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ABSTRACT

MAC WILLIAMS IDENTITY OF COMPLETE M-SPOTTY
ROSENBLOOM STFASMAN WEIGHT ENUMERATORS

Taritk ARABACI

Department of Mathematics
MSc. Thesis

Advisor: Assoc. Prof. Emre KOLOTOGLU

Information transfer is usually done on bit sequences via electronic channels. Errors
occur due to various reasons during transmission of information. These errors may
result in misunderstandings or noise in the communication. They are detected and
corrected by using error correction codes which are attached to the communication
system. Mathematics plays an important role for designing codes and comparing them

by considering their efficiency.

Error detection and correction capability of a code depends on the minimum distance of
that code. Minimum distance is equal to the minimum weight in a linear code. For this
and a number of other criteria for comparing codes, weight distributions of the codes are
remarkable. Polynomials called weight enumerators are used for expressing the weight

distribution of a code briefly.

Dual of a code is determined by the inner product defined in the space where codewords
live. Weights and weight enumerators are determined by the inner product defined in
that space. Some weight enumerators and inner products are so closely matched that
there is an identity between the weight enumerator of any code that can be generated in
that space and the weight counter of the dual of that code. It is much easier and quicker

iX



to calculate the weight enumerator of the small dual code than to calculate the weight
enumerator of a large code. In such a case, smaller one is chosen between a code and its
dual to calculate its weight enumerator. Then weight enumerator of larger code is

produced by using that identity.

An identity between the weight enumerators of the codes and their duals was first
established by Jessie Mac Williams using the classical vectorial inner product of
Euclidean space and Hamming metric. Similar identities have been established for
different metrics and inner products in subsequent years. These identities are called Mac

Williams identities in memory of Jessie Mac Williams.

There are several weight enumerators used in coding theory for different uses. While
the Hamming metric and derived weight enumerators focus on the number of the
errors/nonzero symbols in the vectors, the Rosenbloom-Tsfasman metric and derived
weight enumerators deal with the position of that errors/nonzero symbols. Whereas both
of them take codewords as a single unit and define the distance between them, m-spotty
type of weight enumerators divide the codewords into pieces. These m-spotty type
weight enumerators also have different types according to block contributions of the
pieces. Weight enumerators that maintain the information about the weight contribution
of pieces are called "complete” and can only be expressed by multivariable
polynomials. In this study, Mac Williams identity will be established for complete m-

spotty Rosenbloom-Tsfasman (CmRT) weight enumerators.

Key words: Weight enumerators of linear codes, Mac Williams identity, Rosenbloom-

Tsfasman metric, m-spotty weight enumerators, complete weight enumerators

YILDIZ TECHNICAL UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES



OZET

TAM COKBENEKLI ROSENBLOOM-TSFASMAN AGIRLIK
SAYACLARI iCIN MAC WILLIAMS OZDESLIGI

Taritk ARABACI

Matematik Anabilim Dali
Yiiksek Lisans Tezi

Tez Danismani: Dog. Dr. Emre KOLOTOGLU

Elektronik yontemlerle yapilan bilgi aktarimi genelde bit dizileri iizerinden
yapilmaktadir. Bilgi aktarimi sirasinda cesitli sebeplerle bu diziler iizerinde bozulmalar
olabilmektedir. Bu bozulmalar bazen yanlis anlagilmaya bazen ise iletisimde giiriiltiiye
sebep olmaktadir. Bit dizilerinde olusan hatalar iletisim sistemine eklenen hata diizelten
kodlardan yararlanilarak diizeltilmektedir. Bu kodlarin en verimli olacak sekilde dizayn
edilmesinde ve kodlarin yarar-maliyet agisindan ihtiyaca gore kiyaslanmasini

saglayabilecek kriterler belirlenmesinde matematik devreye girmektedir.

Bir blok kodun sistemde meydana gelebilecek hatalarin kodlama ve dekodlama
sayesinde ne kadarinmi farkedip, ne kadarini diizeltebilecegi tamamen o kodun i¢indeki
kodsozlerin minimum uzakligina baglidir. Minimum uzaklik da bir lineer kodda en
kiigiik agirlikli kods6ziin agirligina esittir. Bu ve bir takim baska karsilastirmalar icin bir
kod icindeki kodsozlerin agirlik dagilimlart dikkate degerdir. Bir kodun agirlik
dagilimm kisa ve 0z bir sekilde gostermek i¢in agirlik sayact denen polinomlar

kullanilir.

Bir kodun agirlik sayact olusturulurken koddaki tiim kodsozlerin agirliklar1 hesaplanip,
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tasnif edilir. Cok sayida kodsoz igeren kodlar i¢in bu zahmetli bir istir. Ancak bir
koddaki kodsoz sayisi, o kodun dual kodundaki kodsozlerin sayisiyla ters orantilidir.
Yani ¢ok biiyiik kodlarin dualleri ¢ok kiigiiktiir. Agirlik sayacim1 hesaplamanin ¢ok
zahmetli olacagi bir kodun dualinin agirlik sayaci ¢ok daha kolay ve hizli bir sekilde

hesaplanabilir.

Bir kodun dualinin ne oldugu o kodun i¢inde yasadig1 uzayda tanimlanmis i¢ carpima
gore belirlenir. Agirliklar ve agirlik sayaglar1 da yine o uzayda tanimlanan metrige gore
degisir. Baz1 agirlik sayaglar1 ve i¢ carpimlar birbirleriyle o kadar uyumludur ki o
uzayda tretilebilen herhangi bir kodun agirlik sayaci ile o kodun dualinin agirlik sayaci
arasinda bir 6zdeslik vardir. Boyle bir durumda kod ve dual kod ikilisinden kiigiik
olanin agirlik sayaci olusturulduktan sonra 6zdeslikten yararlanilarak biiyiik olan kodun

agirlik sayaci hesaplanabilir.

Kodlar ve duallerinin agirlik sayaglari arasindaki bir 6zdeslik ilk olarak Hamming
metrikte klasik Oklid uzaymin vektdrel i¢ carpimi kullanilarak Jessie Mac Williams
tarafindan bulunmustur. Sonraki yillarda farkli metrik ve i¢ ¢arpimlar icin de benzer
0zdeslikler tanimlanmistir. Bu 6zdeslikler Jessie Mac Williams'in anisina Mac Williams

0zdeslikleri olarak adlandirilir.

Kodlama teorisi icerisinde kullanilan c¢esitli agirlik sayaclari vardir. Hamming metrigi
ve ondan gelistirilmis metrikler hata vektoriindeki hatalarin  adedi {izerine
odaklanmisken, Rosenbloom-Tsfasman metrigi ve ondan gelistirilmis metrikler
hatalarin pozisyonu ile ilgilenir. Vektorleri tek parga olarak ele alip aralarinda uzaklik
tanimlayan bu metriklerden, vektorleri parcalara ayirarak hatalar1 analiz eden agirlik
sayaglar1 da gelistirilmistir. Bu agirlik sayaclar1 onlerine "gokbenekli" onadi alirlar.
Cokbenekli tipteki agirlik sayaglarinin da pargaciklarin sayaca katkisini 6nemseyen ve
onemsemeyen farkli tipleri vardir. Pargaciklarin katkisini Onemsemeyen agirlik
sayaglar1 genelde tek degiskenli polinomlardir. Pargaciklarin katkisiyla ilgili bilgileri de
koruyan sayaclar ise ancak ¢ok degiskenli polinomlarla ifade edilebilir. Pargaciklarin

katkisiyla ilgili detayr da géz 6niinde bulunduran bu sayaclar "tam" 6nad alirlar.

Her metrik ve agirlik sayact Mac Williams 6zdesligi kurmaya uygun degildir. Hamming
ve Rosenbloom-Tsfasman metrikleri iizerinde uygun i¢ carpimlar altinda MacWilliams
0zdeslikleri bilinmektedir. Cokbenekli Hamming metrigi ile yapilan sayaclarda ayni

agirhik sayacina sahip kodlarin olusturduklari denklik simiflarinin dagilimi yiiziinden
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hicbir i¢ carpim altinda tiim kodlar icin gecerli olabilecek bir Mac Williams 6zdesligi
kurulamaz. Ancak tam c¢okbenekli Hamming sayaglari icin bdyle bir 6zdeslik
kurulmustur. Bundan yararlanarak Rosenbloom-Tsfasman metriginin ¢okbenekli
gelistirmesi i¢in de Ozdeslik kurulmustur. Bu c¢alismada ise tam ¢okbenekli

Rosenbloom-Tsfasman agirlik sayaglari igin Mac Williams 6zdesligi kurulmaktadir.

Anahtar Kelimeler: Lineer kodlarin agirlik sayaclari, Mac Williams 6zdesligi,

Rosenbloom-Tsfasman metrigi, ¢okbenekli agirlik sayaglari, tam agirlik sayaglari

YILDIZ TEKNIiK UNiVERSITESI FEN BILIMLERI ENSTITUSU
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CHAPTER 1

INTRODUCTION

1.1 Literature Review

An identity between the weight enumerators of the codes and their duals was first
established by Jessie Mac Williams [1] using the classical vectoral inner product of
Euclidean space and Hamming metric. Similar identities have been established for
different metrics and inner products in subsequent years. These identities are called Mac
Williams identities in memory of Jessie Mac Williams.

There are several weight enumerators used in coding theory for different uses. While
the Hamming metric and derived weight enumerators focus on the number of the
errors/nonzero symbols in the vectors, the Rosenbloom-Tsfasman metric and derived
weight enumerators deal with the position of that errors/nonzero symbols. Whereas both
of them take codewords as a single unit and define the distance between them, m-spotty
type of weight enumerators divide the codewords into pieces. These m-spotty types
weight enumerators also have different types according to preserving information about
the pieces. Weight enumerators that maintain the information about the pieces are called
"complete™ and can only be expressed by multivariable polynomials.

Relation between weight distribution of linear codes and their dual codes was first
discovered and Mac Williams identity for Hamming weight enumerator was established
in [1]. After further researches in Coding Theory such as m-spotty byte errors, other
metrics and weight enumerators are developed. Mac Williams identity for m-spotty
Hamming weight enumerators could not be established directly but adapted to complete
m-spotty Hamming weight enumerator and Mac Williams identity for complete m-

spotty Hamming weight enumerator was established in [2]. In Rosenbloom Tsfasman



type metrics Mac Williams identity of m-spotty RT weight enumerator was established
similarly in [3].

1.2 Objective of the Thesis

In order to create a weight enumerator of a code, weights of all codewords in that code
need to be calculated and classified. This is a laborious activity for codes containing a
large number of codewords. However, the number of codewords in a code is inversely
proportional to the number of codewords in its dual code. So, the very large codes have
very small dual codes. It is much easier and quicker to calculate the weight enumerator

of the small dual code than to calculate the weight enumerator of a large code.

Weight enumerators that preserve the weight information about pieces are called
"complete™ and can only be expressed by multivariable polynomials. Complete m-
spotty Rosenbloom-Tsfasman (CmRT) weight enumerators give more information
about weight types of codewords than m-spotty Rosenbloom-Tsfasman weight
enumerators. In this study, Mac Williams identity will be adapted for complete m-spotty

Rosenbloom-Tsfasman weight enumerators.

1.3 Hypothesis

Aim of this study is to establish a Mac Williams identity between binary linear codes
for complete m-spotty Rosenbloom-Tsfasman weight. We claim that CmRT weight
enumerator of a code Cis related to CmRT weight enumerator of its dual code. To find
the CmRT weight enumerator of the dual code, we suggest calculating CmRT weight
enumerator of Cwith special combination of variables. CmRT weight enumerator of €
with special combination of variables will be |C| multiple of CmRT weight enumerator

of the dual code.



CHAPTER 2

DEFINITIONS

Let F,:={0,1} be the field of two elements with usual operations + and x modulo 2.

FY = F,xF,x...xF, (Cartesian product of N times F,) is a vector space over F,. In
general, any element of FY is represented by an N-tuple: (x;, x,..., xy) Where x; € F,,
but in Coding Theory we use this notation without comma or parenthesis. That is,

instead of (xq, x5,..., Xy) We write x;x,...xy.

Any subset €< FY, is called a (binary) code. Any element u € Cis called a codeword.
When a code €< FY is also a vector space, we say that Cis a linear code. In that case
number of codewords in € must be a power of 2=|F,| i.e. |C|=2F for some integer k.

That integer k is called the dimension of the code C.

2.1 Distance and Weight Types

The concepts of metrics and norms in linear algebra correspond to the concepts of

distances and weights in Coding Theory.

Definition 2.1 For each pair of codewords Hamming distance indicates the number of
positions where they differ. Let u;, v; € F, for 1 <i <N and u = u u,...uy, v =

VV,...v0y € C S FV.

dy:CxC >N andwty:C >N are defined as dy(u,v):=|{i|u; # v;}| and
wty(w) = dy(u,0) = [{i|u; # 0}].

Example 2.1 Let’s take two codewords of FP: 111101 and 100001.

They have same value at their 1%, the 5" and the last positions.
So dy (111101, 100001) = [{2, 3, 4}/ = 3.

Also wty; (111101) = 5 and wt,; (100001) = 2.



Another distance operation on binary codes is RT metric which is introduced by
Rosenbloom and Tsfasman [4]. It gives the rightmost position where given two vectors
have different values.

Definition 2.2Let u;, v; € F, for 1 <i<Nand u = uju,...uy, v = v10,...vy € C C
28

Then RT distance dgr : CXC — N and RT weight wtgy : € — N are defined as

. 0, ifu=v

drr(w,v) = {max{i| w # v}, ifu #v (2.1)
— _ 0, ifu=0

wigr(w) = dpr(u,0) = {max{il w %0}, ifu %0 (2.2)

Example 2.2 Let’s take two codewords of F as in Example 2.1: 111101 and 100001.
They have same the values at their the 1%, the 5" and the last positions.

SO dpp (111101, 100001) = max {2, 3, 4} = 4. Also wtpy (111101) = 6 and wtgy
(100001) = 6.

Let N=nb where n and b are integers and let u be a codeword of length N. Then we can

separate these codewords into n parts. We call those parts as blocks.

So, each block has length b. From now on u; denotes the i block of a given codeword

U. Sou = uju,...u, and w; = u;,...u;, and uy; € F, for1 <i<n,15<b.

b
Example 2.3 Let’s take two codewords of F as in Example 2.1:
u=111101 and v=100001.

Choose n=2 and b=3. That is, we separate our codewords into two blocks. Each block
has length 3.

uy =111 and u, = 101.
v, =100 and v, = 001.

Observe that the blocks of codewords of F) are the codewords of F2. So, Hamming
and RT metrics can also be defined on blocks. By using these facts for an integer t €
[1,b] m-spotty Hamming distance and similarly m-spotty RT distance for u, v € FY is
defined:

Definition 2.3 Let N=nb, ] <t<b forn, b, t€ N; u;, v; € F? for 1 <i<nand u =
Uly.. Uy, V = V1V,...0, € C S FY. Then m-spotty Hamming distance is defined as

4



Amp: CXC = N, dpy(u,v) =YL, [@] where u; and v; are the i** blocks of u

and v, respectively.

Definition 2.4 Let N=nb, ] <t<bforn, b, tE N; u;, v; € F? for 1 <i<nand u =
UglUy... Uy, UV =1V,...0, € C S FYN. Then m-spotty RT distance is defined as
Amrr: CXC > N, dppr(u, v) =21, [M] where u; and v; are the i blocks of
u and v, respectively.
M-spotty Hamming and m-spotty RT distances will determine m-spotty Hamming and
m-spotty RT weights:

dn(u;,
Wiy (1) = dy (u, 0) = T, [#C42] | 23)

d i
Wtmpr (W) = dgr(u,0) = iy [M] : (2.4)
Example 2.4 Let N=12, n=3, b=4, t=2 and u=010110101000, v=110111110111. So
wty(u) =5 and wty (v)= 10.

When dealing with m-spotty weights we see u as 3 blocks of each length 4. For
convenience, we can write the blocks of u separately: 0101 1010 1000, i.e. u, = 0101,
u, = 1010, u; = 1000.

Similarly, v=1101 1111 0111 i.e. v, = 1101, v, = 1111, v5 = 0111.

Let’s find m-spotty Hamming and RT distances between u and v.

dy(uyvy)
o (1, ) =55, |22

_'dH(utl,vl)] n [dH(utz,vz)] n [dH(l;3vv3)]

_dH(0101,1101)] + [dH(IOIO,llll)] + [dH(IOOO,Olll)
2 2 2

oo+

Since m-spotty Hamming distance will determine m-spotty Hamming weight, we can

also find m-spotty Hamming weight.

Wty (W=d (1, 0)=Y3_, [dH(?i:O)]z[WtH:u1)] n [tht(uz)] + [Wth(us)]



] [t oL ] 1 o

Similarly, wtyy (v)=dyy (v, 0)zzi3=1 [dH(:i;O)]:[Wth(U1)l N [Wth(Uz)] N [tht(v3)]

S e I

Next, we will calculate m-spotty RT distance between u and v:

d, e (W, v):zlg:l [dRT(zli,vi)]:[dRT(l:Lvl)] n [dRT(?Z,vz)] + [dRT(I:s,w)]

et anton]. oo 4. 45

Since m-spotty RT distance will determine m-spotty RT weight, we can also find m-

spotty RT weight.

Wemrr W)=dmer (1, 0)=Y3_, [dRT(tui,O)]:[WtRTt(ul)] " [thTt(uz)] 4 [th;(ug)]

:[thT(01201,0000)] N [thT(1021o,oooo)] + [thT(lozoo,oooo)]:E] + E] + [%]:5'

And  similarly,  Wtppr(V)=dprr(v,0)=X5, [dRT(tv"’O)]=[WtR:(v1)] + [th;('&)] +

[WtR];(U3)]:[WtRT(llzol,OOOO)] + [WtRT(llzll,OOOO)] + [WtRT(Olzll,OOOO)]:[gl + [g] + [3126

We can choose t any integer between 1 and b.

If we have chosen t=1, wt,,zr(u) would be || + % + % =8.
If we have chosen t=3, wt,,zr(u) would be |-| + % + § =4,
If we have chosen t=4, wt,,zr(u) would be |-| + % + i =3.

As we see in the above example, m-spotty distance or weights depend on the choice of
t.

2.2 Weight Enumerator Types

For decoding it is important to know the number of codewords of each weight a code
has. We can classify codes by using their weight distributions. We use polynomials to
describe weight distributions of codes. We will call these polynomials as weight

enumerators.



Generally, a weight enumerator of a code Cis a polynomial with nonnegative integer
coefficients that is related to weights of codewords of C. It gives information about
weight distribution of a code €. Of course, the definition of this polynomial depends on

the choice of weight.

There are different sorts of weight enumerators. We will give the definition of some of
them which measure the weights defined above in a linear code.

Definition 2.5 Hamming Weight Enumerator, Wy(C)(z), counts the number of
codewords of each weight with respect to Hamming distance. It is a one variable
polynomial such that coefficient of z' shows the number of codewords that has
Hamming weight i.

Wi (C)(2):=Nuec 2¥ ™. (2.5)
Example 2.5 Let €=(010111100001; 101010101010},

i.e. ¢ = {000000000000; 010111100001; 101010101010; 111101001011}. Then
wty(000000000000)=0, wty(010111100001)=6, wty(101010101010)=6,
wty(111101001011)=8.So Wy (C)(z) =2z° + z® + z° + z8 = 1 + 22° + 28

Now assume that we do not know anything about Cbut only its weight enumerator:
Wy(C)(z) = z° + 22° + z8. (2.6)
We can deduce from this polynomial those:

There is no codeword of weights 1, 2, 3, 4,50r7in C.

The least weighted nonzero codeword has weight 6 and there are two such codewords.
(Since Cis linear, this number (6) corresponds to the minimum distance of C. It gives
error detection and correction capacities of the code.) Remaining codeword's weight is
8.

Definition 2.6 RT Weight Enumerator, Wx(C)(z), counts the number of codewords of
each weight with respect to RT distance. It is a one variable polynomial such that

coefficients of z* shows the number of codewords that has RT weight i.

Wir (C)(2):=Eyec 22 RT . 2.7)

Example 2.6 Let Cbe a linear code as in Example 2.5.



wtpr(000000000000)=0, wtpr(010111100001)=12, wter(101010101010)=11,
Wtpr(111101001011)=12.

SO Wrr(C)(z) = 2% + 2™ + 212 + 212 = 1 + 211 + 2712
Definition 2.7 M-spotty Hamming weight enumerator, W,,,;(C)(z), counts the number
of codewords of each weight with respect to m-Spotty Hamming distance. It is a one
variable polynomial such that coefficient of z¢ shows the number of codewords that has
m-Spotty Hamming weight i.
Win(O)(2) = ZuECZthH(u)- (2.8)
Example 2.7 Let Cbe a linear code as in Example 2.5. Choose n=3, b=4 and t=2 as in
Example 2.4. Then,
_[o 0 0]_ 2 3
Wt (0000 0000 0000)=[3| + [3] +[3]F0,  wimn(0101 1110 0001)= 3] + 3| +
1]_ _I2 2 2]_ _[4
[5]_4, Wt (1010 1010 1010)_[5] + H + [5]_3, Wt (1111 0100 1011)_[5] +
1 3]_
21+ Bl
SOWmu(©)(@2)= 22 +23+2z* + 25 =1+23+ z* + 25
Definition 2.8 M-spotty RT weight enumerator, W,,zxr(C)(z), counts the number of
codewords of each weight with respect to m-Spotty RT distance. It is a one variable
polynomial such that coefficient of z' shows the number of codewords that has m-
Spotty RT weight i.
Wingr (O)(2) = Tyec zWimrr®, (2.9)
Example 2.8 Let Cbe the linear code in Example 2.5. Choose n=3, b=4 and t=2 as in
Example 2.4. Then,
_[o 0 0]_ T[4 3
WEngr (0000 0000 0000)=[3| + [3] + 3|70, wtumer(0101 1110 0001)= [3] + 3] +
4]_ _I3 3 3]_ _[4
H_G, Wt mpr(1010 1010 1010)_[5] + H + H—G, Wt mpr(1111 0100 1011)_[5] +
2 4]_
2+ 5l

SO W, zr(C)(z) = 20 + 26 + 26 + 2z° = 1 + 2> + 225,



Other types of weight enumerators are complete weight enumerators. They are
multivariable polynomials. Weight information of each block of codewords are stored

in different variables in these polynomials.

Definition 2.9 Complete m-Spotty Hamming Weight Enumerator, W, (C) (2, ..., Zp),
counts the number of codewords of each block-weight distribution type. It is a
multivariable polynomial such that powers of z; in each term shows the number of
blocks that has m-Spotty Hamming weight i. Coefficients of each term shows the

number of codewords in the block-weight distribution type corresponding to that term.

Wemn(C) (2o, ) Zp) = Yuec H?:o 7w (2.10)
where «, ; is the number of blocks in the codeword u € C that has Hamming weight i.

Example 2.9 Let Cbe the linear code as in Example 2.5. Choose n=3, b=4 and t=2 as in
Example 2.4. Let's start with u=0101 1110 0001 of €. Then u has 3 blocks.

wty(0101) = 2, wt,(1110) = 3, wt,(0001) = 1.

Since none of these 3 blocks has Hamming weight 0, «,, , = 0. There is only one block
of Hamming weight 1. So «,, ; = 1. Similarly, «, , =1 and «, 3 = 1. Since there is no
block of u of Hamming weight 4, o, , = 0. So, contribution of u=0101 1110 0001 to
complete m-spotty Hamming weight enumerator of Cis:

4
i=0Zi

Sui=zy w0z, Ut z, w2z u3z, Fus

=2y2,12,%2312,°

=Z1ZyZ3

Contribution of u=0000 0000 0000 to complete m-spotty Hamming weight enumerator

of Cis: [} 2<%t = 2y32,°2,°23°2,° =2,3.

Contribution of u=1010 1010 1010 to complete m-spotty Hamming weight enumerator

of Cis: [}z 5wt = 2y°2,°2,323%2,° =2z,3.

Contribution of u=1111 0100 1011 to complete m-spotty Hamming weight enumerator
of Cis: [1}.o 2wt = 2y°2,12,°251 2,1 =2, 232,.
Hence Wy (C) (20, 21, 22, 23, 24) = Yuec [lizo 2% = 20> + 212525 + 2,° + 21232,

Definition 2.10 Complete m-Spotty RT Weight Enumerator, We,,z(C) (2, ..., Zp),

counts the number of codewords of each block-weight distribution type. It is a

9



multivariable polynomial such that power of z; in each term shows the number of
blocks that has m-Spotty RT weight i and coefficients of each term shows the number of
codewords in the block-weight distribution type corresponding to that term.

Wemrr (C)(Zo, --v» 2p) = Tuec [17=g 2w (2.11)
where o, ; is the number of blocks in the codeword u € C that has RT weight i.

Example 2.10 Let Cbe the linear code as in Example 2.5. Choose n=3, b=4 and t=2 as
in Example 2.4. Let's start with u=0101 1110 0001 of Cagain. Then u has 3 blocks.

Since none of these 3 blocks has RT weight 0, o, , = 0. There is only one block of RT
weight 3. So o, 3 = 1. There are two blocks of RT weight 4. So «,, , = 2. But there is no

block of u of RT weight 1 or 2, so «,, ; = 0and «, , = 0.

So, contribution of u=0101 1110 0001 to complete m-spotty RT weight enumerator of €
is: [Tf g z;<wi =7y w0z, w1z, u2z,%u3 7z, “us = 7,07,07,02.17,2 =7,2,2.

Contribution of u=0000 0000 0000 to complete m-spotty RT weight enumerator of Cis:

4 oy; — . 3.,0,0,0,0_, 3
i=0Zi W' = Zg"Zy Zy Z3 Zy =Zg.

Contribution of u=1010 1010 1010 to complete m-spotty RT weight enumerator of Cis:

4 ®y; — ., 0,0, 0, 30—, 3
i=0Zi W = Zog Zy Zp Z37Zy =Z3".

Contribution of u=1111 0100 1011 to complete m-spotty RT weight enumerator of Cis:

¢ 025w = 7492,%2,12,°2,% =2,2,2. Hence,
_ 4 oy, 3 2 3 2
Wemrr (C) (20, 21, 22, 23, 24) = Yyec [li=0 2™ %1=20° + 2324° + 23° + 2,2,°. (2.12)

Complete m-spotty weight enumerators are homogeneous polynomials of degree n. For
homogeneous polynomials sum of the powers of the factors of each term is a constant.
This number is called the degree of that polynomial. This degree of given weight
enumerator gives us the number of blocks of codewords of its codes. Like the other

weight enumerators, sum of the coefficients gives the number of codewords in the code.

Example 2.11 Assume Wenmrr(C) (2o, 21, 22, 23)= zo% + 42,25 + 32,2 + 2,2, IS given
and we do not know another information about the code ¢ We can deduce some
information about € by going through weight enumerator of €. Sum of the coefficients

of this polynomial is 1+4+3+1=9. So, Chas 9 codewords. Degree of the polynomial is 2
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for each term. So, n=2 i.e. every codeword of C consists of 2 blocks. The polynomial
has 4 variables so that b=4-1=3 i.e. the length of every block is 3. Also, N=n-b=2-3=6
I.e. the length of each codeword is 6.

We can learn lots of things from this polynomial about the binary code C. We can say
that Cis a subset of F2. Chas 9 codewords. They were divided into two blocks. We can
classify these 9 codewords into 4 types. First type of codewords consists of two O-
weighted blocks. There is only one codeword of this type. Actually, this is the zero
vector. Every linear code must have the zero vector. This is not an unexpected
information. Another type of codewords consists of one 2-weighted and one 3-weighted
block. There are 4 codewords of this type. Another type of codewords consists of two 1-
weighted blocks. There are 3 codewords of this type. The last type of codewords in C
consists of one 1-weighted and one 2-weighted blocks. There is only 1 codeword of this
type. We know this information from the polynomial with no need of writing down all
the codewords or calculating their weights one by one.

Remark 2.1: Multivariable weight enumerators carry more information about codes.
Nevertheless, one variable weight enumerators may be preferred due to being simple
and easy to calculate. If someone prefers one variable, then complete m-spotty weight

enumerators can transform to m-spotty weight enumerators uniquely by replacing each

z; with zH at cost of sacrificing some detailed information about weight types of the
code. However, this process is not reversible. A one variable m-spotty weight

enumerator can correspond to various complete m-spotty weight enumerators.

Example 2.12 Let Cbe the linear code as in Example 2.5. Choose n=3, b=4 and t=2 as
in Example 2.4. We know We,,zr(C) (20, 21, 23, 23, 24)=20° + 2324% + 23> + z,2,° by

Example 2.10.

By letting z, = 1, z; = z, = z, z3 = z,=z2, we obtain 1 + z% + 2z°. This polynomial
corresponds to W,,zr(C)(z) = 1+ z>+ 2z°in Example 2.8. Now consider another
linear code C, =(010111100001; 101010111010) with complete m-spotty RT
weight enumerator zy3 + z3%z, + z3> + z,3. Although weight distributions of Cand C,
are different in complete sense, they turn into same one variable polynomial 1 + z° +

2z%. Therefore, reverse process is not well defined.
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Remark 2.2: Sharing weight enumerator of a code instead of all elements of that code
is useful and practical especially for large codes, but calculating a weight enumerator of

a large code directly is unpractical.

2.3 Inner Products

Since linear codes are linear spaces, we can define inner products on them. One of them

is defined classically:

Definition 2.11 For 1 <i < n and for u = uyu,...u,, v =v,v,...v, codewords of

same length n where u;, v; € F,, (u,v),: FJ'*XF}' = F, is defined as

(Wv)y =Y u; - v (2.13)
where u; - v; is multiplication of u; and v; in F,.

Example 2.13 For u=0101 and v=1110:

(Wv); =Yt u; v=0-1+1-140:-1+1-0=1inF,.

There are other inner products:

Definition 2.12 For 1 <i<n and for u = uyu,...u,, v = v,v,...v, codewords of the

same length n where u;, v; € F,, (, ), : F3*XF}' - F, is defined as

(Wv)y = X1 Ui Vny1g (2.14)
where u; - v; is multiplication of u; and v; in F,.

Example 2.14 For u=0101 and v=1110:

(UV)y = Xf Ui Vpy1—=0:-04+1:1+0-14+1-1=0inF,.

Definition 2.13 Let N=nb, forn, b€ N; u;, v; € F? for 1 <i<nand u = u u,...u,,

v =v,1,...0, €EFN,(, )3 : FNXFYN > F, is defined as
(W, v)3 =X 1(u,v); . (2.15)

Definition 2.14 Let N=nb, forn, b€ N; u;, v; € F? for 1 <i<nand u = uu,...u,,

v =1v.v,...0, € FN, (u,v), : FNXFYN > F, is defined as
(W, v)y = X {(u, V), . (2.16)

Example 2.15 For u=0101 1101 1100 and v=1110 0100 0110 in F}?, n=3, b=4;
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(u,v)s = Y3 u; - v; =(0101,1110); + (1101,0100), + (1100,0110),=1+1+1=1 in
F,.

(uv), =33 u; - v; =(0101,1110), + (1101,0100), + (1100,0110),=0+0+1=1 in
F,.

Definition 2.15 Let (, ) be an inner product and u, v € F}'. If (u,v)=0, we say u is

orthogonal to v under inner product (, ).

Let c< F) be a code. The orthogonal complement of € (or the dual of C) is the set of

all vectors in FY that are orthogonal to every codeword in C.
ct={veF)|vuecC (u,v)=0}. (2.17)

Example 2.16 Let C be the linear code in Example 2.5. Let u; = 000000000000,
u, = 010111100001, wu3; =101010101010, u, = 111101001011 and
C={u4, uy, us, us} =<u,, us>. Choose n=3, b=4 and t=2 as in Example 2.4. Use (u, v),

of Definition 2.14 for inner product. Obviously (u,, v),=0 VVEF;2.

If both (u,, v), = 0 and (uz,v), = 0, then (u,, v), = 0 V v € F}2. So, the dual of Cis

the set of all vectors in F32 that are orthogonal to both u, and us.

Consider v;=1111 1111 1100: (u,, v;),=(0101 1110 0001,1111 1111 1100),=0 i.e.
v, is orthogonal to u,. But (us, v,),=(101010101010,1111 1111 1100),=1. So
v, & Ct.

Consider v,=1011 1010 1001: (u,, v,),=(0101 1110 0001,1011 1010 1001),=0 i.e.
v, is orthogonal to wu,. Also (us v,),=(101010101010,1011 1010 1001),=0.
So v, is orthogonal to us, too. Hence v, is orthogonal to every codeword of Ci.e. v, €
ct.

All space, F;2 has 212=4096 vectors. Among them 21°=1024 vectors belong to C*.

Actually C+=<1000 0000 0010, 0100 0000 0001, 0010 0000 0010, 0001 0000 0001,
0000 1000 0011, 0000 0100 0001, 0000 0010 0011, 0000 0001 0000, OO0O 0000 1010,
0000 0000 0100>.

Recall Remark 2.2. There is a practical method of calculating weight enumerators of
large codes. If a code € has large number of codewords, then C* has small number of
codewords. So calculating weight enumerators of C* is easier. If we have an identity

between weight enumerators of a code and its dual, then by using this identity we can
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obtain weight enumerators of a large code € from weight enumerators of the small code
C* . If such an identity exists, then it is called Mac Williams identity named after Jessie
Mac Williams who has first discovered an identity between weight enumerators of a
code and its dual. In her identity Hamming weight enumerator in Definition 2.5 and
inner product (u,v); in Definition 2.11 are used [5]. Of course, existence and
formulation of this identity depends on both weight enumerator type and inner product
type.

We can consider MacWilliams identity as a function on a set of weight enumerators of
codes of FY. For N€ N, define:

Ann =Xy, s X)) € Z[x4, ..., xx]|there exists [N, Kk]code C such thatW (C) =
p(xy, ..., xx)} where a [N,K] code means a linear code of dimension k, with each
codeword of that code has length N.

Then Mac Williams identity becomes a function from Ay y  t0 Ay y y—r-
MWI: Ann e — Annv-k
MWI(W (C)) = W(C1)

This function is well-defined if and only if W(C;) = W(C,) implies W(C,") =
w(c,h).

Define a relation on [N, k] codes such that C; ~ C, & W(C;) = W(C,) . Then ~isan
equivalence relation on [N, K] codes and the equivalence classes partition [n, K] codes.
On the other hand, the duals of [N, k] codes are [N, N-k] codes and the set of [N, N-K]

codes has a partition like the set of [N, k] codes. Let denote equivalence class of Cby
[C]. Therefore, MWI is well defined if and only if MWI(W ([C])) = W ([CL]).

If W(C)=p and W(C+)=p’, then MWI(p)=p’. So we need the dual of each linear code in
[C] has weight enumerator p’. This means the dual of each linear code in [C] must be in
[C1]. Since every linear code has a unique dual code, this requires |[[C][<|[C].
Similarly [C*]i< [[(CH)*1I=ICT] - So I[CI=I[C]I.

The set Ay y x, equivalence classes ([C]) and so their sizes are determined by metrics.
However, duality bijection is determined by an inner product. Therefore, inner product

should be chosen so wisely that well definedness of MWI is satisfied. However,
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sometimes sizes of equivalence classes in [N, K] codes and [N, N-k] codes are

incompatible. In that case defining a “wise” inner product is impossible.

Example 2.17 For RT weight enumerator in Definition 2.6, Ayz, = {1+ z + 2z%,1 +
z+2z3, 1+2z?+2z3}. We can represent each equivalence class by unique

polynomial p € Ay y k. If W(C)=p we can notate [C] by [p]. We have 7 [3,2] codes.

[1+z+22%]|=1; |[1+z+223]|=2; |[ 1+ z? + 2z3]|=4. On the other hand,
Ans1={14+2z 1+2% 1+23}Yand [[1 + z]|=1; |[ 1+ 2%]1=2; |[ 1 + 23 ]|=4.

There is only one code in [1 + z + 2z2] and luckily, we have only one equivalence
class in [3, 1] codes: [1 + z]. We can check that [1 + z + 2z%]= { < 100, 010 > } and
[1+ z]={ <100 > }. So, we can define inner product such wise that < 100,010 >
1 =<100>. Butalso [1+ z + 2z3]= { <100, 001>, <100, 011> } and [1 + z%]={
<110>, <010>}. So, dual of <100, 001> must be either <110> or <101> and the other
one must be dual of <100, 011>. Similarly, duals of codes in [ 1 + z2 + 2z3] must be
in [ 1+ z3]. Although inner product (u,v), in Definition 2.11 does not satisfy these

correspondences, (u, v), in Definition 2.12 satisfies.

Example 2.18 For m-spotty RT weight enumerator in Definition 2.8, if we choose n=1,
b=3, t=2; then Ays, = {1+ 2z+ 22% 1+ 3z}. Its equivalence class’ sizes are |[1 +
z+ 2z%]| =6and |[1 + 3z]|=1.

However, Ays1 ={1+2z%1+ 2z} with equivalence class’ sizes|[1 + z?]| = 4 and
|[1+ z]|=3. The sizes of classes are incompatible. Thus, that classes cannot be
matched. So there is no way of finding an inner product that makes establishing a Mac

Williams identity possible.
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CHAPTER 3

LEMMA'’S AND THEOREMS

An identity between the weight enumerators of a code and its dual was first established
by Jessie Mac Williams using inner product defined in Definition 2.11 and Hamming

weight enumerator defined in Definition 2.5.

Theorem 3.1 [1] Let €< FY be a linear code, C* be the dual code of Cwith respect to
(, )1. Let 4;, B; denote the number of codewords of weight i in Cand C* respectively.

Then these quantities are related by the equation
im0 di(1+ Z)n_i (1- Z)i = |C| Xiso B;z". (3.2)

Similar identities have been established for different metrics and inner products in
subsequent years. These identities are called Mac Williams identities in memory of

Jessie Mac Williams.

Theorem 3.2 [6] Let C< FY be a linear code, N=nb, 1 <t<b, C* be the dual code of C
with respect to (, ); of Definition 2.13, and W,,,;(C)(z) be the weight enumerator in
Definition 2.7. Then,

I
Win (O (2)=X (a0,a1,-..2p) Aé_ao,al,...,ab) n?zo(z[t])“l

(ag,a1,..,ap=20)
a0+0(1+---+ ap=n

1 .
= EZ (@0,a1,...@p) A(ao,al,...,ab) H?zo(g]t'(z))a] (32)
(ag,a1,..,ap=20)
0(0+a1+---+ ap=n

where (aq, a4, ..., @p) IS the weight distribution vector of codewords which has «;
blocks of weight i; Ay, a,,..a,) aNd A(lao,al,_._,ab) are the number of codewords which

has (ay, a4, ..., ap) weight distribution in Cand C*, respectively; and
. . 12
95(2) = ThoolZPoo(- 17 (1) 2l (33
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Theorem 3.3 [7] Let C< FY be a linear code, N=nb, 1 <t<b, C* be the dual code of C
with respect to (, ); of Definition 2.13, and W,,,;(C)(z) be the weight enumerator in
Definition 2.9. Then

1
WCmH(CJ_)(XOJXlr ;Xb ):m WCmH(C )((XO'Xlﬂ 'Xb)th) (34)
Yoo = Yob
P : ] is a (b+1) x (b+1) matrix where y;, is the coefficient of
Ybo = Vbb

where M, =

x! in the polynomial (1 + x)?~/(1 — x)/.

As indicated in Example 2.18, there is no way to construct a suitable inner product
which makes establishing a MacWilliams identity under m-spotty weight enumerator
defined in Definition 2.8 possible. However, Mac Williams identities are established for
complete m-spotty both Hamming and RT weight enumerators. Absence of Mac
Williams identities for Definition 2.8 are filled with a transformation of weight

enumerators of Definition 2.10. These multivariable weight enumerators transform to
j
one variable weight enumerators by letting z; = zH.

To the best of my knowledge a Mac Williams identity has not been established for

weight enumerators defined in Definition 2.6.

We establish a Mac Williams identity for complete m-spotty RT weight enumerator

defined in Definition 2.10 and under inner product (u, v), in Definition 2.14.

3.1 Statement of Main Theorem

Theorem 3.4 Let €< F) be a linear code, b, n, j € N, N=nb, and C* be the dual code
of Cwith respect to (, ), . Then Mac Williams identity between complete m-spotty RT

weight enumerators of Cand C* is established as

1
WCmRT(CJ_)(ZOr s Zp) = MWICmRT(WCmRT(C)(ZO' ---'Zb)) = EWCmRT(C)(TOr e Tp)
where o, ; is as defined in Definition 2.10, and o= z, + X1-, 287z, 1= 2 +

Zf:lj 271z, — Zb_jzb_j+1 for 1 < j<b. So
1 .
WCmRT(CJ_)(ZOI ey Zp) = mZuec H?:o T 7w, (3.5)

Example 3. 1 Let b=4. Then,
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Ty = Z0+Zl+2Z2+4Z3+8Z4, T1 = Z0+Z1+2Z2+4’Z3_8Z4, Ty, = Zo+Z1+
2Z2_4‘Z3,T3=Zo+Z1_2Z2,T4=ZO_Z1.

1 1
S0 Wemprr (CH) (20,21, 22, 23, 24) = EWCmRT(C) (To, T1, T2, T3, Ta) :m Wemrr (€) (2o +
Z1+ 22y + 423 + 824, 2o+ 21 + 22, + 423 — 824,29 + 21 + 22, — 423, Zog+ Z1 —

275, Zg — Z1 ).

3.2 Lemmas

Definition 3.1 Let G be a group, and f be any function from FY to G. Hadamard

function of f is defined as
f W) = T yepy (=D f(v) (3.6)

We will give an example of this function before stating an important result about this

function.

Example 3.1 Let N=6, b=3, u=000 010, G,=7Z, G,=Z[s, t], X = X1 X,X3X4XsXs € FY,

0€EZ, x,=0€F,

ez, x=1ep, Orisi=N

x, €F, X, = {
Let fi: F) — Z, fi()=X1+X;5 ; fo: Fy — Z, f(0)=5X1+X4Xs; f3:F; — Zs,t],
f:(x) = sh . 20

Then f; (W)=0, £, (W)=-16 and f; (u)= 4 -4t +4s - 4st + 4st>- 4st® + 4s%t5- 452t

(See Table 3.1).

Lemma 3.1 [3] Let G be a group, f be any function from F) to G, €< FY be a linear
code. Then Y ecr f(v) = I_EIZ”EC f (. (3.7)
We will prove this lemma after verifying it by an example.

Example 3.2 Let €= {000 000, 000 010, 001 111, 001 101}, f = f5.

Then ¢*= {000000, 000101, 001000, 001101, 010000, 010101, 011000, 011101,
100001, 100100, 101001, 101100, 110001, 110100, 111001, 111100}.
Yuec f (W=f (000 000) + f (000010) + £ (001 111) + f (001 101)

=(12 + 4t + 125 + 4st + 12st> + 4st® + 1252t5+ 452t6)+(4 -4t +4s - 4st + 4st5- 4st® +
452t5- 452t°) +(0)+(0)
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Table 3.1 Calculation of f; (000 010)

Additive contribution
to f; (000 010)

Additive contribution

to f2 (000 010)

Additive contribution
to f3 (000 010)

Vectors (V)

ie. (~1)®f, (v)

ie. (~1)"f, ()

ie. (=1)"Vf;(v)

000 000 0 0 1
000 001 0 0 1
000 010 0 0 -1
000 011 0 0 -1
000 100 0 0 1
000 101 0 0 1
000 110 0 -1 -t
000 111 0 -1 -t
001 000 1 0 S
001 001 1 0 S
001010 -1 0 -S
001011 -1 0 -S
001 100 1 0 S
001 101 1 0 S
001 110 -1 -1 -st
001 111 -1 -1 -st
010 000 0 0 1
010 001 0 0 1
010 010 0 0 -1
010011 0 0 -1
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Table 3.1 (cont’d)

010 100 0 0 1
010 101 0 0 1
010 110 0 1 t
010 111 0 1 t
011 000 1 0 s
011 001 1 0 s
011 010 -1 0 s
011011 -1 0 s
011 100 1 0 s
011101 1 0 s
011 110 -1 1 st
011111 -1 1 st
100 000 1 5 st®
100 001 1 5 st®
100 010 -1 5 -st®
100 011 -1 5 -st®
100 100 1 5 st®
100 101 1 5 st®
100 110 -1 6 s ¢
100 111 1 6 5 ¢6
101 000 2 5 s2t®
101 001 2 5 s2t®
101 010 2 5 25
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Table 3.1 (cont’d)

101011 2 5 5245
101 100 2 5 s2t°
101101 2 5 s2t°
101 110 -2 -6 _s2 ¢6
101111 2 6 5246
110 000 1 5 st®
110 001 1 5 st°
110 010 1 5 st
110 011 -1 5 gt
110 100 1 5 st®
110101 1 5 st®
110 110 1 6 16
110 111 1 6 o
111 000 2 5 s? ¢
111 001 2 5 s%t5
111010 2 5 _s2t5
111011 2 5 L5245
111 100 2 5 245
111101 2 5 s2tS
111110 -2 -6 g2 t6
111111 2 6 _§2¢6
4 - 4t + 4s - 4st + 4 st®-
Sum 0 -16

4s tO+ 4s%¢5- 4s%t6
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=16+16s+16st>+16s2t>. Calculations can be checked from Table 3.1, Table 3.2, Table
3.3 and Table 3.4. So,

i Zuec f (W= Rueel oy 4 45 + 4stS + 45215, (3.8)

Yoect f(W) =4 + 4s + 4st> + 4s%t>. (3.9)

These calculations can be checked from Table 3.5.
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Table 3.2 Calculation of £; (000 000)

Additive contribution
to f1 (000 000)

Additive contribution
to f2 (000 000)

Additive contribution to

f3 (000 000)

Vectors (v)

i.e. (—1)Vf, (v)

i.e. (—1)®V £, (v)

ie. (~1)f ()

000 000 0 0 1
000 001 0 0 1
000 010 0 0 1
000011 0 0 1
000 100 0 0 1
000 101 0 0 1
000 110 0 1 t
000111 0 1 t
001 000 1 0 S
001 001 1 0 S
001010 1 0 S
001011 1 0 S
001 100 1 0 S
001 101 1 0 S
001 110 1 1 st
001111 1 1 st
010 000 0 0 1
010 001 0 0 1
010010 0 0 1
010011 0 0 1
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Table 3.2 (cont’d)

010 100 0 1
010101 0 1
010110 1 t
010111 1 t
011 000 0 S
011001 0 S
011010 0 S
011011 0 S
011 100 0 S
011101 0 S
011 110 1 st
011111 1 st
100 000 5 st°
100 001 5 st
100 010 5 st
100 011 5 st
100 100 5 st
100 101 5 st°
100 110 6 sté
100 111 6 sté
101 000 5 s2t®
101 001 5 s2t®
101 010 5 s2t®
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Table 3.2 (cont’d)

101 011 2 c e
101 100 2 : oy
101 101 2 c e
101 110 2 6 e
101111 2 6 e
110 000 1 c o
110 001 1 c .
110 010 1 5 .
110 011 1 c .
110 100 1 5 o5
110 101 1 5 i
110 110 1 6 »
110 111 1 6 »
111 000 2 c e
111 001 2 c e
111 010 2 c e
111011 2 c e
111 100 2 5 e
111 101 2 c e
111 110 2 6 o
111111 2 6 e
Sum 64 176 12 + 4t + 125 + 4st + 12st° +
4st® + 12s5%t5+ 4s%t°
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Table 3.3 Calculation of f; (001 101)

Additive contribution to
f1(001101)

Additive contribution to
f2(001101)

Additive contribution to
f5 (001 101)

Vectors (v)

i.e. (—1)Vf, (v)

ie. (=1)"f,(v)

i.e. (—1)UVef (v)

000 000 0 0 1
000 001 0 0 -1
000 010 0 0 1
000 011 0 0 -1
000 100 0 0 -1
000 101 0 0 1
000 110 0 -1 -t
000 111 0 1 t
001 000 1 0 S
001 001 -1 0 -S
001010 1 0 S
001 011 -1 0 -S
001 100 -1 0 -S
001 101 1 0 S
001 110 -1 -1 -st
001111 1 1 st
010 000 0 0 1
010 001 0 0 -1
010010 0 0 1
010 011 0 0 -1
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Table 3.3 (cont’d)

010 100 0 0 -1
010101 0 0 1
010110 0 -1 -t
010111 0 1 t
011 000 1 0 S
011001 -1 0 -S
011010 1 0 S
011011 -1 0 -S
011 100 -1 0 -S
011101 1 0 S
011 110 -1 -1 -st
011111 1 1 st
100 000 -1 -5 - st
100 001 1 5 st®
100 010 -1 -5 - st
100 011 1 5 st®
100 100 1 5 st®
100 101 -1 -5 - st
100 110 1 6 st®
100 111 -1 -6 - st®
101 000 -2 -5 -s%t5
101 001 2 5 s%t5
101 010 -2 -5 -s2t5
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Table 3.3 (cont’d)

101 011 2 5 s%t®
101 100 2 5 s%t5
101101 -2 -5 _§2¢5
101 110 2 6 s%t®
101111 -2 -6 -s%t®
110 000 -1 5 - stS
110 001 1 5 st®

110 010 -1 -5 - st®
110 011 1 5 st®

110 100 1 5 st®

110 101 -1 -5 - st®
110 110 1 6 st®

110 111 -1 -6 - st®
111 000 -2 -5 -s%t5
111 001 2 5 s%ts
111 010 -2 -5 -s%t5
111 011 2 5 s%ts
111100 2 5 s%t5
111101 -2 -5 -s2t°
111110 2 6 s2ts
111111 -2 -6 -s%t®

Sum 0 0 0

28




Table 3.4 Calculation of f; (001 111)

Additive contribution to Additive contribution to Additive contribution to
f1(001111) f2(001111) f5(001111)
Vectors (v) i.e. (—1)WVf, (v) i.e. (—1)WVf, (v) i.e. (1) f, (v)
000 000 0 0 1
000 001 0 0 -1
000 010 0 0 -1
000 011 0 0 1
000 100 0 0 -1
000 101 0 0 1
000 110 0 1 t
000 111 0 -1 -t
001 000 1 0 ]
001 001 -1 0 -S
001 010 -1 0 -S
001011 1 0 S
001 100 -1 0 -S
001101 1 0 S
001 110 1 1 st
001111 -1 -1 St
010 000 0 0 1
010 001 0 0 -1
010 010 0 0 -1
010 011 0 0 1
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Table 3.4 (cont’d)

010 100 0 0 -1
010101 0 0 1
010110 0 1 t
010111 0 -1 -t
011 000 1 0 S
011001 -1 0 -S
011010 -1 0 -S
011011 1 0 S
011 100 -1 0 -S
011101 1 0 S
011 110 1 1 st
011111 -1 -1 -st
100 000 -1 -5 - st
100 001 1 5 st®
100 010 1 5 st®
100 011 -1 -5 -st>
100 100 1 5 st®
100 101 -1 -5 - st
100 110 -1 -6 -st®
100 111 1 6 st®
101 000 -2 -5 -s%t5
101 001 2 5 s%t5
101 010 2 5 s%t5
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Table 3.4 (cont’d)

101 011 -2 -5 -s%t°
101 100 2 5 s%t5
101101 -2 -5 _§2¢5
101 110 -2 -6 -s%t®
101111 2 6 s%t®
110 000 -1 5 - stS
110 001 1 5 st®
110 010 1 5 st®
110 011 -1 -5 st5
110 100 1 5 st®
110 101 -1 -5 -5t
110 110 -1 -6 -st®
110 111 1 6 st®
111 000 -2 -5 -s%t5
111 001 2 5 s%ts
111 010 2 5 s%ts
111 011 -2 -5 -s%t5
111100 2 5 s%t5
111101 -2 -5 -s2t°
111110 -2 -6 _g2¢6
111111 2 6 s%t®
Sum 0 0 0

31




Table 3.5 Calculation of }},cct f(v)

Vectors | f1(v) | f2(v) f3(v)
000000 | O 0 1
000101| O 0 1
001000 | 1 0 s
001101 | 1 0 S
010000 | O 0 1
010101| O 0 1
011000 | 1 0 S
011101 | 1 0 S
100001 | 1 5 std
100100 | 1 5 s t>
101001 | 2 5 s t°
101100 | 2 5 s2t5
110001 | 1 5 s t>
110100 | 1 5 stS
111001 | 2 5 s t°
111100 | 2 5 s2t>
Sum 16 40 | 4+ 4s+ 4s t5+ 4s? ¢°
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Proof of Lemma 3.1 We want to show Y,,cc f (W) = |C| Zpect f(0). (3.10)

Suee f (W) = Tuec Tpery (D% £(v) (b definition of 7 (u).) (3.11)
= Syert f () Tuec(—1)®Y4 (change order of sum) (3.12)
=% vec ooty f (@) Tuec(—D®V since €L U (FA\CH) = FY) (3.13)
=Fvect f @) Buec(— D + By oy f @) Buec(— 1) (3.14)

=Yvect (W) Tuec(D° + ety f (V) Zuec(=1)*V (if u € C and v € €+, then

(u,v)4=0) (3.15)
=Yvect f(V) Xuec 1 + ZvE(FZN\CJ-) f) Zuec(_1)<u'v)4 (3.16)
=Sect FDICN+ Soeqroiy ) Buec(—DE% (since Tuec 1= [C)) (3.17)

So, it is enough to show that ¥.,,¢ zyc.1y f (V) Youec(=1)wVis = 0,

({-1,1}, - ) is a multiplicative group with 2 elements. Fix v € (F)'\C?1) and define: ¢:
C—{-1,1}, ), ()= (=1)"¥+ Then ¢ (0) =1. Also there exists u’ € C such that

(u’,v),=1, otherwise v would be in C*. So ¢(u')=-1 and ¢ is onto.

@ is group  homomorphism  because = @(u; +u,) = (=1)Mtr2vis
==~z p(uy) - @(up). Then C/Ker(p =({-11} ) by 1¥
Isomorphism  Theorem. So % = So |Kero| = % = |C\Kere|. Then
Yuec(=DM =3 ckere (=D + Tgrere(—1)Ve (3.18)
= Suckere 1 + Suexero(—1) = [Ker| — |C\Kerq|=2 - = 0. (3.19)
Hence X e\ o1y f(v) - 0 = 0. (3.20)

This proves Lemma 3.1.

Benefit of Lemma 3.1: Thanks to this lemma we can prove Theorem 3.1. If we choose
f@W)=I1%-4z;*¥4, then it will be enough to show f (w)=[15-,7;“*/ to prove Theorem
3.1

Lemma 3.2 [3] Let u, v € F?, u=uy ...up, V=0, ...vp,, u;, v; € F,. Assume u is fixed.
Let wtgr(u)=p. Let k #0. Then
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281 ifp+k<b+1
Y ey (FDOV2 =32kt ifpik=b+1. (3.21)
wtrr(v)=k 0 ifp+k>b+1

Proof of Lemma 3.2

wtgr(v)=k means that the position of the rightmost nonzero digit of v is k, i.e. v, =1,
v;=0 for i > k and v; can be anything for i < k. If p=0, (u, v),=0 for any vector v. Then

the first case of the lemma is valid and

Y e CDM2=3 o 1=|{ve | wter) =k}| =2 (3.22)

wtrr(v)=k wtrr(v)=k

Now we can assume p#0. wtgy(u)=p means position of rightmost nonzero digits of u is

p; i.e. u,=1, ;=0 for i > p and u; can be anything fori <p.

We fix a vector u, and take arbitrary vector v of weight k in F2. Then

(—1))2 = (—1)Bia wPbai = [[L (~1)%Vort (3.23)
= (= GO ) (o deea GO ) (ipois CDM00) - (324)

= (P2 D) (TP e (= D)1=t ) (T g4, (= 1) ¥¥b+1-1) since i < b-k implies

k <b-i < b-i+1, and so v, ,_;=0. Hence,
(=12 = 1+ (= 1)¥-kr1 Pk (T2, (—1)WiVor1i) (3.25)
= (—D)¥-kr (TP, _ (= 1)%Vp+1-i) since vy, = 1. (3.26)

Let’s sum this function for each v of weight k over F2.

Y overr =X yerp DU ([TLpjern(-1)M0H0) (3.27)
wtpr (v)=K wtrr (v)=k
= (D" Y e (MTpopsz(~DM7410) (3.28)
wtrr(v)=k
= (D" ¥ e (IZH(-1D7 M ) (3.29)
WtRT(U)Zk
= (—1)ub—k+12 VEFZb ((_1)171'111; (_1)vz'ub—1 (_1)Vk—1'ub—k+z ) (3_30)
WtRT(U)Zk
= (—1)ub—k+12 v, EF, [(_1)v1-ub (_1)v2-ub_1 (_1)Uk—1'ub—k+2 ] (3_31)
Vk—1:EFz
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= ("1 (B, (D7) (Bv e (-0 )

o By, e g, ()R- tb—ks2 ) (3.32)
= (=1 (1L By e, (— 1)1 0011 ) (3.33)
= (=)o ([IAZH((—1) w1+ (—1)1 - ) (3.34)
= (~1)wen ([IEZH (1 + (— 1)1 ) (3.35)

Casel:p+k<b+1

b-j+1 > b-k+1 > p for 1 < j < k-1 < k. SO upy1—j= 0 and u;,_g4q = 0. Then
Y e DM =(D(MTEIA+ (-D9) =1-([TZ12) = 2. (3.36)

wtgr(v)=k
Case2:p+k=b+1

b -j+1 > b-k+1 = p for 1 <j < k-1 <Kk SO upy;-;=0 and up_4q = 1. Then
T operr (CDO =(EDYITEA+ (D) = (D - (M4 2)

wtrr(v)=Kk
— _pk-1 (3.37)
Case3:p+k>b+1
b-k+1 < b-k+2 < p < b. Then wu,_g,,Can be anything. Since p € [b—k+

2,b], there exists j' such that w,=wu,,,_y for 1 < j' < k-1 < k. Then j'“*factor

(1+ (D" ) =1+ (1) )=0.So [TZ](1 + (-1)*s+1-i )=0.

Hence' Z UEFZb (_1)(u,v)z = (_1)ub—k+1 -0=0. (338)
wtrr(v)=k
Definition 3.2 Let u € F? and wtgr(u)=p. We will call the sum ¥, ver? (—1)fuvr
wtrr(v)=k

which depends on k and p as shack of u for k and denote it by S(k , p).

Remark 3.1 For any vector u of F?, snack of u for 0 is always 1.

SO,p=% ,epp (“DV2=F (=1 MV2=(=1)02=1, (3.39)

WtRT(U)ZO
2k-1 ifk<b—p+1
Remark 3.2 Fork>1, S(k,p) = -2 ifk=b—p+1 ,bylLemma3.2. (3.40)

0 ifk>b—p+1
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Remark 33 Sum of all snacks of u is equal to X,p(-=1)%"2

Z(_l)m,v)z: z (—1)vz 4 z (—1)v2 4oy Z (—1)(uv)

veFZb vEsz VEF, vEFZb
wtrr(v)=0 wtrr(v)=1 wtrr(v)=b
=S(0,p) +S(L,p) + .. + S (K, P) =XR=0 S(k, D). (3.41)

Definition 3.3 Let u € F?, wtgr(u)=p, and z,’s be variables for 1< k < b . The linear

combination ZUEFé,(—l)(“"’)Z Zweprv) OF zi's is called the dual contributor of block u

for complete m-spotty RT weight enumerator and denoted by z,,.

Remark 3.4 7, = 3¢ o (=12 2,1, ) (3.42)

= X very (_1)(u’V)ZZWtRT(v) L D) veFrp (_1)(u,v)2 Zwtrr(v) (3.43)
wtrr(v)=0 wtrr(v)=b

=S(0,p)zo+S(,p)zy +..+S(b,p) z, (3.44)

=Yk=0S Uk, p)=20 + Xi=1 S(k, D) 2k (3.45)

3.3 Proof of the Main Theorem

1

We want to show that WCmRT(Cl)(ZO,...,zb)=EWCmRT(C)(rO,...,rb),

i.e. we want to show that ¥, cc1 [15., z,%»i = l—zlzuec | J (3.46)
Let £ (v) = 12, 2" be contributor of a codeword v of C*.

Consider v = v; ... v,, Where v; € F,?and define p; := wtpr(v;). Remember x,, ; is the
number of blocks v;'s of v whose RT weight is j . Then the number of factors z; in the

product [[i z,, is exactly «, ;. So,

i1 2p, = H?zozj“”'f . (3.47)

Take a codeword u of C. Then,

f W) =Zpepp (=DM f(v) (3.48)
= Ypery (=D [T 250 (3.49)
= Xver) [T, (D) [TE_ ;% (3.50)
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= Z‘UEFZN H?=1(_1)<ui’Vi)2 H?:l ZWtRT(Ui) (35 1)

:ZUEFZN H?:l(_1)(ui'Vi)ZZWtRT(Ui) (352)
:Zvl,vz,,,vneFZb ?=1(_1)<ui'vi)zzthT(vi) (3.53)
=is oery DM 201000 (3.54)

Since ZWEFZb(—1)<”i'Vi>ZzthT(,,i): Twerp(up) » the dual contributor of any block u; of

weight p is wtgr(u;).

So H?=1 2:vier”(_1)<ui'vi)2ZWtRT(vi) :H?=1 Twigr(u;) (3.55)
X

:H‘lgthT(uiFO Twigr(uy) uwirr () = l_[zl;=0 Tpocu’p- (3.56)

Hence f (w)=[1p—o 7,""?. (3.57)

Applying Lemma 3.1, we get

~ 1

Zveclf(v) = %Z”“f (w), ZvECJ- H?:O Ziocv'l = mZuEC Hg=0 Tpocu'p' (3.58)
1

S0 Wemrr(CH) (20, ..., 2) = EWCmRT(C)(TO' s Tp). (3.59)

It only remains to show that the dual contributor of p-weighted blocks, t,, is

Zo + Y0P 2i71z, — 207P7, ., for p>0 and z, + NP, 21717 for p=0.

T, = zo + XLp=1 S(k, p) 2, by Remark 3.4. (3.60)
Then 1y = zg + Yx<p+1 S(k,0)z,. By using Remark 3.2, 7o = zp + Ype<ps1 2512
.7y, =20+ Xpo1 2871z, (3.61)
For p>0 7, = 2o + Xk<p—p+1 SK, P)Zk + Xp=p—p+1 S(K, P)Zk + Zisp—p+1S(K, Pz

By wusing Remark 3.2, 1, =24 Xr<pp+12° 2k + Tiop—pr1(—2¥" Dz +

) b— _ _
Zk>b—p+1 0- Z, l.e. Tp = Zy + Zk:z; 2k 1Zk — Zk 1Zb—p+1 . (362)

Therefore, we establish the identity.
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CHAPTER 4

AN APPLICATION OF THE MAC WILLIAMS IDENTITY FOR COMPLETE
m-SPOTTY ROSENBLOOM-TSFASMAN WEIGHT ENUMERATORS

Let Cbe the linear code as in Example 2.5 i.e. C=<010111100001, 101010101010>
and €+=<1000 0000 0010, 0100 0000 0001, 0010 0000 0010, 0001 0000 0001, 0000
1000 0011, 0000 0100 0001, 0000 0010 0011, 0000 0001 0000, 0000 0000 1010, 0000
0000 0100>.

C consists of only 4 codewords and we can quickly find We,,.zr(C) (7o, ..., Tp)-

Contribution of 0000 0000 0000 is t4T,T, = To>; contribution of 0101 1110 0001 is
T,T3T, = T3T42%, contribution of 1010 1010 1010 is 737373 = 733; and lastly
contribution of 1111 0100 1011 is 7,7,T4 = T2T4%. SO Wemrr (C) (g, -, Tp)=To° +

133 + 1,742 + 137,42

Since b=4, we can use from Example 3.1:

To =29+ 21 + 22, + 423 + 82, (4.1)
Ty =29+ 21 + 22, + 423 — 82, (4.2)
Ty =2g+ 2y + 22, —4z3 (4.3)
T3 =2y + 2z, — 22, (4.4)
Ty =2Zo— Z1 (4.5)

We only need to calculate 7,3, 733, 7,742, 73742
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103 = (20 + 21 + 22, + 425 + 82,)3 = zy3 + 32 2% + 62, 2p% + 12 2324% +
247, 20> + 321229 + 122,% 2y + 48232 25192 2,2 2y + 12 2 z,zy +
24 7, 7329 482, 2320 + 4821 Z, 2o + 962, 24 2y + 192 2532, 29 + 25 +
82,3 + 64233 + 5122,3 + 122z, 2,2 + 482z, 3% + 96 2, z3% + 192 2,7, +
3842z, 7,2 + 768232, + 62,22y, + 122% 23 + 482,223 +48 2, 2, 23 +
24 2,2 24 +96 2,22, + 384 23%z, +96 x,2,24 + 192 2,232, + 384 2,232y,
(4.6)

T33=(20+Z1_2Z2)3=Z03 + 321Z02 - 6ZZZOZ + 321220 + 12Z2220 -

122y 2,2y + 213 — 82,3 + 122, 2, — 62,% 2, ; (4.7)
T42 = (ZO — Zl)z = Z02 - 2 ZgZq + Z12 ; (4‘8)

T2T42 = (ZO + Zl + 222 - 423)(202 - 2 Z()Zl + le) = ZO3 - Zl ZO2 + 2 Zz ZOZ -

473202 — 2229 — 422,29 + 8212329 + 2,5 + 22,%°2, — 42,225 (4.9)

T3T42 = (ZO + Zl - 222)(202 - 2 Z()Zl + le) = ZO3 - Zl ZO2 - 2 Zz ZO2 -

21220 + 421 2,29 + 213 — 22,% 2, (4.10)
SO WCmRT(C)(TOJ ...,Tb) = T03 + T33 + T2T4_2 + T3T42 (4‘11)

=423+ 42120% +82320% + 2424 20° +42,°2y + 24 2,°2y + 48 232, +
192z,2 2y +322, 232y +482, 2320+ 482, 2,2y + 962, 24 2y + 192 23 2, zy +
473 + 64233 + 512 2,3 + 242z, 2,2 + 48 21 232 + 96 2, z3% + 192z, z,* +
384 2,2, + 768 232,27 + 82,223 + 482,%2z3 + 482, 2,23 + 24 2,% 7, +
96 7,2z, + 384 23° 7z, + 962, 2,24 + 1922, 232z, + 3842, 23 2, . (4.12)

Now apply Theorem 3.1 to C:

WCmRT(CJ-)(ZOr oy Zp) = %( Wemrr (€ (To, .. Tb)) (4.13)

=203 + 21 20% + 22320° + 624 20° + 21229 + 62,% 29 + 1223% zy +
487,22y + 8212329 + 122,232y + 122, 2,29 + 242, 2429 + 48232, 7y +
z:3 + 16233 + 1282,3 + 62, 2,2 + 12 2y 232 + 24 2z, 23° + 482, 2,° +
96z, 2,2 + 1922532z, + 22223 + 122,225 + 122, 2,23 + 622z, +
247,27z, + 9623% 2, +242, 2,74 +482, 232, + 962,252, . (4.14)
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CHAPTER 5

RESULTS AND DISCUSSION

Mac Williams identities provide us an advantage of quicker calculations of weight
enumerators of higher dimensional linear codes. We established a Mac Williams
identity for complete m-spotty RT weight enumerators where the duality is defined

under inner product of Definition 2.14.

Complete m-spotty RT weight enumerators are multi-dimensional weight enumerators.

When one variable weight enumerators are needed, we can turn them into one variable

j
polynomials by letting z; = ZH. But for RT based metrics it is important to bear in
mind that the obtained weight enumerator is not actually (noncomplete) m-spotty

weight enumerator. Although letting z; as above produces m-spotty Hamming weight

enumerator from complete m-spotty Hamming weight enumerator, this is not the case
for m-spotty RT weight enumerator and complete m-spotty Hamming weight
enumerator. Actually, we explained the impossibility of establishing Mac Williams
identity between them. So, identity in Theorem 3.4 does not give rise a general relation
between m-spotty RT weight distribution of a code and its dual. We can use that

identity only for complete m-spotty RT weights.
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