiner System S(t, k, v) exists only if for
every i €{0,1,2, ...t — 1}, (¥-))/(52}) is an integer.

Proof. This theorem can be proven with using the same argument proven in
Theorem 2.11 for A = 1.

Some of the well-known infinite families of Steiner Systems are affine geometries,
projective geometries, and spherical geometries. For every prime power g and n > 2;
affine geometries, projective geometries and spherical geometries are S(2,q,q"),

S(2,q+1,q"+--+q+1),53,q+1,q" + 1), respectively.

We now continue with Steiner systems with block size 3, specifically called Steiner triple

systems.
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2.4.2 Steiner Triple Systems

Definition 2.27 A Steiner triple system is a design (X, B), where X is finite set of v points
and B is a set of 3-element subsets of X, called triples, such that each pair of distinct

points of X contained in exactly one triple of B.
Remark. A Steiner triple system of order v isa 2 — (v, 3,1) design.
Example 2.27 The following designs are S(2,3,3), $(2,3,7) and S(2,3,13),
respectively.
i X={1,23}, B={123},

(i) X =1{1,23,456,7},B ={124,235,346,457,561, 672,713},

(i) X=1{1,2,3,4,56,7,89,0a,b,c},
B = {012, 034, 056,078,09a, 0bc,135,147,168,19b, 1ac, 239, 245,}_
26a,27c,28b,36b,37a,38c,46¢,489,4ab,57b,58a,59¢c, 679
In part (ii) of Example 2.27, the Steiner triple system with order 7 can be shown
graphically by taking the straight triangle joining 1, 2, 4 and rotating it once gives another
block, 2,3,5 which is the dotted triangle in the Figure 6. If we continue this rotation

process through 5 times, we obtain all blocks of 3.

o | o "
Figure 2. 6 Steiner triple system of order 7

Theorem 2.28 A Steiner triple system, STS(v), exists if and only if v = 1, 3 (mod 6).
Proof. Suppose that STS(v) exist. From the Lemma 2.26 (Divisibility Conditions), we
know that (¥~!)/(“_") is an integer for all i = 0,1,2, ..., — 1. In a Steiner triple system, we

know that k = 3 and t = 2. Therefore, we have,
(20)/(G23) rori=oa
2-i)/\a—y) Tort=01
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Hence, for i =0, (})/() =v(w—-1)/3and for i =1, (*;)/(}) = (v—1)/2 are
integers. Since (v —1)/2 is an integer, v — 1 is even and hence v is odd. Since
v(v —1)/3 is an integer and v is odd, we get v = 1 (mod 6) or v = 3 (mod 6). To
complete proof, we refer the constructions of the STS(v) where v has the form 6n + 1 or
6n + 3. The case when n = 0 and v = 6n + 1, we obtain v = 1. In this situation, there
is no triple. Therefore, we consider remaining cases. Indeed, in 1847, Kirkman [1]
showed that the remaining cases can be constructed. For v = 6n + 1, see the Skolem

construction and for v = 6n + 3, see the Bose construction given in the Section 2.3.

2.4.3 Steiner Quadruple Systems

Definition 2.29 A Steiner quadruple system of order v, denoted as SQS(v), is a
3 — (v, 4,1) design.

Example 2.28 Steiner quadruple system of order 8, S(3,4,8);
X={1,2,3,4,5,6,7,8}

B = {1248, 2358,3468,4578,1568, 2678, 1378,}
~ 13567,1467,1257,1236,2347,1345,2456 )

In 1960, H. Hanani [36] determined the necessary conditions for the existence of Steiner

quadruple systems.
Theorem 2.30 [36] Steiner quadruple system exist if and only if v = 2,4 (mod 6).

Theorem 2.31 [37] Every Steiner triple system of order v, where v < 15, is the derived

design of some Steiner quadruple system of order v + 1.
Most of the known Steiner quadruple systems are derived from 5-designs.
2.5 Large Sets of t-Designs

Definition 2.32 A t — (v, k, 2) design is called complete if it contains all (7)) blocks.

Definition 2.33 A large set LS[N](t, k, v) or LS;(t, k,v) of t — (v, k, A) designs is a pair
L = (X,B) where B = {8}, is a partition of all k-subsets of X and each pair (X, B;)
isasimple t — (v, k, 1) design.

In other words, a large set of t-designs is a t-resolution of the complete design. The
number N in the definition of large set which indicates the number of disjoint

t — (v, k, A) designs is equal to N = (}_*)/A. Therefore N is an integer. This condition
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Is necessary condition for the existence of large sets. For a Steiner triple system, it is
known that t = 2 and k = 3. Therefore, if there exists a large set of disjoint Steiner triple
systems, N must be v — 2. Large set of STS(v) is denoted by LSTS(v). Same argument
can be used to show that set of v — 3 disjoint Steiner quadruple systems form a large set

of Steiner quadruple systems.

Note. Notations LS[N](t, k,v) and LS,(t, k,v) can be used interchangeable, since N

depends on A.

Example 2.29 Large set of 2-(6,3,2) designs, LS[2](2,3,6) = (X; B4, B,), is given below
for the point set X = {1, 2,3,4,5, 6}.

B, = {123,124,135,146,156, 236, 245, 256, 345, 346}
B, = {125,126,134,136,145,234,235,246,356,456}.

The necessary condition is not always sufficient condition. In 1850, Cayley [38] showed
that there are only two disjoint 2 — (7,3,1) designs. Therefore, there does not exist
LS(2,3,7), although N =5 is an integer for 2 — (7,3,1) designs. In the same year,
Kirkman showed the existence of an LSTS(9). This design is first nontrivial LSTS.

We now give some theorems without proofs, for detailed proofs readers are referred to

Tierlinck’s papers [4, 39].

Theorem 2.34 [4] For all positive integers N and ¢, there is an integer v such that an
LS[N](¢t, t + 1, v) exists.

Theorem 2.35 [39] There is a large set of Steiner triple systems of order v where
v=1,3 (mod6)and v > 7.

2.6  Automorphisms of Designs

Definition 2.36 Let (X, 8B) and (X', B') be two t — (v, k, 1) designs and let |X| = |X'|.
(X,B) and (X, B") are called isomorphic if there exists a bijection ¢ : X — X' such that
B =[{px):x €B}:B€EB|.

Example 2.30 The following two pairs (X,%8) and (X', B") of 2 — (9,3,1) designs are
isomorphic if we define a bijection ¢ as @(0)=a,¢(1) =d,9(2)=h,
pB)=c,9(4) =e,9(5) =g9,90(6) =k ¢(7) =band ¢(8) = f.
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X=1{0,1,23,4,5,6,7,8},
B ={012,034,056,078,135,147,168, 238,246,257,367,458};
X' ={a,b,c,d,ef, g hk}
B’ = {abf, ace, adh, agk, bck, bde, bhg, chf, cdg, dkf, efg, ehk}.

Example 2.31 Let X = {1,2,3,4,5,6,7} and B = {123,145, 167,246,257,347,356}.
Define ¢: X - X as ¢ =(1)(2)(34)(567) €S,. Then (X,B) and (X,B") are
isomorphic.

B = { 123, 145 167, 246, 257, 347, 356 }
! ) ) ) ) ) )
B’ = { 124, 136, 157, 237, 256, 345 467 }

Definition 2.37 An automorphism of a design is an isomorphism of this design with itself.

Example 2.32 Let X = {1,2,3,4,5,6,7} and B = {123,145, 167,246,257,347,356}.
Define p: X » X as o = (1)(2)(3)(45)(67) € S,.

123 145 167 246 257 347 356
\) \) \) l \) \) )
123 145 167 257 246 356 347

Thus, ¢ is an automorphism of (X, B).
Note. An automorphism relabels the points of design.

The set of all automorphisms of a design (X,®B) forms a group under the operation of
composition of permutations. This group is called the automorphism group of (X,3B).

Automorphism group of (X, 3B) is denoted by Aut (X, B).

Definition 2.38 A permutation ¢ € S, is called an automorphism of a large set
L = (X,B) where B = {8;}/_,, if ¢(B;) =B;forany1<i,j<N.

A group ¢ is called automorphism group of L, if ¢(B) = B holds for all ¢ € g, that is,
if o(B;) eB for all B; € B and ¢ € g. A large set with this property is called
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g-invariant. If @(B;) = B; holds for all B, € B and ¢ € g, then we say that L is

[¢]-invariant.

Definition 2.39 Let G be a group and X be a set. Suppose that ¢ : G X X — X satisfies

the following conditions. Then ¢ is called a group action.
i. ¢@(e,x) =xforall x € X and e is the identity element of G,
ii. @(g9,9(x))=¢p(ghx)forallxeXandg,heG.

The group G is said to act on X and this action is denoted by G|X. The set X is called a
G-set. G permutes the elements of X. If G acts on X, thenG also acts on (%)

for every t, 2 <t <|X|. The orbit of G, with its automorphism group g, is
g(G) ={p(G) : ¢ € g}. A group action is said to be transitive if the set X consists of a

single G-orbit. A t-orbit is an orbit of G in its induced action on (¥).

Example 233 Let G=7Z, and X=7%Z,. G acts on X with the action
9=(0123456). G also acts on (}). Let the set of 2 — orbits be denoted as
A ={A;,A,, A3} lIts 2 — orbits are listed below.

A, = {01,12,23, 34,45, 56, 06},
A, = {02,13,24,35,46,50,61},
A; = {03, 14, 25,36, 40,51, 62}

The group G also acts on (}). Let the set of 3 —orbits be denoted as

I'={I}, T, I3, Ty, T} Its 3 — orbits are listed below.
I, = {012,123,234,345,456,560,601},
I, = {013, 124,235, 346,450,561, 602},
Iy = {014, 123,236,340,431,562, 603},
I, = {015,126,230,341,452,563, 604},
I = {024,135, 246,350,461,502, 613)}.

We now define a matrix Ay . which is called as Kramer-Mesner matrix. The matrix Ay ;
IS an n X m matrix, where n is equal to the number of k — orbits and m is equal to the

number of t — orbits of group G. Let A denotes the set of t — orbits and I" denotes the
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set of k — orbits. For 1 < j < m, choose any t — subset d; € A. Then, for 1 <i <mn,

the i, j entry of A, ;, denoted a;;, is defined as follows:
aij = |{A € Fi . 6] c A}l

Example 2.34 We will construct the Kramer-Mesner matrix As , with using the previous

example.

~

w

N

|
OR R Rk, N
N RO R

N = O
\__/

1

Next theorem provides a simpler way to construct t-designs with specified

automorphism.

Theorem 2.40 (Kramer-Mesner Theorem) There existsa t — (v, k, 1) design having g
as a subgroup of its automorphism group if and only if there exists a solution z € Z™" to

the matrix equation
z- Ay = Auy,

where z has nonnegative entries and u,,, is the m-dimensional vector which all entries

are 1.

Example 2.35 We will construct a 2-(9, 3, 1) design having ¢ = (01234 5)(67 8) as

automorphism with using Kramer-Mesner theorem. We now compute the 2 — orbits and

3 —orbits to construct the matrix As,. Let I'=U;Z;I; denote the set of

3 — orbits and A = U]_, A; denote the set of 2 — orbits.
I, ={012,123,234,345,450,501} T, = {013,124,235,340,451,502} T3 = {014,125,230,341,452,503}
I, = {024,135} Is = {016,127,238,346,457,508} T, = {017, 128,236,347,458,506}
I, = {018,126,237,348,456,507} Ty = {026,137,248,356,407,518} T, = {027,138, 246,357,408,516}
Ty, = {028,136,247,358,406,517} Ty, = {036,147,258} Iy, = (037,148,256}

I3 = {038,146,257} I, = {067,178,286,367,478,586} ;s = {068,176,287,368,476,587}

T,e = {078,186,267,378,486,567} Iy, = {678}
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Ay =1{01,12,23,34, 45,50} A, ={02,13,24,35,40,51} A; = {03, 14,25}
A, ={06,17,28,36,47,58} As ={07,18,26,37,48,56} Ag = {08,16,27,38,46,57}

A, ={67,78,86}

Now, we compute the matrix A ,.

2 1 1 0 0 0 O
112 0 0 0 O
112 0 0 00
0 1.0 00 0O
1 0 01 010
10 01 1 00
1 0 0 01 10
01 01 1 0O
Az, =10 1 0 0 1 1 0]
01 01 01O
0 01 10 00
0 01 01 0O
0 01 0 01O
0 001 1 0 2
0 001 0 1 2
0 000 1 1 2
0 000 0 01

Since A=1and u, =(1,1,1,1,1,1,1), we search for an integral solution z which
satisfies the equation z-A;,=1(1,1,1,1,1,1,1). One solution is that
z=(0,00,1,1,0,0,0,0,0,0,1,0,0,0,0,1). We can find all solutions, but there is
exactly one 2 — (9, 3,1) design up to isomorphism. Therefore, finding one solution is
enough in this example. If we combine the four 3 — orbits (i.e. the union of [y, s, 5,
and I';;), we havea 2 — (9,3,1). Then;

B = {T,,Ts, [y5, I;,} = {024, 135,016,127, 238, 346, 457,508, 037, 148, 256, 678}.

Finding nonnegative solutions to the Kramer-Mesner matrix equation have
exponential complexity with known algorithms. Nonetheless, this method to finding
designs which have specified automorphisms has been very useful in practice in

discovering previously unknown designs.

Theorem 2.41 [40] A g -invariant large set LS[N](t, k, v) exists if and only if there exist

amatrix z € {0, 1}1*™, satisfying the following matrix equation:

VA Ak,t = Aum
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where u,, is the m-dimensional vector which all entries are 1.

S. S. Magliveras and C. A. Cusack [40] generalized the Kramer-Mesner theorem for the

existence of large sets of ¢-designs.

Theorem 2.42 [40] A [g]-invariant large set LS[N](t, k, v) exists if and only if there exist

amatrix z € {0, 1} *N with constant row sum 1, satisfying the matrix equation:

1 - 1
z A =23, .., j) = ( )
1 - 1

The large sets that are known to exist are listed below. For more details of large sets, the
reader should check [40, 41, 42, 43, 44, 45, 46, 47, 48].

(i) AnLS;(2,3,v) exists for all admissible parameters of v # 7. [43, 44, 45, 46]
(i)  AnLS;(2,4,13) exists. [41]
@iii)  AnLS;(2,4,16) exists. [47]
(iv)  AnLS,(3,4,13) exists. [42]
(V)  AnLSg(4,5,60v + 4) exists for gcd(v, 60) = 1, 2. [48]
(vi)  No LS,(3,4,v) is known. (Large set of SQS) [53]
(vii)  An LS3(3,4,v) exists for v = 0,6 (mod 12). [49]
(viii)  An LS¢(3,4, v) exists for v = 9 (mod 12). [49]
(ixX)  AnLS,,(3,4,v) exists for v = 3 (mod 12). [49]

(X)  The number of disjoint designs in LS;(t,t + 1,v) iSN = ”T_t
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CHAPTER 3

QUANTUM JUMP CODES

Quantum computation is placed in the intersection of the fields quantum physics,
computer science, and information theory. In this thesis, we mainly consider
mathematical concept of quantum computation. By interaction with the environment,
some errors occur in quantum systems. We focus on the errors caused by spontaneous

emission, specifically quantum jumps.

In 1995, Shor [50] has shown that error correction in quantum systems is possible. In the
quantum information theory, big developments took place in the late twentieth century
after Shor’s pioneering work. After six years of developments, Alber et al. [22]

introduced an error correction model which corrects the errors caused by quantum jumps.

We now continue with the basics of quantum computing and quantum coding theory.

3.1 Basics of Quantum Computing

Classical computers use binary digits (bits) to code and encode data. Any bit represents
one information which has two possibilities as mathematically 0 or 1. In the quantum

systems, the basic unit of quantum information is quantum bit (qubit).

In quantum computations, mathematically, we are working on a finite dimensional vector
space over complex numbers. We can consider Hilbert vector space, since in a Hilbert
space Hermitian inner product is defined. We will denote a Hilbert space by #.
Therefore, quantum codes can be defined on a finite dimensional Hilbert space 7. Hence,

in a quantum system, a qubit can be modeled as a 2-dimensional vector space. Any
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quantum code of length n is a subspace of a Hilbert space of
length 2™.

We now give some fundamental definitions from linear algebra and then we will

introduce the Dirac notation.

Any vector x is a linear combination of vectors sy, s,, ..., s, if there exist complex
numbers a4, a,, ..., &, such that x = a;s; + a,s, + -+ + a,s,. We consider a set of
vectors S. This vector set generates a complex vector space V if we can write all elements
of V as linear combination of vectors in S. In other words, for all x € V, x can be written
asx = a;51 + ays, + -+ a,s, forsome s; € S and a; € C. Foragiven S, the subspace
of all linear combinations of vectors in S is called the span of S and it is denoted by
span(S). A set of vectors B is called a basis for a vector space V if we can write uniquely
all elements of V as a linear combination of wvectors in B. In a
2-dimensional vector space, any pair of vectors that are not multiples of each other form
a basis.

Quantum states are represented by Dirac (bra-ket) notation. A ket vector, a quantum state
of a single particle, is a 2-dimensional vector in H and represented
by |x). A quantum state |x) is a column vector. The Hilbert space H of dimension 1 is
the set of complex numbers. Elements of the Hilbert space of dimension 2 are the 2x1

column vectors where the entries are complex numbers. We can find a basis for a finite

dimensional vector space. Hence, for (g) €N, (g) =a(;) + B() holds where

a,B € C. So, the vectors () and (3) is a basis for the two-dimensional Hilbert space. As
in the classical computers, there are two pure states in the quantum systems. In a quantum
system, |0) and |1) are called pure states. Pure states have matrix representations;
0y=() and [1)=(). So, {l0)I1)} is a basis for the
two-dimensional Hilbert space. Hence, the two-dimensional Hilbert space is
H = {a|0) + B|1): a,B € C}. From now on, |x) represents a vector in F. Any
state |x) can be written as a linear combination of pure states, that is; |x) = a|0) + £]1)
for a, § € C. This situation is called as quantum superposition. The main advantage of
guantum computers over classical computer is superposition, that is, while bits can have
only values 0 and 1, qubits have not only the values |0) and |1) but also any linear
combination of the values |0) and |1), «|0)+ B|1), where a,f € C such that

la]? + |B]?> = 1. We use measurements to get information about the state, since we
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cannot know the initial state. Indeed, the condition |a|? + |B]|? = 1 comes from a basic
probability computation. After the measurement, the probability to have |0) as a
measurement result is |a|?, and the probability to have |1) as a measurement result
is |B]%. Since the sum of the probabilities equal to 1, we have the condition
la|? + |B]? = 1. Geometrically, this condition is equal to normalizing a state to length
one. Since we are working on a Hilbert space over the complex numbers, each vector has
a complex conjugate. The conjugate transpose of a vector x is denoted by xT. Now we
define bra vector which is denoted by (x| in Dirac notation as the complex conjugate

transpose of the |x), i.e.

(x| = |x)".

1

A state (x| is a row vector. For instance, if |x) = (1 4

), then{(x|=(1 1-1i).

We now define an inner product of two vectors which is a way to multiply vectors.

Let F={0,1} and define [x;) =X emc,ly) and |[x;)=Xyepnd, |y)

where c¢,, d,, € C.

Definition 3.1 A complex function {(x,|x;) = X.yepn ¢y d,, € Cis called a Hermitian inner

product of |x,) and |x,) on a vector space V if the following properties are satisfied for
X1,X%5,%3 EVanda,b € C.
(i)  Positive definiteness: (x|x) = 0, and {(x|x) = 0 implies x = 0,
(i) Conjugate symmetry: (x,|x;) = (x;|x,), and
(iii)  Linearity: (a(x;| + b{x3|)lx1) = alxz|x1) + b{xz|x1),
where (x; |x,) stands for the complex conjugate of (x, |x,).

The vector pair |x;) and |x,) is called orthogonal if (x;|x,) = 0.The norm or length of a
vector is defined as ||x)| = /(x]x). If all elements of a vector set are of length one and
orthogonal to each other, then we say that this vector set is orthonormal. In other words,
a set of vectors B = {|x;), |x2), ..., |x,)} is called orthonormal if for all i, j, (x;|x;) = &;;,
where

0ij = {(1) ;j;fzerd/ise.

In order to define an n-qubit state, we now define Kronecker product.
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Definition 3.2 Let A be an n X m matrix and B be a p X g matrix. The Kronecker product

A ® B is the mp X nq matrix which is defined as follows:

a;1(B) -+ au(B)

AQ®B = : : .

anu(B) o amn(B)

Example 3.1 LetAz((i) g)ande(g Efi 140).

i-0 i-2 i-4 2-0 ‘2 2-4
_ (i 2 0 2 4N\_|[i-6 i-8 i-10 2-6 -8 2-10
A®B_(O 3)®(6 8i 10)_ 0-0 0-2 O- 3-0 -2 3-4
0-6 0-8i 0- 3-6 -8 3-10

2

2

4 3

10 3

0 2i 4 O 4 8
6i —8 10i 12 16 20)

0 0 0 O 6 12
0 0 0 18 24i 30

The Kronecker product of A and B, A @ B, is called Tensor product of A and B if A and

B are linear transformations.

We now define a quantum system which consists of n-qubits. The joint state of n-qubits

is defined as follow:
|x) = [x125 o X)) = [x1) @ [x2) @ - @ |xy),

where @ denotes the tensor product and x; € {0, 1}. Here, from the definition of tensor

product, it is easy to see that |x) is a 2™-dimensional vector in 7 ®™.
In general, for the vectors |¢) and |¢), the following notations are equal.

lo) ® 1) = |p) ) = |pp)

Let F={0,1} and F"™ = FxFx---xF. Then, any vector x = (xq, X5, ..., X,) in F",

n times

lx) = [x1) @ |x2) @ --- Q |x;,,) is pure state for n-qubits system. There are 2™ vectors in
) 1 2 n p q y

{|x) : x € F™}. These vectors form an orthonormal basis of H ®".

Therefore, any state of n-qubit system can be represented by

lp) = Z Ay |x),

XEFN

where ¥ epnlay|? =1, a, € C.
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Note. In the quantum information theory, the scalar multiple of a state |x), a,|x)
(a, # 0), is identified as the same state |x). Therefore, without loss of generality, we will

assume that (x|x) = 1.

The Hamming weight of a state |x) is defined as the number of non-zero positions in x

and denoted by wt(|x)).

Example 3.2 (Hamming weight)
wt(|11010)) = 3 wt(]011101001101)) =7
wt(]0000)) = 0 wt(]1) =1

Example 3.3 (Examples of inner product)
(0]0)= @1 0(y)=1 (110)= (0 D(y)=0
0 0

(0]1)= @ 0(])=0 (111)= (0 D(])=1
Example 3.4 (Examples of n-qubit systems)

=1 0 0 0
=0 1 0 0

=0 0 1 0

=00 1 0 0 0 0 0 0O)F

=0 0 0 0 0 1 0 0F

)
)
)
)=@© 0 0 T
)
)

o

1y =memein=3)e()e])=0 o0 000 0 1

1

By extending the above example, we can generalize the tensor product of the vectors |0)
and |1).
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T
10) ®10) ® -+ ® 10) ® |0) = 00---00>=<1 0 0 - 0 0>,

271

T
0)®0)® - R[0) Q1) = 00---01>=<0 1 0 - 0 0>,

271

T
)R 0)Q R [1) ® |0) = 00---10>=<0 0O 1 - 0 0>,

2n

T
X1 Q1) ®[0) = 11--~10>=<O 0 0 - 1 0>,

n 2n

T
XK RI[1)R[1) = 11--~11>=<O 0 0 - 0 1).
2n

n

We now consider a Hilbert space of dimension 2™ where n > 2. Let n = 2. Then the
elements of the Hilbert space of dimension 4 are the 4x1 column vectors. So, any element
x of K has the form

where aqg, ap1, @19, @11 € C. Each vector x can be written as follows,

Qoo 1 0 0 0
Qo1 0 1 0 0

X = alo == aOO 0 + a01 0 + alo 1 + a11 0 .
aiq 0 0 0 1

It is  shown that; [00)=(1 0 0 0), loy=(@ 1 0 07,
10)=0 0 1 O, |11)=(0 0 0 1)7. So, {|00),|01),|10),|11)} is a basis

for the Hilbert space of dimension 22. Hence,
H ={apel00) + ag;|01) + a10]10) + a;1111) : ag, agy, a0, a11 € Ch

We now give a generalization for n > 1. If we consider any n > 1, it is easy to see that

‘10 00>, ‘01 OO>, ‘OO 10>, ‘OO 01> is a basis for the 2"-dimensional Hilbert

n n n n

space.
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Definition 3.3 Let H be a 2™-dimensional Hilbert space and B = {|b;)} be a basis for .
B = {|b;)} is called an orthonormal basis for H, if for any |b;), |bj) € H,
(b:|bj) = 6;; holds where

6”:{1 if i=j

0 otherwise.

Example 3.5 The set {|00),|01),|10),|11)} forms an orthonormal basis for

22-dimensional Hilbert space, since
(00]00) = (01]01) = (10|10) = (11]11) =1,
(00]01) = (00]10) = (00|11) =0,
(01]00) = (01]10) = (01|11) =0,
(10]00) = (10]01) = (10|11) = O,
(11]00) = (11]01) = (11|10) = 0.
Theorem 3.4 Let H; and H, be two Hilbert spaces of dimension 2™ and 2™, respectively.
Let By = {Ib;)}ierr2,.2m and B, = {|d]-)}je{1’2m2m} be bases for H; and H,
respectively. Then, the followings hold.
(i)  Tensor product of H; and H,, H; ® H,, is a 2"*™-dimensional vector space.
(i) {Ib) ®|d))}
H, Q H,.

ie(12,..2M,je(12,...2my 1S AN orthonormal basis for the vector space

3.1.1 State Transition in Quantum Systems

In this thesis, with the quantum state transition, we will mean a mapping from the state
space of a quantum system to itself, that is, a mapping from A to . In a quantum system,
a state transition is represented by an operator. This operator must be linear, so that, a
state goes to the superposition of their images. For an operator 77 and any n-qubit state
|p), linearity means that;

Tlo) = T(aqlx1) + azlxz) + - anlxn)) = a1 Tx1) + ;T |x2) + -+ + @, Txy).
Any linear operator in a finite dimensional vector space has a matrix representation.

Example 3.6 Let H be a two-dimensional Hilbert space. Define a linear transformation
T as follows,
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T:H->H
T (al0) + BI1)) = B|0) + a|1).
Since each linear operator in a finite dimensional vector space has a matrix representation,

the corresponding matrix to operator 7T is ((1) (1))

Therefore, we will use linear operators which act on the qubits. Since each qubit is
represented by 2x1 matrices, we will use linear operators of the form 2x2 matrices. An
operator 7 is called unitary if 777 =1 holds where I is the identity matrix.

Mathematically, quantum computations are made by applying unitary operators.

0 1

Example 3.7 The matrices (1 0

) and (é _2) are unitary matrices.

During the computation or data transfer, by interaction with the environment some errors
occur in the quantum system. Therefore, we need error correction to communicate even
if there is an error. In classical systems, there is a basic error correction model where the
information is copied and sent several times in different channels so that error is detected
and corrected by controlling copied data. By copying data, we mean that if we have a
state x = 011 we copy x and we have 011011. So, for instance, if we send 011011 and
get 001011 as output, by checking second copy of data we can easily see that the second
bit had a bit flip error. However, unlike the classical systems, no-cloning theorem says
that we cannot perfectly copy the information in quantum systems.

Theorem 3.5 (No-cloning Theorem) [51] There is no unitary operator U that can code
the state |@) as |@) @ |p).

Proof. Let U be the unitary operator that can code the state |p) as |@) & |@). Let the state
|@) be different than the state |¢@). Then,

Ulp) = o)),
Ulp) = |) ),
U(lp) + 1é)) = (o) + [N @) + |¢)).

Since quantum operators are linear, we have

U(le) + o) = U(le) + U(9)) = [p)l@) + |$)d).

However, in general,
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(@) + [N @) + (9D # |0)l@) + |P)p).

So, we have a contradiction. Therefore, there is no such a quantum operator U.

Errors are also defined as operators. Any error for a single qubit can be expressed as a

linear combination of the following matrices

=G w=G o =G ) e D)

These four matrices are called Pauli matrices. We define the set
P ={%I, til, oy, tio,, +0,, +ioy, +0,, +ig,}. This set forms a non-Abelian group,
called the Pauli group. To correct errors in a quantum system, we will use (inverse)

unitary operators.

Example 3.8 Let ©) be a matrix representation of an arbitrary state |¢) = a|0) + b|1).
b

We will see what Pauli matrices do to the state |¢).

o= 1)) = G) wdor= (1 ) ()= (a)
o= )G =1(0) o =(p 1) G)=(h)

The error o, is also called a bit flip error and the error g, is called a phase error. Between

these error operators the following relations are known.

o> =0t =0, =1,
Ox0z = —030y,
Oy = 10,0.
In particular,
110) = |0), ox|0) = [1), oy|0) = i[1), o,10) = [0},
I]11) = |1), o,|1) = |0), oy|1) = —i|1), o,11) = —|1).

As in the classical systems, if an error occurs twice in a qubit, this state stays invariant.

Therefore, we can correct errors by applying the same Pauli operators to a qubit if we can
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find the position of errors and the errors that occurred. We use the notation E; to indicate

any error E which acts to the ith qubit of an n-qubit state where i < n.
Example 3.9 Let |p) = (a|110) + £]001)). If a bit flip error occurs in the first qubit,
.e. oy, then we have,
02,10) = 0, (@|110) + B|001)) = («010) + BI101)).
If we apply o, again, we have the initial state |¢).

oy, (a]010) + £|101)) = (a]|110) + £[001)) = |¢).

3.1.2 Quantum Error Correcting Codes

As mentioned before, any error can be expressed as a linear combination of Pauli
matrices. Therefore, any error in an n-qubit system can be expressed as linear
combinations of elements of Pauli group. We define the set of all errors that occur in the
quantum system as £. Since P is a group, then £ also forms a group. The group € is called

the error group.

E={p1®p.® - Qpn: p; EP}

There are 4™ elements in tensor product of n-error operator since there are 4 Pauli
matrices. As P forms a group with the m multiple of the elements of P where
m € {—1,1,i,—i}, then the result of the tensor product of n-error operator is also m

multiple of 4™ elements. Therefore, |E| = 4 - 4™.

A subspace € of H®" is called an E-error correcting quantum code, if we can recover
the original state |c) by using the information of E|c), for any element |c) in € and E in

E. More formal definition is given by the next theorem of Knill and Laflamme [52].

Theorem 3.6 [52] A subspace C<H®" with orthonormal basis
{lc;): i =1,2,...,m}isaquantum E-error correcting code for the set of error operators

E={E; :i=1,2,..,p}ifand only if the following holds:
(cl-|E,1LEl|cj) = 8;jUg, 5, foranyi,j,andEy,E; € E. (3.1)
where
5 = {1, ifi=j,
U0, ifi#j.
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and ug, g, is a nonnegative constant depending only on Ej, and E;.

Example 3.10 For a 2-qubit quantum system, let E={I =1 Q I,E = g, ® I} and let
C =(|01),|10)).

0
(01|ETEI01) = (11]]111)=(© 0 0 1) g>=1,

1

1
(10[ETE|10) = (00]]00)=(1 0 0 0) g ~1,

0

1
(01|ETE[10) = (11]]00)=(0 0 0 1) 8 —0,

0

0
(10]ETE|01) = (00]]11)=(0 0 1 0) 8 —0,

1

(10|ITE|01) = (10|ETI|01) = (01|ITE|10) = (01|ETI|10) = 0,
(01|ITE|01) = (01|EtI|01) = (10|ITE|10) = (10|E*I|10) = 0.

In the last line, although i =j the result is 0, that means ug; is 0. Thus, by
Knill-Laflamme Theorem, C is an E-error correcting quantum code. Here, the code space
is spanned by |01) and |10) and the error space is spanned by |11) and |00) since
E|01) = |11) and E|10) = |00).

3.2 Quantum Jump Codes

In a quantum system, various errors occur due to unavoidable interaction with the
environment. One type of the errors in quantum system occur due to spontaneous
emission by energy loss in quantum systems. There are two types of errors which is
caused by spontaneous emission. These errors are known as quantum decay and quantum
jump. In 2001, Alber et al. [22] introduced quantum jump codes which correct errors due

to quantum jumps.

41



3.2.1 Quantum Decay

A quantum decay operator ID(t) is represented by D(t) = e 2 Sl

where t represents
time variable and « represents decay rate. If we consider the Taylor series of e*, we can

fully understand what a decay operator does to the any quantum state.

0 0
0 1

equal to B, that is, B = B' for any positive integer i. Then, D(t) = e*2. Now, consider

Firstly, let a = —%t and B = |1)(1| = ( ) It is easy to see that all powers of B are

the Taylor series of e%5.

aB

(aB)™ (aB)*> (aB)* (aB)*
e T TE A TR

I
N5

0

S
Il

If we add and subtract B to the above series, we get

=I-B+B+aB+——+—r+—+

i (aB)™ a’B  a®B a*B
n:
Now, grouping B in right side of equation gives

a? a® at

:zaB)n_(I—B)+B<1+a+—+—+ +- >=(1—B)+Be“.

2 31 41
n=0
Since (I — B) = ((1) 8) we have
p0B — oIl _ ((1) 8)+e—"7t(8 (1))

Definition 3.7 A quantum decay operator D(t) is defined by

D) = "2V = o200 1) = ((1) 8)+e"€7t(8 2)

where t represents time variable and x represents decay rate.

If we apply decay operator to a qubit |x), where x is either 0 or 1, we have

_K_t(O 0) ekt

D) = (e72l0 ) |x) = ™% x),

We consider the case where spontaneous decay occurs with the same decay rate to each
qubit. We now define the decay operator for n-qubit systems. Let

x = (x1,%3, ..., X,) EFrand Dy (t) = D(t) @ D(t) ® - Q@ D(t) = D(t)®™. Then,

n times
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Kt
Dy (H)|x) = D(D)]x;) @ D(B)]x,) @ -+ @ D(B)]x) = e 7 |x)
holds, where wt(x) stands for the Hamming weight of x.

Example 3.11 (Decay operator for a single qubit)

oo =((5 0+ D)@ =)+ =)=

som=((§ +e¥E DO-E+FO-F Q-

Example 3.12 Letn = 3 and |¢) = @,|100) + a,|010) + a3|001).

_xt _xt _xt _xt
Dy (D)]p) = are 2|100) + aze 2]010) + aze 2[001) = e Z[p) = [¢).

Example 3.13 Letn = 3 and |@) = @;|001) + a,|011) + a3|111).

Kt Kt
Dy (t)]p) = a;e"Z]001) + aye " t|011) + aze > 2 |111).

From the above examples, it is clear that if a state |@) has a fixed weight, then the state
|) is invariant under decay operator since any scalar multiple of a state is defined as the

same state.

3.2.2  Quantum Jumps

We can demonstrate qubits as two level atoms. So, the pure states |0) and |1) can be
thought as two energy levels where |0) is the ground state and |1) is the induced state. By
losing energy, the state |1) spontaneously decay into the ground state. This process is

called quantum jump. We now define the quantum jump operator mathematically.

We first define the operator A as follows:

)

Definition 3.8 The quantum jump operator, J, for a single qubit is defined as follows

Ilx) = Alx), if (x|ATAlx) # 0,
~Ux), if (x]ATA|x) = 0.

Let |x) = a|0) + b|1). Hence, we have
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bl0), ifb #0,

J(al0) +b|1)) = {|0>, if b = 0.

Example 3.14 (Jump operator for a single qubit)

Jl1) = 10) Jl0) = 10)

induced state

1)

Y
o 10)

ground state

Figure 3. 1 Spontaneous Decay

From the definition of quantum jump operator, if the original state is |0), then a quantum
jump cannot occur.

If we consider n-qubit system, a jump operator which acts on the ith position is given by

Ji=IQIQ RIQIRIQIRIQ.

Physically, by continuously monitoring the system we can know where the quantum jump
occurred. Indeed, monitoring the system has side effects on the quantum system. Even if
no quantum jump occurs, the original state can be changed due to monitoring the system.

However, in this thesis we will ignore this situation.

Example 3.15 (Jump operator for n-qubit system)
J1(101)) = [01) J3(]1001)) = [1001)
J»(]1101)) = |1001) Js(]011010)) = [011000)

We now consider n-qubit quantum systems to which multiple jump operators are applied.
Let the set of jump operators J; , J;,, .-, Ji,_,» Ji, be applied to the quantum state |x)

where i, < n. Let E = (iy, iy, ..., i) be an ordered s-tuple and V = {1,2, ..., n}. Then,

(jE = Jis(:]is—l "'Jiz‘jil'
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Example 3.16 (Multiple jump operators)

J3J1(1111)) = J5(|011)) = |010)
J1J3J1(11011011)) = J,J5(/0011011)) = J,/0001011) = |0000011)
Now consider the state @) = >, a;|x;) where x; € F"* and a; € C. We apply jump

operators to the state |p). Let E = (iy, iy, ..., i) be the error positions. For the nonzero

coefficients a; of x;, applying jump operator Ji; 10 x;; results two different cases. Let X
be the set of x; ’s whose the i;th positionis 1, where i € E. If |X| = 1, then jump operator

deletes the all data except the elements of X, and for the elements of X quantum jump
occurs, that is, flips 1’s in the ith position to 0 in x; € X. Otherwise, if |X| = 0, quantum

jump cannot occur, that is, state stay invariant under jump operator.
For a better understanding, we give an example.
Example 3.17 (Multiple jump operators)

(i)  Jxd:(|1111) +|0011)) = J,(|0111)) = [0011)
(i) JuJ2(]1100) + 0110)) = J,(|1000) + [0010)) = [1000) + [0010)

In the part (i) of the above example, if we apply the jump operator J; to
(J1111) +]0111)), the jump occurs in |[1111) and we get |0111), and the jump deletes
|0011). In the part (ii), applying J, gives |[1000) 4+ |0010). Now if we apply J, to this

state, jump cannot occur or cannot delete the data.

Example 3.18 (Multiple jump operators)
(@  J»d:(1100) +011)) = [000)  (b)  J,J:(]010) + |101)) = |001)
(©  5iJ2(1100) +[011)) = [011)  (d)  J1J.(/010) + [101)) = [000)

Jump operators mostly are not commutative, as we can see in the above example. For
instance, in Example 3.18 (b), J, does not change the state. So, the question comes to
mind, what if we delete the jump operators which does not change the state. If we delete

these  operators, we have a  subsequence of  jump  operators
Ik, = Ji;, ++ Ji; where E,, = (i;,, ., ij,) € E. Hence, for the state |@) = ¥, epn at|x),

we have

JE(,,|<P> = Jelo).
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Define support of a vector x = (x4, x5, ..., X,,), supp(x), as follows
supp(x) ={i : x; # 0}.
Therefore, for the state |@) = ), cpn axlx) there are x’s such that a, # 0 and

supp(x) c E. Furthermore, operators in Jk,, are commutative.

Hence, for a state |¢), we consider the jump operators which are commutative when we
apply to |¢g). So, define a subset E of V where E consist of the positions of commutative

jump operators with respect to |¢). Then, multiple jump operators are denoted by

_on 4 4 _ (1 ifi€E,
Jp =Qi=1 4i Al‘{g ifi € E.

Quantum decay and quantum jump process is given by
Dy (&) - Jig - Dy (Es-1) - Jig_y + -+ Dy (E1) - Ty, - Dy (Eo)-

Therefore, state is changed by decay operator between quantum jumps. That is, there is a

close connection between decay and jump operators.

3.2.3 Decoherence-free Subspace for Decay Operator

So far, we have discussed quantum jump and quantum decay errors and so finding an
error model which corrects quantum jump and quantum decay errors is the main problem.
If we can find an error-free space caused by quantum decay operator, then we only need
to correct quantum jump errors. That is equivalent to applying passive error correction to
qguantum decay. Therefore, we will find a subspace that any arbitrary quantum state is
invariant under decay operator. Note that any multiple of a state is identified as the same

state.

Definition 3.9 A subspace W is said to be decoherence-free subspace if

Dy (t)|p) = ale) holds where |@) € W and «a is a nonzero constant number.

Example 319 Let W={lo)¥)} and |¢)= a;]100) + a,|010),
|Y) = B11001) + B,]010). If we apply decay operator to states, we have

_xt _Kt _xt
Dy ()lp) = aje 2|100) + aze” 2|010) = e~ Z|g),

Dy (D) = Bre~Z]001) + Bre"Z1010) = e Z|p).
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Thus, W is a decoherence-free subspace since the states |¢) and |y) are invariant under

decay operator.

Example 3.20 Consider the subspace W = {|¢), )} where |@) = a;|101) + «,|010)
and |[¢) = B1]1001) + B,|110). Applying the decay operator to the states gives

Kt
Dy (H)|p) = a;e7*101) + a,e”2[010) # |@),

Kt
Dy (D)) = p1e21001) + foe7*7[110) # [3h).
So, W is not a decoherence-free subspace under decay operator.

As we can see in above examples, the necessary condition to be decoherence-free
subspace is that for [@) = Y\i- a;|x;) where x; € F™ and a; € C, for any |x;) which has

a nonzero coefficient a; must have fixed weight.

We now give some notation. Let [F}} denotes the vectors in F™ which has the fixed weight

k. The subspace W, denotes a subspace which is spanned by vectors in Fy;. That is,
Fp = {x € F" : wt(x) = k},
Wi = (lx) : x € Fg).
Lemma 3.10 [24] The subspace W is a decoherence-free subspace with respect to

quantum decay operator Dy, (t) if and only if W is a subspace of W, where k is arbitrary

fixed weight.

Proof. Let |@) = X epn a,|x) € W. We have,

Dy©le) = ). al’Dy©l)

XEFN

., Kt
— Z a)(cl)e_Wt(x)7|X)

X€EFT
- k
. Kt
— OF
= E a,’e” 2 |x).
k=0 xeF}

Dy (t)|p) = 8|e) holds for any t and constant &, if the weight k is constant, and that

proves the lemma.

Thus, if we want to construct a jump code C, then it must be contained in a subspace of

W), for some k. Hence, if we apply quantum jump operator to any state |c) € W, we
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have Jg|c) € W, where k' < k. That is because, a jump operator may decrease the

Hamming weight of code.

3.2.4 Quantum Jump Codes

In this subsection, the definition of a jJump code will be given. In the previous subsection,
it is said that an e-error correcting quantum jump code C must be a subspace of W,. So,

we will consider the error operators € which has the form
E={Jg:Eisas —listofelementsinV,s < e}.

As it is mentioned, we observe that quantum system is continuously monitored. So that,
the positions of quantum jumps are known. Let the error positions be E = (iy, iy, ..., is).
Since we know the error positions by monitoring the system, Knill-Laflamme theorem

can be simplified as

(ci|dxTE|c;y = 8ijug, foranyi # j,and Jg € €
where ug is a nonzero constant which depends on E.
Now, we can define an e-error correcting quantum jump code.

An e-error correcting quantum jump code C, denoted by (n,m,e), jump code, is a
subspace of W, which satisfies the Knill-Laflamme Theorem. In the definition, n
indicates n-qubit system, m is the dimension of the code C, e indicates the number of

errors and k is the fixed weight of the code.

Theorem 3.11 [23] For a jump code C = (n,m,e);, any s-jump error, where

0 < s < e can be corrected.
Let x| = (Xgl,ng, ...,x,gs) where x = (xq, x5, ..., Xp) EF*and E = {£1,4,, ..., €}

Lemma 3.12 [24] Let the code C be an (n,m, e); jump code. Then for any E, where

|E| = s < e, and for any y € FF* the following conditions hold:

(i)  Jglciy = lc;) implies that a,(f) =0 for any x € F} such that
xlg = (1,1,...,1).
(i)  Foranorthonormal basis {|c;) : i = 1, ..., m}, if Jglc;) = |c;) holds for

some i , then Jg|c;) = |¢;) holds forany j = 1, ..., m.
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Proof. (i) is clear, because if a,(f) #+ 0 then the state would not stay invariant under jump

operator. (ii) holds, because if Jglc;) # |c;) then (c;|TFJs|c;) < (cile;) = 1.

3.2.5 Examples of e-error Correcting Quantum Jump Codes

In this subsection, we will construct some e-error correcting jump codes.

3.2.5.1 A l-error Correcting Quantum Jump Code of Length Four

We will construct a 1-error correcting quantum jump code of length four. Now let C be a
1-error correcting quantum jump code. As we proved, any code word will have a constant

weight.
A code word |c) is represented by
€)= ) aylx)
x€Fp
for a constant weight k where 0 < k < n.

Since n = 4, we have 0 < k < 4. So, for the fixed weight k there are 5 possibilities
0,1,2,3,4.

We now define an orthonormal basis c; of the code C as follows
¢ = z a,Plxy:i=1,2,..,m
x€Fy

As <Ci|cj>:6ija the following holds for any i and j, and for a constant k

where 0 < k < 4.

Z a0 =5, 3.2)

4
x€F),

Here, @, denotes the complex conjugate of a, .

We now define a matrix P, as a 4x4 diagonal matrix in which all diagonal entries are 1

except for the #-th entry is 0.
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Example 3.21 (P, matrices)

0 00 O 1 0 0 0
(o 1 0 0 0o 0 0 0
P1_0010'P2_0010’
0 0 0 1 0 0 0 1
10 0 0 10 0 0
[0 1 0 0 [0 1 0 0
P3_0000'P4_0010'
0 0 0 1 000 0
Example3.22Letx=(1 1 0 1)7
0 0 0 0\ /1 0 0 0 0 0\ /1 1
py=|0 1 0 0)f1]_[1 py=[0 1 0 O}fL1)_{[0O
1 0 01 0]J\o 0/ 2 0 01 0]\o 0/
0 00 1/ \1 1 0 0 0 1/ \1 1
0 0 0 0\ /1 1 0 0 0 0\ /1 1
px=|0 1 0 O}f1)_{(1 py=|0 1 0 0)[1}_[0
3 0 01 0]J\o 0/ 4 0 01 0]J\o 0/
0 0 0 1/ \1 1 0 0 0 1/\0 1

As we can see, the matrix P, and jump operator J, are similar when we apply to the state

|x) € F* if the position £ of |x) is 1, i.e. x, = 1. Therefore,

Jled = Y a3 =" > aOlPx),

4 4.
x€F), x€Fy,xp=1

Hence, the following holds for any i,j and £ € V where V = {1,2,...,n} and k; . is a

nonzero constant which depends on k and #.

(ci|TLTe|c;) = Z TGP,V = 6;K04 (33)

xE[Fi,X{J=1

We can rewrite Equations (3.2) and (3.3) as follows

W G 3.4
Z TV, = 8,k04 (3.4)
xE[Fi,X[=1

W, 3.5

Z TV, = 8,k40 (3.5)

xE[Fi,x{:O

for any i,j and £. We will find the fixed weight k with using the above two equations.
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Now, let k = 0. Then, ¢; = ap00”[0000) and ¢; = agpg0"’|0000).

TV, D = 5510 40.
x€FE,xp=0
Since we have at least two orthonormal basis ¢; and c;, we can evaluate above equation
for i # j. Then we have,
)

W = .

®o000 ~X0000

That means, @ogg0 > O Ape0o"” is equal to 0. However, if one the components is 0, then

there is no such c; or c;. Here, we get a contradiction. So, k must be different than 0.
Let k =4. We use similar arguments as in the case k=0. If k=4, then

Ci — allll(i)ll:lll) and Cj = a1111(1)|1111>

Z a_x(i)ax(j) = 0;jKa0,1-

x€F;,xp=1

For the basis ¢; and c;, we will evaluate above equation for i # j. Then, we have

0) W = .

1111 " @A1111

Here, @111 or a3111 % must be equal 0. But, if @377 or aq111Y is equal to 0, then

c; or ¢; does not exist. This contradicts with our assumption that we have at least two

basis. Hence, k # 4. Now, we have three possibilities, that is k € {1,2,3}.
We consider the case when k = 1. Then we have following basis
¢ = @001 P10001) + 10 [0010) + @p100?10100) + @4990[1000),
¢j = @ooo1P10001) + ape109710010) + @p100°10100) + 1000’ 11000).
From Equation (3.4),

0, | 3.6
Z TV, 0) = ;K101 (3.6)

XE[F%,X{J=1
Let £ = 1 in Equation (3.6). Hence, we have

Z Y,V = 8ijk1,1,1-

x€F}x;1=1
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Fori =,

——(1) .
®1000 a1000() = K11,1-

Since K, 1 4 is @ nonzero constant, a; o0 > = @100’ # 0. For the cases ¢ = 2,3, 4, we

have the following equations

—(1) i
Xo100 a0100() = K121
—(1) i
Xpo10 aoow() = K131
— () i) —
®o001 “0001() =Ki41-

As K1, IS @ NONZEro constant, g100?, @go10® and agee;® are not equal to 0

for any i.

For i # j in Equation (3.6), we have
“0001(i)“0001(j) + “0010(i)“0010(j) + “0100(i)“0100(j) + “1000(00—’10000) =0 (37)
Let i # j and evaluate Equation (3.6) for £ = 1, 2, 3, 4.

D, ) =0, Dg. ) =

X1000 " X1000 ®op100 " X0100

Dg D=0 Dg. ) =0

Xoo10 " Xo010 ®oo01 " %0001

That is a contradiction since @1000”, @0100™s 0010, 0001, X000,

91009, Xo010, and @y, Y are not equal to 0. Therefore, k # 1.

We now consider the weight k = 3. Then we have following basis
¢i = o111V 10111) + @101, P11011) + @110: P11101) + @1410[1110),
¢ = @111 P10111) + @101 P11011) + @y5019[1101) + @y5109[1110).

From Equation (3.5),

0, G 3.8
Z TV, 0) = 6,134 (3.8)

x€F%,x,=0

Let £ = 1 in Equation (3.8). Hence, we have
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i .
xE]Fg,xl—O

(i) @ —
®o111 "Xo111°~ = K3,1,0-

Since k3 1 o is @ nonzero constant, agy1;® = ag11,Y’ # 0. For the cases £ = 2,3,4, we

have the following equations

—(0) D _
d1011 a1011() = K320/
—(1) D _
d1101 a11o1() = K330/
——(i) D _
1110 a1110() = K3.4,0-

ASs K30 iS @ NONZero constant, a;11Y, @110:Y, and a;1,,® are not equal to 0 for

any i.

For i # j in Equation (3.8), we have

m(i)amn(j) + m(i)“mn(j) o m(i)anm(j) + m(i)alllo(j) =0. (3.9
Let i # j and evaluate Equation (3.8) for £ = 1, 2, 3, 4.
m(i)aonl(j) =0, m(i)aloll(j) =0,
m(i)a1101(j) =0, m(i)alno(j) = 0.

That is the contradiction since ap111®, @1011%, @1101®, @110, @o111P,

1011 P, 11019 and a14,0" are not equal to 0. Therefore, k # 3.

Hence, if there exist such a jump code, then the only possible weight k is equal to 2. That
means that the decoherence-free subspace W, have the weight 2, i.e. W,. Now, we

consider the case when k = 2.
Therefore, for a code word |¢) = erm; a,|x),

® =, ) ) Q) @ =y

X0000 ®ooo1 " = ®oo10 = = @o100 = = @1000

)

® = 0 @ @ @ — o,

1111 11107 = *1101° = *1011 ~ = Ho111
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Let k = 2, then we have following basis,

¢; = 11 P10011) + @101 P[0101) + @gy10P[0110) + @10, V[1001)

+ @1010P[1010) + a1100®[1100),

c

+ @1010911010) + @11009°[1100).

We obtain the following equations from Equations (3.4) and (3.5) for any i and j,

“1100( )anoo(]) + a1010( )a1010(]) + a1001( )a1001

@1100 V1100 + @110 P %0110 + Tor01 P11 =

051010( )a1010(1) + a0110( )%110(]) + %011( )%011( = 5UKZ 3,10

051001( )a1001(1) + a01o1( )%101(]) + %011( )%011 = 51]K24 1)

050011( )050011(1) + a0101( )%101(1) + %110( )%110( = 61]K2 1,0,

@oo11 011D + To01 P 1001 + Froro P y010Y) =

%101( )‘1’0101(1) + a1001( )a1001(1) + anoo( )anoo = 511K2 3,00
(i)

—( i)
Q0110 )‘1’0110(}) + @ro10 P @1010P + anoo( A1100Y

We now solve these equations for i = j and i # j.

First, let i # j. Then, from Equations (3.10) and (3.15) we have,

—() N — 77— j
®1100 051100(]) = (po11 “0011(])-

From Equations (3.10) and (3.16) we have,

a1010(i)a1010(j) = a0101(i)“o101(j)-
From Equations (3.10) and (3.17) we have,
a1001(i)a1001(j) = %110(0‘101100)-

From Equations (3.10), (3.15), (3.16) and (3.17) we have,
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(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



T1100" 21100 % + Tro10 P @1010Y + Tigor P t1001 Y = 0.

Now, let i = j. Then, from Equations (3.10) and (3.15) we have,

|a1100(i)| = |a0011(0| = C1(i)- (3.21)

From Equations (3.10) and (3.16) we have,

|a1010(i)| = |a0101(i)| = Cz(i)- (3.22)

From Equations (3.10) and (3.17) we have,

|a1001(i)| = |ao110(i)| = C3(i)- (3.23)

From Equations (3.10), (3.15), (3.16) and (3.17) we have,
@+ ¢,0% 4,0 =1
where ¢; @, ¢,®, c; @ and 7 are constant numbers.

In particular, to maximize the dimension of the jump code, let a;100® = @gos1®
in Equation (3.18), a@1010® = @g10:® in Equation (3.19), a1001® = ag110® in
Equation (3.20) for any i and let a;100® = ago11® = 1fori =1, ay910? = ag101P

fori =2, a1001 P = agy10® for i = 3 otherwise all coefficients are 0. Then,

1
lc) = ﬁ(llloo) +10011)),

1
lcy) = ﬁ(|1010) +10101)),

1
lcs) = 5(|1001> +10110))

is an example of a 1-error correcting quantum jump code of length 4 with the normalizing

constant iz i.e. (4,3,1), jump code.

3.2.5.2 A l-error Correcting Quantum Jump Code of Length Six

We now consider an example of 1-error correcting jump code C of length six. For some

constant weight k, 0 < k < 6, any code word |c) can be represented by
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6
x€Fy

We define an orthonormal basis of C as follows,

¢ = Z a,Plx)y:i=1,2,..,m

6
x€Fy

A (6,5,1), jump code is given with the following orthonormal bases

1
lcy) = ﬁ(|110000) +1001001) + [000110)),

1
lcy) = ﬁ(|101000) +1010100) + [000011})),

1
lc3) = ﬁ(|100100) +1001010) + [010001)),

1
lcy) = ﬁ(|100010) +1011000) + [000101)),

1
|cs) = ﬁ(|100001) +1001100) + |010010)).

Actually, these orthonormal bases form a (6,5, 1), jump code because Knill-Laflamme

Theorem holds for any orthonormal basis and the jump code is a subspace of W,.

3.2.5.3 A 2-error Correcting Quantum Jump Code of Length Six

Let an orthonormal basis of a 2-error correcting jump code of length six is given by

c; = Z a,Plx)y:i=1,2,..,my.

6
x€Fy

Let E = {£,,%,} where £, and £, denotes the positions of quantum jump errors. We
define Py matrix as a 6x6 diagonal matrix in which the all diagonal entries are 1 except

for the positions £, and £, being 0.

If there are some x such that supp(x) D E and a,© # 0, we have

Feley =Y a3 ly= > apw),

x€F}, x€F},xp=1 for £€E
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Therefore,
(Cilﬂgﬂglfj) = Z a;Pa, V) = 8ijKg (3.24)
x€F§,xp=1 for ¢€E
where kg is a nonzero constant which depends on E.
From Equation (3.24), we can find that the decoherence-free subspace W, is W5. Hence,
@ = 0 for any x which have weight k = 0,1, 2, 4, 5, 6.

Then, we have a (6, 2, 2)5 jump code with the following orthonormal basis

1
ley) = E(unooo) +1101100) + [100110) + |100011) + |110001)
+ ]011010) + [001101) + |010110) + [001011) + |010101)),

1
lc,) = EGOOOHD +]010011) + [011001) + |011100) + |001110)
+ [100101) + [110010) + |101001) + [110100) + |101010)).

Equation (3.24) holds for any E c V where |E| < 2.

In particular; let E = {3,4}. Then, we have

1
Jelcy) = ﬁ(uoooom +1000001)),

1
Jelcy) = \/?O(|010000) +1000010)).

Here, for i € {12}, (QUETJE'CL') =§ and (C1|<7ET<7E|C2> = <C2|<7ET<7E|C1) = 0 holds.
Changing the elements of E where |E| = 2, does not change that Jg|c;) have two vectors

in the basis.

Let E = {1}. Then, we have

1
Jelc;) = —=(]011000) + [001100) + |000110) + |000011) + |010001)),
V10
1
Jelcy) = ﬁ(momm) +1]010010) + |001001) + |010100) + |001010)).

Here, for i € {1, 2}, (CilgETJElci) = % and (c;|Jz"Jelc2) = (c21JE" Telcr) = 0 holds.
Also, same as the above example where |E| = 2, we can see that if |E| = 1 then Jg|c;)

have five vectors in the basis.
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If E = @, then we have

Jeler) = le), Jelcz) = lcy).

Computing {(c;|JsJx|c;) gives 1 as the result.

For this example, we can generalize the inner product (ciIJETJE|cj) as follows

LU
T ifi=jand |E| =2,
1
<ciIJE*JE|c,->=<§, ifi=jand|E| =1, (3.25)
1, ifi=jandE =0,
\0, ifi#].
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CHAPTER 4

t-SPONTANEOUS EMISSION ERROR DESIGN

In this chapter, we will show that e-error correcting jump codes and t-designs have a very
close connection. As mentioned before quantum jump code is a type of quantum error
correcting codes. Alber et al. [22] introduced quantum jump codes in 2001. In the
following years, Beth et al. [23] proposed a new class of combinatorial designs to
construct quantum jump codes. This new class hamed as t-spontaneous emission error

design, abbreviated as t-SEED.

41 A t-SEED and a Jump Code

We defined an n-qubit ket vector |c) as a superposition of vectors in F", that is,
lc) = Y yepn a, P |x). Here, the coefficients a,® of |c) are elements of complex

numbers. If we restrict the values of a, ) to a and 0, where « is a normalizing constant,
we can see that the combinatorial structure of quantum jump codes are very similar to

combinatorial designs.

Any ket vector |c) is represented by |c) = X, epn ay|x). We define support of a vector

x = (x1,%, .., Xy) EF*as B = supp(x) ={i: x; = 1}.

To see the combinatorial structure of quantum jump codes, we identify the states as

follows;

® 1
e) = | >:WZ 1B)
1B sesto

where 89 = {supp(x) : a,® # 0}.

These orthonormal states c¢;’s span an e-error correcting quantum jump code
C = (n,m, e),. Let E be the sets of quantum jump positions where |E| < e. Then for all
sets B® the following multiplicity condition holds:
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|{B € 8@ : E c B}
1BD]

= 1.

If the sets B® are all disjoint then above condition corresponds to Knill-Laflamme
Theorem with the condition i+ j. To obtain the case i=j, we define
J,}LJE = Y ooplx)x|. Then (¢;|Jz dz|c;) equals to A,. For a better understanding, the
reader can check Equation (3.25) in the example of 1-error correcting quantum jump code

of length six.

Here, since any quantum jump code has a fixed weight k, we are interested with the

k-subsets of an n-set.
We continue with the definition of ¢t-spontaneous emission error design.

Definition 4.1 A system (V; 8W, ..., 8)) is called a t-spontaneous emission error

design, shortly t — (n, k; m)-SEED where |V| = n, if the following properties holds

(i) |B| = k holds for any B € 8D,
(i)  Forany 8® and B where i # j , 8O n BY = @,

(iii) |{eB® : EcBY| _ 2:(1)
B0l 9]

= Az holds for E c V, |E| < t, where A is a constant
depending on only E not i.

Indeed, Condition (i) represents the fixed weight k of a jump code. Second condition is
equal to the orthogonality of basis of quantum jump code. Condition (iii) is the
multiplicity condition as mentioned before. The parameter m is called the dimension of

t-SEED.

Example 4.1 Let V ={1,2,3,4,5,6} and k =3. A 2— (6,3;2)-SEED is given as

follows.

B = {123,134,145,156,126, 246,235,346, 246, 356},

B = {124,135,146,125,136, 234, 345,456, 256, 236}.
Here, |B| = 3 holds for any B € {8, 8@} and 8™ n B@ = @. For Condition (iii),
Ap = éand A,(T) = 2.

Indeed, this 2 — (6, 3;2)-SEED is the (6,2,2); jump code constructed in previous

chapter. A (6, 2,2)5 jump code is given with the following orthonormal basis
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1
lcy) = E(unoom +1101100) + [100110) + [100011) + |110001)

+ ]011010) + [001101) + |010110) + [001011) + |010101)),

1
lc,) = EUOOOHD +1]010011) + [011001) + |011100) + |001110)

+ [100101) +|110010) + |101001) + [110100) + |101010)).
By the above example, we can easily see the connection between t-SEEDs and quantum
jump codes. By taking blocks of B%)’s as the supports of vectors in |c;), we can construct

the quantum jump code. Also, this t-SEED is the large set of 2 — (6, 3, 2) designs given
in the Example 2.29.

Example 4.2 LetV ={1,2,3,4,5,6,7,8,9} and k = 3. A 2 — (9, 3; 3)-SEED s given
as follows.

B = {123,456,789,168, 249,357,159, 267,348},
B(@) = {135,279,468,189, 234,567,126,378,459},
BG3) = {138,246,579,129, 345,678, 156,237, 489}.
In this example, each 8@ is a 2 — (9,3, 1) design. Here, the corresponding jump code

(9, 3, 2)5 is given with the following basis.

1
lcy) = §(|111000000) +1000111000) + |000000111) + [100001010)

+1010100001) + |001010100) + |100010001) + [010001100)
+1001100010)),

1
|c2) = 5 (1101010000) +]010000101) + |000101010) + [100000011)
+1011100000) + [000011100) + |110001000) + [001000110)
+1000110001)),
1
|cs) = 5 (1101000010) +]010101000) + [000010101) + [110000001)

+1001110000) + [000001110) + [100011000) + [011000100)
+1000100011)).
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Figure4.1 A2 —(9,3; 3)-SEED

Example 4.3 Let V,={0,1,2,3}, V,={ab,c,d} and V =V, UV, Then
(v; 8W, 8@, B3)) is a 3—(8, 4; 3)-SEED where

8D = {01ab, 01cd, 23ab, 23cd, 02ac, 02bd, 13ac, 13bd, 03ad, 03bc, 12ad, 12bc},

8@ = {01ac, 01bd, 23ac, 23bd, 02ad, 02bc, 13ad, 13bc, 03ab, 03cd, 12ab, 12cd},

B3 = {01ad, 01bc, 23ad, 23bc, 02ab, 02cd, 13ab, 13cd, 03ac, 03bd, 12ac, 12bd}.
Here, each B8 is a Steiner quadruple system of order 8, and they are all disjoint.

Example 4.4 Any t — (n, k,A) design is a t — (n, k; 1)-SEED. Since ina t — (n, k, 1)
design the block size is k and the multiplicity condition for a t-SEED, A;(T) = Ag, holds.

Lemma 4.2 Let (V,8®) be a t—(vk,1;) design for every 1<i<m. If
BONBY =9 for all 1<i<j<m, then {(V,89):1<i<m} forms a
t — (v, k; m)-SEED.

Proof. Forany E € X, |E| =t,and 1 < i < m, we have
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{Bes®:EcB) A ()
B 18] A/ Q)

So A is a constant depending on the parameters ¢, k, and v. In the same way, by Theorem

Ag

2.5, we know that any t-design can be regarded as an i-design for
1<i<t-1,and we also know that A5 is also a constant which depends on only the
size of E for any E € X, |E| =i < t. Since all m designs are disjoint, they form a
t — (v, k; m)-SEED.

Example 4.5 A 2 — (7,3; 3)-SEED, (V; 8W, 8@, 8()), is given below.
B = {013,124, 235,346,045, 156,026},
B = {023,134, 245,356,046,015,126},

BE) = { 024,135, 246,035,146,025,136,012,123, 234, }
~ 1345,456,056,016,014, 125,236,034, 145, 256,036}

Here, 8™ and B® are two 2 — (7, 3, 1) designs, and 83 isa 2 — (7, 3, 3) design. Also,
B8O N BY) = @ holds for any i,/ € {1,2,3}. In Section 2.5, it is stated that there exist
only two disjoint 2 — (7,3,1) designs. We can see that, (})/{8® u8®} forms a
2 —(7,3,3) design. This 2 — (7, 3; 3)-SEED corresponds to a (7, 3,2)5 jump code.

Note. [53] There is no 2 — (7, 3; m)-SEED for any m > 4.

Corollary 4.3 If there exist m mutually disjoint simple t — (n, k, 1) designs, then there
existsat — (n, k;m)-SEED.

Some results are given in Table 2 (Section 4.2) for Corollary 4.3.

If m is equal to the parameter N in large set notation, t — (n, k; m)-SEED is equal to

large set of t — (n, k, 1) designs.

Example 4.6 A 2 — (9,3; 7)-SEED, (V;8W, ..., 8 ), is given by
B = {123,147,258,369,159, 267,348,168, 249,357,456, 789},
B2 = {124, 235,136,157,268,349,189,279,378,458,569, 467},
BB = {125, 236,134,169, 247,358,178, 289, 379,459,567, 468},
B = {126,234,135,148,259,367,179,278,389,457,568, 469},

BG) = {127,238,139, 146, 245, 356, 158,269, 347,489,579, 678},
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B = {128,239,137,149,257, 368,156,246, 345,478,589, 679},
B = (129,237,138, 145,256,345, 167,248,359, 479,578, 689}.

Here, indeed, each BY correspondstoa 2 — (9,3, 1) design and 8% n BY) = @ for any
i,j €{1,2,3,4,5,6,7}. This 2 — (9, 3; 7)-SEED is equivalent to a large set of 7 disjoint
2 — (9,3, 1) designs since all 8% are disjointand N = (}_1)/2 = (373) = 7 in large set
notation. These designs can be constructed by using the methods given in Theorem 2.40
and Theorem 2.41, with automorphism ¢ = (123)(456)(789).

By using this 2 — (9, 3; 7)-SEED, we can construct a (9, 7,2)5 jump code. Two of the

basis of this jump code is given below. Other five basis can be found by using
B2 BG B BE w6

1
lc) = \/T_Z(|111000000) +100100100) 4+ [010010010) + [001001001)

+1100010001) + [010001100) + [001100010) + [100001010)
+1010100001) + |001010100) + [000111000) + [000000111})),

1
lcy) = E(lllOOOOOOl) +1011000100) + [101000010) + [100110000)

+1010011000) + [001110000) + [100001100) + [010100010)
+1001010001) + [000100101) + [000010110) + [000001011})).

Lemma 4.4 Let (V,8B;), 1<i<m, be m simple t—(nk,A) designs. If
B;NB; =Aforl<ij<mandi#j,thenthereexistsat — (n,k;m)-SEED.

Proof. Let B;," = B;\A for 1 <i <m. We will show that (V; 8,',..,8,,) is a
t — (n, k; m)-SEED. For the first condition, |B| = k holds for any B € 8B,’. For any 8B,
and ‘B]-', wherei # j, 8;,' n 23,-' = @ holds. We now check the multiplicity condition, that

is |{Be 8;" : ESB}| _ A
’ || 18|

= Az must be a constant for any choice of E € V with |E| = t.

|{Be®;' :EcB}| A
/] 20/ ()-»
constant since E is contained in exactly A blocks in B. If ECA€A, let

{A€eA : ECA} =r. Then, for any choice of ECV with |E|=t,

Let |[E|]=t and |A|=p. If EZ A€ A, then =g is a

|{Be®;," :ECB}| _ |{BeB;:EcB}/{A€A:EcA}| _  A-r

= is a constant since E is contained in
BN /] 20/(B)-p
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exactly A blocks in 8B; and E is contained in exactly r blocks in A. Therefore,
v; 8,,..,8,,") formsat — (n, k;m)-SEED.

The following lemma is an analogue of derived design of a t-design given in Chapter 2.
Lemma 45 [53] If (V; 8W,..,8M™) is a t— (nk;m)-SEED, then for
any pevV, (V\{p}; 8w’ ...,23(’”)’) isa (t—1)— (n—1,k —1;m)-SEED, where
BO' = {B\{p}: p € B e 8V},

Example 4.7 A large set LS, (¢, k, v) is an example of a t — (v, k; (}_;)/2)-SEED.

Indeed, the parameter A is the same as the ratio of occurrence of a particular subset T in
each design B, Here, it can be seen that the conditions of a large set of a t-designs are
more restrictive than the conditions of a t-SEED. Because, Az depends on the choice of
T, but for a large set, A;(T) only depends on the size of T. Therefore, if A;(T) is a constant
for any T € (7)) then the ¢-SEED consists of t-designs. So, for 2 = 2 and |E| =,
(V,QS@) isat— (n,k, 1) design. As mentioned before; if A = 1 in a t-design, then the
design is called Steiner t-design and denoted by S(t, k, n). Therefore, if |3B| is a constant
and the union of all 8@’s is equal to all k-subset of n-set, then a t-SEED is called a large

setofat — (n,k,A) designs.
Example 4.8 There exists a 1 — (g2, q; g + 1)-SEED for all prime powers q.

As mentioned in Subsection 2.2.3, an affine plane is 2 — (q2, ¢, 1) design and affine
planes are 1-resolvable. There exists an affine plane for all prime powers q. Since each
parallel class isa 1 — (q?, q, 1) design, there exists a (¢% q + 1, 1), jump code where m
is equal to number of parallel classes. Here, each parallel class corresponds to a basis of
the jJump code.

Example 4.9 In particular, taking g = 2 in the previous example, we can constructa 1 —

(4,2;3)-SEED and so a (4, 3, 1), jump code. The orthonormal basis of this code is given

below.
1
|c1) = 5(|1010) + |0101)),
1
lcp) = E(IMOO) +(0011})),
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The orthonormal basis of a 1 — (4, 2; 3)-SEED can be obtained from the parallel classes

(]1001) + |0110)).

of an affine plane of order 2.

1) |c2) lcs)

Figure4.2 A1 —(4,2; 3)-SEED
The next example can be obtained from Theorem 2.23 and Corollary 4.3.

Example 4.10 A 2 — (v, 2; m)-SEED exists for any even integer v where m is the number

of parallel classes in a resolvable 2 — (v, 2, 1) design.

Example 4.11 Consider the 2 — (6, 2, 1) design given in Example 2.21. The orthonormal
basis of the corresponding jump code is given below. Each basis can be obtained from
the parallel classes of the 2 — (6, 2, 1) design. This code is equivalent to a 2 — (6, 2; 5)-
SEED.

|co) =—=(]100001) + |010010) + |001100})),
V3
1
lcy) = ﬁ(|010001> +1101000) + [000110)),

1
lc,) = ﬁ(|001001) +1010100) + [100010)),

1
lcs) = ﬁ(|000101) +1001010) + |110000)),

1
lc,) = ﬁuoooon) +1100100) + [011000)).

Next corollary can be obtained from Theorem 2.5 for A = 1 and Corollary 4.3.
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Corollary 4.6 [23] Any t-resolvable s-design S(s,k;v) forms a
t = (v.k; (32)/(5-;))-SEED.
Example 4.12 [23] For any m > 2, there exists a 2 —resolvable S(3,4; 4™).

Therefore, there exists a (22™,22m~1 — 1, 2), jump code.
Lemma 4.7 [23] If v = 3 (mod 6), then there exists a (va_l 1) jump code.
3

v(v-1)
6

Proof. There exists a resolvable Steiner triple system if v = 3 (immod 6). There are

. -1
blocks and these blocks are resolved into VT parallel classes.

Next theorem provides a way to construct new t-SEEDs from known t-SEEDs.

Theorem 4.8 [53] (Direct Product Construction) Let there exist a t — (v, k; m)-SEED
andat— (v',k'; m')-SEED. Thenat — (vv', kk'; mm')-SEED also exists.

Proof. Let (Vy; AW, ..., A™) be at — (v, k; m)-SEED. Let (V,; 8D, ...,8™) be a
t — (v',k'; m')-SEED. Define V =V, xV, and AYx BV ={AxB:4€ AY,B€
B}, Therefore, for any block 4 x B € AYx BY) the block size of A x B is kk'.
Consider two blocks A x Band A’ x B’ in AWx BW If Ax B =A"xB', then A = A’
and B = B'. So, ADx BY consist of distinct blocks. As A® n A = ¢ for any
i # i and 8D nBU) =g foranyj = j', ADx BD and A )x BU') are disjoint. For
any u<t, choose a wu-tuple E ={(aq,by), (asb,),..,(a,b,)}EV. Let
Ey ={ay,ay, .., ay} and E, = {by by, ..., b, }. Then there are A [A®| blocks in A
containing E; and there are A, |8Y| blocks in 8Y) containing E,. That is, E occurs
Ap g, | AP||BD)| times for any i and j. Therefore, (V; APXxBY) is a
t — (vv', kk'; mm')-SEED foranyi =1,..,mandj =1,..,m'.
Example 4.13 In the previous examples, we showed thata 2 — (7,3; 3)-SEED and a 2 —
(9, 3; 7)-SEED exist. By the above theorem, a 2 — (56,9; 21)-SEED exists.
Next corollary is a result of Theorem 4.8 and Theorem 4.3.
Corollary 4.9 If there exists an LS, (t,k,v) and LS, (¢, k', v'), then there exists a
G=Dmd)

t — (vv', kk'; mm')-SEED, where m = ————=,
I
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Proof. An LS, (t,k,v) is a t — (v, k; (J_0)/2,)-SEED and an LS, (¢t,k’,v") is a
t — (v’, k'; (',’(',__tt)//lz)-SEED. Therefore, by Theorem 4.8, we have a

t — (vv', kk'; mm')-SEED.

4.2 Bounds and Some Existence Results

In this section, we give the general bound of a quantum jump code and a ¢t-SEED. We
will state some results and then give the general bound. For detailed proofs and more
information, we refer the readers to Beth et al. [23]. In Subsection 4.2.1, the general
bound of a quantum jump codes will be defined for given any t, k and v. In Subsection

4.2.2, some of the existence and non-existence results are stated with references.

4.2.1 General Bound for a t-SEED

The following lemmas and theorem that given for quantum jump codes are the same for
t-SEEDs, since t-SEEDs are special type of quantum jump codes. Therefore, a jump code

(n,m,t),andat — (n, k; m)-SEED can be used interchangeably.

Lemma 4.10 is an t-SEED analogue of Definition 2.3 (complement design). Since
complement of a t-design is again a t-design and by the Theorem 4.4 we have the

following lemma.

Lemma 4.10 [23] If C is an (n,m, t); quantum jump code, then binary complement of

C,i.e. 0,®™¢, is also an (n,m, t),,_; quantum jump code.
The following lemma for a jump code is similar to the Definition 2.9 for designs.

Lemma 4.11 [23] If an (n,m,t), quantum jump code exists for k >t > 1, then an

(n—1,m,t — 1),_, exists.

We now give an upper bound for quantum jump codes which is proved by
Beth et al. [23].

Theorem 4.12 [23] The dimension m of a jump code C = (n,m, t), is bounded by

mmn{(; 0.0 )

Proof. It is clear that (n,m, 0); jump code has dimension W, = (7). If € = (n,m, t),

then by Lemma 4.11, a JgC isan (n — t,m,0),_, jump code for E c V, |E| = t. Hence,
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dim€ < (7). Also, by Lemma 4.10, an (n,m,t),_, jump code exists, hence an

(n — t,m, 0),_— jump code exists, that means dim¢ < ([*.°,) = (".%).

Definition 4.13 A t — (v, k; m)-SEED (V; 8W, ...,8™) is called optimal t-SEED if
_(m—t\ m—t
=m0 )

From the definition, it is clear that m = (Z : i) orm = (n ' t). As it mentioned in

Lemma 4.10, the binary complement of a t-SEED is again a t-SEED. Hence, it is enough

to consider an optimal t— (v,k;m)-SEED where 1<t <k <n/2. Therefore,
n—t

m= (k - t)'

Remark. A large set of t — (v, k, 1) designs is an optimal t-SEED, since in large set

n

notation N = A (k

_y _ P _(m—t\ _
_t),and by taking A = 1 we have N = (k—t) =m.

Theorem 4.14 [53] If there exists an optimal t — (v, k;m)-SEED, then it is an
LS, (t, k,v).
Corollary 4.15 An LS, (t, k, v) exists if and only if an optimal t — (v, k; m)-SEED exists.

Lemma 4.16 [53] If an (n,m,t), quantum jump code exists for k >t > 1, then an

(n + 1,m, t),, quantum jump code exists.

Proof. If we append |0) to an (n, m, t); jump code, we obtaina (n + 1, m, t); jump code

since appending |0) does not change the weight of the code.

Lemma 4.17 [53] If an (n,m,t), quantum jump code exists for k >t > 1, then an

(n + 1,m, t) ;41 quantum jump code exists.

Proof. If we append |1) to an (n, m,t), jump code, we obtain a (n + 1,m, t);41 jump
code. Because appending |1) increases the length to n + 1 and increases the weight of
the code by 1.

4.2.2 Some Existence and Non-Existence Results for Special Parameters

The dimension m of a jump code (6, m,2)5 is bounded by m < 4. Beth et. al. [23]
showed the non-existence of a (6,4,2); jump code in 2003. And recently, in 2011,
Jimbo and Shiromoto [24] showed that there does not exist a (6, 3, 2); jump code. Then
some papers are published by Fang [25, 28, 29], Zhou [26, 27, 30], Lin [31].
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Some of the non-existence results for special parameters are given in Table 1 with

references.
Table 4. 1 Results on existence and non-existence of jump codes
Jump Code n m e k Reference
(6,4,2); 6 4 2 3 [23]
(6,3,2)3 6 3 2 3 [24]
(5,4, 1) 5 4 1 k [23]
(7,m,2) 7 (" 4 t) 2 3 [25]
) ml
2 k—t
n—t
(8,m,3), 8 ( ) 3 4 [25]
k—t
n—t
Ck+1,m1), | 2k+1 (k - t) 1 k [25]
n—t
2k, m, 2), 2k (k - t) 2 k [25]

Example 4.14 [23] A (n,m,1),,, jump code exists for any even integer n with
_1(n
m=3 (n/Z)'

In Example 4.14, the jump code (n,m,1),,, with m:%(

n

n/z) and even n has

orthonormal basis |c,) = %(lx) + |x)). Here |x) denotes the binary complement of |x).

Example 4.15 A (4, 3, 1), quantum jump code is given with the following basis.

1

|C1010) = ﬁﬂl()lo) + |0101>),
1

lc1100) = ﬁ(“loo} +[0011)),
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1
|c1001) = —=
1001> \/E

Next table provides some existence results on t-designs and t-SEEDs with references.

(]1001) + |0110)).

Table 4. 2 Results on t-designs and t-SEEDs

#m t v k A t-SEED Reference
5 3 32 8 7 3—-1(32,8;5) [54]
9 6 5—1(24,9;121)
121 5 24 [29]
15 8580 5—(24,15;121)
66 5 24 12 A 5—(24,12;66) [29]
15 364 5 —(48,15;1035)
1035 5 48 [29]

18 50456 5 —(48,18;1035)

529 5 48 24 y) 5 — (48, 24; 529) [29]
12 45 5 — (36,12; 34)

34 5 36 [29]
15 5577 5 — (36, 15; 34)

17 5 36 18 y) 5—(36,18;17) [29]
18 3060 5 — (60, 18; 58)

58 5 60 [29]

21 449820 5—(60,21;58)

29 5 60 30 2 5 — (60, 30; 29) [29]

18 15504 3 — (64,18; 124)
124 3 64 [28]
21 | 2229840 | 3 — (64,21;124)
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CHAPTER 5

RESULTS AND DISCUSSION

5.1 Conclusion

In this work, we surveyed the relation between quantum jump codes and combinatorial
designs, and literature review was done. Firstly; combinatorial designs, quantum
computing and quantum jump codes are introduced. Some examples of quantum jump
codes are given and the combinatorial structures of these codes are studied. After
introducing the basics of combinatorial designs and quantum jump codes, t-SEEDS are
introduced and the relation between combinatorial designs and quantum jump codes is
defined. Lastly, it is stated that resolvable designs and large sets of t-designs have close

connection to quantum jump codes.

In the fourth chapter, it is stated that optimal t-SEEDs are large set of t-designs. But, it
is still an open problem if there is any t-SEED that attains the upper bound given in

Theorem 4.12 when there is no large set of t-designs with N = m.

5.2 Related Works

Known application areas of t-SEEDs are coding theory and cryptography. In this thesis,
we stated one application of t-SEEDs to coding theory. Beth et al. [23] introduced t-
SEEDs as an application to quantum jump codes. Another application of ¢t-SEEDs takes
a place in cryptography. Lin [53] discovered the relation between t-SEEDs and secret
sharing schemes in cryptography. We refer the readers interested in cryptography
to [31, 53, 55, 56, 57].
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