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ABSTRACT

SMOOTH MANIFOLDS WITH INFINITE FUNDAMENTAL GROUP
ADMITTING NO REAL PROJECTIVE STRUCTURE

COBAN, Hatice
Ph.D., Department of Mathematics
Supervisor : Prof. Dr. Yildiray Ozan

August 2017, [71] pages

In this thesis, we construct smooth manifolds with the infinite fundamental group
Zo * Zs, for any dimension n > 4, admitting no real projective structure. They are
first examples of manifolds in higher dimensions with infinite fundamental group
admitting no real projective structures. The motivation of our study is the related
work of Cooper and Goldman. They proved that RP*#RP® does not admit any real
projective structure and this is the first known example in dimension 3.

Keywords: Real projective structures, developing map, holonomy, foliation
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REEL PROJEKTIF YAPI KABUL ETMEYEN SONSUZ TEMEL GRUPLU
MANIFOLDLAR

COBAN, Hatice
Doktora, Matematik Boliimii

Tez Yoneticisi : Prof. Dr. Yildiray Ozan

Agustos 2017 ,[71]sayfa

Bu tezde, her n > 4 igin temel grubu Z, * Z, olan ve iizerinde projektif yap1 ol-
mayan manifoldlar insa ettik. Bunlar yiiksek boyutlardaki sonsuz temel gruplu ilk
manifold ornekleridir. Bu ¢alisma Cooper ve Goldman’in 2015 tarihli makalesini te-
mel almistir. Bu makalede Cooper ve Goldman RP?*#RP? 3-boyutlu manifoldunun
reel projektif yap1 tasimadigin1 gostermislerdir. Bu 3 boyutta bilinen ilk ornektir.

Anahtar Kelimeler: Reel projektif yapilar, dolanim, yapraklama
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CHAPTER 1

INTRODUCTION

Projective geometry is the study of geometric properties which are invariant under
projective transformations. It arises in many research subjects such as the study of
projective varities in algebraic geometry, and the study of differential invariants of the

projective transformations in differential geometry ([14], [22]).

Projective geometry is simpler than affine or Euclidean geometries since in projective
geometry, there are no parallel lines or right angles, and all nondegenerate conics are
equivalent. The group of symmetries of the projective space PGL(n + 1,R) is

large and thus projective invariants are fewer than others ([17]).

Projective geometry was first systematically studied by Desargues in the 17th century
based upon principles of perspective art. However, his work was not well received
because he invented and used a lot of new technical terms and also the mathematicians
of his age were not ready to comprehend this new form of geometry. After then
projective geometry was established by the work of Monge, Poncelet, Chasles and

other mathematicians ([[6]]).

In Felix Klein’s Erlanger program of 1872, the geometry is defined to be the study of
the properties of a space which are invariant under a group of transformations. Thus,
the geometry is a pair (X,(G), where X is a manifold and G is a Lie group
which acts transitively on the manifold X. This yields a hierarchy of geometries,
defined as groups of transformations, where the Euclidean geometry is part of the
affine geometry which is itself included in the projective geometry. Although this kind

of geometric structures on manifolds were introduced by F. Klein, the study of such



geometric structures on manifolds was started by Charles Ehresmann under the name
of locally homogeneous structures in [9]] (for the details about locally homogeneous
spaces, see [3], [27]). In 3-dimension, these locally homogeneous spaces are related

with Thurston’s Geometrization Conjecture which is proved by Perelman ([19]).

Thurston’s Geometrization Conjecture: Every oriented prime closed 3-manifold
can be cut along tori, so that the interior of each of the resulting manifolds has a

geometric structure with finite volume.

There are eight possible geometries in dimension 3, which are classified by Thurston
in the late 1970’s ([26], see also [3], [[16] and [23]). A three manifold admitting one
of Thurston’s geometries except the two of them, which are S? x R and H x R
has a real projective structure determined uniquely by this structure. In the remaining
two cases, the three manifold also has a real projective structure if the group acting on
the manifold preserves the orientation on the R direction ([8]], [16]]). On the other
hand, by Benoist’s work in [2], there are some examples of 3-manifolds with a real
projective structure, which are not induced by one of the eight geometries. However,
not every closed 3-manifold admits a real projective structure. Cooper and Goldman
proved that the connected sum of two copies of real projective 3-space admits no real

projective structure ([8]) and it is the first known example in dimension 3.

It is possible to pass from structures modelled on one geometry (X, ) to struc-
tures modelled on another geometry (X', G’) containing it. For example, every
affine structure determines a projective structure by the following embedding of affine

geometry in projective geometry
(R", Aff(R")) — (RP", PGL(n + 1,R)).
Similarly, every hyperbolic structure determines a projective structure
(H", PO(n+ 1)) — (RP", PGL(n + 1,R))

and using the inclusion of projective orthogonal group into projective general linear

group
PO(n+1) C PGL(n+ 1,R)

it can be easily seen that every elliptic geometry structure determines a real projective

structure ([12]]). As a result, if a manifold does not admit a real projective structure,
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it does not carry any affine structure or hyperbolic structure. Moreover, every hy-
perbolic structure has Riemannian metric of constant curvature —1 and every elliptic
structure has Riemannian metric of constant curvature 1. Every surface admits a met-
ric of constant curvature and thus every surface admits a real projective structure and

the classification of these structures on compact surfaces is known, see [[7].

A real projective structure on an n-dimensional smooth manifold M is an RP"
structure which is an Ehresmann structure modelled on RP"™ with transition func-

tions taking values in the group PGL(n + 1,R) of projective transformations of

RP".

It is well known that any simply connected compact manifold with a real projec-
tive structure is a sphere since the developing map (see page [6) must be a covering
map. There are several examples of simply connected compact manifolds other than
spheres in dimension bigger than 3 (e.g. CP") and therefore there are many higher

dimensional manifolds that do not admit a real projective structure.

In this thesis, we construct an n—manifold, for any n > 4, with the infinite funda-
mental group Z, * Zy not admitting any real projective structures by generalizing

Cooper and Goldman’s work in [8]].

Let W be an m-dimensional (m > 3) closed smooth manifold with 7 (W) = Z,
and W be its universal cover with W/ < 717 >= W, where 7 is the Deck
transformation of the universal cover W — W. Then we let

M™ =W x St/ <o>, where n=m+1 and o is given by
oW xSt — WXSl,
(p,z) — (7(p), 2),
where z denotes the complex conjugate of 2z on S!' C C.
Now, our main theorem is below.

Theorem 1.0.1. Let W be an m-dimensional (m > 3) closed smooth manifold
with m (W) =Zy and M = W x Sl/ < o > as above. We assume that:

1- Either W is odd dimensional, or

2- W is even dimensional and it is not the total space of a sphere bundle over a



sphere, where both the base and the fiber are the sphere S™/2.

Then the manifold M does not admit a real projective structure.

Using a simple observation we give an obstruction to obtain examples of manifolds

with the infinite fundamental group 7Z admitting no real projective structure.

Theorem 1.0.2. Let M™ be a simply connected manifold which does not admit any

immersion into R"*'. Then M x S does not have any real projective structure.

In addition, we proved that if a manifold M (with any fundamental group) admits
a special contact form consisting of some functions on M then it admits a real

projective structure.

Theorem 1.0.3. Let an odd dimensional manifold M?**~' admit a contact form

given as below
k

Q= Z(f%’l dfai — foi dfai—1)

i=1
for some functions f1, ..., fop € C°(M). Then M admits a real projective struc-

ture.

This thesis is organized as follows:

In Chapter 2, we introduce some preliminary materials such as developing map,

holonomy and Ehresmann-Weil-Thurston Principle.

In Chapter 3, we explain the construction of our manifold with the infinite fundamen-
tal group Zs * Zo, for any dimension n > 4, and then present the main result,

Theorem [3.2.1] and prove it.

In Chapter 4, we give some more details and alternative arguments about the proof of

the main theorem for the case A/ = RP*#RP*.

In Chapter 5, we give an obstruction to obtain manifolds with the infinite fundamental
group Z admitting no real projective structures, Theorem[5.0.15] and provide some

examples.

In Chapter 6, we first give the definition of contact forms and state the result of

Ovsienko [18]]. Then we state Theorem[6.2.1] and prove it.
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CHAPTER 2

PRELIMINARIES

In this chapter, first we define an (X, G) structure on a manifold in the sense of
Ehresmann. Let M be a real analytic modelled manifold on X (i.e. M is lo-
cally isomorphic to X)and G be a Lie group acting transitively on X. Then we
say that M hasan (X,G) structureor M isan (X,G) manifold. Therefore,
an (X,G) manifold has an underlying real analytic structure (see [13]], [14], [15]

and [20] for more information about (X, G) structures).

Suppose that M isany (X,G) manifold. Let {(U;, ¢;:U; — X)} beanatlas

of M with transition functions
Yij + 9i(Ui N U;) — ¢;(Ui N U)

such that
Yij © ¢; = ¢j-

Consider an analytic continuation (a technique to extend the domain of a given ana-

lytic function) of ¢; alongacurve « in M beginningin Uj.

On a component of « N U;, the analytic continuation of ¢; along « is of the

form 72 0 ¢y, where <2 € G. The first step is below.
¢1:U1—>V1and¢2:U2—>V2

where V; C X.
T2t $1(Ur N Us) — ¢2(Ur N Us)

12 © ¢1\<U1mU2) = gzs2\(U1mUQ>

5



-1
= O .
¢1\<U1mU2) T2 ¢2|(U10U2)

Therefore, inductively, ¢; can be analytically continued along every path to |JU;

7
in M.

Figure 2.1: An analytic continuation of ¢, along .

It follows that there is a global analytic continuation of ¢; on the universal cover
of M, by using the definition of the universal cover as a quotient space of the paths

in M. Now, we define the developing map:

Fix some p, € M. Let M be the homotopy classes of paths starting at py,

where homotopies fix the end points,

M:{a:[o,l] —>M|a(0):p0}/a1~&2v

where two paths «; and ay arerelated, «; ~ ag, ifandonlyif (1) = as(1)

and a; and oo are homotopic relative to the boundary.

Clearly, M is the universal cover of M. Now, using the above analytic continua-

tion we can define the following map
dev: M — X ,

6



which is called a developing map on the uviversal cover of M. It is clearly an
immersion. The map dev is unique up to composition with elements of G. It
follows from the uniqueness property of dev that, for any covering transformation

I', of M over M , there is an element g, of G such that
devol, = g, odev.
Since
devol'yol'y =gqodevol's = g, 0 ggodev,

we see that the map

hol : m(M) — G,

a = (4

is a homomorphism and it is called the holonomy of M. For more details, see [26].

The pair (dev, hol) is called a developing pair for the (X,G) structure. A real
projective structure on  M" is thenan (RP", PGL(n + 1,R)) structure.

More precisely, M is endowed with a real projective structure if there is an atlas
on M with projective coordinate changes. A covering {(U;)} with a family of
local diffeomorphisms ¢; : U; — V; C RP" is called a projective atlas if the local
transformations ¢; o ¢; " : ¢;(U; N U;) — ¢;(U; N U;) are projective (i.e. they
are determined by the action of the group PGL((n + 1), R)).

M

Figure 2.2: Projective Coordinate Charts



Remark 2.0.4. Let dev, and devy be two developing maps for the same structure.
Then they satisfy that devs = g o devy, for some g € G and the holonomies are
related with each other as follows holy(y) = gholy(v)g™t, for any homotopy class
[Y] € mi(M).

Remark 2.0.5 ([9]). Let M be a simply connected manifold, possibly noncompact.

If M admits a real projective structure, then it is unique (up to natural equivalence).

The following theorem is fundamental to deform Ehresmann structures and it is first

studied by Thurston ([24]).

Theorem 2.0.6 (Ehresmann-Weil-Thurston Principle). Let M bean (X,G) man-
ifold with holonomy representation o : m (M) — G. For o sufficiently close
to o in the space of representations Hom(m(M),G), there exists an (X,Q)

structure on M with holonomy representation o .

Corollary 2.0.7. Let M be a closed manifold. The set of holonomy representations
of (X,QG) structures of M isopenin Hom(m (M),G).

The following well known observation is needed in the proof of the main theorem

and thus we include it with its proof.

Lemma 2.0.8. Let X and Y be Hausdorff spacesand [ : X —'Y bealocal
homeomorphism. If X is compactand Y is connectedthen [ is a finite sheeted

covering map.

Proof. First, let us show that [ is surjective. Local homeomorphisms are open
maps, so A = f(X) is an open subset of Y. Since X is compact, f(X)
is also compact and Y is Hausdorff, we have f(X) is closed. Thus, B =
Y\ f(X) isopen. If f werenotsurjective,then B # () and A and B would
be a separating pair for Y, contradicting the connectedness of Y. Thus f is

surjective.

Foreach y € Y, since X iscompact, there exist finitely many disjoint points, let
us say {x1,2,....,2,} = f~!(y). We can choose disjoint neighborhoods {U;, Us,
v Up} of {x1,29,...,2,} respectively, using the Hausdorff property of X.

8



By shrinking the U;’s further, we may assume that each one is homeomorphically

mapped onto some open neighborhood V; of v,
f|UZ~ (Ui — f(Us) = Vi
Now, let C' =X\ (U;UlU,U...UU,) andset V =(UiNUsN...OU,)\ f(C).

Using the assumptions that X is compact, Hausdorff and Y is Hausdorff, we
conclude that f isaclosed map. C isaclosed subsetof X andthus f(C) is
a closed subset of Y. Hence, V isopenand f~'(y)NC =0 sothat y € V
and it is evenly covered neighborhood of y. Thus, f is a finite sheeted covering

space. O

—~

The following two theorems will be needed to study the foliation on the manifold W

and the leaf space £ C RP" induced by a real projective structure (page {41

Theorem 2.0.9 (Reeb Stability Theorem). (/21l]) Let F be a codimension one fo-
liation of a compact manifold M". Suppose L is a compact leaf of F such that
m1(L) s finite. Then all leaves of F are diffeomorphic to L (up to two fold cov-
ers if there are leaves with one sided tubular neighborhoods). We assume here that if

M™  has boundary, then the boundary of M is a union of leaves of F.

A generalization of the Reeb stability theorem is given by Thurston ([25]) as follows.

Theorem 2.0.10. Let F be a codimension one, C*, transversely oriented folia-
tion of a compact manifold M™ with a compact leaf L suchthat H'(L,R) = 0.
Then all leaves of F are diffeomorphic to L, and the leaves of JF are the fibers
of a fibration of M™ over S' or I, which is an interval. We assume here that if

M™ has boundary, then the boundary of M is a union of leaves of F.

For more details, see [14]], [15]].






CHAPTER 3

THE MAIN THEOREM AND ITS PROOF

In this section, we establish and prove our main theorem. We construct smooth n-
manifolds with the infinite fundamental group Z, * Zs, for any n > 4, with no

real projective structure.

3.1 Construction of the Manifold

Let W be an m-dimensional (m > 3) smooth closed manifold with 71 (W) = Z,

and say M = W x ! / < o >, where the action is given by
oW xSt — /VIV/XSl,
(p,2) — (7(p), 2)

such that S' is the unit circle in the complex plane C, Zz is the complex conjugate
of z and 7 is the Deck transformation of the universal cover W —s W with

W / < 7 >= W. The universal cover of M is as follows:
M:WXRHWXSI—W/VXSV%:M.
The induced homomorphism by ¢ on the fundamental group is given below.

Uﬁ:wl(WxSl) — (W x SY
4 — 7

1 — —1.
Now, we compute 71 (M). Consider Figure [3.1]and Figure

11



W x St

Sl

Figure 3.1: The manifold M = W x St/ <o>.

We choose open subsets U and V' of M suchthat M =UUV asFigure[3.2]

W x {2/3}< > < YW x {1,3)

W/ sl < W/

U V
Figure 3.2: Open subsets U and V' of M.

Note thatboth U and V deformation retract to W /<T>=W and UNV =
W x (1/3,2/3). By Van Kampen’s theorem we have the following diagram (Figure

B.3).
By Figure[3.3] m(UUV) =m(U)*m (V) and we have
7T1<M):ZQ*ZQZ<CL,Z)|CL2:]_, b2:1>.

By using the presentation of the fundamental group of M, we have a short exact
sequence

1 — m (W x SY 27— 7 (M) — Zy —> 1.

12



UQV/ \ 1(TUV)
\ " /

Figure 3.3: The Van Kampen diagram for M = U U V.

The action of Z, on the normal subgroup Z of (M) is multiplicaitonby —1.

Therefore, the fundamental group of A has the following presentation:

1

m(M)2ZxZy=<c=aba|a*=1, aca =c* > .

3.2 Statement of the Main Theorem

Below, we give our main result.

Theorem 3.2.1. Let W be an m-dimensional (m > 3) smooth closed manifold
with m (W) = Zy and M = W x Sl/ < o > asabove. We assume that:

1- Either W is odd dimensional, or

2- W is even dimensional and it is not the total space of a sphere bundle over a
sphere, where both the base and the fiber are the sphere S™/>.

Then the manifold M does not admit a real projective structure.

Remark 3.2.2. Note thatif m =2 and W isa closed surface with m (W) = Zy
then W = RP2 Thus, W = S? and

M=S8>x 5"/ <o >= RP°#RP.

That is to say our construction does not yield any example other than RP*#RP? in

dimension 3.

Similarly, if m =3 and W is a closed 3-manifold with (W) = Z,, then by
the Elliptization Theorem (cf. Theorem 1.12 in [1]]), W = RIP3. Therefore, W =53
and thus

M =53 x 5’1/ < o >2 RP'#RP! (see Chapter).

For simplicity, we take n = m + 1.

13



We prove Theorem [3.2.1| by contradiction. Therefore, we start with the assumption
that M admits a real projective structure. Hence, there exists a developing pair
(dev, hol) for M. Before the proof of Theorem [3.2.1} we will prove the following

lemma.

Lemma 3.2.3. The holonomy map hol : mi(M) — PGL(n+ 1,R) is injective.

Proof. Suppose not. Then the image of the holonomy is a proper quotient of the
infinite dihedral group. This implies that it is finite ([28]). Let H be the kernel of

the homomorphism

hol : m (M) — PGL(n + 1,R),

and M —> M bethe covering space corresponding to the subgroup H < my(M).
Hence, the covering map M — M is finite, whose total space is immersed into
RP" by the map ¢ : M —s RP". Here, the developing map descends to ¢ and

. 3 d .
the map ¢ 1is acovering map since M is compact.

M —2 Rp®
|
]’\‘4’/

M

Thus, M is a covering space of RP". On the other hand, (M ') is infi-

nite; therefore, this gives a contradiction since it is also isomorphic to a subgroup
of 7T1(R]Pm) = ZQ. OJ

3.3 Proof of the Main Theorem

The rest of this chapter is devoted to the proof of Theorem [3.2.1]

Proof. We assume that M admits a real projective structure and thus there exists a
developing pair (dev, hol)
dev: M — RP",

14



where M is the universal cover of M and
hol : m (M) — PGL(n + 1,R),
such that forall m € M and g € m (M), we have

dev(g-m) = hol(g) - dev(m).

Let [A] and [B] be the images of the generators of the fundamental group

m (M) = Zy * Zy =< a > % < b > under the holonomy map, meaning that
hol : m (M) — PGL(n + 1,R)
a — hol(a) = [A],
b — hol(b) = [B],
where A, B € GL(n+ 1,R).

The infinite cyclic normal subgroup (W x S') = Z of (M) is generated
by the product ¢ = ab. For the subgroup < a,c” > of m(M), there is an
n-sheeted covering space M — M such that the manifold M®™ is diffeo-
morphic to M. To see this consider the following n-fold cover.

WxS' — Wx8/<p>2W xS,

(x,2) — (x,2"),
and taking the quotient of both sides with o, we get
MW xS <o>— MM 2W xS <po>,

hence we have a diffeomorphism between M and M®™).

Remark 3.3.1. If a manifold M admits a real projective structure, then any cov-
ering space of M admits a real projective structure. In other words, if a covering
space of M does not admit a real projective structure then M can not admit a

real projective structure.

L' are conjugate i.e.

In the fundamental group 7(M), ¢=ab and ¢~
ct=(ab)"' =bta! = ba = blab)b™t = beb .

15



Let C = AB. Then the matrices C' and C~! are conjugate and for each eigen-
value A of C, A\7! isalsoaneigenvalue of C and the multiplicities of A and
A~ are equal. By passing to the double cover M) of M, we obtain a real pro-

2)

jective structure on M) for which the matrices A and B are conjugate (this

is explained in the proof of Lemma[3.3.2)).

Lemma 3.3.2. It is possible to arrange that C' is diagonalizable over real numbers

and has positive eigenvalues.

Proof. First,notethat A and B are conjugate on the double cover M) of M:
2 = abab = 'l

where @' = a and b’ = bab. Therefore, the images of ¢ and & are A and
BAB, which are conjugate elements. Since a®> = 1 in m (M) and hol is
a homomorphism, [A]> € PGL(n + 1,R) is identity. Moreover, after rescaling
A wehave A? = £Id andthus A is diagonalizable over complex numbers. If
A% = Id then the eigenvalues are +1. Since we are only interested in [A], we
can multiply A with —1 and arrange that the eigenvalue —1 has multiplicity at

1
most % (if n is odd) and g (if n is even).

Depending on the dimension n of M, we have the following cases.

1
1. If the dimension n is odd, there exist % + 1 possible cases for A. If

A% = —Id then the corresponding (n+ 1) X (n+1) matrix is given below:

[0 1 0 o0 0 0]
10 0 0 0 0
00 0 1 0 0

A=|o0 0 -1 0 0 0
00 0 0.. 0 1

[ 000 0 0 ... 10

In the remaining cases, A% = Id and there are

possibilities. In the

diagonal there exist only =£1 and all off-diagonal elements are (0. Each
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A; has eigenvalues +1 and ¢ represents the number of —1 eigenvalues,

where i€ {1,2,...,(n+1)/2}. Forexample, Ajz is as follows:

1 0 0 0 00|
0 =1 0 0 ...00
0 0 —10 ...00
As=| 0 0 0 1 0 0
0 0 0 0 10
[0 0 0 0 ..01

2. If the dimension n is even, there exist 5 possible cases for A. Here, the
case A? = —Id is not possible since in this case all the eigenvalues of A are
+i and n+ 1 isodd. For A% = Id, the possible A; matrices are as in

the odd dimensional case.

Since the matrices A and B are conjugate, there is anelement P € GL(n+1,R)
such that B = PAP~!. Then C = AB = APAP™!. As described in Lemma
[2.0.6] we can deform the holonomy by changing P.

Now, define the maps
f:GL(n+1,R) — SL(n+ 1,R)
given by f(P) = APAP~! and
g:SL(n+1,R) — R* givenby
9(Q) = (trace(Q), trace(Q?), ..., trace(Q")),
where k is the number of —1 eigenvalues of A.

Note that these two maps are regular. In other words, they are given by rational
functions in the entries of P and (). Choosing an appropriate P to deform the
holonomy map, depending on the number of —1 eigenvalues of A, can be done in

cases as follows:

Case 1: If A has only one —1 eigenvalue then the +1 eigenspaces of A and

B will have an intersection of dimension at least n — 1 (if the dimension of the
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manifold is n) for every choice of P. Since C = AB, thereisan (n —1)-
dimensional subspace, on which C' isidentity. Hence, C' haseigenvalue 1 with
multiplicity at least (n — 1). Moreover, by choosing the matrix P as described
below one can see that trace(f(P)) is a nonconstant function. Since trace(f(P)) #
n + 1, there exist two more eigenvalues A\ and \~! of C. Here we can assume
A # +1 by replacing C' with C? if needed, and clearly A~! # +1 (replacing C
with C? can be done replacing M with its diffeomorphic copy M (). It follows that
C has 3 different eigenvalues A\, A\~' and 1.

We can take P = (a;j)ixt, Where t =n+1 as follows:

o If ¢ iseven, let

1, if kis odd,
k1 = A1k = Ll
0, if kiseven,
0, if kisodd,
Akt =
1, if kiseven,
0, if kisodd,
ag, = § 1, ifkisevenand k # 2,
x, ifk=2,

and the core (t — 2) x (t — 2) matrix of P

a22 a23 Q24 cee a(t—1)
asz2 ass s34 s as(t—1)
42 Q43 Q44 e A4(t—1)

A-12 Qt-1)3 A@-1)4 - Q@-1)(t-1)

is the anti-diagonal matrix, which is as follows:

000 ... 0 1]
000 ...10
000 ..00
010 00
100 00
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For instance, if A has only one eigenvalue and ¢ = 10, we choose the matrix

Py as below.

1010101010
0000000011
1000000100
0000001001
1000010000
0000100001
1001000000
0010000001
1100000000

0z 0101010 1]

In this case, for any n > 4,

2 —6t+8 3 —10t? + 28t — 32
T +

trace(/ (P) = ——*—— t2—6ti4
2 4

o If ¢ isodd,let

0, ifk>3isoddork =2,
, ifkisevenand k #2ork =1,

aip =

—_

0, if kis odd,
A(k+1)1 = At = o
1, if kiseven,

0, if kisoddand k # 1,
ag, = § 1, if kisevenand k # 2,
x, if k=2,

and the core (¢t —2) x (t —2) matrix is the identity matrix. In this case,

r+2t—06

trace(f(P)) =t — 1+ ;

19



For example, for t =9 we choose the matrix F,,; as below.

100101010
01 0000O0O0©O071
101 0000O0O0O0
00010O0O0O01
100010000
000O0O0OT1TO0TO01
1 000O0O01O00O0
00 0O0O0O0OO0OT1
1 2 0101010

Case2: If A hastwo —1 eigenvalues, we take P as follows:
o If t iseven,
when k =1/2 = ay = y,else (i.e. k #t/2)

1, if kis odd,
a1 =
0, if k1is even.

Letap, =y+x, ajg-ny=y and ay, =0, for3<k<1t-2,
=2, au-=y—v and ay =0, for3<k<t-2
When k= (t/2)+1= ay =z, else (i.e. k # (t/2) + 1)

0, if kis odd,
At =
1, if kis even,

and the core matrix (¢ — 2) x (¢t — 2) is the identity matrix. In this case,

2(—1 - _
trace(Q) =t — 4 — (=1+2) _ (—y —2)(~y + )
l—z—y+yr—y?+22 1—ax—y+yr—y>+22
_ (=1+2)y B 2(y — 1)

l—x—y+yr—vy2+22 1—x2—y+yxr—y?+ 22
—ztay -yt + o’ —y’ —y+yz+a?
l—z—y+yr—y2+22 1—o—y+yr—y?+ a2

z(y —1) (y —z)(y + )

Cl—z—y+yr—12+22 l—x—y+yr—y?+a?
where Q = APAP™ .
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Consider the composition below:
R* — GL(n +1,R) — SL(n +1,R) — R?
given by
(z,y) — P +— f(P) = APAP™' = Q — ¢(Q) = (trace(Q), trace(Q?))

and the Jacobian matrix is given by

O trace(Q)) O trace(Q)

J— ox dy
~ | Otrace(Q?) O trace(Q?)
ox dy

The determinant of the Jacobian at some point is nonzero. For example at the point

(2,3), the determinantis —128.

If A hastwo —1 eigenvalues and for ¢ = 10, we choose P,y; as below.

1L y+2 000000 y 0
01 000000 0 1
1 0 100000 0 0
0 0 010000 0 1
y 0 001000 0 0
0 0 000100 0 =
1 0 000010 0 0
0 0 000001 0 1
1 0 000000 1 0
0 2 000000 y—a 1

oIf ¢ isodd,
set k= (t—1)/2anday =y.Ifk# (t—1)/2,let

1, if kis odd,
a1 =
0, if kiseven,

Gz =T, G-y =Y — T, ay =0, for3<k<t-2,
are =y +x, ay-1) =Y. If ¢ 75 5, take A1((t+3)/2) = Q1((t—1)/2) = 1; oth-
erwise, ay; =0, for 3 <k <t—2 andif ¢t =5 then a;3 = 1. When
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k=(t+1)/2)+1 let ap =x. Otherwise, (i.e. k # ((t+1)/2) + 1)

0, if kis odd,
1

At = . )
, if k is even,

and the core matrix (¢ — 2) x (¢ — 2) is the identity matrix.

If A hastwo —1 eigenvaluesand ¢t =9 then we choose F,; as below.

(1 y+2 01 010 y 0

O 1 000O0O0O O 1

1 0 100 00 0 0

y 0 01000 0 1

1 0 00100 O O

0 0 00 010 0 x

1 0 00001 0 0

O 0 00O0O0OO0O 1 1

1 2 00000 y—= 0

If (t—1)/2 iseventhen
2y -y — 1+ 92

trace =1t—6— — —

(@) l+y+2c+y> 14+y+2x+y> 1+y+2z+y?
—1—22—y* +yx y(1+2) —y
L+y+2z+y? l+y+22+y* 1+y+22+y?

Y+ 2 1 L+y+x+y?
l+y+2c+y?> 14+y+2e+y> 1+y+2z+y?
l+y+ot+yr —o—y>+yr 1+ 2y + 22

l+y+2r+y2 1+y+2e+y?> 14+y+20+y?
z(=1+y) (y —z)(=1+y)
l+y+2z+y2  14+y+2z+y>

Considering the same map with the case ¢ is even, we get the determinant of the
1792

Jacobi trix at (2,3) 1S ———.
acobian matrix at (2,3) is 1913

If (¢t—1)/2 isodd then
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3y —y— —2?

trace =t—6— — —
(@) Vv +2y+2r Y +2y+2r v +2y+ 2

y+a -y tyr—y—x ay+y+ao
2+ 2y+20 Y2+ 2y+20 Y 4242w
vV+y+o T yr + 2z + 5
V2 +2y+2r  y +2y+2r  y2+42y+ 2z
y(x —y—1) zy y(y — x)

24 2y+2r P42y +20 2+ 2y+ 23

The determinant of the Jacobian at (2,3) is —%.

In each case the determinant of the Jacobian is nonzero and thus the image of the map

f og contains an open set.
Case 3: If A has more than two —1 eigenvalues, we take P as below.
First, consider the following composition.
R* — GL(n+1,R) — SL(n +1,R) — R*,
given by
(z1, 72, ...,75) — P+ f(P) = APAP™!' = Q > ¢(Q),

where ¢(Q) = (trace(Q), trace(Q?), ..., trace(Q*)) and k is the number of —1

eigenvalues of A. The Jacobian matrix is given by

[ Otrace(Q) O trace(Q) O trace()) 7
0xy Oxs Oxy,
d trace(Q?) O trace(Q?) 0 trace(Q?)
J = 81'1 81’2 8:Ek

O trace(Q¥) O trace(QF) O trace(Q")
i 011 0T Oz, i

oIf t iseven,

letas = o,  ai2) = Ai(i12)2 = T3,  Q1g—1) = T1, Ao-2) = T3,
A/2)1 = T2,  G(t42)/2)1 — T3, A@/2)t = T3y,  Q(t+2)/2)t = L1,

aig-11 =1, ap =3, ays—1) = T2, and all the diagonal elements are 1.
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According to the number of —1 eigenvalues of A, we determine the number of
different variables x; € R, where 3 <i <k and k = /2. In the core matrix,
on the antidiagonal there are only x;’s (except x3) as a pair, which are symmetric
with respect to the diagonal. Moreover, the number of some x;’s are more than two

conforming to the dimension. In addititon, other entries of P are all 0.

For example, if A hassix —1 eigenvaluesand t = 14 then P is as below.

1 29 0 0 0 O 23 z3 0 O O O =z O
o 1. 0 0 O O O O 0 0 0 =z3 22 O
o 0 1.0 0 0 O O O 0 0 22 0 O
o 0o 0 1.0 0 0 0 0 0 2 0 0 O
o 0 0 061 060 0 0 =2¢ 0 0 0 O
o 0o 0 0 0 1 0 0 24 O 0 O 0 O
p_ x 0 0 0 0 0 1 2 0 0 0 0 0 =x3
z3 0 0 O O O 2 1 0 0 0 0O 0 m
o 0o 0 0 0 2 0 0 1T O 0 0 0 O
0O 0 0 0 ¢ O O O O 1 O O O O
0O 0 0 zs 0O O O O O O 1 O O O
0O 0 o 0 O O O O O O O 1 0 O
1 2o 0 0 0 0 0O O O O O 0 1 O
| 00 z3 0 0 O O O O O O O 0 =z 1 |
At the point (2,3,4,5,6,7) the determinant of the Jacobian is
3203652023
129225403018523774123952000°

o If ¢ isodd,

letai; = o,  aipi1y2 =3, Qip-1) = T1, Qo-2) = T3,

A-1)/21 = T2, G121 = 1, Qs = T3, ag-1 = 1,

a(—1)/2)t = T3, Q(43)/2)t = T1, Qg2 = T3, aue—1) = T2 and the diagonal

elements are all 1.

In the core matrix, on the antidiagonal there are only z;’s (except x3) as a pair,

which are symmetric with respect to the diagonal. Moreover, the number of some
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x;’s are more than two conforming to the dimension. In addititon, other entries of

P areall 0.

For example, if A has five —1 eigenvaluesand ¢ =13 then P is as follows:

i 1 20 0 0 0 O z3 0 O O O =z O ]
o 1 0 0 O O O O 0 0 23 o O
o 01 0 0 O O O O 0 22 0 0
o 0 06 1.0 0 0 0 0 2 0 0 O
o 0 0 01 0 0 0 x4 0 0 0 O
x 0 0 0 0 1 0 =z 0 0 0 0 =z
P=11 0 0 0 0 0 1 0 0 0 0 0 ©
zz 0 0 0 O 2 0 1 0 0 0 0 =z
o 0o 0 0 »» OO0 O 1 O O O O
0o 0 0 s 0O O O O O 1 O 0 O
0O 0 o 0O O O O O O O 1 0 O
1 20 0 0 0 0 O O O O O 1 0
0O 23 0 0 0 O O O O O 0 =z 1
At the point (2,3,4,5,6) the determinant of the Jacobian is
74929536
42961619719375

Case4: If A haseigenvalues +i thenboth +: eigenspaceand —i eigenspace

1 1
of A are nt dimensional. Now, we choose P asin Case 3 with k = n ;

variables.
Note that the calculations above are done with the program Maple.

For each case except Case 1, for a generic P, the dimension of +1 eigenspace of
C is n—2k. Wecallamatrix P admissible if the number of distinct eigenvalues
of C' is 2k+1, whichare 1 and some pairs )\fl, /\Qﬂ, ey )\fl, Ai # )\jﬂ and
Ai # 1. Let E denote the set of non-admissible matrices P in GL(n + 1,R).
Below we will show that £ is a proper algebraic set in GL(n + 1,R) and thus

the set of admissible matrices constitutes an open dense subsetin GL(n + 1, R).

Let T be the set of eigenvalues of C. Since C' is conjugate to C~!, there is

an involution on 7. If we take P € E theneithersome X\, =1 or A\, = )\;-H,
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for some ¢ # j. First, assume that some A; = 1. Without loss of generality, let

A = 1. Then
k—1

trace(C) = m + Z()\l + 7.
i=1
In this case, trace(C'), trace(C?), ... , trace(C*) satisfy an algebraic relation. On
the other hand, if some \; = )\;-ﬂ, for some ¢ # j, then again without loss of

generality, we may assume that A\;_; = A\x. Then

k-1
trace(C') = m + Z a;(Ni + A1),
i=1
where a; = 1, for 1 < ¢ < k—2 and a,_; = 2. Hence, again trace(C'),
trace(C?), ... , trace(C*) satisfy an algebraic relation, where 1 <k < (n+1)/2 or
1<k<n/2 and dim [go f(F)] =k — 1. Forexample, if all eigenvalues are \;

and ;' then

1 1
trace(C) = %(Al + A;') and trace(C?) = %(Af + A72).

Now, trace(C') and trace(C?) satisfy the following algebraic relation
(trace(C))? = ((n + 1)/2)(trace(C?)) + (n + 1)*/2.

Since the determinant of the Jacobian of gof isnonzero at some points, for example
(2,3,....,k + 1), (as shown on pages 23), the image of the map
go f contains an open set and thus E is a closed proper subset of GL(n + 1,R).
It follows that GL(n + 1,R) \ £ is open and dense in the Euclidean topology.
Therefore, it is possible to perturb P slightly and thus the map hol so that the

matrix C' is diagonalizable over complex numbers.

With a proper choice of P, it can be arranged that the arguments of complex eigen-
values \; of C are rational multiples of 7. Moreover, passing to a finite cover-
ing space M of M (see page , we can suppose all eigenvalues of C' are
real and by passing to a further double cover these eigenvalues can be assumed to be

positive. [

Hence, we have proved the following lemma for the case A% = Id.
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Lemma 3.3.3. We can arrange that C; corresponding to A; so that its eigenval-
uesare {\} suchthat \; > N1 > ...> X\ > 1, where i€ {l,....[(n+1)/2]}

and the remaining eigenvalues of C; are all 1.

When A% = Id, the C; matrices are as follows, depending on the number of —1
eigenvalues of A;. Namely, the number of —1 eigenvalues of A determine
the number of different eigenvalues of C. For example, if the number of —1

eigenvalues of A is 2 then the corresponding C' is given by

A0 0 0 0 00
0 X O 0 0 0 0
0 0 X' 0 0 0 0
0 0 0 X'o 0 0
0 0 0 0 1 0 0
0 0 0 0 0 ... 10
0 0 0 0 0 ... 01
When A? = —Id, the corresponding matrix C has two eigenvalues \; and

1
A[' whose multiplicities are both equal to i .

Note that in each Cj, the multiplicities of the eigenvalues A and \~! are equal

since C' is conjugate to C~1.

Let N — M be the corresponding double cover to the infinite cyclic normal
subgroup of m (M) generated by ¢ = ab. Therefore, N = W x S' has
a real projective structure via pull-back from M with the same developing map
devy; = devy. For this projective structure on /N, the image of holonomy is

generated by [C].

Next, observe that there exists a diagonal subgroup G of PGL(n + 1,R),

p:R — G suchthat p(1) = [C], wherethe group G is given as the unique one
parameter subgroup containing the cyclic group H which is generated by C' and
such that every element of G has real eigenvalues (it is the geodesic starting at /d
and passing through the matrix C'). Since the group H is normal in hol(m(M)),
G is normalized by hol(m(M)).
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Let z € gl(n+1,R) be aninfinitesimal generator of G suchthat G = exp(R-z).

There is a flow given by

¢ : RP" x R — RP"

on RP" generated by G such that
O(x,t) = exp(tz) - x,
where ¢t € R and z € RP".

Let V be the velocity vector field of the flow ® on RP". The zeroes of this
vector field are the fixed points of the flow. Since the vector field V is preserved
by this flow, V' is also preserved by hol(7w;(N)). Hence, V pulls back via the
map dev to a vector field dev (V) = ¥ on N and it is invariant under the
Deck transformations and hence covers a vector filed 7(dev='(V)) =v of N by

following the diagram below.

-~ dC’U R]P)n

N
N

The following two lemmas are proved for 3 dimension in [8]. Moreover, the results
are still valid in our case and we give the proofs below, for any dimension n > 4

1
and for any C; suchthat 1 <17 < % (nisodd)or 1 <: < g (n 1s even).

Lemma 3.3.4. Let N be the double cover of the manifold M. Then dev(N) con-

tains no source or sink.

Proof. Let us consider a flowline starting at source and ending at sink. If we reverse
the flowline, a source can be changed into a sink. Hence, we can assume that p
is a sink in dev(ﬁ ). Let @ be the (n — 1)-dimensional projective space which
contains the other sink and source points corresponding to the other eigenspaces of

C.Then @ isinvariant under hol(m(N)).

There exists a decomposition into disjoint subspaces RP" = p U Q U @ where
= S ! x R is the basin of attraction for p. Moreover, each of these subspaces

is preserved by hol(m(N)). Hence, there is a corresponding decomposition of N
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such that
N = n(dev*(p)) Un(dev 1 (Q)) Ur(dev 1 (Q)).

) has a foliation with concentric spheres centered on p which is preserved by
the flow induced by the vector field V and thus by hol(m(V)). This gives a
foliation on RP" \ p by leaves, one of them is @ = RP""' and all others are
(n — 1)—spheres. Thus, this induces a foliation on N \ w(dev™(p)). Since the

image w(dev~'(p)) is not empty, every leaf around it is a small sphere.

Therefore, /N has a singular foliation where the singular points are isolated and have
a neighborhood foliated by concentric spheres. By Reeb Stability Theorem [2.0.9] if
a compact connected n-manifold admits a foliation such that each component of the
boundary is a leaf and some leaves are spheres, then the manifold is either S™~ ! x

or a punctured RP", which have all finite fundamental groups.

Hence, after removing finitely many open balls from N = W x S, we obtain a

manifold with infinite fundamental group. However, it is a contradiction. 0

Lemma 3.3.5. The flow given by the vector field v on N is periodic and N is
fibered as a product N = W x St by the flowlines.

Proof. Let ~ be a flowline, including the end points, of V' in RP" starting
at the source p,,  and ending at the sink p____ . Since such flowlines are
dense, we can choose < to intersect with dev(ﬁ ) ata point. Since the develop-
ing map dev : N — RP" is an immersion and both N and RP" are same
dimensional, it is also a submersion, i.e. a local homeomorphism. Then the preimage
of a 1-dimensional manifold of RP" is a 1-dimensional manifold in N. There-
fore, dev™'(y) is a nonempty closed manifold of N since source and sink are
notin dev(N) by Lemma Moreover, m(dev—!()) isacompact nonempty
1-dimensional submanifold in N. Let I' be a component of this submanifold.
If T' were contractible in N (a circle which bounds a disc) then it would lift to a
circlein N and would be mapped to RP" by the map dev. However, this says

that immersed image of a circle is a line which is not possible. Hence, [F} # 0 in

T (N) .
Let 7' > 0 be the period of the closed flowline I'. Let U C N be the union of
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closed flowlines of period 7. U is nonempty and N is connected. Now, we will

show that U is both open and closed, so that U isequalto N.

Choose a small disc D C N which is transverse to the flow and meeting I' once.
Let D C N bealift meeting I' C 7~ (I'). The union of the flowlines Y in
N which meets D maps homeomorphically into a foliated neighborhood of the

interior of by the map dew.

Let 7 be the Deck transformation of N givenby [I'] € m(N). Then 7 pre-

serves dev(Y) and T so preserves Y.
Y =Y /7 = dev(Y)/hol(T) = S* x D"
is foliated as a product.

Thus Y is aneighborhood of I' in N foliated as a product by flowlines. This
shows that U C N is open.

The limit of the flowlines with period 7' is a closed flowline of period T’ / m for
some integer m > 0. But m =1 since the set of flowlines of period T’ / m 1S

open. Thus U C N is closed. [

Let X =RP"\ Z, where Z isthe zero set of the vector field V. Then X is
foliated by flowlines. Let £ be the leaf space of this foliationon X. G is nor-
malized by hol(m(M)) and thus it acts on L. Since the action of hol(m;(N))
on L is trivial, the action hol(m(M)) on L is induced by the involution o

(see Section [3.1). Therefore, the holonomy gives an involution on the leaf space L.

Since dev(]v ) C X, where N s the universal cover of N, there is a map from

the leaf space of the induced foliation on N into £. The leaf space of N is W
by Lemma(3.3.5] The induced map from the developing map

h:W — L

is a local homeomorphism. Since dev(N) C RP" is invariant under hol(m (M))

—~

it follows that h(W) C £ is invariant under the involution 7.

Considering the possible generators [C;] of the image of the holonomy map, we
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determine the orbit space L;, corresponding to C;, of X = RP"\ Z in cases

below.

3.3.1 The case of even dimension

If the dimension of M iseven n = 2k then there are — = k possible cases.
Namely, the zero set Z for the matrix C; consists of the disjoint union of 2¢

points and a linear subspace RP?%=2  where 1 <1 < k.

For (), the zero set consists of one source, one sink and a copy of RP?*~2, (all
these elements as p;: source, p» : RP**~2 and ps: sink. By taking the boundary
of a regular neighborhood of each component of Z in RP?*, we determine the

flowlines and the corresponding subspaces of orbits.

Figure 3.4: Flowlines for C; in even dimension.

The corresponding flow for () is given by
[xo)\lt OV PR 2 :Bn]
When z; # 0, the flow can be written as

[@)\1% 120t mg)\lt T ﬁ)\lt]

1 -
X1 X1 T g

Note that as ¢t — —oo it flows to its source, which is [0 :1:0:0:...: O].
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If xy# 0 then the flow can be written as

[1 : ﬂ)\172"/ : ﬁ)\ft : E)\ft T &)\ft].
To Zo Zo Zo
Similarly, as ¢t — 4oc0 it flows to its sink, which is [1 :0:0:0:...: 0}.

The Euclidean coordinates around the source are as

To To T x

(—“,—2,—3, —”) cR"

Ty T1 X1 T
and around the sink are as

X1 To X x

(—1,—2, = —") € R"

Lo Lo Lo Lo

For the flowlines starting at p; and leaving S; from the northern hemisphere we
B x
assume —2 > 0, where z; # 0 and thus s 0, where xzy # 0. Therefore,
X Zo
the flowlines go to ps from the northern hemisphere of S5, see Figure Simi-
larly, when 20 <0, for xo # 0 and x; # 0 there is an identification between
x1

the southern hemispheres of S; and S,. Hence, the leaf space £, is a copy of
S2=1 with disjoint two equators. For the spheres with a double equator, we simply
use the notation S; therefore, £; = S?¢1.
Note that the table below lists that the subspaces of flowlines starting at some p;
and ending at some other p;, where i,j =1,2,3 of the flowlines. The symbol ()

indicates that there is no flowline between the pair of p;’s. In each table, we label
source points in the first row and sink points in the first column, respectively.

source/sink | p; Do 3
b1 0 0 0
P2 SQk—Q @ (Z)
Ps3 SQkf 1 S2k72 @

Table 3.1: The subspaces of the leaf space £, for even dimensional case.

For the matrix Cs, the flow is given by

[ —t . t . —t . . . .
[l‘o)\l . .1'1)\1 : Z’Q)\z : 1’3)\2 Xy X5 L. $n}

P2k74

For (5, the zerosetconsistsof py, ps, p3 =R , Pa, Ds, where pi, p2, D4

and ps are points and the leaf space is L, = S?*~1 U 83,
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Similarly, the table below gives the list of subspaces of the space of flowlines for )
starting at p; and ending at p;, where ¢, =1,...,5.

source/sink | p; Do D3 Ps | Ps
P1 0 0 0 0 |0
D2 SO 0 0 0 10
D3 S2k—3 _ SO S2k—4 @ @ @
Da 82k72 - S2k73 SZk:fB _ S2k74 82k74 @ @
Ds SQk—l o Ska—2 S2k—2 o S21c—3 S2k—3 o SO SO (Z)

Table 3.2: The subspaces of the leaf space L, for even dimensional case.

Note that in all cases the subspaces above the diagonal in each table are empty and

the spheres on the antidiagonal have a double equator.

To understand the topology of the leaf space L better, we study the following ex-
ample in detail: Let the manifold A/ be 6-dimensional and consider the matrix

('3 with distinct eigenvalues as below.

(A 0 0 0 0 0 o0
0 M* 0 0 0 0 O
0 0 X O 0 0 0
0 0 0 X' 0 0 0
0 0 0 0 X 0 0
0 0 0 0 0 AX'oO
O 0 0 0 0 0 1

The corresponding leaf space is L3 = S’ US3US?, where S° =87, §* =83,
S' = 8! in Table Moreover, the involution 7 interchanges the spheres sym-
metric with respect to the vertical line through S} in Table Indeed, 7(S7) =
S7_; and 7(S8)) =S, ;.
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Sy

7\
St Sy
N\ YN
S8 S S8
N\ N\ N\
s S2 S2 s2
v N\ N\ VAR v N\
Si S; S; Si Ss
VAR v N\ VAR VAR YR
S S9 S9 S9 SY SY

Table 3.3: The leaf space £3 = S°US3 U S, Note that all the spheres in the diagram
except the ones in the last row have a double equator.

source/sink | p; P2 P3 P4 Ps Pe | P7
P 0 0 0 0 0 0 10
P2 S0 0 0 0 0 0 |0
P3 St— 50180 0 0 0 0 10
Dy S22 - gt 8t — 58080 0 0 0 [0
D5 S3 - 821652818t —80| 50 0 0 10
De St 83183 6821682 8Lt 50|50 0 10
D7 S5 -Gt 5t 8363 62162 St 8l 6015010

Table 3.4: The subspaces of the leaf space L3 for dimension 6.

Now, consider the matrix C5 in dimension 6.

(0 0 0 00 0
0 X' 0 0 000
0 0 X 0 000
0 0 0 X' 000
0 0 0 0 100
0 0 0 0 010
0 0 0 0 001

such that the zero set consists of p;, ps, p3s = RP?. py, ps, where pi, pa, pa
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and ps are points and the corresponding leaf space is L, = S° U S3.

Note the change in the subspaces of the leaf space for the flowlines starting or ending
at the RP? component of the zero set. For example, in Table 3.5, p; = RP?
and the subspaces of flowlines starting from ps3 or the flowlines ending at p3 are

different from the subspaces corresponding to the flowlines to other p;’s. Compare

this with Table 3.4]

source/sink | p; D2 D3 D1 | D5
m 0 0 0 0 [0
P 50 0 0 0|0
D3 S3 — 50152 0 0 [0
D4 St — 893193 — 52|62 0 |0
D5 S5 — 54|84 — 831835018900

Table 3.5: The subspaces of the leaf space L, for dimension 6.

Then the leaf space L, is as follows:

85
7\
S S
7\ 7\
S S5 S3
N\ 7\ 7 N\
v St S3 N
Sy Sy

Table 3.6: The leaf space £, = S° U S3.

We have a similar table for each C; matrix. In general, the leaf space becomes
Ei — 82k—1 U S2k—3 U..uU SQk_l_Q(i_l).
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3.3.2 The case of odd dimension

If the dimension of M is odd, let us say n = 2k — 1 then there are

+1

1 = k+ 1 possible cases. We get similar leaf spaces to the subsection [3.3.1] for

1 <i < k. Forexample, the leaf space corresponding to C; is £; = S*72, see

Table 3.7

source/sink | p; D2 P3
o o |0 |0
P SF30 [0
D3 SQk—2 S2k—3 @

Table 3.7: The subspaces of the leaf space £, for odd dimensional case.

For C,, the zero set consists of four points and a copy of RP?*7°_ let us call them

as pi, pa, p3=RP*° p, and ps.

The corresponding flow is given by

RPN R IO R 29 VR e YR SR Syay B
source/sink | p; Do D3 Ps | Ps
P 0 0 0 0 0
P2 S0 0 0 0 0
P 52k74 _ SO 52k75 @ @ @
D1 G2k—3 _ q2k—4 | g2k—4 _ G2k—5 | G2k—5 0 10
Ds 52k72 _ 82k73 S2k73 _ S2k74 S2k74 _ SO SO @

Table 3.8: The subspaces of the leaf space L, for odd dimensional case.

The leaf space corresponding to Cy is L, = S*~2 U S,

In general, for C); the zero set consistsof pi, ps, ..

2k—1—21
., Piy1 = RP y eeey D2ig

and the leaf space becomes £; = S*2US?*4uU...US?*2 for 1 <i<k
andif i =k, L;=8*2u8*4y...u8?US".
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We have an immersion induced by the developing map (see page [30)
b o
In general, the leaf spaceis £; = S""'US" 3 U...u S 1726-1),

The decomposition of £ contains two (n — 1)-dimensional open discs, which are

D' and D™, seeFigure

Figure 3.5: The decomposition of S"~! in L.

Lemma 3.3.6. Assume that Di’l and the map h are as above. Let K C Di’l
or K C D™ beaclosed disc and assume that h™(K) = H is not empty. Then
the restriction of h to the subspace H, h': H — K is onto and it is a finite

sheeted covering.

Proof. Since h' : H — K is a submersion, H is a submanifold in W with
boundary. Then the induced map A’ : H — K is a local homeomorphism. Since
local homeomorphisms are open maps, h’ is open. The map A’ is also closed.
To see this, take a closed subset Y of H. Since H is compact, the subset Y
is also compact. The image of Y is compact because A’ is continuous. Finally,
since K is Hausdorff, A'(Y) is closed. Therefore, the map &’ is both open
and closed. Then h'(H) = K since K isconnected. Since H is compact and
h : H— K isalocal homeomorphism, where both H and K are Hausdorff,
by Lemma[2.0.8, %’ is a covering projection. Moreover, it is finite sheeted since H

is compact. U

Lemma 3.3.7. The image h(W) contains the top dimensional open discs Di_l
and D™ ' in L. Moreover, when we restrict h to the preimages of these discs,

the map h=Y (D) — D™ is a finite sheeted covering space.
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Proof. Since the map h is a local homeomorphism, A(WW) contains at least one
point in one of the (n—1)-dimensional open discs in £. By Lemma , if h(W)
contains one point of an open disc, it is onto that open disc. Without loss of generality,

letussay h(WW) contains D’"'. Assume that h(WW) does not contain any point

in D™ '. Then h(W) cannot contain a point from the equators S"~2 of S"!.
Because if the image h(W) contained a point from one of the equators S™~2 then
the neighborhood of that point would have some points from D" . Then in this
case, h:W — Di‘l would be a covering map. Hence, W would be a disjoint
union of open discs, which is a contradiction. In addition, & : A~} (D} ') — D7

is a finite sheeted covering space by the above lemma. [

In fact the above proof implies the following corollary.

Corollary 3.3.8. W \ h='(D™") is a nonempty (n — 2)-dimensional manifold.

We will use the following well-known fact repeatedly. Nevertheless, we will provide

a proof for the sake of completeness.

Lemma 3.3.9. Let L be an n-dimensional connected and simply connected mani-
foldand U C L be an open ball, where n > 3. Then L\ U is connected and

simply connected.

Proof. Let L™ be a connected manifold and U C L be an open ball. Take an
openball V' suchthat V C V Cc U, where V isthe closure of V, see Figure
3.6

Figure 3.6: Open balls U and V in L.

L™\ U deformation retracts to L™\ V. We can consider the manifold L as
L= (L\V)UU. First, we use Mayer-Vietoris sequence to show that L\ U is

connected. Consider the following sequence.
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L= H(U\V)— H(L\V)® H(U) = Hi (L) = Hy(U\V) — Hy(L\V) @
Hy(U) — Hy(L) — 0.

Since U\ V is homotopy equivaletto S"~ ', Hy(L) =7, Hy(U) =17,
Ho(L\V)=127" and H;(L) =0, we have the following exact sequence.

0—Z—7Z"" —7Z—0.
Hence r=1 and Hy(L\V)=

Now, we show that L\ U is simply connected by using Van-Kampen’s theorem.

. /
Figure 3.7: The Van Kampen diagram for L = (L \ V) UU

0=m(L)2m(L\V), byFigure[3.7 O
Recall that we have assumed that the manifold M admits a real projective structure
and we will show that this assumption yields a contradiction.

To proceed further, we consider the three cases of the leaf space L.

Case 1: Consider the immersion h: W — £; = S*1US™3 U ... USH1-26-1),
for n+1—2¢> 2.

Now, we remove the top dimensional open discs namely, D' and D" ' from
the leaf space L and their preimages from W. Then the remaining (n — 2)-
dimensional manifold G"2 = W \ h=1(D?') is a closed connected manifold by

Lemma [3.3.9)and Corollary [3.3.8 and the map
gn—Q N Sn—2 U Sn—2 U Sn—3 U.. U Sn—1—2(z’—1)

is still an immersion. Next, the (n—2)-dimensional open discs D" *’s are removed

from L and their preimages from G"2? and we get an immersion as follows
gn—S — Sn—3 U Sn—3 U Sn—3 U U 8n—1—2(i—1)
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Here, G"% isan (n — 3)-dimensional manifold since the image of G"~2 should

contain points from the equators of S™~?’s.

We continue removing the top dimensional open discs from the leaf space £ and

their preimages from the remaining part of W until we get
gn+1—2i N £n+1—2i — Sn+1—2i U Sn+1—2i U..uU Sn+1—2i U 8n+1—2i'

By Lemma[3.3.9, G"™1~% s still connected and simply connected as long as
n+1—21>2.

Case 2: If the dimension of the manifoldis 2k, forsome k£ € 7Z and i =k then

removing cells as above we finally obtain the following immersion
G — LP=S"US*U..uSPuUSh.

Next, we remove small open discs containing the north and south poles of the 2-
dimensional spheres and one of the equators of S! then foliate the complement

with circles.

Case 3: If the dimension of the manifoldis 2k — 1, forsome k£ € Z and i =k

then the immersion analogously will be
G — LP=5"US*U..US*uUS*u s

Then we remove small open discs containing the north and south poles of the 2-

dimensional spheres and S° then foliate the complement with circles.

Note that in all cases above there are foliations on £""1~2" with the spheres S"’s
(r=n—2t inCase land r =1 in Case 2 and 3) after removing the small open
discs containing the north and south poles of each (n + 1 — 2i)-sphere in L™,
The number of the preimages of these open discs in  G"™1=% is finite and we remove
these open discs from G"*17%, Hence, there is also a foliation on G"*1~% with
r-dimensional manifolds J". These r-manifolds must be sphere since the sphere
S™ is closed in the leaf space, its preimage is also closed. Furthermore, the preimage
of S" is compact because G"T17% is compact. Hence, the map is a covering by

Lemma[2.0.8, J" — S".

For r =1, after removing the preimages of small open discs containing the north

and south poles of each sphere in £, the remaining part of W is foliated by 1-
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dimensional manifolds. These 1-dimensional manifolds are circles since G"*1~=% is
compact and J!' — S' is a covering map. Hence, the remaining part of W is

foliated by circles and hence it is an annulus.

By Theorem[2.0.10} for r > 1, thefoliationon G is S"xI, where [ =[—1,1].

Hence, the leaf space of this foliation on G"™1=2* is [ =[-1,1].

On the other hand, the quotient space of the leaf space £"*1~?" is a non-Hausdorff
space which is a union of intervals with one extra origin I* = [;Ul,U...Uly;_1U{0'}.
The involution interchanges these intervals with each other except the one, which
represents the sphere  S""'~% and on that sphere it changes the double origins with
each other. There is still an immersion . : [ —» I* induced from the immersion
hsuch that E(il) are the end points of some of the intervals in [*. Such an
immersion is an embedding, whose image contains one interval with only one copy
of the origin. Therefore, this gives a contradiction since in this case the immersed

image of W in L can not be invariant under involution.

For a better understanding, let us consider the following example: Let the manifold

M be 9-dimensional and the leaf space £ = S°US".

The induced immersion from the developing map is

W — £=8"US".
After removing the 9-dimensional open discs from £ and their preimages from
W9, we get the following immersion

G* — SPUStuS”
Here, if the preimage of one of the 8-dimensional sphere £ is empty and the other
is not then it contradicts that the image of W is invariant under involution and the

proof finishes.

Next, we remove the 8-dimensional open discs from £ and the preimages of these

open discs from W? then the immersion will be as follows
G — STuUSTUS.

Note that all the spheres in L7 are the same dimensional. The leaf space £” can

be decomposed into disjoint subsets which are the north and south poles of each 7-
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dimensional sphere and 6-dimensional spheres foliating the complement with [* =
I UL UIz;U{0}. Inaddition, G” is foliated by the spheres S%s excluding
finitely many open discs which are the preimages of the discs about north and south

polesin L and the leaf space of this foliationis I = [—1,1] by Theorem[2.0.10

There is an induced immersion / : [ — I* from the map h: W —s L.

I Il _[2 _[3

Figure 3.8: The induced immersion h.

In Figure the interval I,, standing for S7, has two origins 0; and 0.
Moreover, 0; is also an origin for /; and 0, is an origin for 3. Therefore,
each interval in the quotient space of the foliation of the leaf space has a double
origin. In addition, the involution interchanges the intervals [, and /I3 with ecah
other and the origins 0; with 0,. However, such an immersion is an embedding
which contains only one interval with one origin. This yields a contradiction. This

finishes the proof in the case A? = Id.

To finish the proof of Theorem [3.2.1] we need to consider also the case where the
matrix Cj corresponds to A, with A? = —Id. The zero set consists of two
disjoint copies of RP*'’s in RP?*™', namely Z = RP* ' URP*!. Since
L;’s are invariant under hol(m(N)), where L; = RP*™', dev='(L;) is invari-
ant under the covering transformation of the smooth covering map 7 : N —s N,
for @ = 1,2. Therefore, «; = m(dev™'(L;)) is a submanifold of N. Consider
the following diagram.

N =W x R% - Rp*~!

|-

N =W xS
Moreover, the zero set of v, the vector field on N, is a3 U as. Now, we have
two cases:

e a3 Uay = (). Itmeansthat dev(N) does not contain the zero set
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Z = L1 U Ly. Hence we can use Lemma[3.3.5]

The corresponding flow is given by
[mo)\tl . ::L‘nT—l)\ﬁ : anH/\ft Dt xn/\ft].

We can choose L; as the source and L, as the sink and thus all the flow-
lines start from [L; and end at L,. By taking the boundary of a tubular
neighborhood of each L; in RP?*!, whichis dv(L;), we determine the
leaf space L since from each point of Ov(L;) exactly one flowline passes.
Therefore, the leaf space is the total space of an S k=1 pundle over RP*1,

whichis £ = S* !XRP"*'. Now consider the diagram below.

Sk—l L covering q* (E) Sk—l

q
RPk_l covering Sk_l

Figure 3.9: ¢*(£) is an S*~! bundle over S*~1.

By Figure 3.9 ¢*(£) = S*'xS* 1. Since k >3, m(q* (L)) is trivial.
Moreover, since the induced local homeomorphism W — £ isa covering

map by Lemma and (W) is trivial, W 2 ¢* (L).

By the assumption of Theorem , W s not the total space of a sphere

bundle over sphere; therefore, this is a contradiction.

ap; Uay # (. In this case we can not use Lemma and we give an
alternative proof below. Suppose «; is nonempty. Let ¢ be a flowline,
including the end points, of the vector field v and one of the endpoints on
1. ¢ is a compact one dimensional submanifold of N since its preimage
in N maps into a closed interval in RP?**~! with one end point in each
L;. Hence, the other end point of ¢ ison s, which makes oy is also

nonempty.

Next, we will show that «; and «y are both connected. Let ( be a
component of «;. Let U be the tubular neighborhood of ( in V.
dev(m=1(¢)) C L; and they are actually equal. Thus, dev(7~*(U)) includes

a neighborhood of L;. Hence, U contains the total space Y ofan S*!
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bundle over RP*~! transverse to the flow and bounds a small neighborhood
of (. Since U isinvariant under the flow, it follows that U =T xR. The
boundary of U in N iscontainedin a; Uas andthus «; and «y are

connected and N = a; UU Uy (this is the analogous argument in [8]], p.8).

Note that since the image of dev contains both [L; and L., the map
a; —> L; 1is a covering map, for ¢ = 1,2 (see Lemma [2.0.8)). There are

only two possibilities for «;, whichare S*' and RPF!,

If o; = S* ! then the boundary of the neighborhood v(c;) of «; in
N s the total space of an S*~! bundle over S*7', Ov(a;) = SF1xSF L,
Since k > 3, the homotopy exact sequence implies that (v (o)) is trivial.
Now, N can be written as N = v(a;) U v(az), where the neighborhoods
v(ay) and v(ag) are glued along their boundaries via a diffeomorphism. By

Van Kampen’s theorem,
m(N) = 7 (v(on)) * m(v(ae))/ K,
where K is the normal subgroup corresponding to the kernel of the homo-
morphism
O (v(ay)) xm(v(ag)) — m(N).
However, since 1 (N) = 7 (W x S') = Z, this gives a contradiction.

If oy =RP*! then dv(a;) = S*'XRP*!. Similarly,

m(N) = m(v()) * m(v(a))/ K
and 7 (v(y)) = Zy. Therefore, we get 7Z = 7y * Zs/ K.

Now, assume Zs * Zy = < a > * < b > has a normal subgroup K and
m(N) =7Z =< ¢ >, where ¢ =ab. Let g = abab...aba be an element
of K. Since aga = bab...ab is also an element of K, their product
gaga isin K, ie. (ab)® € K, for some k € Z. Now, consider the
element ¢ = baba...ab in K. Then bg'b € K and their product bg'bg’
is again some power of ab. Hence K contains a power of ¢ = ab. Then
K NZ # () and this gives a contradiction. Therefore, there is no normal

subgroup K of Zs* Z, whose quotientis Z.

This final contradiction concludes the proof of Theorem [3.2.1 [
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CHAPTER 4

AN ALTERNATIVE PROOF IN DIMENSION 4

In this chapter, our aim is to give some more details and alternative arguments about
the proof of the main theorem, Theorem for the case M = RIP4#RIP>4 and
the flowlines of RP*\ Z such that Z is the zero set in which the vector field
V =0 on RP! Note thatif we take n =4 in our construction (section[3.1), the
manifold will be

M =W x S'/ < o > =RP*4#RP*,

by Remark , where W = 3. Assuming that M admits a real projective

structure, we obtain a developing pair (dev, hol) such that
dev: M — RP*,
and

hol : m (M) — PGL(5,R).

By Van Kampen’s theorem, the fundamental group of M is
(M) =ZyxZy =2 <ab|ad*>=0*=1>
and it is isomorphic to the infinite dihedral group

ZQ*ZQZZIXZQ.

Now, we will show that the universal cover of M is M= S% x R.

Let o acton S x R as the antipodal map on both components given by
c:9% xR — S®xR,
(p7 ZE) = (_p7 _I)7
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and 7 acton S® x R by fixing the first component and as a translation on the

second one
T8 xR — SxR
(p,7) — (p,x+1).

If we take the quotient of S® x R by < 7 >, we get S% x S!, which is the

double cover of M.

Let U = S'\{(-1,0)} and V = S*\ {(1,0)} be open sets which cover the

circle S' then we can write M as follows:
(S*x U)/Zy U (S® x V) Zy = (5 x S") | Zs,
(RP* — D*) U (RP* — D*) = RP*#RP*.
Below, we explain that (S® x U) /Z, = RP* — D*.

If we paste two 4-dimensional discs D* along the two boundaries of S x U then

we get S* as shown in the figure below.

D4
Figure 4.1: Decomposition of the 4-dimensional sphere.
Since
((S* x U)yu2D") /Zy = S* | Zy = RP*,
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we have

(S*xU)/Zy = (S* — 2D") /Zy = RP* — D*.

Now, as in the proof of Theorem3.2.T) we determine the possible generators C; (see
Lemma 3.3.3)) for the holonomy hol : m(N) — PGL(5,R), where N = S3x 5!

is the double cover of M.

Similar to the proof of Lemma [3.3.2] we say that hol(a) = [A] and hol(b) = [B],
where A and B € GL(5,R) andalsosay C' = AB. Since a*>=1 and hol
is a homomorphism, [A]? € PGL(5,R) is identity. It follows that after rescaling
A wehave A? = +Id. A? = —Id is not possible since the dimension of M is

even. If A? = Id then the eigenvalues are +1. The possible A; matrices are as

below:

—1

0
Ar=10
0
0

In the lemma below, which is Lemma for n =4, we give the possible C;

o o o = O

o O = O O

S = O O O

0
0
0
0
1

matrices corresponding to  A;, for ¢ =1,2.

Lemma 4.0.10. It is possible to assume that C' is one of the following matrices

with Ay > A > 1.

YR
0 M\7!
Ci=10 0
0 0
0 0

Next, observe that there is a 1-parameter diagonal subgroup G C PGL(5,R),

o O = O O

o = O O O

_ o O O O

Cy =

47

o o o O

o o o O

0
0
0
0
1

o O = O O
o = O O O

0 O
0 0
X0
0 Ao
0 0
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g:R — G suchthat ¢(1) =[C]. Forexample C = Cy, this subgroup is

[ eap(lit) 0 0 0 0]
0 exp(—Iit) 0 0 0
g1(t) = 0 0 exp(lat) 0 01,
0 0 0 exp(—Iyt) 0
i 0 0 0 0 1 |

where [; = log()\;).
This induces a flow on RP* (see page )
® : RP* x R — RP".
Let V be the vector field on RP*, velocity of this flow. The possibilities for the
zeroset Z C RP* of V are as follows:
1. For C), one projective plane and two points (see page 49 and [50).
2. For (5, five points (see page[52)).

Let X =RP*\ Z, then X is foliated by flowlines and let £ be the leaf space

of the foliation on X.

Let N be the universal cover of N. Since dev(]v ) C X there is a map from
the leaf space of the induced foliation on N into L. The leaf space of N is 3
by Lemma([3.3.5] The induced map

h:S%— L

is a local homeomorphism. Since dev(N) C RP* is invariant under hol(m (M))

it follows that h(S®) C £ is invariant under the involution, which is induced by o.

Our purpose is to determine all possible immersions of S® into £ and prove that
the image of S® can not be invariant under the involution and thus it contradicts
that M admits a developing map. Therefore, we will conclude that A has no

real projective structure.

The following two lemmas are included in Subsection [3.3.1] Neverthless, we give

details of the flowlines and an alternative proof for Lemma[4.0.12] below.
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Lemma 4.0.11. C; is not possible.

Proof. The zeroset Z of V isacopy of RP*? and two points, which are p.
and p_. Letuscall p, assourceand p_ assink. S;, Sy are small unit
3-spheres, which are the boundaries of the neighborhoods of p, and p_, respec-

tively in RP?*, so that the spheres transverse to the flow.

We try to determine the leaf space L. Decompose these 3—spheres as an equator

and the northern and the southern hemispheres.
S*=D,UEUD_
such that
E = S*n{xy =0},
Dy = S*N{xy > 0},
D_=S8*n{x, <0}

Moreover, there exists a unique flowline passing through each point of the hemi-
spheres of S7; and S,. This is clear from the description of the flowlines given
below. Thus, we can identify D, C S; with D, C So and D_ C S; with
D_ C S5. The flow starting from p, intersecting with the equator of S; goes
to RP?. The flow starting from RP? goesto p_ intersecting with the equator
of S,. Through each point of the equators of S; and S,, there passes a unique

flowline and therefore there exist two copies of S? in L.
The corresponding flow to C is given by

[xo)\lt OV PR x4].
Now, our purpose is to determine source and sink points.
Case 1: If z; # 0 then the flow is as follows:

T2

[@)\12'5 N R VL E)\1t ; %Alt]
T1

T X x

When ¢ — —oo, the flow starts at [0 :1:0:0: ()] ,  which is source.
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1. Io#o,

Ty, — Toy ¢ T3, ¢ Ta, _
[1:—)\1 2t:—)\1 t:—)\l t:—)\l ¢,
Zo Zo Zo Zo

When ¢ — +oo, the flow ends at [1 :0:0:0: O], which is sink.

The Euclidean coordinates around the source are as
To T2 T3 T4

<_7 _7 _7 _> E R4
K I T1 11

and around the sink as

For the flowlines starting at p, and leaving S; from the northern hemi-
sphere we assume o >0, for x; # 0. Then atl >0, for zyg#0 and
the flowlines go to :;;1_ from the northern hemisph:g(r)e of S5. The flowlines
starting from p, andleaving S; from northern hemisphere goto p_ from
northern hemisphere of S;. Similarly, the flowlines starting from p, and
passing through the southern hemisphere of S (;—? < 0) go to the southern

hemisphere of S, endingat p_.

2. Now, consider xg = 0, i.e. the flowlines do not end at sink, thus the flow is
as follows:

[0 PN AR T x4}.

If x5 #0, the flow is given by

[O:ﬂ)\l_tzl:ﬁ'g}.
X2 To T2
When ¢ — 400, the flow ends at
[O:O:l:ﬂ:%},
To XTo

so the flowlines go to RP?.

If we consider the cases x3 # 0 or x4 # 0 instead of x5 # 0, the

flowlines again end at RIP?,

The flowlines emitting from the source which ends at RP? form a subspace

homeomorphic to S? in L.
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Case 2: If x; = 0, then the flow is as follows:

[xo)\lt 202923 :174].

The cases where x5 # 0, z3 # 0 or x4 # 0, the flows are similar. Hence, we

may consider only one of them.

Let us take x5 # 0, then the flow is as follows:

[@Alt:O:I:E:E}.

T2 To T2

When ¢ — —oo, the flow starts at

[O:O:l:ﬁzﬂ}.
Ty T9

If x9+# 0, the flow is given by

[1 :0: ﬁ)\ft : ﬁ)\ft : %)\ft].
Lo To Zo

When ¢ — +oo, theflowendsat [1:0:0:0:0].

Thus, the flowlines start from RP? and end at sink. Furthermore, the flowlines form

a subspace homeomorphic to S? in £ asin Case 1.

Therefore, L is a 3-sphere with a double equator and we simply denote it as L =
S3. Now, we remove the small open discs containing the north and south poles of
S% in L then the complement is foliated by 2-spheres with an extra copy at the
origin and the corresponding leaf space of this foliation is [* = I U{0’}. Here the
involution interchanges the origins with each other. In addition, S® is foliated by
2-spheres removing the preimages of the discs around the north and south polesin £

and the leaf space of this foliationis [ = [—1,1], by Theorem[2.0.10

There is an induced immersion h : [ — I* from the map h : S — L.
However, such an immersion is an embedding containing only one origin. Hence, the

image can not be invariant under the involution. [
Lemma 4.0.12. C5 is not possible.
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Proof. The zero set of V consists of five points. We call them p,, .., piii_,

Piy——y pr——— and p____. We get the points and labelling by considering the
following flow
[ exp(lyt) 0 0 0 0]
0 exp(—Iit) 0 0 0
g(t) = 0 0 exp(lat) 0 0
0 0 0 exp(—lst) 0
0 0 0 0 1]

such that [; = log()\;) and Xy > Ay > 1.

The labelling denotes the number of attracting and rebelling directions. The number
of (—) signs is the number of attracting directions. Hence, the sinkis p____ and
the source is p;44. There is no flowline ending at p., .., and similarly, there
is no flowline starting at p___ . Every flowline starts at a point with a (+) label

and ends at a point with a (—) label.

We take the boundary of the tubular neighborhood of each point of Z in RP*,
whichis S3. We need to determine the subspaces corresponding to the flowlines of
L which start at some point (when ¢ — —oo0) and end at some other point (when

t — +00).
For (5, the corresponding flow is given by

t. —t . . —t .
[fo)\l . xl)\l . I‘Q)\Q . .1’3)\2 . 134} .

Case 1: If 23 # 0 then we consider the flow as follows:

00 ) L) T2y _A} |

xs T3 A\ xs T3

A
Since (A1 - A2), ()\—2) and )\, are greater than 1, the starting pointis pyi.,
1
i.e. when ¢t — —oo, the flow starts at [0 :0:0:1: O]. In Euclidean coordinates,

. . . . 4
[$0.$1.$2.$3.$4}—><x—,x—,x—,m—)GR
3 3 3 3

and

[0:0:0:1:0] — (0,0,0,0).
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1. If 5 # 0 then the flow can be written as
T

@(Al)t . —(/\1 . Ag)_t N ﬁ/\g_% . E)\Q_t .

To A9 X2 X2 X2

When ¢ — oo, the flowendsat [0:0:1:0:0], whichis p____.
Through every pointin S — S?, whichisaround p____, there is a unique

flowline starting at the source.

2. If x5 =0 then the flow is given by
[wo/\lt s 0 s :L‘4}.
If xy# 0 then the flow can be written as

|:1 . ﬂ)\l_% 10 —()\1 . /\2>7t 3 ﬂ/\1_ti| g

ZTo Zo Zo
When ¢ — 400, the flow ends at [1 :0:0:0: O], whichis py__ .

The flow below

[1 : ﬂ)\l_% 10 E()\1 DS E)\l_t}

Zo Lo Lo
consists of 3 parameters in Euclidean coordinates such that z3 # 0. Then
the corresponding subspace to the flowlines starting at p,,;, and ending at
py___ is S?—S'. Hence we can identify both hemispheres of S? around
P444+ with both hemispheres of S? around p,___. However, there is no

flowline between the two equators of 2-spheres, thus they are not identified.

3. Let 29 =0 and 2y =0 then the flow is written as follows:
[O . $1>\17t 10 (’Eg)\git . $4:|.
If x4 # 0 then the flow is given by

[0 : ﬂ/\l_t :0: E)\Q_t : 1].
T4 Ty

When t — +oo, theflowendsat [0:0:0:0:1], whichis py__.

The flowlines from p,,,, to p,,__ are through the points of S! except

its equator since x4 # 0. It follows that the corresponding subspace is

St— S0

53



4. If 29=0, 2g=0 and z4 =0, then the flow is given by
[0 s 0 sy 0].

If x; # 0, then the flow can be written as

[0:1:0:%’(?—;)50}

When t — +oo, theflowendsat [0:1:0:0:0], whichis pi i, .

The flowlines from p,,,, to p,,,_ are only through two points of S*,

namely S°.

The diagram below lists the flowlines starting from p,,,. and also the subspaces

corresponding to these flowlines.

Tem—

P4++-(87) P4r——(S = 5% py———(S* =5 p-———(8° = 5?%)
If x3 =0, i.e. flowlines do not start at the source point p,, . then the flow is

[xo)\lt P NI 2P xd.

Case 2: Let 23 =0 and x; # 0, then the flow is given by

@)\12?S -1 E()\1 . )\Q)t :0: E/\lt
I X1 I

When ¢ — —oo the flow startsat [0:1:0:0:0].

The subspace consisting of the flowlines starting from p,,,_ is S?. Below, we

investigate at which points this flowlines end.

1. If x5 # 0, then the flow can be written as

[@(Al)t : ﬂ()\1 Q) ti1:0: E)\g_t].

T >\_2 T2 T2
When t — 400, the flow ends at [0:0:1:0:0].
Thus, the subspace S? — S consists of the flowlines starting from py

and endingat p____.
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2. If To = O, then the flow is [Qfo)\lt . Il)\lit :0:0: .Z'4j|.

Let zy # 0, then the flow can be written as

[1 ; ﬂ)\f% :0:0: %)\ft].
o o

As t— 4oco theflowendsat [1:0:0:0:0].

The subspace S' — S° consists of the flowlines from p,,,_ to p, __.
3. If =0 and xy =0, then the flow is written as follows:
[0 cxA ti 0 O:xd.
Let x4 # 0, then the flow can be written as

[O:EA#:O:OJ}
Ty

As t— +oo theflowendsat [0:0:0:0:1].

The subspace S° consists of the flowlines from p . to pi,__.
P +++ ++

So we have the following diagram.

T

Pry——(S8%) pi——— (5" =59 p-———(5? = 51
Case 3 : Consider 23 =0, x; =0 and x4 # 0, then the flow is given by

[@/\f:O:ﬂ)\gt:O:l}.
4

Ty xz
As t — —oo the flow starts at [0:0:0:0:1}.

Thus, the subspace S consists of the flowlines from p ., __.

1. If x5 # 0 then the flow can be written as

Lo At oL Tay
[@(Az) 0:1:0: 0 |

As t — +oo the flow ends at [0 10 1:0:0].
The subspace S! — SY consists of the flowlines starting from p,, _ and

endingat p____.
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2. If 2o=0 and =z # 0, the flow is given by

[1:0:0:O:E)\ft}
To

As t— +oo theflowendsat [1:0:0:0:0].

Hence, the subspace S° consists of the flowlines from p, . _ to p,___.

Dyt——

LT

Pr——(5")  p— (5T =59

Case4: If =0, z3=0, 4, =0 andzy # 0, then the flow is given by

[1:0:%(;—?)t:0:0]

As t — —oo the flow starts at [1 :0:0:0: 0}, whichis py___.

1. If x5 # 0, the flow is given by

[i—g(i—l)t:():lz():O}

As t — +oo the flow ends at [0:0:1:0:0].

The subspace S° consists of the flowlines from p,___ to p____.

[

|

p————(5°)
Remark 4.0.13. The flowline starting and ending at the same point is just a point
and we call it a constant flowline. We are not interested in constant flowlines in our

considerations.

Hence, the leaf space £ of this foliation of X = RP*\ Z can be written as
L=8uUS
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Now, there is a decomposition of £ into disjoint subsets; four points, such that two
of whichare (0,0,0,+1) C D1 and the other two points are the extra copy S° of
S!, one S!' and the other subspaces are two spheres which foliate the complement
after removing S' and the points (0,0,0,41).
3 (0,0,0,+1)
Sl

L= 83 U S!

Figure 4.2: Decomposition of the leaf space L.

There is an immersion h : S® — £ induced from developing map and since
S3 and L have same dimension, it is also a submersion. Then the preimages of

decomposition of £ give a decomposition of S3.

If we restrict h : S® — L to the discs of S3, we get finite sheeted covering

projections, which are given as
hi:h™Y(D1) — Di
according to Lemma |2.0.8
If S? is any leaf of the foliation of £ then
hy: h='(S?) — S?
is also a covering projection. Thus, h~!(S?) is a disjoint union of S?’s.

We see that £ has a foliation with S? leaves after removing the north pole, the
south pole and S' from L. Using the decomposition of £ described above
(also see Figure , we get a decomposition of S3 by taking the preimages of this
decomposition of L. Then we use an Euler characteristic argument and arrive at a

contradiction in all cases.
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Let N be the north pole and S be the south pole.

Since £ and S® are locally compact spaces, we can use Euler characteristic with

compact supports ([4] page 1).
The compactly supported Euler characteristic of the punctured open disc is
Xe(D?\ (SPUN)) = xe(D?) = xe(S%) = xe(N) =1 =2 — 1= =2,
and
Xe(8?) =2 Xxe(D*\ (SPUN) +2- xe(NUS) +2- x.(5%).

Case1: h1(S!) =0.
ny: the number of the preimages of D, .
n9: the number of the preimages of D_.

k: the number of the preimages of S2.

From

X(8%) = Xe(S7) = (=2m1) + (=2n2) + na + 2 + 2k,
we get
2k = ny + No > 2.

This equality says that the number of the open discs is equal to twice the number of

spheres.

The possible cases are listed below:

1. k=1 then ny+ny=2.

It means that there is one S? dividing S® into two pieces D, and D_.
Then h(S®) touches one of the equators of S*, so the image is not invariant

under involution. Thus, this case is not possible.

2. k=2 then n1+n2:4.

If we remove one sphere from 5%, we have two components which are D,
and D_. Then the other sphere is in one of these discs. Without loss of
generality, we assume that the sphereisin D,. Then these two spheres divide
S3 into three connected disc components. However, it is a contradiction since

it should be 4.
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3. k>3 then n;+ny > 6.

In this case, we have a contradiction similar to the case k& = 2, so this case is

also not possible.

Case2: h~1(S') #0.
(53 \ hY(SY) < o.

—1=x(S*\hH(S")) = (—=2n1) + (—2n2) + n1 + no + 2k,

where [ is the number of the preimages of S!. The Euler characteristic of S is
0, so S' makes no change on the Euler characteristic. One of the double equators

S of S! decreases the Euler characteristic since we remove it. Finally, we get
n1+n2:2k3—|—l and lz 1.

Now, we consider the below possible cases:

1. k=1 and [ =1 then n; +ny = 3.
Then there are 3 disc connected components, but we have only one S? divid-
ing S® into two pieces and one point, which is the preimage of S°. Thus,
it is a contradiction.

2. k>2 and [ >1 then ny +ny > 5.

There is again a contradiction with the number of connected disc components

and the number of S?’s. This finishes the proof.
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CHAPTER 5

AN OBSTRUCTION TO THE EXISTENCE OF REAL
PROJECTIVE STRUCTURES

In this chapter, we will give an obstruction to obtain examples of manifolds with the
infinite fundamental group 7Z admitting no real projective structure.
General properties of Pontryagin classes give the following theorem.

Theorem 5.0.14. If there is an immersion M" ' — R", where M is an ori-

entable manifold then the Pontryagin classes p;(M™') are all two torsion, for
i> 1.

Theorem 5.0.15. Let M™ be a simply connected manifold which does not admit any

immersion into R""'. Then M x S does not have any real projective structure.

Proof. Assume that M x S' admits a real projective structure. Then there exists a
developing map such that

M x R -4, Rprtt

|

M x St
Consider the following diagram.

Sn—',—l

a

M 9 Rprt!

Since the map M — RP"*! is an immersion and the double cover

Sl RP™! s a local diffeomorphism, A — S™*! is also an immersion.
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Moreover,

M —s Sn-i—l \ {p} _ Rn-‘rl

is also an immersion where p isapointin S™"!, which is notin the image of M.

However, this yields a contradiction. 0

Example: Let M = CP?. The first Pontryagin class of CP? is p; = ¢ — 2cy,

where c¢;’s are Chern classes, for ¢+ = 1,2. Then
pL=cf —2c,=9—-23=3.

Hence p, isnotatorsionclass. By Theorem|5.0.14} there is no immersion CP? —
R® and it contradicts to the existence of the developing map. Therefore, CP? x S*

does not have a real projective structure.

Example: Let M* be an almost complex manifold such that (M) = Z,. Then
the universal cover M —s M has also an almost complex structure via pull back.

Then the first Pontryagin class of M s

—

pl(]T/[/) = c% — 20y = c? —2x(M).

If p (]T] ) is zero, by Theorem|5.0.14|there is no real projective structure on M. If
it is nonzero, we blow up the universal cover at some pair of points p; and p; such
that p; = 7(p;), where 7 isthe Deck trasformation of the cover M —s M and
after 2k-times blowing up we get the manifold M#2kCP?. Then x(M#2kCP?) =
X(M) + 2k and (M#2kCP?) = 2(M) — 2k.
pL(M#2kCP?) = (M #2kCP?) — 2y(M#2kCP?)
= (M) — 2k — 2y(M) — 4k

Therefore, p; (M #2kCP?) is nonzero (for k > 1) if p; (M ) is zero and thus
(]\7 #2kCP?) x S* admits no real projective structure.

Using the ideas of this chapter we obtain a short cut in the proof of the main theorem
(Theorem i incase W™ does not admit an immersion into R™.

Theorem 5.0.16. Assume that W™ ' and M as in Theorem Assume fur-
ther that the universal cover W of W does not admit an immersion into R".

Then M has no real projective structure.
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Proof. Assume on the contrary that M has a real projective structure. Then the
universal cover W x R of M has a real projective structure and thus the devel-
oping map dev : W x R —s RP" provides an immersion of W into R". This

finishes the proof. [

Remark 5.0.17. Note that since S™ ' has an immersion into R", the above the-

orem does not imply that RP"#RP" can not have a real projective structure.
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CHAPTER 6

PROJECTIVE STRUCTURES AND CONTACT FORMS

6.1 Background

Definition 6.1.1. Let M bea (2n + 1)-dimensional manifold. A contact structure
is a maximally non-integrable hyperplane field & C 'T'M such that any local 1-form

a with & = kera is required to satisfy
a A (da)" #0.

Such a I-form « is called a contact form and the pair (M, &) is called a contact

manifold.

For more information about contact structures see [[10]], [[11].

In [18], Ovsienko dealt with the relation between real projective structures and special
contact forms on simply connected odd dimensional manifolds. He showed that a

locally simply connected projective manifold of odd dimension is contact.

Theorem 6.1.2 (Ovsienko). Ler M be a (2k — 1)-dimensional simply connected
manifold, where k > 1. Then M admits a real projective structure if and only if

there are functions fi, ..., for, € C°(M) such that the one form
k
= Z(f%—l dfai — fai df2i—1)

=1

s contact.
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6.2 Main Result

We proved that if a manifold M (with any fundamental group) admits a special
contact form consisting of some functions on M then it admits a real projective

structure.

Theorem 6.2.1. Let an odd dimensional manifold M?**~' admit a contact form as

given below
k

o= Z(f?i—l dfai — fai dfai—1)

i=1
for some functions fi, ..., fop € C°(M). Then M admits a real projective struc-

ture.

Proof. Suppose that there is a contact form « on M asabove. Let 7 : M— M
be the universal cover of M. Consider the functions fi, ..., fa, € C*°(M) such

that f; = f;om, where fi,..., for € C>®(M).

Therefore, & 1is a contact form on M such that
k
o= Z(f%—l dfai — fai df2i—l)-
i=1
Let F' bethe 2k-dimensional linear space spanned by the functions f},
F=< fl, ...,fgk > = Rzk.

To any point m € M we assign the subspace V,, C F' formed by the functions

vanishing at the point m such that

Vi ={f € F| f(m) = 0}.
The dimension of V;,, is (2k — 1) since the form & is nondegenerate.
Then the map @ : M —» RP?**~!, given by ®(m) =V, iswell defined.
Now, we will show that @ is a local diffeomorphism.

For any point m, thereis afunctionin F' thatis nonzeroat m. We may assume

fgk # 0. Letussay t; = f}-/fgk, t = 1,...,2k — 1 in the neighborhood of m.
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Then the form @& A (d&)*~1 is proportional to the form dt; Adty A ... Adtop_1 # 0.

Hence, the functions (1, ...,tox_1) constitute a system of local coordinates on M.

Therefore, ® is a developing map for some real projective structure on M. Now,

we need to say this pojective structure can be pulled down to M.

The real projective structure on M is given by the functions f; € F. Since the
functions have the form fi = f; om, the real projective structure on M descends

to a structure on M. We conclude that M admits a real projective structure. [
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