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SOME RESULTS ON THE SUMS OF UNIT FRACTIONS

SUMMARY

A unit fraction is a rational number having 1 in its numerator and any positive integer
in its denominator. Our purpose in this thesis is that exploring various sums of unit
fractions in different aspects.

The sum of unit fractions is a broad subject which comes with great variety of problems
and allows one to apply many techniques. An elementary example of such sums could
be the harmonic numbers. Given a positive integer 7, the n'" harmonic number is
defined as ! |

Hn: 1+—++—

2 n

As H, ~ logn, one may ask if there is a positive integer n so that H, is an integer. The
answer for this question is no unless » is 1 and one can prove that by considering the
2-adic valuation of H,. For a given prime p, evaluating the p-adic order of a sum of
unit fractions can be used to determine whether it may be an integer or not. Even if the
answer is known, one can continue to investigate the sums’ p-adic properties which
lead us some other directions.

We begin by presenting a generalization of the harmonic numbers called the Dedekind
harmonic numbers. In order to define them, we take a number field K and then
consider the sum of reciprocals of norms of ideals of Ok, the ring of integers of
this number field K, in which their norms are bounded by a given positive integer
n. They are indeed a generalization of the harmonic numbers which can be seen by
setting K = Q. We first show that these numbers are not integers after a while. Then,
we provide this specific upper bound for some quadratic number fields to guarantee
that they are non-integer. Furthermore, under the Riemann hypothesis, we obtain
the non-integerness of differences of these numbers together with uniform bounds for
quadratic number fields and derive an asymptotic result. These results are presented in
Chapter 3 and they are based on our work [1].

We then continue with another example of the sums of unit fractions called the
hyperharmonic numbers. The hyperharmonic numbers were long known to be
non-integer and conjectured in [2] that such an example does not exist. Various
results [2—6] pointed out that it may not be possible to find an hyperharmonic integer,
yet, it was shown in [7] that they in fact exists. In the paper [2] that proposed the
conjecture, there was a question: Can two hyperharmonic numbers of different indices
and different orders be equal?
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A partial answer to a more generalized version of this question will be given in Chapter
4 via a geometric approach with the help of related problems in arithmetic geometry.
Afterwards, an analytic approach will be followed and we deduce that the differences
of distinct hyperharmonic numbers are almost never an integer. The results provided
in this chapter are derived from our work [8].

For any given prime number p, the set denoted by J(p) was introduced in [9]. This
set consists of the indices of the harmonic numbers whose numerators are divisible by
this prime p in their lowest terms. The authors showed that this set always contains the
integers p— 1, p(p—1), p> — 1 whenever p > 2. Moreover, the authors conjectured that
the set is finite for each prime number. The size of this set for several prime numbers
was calculated [10] and even upper bounds for a counting function for this set was
given [11, 12]. We, in Chapter 5, generalize the set J(p) to the generalized harmonic
numbers. The generalized harmonic numbers are a sum of unit fractions where they
have some positive integer powers s of the positive integers in their denominators.
We define the generalizations J(p,s) and J(p®,s) of J(p), deduce some finiteness
results, provide congruence relations and eventually obtain an upper bound for the
counting function for J(p,s). Moreover, we provide an explicit criterion that implies
the finiteness of our set, together with computational results, and then point out the
subjects that may reveal more about the finiteness of J(p,s), by introducing Bernoulli
and Euler numbers together with the irregular primes. All of these results are drawn
from our work [13].
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BIRIM KESIR TOPLAMLARI UZERINE BAZI SONUCLAR

OZET

Birim kesir toplamlari, genis bir problem yelpazesine sahip olan ve bircok teknigin
uygulanmasina olanak taniyan kapsamli bir konudur. Bu tiir toplamlarin temel bir
ornegi harmonik sayilar olabilir. Pozitif bir n tam sayist1 i¢in, n. harmonik say1

1 1
Hy=14+—+4-4—
2 n

olarak tamimlanir.

Harmonik sayilarin biiyiime hiz1 H,, ~ logn oldugundan, H,’yi tam say1 yapacak bir
pozitif n tam sayis1 var m1 diye sorulabilir. Bu sorunun yaniti, » = 1 durumu hari¢
olumsuzdur ve bunu gostermek i¢in H, nin 2-sel degerlemesine bakmak yeterlidir.
Genel olarak, birim kesir toplamlarinin tamsay1 olup olmadigini kontrol etmek igin,
p bir asal say1 olmak {iizere, p-sel degerleme kullanilabilir. Tamsay1 olmalarindan
bagimsiz olarak, bu toplamlarin p-sel 6zellikleri de arastirmaya degerdir ve bizi farkli
yonlere gotiiriir.

Bu tezde ilk olarak, birim kesir toplamlarinin bir 6rnegi olan harmonik sayilarin bir
genellemesini, Dedekind harmonik sayilarini tanitacagiz. Herhangi bir K say1 cismi
ile onun tamsayilar halkas1 Ok ve bir n pozitif tamsayis1 i¢in, n. Dedekind harmonik
sayi1sl

hx(n) = —

K 0¢Izc:ﬁl< N(I)
N(I)<n

olarak tanimlanir. Buradaki birim kesirlerin paydasi, tamsayilar halkas1 Ok’ nin 0’dan
farkli ideallerinden normu en fazla n olanlarindan olugsmaktadir. Ek olarak, eger
sayl cismimizi rasyonel sayilar alirsak, n. Dedekind harmonik sayimz hg(n) nin
aslinda H,, oldugunu gorebiliriz, yani bu sayilar ger¢ekten de harmonik sayilarin bir
genellemesidir.

Dedekind harmonik sayilarin1 tanittiktan sonra, K bir sayr cismi olmak iizere,
hg(n)’nin bir ng tamsayisindan sonra tamsayi olamayacagini yani yalnizca sonlu
n tamsayisi i¢in tamsayr olabilece8ini kanitlayacagiz. Devaminda ise kuadratik
say1 cisimlerine odaklanacagiz ve ng smirinin tam olarak ka¢ oldugunu bulmaya
calisacagiz. Dahasi, Dedekind zeta fonksiyonlar1 i¢in Riemann hipotezi altinda
gosterecegiz ki, belirli bir yerden sonra, iki farkli Dedekind harmonik sayisinin
farki tamsay1 olamaz. Son olarak, ayni hipotez altinda kuadratik say1 cisimlerinde
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tamsay1 olmama durumunu inceleyecegiz. Bu boliimdeki sonuglar, [1] ¢alismamizdan
olusturulmustur.

Harmonik sayilarin bir diger genellemesi hiperharmonik sayilardir. Bir r > 2 tamsayisi
(1)

icin, h, * = H, olmak iizere, r. dereceden n. hiperharmonik say1, yinelemeli olarak

hglr) _ Zhl(r—l)7

i=1
seklinde tanimlanir.

Bu sayilar, bircok ozellik ve problem ile gelir. Bu sayilarin tamsay1 olup olmamasi
bu problemlerden biridir. Ornegin [2] calismasinda, hicbir (n,r) tamsay ¢ifti igin
bu sayilarin tamsayr olamayacag: iddia edilip her n > 1 ve r = 2,3 icin bu iddia
kanitlanmigtir.  Sonrasinda, her n > 1 tamsayist ve r < 25 tamsayist dahil olmak
tizere bir¢ok n ve r ikilisi i¢in de iddianin dogru oldugu gosterilmistir [3,4]. Problem
lizerindeki ¢aligmalar devam etmis, r sayisi igin iist sinir 25'ten 20001°e ¢ikarilmustir
[5]. Ayni calismada,

S(x) = [{(n,r) € [1,x] x [1,2]: & ¢ 7}

fonksiyonu icin
247

S(x) =x’4+0 (xﬁ>
saglandig1 yani tamsayir olmayan hiperharmonik sayilarin birince dortliide tam
asimptotik yogunluga sahip oldugu gosterilmistir.  Buradaki hata terimi [6]
calismasinda iyilestirilmistir. Mez6 niin iddiasin1 kuvvetlendiren bu ¢esitli sonuglara
ragmen, hiperharmonik tamsayilarin oldugu, hatta sonsuz tane olduklar1 [7]
caligsmasinda gosterilmistir.

Tamsayilik sorusu disinda, Mezd’ niin ayni [2] yayinda ele aldig1 su problem de
incelenebilir:

Problem. Hangi n # m ve r # s tamsayilar1 i¢in
W = n
saglanir?

Bu soru Boliim 4°de incelenip kismi bir cevap elde edilecek. Boliimiin ilk kismi ise
asagidaki teoreme adanmig olacak.

Teorem. Herhangi iki n > m > 4 tamsayisi i¢in (n — 1,m — 1) = 1 saglansin. Herhangi
bir y rasyonel sayisi1 i¢in,

h(’)

n

' =y (1)
esitligini saglayan yalnizca sonlu sayida r,s pozitif tamsayilar1 bulunur. Ek olarak,

(n,m) € {(3,2),(4,2),(4,3)} ve y € Z igin (1) denkleminin ¢6ziimii yoktur.

Teoremimizi kanitlamak ic¢in, geometrik bir yOntem kullanarak bu sonluluk
problemimizi aritmetik geometrideki ilgili bir soruya baglayacagiz. Teoremdeki (n,m)
ikilileri, [1,x] x [1,x] karesinde onemli bir kismu kapsamaktadir. Daha acik bir ifade
ile, bu karede, arasinda asal olan (n,m) ikililerini sayan

C(x) = [{(n,m) € [1,x] x [1,x]: n,m € Z7°, (n,m) =1}
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fonksiyonu i¢in
I Cx) 6

X—oo 2 T2
saglandig1 bilinmektedir [14].

Ayni1 boliimde, analitik bir yontem kullanarak hiperharmonik farklarin neredeyse higbir
zaman tamsay1 olamayacagini da gosterecegiz. Yani, x pozitif bir reel sayr olmak
iizere, [1,x]* dort boyutlu kiipiindeki (n,m, u,v) dortliilerini dikkatlice sayarak bunlara

karsilik gelen

n

h(")

m

farklarinin tamsay1 olamayacagin gosterecegiz. Sonug olarak, asagidaki teoremi elde
edecegiz:

Teorem. Q(x) fonksiyonu,
{(n,m,u,v) € [1,x]*: n,m,u,ve 270, Y — nlY) ¢ Z}|
olarak tanimlansin. O zaman, herhangi bir € > 0 gercel sayis1 i¢in
0(x) = x* + 0 (x157¢)
saglanir. Dahasi, Riemann hipotezi altinda
O(x) =x*+ 0 (x’log’x)
saglanir.

Bu boliimde sunulan sonuclar, [8] calismamizdan olusturulmustur.

Bir p asal sayisi i¢in, J(p) kiimesi
J(p)={neN:v,(H,) >1}

olarak verilmistir [9]. Calismada, her p asal sayis1 i¢in bu kiimenin sonlu oldugu sanisi
ortaya atilip p < 7 asal sayilari i¢in karsilik gelen J(p) kiimeleri elde edilmistir. Her
p > 2asal sayisticin p—1, p(p— 1), p?> — 1 elemanlarinin her zaman bu kiimede oldugu
da gosterilmis ve eger J(p) yalnizca bu elemanlardan olusuyorsa bu p asal sayilarina
harmonik asallar denmistir. Sonrasinda, p asal sayis1 83,127,397 sayilarindan farkli
ve 550’den kiigiik iken J(p) kiimesinin eleman sayist hesaplanmigtir [10]. Bu kiime
icin
Jp(e) =1 (p)N[1.4], x € R!

seklinde bir saya¢ fonksiyonu tanimlanip bir {ist sinir verilmis [11], sonrasinda bu iist
sinir gelistirilmistir [12].

Herhangi n ve s pozitif tamsayilari i¢in s. dereceden n. genellestirilmis harmonik say1
() _y 1
k=1

olarak tanimlanir. Bu sayilar, bariz n = s = 1 durumu hari¢ tamsay1 degildir. Yine de,
genellestirilmis harmonik sayilar, harmonik sayilarin sagladiklarina benzer denklikleri
saglar. Ornek olarak,

H, =0 (mod p)
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denkliginin her p > 3 asali i¢in saglandig1 bilinmektedir [15]. Eger p > 5 ise bu denklik
mod p*’de saglanir [16]. Benzer bir sonug, Bélim 5°de ele alinacaktir. Bu denklik
hakkinda bir derleme icin [17] ¢aligmasi incelenebilir.

Biz de, genellestirilmig harmonik sayilarda, s > 1 iken J(p) kiimesinin
J(p,s) ={nez: HY =0 (mod p)}

ve
J(p's) ={neZ”% HY =0 (mod p*)}

genellemelerini inceleyecegiz. Ik olarak, p — 11 s kisit1 altinda, bu kiimelerden birinin
sonlulugunun digerinin sonlulugunu verdigini gosterecegiz. J(p,s) kiimesinin yapisini
anladiktan sonra, her x > 1 gercel sayis1 icin

Ip.s(x) = (p,s)N[1,x]|

saya¢ fonksiyonunu tanimlayacagiz. J(p,s) kiimesinin bir parcalanigini elde edip,
parcalanigtaki bolimler igin dikkatli bir sekilde iist sinirlar bulacagiz. Boylece, J(p,s)
kiimesinin saya¢ fonksiyonu i¢in

2 1 logs logs
I s(x) < 33 T 25T0gp T 3logp T 3ogx
, <

. o . . Sl
tist stnirin1 bulacagiz. Bu iist sinirin bir sonucu olarak, p > se?s iken
Jps(x) = o(x)

esitliginin saglandigini da gosterecegiz.

Ayni boliimde hesaplamali sonuglara da de§inecegiz. Daha agik olmak gerekir ise,
makul bir kosul altinda J(p,s) kiimesinin sonlu oldugunu kanitlayip, bu kiimenin
sadece p’den kiiciik pozitif tamsayilardan olusabilecegini gosterecegiz. Sonrasinda,
bu kosulu saglamayan p asal sayilar1 ve s tamsayilarini arayacagiz.  Birkac
ornek bulduktan sonra, J(p,s) kiimesinin sonlulugu hakkinda kayda deger sonuglar
verebilecek Bernoulli ve Euler sayilar1 ile diizensiz asallar hakkinda bir analiz
yapacagiz. Bu boliimdeki sonuclar, [13] calismamiza dayanmaktadir.
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1. INTRODUCTION

The sums of unit fractions is a broad subject that comes with a great variety of problems
and allows one to apply many techniques. An elementary example of such sums could
be the harmonic numbers. Given a positive integer n, the n'" harmonic number is
defined as

1

1
Hy=1+ -+ +-.
2 n

As H, ~ logn, one may ask if there is a positive integer n so that H, is an integer. The
answer to this question is no unless 7 is 1, and one can prove that by considering the
2-adic valuation of H,. For a given prime p, evaluating the p-adic order of a sum of
unit fractions can be used to determine whether it may be an integer or not. Even if the
answer is known, one can continue to investigate the sums’ p-adic properties, which

lead us to some other directions.

In this thesis, we first present a generalization of the harmonic numbers, which we call
the Dedekind harmonic numbers. Given any number field K with the ring of integers
Ox and any positive integer n, we define the n'" Dedekind harmonic number by

1

= A, N

0£IC Ok

N(I)<n
so that the sum is taken over the non-zero ideals of Ok with norms up to n. We first
demonstrate that only finitely many of these are integers:

Theorem A. For any number field K, there exists ng € Z>° such that g (n) ¢ Z for any

n > nk. In particular, the positive integer ng depends only on K.

Subsequently, we establish an explicit form of this result for quadratic fields.

Theorem B. (i) Let d be an integer and K = Q(+/d) be a quadratic number field where
d#1,17 (mod 24)

is square-free. Then for any n > 4, the corresponding Dedekind harmonic number

is non-integer.



(ii) Let d be an integer and K = Q(+/d) be a quadratic number field where
d=1 (mod 24)
is square-free. Then, Ak (n) is non-integer for any n > 4 if

e n € [2™,2*1) for some even integer m > 2, or,
e n.c [2™ 2™F1) for some positive integer m > 3 with m =3 (mod 4), or

e n € [3™,3"*1) for some positive integer m % 2 (mod 3).
(iii) Let d be an integer and K = Q(+/d) be a quadratic number field where
d=17 (mod 24)
is square-free. Then, Ak (n) is non-integer for any n > 9 if

e 1€ [2™,2"*1) for some even integer m > 2, or,
e n € [2™,2"*1) for some positive integer m > 3 with m =3 (mod 4), or

e 1€ [3™,3"F1) for some even integer m > 2.

Moreover, if we assume the Riemann hypothesis for Dedekind zeta functions, we show
that, given enough terms, the difference between two Dedekind harmonic numbers will
eventually be non-integral, and we prove non-integrality for quadratic number fields in
another uniform manner along with an asymptotic result. These results are based on

our work [1].

Another example of the sums of unit fractions is the hyperharmonic numbers. They
are defined recursively as
O )
i=1
where r > 2 and h,(}) = H,, the n'* harmonic number. We call h,(f) the n'”

hyperharmonic number of order r.

These numbers arise with plenty of fruitful properties. In particular, one can study the
integerness features of them. It was claimed in [2] that there is not any (n,r) couple

such that hslr) is an integer and it was shown that the claim is true for » = 2,3 and for



any n > 1. In [3,4], this result was strengthened, showing that h,([) is not an integer for

any n > 1 and r < 25, along with several (n,r) pairs so that the corresponding h,(f) is
non-integer. Studies continued on this problem, where, for example, the upper bound

for r is improved from 25 to 20001 in [5]. In the same paper, it was shown that

S(x) = [{(n,r) € [1,x] x [L,a]: &) ¢ Z}|

satisfies

Sx)=x*+0 <x%> ,
which means the hyperharmonic numbers that are non-integers have full asymptotic
density (in the first quadrant). Subsequently, the error term was enhanced in [6].
Although numerous results were supporting Mezd’s conjecture, it was shown
in [7] that there are infinitely many hyperharmonic numbers which are integers.

Alternatively, one may examine the problem below, which was also presented by

Mezo [2].

Problem. What are the integers n # m and r # s such that the equation

is satisfied?

In Chapter 4, we obtain a partial answer to a generalized version of this question and

the first part of the chapter will be devoted to the following theorem.

Theorem D. Assume that n > m > 4 be any integers with gcd(n— 1,m— 1) = 1. Then,
for any y € Q, the equation

) —ny) =y (1)
is satisfied only for finitely many r,s € Z>°. Furthermore, there is no solution to (1.1)

for (n,m) € {(3,2),(4,2),(4,3)} and any integer 7.

In order to prove our theorem, we employ a geometric approach that links our finiteness
problem to a related question in arithmetic geometry. We note that our theorem covers
a significant proportion of (n,m) tuples in [1,x] x [1,x]. That is, as shown in [14], the
function

C(x) = |{(n,m) € [1,x] x [1,x]: n,m € Z>°, with gcd(n,m) = 1}|

3



satisfies
Cx) 6

lim —+- = —.
X—ro0 x2 77,'2

Moreover, in the same chapter, we then follow an analytic approach and show that

the hyperharmonic differences are almost never an integer. In particular, we carefully

count the integer tuples (1, m, u,v) within [1,x]* such that the hyperharmonic difference

does not yield an integer. Consequently, we establish the following theorem.

Theorem E. Let Q(x) = |{(n,m,u,v) € [1,x]*: n,m,u,v € Z°°, Y — Y ¢ Z}.

Then, for any positive real number € > 0 the equality

4 D te

Q(x) =x"+0¢ (x18 )
holds. Furthermore, under the Riemann hypothesis, we have
ox)=x*+0 (x3 log® x).
The results that we present in this chapter are based on our work [8].
Given a prime number p, the set J(p) was defined in [9] as
J(p)={neN:v,(H,) >1}.

It was conjectured by the authors of the paper that J(p) is finite for any prime number

p and obtained the sets J(p) for primes p < 7. They also showed that the integers

p—1,p(p—1),p* -1

are always in the set whenever p > 2 and called the primes p harmonic if J(p) consists
only of those elements. In [10], the size of J(p) was calculated for primes p < 550,
with the exclusion of p € {83,127,397}. Later, an upper bound for the counting

function of J(p), namely,
Jp(®) = (p) ML), x € R

was obtained in [11] and then improved in [12]. Now, for any positive integers n and

s, the n'h generalized harmonic number of order s is defined as
() _ y 1
H,"” = k; o

4



They are not integers except for the trivial case, 1. Nevertheless, the generalized
harmonic numbers satisfy equivalences similar to those found in harmonic numbers.

As shown in [15], we know that
H, 1 =0 (mod p)

holds for p > 3. Moreover, the congruence is satisfied modulo p> where primes p > 5

by [16]. An analogous result for ngsjl

to [17] for a various generalizations of this congruence.

will be provided in Chapter 5 and we refer

We consider the generalizations of J(p) for the generalized harmonic numbers as
J(p,s):={necz°: HY =0 (mod p)}

together with
J(p,s):={nez: HY =0 (mod p*)}

for any positive integer s. For instance, we will see that the finiteness of one will imply
the finiteness of the other, assuming p — 1 ts. After we understand the structure of

J(p,s), we will introduce the corresponding counting function

Ips(x) = (p,s)N[1,A|

for any x € RZ!. We obtain a partition of the set and we carefully give upper bounds

for the blocks in the partition. Eventually, we get the following result.

Theorem F. For any prime number p, positive integer s and real number x > 1 we have

2 1 logs logs
Jp S(x) < 3x§+2510gp+310gp+310gx .
, >~

. 3
Moreover, if p > se2s, then

Jp.s(x) = o(x).

In the same chapter, we will continue with computational results. In particular, we
prove under a plausible condition that J(p,s) is finite. In fact, it only consists of the

elements that are strictly smaller than the prime number p:

Theorem G. Suppose that p is a prime and s > 2 is an integer satisfying p — 1 {s. If

Vp <H,<S)) <s—1

is satisfied for any r € {1,2,...,p—1}, then J(p,s) C {1,2,...,p—1}. Infact, J(p,s)

is finite.



Then, we look for the primes p and the integers s in which our condition fails. After
establishing several such values, we start a discussion involving Bernoulli and Euler
numbers together with the irregular primes that may reveal crucial results on the

finiteness of J(p, s). The results established in this chapter are based on our work [13].



2. PRELIMINARIES

Let p be a prime. The p-adic valuation of an integer n is given as

k if p* i n
Vp(n) = { :

o ifn=0.

The infinity above means that the number O has greater p-adic valuation than any other

integer. For any rational number |, we can extend the definition as
u
Vo (5) = vilu) = vp(v).

Then, v,(ab) = vy(a) + v,(b) and v,(a + b) > min{v,(a),v,(b)} hold for any

rationals a and b. Moreover, we have
Vp(a+b) =min{vy(a),v,(b)}

whenever v, (a) # v,(b) which we use frequently throughout the thesis.

An arithmetical function is a function a(n) : 7% — C, for instance, the Euler’s totient
function

¢(n) =1 <m<n:(mn)=1}]

We call an arithmetical function f multiplicative if f(mn) = f(m)f(n) for any
(m,n) = 1. If they are not coprime but still satisfy the equality we call f completely

multiplicative.

The Dirichlet convolution of the arithmetical functions a(n) and b(n) is defined as

a(n) xb(n) = (axb)(n) = ¥ a(d)b (Z)

dn
and if a, b are multiplicative, then their Dirichlet convolution is also multiplicative.

A series of the form

Z a(n)

s
n=1 n



is called a Dirichlet series, where a(n) is an arithmetical function and s is a complex

number. The Riemann zeta function

|
C(s) = Z .
n=1"
is a Dirichlet series and converges absolutely for all s € C with Re(s) > 1.

Let f(x) be any function and g(x) be a function where g(x) > 0 for all x > x( for some
xo € R. We write f(x) = O(g(x)) or f(x) < g(x) if there exists B € R* such that for
any x > xo,

|f(x)] < Bg(x)

is satisfied. If the constant B depends on some parameter €, we write

f(x) = 0e(g(x)) or f(x) < g(x).

If f1(x), f2(x) and g(x) are functions with g(x) > 0 for any x > x; for some xg € R, we
mean by fi(x) = f2(x) 4+ O(g(x)) that fi(x) — f2(x) = O(g(x)). Moreover, we write
f(x)

f(x) =o(g(x)) if 6] approaches 0 as x tends to infinity. In other words, if for every

positive real number c there exists xo € R such that for all x > x¢ we have

[f ()] < cg(x).

If we write fi(x) = fo(x) +0(g(x)) then we mean that
fi(x) = fa(x) = 0(g(x)).

We write f(x) ~ g(x) whenever

)

lim = =1
Segl)

and say that f(x) and g(x) are asymptotically equal.



3. DEDEKIND HARMONIC NUMBERS

In this section, we introduce a sum of unit fractions, which is a generalization of the
harmonic numbers, called the Dedekind harmonic numbers. The unit fractions in those

numbers will have norms of some ideals inside a ring in their denominators.

3.1 Background

A finite field extension K of the rational numbers Q is called a number field. We call
an element of K as an algebraic integer if it is a root of a non-zero polynomial over
the integers. These elements give us a ring, which we denote by Jk. This ring is a
Dedekind domain, namely, it is Noetherian, integrally closed and each prime ideal is
maximal. Hence, each proper ideal that is non-zero can be factorized as a product of

prime ideals in a unique way.

For each non-zero ideal I of Ok, the quotient Uk /I is finite and we define the norm of

I as N(I) = |Ox/I|. We note that the norm is multiplicative.

Let p # 0 be a prime ideal of 0. Then pNZ is a prime ideal pZ of Z for some prime
number p. We say that p lies above the prime number p. In addition, Ok /p is a finite

field extension of [, and hence,

N(p) =|0k/p| = p"
for some integer f, called the inertial degree of f,.

On the other hand, for any prime number p in Z, we consider the ideal generated by p
in Ok. We write

POk =p\" ...p,"
for some prime ideals p; and positive integers ep,. The exponent ey, is called the

ramification index of p; and if ey, > 1 for some i, we say that the prime number p

ramifies.



If K is a number field of degree n, then there are n distinct embeddings o7, ...,0;, of K

into C. The norm of an element « is defined as
n
N(a) =[] oi(e).
i=1

The relation between the norm of an ideal generated by o and the norm of « is that

N(a0k) = |[N(«)|. Hence, we can write

N(pOx) =N ..p ) = NPT ). NP, ) = N(pp)t ... N(p) e
=p® T = N(p)| = p".

That is, we have the identity

~

n=1> epfp- 3.1

N
Il
L

If all ey, = fp,, = 1 then we say p splits completely and if / = 1 and e, = 1 we say p is

inert.

3.2 Dedekind Harmonic Numbers

Throughout this part, unless indicated otherwise, K will stand for a number field, p
a prime number, and P is the set of prime numbers. Now, we will introduce our

generalization of the harmonic numbers.

Definition 1. We define the n'" Dedekind Harmonic Number /g (n) as

1
INTT 2% (3.2)
010 N()

N(I)<n
so that the sum is taken over all the ideals of Ok that are non-zero with norms bounded

by n.
Observe that the sum (3.2) is finite since for any n > 1, the set

{1C Ok, 1#0:N(I) <n}

is finite via (3.1).
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The construct of this analogue of harmonic numbers originates from the Dedekind zeta
function of a number field. For any number field K, the Dedekind zeta function of K is

defined as

1
CK(S)_ (;1 N(I)s
IC Ok

for any s € C with Re(s) > 1. Note that by setting K = QQ, we obtain {g(s) = {(s) and
ho(n) = hy,.

Moreover, as s — 17, the sum diverges so that it is meaningful to consider whether
hg(n) is integral or not. Also, since there may be some distinct ideals 7,J of O with

the same norm, we can rewrite hg(n) as

where

aj=|{0#1C Ok: N(I) = j}|.

Note that for some number field K, we may have a, = 0 meaning that there is not any
ideal with norm 2. Similarly, if there is not any ideals with norm 3, we get az = 0.

Hence we have
hx(1) = hg(2) = hx(3) = 1.

However, let us show that the Dedekind harmonic number /g (n) cannot be an integer,

if n is large enough.

Theorem A. [1, Theorem A] For any number field K, there exists ng € Z>9 such that

hk (n) ¢ Z for any n > ng. In particular, the positive integer ng depends only on K.

Proof. Let K be a number field of degree d and let us set ;4 = {p € P: a,, # 0} and
ng = {p € P: a, # 0}. Notice that P = m4 U 7tg. For any prime number p, we know
by (3.1) that @, < d. So, our aim is to establish that there exists a prime number p
with a,, # O that is large enough. Consequently, we need a generalization of the prime
number theorem [14]:

X
n(x)=|{peP: p<x}| N@'

11



The prime ideal theorem [18] states that

: X
mg(x) = [{p C Ok,prime: N(p) < x}| ~ @_

Now, we can write

k(x)=Y 1+ Y 1+-+ )Y L
P P P
N(p)=p<x  N(p)=p*<x N(p)=p*<x

For any 1 <i <d, the sum

Y 1
b
N(p)=p'<x
counts the number of prime ideals p with norm N(p) = p’ < x, which is by definition,
a,i. Hence for each i, we use the sum
2: aﬂ.
peP
P<V/x
and write
Tk (x) = Zap+ Z Ay + -+ Z Apd.

peP peP peP
p=x PV p<{x

Now, notice that (3.1) yields a,i < ‘7? so that

Y a, < () (3.3)
peP

l
p<V/x

and we have

7k () = ¥ ap+ 0a(V3).

peP
P<x
Therefore, as mx (x) ~ @, we have
X
s(x) = Z a,~ —.
logx
peP
p<x

Next, we check the limit Ss((zx x)) as x — oo, We have




Thus, s(2x) — s(x) — oo as x — oo. That is,

Y o= )
PE(x,2x]NP x<p<2x
DET

diverges as x — oo. Furthermore,

a a 1 1
A (2x) — ma(x) = Z 1= Z L > Z £ =C Z a, = E(s(Zx) —s(x))
x<p<2x x<p<2x ap x<p<2x x<p<2x
DETA PETH PETA PETA

which diverges as s(2x) — s(x) diverges when x — . Hence, there exist ng € N such
that for any n > ng, there is a prime p € (5,n] with a, # 0. We can choose ng large

enough so that ng > 2d.

Now, let n > ng be an integer and let p € (g,n] be a prime with a, # 0. Then, as

2p > n, we have
a a
hK(n):1_|_...+_P+..._|__”
P n

as the only multiple of p up to n is p itself with a;, 7 0. Finally, since n > nx > 2d, we
have

lgap§d<g<p

so that the p-adic valuation of ik (n) is exactly —1 which yields hg(n) ¢ Z. O

3.3 Explicit Computations

In the previous part, we showed that for any number field K, there exists a positive
integer ng such that for any n > ng, the corresponding Dedekind harmonic number
hi(n) is not an integer. That is, g (n) is non-integer if n is large enough. Now, we will
investigate some number fields K and try to obtain ng’s explicitly.
Let d be a square-free integer and let K (\/c_i) be a quadratic number field. It is known
that the discriminant A of K is given as
B {4d ifd=2,3 (mod 4)
K7 ld ifd=1 (mod4).
The discriminant Ag is an invariant of the number field K that encodes information,
such as determining whether a prime p is ramified. Let p be a prime number. Define
—1 ifpis inert

Xax(p) =140 if pramifies
1 if p splits.

13



The function Y, is a Dirichlet character with modulus |Ag|. Extending it to the

integers, we have the Dirichlet L-function

8

L(s,Xa¢) =

with s € C and converges absolutely for Re(s) > 1. The Euler product

1\
H (1 N (p)s) of {k(s) and the definition of xa, yields the identity

pprime

Ck (s) = C(s)L(s, Xk )-
Next, let us write

L(s %AK> L(s, x1)L (S7%AK)

- L=

3|=

where J is the trivial character, namely, y;(n) = 1 for any n € Z>°. As {x(s) is a

product of two Dirichlet series we can write

= (1 Xag)(n) (3.4

where 1 is the unit function, * is the Dirichlet convolution of the arithmetical functions

I and xa,. Hence, we have that

an = ZXAK(b)

bln

The character xa,(n) is, in fact, the Kronecker symbol (ATK) = (AWK) which has the

following properties:
() (%) =0ifp|d,
-1 ifAx =5 ds8
(i) (7) = A= (mod ),
1 if Ak =1 (mod 8)
(ii1) <?’<> is the Legendre symbol modulo p for any p > 2,
-1 ifAg <0
v (&) =¢ 7 KT
1 ifAg >0

(v) <7K) is completely multiplicative.

>

>

>

>
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In addition, we note that a, is multiplicative as an arithmetical function, namely, for
any positive integers u and v we have a,, = a,a, whenever (u,v) = 1. That is because
an = (1% xa,)(n) and we know that the Dirichlet convolution of two arithmetical

functions is also arithmetical.

Now, we are ready to compute ng’s for several fields. Let us use ) for Y, in short.
For any positive integer n, our aim is to find a prime p and so that ig(n) has a negative

p-adic valuation for any n > ng making it non-integer. So, we will deduce Theorem B.

Theorem B. (1) Letd be an integer and K = Q(\/E) be a quadratic number field where
d#1,17 (mod 24)

is square-free. Then for any n > 4, the corresponding Dedekind harmonic number

is non-integer.
(i) Let d be an integer and K = Q(\/ﬁ ) be a quadratic number field where
d=1 (mod 24)
is square-free. Then, &g (n) is non-integer for any n > 4 if

e n € [2™,2"F1) for some even integer m > 2, or,
e nc 2™, 2™+ for some positive integer m > 3 with m =3 (mod 4), or

e n € [3™,3"F1) for some positive integer m #Z 2 (mod 3).
(iii) Let d be an integer and K = Q(v/d) be a quadratic number field where
d=17 (mod 24)
is square-free. Then, hg(n) is non-integer for any n > 9 if

e n € [2™,2F1) for some even integer m > 2, or,
e nc 2™, 2™+ for some positive integer m > 3 with m =3 (mod 4), or

e n € [3™,3"F1) for some even integer m > 2.

Proof. Case 1. K = Q(+/d) for some d = 2,3 (mod 4). We have Ax = 4d so, 2|Ag.

x(2) = (A—ZK) =0

15

Therefore,



and in fact, y (2/) =0 forany i > 1 as ) is completely multiplicative. As a consequence,

ayn =Y x(i) +x2) 44 x2" =140+---+0=1.
ij2m

Now, let us take any positive integer n > 2 and let us write
2" <p <2t

for some integer m > 1. Then we can write the Dedekind harmonic number Ak (n) as

aym

h()—1+2+3+ +2_m+ ‘f‘—
1 1
1 L “n
+2+3+ +2m+ +

so that the 2-adic valuation of hg(n) is —m < —1. Thus, ng can be chosen as 2 in this
case. In other words, the Dedekind harmonic number Ak (n) is not an integer for any

n>2 for any K = Q(v/d) withd = 2,3 (mod 4).
Case 2. K = Q(+/d) for some d =1 (mod 4).

In this case, ¥ (2) = +1 as

(A _ -1 ifAx=5 (mod 8),
7‘(2)_(2)_{1 if Ax=1 (mod 8)

Therefore, for any positive integer m > 0, we have the following cases.
(i) If x(2) = —1, then,

ay =Y % (i) Q) +x@) +- -+ 22" =114 1= (=)
ij2m
(3.5)

so that apm = 0 if m is odd and ar» = 1 if m is even.

(ii) If x(2) = 1 then,

ayr =) 2(i) X2+ x@) 22 =1+ T =m A 1
ij2m
Hence, our process that we follow in Case 1 is not enough in Case 2. In fact, x(2) = —1

yields ay = x(1)+ x(2) =1—1 =0 so that



so that ng must be at least 3. As a result, we need to know the value of a3 = 1+ x/(3).
Similarly, if }(2) = 1 then a; = x(1) + x(2) = 1 + 1 = 2 such that hg(1) = 1 and
hg(2) =1+ % = 2. Hence, either case, we need to know the value of x(3). That is,
if K = Q(v/d) for some square-free integer d = 1 (mod 4) then to be able to obtain

some information about ng, we need the value of
Ag
3 e D
x(3) ( 3 ) :

In short, one need to analyze 6 cases, namely, when x(2) € {—1,1} and when y(3) €
{—1,0,1}. We start with the case y(2) = —1,ord =5 (mod 8).

which leads a condition on Ag.

Case 2.1 x(2)=—1and x(3) = —1.

For any integer ¢ > 0, we have

20 —d 1, az€+1

a :0, 613:0, a3.2Z:O

by (3.5) and the multiplicity of the arithmetical function a,. Now, take any integer

n > 4 and write

22m S n< 22m+2

for some m > 1. Then,

a,  as aq as a ais an
hein) = [1+2=24+2 A . A it MDA it IO M
x(n) (+2+3>+(4+ +8+ +12+ +15)+ +n
1 0 0 ais ay
—(1+0+0 s O U Mt A IO S i
(++)+(4+ +8+ +12+ +15)+ +n
so that we can write hg(n) as
(1+0+40)
plus blocks of the form
any ane an2i+1 as. ari+2_
(ﬁ+2ze+1+"’+W+”'+3.224+”'+m> (3.6)
plus the last block

1 a
W—F"'—l—; .

However, each block (3.6) has 2-adic valuation —2¢ < 0 and the last block has —2m <
—2/( for any ¢ which yields that hg(n) ¢ Z for any n > 4 in this case. In other words,

ng can be chosen 4.

17



Case 2.2 x(2)=—1and x(3) =

In this case, we have
a22l = 17 a22[+l = 0,a3[ = 1 and a2.3€ = 0

Let n > 3 be an integer with 3" < n < 3" for some integer m > 1. We have
a as ag as 1
h —(1+22 A R Wt S N Wt
x(n) <+2)+(3+ +6+ +8)+ +<3m+ +n)

—1+0+1+ +9+ +9++1++
- 3 6 8 3m n

so that hig (n) consists of blocks of the form

%4_...4_%_’_...4_% 613(_{_ e — 0 + - +;
3¢ 2.3¢ 3+ 3¢ 2.3¢ —1

where each block has 3-adic valuation —¢ < 0. As a result,

v3(hk(n)) :v3<31m+ o ) =-m<0

so that /g (n) can be taken 3 in this case.

Case 2.3 x(2)=—1land x(3) =
We have

Ay = 1, ari+1 = 0,613 = 2, asz 2t = 1.

Again let us take any n > 4 and write 2" <n < 22m < < 22m+2 g4 that we have

2
hk(n) = (1 +0+ §)
plus the blocks

aye ay2e+1 as.n2e an2i+2 4
(W+ +22/+1+ ”+3,22£+'”+22£+2_1)

1 0 2 ani+2_ 1
=\t ottty T T

for some ¢ > 1. Each block has 2-adic valuation —2¢ < 0 and the last block has —2m <

0. Hence, for any n > 4 we get hg(n) ¢ Z and in fact, ng can be taken 3 as hg(3) = %

Case 2.4 x(2)=1and x(3) =
In this case, d # 1,17 (mod 24) and we have ay = 1 for any / € 7=9. Hence, the
same argument in Case 2.2 works so that ng can be chosen 3. Now, let us summarize

our work up to this point.

18



Let K = Q(+/d) be a quadratic number field where d # 1,17 (mod 24). Then for any
n > 4, the corresponding Dedekind harmonic number is non-integer so we deduce the

first part of Theorem B.

Case 2.5 7(2) =1and x(3) = 1.
Suppose that d =1 (mod 24). Then we have x(2) = x(3) = 1 and

Ay = Ayt =041, Ayty3ly = (fl + 1)(€2—|—1)

for any £ > 0. Given a positive integer n, if 2" <n < 2+ for some even m > 1
or 3" < n < 3™*! for some positive integer m with m # 2 (mod 3) holds, then we

conclude that g (n) ¢ Z.

That is because in the first scenario, we can group the fractions with blocks

Ay ayi+1
(7+"'+ 2e+1>'
For the last block, we have

apm ay r m+1 ay
(2l

and as m is even, the 2-adic valuation of the last block is —m < 0 which has the smallest

2-adic valuation among all the fractions implying v, (hK(n)) = —m < 0. Similarly, by

grouping the terms with the powers of 3, the last block will be

asm an\ (m+1 a
(Fee2)- (50

and if m # 2 (mod 3), we get v3(hg(n)) = —m < 0.

Now, let n > 4 be an integer. We showed that if 22m < p < 22m+1 for some m > 1 then

hk(n) is not an integer. However, in general, we have
ne 2222y or p e 221 3.22M) orn € [3-2%7,22m12),
If n € [22m+13.22M) namely,
22m+1 < n < 3 '22m

for some m > 1, then we have

hK(n):1_|_..._|_C;2;Z_{_..._{_g%i:ii+...+C:1_”
:]_|_..._|_2m+1 ...+—2m+2+... @
22m 22m+1 n
_ 3m+2

S + (the terms with 2-adic valuation > —2m).
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So if m is odd, we obtain that v, (g (n)) = —2m < 0 and hg(n) ¢ Z.

Ifnel3- 22m 22’"+2) for some m > 1, then we have

aHyom aH2m az ~»2m a
hK(n):1+--~+222—m+---+2§T:+---+<3?222m>+..7”
2m+1 2m+2 2-(2m+1) an
=14 ---4+ o +...+W W _|_;

B 13m—+8

= 3.m + (the terms with 2-adic valuation > —2m).

Hence, if m is odd then v, (hg(n)) = —2m < 0 and we get hx(n) ¢ Z.

Soif n € [22m+13.22m) or n € [3-2%™ 22"+2) for some odd integer m > 1 then hg(n)

is non-integer. In short, as m is odd we can write

ne [22m+1722m+2) _ [24m’+3’24m’+4) — ]’ZK(I’Z) ¢ 7.
To sum up, we showed that

(i) if n € [2™,2™*1) for some even integer m > 2, or,
(ii) if n € [2,2™*1) for some positive integer m > 3 withm =3 (mod 4), or
(iii) if n € [3",3™*1) for some positive integer m # 2 (mod 3)

then hg(n) ¢ Z. In particular, ng = 4 for any number field K = Q(+/d) with d = 1

(mod 24). This proves the second part of Theorem B.

Case 2.6 x(2)=1and x(3) = —1.
Finally, we have the case d = 17 (mod 24) so that x(2) = 1 and x(3) = —1 which
yields

Ay = {41, asy = 0, azi+1 = 1, ay 3t = 2a3g.

A similar approach is applicable in this situation, as demonstrated in our paper [1,
Theorem B], and thus we conclude that if K = Q(v/d) for some square-free d = 17

(mod 24) then hg(n) is non-integer for any n > 9 whenever

(i) n € [2™,2™1) for some even integer m > 2, or,

(ii) n € [2™,2™+1) for some positive integer m > 3 with m =3 (mod 4), or
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(iii) n € [3™,3™*1) for some even integer m > 2
and the proof is complete. ]

3.4 Analytic Results on the Dedekind Harmonic Numbers

The Dedekind zeta function {x(s) may be extended to the whole complex plane [19,
Chapter 8]. Then, we can obtain an extension of the Riemann hypothesis for the
Dedekind zeta function, which says that if {x(s) =0 and 0 < R(s) < 1 holds, then
we have R(s) = 1. This hypothesis is called the Extended Riemann Hypothesis which
we use ERH for short. Now, let us continue with a fact on the prime ideals on short

intervals.

Fact 2. [20, Theorem 2] Assuming ERH holds for K, there exist absolute constants

X0, b1,by > 0 so that for x > xg and
b1 (dxlogx+log|Ak|)vx <y <x,

one has

y
g (x+y) — T (x) > by ——
( ) () zlogx’

where dk denotes the degree of K.
Now, with the help of this fact, we are able to prove our last main result.

Theorem C. [1, Theorem C] Let K be a number field with degree dk.

(i) Suppose ERH holds for K. Then, there exists A, B > 0 so that
hg(n) —hg(m) ¢ Z
for any positive integers n > m > B whenever
n—m > A(dxlogm+log|Ak|)vm
holds.

(i1) Suppose ERH holds for all quadratic number fields @(\/3), with d being a
square-free integer. Then for any b € (0, 1) there exists a constant N, so that for

any n > N and |d| < eh\/g, the corresponding hg,(n) ¢ Z.
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(111) Suppose ERH holds for all quadratic number fields Q(\/c_l), with d being a

square-free integer and let ' denotes the set of all square-free integers. Let
D(x) = |{(d,m) € [—x,x] x [1,x]: d is square-free, hg,(m) ¢ Z}|

so that it counts the number of tuples (d,m) € F x Z>° inside [—x,x] x [1,x] such

that hig, (m) is non-integer. Then we have
D(x) = 2xF (x) + O(xlog?x)

with F(x) = |F N[l,x]|. Equivalently, for almost every such pair (d,m), the
corresponding Dedekind harmonic number /k,(m) is non-integer since F(x) ~ %
and

D(x) ~ 2xF (x).

Proof. Let K be a number field, and assume that ERH holds for K. Let xq, b1, b, denote

the constants from Fact 2. Now, suppose that g is a function satisfying

Cby(dglogx+log|Ak|)vx < g <x
2v/2

where C = b1, + 1. Hence, there exists x. > max{xo,dx } so that for all x > x. we have

Cbi(dglogx+logAg)+/x < x. Next, recall that we have

g (x) = Zap+ Z ap+---+ Z A ppa
peP peP peP
p<x p<Vx p< {/x

and using (3.3), let us write

g (x) = Z ap+E(x),

p<x

where

d d
E@)| < 5vxt 5 Vot + Wi

Now, we can choose the above x, big enough so that for every x > x., we have

E(x)| < dyv/x.
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Hence, using Fact 2,
b
g (x+g) — mg(x) = Z a, > —2g—2dK\/x+g
x<p<x+g X
and as Cb; (dxlogx+log|Ak|)v/x < g, we have
b b
2 o 2dgJitg> @Cbl(dl(logx—klogml(b\/)_c— 2dx\/X+ g

logx
Cbybalog |A
> 2V 2di /% — 2dg v 2 + =2 21°g| vx g
0gx

Consequently, for any integer m > x., there exists a prime number p with a, # 0
between m and m+ g = M, provided that m > g > A(dg logm +1log|Ak|)+/m for some

absolute constant A. That yields
Vp (hK(M) — hK(m)) <0
so that the difference cannot be an integer.

Note that if g > m, we can proceed in the same manner as in the proof of Theorem A

and the proof of the first part is done.

Now, suppose ERH holds for all Q(\/E) with d being a square-free integer and let
c € (0,1). We know by Fact 2 that there exists constants xg,b1,b> > 0 so that for any
x > xp and by (2logx +log|Ak|)v/x < g < x we have

g
— > by——.
e )~ () 2 bor

We know by Section 3.3 or [1, Theorem B] that if d # 1,17 (mod 24) then for any
n > ng = 4, then hg(n) ¢ Z. Thus, to obtain a uniform bound for all quadratic fields,
we may assume that d = 1 (mod 24) or d = 17 (mod 24). In either case, we have
|Ax| = |d|. Notice that if |d| < ¢”V¥, then log|d| < b\/x. Moreover, one can find
Xp > xo such that for any x > x;, we have bj(2logx + b/x)/x < x with 1%); — 4+/2x.

Now, if we set g = x, then we get

), ap>0 (3.7)
x<p<2x
similar to the first part of the proof, for any Q(v/d) satisfying |d| < e?V7.
Next, let n;, > max{x,,4} be a positive integer. Let n > n;, and |d| < V5. The

inequality (3.7) implies that there is a prime 5 < pg < n with a;, # 0. Then, by writing

_ az ap ap
h@(\/g)(”)—1+?+'--+p—d+---+;
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we see that the only multiple of p, is itself. Moreover, as pg > 5 > 2 and ap, <2 we
conclude that

The proof of the second part is now done.

Lastly, let us set b = % in the previous part of the theorem. Then, there exists ny > 0 so
that for all n > ng with |d| < eV we get h ) (n) ¢ Z. Let x > ng be large enough
so that d = ¢2V'% and d = x intersect. In particular, they intersect when n = 8log® x, as

in Figure 3.1.

Figure 3.1 : The area highlighting (d,n) tuples where hova) (n) is non-integer.

Next, let us set F'(x) = |[F N [1,x]| where F is the set of all square-free integers. We can

write

D(x) —2F (x)x < 8(log?x)(2F (x)).

Hence,

D(x) = 2xF (x) + O(xlog?x)

and D(x) ~ 2xF(x). Finally, as F(x) ~ % we have D(x) ~ %xz which means almost

all such tuples (d,n) yield non-integer Dedekind harmonic numbers.
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4. HYPERHARMONIC NUMBERS AND THEIR DIFFERENCES

An example of the sums of unit fractions is the hyperharmonic numbers, which is a

generalization of the harmonic numbers. They are defined recursively as follows:

hl(r 1)

M:

hy) =

Y

i=1

where r > 2 and h,gl) — H,, the n'" harmonic number. We call hﬁ,r) as the n'h
hyperharmonic number of order . Our aim in this chapter will be to work on the
differences of hyperharmonic numbers and obtain various results via geometric or

analytic methods.

4.1 Geometric Results

In this section, we consider whether the difference of two different hyperharmonic

numbers can be 0 or not. In other words, we look for the non-trivial solutions of

yAQs (4.1)

Now, let us state our first lemma, which we use frequently throughout the thesis.

Lemma 3. Let n be any positive integer. We let

I
—

n

fa(x) = [ | (x+1).

i

1§
=

For any positive integer r, one has

) = G}

~ nl
Proof. Observe that

n—1
log f(r) = log ( [T0+ )

and taking derivative yields
falr)
fn(r) =+ i
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Conway and Guy showed in [21] that the hyperharmonic numbers satisfy

r n+r—1
hig) = ( r—1 )(hn+r—1 _hr—l)-

Therefore,

p Rl ()

(r—1)n!

so that we have the product of

Hence, the proof is done. L]

So, instead of (4.1), we will work with

/

which is an equation of polynomials with rational coefficients.

To address the question, we apply [22, Theorem 1.1]. Now, (4.2) can be expressed as

p(x) =q(y) (4.3)

for some p(x),q(x) € Q[x] with deg p(x) =n—1 and degg(y) = m— 1 as f, has degree
n. Then, we can set

F(x.y):=px) —q(y) =0 (4.4)
and work with F. The equation F(x,y) = 0 is said to have infinitely many rational

solutions with a bounded denominator if there exists a positive integer D so that (4.4)

has infinitely many solutions (x,y) € Q x Q where Dx, Dy belongs to Z.

Below, we list five standard pairs of polynomials (p(x),¢(x)) over Q, following [22].
Suppose a,A, u,v are non-zero rational numbers, m, s,t are positive integers, and g(x)

is a non-zero polynomial.

(i) The 1% rype. A tuple
(X", ax"g(x)")

or reversed, (ax‘g(x)",x™) is a standard pair of the 1% type, with

0<?¢<m, ged({,m)=1and ¢+degg(x) > 0.
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(ii) The 2™ type. A tuple
(®, (ux® +v)g(x)*)

or reversed, is a standard pair of the 2™ type.

() ey

is called the m!”" Dickson polynomial (of first type) where the parameter 3 is a rational

The polynomial
lm/2]
D m (X ) B ) = Z

i=0

number, as given in [23].

(iii) The 3" type. A tuple
(Ds (X, at) aDt (Xv as))

where gcd(s,t) = 1 is a standard pair of the 3" type.

(iv) The 4 type. A tuple
(u_s/zDS (x,u), —v_’/ZD, (x,v))

where ged(s,?) = 2 is a standard pair of the 4" type.

(v) The 5" type. A tuple
((Ax* —1)3,3x* —4x®)
or reversed, is a standard pair of the 5" type.
Next, it is known that if the polynomials in (4.3) are one of the standard pairs over

as above, then (4.3) has infinitely many solutions in Q with a bounded denominator

via [22, p. 2].

Theorem 4 ( [22, Theorem 1.1]). Suppose that p(x) and g(x) are two non-constant

polynomials with rational coefficients. Then, the followings are equivalent.

(i) The equation (4.3) has infinitely many solutions in (Q with a bounded denominator.
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(ii) The polynomials p(x) and g(x) can be decomposed as p = @opjoA and ¢ =
@ogqou where A(x), 1(x) € Q[x] which are linear, ¢(x) € Q[x] and (p1,q;) is a
standard pair over Q so that the p;(x) = ¢g;(y) has infinitely many solutions that are

rational which have bounded denominators.

In particular, we have the upcoming fact from [22].

Fact 5 ( [22, Remark 1.2.ii]). If the polynomials p and ¢ have coprime degrees, then

@ is linear and (p1,q1) is a standard pair of the 1 or 3" type over the rationals.

Proposition 6. Let n be a positive integer and set

—

n—

fn(x):= H()H—i).

i=0
fol®)
Assume that n > 3. Then, for any a,b,c,d,y € QQ, one cannot express —‘—1— Y as
n!

a(ex+d)" ' 4 b,

provided that a,c # 0.

Proof. Suppose that n > 3 1s a positive integer. Observe that

fnx)=x(x+1)...(x+n—1)

="+ (14 +(n—1))x""!

-+ Z i1ip xniz—l—...
1<ii<ip<n—1
n—1

+ <Z (n— 1)!/i> K+ (n—1)

i=1

One can explicitly obtain the coefficient of "2 as

y iliz:(z—l)Z(z;l)BzH),

1<i1<ip<z

S0, we obtain

(’1—21)’1)Crz—1+ (”—2)(n—2i)”(3n—1)xn—2+

+(n— 1)1 x* 4 (n—1)x.

fo(lx)=x"+
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Next, by taking derivatives of both sides we get

von o, (=12, (n=2)2(n—1)n(Bn—1) ,_
Ja(x) = nx" 1+Tx” 2+ 7 P

+2(n—1)"hy_1x+ (n—1)".

+...

Next, assume that

_f,;('x) +y= a(cx—i—d)"*l +b

is satisfied, where a,b, c,d and y are some rational numbers with @, c 7 0. Let us write

ful)

n!

=a(ex+d)" ' +b—y. (4.5)

and compare the coefficients on both sides. As n > 3, we are able to examine the first
three monomials.

For x"~1. We have

N !
n!
SO,
ac" ! = L (4.6)
 (n=1) '
For x"~2. The equation
—1)2
(n 5 ') " (n—1)ac"%d
n!
yields
1
n—-2 3 __
ac"“d 22! 4.7)
For x"73. The equality
(n—22(n—DnBn—1)  (n—1\ , 3,
24n! =l )
implies that
—2)2(3n—1
ac"3d* = (n 1251 ’n ) (4.8)
Then, if we multiply (4.7) with ¢, we get
n—13__ ¢
ac d_—Z(n—Z)!’ 4.9)
So, by plugging (4.6) into (4.9), we have
d c

(n—1)!  2(n—2)!
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such that we get

c 2
rinPEE (4.10)
Furthermore, via (4.7) and (4.8), one has
ac"?d 1 12n!
ac3d2  2(n—2)!'(n—2)2(3n—1)"
As a result, we may write
c_ 6(n—1)n @.11)

d (n—-2)23n-1)
Next, if we combine (4.10) and (4.11), we obtain

2 6(n—1)n

n—1 (n—2)23n—-1)

Consequently,

Tn* —13n+4=0
must be satisfied. However, it is not possible as n > 3 and the proof is complete. [

Proposition 7. For any positive integer n > 5, let

\
—_

n

fox) = | [ (x+1)

I§
o

and let D,, denotes the m'* Dickson polynomial (of the first kind). Then,

(%)

n

n! +
cannot be expressed as

aDp_1(cx+d, o) +b

for any a,b,c,d, o,y € Q with a,c # 0.
Proof. Letn > 5 be a positive integer. Let us write f,(x) as

x+n

n—1
J Y i) a?
Jj=1 1<i1<ip<n—1
iyiniz | X3
1<11<12<t3<n 1

i1i2i3i4> K4 +-F (n — 1)!)6.

=x"+

_|_

_|_

1<iy <12<l3<l4<n 1
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We know from the proof of previous proposition that

Z iy — (t—1)t(z —2k41)(3t+2)

1<iy <ir<t

holds. It can be verified for any r > 3 that

L =2 =Dt +1)?

Z I1i2l3 = 13
1<ii<ip<iz<t
and also
Y ikt (1 =3)(t=2)(¢ = V(e + 1) (15 + 15 — 10t — 8)
13 =
1<i<j<k<t<t 5760
holds.

Hence, we can write f,(x) as

(n—1)n

_ n-1, (n=2)(n=1nBn-1) ,
fu(x) =x"+ 5 ! 7 X2
(n—3)(n—2)(n—1)*n> ,_
+ 3 X3
_%m—4xn—$m—axn—nnuyﬁ—3mﬁ+5n+mﬂ%4
5760
+(n—1).

By differentiating, we obtain

f’(x):nxn—l (l’l—l) xn 2 (n—2)2(n—1)n(3n—1)xn_3

2 24
(=321
48
—4)2(n—3)(n—2)(n— )n(15n> — 300> + 5n+2
L =420 =3) (= 2)(n— Da(15w 307 +5n+2) 5
5760
+(n—1)L
Then, assume that
Jnl )—I—Y—aDn 1(ex+d,a)+b
n!
is satisfied for some a,b,c,d, o,y € Q with a,c, o« # 0. So, we have
/
JL‘X):aDnl(cx-l—d,a)—i-b—}/. 4.12)
n!
Now, we will compare the coefficients of X*~!,...,x"™> on each side of (4.12). We

have by definition that

n 1

=, 1 , .
Dyi(cx+d,a)= ) ! (n , l)(—a)’(cx-i—d)"_]_zl,

n—1—i I

=]
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so we expand the sum for only i € {0,1,2}.

We have

Dy_i(cx+d, o) = Z_l ("_ 1)(—06)0(cx—|—d)"_1 +”_1 (n_2>(—a)1(cx—|—d)"_3

—1 0 n—2 1
n—1(n-3 2 ne5
n—3( ) )( o) (ex+d) +
n—1 (n_l_L%J> n—1 —1-2| =L
n— n— (_O‘)L 2 J(Cx+d)n 1% J’
n—1—["] |25

and hence, we have

(1= 1D(n-4) »

5 (ex+d)" > +E(x).

Dy_i(cx+d,a) = (cx+d)" ' —(n—Do(cx+d)" >+

Then, by expanding the terms, we can write aD,,_|(cx+d, o) +b—yin (4.12) as
aDy_1(cx+d, o) +b—y=ac" X"+ (n—1)ac"2dx"?

-2
+(n—1)ac"? (anZ — Ot) X3

—|—E2(x).

So, we are ready to examine the coefficients in (4.12).

For x"~!. We derive

ac™ ! = CEN (4.13)
For X"~2. We have
—1)2
(n 5 ') n_ (n—1)ac"%d
n!
such that
1
n—-23__
ac d_2(n—2)' (4.14)
holds.

For x"73. The equality

(n—2)2(n—1)n(3n—1) w3 (n—2
Y = (n—1)ac 3( 5 dz—a)
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yields that

(n=2)Bn=1) _ -3 (n_zdz—a) (4.15)
! . .

For x"~*. We have

(n—3)2(n—2)(n—1)*n?
48n!

which yields that
-2
B (n_d2 — OC) . (4.16)

For x"=>. In (4.12), the corresponding coefficient on the left is

(n—4)2(n—3)(n—2)(n— 1)n(15n> — 30n* +5n+2)
5760n!

ki =

while we have

ky = —(n—4)2(n— 1)ac"_5 (n=3)n-2) 3i§n A 2)d4 —(n—3)d*o+o?|.

on the right.

In this case, we disregard any cancellations and represent it briefly as

ki =k. 4.17)

Now, we may express the variables in terms of ¢ via the equations above. If we multiply

(4.14) with ¢, we obtain
c

n—145__
ac d_—Z(n—2)!'

Then, via (4.13) we have

(4.18)

Next, we can write (4.15) as
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As a consequence, we obtain

230 — (n—2)(n—1)2acn_1_ (n—2)(3n—1)
8 24(n—1)(n—3)!
@13) (n—=2)(n—1)* 1 (n—2)(3n—1)
B 8 (n—1)! 24(n—1)(n—3)!
3(n—2)(n—1)%>—(n—-2)>Bn—1)
24(n—1)!
:(n—2)(n+1)
24(n—1)!

Now, if we multiply both sides of the equation with ¢?, we get

@13  a A(n—2)(n+1)

n—1
o =
ac n—1)! 24(n—1)!

Hence, we obtain
_An=2)(n+1)

_ 41
* 24 (4.19)

We note here that (4.16) also implies (4.19). Now, we can move to the final step of the
proof. Let us plug (4.18) and (4.19) into (4.17). We have

ky = —(n—4)2(n— 1)ac”_s —(n 2 3;;}1 — 2)d4 —(n—3)d*o+ az}
:(n—3)(n—2) n—1\* ]
12 ( 2 C)
- (n=4(n-1) ,_ n—1\?/cAn-2)(n+1)
|y (2L (o)
A(n—2)(n+1) 2
() |
(n—3)(n—1)4_(n—3)(n—1)2(n+1)
_(n=4)n=-2)(n-1) 192 96
2 (n—2)(n+1)
576
(n—3)(n—1)4_(n—3)(n—1)2(n—|—1)
413 (n=4)(n=2)(n-1) 1 192 96
2 (n—1)! +(n_z)(n+1)2
576
_ n—4 (30 =270 +79n° —78n* + 12n+7
2(n—3)!( 576 )
= (n—4)2(n—3)(n—2)(n—1)n(15n> —30n% +5n+2)
T 5760n! '

Then, solving the equation yields
3n* + 14n+11 =0.

34



Nevertheless, for any integer n > 5, we have
3n* + 14n+11 >0,

and the proof is done. 0

Now, in order to express our results using a geometric perspective, we will recall some

essential definitions from arithmetic geometry. For further details, we refer to [24,25].

Suppose k is a field. Let A?(k) denotes the affine plane, the set of tuples (x,y) for

x,y € k and let A" (k) denotes the affine space.

We define the usual affine plane as

A% (k) = {(x,y) : x,y € k}.
For any positive integer n, the affine space A" (k) is defined similarly.

Suppose that x,y,z,u, v,w € k such that the vectors (x,y,z) and (u,v,w) are not (0,0,0).

Then, we introduce a relation ~ defined as

(x,9,2) ~ (u,y,w) <= A € k" for which x = Au,y = Av,z = Aw.

This relation gives an equivalence relation with the equivalence classes

v,z = {(u,v,w) 1 u,v,w € k: (u,v,w) # (0,0,0) and (x,y,z) ~ (u,v,w)}.

Thus, the projective plane P?(k) over k is defined as
P2(k) = {[x,y,2] : x,y,z € k and (x,y,z) # (0,0,0)}.
Notice that if z # 0, then (x,y,z) ~ (£,,1).

Hence, we have

P2 (k) = {[x,y, 1] : x,y € k} U{[u,v,0] : u,v € k}.

The elements of the set {[u,v,0] : u,v € k} given above are referred to as the points at

infinity.
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Moreover, a curve in A2(k) is the set of k-solutions of some polynomial f(x,y) € k[x, ).

In order to define a curve in P?(k), it is necessary to have a homogeneous polynomial.
A polynomial F(x,y,z) is called homogeneous (of degree d) if for every monomial

x°1y°2z% in F, the equality e| + ey + e3 = d is satisfied.

A projective curve in P?(k) is the set of all k-solutions of a homogeneous F(x,y,z) €

k[x,y,z| that is non-constant.

We will use A% and P? to denote the affine and projective planes when the field & is

clear from the context. Now, suppose that we have a curve C : f(x,y) = 0 in A”.

The curve C is extended to a curve C in the projective space as follows. Suppose d is
the total degree of f, namely, the maximum of the degrees of the monomials. Now, we

introduce
~ X
C:F(x,y,z) = Zf (—,X> =0.
7'z

We call the curve C the projectivization of C. Notice that if we have a point (x,y) on

C, then the point [x, y, 1] lies on the curve C.

An affine curve
C:f(xy)=0

is called singular at the point P in C if the partial derivatives 3—§(P) = fi(P) and
P) :

9L(P) = f,(P) vanish.

Moreover, a projective curve C' : F(x,y,z) = 0 is singular at Q € C’ if all the partial

derivatives Fy, Fy, F; vanish at the point Q.

On the other hand, we call C’ non-singular (or smooth) at Q. If the curve is non-singular
everywhere, then we call C’ a smooth curve. Finally, we remark that similar definitions

hold for affine curves.

From this point forward, let us assume that k = C. Assume that C represents an affine

curve and P denotes a point on this curve.

If P has integer coordinates, we refer to it as an integral point on C and if the
coordinates belong to the rationals, then we call P a rational point on C. The set of

integral and rational points on C will be denoted by C(Z) and C(Q), respectively.
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Furthermore, let C be a projective curve defined by the equation F(x,y,z) = 0. Then,

if F has rational coefficients, we say that C is a rational curve.

Moreover, for any curve C, there is an invariant g € 7=9 known as genus, based on the
number of its singularities (see [26, Chapter 8]). If we have a non-singular projective

curve C over the rationals of degree d, then the genus-degree formula

g= W. (4.20)

is satisfied. For a non-singular rational curve C with g > 0, it was shown by Siegel in
1929 that C(Z) is finite (see [27]). Then, in 1983, Faltings improved the result. It was
proven in [28] that given a smooth curve C that is rational with genus g > 1, the set

C(Q) is finite. This result is also referred to as the Mordell Conjecture.

Now, let n,m,r,s € Z° and a € Q satisfying

W) —hl) —a
Then via Lemma 3, we have
T /1 N (4.21)
n! m!

Next, suppose without loss of generality that n > m > 2 and let us rewrite (4.21) as

fi(r)—d-f,(s) =nla (4.22)
where
d=n(n—1)...(m+1). (4.23)
So, we obtain a curve in AZ as
Cuma: f(1,8) = fu(r) —d- f(s) —nta=0. (4.24)

Let us remind that the polynomial f,;(r) has degree n — 1 and the polynomial f,; (s) has
degree m — 1. Hence, the projectivization énmﬂ of Gy g In P2 can be defined as
Coma F(rs,t) ="\ f (r S) —0. (4.25)

't
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As a result, we have

F(r,s,t) = (an_lr’“*1 tay o+ a2 —l—aotnfl)
— (byas" 2+ by3s" 4 b byst" R+ bot™ )

—(nla)™ =0
where a;,b; € 770 fori€ {0,...,n—1}, j € {0,...,n— 2} (see Propositions 6, 7).

We can now link our work of hyper-harmonic differences to the field of arithmetic
geometry. By Siegel’s Theorem [27], if for some a € Q and (m,n) € Z>° x Z>° the

curve C, ;4 is smooth with genus g > 0, then C(Z) is finite. That is,

is satisfied for only finitely many tuples (r,s).

Let us now show the singularity of the projective curve 6,17,,“, whenever n —m > 1.

Proposition 8. Suppose n > m are positive integers and let a € Q. Then,

-~

Cim,a 18 smooth at infinity if and only n —m = 1.

Proof. To begin with, let n —m = 1. Now, let us write

n! m!

B ) _ Ja(r)  f(8)

and construct the affine curve

Cn,m,a:f(ras) :fl;<r) —nf,;,l(s) —nla=0

as m = n— 1. Then, we obtain the projective curve

~

Coma: F(r,s,t) = t"_]f (;,;) =0

Next, we examine which points at infinity lie 6n7m,a. Assume F(P) = 0 for some
P = [ro,50,0]. Then, we find
an—lrg_l =0,

but since a,—1 = n # 0, it follows that ro = 0. Therefore, P = [0, 1,0] is the only point

at infinity on the curve. Furthermore, observe that we have
F,=(n— 1)61,,_11”"_2 +(n— Z)an_zr"_3t S TL A
Fy=—(n— 2)bn_2s”*3t N
F=(n—1)(ag—bo—nla)t" >+ 4 (ay_or" > —bp_»5"?)
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and since n > m > 0 and F;(0,1,0) = —b,_» = —n(n— 1) # 0, we deduce that é\nma

is smooth at [0, 1,0].

Conversely, assume that 6,,7,"75, is smooth at infinity and let n —m = ¢ > 1. We can
write

!

folr) =an 17"+t artag and £,,(s) = by 15" 4+ bis+ by
with a;,b; € Z fori € {0,1,...,n—1} and j € {0,1,...,m—1}.

Letussetd;j=d-bj, j=0,1,...,m—1 for the sake of simplicity where d is specified

as in (4.23). We write then

F(r,s,t) = (a1 '+ Ay o 2+ artT 4 aot”_l)

— (dm,lsm_lté tdpyps™ 2 o dy st +d0t”_1> — (n!a)t”_] =0.
Thus, we have
F.=(n- l)an,lr"_z +(n— 2)61,1,27'"_31 + —|—611tn_2,
Fy=—(m—1)dp_15" %" — (m—2)dp_ps" 3 — . — "2, (4.26)
F=(n—1)(ag—dy—nla)" >+ (n—2)(arr —dis)t" >+ +a,_or" 2.
Observe that P = [0, 1,0] is a point on c?nma since
F(0,1,0) =0.

Also, by (4.26), we get
F,(P)=F(P)=F(P)=0

as ¢ > 1. Consequently, we see that our curve 6,,7,"7“ has a singularity, which is a

contradiction. As a result, n —m = 1 must hold and the proof is complete. [

We are now ready to establish the proof of Theorem D.

Theorem D. [8, Theorem A] Assume that n > m > 4 be any integers with ged(n —

1,m—1) = 1. Then, for any y € Q, the equation
nD - hY =y 4.27)

is satisfied only for finitely many r,s € Z>°. Furthermore, there is no solution to (4.27)

for (n,m) € {(3,2),(4,2),(4,3)} and any integer 7.
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Proof. Suppose that n > m > 4 are two integers satisfying ged(n — 1,m — 1) = 1.

Suppose also that y € Q where
n —hY =y, (4.28)

holds.

Case 1. Forn > 6.

We will rely on Theorem 4 in this case. Notice that we can rewrite (4.28) as

Slr) _ Jnl8) ¥ (4.29)

n! m!
such that we get

p(r) =ql(s) (4.30)

for some p(x),q(x) over Q. Recall that the degree of the polynomial £, (r) is n— 1,
and the degree of the polynomial f,; (s) is m—1. So, since we have n > m > 4, we

know that p(x),g(x) are not constant.

Now, assume that there exist infinitely many solutions (r,s) € Z>% x Z>? for equation
(4.30). Hence, there exists an infinite set of solutions that are rational with bounded
denominator. Therefore, by Theorem 4, we can decompose p as p = @opjoA and ¢
as ¢ = @ ogqj oy such that

- A and u are polynomials of degree 1, having rational coefficients,

- @ is a polynomial over the rationals,

- The polynomials (p1,q;) are one of the standard pairs over Q

where p1(x) = ¢ (y) admits infinitely many solutions over the rationals with a bounded

denominator.

Next, recall that we have
ged(n—1,m—1) = ged (degp,degq) =1

so via Fact 5, we obtain deg@ = 1 and the tuple (p;,q1) is a standard pair of the 1*

or 3" type over Q. Furthermore, since the polynomials @, A, 1 are of degree 1 and as
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we have p = @ o pj o A, the degrees of p; and p are the same. Hence, degp; =n— 1.

Similarly, since we have ¢ = @ o gy o i, we get degg; =m — 1.

Now, recall that if the tuple (p;(x),q1(x)) is 1 type, then they appear in the form
(&, ax"g(x)")

or reversed, for some a € Q — {0}, for some 0 # g(x) € Q[x] with0 < r <k, gcd(r,k)=
1 and r 4 degg(x) > 0. Furthermore, let us define our linear polynomials ¢,A and u.
Let us set

O(x) =ax+b,A(x) =cix+d; and p(x) = cox+ds
where a,b,cy,c,dy,dy € Q provided that a,ci,c, # 0. Moreover, we either have
p1(x) =x""1orq(x) =x""1. So, if we have p;(x) = x"~!, then
p(x) = (9oprod)(x) = alcrx+d)"" +b. (4.31)

If g1 (x) = ™!, we get

q(x) = (pogiop)(x) = a(crx+dr)" ' +b. (4.32)

Recall that we have n > 6 and m > 4. Hence, the decompositions in (4.31) and (4.32)

are not possible via Proposition 6.

Now, we investigate the case where (p1,41) is of 3'? type. Suppose pi(x) =D, _1(x, &)
with « being a rational parameter that is non-zero. Indeed, & must equal ! for
some non-zero a € (Q, though we have demonstrated the more general case. Next,
suppose that @(x) = ax+ b and A (x) = cx+d, where a,b,c,d € Q and a,c # 0. So,

the polynomial p(x) can be written as

p(x)=(popiold)(x) =aD,_(cx+d,a) +b. (4.33)

However, the decomposition in (4.33) is not possible via Proposition 7. Therefore, we
obtain via Theorem 4 that (4.30) is satisfied for only finitely many rational solutions
having bounded denominators. In fact, (4.28) holds for only finitely many tuples

(r,s) € 279 x 279,
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Case 2. Forn =5 and m = 4.

Assume that

5 4 5! 4!

holds for some positive integers r, s and a rational number Y. Then, we obtain the affine

h(r) _ h(s) 5(}’) 4(S) =y (4.34)

curve
Csay : f(r,s) = 5r* +40r° +105r% 4 100r — 205> — 905> — 1105 — 6 — 120y = 0.

The partial derivatives of f can be obtained as f, = 207> + 1207% 4+ 210r 4+ 100 and
f; = —60s> — 180s — 110. Then, solving f, = f; = 0 yields the points

j2 (—2, @) P (—2— V3/2, @) , Ps <—2+ V3/2, @) :
P (—2,—‘/1_56+9> , Ps (—2— \/%,—\/1_5;9) , P (—2+ \/%,—\/1_5;9) .

Next, we get

36+25v15 100v/15 — 261
f(P]) — 0 when 'y— W, f(Pz) — 0 when 'y— W
100+/15 — 261 36 —25v15
f(P3)—OWhenY—W, f(P4)—OWhen}/—W
261410015 261 + 10015
f(P5)—OWhen ')/——W, f(P6)—0Whel'l '}/——W

That is, the curve Cs 4y is non-singular since ¥ € Q. The projectivization of this curve

can be obtained as

-~ r s
Csay  F(rs,t) =t*f (;, ;> —0.

We know by Proposition 8 that this curve is non-singular at infinity and hence, we have

a smooth curve. As a result, the genus degree formula (4.20) is satisfied. That is,
g=3>0.

Consequently, (4.34) has finitely many solutions (r,s) € Z>° x Z>9 via Siegel’s

Theorem [27] and the first part of the theorem is complete.

For the last part of the theorem, let us first suppose that (n,m) = (3,2). In this case,

we can write




. . 2_ .
such that the result is an integer whenever % € 7. However, since 3r> — 1 # 0

(mod 3) for any r € Z>°, we get the result.

If (n,m) = (4,2), we have
0o _Salr) fols) _ 4P 4182422046 2541

42 41 2! 24 2
Observe for any positive integer r that v, <hgr)) =—-2as v, (4r3 + 1812 4-22r + 6) =

1. Moreover, we have v,(2H) = —1 for any s € Z>°. As a result,

1%} (h‘({) — hgs)) =-2

Finally, if (n,m) = (4,3), we have

for any r,s and we are done.

o) _ Jalr) fi(s) AP +182422r+6 3s2+6s+2
A Y 3l 24 6

> 3 2
(34842) > 1. However, as v, (8 E22r40) — 9 holds, we

ACE R

and thus the difference cannot be an integer.

and notice that v,

deduce that

The proof is now finished. U

Remark 9. Suppose that

p(x) =4q(y)
has infinitely many solutions that are rational having bounded denominators. Then,
this fact does not yield that there are infinitely many solutions that are integers. In fact,
there is always a solution to

h,(lr) =5

with a bounded denominator. Namely, for any n € 779 and r € Z>°, one can find some
s € Q9 as we have

h(r) f,;(r) _

n = —

n!

On the other hand, we know by [5] that h,([) is non-integer for any r and n €
{1,2,...,32}. Hence, even if h,(f) = s has infinitely solutions that are positive with
bounded denominator for any n € {1,2,...,32}, one cannot find a positive integer

solution to it.
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4.2 Analytic Results

In this section, we present various integerness results on the difference of

hyperharmonic numbers. We start with a simple observation.

Proposition 10. Let m be a positive integer and let p > m be a prime number. Then for

any positive integers r, s, the difference

hy) —hS)
is not an integer.
Proof. By Lemma 3, we know that
hy) = ﬁ’n—('r)

Also, we have by definition

fr(x)=x(x+1)...(x+p—-1)=x" —x € F,x].

n—1

This yields f; (x) = —1 in Fp[x], which means that if fll,(r) = Z cxr*, then p divides
k=0

each ¢ except for the constant term, c¢g. Consequently,

has p-adic valuation —1. As p > m we have

VP(h](q::)) —v, (f;%(ﬁ) >0

s!

so that V), (hg,r) — h,(,f)> = —1 and we are done. O

Let I, , denote the set of integers {r,...,n+r— 1} for any n,r € Z>° and let I, ,(p) be
the set of integers in I, , that are divisible by p. Notice that if there is a prime p < n
and I, ,(p), then h,([) ¢ Zas v (hfp) < 0 which can be seen from the proof of Lemma

3.

Fact 11. Let ¢ be a positive integer. Then, there exists x. € R which depends on ¢ so

that for any x > x,, there is a prime number inside the interval ((1 — ¢)x, x].

44



Proposition 12. Assume that m,u are two positive integers. Then, there is n. € 70

which depends on m, u so that for any n > n., we have hE,”) — h,(,y) ¢ 7 for any s € 79,

Proof. Suppose that n. € Z>° is large enough such that (23—”,71} contains a prime

number for all n > n, via Fact 11. We can also suppose that . > max{=" 3m 3,3},

Now, assume that n > n.. As n > 3u — 3, we have 23—” > % and

2n n+u—1
= c(2 = - ]
(3 = (5

n+u 1

As a result, we can find a prime number p satisfying < p < n so that we have

u—1l<pandn+u—1<2p. Thatis, I, ,(p) is pitself and |1, ,(p)| = 1.

Next, we can write

n+u—1
+u—1 LA
(wy (PTU— r _i=u
hn —( u—1 )(hn+u1 hufl)_ !
with A; = w andi € {u,...,n+u—1}. Now,
n+u—1 m+v—1
Y A ). B
hnu) . hgr\:) _ _i=u =
n! m!
where Bj = M for je{v,....m+v—1},
Moreover, as |I,,(p)| = 1, we can say that p|A; for all j =u,...,n+u—1 except for

Ap. Hence, v, ( “) ) < 0. Furthermore,z’l > m implies that n > 3’" andm<p<n
holds. Then, v, ( )> > 0, so that h( ) h( ") has a negative valuation. The proof is

now complete. O

As a corollary, we can state the upcoming remark.

Remark 13. Assume that n,m € Z>° and p is a prime number satisfying m < p < n. If
(v)

for some u € Z>° we have |I,,,(p)| = 1, then the difference n — Y is non-integer

for any v € Z>0.

Proposition 14. Suppose that n,m,u are some positive integers and a,b > 1 and p,q €

P=™ are some positive integers where one of the followings

(a—1)n<u<an, Zi—lld<p<n or (4.35)
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bn n+u u
— <b - 4.36
2 SUSUh sty (4.36)
hold. In either case, the difference
ni) — )

is not an integer for any positive integer v.

Proof. We give our proof by showing that |1, ,(p)| = |I,..(q)| = 1 together with p,q >

m and get the result via Remark 13.

In the first case, p < n yields (a —1)p < (a — 1)n < u. The inequality % <p

implies n+u < (a+ 1)p and u < ap+ p—n < ap. Also we have ap < n+u
holds as otherwise we obtain ap > p+r or (a— 1)p > r, a contradiction. Hence,

(a—1)p<u<ap<n+u<(a+1)pholds, so|l,,(p)| =1 which proves the first part.

Now, let us show that I, ,(q) = {(b+1)q}. We have g < n and as bg < u, we have
bg+q=(b+1)g < q+u<n+u. Moreover, n+u < (b+2)q yields that (b+1)g =
(b+2)q—q>n+u—q>u. Thus, we obtain bg <u < (b+1)g<n+u< (b+2)q
and we get |I,(n,r)| = 1. The result follows. O

Based on our observations, the following proposition emerges, providing a way to
() _ p(v)

locate the intervals containing u such that 4, ' — is not an integer.

Proposition 15. Assume that n,m € Z>° and p is a prime number, satisfying n > p > m
together with 4 < p. Let u be any positive integer in ((t — 1)p, (t+1)p —n| for some

t € Z>°. Then, hfl”) — 1Y is not an integer for any v € Z>0.

Proof. Suppose thatt € Z~%andu € ((t—1)p, (t+1)p—n]. We have (t—1)p < u. We
alsohave tp < p+u <n+uastp— p < u. Moreover, the inequality u < (r+1)p—n
yields that n+u—1 < (r+1)p and u < tp. Hence, |I, ,(p)| = 1 and since p > m, we

obtain the result via Remark 13. O]

Remark 16. Let n € Z”>° and let p be a prime number satisfying 5 < p <n. Then,
Vp (h,@) > 0 holds if and only if u € ((t+ 1)p —n,tp] for some ¢ € Z>°.
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Proof. Suppose n is a positive integer and p a prime satisfying 5 < p < n. Let us set
L= ((t+1)p—n,tp| and J; := ((t—1)p,(t+ 1)p—n]

fort € Z>0. So, we have

LUJ = ((t—1)p,tp].

Letu > 0 be an integer. Then, u € I; UJ; for some ¢t € Z. Now, if u € J;, then v, (h,@) <
0 as we know from the proof of Proposition 15. If u € I, = ((t + 1)p — n,tp] then we
get(t+1)p—n=tp+p—n<usotp+p—1<n+u—1holds.

As aresult, we have

u<tpandtp+p=(_t+1)p<n+u—1.

Moreover, since |1, ,| = n < 2p, we deduce that I, ,(p) = {tp, (t +1)p}.

Now, we can write

n+u—1
Y A
h’(iu): i=u
n!
where A; = w forie {u,....n+u—1}.

Note that p divides A; for all i € {u,...,n+u—1} and we know that v,(n!) =1 by our

assumption. Hence, we obtain

and we are done. ]

Remark 17. Let n be a positive integer and let p,y be the greatest prime number which

is smaller than n. Then we have

vy (1) 20

if and only if u € ((r + Dpy — n,tp<n>} for some t € Z~9.

We are now prepared to prove Theorem E, needing only the following fact.

Fact 18. Let p; denotes the k" prime number. Then, for any real number € > 0, we

have

23
Y (prs1 — pi)* e xBHE

Pr<x
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by [29]. Moreover, if we assume the Riemann hypothesis, then by [30] we have

Y (Per1 —pr)* < xlog’x.
PESX
Theorem E. [8, Theorem B] Let
O(x) = |{(n,m,u,v) € [1,x]*: n,m,u,v e 2°, ni ¢Z}|
Then, for any positive real number € > 0 the equality
4 2 te
Q(x) =x"+0¢ (x18 )
holds. Furthermore, under the Riemann hypothesis, we have
O(x) =x*+0 (¥’ log’x).
Proof. Let n. be a positive integer. Let us set
T(x) = |{(n,m,u,v) € [1,x]*: ncgnm<nh ¢Z}]
and for any positive integer n, let us set
Ru(x) = [{(m,u,v) € [La]*: m < n,h" —h) € Z}).
Then, we have

Tx)+ ) Rn(x):1x4+0(x3) (4.37)

ne<n<x 2
as we only count the quadruples satisfying m < n inside [1,x]*. Moreover, since the

cases m < n and n < m are symmetric, we can write
Q(x) =2T(x)+ O(x3).

Observe that we have

—o(LEX1)-o(LL L 1+E¥Y ¥ 1)

vxu<xm<n Vv<xu<xm<p ) v§xu§xp<n>§m§n (438)
n ez Wl ez Wl ez,
Now, it follows from Remark 17 that
(u)
Vi (hn ") 20



if and only if u € ((a+ 1)p(,) —n,ap,] for some a € 7>°. Notice that as u < x the

number of such integers a is bounded by Lﬁj . In addition, for any # that is not prime,
we set

a(n) =n—py
so that we have [{n € ((a+1)py —n,apyy| NZ}| < a(n).

Let n be a positive integer and let (m,u,v) be an element in R,(x) with m <

(u)

P(ny so that the corresponding difference £, — h,(nv) is an integer. Thus, we have

Vo (h,(f) —h,&p) > 0 and since m < Pn)s the hyperharmonic number h,(,r) has a

non-negative p,-adic order. Hence, we have
vp<n> <h’(1u)> 2 0.

Now, we are ready to deal with the last error term in (4.38). For the first summand, we

can write

Y Y Y=y ) }!

v<x u§xm<pm> u<x vgxm<p@>
WY —h ez Vo ()20

< LY pw

uxv<x

Vi () 20

X
< d(n)p,
vécl’<n> v

<x’a(n).

For the second summand, we have

YY Y <Y Y (am)+1) <<+
VEXUSXpy<m<n  v<xu<x

p _pWeg,

Notice that at(n) =n— P(n) # 0 as n is not a prime so that the both summands above

yield O(x*a(n)). As aresult, (4.38) becomes

Y Ru(x)=0 <x2 Y d(n)) . (4.39)

n<x n<x
Now, let p; denote the i/ prime and let n € (p;, pis 1]. Then,

o(n) < piy1—pi-
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So,

Y am) < (pin —pi)°
ne(pi,pit1]

and we have

Yam<Y Y am) <Y (pi—pi) (4.40)

n<x Pis<xne(pi,pit1] pi<x

We know by Fact 18, if € > 0 is any real number,

3
Y (piv1— pi)’ <e xite
pi<x
holds. As a result, (4.39) can be written as
Y Rix)=0(x*Y an) | =0 (x%“) :
n<x n<x

Then, we can rewrite (4.37) and have

T(x)= §x4 + O <x%+s> :

Consequently, we are able to write

0x) = x* + 0 (xT5+°)
which proves the first part of the theorem.

Furthermore, by assuming the Riemann hypothesis, Fact 18 leads to

Y (Prs1 — pi)* < xlogx.
Pr<x

Combining this with (4.39) and (4.40), we obtain

YEx)=0(2Y a®) ] =0(logx).
n<x n<x
Therefore, we proceed as in the previous part, we find that

O(x) =x*+ 0 (’log’x).

This concludes the proof. [

50



4.3 Integer Differences and Concluding Remarks

The results in the previous sections indicate that it is not likely to have an integer

hyperharmonic difference. First, we will show for any n € Z that h,(f) — h,(f) € Z may

hold for infinitely many r and s.

Proposition 19. Let n be a positive integer. Then,
n —n ez

whenever r = s (mod n!) for some r,s € Z>°. Moreover, if p > 5 is a prime then
W —n) ez

whenever r =s (mod (p—1)!).

Proof. Let us write

) _ Ja(r)
" ol
n—1
where f,(x) = H(x+ J). We may also write
j=0
, n—1 )
fu) =Y apx/
j=0
for some ag,ay,...,a,_1 € Z>9. In fact, we know by Section 4.1 that
—1)2
ap=n—-1), a2 = %, ap—1 =n.

So we may write

r s 1 / /
=i = () = £(9))
1”21 .
=— Y oa,(r—s)
n!j:O /
LY o Y
—n! a\r—38)\r s

and hence, the difference is an integer whenever r =s (mod n!).

Moving forward, if n > 5 is a prime number, say p, we have
/ p-l .
fp(r) = Z ajr’.
Jj=0
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However, we know by Proposition 10 that p | a; for any j # 0. So,

= P
p—1 , )
=Y pbj(r—s)(r 45T
j=1
L ) s
= bi(r—s)(r’7" +---+s/7
(p‘_l)!j—1
for some b; € 70,
Hence, the result follows. L]

Remark 20. The modulo in the equivalence r =s (mod (p — 1)!) can be improved to

@ with a little effort. The interested reader may consult our work [8].

Remark 21. One can derive a version of Proposition 19 for the primes p = 2,3. For
p = 2, observe that hgr) =r+ % Hence, hgr) — hés) € Z for any positive integers 7, s.

Moreover, we have

2 k—1 k—1
N ) e (=) )
hy’ —hy _ga Bl

for some by € Z> such that the difference is an integer if r and s are both odd or even.

Now, let us revisit the problem of Mezo:

Problem. What are the integers n # m and r # s such that the equation

n = nyy
is satisfied?
For n = 2, we have

hér) =r+ %

with r € Z>0. Hence, if we can find some m, s € Z~° so that

1
hWeZ+?
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or an half-integer, then we may find an r € Z>° satisfying hgr) = h,(,f). We know by

Theorem 4.2 that hér) = h,(,f) does not hold for m = 3,4. Moreover, by Proposition 10,

we have hgr) — hgs) ¢ Z. Surprisingly, for the next candidate m = 6, and with the help

of SageMath [31] we find values of s such that

1
W ezmy .
o €L+

Then, employing Proposition 19, we are able to find infinitely many positive integers s

such that r where hés) is a half-integer. Hence, we have

) =Y (4.41)

for infinitely many (r,s) tuples. We provide several examples as below.

e For r =20 and s = 47501, we have hg) = hgs) = 23003,
e For r =55 and s = 5228670, we have h\/) = p{") = 10457341,
e For r =75 and s = 23275838, we have hér) = hgs) = _465521677'

e For r= 100 and s = 94231673, we have A" — h{}) — 188463347,

In addition, for n = 6 and m = 3, there are infinitely many positive integers (r,s) so

that ") — h{*) is an integer. For instance, if r = 15 we get 4. = 80507/6 and if s = 1

we get hgl) = 11/6. Hence, we have

hS — ) = 13416,

In particular, if (r,s) € {(15,2i+1): i € Z="} then

is an integer by Proposition 19.

For m = 4, the set yields
(r,s) € {(5,4+k-(41)) | k € 270}
infinitely many integer hyperharmonic differences.
Moreover, if m = 5, the set {(6,1+ k- (41)) | k € ZZ%} of (r,s) implies ") — h{") € Z.
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S. RESULTS ON THE GENERALIZED HARMONIC NUMBERS

One of the generalization of the harmonic numbers is the generalized harmonic
numbers. For any positive integers n and s, the ' generalized harmonic number of

order s € Z>0 is defined as the sum

As the series satisfy

we note that they are non-integers except for the trivial case, n = s = 1.

Let p be a prime number and § be a rational number. We write p |  to mean that the
numerator of § is divisible by p in the lowest terms. We will also use § =0 (mod p)

when p divides a and not b.

In [9], the set J(p) was introduced as the set of positive integers n where the numerator
of H, is divisible by p. We consider the generalizations of this set as follows. Let s be

any positive integer. We will investigate the set
J(p,s):={necz°: HY =0 (mod p)}

together with
J(p's)i={nez”®: 1Y =0 (mod p*)}.

5.1 Characteristics of J(p,s) and J(p*,s)

Itis known by [16] that H,_; =0 (mod p)? for any prime number p > 5. Hence, p— 1
is in the set J(p). A similar result holds for generalized harmonic numbers, as shown

below.

Proposition 22. [32, Theorem 1] For any positive integer s and any prime number p,

we have

H[()il =0 (mod p)

provided that p— 1 1.
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Proof. Let s be any positive integer and p be a prime number with p — 1 { 5. Assume

that (Z/pZ)* is generated by a. Observe that pt a®— 1 as p — 11 5. Now, let us set

and notice that for any i,j € {1,...,p— 1} we have ai # oj whenever i # j. So,
{ai: 1 <i<p—1} gives the same set of residues. Then,

p—1 1 p—1 1

= * d p).
) oS (mod p)

Il
—
~
>
Il
—_
—~

Thus, o *(a* —1)S =0 (mod p). As pta ¥ and pt a®— 1, we have

]

We now notice that the set J(p,s) holds an essential property that is also found in the
set J(p).

Lemma 23. Suppose that p is a prime number, s is a positive integer and n belongs to
J(p,s). Let n = pm+r where m € Z”° and 0 < r < p — 1. Then, whenever p — 11
we have m € J(p,s). In fact,

Vo (HY) > s

is satisfied.

Proof. Let n be a positive integer in J(p,s) and p — 1 {s. We have by Proposition 22

that if p— 1 {5 holds then H\, =0 (mod p). This implies that for any k > 1,

1 1 1 1 1
+ et + =
(pk—p+1)*  (pk—p+2)* (pk—1)5 ~ (pk)* — (pk)*

holds. Hence, writing n = pm+ r for some m € Z”% and 0 < r < p — 1 yields

(mod p)

1
H,(ls) = —SH,(HS) +Hr(s) =0 (mod p)
p

1
so that v, (—SHn(f) +H,(s)> > 1 holds. However, as 0 < r < p — 1, we have that
1
vy (H,(s)) > 0. As aresult, v, (—SH,Sf)> > 0 must hold. So, we obtain that m € J(p, s)
V4
with v, (HY) > s. 0
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Now, we see the relation between the sets J(p,s) and J(p®,s).

Proposition 24. Assume that p is a prime number. Then,
[J(p*,s)| < eoif and only if|J(p,s)| < oo,
whenever p — 11s.
Proof. Notice that if J(p,s) = {n € Z>0: HY =0 (mod p)} is finite, then clearly

{(nez”: HY =0 (mod p*)} = J(p',s) is finite. Now, let us assume that J(p*,s) is

finite but J(p, s) is infinite and obtain a contradiction. Let us say
J(p*ys)={n <--- <m}

and let us choose an element n € J(p,s) big enough, namely, n > p(n;+1). Then, we
can write n = pm+r where 0 < r < p— 1. We have by Lemma 23 that

1
H,&S) = fH,(,,s) —|—H,(s) =0 (mod p)

pS‘
Vp (H,sf)) >s

so that m € J(p®,s). However, we have

with

— = 1 1)— 1 1
motornoptl plut ) —pt 1 putl
p p P p
contradicting the fact that J(p®,s) is finite. O

ng

5.2 Upper Bound for J(p,s)

Let x > 0 be a positive real number, p a prime number, and s a positive integer. We set

Jp,s(x> = "](pas) N [17x”

so that we count the number of elements in J(p,s) up to x. Our aim in this section will

be to obtain an upper for this function. In fact, we will prove the following theorem.

Theorem F. [13, Theorem A] For any prime number p, positive integer s and real

number x > 1 we have

2 1 logs logs
Tps(x) < 33 T 25logp T 3logp T 3logx |
: <

Moreover, if p > se%, then
Jps(x) = o(x).
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Now, let us suppose throughout this section that p — 11 s.

Next, we inductively define the sets
Jpjs(l) ={1<m<p-1: H,Sf) =0 (mod p)},
Jp,s(k“) ={pn+r:ne J,(,Ifg, 0<r<p-—1, pn+rel(p,s)}forke 779,
Lemma 25. For any k € 7”9 we have J},’fs =J(p,s)N[pk=1 pk—1].
Proof. We prove by induction on k. If k = 1 we have
Jp7s(1) ={1<m<p-1: HY =0 (mod p)} =J(p,s)N[l,p—1].

Assume that the claim holds for any i < k. Now, we will establish that

k+1
IV =15y niph P 1),
(k+1) i, k) .
LetzeJys ',s0z=pn+recJ(p,s) for some n € J,5 with 0 <r < p—1. Then, as

ne JI(,lfs), we have n € J(p,s)N[p*~!, p* — 1], so that pn lies in the interval [p*, p**! — p].

So,

k+1

pPr<z=pntr<p—ptp-1=pt-1

and z € [p*, p**1 —1]. Conversely, if z € J(p,s) N [p*, p*1 — 1], then z = pn+ r for

some n € Z>% and 0 < r < p — 1. Moreover, via Lemma 23, we have n € J(p,s).

Finally, as
pr<z=pntr<pti—d
holds, we get n € [p*~!, p* — 1]. Hence, we obtain n € J 1(,]? . The proof is now complete.

]

Corollary 26. For any prime p and positive integer s, we have

We see that the set J(p,s) can be partitioned. At this point, we can establish an upper

bound for the elements in a short interval of the set.
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Lemma 27. Suppose that p is a prime number and s is a positive integer with p — 1 1 s.

Letx,y € R®% with 1 <y < p and let
J(p,s)Nx,x+y| ={n <--- <m}.

Then, for any d > 1,
{j:njp1—nj=d}| <s(d—1)

holds.

Proof. For j=1,...,t —1,wesetd; =nj;; —n;. Observe that

] | 1 1
nj+1) (njy1)* (nj+1)8 (nj+dj)*

(
=0 (mod p). (5.1)

HY), —Hy) =

1

Moreover, for any d > 1, set f;(x) = (x+ 1)(x+2)...(x+d). By first taking the

logarithm and then differentiating the equation, we get

L) 1 1 1
falx)  x+1 +x—|—2+ +x+d'
Now, let us set )
fd(x)
x) = )
gd( ) fd(x)
One can show that .
g () = (= Y (ot )Y
<j=1

for any k > 0. Then, for any integer s > 1, we can write

gy ()= (=" (s 1)! ((xJ: 0 (x+12)s o (xid)s)

such that

&6 ) = (=0 6= 0! G+

= (—1) s DU(HY,, - HY).

1
(n +dj)s>
We know by (5.1) that Hlijzrl — H,gj) =0 (mod p). Thus, we have

gglsj_l)(nj) =0 (mod p).
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Now, since the numerator of gc(lsjfl) (x) is of degree s(d; — 1), it has at most s(d; — 1)

many roots modulo p. Then, if we take d = d; we get the result. 0

We now extend the argument presented in [12] to generalized harmonic numbers,

which will be used to count the elements in short intervals within our set.

Lemma 28. Lety > % be a real number, and s be a positive integer with uy,...,u; being

integers such that 0 < u; < s(i— 1) for i = 1,...,¢. Additionally, assume that

t
Y iui<y.
i=1

Then, it follows that
1

! 9\°
1+Zu,~§ 3 y3s3.
i=1

Proof. First, if £ > &, then setting y to be ¥ and a;’s to be % yields the result by [12].

W=

However, our objective will be bounding y by a prime number p to count the number

of elements of J(p,s) in short intervals. Therefore, we will prove the general case.

First, if % > %, then assigning y to be % and u;’s to be % gives the conclusion as shown
in [12]. Nevertheless, our goal is to bound y using a prime number p to estimate

|[J(p,s)| within short intervals. Hence, we will establish the general case.

To start, if u; +--- +u, < 1, then we obtain

1

! 9\° 5,
1—{—Zu,~§2§ 3 y3s3

i=1
since y > % and s > 1. Thus, we can assume that u; +---+u; > 2.
Next, we will rewrite each pair (u;,u;,1) of integers as follows. If u;, < s(ip — 1) and
jy1 > 0, then substitute u;, with u;, = uj, + 1 and ujo 1 with u; | = ujo . — 1, while

keeping the remaining numbers unchanged.

Consequently, for these new integers u/1 . ,u;, we have
/ .
0<u;,<s(i—1)

withi=1,...,t.

Observe that for any pair (u;,u; 1), we have
/ /
uitu g =ui+ 14w —1=u+uip,
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and furthermore,
iu;—l— (i+ 1)M;'+1 =iui+i+ i+ Duppr — i+ 1) =iwi+ (i + Dujpy — 1 <iug+ iujy .

Thus, we derive

t t

Z iu; < Z iu; <y (5.2)

i=1 i=1
and

! !
U; = Z uj.
i=1 i=1
Continuing this procedure, we obtain w < t integers vy, ..., v, satisfying
v =s(k—1)forl <k<w,and 1 <v, <s(w—1)

as well as

w t
Z Vi = Z u;.
i=1 i=1

Moreover, we can express using (5.2) that

IN

v <y.

-

i=1

Observe that this process produces a monotonically increasing sequence of
non-negative integers that increments by s at each step. Ultimately, we consider only
the non-zero elements of the sequence and know their precise values, except for the

last one, v,,.

Now, we have
w w—1 w—1 w—1
y> Zivi:wvw-l- Z vi =ww, + Z i(s(i—1))=wvy,+s Z(iz—i)
i=1 i=1 i=1 i=1

such that

yzs(w(w_l)<w_2))+va. (53)
Here, (5.3) implies that
s(wiw—=1)(w=2)) 43wy, < 3y,
and consequently,
(sw(w—1)(w—2) +3wm,) 353 < (3y)2/3s1/3 (5.4)
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is valid. Moreover, we have
1 w—1
vi=v,+ Yy s(i—1)
=1

! w
Zui Zvi:vw—f—
i=1 i=1 i=1 i
w—1
—1)(w—=2
vw—l—(sZi—l):s((w )2(W )>—|—vw.
i=1

t
Next,as 1 <y, <w-—1and Zu,— > 2, we have
i=1

(S(W— 1)2(W—2)

w

+vw> >2,

which implies that w > 3. Now, we will examine two cases: when v,, = 1 and when

Yy > 2.

Casei). v, = 1.

It can be noted that (5.4) may be expressed as

(sw(w—1)(w—2) +3w)>3s1/3 < (3y)23!/3,

2 (1+§u,~) =2 {1+ (s(w_l)z(w_z) +1>]

=sw—1)(w—2)+4

and if

2/3
< (sw(w —1H(w=2)+ 3w> s1/3
is satisfied, we reach a conclusion. To clarify, if
(s(w—1)(w=2)+4)> < s(sw(w—1)(w—2)+3w)? (5.5)
holds, we finalize our argument.
Now, when s = 1, we derive
(w=1)(w=2)+4)> < (ww—1)(w—2)+3w)*.

Nonetheless, the inequality holds for any w > 3, which can be confirmed through the
proof of [12, Lemma 2.3]. Thus, we can assume s > 2 for the remainder of the proof.
Then, let us define

z=w—-1)(w=2)
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such that z > 2 since w > 3. Consequently, the inequality (5.5) can be expressed as

s(swz+3w)? — (sz+4)° > 0.

Therefore, our objective is now to demonstrate that
w?(sz43)% — (sz+4)° > 0.
However, for the left-hand side, we have
w2 (sz43)? — (sz+4)° = sw? (222 + 652+ 9) — (5°2° + 125°7% 4 4857+ 64)
= (W22 + 652w+ 9sw?) — (°2 + 125722 + 4857+ 64)

= (W% — ) + (652 WPz + 9sw? — 125722 — 4857 — 64)

= (3572w —252) + (- 12522 4 (65*w?z — 4857) + (9sw? — 64))

= (szzz(?)sw —25—12)) + | 65z (sw? —8) + (9sw? — 64)
0 >0
> >

since s > 2,w >3 and z > 2.

Case ii). v,, > 2.
l

3
First, let us assume that w > < y) is satisfied. We know from (5.3) that
S

yzs(WW—l)(W—z))wVW:B.

3
Therefore,
1+Zu,— 1(w—2)+v,+1
3w
W3<§( —1)(w—2)>+vw+1
3 sw(w—l)(w—2)+2 +2
= — — v —
2w 3 3w W
3 w 2
B_
=2 B33
3 2 2
B—— >2
_2W< 3w+3w) as vy,
<
- 2w

Consequently, we obtain

1
3 9\°
1+Zuz——y 2, - :<§> s

W —




3y ?
Finally, let us check the case w < (_y) . Recall that w > 3 and v,, < s(w—1) is
s

satisfied.

Thus, we conclude that

t
S
1—|—Zu,~—§(w—1)(w—2)—|—vw+l
i=1
§%(w—1)(w—2)+s(w—l)+l
1
:E(SWZ)_%+1
1
SESWZ
2
<1 3y ’
_s JE—
2 K
1
9\° 21
= g y3s3
and we are done. O]

Lemma 29. Let x,y be real numbers and let p be a prime number where % <y<p.

Then for any integer s > 0,

1
9\° 2
Ups) byl < | o] yiss.
Proof. Let us write J(p,s) N [x,x+y] ={n; <--- <mn} and set
we= {1 < <t—1 | njr—ny =R}

Then, by Lemma 27 we have 0 < u;, < s(k — 1). Furthermore,
t—1

Y kug =Y (njs1—nj) <y
X

j=1
holds so that the assumptions of Lemma 28 hold.
Then,
(ps)Nrx+yl[=r=1+) e <y
k

and the result follows by Lemma 28. [

We are now ready to prove the main theorem of the section, Theorem F.
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Proof of Theorem F. First, for s = 1, we find J(p,1) = J(p) and thus the result is
obtained from [12]. Additionally, we may exclude the cases p = 2,3,5 from Table 5.1.

Hence, we may take p > 7 with s > 1. Now, let us set

1

C= (g) (p— 1)%s%.

Now, by Lemma 29, we know that

| =W p-1<c.

Moreover, via Lemma 25, we have

‘J,(fi?”) = Y V(p.s)nlpn,pn+p—1]| < ’Jﬁ’i?

neJ ,(,Ifs)

C.

As a result, we obtain

for any k € Z>0.

Now, we begin our analysis of J,, ;(x). Let m be the positive integer satisfying

pm—l §x<pm'

Then, we can write

Jps(x) = I (P = 1)+ I (p,s) N [p™ A (5.6)

and consider the summands one at a time. For the first summand, we can write via

Lemma 25 that

C
<& ot (5.7)
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For the second summand, we write

T(p.)n[p" LAl < Y W(p.s)Npn,pn+p—1]|

neﬁﬁ_”
pn<x
X
<C ) 1= C‘J(p,S) N [p’"_z, —] :
(m—1) p
nedp s
pn<x
Moreover, notice that we have
X X
C‘J(p,S)ﬂ {pm‘z,—} ‘ <C*|J(p,s)N [pm_3,—2}
p p

and by proceeding in this way, we derive that

U(ps) A"l < € 'J<p,s> n [pm-z, I—J ‘ <o

J(p,s)N {1,1%] ‘ (5.8)

Now, for }J(p,s) N [pl, 1%} , if we have x < 3p”~!, then we obtain

1 2
X 9)\3 X 3
‘J(p’sm[l’pm‘lﬂélg(g) (p’"‘l) 4

If we have x > 3 p’”’l, then via Lemma 29, we get

o onfizl< (3) ()

Hence, (5.8) can be rewritten as
1
(1) )
— 8 pm—l

Now, via (5.7) and (5.9), we can write for (5.6) that

W=

W —

Wi

J(p,s)N[p" L]l <! 53, (5.9)

Ips () = Ips(p" ™ = 1)+ W (p,s) N [p" " |




Observe that the fact p"~! < x < p™ implies that

mo1< logx.
logp

Thus,

logx

1 \NTogp m 2 . m
Jps(x) <3 <e25> §3x3 =3 <x25‘°g1’ §3x

Now, we examine on s3 to finish the proof. We have

m—1 logx

s 3 S s310gp

so that

logx
glogx __ log (s°8%) _ plogxlogs _ logs

Therefore, we get

logx logs
g3logp — x3logp

which implies that

1 )
On the contrary, for s3 we obtain

1 logs
s§ — x310gx .

Then, by combining (5.12) and (5.13), we have

m logs + logs
§3 < x3logp ' 3logx

Now, substituting our result into (5.11), we derive the upper bound for the set as

2 1 logs logs 2
Tps(x) < 33 T 25T0gp y 3logp T 3logy — 33T

Finally, to obtain J), ;(x) = o(x), one must guarantee that

1 logs logs

25logp 3logp 3logx
holds.

Finally, for the last part of the proof, the inequality

1 logs logs

25logp 3logp 3logx
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must hold to have J, ;(x) = o(x). In other words,
9logx+75logxlogs+25log plogs < 75logxlog p

must hold. However, if x sufficiently large, then 251log plog s is relatively insignificant.

Thus, if the inequality
75logxlogp > 9logx+75logxlogs
is satisfied, then we obtain the result. So, by considering log p —logs > %, we obtain
3
p > se»

and the proof is now complete. 0

5.3 Computational Results on J(p,s)

In this section, we will continue to explore J(p,s) and derive finiteness results with
computational techniques. We computed |J(p,s)| for some values of p and s using

SageMath [31] with the code provided in the appendices.

Table 5.1 : The values of |J(p,s)| for various values of p and s.

ps12345678910
2 ololololololo]o] 0
3 ol1]ol1lo[1]o]1]0
5 21 Tol1]21]ol1] 2
7 [ 3t 2]1]o[1]2]1]2
1 |63 |232l3][21]2]1]0
13 | 3 |2(1]21]4l3][2]1]2
17 | 3 [2(3]4l1]2]3]4]4]2
19 [ 19 2[1]21]2]3]4]5]2

As shown in Table 5.1, for certain values of s, the set J(p,s) is non-trivial. In other
words, J(p,s) contains additional elements beyond p — 1, assuming p — 1 {s. For
example, let us demonstrate for s = 2 that the elements p—;] and p — 1 are in the set
whenever p > 3. Assume that p > 3 is a prime number. We know by Proposition 22
that

HI(,S_1 =0 (mod p).
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Moreover, notice that

1 1
7= TEhE (mod p) (5.14)
is satisfied for any i with 1 <i < ’%1 As a result,
p—1 e
@ _v1_ 1 @) _
H”\ = 1 72:2.2;72 —Z(H(p 1)/2> =0 (mod p)
i= i=
so we have H®) =0 (mod p)
(p—1)/2 — '

In particular, we can extend this fact to all even s and primes p > 3 satisfying p— 11t
since (5.14) is valid for any such values of p and s. Now, let us establish our finiteness

result.

Theorem G. [13, Theorem B] Suppose that p is a prime and s > 2 is an integer

Vp <Hr(s)) <s—1

is satisfied for any r € {1,2,...,p— 1}, then J(p,s) C {1,2,...,p—1}. In fact, J(p,s)

satisfying p— 1 1s. If

is finite.

Proof. For the first part, let us assume that n and s > 2 be positive integers and p be a

prime number satisfying p — 11 5. Let us write
Pl << pk

for some positive integer k > 2 so that we have

G L S S
L s (pk—l)s (zpk—l)s ns’

One can notice that the terms with the least p-adic valuations are those whose
denominators involve multiples of p*~!. So, the p-adic valuation of H,gs) is determined

by them. So, suppose that there are r < p — 1 many such terms, namely, we have
P < <n<pt

This yields that

1 1 1
Vf’(@kl)s Ty T <rpkl>s)

A
_— (H,(s) (pkl—l)s) = —s(k—1)+v, (H,(S)).
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Moreover, if the assumption

Vp (Hr(s)) <s—1

holds for any r < p — 1, then we get

1 1 1
v”((p"“)s Ty T (rp"‘l)s)
— (k- 1)+v,,(H£S>) < —sk—1)+s—1=—s(k—2)— L.

Furthermore, notice that

(s) 1 1 1 1
Hy’ = 1—1—5—{‘"'4‘@4—"'4— +(pk71>s+.”+.”+n_.

of p-adic val:>—s(k—2)

Hence, if n > p or if k > 2, then H,ES) has a negative p-adic order so that n ¢ J(p,s).
Therefore, n < p must hold and we get J(p,s) C {1,2,...,p— 1} and the set is finite.
U]

Now, let us look for cases where the condition on Theorem G fails. Let p =5 and

s = 2. One may verify that

e Forn =1, we have H,gz) =1 and v; (H,gz)) =0.
e For n =2, we have Hn(z) = % and Vs <H,Ez)) =1.
e For n =3, we have Hn(z) = % and Vs <H£2)> =0.
e For n =4, we have H,gz) = % and Vs (H,@) =1.
Hence, the condition in the theorem, namely
Vs (H,E“‘)) <s—1=1
is satisfied for any n € {1,2,3,4}. As a result, we get that

J(5,2) € {1,2,3,4}.

In particular, one may check the SageMath [31] code we provide in the Appendix that
J(5,2) ={2,4}.

Next, let us set p =5 and s = 2.
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0.

For n =1, we have H,gz) =1 and vy (H,@)

e

For n =2, we have Hy”) = 2 and v <H£2)> —

For n =3, we have Hy” = 42 and v, <H,§2)> =2.

For n =4, we have H,Ez) = % and vy (Hn(z)) =0.

For n =5, we have H,gz) = % and v; H,Sz)) =0.

For n = 6, we have H,EZ) = % and v; (H,@) =1.

Here, the condition in the theorem
Vs (Hr(z)) <2-1=1

fails as we have vy (Hr(z)) = 2 for r = 3. As a result, there must be an element in

J(7,2) that is greater than 7. In fact, we find that
V7 (Hz(? ) =1,

s0, 26 € J(7,2). However, again with the help of SageMath [31], we find that there is

not any other elements in the set and we get

J(7,2) = {3,6,26}.

Now, if p =37 and s = 3, we find via SageMath [31] that
vy (Hyg ) =32 2=s-1.

Therefore, we expect to have some element in J(7,3) that is greater than 37 and it turns

out that J(37,3) = {4,13,23,32,36, 1340, 1360}.

Recall that we showed I%I,p —1 € J(p,s) for any all even s and primes p > 3
satisfying p — 1 1 5. Moreover, we know by Proposition 22 that p — 1 € J(p,s) for
any p,s with p — 1 {s. Thus, it seems reasonable to consider r = p — 1 as a potential

candidate where the inequality v, <Hr(s)> < s—1 could fail. Consequently, for this

(s)

purpose, it is essential to determine the exact p-adic order of H,”, or to look for the

p
corresponding congruences modulo p¥ for some k € Z>°.
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For example, when p > s+ 3, we have

M 2

“1PBp-1- (mod p~) for any even s,
JLII,(,S15{+sl(s+ll)7 2BS 403§ dd (5.15)

~342) P Bp-2-s (mod p°) for any odd s,

by [33,34], where B; represents the 7" Bernoulli number, defined by the relation

X >y .
ex_IZZBJF for j=0,1,2,...
=0

We have By=1,B, = ¢,B4=55,... and B = —5,B3=Bs=B7="--=050B, 1 =0
for any j > 1. Now, if we revisit the case p =37 and s = 3, we obtain via SageMath [31]

that

V37(B32) = Vp(Bp-—2-5) = 1

and (5.15) implies

H3(2) =0 (mod p*).

The prime 37 is, in fact, an irregular prime and it is the smallest. A prime number

p > 3 is said to be irregular if at least one of By,B4,Bs,...,B,_3 is divisible by p.

Furthermore, it was shown [35] that for irregular primes p > 3, the inequality

holds for more than half of all integers s > 0. Thus, focusing on these primes may be

a useful strategy for further understanding our set.

In addition, we provide a brief discussion on the congruence relations involving Euler
numbers. The Euler numbers are defined iteratively as
n
Eg=1and Y < ,)En_j =0
J

0<j<n
j even

for any positive integer n. Now, let p > 3 be a prime number and s = 2. Then, we

obtain via [36] that
=(-1)("7)4E, 5 (mod p). (5.16)

That is, if the Euler number E,,_3 is divisible by p then the right-hand side of (5.16) is

0 and we get

EJ e J(p,2).
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The important fact to notice is that if £, 3 is divisible by p2, in other words, if
Vp (EP* ) >2

holds, then the condition in Theorem 5.3 fails. In particular, we obtian that

pJ

— >

P {4 Trep

is an element of J(p, s) for some r € {0,1,...,p — 1}. Moreover, we call such a prime

p as E-irregular [37]. To sum up, the irregular prime numbers may be crucial for the

finiteness of J(p,s).
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6. CONCLUSION

In this thesis, we cover various sums of unit fractions so that we both introduce new

generalizations and some problems on the classical sums of unit fractions.

A natural example for a sum of unit fractions could be the harmonic numbers and we
first delve into number fields to introduce our generalization of the harmonic numbers.
We call our generalization the Dedekind harmonic numbers. These numbers arise
naturally as the relation between the harmonic numbers and the Riemann zeta function,
and the relation between Dedekind harmonic numbers and the Dedekind zeta function
is similar. The exploration of these numbers include the problems that were studied on
the sums of unit fractions over the years. For instance, a complete answer is given for
the integerness of these numbers. We also provide the criterias on the integerness for
various number fields, examine the integerness of their differences, supplied with an

asymptotic result.

We continue with another generalization of the harmonic numbers called the
hyperharmonic numbers. They also come with intriguing properties in which one can
find plenty of problems to work on. The integerness of them was one of the problems
that have been studied. We aim to answer a question that states if there may be some
distinct hyperharmonic numbers so that their difference is an integer. An answer will
be given via a geometrich approach, supplied with an asymptotic result. Moreover, we

support our work with the cases that has a positive answer to the integerness question.

Furthermore, we also consider another example of the sums of unit fractions, called the
generalized harmonic numbers. These numbers are known to be non-integer except for
the trivial case, but they recover divisibility properties that are similar to the classical
harmonic numbers satisfy. Our study in the related chapter includes a generalization
of a set that was defined for the harmonic numbers by their divisibility features. We
establish the structure of the set and then give an upper bound for the number of
elements in that set. This upper bound comes with an asymptotic result and we finalize

our work with a finiteness result.
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In conclusion, this thesis contributes a comprehensive study on several sums of unit
fractions, their properties, providing new methods and results that lay the foundation
for further exploration of these subjects in number theory. We think that the publication
of our results in three peer-reviewed papers [1], [8], [13], underscores their value in

encouraging and influencing future research.
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APPENDICES

APPENDIX A : SageMath [31] code to determine the elements in J(p, s).
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Appendix A: The elements of J(p,s) were found using the SageMath [31] code
provided below.

def generate_sequence (prime, level):
sequence_list = []
if level == 1:
sequence_list = [prime” (level-1)..prime” (level)-1]
else:
for element in generate_sequence (prime, level-1):
for digit in [O0..prime-1]:
sequence_list.append(primexelement + digit)
return sequence_list

# Set prime_base and exponent

prime_base = 7
exp = 2
element_count = 1
iteration = 1

result_sequence = []

while True:
if element_count == O0:
print ("Computation complete")
break
print ("Current iteration level =", iteration, ":")
valid_elements = |
val for val in generate_sequence (prime_base, iteration)
if valuation (harmonic_number (val, exp), prime_base) > 0

]

print (valid_elements)

result_sequence = result_sequence + valid_elements
element_count = len(valid_elements)
iteration = iteration + 1
print ("J(prime_base, exp) =", "J(", prime_base, ",", exp, ")")
print (result_sequence)
print ("Total number of elements: ", len(result_sequence))
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