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ABSTRACT

COUPLED HIDDEN MARKOV MODEL WITH BIVARIATE DISCRETE
COPULA TO STUDY COMORBIDITY OF CHRONIC DISEASES

Oflaz, Zarına
Ph.D., Department of Statistics

Supervisor: Prof. Dr. Ceylan Yozgatlıgil

Co-Supervisor: Prof. Dr. Ayşe Sevtap Kestel

February 2022, 86 pages

A range of chronic diseases have a significant influence on each other and share com-

mon risk factors. Comorbidity, which shows the existence of two or more diseases

interacting or triggering each other, is an important measure for actuarial valuations.

The main proposal of the thesis is to model parallel interacting processes describing

two or more chronic diseases by a combination of hidden Markov theory and cop-

ula function. This study introduces a novel coupled hidden Markov model with the

bivariate discrete copula function in the hidden process. We use a novel discrete cop-

ula, namely the Binomial copula. We compute a complete data log-likelihood and

develop an inference necessary to implement the model. To estimate the parameters

of the model and deal with the numerical intractability of the log-likelihood, we pro-

pose a variational expectation maximization (VEM) algorithm. To perform the VEM

algorithm, a lower bound of the model’s log-likelihood is defined, and estimators of

the parameters are computed in M-part. A possible numerical underflow occurring in

the computation of forward-backward probabilities is solved.

The simulation study was conducted for two different odds ratios to assess the per-
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formance of the proposed model, resulting in satisfactory findings. Additionally, the

proposed model was applied to hospital appointment data from a private hospital. The

model defines the dependency structure of unobserved disease data and its dynamics.

The application results demonstrate that the proposed model is useful for investigat-

ing disease comorbidity when only population dynamics over time are available and

no clinical data are available.

Keywords: Coupled Hidden Markov Model, Discrete Copula, Dependency in Hidden

Process, Comorbidity, Chronic Diseases
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ÖZ

KRONİK HASTALIKLARIN KOMORBİDİTESİNİ İNCELEMEK İÇİN İKİ
DEĞİŞKENLİ KESİKLİ KAPULA İLE BİRLEŞTİRİLMİŞ GİZLİ MARKOV

MODELİ

Oflaz, Zarına

Doktora, İstatistik Bölümü

Tez Yöneticisi: Prof. Dr. Ceylan Yozgatlıgil

Ortak Tez Yöneticisi: Prof. Dr. Ayşe Sevtap Kestel

Şubat 2022 , 86 sayfa

Bir dizi kronik hastalığın birbirleri üzerinde önemli etkileri vardır ve ortak risk fak-

törlerini paylaşırlar. Birbiriyle etkileşen veya birbirini tetikleyen iki veya daha fazla

hastalığın varlığını gösteren komorbidite, aktüeryal değerlemeler için önemli bir öl-

çüttür. Tezin ana önerisi, saklı Markov teorisi ve kapula fonksiyonunun bir kombinas-

yonu ile iki veya daha fazla kronik hastalığı tanımlayan paralel etkileşimli süreçleri

modellemektir. Bu çalışmada, saklı süreçte iki değişkenli ayrık kapula fonksiyonu

ile yeni bir birleşik saklı Markov modeli geliştirildi. Yeni bir ayrık kapula, yani Bi-

nom kapula kullanılmıştır. Tam-veri model olasılığını hesaplıyoruz ve modeli uygu-

lamak için gerekli bir çıkarım geliştirilmiştir. Modelin parametrelerini tahmin etmek

ve log-olasılığının sayısal zorluğu ele almak için, bir varyasyonel beklenti maksimi-

zasyonu (VBM) algoritması önerilmiştir. VBM algoritmasını gerçekleştirmek için,

modelin log-olabilirliğinin bir alt sınırı tanımlanır ve parametrelerin tahmin edici-

leri M-bölümünde hesaplanır. İleri-geri olasılıkların hesaplanmasında meydana gelen

olası bir sayısal taşma çözülür.
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Önerilen modelin performansını değerlendirmek için iki farklı olasılık oranının simü-

lasyon çalışması yapıldı ve tatmin edici bulgular elde edildi. Ayrıca önerilen model

özel bir hastaneden hastane randevu verilerine uygulanmıştır. Model, gözlemlenme-

miş hastalık verilerinin bağımlılık yapısını ve dinamiklerini tanımlar. Uygulama so-

nuçları, önerilen modelin yalnızca zaman içindeki popülasyon dinamikleri mevcut

olduğunda ve hiçbir klinik veri mevcut olmadığında hastalık komorbiditesini araştır-

mak için yararlı olduğunu göstermektedir.

Anahtar Kelimeler: Birleştirilmiş Gizli Markov Modeli, Kesikli Kapula, Gizli Süreçte

Bağımlılık, Komorbidite, Kronik Hastalıkları
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gatlıgil and Prof. Dr. Ayşe Sevtap Kestel, for your patience, guidance and support. I

have benefited greatly from your wealth of knowledge and meticulous editing. I am

extremely grateful that you took me on as a student and continued to have faith in me

over the years.
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CHAPTER 1

INTRODUCTION

The precise estimation of mortality and morbidity rates is critical for optimal pricing

of life insurance and health insurance products. Chronic diseases have a significant

impact on how insurance reserves and premiums are managed, as chronic diseases

account for the majority of claimed patient illnesses. Especially, unexpectedly high

costs regarding the critical illnesses require understanding the factors in the likelihood

of such an event.

Comorbidity is a medical term that refers to when a patient has two or more dis-

eases concurrently. A range of chronic diseases have a significant influence on each

other and share common risk factors. Our aim is to investigate these unknown shared

factors that contribute to the development of these diseases. We are particularly inter-

ested in estimating the probability of chronic disease comorbidity, or how the pres-

ence of one disease may affect the likelihood of being exposed to another. For exam-

ple, a person with diabetes is at a greater risk of developing cardiovascular disease,

such as ischemic heart disease, than a person without diabetes.

The theoretical set up in the thesis is mainly to combine hidden Markov and copula

theories describing the probabilistic joint behavior of two or more chronic diseases.

We use a coupled hidden Markov model (CHMM) as the fundamental model in this

study to capture the comorbidity phenomenon by combining the hidden processes

underlying chronic diseases. The causal nature of disease-disease interactions can be

represented using dynamic networks, in which the strength of the edges connecting

nodes varies over time in accordance to the joint copula distribution. The underlying

network dynamics are frequently unknown, and what we perceive are sequences of

observed events propagating across the network. To infer latent network dynamics
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from observed sequences, one must consider both when and what events occurred in

the past, as both provide insight into the mechanisms behind disease generation and

progression.

We propose a novel CHMM with copula accounting for interaction between diseases

in the latent space. Since the hidden process of the CHMM is defined on a dis-

crete state space, the probability of joint hidden states is modeled by bivariate dis-

crete copula proposed by Geenens, 2020. Sklar’s theorem states that the copula of

a discrete random vector is not completely identifiable, resulting in serious incon-

sistencies. Therefore, Geenens, 2020 develops the rejuvenating approach of copula

modeling for discrete data based on Yule’s (Yule, 1912), Goodman and Kruskal’s

(Goodman and Kruskal, 1979), and Mosteller’s (Mosteller, 1968) conceptions.

Several research have used copula theory to examine competing risks and comor-

bidity. While competing risks are investigated using a variety of copula-based ap-

proaches (Y. Wang and Pham, 2011,Kaishev et al., 2007,Chen, 2010, Escarela and

Carriere, 2003, Lo and Wilke, 2010), there is only one study examining chronic dis-

ease comorbidity using a copula-based approach (Stöber et al., 2015). To our knowl-

edge, no study has been conducted that uses a combination of any type of HMM and

copula function to investigate comorbidity or competing risks.

The proposed model is an incomplete data model for which the expectation maxi-

mization (EM) algorithm (Dempster et al., 1977) is the most often used probability

maximization technique. However, the model’s exact inference creates a number of

computing problems. In this study, we define a probabilistic model in general form

when the number of underlying hidden chains exceeds two, resulting in a large num-

ber of parameters. We employ variational approximation to make the expectation

(E) step of the EM algorithm tractable in terms of computation. The resulting varia-

tional EM (VEM) seeks to maximize the lower bound on the log-likelihood. While

VEM is initially formally described in machine learning applications such as (L. K.

Saul et al., 1996), it is now frequently deployed and generalized in a variety of ways.

Comprehensive summary of studies can be found in in the works of Jaakkola, 2000,

Wainwright and Jordan, 2008, Blei et al., 2017. Ormerod and Wand, 2010 gives also

an explanation of VEM in statistical terms.
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In this study, we present theoretical advances for defining a probabilistic model and

developing the necessary inference to implement the model. In particular, we com-

pute the complete data log-likelihood (CDLL) and its lower bound, derive forward-

backward probabilities and conditional expectations required for the E-step, and de-

rive estimators for the model parameters required for the maximization (M) step. We

propose an approximate inference algorithm based on a variational approach. A sim-

ulation study is performed to assess the performance of the proposed method and an

application to the detection of comorbidity levels in heart diseases and hypertension

is presented.

The following section contains a review of the literature on the use of HMM with

covariates in latent processes to determine the morbidity and mortality rate of IHD.

Additionally, we provide a review of studies that have used classical statistical ap-

proaches to investigate the comorbidity and competing risks problem. Additionally,

studies utilizing multi-state models, specifically HMMs, are examined, as well as

HMMs in conjunction with the copula function. We compare the proposed model’s

strength to conventional models of comorbidity or competing risks in this section.

Additionally, the first chapter discusses extended hidden Markov models (HMMs),

which combine two or more HMMs to model the interaction of multiple processes.

We discuss the proposed model’s advantages in comparison to other coupled HMMs

in the literature. The second chapter discusses the theoretical foundations of CHMM.

The third chapter provides theoretical framework for CHMM and contemporaneous

copula theory, as well as foundation for a newly developed copula function defined

on discrete space. The fourth chapter defines the proposed model’s structure and

assumptions, the VEM algorithm, and the proposals necessary to conduct statistical

inferences on the model and its derivations. Additionally, the fourth chapter contains

an algorithm developed for estimating the model’s parameters. The fifth chapter de-

scribes the simulation design and the results of the simulation study. The sixth chapter

includes data analysis of a real-world data set containing patients with heart disease

and hypertension. Additionally, the application of the proposed model to the data set

and interpretation of the results are provided.

3



1.1 Literature Review

Numerous statistical models have been developed to elucidate the morbidity and mor-

tality of chronic diseases. Mixed-effects regression models to estimate mortality and

morbidity in extremely preterm infants (Schmidt et al., 2019). Machine learning mod-

els and statistical models (logistic regression and the k-nearest neighbor method) are

implied to predict pneumonia mortality (Cooper et al., 1997).

The Kaplan-Meier estimates of survival curves and the univariate and multivariate

Cox’s proportional hazards models are being the most well-known ones (Salles et

al., 2004,Souza et al., 2015). Extensive application of these methods, such as the

hazard ratio of ischemic bowel (W.-S. Hu and Lin, 2017), chronic renal (Valdez-Ortiz

et al., 2018), chronic Chagas’ (Gonçalves et al., 2010), and ischemic heart diseases

(Yen and Chen, 2013) using univariate and multivariate Cox’s model can be found

in the literature. These studies aim mostly to determine the risk factors associated

with mortality due to these chronic diseases. The Kaplan-Meier for survival and

logistic regression modeling are conducted to predict the mortality of patients who

undergo vascular surgery (Esteban et al., 2019). Also, a composite endpoint with a

Kaplan–Meier type analysis is used to evaluate patients’ disease progression (Wong

et al., 2007). Additionally, Poisson regression model is applied to determine the

effect of fine particulate matter on daily mortality (Maté et al., 2010). Z.-y. Huang

et al., 2020 presents a K-means-based Multiple locally weighted linear regression

model to predict new local COPD hospitalizations number per week. Artificial Neural

Network is used as a predictive model for diagnosing hypertension (Tengnah et al.,

2019). Morbidity and life expectancy of patients with hypertension is studied using

the Markov prediction model (Suciu et al., 2019).

Chronic diseases typically have a multi-state nature that dynamically progress from

early to late stages and are influenced by a variety of internal and external risk fac-

tors. To investigate the structure of disease progression, multi-state models are in-

creasingly utilized. For instance, breast cancer progression is examined with non-

homogeneous exponential regression Markov models (Hsieh et al., 2002). Meenaxi

and Singh, 2018 presented the use of the Markov process to demonstrate its efficacy

in providing a survival analysis of a patient with chronic heart failure due to a re-

4



duced ejection fraction. The progression rate of type 2 diabetes is quantified using

the Markov model (Shih et al., 2007). Collaborative topic modeling and the Gaus-

sian mixture method have been employed to study the distribution and progression

of chronic disease in a population using information on human mobility patterns (Y.

Wang et al., 2018). Luo et al., 2021 proposed applying the continuous-time HMM to

explore the progression of chronic obstructive pulmonary disease using longitudinal

health records. A multi-state continuous time non-homogeneous Markov model is

employed to the study disease progression of patients with decreased renal function

(Begun et al., 2013). Visual analytics with HMMs have been employed to investi-

gate disease progression pathways of chronic diseases (B. C. Kwon et al., 2021). The

three-state Markov model and the Phase Type Law have been employed to investigate

the morbidity and mortality rates of a chronic disease (Akat et al., 2019).

HMM is a promising statistical dynamic model applied in different fields as engineer-

ing, data analysis, genetics, energy, and medicine. HMM, is used as image recogni-

tion model, for example, in the analysis of transrectal ultrasound images to detect

prostate cancer (Llobet et al., 2007), to predict ovarian cancer using 8 tumor suppres-

sor genes (Saif et al., 2018). HMM is applied to cluster patient treatment pathways

(Najjar et al., 2018), and 2-state HMM is used to link unobserved sepsis state and

observed clinical predictors (Parente et al., 2018).

Furthermore, HMM is employed to study chronic lifelong diseases. HMM is used for

analyzing heart sounds, e.g. fuzzy HMM is applied to Doppler ultrasound results to

detect heart valve diseases (Uğuz et al., 2008), discrete HMM is used for the clas-

sification of heart sound signals (Saraçoğlu, 2012), mobile-health service platform

for analyzing and classifying heart sound is developed by using HMM (Thiyagaraja

et al., 2018). HMM is used to classify and forecast future clinical situations proba-

bilistically using observed vital sign values like heart rate and blood pressure (Forkan

and Khalil, 2017).

HMM model is used to identify distinct symptom-functional states and multivariate

Cox regression model is used to predict the mortality of cancer patients (Wen et al.,

2018).
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1.1.1 Comorbidity or Competing Risks

Despite the fact that the term "comorbidity" and "competing risks" have a different

meaning in the context of medical research, in this literature review, we research

studies including any of these definitions, as both represent a collection of correlated

events from a statistical modeling perspective.

Competing risks are events that change the likelihood of, or completely prevent the

occurrence of an event of interest. This phenomenon is investigated in 1760 by

Daniel Bernoulli (David and Moeschberger, 1978). Assuming existence of comor-

bidity problem one encounter with the problem of competing causes of death, that

is there is higher possibility of morbidity due to complications caused by comorbid

conditions rather than due to the main illness (Koczwara, 2016). Comorbidity is a

medical term that refers to a patient who is afflicted with two or more diseases con-

currently. It can refer to a variety of chronic diseases that are highly interconnected

and share risk factors (Feinstein, 1970, Satariano, 2000).

(a) Competing risks

Competing risk modeling is applied to any failure process that involves more than one

separate cause or kind of failure; hence, competing risks are extensively investigated

in survival analysis. While Kaplan-Meier survival analysis and Cox proportional haz-

ards regression are frequently used to describe disease risk in order to represent the

probability of failure, when the underlying data contain competing-risk events (Sa-

tagopan et al., 2004, Lunn and McNeil, 1995), these methods can overestimate dis-

ease risk by failing to account for competing risk of mortality (Berry et al., 2010,

Gooley et al., 1999, Southern et al., 2006, Kim, 2007, Satagopan et al., 2004). Due to

unrealistic assumption underlying the KM estimate, that competing risks are statis-

tically independent, Varadhan et al., 2010 use cause-specific hazard, event-free sur-

vival, and cumulative incidence functions to address the analytical challenges posed

by competing risks.

Multi-state models are useful for studies involving patients who experience compet-

ing risks (Jepsen et al., 2015). A multi-state disease model provides numerous disease

states, and the transitions between them are characterized by the occurrence of out-
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come events, each of which has the potential to alter the time required to generate an-

other outcome event. In particular, models with underlying unobserved multi-states

may be beneficial for obtaining additional information from limited observed data.

Moreover, disease dynamics are relatively easy to explain in such models because

they can be completely represented by a single matrix of probabilities that describes

the transition rates between disease stages. Competing risks are studied using multi-

state Markov models, including HMMs (Putter et al., 2007, Andersen et al., 2002,

Aalen, 1978). The competing risks structure for disease progression is taken into

account in HMM assumption (Lange et al., 2018).

(b) Comorbidity

The importance of comorbidities for clinical practice has been widely recognized, and

yet statistical frameworks for modeling their co-evolution over time have received

little attention. However, understanding the underlying disease dynamics could be of

significant value for treatment planning. The literature is lack of sophisticated models

to understand the relation between diseases having influence on each other.

Statistical models have been used to identify patterns of co-occurrence of diseases

(Guisado-Clavero et al., 2018, C.-F. Huang et al., 2017, Violán et al., 2020). These

studies, however, address the question of which comorbidities frequently co-occur

but do not model their progression.

Comorbidities are represented as networks using dynamic structural equation mod-

els (Bringmann et al., 2013, Groen et al., 2020), or deep diffusion processes (Qian

et al., 2020). Nodes corresponded to symptoms and edges to potentially causal rela-

tionships. The studies provide information on which diseases co-occur but not on the

dynamics of diseases. Bayesian networks have been used to examine comorbidities

and their temporal relationships (Faruqui et al., 2018, Lappenschaar, Hommersom,

Lucas, Lagro, and Visscher, 2013, Lappenschaar, Hommersom, Lucas, Lagro, Viss-

cher, et al., 2013). These works, which are based on a variety of different clinical and

demographic data about patients, provide only a brief understanding of the underlying

disease states representing the illness development.

The interaction among diabetes and chronic liver disease under Metformin treatment
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is modeled by a CHMM with a personalized, non-homogeneous transition mechanism

(Maag et al., 2021). The model has a fixed number of hidden states but a greater num-

ber of states may be more informative about the progression of comorbidity. Also,

the model is applied to clinical and demographic data, however the application of the

model to restricted administrative data may be limited.

Comorbidity is used in studies employing HMM and its extensions (Leiva-Murillo et

al., 2011, Z. Huang et al., 2015,Powell et al., 2019). However, Markov models with

memoryless property imply that a patient’s current state is distinct from their future

trajectory. As a result, HMM-based models are unable of adequately explaining the

variability in individuals’ progression trajectories, which is frequently caused by their

varied clinical histories or chronologies (order and timing) of clinical events. This is a

critical shortcoming in models of survival analysis for complex chronic diseases with

numerous morbidities (Lee et al., 2019).

1.2 The Model Proposed in the Thesis

The proposed model takes into account time influence of the disease improvement

on the patient in both univariate and bivariate forms; exposes the factors having im-

pact on the diseases both in univariate and bivariate forms; controls the dependence

structure in bivariate dimensions.

Interaction among diseases is implemented on limited administrative time series data

not clinical data. It is critical to note that the majority of studies on competing risks

rely on data from detailed clinical observations. However, a lack of data, particularly

clinical data on individuals, may make classical statistical models of competing risks

difficult to use. This could be due to restricted access to hospital data or a dearth of

information on a particular cause or geographic location. As a result, it is necessary

to develop alternative statistical models for sparse data.

Comorbidity of diseases have various etiological models, where risk factors have an

influential role (Valderas et al., 2009). For example, in the associated risk factors

model, risk factors for one disease are correlated with risk factors for another, in-

creasing the likelihood of the diseases occurring concurrently. On the other hand, in
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the heterogeneity model, disease risk factors are not correlated, but each is capable

of causing diseases associated with the other risk factor among diseases. The pro-

posed model can be applicable to study various pathways to comorbidity, assuming

that these interactions happen in unobserved process.

1.2.1 Extensions of Hidden Markov Model

The strong side of the HMM is a possibility of extension of the model. In the litera-

ture, a linear combination of the prior estimate of transition matrix and the empirical

transition matrix is established by (Siu et al., 2005), Monte Carlo Markov chain is

used to perform Bayesian inference and evaluate the posterior distribution of transi-

tion matrix (Pasanisi et al., 2012). The bivariate HMM have been developed to study

the dependency between discrete and continuous observations (Oflaz et al., 2019).

There are main established approaches to model interaction of several processes by

combination of two or more HMMs. Hierarchical HMM is a model where each hid-

den state is an HMM as well, where children states depend on parent states (Fine

et al., 1998). Factorial HMM splits the hidden state into multiple variables that are

merged at output, and each state has its own transition matrix (Ghahramani and Jor-

dan, 1996). Event-specific HMMs developed by Kristjansson et al., 2000, aims to

model a class of weakly connected time series in which only the onset of events are

coupled in time. The representation capacity of event-coupled HMMs is clearly con-

strained by the restrictive structure, which is designed for a relatively narrow class of

applications. Coupled HMM factor HMM to many chains in which the present state

of each chain is dependent on the prior state of all chains (Brand et al., 1997). J. Kwon

and Murphy, 2000 model traffic velocities by using CHMM. Clearly, the completely

coupled architecture developed by Brand et al., 1997 is the most powerful in terms of

representing interactions between many sequences. This framework can be used to

naturally model a wide variety of applications. (Zhong and Ghosh, 2001).

In the frame of these, we propose the underlying theory of the developed model based

on CHMM. Our model is distinguished by the fact that we combine interacting pro-

cesses via a copula function, implying that joint hidden states follow a predefined

joint probability. Other coupled HMMs with a variety of architectures combine hid-
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den chains through the use of conditional probabilities; that is, hidden states are con-

nected to preceding states following Markov property, and their distribution is defined

solely by transition state probabilities. Assuming that hidden states are dependent on

one another and have a joint probability distribution, and as we cannot observe hid-

den states directly, using a copula to represent the dependence structure is the optimal

choice. Copulas have evolved into one of the most widely used statistical tools for

describing, analyzing, and modeling the dependence of random variables.

There are several studies on integrating copula with a HMM. To construct a de-

pendency between the intensity levels of the various modalities, a Gaussian copula

is utilized, that is, marginal distributions of those are linked by copula (Lapuyade-

Lahorgue et al., 2017). Another way of merging two theories is importing hidden

Markov chain in the copula parameter (X. Hu, 2015). Instead of the assumption of

conditional independence between observed variables and hidden states researches

suggest studying the dependence of observed values on unknown states via copula

(Derrode and Pieczynski, 2016). Also, there is a copula-based HMM of cylindrical

time series, where a mixture of copula-based cylindrical densities approximates the

distribution of cylindrical data, the parameters of which rely on the development of

a latent Markov chain (Lagona, 2019). Copula is used to construct the dependence

structure of the Markov process by providing copula representation of the Markov

property (Sun and Jiang, 2018).

To our best knowledge, there is no study that combines hidden chains using the copula

function in the context of a coupled HMM.
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CHAPTER 2

COUPLED HIDDEN MARKOV MODEL

This chapter presents the design of CHMM after an explicit definition of the base

model.

2.1 Hidden Markov Model

A HMM is a probabilistic graphical framework that models stochastic dynamic of

time series data. The structure of HMM is displayed in the Figure 2.1 at which S and

X define hidden states and the observations, respectively. This refers to the idea that

each state in the Markov model is influenced by hidden states through the time.

Consider a stochastic process {St}, S(T ) = (S1, ..., ST ) in discrete time t = 1, 2, ..., T ,

with St representing the process’s state at time t and S1 indicating the initial state. For

all t ∈ N a sequence of random variables {St : t = 1, 2, ...} follows a Markov prop-

Figure 2.1: Directed graph of basic HMM.
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erty defined as

P(St+1|S1, S2, ..., St) = P(St+1|St). (2.1)

Thus, the probability distribution of the next state is determined solely by the current

state and not by prior states. This condition is also called as no-after-effectiveness

(Zhang et al., 2010).

The hidden process is defined by the initial state probability, mq, and transition prob-

abilities, πq,r, where hidden states take discrete values, q, r = {1, 2, ..., Q}, Q ∈ N.

The transition state probability can be expressed as the probability of moving from

state q to state r at time t,

πq,r = P(St+1 = r|St = q)

Thus, matrix of transition probabilities, Γ, is defined as a square matrix of probabili-

ties

Γ =


π11 . . . π1Q

... . . . ...

πQ1 . . . πQQ

 ,

with constraint of
∑Q

r=1 pq,r = 1, each row of the matrix sums to one. Initial state

probability distribution is defined as follows:

mq = P(S1 = q), mq ≥ 0, and
Q∑

q=1

mq = 1.

Assume that Xt represents the observation at time t, t = 1, 2, ..., T , and consider the

vector of observations X(T ) = (X1, ..., XT ). The model posits that the process that

generates Xt is conditional on the Markov property-satisfying hidden state St.

Thus, an HMM can be determined by hidden ’parameter process’ {St : t = 1, 2, ...}
and the ’state-dependent process’ {Xt : t = 1, 2, ...}, satisfying

P(St+1|St, ...S1) = P(St+1|St), t = 2, 3, ...

P(Xt|X(t−1), S(t)) = P(Xt|St), t ∈ N.

Additionally, we must describe the emission distribution, also known as the state-

dependent distribution, Φq(Xt), which establishes the relationship between the ob-
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servation and hidden states. For discrete-valued observations Φq(Xt) is defined as

follows:

Φq(Xt) = P(Xt = x|St = q), q = 1, 2, ..., Q, x ∈ N.

The CDLL of a HMM, i.e. the log-likelihood of observations, x(T ) = (x1, ..., xT ),

and hidden states, s(T ) = (s1, ..., sT ), is defined as follows:

log
(
P(x(T ), s(T ))

)
= logmq +

T∑
t=2

log πq,r +
T∑
t=1

log Φq(xt).

Since the sequence of states in a hidden process of an HMM is not observed, those

states are considered to be missing data. To represent the sequence of missing data

consider the indicator functions as follows:

ur(t) = 1 if and only if st = r, (t = 1, 2, ..., T ),

and

vqr = 1 if and only if st−1 = q and st = r, (t = 2, 3, ..., T ).

Treating hidden states as missing data, CDLL of a HMM becomes

log
(
P(x(T ), s(T ))

)
=

Q∑
r=1

ur(1) logmq +

Q∑
q=1

Q∑
r=1

(
T∑
t=2

vqr(t)

)
log πq,r

+

Q∑
r=1

T∑
t=1

ur(t) log Φq(xt).

(2.2)

2.2 Coupled Hidden Markov Model

Numerous applications involve the interaction of multiple sequences, however sepa-

rate HMM models are incapable of capturing the interactions between them. CHMMs

circumvent this constraint by assuming distinct but correlated state sequences to un-

derlie the observed variables.

The standard fully coupled HMM proposed by Brand et al., 1997, determine collec-

tion of HMM models in which the state of one model at time t is dependent on the
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Figure 2.2: Directed graph of CHMM with two underlying Markov chains (Brand et al., 1997).

states of all other models (including itself) at time t − 1. The main concept of the

model is to combine state processes of multiple HMMs. Consider an Q-dimensional

observed random variables of length T , denoted by XQ,t, SQ,t denotes Q hidden state

sequences, where t = 1, ..., T . The structure of a CHMM with two underlying state

processes is displayed in Figure 2.2. Two HMMs are combined by assuming sep-

arate but conditionally dependent state sequences that form a basis for the different

variables observed.

CHMM is computationally more expensive than HMM because it allows different

number of states to be applied for each individual HMM. Consider observed time

series Xi = {Xi,1, ..., Xi,T}, sequence of hidden states Si = {Si,1, ..., Si,T}, i =

1, ..., I , where I represents the total number of underlying hidden chains. Similarly

to single HMM, coupled model is defined by the following set of parameters.

(i) Initial state distribution:

mi,q = P(Si,1 = qi), mi,q ≥ 0, and
Q∑

q=1

mi,q = 1,

where 1 ≤ qi ≤ Qi, Qi is the number of hidden states of ith HMM.

(ii) Transition state distribution, where each hidden state have I parent states from
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preceding time point. Therefore, transition probabilities are defined as follows:

πqi|r1,...,rI = P(Si,t+1 = qi|S1,t = r1, ..., SI,t = rI),

where
∑Qi

qi=1 πqi,r1,...,rI = 1.

(iii) Emission distribution can be an arbitrary distribution

Φqi(Xi,t) = P(Xi,t|Si,t = qi), qi = 1, 2, ..., Qi.

The forward probability of the CHMM, or posterior of a state sequence through fully

coupled I-chain HMM, is given as follows (Brand et al., 1997):

P(SI |X) =
I∏
i

(
mi,qΦqi(Xi,1)

T∏
t=2

(
Φqi(Xi,t)

I∏
j

πqi|qj

))
/P(X), (2.3)

where Φqi(Xi,t) is the probability of the observed value given a state in chain i, πqi|qj

is the probability of a state in chain i given a previous state in chain j. The P(X)

is generally unknown and considered to be constant across sequences, therefore, is

ignored in calculations.

2.3 Estimation by the Expectation Maximization Algorithm

To develop a basic HMM model, the transition probabilities, initial probabilities, and

emission probability parameters are estimated using the EM algorithm, which is also

known as the Baum-Welch algorithm in the context of HMMs. EM algorithm maxi-

mizes log-likelihood of the model by treating hidden states as missing data.

2.3.1 Forward and Backward Probabilities

The forward–backward algorithm proposed by Baum et al., 1970 (also see Zucchini

and MacDonald, 2009, Scott, 2002, Rabiner, 1989, Chib, 1996) is applicable to any

discrete time HMM with a finite state space and offers us with two valuable tools.The

forward recursion approach is a computationally efficient way to calculate the like-

lihood of the observed data, whereas the backward recursion algorithm provides us
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with the distribution of each hidden state at time t, given the state at the following

time point, t+ 1, and all of the observations.

Forward probabilities, αt(q), and backward probabilities, βt(q) are defined as follows:

αt(q) = P(X1, ..., Xt−1, St = q)P(Xt|St = q), t = 1, 2, ..., T,

βt(q) = P(Xt+1, ..., XT |St = q), t = 1, 2, ..., T.

The likelihood, LT , is defined as follows:

LT =
∑
q

αt(q)βt(q).

Given the structure of the HMM model, the forward-backward recursion necessary to

conduct model inference is defined as

αt(q) = P(Xt|St = q)
∑
r

P(St = q|St = r)αt−1(r),

βt−1(q) =
∑
r

P(Xt|St = r)P(St = r|St−1 = q)βt(r).

The recursion is initialized with α1(q) = P(X1|S1 = q)P(S1 = q) and βT (q) = 1,

q = 1, ..., Q, t = 1, ..., T .

2.3.2 Expectation Maximization Algorithm

The EM algorithm is an efficient iterative procedure for estimating the parameters of

an underlying distribution from a given data set in the presence of missing or hidden

data using the maximum likelihood estimation. The EM algorithm is divided into

two phases. Conditional expectations of unobserved states given observations are

computed in the E-step. The CDLL function is maximized in the M-step using the

conditional expectation acquired in the E-step. The iteration process is performed

until convergence is achieved.

The EM algorithm for a HMM:

(i) E-part: vqr(t) and ur(t) are substituted for the conditional expectations of be-

ing in a state r at time t given the observations x(T ):

ûr(t) = P(St = r|X(T ) = x(T )) = αt(r)βt(r)/LT
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and

v̂qr(t) = P(St−1 = q, St = r|X(T ) = x(T )) = αt−1(r)πqrΦr(xt)βt(r)/LT .

(ii) M-part: The CDLL maximizes each term with regard to the associated set

of parameters, namely the starting distribution mq, the transition probability

matrix Γ, and the emission distribution parameters. According to the CDLL of

HMM, three distinct maximizations in the M-step are required. Thus:

(a) Setting ur(1) = ûr(1)/
∑Q

r=1 ûr(1) = ûr(1), maximize
∑Q

r=1 ur(1) logmr

with respect to initial distribution mr;

(b) Setting γqr =
∑T

t=2 vqr(t)/
∑Q

r=1

(∑T
t=2 vqr(t)

)
, maximize

Q∑
q=1

Q∑
r=1

( T∑
t=2

vqr(t)
)
log πqr

with respect to Γ;

(c) Depending on the nature of the assumed emission distribution, the third

term can be maximized analytically (closed-form solutions are available)

or numerically (numerical estimation or approximation is necessary).

It is widely established that EM algorithms can converge to a local optimum rather

than a global optimum due to the presence of local modes or saddle-points in the log-

likelihood function’s lower bound. In a discussion for the Dempster et al., 1977 paper

on EM, Murray, 1977 presented an often encountered case in which the EM algorithm

converged to a fixed point but not to the log-likelihood global optimum. Murray, 1977

offered a data set that replicated the convergence challenges and proposed a solution

that is still widely used today: run the algorithm from numerous initial points and

aim for a global optimum. Later, C. J. Wu, 1983 defined the regularity conditions

necessary for the EM algorithm to reach a global optimum. However, these conditions

of regularity are difficult to verify in practice. Typically, the most practical strategy

remains the one advised by Murray, 1977: restart the algorithm with a variety of

initial values and keep the parameter estimates that provide the best performance

across restarts.

In the case of CHMM, where several hidden sequences are supposed to be dependent,

the complexity of E-step becomes numerically inconvenient when number of param-
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eters is too large. When both the number of chains and the number of states are small,

that is, when K = QI is less than a few tens, the global model can be viewed as a

single HMM and the E-step can be performed via forward-backward recursion with

complexity O(TK2) (X. Wang et al., 2019). As in HMM, the M-step for CHMM is

straightforward and tractable.

2.3.3 Variational Expectation Maximization Algorithm

The attractiveness of VEM stems from its computing efficiency and ability to perform

deterministic coordinate ascent on the evidence lower bound surface, J (X, θ,P) (def-

inition of the function is given in the text following).

There exists a tractable and deterministic approximation to the posterior probability

of the hidden states (Ghahramani and Jordan, 1997). The fundamental concept is to

estimate the posterior distribution over the hidden variables P(St|Xt) with a tractable

distribution Q(ST ). This approximation establishes a lower bound on the log likeli-

hood, which can be utilized to develop an efficient learning algorithm. A lower bound

on the log-likelihood can be defined using any distribution over the hidden variables

Q(ST ) (L. K. Saul et al., 1996) as follows:

logP(Xt) = log
∑
St

P(St, Xt)

= log
∑
St

Q(St)

[
P(St, Xt)

Q(St)

]

≥
∑
St

Q(St) log

[
P(St, Xt)

Q(St)

]
,

where the final step makes advantage of Jensen’s inequality. The Kullback-Leibler

divergence is the difference between the left and right sides of this inequality (Thomas

and Joy, 2006):

KL((P ∥ Q) =
∑
St

log

[
Q(St)

P(St|Xt)

]
.

Exact inference difficulty in the approximation supplied by Q is determined by its

conditional independence relations, not by its parameters; consequently, Q can be
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chosen to have a tractable structure. The VEM algorithm attempts to minimize the

Kullback-Leibler divergence, and hence to maximize the log-likelihood lower bound

with respect to the model parameters, θ,

J (X, θ,P) =
∑
St

Q(St) log

[
P(St, Xt)

Q(St)

]
,

where X represents observed variables.

VEM includes two steps:

(i) VE-step: compute the approximate conditional distribution Q, given the ob-

served data and the current value of the parameter θ, as

Qh+1 = argmax
Q

J (X, θ,P) = argmin
Q

KL((P ∥ Q).

(ii) M-step: maximize the updated lower bound with respect to the set of parame-

ters as

θh+1 = argmax
θ

J (X, θ, Qh+1).

The accuracy of this approximation depends mainly on the class of approximate dis-

tributions within which P̃ is searched for.

There are some statistical and computational constraints to variational inference. Firstly,

because the J (X, θ,P) is frequently multimodal, depending on the initial parameter

estimations, the deterministic method may converge to a local rather than a global op-

timum. Secondly, because the variational distribution is frequently chosen for com-

puting ease rather than accuracy relative to the posterior distribution, the lower bound

may be far from tight.

However, this is not always a disadvantage. Certain models, such as the mixture

of Gaussians and the mixed-membership model, exhibit a large number of posterior

modes as a result of label switching: shifting the cluster assignment labels results in a

large number of symmetric posterior modes. It is sufficient to represent one of these

modes for examining latent clusters or predicting new data (Blei et al., 2017).

As in EM algorithm for VEM, when utilizing pure randomization methods, one can-

not rely on a single result but must instead run the process numerous times and then
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choose the best (Bishop and Svensén, 2012) or average the results or average the

results (Waterhouse, 1998).
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CHAPTER 3

COPULA

3.1 Copula Modeling for Continuous Random Variables

Copulas are utilized to extract the dependency structure of a multivariate distribution.

We can construct any multivariate distribution by providing the marginal distributions

and its copula separately.

Definition 3.1.1. A bivariate copula C is a function from J = [0, 1]2 to [0, 1] de-

fined as C(u, v) = P(U ≤ u, V ≤ v), where U, V ∼ U[0,1], the continuous uniform

distribution on the unit interval.

Such copulas naturally arise in statistical modeling as a result of the well-known

Sklar’s theorem (Sklar, 1959):

Theorem 3.1.1 (Sklar). Let FXY be the distribution function of a bivariate random

vector (X, Y ), with marginal distribution functions FX and FY . Then there exists a

copula C such that, for all (x, y) ∈ R2,

FXY (x, y) = C(FX(x), FY (y)). (3.1)

If FX and FY are continuous, then C is unique; otherwise C is uniquely determined

on Ran FX× Ran FY only, where Ran FX denotes the range of the cumulative dis-

tribution function, FX . Conversely, for any univariate distribution functions FX and

FY and any copula C, the function FXY defined by Equation 3.1 is a valid bivariate

distribution function with marginals FX and FY .

For all u, v ∈ (0, 1] the inverses of F and G are left-continuous and defined as

F−1(u←) = lim
s<u,s→u

F−1(s), G−1(v←) = lim
t<v,t→v

G−1(t).
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Likewise, the left limits of the right-continuous functions F and G are defined as

F (x→) = lim
s>x,s→x

F (s), G(y→) = lim
t>y,t→y

G(t).

The definition below includes further notation to clarify differences between F and

G, whether they are either continuous or discrete.

Definition 3.1.2. Let (X, Y ) be a pair of random variables such that P(X ≤ x, Y ≤
y) = H(x, y), P(X ≤ x) = F (x) and P(Y ≤ y) = G(y) for all x, y ∈ R.

(i) A is the set of “sub-copulas” associated with H , i.e., the collection of functions

A : [0, 1]2 → [0, 1] such that for all x, y ∈ R,

H(x, y) = A(F (x), G(y)).

(ii) B : [0, 1]2 → [0, 1] is the function defined for all u, v ∈ [0, 1] by

B(u, v) = H(F−1(u), G−1(v)).

(iii) C : [0, 1]2 → [0, 1] is the function defined for all u, v ∈ [0, 1] by

C(u, v) = H(F−1(u←), G
−1(v←)).

(iv) D is the distribution function of the random pair (F (X), G(Y )).

(v) E is the distribution function of the random pair (F (X→), G(Y→)).

When both F and G are continuous, Sklar’s Theorem indicates that the various ob-

jects presented in Definition 3.1.2 coincide, i.e.,

A = {B} = {C} = {D} = {E},

and A consists of the unique copula associated with H (Nelsen, 1999).

When F and G are not continuous, their inverses exhibit plateaus; also, a copula

representation for discrete functions exists in A, but it is no longer unique, resulting

in an identifiability issue.
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3.1.1 Copulas with Discrete Random Variables

Copulas are prominent in the literature due to their ability to isolate the impacts of

dependency from the impacts of the marginal distribution. Clearly, if C is unique, it

characterizes how the two marginals FX and FY interact to produce the joint behavior

of (X, Y ), while remaining ignorant to the marginals’ origins. For instance, if X and

Y are independent (X ⊥⊥ Y ) and if C is unique, then C must be the ‘independence

copula’ (or ‘product copula’) as defined in Equation 3.1

Π(u, v) = uv ∀(u, v) ∈ J

and this regardless of FX and FY . It is frequently neglected that this condition is only

favorable in the presence of continuous margins. When the joint distribution FXY

and the copula C do not have a one-to-one correspondence, i.e., when X and/or Y are

discrete, the preceding reasoning collapses.

Now, in the discrete case of X and/or Y , Ran FX and/or Ran FY are just countable

subsets of [0, 1]. As a result, the distributions of FX(X) and/or FY (Y ) are not U[0,1],

therefore their joint distribution cannot be a copula as defined by Definition 3.1.1.

It is actually a subcopula, i.e., a function that satisfies the fundamental structural

criteria of copulas but whose support is simply a strict subset of J comprising 0

and 1 (Definition 2.2.1 in Nelsen, 2006). Any such subcopula may be extended into

a copula (Lemma 2.3.5 in Nelsen, 2006): the gaps in J (Ran FX× Ran FY ) can

be filled in a way that preserves the properties of copulas; but, there are an infinite

number of methods to do so, thus C in Equation 3.1 is unidentifiable.

Such unidentifiability leads to major inconsistencies, which Genest and Nešlehová,

2007 explored carefully after preliminary warnings in Marshall, 1996, and calls into

doubt the validity of copula modeling for discrete data.

When applied to discrete random vectors, copulas lose their margin-free nature, de-

spite the fact that the whole copula approach is developed to exploit the benefits of

margin-freeness (Schweizer, Wolff, et al., 1981).

The absence of uniqueness of Sklar’s representation in the discrete situation is the

main source of problem. Copulas should be used with caution when dealing with
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count data since many of its useful qualities do not transfer from the continuous to

the discrete situation. (Genest and Nešlehová, 2007).

The discrete situation presents complications because when F and G have jumps,

their inverses have plateaus. When this occurs, Sklar’s Theorem still guarantees that

a copula representation for H exists in A, but the latter is no longer unique, presenting

an identifiability problem. The functions defined by (B)–(E) then represent distinct

objects; neither is a copula, and some, but not all, of them are members of A (Genest

and Nešlehová, 2007).

Some significant consequences of this unidentifiability issue include the following:

(i) The set of copulas consistent with

H(x, y) = C(F (x), G(y)), x, y ∈ R

can be quite large. The issue of unidentifiability is expected to be more severe

when the variables X and Y have a high concentration of mass in a few values.

(ii) The dependence between X and Y variables is no longer a function of the

copula alone; hence, the probabilistic and copula-based definitions of classical

measures of concordance no longer correspond. Similar inconsistencies occur

with regard to dependency concepts.

3.2 Bivariate Discrete Copula for Count Data

Due to issues with the copula function’s unidentifiability for discrete random vari-

ables, Geenens, 2020 proposed the bivariate discrete copula for count data.

3.2.1 Theoretical Framework

Let (X, Y ) be a bivariate discrete vector where X and Y may only take a finite num-

ber of values. Without loss of generality, let X ∈ SX = {0, 1, . . . , R − 1} and

Y ∈ SY = {0, 1, . . . , S − 1}, with R, S ∈ N, 2 ≥ R, S < ∞. Let p be its joint

probability mass function, defined by pxy = P(X = x, Y = y), (x, y) ∈ SX × SY ,
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and pX = (p0•, p1•, . . . , pR−1•) and pY = (p•0, p•1, . . . , p•S−1) its marginal distri-

butions: px• =
∑

y∈SY pxy = P(X = x) and p•y =
∑

x∈SX pxy = P(Y = y). Let

PR×S be the set of all such bivariate discrete distributions p with px• > 0 ∀x ∈ SX

and p•y > 0 ∀y ∈ SY , identified to the (R× S)-matrices

p =


p00 p01 . . . p0,S−1

p10 p11 . . . p1,S−1
...

... . . . ...

pR−1,0 pR−1,1 . . . pR−1,S−1

 .

Let

ωxy =
p00pxy

p0ypx0

, ∀(x, y) ∈ SX\{0} × SY \{0}. (3.2)

Consider the set M(+)
(R−1)×(S−1) of all (R− 1)× (S − 1)-matrices with non-negative,

possibly infinite, entries. Define the map

Ω : PR×S → M(+)
(R−1)×(S−1) : p → Ω(p) = [ωxy]x=1,...,R−1,y=1,...,S−1, (3.3)

where ωxy is given by Equation 3.2. Ω(p) denotes the odds ratio matrix.

Define D(1)
Q×Q the set of all diagonal Q × Q matrices whose entry (1, 1) is equal to 1

and other diagonal entries are positive. For any Φ ∈ D(1)
R×R and Ψ ∈ D(1)

S×S , let

gΦ,Ψ : PR×S → PR×S : gΦ,Ψ(p) =
Φ · p ·Ψ

∥Φ · p ·Ψ∥1
. (3.4)

The matrix Φ multiplies the rows of the matrix p, whereas the matrix Ψ multiplies

the columns of the matrix p.

Definition 3.2.1 (Geenens, 2020). A bivariate (R× S)-discrete copula is the bivari-

ate (R×S)-discrete distribution of a vector (U, V ) whose both marginal distributions

are discrete uniform on SU
.
= { 1

R+1
, 2
R+1

, . . . , R
R+1

} and SV
.
= { 1

S+1
, 2
S+1

, . . . , S
S+1

},

respectively. The associated copula probability mass function (p.m.f.) is thus a bi-

variate discrete copula p.m.f. p̄ on SU × SV such that for all u ∈ {0, 1, . . . , R − 1},∑S−1
v=0 p̄uv = 1

R
, and for all v ∈ {0, 1, . . . , S − 1},

∑R−1
u=0 p̄uv = 1

S
, where p̄uv =

P(U = 1
R+1

+ u
R+1

, V = 1
S+1

+ v
S+1

).
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The following theorem establishes the existence and uniqueness of the copula p.m.f.

Let CR×S = {p ∈ PR×S : px• =
1
R
∀x ∈ SX , p•y = 1

S
∀y ∈ SY } ⊂ PR×S , the set of

all (R × S)-discrete copulas as per Definition 3.2.1. For any discrete set A, denote

|A| the number of elements in A. Then:

Theorem 3.2.1 (Geenens, 2020). Let p ∈ PR×S .

(i) Suppose that, for all (vX × vY ) ∈ N(p), |vx|
R

+ |vy |
S

≤ 1. Then, there exists a

unique p̄ ∈ [p]
⋂

CR×S;

(ii) Suppose that, for all (vX × vY ) ∈ N(p), |vx|
R

+ |vy |
S

≤ 1, with |ṽx|
R

+ |ṽy |
S

= 1 for

some (ṽx × ṽy) ∈ N(p).

(a) If, for all (ṽx × ṽy) ∈ N(p) such that |ṽx|
R

+ |ṽy |
S

= 1,(SX\ṽx × SY \ṽy) ∈
N(p), then there exists a unique p̄ ∈ [p]

⋂
CR×S;

(b) If there exists (ṽ∗x × ṽ∗y) ∈ N(p) such that |ṽ
∗
x|
R

+
|ṽ∗y |
S

= 1 and (SX\ṽ∗x ×
SY \ṽ∗y) /∈ N(p), then [p]

⋂
CR×S = ∅, but there existst a unique p̄ ∈

CI([p])
⋂

CR×S;

(iii) Suppose that there exists (˜̃v∗x × ˜̃v∗y) ∈ N(p) such that |
˜̃v∗x|
R

+
|˜̃v∗y |
S

> 1. Then,

CI([p])
⋂

CR×S = ∅.

A margin-free measure of overall concordance in p can be defined as Pearson’s corre-

lation coefficient on p̄. Yule’s coefficient Υ is the discrete analogue to Spearman’s ρ.

Assume that U is discrete uniform on { 1
R+1

, 2
R+1

, . . . , R
R+1

}, V is discrete uniform on

{ 1
S+1

, 2
S+1

, . . . , S
S+1

}, and their joint p.m.f. is equal to the copula p.m.f. p̄. Pearson’s

correlation between U and V can then be determined as (Geenens, 2020)

Υ = 3

√
(R− 1)(S − 1)

(R + 1)(S + 1)

( 4

(R− 1)(S − 1)

R−1∑
u=0

S−1∑
v=0

uvp̄uv − 1
)
. (3.5)

This coefficient is equal to 1 or -1 if and only if p̄ is a diagonal matrix.

3.2.2 Binomial Copula

Let (X1, Y1), . . . , (Xn, Yn) be independent copies of a bivariate Bernoulli random

variable with p.m.f. For x, y ∈ {0, 1}, pxy = P(X = x, Y = y), p•y = p0y + p1y,

and px• = px0 + px1, with πX = p1• and πY = p•1,
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X \ Y 0 1

0 p00 p01 p0•

1 p10 p11 p1•

p•0 p•1 1

.

Marshall and Olkin, 1985 defined the bivariate Binomial as the distribution of the vec-

tor (X, Y ) = (
∑n

i=1 Xi,
∑n

i=1 Yi). Its p.m.f. is, for (x, y) ∈ {0, . . . , n}× {0, . . . , n},

P(X = x, Y = y) =
∑min(x,y)

k=max(x+y−n,0)
(

n
k,x−k,y−k,n−x−y+k

)
pn−x−y+k
00 px−k

10 py−k
01 pk

11.

Then, it can be checked that the odds ratios (Equation 3.2) are

ωxy =

min(x,y)∑
k=max(x+y−n,0)

(
n

k,x−k,y−k,n−x−y+k

)(
n
x

)(
n
y

) ωk,

where ω is the odds ratio of the initial bivariate Bernoulli defined as

ω =
P(X = 0, Y = 0)P(X = 1, Y = 1)

P(X = 1, Y = 0)P(X = 0, Y = 1)
. (3.6)

With n constant, the dependency structure of a bivariate Binomial is thus determined

solely by the parameter ω, and the associated Binomial(n)-copula is a one-parameter

model. It is a ((n+ 1)× (n+ 1))-discrete distribution with uniform margins.

For example, if n = 2, the bivariate Binomial distribution and its odds ratio matrix

(Equation 3.3) are, respectively,

p =


p2
00 2p00p01 p2

01

2p00p10 2(p11p00 + p10p01) 2p11p01

p2
10 2p10p11 p2

11

 ,

and

Ω(p) =

1
2
(ω + 1) ω

ω ω2

 .

One may convert the margins of p to uniforms through Equation 3.4 and obtain

p̄ =
1

3


ω(ω+1)

ω2+ω+1+
√

ω(ω+2)(2ω+1)

√
ω(ω+2)(2ω+1)−3ω

(ω−1)2
ω+1

ω2+ω+1+
√

ω(ω+2)(2ω+1)√
ω(ω+2)(2ω+1)−3ω

(ω−1)2
ω2+4ω+1−2

√
ω(ω+2)(2ω+1)

(ω−1)2

√
ω(ω+2)(2ω+1)−3ω

(ω−1)2

ω+1

ω2+ω+1+
√

ω(ω+2)(2ω+1)

√
ω(ω+2)(2ω+1)−3ω

(ω−1)2
ω(ω+1)

ω2+ω+1+
√

ω(ω+2)(2ω+1)


(3.7)
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for ω ̸= 1. For ω = 1, p̄ is the (3 × 3)-independence copula p.m.f. (7.3). One also

has

Υ =
ω2 − 1

ω2 + ω + 1 +
√

ω(ω + 2)(2ω + 1)

as Yule’s coefficient (Equation 3.5) for this copula p.m.f., which is Υ = −1 for ω = 0

and Υ = 1 for ω = ∞. Thus, this family of Binomial copulas is exhaustive since it

accommodates all values of Yule’s coefficients between -1 and 1.
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CHAPTER 4

COUPLED HIDDEN MARKOV MODEL WITH COPULA

To be able to explain the joint behavior of two discrete time series variables, we

combine two hidden Markov chains by copula function. For three or more time se-

ries variables, we suppose that there are identical number of hidden chains and we

combine each pair of hidden chains by copula function. The proposed CHMM with

discrete bivariate copula function accounts for dependency between diseases, it is a

system of multiple interacting processes. The interaction between variables are con-

sidered in the hidden space rather than the observation space.

A series of observations Xi = (Xi,t) is supposed to be the total number of patients

with disease i, (i = 1, ..., I), observed at time t, t = 1, ..., T . We denote hidden

process for disease i as (Si) = (Si,1, Si,2, ..., Si,T ), where Si,t takes Q different values,

Q ∈ N. In this setting, the joint hidden process, denoted as (St)t or (St), with

St = (S1,t, ..., SI,t), consists in QI possible values.

Emission distribution or state-dependent conditional distribution Φi,q(Xi,t) might be

an arbitrary discrete distribution

Φi,q(Xi,t) = P(Xi,t|Si,t = q).

(a) Binomial emission distribution: We assume that the observed variable Xi,t con-

ditional on state Si,t follows Binomial distribution with probability of success, pi,q,

i.e. the probability of having disease i conditional on state q. Therefore, Φi,q(Xi,t) is

defined for each disease i as follows:

Φi,q(Xi,t) = P(Xi,t = xi,t|Si,t = q) =

(
ni

xi,t

)
p
xi,t

i,q (1− pi,q)
ni−xi,t ,

xi,t = 0, 1, 2, ..., ni,
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Figure 4.1: Directed graph of CHMM with copula function with two underlying Markov chains.

where ni is the total number of trials for disease i.

(b) Poisson emission distribution: We assume that the observed variable Xi,t con-

ditional on hidden state Si,t follows Poisson distribution with the rate parameter, λi,q.

Therefore,

Φi,q(Xi,t) = P(Xi,t = xi,t|Si,t = q) =
λ
xi,t

i,q e
−λi,q

xi,t!
, xi,t = 0, 1, 2, ...,

where λi,q is the parameter representing average number of patients with disease i

conditional on state q.

4.1 Hidden Markov Chain

We assume that the joint hidden process (St) fulfills a Markov property. Hidden

dependency structure for two diseases is represented in Figure 4.1. The set of state of

all diseases (Si,t)i is a Markov chain and the edges between the state of all diseases

at a given time t for all individuals allows to consider disease dependence.

We assume that the transition probabilities of the joint hidden process (St) arise from

the product of two terms (both supposed to be constant along time): one accounting

for the transitions within each disease and one accounting for the dependency between

30



diseases by the discrete bivariate copula function defined in the following,

P(St = r|St−1 = q) =: Pqr ∝ πq,r

∏
i

∏
j ̸=i

max(p̄(Si,Sj)), (4.1)

where

(i) π is a Q×Q transition matrix (each row sums to one) and q (resp. r) indicates

the joint hidden state of the comorbidity of diseases;

(ii) the dependency relationship among the diseases is determined by the copula

function, see Definition 3.2.1,

p̄(Si,Sj).

In particular, p̄ is defined by Equation 3.7 for Binomial copula.

In this model, π stands for the transitions within the comorbidity levels of diseases,

while copula function introduces the dependency between diseases.

We further assume that the initial joint hidden process S1 = (Si,1)i has distribution

P(S1 = q) ∝ mq

∏
i

∏
j ̸=i

max(p̄(Si,Sj))

where mq is an initial distribution of the states 1 ≤ q ≤ Q, whose probability does not

change across diseases. However, the model can be extended to include the assump-

tion of varying transition probabilities across diseases; consequently, each hidden

chain will have its own transition probability matrix and initial state probabilities.

The proposed method models the dependency of hidden chains by joint distribution

of hidden states represented by discrete bivariate copula, whereas CHMM proposed

by Brand et al., 1997 couples chains by modeling the causal relationships between

their hidden state variables with matrices of conditional probabilities.

We define an indicator function χr
i,t = 1{Si,t=r}.

With this notation, the distribution of the hidden process S is given by

P(S) =
1

Z

∏
i,q

∏
j ̸=i

[mq max(p̄(Si,Sj))]
χq
i,1×

×
∏

t≥2,q,r

∏
i

π
χq
i,t−1χ

r
i,t

q,r

∏
j ̸=i

max(p̄(Si,Sj))
χq
i,t−1,χ

r
i,t ,

(4.2)
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where Z is a normalizing constant.

Therefore, the joint probability for the sequence of states and observations is defined

as follows:

P(X,S) =
1

Z

∏
i,q

∏
j ̸=i

[mq max(p̄(Si,Sj))]
χq
i,1×

×
∏

t≥2,q,r

∏
i

π
χq
i,t−1χ

r
i,t

q,r

∏
j ̸=i

max(p̄(Si,Sj))
χq
i,t−1,χ

r
i,t×

×
∏
i,r,t

Φi,r(Xi,t)
χr
i,t .

(4.3)

It follows that the CDLL function is

logP(X,S) =
∑
i,q

χq
i,1 logmq +

∑
i

∑
t≥2,q,r

χq
i,t−1χ

r
i,t log πq,r

+
∑
i,r,t

χr
i,t

∑
j ̸=i

logmax(p̄(Si,Sj)) +
∑
i,r,t

χr
i,t log Φi,r(Xi,t)− logZ.

(4.4)

4.2 Variational Expectation Maximization Algorithm

Following the determination of the log-likelihood function, we must find estima-

tors of unknown parameters that maximize this function. When number of hidden

states is large, the CDLL becomes computationally intractable. Therefore, we use a

variational approximation of the E-step of the EM algorithm. The VEM algorithm

maximizes a lower bound of the log-likelihood. In the study, we mainly rely on

the approach of (X. Wang et al., 2019) and follow the lines of (Jaakkola, 2001) and

(Wainwright and Jordan, 2008) to derive the variational approximation of the log-

likelihood.

For any distribution P̃ , we have

logP(X) ≥ logP(X)−KL[P̃(S)|P(S|X)]

= Ẽ logP(S,X)− Ẽ log P̃(S)

=: J (X, θ, P̃)

(4.5)

where Ẽ = EP̃ and KL denotes the Kullback-Leibler divergence. The maximization
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of CDLL turns into the maximization of the lower bound J (X, θ, P̃) with respect to

the parameter θ. As EM algorithm, VEM includes two steps:

VE-step: compute the approximate conditional distribution P̃, given the observed

data and the current value of the parameter θh, as

P̃h+1 = argmax
P̃

J (X, θh, P̃) = argmin
P̃

KL[P̃(S)|P(S|X; θh)].

M-step: maximize the updated lower bound with respect to the set of parameters as

θh+1 = argmax
θ

J (X, θ, P̃h+1).

The accuracy of this approximation depends mainly on the class of approximate dis-

tributions within which P̃ is searched for. Here we employ the variational methods

for graphical models proposed by L. Saul and Jordan, 1995 and modified for Coupled

HMM by Ghahramani and Jordan, 1997. The approximation bases on the setting P̃

to be a product of the independent Markov chains, that is

P̃(S) =
∏
i

P̃(Si) where P̃(Si) =
∏
i

P̃(Si,1)
∏
t≥2

P̃(Si,1|Si,t−1). (4.6)

Then we have

P̃(Si) =
1

Z̃i

(∏
q

(mqh
q
i,1)

χq
i,1

)∏
t≥2

(∏
q,r

(πq,rh
r
i,t)

χq
i,t−1χ

r
i,t

)
, (4.7)

where Z̃i is the normalizing constant that ensures that P̃(Si) equals one. The varia-

tional parameters hl
i,t can be thought of as correction terms for a Markov chain with

parameters (m, π).

Let τ ri,t = Ẽ(χr
i,t) and Λqr

i,t = Ẽ(χq
i,t−1χ

r
i,t) denote the conditional expectations given

the observations Xi,t. According to these, we define the lower bound as shown in

Theorem 4.2.1.

Theorem 4.2.1. For i = 1, ..., I and t = 1, ..., T , the lower bound

J (X, θ, P̃h) =
∑
i,r,t

τ ri,t

(
log Φi,r(Xi,t) +

∑
j ̸=i

logmax(p̄(Si,Sj))− log hr
i,t

)
+
∑
i

log Z̃i − logZ
(4.8)
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Proof. The lower bound of the log-likelihood, for any distribution P̃ , is defined as

J (X, θ, P̃) = Ẽ logP(S,X)− Ẽ log P̃(S) (4.9)

Having the log-likelihood of approximating conditional distribution ˜P(S) as

log P̃(Si) =
∑
i,r

χr
i,1 logmrh

r
i,1

+
∑
i

∑
t≥2,q,r

χq
i,t−1χ

r
i,t log πq,rh

r
i,t

−
∑
i

logZi,

(4.10)

Equation 4.9 becomes

J (X, θ, P̃) =
∑
i,r

Ẽχr
i,1Ẽ logmr

+
∑
i,r,t

Ẽχr
i,t

∑
j ̸=i

Ẽ logmax(p̄(Si,Sj))

+
∑

t≥2,q,r

Ẽχq
i,t−1χ

r
i,t

∑
i

Ẽ log πq,r

+
∑
i,r,t

Ẽχr
i,tẼ log Φi,r(Xi,t)

− Ẽ logZ

−
∑
i,r

Ẽχr
i,1Ẽ logmrh

r
i,1

−
∑

i,t≥2,q,r

Ẽχq
i,t−1χ

r
i,tẼ log πq,rh

r
i,t

+
∑
i

Ẽ log Z̃i

(4.11)

With denotation τ ri,t = Ẽ(χr
i,t), Λ

qr
i,t = Ẽ(χq

i,t−1χ
r
i,t) above equation becomes
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J (X, θ, P̃) =
∑
i,r

τ ri,1(logmr − logmrh
r
i,1)

+
∑
i,r,t

τ ri,t

(
log Φi,r(Xi,t) +

∑
j ̸=i

logmax(p̄(Si,Sj))
)

+
∑

t≥2,q,r

∑
i

Λq,r
i,t (log πq,r − log πq,rh

r
i,t)

− logZ +
∑
i

log Z̃i

(4.12)

Since
∑

k Λ
q,r
i,t = τ ri,t and according to the multiplication property of the logarithm,

the equation becomes

J (X, θ, P̃h) =
∑
i,r,t

τ ri,t

(
log Φi,r(Xi,t) +

∑
j ̸=i

logmax(p̄(Si,Sj))− log hr
i,t

)
+
∑
i

log Z̃i − logZ
(4.13)

Based on these, we define analytically the optimal variation parameter in the E-part

with the conditions for forward and backward algorithms. The similar analytical

derivations are performed for the Maximization part under the condition of having

Binomial and Poisson distribution assumptions.

4.2.1 Expectation Part

Theorem 4.2.2. For i = 1, ..., I and t = 1, ..., T , optimal value for the variation

parameter is found as

hr
i,t = Φi,r(Xi,t)

∏
j ̸=i

max(p̄(Si,Sj)).
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Proof. Following Ghahramani and Jordan, 1997, Appendix D, we get

∂J (X, θ, P̃h)

∂ log hr
i,t

=
[
log Φi,r(Xi,t) +

∑
j ̸=i

logmax(p̄(Si,Sj))− log hr
i,t

] ∂τ ri,t
∂ log hr

i,t

− τ ri,t + τ ri,t = 0

(4.14)

because Z does not depend on hr
i,t and ∂ log Z̃i

∂ log hr
i,t

= τ ri,t. This derivative is zero for

hr
i,t = Φi,r(Xi,t)

∏
j ̸=i

max(p̄(Si,Sj)).

4.2.1.1 Forward-Backward Algorithm

The conditional moment, which depend on the normalizing constant Z̃i, are then

computed using an independent forward-backward recursion for each disease and

individual.

Forward recursion: set F q
i,1 ∝ mqh

q
i,1 for t ≥ 2 and compute

F r
i,t ∝

∑
q

F q
i,t−1πq,rh

r
i,t.

Backward recursion: τ ri,T = F r
i,T holds and, for 1 ≤ t ≤ T − 1, compute

Gr
i,t+1 =

∑
r

F q
i,tπq,r,

∆q,r
i,t = πq,r

τ ri,t+1

Gr
i,t+1

F q
i,t,

τ qi,t =
∑
r

∆q,r
i,t .

4.2.2 Maximization Part

The derivation of M-part for transition and initial probabilities is done with respect

to the proposed framework. In this respect, we define the M-part derivation under the

assumptions of Binomial and Poisson distributions separately.
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Theorem 4.2.3. For i = 1, ..., I and t = 1, ..., T , transition probability and initial

probability, respectively, are

π̂q,r =

∑
i τ

r
i,t+1∑

r

∑
i τ

r
i,t+1

, (4.15)

m̂q =

∑
i τ

r
i,1∑

r

∑
i τ

r
i,1

. (4.16)

Proof. We use Lagrange multiplier since we have a constraint
∑

r πq,r = 1.

fx = λgx,

fy = λgy,

fz = λgz,

where λ is called the Lagrange multiplier.

Firstly, we calculate derivatives of the lower bound with conditional expectations

derived in E-step

J (X, θ, P̃h+1) =
∑
i,q,t

∑
r

πq,r

τ ri,t+1∑
q πq,rF

q
i,t

F q
i,t×

×
(
log Φi,q(Xi,t) +

∑
j ̸=i

logmax(p̄(Si,Sj))− log hq
i,t

)
+
∑
i

log Z̃i − logZ

(4.17)

The first derivative of the lower bound is as follows:

∂J(X,Θ, P̃h+1)

∂πq,r

=
∑
i,q,t

∑
r

τ ri,t+1F
q
i,tA

q
i,t

(∑
q F

q
i,tπq,r − πq,r

∑
q F

q
i,t

)
(∑

q F
q
i,tπq,r

)2 , (4.18)

where Aq
i,t = logΦi,q(Xi,t) +

∑
j ̸=i logmax(p̄(Si,Sj)) − log hq

i,t. Then we have a

system of equations


∑

i,q,t

∑
r

τri,t+1F
q
i,tA

q
i,t

(∑
q F

q
i,tπq,r−πq,r

∑
q F

q
i,t

)
(∑

q F
q
i,tπq,r

)2 = λ
∑

r 1

∑
r πq,r = 1

. (4.19)
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The system of equations is true for

π̂q,r =

∑
i τ

r
i,t+1∑

r

∑
i τ

r
i,t+1

, (4.20)

since ∑
r

π̂q,r =
∑
r

∑
i τ

r
i,t+1∑

r

∑
i τ

r
i,t+1

= 1

and for λ = 0

∑
i,q,t

∑
r

τ ri,t+1F
q
i,tA

q
i,t

(∑
q F

q
i,t

∑
i τ

r
i,t+1∑

r

∑
i τ

r
i,t+1

−
∑

i τ
r
i,t+1∑

r

∑
i τ

r
i,t+1

∑
q F

q
i,t

)
(∑

q F
q
i,t

∑
i τ

r
i,t+1∑

r

∑
i τ

r
i,t+1

)2 = 0,

since ∑
i τ

r
i,t+1∑

r

∑
i τ

r
i,t+1

∑
q

F q
i,t −

∑
i τ

r
i,t+1∑

r

∑
i τ

r
i,t+1

∑
q

F q
i,t = 0.

Consequently, the estimation for initial probabilities is obtained as follows:

m̂q =

∑
i τ

r
i,1∑

r

∑
i τ

r
i,1

.

4.2.2.1 Maximization Part for Binomial Emission Distribution

Theorem 4.2.4. Given random variable Xi having Binomial (n; pi,q) distribution, the

EM estimate of emission distribution is

p̂i,q =

∑
t

∑
r B

q,r
i,t Xi,t

n
∑

t

∑
r B

q,r
i,t

(4.21)

where

Bq,r
i,t = πq,r

τ ri,t+1

Gr
i,t+1

F q
i,t.

Proof. We have vector of state-dependent parameters for each disease. Let i = 2,

that is we have two hidden chains representing the occurrence of two diseases (or any
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two events). Then, the lower bound of CDLL with conditional moments becomes

J (X, θ, P̃h+1) =
∑
q,t

∑
r

πq,r

τ r1,t+1

Gr
1,t+1

F q
1,t log

(
n

X1t

)
pX1t
1,q (1− p1,q)

n−X1t

+
∑
q,t

∑
r

πq,r

τ r2,t+1

Gr
2,t+1

F q
2,t log

(
n

X2t

)
pX2t
2,q (1− p2,q)

n−X2t

+ ...

(4.22)

We take the derivative of J (X, θ, P̃h+1) with respect to the probability of having dis-

ease i conditional on state q, i.e. pi,q. For disease i = 1 we have,

∂J(X,Θ, P̃h+1)

∂p1,q
=

∑
q,t

∑
r πq,r

τr1,t+1

Gr
1,t+1

F q
1,tX1,t

p1,q

−

∑
q,t

∑
r πq,r

τr1,t+1

Gr
1,t+1

F q
1,t(n−X1,t)

1− p1,q
= 0,

(4.23)

then, ∑
q,t

∑
r

Bq,r
1,tX1,t −

∑
q,t

np1,q
∑
r

Bq,r
1,t = 0,

where

Bq,r
1,t = πq,r

τ r1,t+1

Gr
1,t+1

F q
1,t.

Then

p̂1,q =

∑
t

∑
r B

q,r
1,tX1,t

n
∑

t

∑
r B

q,r
1,t

(4.24)

Since the second derivative of the function is negative at p̂1,q, we conclude that

J(X,Θ, P̃ h+1) has local maximum here,

∂2J(X,Θ, P̃h+1)

∂p21,q

∣∣∣∣∣
p1,q=p̂1,q

=−

∑
q,t

∑
r πq,r

τr1,t+1

Gr
1,t+1

F q
1,tX1,t

p21,q

∣∣∣∣∣
p1,q=p̂1,q

−

∑
q,t

∑
r πq,r

τr1,t+1

Gr
1,t+1

F q
1,t(n−X1,t)

(1− p1,q)2

∣∣∣∣∣
p1,q=p̂1,q

< 0.

(4.25)

The obtained results can be generalized to any i, i = 1, ..., I as follows:

p̂i,q =

∑
t

∑
r B

q,r
i,t Xi,t

n
∑

t

∑
r B

q,r
i,t

.
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4.2.2.2 Maximization Part for Poisson Emission Distribution

Theorem 4.2.5. Given random variable Xi having Poisson (λi,q) distribution, the

EM estimate of emission distribution is

λ̂i,q =

∑
t Xi,t

τri,t+1

Gr
i,t+1

F q
i,t∑

t

τri,t+1

Gr
i,t+1

F q
i,t

(4.26)

Proof. We have vector of state-dependent parameters for each disease. Let i = 2,

that is we have two hidden chains representing two diseases. Then, the lower bound

of CDLL with conditional moments becomes

J (X, θ, P̃h+1) =
∑
q,t

∑
r

πq,r

τ r1,t+1

Gr
1,t+1

F q
1,t log

λX1t
1,q exp−λ1,q

X1t!

+
∑
q,t

∑
r

πq,r

τ r2,t+1

Gr
2,t+1

F q
2,t log

λX2t
2,q exp−λ2,q

X2t!

+ ...

(4.27)

We take the derivative of J (X, θ, P̃h+1) with respect to the probability of having dis-

ease i conditional on state q, i.e. λi,q. For disease i = 1 we have,

∂J(X,Θ, P̃h+1)

∂λ1,q

=
∑
q,r

πq,r

λ1,q

∑
t

X1,t

τ r1,t+1

Gr
1,t+1

F q
1,t −

∑
q,r

πq,r

∑
t

τ r1,t+1

Gr
1,t+1

F q
1,t = 0.

(4.28)

Then

λ̂1,q =

∑
t X1,t

τr1,t+1

Gr
1,t+1

F q
1,t∑

t

τr1,t+1

Gr
1,t+1

F q
1,t

(4.29)

Since the second derivative of the function is negative at λ̂1,q, we conclude that the

J(X,Θ, P̃ h+1) has local maximum here,

∂2J(X,Θ, P̃h+1)

∂λ2
1,q

∣∣∣∣∣
λ1,q=λ̂1,q

= −
∑
q,r

πq,r

λ2
1,q

∑
t

X1,t

τ r1,t+1

Gr
1,t+1

F q
1,t

∣∣∣∣∣
λ1,q=λ̂1,q

< 0. (4.30)
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The obtained results can be generalized to any i, i = 1, ..., I as follows:

λ̂i,q =

∑
t Xi,t

τri,t+1

Gr
i,t+1

F q
i,t∑

t

τri,t+1

Gr
i,t+1

F q
i,t

.

4.2.3 Estimation of the Odds Ratio

According to X. Wang et al., 2019, estimation of dependency function within the M-

step result in a poor estimation of the dependency function. They suggest to use grid

search of parameters and select the ones that minimize weighted Residual Sum of

Squares (RSS).

In our study we suggest to use grid search to select parameters of hidden state marginal

distributions and parameters necessary for copula function. Moreover, we use the

weighted RSS to select the optimal odds ratio for copula probabilities,

RSS =
∑
i,r,t

τ ri,t(xi,t − µi,r)
2, (4.31)

where µi,r = λi,r and µi,r = npi,r for Poisson and Binomial emission probabilities,

respectively.

4.2.4 Model selection criteria

The Akaike Information Criterion (AIC) is a method for choosing the best model

among a group of models. The model that minimizes the Kullback-Leibler distance

between the model and the truth is presumed to be the superior model. The AIC is

defined as

AIC = − logL+ 2m,

where logL is the log-likelihood of the fitted model and m is the number of free

parameters in the model. The first term rewards the model’s goodness of fit and

reduces as the number of states increases, whereas the second term, described as the

penalty term, increases as the number of states increases. The model with the lowest

AIC value is preferred.
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The Bayesian Information Criterion (BIC) is the approach to model selection among

a set of models. The penalty term distinguishes BIC from AIC:

BIC = −2 logL+m logK,

where logL is the log-likelihood of the fitted model, m and K denotes the number of

parameters and observations in the model, respectively.

4.2.5 Algorithm and Numerical Stability

The proposed model is presented both in algorithm and flowchart to be more elabo-

rated. Figure 4.2 illustrates each steps defined in algorithm and explains the stages

from start to its end. In this graph, the stages of algorithm development and a decision

nodes are shown in blue and pink colors, whereas, outputs/estimated parameters are

in green color. The algorithm includes VE-part in the steps 3-6, and M-part in the

step 7.

Probabilities are restricted to exist inside the range [0, 1]. Precision is required when

manipulating and executing arithmetic on small numbers. When possible, it is rec-

ommended to work with logarithms of probabilities. In particular, the “log-sum-exp”

trick is useful when dealing with numerical underflow (Nielsen and Sun, 2016, Blei

et al., 2017),

log

[∑
i

exp(yi)

]
= α + log

[∑
i

exp(yi − α)

]
.

The constant α is typically set to maxi yi. This ensures that common computations in

variational inference processes are numerically stable.
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Algorithm 1 VEM algorithm of CHMM with bivariate discrete copula.
1: Set initial values for initial state probabilities, mr, transition probabilities, πq,r,

and probabilities of having disease i conditional on state r, pi,r

2: Set or calculate ω for each pair of diseases

3: Calculate max(p̄(Si,Sj)) for each pair of diseases. Calculate emission probabil-

ities, Φi,r(Xi,t), for each disease i. Then, for each disease i calculate

hr
i,t = Φi,r(Xi,t)

∏
j ̸=i

max(p̄(Si,Sj))

4: Calculate forward probabilities: recursive calculation with initial F q
i,1 ∝ mqh

q
i,1

with normalized mq

5: Calculate backward probabilities using obtained forward probabilities

6: Normalize obtained posterior probabilities and calculate the matrix Λqr
i,t using

posterior probabilities

7: Calculate/update parameters mr, πq,r, pi,r based on M-part formulas

8: Calculate AIC, BIC, and weighted RSS criteria for each disease

9: Calculate criteria of convergence.

10: if criteria less than the threshold then

11: stop the algorithm, return the estimated parameters

12: else

13: update parameters and do steps 3-9

14: end if
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Figure 4.2: VEM algorithm of CHMM Copula.
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CHAPTER 5

COMORBIDITY BY SIMULATION

To evaluate the proposed method’s performance and estimation results, we conduct

a simulation study which requires specific modeling to generate the comorbidity to

capture the proposed model. Simulation results for data set with an odds ratio of 0.85

and 8 are made to show the sensitivity.

5.1 Simulation Design

We begin by simulating the hidden states using a correlation structure. Following

state derivation, we simulate the realizations from two time series. Once the data

set is obtained, the estimation procedure is applied, and the bias and variation of the

given versus estimated parameters are compared.

Set up for hidden states. Firstly, consider the Bernoulli distribution with some prob-

ability of success. Let 0 represent "no disease" and 1 represent "have disease". Sec-

ondly, let n cases be the number of trials, in our case, let it be medical check up/

diagnostic analysis number. So, at time t, having n = 2, we might have such result:

0, 1. Meaning that according to the first diagnostic analysis, there is no disease, and

according to the second diagnostic analysis, the result is "have disease". So, for two

diseases and several time points, we may have such results:

IHD: {0, 0} at t = 1, {0, 1} at t = 2, {1, 1} at t = 3, etc.

Diabetes: {0, 1} at t = 1, {0, 1} at t = 2, {1, 1} at t = 3, etc.

Finally, summing the above values we get these sequences:
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Figure 5.1: Simulation set up of hidden states for two diseases: generation of Bernoulli trials.

IHD: 0, 1, 2, ...

Diabetes: 1, 1, 2, ...

These values represent hidden states of two hidden chains and follow Binomial dis-

tribution with n = 2 and probability of success, p. To remind, one of the assumptions

of the CHMM Copula model is that hidden chains follow Binomial discrete copula.

So, the above hidden chains are dependent.

Simulation design steps for three state model.

S1: For particular odds ratio (Equation 3.6) calculate Binomial copula probabili-

ties. For n = 2, Binomial copula distribution is a 3 × 3-matrix, see Equation

3.7. Rows represent 0, 1, 2 number of successful trials for disease 1, columns

represent 0, 1, 2 number of successful trials for disease 2.

S2: Generate values from Bernoulli distribution for each trial and disease at time t

with predefined probability of success. If the generated sequences of states do

not satisfy Markov property or do not follow Binomial copula distribution, the
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Figure 5.2: Simulation set up of hidden states for two diseases: aggregated Bernoulli trials at time t

for each disease. For illustration purpose, only 6 out of all possible scenarios are displayed.

Figure 5.3: Simulation set up of hidden states for two diseases: Markov sequences.
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probability of success is redefined.

S3: Total number of the generated pairs with particular outcomes, as (0,1), (1,1),

(1,0), (1,2), etc., should be proportional to the Binomial copula joint probability

of (0,1), (1,1), (1,0), (1,2), etc. (see Figure 5.1).

S4: Sum the generated Bernoulli values for each disease at time t. Example of

aggregated values are shown in Figure 5.2.

S5: Finally, two sequences of the generated Binomial values represent sequences

of hidden states for two diseases. Pairs of hidden states of two diseases are

relocated that each sequence of hidden states follow Markov property (Figure

5.3).

S6: To check whether the generated sequences follow the Binomial copula distri-

bution, repeat 2-4 steps n times. Therefore, n × 2 sequences for two diseases

are generated. The joint probabilities of hidden state pairs of two diseases are

calculated. The joint probabilities of the generated pairs and Binomial copula

probabilities are compared based on bias and Mean Squared Error.

S7: To check whether the generated sequences follow the Markov property, chi-

square based test proposed by Anderson and Goodman, 1957 is conducted.

verifyMarkovProperty function from markovchain package (Spedicato et al.,

2016), is used. If the high proportion of sequences satisfy the Markov property,

we do not drop non-Markov sequences and suppose that established simulation

is optimal.

S8: Calculate transition matrices for each hidden chain, calculate comorbidity tran-

sition matrix of two diseases.

S9: Calculate initial probability of hidden states.

S10: Finally, generate observations from Poisson distribution given λ parameter de-

pendent of hidden state.

So, to test whether the CHMM Copula model optimally fits the simulated data, esti-

mated transition and initial probabilities, λ parameters are compared with the param-

eters of the simulated data.
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5.1.1 Model Performance on the Simulated Data

The three state hidden Markov chains representing two diseases are simulated. Ac-

cording to the simulation design, firstly, two Bernoulli trials representing two diag-

nostics of the disease i, i = {1, 2} at each time t, {1, ..., T} were generated. A

successful diagnostic outcome indicates the presence of disease i, while an adverse

result indicates the absence of disease i. These pairs are aggregated to obtain values

representing hidden states of disease i. The order of the generated Bernoulli trials

for each disease is such that the joint hidden states follow the Binomial copula and

the sequence of hidden states for each disease follows the Markov property. For each

disease, observed values were generated using a Poisson distribution with hidden

state-dependent rate parameters. For odds ratios of 0.85 and 8, two data sets were

simulated 500 times.

The observed values are generated from the Poisson distribution with the state-dependent

rate parameters, for disease 1,

(8 9 9.5)

and for disease 2,

(7 8 8.5).

To distinguish estimated values of the generated data set from the model’s estimation,

we call them true values of the generated data.

5.1.1.1 Simulation Results for Data Set with an Odds Ratio of 0.85

The binomial copula p.m.f. for an odds ratio of 0.85 is as follows, as derived using

Equation 3.7:

p̄ =


0.10 0.11 0.12

0.11 0.11 0.11

0.12 0.11 0.10

 .

The error metrics were obtained using 500 randomly generated data sets. The follow-

ing matrix summarizes the bias values between measurements of the joint probability
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of generated hidden states and their true values

Bias =


−0.05 0.01 −0.04

0.01 0.10 0.01

−0.03 0.02 −0.04

 ,

and MSE values are obtained as follows:

MSE =


0.0029 0.0009 0.0020

0.0011 0.0122 0.0010

0.0013 0.0012 0.0021

 .

According to the calculated bias and MSE values, the generated hidden states follow

Binomial copula distribution with an odds ratio of 0.85.

The true value of the hidden state transition probabilities is taken as the average of

the transition probabilities for 500 generated data sets,

π =


0.354 0.464 0.182

0.257 0.469 0.273

0.171 0.455 0.374

 .

True values of the initial state probabilities are (0.5 0.4 0.1).

Bias and MSE values of the transition probabilities are obtained as follows:

Biasπ =


1.73 · 10−17 −1.11 · 10−19 1.24 · 10−17

2.39 · 10−17 −2.01 · 10−17 −4.44 · 10−18

6.11 · 10−18 −2.20 · 10−17 1.78 · 10−17


and, respectively,

MSEπ =


0.004 0.005 0.002

0.002 0.002 0.002

0.002 0.004 0.003

 .

According to the chi-square based Markovian test, 98.6% of the generated hidden

states for disease 1 and 99.4% for disease 2 satisfy the Markov property.

The results of statistical analyses (Table 5.1) indicate that a significant number of the

500 generated observations for both diseases are stationary.
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Table 5.1: Proportion of stationary sequences. Tests are conducted with significance level of 0.05.

ADF KPSS PP

Disease 1 99.2% 90.8% 100%

Disease 2 98.8% 94.4% 100%

To evaluate the proposed model’s performance, it was applied to 50 simulated data

sets with the identical true parameters. Moreover, the models with identical initial

parameter settings but a varied inner iteration number (50, 70, 100, 150) were applied

to the simulated data sets.

Using bias and MSE metrics, the true value of the simulated data parameters are

compared to the model’s estimated parameters. The mean of the bias and the mean

of MSE of the initial state probabilities are calculated and compared for various in-

ner iteration numbers, see Figure 5.4a. In compared to models with less iterations,

the model with 150 inner iterations has the lowest mean of both metrics. Mean and

determinant of the bias and MSE of the transition state probabilities are calculated.

According to Figure 5.4b (left), the mean of bias values varies across iteration num-

bers, whereas the MSE values increase as the number of iterations increases. Figure

5.4b (right) indicates that the error metrics’ determinants are close to zero and that

when the iteration number exceeds 70, the determinant values remain constant for

both metrics.

We obtain the mean of bias and the mean of MSE of rate parameters for each disease.

For iterations greater than 70, the mean of bias and MSE for the first disease are

inversely proportional; the model with 100 iterations has the lowest MSE but the

highest bias value, as shown in Figure 5.5 (left). On the other hand, the model with

100 iterations produces the highest MSE and the second lowest bias for the second

disease (Figure 5.5 (right).

Additionally, the Akaike and Bayesian criteria, as well as weighted RSS, are used to

evaluate the performance of models with varying iteration numbers (Figure 5.6). AIC

and BIC both exhibit similar dynamics, with the lowest values occurring after 50 iter-

ations and the highest occurring after 150 iterations, whereas weighted RSS exhibits
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(a)

(b)

Figure 5.4: Metric values of the models with an odds ratio of 0.85: a) mean of bias and MSE of initial

probabilities b) mean of bias and MSE of transition probabilities (left); determinant of bias and MSE

of transition probabilities (right).

the lowest values after 150 iterations and the highest following 70 iterations. Because

the proposed model has a large number of parameters to estimate, it increases the AIC

and BIC criteria; however, weighted RSS is unaffected by the model’s complexity and

may be a useful tool for evaluating the model’s performance.

Generally, for any number of iterations, the calculated bias and MSE between the
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Figure 5.5: Metric values of the models with an odds ratio of 0.85: mean of bias and MSE of emission

parameters for disease 1 (left); mean of bias and MSE of emission parameters for disease 2 (right).

Figure 5.6: Performance metric values of the models with an odds ratio of 0.85.

estimated and true parameters of the simulated data set with an odds ratio of 0.85

are close to zero or slightly greater than zero. The behavior of error metrics varies

depending on the initial and transition probabilities, as well as the emission distribu-

tion rate parameters. However, iteration numbers of 100 or 150 may be optimal on

average for obtaining parameters that are close to their true values.
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5.1.1.2 Simulation Results for Data Set with an Odds Ratio of 8

The binomial copula p.m.f. for an odds ratio of 8 is as follows, as derived using

Equation 3.7:

p̄ =


0.218 0.088 0.027

0.088 0.158 0.088

0.027 0.088 0.218

 .

500 randomly generated data sets were used to derive the error metrics. The following

matrix summarizes the bias values between measurements of the generated hidden

states’ joint probability and their true values

Bias =


−0.019 0.009 0.005

0.008 −0.004 0.008

0.005 0.007 −0.019


and MSE values are derived as follows:

MSE =


0.0006 0.0003 0.0001

0.0003 0.0003 0.0002

0.0001 0.0002 0.0005

 .

Bias and MSE values indicate that the generated hidden states follow a Binomial

copula distribution with an odds ratio of 8.

The true value of the hidden state transition probabilities is determined by averaging

the transition probabilities for 500 randomly generated data sets,

π =


0.858 0.124 0.018

0.090 0.794 0.116

0.018 0.097 0.885

 .

True values of the initial state probabilities are (0.95 0.05 0)

Bias and MSE values of the transition probabilities are obtained as follows:

Biasπ =


3.11·−17 −4.27·−18 −8.33·−20

6.76·−18 −2.18·−17 2.43·−18

4.86·−19 6.45·−18 −5.08·−17


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Table 5.2: Proportion of stationary sequences. Tests are conducted with significance level of 0.05.

KPSS test also includes the results for significance level of 0.01.

ADF KPSS (0.05) KPSS (0.01) PP

Disease 1 94% 61.4% 88% 100%

Disease 2 93.8% 68.2% 88.6% 100%

and, respectively,

MSEπ =


0.0009 0.0008 0.0001

0.0007 0.0011 0.0006

0.0001 0.0009 0.0009

 .

According to the chi-square based Markovian test, 87% of the generated hidden states

for disease 1 and 93% for disease 2 satisfy the Markov property.

According to the results of statistical tests (Table 5.2), high proportion of the 500

generated observations for both diseases are stationary.

To assess the proposed model’s performance, 50 simulated data sets with equal true

parameters were used. Additionally, models with identical starting parameter settings

but a varied number of inner iterations (70, 100, 150, 200, 250) were applied to the

simulated data sets.

The true values of the simulated data parameters are compared to the model’s esti-

mated parameters using bias and MSE metrics. For various inner iteration numbers,

the mean of the bias and the mean of the MSE of the initial state probabilities are

calculated and compared, see Figure 5.7a. The model with 100 inner iterations had

the smallest mean across both measures. We determine the mean and determinant of

the bias, as well as the mean square error of the transition state probabilities. As il-

lustrated in Figure 5.7b (left), as the number of iterations grows, the mean of bias and

mean of MSE increase. Figure 5.7b (right) demonstrates that as the iteration number

increases over 100, the determinant values for both metrics increase, but the increase

is negligible because all determinant values for different iterations are near to zero.

We obtain the mean of bias and the mean of MSE of rate parameters for each disease.
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(a)

(b)

Figure 5.7: Metric values of the models with an odds ratio of 8: a) mean of bias and MSE of initial

probabilities b) mean of bias and MSE of transition probabilities (left); determinant of bias and MSE

of transition probabilities (right).

The mean of bias and MSE for the first disease are the lowest for 200 and 250 iter-

ations, as illustrated in Figure 5.5 (left). On the other hand, for the second disease,

the model with 100 and 150 iterations delivers the lowest mean of MSE and bias

(Figure 5.5 (right). According to both plots, the model with 100 iterations estimates

state-dependent rate parameters close to their true values for both diseases.
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Figure 5.8: Metric values of the models with an odds ratio of 8: mean of bias and MSE of emission

parameters for disease 1 (left); mean of bias and MSE of emission parameters for disease 2 (right).

Figure 5.9: Performance metric values of the models with an odds ratio of 8.

AIC and BIC both exhibit similar dynamics, with the lowest values occurring after 70

iterations and the highest values occurring after 200 and 250 iterations, respectively.

The weighted RSS, on the other hand, exhibits a fluctuating dynamic, with the lowest

values occurring after 100 iterations and the second lowest following 200 iterations

(Figure 5.9).
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Generally, the calculated bias and MSE between the estimated and true parameters

of the simulated data set with an odds ratio of 8 are close to or slightly greater than

zero for any number of iterations. Only the mean MSE of rate parameters for both

diseases occasionally exceeds one. The behavior of error metrics varies depending

on the initial and transition probabilities, as well as the emission distribution rate

parameters. According to a broad review of parameter measurements, weighted RSS,

and information criteria, iteration number 100 may be best for acquiring parameters

close to their true values on average.

For simulated data with an odds ratio of 0.85 and a negative and close to zero Yule’s

coefficient of association of -0.054, as well as for data with an odds ratio of 8 and

a positive Yule’s coefficient of association of 0.57, CHMM with discrete copula ex-

hibits a satisfactory goodness of fit.
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CHAPTER 6

REAL LIFE APPLICATION

In this section of the thesis, we would like to present the applicability of the proposed

method onto the real data set.

6.1 Data and its Analysis

The data set includes daily information relating to the heart disease and the hyperten-

sion collected from 49,713 patients from January 2015 to December 2020. Data set

is authorized by a private hospital in Turkey, whose name has to be kept confidential

due to privacy of the data content. Each entry has the following attributes:

• ID of a patient.

• Age of a patient. Does not appear to change over time, even with patients who

span multiple years.

• Gender of a patient.

• Code of disease that the patient is diagnosed with.

• Medical name of the disease that the patient is diagnosed with.

• Date in which the entry was made.

Each patient’s data is altered to cover 72 months, beginning with the first month of

2015 and ending with the last month of 2020. Thus, each patient is associated with

72 rows. The raw data set’s illness codes were classified into two categories: heart
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disease and hypertension. The repeated rows have been removed. After the raw data

is transformed, the main data set has the following columns:

• ID: describes unique patient ID.

• Age (discrete variable): describes patient age in years. Age is determined by as-

suming that the patient’s initial entry in the raw data contains their true age and

incrementing or decrementing it for preceding and previous years, respectively.

• Gender (nominal categorical variable): it describes patient gender as male or

female.

• Heart disease and hypertension (nominal categorical variables): each column

includes two different possible values, 0 or 1, where 1 is representing the pres-

ence of the indicated disease. It is important to notice that once a patient has

been diagnosed with a disease, the value for that disease remains 1 for the re-

mainder of the column.

• Month: it ranges from 0 to 72, where 1 represents the first month of 2015, and

72 is the last month of 2020.

• Frequency (discrete variable): it represents the frequency with which a patient

was admitted to the hospital during a given month, regardless of the reason.

• Frequency-heart disease and frequency-hypertension (discrete variables): each

column indicates the frequency with which a patient presented to the hospital

with the indicated ailment.

After cleaning and transforming panel data, it was aggregated to create time series

data by counting patients with heart disease or hypertension at a specific time point.

Thus, the new data set comprises two columns, heart disease and hypertension, which

show the total number of patients diagnosed with a certain ailment during a given

month. Additionally, the new data set includes information on gender and the number

of hospital admissions associated with the identified disease.

The total number of patients with heart disease or/and hypertension was analyzed

using time series analysis and exploratory data analysis.
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(a)

(b)

Figure 6.1: The number of patients by gender from January 2015 to December 2020 with: (a) heart

disease, (b) hypertension.

Figures 6.1a and 6.1b depict time series plots of the total number of patients with a

specific disease divided by gender. Both diseases have an increasing trend due to as-

sumptions that if a patient is reported to have a particular disease, he will be assumed

to have that disease until the study is completed. While both genders experience an

almost proportional increase in hypertension, until the 30th month, females have a
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greater prevalence of heart disease than males, and the situation reverses after the

30th month.

Figures 6.2a and 6.2b show the total number of hospital appointments for both dis-

eases by gender. Hospital admissions for heart disease or/and hypertension follow a

seasonal pattern. Females visit the hospital less frequently than males (check descrip-

tive statistics), while hospital visits for patients with hypertension are comparable for

both genders.

As illustrated in Figures 6.3a and 6.3b, the number of patients with heart disease and

hypertension, as well as patient hospital admissions, are highly linearly correlated.

For both diseases, the total number of patients and their hospital visits follow a left-

skewed distribution.

We calculated the average time interval between disease occurrences. When hyper-

tension occurs first, it takes an average of 12.96 months to be diagnosed with heart

disease later; however, it takes an average of 18.88 months to be diagnosed with

hypertension following heart disease. There are 4236 patients who develop heart dis-

ease after hypertension and 3108 patients who develop hypertension following heart

disease.

Table 6.1: The number of patients having two diseases. The rows denote the first disease that occurred,

while the columns denote the subsequent disease.

Heart disease Hypertension

Heart disease - 3108

Hypertension 4236 -

Table 6.2: Time interval between two diseases on average (months). The rows denote the first disease

that occurred, while the columns denote the subsequent disease.

Heart disease Hypertension

Heart disease - 18.88

Hypertension 12.96 -

Figure 6.4 show an increasing trend of monthly number of patients with heart disease
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(a)

(b)

Figure 6.2: The number of hospital visits by gender from January 2015 to December 2020: (a) heart

disease, (b) hypertension.

and hypertension over 5 years. Autocorrelation Function (ACF) and Partial Autocor-

relation Function (PACF) plots of total number of patients over 72 months and those

with the second-order difference for both diseases are represented in Figure 6.5. Time

series of patients number for both diseases are nonstationary, have an increasing trend.
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(a) (b)

Figure 6.3: Heart disease and hypertension correlation plots and histograms: (a) patients number (b)

number of hospital visits.

Figure 6.4: Graph of the estimated transition probabilities.

While HMMs are applicable to both stationary and nonstationary time series (Zuc-

chini et al., 2017), CHMMs, the proposed model’s underlying model, do not include

any theoretical information indicating whether this type of model can be used for

nonstationary time series (Brand et al., 1997). Additionally, application studies used

stationary series or transformed nonstationary ones to work with CHMM or models

based on CHMM (Kubanek et al., 2012, Ghosh et al., 2017, Darmanjian et al., 2006,

Abdelaziz et al., 2014).

A Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test is used to determine the number

of differences required to make time series stationary at the significance level of 0.05.
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(a) (b)

(c) (d)

Figure 6.5: ACF and PACF plots of the number of patients over 72 months: a) heart disease b) heart

disease (second-order difference) c) hypertension d) hypertension (second-order difference).

Second-order differencing is performed on the time series of both diseases based on

the test results. According to Figure 6.5, heart disease and hypertension series with

second-order lag are stationary. The augmented Dickey-Fuller (ADF) test with p-

values less than 0.01 for both diseases, the KPSS test with p-values greater than 0.01

for both diseases, and the Phillips-Perron (PP) test with p-value of 0.01 for heart

disease and hypertension indicate that the series are stationary.

6.2 Application of the Proposed Model

The proposed model was applied to the number of patients with heart disease and

hypertension resulting from the second-order differencing. Because the transforma-

tion produces negative values, the observations are increased by the minimum ab-

solute value of the resulting observations, 270. Following that, the observed values
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are scaled by ten to obtain a stable VEM algorithm fit. Initial setting for the model

parameters are arranged as follows:

(i) transition probability matrix with initial state probability, (0.9 0.1 0), is de-

fined as 
0.8 0.1 0.1

0.1 0.8 0.1

0.1 0.1 0.8

 ;

(ii) rate parameters for emission distribution are arranged according to the mean

and median values of the observations, the initial values set to (22 26 30)

for heart disease and (20 24 28) for hypertension.

Figure 6.6: Performance metrics for models with various odds ratios.

To obtain the model with the optimum fit, the odds ratios between two hidden states

of the diseases, (5, 15, 20, 25, 30, 50, 70, 100), were utilized. Due to the fact that we

cannot observe the hidden states, in order to determine the odds ratio between the

occurrences of the diseases’ hidden states, we examined a range of odds ratio values

and fitted the model for each odds ratio. The optimal odds ratio value is chosen based

on the one with the lowest weighted RSS. To remind, the weighted RSS of the model

is a sum of the weighted RSSs, calculated for each disease.
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Various inner iteration numbers were used, (150, 200, 250, 300, 350, 400); the optimal

iteration number for each odds ratio is determined by the lowest weighted RSS value.

Figure 6.6 summarizes the performance of the selected models with varying odds

ratios. Despite the odds ratio of 5 has the lowest weighted RSS, AIC and BIC values

are the highest ones. Therefore, all metrics should be considered when determining

the optimal odds ratio. According to the plots, the optimal model has an odds ratio

of 70 based on AIC, BIC, and RSS values. To ensure that the decision made on the

basis of the visual interpretation of the plots is correct, the metrics values displayed

in the plots are aggregated; the odds ratio of 70 has the lowest aggregated value.

The estimated parameters of the model after 350 iterations are as follows:

• transition probability matrix,

1 2 3


0.000 0.000 1.000 1

0.023 0.972 0.005 2

0.000 0.074 0.926 3

• initial state probabilities,

(0.001 0.999 0);

• emission distribution parameters of the state-dependent observations for heart

disease and hypertension,

(25.23 26.08 26.46),

and, respectively,

(24.38 27.68 28.70).

The weighted RSS value for the model is 10.38. AIC values for heart disease are

716.85 and hypertension are 795.69, respectively; thus, the average AIC value is

756.27. BIC values for heart disease are 750.58 and hypertension are 829.42; the

average BIC value is 790.
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Figure 6.7: Graph of the estimated transition probabilities.

To evaluate the developed model’s performance, separate 3-state HMMs were applied

to the second-order differenced number of patients with heart disease and hyperten-

sion, respectively. The observed values are also scaled by 10. The initial values of

the parameters are identical to the initial settings used in the proposed model’s appli-

cation.

For heart disease AIC and BIC values are 494.33 and 514.57, for hypertension are

516.86 and 537.10, respectively.

Some studies developed a method for aggregating obtained information criteria and

using them to evaluate model performance and optimize parameters. According to the

study of Ngatchou-Wandji and Bulla, 2011, AIC or BIC values are computed for each

cluster and then combined; the model with the lowest summed AIC or BIC values is

selected. Inouye et al., 1995 computed the AIC or BIC for separated sequences of

autoregressive model and then aggregated the information criteria.

Second, the separate HMM models are not able to capture the interactions among

different models. Zhong and Ghosh, 2001 In many applications, multiple sequences

are interacting with one another The aggregated AIC and BIC values of HMMs for

heart disease and hypertension, respectively, are 1011.19 and 1051.67. In comparison
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to the proposed model’s averaged AIC and BIC values, independent HMMs under-

perform than the proposed model with discrete copula accounting for the dependency

of the hidden states underlying two diseases.

6.2.1 Interpretation of the Findings

The Binomial copula distribution for estimated odds ratio of 70 is given as follows:

1 2 3


0.2849 0.0443 0.0041 1

0.0443 0.2448 0.0443 2

0.0041 0.0443 0.2849 3.

The Yule’s coefficient of association between hidden states representing heart disease

and hypertension is 0.84; correlation analysis conducted on the data supports this re-

sult. High association of hidden chains representing heart disease and hypertension is

supported by medical studies (J. Wu et al., 2017, Schellevis et al., 1993). For example,

pulmonary hypertension complicates the course of many adults with congenital heart

diseases (Beghetti and Tissot, 2009), severity of pulmonary hypertension in patients

with left heart diseases is studied (Vachiéry et al., 2013, Jin et al., 2017).

According to the transition dynamic of hidden states and copula probabilities of joint

states, we designate states as follows:

(i) State 2 represents a single disease (no comorbidity reason);

(ii) State 1 corresponds to the presence of light comorbidity (one comorbidity rea-

son);

(iii) State 3 corresponds to the presence of moderate comorbidity (two comorbidity

reasons).

According to the Binomial copula matrix, joint hidden states with different state num-

bers, such as (1, 2), (2, 1), (2, 3), (3, 2), (1, 3), and (3, 1), have a low probability of

occurrence, implying that there is a low probability that two diseases occur on distinct

states. For instance, there is a low possibility that heart disease is on a single disease
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state, while hypertension is on a moderate comorbidity. On the other hand, the prob-

ability of both diseases occurring in a light comorbidity state, as well as a moderate

comorbidity state, is highest at 0.2849. The probability of both diseases coexisting in

a single disease state is 0.2448.

Figure 6.8: Example structure of joint hidden states with Binomial copula and transition probabilities.

Figure 6.8 displays example schemes for transitioning between joint hidden states. By

multiplying the joint state and transition probabilities, we can calculate the probability

of one of the diseases moving from a single disease state to a light comorbidity state,

that is (2, 2) → (2, 1) or (2, 2) → (1, 2). Thus,

P ((2, 2) → (2, 1)) = 0.023 ∗ 0.0443 = 0.00102.

The probability of both diseases remaining in a moderate comorbidity state is 0.2638,

the probability of both diseases remaining in a single disease state is 0.2379, the prob-

ability of both diseases remaining in a light comorbidity state is 0, and the probability

of one of diseases transitioning from light comorbidity to moderate comorbidity is

0.0041.

The proposed model enables investigation of the joint behavior of hidden chains and

hidden states, as well as their transition dynamics. Thus, we gain a better understand-

ing of the dependency structure of unobserved knowledge regarding diseases with

limited patient data based on hospital visit data across time.
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CHAPTER 7

CONCLUDING COMMENTS

The main focus of the proposition in this thesis is to use a combination of hidden

Markov theory and copula function to model parallel interacting processes describing

two or more chronic diseases.

We develop a novel coupled hidden Markov model in this study that incorporates a

bivariate discrete copula function into the hidden process. We employ a novel type of

discrete copula, the Binomial copula. We compute a CDLL and develop the necessary

inference to implement the model. Due to the large number of parameters required to

estimate parameters using the EM algorithm, even for two hidden chains, estimation

becomes computationally intractable. As a result, we estimate the model’s parameter

using a VEM algorithm. Because the variational expectation part of the algorithm re-

quires computing the CDLL’s lower bound approximation, we use Kullback-Leibler

divergence to derive the lower bound model’s log-likelihood. The VEM algorithm is

carried out by computing conditional expectations based on forward-backward prob-

abilities and estimators of parameters that maximize the CDLL.

The most frequently encountered problem in computing forward-backward probabil-

ities, numerical underflow of the calculated probabilities, is resolved by transforming

the functions used in the algorithm; additionally, scaling the observed values helps

overcome numerical underflow.

Due to the unidentifiability of copula functions defined on discrete space, Geenens,

2020 developed a new bivariate discrete copula. Despite extensive theoretical devel-

opment, statistical inference for parameter estimation of the joint copula function has

not been developed yet. Thus, we designed a structure for joint states in such a way
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that they follow a predefined Binomial copula probability math function with a given

odds ratio while also satisfying the Markov property of hidden states in each chain.

To verify and confirm the correctness of the designed structure, we calculated bias

and MSE metrics and performed a Markovian test on 500 simulated data. The simu-

lation study was conducted for two different odds ratio, and the developed model was

applied. The simulation study’s findings are satisfactory.

The proposed model is applied to real data from a private hospital from January 2015

to December 2020, including information on hospital appointments. The observed

variable is the total number of patients diagnosed with a particular disease in a given

month. The purpose of this application is to define the dependency structure of un-

observed disease data. The application results demonstrate that the CHMM with

discrete copula is useful for investigating disease comorbidity when only population

dynamics over time are available and no clinical data are available.

During the application, one of the difficulties encountered is that the proposed model,

like all HMM-based models, is sensitive to initial parameter settings. Because the

developed model has a large number of parameters to estimate, the optimal fit is

defined using combined information from weighted RSS and information criteria.

Additionally, the algorithm have been run multiple times with varying inner iteration

counts in order to overcome a local optimum.

The model is applicable to the study of more than two diseases; more than two hid-

den chains can be included in the model. Additionally, the proposed model is general

enough to account for any dependent events. The model can be extended to include

covariates in both observed and hidden spaces. The proposed approach models inter-

acting time series observations; however, by combining CDLL and GLM functions,

it is possible to extend this model to apply it to longitudinal data.
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Saraçoğlu, R. (2012). Hidden markov model-based classification of heart valve dis-

ease with pca for dimension reduction. Engineering Applications of Artificial

Intelligence, 25(7), 1523–1528.

80



Satagopan, J., Ben-Porat, L., Berwick, M., Robson, M., Kutler, D., & Auerbach, A.

(2004). A note on competing risks in survival data analysis. British journal of

cancer, 91(7), 1229–1235.

Satariano, W. A. (2000). Comorbidities and cancer. Cancer in the elderly (pp. 486–

508). CRC Press.

Saul, L., & Jordan, M. (1995). Exploiting tractable substructures in intractable net-

works. Advances in neural information processing systems, 8, 486–492.

Saul, L. K., Jaakkola, T., & Jordan, M. I. (1996). Mean field theory for sigmoid belief

networks. Journal of artificial intelligence research, 4, 61–76.

Schellevis, F. G., van der Velden, J., van de Lisdonk, E., Van Eijk, J. T. M., & van

Weel, C. v. (1993). Comorbidity of chronic diseases in general practice. Jour-

nal of clinical epidemiology, 46(5), 469–473.

Schmidt, S., Norman, M., Misselwitz, B., Piedvache, A., Huusom, L. D., Varendi, H.,

Barros, H., Cammu, H., Blondel, B., Dudenhausen, J., et al. (2019). Mode of

delivery and mortality and morbidity for very preterm singleton infants in a

breech position: A european cohort study. European Journal of Obstetrics &

Gynecology and Reproductive Biology, 234, 96–102.

Schweizer, B., Wolff, E. F. et al. (1981). On nonparametric measures of dependence

for random variables. Annals of Statistics, 9(4), 879–885.

Scott, S. L. (2002). Bayesian methods for hidden markov models: Recursive com-

puting in the 21st century. Journal of the American statistical Association,

97(457), 337–351.

Shih, H.-C., Chou, P., Liu, C.-M., & Tung, T.-H. (2007). Estimation of progression

of multi-state chronic disease using the markov model and prevalence pool

concept. BMC Medical Informatics and Decision Making, 7(1), 1–12.

Siu, T.-K., Ching, W.-K., Fung, S. E., & Ng¶, M. K. (2005). On a multivariate markov

chain model for credit risk measurement. Quantitative Finance, 5(6), 543–

556.

Sklar, M. (1959). Fonctions de repartition an dimensions et leurs marges. Publ. inst.

statist. univ. Paris, 8, 229–231.

Southern, D. A., Faris, P. D., Brant, R., Galbraith, P. D., Norris, C. M., Knudtson,

M. L., Ghali, W. A., Investigators, A., et al. (2006). Kaplan–meier methods

81



yielded misleading results in competing risk scenarios. Journal of clinical epi-

demiology, 59(10), 1110–1114.

Souza, A. C. J., Salles, G., Hasslocher-Moreno, A. M., Sousa, A. S., Brasil, P. E. A. A.,

Saraiva, R. M., & Xavier, S. S. (2015). Development of a risk score to predict

sudden death in patients with chaga’s heart disease. International journal of

cardiology, 187, 700–704.

Spedicato, G. A., Kang, T. S., Yalamanchi, S. B., Yadav, D., & Cordón, I. (2016). The

markovchain package: A package for easily handling discrete markov chains

in r. Accessed Dec.

Stöber, J., Hong, H. G., Czado, C., & Ghosh, P. (2015). Comorbidity of chronic

diseases in the elderly: Patterns identified by a copula design for mixed re-

sponses. Computational Statistics & Data Analysis, 88, 28–39.

Suciu, L., Cristescu, C., Suciu, M., Voicu, M., Buda, V., & Tomescu, M. (2019).

Evaluation of morbidity and life expectancy based on the markov predic-

tion model, in a group of patients with essential hypertension in romania.

Atherosclerosis, 287, e158–e159.

Sun, F., & Jiang, Y. (2018). A hidden resource in wireless channel capacity: Depen-

dence control in action. arXiv preprint arXiv:1805.00812.

Tengnah, M. A. J., Sooklall, R., & Nagowah, S. D. (2019). A predictive model for

hypertension diagnosis using machine learning techniques. Telemedicine tech-

nologies (pp. 139–152). Elsevier.

Thiyagaraja, S. R., Dantu, R., Shrestha, P. L., Chitnis, A., Thompson, M. A., Anu-

mandla, P. T., Sarma, T., & Dantu, S. (2018). A novel heart-mobile interface

for detection and classification of heart sounds. Biomedical Signal Processing

and Control, 45, 313–324.

Thomas, M., & Joy, A. T. (2006). Elements of information theory. Wiley-Interscience.
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