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COMPLEX MUTUAL INFORMATION-THEORETIC STOCK NETWORKS

ABSTRACT

Financial markets can be characterized as complex systems because of interac-

tions between heterogeneous components and existing nonlinearities. Network theory

can be used to model the financial market in which nodes can be stocks, commodities

or currencies. The current state of the art is to measure distances between nodes

using Pearson correlations. In this thesis, mutual information (MI) is applied to de-

scribe similarities between assets. MI is a general measure of dependency and can

detect linear and non-linear relationships whereas Pearson correlation fails to detect

the nonlinear relationships.

This dissertation consists of three essays. In essay 1, we propose a compre-

hensive comparison approach between the mutual information (MI) metric and the

Pearson correlation metric. We find that networks constructed by these two measures

become very different during depending on market regimes and network topological

structure. We pay special attention to the cases where two measures are strongly

mismatched and examine the reasons. Relationship between the entropy and the

moments of daily stock return distributions are investigated and we find very strong

relationship between entropy and the kurtosis. We compare the performance of MI

and correlation techniques in terms of identification of coherent and well-separated

stock communities and results show that MI approaches perform better in crisis and

non-crisis periods.

In essay 2, we analyzed how local, mesoscopic and global topological properties

of mutual information based stock networks evolve annually. To detect and quantify

the impact of a major crisis on the market network structure, we propose to use
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the information-theoretic quantifiers. We observe that the entropy of the system

relatively reduces during crisis regimes. We propose to use classic internal cluster

indices and information-theoretic quantifiers to capture the topological evolution of

sectors by treating them as fixed communities, i.e. labels of stocks do not change

over time in the system. We find that the structural changes of the financial sector

during the subprime crisis and it has the strongest correlation with markets in terms

of structural uncertainty.

In essay 3, we analyze how the homogeneity in each aggregation level of Global

Industry Classification System (GICS) scheme changes over time and identify the in-

dustries which have more homogeneous structure than others in terms of stock returns

comovement. We propose a mesoscopic approach in terms of network-theoretic frame-

work to describe the relationship between industry groups. We investigate the time

evolution of the interaction structure of the industry groups and identify the impor-

tant ones in the market. Our analysis reveals that during a crisis period, banks, as

an industry group, become more important in the market and the local interaction

structure of industry groups becomes much simpler or a star network topology.

In conclusion, we find that some asset pairs have non-linear relationships and

MI provides a better alternative measure to define the links in financial networks. MI

network and Pearson network become very different at local and global topological

scales during various regimes. Community detection algorithms yield well-separated

stock communities with MI networks comparing Pearson ones. Besides the classic

network measures, information-theoretic measures provide an information advantage

in revealing nonlinear dependencies to quantify and detect financial crises and regime

switching.
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Chapter 1

Introduction

1.1 Background and Motivation

Many complex systems have been analyzed by complex networks such as the World

Wide Web [4], Internet [35], social networks [77], food web [44], scientific citations

[90], sexual contacts among individuals [62] and financial systems [56]. In each net-

work model, nodes and links represent different meanings according to the system

considered. For example, in social networks, nodes represent people or groups and

links show the existence relationship or friendship between individuals.

Financial markets can be characterized as complex systems because of inter-

action between heterogeneous components and existing nonlinearity [65]. Network

theory can be used to model the financial market, in which nodes can be stocks

[5, 80], commodities [94, 1, 94], currency [71, 66, 69], interest rates as in [28], and

banks [14]. The links can represent the correlation between financial assets, or display

the bilateral exposure between any two banks in the system.

Network theory has been employed in the stock markets not only to filter the

correlation matrix but also to extract the communities (clusters, modules, or sectors)

from it. The most widely used methods are Minimal Spanning Tree (MST) [65],

Planar Maximally Filtered Graphs [99], asset trees and asset graphs [82]. They aim

to find out the subgraphs of the complete graph with n(n−1)
2

links created from a

correlation matrix, where n represents the stock. Links aim to preserve the most

relevant information about pair correlation coefficient between stocks in order to

retain the market’s core structure. Stock networks have been applied into a number of
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problems in finance, such as portfolio optimization [81], prediction of market direction

[58], evaluation of systemic risk by using some properties of network structure [57, 9],

to measure the stability of market [47], and prediction of national economic growth

[48].

No matter what the application of financial networks, the first step requires

the selection of co-expression measure to define networks among stocks. The most

common choice is the Pearson’s correlation coefficient, but it captures the pairwise

relationship very well when the data follows multivariate normal distribution, and

more generally for spherical and elliptical distributions [27]. Also, it only works

well if returns are linearly associated and fails to detect any non-linear relationships.

However, empirical research in finance shows that the (unconditional) distribution of

returns displays a heavy tail with positive excess kurtosis, which is in contrast to the

behavior of a normally distributed variable [22, 100]. Furthermore, zero correlation

does not imply statistically independent. It only means linear independence and it is

possible that there may be some non-linearity.

In order to account both linear and nonlinear associations between nodes, one

needs to describe the nodal inter-dependency in a more general sense than correla-

tions. There are several statistical association measures have been proposed based on

ranks or information theory [27]. Mutual information, introduced by [93], provides a

general measurement for dependencies, such as non-linear or non-functional relation-

ships and is a measure of how much information two systems exchange or two data

sets share. Furthermore, by using the definition of statistical independence between

two random variables, it can be shown that mutual information I(X;Y ) = 0 if and

only if X and Y are independent random variables. Mutual information has been

used as co-expression measure to model a complex system such as gene regulatory

networks in bioinformatics [17], climate system [31], complex brain networks [6], and
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recently for stock networks [37].

One of the main motivations of the research is to establish the theoretical

background for defining weighted network among stocks by using mutual information

as co-expression measure. Therefore, a deeper assessment of the existence of non-

linearity in stock return time series and its impact on stock network properties are

conducted to find out the advantages and disadvantages of both measures empirically.

The second motivation is investigating the interplay between dependence structure

and financial crisis by analyzing the annual mutual information stock networks and

illustrate the capability of the information-theoretic measures to predict and quantify

a crisis. Finally, an alternative simplification method for a financial market is pro-

posed at mesoscopic scales in order to analyze how the roles of industries and their

interactions change over time especially which industries become dominant in crisis

periods.

1.2 Research Objectives and Questions

One of the purposes of the study is to clarify the essential mathematics behind Pear-

son’s correlation coefficient and mutual information used to model stock networks.

Furthermore, we investigate the differences between the two measures and the im-

pact of the nonlinearity on network measures. In addition, this research aims to

explore how the market and its components are interrelated and what kind of col-

lective behaviors emerge differently during crisis periods, which could be used as

early-warning indicators of an impending crisis. Finally, this work presents a new

network-information-theoretic approach to exhibit the market at the mesoscopic level

(i.e., sector or industry groups). We analyze how the homogeneity of each level of clas-

sification schemes change over time regarding stock return comovements and whether
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there is a big difference between each other. The primary objective of this research

is to answer the following questions:

Research Question 1:

What associative inter-relations can mutual information measure

uncover that Pearson correlation or regression models cannot discover?

We compare the Pearson correlation and mutual information in order to char-

acterize the nonlinearity in stock returns and how substantially the networks con-

structed by two measures are different from on local and global topological scales.

Mutual information networks and Pearson correlation networks are very different

and in crisis period this difference significantly increases. Performance of community

detection algorithms is tested on the networks constructed by six different distance

measures and we find that communities identified on mutual information networks has

more compact and well-separated structures than other distance measures. We find

that kurtosis and entropy have very high negative Spearman correlation in crisis and

non-crisis periods. That indicates one of the main reason of mismatch measures be-

tween mutual information and Pearson correlation. Spline regression and polynomial

regression based stock networks are illustrated and they also confirm the existence of

nonlinear dependency between stock returns.

Research Question 2:

Can the measure of connectedness of stock networks identify and

quantify a financial crisis period?

We find that stock networks significantly change at the local, global, and meso-

scopic topological scales during a crisis. In addition to the significant shrinkage at

global level as detected by the classic network quantifiers, entropy of the system

indicates lower values in crisis periods than non-crisis periods, i.e market structure

becomes less random. Furthermore, degree distribution of stock networks presented
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scale-free structure for the non-crisis periods; however, during crisis periods, exponent

of scaling α had values slightly less than 2.

Research Question 3:

How do each GICS aggregation perform in terms of forming groups

of stocks whose price movements are related? Which industries have more

homogeneous structure? How do local interaction structures of industry

groups change during crisis periods?

We propose a technique to construct a network whose nodes are the industry

groups in order to investigate how the local industry group interactions change over

time. Investigating time evolution of the industry group network structure can help

us identify which industry groups that experience important changes over various

market regimes. We find that during the crisis industry group network structure

becomes very simple and only one single industry group-4010 Banks becomes hub, i.e

dominates the market.

The current work contributes in the following areas and applications: First,

we provide the theoretical background for mutual information and furthermore il-

lustrate how to construct stock networks based on mutual information metrics. We

propose a procedure not only to evaluate the difference between mutual informa-

tion and the Pearson correlation but also to quantify the impact of the nonlinearity

on some stock network properties by comparing the networks constructed based on

each association measure. Second, besides the classic network quantifiers, we propose

information-theoretic quantifiers to identify and quantify the financial crisis periods.

Third, we evaluate the homogeneity and separation scores of each industry classifica-

tion schemes. We propose novel complex network-theoretic methodology to construct

networks whose nodes are industry groups in order to evaluate the role of industries

in the market and their local interactions over time.
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1.3 Key Artifacts

This section presents a summary of the publications involved in the dissertation work.

These artifacts serve as key milestones during the preparation of this dissertation, and

all publications support the research work.

• ”Structural Evolution of Stock Networks.” Signal-Image Technology & Internet-

Based Systems (SITIS), 2015 11th International Conference on. IEEE, 2015.

• Comparing the Quality Functions for Community Detection 22nd Asia-Pacific

Conference on Global Business, Economics, Finance & Social Sciences, 2019

• Linear and Nonlinear Hierarchical Stock Network Methods, submitted

• Dynamic Evolution of Complex Mutual Information Theoretic Stock Networks

working paper.

• Industry Classifications and Identification of Important Industry Groups work-

ing paper.

1.4 Structure of the Thesis

This dissertation consists of three essays and each essay is written as self-contained.

In Chapter 2, we describe the mutual information for defining weighted net-

works among stocks. Several approaches based on prediction methods, such as poly-

nomial regression and spline regression models are explained to construct stock net-

works. Basic terminology and network concepts are introduced. Network statistics is

applied to describe the topological properties of a single stock network and for com-

paring two or more stock networks constructed by different metrics. The relationship

between correlation-based measures and mutual information, and also the impact of
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the nonlinearity on stock networks are investigated. The performance of community

detection algorithms on stock networks constructed by different metrics are evaluated

regarding to identification of stocks’ true sectors and homogeneity of clusters.

In chapter 3, the structural evolution of mutual information stock networks

are investigated and the drastic topological changes are observed at local, global,

and mesoscopic levels in crisis periods. Besides shrinkage of market, the entropy

of the system becomes lower in crisis period than usual periods. Furthermore, new

statistical network concepts are introduced to characterize the mesoscopic structure

of the market (e.g. sector) and their time evolution within the system.

In chapter 4, we evaluate the homogeneity and separation scores of each in-

dustry classification schemes and propose complex network-theoretic methodology to

construct networks whose nodes are industry groups in order to identify the dominant

industries over time.

Finally, chapter 5 summarizes the key findings of this dissertation.
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Chapter 2

Essay 1. Linear and Nonlinear Hierarchical Stock Network Methods

Abstract In this work, the role of distance measures in cluster analysis and in a

stock network construction is investigated. We propose a comprehensive comparison

approach between the mutual information (MI) metric and the Pearson correlation

metric. Polynomial and natural cubic spline regressions are used to detect non-linear

relationships between stock returns and compared to MI as an alternative. In order to

measure the impact of the recent financial crisis on nonlinearity, we use two data sets

composed of log-returns of daily adjusted close prices of 402 stocks of the S&P500.

While the first one is in the time period from January 2007 to December 2009 as crisis

period, the second one from January 2012 to December 2015 representing the non-

crisis period. For each distance measure, we construct the hierarchical stock networks

using the minimum spanning tree and compare their local and global properties.

Furthermore, we examine the relationship between the performance of community

detection algorithm and selection of metric as compared to graph-theoretic internal

cluster validity indices and external indices.

2.1 Introduction

Complex networks have been one of a very popular tool in various scientific domains,

such as physics, biology, social science, computer networks, and financial networks

[74]. In these systems, nodes represent the entities and links show the interaction

between them. There are several related issues involved in the analysis of such com-

plex networks and those issues include in the selection of a clustering algorithm, the

selection of a metric, and network construction.
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Clustering or cluster analysis is an unsupervised machine learning method

and is the process of classifying objects in data into clusters or groups such that

all objects in the same clusters are more similar to each other than objects in other

clusters and the proposed clusters are maximally separated. Cluster analysis has been

implemented in many areas, such as gene expression analysis [107], social networks

[76], image segmentation [103] and finance [70]. Due to its application to different

areas, it has been identified with its application outcome, for example, segmentation,

partitioning, and community detection.

Clustering algorithms can be grouped into four different groups [98]: hier-

archical, partitional, exclusive, overlapping, fuzzy, and complete or partial. Most

of the very well-known classic algorithms, such as k-means or self-organizing maps,

are unable to discover the true cluster structure in data which does not come from

Gaussian distribution or spherical distribution [39]. Graph clustering algorithms can

handle these issues and are successful in finding out the clusters of different sizes and

shapes in data provided that clusters are well-separated [54]. In graph clustering al-

gorithms, the aim is to find the cluster of the objects in a graph, in which objects are

represented as node and edges indicate similarities or dissimilarities between objects.

Besides the selection of clustering algorithms, one of the harder tasks in cluster

analysis is deciding what distance function should be used for the data. The prob-

lem becomes much more challenging if external information (no benchmark) is not

available, which is the typical case in most clustering analysis. The distance measure

plays a key role in identifying clusters and relationships between objects in a network.

Many financial systems can be efficiently modeled using a network structure

where the system entities can be stocks, commodities, countries, banks, or firms and

the relations between the entities are the network links. These links could be weighted

or unweighted and directed or undirected. For example, the interbank lending mar-
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ket, which is considered as a network where banks are the vertices and the claims

and liabilities between banks define the weight of links is an example of directed

and weighted networks. Moreover, the weights between banks or entities are defined

through the bilateral exposure between any two in the system. This type of connec-

tivity is sometimes called structural connectivity. However, in some case, the weights

need to be inferred from the data as a first step to construct the network. This type

of connectivity is sometimes called functional connectivity [45].

Co-expression measures are often used to define networks among entities in the

system, such as stock data and gene expression data. The definition of the distance

measure is a key factor for successful identification of the relationships between stocks

and networks. Different similarity measures are likely to result in different networks

and clusters, although based on the same expression data.

Pearson correlation based similarity or distance is one of the most common

metrics used to compute dependence between stock returns to construct stock net-

works, however; it only works well if returns are linearly associated and fails to detect

non-linear relations. Furthermore, zero correlation does not imply statistical indepen-

dence. Uncorrelated returns only means linear independence while it is possible that

there may be some non-linear dependence. On the other hand, zero mutual informa-

tion (MI) means stock returns are independent and furthermore MI provides a general

measurement for dependencies, such as non-linear relationships. Furthermore, sev-

eral studies have detected the non-linearity in finance: stock returns [15, 88, 79, 57],

market index returns [2, 41, 3] and currency exchange rates [15, 49, 67, 16, 89].

Within the large body of research on stock networks, there are few publications

that systematically explore the appropriateness of chosen similarity measures. In this

essay, we provide a theoretical background to evaluate the MI between stock returns

and furthermore we propose a procedure compare the mutual information (MI) metric
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versus Pearson correlation metric. We construct a separate minimum spanning tree

hierarchical stock networks based on each metric and compare their local and global

properties. We conduct a systematic approach to explain the reasons for the cases

where two measures strongly disagree. We illustrate that it is possible to construct

stock networks through predictive models, such as polynomial regression and natural

cubic spline, which are an improvement of classic linear regression in order to take

into account nonlinear interactions between objects. Furthermore, we also compare

the performance of the community detection algorithm by using internal validation

indices from classic cluster analysis to adapted the graph clustering and external

indices. We choose the Global Industry Classification Standard (GICS) classification

of stocks as the benchmark, i.e, the ground truth cluster sets, in terms of sector

level and industry group level in order to compare the performance of the community

detection algorithms.

The paper is organized as follows. In section 2.2, the data set is described. In

section 2.3, we discuss the similarity measures and constructing the stock networks.

After that, we briefly define the tools from complex networks theory used in this work

and then explain the community detection algorithms. In sections 2.5 and 2.6, we

show that how classic internal validation is adapted to graph clustering. In sections

2.7 and 2.8, we introduce our results and in the last section, we summarize our results.

2.2 Data

In this study, the data set is composed of log-returns of daily adjusted close prices

of 402 stocks of SP500. We consider two separate time periods. First one consists

of the period from the beginning of 2007 to the end of 2009 and we call it as the

crisis period. Second data set extends from the beginning of 2012 to the end of 2015
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and it is called as the non-crisis period. In both data, we remove the days if it has

incomplete data. While the length of crisis period data set is 756 consecutive trading

days, the length of non-crisis data is 1005 days.

2.3 Dissimilarity Measures and Network Construction

In order to construct the hierarchical stock networks based on minimum spanning

tree (MST), we first need to compute all pairwise similarity between each stock in

the portfolio, then transform them into dissimilarity. A dissimilarity measure on a

vector space X is called a metric if it is a mapping d : X × X → R satisfying the

metric axioms:

M1) d(x, y) = 0 if and only if x=y;

M2 d(x, y) = d(y, x);

M3) d(x, z) ≤ d(x, y) + d(y, z)

In clustering, dissimilarity measures are not required to be a valid metric for

practical reasons and some algorithms, such as partition around medoids (PAM) [55],

can accommodate the dissimilarity properties.

MST stock network generation is one of the popular methods in the literature

and is introduced by Mantegna [64]. The construction process is defined as follows:

we start with an arbitrary stock as the root of a partial tree and at every step,

the partial tree grows by iteratively adding an unconnected stock to it by choosing

the lowest weight, until the unconnected stock set is exhausted, which is known

as Prims algorithm [87]. MST of order N has exactly N-1 links and no loops or

circuits. Furthermore, MST has a strong relationship with the single linkage clustering
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algorithm [51].

In the next section, we briefly describe the similarity and dissimilarity measures

to generate MST-based stock networks. We assume that we have two numeric vectors

X and Y of size n.

2.3.1 Pearsons product-moment correlation coefficient

The Pearsons product-moment correlation is a measure of linear dependence between

two vectors X and Y [43, 84]. Pearson sample correlation, rp, is defined as follows:

rp(X, Y ) =

∑n
i=1(xi − x̄)(yi − ȳ)√∑n

i=1(xi − x̄)2
√∑n

i=1(yi − ȳ)2
(2.3.1)

where x̄ =
∑n

i=1 xi
n

and ȳ =
∑n

i=1 yi
n

are sample means of the vector X and Y,

respectively.

It can also be defined as the cosine correlation between two scaled vectors, of

which each has sample mean 0 and sample variance 1. It can easily be shown that

sample correlation is scale-invariant with respect to linear transformations and takes

values in interval −1 ≤ rp(X, Y ) ≤ 1. In case rp(X, Y ) = 0, it does not mean random

variables X and Y are independent, there may be some nonlinear pattern between

them. There are variety of metrics defined based on the Pearson correlation. In this

work, we use dp(X, Y ) =
√

2(1− rp(X, Y )), which is a valid metric and satisfies the

metric axioms [64].



14

2.3.2 Mutual information

Entropy measures the uncertainty of a random variable. The Shannons entropy for

discrete distributions is defined by [93] as follows:

H(X) = H(p(X)) = −
∑
x∈X

p(x) log p(x) = −E log p(X) (2.3.2)

where x ∈ X is a random variable, with p1, , pn the probabilities of occurrence

of a set of events, and E is the expected value operator. If the base of log is set

to 2, entropy is measured in bits. If the base is e, then it is expressed in nats. For

continuous distributions, the entropy is defined as:

H(X) = −
∫
x∈X

px(x) log px(x)dx (2.3.3)

The mutual information I(X, Y ) is a measure of shared information between

two discrete random variables X and Y with joint distribution p(x, y), x ∈ X , y ∈ Y

can be defined as:

I(X, Y ) =
∑
x∈X

∑
y∈Y

p(x, y) log
p(x, y)

p(x)p(y)
(2.3.4)

where p(x, y) is the joint probability mass function of X and Y and p(x) and

p(y) are marginal probability mass functions [93]. For continuous distributions, the

mutual information is defined as:

I(X, Y ) =

∫
Y

∫
X
p(x, y) log

p(x, y)

p(x)p(y)
dx dy (2.3.5)

where p(x, y) is the joint probability density function of X and Y and p(x) and

p(y) are their marginal density functions, respectively [23]. The mutual information
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is the relative entropy between the joint distribution of X and Y and the product of

their marginal distributions. Mutual information can also be equivalently defined as

follows:

I(X, Y ) = H(X) +H(Y )−H(X, Y ) (2.3.6)

where H(X,Y) is the joint entropy and can be computed from the joint distri-

bution of X and Y .

The mutual information can take only non-negative values and equals to zero

if and only if X and Y are statistically independent and I(X,X) = H(X). The high

value of I(X, Y ) means a large reduction in uncertainty in X due to the knowledge of

Y while low I(X, Y ) means that knowing something about Y reveals little knowledge

about X. Since I(X, Y ) = I(Y,X), the same statements apply to knowledge about Y

from observing X. The main advantage of mutual information is that it can capture

linear and non-linear dependence relationships while the correlation measures the

linear or monotonic relationships.

There exists two different versions of mutual information metrics defined in [59].

The first one is based on universal mutual information adjacency matrix referred to

as version 1 or AUV 1, which is defined as follows:

AUV 1 =
I(X, Y )

H(X, Y )
(2.3.7)

and the dissimilarity is defined as dissAUV 1 = 1−AUV 1, which is a universal

distance function. It is a valid metric and satisfies the triangle inequality [59, 95].

The second one is based universal mutual information adjacency matrix re-
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ferred to as version 2 or AUV 2, which is defined as follows:

AUV 2 =
I(X, Y )

max{H(X), H(Y )}
(2.3.8)

and similarly, the dissimilarity defined as dissAUV 2 = 1 − AUV 2 is also a

universal metric [59, 95]. dissAUV 2 is sharper than dissAUV 1, that is, dissAUV 2 ≤

dissAUV 1 [59].

The mutual information and entropy measures were originally expressed for

discrete or categorical variables [23]. Although the properties of entropy of discrete

and continuous distributions are similar, the entropy of continuous random variable

has some drawbacks: It may take infinitely large value, or the integral may not

exist. Moreover, it is generally not invariant under some monotonic transformations

[23]. It is mentioned that continuous distributions, the differential entropy has some

drawbacks as it may become negative in [23].

There are basically three different approaches to estimate I(X, Y ): histogram

estimators, kernel-based estimators, and parametric methods [30]. Furthermore, the

histogram methods can be divided into categories based on discretization methods.

There are two widely used methods to discretize the continuous random variable: the

first depends on equal-width discretization (uniform width partitions) and the second

uses equal frequencies (uniform frequency partition). Discretizing data is also referred

to as binning data–a very common approach to identify levels in a given vector of the

categorical data analysis.

Equal-width is the simplest approach to divide data into subintervals and the

main idea is to partition the interval [xmin, xmax] into equal-widths. The interval can
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be calculated as follows:

w =
xmax − xmin

k
(2.3.9)

where k is the only parameter in this method. Thus, X is divided into k

intervals and their boundaries can be computed from

ai = xmin + iw, i = 1, ..., k − 1 (2.3.10)

and it yields the partition [xmin, a1], (a1, a2], , (ak−1, xmax] with k typically cho-

sen as
√
n where n is the sample size.

In equal frequency binning the range of X is divided into intervals of which

each have approximately the same number of data points. Due to repeated values,

some bins can have different number of points. The width of each interval can be

different. These intervals can be calculated through empirical quantiles.

After random vector X is divided into subintervals, through either the equal-

width or equal-frequency discretization methods, observed relative frequencies of each

bin can be found simply by

pi =
Oi

n
(2.3.11)

where Oi is the observed number of elements in the ith interval or bin and n

is the size of X and pi denotes the frequency of the ith bin; thus, we obtain a vector

of relative frequencies p = (p1, ...pi).

These relative frequencies are used to compute the entropy and we simply plug

in these probabilities in the formula below, which is called the empirical estimator

(or also known as naive, plug-in or maximum likelihood estimator) of discretized
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entropy of X; see [95].

Ĥemp(X) = −
m∑
i=1

pi log pi, (2.3.12)

wherem is the number of bins. The empirical entropy estimators are biased and

have lower value than true entropy value of discritezed X. To overcome this problem,

there are some alternative estimators proposed in the literature. The Miller-Madow

estimator is defined as follows [68]:

ĤMM(X) = Ĥemp(X) +
m− 1

2n
(2.3.13)

where m is default number of bins as
√
n. There are other widely used estima-

tors such as shrinkage estimator [46], in which relative frequencies are estimated by

combining two different estimator, one with low variance and one with low bias and

Schurmann-Grasberger estimator [92], in which Dirichlet distribution is utilized

to calculate the entropy of a discrete random variable .

In this work, in order to obtain mutual information adjacency matrix, we first

discretized the stock returns through equal-width method with default number of bins

as
√
n, and secondly, the mutual information between each pair of discretized stock

returns is computed according to the Miller-Madow estimation technique. Thereby

the mutual information matrix is transformed to one of the versions of adjacency

matrices or distance matrices as defined above.

2.3.3 Relationship between Pearsons correlation coefficient and AUV2

Despite the differences between mutual information and correlation, such as mutual

information depends on parameters choice and is a general measure of association not

like correlation which only measures linear or monotonic relationships. In [95], they
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give a simple approximation between two measures under some assumptions. First,

samples come from a bivariate normal distribution and the equal-width discretization

method with
√
n chosen as the number of bins. Under these assumptions, they show

that AUV 2 can be accurately predicted by the Pearson correlation as input in the

following approximation:

AUV 2(x, y) =
I(x, y)

max(H(x), H(y))

≈ F cor−MI(cor(x, y))

(2.3.14)

where the F cor−MI function is given as follows:

F cor−MI(s) =
log(1 + ε− s2)

log(ε)
(1− w) + w (2.3.15)

w and ε given as:

w = 0.43n−0.30

ε = w2.2

(2.3.16)

This approximation is based on if x and y are samples from a bivariate normal

distribution; therefore, the excess information in the two estimates can be defined as

follows:

AUV 2e = AUV 2− F cor−MI(s) (2.3.17)

We can use this relationship between AUV 2 and F cor−MI to define the non-

Gaussian information or extranormal information and utilize it to find out cases where
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the Pearson and mutual information measures strongly disagree.

2.4 Elements of Complex Network Theory

Formally, a graph or network G = (V,E) is a mathematical structure composed of a

finite nonempty set V of vertices or nodes, and a set E ⊆ V × V of edges or links

composed of unordered pairs of vertices. The number of nodes |V | = n is called the

order of G and the number of edges |E| = m is called size of G.

The binary adjacency matrix A of G is the matrix with elements Aij defined

as:

A(i, j) =


1 if vi is adjacent to vj

0 otherwise

If the graph is weighted, then n × n weighted adjacency matrix A is defined

as follows:

A(i, j) =


wij if vi is adjacent to vj

0 otherwise

where wij is the weight on edge (vi, vj) ∈ E.

In order to compare the different perspective of stock networks topology on

local, mesoscopic, and global scales, we choose variety of measures which are well-

defined in the literature [72, 12, 42]. For example, degree centrality uses only local

information on the connection of a node v; therefore it is a local measure. On the

other hand, the closeness, betweenness, and eccentric centralities are defined based

on shortest paths between pairs of nodes in the network; thereby they are considered
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as global measures [31].

2.4.1 Local measures

Degree centrality

The connectivity (also known as degree) of the node vi is defined by

di =
∑
j

A(i, j) (2.4.1)

If the network G is unweighted, di equals the number of nodes that are directly

linked to the ith node. In weighted networks, the connectivity equals the sum of

connection weights or strengths between node i and the other nodes incident with it.

While degree is a local attribute, average degree is global attribute and defined as

µd =

∑
i di
n

(2.4.2)

2.4.2 Global measures

Hamming distance

The Hamming distance dH(A,B) of two labeled simple networks, with adjacency

matrices A(i, j) and B(i, j) with the same dimensions, computes the fraction of edges

that have to be inserted or deleted to transform one graph into the other.

dH(A,B) is defined as follows:

dH(A,B) =

〈
XOR(A(i, j), B(i, j))

〉
ij

(2.4.3)

where
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XOR(A(i, j), B(i, j)) =


1 if A(i,j) 6=B(i,j)

0 otherwise

The range of Hamming distance takes values over the interval [0, 1] and com-

putes the global probability of non-equal entries in the two adjacency matrices.

Average path length

Let dij denote the geodesic distance between the vertices vi, vj ∈ V , which is the

minimum number of edges that have to be crossed to travel from vertex vi to vertex

vj. The average path length L of a graph is the average geodesic distance between

all connected pairs of vertices and defined as:

L =
1(
n
2

)∑
i<j

dij (2.4.4)

Closeness centrality

The closeness centrality measures the reciprocal average topological distance of vertex

vi to all other vertices in the network [42]. This measure is normalized by multipli-

cation factor N − 1 to 0 ≤ CCvi ≤ 1, and is formulated as

CCvi =
N − 1∑
j d(vi, vj)

(2.4.5)

A node vi with the smallest total distance is called the median node.



23

Betweenness centrality

Betweenness centrality measures a vertex centrality in terms of its location between

other pairs of vertices in graph. It is most commonly calculated as the number of

shortest paths from all vertices to all others that pass through that node v. BCv is

defined as

BCv =
N∑

i,j 6=v

σij(v)

σij
(2.4.6)

where σij is the total number of shortest paths from i to j which includes node

v [42].

Eccentric centrality

The eccentricity of a node vi is defined as the maximum distance from vi to any other

node in the network, i.e.

e(vi) = max
j

{
d(vi, vj

}
(2.4.7)

Eccentricity centrality is thus expressed as:

c(vi) = 1
e(vi)

= 1

maxj

{
d(vi,vj)

}
A node vi with the smallest eccentricity is called a center node, while the one

with the greatest eccentricity is called a periphery node [105].

2.4.3 Network entropy

Shannon entropy [93] measures the randomness of the network when we apply it to

networks degree distribution. The higher the value of entropy, the more random is

the network. Let H(G) be the expected number of nats in a network G = (V,E) and
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p(k) the probability that randomly selected node has exactly k edges, i.e., p(k) = k
N

where N is the total number of nodes.

H(G) = −
n∑
k

p(k)log p(k) (2.4.8)

H(G) is used to calculate entropy of the degree distribution p(k). Degree

distribution informs us about the shape of a network, while entropy measures the

regularity in the shape of a network [61]. The maximum value of graph entropy is

Hmax(G) = logN for p(i) = 1/N ∀i = 1, ..., N and the minimum value of graph

entropy is Hmin(G) = 0. Therefore, if H(G) is the entropy of the network, then the

normalized entropy of a given network is defined as:

H(G)norm =
H(G)]

logN
(2.4.9)

2.4.4 Scale-Free networks

One of the most important properties of a network is its degree distribution. In many

real-world networks, it has been found that the empirical degree distribution f(k)

follows a power-law :

f(k) = Ck−α (2.4.10)

where C and α denote positive real numbers. The networks whose degree dis-

tribution follows power-law degree distributions are said to present scale-free topology

[7] with scaling parameter α that is also called as the exponent of the power-law. Let
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us take the logarithm of the both sides of the relation (2.4.10):

log f(k) = log (Ck−α) (2.4.11)

which yields:

log f(k) = −α log k + logC (2.4.12)

Thus scale-free topology implies a straight line relationship in the log − log

plot of k versus f(k), with −α giving the slope of the line. The standard way to

check if a network has scale-free behavior is to apply a least-square fit of the points

(log k, log f(k)) to a line.

To measure the straight line relationship between (log k, log f(k)), we apply R2

statistics that takes values between 0 and 1 and explains the proportion of variance

explained by the least-square regression line. We call this value as the scale-free

topology fitting index as in [107].

A power law indicates that most nodes have very small degrees, whereas there

are a few nodes (hubs) that have substantially higher degrees, i.e, they connect with

these nodes of very small degrees and connect them to the system. Therefore, scale-

free networks are substantially heterogeneous and their topology is controlled by these

hubs [107].

2.5 Community Detection and Mesoscopic Structure

Networks representing the real systems are not regular or random at the global level

and have some level of order and organization at locally. Thus, some nodes are

highly interconnected and few connections with the rest of the network. The group
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of nodes with highly connected to each other or same type is called modules or

communities [76]. Many community detection algorithms have been proposed to

reveal these mesoscopic properties of complex networks and are mostly based on

traditional clustering algorithms [40].

The modularity measure was introduced by Newman and Girvan [76] to com-

pute the quality of a network partition. It calculates the density of links inside com-

munities and compares it to links between communities. It is defined for weighted

networks as follows:

Q =
1

2m

∑
ij

[
Aij −

kikj
2m

]
δ(ci, cj) (2.5.1)

where Aij is the weighted adjacency matrix of the edges between i and j, ki

is the sum of connection weights between node i and other nodes and 2m =
∑

ij Aij

[11]. The δ(ci, cj) is the Kronecker delta and δ(ci, cj) = 1 when i = j and 0 otherwise.

The modularity measures the difference between the observed and expected

number of links in each partition and summed over all partitions. It takes values

between -1 and strictly less than 1 and can be approached to its upper limit in case

the communities have been perfectly identified. If the links represent the distance

between each node in the network, the smaller value of the modularity measure means

better clustering.

The modularity measure is used by many community detection algorithms to

assess the quality of partitions. It is considered as the most credible objective function

for network partition. Furthermore, its normalized version is also used to calculate

whether the network is assortative or not–known as assortative mixing coefficient [73].

In this work, we choose edge betweenness community detection method, which

is available in igraph [24]. This algorithm introduced by [76] is a hierarchical de-



27

composition process in which edges are removed in the decreasing order of their edge

betweenness scores. The edges connecting different communities are expected to have

high edge betweenness; therefore, after removal of these links, communities in the net-

work can be found. This algorithms time complexity is (m2n).

2.6 Cluster Validity Indices

One of the major problems with clustering algorithms is that the algorithm will

identify clusters even if the data does not have any inherent clusters. Because of this,

cluster validation indices are developed to quantify the result of clusters. There are

several validity indices and statistics that have been proposed to assess the quality of

clusters. For this work, we have used the internal indices and external indices.

Internal indices assume that there are no pre-assigned labels for points in the

data and they are based on the nxn distance matrix (or proximity matrix) of all

pairwise distances among the n points and denoted by W. Since the goal of the

clustering algorithms is to partition the data into groups of objects by optimizing

the average distance within cluster to be as low as possible and average distance

between clusters to be as large as possible, they measure the compactness, that is how

close the objects inside the same cluster and separation, that is, how far the clusters

from each other. Therefore, a clustering algorithm is an optimization problem of the

minimization-maximization type (a min-max problem).

Internal indices are often applied to find out the number of clusters and choose

the proper clustering algorithm in case no external labels are available in the data set.

They are originally defined for the data points of vectors of attributes and require

distance measure between objects. We have used the geodesic distance between any

two nodes on the network to apply the internal indices which are defined for vector
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clustering, in which the distance can be calculated between any two vectors. The

centroid of nodes is chosen as the node that minimizes the largest distance from any

other nodes in the cluster.

2.6.1 Internal indices

We define the validation statistics used in this work and explain how we apply them.

The internal measures are relied on the distance matrix of all pairwise distances

among the n nodes in the graph.

C-index

Let Sin be the sum of all the intracluster distances. The C-index [50] is defined as:

C =
Sin − Smin
Smax − Smin

(2.6.1)

where Smin is the sum of the Nin smallest distances and Smax is the sum of

the Nin largest distances in W. The C-index lies in the rage [0, 1]. The smaller the

C-index, the better clustering.

Dunn index

It is defined as

Dunn1 =
Wmin
out

Wmax
in

(2.6.2)

where Wmin
out = mini,j>i{wab|xa ∈ Ci, xb ∈ Cj} (i.e, the minimum intercluster)

and Wmax
in = maxi{wab|xa, xb ∈ Ci} (i.e,the maximum intracluster distance), which is

called the diameter of the cluster [32].
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In this work, we also consider the another version of Dunn index (Dunn2),

which is simply defined as the ratio between minimum average dissimilarity between

two clusters and maximum average within cluster dissimilarity.

Silhoutte coefficient

For each node xi ∈ V in a graph G(V,E), the Silhoutte coefficient of xi is defined as:

si =
µinter − µintra

max{µinter, µintra}
(2.6.3)

where µinter is the mean distance from xi and every other node that is not in

the same cluster as xi and µintra is the mean of the distances from xi to points in its

own cluster set.

The range of si is between -1 and 1. A close value to 1 indicates that xi is

assigned to best possible cluster whereas -1 indicates that xi is much closer to another

cluster than its own cluster meaning that the point may be assigned in the wrong

cluster. A value close to zero indicates that xi is near the boundary between two

clusters.

The silhouette coefficient is defined as the mean si value across all the points:

SC =
1

n

n∑
i=1

si (2.6.4)

A value close to +1 indicates a good clustering. The Silhouette coefficient is a

measure of both cohesion and separation of clusters [91].
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BetaCV measure

It is simply the ratio of average distance within cluster to the average distance between

clusters and formulated as follows:

BetaCV =
Sin/Nin

Sout/Nout

(2.6.5)

A small value of BetaCV indicates a better clustering [106].

2.6.2 External indices

External indices assume that ground-truth class labels for each point is known a priori

and aims at comparing the identified clusters to them. They can be used to choose

the proper clustering algorithm for the data because the number of clusters and labels

are known in advance.

Let C = C1, C2, ..., Cr denote the clustering of the dataset into r clusters and

let T = T1, T2, , Tk denote the ground-truth cluster membership for the same dataset.

Further, let ni = |Ci| be the number of points in cluster Ci and mj = |Tj| the number

of points in the ground-truth partition Tj.

The external indices are based on the m× k contingency table (matrix) N =

(nij), i = 1, ...,m; j = 1, ..., k and is defined as follows:

nij = |Ci ∩ Tj| (2.6.6)

where nij represents the number of shared points between Ci and Tj.

There are several external measures that have been proposed. In this work, we
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use the normalized mutual information (NMI) [25] and it is defined as follows:

NMI(C, T ) =
2I(C, T )

H(C) +H(T )
(2.6.7)

where

H(C) = −
r∑
i=1

pCi
log pCi

(2.6.8)

H(T ) = −
k∑
j=1

pTj log pTj (2.6.9)

and pCi
= ni

n
is the probability that a point in cluster Ci and pTj = mi

n
is the

probability that a point in partition Tj, and

I(C, T ) =
r∑
i=1

k∑
j=1

pij log
pij

pCi
pTj

(2.6.10)

where pij =
nij

n
is the probability that a point in both Ci and Tj. I(C,T) is

the mutual information between Ci and Tj. The NMI equals 1 if the clustering is

identical to partitions and equals 0 if they are independent.

2.7 Results

After having introduced a collection of measures for stock network construction, we

turn to the methodology in the sense of comparing the Pearson correlation and the

mutual information measures to quantify the impact of nonlinearity in several aspects

in a crisis period and non-crisis period.

As a first step, we look for the cases where the Pearson correlation and the

mutual information measures are strongly disagreed. Then, we investigate the reasons
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for the mismatch stock pairs by utilizing the predictive models and investigating the

relationship between entropy and the first four moments of stock distributions.

As a final step, we compare the properties of the complex networks generated

using the Pearson correlation and the mutual information on local, mesoscopic and

global topological scales in order to measure the impact of the nonlinearity. For a

quantitative comparison, we compute the Spearman rank correlation coefficient of

the interested network property of mutual information and the Pearson correlation

networks, such as a degree.

Empirical results for non-crisis period

Figure 2.1: Comparison of correlation and mutual information estimates for non-crisis
period with the Spearman’s correlation shown at the top.

We first calculate the Pearson correlation and AUV2 for all stock pairs in each

portfolio. After that, we predict AUV2 from the Pearson based on F cor−MI . In the

Figure 2.1, given approximation function predicts AUV 2 highly accurately. Moreover,
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inspecting the scatter plot between the Pearson and AUV 2, both measures show a

strong monotonic relationship (Spearman correlation is 0.9). These results indicate

that most of the stock pairs satisfy linear relationships for considering the time period.

Even though F cor−MI uncovers a close relationship between the Pearson and

AUV 2, there are some stock pairs where the two measures disagree. In order to

find out these stock pairs where two measures are strongly mismatched, we compute

the extranormal information AUV 2e for each pair of stocks. This extranormal in-

formation can reveal the stock pairs where AUV 2 has higher value while F cor−MI

under(over)estimates; therefore we have two categories of stock pairs with positive

and negative extranormal information.

Figure 2.2: Extranormal information estimates for some stocks

In Figure 2.2, the first row shows the stocks with ten highest positive extra-

normal information and the bottom row shows the stocks with the lowest negative

extranormal information. Extranormal information estimates for all stocks are com-
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puted and bars show the sums of the rows (or columns) of extranormal information

matrix for each stock.

In order to show that simple linear regression is not enough to capture the

relationship for the first category of stocks, we run polynomial regression up to degree

5. As an illustration, we selected the MMM and its relation with the other three stocks

where it has the positive deviation from the approximation. In the next Figure 2.3,

we see that BIC and Cp values confirm that simple linear regression cannot depict

the relationship between MMM and selected stocks. Furthermore, our results are

confirmed by ANOVA tables.

Figure 2.3: BIC and Cp values for MMM

The next question concerns with the stocks which have negative extranormal

information. In this case, we have stock pairs whose correlation is higher than AUV 2.

We observe that AUV 2 has found insignificant correlations while the Pearson could
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not find it. In our bar chart, we see the stock GMCR has the lowest negative value.

When we investigate its relationship, we find that it has a maximum correlation of

0.2367611, which is not very strong.

Empirical results for crisis period

Figure 2.4: Comparison of correlation and mutual information estimates for crisis
period with the Spearman’s correlation shown at the top.

We conduct a similar approach on the data set sampled from the crisis period

for the same set of stocks in order to capture nonlinearity or extra-normal information

between all pairs of stocks. In Figure 2.4, we observe that the Spearman’s correlation

has slightly dropped from 0.9 to 0.87. Given the approximation function still predicts

AUV 2 highly accurately and strong monotonic relationship between two association

measures exists, i.e. the majority of pairwise dependency between stock pairs are

linear. Using the extranormal information, we are interested in identifying the stock

pairs where two measures disagree.
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Figure 2.5: Extranormal information estimates of 10 highest and 10 lowest for the
crisis period

Comparing Figure 2.5 with Figure 2.2, we observe that much stronger devia-

tions from Gaussianity, for example, while in non-crisis period MMM has the max-

imum extranormal information value nearly 5, UBS has approximately 18 in crisis-

period. Moreover, we find that 240 stocks have extranormal information greater 5 in

the crisis period, which is more than half of the stocks in the portfolio.

Similar to the previous section, for the stock USB, we run polynomial regression

up to degree 5 and its relation with the other three stocks where it has the positive

deviation from the approximation. In Figure 2.6, we see that BIC and Cp values

confirm that simple linear regression cannot depict the relationship between USB

and selected stocks. Furthermore, our results are confirmed by ANOVA tables.
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Figure 2.6: BIC and Cp values for USB

2.7.1 Polynomial and spline regression models

The classic polynomial and spline regression models can also capture the nonlinear

correlation between variables. Comparing to the MI, their estimations are simpler

and faster; moreover, the classic statistical tests are available to check if the model fits

well or not [95]. Next, we define model fitting index measures based on the polynomial

regression and spline regression models.

Polynomial regression is defined as follows:

yi = β0 + β1xi + β2x
2
i + ...+ βdx

d
i + εi (2.7.1)

where εi is the error term. The coefficients β̂ can be easily estimated by using

the least squares linear regression. Given β̂, we can compute the fitting index R2 as
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follows [95]:

R2 = cor2(y, ŷ) (2.7.2)

R2 statistics takes values between 0 and 1 and explains the proportion of

variance explained by the model. We use cubic polynomial regression to quantify

the nonlinear relationship in the data. However, the matrix R2 produced is not

symmetric. There are various ways to symmetrize the non-symmetric matrices. In

this work, the method we use as follows:

Saveij =
Sij + Sji

2
(2.7.3)

where S is the matrix R2. In order to calculate the dissimilarities based on R2

statistics, we use the following:

d(X, Y ) = 1−R2. We call it as dissPolyReg for short in the followings

Spline Regression requires dividing the range of X into K distinct regions and

fit a separate polynomial function for each one. Boundaries of each subinterval, where

the coefficients are changed, is called knots. We have used 5 knots by following the

rule of thumb, which says if sample size more than 100 use 5 knots, if it is less than

30 use 3 knots, otherwise use 4 knots [95].

A spline of degree D with K knots is defined as follows:

yi = β0 + β1xi + β2x
2
i + ...+ βDx

D
i +

K∑
k=1

bk(xi − ξk)D + εi (2.7.4)

where the function
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Figure 2.7: Comparisons of regression models and mutual information with Pearson’s
correlation between measures are shown on the top.

(x-ξ)D+ =


(x− ξ)D if x > ξ

0 otherwise

is called a truncated power basis function of degree D. One of the issue with

splines is they can have high variance at the outside of the range the predictors, that

is, X is smaller than the smallest knot, or larger than the largest knot. A natural

cubic spline requires the function to be linear at the boundary, so it can generate

more stable estimates. We use the natural cubic splines. Like polynomial regression,

R2 can be used as the similarity and dissimilarity measure between x and y after

symmetrized. We call the dissimilarity based on the spline regression as dissSpline

for short in the followings. Spline regression is more flexible than polynomial and
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stepwise regressions and asserts the smoothness of each observation [52].

In our empirical data sets for crisis and non-crisis periods, we observe in Figure

2.7 that regression models and mutual information (AUV 2) have high correlation and

they both have a stronger relationship than between Pearson’s correlation and AUV 2.

This result also supports that AUV 2 and regression models reveal some stock pairs’

non-linear relations, whereas Pearson’s correlation cannot discover them.

Furthermore, we find that both regression models have Pearson’s correlation

of 0.99, i.e they are identical in both time periods. We also note that different

symmetrization methods (max and min) are also used to compute R2 and we find

that they all have Pearson’s correlation almost 1; therefore, it is safe to use any of

these techniques.

2.7.2 Relationship between entropy and the first four moments of the

daily stock returns

The entropy as a measure of uncertainty in finance is firstly introduced by [85], in

which they present the mean-entropy efficient portfolios and compare it against the

mean-variance approach. Furthermore, they conclude that entropy is more general

and better fitted for the selection of portfolios than the variance.

If the stock return distributions are not a normal distribution, additional mo-

ments or another measure of uncertainty is needed because variance cannot work well

in specific situations, such as the existence of non-symmetry and fat-tails or extreme

events in probability distributions [96, 63, 85]. Furthermore, some authors [29, 33]

conclude that entropy is a more general uncertainty measure than the variance since

it uses more information about the probability distribution.

Now let us investigate the relationship between entropy and first four moments

of daily log returns for all studied companies: mean, standard deviation, skewness,
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and excess kurtosis and results are presented as a scatterplot In Figure 2.8 for crisis

and non-crisis period.

and the first three moments of the daily log returns are weaker than the Spear-

man correlation coefficient between the kurtosis and entropy rates. Kurtosis measures

the degree of a distribution expressed as fat tails. For a normal distribution, an excess

kurtosis has to be equal to 0 and no skewness (symmetric). A distribution with posi-

tive excess kurtosis is called leptokurtic. While the observed maximum and minimum

excess kurtosis values are 0.464 (for OMC) and 105.374 (for ARG) in the non-crisis

period, respectively, we observe 1.641 (for CSX) as minimum and 84.704 (for STT)

as the maximum in the crisis period. This results indicate the strong deviations from

normality and confirms the leptokurtic behavior of stock return distributions.

We further note that the average Shannon’s entropy rates for all stocks are

equal to 2.346 for the non-crisis period and 2.184 for the crisis period. This allows

us to see how different the market efficiency changes in two periods. These results

indicate that the market becomes less stable and less efficient (more predictable)

during the crisis.

In summary, differences between mutual information and Pearson product-

moment correlation coefficient arise for the following reasons: First, as the name

indicates Pearson correlation uses only first two moments mean and variance. How-

ever, mutual information uses entropy which is highly correlated to a higher order of

moments. For example, we have found a striking relationship between entropy and

kurtosis. Secondly, Pearson’s correlation is limited to identify linear or monotonic

relationship while mutual information can measure general dependence beyond the

linearity. Third due to the size of a finite sample there may be estimation errors. In

short, nonlinearity exists between stock returns and simple linear regression cannot

be enough to fully describe the relationships and therefore may underestimate in some
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Figure 2.8: Relationship between entropy and the first four moments of daily stock
returns for non-crisis and crisis periods. Spearman’s correlation between measures
are shown on the top.

cases. Nonlinearity may exist due to high skewness or kurtosis of stock returns.
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Figure 2.9: Example of networks constructed by Pearson and AUV2 for 57 stocks in
the time period between 2011 and 2015.

Pearson (Non-Crisis) NMI (Non-Crisis) Pearson(Crisis) NMI(Crisis)
Hub Degree 23 20 20 14

Diameter 33 31 28 26
Avg Path Length 11.42 10.69 11.24 12.31

Assortativity By Degree -0.18 -0.11 -0.18 -0.20
Assortativity By Sector 0.81 0.84 0.77 0.73

Assortativity By Industry.Group 0.74 0.75 0.65 0.65
Avg.Closeness 0.09 0.10 0.09 0.08

Avg.Betweenness 0.03 0.02 0.03 0.03
Entropy 1.31 1.33 1.32 1.36

SF-Fitting Index 0.94 0.95 0.90 0.95
Exponent of SF 2.01 1.96 2.06 2.38

Table 2.1: Comparison of Some Properties of the Networks (n=402, m=401)

2.8 Comparing Network Properties

2.8.1 Local and global comparison

Now we are interested in differences between networks created by these two measures

in terms of local, global and mesoscopic levels. Our analysis is similar to the previ-
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ous section, such as we consider two periods separately and conduct the comparison

between network properties. First, let us consider each network unweighted and look

at some fundamental global properties of the networks. In Table 2.1, we summarized

the results for the Pearson and mutual information based networks.

The Pearson based networks have higher hub degrees and diameters than mu-

tual information based one for the normal and non-normal period. Interestingly,

mutual information based network has higher average path length in the crisis period

while Pearson has a higher one in the normal period.

The network is considered as assortative if a significant fraction of links in the

networks stays between vertices of the same type. We consider here two types of

assortativity. Assortativity degree values show that all networks are disassortative

mixing by degree, indicating that high degree nodes tend to be linked to low-degree

ones. Stocks in the GICS classification system are categorized into four hierarchical

categories: sector, an industry group, industry, and sub-industry. In assortativity

nominal, we measure the tendency of stocks for sector and industry group. It is clear

that each network is assortative for both cases.

While mutual information has a higher assortative mixing coefficient for the

sector in the non-crisis period, Pearson has a higher one for the crisis period. They

both have the same assortative mixing coefficient for the industry group. For mutual

information, In Table-2.1 it can be seen that these values significantly drops in the

crisis period.

Scale-free fitting indices of each network show that they have very high fitting

values for their degree distributions. For each network, the exponent of the scale-

free distribution has values approximately close to or higher than 2. While mutual

information based network in crisis period has the highest exponent value, the Pearson

has the least one in the non-crisis period. However, networks show approximately
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scale-free behavior.

Degree distribution informs us about the shape of a network, while entropy

measures the regularity in the shape of a network [61]. All networks have approxi-

mately similar entropy values. Average closeness and average betweenness values of

each network are also approximately same.

In summary, major differences between networks are observed in the diameter

and the hub. Other considered fundamental parameters are approximately the same

and no big difference between them. The diameter is a very sensitive measure since

it only considers the extreme distance between two nodes, but average path length

indicates less biased value than it. When we consider the average path length of net-

works, they are approximately the same. The differences between hub degrees can be

explained as follows: since MST approach has geometric constraints in the construc-

tion process, the stocks that could be considered as outliers or possibly insignificant

correlation could prefer to attach to the hub in order to obtain the minimum weight.

Non-Crisis Crisis
Degree Centrality 0.61 0.55

Hamming Distance 0.00452 0.00553
Closeness Centrality 0.52 0.25

Betweenness Centrality 0.61 0.55
Eccentricity Centrality 0.45 0.14

Table 2.2: Spearman correlation between local and global properties

Next, we quantify the difference between networks on the local and global

topological scale. For a quantitative comparison, we calculated the Spearman rank

order correlation coefficient. We consider the degree centrality and Hamming distance

between the networks on the local topological scale, whereas on the global scale we

compare the closeness centrality, betweenness centrality, and eccentric centrality. In

the Table-2.2, we summarized our results. On the local topological scale, we find
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that the Pearson correlation and mutual information stock networks are moderately

similar in non- crisis period, whereas in the crisis period they became less similar. On

the global topological scale, we find more interesting results, especially for the crisis

period. In the non-crisis period, we observe low-rank order correlation for eccentric

centrality and closeness centrality between stocks while betweenness centrality scores

for stocks have a little higher correlation. In the crisis period, while the Spearman

correlation for closeness centrality and eccentric centrality becomes extremely lower

than the non-crisis period, betweenness centrality also becomes slightly less than the

non-crisis period. In summary, these results indicate that the Pearson correlation and

mutual information stock networks are very different on the global topological scale

in the crisis period.

Hub Eccentricity Betweenness Closeness
Pearson (Non-Crisis) HON LNC BRK.B BK

NMI (Non-Crisis) HON BRK.B MMM MMM
Pearson (Crisis) CSCO CAT DD PPG

NMI (Crisis) FOXA LNC TMK TMK

Table 2.3: Central Stocks for each network

Furthermore, we investigate whether the Pearson network and mutual infor-

mation network agree on the central stocks. In network analysis, centrality indices

are developed to answer the question which are the most important vertices in a

network?. Since importance has a variety of meanings or definitions, there is a large

number of centrality measures proposed for networks.

Many of the centrality measures were originally introduced in social network

analysis and many of the terms used to measure centrality indicate their sociological

origin. These methods are also used in a large number of different disciplines or

areas outside of the social network analysis, such as biology, computer science, urban

networks, physics, finance, the Internet, and super-spreaders of disease.
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In Table 2.3, both distances agree on only the hub in the non-crisis period,

which is HON and they have a completely different set of central stocks in both time

period. Closeness centrality and betweenness centrality indices for Mutual informa-

tion network are same stocks in two time periods, whereas centrality indices indicate

very different stocks for Pearson networks.

2.8.2 Impact of metrics on the performance of community detection

Financial systems as complex systems display hierarchical structures, in which clusters

can be further partitioned into smaller clusters at certain level [64]. For example, the

stock classification systems are based on this hierarchical taxonomy, such as the GICS

classification system. The GICS methodology developed by Standard and Poors and

MSCI/Barra in 1999 has been commonly accepted as an industry analysis framework

for investment research, portfolio management, and asset allocation. In this classifi-

cation scheme, companies are classified based on their principal business activity. As

well as earnings and market perceptions are considered. Revenues play a significant

role in this classification.

The GICS has a four-level hierarchical industry classification scheme. It con-

sists of 10 sectors, 24 industry groups, 67 industries, and 147 sub-industries 1. 8-

digit code with text explanation is assigned to each company. For example, sector:

Materials (GICS code: 15), industry group: Materials (GICS code: 1510), industry:

Chemicals (GICS code: 151010 and sub-industry: Commodity chemicals (GICS code:

15101010).

GICS is the official SP industry classification system. GICS enables market

1As of September 1, 2016, S&P Dow Jones Indices and MSCI moved Equity Real Estate Invest-
ment Trusts and Real Estate Management & Development companies from the Financials Sector of
their Global Industry Classification Standard (GICS) to a new Real Estate Sector. Please visit the
website https://www.msci.com/gics.
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participants to identify if stock movements are generally according to local or are

part of a broader global trend. GICS classification is used also to test the clustering

algorithm performance as a ground-truth set. It is the mainly used system in complex

stock networks.

Figure 2.10: Example of networks constructed by Spearman, AUV1, Polynomial Re-
gression and Spline Regression for 57 stocks in the time period between 2011 and
2015.

Identification of these clusters or communities based on stock returns has a

variety of applications in finance such as creating efficient portfolios and risk man-

agement. For example, well-diversified portfolios can be created by choosing sample

stocks from different clusters [70].

In order to provide an unbiased comparison, we use the same community de-

tection algorithm for all networks. The separate networks constructed by six different
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distance measures are considered and furthermore similar to previous sections two set

of data set considered-crisis and non-crisis period.

We also consider the Spearman correlation between X and Y. It is simply

defined as Pearsons correlation of the ranks of X and Y as follows:

rs(X, Y ) = cor(rank(X), rank(Y )) (2.8.1)

,where elements of each vector are replaced with their ranks [97]. Therefore, rs

can detect monotonic relationships, i.e as the value of X increases, so does the value

Y; or as the value of X increases, the value of Y decreases. In contrast to Pearsons

correlation, the Spearman correlation does not require assumptions of linearity in the

relationship between variables. However, similar to Pearsons correlation coefficient,

rs(X, Y ) = 0 does not imply that random variables X and Y are independent, but only

it means they are monotonically independent. In order to calculate the dissimilarities

based on Spearman-rank correlation, we use the following: ds(X, Y ) = 1− rs(X, Y ).

We call it dissSpearman for short in the followings. Please see the Figure-2.10

for illustration of networks for AUV1, Spearman, polynomial regression and spline

regression.

Impact of the distance measures on clustering is assessed in two ways. First,

the performances are evaluated by the assumption that no ground truth cluster set

is available. In this case, we apply the internal indices to find out which metric

produces well-separated and cohesive clusters. As mentioned previously, we apply

geodesic distances and use the centroid of nodes chosen as the node that minimizes the

largest distance from any other nodes in the cluster. Secondly, the performances are

evaluated by the assumption that the ground-truth class labels for stocks are known

a priori. We use normalized mutual information in order to compute the performance
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of metrics. The NMI equals 1 if the clustering is identical to partitions and equals 0

if they are independent. In our study, we consider two types of external information

as ground-truth. The first one is sector level and the second one is industry-group

level, so we can evaluate the performance of algorithms and dissimilarity measures in

terms of their ability to detect finer clusters.

For the performance of the community detection algorithm on six different

distance measures, we created Tables-[2.4-2.5], in which column names represent the

networks based on different metrics, and row names indicate the performance indices.

The best scores for each index are highlighted in the tables.

Pearson Spearman Polyreg Spline AUV1 AUV2
Number of Communities 23 19 21 22 19 18

C-Index 0.0429 0.0457 0.0592 0.0546 0.0528 0.0466
BetaCV 0.2956 0.3168 0.3598 0.3479 0.3552 0.3292

Dunn1 0.0728 0.0648 0.0662 0.0663 0.0867 0.0853
Dunn2 0.9 0.8719 0.7149 0.7825 0.9351 0.9296

Silhoutte 0.2957 0.3221 0.2860 0.2883 0.3376 0.3245
Entropy 3.0613 2.9020 2.9397 2.9988 2.8797 2.8490

NMI1 0.6070 0.6285 0.6153 0.6168 0.6464 0.6574
NMI2 0.7057 0.7270 0.6934 0.7160 0.7393 0.7211

Table 2.4: Performance of six different distance measures for non-crisis period

In Table 2.4, we observe that mutual information networks clearly outperforms

all other distance measures in terms of internal indices and external indices. Pearson

network has good scores in C − Index and BetaCV but is less successful for finding

stock sectors.

In Table 2.5, we find very interesting results. Spearman rank order network

has the best score in terms identification of each stock sector and industry group

label. However, one of mutual information network has better scores for internal

indices indicating that clusters found are coherent and well-separated comparing to

other distance measures.



51

Pearson Spearman Polyreg Spline AUV1 AUV2
Number of Communities 22 20 24 24 22 22

C-Index 0.0468 0.0450 0.0528 0.0612 0.0507 0.0492
BetaCV 0.3091 0.2887 0.3112 0.3377 0.3154 0.2966

Dunn1 0.0596 0.0489 0.0290 0.0271 0.0908 0.0804
Dunn2 1.0659 0.8419 0.7766 0.7702 1.0684 0.9619

Silhoutte 0.3082 0.3033 0.2722 0.2782 0.3317 0.3133
Entropy 3.0512 2.9694 3.1341 3.1432 3.0486 3.0385

NMI1 0.5510 0.5930 0.5351 0.5369 0.4883 0.4944
NMI2 0.6339 0.6573 0.6348 0.6353 0.6030 0.6129

Table 2.5: Performance of six different distance measures for crisis period

In summary, mutual information based networks outperformed other networks

in terms of external indices and internal indices for the non-crisis period. In the crisis

period, the Spearman network outperforms for finding stock sectors, whereas mutual

information based networks have well-structured clusters.

2.9 Conclusion

In this study, we use two data sets composed of log-returns of daily adjusted close

prices of 404 stocks of SP500. While the first one is in the time period from January

2007 to December 2009 called as crisis period, the second one is in the time period

from January 2012 to December 2015 called as non-crisis period.

We have found that the mutual information and the Pearson correlation mea-

sures have a stronger monotonic relationship than crisis period. Furthermore, we

investigate the cases where two measures are strongly disagreed by using extranormal

information for each pair of stocks. We find that in the crisis period these values are

stronger than the non-crisis period indicating strong deviations from Gaussianity. To

assess the nonlinear dependence as an alternative to mutual information, we illustrate

how to apply polynomial and spline regression to compute the model fitting indices
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for defining the network adjacencies. Furthermore, for the strongly mismatched stock

pairs, we conduct the polynomial regression and compare the results with a simple

regression model. AIC, Cp and ANOVA tables confirm that simple regression is not

enough to describe the relationship between these stocks. The relationship between

entropy and the first four moments of daily stock return distributions are examined

and we find a very sharp relationship between entropy and kurtosis. We list the

reasons for the mismatches. We conclude that the main reason is that mutual infor-

mation uses more information about the probability distribution than the Pearson

correlation, which only uses the first two moments. And these mismatches could be

due to having finite data samples.

As a second step, for each distance measure, we constructed separate minimum

spanning tree based hierarchical stock networks and compared their local and global

properties. We have found that in crisis period similarity between two networks

significantly drops; however, in the non-crisis period, they have moderate Spearman

correlation on local and global topological scales.

Finally, we also investigated the role of selection distance measures and the

performance of community detection on each network obtained by using them. We

found that two different versions of MI-based networks show high similarity with each

other in both periods and their performance gets weaker in a crisis period in terms

of identifying true sectors for each stock. However, if the criteria changes as finding

coherent and well-separated stock communities, by far they were the most successful

ones in two periods.
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Chapter 3

Essay 2. Dynamic Evolution of Complex Mutual Information Theoretic

Stock Networks

Abstract In this work, we analyzed how the local, mesoscopic and global topological

properties of mutual information stock networks evolve annually in the time period

from 2000 to 2015 in order to quantify the impact of the major crisis on the network

structure. In addition to the classic network quantifiers, such as diameter and average

path length, we also to use the information theoretic quantifiers. System entropy and

normalized entropy of the market have shown decreased values during crash periods.

The classic quantifiers indicate the shrinkage during those periods and, furthermore,

we observed the hub emergence. Moreover, we check the scale free properties of

networks. For mesoscopic or sector analysis, we propose some metrics adapted from

classic cluster analysis in order to capture topological evolution of sectors within the

system and Sectoral Entropy Index (SEI) is introduced to compute their structural

changes over time. Sectors’ structural changes are compared with each other and with

the market. We list the important stocks for each year identified by four different

centrality measures and compared with each other.

3.1 Introduction

Recent global financial crisis considered as the worst economic disaster since the Great

Depression of 1929 by many economists started in 2007 with subprime mortgage crisis,

which was triggered by a drastic fall in housing prices. It peaked with the collapse of

Lehman Brothers and led to international banking crisis with huge impact on global

financial system. Since then, many tools and methods have been developed to analyze
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the relationship between financial market structure and economic crisis to describe

the characters of financial dynamics [10].

Mantegna was one of first who applied MST into portfolio of stocks [64]. He

used the data set composed of daily price return of S&P500 index in the time period

from July 1989 to October 1995. He detected the hierarchical structure in the financial

market in which stocks belong the same industry sector was homogeneously clustered.

Bonanno et al. observed how the topology of MST changes in a portfolio of stocks

sampled from different time horizons [13]. It is found that the topology MST is

changing dramatically when considering time horizon gets shorter. They found that

Epps effect exists between assets in the market, which says that the shorter the time

period correlation diminishes. When the time horizon getting shorter, MST starts

becoming more like a star shape network and GE is again the hub and in the center.

Vandewalle et al. found that the minimum spanning tree constructed by the cross

correlations of daily fluctuations for N = 6358 US stock prices for the year 1999

had scale-free topology the exponent α = 2.2 [101]. Onnela et al. used the portfolio

composed of 116 stocks of the S&P500 index and time period is from 1982 to 2000

[80]. It’s been found that the asset tree shrinks during the market crisis and the value

of the power-law exponent of the scale-free degree distribution changed during the

Black-Monday period. Khashanah and Miao investigated the structural evolution of

the US financial systems by applying MST method and PCA. They used the data

set composed of the S&P 500 (SPX), VIX, three-month treasury bill (three-month

T-bill), US dollar index (USDX), gold, and oil in time period from June 2006 to

May 2009 [56]. They found that VIX was a dominator factor in the financial system

and analyzing different snapshots of MSTs they identified that market became more

integrated during the crisis. Zhao et al. studied daily correlations of 322 stocks of

S&P500 by using heterogeneous time scales, they found global expansion and local
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clustering market behaviour and while the links between sectors decrease, the links

within the sector increase during the crisis [108].Heiberger analyzed the stability of US

stock market by May-Wigner theorem from complex complex ecosystems and found

the violation of the stability during the dot com bubble and subprime mortgage crisis

[47]. Nobi et al. studied the effects of the 2008 global financial crisis on a local Korean

market by constructing thresholds networks before, during and after the crisis. The

networks are observed to be fatter during crisis than other periods and they have

scale free structure within restricted range of threshold values [78].

In this study, we use the data set composed of log-returns of daily adjusted

close prices of 404 stocks of SP500 during 4032 consecutive trading days in the time

period from January 2000 to December 2015 after the removal of a few days because

of the incomplete data. We study the evolution of the local, mesoscopic and global

structural properties of the mutual information-based hierarchical stock networks over

time and draw conclusions regarding the dynamics of the stock market based on the

effect of major financial crisis.

The annual change of the first four moments of non-diagonal elements of mutual

information matrix (MIM) are investigated and increase in the mean value during

the crisis is observed. We compute the classic quantifiers from the network theory

analysis, such as average path length and diameter and it is observed that they both

shrink during the crisis indicating market behaves like one. The relationship between

centrality measures, and annual evolution of their means are studied. We found the

hub emergence during the crisis and they are almost always disagree on the identified

important stocks except for the year 2015.

Degree distribution of networks is analyzed to determine whether they are

scale-free. In addition to the classical quantifiers, we propose to apply information-

theoretic quantifiers, such as the entropy and normalized entropy to investigate the
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system entropy for various market levels. We discover that a decrease in the financial

network entropy and in the normalized network entropy is associated with a crisis

condition. Furthermore, we study the time evolution of the sector structure of market

by assortativity mixing coefficients and we propose some metrics adapted from cluster

analysis to quantify this evolution– sector diameter and sector average path length

are utilized in this paper. Stock Sectoral Entropy (SSE) is proposed to measure

structural changes of each sector. We investigate the structural similarities between

sectors and markets.

The essay is organized as follows. Next section we introduce the methodology

for how to compute mutual information between each pair of stocks to construct

hierarchical stock networks in our study. In Section 3. 3, we investigate the first four

moments of the non-diagonal elements of mutual information matrix. In section 3.4,

annual evolution of the hub of the system and mean of other centrality measures are

studied and important stocks are listed for each year according to each measure. In

section 3.5, we show how the degree distribution of the networks change. In section

3.6, entropy of the system is illustrated together with normalized entropy. In section

3.7, we analyze how the mesoscopic structure of the market evolve over time in terms

of sector structure and topological evolution of sectors is also studied. Finally, the

last section is the summary of the work.

3.2 Methodology

In order to construct the hierarchical stock networks based on minimum spanning

tree (MST), we first need to compute all pairwise similarity between each stock in

the portfolio, then transform this similarity or proximity matrix into dissimilarity

matrix.
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In this work, in order to obtain mutual information based adjacency matrix,

stock returns are firstly discretized by the equal-width approach. We choose the

number of bins as
√
n. Then, pairwise mutual information between each stock is

computed by using the Miller-Madow estimation [68]. Finally, we estimate the uni-

versal distance metric version 2, i.e dissAUV 2, from the obtained adjacency matrix.

Please see Section-2.3.2 for more details. After that, we apply Prim’s algorithm to

identify the MST structure in the portfolio [87].

3.3 Characterization of Market

Figure 3.1: The mean, standard deviation, skewness, and excess kurtosis of the pair-
wise mutual information annually

Let us investigate the annual change of the first four moments of the non-

diagonal (i 6= j) elements I tij of mutual information matrix and their relation to each

other.
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The first moment is the mean defined as

Ī(t) =
1

N(N − 1)/2

∑
Itij∈It

I tij (3.3.1)

Other higher order normalized moments are computed as well.

Variance is :

λ2(t) =
1

N(N − 1)/2

∑
Itij∈It

(I tij − Ī t)2 (3.3.2)

the skewness is :

λ3(t) =
1

N(N − 1)/2

∑
Itij∈It

(I tij − Ī t)3

λ2(t)
3
2

(3.3.3)

and the kurtosis is

λ4(t) =
1

N(N − 1)/2

∑
Itij∈It

(I tij − Ī t)4

λ2(t)2
(3.3.4)

The annual change of the mean, standard deviation, skewness, and excess

kurtosis of the mutual information measures are plotted in Figure 3.1. The effect

of Dot-com bubble during 200-2002, the financial crisis of 2007-2008, and European

sovereign debt crisis starting from the end of 2009 are clearly visible in all these quan-

tities, such as an increase in mean mutual information values during those periods. In

[81], similar results are observed for all quantities for the effect of Black-Monday, such

as the mean correlation coefficient is seen higher than average on that time interval.

In Figure 3.1, it is clear that the first two moments and the last two moments

show similar patterns. We computed the Pearson’s and Spearman’s correlation coef-
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ficients between mean and standard deviation, which are 0.9 and 0.92 in order, and

between skewness and kurtosis, which are 0.96 and 0.95 in order. Results show that

first two and last two are strongly correlated to each other.

Normalized tree is length is defined by [81] as follows:

L(t) =
1

N − 1

∑
dtij∈T t

dtij (3.3.5)

The mean, standard deviation, skewness, and excess kurtosis of normalized

tree lengths are shown in Figure 3.2

Figure 3.2: The mean, standard deviation, skewness, and excess kurtosis of the annual
normalized tree length

The Pearson’s and Spearman’s correlation between mean mutual information

and mean of normalized tree length are -0.96 and -0.94 in order as expected. That is,

they have very strong anti-correlation because the way we compute distances from the

mutual information matrix. Furthermore, we compute the correlation between cor-

responding moments of normalized tree length and mutual information matrix. The
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Pearson’s and Spearman’s correlation between the standard deviation of the mutual

information and standard deviation of the normalized tree length are -0.06 and -0.09.

For skewness, -0.47 and -0.27 and for kurtosis, -0.42 and -0.33 are found respectively.

Thus, these found correlations show the essential differences between mutual infor-

mation and the normalized tree length for higher moments. Furthermore, in [81],

authors found very striking anti-correlation between skewness of the correlation ma-

trix and skewness of the normalized tree length in their considered time period from

1980 and 1999. This is one of the main difference changing the metric from Pearson’s

correlation to mutual information.

Increase in the mean of the mutual information and decrease of the normalized

tree length indicate that how the market moving together with strong correlation

causing to the very strong shrinkage in the average of the pairwise distances between

stocks.

Besides the normalized tree length, other important concepts related to the

network topology are average path length and diameter of the network. The diameter

of the network is the simply the length of the longest geodesic path between any nodes

in the network. The diameter is usually less useful than the average path length of

the network in real networks because it only considers the extreme distance between

two nodes and therefore it is very sensitive to outliers [72]. That is, a simple change

to one node or couple nodes can have a huge impact on the diameter. A more robust

indicator of the network behavior as a whole is the average path length (i.e the

mean distance or the characteristic path length), which is computed as the average

of pairwise geodesic distances between all nodes in the network. Average path length

and diameter of the stock network as a function of time is plotted in Figure 3.3. The

Pearson’s correlation and Spearman’s correlation between two are found as 0.93 and

0.96 in order. Due to the tree structure, they have a very strong correlation. Again,
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major financial crises are clearly visible in these figures and average path length and

diameter indicate that during crashes the market is moving together tightly and it

shrinks.

Figure 3.3: Average path length and diameter

3.4 Time Evolution of Centrality Measures

In network analysis, centrality indices are developed to answer the question which

are the most important vertices in a network?. Since importance has a variety of

meanings or definitions, there is a large number of centrality measures proposed for

networks.

Most of the centrality measures were originally introduced in social network

analysis and many of the terms used to measure centrality indicate their sociological

origin. These methods are also used in a large number of different disciplines and

areas outside of the social network analysis, such as biology, computer science, urban

networks, physics, finance, the Internet, and super-spreaders of disease.

In financial networks, centrality measures are widely applied in the interbank

lending market, which is considered as a network where banks are the vertices and the

claims and liabilities between banks define the weight of links. The goal is typically to
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Figure 3.4: Mean of Centrality Measures

identify the important financial institutions and how their elimination in the network

affect the stability of network structure and thus the stability of the banking system

[14].

Comparing the interbank networks, the centrality measures are not explored

too much yet in the stock networks; however, there are some examples, such as [80]

and [21]. [80] illustrated that the stocks of the optimal Markowitz portfolio always

located on the outskirts of the tree with respect to the central nodes or root of the

tree. In [21], the top 10% most highly connected stocks are selected from the threshold

network to compute new indexes based on degree connectivity. The performance of

new indexes are tested against existing major indexes by calculating the Spearman’s

correlation and find statistically significance.

More formally, the centrality can be defined as a function f : V → R, which

induces a total order on V. Node vi is said as central as vj if f(vi) ≤ f(vj) [106]. Next
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we give the definitions for the centrality measures which we used in this study.

Degree centrality

The adjacency matrix A of G = (V,E) is the matrix with elements Aij defined as:

A(i, j) =


1 if vi is adjacent to vj

0 otherwise

Thus, the connectivity (also known as degree) of the node vi is defined by

di =
∑
j

A(i, j) (3.4.1)

If the network G is unweighted di equals the number of nodes that are directly

linked to it. In weighted networks, the connectivity equals the sum of connection

weights or strengths between node i and the other nodes incident with it. While

degree is a local attribute, average degree is global attribute and defined as

µd =

∑
i di
n

(3.4.2)

Eccentric centrality

The eccentricity of a node vi is define as the maximum distance from vi to any other

node in the network, i.e.

e(vi) = max
j

{
d(vi, vj

}
(3.4.3)

Eccentricity centrality is thus expressed as:

c(vi) = 1
e(vi)

= 1

maxj

{
d(vi,vj)

}
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A node vi with smallest eccentricity is called a center node, while the one with

greatest eccentricity is called a periphery node.

Closeness centrality

The closeness centrality measures the reciprocal average topological distance of vertex

vi to all other vertices in the network. This measure is normalized by multiplication

factor N-1 to 0 ≤ CCvi ≤ 1, and is formulated as

CCvi =
N − 1∑
j d(vi, vj)

(3.4.4)

A node vi with the smallest total distance is called the median node.

Betweenness centrality

Betweenness centrality measures a vertex centrality in terms of its location between

other pairs of vertices in graph. It is most commonly calculated as the number of

shortest paths from all vertices to all others that pass through that node.BCv is

defined as

BCv =
N∑

i,j 6=v

σij(v)

σij
(3.4.5)

where σij is the total number of shortest paths from i to j which includes node

v.

We plot the annual change of maximum node weight, i.e. hub, and the mean

of eccentric centrality, the mean of closeness centrality and the mean of betweenness

centrality in Figure 3.4. In all figures, the major crisis can be detected clearly. One

of the interesting phenomena of time-varying stock networks is the hub emergence

during the crisis. In the year 2010, the stock SNA (Snap-on Incorporated) is observed
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to have an all-time highest node degree of 31 among all other stocks. SNA’s sector is

Industrials and its industry is Machinery. We also list the tick of the hub stocks for

each year in Table 3.2 along with other central stocks found to be important according

to other centrality definitions.

In Figure 3.4, the impact of topological shrinkage in networks is clearly seen

on the centrality measures, as well. While the average eccentric centrality and the

average closeness centrality increase during crashes, the average betweenness central-

ity decreases. Moreover, we computed Spearman’s correlation between the centrality

measures and the result is shown in Table 3.1. While betweenness centrality shows

strong anticorrelation with others, the hub, the closeness, and the eccentricity show

a strong correlation with each other. The closeness and eccentricity have an almost

perfect correlation.

Table 3.1: Spearman’s Correlation between mean of the centrality measures

Centrality Measure Eccentricity Betweenness Closeness
Hub 0.86 -0.84 0.89
Eccentricity -0.94 0.97
Betweenness -0.91

Let us now investigate how these correlation and anticorrelation have an impact

on the identified important stocks. In Table 3.2, we also included stocks of the same

maximum degrees and marked the stocks with maximum weight. It is clearly seen

that all these four centrality measures are not agreed with each other in terms of

important stocks for some years. For example, Eccentric centrality and closeness

centrality seem to be very related to each other; however, they indicate different

stocks as important for the year 2014. They all agree upon the same important

stock only for the year 2015, which is MMC (Marsh & McLennan Companies, Inc.).

It is evident that there is no specific stock constantly considered as important over
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time; however, when each stock’s sector is considered, the Finance Sector is found

to be more important according to all four measures. From 2000-2015, the stocks

belong this sector became 56.25% as hub and 62.5% as important according to other

centrality measures. After the finance sector, stocks belong to the Industrials sector

became important 31.25% of all considered time period.

Year Hub Eccentricity Betweenness Closeness
2000 GPC*,CMA ORCL ORCL ORCL
2001 C*,BBT GS MS MS
2002 RF BBT BBT BBT
2003 JPM C JPM JPM
2004 DD ETN ETN ETN
2005 PX MTB BBT BBT
2006 BEN CMI PH CMI
2007 LNC USB USB CMA
2008 HST MAC VNO VNO
2009 DOV VNO DD DD
2010 SNA DOV PCAR DOV
2011 TROW IVZ TROW TROW
2012 JEC CAT JEC JEC
2013 TROW IVZ TROW TROW
2014 SNA HON TROW AME
2015 MMC MMC MMC MMC

Table 3.2: Central Stocks Annually

3.5 Degree Distribution of Stock Networks

One of the most important properties of a network is its degree distribution. In many

real-world networks, it has been found that the empirical degree distribution f(k)

follows a power-law :

f(k) = Ck−α (3.5.1)

where C and α denote positive real numbers. The network whose degree distri-
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bution follows power-law degree distributions are said to present scale-free topology

[7] with scaling parameter α, that is also called as the exponent of the power-law.

Let us take the logarithm of the both sides of equation (3.5.1):

log f(k) = log (Ck−α) (3.5.2)

which yields:

log f(k) = −α log k + logC (3.5.3)

Thus scale-free topology implies a straight line relationship in the log-log plot

of k versus f(k), with −α giving the slope of the line. The standard strategy to

check if a network has scale-free behavior is to apply a least-square fit of the points

(log k, log f(k)) to a line [75].

To measure the straight line relationship between (log k, log f(k)), we apply R2

statistics that takes values between 0 and 1 and explains the proportion of variance

explained by the least-square regression line. We call this value as the scale-free

topology fitting index as similar in [107].

The power law indicates that the most of nodes in the network have very small

degrees, whereas there are a few nodes (hubs) that have substantially higher degrees,

i.e, they connect with these nodes of very small degrees and connect them to the

system [7]. Therefore, scale-free networks are substantially heterogeneous and their

topology is controlled by these hubs [107].

Vandewalle et al. studied the minimum spanning tree constructed by the cross-

correlations of daily fluctuations for 6358 US stock prices for the year 1999 and found
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that scale-free topology for the network with the exponent α = 2.2 [101]. Similarly,

authors in [81] also found that the asset tree generally had scale-free properties with

exponent α = 2.1 for the outside of crash periods; however, for the Black Monday

period, they had observed a low value of exponent as α = 1.8.

Figure 3.5: Annual Scale Free Fit Index and Slope

We now investigate how this exponent α changes over time for our mutual

information based stock networks and if they hold the scale-free properties. We

plot the results in Figure 3.5. The value of exponent α typically fluctuates between

2.13 and 2.38 for the normal topology and we have α = 1.98 for 2002,α = 1.93 for

2007,α = 1.91 for 2010 and α = 2.02 for 2011. Clearly, we observe the similar results

for the non-normal topology of stock networks that we have exponent α values slightly

less than or equal to 2.

In Figure 3.5, we also showed how R2 values change annually and found that

its average value of 0.93 including crisis periods. We see the minimum R2 value as

0.86 in the year 2010, indicating that annual values of R2 are always higher than 0.85.

In Figure 3.6, we present the log-log degree distribution of stock networks for

each year. When we look at closely the years, in which the exponent α less than 2, we
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Figure 3.6: Log-Log degree distribution

see that some nodes have a huge number of connections. In Figure 3.4, the emergence

of hubs with a large degree of connections also was observed during non-usual business

time periods. However, we still included these stocks for the calculation of R2 and

did not treat them as outliers.

In summary, the most of time the mutual information based stock networks had

scale-free properties and high scale-free topology fitting index values even including
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crash periods; however, exponent α values approximately less than or equal to 2 for

three major crisis periods.

3.6 Entropy of the System

Figure 3.7: System Entropy

Another approach to exploring changes in the dynamic interaction between

system entities is by the use of entropy developed in Information Theory. Shannon

entropy [93] measures the randomness of the network when we apply it to networks

degree distribution. The higher the value of entropy, the more random is the network.

Let H(G) be the expected number of nats in a network G = (V,E) and p(k) the

probability that randomly selected node has exactly k edges, i.e., p(k) = k
N

where N

is the total number of nodes.

H(G) = −
n∑
k

p(k)log p(k) (3.6.1)

H(G) is used to calculate entropy of the degree distribution p(k). Degree

distribution informs us about the shape of a network, while entropy measures the
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regularity in the shape of a network [61]. The maximum value of graph entropy is

Hmax(G) = logN for p(i) = 1/N ∀i = 1, ..., N and the minimum value of graph

entropy is Hmin(G) = 0. Therefore, if H(G) is the entropy of the network, then the

normalized entropy of a given network is defined as:

H(G)norm =
H(G)]

logN
(3.6.2)

We show how the entropy and the normalized entropy of stock networks changes

for each year in Figure 3.7. While the minimum entropy value is observed as 1.266 in

the year 2007, the maximum entropy value is found as 1.372 in the year 2004. More-

over,the year 2012 actually has very close entropy value to 2004, which is observed

as 1.371. The entropy values indicate that during crisis market have lower entropy

values than 1.342-the average entropy value of the market and it is colored as red in

Figure 3.7. The normalized entropy values show similar patterns as the unnormalized

entropy values.

Therefore, low entropy and normalized entropy values indicate that the market

tends to act like a unified way or one during the major crisis periods. In another words,

stock networks becomes more structured than random, because its entropy is lower

than non-crisis periods.

Moreover, we compare the average entropy and normalized entropy of stock

networks with very well known network structures: Barabarasi-Albert (BA) Scale-

free Network [7], Erdos-Renyi (ER) random network [34], 2-regular network, and

Watts-Strogatz (WS Small-world network [102] models. For each network structure,

we fix the total number nodes equal as the number of stocks in our portfolio and

we compute the average entropy and normalized entropy of 1000 simulations of each

network structure. In Table 3.3, we see that on average stock networks are less random
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than ER networks and more random than BA networks. Conversely, they are less

structured than WS, 2-regular, and BA networks.

Network Models Entropy Norm. Entropy
BA 1.296 0.216
ER 1.691 0.282
WS 0.19 0.032
2-Regular 0 0
Stock Network 1.342 0.224

Table 3.3: The Entropy of Different Network Structures

3.7 Mesoscopic Analysis of the Market

Figure 3.8: Annual Assortavity by Sector and Degree

Networks representing the real systems are not regular or random at the global

level and have some level of order and organization at mesoscopic level, in which some

nodes are highly connected among themselves and few connections with rest of the

network [76]. These groups of nodes densely interconnected is called modules or

communities [72].
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Financial systems as complex systems display hierarchical structures, in which

clusters can be further partitioned into smaller clusters at certain level [64]. For

example, the stock classification systems are based on hierarchical taxonomy, such as

GICS (Global Industry Classification Standard) classification system.

The GICS methodology developed by Standard and Poors and MSCI/Barra in

1999 has been commonly accepted as an industry analysis framework for investment

research, portfolio management, and asset allocation. In this classification, companies

are classified based on their principal business activity. As well as earnings and market

perceptions are considered. Revenues play a significant role in this classification.

The GICS has a four level hierarchical industry classification scheme. It con-

sists of 10 sectors, 24 industry groups, 67 industries and 147 sub-industries 1. 8-

digit code with text explanation is assigned to each company. For example, sector:

Materials (GICS code: 15), industry group: Materials (GICS code: 1510), industry:

Chemicals (GICS code: 151010 and sub-industry: Commodity chemicals (GICS code:

15101010).

GICS is the official S&P industry classification system. GICS enables market

participants to identify if stock movements are generally according to local or are

part of a broader global trend. GICS is the one of the mostly assumed to be the

ground-truth clusters in order to investigate the performance of clustering algorithms

in stock cluster analysis and furthermore in stock network studies, in which nodes are

mostly colored according to this classification scheme.

Fluctuations of stock returns are not independent and have strong correlations

within the sector or industry which they belong [21]. The assortativity of network

1As of September 1, 2016, S&P Dow Jones Indices and MSCI moved Equity Real Estate Invest-
ment Trusts and Real Estate Management & Development companies from the Financials Sector of
their Global Industry Classification Standard (GICS) to a new Real Estate Sector. Please visit the
website https://www.msci.com/gics.
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measures the similarity of connections in a network, for example, social networks are

often assortative by race, language or ethnicity. In our case, the assortative mixing

by sector means that stocks prefer to have connections with the stocks from the same

sector. Moreover, the assortative mixing by degree means that high-degree stocks

prefer to be connected to other high-degree stocks, or low ones to low ones.

We plot the annual assortativity mixing by the sector and by the degree in

Figure 3.8 and the red line indicates the all-time average. In the figure, the stock net-

works before the subprime crisis have high values of assortativity indicating a strong

sector structure and a clear sector division of the network. The stock market has

an identifiable sector structure even during the dot-com crisis. The assortativity by

sector decreases in the year 2007 and starts increasing after the crisis which illustrates

that the links between stocks are not randomly distributed and have a clear sector

structure.

In Figure 3.8, the assortativity mixing by degree shows that the stock networks

have a disassortative mixing behavior indicating that stocks with high-degree links

tend to be connected to the stock with low-degree. However, we observe clear pattern

changes during the crisis and the reconfiguration of stock connections became highly

mixed, such as the tendency of the stocks with many connections prefer to have

connections with other high degree stocks.

Beside the assortative mixing, there are two other fundamental concepts that

can be used to quantify the sector structure or the sector division of the stock net-

works. First one is related to the mean distance between stocks of each sector. To

quantitatively characterize the interaction structure of the stock sectors in a network,

we propose to use the average topological (i.e. geodesic) distance within the business
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Figure 3.9: Mixing Parameter

sector as

d̄inij =
1

Nin

∑
c

∑
i 6=j

dij(c) (3.7.1)

where dij(c) is the geodesic distance between stock i and stock j belonging to

same sector and Nin is the number of distinct intrasector distances. Furthermore, we

define the average topological intersector distance as

d̄beij =
1

Nout

∑
c6=q

∑
i 6=j

dij(cq) (3.7.2)

where dij(c) is the geodesic distance between stock i and stock j belonging to

different sectors and Nout is the number of distinct intersector distances.

We plot the results of the average topological intrasector and intersector in

Figure 3.9 together with the average path length colored red in order to compare
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each other. By the definition of the communities or clusters, the average distance

inside a community should be less than that between two communities. The figure

clearly shows that average path length has been always higher than average intra-

sector (i.e., within the sector) and very close to the intersector (between sectors).

Shrinkage of the market during the crisis is again clearly visible in both top figures

in the plot. Furthermore, we can see in the figure that both the average of intrasec-

tor distances and the average of intersector distances most of the time increase and

decrease together.

And the last concept known as mixing parameter is defined as

µ =

∑
i k

ext
i∑

i k
tot
i

(3.7.3)

where kexti is short for the external degree of vertex i representing the total

number of links connecting it to other vertices from different communities and ktoti is

the total degree of vertex i [60]. Based on the definition of community in a strong

sense, each vertex should have more links within their community than with the rest

of the network. Thus, for µ > 1/2 communities cannot be not easily detected and

they disappear [104]. The mixing parameter is one of the most important parameter

for in the LFR (Lancichinetti, Fortunato & Radicchi) benchmark networks [83], which

is computer-generated networks with a well defined community structure (i.e,a known

ground truth) in order to test a community detection algorithm.

We compute the mixing parameter considering the stock networks as weighted

and as unweighted. In Figure 3.9, bottom left and right shows the results and they

both have the clear anti-correlation between the assortative mixing by sector. In the

year 2007, disruption of sector division in the network is again clearly visible.

In summary, we quantify the time evolution of the sector structure or sector
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division of the stock networks in different ways. The mixing parameter and assortative

mixing by sector pointed the year 2007 indicating that stocks from the same sectors

prefer to have connections with stocks from different sectors and leaving the stock

connections with the highly mixed environment. While during the subprime crisis

the sector structure dissolves, in non-crisis periods stocks tend to have connections

with stocks from the same sector.

3.7.1 Structural evolution of sectors within the system

Figure 3.10: Sectors’ diameter

The most of the studies in graph clustering focus on the static version of the

problem because the problem itself does not have a generally accepted definition;

therefore, the analysis of dynamic communities is not mature yet [40]. So far we have

quantified sector division and correlation between their interactions in a network, we

propose to use classic network quantifiers and information theoretic quantifiers in
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order to capture the topological evolution of each sector by treating them as fixed

communities, in which stock labels (sectors) are not changed over time.

The topological properties we are interested in are the diameter and the average

path length for each sector and how they change annually. We use the geodesic

distances again for each calculation. In Figure 3.10 we plot how annually the diameter

of each sector change and in Figure 3.11 we plot the annual change of the average

path length for each sector. In both plots, we can clearly see the impact of shrinkage

of the market on each sector during the crisis, such as, information technology sector

during the dot-com bubble and Financial sector during the subprime crisis.

Figure 3.11: Sectors’ avg path length

Let us investigate the relationship between each sector’s diameter with its own

average path length if any strong correlation exists as the one exists between the

market’s diameter and market average path length. In Table ??, we show the com-

puted Spearman’s correlation values. While it is clear that some sectors’ diameter
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and average path length have a very strong correlation, such as Energy and Con-

sumer Discretionary sectors, and some do not, such as Information Technology and

Financials sectors.

Sector ρ Sector ρ

Energy 0.94 Health Care 0.92
Materials 0.74 Financials 0.57

Industrials 0.90 Infor.Tech 0.59
Cons.Disc. 0.97 Tel.Serv 0.74

Cons.Staples 0.92 Utilities 0.87

Table 3.4: Correlation between Sector Diameter and Average Path Length

Now let us find out which sector or sectors show similar behavior with the

market and with each other. We calculated the Spearman’s correlation between each

sectors’ diameter and average path length including the market and illustrated the

results in Table-3.5.

Finance sector’s diameter and Consumer Staples’ diameter have a very strong

correlation with the market; furthermore, both sectors have also very high correlation

Health Care sector. We also observe that the Information Technology have a strong

correlation with the Health care sector and Consumer Discretionary sector. Materials

and Energy sectors have a weak anti-correlation with each other.

As we already mentioned before, the diameter is sensitive the outliers and

measure the extreme distance between two nodes in a network. When we investigate

Table 3.5, Health Care sector has the highest correlation with the market and the

second sector with the highest correlation with the market is the Consumer Discre-

tionary sector. Two sectors have also a high correlation between each other, but

the Health care sector has the highest correlation with the Consumer Staples sector.

Telecommunication Services Sector and Materials Sector have a weak anti-correlation

with each other.



80

M
ar

ke
t

10
15

20
25

30
35

40
45

50
55

M
ar

ke
t

1.
00

0
0.

15
0.

60
0.

68
0.

73
0.

84
0.

73
0.

81
0.

76
0.

17
0.

48
10

1.
00

-0
.0

2
0.

35
0.

30
0.

18
0.

12
0.

23
0.

06
0.

22
0.

36
15

1.
00

0.
56

0.
50

0.
56

0.
41

0.
48

0.
51

0.
17

0.
41

20
1.

00
0.

71
0.

75
0.

79
0.

79
0.

75
0.

02
0.

49
25

1.
00

0.
66

0.
73

0.
78

0.
83

0.
52

0.
41

30
1.

00
0.

84
0.

79
0.

78
0.

05
0.

56
35

1.
00

0.
86

0.
82

0.
09

0.
41

40
1.

00
0.

79
0.

30
0.

32
45

1.
00

0.
20

0.
41

50
1.

00
0.

09
55

1.
00

M
ar

ke
t

10
15

20
25

30
35

40
45

50
55

M
ar

ke
t

1.
00

0
0.

22
0.

54
0.

61
0.

87
0.

81
0.

93
0.

66
0.

57
0.

25
0.

54
10

1.
00

0.
08

0.
18

0.
32

0.
12

0.
11

0.
27

0.
02

0.
40

0.
50

15
1.

00
0.

23
0.

50
0.

44
0.

47
0.

23
0.

43
-0

.0
6

0.
33

20
1.

00
0.

70
0.

49
0.

67
0.

27
0.

25
0.

14
0.

61
25

1.
00

0.
60

0.
80

0.
58

0.
48

0.
31

0.
63

30
1.

00
0.

84
0.

45
0.

35
0.

26
0.

66
35

1.
00

0.
52

0.
53

0.
23

0.
56

40
1.

00
0.

25
0.

56
0.

28
45

1.
00

0.
15

-0
.0

4
50

1.
00

0.
27

55
1.

00

M
ar

ke
t

10
15

20
25

30
35

40
45

50
55

M
ar

ke
t

1.
00

0
0.

26
-0

.2
7

0.
30

-0
.2

0
-0

.2
7

-0
.1

7
0.

83
0.

10
-0

.0
7

0.
53

10
1.

00
-0

.3
5

0.
05

0.
42

-0
.2

3
-0

.1
5

0.
47

-0
.4

1
0.

36
0.

08
15

1.
00

0.
30

-0
.3

2
-0

.0
6

-0
.4

3
-0

.5
1

0.
23

0.
22

-0
.5

2
20

1.
00

0.
10

-0
.2

8
0.

02
0.

05
-0

.0
3

0.
12

-0
.1

4
25

1.
00

0.
13

0.
52

-0
.1

0
-0

.4
7

0.
12

-0
.0

5
30

1.
00

0.
53

-0
.2

1
0.

13
0.

04
-0

.1
0

35
1.

00
-0

.1
3

0.
10

0.
09

0.
18

40
1.

00
-0

.0
3

-0
.2

0
0.

44
45

1.
00

0.
14

-0
.2

1
50

1.
00

-0
.0

1
55

1.
00

T
ab

le
3.

5:
U

p
p

er
ta

b
le

:
C

or
re

la
ti

on
b

et
w

ee
n

d
ia

m
et

er
M

id
d
le

ta
b
le

:C
or

re
la

ti
on

b
et

w
ee

n
av

er
ag

e
P

at
h

le
n
gt

h
L

ow
er

ta
b
le

:C
or

re
la

ti
on

b
et

w
ee

n
en

tr
op

y



81

3.7.2 Sectors with cohesive structure in the market

The Silhouette coefficient is a measure of both cohesion and separation of clusters. It

measures the difference between the average distance of a point to the closest cluster

and the average distance of a point to its own cluster. It is one of the most popular

index in order not only to identify the number of clusters in the data but also to

use as an internal index to quantify the quality of the final clusters or compare with

different clustering algorithms. We propose to use the Silhouette coefficient for our

case to find out the sectors whose structures are more cohesive and more separable

than the other sectors in the hierarchical network.

For each stock xi we compute its Silhouette coefficient si as follows

si =
µminout (xi)− µin(xi)

max{µminout (xi), µin(xi)}
(3.7.4)

where µin(xi) is the mean distance from xi to stocks in its own sector ȳi and

µminout (xi) is the mean of the distances from xi to stocks in the closest sector.

The si value of a stock ranges in the interval [−1,+1]. A value close +1 means

that xi is much closer to stocks in its own sector and is far from the neighboring

sector. A value close to zero means that xi is close to the boundary between its own

sector and the nearest sector. A value close to −1 means that xi is much closer to the

neighboring sector than its own sector, and therefore, the stock may be considered as

misclustered. Furthermore, the Silhouette coefficient of a sector is defined as the mean

si value across all the stocks in the same sector and the global Silhouette coefficient

is defined as the mean si value across all the points:

SC =
1

n

n∑
i=1

si (3.7.5)
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A value close to +1 means a good clustering.

Figure 3.12: The annual Silhouette coefficients of each sector

We plot the Silhouette coefficient of each sector and show how they change

annually in Figure 3.12. Energy sector and Utilities sector show clear cohesive and

separable structures comparing the other sectors all the time. According to the classic

clustering analysis, it means these sectors have well-defined cluster structures and

points in these clusters are closer to its own clusters than nearest clusters.

3.7.3 Stock sectoral entropy (SSE)

We propose the sectoral entropy in order to measure the structural uncertainty of

sectors in terms of their degree distributions and to track the sectors as for how

their topology evolve over time. We compute the entropy of each sector through the

edge-induced subgraph approach. A graph G′ is called a subgraph of a graph G if

V (G′) ⊆ V (G) and E(G′) ⊆ E(G), where the sets V and E are the vertex set and
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edge set of G in order. It is denoted as G′ ⊆ G. Let S be a subset of edges of E(G)

and non-empty, then the subgraph of G induced by the set S is called edge-induced

subgraph of G and denoted as G[S]. This induced subgraph has the edge set S and

has all vertices which are incident with at least one edge in S [20].

In our case, S is the set of edges incident with stocks from the same sector in

the MST. Since all stocks that are incident with at least one edge in the set S are

required to be in the induced subgraph, we have stocks from different sectors. Then,

we simply calculate the entropy of each sector. We plot the results in figure 3.13.

Figure 3.13: Sectoral Entropy

We can see the structural change of the Financials sector during the subprime

crisis. Furthermore, in the table 3.5, Financials Sector has the strongest correlation

with the market in terms of structural uncertainty and we see some sectors have a

weak anti-correlation with the market, such as Materials and Health Care.



84

3.8 Conclusion

In this work, we analyzed how topological properties of mutual information based

stock networks evolve annually from 2000 to 2015 in order to quantify the impact of

the major crisis on the network structure by using classic network quantifiers and in-

formation theoretic quantifiers. The classic network quantifiers showed similar results

found in earlier researches conducted with Pearson’ linear correlation, such as shrink-

age in the market and increase in the correlation during the crisis. We also observed

hub emergence for those periods meaning that some stocks had a substantially high

number of connections. Even though the time evolution of the mean of centrality

measures show a strong correlation and anti-correlation with each other, they were

generally disagreed on the important stocks except for the year 2015. We found that

there were no specific stocks stay as important all the time and it always changed.

System Entropy and normalized entropy are introduced as information the-

oretic quantifiers for market analysis. We observed low values during the dot-com

bubble, subprime crisis, and the European debt crisis indicating that the collective be-

havior of the stocks. Furthermore, we introduced metrics adapted from classic cluster

analysis to quantify the structural changes of sectors within the system. We observed

that almost all sectors showed decreased in diameter and average path length during

the subprime crisis. The impact of the dot-com bubble on Information Technology

was much clearly visible with this quantifiers. Average Silhouette width showed that

Energy and Utilities are well structure all the time comparing to other sectors. Sec-

toral Entropy Index (SEI) is proposed to capture the structural randomness of sectors

in the system. We compare the sectors with each other and with the market in terms

of classic average path length, diameter, and the entropy. Some sectors, such as Fi-

nance and Consumer Staples showed very similar behavior with the market; however,
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in terms of annual entropy change, we find a strong relationship between the Financial

Sector and the market. Degree distribution of stock networks showed the scale-free

structure for each year and during the crisis exponent of scaling α had values slightly

less than 2.
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Chapter 4

Essay 3. Industry Classifications and Identification of Important

Industry Groups

Abstract

Researchers in finance, managers, and people interested in the stock market

believe that stock prices generally move together. Financial analysts and academic re-

searchers have been using different techniques to construct homogeneous stock group-

ings; however, one of the most popular among them is the Global Industry Classifica-

tion System (GICS) as the standard approach. We analyze how the homogeneity in

each aggregation level of GICS scheme changes over time and identify the industries

which have more homogeneous structure than others in terms of stock returns metric.

We propose techniques from complex network theory to illustrate how to construct

networks whose nodes are financial industry groups and after that, we investigate the

time evolution of the interaction structure of the financial industry groups. Our find-

ings indicate that major local stock networks undergo changes in interaction structure

on a regular basis and that such structural changes intensify during a financial cri-

sis. We also show which industry groups dominate the market at particular times

and identify which industry groups that experience important changes over various

market regimes.

4.1 Introduction

Academic researches and portfolio managers apply a different number of strategies

to create homogeneous stock groupings. However, defining which stocks belong to

which industry does not have a unique answer. Therefore, a variety of classification
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schemes are developed. They can be roughly divided into two types of schemes based

on their approach: First is the purely statistical approach with given procedures, such

as applying clustering algorithms aiming to partition stocks into similar sets based on

predefined properties (return, market capitalization, or operating performance)[19].

The second approach attempts to group economically similar stocks by considering

their industry affiliation. Thus, one can view the stock typology itself as feature-

based.

In past, a number of industry classification schemes have been introduced.

Standard Industrial Classification Codes (SIC) assigns firms into an industry by con-

sidering their final products or their production techniques. The Fama and French

(1997) classification is based on reorganizing the firms’ 4-digit SIC codes into 48 in-

dustry groupings. The Global Industry Classification System (GICS) methodology

developed by Standard and Poors (S&P) and MSCI/Barra in 1999 has been commonly

accepted as an industry analysis framework for investment research, portfolio man-

agement, and asset allocation. In this classification, companies are classified based

on their principal business activity. Earnings, Revenues, and market perceptions are

considered in the classification [86].

The GICS has a four-level hierarchical industry classification scheme. It con-

sists of 10 sectors, 24 industry groups, 67 industries and 147 sub-industries 1. 8-

digit code with text explanation is assigned to each company. For example, sector:

Materials (GICS code: 15), industry group: Materials (GICS code: 1510), industry:

Chemicals (GICS code: 151010 and sub-industry: Commodity chemicals (GICS code:

15101010).

1As of September 1, 2016, S&P Dow Jones Indices and MSCI moved Equity Real Estate Invest-
ment Trusts and Real Estate Management & Development companies from the Financials Sector of
their Global Industry Classification Standard (GICS) to a new Real Estate Sector. Please visit the
website https://www.msci.com/gics.
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GICS is the official S&P industry classification system. GICS enables market

participants to identify whether stock movements are due to local trends or part of a

broader global trend or due to joint effects. Portfolio managers, financial analysts, and

academic researchers have been using the (GICS) as a standard benchmark [19]. GICS

classification is used also to test the clustering algorithm performance as a ground-

truth set. It is also one of the most common reference systems in the application of

complex stock networks.

Our first goal in this paper is how 2-digit and 4-digit GICS performs creating

homogeneous groups in terms of stock returns. For this goal, we are interested in

which aggregated level performs better and within each level which sector and indus-

try group have more homogeneous structure comparing to others. Similar questions

have been addressed by [19, 8] by utilizing the Pearson correlation. However, it cap-

tures the pairwise relationship very well when the data follows a multivariate normal

distribution, and more generally for spherical and elliptical distributions [27]. Also,

it only works well if returns are linearly associated and fails to detect any non-linear

relationships. However, empirical research in finance shows that the (unconditional)

distribution of returns displays a heavy tail with positive excess kurtosis, which is

in contrast to the behavior of a normally distributed variable [22, 100]. Further-

more, zero correlation does not imply statistically independent. It only means linear

independence and it is possible that there may be some non-linearity.

In order to account both linear and nonlinear associations between stock re-

turns, one needs to describe the inter-dependency in a more general sense than the

Pearson correlation. There are several statistical association measures have been pro-

posed based on ranks or information theory [27]. Mutual information, introduced

by [93], provides a general measurement for dependencies, such as non-linear or non-

functional relationships and is a measure of how much information two systems ex-
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change or two data sets share. Furthermore, by using the definition of statistical

independence between two random variables, it can be shown that mutual informa-

tion I(X;Y ) = 0 if and only if X and Y are independent random variables. Mutual

information has been used as co-expression measure to model a complex system such

as gene regulatory networks in bioinformatics [17], climate system [31], complex brain

networks [6], and recently for stock networks [37].

Our approach is different in several ways comparing to existing literature.

First, we use mutual information and analyze the compactness and separation of

each industry according to this metric. Furthermore, we identify 4-digits which have

a different pattern of behavior regarding annual homogeneity structure in the same

sector or under the same 2-digit GICS code. Besides performance of GICS classifi-

cation, our second objective in this paper is to identify the important industries and

how their local interaction changes as time evolves. In literature, this has received

less coverage (except [53]). We propose a tool from complex network theory to show

the local interaction of industries.

Many complex systems have been analyzed by graph theory. World Wide Web

[4], Internet [35], social networks [77], food web [44], scientific citations [90], sexual

contacts among individuals [62] and financial systems [56] provide some examples.

Financial markets can be characterized as complex systems because of inter-

action between heterogeneous components and existing nonlinearity [65]. Network

theory can be used to model the financial market in which stocks are represented by

nodes [5, 57], commodities [94], currency [36], or banks [14, 26] and links can repre-

sent the similarity between stocks, or display the bilateral exposure between any two

banks in the system.

In network analysis, centrality indices are developed to answer to the question

which are the most important vertices in a network?. Since importance has a variety
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of meanings or definitions, there are large number of centrality measures proposed for

networks.

Many of the centrality measures were originally introduced in social network

analysis and many of the terms used to measure centrality indicate their sociological

origin. These methods are also used in large number of different disciplines or ar-

eas outside of the social network analysis, such as biology, computer science, urban

networks, physics, finance, the Internet, and super-spreaders of disease.

In financial networks, centrality measures are widely applied in the interbank

lending market, which is considered as a network where banks are the vertices and the

claims and liabilities between banks define the weight of links. The goal is typically to

identify the important financial institutions and how their elimination in the network

affect the stability of network structure and thus the stability of the banking system

[14].

More formally, the centrality can be defined as a function f : V → R, which

induces a total order on V. Node vi is said as central as vj if f(vi) ≤ f(vj) [106]. In

this work, we use the node degree or the hub as a centrality measure to identify the

important industry groups.

Identification of important stocks or central stocks have been done in the liter-

ature by using some centrality measures, such as node degree or closeness; however,

identifying important industry groups is not easy and have been covered less in the

literature. Fiedor proposed to use aggregated Markov centrality in [38]; however,

this approach can’t help us to understand how the important industries connect with

others and how their connection patterns are changing in time.

Our proposed approach is an alternative simplification method of a correlation

matrix. Typically, a minimum spanning tree approach is used to reduce the com-

plexity of connection pattern from n(n − 1)/2 to n − 1 for n stocks. Constructing
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a network whose nodes industries can shed light on the properties of the market at

mesoscopic level (known as community or cluster [72, 40, 74, 11]), in which each node

represents an industry composed of variety number of stocks.

The remainder of this paper is organized as follows. In Section 4.2, we discuss

the data and methodology. In section 4.3.1, we compare the classification systems and

find out which industries have more homogeneous group in terms of stock returns.

In section 4.3.2, we analyze how the homogeneity of the sectors change in time and

compare each other. In section 4.3.3, similar to sector, how the homogeneity of

industry groups change in time and compare them to their peers under same sector.

In section 4.3.4 we investigate evolution of local interaction of industry groups and

identify the important industries over time. In Section 4.3.5 we summarize our results

and propose some future studies.

4.2 Materials and Methodology

4.2.1 Data

In this study, we have used the data set composed of log-returns of daily adjusted

close prices of 404 stocks of SP500 during 4032 consecutive trading days in the time

period from January 2000 to December 2015 after the removal of a few days because

of the incomplete data.

4.2.2 Dissimilarity measures

The stocks in the same group are expected to have similar comovement in their returns

and less similarity with the stocks outside of their sector. To quantify the homogeneity

of industry classifications, we utilize the notions from internal cluster validity indices.

Internal indices assume that there are no preassigned labels for points in the data
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and they are based on the n×n distance matrix, also known as the proximity matrix,

denoted by W, of all pairwise distances among the n points.

In this work, in order to obtain W from mutual information based adjacency

matrix, we follow similar steps described in previous essays. The equal-width ap-

proach is applied to discretize the stock returns with the default number of bins se-

lected as
√
n. After that, we use the Miller-Madow estimation technique to compute

the pairwise similarity between stocks. Finally, the similarity matrix is transformed

into a distance matrix by using universal distance metric version 2, i.e dissAUV 2.

Please see Section-2.3.2 for more details.

4.2.3 Internal indices

Internal indices are often applied to find out the number of clusters and choose the

proper clustering algorithm in case no external labels are available in the dataset.

Since the goal of the clustering algorithms is to partition the data into groups of

objects by optimizing the average distance within cluster to be as low as possible

and average distance between clusters to be as large as possible, they measure the

compactness, that is how close the objects inside the same cluster and separation,

that is, how far the clusters from each other. Therefore, a clustering algorithm is an

optimization problem of the minimization-maximization type (a min-max problem).

There are several validity indices and statistics that have been proposed to assess the

quality of clusters.

Let us consider the proximity matrix W as the adjacency matrix of the weighted

complete graph G over the n objects, in which the nodes are stocks and edges are

defined as pairwise distance between them. Therefore, there is close connection be-

tween graph clustering and internal indices [105]. Let us assume that we are given as

industry classification system (such as 2-digit codes) I = {I1, ..., Ik} with industry Ii
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containing ni = |Ii| stocks. Industry classification scheme can be considered as k-way

cut in G because Ii 6= ∅ for all i, Ii ∩ Ij = ∅ for all i, j and ∪iIi = V . For given any

subsets K,L ⊂ V , we can compute sum of the weights on all links between this two

sets as follows:

W (K,L) =
∑
xi∈K

∑
xj∈L

wij (4.2.1)

Let us denote K for given K ⊆ V as the complementary set of nodes, i.e

K = V −K. We can define the sum of all the intraindustry and interindustry weights

as follows:

Win =
1

2

k∑
i=1

W (Ii, Ii) (4.2.2)

Wout =
1

2

k∑
i=1

W (Ii, Ii) =
k−1∑
i=1

∑
j>i

W (Ii, Ii) (4.2.3)

Therefore, the average of all the intraindustry and interindustry weights is

given as:

Win =
Win

Nin

(4.2.4)

Wout =
Wout

Nout

(4.2.5)

, whereNin is the number of different intraindustry links andNout is the number

of different interindustry links. They are defined as follows:

Nin =
k∑
i=1

(
ni
2

)
(4.2.6)
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Nout =
k−1∑
i=1

k∑
j=i+1

ninj (4.2.7)

It is clear that the total number of links in G equal to N = Nin +Nout =
(
n
2

)
By comparing the average of all the intraindustry with respect to the average

of all interindustry weights, we can measure the compactness of industries, that is

how similar the stocks inside the same industry and separation, that is, how far the

industries from each other. Therefore, the larger the difference between the average of

all the interindustry and intraindustry weights means that industry has well-separated

homogeneous structure.

4.2.4 Networks whose nodes are sectors or industry groups

Here we outline how to build a network among sectors and industry groups, i.e. each

vertex in the network corresponds to a sector or industry groups. However, this

method can be used to construct a network among modules (clusters) as well. Let us

denote Iq1 the set of nq1 stocks inside sector q1. The distance between stocks of two

sectors can be defined by an nq1xnq2 as submatrix W (q1, q2) of the distance matrix. In

order to calculate distance between sectors, we define the matrix W q1,q2 by a number

between 0 and 1:

W avg
q1,q2

= mean(W (q1,q2)) =

∑
i∈Sq1

∑
j∈Sq2

Wij

n(q1)n(q2)
(4.2.8)

Wmax
q1,q2

= max(W (q1,q2)) = max
i∈Sq1 ,j∈Sq2

Wij (4.2.9)

Wmin
q1,q2

= min(W (q1,q2)) = min
i∈Sq1 ,j∈Sq2

Wij (4.2.10)
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These measures are used in the computation of the proximity between two

clusters in the various agglomerative hierarchical techniques. In our case we use

W avg, since it is statistically more robust than other two; however, they can also be

used in applications. The average distance measures between sectors defined above

can be used to construct a network between sectors, e.g.,

Wq1,q2 =


W avg
q1,q2

if q1 6= q2

0 if q1 = q2

(4.2.11)

Let us denote Wsectors as the QxQ dimensional symmetric matrix whose q1,

q2 element is given by W avg
q1,q2

which measures the distance between two sectors. In

order to identify the important sector (an industry group), we filter the complete

weighted networks defined by Wsectors through minimum spanning tree (MST) in

order to extract the most relevant information from the distance matrix between

sectors. Depending on the application, a complete network can also be used and

important sector(node) can be defined simply taking row(or column) weight of it.

However, since we are interested in sectors local interactions between each other,

MST approach better fits in our filtration task. MST stock network generation is one

of the popular methods in financial network literature and is introduced by Mantegna

[64]. The construction process is defined as follows: we start with an arbitrary stock as

the root of a partial tree and at every step, the partial tree grows by iteratively adding

an unconnected stock to it by choosing the lowest weight, until the unconnected stock

set is exhausted, which is known as Prims algorithm [87]. MST of order N has exactly

N-1 links and no loops or circuits. Furthermore, MST has a strong relationship with

a single linkage clustering algorithm [51].

In summary, by using defined average distance between sectors and industry
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groups, we generate annual MST industry groups networks in order to identify central

nodes defined as a hub in each network and investigate the change of their time-

dependent-connection pattern structure over time.

4.3 Results

4.3.1 Average distances

Sector Number
Inside the industry Between the Industry Difference

No of Firms
GICS4 GICS2 GICS4 GICS2 GICS4 GICS2

Energy (10) 0.827 0.827 0.905 0.905 0.078 0.078 32
Materials (15) 0.869 0.869 0.894 0.894 0.025 0.025 24
Industrials (20) 0.861 0.867 0.892 0.892 0.031 0.025 56
Consumer disc (25) 0.877 0.891 0.898 0.901 0.021 0.01 60
Consumer staples (30) 0.888 0.904 0.909 0.911 0.021 0.007 32
Health Care (35) 0.896 0.9 0.907 0.908 0.012 0.008 45
Financials (40) 0.819 0.856 0.89 0.894 0.071 0.038 72
Information tech (45) 0.866 0.88 0.901 0.903 0.035 0.023 51
Telecom. services (50) 0.886 0.886 0.908 0.908 0.022 0.022 5
Utilities (55) 0.825 0.825 0.908 0.908 0.083 0.083 27
Average 0.861 0.871 0.901 0.902 0.04 0.032 total=404

Table 4.1: Average pairwise distances between each stock return and stocks inside
the industry and outside the industry

After splitting our data set into non-overlapping one year period, we assign

each stock to a sector and an industry group. For each period, the intraindustry and

interindustry weights are computed according to the given scheme, and the results

are then averaged over 16 periods. Table 4.1 displays the average distances inside an

industry and between the industries. We report our results in the table according to

2-digits GICS scheme only in order to have clear table formatting. At the bottom of

the table, the simple average over 16 sub-periods is presented for each classification

level.
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By definition of the clustering, the average distance between objects in the

same cluster should be less than average distances with the objects outside the cluster.

Therefore, it is clear that 2-digits GICS and 4-digits GICS scheme are successful in

creating industries of homogeneous stocks. From the table, it is evident that there is

a slight difference between the two coding schemes, the average differences are 0.032

for 2-digit GICS codes and 0.04 for 4-digit GICS codes.

For 2-digit GICS codes, to identify the more homogeneous sectors, we inves-

tigate the average difference for each sector. Utilities, Energy and Financial sectors

have more homogeneous structure than other sectors and their average differences are

0.083, 0.078 and 0.038, respectively. Therefore, for the stocks in these sectors, lines of

business are well-defined and uniform [19]. For 4-digit codes, the same results hold;

however, we see some sectors are getting more homogeneous. For example, Financial

sectors under 2-digit codes have average difference 0.038 but under the 4-digit code,

it has 0.071 with a big jump.

In Table 4.2, we show the average distances inside an industry and outside the

industry for each sub-periods from 2000 to 2015. For each year, 4-digits GICS groups

have slightly had more homogeneous industries, which supports our earlier result in

Table 4.1. It is clear that there a little improvement from going to 2-digit GICS

codes to 4-digit GICS codes in terms of average annual differences. Furthermore, in

[18, 19], they found some evidence that the average stock’s correlation with other

stocks decreased in time. However, our findings are inconsistent with them. We have

found that the average distances between industries have decreased, i.e, meaning that

average correlation outside of the industry has increased over time. For example, in

the year 2000, the average distance between industries is 0.935 in the year 2000 for

2-digit GICS codes and for same scheme, it decreases 0.893. It is clear that similar

results hold for 4-digit GICS codes as well.



98

Sample Period
Inside the industry Between the Industry Difference
GICS4 GICS2 GICS4 GICS2 GICS4 GICS2

2000 0.912 0.92 0.934 0.935 0.022 0.015
2001 0.892 0.903 0.925 0.926 0.033 0.023
2002 0.871 0.883 0.909 0.911 0.038 0.027
2003 0.885 0.892 0.913 0.914 0.028 0.022
2004 0.891 0.906 0.927 0.928 0.036 0.022
2005 0.886 0.905 0.927 0.928 0.041 0.023
2006 0.892 0.908 0.929 0.929 0.036 0.021
2007 0.861 0.874 0.899 0.901 0.038 0.027
2008 0.787 0.804 0.845 0.847 0.058 0.043
2009 0.819 0.833 0.872 0.874 0.053 0.041
2010 0.826 0.84 0.868 0.87 0.042 0.03
2011 0.784 0.797 0.833 0.835 0.049 0.038
2012 0.867 0.879 0.905 0.907 0.038 0.028
2013 0.869 0.884 0.907 0.908 0.038 0.024
2014 0.852 0.873 0.907 0.908 0.055 0.036
2015 0.831 0.852 0.891 0.893 0.06 0.042

Table 4.2: Annual average pairwise distances between each stock return and stocks
inside the industry and outside the industry

Figure 4.1: Annual BetaCV values for sectors and industry groups
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To get better insight of how the average distances inside and outside industries

evolve in time, we propose to use the measure known as BetaCV, which is simply the

ratio of average distance within industries to the average distance between industries

and formulated as follows:

BetaCV =
Win/Nin

Wout/Nout

(4.3.1)

The small value indicates the better clustering [105]. In Figure 4.1, it is evident

again that 4-digits GICS groups have slightly have more homogeneous industries

than 2-digits GICS groups. Furthermore, we can see the clear impact of sub-prime

mortgage crisis on the homogeneity structure on two classification schemes. It also

displays the ratio of average distance within industries to the average distance between

industries has declined over time for two schemes.

4.3.2 Sector

Now, we are interested in how the average differences between interweights and in-

traweights change annually for each sector and which ones successfully maintain to

keep this difference large in time.

Figure 4.2 reports how the average differences of 2-digits GICS code change

annually and average over 16-periods are shown at the top. Firms in the same business

lines are expected to have higher correlations than the firms outside of their business

lines. Therefore, sectors consisting of well-defined firms should have a higher average

difference, i.e. more homogeneous groups. Furthermore, well-defined sector structure

is relevant for managers to avoid tracking error [19].

Figure 4.2 supports our previous results in Table 4.1. Utilities, Energy and

Financial sectors maintain more homogeneous groups than other sectors; however, it
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Figure 4.2: Annual average differences for 2-digits

is evident that it changes by time, i.e., some sectors have higher average differences

in some period but less in other periods. For example, Consumer Discretionary (25)

have a less homogeneous structure on average among all sectors but in the year 2008

average difference jumps to 0.029.

4.3.3 Industry groups

In previous sections, we have found that 4-digits GICS codes have slightly more ho-

mogeneous industries than 2-digits GICS codes. Similar to the previous section, we

are interested in how this homogeneous structure for 4-digits GICS groups evolve

annually and if these industry groups under the same sectors show a similar pat-

tern of change in time. Average differences for each industry groups are computed

by taking difference average distance outside and average distance inside the same

group as usual. Note that some sectors do not have separate 4-digits GICS groups,



101

such as Energy (10), Materials (15), Telecommunication Services (50) and Utilities

(55); therefore their results are identical with the Figure-4.2 in the previous section.

Furthermore, for space concern, we only illustrate the results for average differences,

dropping the figures for the annual change of average distance inside and outside for

industries.

Figure 4.3: Annual average differences of industry groups for Energy, Materials, In-
dustrials, Consumer Discretionary, Consumer Staples, and Health Care sectors.

Figure-4.3 and Figure-4.4 displays the results for each industry groups and

results are shown together under their sectors which they belong in order to make

the comparison clearly.

From the figures, we can clearly see that some of the 4-digits GICS groups are

a little more homogeneous than other industry groups under their same sector and

furthermore some display very different pattern of annual change comparing to their

peers. For example, Semiconductors & Semiconductor Equipment (4530) does not
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Figure 4.4: Annual average differences of industry groups for Financials, Information
Technology, Telecommunication Services, and Utilities sectors.

only have more coherent structure but also exhibits little different pattern change

over time comparing to Software & Services (4510) and Technology Hardware &

Equipment (4520), which both have similar patterns.

In Financials sector, Banks (4010) and Real Estate (4040) are different from di-

versified Financials (4020) and Insurance (4030) industry groups. Real Estate (4040)

have an interesting pattern: starting from the early 2000s it starts getting increasingly

more coherent structure till the end of 2009 and after that, it starts decreasing till

2014. That shows the impact of the most recent subprime crisis on the Real Estate

market. Furthermore, 4010 Banking shows also different coherent structure. It also

starts dropping from 2007 to 2010. In Consumer Staples sector Household& Personal

Products (3030) have more homogeneous groupings.
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4.3.4 Time evolution of interaction structure of industry groups

Figure 4.5: Annual evolution of interaction structure of industry groups between 2000
and 2007

We now investigate how the industry group interaction structure evolves over

time by using the MST approach constructed from the distance matrix of the average

pairwise distances between industry groups. For the SP500 index, the time period

of daily data of the 404 stocks is divided into 16 annual time windows from January

2000 till the end of December 2015 and for each time window, we created MST

of industry groups to investigate their local interaction and identify the important

industry groups in the market. Nodes in the network are labeled by the 4-digit

GICS codes for readability. Please see the Table-6.1 for 4-digit GICS codes and their

associated industry groups.

The local interaction structure of the industry groups is displayed for the an-

nual time windows in Figure-4.5 and in Figure-4.6. It is clear from the figures that

these local interaction structures change with the time and especially before, during
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and after the financial crisis. This result is agreed with the result of [108]. During the

early 2000s recession (period 2002 and 2003) and during the subprime mortgage crisis

industry group network structure becomes very simple star shape network comparing

the other time periods.

Figure 4.6: Annual evolution of interaction structure of industry groups between 2008
and 2015

Next, we are interested in which are the important industry groups (hubs)

in the market and how these dominant industry groups change in time. From the

figures, it is obvious that during the early 2000s recession (period 2002 and 2003)

and during the subprime mortgage crisis, 4010-Banks is the dominant industry group

in the simple structured networks. During the Dotcom bubble, we observe besides

the financial industry groups (4010 and 4020), one of the IT industry group (4510-

Semiconductors & Semiconductor Equipment) becomes dominant and plays the role

as a bridge between IT industry groups and rest of the market. After the crisis it

does not become as important as it was in the crisis period; however, most of the
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time it still stays as a bridge between the IT sector and market.

Overall, the market is dominated mostly by financial industry groups. In the

year 2007, the beginning of the subprime crisis, we observe 4010 becomes the most

dominant industry group. However, during 2008 and 2009, 4040-Real estate industry

group becomes more important in the market. In this time period, we observe new

emerging important industry groups, such as 2540-Media and 2010-Capital Goods,

which becomes the most dominant industry group in the year 2010 and maintains it for

some periods. Interestingly, we do not observe the industry group 4010 as one of the

central industry groups after the subprime crisis; however, 4020 still stays important

for the following years and 4030 emerges as important. Until the subprime crisis, the

market is mostly dominated by two industry groups 4010 and 4020, during the crisis,

in the year 2007 it becomes only 4010 and in the years of 2008 and 2009, we see 4040

as well. Even though after the crisis we do not see 4010 anymore, the market still gets

dominated by financial industry groups 4020 and 4030 and plus industry group 2010.

Starting from the year 2010, we observe 4030-Insurance industry group becomes one

of the important industry group. IT industry groups mostly clustered together for

considered time periods except for the year 2007.

In summary, the local interaction structure between industry groups is highly

time-dependent and changes dramatically in the crisis periods. Specifically, the struc-

ture becomes simple or star shape and industry groups associated with the crisis

becomes the most dominant industry group in the market.

4.4 Conclusion

In this paper, we find that Utilities, Energy and Financial sectors have stronger spread

between within-industry correlations and outside-industry correlations comparing to
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other sectors. Furthermore, we show that finer levels of industry partitioning have

a slightly higher average difference, i.e moving from 4-digit GICS codes to 2-digit

GICS code has little benefit in terms of grouping the common return movements

of stocks inside an industry compared to the common return movements of stocks

outside the industry. Homogeneity of industry groups is compared with their peer

industry groups under their main sector. Some industry groups are found to have

more uniform groupings, for example, Semiconductors & Semiconductor Equipment

(4530) in IT (45) sector.

Furthermore, we analyze how the local interaction structure of the industry

groups change over time. We find that the market has been dominated by a couple

of industry groups. We also show which industry groups dominate the market at

particular times. We identify the role of the particular industry in the market during

the crisis and find that the industry groups under stress became more central nodes.

Moreover, the structure becomes star network during the crisis.
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Chapter 5

Conclusion and Future Work

5.1 Summary

In the first essay, we provide a theoretical background for mutual information and

furthermore illustrate how to construct stock networks by using mutual information

metrics. Furthermore, we compare the Pearson correlation and mutual information

in order to characterize the nonlinearity in stock returns and how substantially the

networks constructed by two measures are different from each other on local and global

topological scales. We find that these networks are very different and in crisis period

this difference significantly increases. Performance of edge-betweenness community

detection algorithms is tested on the networks constructed by six different distance

measures and we find that communities identified on mutual information networks

have more compact and well-separated structures than other distance measures. The

relationship between entropy and the first four moments of stock return distributions

are analyzed and we find that kurtosis and entropy have very high negative Spearman

correlation in crisis and non-crisis periods. That indicates one of the main reason

of mismatch measures between mutual information and Pearson correlation. We

further investigate the cases for the stocks with extra-normal information and find

that higher order of polynomial regression performs better than the simple regression

for their relationship with certain stocks. Spline regression and polynomial regression

based stock networks are illustrated and they confirm also the existence of nonlinear

dependency between stock returns.

In the second essay, we studied how the local, global, and mesoscopic topolog-
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ical properties of mutual information based stock networks evolve annually between

2000 to 2015 in order to quantify the impact of the major crisis on the network struc-

ture by using classic network quantifiers and information theoretic quantifiers. Our

findings related to classic quantifiers are similar to earlier findings; such as such as

shrinkage in the market and an increase in the correlation during the crisis. Moreover,

we observe lower entropy values in crisis periods indicating that market structure

becomes less random than normal periods. Degree distribution of stock networks

presented scale-free structure for the non-crisis periods; however, during the crisis

exponent of scaling α had values slightly less than 2. Some metrics related market

mesoscopic structure is proposed, such as Sectoral Entropy Index (SEI) to capture

the structural randomness of sectors in the system. Further, structural change of the

sectors within the system over time is quantified and similarity between each other

and market are measured. We find a strong relationship between the Financial Sector

and the market.

In the third essay, we have a couple aims to search for. First, we show which

sectors and industry groups have more homogeneous grouping in terms of stock re-

turns and how they change over time. Second, moving from 4-digit GICS codes to

2-digit GICS code has little benefit in terms of grouping the common return move-

ments of stocks inside an industry compared to the common return movements of

stocks outside the industry. In addition to the homogeneity, we illustrate a technique

to construct a network whose nodes are sector or industry groups in order to investi-

gate how their local interaction change over time and which industry groups dominate

the market at particular times. We find that during the crisis only one single industry

group becomes a hub and market network structure becomes very simple.
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5.2 Future Research

Our work is limited to constructing the undirected and weighted networks for daily

stock returns. The work could be extended in many directions and applications.

Firstly, we could use general prediction and machine learning methods for measuring

non-linear relationships. Secondly, our findings can be tested on different financial

markets, such as the commodity markets and the Forex market whether there is strong

disagreement between the Pearson correlation and mutual information. Furthermore,

the role of the frequency of the data and nonlinearity can be investigated. Finally,

we look for the other co-expression measures for nonlinearity, which does not require

the discretization.
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Chapter 6

Appendix
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