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ABSTRACT

INTRODUCTION TO VERTEX-COLORING PROBLEM

Mohammed Jabbar Abdullh AL-SHAFEAY
Master of Science in Mathematics
Advisor: Asst. Prof. Dr. Celalettin KAYA
Co-Advisor: Asst. Prof. Dr. Mohammed Shakir ZABIBA
February 2022

The vertex coloring problem is about using the smallest number of colors possible to
color the vertices of a graph properly, and also related to ways to find this coloring. In
the first chapter of this thesis, we introduced this famous problem by giving its origin and
historical development. In the second chapter, we gave basic definitions and theorems
about graphs. In the third chapter, we defined the chromatic number of a graph, and
introduced related results. We also presented some of its applications such as finding a
time line for solving some real-life problems. In the fourth chapter, we looked at how to
calculate chromatic number for a graph, and its upper and lower bounds. We looked at one
of the ways to find the chromatic number, which is the greedy coloring algorithm. We also
found the chromatic number of the Cartesian product of two simple graphs. In the fifth and
final chapter, after introducing the four-color problem, we reviewed the topic of coloring

a graph on a surface. Finally, we also mentioned Hajos and Hadwiger conjectures.

2022, 32 pages

Keywords: Graphs, Vertex coloring, Chromatic number, Chromatic polynomaial,

Chromatic bounds



OZET

KOSE RENKLENDIRME PROBLEMINE GIRIS

Mohammed Jabbar Abdullh AL-SHAFEAY
Matematik, Yiiksek Lisans
Tez Damigsmant: Dr. Ogr. Uyesi Celalettin KAYA
Es Danmisman: Dr. Ogr. Uyesi Mohammed Shakir ZABIBA
Subat 2022

Kose renklendirme problemi, bir grafin kdselerini uygun bir sekilde renklendirmek icin
miimkiin olan en az sayida rengi kullanmak ve bu renklendirmeyi bulmanin bazi
yollarin1 gostermek ile ilgilidir. Bu tezin birinci boliimiinde, bu {inlii problemi kokenini
ve tarihsel gelisimini vererek tanittik. Ikinci boliimde, graflarla ilgili temel tamim ve
teoremleri verdik. Ugiincii boliimde, bir grafin kromatik sayisim tanimladik ve ilgili
sonuglart sunduk. Bunun, bazi gercek hayat problemlerinin ¢dziimii icin bir zaman
cizelgesi bulma gibi baz1 uygulamalarini sunduk. Dérdiincii boliimde, bir graf igin
kromatik sayinin nasil hesaplanacagini ve iist ve alt sinirlarini inceledik. Kromatik sayiy1
bulmanin yollarindan birisi olan acgdzlii renklendirme algoritmasina degindik. Ayrica,
iki basit grafin Kartezyen ¢arpiminin kromatik sayisini bulduk. Besinci ve son boliimde,
dort renk problemini tanittiktan sonra, bir yiizey iizerindeki bir grafin renklendirilmesi

konusunu ele aldik. Son olarak, Hajos ve Hadwiger varsayimlarindan da bahsettik.

2022, 32 sayfa

Anahtar Kelimeler: Graflar, Kose renklendirme, Kromatik sayi, Kromatik polinom,

Kromatik sinirlar
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1. INTRODUCTION

The problem with coloring graph vertices is a side effect of the initial problem, the four-
color issue that is the coloring of planar graphs such as coloring a map.

In 1852 Francis Guthrie said: Is it possible to suffice with four colors to color the map of
England? This problem was brought up for discussion in 1879 at the London
Mathematical Society by Arthur Cayley. At the time Alfred Quimby published a paper
proving that saying (Kubale 2004). But in 1890 Heywood refuted Quimby’s proof of
this and he gave a guess that five colors could be chosen to color the planar graph. In
1912 George Ra Ven used chromatic polynomials to prove and find the chromatic
number of graphs (Jensen and Toft 1995; Van Lint et al. 2001). In 1972 the problem of
colors became a computational problem and several algorithms were found and
developed to prove the coloring of graphs including (Karp 1972). For example, the
greedy coloring algorithm was introduced and it was considered a complete problem NP.
The idea of coloring vertices appeared by choosing a point in each of the areas of the
planar graph or the map where these points are called vertices and straight or curved lines,
which are called the edges, are connected between each two vertices of two adjacent areas
of the graph to form a system called a proper graph coloring. The goal of such a coloring
of vertices is to use the fewest colors possible (called the chromatic number) (Chakraborty
etal. 2018).

To color such a graph and ways to find it are the objective of this thesis. We also gave some
applications in engineering science and communication as well as solved some problems
in our lives. We also mentioned an applied example that we always encounter in our

academic life.



2. PRELIMINARIES

This section contains a set of basic definitions. Some theorems, corollaries, and some

types of graphs that are be used in the following sections.

2.1 Basic Definitions

Definition 2.1. (Saoub 2021)
The graph H is made up of two units that are the vertex set denoted by V(H) and the edge
set denoted by E(H). As a shorthand we will use H and sometimes H = (V,E).

An edge ad is a pair of vertices where the order does not matter.

a \
\
\
\\\.
be \0 d
c® ®.

Figure 2.1 An example to illustrate the graph H (Tutorialspoint 2021)

Definition 2.2. (Diestel 2018)
The order of a graph H expressed as | H | or n is the total of all vertices.
The size of a graph H is the number of edges possessed by a graph, and || H || or m

represents this number.

Example 2.3. For the graph seen in Figure 2.1:

The set V(H) = {e,d,a,b,c} is the set of vertices of the graph H.
Son=>3.

The set E(H) = {ab,ad,bc,bd} is the set of the edges of the graph H.
Som = 4.



Definition 2.4. (Saoub 2021)

If G is a graph, then:

1
2

3.

9,

Ogaee N3

10.

The a,b are the endpoints of the edge ab.
If a is the endpoint of ab, we call it incident to edge ab.
If the two vertices are incident to a certain edge, we will call the vertices adjacent

and denote it by a ~ b.

. We call two edges adjacent if they contain one common endpoint.

. We say two vertices are neighbors if they are adjacent, and the collection of all

neighbors of any vertex a is designated by N(x).

The two vertices or edges are called independent if they are not adjacent.

We name a vertex as isolated if this is not incident to any edge.

The term loop is used for an edge, if both of its endpoints are the same vertex.

We consider two edges as multi-edges or parallel edges when they have the same
terminal vertices.

We define a graph simple if it has no multi-edges and no loops.

€3
[ )
€4 2
e
Vq ! oW
V2
€g -
J
Vy

Figure 2.2 This graph shows the loop and the multi edges (Bondy and Murty 1976)

Example 2.5. For the graph given in Figure 2.2:

The vertices v; and v, are endpoints to the edge e .

v1 incident to the edge e1. There is no isolated vertex.

v3 and v4 adjacent vertices, and ey, e5 and eg are adjacent edges.

For example, N(vi) = {v2}, but N(v2) = {v1,v3,v4,vs}.

For example, v; and v3 independent vertices, and e; and e4 independent edges.

The edge e3 is a loop, the edges e7 and eg multi-edges. The graphs is not simple.



Definition 2.6. (Kubale 2004)

The deg(v) is the number of all edges that are incident with the vertex v in a graph H, and
it is called the degree of the vertex v. That is, deg(v) = |[{e € E : v € e}|.

A(H) is the greatest degree of all vertices in a graph H, whereas 6 (H) indicates the lowest
degree.

That number g(H) = % is the density for a graph H.

Example 2.7. For the graph given in Figure 2.1:
deg(e) =0, deg(c) =1, deg(a) = deg(d) =2 and deg(b) = 3.
Then A(H)=3 and 6(H)=0.

Theorem 2.8. First Theorem to Graphs (Chartrand and Zhang 2019)

Suppose G is a size m graph, then:

Z deg(v) =2m
veV(G)

2.2 Types of Graphs

Definition 2.9. (Gross and Yellen 2005)
The edge sets of a null graph is empty.

& &
b C

Figure 2.3 A null graph with only three vertices (Tutorialspoint 2021)

Example 2.10. For the graph seen in Figure 2.3:
a, b and c are vertices in this graph, but there are no edges between them. As a result it is

a null graph.



Definition 2.11. (Diestel 2018)
We claim that H, includes H; if V(H,) C V(H;) and E(H,>) C E(H,). If this is the case,
H, is a subgraph of a graph Hi, and written as H, C Hj.

(a) Graph H, (b) Graph H,

Figure 2.4 The graph H, is a subgraph of the graph H; (Diestel 2018)

Example 2.12. In Figure 2.4: The graph H; is a subgraph of the graph H;.

Definition 2.13. (Diestel 2018)
The graph of order zero is called empty and is denoted by the letter (¢, ¢) or ¢. A trivial

graph is a graph of order one.

Definition 2.14. (Diestel 2018)
The graph A is considered connected when it is not empty and also if there is a path for

each of two vertices of it.

Example 2.15. In Figure 2.2:
We can move from a vertex let it be v; to any other vertex such as v3 in the graph and

through the following path vi —v, —v3.

Definition 2.16. (Rahman 2017)
A graph consisting of a series of vertices v{,Vvy,...,v, and edges v;v;; joining two of
them for every 1 <i <n—1, is called the path graph and the two vertices v| and v,, are

called endvertices of graph.

Example 2.17. In (Figure 2.5)
A path Fy is the path graph containing six vertices. P, is a path graph that has n vertices.

5
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(a) (b)
Figure 2.5 Py is a path graphs and (g is a cyclic graph (Rahman 2017)

Definition 2.18. (Diestel 2018)
A complete graph is one in which all of the vertices are connected by edges, and it is

indicated by K, if it has n vertices, and K3 if it has 3 vertices and we call it triangle.

PRAN

(a) Graph Ks (b) Graph K3

Figure 2.6 Complete graphs Ks and triangle K3 (Hammack et al. 2011)

Definition 2.19. (Chakraborty et al. 2018)
A cyclic graph is a graph that consists of a closed cycle that begins at one of the vertices

and ends there.

Example 2.20. For the graph given in Figure 2.5(b):
It is a cyclic graph, and it is denoted by Cs. The symbol for a cyclic graph containing n

vertices is C,,.

Definition 2.21. (Chartrand et al. 1996)
If all of its vertices of a graph have always the same degree r, it is a regular of degree r.
These graphs are also known as r-regular graphs.

So the complete graph K, is (n — 1) - regular and also all of cycle graphs are 2 - regular.



o O

O O
0-regular 2-regular 4-regular

Figure 2.7 Some regular graphs of degree r =0, 2, and 4 (Chartrand et al. 1996)

Example 2.22. Look at the Figure 2.7:
In O-regular graph, there is no edge through it is vertices.
In 2-regular graph, each vertex has two edges.

In 4-regular graph,, each vertex has four edges.

Definition 2.23. (Dharwadker and Pirzada 2011)

If we have a graph B with its vertices divided into a group V| and a group V, where
V(B) =V UV,, and if ad € E(B) thenit mustbea € Vy andd € V, ora € V, and d € V)
then it is called a bipartite binary graph and is also called 2-partite.

If ad € E for all a € V| and d € V, so it is called complete bipartite and denoted by K, ,,

ifitis |V |=n,| V2 |=m.

B d

b e

C f
Vi Vz

Figure 2.8 Bipartite graph B (Tutorialspoint 2021)

Example 2.24. Look at the Figure 2.8:
It is a bipartite graph such that V| and V, two partition of that graph.
In fact, it is K3 3, that is, the complete bipartite graph such that | V; |[=3,| V2 |=3.

Definition 2.25. (Saoub 2021)
Let H = (V,E) be a simple graph withe no multi-edges and no loops. Then the graph



H = (V,E) is its complement if v;v, € E if and only if viv, ¢ E.

3

IU 3
u 2 A .U»'l
V2 Ty
(] Uy v _ Us
G
G

Figure 2.9 The graph G and it is complement G (Sadiquali and Sudhahar 2017)

Example 2.26. In the case of the graph depicted in Figure 2.9:
G CKs and G C Ks are complement of each other.

Definition 2.27. (Hartsfield and Ringel 2013)

A tree is a graph in which any two vertices are connected exactly one path.

ALY

Figure 2.10 Some examples of trees (Bondy and Murty 1976)




3. COLORING OF THE VERTICES

3.1 The Chromatic Number of Graphs

Definition 3.28. (Kubale 2004)

If H = (V,E) is a graph then coloring its vertices is the following function:
c: V=N

We call ¢ as a coloring function, where both vertices a,b € V are colored differently if
they are adjacent. That is:
{a,b} € E = c(a) # c(D).

If a graph H also has vertex-coloring which requires k colors it is termed k-colorable and
such a coloring is called a k-coloring.
In this instance, a coloring function induces a split of the vertex set of the graph H such

that {V},V,,...,Vi} forany ViNV; =0 and ViUV, U...UV, = V.

Definition 3.29. (Kubale 2004)

Any subset V; of a graph’s vertices is independent if for any
ViCV&abeV,={ab}¢E

The number of elements of a largest independent subset is called the independence

number of the graph G, and it is indicated by ot (G).

Figure 3.1 In this graph a(G) = 4 (Kubale 2004)

Example 3.30. For the graph given in Figure 3.1, a(G) = 4.



Definition 3.31. (Guichard 2017)
The largest value to n for which K, is a subgraph of the graph G is called the clique

number, and we denote it by ®(G).

Definition 3.32. (Kubale 2004)
The chromatic number, ) (A), for a graph A is the smallest integer k such that the graph

A has one k-coloring. In this case, A is referred to be k-chromatic.

Red Red Red Green
@ & * !
@ &
:
Red Red Green Red
(a) Coloring graph A (b) Coloring graph B

Figure 3.2 Chromatic number for graphs A and B (Tutorialspoint 2021)

Example 3.33. In Figure 3.2:
X(A) =1 of empty graph A and x(B) = 2 of graph B.

Remark 3.34. (Chakraborty et al. 2018; Chartrand and Zhang 2019)
1. If a graph H is k-colorable, then y(H) < k.
2. For each m-order graph H, 1 < y(H) < m.
3. A graph H with order m has chromatic number m if and only if H = K,,,.
4. A graph H has chromatic number y(H) = 1 if and only if H is an empty graph.
5. A graph H has chromatic number 2 if and only if it is a bipartite graph.

Example 3.35. Consider the colorings of the graph G given in Figure 3.3:

In A, 2-colors are used to color it.

In B, 3-colors are used to color it.

In A, 2-colors are used to color it.

Since the given graph is not empty, % (G) > 2. And we have a 2-coloring of the graph.
Therefore, x(G) = 2.

10



N1 N2 N
AL A A

Figure 3.3 Some colorings of a graph G (Koh et al. 2015)

Theorem 3.36. (Dharwadker and Pirzada 2011)

* If H,...,H, are components of a graph H, then x(H) = max{x(H;): 1 <i<n}.

* If a graph A has a subgraph B, then x(B) < x(A).

* For a graph A, the odd cycle exists if and only if y(A) > 3.

Theorem 3.37. (Chartrand and Zhang 2019)
If r is the order of the graph B, then

Theorem 3.38. (Chartrand et al. 1996)

For a graph A when each of its vertices is in at most n odd cycles, then

1+v8n+9

xa) < [

Theorem 3.39. (Gross and Yellen 2005)
For every graph A, we have

X(A) = a(A).

11



3.2 Applications of Coloring

We use theorems concerning coloring of vertices of graphs to solve a range of problems
that we face in various areas of life. We model the given problem as a graph such that
the basic points of this problem are the vertices of this graph, then we determine the
coloration of the vertices of the graph so that we can find an appropriate solution to the
problem (Gross and Yellen 2005).

3.2.1 Making time table

The problem is setting a timetable over a period of time with specific conditions for
solving a particular problem. For example, we want to define a set of tests for university
students. What is the minimum time required for this purpose without conflicting exam
times? We will illustrate this with an example that we have all experienced in our study

life (Lewis 2015).

Example 3.40. (Chartrand and Zhang 2019)
Let S = {s1,5,53,54,55,5,57,58} be the set of eight students, and let
A ={A1,Ar,A3,A4,A5,A¢,A7} be the set of seven courses. The students who will take
the exams of these courses are listed as follows:
Ay = {s2,56,58} Ay = {s1,54,57} Az = {s1,57,58} Ag = {55,56,57}
As = {54,55,56¢} A = {52,53,54} A7 = {s51,52,53}
How can we create an exam schedule with a minimum number of days such that all
students enter their exams?
Solution:
We start by converting this problem into a graph and use the vertex coloring to solve this
problem. Let V(A) = {A,As,Aq,A7,A2,A4,A3}. This set is the set of vertices of this
graph, and there are edges between A; and A; if A;NA; # 0. Now, we want to obtain
a coloring of the vertices of this graph such that no two adjacent vertices have the same
color as in Figure 3.4.
First, it is obvious that the independence number of this graph a(A) = 2.
Therefore by Theorem 3.37, we have:

F= g Sx(A) <r—a(A)+1=7-2+1.

Therefore, }(A) = 4. Thus the minimum number of colors needed is 4, and such a

coloring is shown in Figure 3.4, and so the exams can be schedule as follows:

12



First day: Ay, Ag; Second day: A,, As; Third day: Asz; Fourth day: Ag, A7.

Figure 3.4 The graph A about an exam schedule (Chartrand and Zhang 2019)

3.2.2 Map coloring

The most well-known graph problem is about coloring maps: How to color the map of
any country, state or province? How many colors for coloring each region on the map so
that the adjacent regions have different colors? We put a vertex in the center of each
district like the center of each city, and we connect every two adjacent vertices to get a
graph. The coloration of the area on the map corresponds to color graph vertices such
that adjacent graph vertices cannot have the same color. For example, Figure 3.5 shows
that coloring the vertices needs four colors so we will need four colors to color the map

(Rahman 2017).

i

() (b}

Figure 3.5 An example of a map coloring (Rahman 2017)

13



3.2.3 Chemical storage

Factories that need to operate require different and incompatible chemicals, and usually
when these chemicals stored together can cause an explosion, fire or toxic gases.
Therefore, storing them requires taking into account this while providing the least
number warehouses required for storage. In the following example, we will show how to

use the chromatic number to solve such problems (Koh et al. 2015).

Example 3.41. (Koh et al. 2015)

If in a factory we have six chemicals which are {G,H,L,N,T,P}, and some of them are

incompatible with each other as follows:

Chemical Incompatible with
P {G,N}
{P,H,T}
{G,L, T}
{H,N}
{PL}
{G.H}

N =2 ~ T Q

Find a safe way with the fewest number of warehouses required to stock these items.

P

N (1) (3) H
(2)

L

Figure 3.6 Graph C of chemical storage (Koh et al. 2015)
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Solution:

We must find a graph C illustrating this problem provided that the chemicals represent the
vertices of that graph C, and that there are edges between incompatible chemicals. Then
coloring these vertices by the conditions and finding the chromatic number represent the
least number of warehouses required to store these items. As in Figure 3.6. Then, since

x(C) = 3, it is enough to allocate three warehouses for safe storage.
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4. BOUNDS FOR CHROMATIC NUMBER

4.1 Upper and Lower Bounds to Chromatic Number

We want to determine upper and lower bounds of chromatic number to graphs, and find
o(G) (independence number) and ®(G) (clique number) in the case of the graph of
order n. We know that the clique number as well as the value of ﬁ are lower bounds
for chromatic number. On the other hand, we also know that n as well as n — a(G) + 1

are upper bounds for chromatic number.

Figure 4.1 An example of a graph G (Lewis 2015)

Example 4.42. For graph given in Figure4.1:
o(G) =3,n=V(G) =38, x(G) = 4. Therefore by Theorem 3.37, we have:

a (”G) = % = 3 is a lower bound for G.

n—o(G)+1=8—-3+1=6is an upper bound for G.

Theorem 4.43. (Dharwadker and Pirzada 2011)
For each graph A,
X(A) < AA)+1

Example 4.44. Let G = K ,, a star graph, then (K| ,) = 2, but A(K; ,) = n.
Theorem 4.45. Brooks’s Theorem (Chartrand and Zhang 2019)
For each connected graph B which is neither an odd cycle and nor a complete graph, the

following inequality is satisfied:

x(B) < A(B)
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Definition 4.46. (Benjamin et al. 2015)
Let S be a subset containing vertices from V(G), then the subgraph H induced by S
contains S and two vertices a,b of S are adjacent if and only if the two vertices are also

adjacent in G. We call H the induced subgraph of G.

Example 4.47. In Figure 4.2, a garap G, and its two induced subgraphs H| are H, are
depicted.

f e f € g
(a) Graph G (b)  Graph H; (¢) Graph H,

Figure 4.2 Graphs H;, H; are induced subgraphs of G (Werner 2017)

Theorem 4.48. (Chartrand and Zhang 2019)

If a graph B has order n and size m, then

x2(B) >

n? —2m

Theorem 4.49. (Chartrand et al. 1996)

For any graph A of order n, we have:

Theorem 4.50. (Arif et al. 2018)
For each graph B, we have:

x(B) < 1+max{B'},

where the maximum is calculated across every induced subgraphs B’ of B.
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4.2 Greedy Coloring Algorithm

One of the ways to color the vertices of a graph is the greedy coloring algorithm. This
algorithm begins by arranging the vertices of the graph, and proceeds by coloring the
vertices in a sequential manner and by allocating the lowest color to a vertex provided

that the adjacent vertices have different colors.

Definition 4.51. (Herrmann and Sally 2012)
Let G be a graph of order n, and let 1,2,... k. The greedy coloring algorithm is carried
out as follows provided that k-coloring is achievable:

1. Order the vertices of G as 1,2,...,n.

2. Assign the first color to the first vertex.

3. Go to the second vertex, and assign the first color if it is not adjacent to the first

vertex, otherwise assign the second color.
4. Repeat the previous steps for the rest of the vertices to finish coloring, and never

assign the same color for any two adjacent vertices.

Example 4.52. (Koh et al. 2015)
Let color the graph H given in Figure 4.3 using the greedy algorithm. The procedure is

shown in this figure:

U4
U1 U2 U1 U2 U1 . U2
"‘o
O—C0
t Us

'3 5

(a) (b) (c)

U1 e ) U1 9 V2
e
'l 2 l__ l 2) l'_

'3 5 3 5
(d) (e)

Figure 4.3 Greedy coloring algorithm for the graph H (Koh et al. 2015)
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But if we take another arrangement of vertices of the graph H, and follow the algorithm

to color its vertices, then this time we get another coloring as shown in Figure 4.4:

3 '3

(351

() 5 v2
L

v
U3 U4
(a) (b) (c)

V2 Us (20] Us
Y Yy

)3 : 3

(d) (e)

Figure 4.4 Greedy coloring algorithm for graph H (Koh et al. 2015)

Remark 4.53. (Koh et al. 2015)
We conclude from the previous example that the necessary number of colors used to color
any graph using the algorithm depends directly on the arrangement of the vertices of the

graph.

4.3 Upper Bounds to the Oriented Graphs

Definition 4.54. (Wilson 1979)
A directed graph or a digraph D consist of a set of vertices V(D) and a set of arranged
pairs of vertices which are called the ares of D. The collection of arcs is denoted by A(D),

and an arc (a,b) is also denoted by the symbol ab.

Example 4.55. In Figure 4.5:

The Digraph D = (V,F) has

V(D) = {u,v,w,z} and

F(D) = {(u,v),(vv), (v,w), (v,w), (w,v), (w,u), (z,w) } = {arcs}

Definition 4.56. (Thulasiraman and Swamy 2011)
The length of a directed path from w to v is the number of edges on this path.
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4 w

Figure 4.5 A directed graph (Wilson 1979)

Definition 4.57. (Wilson 1979)

A graph G becomes orientable if every edges of G is directed.

Theorem 4.58 (The Gallai — Roy - Vitaver Theorem). (Chartrand and Zhang 2019)

For each orientation D of a graph H, we have:

X(H) <1+4(D),

where ¢(D) is the length of a longest path in D.

4.4 Cartesian Products for a Chromatic Number

Definition 4.59. (Avgustinovich and Fon-Der-Flaass 2000)
The Cartesian product G3 of simple graphs G| and G» is denoted by:

G3 = G10Gy,

V(G3) =V (G) x V(G,) and two vertices (v,u) in V(G3) are adjacent when either u = b

and v = a are adjacent in G| or v =a and u = b are adjacent in G;.

Example 4.60. Consider Figure 4.6:
G is a triangle, and G, is a path of length three. The Cartesian product G of G and G;
is denoted in the same figure. Note that G has V(G}) x V(G3) = 3 x 4 = 12 vertices.
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G] Gg G;;

Figure 4.6 Cartesian product Gz = G10JG; (Qiao and Sipahi 2012)

Theorem 4.61. (Chartrand and Zhang 2019)
For each of the two graphs Hy, H,, the following inequality is satisfied:

X2 (H1OHy) = max{y (Hy), x (H2)}

Example 4.62. For Figure 4.6 and by Theorem 4.61, we know that:
X (H\OHy) = max{y (H,), x (H>)} = max{3,2} =3.
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5. COLORING GRAPHS ON SURFACES

If we have a map of several areas as in Figure 5.1, and we are instructed to coloring them
in different colors in such a way that no two neighboring regions have the same hue, what

is the smallest number of colors required to color this map? (Koh et al. 2015)

P

Figure 5.1 The four-color problem and map A (Koh et al. 2015)

Figure 5.2 is one of the colorings of the previous map, where the required condition is
satisfied with four colors. The essential problem is the following: Can all planar maps be
colored with only four colors or lees than four colors? We may think that yes, but it is
difficult to prove it and scientists did not reach the proof for a long time. This problem
was known as the problem of the four colors, and this problem first appeared in the year

1852 as a conjecture by Francis Guthrie (Koh et al. 2015).

-

Figure 5.2 The four-color problem and bap B (Koh et al. 2015)

Definition 5.63. (Guichard 2017)
If the graph P is plotted on a specific plane provided that its edges do not cross then it is
called a planar graph.
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Example 5.64. In Figure 5.3, two examples of planar graphs are given.

Figure 5.3 Examples of planar graphs (Dharwadker and Pirzada 2011)

Definition 5.65. (Dharwadker and Pirzada 2011)
If we have drawing of a graph that does not have two intersecting edges, such a drawing

is called a planar drawing of this graph.

Example 5.66. In Figure 5.4, a planar drawing and a nonplanar drawing of two graphs

are given.

(a) A plannar drawing of A (b) A nonplanar drawing of B

Figure 5.4 A planar and a nonplanar drawings (Wilson 1979)

Theorem 5.67. (Dharwadker and Pirzada 2011)
* K5 isnonplanar.

e K33 is nonplanar.

Theorem 5.68. (Hammack et al. 2011)

Graphs that do not contain K5 as well as K3 3 as a subdivision if and only if it is planar.

Theorem 5.69. Four color Theorem (Chartrand and Zhang 2019)
For every planar graph, x <4.
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Theorem 5.70. The Five color (Chartrand and Zhang 2019)

Every map has an admissible 5-coloring.

5.1 The Chromatic Polynomial of a Graph

For example, if we want to color the vertices {v,v2,...,v,} of the graph K, by choosing
7 colors, we start by coloring the vertex v; with one of the & colors, and then the vertex
vy with one of the remaining 7 — 1 colors, until we reach the last vertex. Then the number
of ways needed to color this graphis 7(x —1)(7—2)...(mx —n—+1), and it is an n degree

polynomial. This polynomial is denoted by P(K,,, ©) (Kocay and Krehe 2016).

Definition 5.71. (Kocay and Krehe 2016)
The polynomial representing the ways of coloring a graph G with colors less than or equal

to 7 colors is called the chromatic polynomial, and it is denoted by P(G, ).

Example 5.72. Figure5.5 illustrates the chromatic polynomial for triangle.

k-2

Figure 5.5 Choromatic polynomial for triangle (Zhang 2018)

Theorem 5.73. (Zhang and Dong 2017)
Let A be a triangle, and let kK > 3 be the number of colors to color the vertices of this

triangle, then the chromatic polynomial of A is:

P(AK) = k(k—1)(k—2).

Example 5.74. Consider the triangle A given in Figure 5.6.
Let {1,2,3,4} be some color set. Now we proceed step by step to color the vertices of A.

First, we color the vertex a, and for which there are four possible colors to color it.
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Second, for the vertex b, there are three remaining possible colors to color it, other than
the color picked by a. Third, for the vertex c, there are two remaining possible colors to
color it, other than the colors picked by a and b.

Therefore, P(A,4) =4(4—1)(4—2) =4 x3 x2=24.

C

Figure 5.6 Chromatic polynomial of triangle (Tutorialspoint 2021)

Theorem 5.75. (Kocay and Krehe 2016)
Let T be a tree of order m, and let k be the number of colors to color the vertices of this

tree, then the chromatic polynomial of T is:

P(T,k) = k(k—1)"=1.

Example 5.76. Figure5.7 illustrates the chromatic polynomial for a tree.

Figure 5.7 Coloring tree graphs (Zhang 2018)
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Theorem 5.77. (Berman and Fryer 2014)
Let K, be the complete graph of order n, and let m > n be the number of colors to color

the vertices of this graph, then the chromatic polynomial of K, is:

P(K,,m)=n(n—1)(n—2)...(n—m+1).

(k-5)

(k-4) (k-3)

Figure 5.8 Complete Graph with using chromatic polynomials (Zhang 2018)

Example 5.78. Consider the complete graph Kg given in Figure5.8:
Since P(K,,m) =n(n—1)(n—2)...(n—m+ 1) by Theorem 5.77, for m = 6, we have:
P(Ks,6) =6(6—1)(6—2)(6—3)(6—4)(6—5) =1720.

Theorem 5.79. (Zhang and Dong 2017)
Let A be an empty graph containing m vertices, and let k be the number of colors to color

the vertices of this empty graph, then the chromatic polynomial of A is k™.

ko Ok
O«
O O «

Figure 5.9 Choromatic polynomial of an empty graph (Zhang 2018)
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Example 5.80. For Figure 5.9: Let {1,2} be a set of colors. Then, since V(A) =5, by

Theorem 5.79, the value of the chromatic polynomial of A is 2° = 32.

5.2 The Conjectures of Hajos and Hadwiger

The conjectures of Hajos and Hadwiger states that if a graph G is k-chromatic, then it

contains a subdivision of the complete graph Kj (Thomassen 2005).

Conjecture 5.81. Hajos Conjecture (Thulasiraman et al. 2016)
If a graph H is r-chromatic with r > 2, then the graph H has a subdivision of K.

Example 5.82. Consider Figure 5.10: Let H; and H; be graphs of type K4, vw be an in
H; and xy be an edge in H,. Then we construct a new graph from these two graphs by
merging the two vertices v and x to become a single vertex and deleting edges xy and vw.

In addition connect the vertices y and w. Then we obtain the graph shown in Figure 5.11.

/°§ /

Ov xO

(a) Graph H; (b) Graph H,

Figure 5.10 Two graphs of type K4 to show Hajos conjecture (Miran 2016)

v ¥

/O

P4

Figure 5.11 A graph related to Hajos conjecture (Miran 2016)
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Definition 5.83. (Thulasiraman et al. 2016)

A graph B is said to be a minor of a graph A if that can be produced from A using any

series of contractions, edge removals as well as vertex removals.

Conjecture 5.84. Hadwiger Conjecture (Thulasiraman et al. 2016)

Each r-chromatic graph includes K, as a minor.
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6. CONCLUSIONS AND RECOMMENDATION

The vertex-coloring problem is one of the fundamental problems in graph theory, and
there are still lots of open problems related to vertex coloring, thus it is one of the active
research areas of mathematics.

Throughout this thesis, we shed light on the coloring of the vertices of the different graphs,
and we noticed that there are some graphs that need only one color as a chromatic number
for them such as empty graphs, and some of them need two colors as a chromatic number
for them such as bipartite graphs, and some of them need more than two colors, and you
may need n colors as their chromatic number, like the complete graphs K, . Therefore,
for any graph G, 1 < x(G) < n.

We noticed and shown in this thesis that the chromatic number and its bounds for the
different graphs may differ from one graph to another. We also noticed that coloring the
vertices of the graphs is a conclusion produced from coloring the maps, and it is the basis
of the problem that shows that to color a map or a planar graph, we need only four colors,
which was put forward in 1852 by Francis Guthrie.

The challenge in coloring graphs involves selecting the least amount of colors needed
for a coloring of all different graphs is not a puzzle to be solved only, but knowing the
least number of colors means that the problem can be solved with the least number of
attempts or variables or methods. And a large group of applications appeared in various
fields which depend on two principles or two variables or two independent conditions,
and among these practical applications we have studied making time tables as an example
in this thesis.

Therefore, we recommend focusing on such applications and working on finding broader
areas of applications, because it is easy to solve related problems using the idea of coloring
the vertices of the graphs. It should also be tried to find ways and algorithms whether
manually or through the computer to solve such color problems for graphs, and because
it will open a wide path for us to many applications that serve researchers.

In this thesis, since we have introduced the basic notions and theorems about graph
colorings, and since we have surveyed some of the recent results about vertex coloring;
on one side it is an introduction source, but on the other side it presents some of the
recent results and developments in this area in a very compact form. Therefore, we hope

it will be useful for students who want to learn the basics of this fascinating area.
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