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ABSTRACT

FINITE ELEMENT ANALYSIS OF STRUCTURAL PROBLEMS
WITH FUNCTIONALLY GRADED MATERIAL USING HIGHER
ORDER ELEMENTS

Hanan ALIMAM

Department of Civil Engineering
MSec. Thesis

Adviser: Assist Prof. Dr. Serkan Bekiroglu

Applications of Functionally Graded Materials (FGMs) are very interesting, because of
flexibility to make the composite material for many implementation requirement and
functional suitability.

This study is motivated to develop a finite element code, with high accuracy, by using
higher order elements. This FE-code will have the ability of dealing with Functionally
Graded Materials (FGMs).

Shape functions of higher order element which are used in discretization of geometry
and displacement field lead to higher order strain variations in a finite element and
satisfy convergence throughout the exact solution with fewer elements.

The FE-code will consist of a 4-, 8-, and 17-noded quadrilateral finite elements. In order
to get a more complete view, numerical results are achieved and verified for different
problems to show accuracy and reliability of the FE-code.The given results in literature
as exact and numerical values of some problems and the finite element software
ABAQUS program will be used to compare results.

FE-code will be applied to main problems which consist of two structural problems
made of a Functionally Graded Material (FGM). In the analysis of these structural
problems, the gradient region is in the horizontal direction.

Chapter one will give a literature review about FEM, FGM, and the research done in
them. Chapter two will deal with general information about FEM and FGM while
chapter three, will explain equations and their derivatives. Moreover, it will illustrate
the important part of FE-code programing. Chapter four will show the numerical

XV



problems and their results. Finally, chapter five will give the conclusion of the study
and the future work related to it.

Key words: Functionally Graded Material (FGM), Finite Element, Matlab language,
ABAQUS program, 4-noded, 8-node, 17-noded.

YILDIZ TECHNICAL UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
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OZET

YUKSEK DERECELI ELEMANLAR KULLANARAK

FONKSiYON KADEMELI MALZEMEYE SAHIP YAPISAL
PROBLEMLERIN SONLU ELEMAN ANALIZLERI

Hanan AIIMAN

Insaat Miihendisligi
Yiiksek Lisans Tezi

Danisman: Yrd. Dog. Dr. Serkan BEKIROGLU

Fonksiyon kademeli malzemelerin uygulamalari, bircok uygulama ihtiyact ve
fonksiyonel uygunluk i¢in kompozit malzeme olusturmanin getirdigi kolaylik nedeniyle
ilgi cekicidir.

Bu calisma yiiksek dereceli elemanlar kullanarak yiiksek dogruluklu sonlu elemanlar

gelistirmeyi hedeflemektedir. Gelistirilecek sonlu eleman kodu fonksiyon kademeli
malzeme taniminin yapilmasina imkan saglayacaktir.

Yerdegistirme ve geometrinin ayriklastirilmasinda kullanilan  yiiksek dereceli
elemanlarin sekil fonksiyonlari, sonlu elemanlarda sekil degistirme degisimini elde
etmeyi ve birka¢ eleman ile analitik ¢6ziime yakinsamayi saglar.

Sonlu eleman kodu 4, 8 ve 17 noktal1 dortgen sonlu elemanlardan olusacaktir.
Gelistirilen sonlu elemanin giivenirligi ve dogrulugunu gostermek icin farkli problemler
coziilerek sayisal sonuglar elde edilicek ve dogrulanacaktir. Bazi problemlerin
literatiirde verilen analitik ve niimerik sonuglar1 ile ABAQUS sonlu eleman yaziliminin
sonuclar1 karsilastirma i¢in kullanilacaktir.

Sonlu eleman kodu, fonksiyon kademeli malzeme taniminin kullanildig: iki ana yapisal
probleme uygulanacaktir. Bu yapisal problemlerin analizinde, malzeme &zelligi
degisimi yatay yonde olacaktir.

Xvii



Birinci boélimde sonlu eleman metodu ve fonksiyon kademeli malzeme hakkinda
literatiir verilecektir. ikinci boliimde sonlu eleman metodu fonksiyon kademeli malzeme
hakkinda genel bilgileri icerecektir. Ugiincii béliimde ise denklemler ve bagmtilar elde
edilecektir. Ayrica bu boliimde sonlu eleman kodu ile ilgili 6nemli kisimlar
sunulacaktir. Dordiincii boliim, sayisal 6rnekleri ve sonuglarini sunacaktir. Son olarak
besinci boliim, ¢alismanin sonuclarini igerecektir.

Anahtar Kelimeler: Fonksiyon Kademeli Malzemeli, Sonlu Elemen, Matlab program,
ABAQUS program, 4 , 8 ve 17 noktal1.

YILDIZ TEKNiK UNIVERSITESI FEN BiLIMLERI ENSTITUSU
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CHAPTER 1

INTRODUCTION

1.1 Literature Review

1.1.1 Background of Finite Element Method (FEM)

In last three decades, the finite element method practiced on the computers has been used
effectively in modelling complex issues in different engineering zones and has enlarged the

chance of safe and cost effective design.

The successful use of the FEM is possible only if the essential assumptions of the

strategies used are known, and the strategy can be practiced confidently on the PC.

In this method, the geometry of a structure is discretized when it is divided into a mesh of
finite elements of certain accuracy. Clearly, the discretization enters another
approximation. So, there are two error sources from the outset: the modelling error and the
discretization error [1]. The discretization error, on the other hand, can be decreased by
using a smaller mesh which means more elements, or else by increasing the accuracy using
higher order polynomial expansions for approximating the displacement field within each

element as what will be done in this study.

Higher order element shape functions can be developed by adding extra nodes to the sides
of the linear element. These elements lead to higher-order strain variations in every

element, and convergence to the exact solution with fewer elements [2].

William F. Mitchell studied the magnitude of how much a polynomial degree is beneficial
to high order and confirmed that for high accuracy demands, higher order elements are

appropriate [3].

FEM and related techniques can help for making the complex engineering applications to
easier one. It has been certified that the numerical approaches, especially FEM and related

techniques are able to handle a wide range of engineering problems, and offer unlimited

1



advantages over conventional numerical methods, specifically for the problems with
discontinuities and large deformation. The Finite Element Model relatively easily and
cheaply. In addition to its ability to deal with different load conditions without difficulty
and, with multi types and numbers of boundary conditions, it can model irregularly shaped
bodies not complexly, deal with dynamic effects effectively, change the size of the
elements to make it possible to use small elements where ever it needs, and deal with

nonlinear behavior existing with large deformations and nonlinear materials.

The most important property that serves our study is the potential to model momentous
composed of several different materials because the element equations are evaluated

individually [2].

1.1.2 Background of Functionally Graded Material (FGM)

As technology progresses go in increasing rate, the need for advanced capability materials
becomes a main priority in the engineering needs of more complex and higher performance
systems. This demand can be seen in a lot of fields in which engineers are exploring the

applications of these new engineered materials, fields of applications for Functionally

Graded Material (FGM) are illustrated in Figure 1.1.

projects

Communication
field

Figure 1.1 Fields of applications for FGM [4]

Miscellaneous

Functionally Graded Material (FGM) belongs to a class of advanced material characterized
by variation in properties as the dimension varies. These materials are a modern generation
of engineered materials that are getting interested in last years. The overall properties of

FGM are unique and varies from any of the individual material that forms it. They were



initially proposed by a group of Japanese aerospace scientists for structural applications

and fusion reactors [5].

The FGM was proposed to prepare a new composite by utilizing heat-resistant ceramics on
the high-temperature side and hard metals with a strong thermal conductivity on the other

side(low temperature), with a gradient material variation from ceramic to metal [6].
Depending on the gradient type, the FGM might be gathered as appeared in Figure 1.2:
e Fraction gradient type Figure 1.2a.
e Shape gradient type Figure 1.2b.
e Orientation gradient type Figure 1.2c.
e Size (of material) gradient type Figure 1.2d.

And according to number of directions the proprieties changed, we can sorted as

1-dimensional, 2- dimensional or 3-dimensional FGM.
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Figurel.2 Based on nature of gradients, different types of Functionally Graded
Materials may be of (a) fraction gradient type, (b) shape gradient type,(c)
orientation gradient type, and (d) size gradient type [5].

The two essential structures of gradient are outlined in Figurel.3. For the continuously
graded structure, two diverse material stages steadily change starting with one side then
onto the next, as appeared in Figure 1.3(a); while in Figure 1.3 (b), material stages change
in a broken way, for example, a stepwise gradation which is likewise called segmented

FGMs. The spatial gradation may display at a global or local level. In a global gradation



(Figure 1.3), the variety of properties reaches out over the main part of the material.

Despite what might be expected, local gradation is limited to a specific area in the material,

for example, covering at first glance or joint in the interfacial district as in Figure 1.4 [7].

Some of the advantages of Functionally Graded Materials are [4]:

FGM as an interface layer to associate two contradictory materials can incredibly

improve the bond strength.
FGM are utilized in energy conversion device.

FGM covering and interface can be utilized to decrease the residual stress and

thermal stress.

FGM additionally gives the chances to take the advantages of various material

frameworks.

FGM covering can be utilized to associate the materials to get rid of the stress at

the interface and endpoint stress feature.

FGM covering improves the strength of the associations as well as lessen the crack

driving force.
FGM can control deformation, wear, corrosion dynamic response, and so on.

FGM has extensive variety of uses in dental and orthopaedic applications for teeth

and bone substitution.



Figure 1.3 Global gradation (a) continuous and (b) stepwise graded structures [7].

Figure 1.4 Local gradient at the (a) surface and (b) joint [7].

There are a few issues that need further review and to be fixed, primarily in the

accompanying points [4]:

A right database of gradient material (counting material framework, parameters,

material readiness and execution assessment) is to be expanded.

Studies ought to concentrate on variety of gradient material as for thermal stress

relaxation of the material and also for different fields of engineering applications.

Until now, it requires further research and examination on the physical properties
of the material model. Macroscopic unit of structure and the quantitative
relationship between planning conditions to be built up with a specific end goal to

carefully and dependable foretell the physical properties of graded materials.

Functionally gradient materials arranged for tests are specimen with little size and

purely structure. It needs more practical results.
The planning expenses are high.

Requires enhancing the continuum theory, quantum (discrete) theory, percolation
theory and microstructure model, and depending on computer simulation of the

material properties for specific theoretical expectation.



1.1.3 Background about Research on Finite Element Method (FEM) and Functionally
Graded Material (FGM)

Many of research in the FGM has been completed until now. Hong-Tian Xiao and Zhong-
Qi Yue [8] studied stresses and displacements in Functionally Graded Materials of semi-
infinite extent induced by uniform distributed load. They analysed the stress and
displacement fields in a FGM of semi-infinite motivated from uniform distributed loading.

They got a high accuracy numerical integration results.

Another study was made by B.L. Shao [9], he established an axisymmetric and
isoparametric graded element to model the functionally graded circular piezoelectric plates
using coarse mesh, where MATLAB was used to implement the whole FEM code.

Numerical examples were presented to verify their method.

K. Sanjay [10] worked on free vibration analysis of functionally graded beams, carried out
for various classical boundary conditions, found that for the real structures with less length
to thickness ratios, transverse shear effects should be included to predict accurate careful

frequencies and mode shapes for homogenous and FGM beams.

Makwana B. [11], studied the stress of Functionally Graded Material for a plate with cut-
out, where general solutions are obtained with MATLAB coding and compared with an
FEA tool (ANSYS). The code checked the effect of stress concentration effect for scaled

modelling of object with different scale factors.

Bhandari M. [12], studied the mechanical deformation of FGM of ceramic-metal plates
under various boundary conditions. His results shown a satisfying result with those
available in the literature and the bending response of the FG plate is intermediate to those

of the metal and the ceramic plate.

Another study was made by S. Natarajan [13]. It was about analysis of FGM plates with
triangular elements and cell-based smoothed discrete shear gap process. It was concerned
on the static bending, free vibration, and mechanical and thermal buckling behavior of
FGM plates. He improved that finite element method shows insensitivity to shear locking

and produces good results in static bending, free vibration, and buckling of FG plates.



1.2 Objective of the Thesis

The basic objective of this thesis is to develop a finite element code (FE-code) with higher

order shape function. The FE-code will consist of a 4-, 8-, and 17-noded quadrilateral finite

elements. It must have a qualified accuracy, facilitated to use, clear enough to make

developer easily recognize the geometry, boundary conditions definition, and results

interpretation.

The second objective of the FE-code is to solve Functionally Graded Material (FGM)

problems with an adequate accuracy depending on these higher order shape function.

In summary, the objectives of this thesis can mainly be articulated as follows:-

Create a finite element code with higher order shape function. The FE-code will

consist of a 4-, 8-, and 17-noded quadrilateral finite elements.

Generalize the code to solve many structural types (especially Functionally Graded

Materials (FGMs) which represent our main problem).

By using a common language, simply the FE-code to recognize the geometric,

boundary conditions definition, and results interpretation.
Understandable to realize the results and errors if occurs.
Improve it to have high accuracy for results as possible.

Because it is often difficult or costly to make direct measurements for FGM, this

FE-code simplifies that issue.

It solved the main problem of our study which represent a FGM problems after the
FE-code has been verified with many problems and compared their results with the
results given in literature as exact and numerical values for some problems and

with the ABAQUS in others problems.



1.3 Hypothesis

An effective computational approach using MATLAB program, based on a high order
polynomial is proposed for the analysis of a special structural problem which is mainly
made of Functionally Graded Materials (FGMs). Material properties of FGM are assumed
to vary through the axial direction under the power law [14]. Numerical outcomes are
computed and verified to demonstrate the accuracy and reliability of the present code. This
analytical model allows the material properties be a continuous function along the axial

direction of the continuum.



CHAPTER 2

A FINITE ELEMENT IMPLEMENTATION

2.1 Structural Modelling and FEM Analysis

The Finite Element Method (FEM) is a system for the numerical arrangement of the
equations that ruled the issues found in nature. Normally the behavior of nature can be
showed by equations as differential or integral form. For this reason, the FEM is
understood in mathematical fields as a numerical technique for solving partial differential

or integral equations.

At the point of referring to the analysis of structures, the FEM is an effective strategy for
processing the displacements, stresses and strains in a structure under an arrangement of

loads.

A finite element can be pictured as a little portion of a structure. The word "finite"
recognizes such a portion from the "infinitesimal" elements of differential calculus. The
geometry of the structure is considered to be formed by the get together of an accumulation
of non-overlapping domains with simple geometry termed finite elements. Triangles and
quadrilaterals in two dimensions (2D) or tetrahedral and hexahedra in three dimensions
(3D) are ordinarily shown to the "elements". It is usually said that a "mesh" of finite

elements "discretizes" the structure.

2.1.1 Classification of the Problem

The first step in the solution of a problem is to identify the problem itself. Hence, before

we can analyse a structure we must answer these questions:

9



e What are the more relevant physical phenomena influencing the structure?
e s the problem in static or dynamic nature?

e s the kinematics or the material properties linear or non-linear?

e  Which are the key results requested?

e What is the level of accuracy expected?

e The answers to these questions are basic for selecting a structural model and the

sufficient computational method.

2.1.2 Conceptual, Structural and Computational Models

Computational methods like the FEM are utilized to calculate models of an essential
problem, and not to the real problem itself. Indeed, even test methods in structural research
centers make utilization of scale generations of the theoretical model picked (likewise
called physical models) unless the real structure is tried in essential size, which rarely

happens.

A conceptual model can be produced once the physical way of a problem is clearly
understood. In the derivation of a conceptual model worked must exclude unnecessary
details and include all the concerned features of the problem under consideration so that
the model can describe reality with sufficient accuracy. A conceptual model for a problem

should include all the data necessary for its acting and analysis.

Obviously another person will have another perception of reality and, consequently, the

conceptual model for the same structure can take different forms.

Subsequent to selecting a conceptual model of a structure, the next step for the numerical
(and analytical) study is the definition of a structural model (sometimes called

mathematical model).

A structural model must include three basic aspects: The geometric description of the
structure by means of its geometrical ingredients (points, lines, surfaces, volumes), the
mathematical expression of the basic physical laws ruling the behavior of the structure (i.e.
the force-equilibrium equations and the boundary conditions) usually written in terms of
differential and/or integral equations, and the specification of the properties of the

materials and of the forces acting on the structure.
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Clearly, the conceptual model of a structure can be analysed using various structural

models depending on the accuracy and/or simplicity sought in the analysis.

Every structural model provides a various set out for the analysis of the actual structure. A
wrong conceptual or structural model will be a wrong solution, far from correct physical

values, even if obtained with the most accurate numerical method [15].

The next step in the structural analysis sequence is to determine a numerical method, such
as the FEM. The application of the finite element always demands its implementation in a
computer code. The analysis of a structure with the FEM shows feeding the code with
quantitative data for the mechanical properties of the materials, the boundary conditions
and the applied loads (physical parameters) and in addition, the components of the

discretization chosen (element type, mesh size, etc.).

The result of this procedure is a computational model for the analysis of a structure (Figure

2.1).

2.1.3 Structural Analysis by the FEM
The geometry of a structure is discretized when it is divided into a mesh of finite elements
of certain accuracy. Clearly, the discretization enters another approximation. That means

we have two error sources from the outset: the modelling error and the discretization error.

The former can be minimized by improving the conceptual and structural models which
describe the actual behavior of the structure, as previously explained. The discretization
error, on the other hand, can be minimized by using a smaller mesh (use more elements),
or else by increasing the accuracy of the finite elements chosen using higher order

polynomial expansions for approximating the displacement field within each element.

Additionally, the utilization of computers enters numerical errors associated with their
ability to act data accurately with numbers of finite precision. The numerical error is
always small, although it can be big in little problems, such as when some parts of the

structure have very various physical properties.

The total of discretization and numerical errors add to the error of the computational
model. Note that even if the computational error minimized to zero, it will not able to
reproduce accurately of the actual behavior of the structure, unless the conceptual and

structural models were perfect [15].
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Figure 2.1 A computational model for the analysis of a structure [15].

2.1.4 Verification of FEM Results
Designers of structural FEM computer codes, analysts who use the codes and leaders who
rely on the results of the analysis face a critical question: "How should confidence in

modelling and computation be critically assessed?"

Verification of FEM results are the essential strategies for making and evaluating this
certainty. Basically, verification is the process of determining that a computational model

accurately represents the basic structural model and its solution.

In verification, thus, the relationship between the numerical results to the real world is not
a case. The verification of FEM results is done by comparing the numerical results for
simple benchmark problems with "exact" solutions get analytically, utilizing more accurate

numerical methods.
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A careful examination of the verification process indicates that there are two key parts of

verification:

e Code verification, in order to build confidence that the mathematical model and
the solution algorithms are working properly.
e Calculation verification aiming to build confidence that the separate solution of
the mathematical model is accurate.
Among the code verification techniques, the well-known one is to compare code results
with analytical solutions. As the number of such solutions is very limited, a code
verification procedure with the ability to greatly widen is the use of manufactured

solutions.

2.2 Finite Element Procedure

The principle of virtual work may create the procedure for finite element. An equation is
produced with three terms:

e Virtual kinetic energy.

6K = [, Su.a.dV 2.1
e Internal virtual work.

Wi = [, Se:0.aV (2.2)
e The external virtual work.

8Weye = J, Su.b.p.dV + frc Su.t*.dA (2.3)

These terms made the principle of virtual work equation:

OK + Wiy = Woye (2.4)

Where 6K is virtual kinetic energy, ) material body or domain, u displacement field, Su
variation of displacement, a acceleration of system, SW;,; internal virtual work, 8¢
variation of strain tensor, o Caughy stress tensor, §W,,; the external virtual work, p
density, b the body force, t* vector on the surface of system, I'; static boundary of domain

[16].
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2.2.1 Finite Element Discretization

One of the essential steps in a finite element analysis is the discretization of a continuous
body containing an infinite number of points on the surface into a discrete model with a
limited number of nodes in the surface. The shape of the body between these nodes is
approximated by functions. These functions are known as shape functions, which gives the
ability to relate the coordinates of every point of a finite element with the locations of its

nodes.

Quadratic elements are used in this FE-code. These elements are preferred for stress
analysis, due to their high level of accuracy and their flexibility in modelling complex

geometry, such as curved boundaries.

In order to present the quadratic element an appropriate natural coordinate system for that
geometry must be used. The natural coordinates for a quadrilateral element (s, t) which are
illustrated in Figure 2.2 are attached to the element, within the origin at the center of

element.

Figure 2.2 Quadrilateral coordinates [17]
These coordinates vary from —1 on one side to +1 at the other, taking the value zero over

the quadrilateral medians. In this way, it converts the actual element as in Figure 2.3.

(=L, 1)1 I (LD

Mapping

Original Form Mapped Form

Figure 2.3 4-noded quadrilateral element used in this study [18].
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2.2.2 Higher-Order Shape Functions
Higher-order element shape functions can be developed by adding extra nodes to the sides
of the linear element. These elements lead to higher-order strain variations in every

element, and convergence to the exact solution with fewer elements [2].

In this study, three different order of the polynomial is used. Firstly, a 4-noded element
shown in Figure 2.3 is considered. Secondly, an 8-noded element shown in Figure 2.4 is

considered. Finally, a 17-noded element shown in Figure 2.5 is considered.

1- A 4-Noded Quadrilateral Element

Shape functions of the 4-noded quadrilateral element are given below.

N1=1/4x(1—-3s)x(1—1t)
N2=1/4x(1+s)x(1—t)
N3=1/4x(1+s)x(1+t)
N4 = 1/4x(1—-s)x(1+1t)

(2.5)

Moreover, their derivatives are given below.

AN1/d& = —(1—1t)/4

AN2/& =(1—t)/4

AN3/& = (1+1t)/4

AN4/& = —(1+1t)/4

N1/ = —(1—5)/4 (2.6)
N2/ = —(1+5)/4

N3/ = (1 +5)/4

N4/ = (1—5s)/4

2- A 8-Noded Quadrilateral Element

Shape functions of the 8-noded quadrilateral element are given below.

N1=1/4x(1-s)x(1—t) x(—s—t—1)
N2=1/4x(1+s)x(1—-t)x(s—t—1) (2.7)
N3= 1/4x(1+s)x(1+t) x(s+t—1)
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N4=1/4x(1—-s)x(1+t)x(—s+t—1)
N5= 1/2x(1—=5"2) x(1—1)
N6 = 1/2x(1+s) x(1—-t"2)
N7 = 1/2x(1—-s"2) x(1+1t)
N8 = 1/2x(1—-35) x(1 —-t"2)

Moreover, their derivatives are given below.

N1/ &
N2/ &
N3/ 5
N4/ &
NS/ 55
N6/ 5
N7 /&
N8/ 55
N1/ &
N2/ &
N3/
N4/ &
N5/
N6/
N7/
NS/

= (2s—t"2—-2st+1t)/4
= (2s+t"2—-2st—t)/4
= (25 +t"2 + 2st + t)/4
= (2s—t"2+2st—t)/4
= (—2s+12st)/2 = s(t—1)
= (1-1t"2)/2
=(-1+t"2)/2=(t"2-1)/2
=(t"2-1)/2
= (—=2st+2t—s"2+5s)/4
= (2st+2t—s"2—5s)/4
= (2st+2t+s"2+5s)/4
= (—2st+2t+s"2—5s)/4
= (s"2-1)/2
= (=2st—=2t)/2= —t(1+5)
= (1-s"2)/2
= (2st—=2t)/2=t(s—1)
't
% T3
! 2 3

Figure 2.4 8-noded quadrilateral element used in this study [6].

16

(2.7)

(2.8)



3- A 17-Noded Quadrilateral Element

Shape functions of the 17-noded quadrilateral element are given below.

N1=1/12x(1—-5) x(1 —t) x[4x(s"2 = 1) x(=S) +4x(t"2—1) x(=t)
+ 3xsxt]

N2=4/3x(1—-1t) x(1—5"2) x(s"2—5/2)

N3 =2x(1—-1¢t) x(s"2—-1) x(s"2+t/4)

N4 =4/3x(1—-1t) x(1—5"2) x(s"2+5/2)

N5=1/12x(1+s) x(1 —t) x[4x(s"2 — 1) xs + 4x(t"2 — 1) x(—t)
— 3xsxt]

N6 = 4/3x(1+5) x(1 =t 2) x(t"2 — t/2)
N7 =2x(1+5) x(t"2 — 1) x(t"2 — s/4)

N8 =4/3x(1+5s) x(1—-t"2) x(t"2+t/2) =
NO=1/12x(1+s) x(1+t) x[4x(s"2—1) xs +4x(t"2—1) xt
+ 3xsxt]
N10 =4/3x(1+¢t) x(1 —5s"2) x(s"2+s/2)
N11=2x(1+1t) x(s"2—-1) x(s"2 —t/4)
N12=4/3x (1+t) x (1-s"2) x (s"'2-5/2)
N13=1/12x(1—=s) x(1+t) x[4x(s"2—1) x(=s) +4x(t"2 —1) xt
— 3xsxt]
N14 =4/3x(1—5) x(1 —t"2) x(t"2 + t/2)
N15=2x(1—-5) x(t"2—-1) x(t"2 +s/4
N16 = 4/3x(1—5) x(1 —t"2) x(t"2—t/2)
N17 = (1 —=5"2) x(1 —t"2)
Moreover, their derivatives are given below.
ON1/ds =1/3 —5/12xt —2/3xs +1/6xsxt + 1/12xt"2 — s"2 + s"2xt
+1/3xt"3 +1/2xsxt"2 +4/3xs"3 —4/3xs"3xt
—1/3xt"4 +4/3xs"3
(2.10)

N2/ =—-2/3+2/3xt +8/3xs —8/3xsxt + 2xs"2 — 2xs"2xt
—16/3xs"3 + 16/3xs"3xt

ON3/& = —4xs + 5xsxt —sxt"2 + 8xs"3 — 8xs"3xt
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ON4/& =2/3 —2/3xt +8/3xs —8/3xsxt —2xs"2 + 2xs"2xt
—16/3xs"3 + 16/3xs"3xt

ON5/&5 = —1/3 +5/12xt — 2/3xs + 1/6xsxt — 1/12xt72 + sA2 — s72xt
—1/3xt"3 4+ 1/2xsxt"2 + 4/3xs"3 — 4/3xs"3xt
+1/3xtN

N6/ = —2/3xt +4/3xt"2 + 2/3xt"3 — 4/3xt"4
NT/& =1/2 + 5 — 5/2xt"2 — sxt’2 + 2xt™4
N8/ = 2/3xt + 4/3xt"2 — 2/3xt"3 — 4/3xt

AN9/& = —1/3 — 5/12xt — 2/3x5 — 1/6x5xt — 1/12xt72 + s72 + s"2xt
+1/3xt"3 + 1/2xsxt"2 + 4/3x5"3 + 4/3 xs 3 xt
+1/3xt"4

N10/5 =2/3 + 2/3xt +8/3xs + 8/3xsxt — 2xs"2 — 2xs"2xt
—16/3xs"3 —16/3xs"3xt
ON11/05 = —4xs — S5xsxt — sxt"2 + 8xs"3 + 8xs"3xt

N12/G = —2/3 — 2/3xt + 8/3x5 + 8/3x5xt + 2x572 + 2x5"2xt
— 16/3xs"3 — 16/3xs"3xt

AN13/& = 1/3 +5/12xt — 2/3xs — 1/6xsxt + 1/12xt"2 — s72 — sA2xt
— 1/3xt"3 + 1/2x5xt"2 + 4/3x5"3 + 4/3 x5 3 xt
— 1/3xt"4

N14/k = =2/3xt —4/3xt"2 4+ 2/3xt"3 + 4/3xt"4
ON15/05 = —=1/2+ s+ 5/2xt"2 — sxt"2 — 2xt"4
ON16/d5 = 2/3xt —4/3xt"2 —2/3xt"3 + 4/3xt"4
ON17 /5 = —2x5 + 2xt"2xs

N1/t =1/3 —=5/12xs +1/12xs"2 + 1/6xsxt —2/3xt + 1/3xs"3
+sxt"2 — t"2+1/2xs"2xt —1/3xs"4 — 4 /3 xsxt"3

N2/t = 2/3xs —4/3xs"2 —2/3xs"3 +4/3xs"4
N3/t =—=1/2+5/2xs"2+t —s"2xt —2xs"4
N4/t = —=2/3xs —4/3xs"2 +2/3xs"3 +4/3xs"4

NS5/t =1/3+5/12xs +1/12xs"2 —1/6xsxt —2/3xt —1/3xs"3
—Sxt"2 —t"2 4+ 1/2xs"2xt —1/3xs"4 + 4 /3 xsxt"3
+4/3xt"3

N6/t = —2/3 — 2/3x5 + 8/3xsxt + 8/3xt + 2xsxt"2 + 2xt"2
—16/3xsxt"3 — 16/3xt"3
NT /& = —5xsxt — 4xt — sA2xt + 8xsxt’3 + 8xt"3
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N8/t =2/3 +2/3xs + 8/3xsxt + 8/3xt — 2x5xt"2 — 2xt 2
—16/3xsxt"3 — 16/3xs"3

N9/ = —1/3 —5/12xs — 1/12x5"2 — 1/6xsxt — 2/3xt + 1/3xs3
+ SXEN2 + t12 + 1/2x572xt + 1/3x5™M + 4/3xsxt"3
+4/3xt"3

AN10/& = 2/3xs + 4/3xs"2 — 2/3xs"3 — 4/3 xs74
N11/& =1/2 —5/2xs"2 + t — s"2xt + 2xs™4
N12/& = —2/3xs + 4/3xs"2 + 2/3x5"3 — 4/3 x5

AN13/& = —1/3 + 5/12xs — 1/12xs"2 + 1/6xsxt — 2/3xt — 1/3xs"3
— SXtP2 + th2 4 1/2x5"2xt + 1/3x5M — 4/3xsxt"3
+ 4/3xt"3

N14/A& =2/3 —2/3xs — 8/3xsxt + 8/3xt + 2x5xt 2 — 2xt"2
+16/3xsxt"3 — 16/3xt"3

ON15/ct = 5xsxt — 4xt — s"2xt — 8xsxt"3 + 8xt"3

N16/& = —2/3 +2/3xs — 8/3xsxt + 8/3xt — 2xsxt"2 + 2xt"2 +
16/3xsxt"3 — 16/3xt"3

N17/& = —2xt + 2xs"2xt

Figure 2.5 17-noded quadrilateral element used in this study [19].
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2.2.3 Formulation of the Stiffness Matrix
Isoparametric Formulation of the Quadrilateral Element which is derived from the use of
the same interpolation functions to define the element shape as are used to define the

displacements within the element.

Step 1: Define the element geometric shape
For the special case when the distorted element becomes a rectangular element with sides
parallel to the global x-y coordinates, the s-t coordinates can be related to the global

element coordinates X, y by:

X = x¢ + bs 2.11)
Y = yC +h’t

Where x. and y. are the global coordinates of the element centroid. Assuming global

coordinates x and y are related to the natural coordinates s and t as follows:

X =aq +ays +ast + aust

(2.12)
Y =a; +a,s +azt+aust
Solving them will obtain:
1
X= ZX[(l —S)x(1—t)xx; + (1 +s)x(1 —t)xx, + (1 +5)x(1 + t)xx3
+ (1 — ) x(1 + t) xxy]
1 (2.13)
Y = ZX[(l —sS)x(1—t)xy; + (1 +s)x(1 —t)xy, + (1 +s)x(1 + t) xy;3
+ (1 —s)x(1 + t)xy,]
In matrix form:
fX1\
Y
X>
Xy [N+ O N, 0O N; 0 N, O] Y,
{Y}_[O N, 0 N, 0 Ny 0 Ng|\Xs 214
Y
X4
\Y, /
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where:

N1:(1—5)4(1—t) N2:(1+s)4(1—t)
(2.15)
1+s)(1+10) 1-s5)1+1)
N; = 2 Ny = 2

These shape functions are seen to map the s and t coordinates of any point in the square

element to those x and y coordinates in the quadrilateral element.

Consider square element node 1 coordinates, where s = -1 and t = -1 then x = x1 and y =

yl.

However, physical anticipation can often guide us into directly expressing shape functions

based on the following two criteria and used on numerous occasions:

n

zNi =1 i=123,...,n (2.16)
i=1

x = {N}"{x,}

y = {N}"{y,} (2.17)

Step 2: Displacement functions

The displacement functions within an element are now similarly defined by the same shape

functions as are used to define the element geometric shape:

(U1

{u}_ N1 0 NZ 0 N3 0 N4 0 <172
vJl0 N, O N, 0 N3 0 N,||Us (2.18)

Where u, v are displacements in horizontal and vertical direction, respectively.
Step 3: Strain-Displacement and Stress-Strain Relationships
Element matrix [B] will formulate to evaluate an element stiffness matrix [k]. However,

because it becomes difficult (if not impossible) to write the shape functions in terms of the
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x and y coordinates, we will carry out the formulation in terms of the isoparametric

coordinates s and t.

This may appear difficult, but it is easier to use the s- and t coordinate expressions. This

approach also leads to a simple computer program formulation.

To construct an element stiffness matrix, we must determine the strains, which are defined

in terms of the derivatives of the displacements with respect to the x and y coordinates.

The displacements, however, are now functions of the s and t coordinates.

The derivatives ou/0x and 0v/0y are now expressed in terms of s and t. Therefore, we need

to apply the chain rule of differentiation. The chain rule yields:

L
& K& &
o dfx ddy

The strains &, can then be found; for example

& = 0u/ox

Using Cramer’s rule

af ady dx Of
ds 0s ds 0s
af ady dx Of
of _lae ¢ of _lac ae
ox  |0x 0y ay ~ [0x 0y
ds 0s ds 0s
dx OJdy dx OJdy
at at ot dt

The determinant in the denominator is the determinant of the Jacobian matrix [J].

dx 0dy
_|0s 0s
ot 0ot

We now want to express the element strains as:

{e} = [Bl{q}
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Where [B] must now be expressed as a function of (s), and (t). The usual relationship

between strains and displacements given in matrix form as:

du/dx
== —{av/ayl— T a0l
)Y (TYou ov( ™ ()/y{v}
+35) a()/dy 0()/ox

y. g
e kay
1000 ou/ox
_ dy/dy
=10 0 0 1
0o 1 1 o |9/
du/dy
And we know that:
X1
Ox 0N, 9N, 0N, 0N4] X,
ds las ds 9s oasl|*3
X4
X1
=1/4[t—-1 1—t 1+t —(1+10)] 2
X4
X1
dx _[0N; 0N, 0N, azv4] X,
ot at at o9t otl|*s
X4
X1
X2
=1/4[s—1 —-1—-s 1+s 1-s5] X5
X4
Y1
0y _[0Ny 9N ON; ON,])y:
ds ds 0ds 9s osl|7Vs
Y4
V1
=1/4[t—1 1—t 1+t —(1+10)] ii
Y4

Y1
a_y _ a1\[1 % 6N3 6N4 V2

ot Lot ot a9t o9cl|Ys
V4
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V1

Y2
Y3

V4

=1/4[s—1 —-1-5s 1+s 1-s]

Where the rectangular matrix on the right side is an operator matrix; that is d( )/ dx and

d( )/ dy represent the partial derivatives of any variable we put inside the parentheses.

Evaluating the determinant in the numerators, it will be

0_ 1 [2220 320

ox |[J]l'|ot 9s 9s” ot
(2.27)
6()_ 1 [ox () ox a()
dy |[J]]l'|ds ot at’ ds
Where |[J]| is the determinant of [J].
We can obtain the strains expressed in terms of the natural coordinates (s,t) as:
9y 00 _dy 00) .
< ot ds 0s 0dt
x 1 ax 3() ax a0)|u
sl-l o 220 00k
Vay) Ul ds" dt 0t Os (2.28)
dx d() Jdx () oy a() ay a()
Llgs" dt ot ds Ot ds Os ot
Or in another arrangement:
[ dy dy 0 0 1
du/ox ot o9s O 0 du/os
1 d d
ouoy| _ 1| ax ax 9 _9y|)ousor (2.29)

ov/ox( 1" 3¢ 3s 0t  ds|)dv/ds
dv/dy 0 0 _0x Jx |\ogv/ot
L0 0 Jt  0s -
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Strain will be:

r dy dy 0
9 as 0
Ex 1100065xa?csay
&y _WO 0 0 1 ~3 3% e
t
Yxy 0 1 1 0 0 OS ax
0 0 dt
du/ds

_ ou/ot

= 1414 gy /05
dv/adt
But

(2%
ds
ou
ot
as
ov
\5¢/

t—1 0 1-t 0 14+t O
1ls—1 0 —(s+1) 0 1+s
41 0 t—1 0 1—-t¢ 0 1+t

0 s—1 0 —(s+1) 0 1+s

= [Gl{q}

from this step we get:

So strain:

€x
{fy } = [A][G]{q} = [B]{q}

Vxy

25

(O
0 1!l0s
0 Ju
dy 9t
T 0s ) ov (
6_x ds
s ov
\ 9t/
—(t+1) 0
0 1-s O «
0 —(t+1)
0 1—=s

(U1

(2.30)

(2.31)
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And because [K] is:

K] =h f f (B]" [C][B]dA (2.34)
A

In (s,t) form will be:

=h ff B]|J\ds. dt (2.35)

[D] represents the stress/strain matrix (or constitutive matrix), in plane stress will be:

E/(1-9%) 9E/(1—19?) 0
[D] = |9E/(1 —92) E/(1-92 0
/( A ) E/( ; ) o201 e (236)

[D] in plane strain is:

[D] =

E(1-9)/(1+9)(1 —-29) E9/(1+9)(1 — 29) 0 (2.37)
EY9/(1+9)(1 - 29) E(1-=9)/1+9)(1 —-29) 0 '
0 0 E/2(1+9)

Using Gauss interpolation we will have [K] in the form:

hZZW DI[BIIJ1)yds. dt (2.38)

i=1j=1

2.2.4 Stress / Strain Matrix (or Constitutive Matrix)

For isotropic materials and assuming plane stress so :

O =Tyz =Ty, =0

And (2.39)
Yz =Vyz =0

Yields
{o} = [D){e} (2.40)
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Where

1 9 0
[D] = ( )[19 1 0 ] (2.41)

1-9"1g 0 a-9)2

[D] represents the stress/strain matrix(or constitutive matrix), E Modulus of elasticity and

9 is poisson' s ratio.

The strain in plane stress will be:

{e} = [C){a} (2.42)
Or
Ex 1 1 -9 0 Oy
{sy } =|-9 1 0 { ay } (2.43)
o) Elo o0 200+9)]loy
Where
[CT'=[D] (2.44)
gy = (D) (—9)(ox+0y) 245
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2.2.5 Evaluate a Line Distributed Load
To evaluate a line distributed load, the face of element which is subjected to this load must
be determined first. Retaining back to Figure 2.3 and depending on the number of the face

Jacobian matrix [J] will be [20]:

e At the first face, between node 1, and node 2, where t=-1

=[G @] 2o

e At the second face, between node 2, and node 3, where s=1

2 = [+ @] (2.47)

e At the third face, between node 3, and node 4, where t=1

<[+ @] 2

e At the fourth face, between node 4, and nodel, where s=-1

t= (@2 @] (2.49)
Where the local load (f) of this node will be:
f= [m [L=s/l s/NgOx|; ] (2.50)

N1, N2 are the discretization of facing load, 1 is the length of that face, and tx, ty are the

traction load on x-, y- direction at the face.
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2.2.6 Functionally Graded Material (FGM)
Material properties in Functionally Graded Material (FGM) are blended by means of the
following equation [14], [21].

Pe=P1Vi+ P2Vz (2.51)

Where P. is the effective property; P; and P, are the material property for first and second
material, respectively. This property includes Young’s modulus E and Poisson's ratio v.

The notations V; and V, are the volume fractions of these materials.

In this FE-code it is considered that volume fractions change with a continuous function

along the main direction of the material (X-direction).

Vi=((x-x1)/L)n (2.52)
And
Vo=1-V; (2.53)

Where L is the depth of continuum shown in Figure 2.6, n is a material index which
indicates the material variation profile along the thickness of FGM. For examples, n = 0
corresponds to an isotropic homogeneous of material 1 and n = o corresponds to an

isotropic homogeneous material 2.

FGM

Mi M2

X1 X

A

\ 4

Figure 2.6 The FGM model in this study

29



CHAPTER 3

PROGRAMMING THE FE-CODE
3.1 The Code Main Frame
MATLAB language is used for developing the developed finite element code (FE-code).
This FE-code follows main steps which are given in chart shown in Figure (3.1). It applies
distributed load, concentrated load, and includes Functionally Graded Material (FGM), and

non-graded material.

3.1.1 Input Data
In the beginning of any numerical program, a definition data of the structural problem must
defined. The geometry, mechanical property, boundary condition, and load are defined in

matrix formula.

The geometry definition is done by:
e Defining the (x,y) for every node of the body.
e Determining the nodes of every element.

And after that, boundary conditions must announce to know the degree of freedom of the
problem. The mechanicals property is given for every material of the problem. It consists
the Modulus of elasticity E, Poisson's ratio v. Also, the loading type, magnitude, and

location are defined. Finally, the weight of Gauss quadrature is announced.

3.1.2 Compute Local Stiffness Matrix and Local Load Vector for Elements
This part of program is evaluated the stiffness matrix for each element Figure 3.2. It

computes at each GAUSS points (s, t):

. . . .. ON 0N
e The shape functions N and their derivatives

ptie [22].

e Jacobian matrix [J].
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¢ Element matrix [B].
e Material matrix [D], for non-FGM or FGM.
e Local stiffness matrix [k].

e Local vector load [f]. A subroutine program is created to evaluate line distributed

load.

Input data
Define the geometry, material property ,boundary

condition, and load

Compute stiffness matrix [K], and load vector [F] for elements

Solve and produce
displacements

Evaluate stress and
strain

Figure 3.1 Flowchart of the FE-code.
The FE-code contains many subroutine programs (functions) to control every problem and

gives the developer more efficiency to use it.
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Figure 3.2 Flowchart of computing local stiffness matrix [k], and local load vector [f] for
elements
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As seen in Figure 3.2, this part of code deals with the calculating of local stiffness matrix

[k], and local load vector [f] for every elements of continuum.

3.1.3 Global Stiffness Matrix [K], and Global Load Vector [F]
Here a programming steps are done to distribute the local [k], [f] into their global locations

in global [K], [F]. After that assembling, the boundary conditions are added to the global
[K], [F].

Finally, program solves and produces displacements and then evaluates stress and strain.

3.2 Important Subroutine
3.2.1 Line Distributed Load
In this loading case, a special subroutine program is built to compute load at every node

subjected to traction load.

Figure 3.3 shows a flowchart of compute local load vector [f] for elements subjected to

traction load.
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Figure 3.3 Flowchart of computing global load vector [F] from line load.
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This part of code deals with line load. It calls the nodes which under the line load and by

determining the face of loading for every node it calculates the local load vector [f].

3.2.2 Material Matrix [D] for FGM

This matrix depends on material type. For FGM, [D] is computed as shown in the

flowchart of Figure 3.4.

Define the volume fractions of the two materials

Evaluate the E., v,

Compute material matrix [D]

Figure 3.4 Computing material matrix [D]for FGM

Here, material matrix [D] is calculated after defining of material index which indicates the

material variation profile along the thickness of FGM.
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CHAPTER 4

NUMERICAL PROBLEMS

Three groups of plane stress problems will be solved within the FE-code. The first group
includes two problems of patch tests, which are considered for verification of the FE-code

with their results. Exact and numerical results about patch tests are given in literature.

The second group covers two problems. One is about deformed beam with concentrated
load and the other is a retaining wall with a triangular distributed pressure load. This group

will be solved also by the ABAQUS program to make results comparison.

The third group deals with main structural problems of this study, which is related with
Functionally Graded Material (FGM). First problem of this group is a retaining wall and

the second is an embedded water tank.
Therefore the groups could be classified into:
e Patch test group.
e ABAQUS program group.

e Functionally Graded Material (FGM) group.
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4.1 Patch Test Group

These problems are considered as a plane stress problems. Here, exact and numerical

results for specific points are given in literature [23].

4.1.1 First Patch Test

In this problem a linear material is involved with a modulus of elasticity, E, of 1500 unit;
Poisson ratio, v, of 0.25 unit; thickness, h, of 1 unit. Its mesh structure is demonstrated in
Figure 4.1. The deformed shape is shown in Figure 4.2. Exact and numerical results for

displacements of point A and stress of point B seen in Figure 4.2 are given in literature

[23].

Y
A 2 2 1 1 4
| | | |
| | | |
o 1000
O —
E=1500
v=0.25
(Unitless problem)
2
1000
11 2 3 3 X

Figure 4.1 Geometry, load pattern, and mesh of Patch problem [23].
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Scale=1/200

(With 4-noded element)

L

Figure 4.2 The deformed shape of Patch problem.

1.5

0.5

Comparisons of displacement and stress results for 4-noded; 8-noded; 17-noded elements
with the exact results are given in Table 4.1 and Table 4.2, respectively. Moreover,
numerical results for 4-noded element given in literature are included in Table 4.1 and

Table 4.2.

Table 4.1 Comparisons of displacement results for 4-noded; 8-noded; 17-noded elements
with the results given in literature [23].

Dol The exact | Numerical Number
isplacement value in of
value -
literature FE-code | Element type Gauss
[23] [23] points
45.65 4-noded 5
element
Displacement 8-noded
of point A in 100.00 45.70 99.70 clement 3
direction of Y
9978 17-noded 5
element
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Table 4.2 Comparisons of stress results in horizontal direction for 4-noded; 8-noded; 17-

noded elements with the results given in literature [23].

St The exact Numerical Number
ress ;
value yalue in FE-code Element of
literature type Gauss
[23] [23] points
176163 | ‘moded 2
element
Stress of point 8-noded
B in direction -3000.00 -1761.00 ~2983.46 element 3
of X
312255 | L7-noded 5
element

As seen in Table 4.1, approximately 46% of the exact result and approximately 100% of
the numerical result are reached by 4-noded element in displacement field. The poor
performance is expected because of no improvement in this element, 8-noded and 17-
noded elements give approximately 99% of the exact result. This achievement results from

interpolation qualities of the elements.

As seen in Table 4.2, 4-noded element achieves approximately 58% of the exact result and
approximately 100% of the numerical result in stress field. While 8-noded gives
approximately 100% of the exact result, 17-noded element reaches stress result a little

greater than 100% of the exact result.
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4.1.2 Second Patch Test

This problem was the same geometry and material property with previous patch test
problem, but different load pattern as demonstrated in Figure 4.3. The deformed shape is
shown in Figure 4.4. Exact and numerical results for displacement of point A and stress of

point B seen in Figure 4.4 are given in literature [23].

Y
7\ 2 | 2 | 1 | 1 | 4
| | | | 150
@
E=1500
v=0.25
2 (Unitless problem)
TISO
— ; o—>
X
IR 2 | .3 |
| ! | | | |
Figure 4.3 Geometry, load pattern, and mesh of Patch problem [23].
2.5

Scale=1/200

0.5

0 i 5 : a 10

Figure 4.4 The deformed shape of Patch problem.

40



Comparisons of displacement and stress results for 4-noded; 8-noded; 17-noded elements
with the exact results are given in Table 4.3 and Table 4.4, respectively. Moreover,
numerical results for 4-noded element given in literature are included in Table 4.3 and
Table 4.4.

Table 4.3 Comparisons of displacement results for 4-noded; 8-noded; 17-noded elements
with the results given in literature [23].

Numerical
Displacement The exact value in Number
value literature FE-code | Element type | of gauss
[23] [23] pOiIltS
4-noded
50.96 element 2
Dot | 102600 | 070 |jouze | Breded |
direction of Y
17-noded
102.25 element 5

Table 4.4 Comparisons of stress results in horizontal direction for 4-noded; 8-noded; 17-
noded elements with results given in literature [23].

The exact Numerical
Stress value value in Element Number
. FE-code of gauss
literature type A
[23] [23] points
244782 | Amnoded 2
element
Stress of point _4060.21 8-noded 3
B in direction -4050.00 -2448.00 element
of X
_4266.38 17-noded 5
element

As seen in Table 4.3, approximately 49% of the exact result and approximately 98% of the

numerical result are reached by 4-noded element in displacement field. 8-noded and 17-

noded elements give approximately 99% and 100% of the exact result, respectively.
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As seen in Table 4.4, 4-noded element fulfils approximately 60% of the exact result and
approximately 100% of the numerical result in stress field. While 8-noded element gives
approximately 100% of the exact result, 17-noded element carries out stress result a little

greater than 100% of the exact result.

In both of the patch tests, 4-noded, 8-noded, and 17-noded elements make widely known

similar behavior in displacement field and stress field, respectively.
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4.2 ABAQUS Program Group
These two problems will be solved by the ABAQUS program also to make results

comparison.

4.2.1 A Retaining Wall

A concrete retaining wall is considered as a plane stress problem and it is supposed to a
pressure. Modulus of elasticity of concrete, E, is 2.0x107 kN/m2; Poisson ratio, v, is 0.3;
thickness, h, is 1m. Load pattern acts as a triangular distributed load of P=y,.h (yy =1.0

kN/m3) behind the retaining wall. Moreover, mesh structure and dimensions are seen in

Figure 4.5.

(a) (b)

Figure 4.5 a) Mesh structure of retaining wall within ABAQUS, and b) Mesh, load pattern,
and geometry of the FE-code (all dimensions in meters).

When using 4-noded element, the deformed shape is shown in Figure 4.6. Here the
comparison of results within the ABAQUS and the FE-code is given in Table 4.5.
Displacement results are given for point 1, 2, and 3 and stress results are observed for point

A, B, and C, which are seen in Figure 4.6 b.
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(a) (b)

Figure 4.6 The deformed shapes for the retaining wall within a) ABAQUS and b) The FE-
code.

Table 4.5 Comparison of results of the FE-code for retaining wall with non- FGM and

ABAQUS.

" Displacement in
.S |horizontal direction, m Stress in horizontal direction, kN/m?
S

2 2 (x10%)

) 7))

~— 72}

- =

E | § A B C

E | =

= 5 1 2 3 - v » - v » - w W
:
S ET|38 | EE |88 |EE |8
z = = =

-1.20 22.40

o)
o
o
S
1
o
o0
S
(O8]
e
3
S

2 | -17.00 |-10.00| -4.00 -22.60

3 | -19.00 |-12.00| -4.00 | -42.80 | -23.40 1.00 -0.50 | 41.50 | 21.60

8-noded (4-noded
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Table 4.5 Comparison of results of the FE-code for retaining wall with non- FGM and
ABAQUS (cont’d)

Displacement in

0N
% horizontal direction, m Stress in horizontal direction, KN/m>

2 9 (x10%)

> )]

~— 17/]

= z

5 ) A B C

=) o

2 =}

= 5 1 2 3 - w w - v »m - w ®
5 EE| S8 |ES| 88|58 |3 ¢
Z E = E = E =

T

2 5 | -20.00 [-12.00| -5.00 | -67.50 | -23.10 | -1.50 -0.70 | 67.50 | 21.20

=

=

—

=

3 ————— -22.00 |-13.00| -6.00 -17.20 -1.30 15.00

=

<«

As seen in Table 4.5, 70-80 % of displacements in ABAQUS are reached by 4-noded
element, while 8-noded and 17-noded elements give 80-90 % of displacement in
ABAQUS. Moreover, Table 4.5 shows that stresses in horizontal direction keep developing

as expected on the element nodes.

Here, stresses are evaluated in just on the element nodes. This evaluation approach of
stress results in the stress concentration in point A and point C where geometry of the
problem dramatically changes. However, when gauss points instead of the element nodes

in the evaluation of stress are used, the stress results are getting converged as in Table 4.5.
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Figure 4.7 Displacement results for the retaining wall.
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60.0
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20.0 <
= <= 4-node §
«e®-- 8-node 0.0 a;
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== A= 17-node 200 &
=== ABAQUS
-40.0
-60.0
-80.0
Points

Figure 4.8 Stress results in horizontal direction for the retaining wall.
As seen in Figure 4.7 and Figure 4.8, a higher order element effect on the results of
displacements and stresses is clearly seen, respectively. Displacement results of 8-, 17-
noded element are so similar, and they have a similar tendency within ABAQUS results in
Figure 4.7. Slope of stresses from point A to point C keeps increasing while the number of
nodes within quadrilateral elements increases in the FE-code. By the way, the slope of

stress for ABAQUS seems less than the slopes for FE-code.
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4.2.2 A Deformed Steel Beam

A deformed steel beam is considered as a plane stress problem. Its length, L=400 cm.
Modulus of elasticity of steel, E, is 210 GPa; Poisson ratio, v, is 0.03; with the dimensions
appears in Figure 4.9, it is fixed at 1 m in each side where there is a fixed connection with
a column, and it is forced by two concentrated load of 1.5x104 kg inclined with 74.36° at
the points which appear in Figure 4.10, to get it back to its original shape (move the upper

flange 2.0 cm in horizontal direction).

dimensions

in
centimetres

Figure 4.9 The deformed steel beam section.
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Figure 4.10 The supporting and loading points of the deformed steel beam.

The deformed shape of beam is shown within ABAQUS and with 4-noded element in the
FE-code.

oo . A
o ; ke
0+
E| L
0} _
1t ] With 4noded
element
3] b
e T N R L ] |[| r
— : -
B% L w B 0 % ¥ 0 &
(a) (b)

Figure 4.11 The deformed shapes for the beam within a) ABAQUS and b) The FE-code.

ABAQUS gives -2.09 cm of displacement, while the FE-code with 4-noded element

achieves -1.908 cm of displacement.
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This deformed beam has been examined in Laboratory of Structure Design in Civil
Engineering Department in Yildiz Technical University. A 2.0 cm of displacement at the
level of upper flange in horizontal direction is measured to fix the beam. Therefore, the 4-

noded element achieves with 4.6% difference while ABAQUS is got with 4.5% difference.
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4.3 Functionally Graded Material (FGM) group.
The main problems of this study which deal with FGM. In the analysis of these structural

problems, it is assumed that wall material is FGM just in horizontal direction.

4.3.1 A Retaining Wall with FGM

A retaining wall material of which is Functionally Graded Material (stone and mortar in
the upper part with concrete base) is considered as a plane stress problem. It is supposed to
soil pressure and is shown in Figure 4.12. Its thickness, h is 1m. A triangular distributed
load of P=ys.h (ys =1.8 kN/m3) acts behind the retaining wall, mesh structure and the

dimension are given in Figure 4.13.

Material properties
+» Concrete:Modulus of elasticity,
E, is 2.5 x10°kN /m’
% Stone : Modulus of elasticity,
E, is 3.5x10°kN /m’
+» Mortar : Modulus of elasticity,
E, is 2.0x10°kN /m’

And Poisson ratio, v, is 0.2 for all
materials.

(All dimensions in meters).
1 Concrete

Figure 4.12 Load pattern, geometry, and material property of the retaining wall with FGM.
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All
dimensions in
meters

Figure 4.13 Mesh structure of the retaining wall with FGM.
The results of selected points shown in Figure 4.13 are given in the Table 4.6 and the

deformed shape is shown in Figure 4.14.

12

Scale=1/1000

10

With 4-noded
element

<

Figure 4.14 The deformed shape of retaining wall with FGM for 4-noded element
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Table 4.6 Displacement and stress results in horizontal direction of retaining wall with

FGM.
Displacement in horizontal
] ] 5 Stress in horizontal direction, KN/m*
direction, m (x10™)
|72
~—
=
x )
= <9
I ” A B C
-
5 =
£ oh @ » n
= | ® 2 s 2 s 2 |
= = 1 2 3 S = 3 = 3 =
: o : o p— : -
= - S - ) - )
£ S e g > | § | 2
4 = 3 = Z = Z
= s 2 < & <
= &} = &} = &}
T
o o o o~ a N
ER IR - - O - - T I S - B R
s ;
+ 3 = T T | @ < N B
= o o <+
—
S | . S = S - = X = | = | 3
: o0 o~ N e =3 5 < v
% o i ' 5o F N T | & | @
T
= o o A o0 <t
S S S S R (S & a N >
Q hk R = ~ IS = = S ® v
L aQ in ! — ~ < T — o

As appears in Table 4.6, results of displacements are seen more close as the number of
nodes within quadrilateral elements increases. However, results of stresses keep on
developing when the number of nodes within quadrilateral elements increases. Stresses are

evaluated in the element nodes and gauss points as seen in Table 4.6.

The results of displacements and stresses for the selected points given in Figure 4.13 are

drawn in Figure 4.15 and Figure 4.16, respectively.
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Figure 4.15 Displacement results for the retaining wall with FGM
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Figure 4.16 Stress results in horizontal direction for the retaining wall with FGM.

As seen in Figure 4.15 displacement results of the elements are so near. However, as seen
in Figure 4.16 stress results keep developing when nodes within quadrilateral elements

increase. It is expected that the stresses developed because these points are forced to

tension stress in point C and compression stress in point A.
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4.3.2 An Embedded Water Tank with FGM

An embedded water tank represents an axially symmetric 3D system, reduced to 2D
system. It is considered as a plane stress problem. The tank is made from concrete which
modulus of elasticity, E, is 3.0x106 kN/m2, and Poisson ratio, v, is 0.2. The functionally
graded soil surrounds the tank, where there is a mixture of sand (Modulus of elasticity, E,
is 2.0x104 kN/m2, and Poisson ratio, v, is 0.2) and clay (Modulus of elasticity, E, is 4590
kN/m2, and Poisson ratio, v, is 0.35). Material index (n) which indicates the material
variation profile along the thickness of FGM, is taken as 5. The water density, Yw is 1

kN/m3. Structure dimensions are demonstrated in Figure 4.17.

Material properties

FGM % Concrete: Modulus of elasticity,
E, is 3.0x10° kN/m’ Poisson ratio,
v, 1s 0.2.
—> + Sand:
Modulus of elasticity, E, is
2.0x10* kN/m’, and Poisson
ratio, v, is 0.2
< Clay:
Modulus of elasticity, E, is 4590
—> kN/m?, and Poisson ratio, v, is
w 0.0.35

15.0

Soil

Concrete
Sand
Clay

0.6 10.0

Figure 4.17 Structure dimensions for an embedded water tank

Displacement results are given for point 1, 2,3 and 4 which are seen in Figure (4.18).
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Figure 4.18 Mesh structure of an embedded water tank

When using 4-noded element, the deformed shape is shown in Figure 4.19.
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Figure 4.19 The deformed shapes for the embedded water tank

The results of selected points are shown in Figure 4.18 are given in the Table 4.7.
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Table 4.7 Displacement and stress results of the embedded water tank.

Displacement in horizontal
. . 5 Stress in horizontal direction, kN/m?
& direction, m (x107)
=
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As seen in Table 4.7, the range of difference is 4.0 % between 8-, and 17- noded elements.
Moreover, 4-noded element gives less result of displacement than the results of the other

elements.

Stresses decreases from point 1 to point 4 as expected. Moreover, results of stresses almost
decrease when the number of node within quadrilateral elements increases. Stresses are

evaluated in the element nodes and gauss points as seen in Table 4.7.

The results of displacements and stresses for the selected points given in Figure 4.18 are

drawn in Figure 4.20 and Figure 4.21, respectively.
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Figure 4.20 Displacement results for the embedded water tank.
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Figure 4.21 Stress results in horizontal direction for the embedded water tank
As seen in Figure 4.20 displacement results of the elements are so near. However, as seen

in Figure 4.21 stress results keep developing when nodes within quadrilateral elements

increase.
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CHAPTER 5

CONCLUSION

This study was motivated to develop a finite element code, with high accuracy, by using

higher order elements. The developed FE-code had the ability of dealing with Functionally
Graded Materials (FGM).

The FE-code consisted of a 4-, 8-, and 17-noded quadrilateral finite elements. In order to

get a more complete view, numerical results were achieved and verified for different

problems to show accuracy and reliability of the FE-code. The given results in literature as

exact and numerical values of some problems and results obtained within ABAQUS were

used to compare results.

The following points are highlighted:

The developed FE-code with 4-, 8-, and 17-noded elements satisfies patch tests.

The FE-code gave acceptable displacement and stress results when they are

compared with results of ABAQUS.

The FE-code was applied to different field problems such as retaining wall, a

deformed steel beam, and water embedded tank problems.

Displacement and stress results are getting converged while the number of nodes

within quadrilateral elements increases in the FE-code.

The FE-code was successfully implemented on Functionally Graded Material

problems. Moreover converged displacement and stress results were obtained.
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Future study may insert an ability to deal with the Functionally Graded Material
(FGM) gradients of which are in 2D or 3D.

Different type of interpolation function can be adapted to the FE-code to increase

accuracy of the results.
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