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A NEW ANTI-WINDUP STRATEGY FOR FRACTIONAL ORDER PI
CONTROLLERS

SUMMARY

Fractional calculus originated in 1695 and was later expanded by various
mathematicians. Among the most commonly used fractional-order definitions are the
operators proposed by Riemann-Liouville, Griinwald-Letnikov, and Caputo. These
formulations extend classical differentiation and integration to non-integer orders,
allowing for more flexible and detailed mathematical modeling. In control
engineering, fractional-order controllers offer enhanced design flexibility, enabling the
development of controllers with improved performance and robustness characteristics.
Implementing fractional-order controllers requires certain approximations. One of the
most widely adopted methods is proposed by Oustaloup. This aims to construct an
integer-order transfer function that closely emulates the frequency response of a
fractional-order operator.

In control system implementations, various physical constraints must be considered,
one of the most significant being actuator limits. These limitations can lead to a
phenomenon known as integral windup, which occurs when the control signal
produced by the controller exceeds the actuator's physical capabilities. The integrator
continues accumulating error, resulting in an excessively large control signal. This
mismatch degrades the system response by increasing overshoot, prolonging settling
time, and potentially leading to instability.

To address this issue, numerous anti-windup techniques have been proposed in the
literature. This study focuses on a comparison of four leading and widely used
methods: back calculation, automatic reset configuration (ARC), ARC with fractional
filter and fractional integral order reset. While most of these techniques are formulated
based on integer-order PID structures, some have been adapted or developed for
fractional-order controllers. However, these often fall short of leveraging the
flexibility offered by fractional calculus.

This thesis, firstly, focused on key factors contributing to integral windup. Among
these, saturation limits define the physical constraints of the system, while controller
parameters, including the proportional gain, integral gain, and integral order, also play
a critical role. Each factor influencing the growth of the control signal can worsen
windup; however, the effect of the integrator, particularly the order of integrator, is
found to be especially significant and is thoroughly investigated in this thesis.

To evaluate anti-windup performance, existing methods are tested on first-order plus
dead time (FOPDT) systems, which are widely used in control applications due to their
ability to capture the dominant behavior of various dynamic systems, facilitate system
identification, and approximate higher-order models. The proposed stategy is designed
and generalized specifically for such systems, using their characteristic parameters.
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Two key performance criteria are defined for windup mitigation: the tracking error
between the reference and system output, and the magnitude of saturation error. Based
on these, a method is proposed in which the fractional integral order is adapted online.
By dynamically updating the integral order, the proposed structure improves system
performance while suppressing integral windup.

The update rule for the integral order relies on two criteria: the tracking error and the
saturation error. The variation of these metrics is analyzed in relation to the FOPDT
system parameters: the process gain, time constant, and time delay. These relationships
are then incorporated into the update rule, allowing the proposed strategy to be
expressed as a generalized formulation for FOPDT systems.

In conclusion, the proposed strategy has been tested alongside existing approaches on
various FOPDT systems. The comparison is based on four performance metrics:
overshoot, rise time, settling time, and peak time. The results demonstrate that the
proposed approach provides a notable advantage in overshoot suppression and
generally yields a more stable system response compared to the other methods.



KESIRLI MERTEBE PI KONTROLORLER ICiN YENI BiR INTEGRAL
YIGILMASI KARSITI STRATEJi

OZET

Kesirli mertebe hesabi, ilk olarak 1695 yilinda Leibniz ile L’Hopital arasindaki
mektuplagmalarda ortaya ¢ikmis ve zamanla matematikg¢ilerin yogun ilgisini ¢eken bir
aragtirma alani haline gelmistir. Riemann-Liouville, Griinwald-Letnikov ve Caputo
tarafindan tanimlanan operatdrler, bu alanda en yaygin kullanmilan kesirli mertebe
tanimlaridir. Bu tanimlar sayesinde, klasik tiirev ve integral islemleri kesirli
mertebelere genellenebilmis, boylece matematiksel tanimlarin daha esnek ve ayrmtili
ifade edilebilmesine olanak tanmmustir. 20. yiizyildan itibaren, kesirli mertebe
hesabinin miithendislik disiplinlerinde uygulamalar1 goriilmeye baslanmistir. Basta
kontrol, sinyal isleme ve modelleme olmak iizere bir¢ok alanda kesirli mertebe
hesabindan faydalanilmistir.

Klasik PID kontrolor yapisi, oransal, integral ve tlirev katsayilarinin ayarlanmasina
dayanir. Ancak kesirli mertebe kontrolorlerde integral ve tiirev islemleri, klasik
anlamlarinin yani sira kesirli mertebelerle tanimlanabilir hale gelmistir. Bu durum,
kontrolor tasarimina iki ek parametre daha kazandirmistir: integral mertebesi ve tlirev
mertebesi. Ornegin, bir PI kontrolor yapisinda klasik olarak iki parametre (oransal ve
integral kazanc) ayarlanabilirken, kesirli mertebe PI kontrolorlerde bu say1 tige ¢ikar.
Bu sayede, kontrolor tasariminda esneklik kazanilmis olur ve 6zellikle performans ve
giirbiizliik agisindan daha iyi kontrolorler tasarlanabilir.

Kesirli mertebeli kontrolorlerin gergeklenmesi, belirli yaklasimlar ile miimkiindiir. Bu
amagla gelistirilen yaklasimlar arasinda en yaygin olani, Oustaloup tarafindan sunulan
yontemdir. Bu yaklasim, kesirli mertebeli bir operatoriin frekans cevabini en iyi
sekilde taklit eden tam say1 mertebeli bir transfer fonksiyonu elde etmeyi hedefler.

Kontrol sistemleri ¢ogunlukla lineer zamanla degismeyen (LTI) modellerle ifade
edilebilir. Ancak bu modeller fiziksel sistemlere uygulanmak istendiginde, dogrusal
olmayan birtakim kisitlar kendini gosterir. Bu dogrusal olmayan etkilerden biri,
aktiiator doygunlugu (saturasyon) olup, kontrol sinyallerinin belirli fiziksel sinirlarin
Otesine gegmesini engeller. Bu durum, kontrol teorisinde "integral yigilmasi" (integral
windup) olarak bilinen probleme yol acar. Integral yigilmasi, kontroldriin iirettigi
kontrol sinyali ile sistemin fiziksel olarak uygulayabilecegi girig arasinda uyusmazligi
tanimlar. Bu, kontroldriin integral terimi hata sinyalini biriktirerek kontrol sinyalinin
asir1 biiylimesine sebep olur. Sonug olarak, sistem cevabi bozulur, asim artar, yerlesme
sliresi uzar ve hatta sistem kararsizliga gidebilir.

Bu problemi onlemek i¢in literatiirde gesitli integral yigilmasi onleyici yontemler
gelistirilmistir. Bu yontemlerin biiyiik bir bolimii tamsay1 mertebeli PID kontrolor
yapist esas almarak formiilize edilmistir. Bazi yontemler ise kesirli mertebeli
kontroldrler i¢in uyarlanmis ya da gelistirilmistir yotemlerdir. Son donemde, kesirli
mertebeli yapilarin karakteristik 6zelliklerinden faydalanarak, yigilma problemini
daha etkin sekilde bastirmay1 hedefleyen yontemler de goriilebilmektedir. Fakat bu



yaklasimlar da kesirli mertebe hesabinin sagladigi esnekligi yeterince kullanmaktan
uzaktir.

Integral yigilmasi sorununun temelinde, kontroloriin integral bilesenleri yer alir.
Tamsay1 mertebeli kontrolorlerde bu durum yalnizca integral kazancinin manipiile
edilebilmesi ile smirli bicimde yonetilebilirken, kesirli mertebeli kontrolorlerde
integral mertebesi de tasarim parametresi olarak degerlendirilerek daha etkili ¢dziimler
gelistirilebilir. Boylece, kontrol performansi ve integral yigilmasi probleminin ¢éziimii
bir arada degerlendirilmis olunur.

Bu ¢aligmada, integral yigilmasina etki eden baslica faktorler ele alinmistir. Bunlardan
biri, sistemin fiziksel kisitlarin1 belirleyen saturasyon limitleridir. Digerleri ise
kontrolor parametreleridir: oransal katsayi, integral kazang ve integral mertebesi.
Kontrol sinyalinin agir1 biiyiimesine neden olan her unsur, yigilma problemine katk1
saglar. Fakat kontroloriin integral katkisindan gelen etkiler, 6zellikle 6nem arz eder.
Ozellikle integral mertebesinin kritik etkisi calismada degerlendirilmistir.

Bu kapsamda, literatiirden karsilastirmak iizere bes yontem seg¢ilmistir. Birincisi,
kosullu entegrasyon yontemidir. Kosullu entegrasyon temelde, saturasyon varliginda
integral etkisini sifirlayarak kontroloriin oransal kontrolor olarak davranmasini nerir.
Ikinci yontem, geri hesaplama yontemidir. Geri hesaplama yaklasiminda, saturasyon
hatas1 hesaplanir ve bu nisbette integral kazanci etkisi zayiflatilir. Ugiincii yontem,
otomatik sifirlama yapilandirmasi (automatic reset configuration) yontemidir. Bu
yontem ise, kontrol ¢evrimi igerisine bir model saturasyon blogu eklemeyi ve integral
etkisini geri besleme yolu ile saturasyonu denetleyecek hale getirmeyi Onerir.
Dordiincii yontem, otomatik sifirlama yapilandirmasi (automatic reset configuration)
yonteminde Onerilen konfigiirasyonun oniine bir kesirli mertebeli filtre yerlestirir.
Filtre, parametrelerini kontrolorden ve tasarim kriterlerinden alir. Besinci ve son
yontem, kesirli integrator sifirlama yOntemidir. Bu yontem, integral mertebesini
saturasyon varliginda sifirlama; saturasyonun olmadigi durumlarda ilk tasarim
degerine getirme iizerine kuruludur. Bu bes yontem arasinda integral mertebesinin
Oonemi ve etkisini goz ardi etmeyen yegane yontem besincisidir.

Calismada, integral yigilmasini onlemek {izere literatiirde mevcut olan yontemler
birinci mertebeden 6lii zamanli sistemler iizerinde karsilastirilmis; 6nerilen yontem ise
bu sistemlerin karakteristik parametreleriyle genellestirilmistir. Birinci mertebeden
Olii zamanh sistem modeli, kontrolde bir¢ok acidan onemli ve yaygin kullanima
sahiptir. Bunun nedenleri arasinda; dinamik sistem davranislarmm bu tiir bir modelle
temsil edilebilme kabiliyeti, sistem tanima i¢in kullanilabilme kolayligi, yiiksek
mertebeden sistem modellerinin birinci mertebeden 6lii zamanh sistem modeli ile
temsil edilebilmesi gibi nedenler vardir.

Yigilmanm baskilanmast agisindan Onemli iki performans o6lgiitii belirlenmistir:
referans ile sistem yanit1 arasindaki fark ve saturasyon hatasinin biiyilikligi. Bu
oOlgtitler temel alinarak, integral mertebesinin ¢evrim i¢i olarak uyarlanabildigi yeni bir
yontem gelistirilmistir. Onerilen ydntemde, kontrolér integral mertebesini gergek
zamanl olarak degistirerek hem sistem performansini artirmakta hem de integral
y1gilmasini bastirmaktadir.

Integral mertebesini giincelleme kurali iki kritere baglanmustir: referans takip hatasi ve
saturasyon hatasi. Bu iki degerin degisiminin birinci mertebeden 6lii zamanli sistem
parametreleri olan sistem kazanci, zaman sabiti ve 6lii zaman degerleri ile iligkileri
analiz edilmistir. Bu iligkiler nisbetinde, giincelleme kuralina sistem parametreleri
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dahil edilmistir. Boylece Onerilen yontem, birinci mertebeden 6lii zamanli sistemler
icin genellestirilmis bir ifade halinde sunulmustur.

Sonug olarak, onerilen yontem literatiirdeki diger yontemlerle birlikte cesitli birinci
mertebeden 6lii zamanli sistemler lizerinde test edilmistir. Karsilastirmalar; agim,
yiikkselme zamani, yerlesme zamani ve tepe zamani olmak tizere dort klasik performans
Ol¢iitii tizerinden gergeklestirilmistir. Elde edilen bulgular, 6nerilen yontemin 6zellikle
asim kontrolii agisindan belirgin bir iistiinliik sagladigini ve genel anlamda daha stabil
sistem yanit1 sundugunu gostermektedir.
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1. INTRODUCTION

The application of fractional calculus to control engineering has opened up a new field
of study. Compared to traditional integer-order PID controller design, fractional-order
controller design offers greater flexibility, which in turn enables the development of
more robust and higher-performing control systems [1].

The integral windup problem is a common issue that emerges during implementation,
particularly due to the nonlinear dynamics of physical systems [2]. Various anti-
windup strategies have been proposed to mitigate this problem. However, most of
these approaches do not take full advantage of the flexibility provided by fractional-

order controllers.

One of the key advantages of fractional-order PID/PI controllers in the context of the
windup problem is the ability to tune the integral order. Windup typically occurs in the
presence of saturation and is directly related to the saturation error. The integral order
is a critical parameter for ensuring that the system output reaches the desired reference
value. From this perspective, the reference tracking error becomes the second

important factor influencing controller behavior.

First-order plus dead time (FOPDT) systems are widely used mathematical models in
controls. They are considered effective representations of dynamic system behavior
[3]. Therefore, proposing a design method that is generalized for FOPDT systems can

be highly beneficial in terms of broad applicability.

In this thesis, the physical constraints and controller parameters that influence the
windup problem are thoroughly analyzed. Subsequently, the performance of existing
anti-windup methods from the literature is examined in the context of FOPI-controlled
FOPDT systems. The shortcomings of these methods are discussed, and a new
approach is proposed that leverages the benefits offered by the fractional controller

perspective.

Chapter 2 provides an overview of fractional calculus and fractional-order controllers.

It discusses the historical development of fractional calculus in mathematics, presents



general definitions, and outlines common approximation methods. It also introduces

the general structure and characteristics of fractional-order controllers.

Chapter 3 defines the integral windup problem and investigates two key factors that
influence it: the saturation limit and controller parameters. Since this thesis focuses on
FOPI controllers, three control parameters are considered: proportional gain, integral

gain, and integral order.

Chapter 4 presents an extensive literature review of anti-windup methods. It explores
how existing methods have been implemented in conjunction with FOPI controllers.
Within this context, four prominent methods from the literature are examined: back
calculation, automatic reset configuration, fractional filtered automatic reset

configuration, and the fractional integral order reset methods.

Chapter 5 identifies the limitations of existing methods and leverages the advantages
of the fractional-order perspective by incorporating the effect of the integral order. A
novel approach is proposed in which the integral order is expressed as a function and
tuned online. This method addresses the windup problem while also improving system
performance by introducing a more adaptive control structure. The proposal is
supported by a detailed analysis of how FOPDT system dynamics are affected by

saturation and reference tracking.

Chapter 6 presents various FOPDT system scenarios along with corresponding FOPI
controller configurations. The behavior of these systems under saturation is examined.
Both the existing methods and the proposed strategy are evaluated independently.
System responses and control signals are compared using unit step inputs, and the
analysis is further supported with performance metrics such as rise time, settling time,

peak time, and overshoot.



2. FRACTIONAL CALCULUS

2.1 Background

Fractional calculus has a long history and has been studied in both theoretical and
applied mathematics. It is also used in engineering, especially in modeling and control
problems.

The roots of fractional calculus go back to the work of Leibniz in 1695. However,
systematic studies in this area started in the 19th century. In 1823, Abel tried to solve
the well-known tautochrone problem using fractional derivatives. In 1832, Liouville
used exponential series and extended the derivative operator to fractional orders. In
1847, Riemann defined the fractional-order integral and generalized fractional
derivatives. In 1867, Griinwald and Letnikov introduced the discrete fractional

calculus by combining two earlier approaches [5].

The use of fractional calculus in engineering became more common in the 20th
century. It found applications in system theory, control theory, and signal processing.
In control theory, Manabe used fractional calculus in frequency domain calculations
in 1961 [4].

Oustaloup proposed a robust controller of non-integer order, which he called
“Commande Robuste d’Ordre Non Entier”. Later, Podlubny generalized classical PID

controllers using fractional calculus and introduced the P1*D# controllers [6].

In recent years, fractional calculus has become increasingly popular in control
engineering. Various methods have been developed for system modeling and
controller design using fractional calculus. For instanse, Yumuk conducted a
comprehensive study and proposed a fractional-order controller design method based

on analytical computation techniques [7].

Fractional controllers are also implemented in different practical applications such as

electric motor control [8], process control [9], aviation areas [10].



2.2 Definitions

Let the generalized fractional-order operator be given in (2.1).

% Re(a) >0
DE =11 Re(a) =0 (2.1)

[((dD)%  Re(a) <0

There are three commonly accepted definitions for the generalized fractional-order
operator. Two of them are the Grunwald-Letnikov and Riemann-Liouville. The third
one, the Caputo method, focuses on solving differential equations using fractional
calculus with a definition similar to that of Riemann-Liouville [1].

2.2.1 Grunwald-Letnikov definition

For a € R , the definition of Grunwald-Letnikov is given in (2.2).

DEg(®) = lim 238N0 (%) gt - jm @2)

Where « is the order of the fractional derivative, r is the initial point that used as
starting point of differentiation, h is the step size used in discrete approximation of
fractinoal derivative.

2.2.2 Riemann-Liouville definition

For a € R , the definition of Riemann-Liouville is given in (2.3).

DEGD) = —— 2 [*_ IO g n—1<a<n 2.3)

Fn—a) dt™ (t—T)a-n+1 !

Where r is the lower limit, T is the integration variable and n is the smallest integer

greater than a, used to express the derivative.

The definition of gamma function is given in (2.4).
I'(z) = fooo t?le~tdt (2.4)

Laplace transform of this definition is given in (2.5).



L[ oDZg(t)] = s%G(s) — T2 sk \DE-k=14(0) (2.5)

Where G(s) is the Laplace transform of g(t) and D *~1g(0) is the initial value of
the function.
2.2.3 Caputo definition

For a € R , the definition of Caputo is given in (2.6.)

er‘g(t)=;ft£Ldr n—-1<a<n (2.6)

F(n—-a) r dt™ (t—-t)*-n+1 !

Laplace transform of this definition is given in (2.7).

L[ oDFg(®)] = s*G(s) — Ty s« Dk g(0) @.7)

As it is seen that the Caputo definition uses integer order derivative in order to
transform to Laplace for initial conditions. That’s why Caputo definition is more

applicable than Riemann-Liouville definition [4].

2.3 Oustaloup Approximation Method

To realize fractional transfer functions, various approximation methods are needed.
There are several approximation methods. Among them, the most commonly used is

Oustaloup method.

It generates a integer-order transfer function that shows similar behavior to the
fractional one in the frequency domain. The Oustaloup approximation method is given
in (2.8).

s* =K HN_ SHO; (28)

=1 g1,
Where K is DC gain of serial filter bank, w; and @; are pole and zero frequencies.
Finally, (2.9) shows the mathematical formulations of K, w; and @;.

2i-1+a 2i-1—-a

— a — N ~N— N
K=wp ,0;=ww, ,0; = ww, (2.9)

Where w; and w,, are upper and lower bounds of the frequencies [4].



2.4 Fractional Order Controllers
The general formulation for classical PID controllers is given in (2.10).
C(s) = Ky + 2+ Kys (2.10)

The generalized form of this expression using fractional-order calculation is given in
(2.12).

C(s) = Ky + 5+ Kys* (2.11)

Where K, K; and K, are proportional, integral and derivative gains of the controller,

seperately. Also s is the derivative and 1/s is the integral terms in Laplace domain.

Figure 2.1. shows the general form of the fractional order PID controllers. In general,

a and p parameters are chosen in the interval 0 < a,u < 2.

S

a,u=0 a=1 a=

Figure 2.1 : The range of fractional parameters.

This form of the FOPID controllers is also contains classical PID controller types.

If both a and u are set to 1; then the controller becomes the classical PID controller.

If a =1 and u =0 ; then the controller is named Pl controller. Similarly, the



condition of « =0 and u =1 is PD controller. Besides, « = 0 and u = 0 means

classical proportional controller.
When the controller is in fractional form, the definitions can be made in a similar way.

If « =0 and u is in fractional form; then the controller is named as fractional order
PD (FOPD) controller.

If u = 0 and « is in fractional form; then the controller is named as fractional order PI
(FOPI) controller.

Finnaly if both a and p are in fractional form, the controller takes fractional order PID
(FOPID) controller shape. Figure 2.2. illustrates the block diagram of the FOPI
controller. Throughout the studies conducted in this thesis, FOPI controllers are used.

N/

N/

Figure 2.2 : Block diagram of FOPI controller.






3. INTEGRAL WINDUP

In this section, the integral windup problem will be explained. First, a problem
definition of the windup problem will be given. Next, the effect of the saturation limit,
which is one of the key factors influencing windup, will be analyzed. Finally, the

impact of controller parameters on windup will be examined.

3.1 Problem Definition

In control systems, linear time-invariant (LTI) models are commonly used for
modeling and controller design. However, when these models are applied to real
physical systems, certain nonlinear behaviors often appear. These nonlinearities

usually arise from physical constraints of the system.

For example, consider the control of an electric motor. Physical limitations include the
maximum achievable speed, the nominal input voltage required for operation, and the
maximum current the motor can draw. Similarly, in a process control application,
constraints may involve pressure, mass flow rate, or the maximum flow rate that a

valve can allow [11].

Controller Plant
eference —- - —
Refe = C(S) —v—)7£ U—» G(S)

Saturation

Figure 3.1 : Block diagram of closed loop system with saturation.

Figure 3.1. shows the block diagram of closed loop system with saturation. When the
control signal exceeds the actuator limits, a difference occurs between the "u" signal
and the "v" signal. During the time this difference exists, the system does not receive
the control signal proposed by the controller. Instead, the system receives the

maximum signal allowed by the saturation limit. This situation indicates that the



system is no longer operating within the feedback structure. The difference between
the system response and the reference signal becomes irrelevant. In other words, the
control system now operates in open-loop instead closed-loop.

Meanwhile, the controller continues to calculate the tracking error. The integral term
in the controller keeps accumulating this growing error over time and adds it to the "v"
signal. As a result, the "v" signal increases significantly. This leads to a situation where
the controller can no longer drive the system as intended.

As a benchmark problem, let us consider an example FOPDT system. The parameters
of this system are K=1, T=1, and L=0.5.

1 —
G(s) = e 0 (3.1)

The transfer function of the example system is given in (3.1). For this system, the

saturation limit is set to 1.2.

A FOPI controller is defined to control this system. The controller is selected to ensure

that the system settles to the reference, with a response that includes some overshoot.
1
Cs)=1+ 3 (3.2)

Equation (3.2) is the transfer function of the controller. « value is set to 1 first, thus

the controller became a classical Pl controller.

The system responses under unit step reference input are analyzed for both saturated
and non-saturated conditions. Figure 3.2 shows the unit step responses of the system
under both with saturation and without saturation conditions. It can be observed that
saturation causes three major changes in the system response. First, the system under
saturation exhibits a higher overshoot. Second and third, both the rise time and the

settling time increase. This behavior reflects the typical effects of saturation.

In Figure 3.3, the control signals before and after the saturation block are compared
for the system with saturation. Between approximately 0.2 seconds and 2.2 seconds,
the controller produces a control signal larger than the system input. During this time,
the system is driven not by the generated control signal v, but by the saturated signal

umax. This is the situation where the integral windup problem occurs.

10
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Figure 3.2 : The comparison of step responses with and without saturation effect.
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Figure 3.3 : The comparison of control signals with and without saturation effect.
3.2 Effect of Saturation Limits

The previous section explained how the presence of saturation in a control system
makes it harder to control. In this section, the effect of different saturation limits on

the system response is analyzed, while keeping all other conditions the same.

If the system does not saturate, the maximum control signal generated will be around

1.5. Figure 3.4 shows the unit step responses for different saturation limits. As the

11



saturation limit increases, the constraint on the control input is reduced. This allows

the controller to produce results closer to the desired response.

. /\<_\
0.8
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umax = 1.2
umax = 1.3
0 umax = 1.5
0 5 10 15

Time (s)
Figure 3.4 : The effect of saturation limit on unit step response.

When umax limit becomes high enuogh, the system no longer experiences saturation,
and the control signal generated by the controller (v) is directly applied to the system.
As the saturation limit value decreases, it is observed that the overshoot initially
increases and then decreases. On the other hand, the rise time decreases as the
saturation limit increases, indicating an acceleration in the system. The settling time,

except for the limit value of 1.1, remains at similar levels.

Figure 3.5 shows how the control signal changes for different umax limits. From this
graph, it is observed that when umax is greater than a certain value (1.1 for this
system), the control signal can reach a steady value within a certain time. However, as
the umax value decreases, the control signal reaches saturation earlier. Although the
controller attempts to apply more correction, the saturation limit prevents it. As this
period extends, the control signal before the saturation block (v) continues to increase

linearly.

As a result, the lower the saturation limit, the less capable the controller becomes in
controllability for the system. The system response slows down, and below a certain
value, the system starts to show steady-state error. Increasing the umax value leads to

a faster system response, but it also increases the risk of overshoot. These results

12



highlight the importance of considering the saturation limit as a physical constraint

while designing a controller.
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Figure 3.5 : The effect of saturation limit on control signals.
3.3 Effect of Controller Parameters

In this section, the effect of controller parameters on the windup problem will be
investigated when a system is controlled using fractional-order PI controllers. In FOPI

controllers, there are three parameters: Kp, Ki and «.

3.3.1 Effect of proportional gain

In this analysis, other parameters are kept constant as in the initial condition:

Unax = 1.2, K; =1, a = 1.

Figure 3.6 shows the unit step responses of the system for different Kp values. At
relatively low Kp values (as seen in the case of 0.7), rise time and settling time increase
dramatically, and the system exhibits the highest overshoot. In general, as the Kp value

increases, the overshoot tends to decrease up to a certain point. However, the closed-

loop system gradually approaches an underdamped behavior.

13
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Figure 3.6 : The effect of K,, on unit step response.

It should be noted that in this analysis, umax value is fixed at 1.2. Figure 3.7 shows
the amplitude of the control signal observed before the saturation block, as produced
by the controller. As Kp increases, the amplitude of the control signal also increases.
In contrast, lower Kp values result in smaller control signals generated by the

controller.
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Figure 3.7 : The effect of K;,0n control signals without saturation.
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In general, the effect of Kp is directly related to the aggressiveness of the system. Very
high Kp values lead to large control signals, which increases the risk of hitting actuator
limits. On the other hand, low Kp values are indirectly helpful for avoiding saturation.
However, in this case, the controller performance is negatively affected. Finally, this
analysis shows that the effect of windup should also be considered when tuning the

proportional gain during controller design.

3.3.2 Effect of integral gain

In this analysis, other parameters are kept constant as in the initial condition: u,,,, =
1.2, K, = 1, a = 1. Figure 3.8 shows the effect of increasing integral gain values on
the unit step response. As Ki increases, the overshoot increases. This is because a high
integral gain tries to reduce the error more aggressively. At low integral gain values,

the system responds with less overshoot.
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Figure 3.8 : The effect of K; on unit step response.

Figure 3.9 shows how the control signal generated by the controller changes for
different integral gain values, under the condition where the saturation limit is fixed at
1.2. As Ki increases, the first peak of the control signal rises significantly. When Ki is
too high, the control signal increases rapidly, resulting in an oscillatory transient

response. This becomes a factor that negatively affects the stability of the system. If
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the integral gain is reduced sufficiently, the system may not enter saturation. However,

this may also cause the system response to deviate from the desired behavior.
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Figure 3.9 : The effect of K; on control signals without saturation.

Integral gain represents the system’s integrated response to error. Therefore, increasing
the integral gain makes the response more aggressive. An aggressive response means
a higher control signal. In a system with saturation, this becomes the primary cause of
the windup problem. The integral term significantly increases the control signal
produced by the controller. This directly leads to overshoot issues. Overshoot is one

of the main pointers of integral windup problem.

3.3.3 Effect of integral order

In this section, the effect of only the variation in the fractional integral order is
investigated when using a fractional-order PI controller structure. Specifically, the
behavior of integral windup under saturation is examined. For this analysis, other

parameters are kept constant as in the initial condition:
Unax = 1.2, K, =1, K; = 1.

Figure 3.10 illustrates how the system response changes under a unit step input for
different values of the integral order. For lower values of o, the system exhibits a

higher overshoot, while increasing a leads to a reduction in overshoot. However, as a

16



increases, the system slows down, and the time required to reach steady-state becomes

longer.

It is also observed that both very low and very high values of a increase oscillations.

In particular, for o=1.3, the system's response to saturation is found to be very

aggressive.
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Figure 3.10 : The effect of a on unit step response.

Figure 3.11 compares the control signals of the systems for different a values. As the

value of a decreases, the initial peak of the control signal increases.
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Figure 3.11 : The effect of a on control signals without saturation.
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However, the signal quickly settles and drops below the saturation limit of 1.2. As a
increases, the peak occurs later. As a result of this behavior, the control signal remains
above the saturation limit for a longer duration. This situation significantly increases
the risk of integral windup, as the magnitude of the integrator signal continues to

accumulate error during saturation.

These results demonstrate that the integral order has a significant impact on the system
behavior under saturation. Therefore, during controller design, taking the fractional
integral order into account may also play an important role in preventing or mitigating

integral windup.

3.3.4 Discussions

The windup problem arises due to a mismatch between the control signal generated by
the controller and the maximum or minimum input that the system can physically

accept. Fundamentally, this mismatch can result from two main reasons:
e a low saturation limit, and
e a large control signal generated by the controller.

Any parameter that increases the magnitude of the control signal contributes to the risk
of windup. However, the problem becomes particularly critical when the error is
accumulated through integration, which amplifies the signal over time. In classical
PID/PI controllers, this accumulation is governed only by the integral gain. In
fractional-order PI/PID (FOPI/FOPID) controllers, however, an additional influential

factor is the fractional integral order itself.
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4. ANTI-WINDUP METHODS FOR FOPI CONTROLLERS

In Chapter 3, the problem of integral windup was thoroughly examined. The causes of
this issue and the contributing factors were analyzed in detail. This chapter focuses on
the methods that have been developed to address the integral windup problem.

The significance of the windup issue mainly arises from the integral action of the
controller. Methods proposed in the literature have aimed to limit or suppress this
integral contribution in order to mitigate the impact of saturation on control
performance. Some of these methods were initially designed for classical PID
controllers and were later adapted or applied to fractional-order controllers. Others
were specifically developed for fractional-order control systems.

Four fundamental methods that are commonly used in the literature for FOPI
controllers will be presented: back calculation, automatic reset configuration (ARC),

ARC with a fractional filter and fractional integral order reset methods.

4.1 Back Calculation

One of the most commonly used methods developed to solve the wind-up problem is
the back calculation method. This method is based on the principle of recalculating the

integrator term of the controller when saturation occurs.

The back calculation method was first introduced by Fertik and Ross in 1967 as a
technique to prevent the integrator term of the controller from growing excessively
due to saturation [12]. Later studies by Schaufelberger and Glattfelder in 1983 [13], as
well as by Astrom and Wittenmark in 1987 [14], contributed to the widespread

adoption of this method.

Back calculation is a widely used anti-windup technique in both classical PID and
fractional-order PID controllers. It is applied in various areas, including electric motor

drive systems [18] and industrial process control applications [19].
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The use of the back calculation method in classical PID/PI controllers is illustrated in
Figure 4.1. In this diagram, the actuator block represents saturation. Kp is the
proportional gain of the controller, while Kp/Ti represents the integral contribution. Tt

is the term where the anti-windup action, known as the ‘tracking time constant’.
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Figure 4.1 : General scheme of back calculation anti wind-up method [14].

There are several methods in the literature for calculating the tracking time constant

based on studies conducted on this topic.

Ty =T Tq (4.1)

In the study conducted by Astrém and Higglund in 1995, it was recommended that the
value of the tracking time constant be selected as expressed in (4.1) when using a PID
controller [15]. However, this formulation does not provide any recommendation for

the case of a PI controller.

T, =T; (4.2)

Equation (4.2) presents a formulation proposed by Bohn and Atherton, which defines

how the tracking time constant should be selected when a PI controller is used [16].

Ty =K, (4.3)

Finally, (4.3) describes the method proposed by Hanus in his 1987 study for

determining the tracking time constant [17].
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In this thesis, anti-windup mechanisms are implemented together with fractional-order
P1 controllers. In line with the overall structure and notation of the study, the block
diagram of the back calculation method has been redesigned specifically for FOPI

controllers.

Figure 4.2 presents the block diagram illustrating the use of the back calculation anti-
windup method in FOPI controllers. The signals shown in the diagram are listed as

follows:
e e:error signal
e Kp: proportional gain
e Ki: integral gain
o s%“ - fractional order integrator

e v: sum of integral and proportional controller parts
e u: control signal to be applied to the system after saturation block
e e, Saturation error

e K, back calculation parameter (1/tracking time constant)

i

Saturation

/(L
ﬂW|"‘\

Figure 4.2 : Block diagram of back calculation method.

In this study, the value of Kaw is given as a modified form of (4.2).

Kaw = A (4.4)
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Equation (4.4) provides the formulation used to determine the K,,, value throughout

the study when applying the back calculation method.

4.2 Automatic Reset Configuration

One other method developed to address the integral windup problem is the Automatic
Reset Configuration (ARC). The ARC method aims to regulate the accumulation of
the integral term by explicitly incorporating the effect of saturation into the control
structure. It was initially proposed by Astrdm and Hiigglund in the context of classical
PID control, as described in their work '‘Advanced PID Control' [20].

Several studies in the literature have investigated the ARC method. Wang, Gambier,
and Vinagre [21] applied this method in a wind turbine pitch control system using a
FOPID controller and successfully mitigated the adverse effects of saturation on
system performance. Murad, Tzounas, and Milano [22] demonstrated the positive
impact of integrating saturation limiters into FOPI controllers in power systems.
Additionally, Erik Torstensson referred to this method as the 'Foxboro method' in his

master’s thesis submitted to Lund University [23].

The key feature of the ARC method is the inclusion of a model saturation block within
the controller structure. The proportional and integral components of the control signal
are independently passed through this ‘model saturation’ block. This block simulates
the actuator's physical limits and acts as if the system is already in saturation. In this
way, it models the effect of saturation in advance. The signal output from this block is
used both as an input to the integral block and as the control signal to apply to

saturation block.

Figure 4.3. illustrates the implementation of the ARC method used in the context of

this thesis. The signals represents followings:

e e:error signal

Kp: proportional gain

(K_Ii"sa): integral part of the controller as a transfer function

v : sum of integral and proportional controller parts

u: control signal to be applied to the system

22



o>

Model Saturation
Saturation

K;
Hf + 5%

A

Figure 4.3 : Block diagram of automatic reset configuration method.
In the combination of FOPI controller and ARC anti windup method structure, the

integral term is represented not by the transfer function of (ﬁ) :
L

The fractional-order structure of the controller allows for greater flexibility in adapting
the integrated error signal to system dynamics. In the ARC method, the signal entering
the integral block is not the error signal alone but also includes the effect of the
modeled saturation. This ensures that the integral action slows down or is limited as
the system approaches the saturation region. In this way, this method aims to prevent

the occurrence of windup.

This configuration limits how the integral term grows when saturation occurs. Even if
the error increases, the integral action is reduced as the control signal nears the actuator
limits. This helps the controller stay within the system’s physical boundaries and

prevents unrealistic control signals from harming the plant.

4.3 Automatic Reset Calculation with Fractional Filter

Another method proposed to address the wind-up problem can be considered as a
customized version of the automatic reset configuration (ARC) method for fractional-
order controllers. In this approach, all the standard steps of the ARC method remain
valid. In addition, a fractional filter block is placed in front of the controller. This
approach for automatic reset configuration method was proposed and demonstrated in

the study conducted by Meena and colleagues in 2024 [24].

Figure 4.4. shows the block diagram of the ARC method modified with a fractional
filter. The signals and blocks can be defined in a similar manner to those in the classical
ARC method.
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e: error signal

Kp: proportional gain

(%) integral part of the controller as a transfer function
l

v : sum of integral and proportional controller parts

u: control signal to be applied to the system after saturation block
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Figure 4.4 : Block diagram of ARC with fractional filter.

The fractional filter added before the controller is defined as given in (4.5). In this
equation, o represents the integral order of the FOPI controller. A is a parameter
determined in relation to the target crossover frequency based on the proposed design

criteria.

1

sA-a (45)

Fractional filter:

A is defined during the controller design process based on Bode’s ideal transfer
function. Equation (4.6) presents the target loop transfer function. In this equation, L
represents the time delay of the original process, A corresponds to the slope of the
magnitude curve, and w, is defined as the target crossover frequency.

T(s) = (ﬂ)/1 e~Ls (4.6)

N

The value of A is directly related to the controller parameters when designing a

fractional-order PI controller.

K

K-
A= log,, ~— (4.7)
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Equations (4.7) and (4.8) reveal the relationship between the A parameter and both the
controller and system parameters. Here, K, is the proportional gain of the controller,
while K; is the integral gain. Additionally, K represents the gain of the first-order plus
time delay (FOPTD) system.

A= log, K;-K (4.8)

4.4 Fractional Integrator Order Reset

Another method proposed to address the integral wind-up problem has been developed
specifically for fractional-order controllers. This approach aims to reduce the effect of
integration by setting the integrator order to zero in the presence of saturation [25].

Figure 4.5. presents the block diagram of the method that aims to mitigate the wind-
up problem by resetting the integral order. The method can be explained as follows:

e e:error signal

e Kp: proportional gain

e Ki: integral gain

o s%“ : fractional order integrator

e v:sum of integral and proportional controller parts
e u: control signal to be applied to the system

e e, saturation error

/1

Saturation

a=a ,ifeg =0
a

0 ,else

Figure 4.5 : Block diagram of fractional integral order reset method.
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The difference between the control signals before and after saturation is referred to as
the saturation error. If the saturation error is zero, it indicates that the system has not
reached saturation, and the integral order remains at its designed value to influence the
system.

However, if the saturation error takes a nonzero value, it means the system has entered
saturation. In this case, the integral order is reset to zero. As a result, the integral action
of the controller is effectively removed, and the controller begins to behave like a

proportional controller.
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5. PROPOSED ANTI-WINDUP STRATEGY

This section will present the details of the proposed anti-windup strategy. First,
existing algorithms in the literature will be reviewed to explain the motivation behind
the proposed approach. Then, the focus will shift to FOPDT systems, which are central
to the method. The mathematical background of the method will be provided, and the
selection of its parameters will be discussed. Finally, the complete mathematical

formulation of the proposed strategy will be presented.

5.1 Motivation

Various methods have been proposed in the literature to address the windup problem.
Some of these are based on the classical PID control approach, while others are

designed or adapted specifically for fractional-order controllers.

Fundamentally, all methods focus on mitigating the effect of the integral action under

saturation to overcome the windup issue.

The first method, back calculation, adopts a comprehensive perspective. Instead of
completely disabling the integral action, it attenuates it. This helps prevent steady-state
errors that may occur under sustained saturation. This method was originally
developed for PID controllers and is one of the earlier approaches. The second method,
Automatic Reset Configuration (ARC), integrates the saturation behavior directly into
the controller structure. And the integral term is feeding back into the controller. Both
of these methods were originally developed for PID controllers. These approaches do
not consider the flexibility offered by fractional-order controllers. In fractional-order
control, the integral term is defined not only by the integral gain but also by the integral
order, which should be treated as an additional design parameter. The approach that
takes fractional parameters into account involves placing a fractional filter in front of
the ARC method.

The final method sets the integral order to zero in the presence of saturation and

restores it to its designed value when saturation is not present. Simulations show that,
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under many conditions, this final approach can outperform the others in terms of

performance.

The motivation of this study stems from the following question: if the controller is a
fractional-order PI controller, and we have the flexibility to adjust the integral order,
what advantages can be gained by updating this value online?

As will be discussed in detail later, many systems can be modeled as First-Order Plus
Dead Time (FOPDT) systems. Therefore, the proposed approach could be
parameterized using the parameters of FOPDT models. In addition to the presence and
severity of saturation, the deviation of the system response from the reference is also
a critical factor. Incorporating both of these criteria into the online update of the
controller can significantly enhance performance. Accordingly, an anti-windup
approach is proposed that updates the fractional integral order online based on both
the reference tracking error and the saturation error.

5.2 First Order Plus Dead Time Systems

In this section, the First-Order Plus Dead Time (FOPDT) system model will be
introduced. The reason we focus on this system model is that; within the simulations,
the anti-windup methods discussed are implemented on FOPDT systems. Also and

more importantly, proposed strategy is generalized for FOPDT systems.

The main reason for choosing FOPDT systems is that FOPDT models are commonly
encountered in control system modeling. One of the main reasons for preferring
FOPDT structures in system modeling is that the behavior of many real-world systems
follows this form. For example, many industrial processes, such as chemical, thermal,
and mechanical systems, exhibit first-order plus time delay dynamics. FOPDT models

are successful in representing the dynamic responses of such systems [3].

Second reason is the modeling and parameter estimation advantages offered by
FOPDT systems. FOPDT systems are defined by three parameters: gain, time constant,
and time delay. For instance, for modeling black-box systems, these parameters can
often be easily obtained from even a unit step response. The explicit inclusion of time
delay within the model significantly contributes to accurately representing system
behavior. The presence of this parameter is particularly important in both system

identification and control design [26].
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Furthermore, classical control approaches have a rich body of literature and practical
applications specifically developed for FOPDT models. For example, widely known
PID tuning methods such as Ziegler-Nichols, Cohen-Coon, and Internal Model
Control (IMC) are designed for controlling FOPDT systems [27].

Another advantage of the FOPDT model is its ability to approximate high-order
systems. Complex and high-order systems can often be represented using a simplified
FOPDT model [29].

The general form of an FOPDT system is given in (5.1).

K
Ts+1

—Ls

G(s) = e (5.1)

Where, K represents the system gain, T the time constant, and L the time delay.

The system’s gain (K) is the coefficient that indicates the amount of change in the
output signal resulting from a unit change in the input signal. It can be considered a

measure of the system’s sensitivity. A higher gain leads to a larger output response.

The time constant (T) represents the time it takes for the system output to reach
approximately 63.2% of its final steady-state value. It indicates how quickly the system
responds to input changes. A small T means a fast response, while a large T implies a

slower response.

The time delay (L) indicates how long it takes for a change in the input to begin
affecting the output. A large time delay negatively impacts the system’s stability and
controllability [3].

5.3 Mathematical Background of Strategy

In this section, the proposed strategy is presented. The method adresses the windup

problem that occures when controlling FOPDT systems using FOPI controllers.

In fractional-order control systems, especially in the FOPI controller structure, the
parameter a, which defines the order of the integrator, plays a critical role in shaping
the system’s dynamic response. Compared to classical PI controllers, fractional-order
structures provide more flexibility in controller design and offer the potential to

improve system performance. However, achieving optimal performance across the
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entire operating range with a fixed a parameter is sometimes not possible especially

considering the windup problem.

Therefore, this study proposes an approach in which the o parameter is updated online

and adaptively based on the system’s error dynamics and saturation condition.

Figure 5.1. shows the block diagram designed for the proposed controller.

r e
Reference + v V_ v Plant

- /| d G(s)

A 1 Saturation
Ki —
sa

adjustable a value
1

Updating a
Parameter

; Tlllkt y
v

u

Figure 5.1 : Block diagram of the proposed strategy.
e The reference input (r) is the desired target value that the system aims to reach.
e The system output (y) is the actual output signal produced by the system G(s).

e The error signal (e) is the main input to the controller, indicating the deviation

of the output from the reference.

e The pre-saturation control signal (V) is the sum of the proportional and integral
terms of the controller. It is not directly applied to the system but is instead fed

into the saturation model.

e The post-saturation control signal (u) is the output of the saturation block and

input signal that is applied to the system G(s).

e The saturation error (ey,;) is the difference between the applied control signal
and the calculated (pre-saturation) control signal. If this value is zero, it means

the system is operating without saturation.

In the proposed anti wind-up scheme, the a term of the FOPI controller, expressed in

is not kept constant as defined during the controller design prosedure. Instead, a is
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continuously adjusted based on both the system's tracking error and the saturation

error.

The error defined in (5.2). represents the deviation of the systems output signal from
the reference signal. Where e is the reference tracking error, y is system output and r

is the reference signal.

e=r=y (5.2)

For the formulation, the reference tracking error value is normalized using the formula
given in (5.3).

lel
€norm = m (5.3)

Tracking error and saturation error are defined as e and eg,, respectively. The
normalization of these values is fundamentally required to ensure the generalizability
of the proposed strategy, based on the following two needs: First, normalization
eliminates scale dependency. Reference signals and saturation limits may vary in
amplitude. Depending on the system and the controller, the system output signal (e.qg.,
in a system exhibiting large overshoot) and the control signal generated by the
controller (e.g., in a system that remains in saturation for a prolonged period) can
produce different magnitudes. Normalizing with respect to the reference signal (r) and
the control signal (r) provides a basis for generalization. Second, the error signals are
rendered unsigned. For the tracking error, what matters is not whether the system
output is above or below the reference, but rather the magnitude of the deviation from
the reference. For the saturation error, the update rule should treat v > umax and v <
umin equivalently, making the direction of the violation irrelevant. Finally, with
normalization it is provided a scale-independent performance metric, allowing for

generalization across reference signals of varying magnitudes.

Similar to the reference tracking error, ez, Which is the difference between the
theoretical control signal and the output of the saturation block, is also an indicator
that the system is operating under physical constraints. Equation (5.4) shows how the

saturation error value is obtained.
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Csar =V~ U (5.4)

Similar to e signal, the saturation error is also normalized. Equation (5.5) provides the

expression used to normalize the saturation error.

_ lesqcl

esatnorm - |u| (55)

At the core of the function lies the o update rule, which has a two-term structure

defined based on the tracking error and saturation error.

The general form of the o update rule is given in (5.6). Here, the coefficient n: is used
to reduce the o value in response to saturation error, while 12 defines the influence of

the tracking error in increasing the a value.
Aa = —MN1€satporm T N2€norm (5.6)

Through this design, when the control signal is saturated, the integral effect is
suppressed to reduce the windup problem. On the other hand, when the system output
is far from the reference, the integral effect is increased to produce a more aggressive
response. The proposed anti-windup strategy is based on adjusting the parameter o
according to the saturation error and the reference tracking error. In this context, the

main objective is as follows:

As expected, the equation includes the saturation error, which is a commonly used
parameter in anti-windup methods found in the literature. This term has a negative sign
and aims to reduce the effect of the integrator by lowering the integral gain in the

presence of saturation and in proportion to its severity.

The integral gain becomes a value that is adjusted online through the defined Aa
equation. Introducing an adjustable alpha parameter creates an additional benefit. By
incorporating the reference tracking error into the equation, the aim is to improve the
performance of the closed-loop system. In particular, controlling the deviation from

the reference is expected to contribute to the reduction of overshoot.

The coefficients n: and n2 used in updating the o value are not chosen as fixed

constants. Instead, they are related to the system parameters to ensure that the method
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can be applied to all FOPTD system models. As a result of the studies conducted within

this scope, a set of parametric equations has been proposed.

In high-gain systems, even small control signals can cause significant changes in the
output. Whereas low-gain systems respond more slowly. The system response tends
to behave more cautiously. By placing the parameter K in the denominator of the alpha
update equation’s this part, the aim is to enable systems with low gain to exhibit more
aggressive responses through the controller, while adopting a more cautious approach
for systems with high gain that may already produce aggressive responses.

The time constant T indicates how quickly the system reacts. Large T values
correspond to slower systems, while smaller values indicate faster responses. For slow
systems (large T), the integral action should be applied more cautiously. This means
the increase in o should be more gradual. This is achieved by placing T in the

denominator of the 12 formulation.

The delay time L is one of the most critical and challenging parameters in this design.
As dead time increases, the effect of the controller’s command is delayed, and the
system becomes harder to observe and respond to. This can lead to instability,

especially when aggressive integral action is present.

In this formulation, L is placed in the numerator rather than the denominator. As the
time delay increases, the duration during which the system deviates from the reference
also increases. The parameter L is placed in the numerator to allow the controller to

generate more aggressive control signals when the system is far from the reference.

To determine the parameters of the a update equation, simulations were carried out

using an example FOPDT system. The selected system parameters are given as below:

e K=15
e T=35
e L=05

As a result, the FOPDT system model is conducted as shown in (5.7).

1.5

G(s) =357

—0.5s (5.7)

Saturation limit for G(s) is chosen in + 1.1 bound.
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The parameters of the fractional-order PI controller were determined using the method
proposed by Bhambhani et al. [2] and applied by Ranganayakulu et al. [3]. This tuning
rule was specifically designed and implemented for FOPDT systems, using the jitter
margin and ITAE criteria. One of the reasons for its use in this study is its ease of
implementation. The primary objective of this work is not to design a FOPI controller,
but rather to develop an anti-windup scheme. This tuning rule was chosen because it
is tailored for FOPDT systems and is straightforward to implement. The tuning rules
recommended by this method are provided in Table 5.1.

Table 5.1 : FOPI controller tuning rule.

Kp Ki a
0.25 .\ 0.19833 L A
0'2'T+0_16 T-L L L+T

+0.09 +1.2399

When this tuning rule is applied, the controller parameters are found as below.

. K,=156
e K =0.6295
o a=13449

As a result, the controller equation is formulated as given in (5.8).

0.6295

5.4 Effect of System’s Gain to Tracking Error Contribution

In this section, the effect of the system’s gain K on the n2 coefficient in the o update
rule has been analyzed. All other parameters in the update rule were kept constant, and

only the position of K within the 12 expression was modified.

Table 5.2 presents the results showing how placing the system gain K in the numerator
or denominator of the equation affects the time-domain responses. The results indicate
that when K is placed in the numerator, the system exhibits a larger overshoot (7.20%)

and a slower settling time (14.15 s). In contrast, when K is placed in the denominator,
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the overshoot significantly decreases (4.09%) and the settling time improves notably

(10.50 s).

Table 5.2 : Effect of K onn,.

Time Domain Specs. K in the K in the
denominator numerator
Overshoot 4.0928 7.1951
Settling Time 10.5034 14.1549

Figure 5.2. compares the effect of the K value on m2 using step responses. The
difference is clearly visible in the graph: the curve with K in the denominator reaches
steady state faster with a smoother initial peak, while the curve with K in the numerator

exhibits a sharper peak and longer oscillations.

K in the numerator
K in the denominator

08

Amplitude
o
o

o
o

02}
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time (s)

Figure 5.2 : The effect of K on the step response depending on its position in n,.

These results prove placing K in the denominator of the 12 formulation in o update
rate. It is clear that placing K in the denominator rather than the numerator of the n2

coefficient yields more balanced control performance.

5.5 Effect of Time Constant to Tracking Error Contribution

Table 5.3 presents the time-domain specifications for the effect of T on n.. According

to the results, when T is placed in the numerator, the system overshoot increases to
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9.05%, and the settling time rises to 12.87 seconds. In contrast, when T is placed in
the denominator, the overshoot decreases to 4.09%, and the system reaches steady state
in a shorter time of 10.50 seconds.

Table 5.3 : Effect of T onn,.

Time Domain Specs. T in the T in the
denominator numerator
Overshoot 4.0928 9.0484
Settling Time 10.5034 12.8703
1.2

——— Tinthe numerator |
Tinthe denorninmnr?

08¢
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Figure 5.3 : The effect of T on the step response depending on its position in 7,.

As shown in the Figure 5.3, when the parameter T is placed in the denominator, the
closed-loop system exhibits lower amplitude and shorter oscillations, resulting in a

more stable response.

In contrast, placing T in the numerator leads to a bigger overshoot and longer settling
behavior. These differences indicate that including T in the numerator of the m:
formulation increases the integrative effect of the controller, which in turn leads to

higher overshoot and damping.

The results support that defining n2 as inversely proportional to T is a more balanced

and safer choice for achieving better control performance.
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5.6 Effect of Dead Time to Tracking Error Contribution

Table 5.4 presents the analysis of the effect of dead time on the formulation based on
time-domain responses. The results show that when L is placed in the denominator,
the system’s overshoot increases to 8.10%, and the settling time extends to 13.54
seconds. In contrast, when L is placed in the numerator, the overshoot is more limited
at 4.09%, and the system settles in 10.50 seconds. This indicates that the system

exhibits a more balanced transient response.

Table 5.4 : Effect of L on 1.

Time Domain Specs. L in the L in the
numerator denominator

Overshoot 4.0928 8.1000

Settling Time 10.5034 13.5433

The step response shown in Figure 5.4., titled “Step response for effect of L on 12”,
supports these findings. The curve with L in the numerator exhibits lower overshoot
and faster damping. On the other hand, the curve with L in the denominator tends to

show a higher amplitude overshoot and takes longer to reach steady state.

12 T T -
L in the numerator
L i he denomanador
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Figure 5.4 : The effect of T on the step response depending on its position in n,.

37



This difference indicates that placing L in the denominator of the 1. definition does
not mitigate the effect of delay but instead causes o to increase more rapidly, leading
to an uncontrolled rise in the integrative action of the controller. Since delay is a critical
parameter for system stability, such an increase results in higher overshoot and slower

recovery.

5.7 Finalized Boundaries, Parameter Set and Update Rule

For m: contribution of the Equation 5.5, FOPDT system parameters are not used. The
main reason of that the equation for m: represents the part where the integral gain is
updated based on the saturation error. The saturation error is not directly related to the
system itself; rather, it is associated with the controller (i.e., the generated control
signal) and the saturation limits (i.e., the allowable control signal). For n2 contribution
of the Equation 5.5; the situation differs. The effects of the system parameters are

examined in detail.

The proposed expression for m: is given in (5.9). The saturation error varies
proportionally with a coefficient k1, which determines the rate of change of the delta
alpha value. Because the magnitude of the k1 value is directly related to the variation

range of the delta alpha value.

=k (5.9)

The proposed expression for 12 is given in (5.10). As previously discussed in detail;
K, L, and T represent the system gain, delay time, and time constant, respectively. The
parameter k. is a coefficient that determines the rate of change of the delta alpha value.

L

N2 =kz pr (5.10)

In the proposed update rule, it is said that the o parameter is updated online based on
the system’s tracking and saturation behaviors. However, allowing this update to occur
without constraints may lead to instability or undesirable transient performance due to

uncontrolled growth or reduction in a.

To prevent this, the parameter is constrained within specified bounds. In other words,

the update rule is designed to ensure that the computed value remains within a defined
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range. For instance, if the updated value exceeds the upper limit, the maximum
allowable value is applied to the controller. Similarly, if it falls below the lower limit,
the controller is updated using the minimum specified value. Equation (5.11) defines

the boundaries for the a value.
atcalc € [amin ) amax] (5_]_]_)

The term ay,pqq:eq represents the integral gain value of the controller at the moment
of update. The bound is defined as [0.5 - a;ni¢ , @ini¢] after many simulations and
reasons. a;,;; denotes the integral gain of the controller designed without considering
saturation limits at first. The reasons are several why this bounds are chosen in this

way.

During the control design phase, before considering constraints such as saturation, a
nominal value a;,;; is assumed. This value is expected as already chosen based on the
system’s transfer function, error dynamics, and desired reference tracking performance
etc. Allowing a to exceed this designed value may lead to undesired system behavior.
Therefore, the upper bound for a is introduced to prevent the controller from deviating
beyond its nominal behavior and to maintain the validity of the original design. The
reason for selecting the lower bound in this manner is that, in numerous simulations,

this constraint was observed to yield the most favorable results.

Additionally, when designing fractional-order controllers, the parameter a is mostly
defined in the range 0 < a < 2. This range is important both for modeling physically
meaningful system behaviors and for maintaining analytically valid operations in the
Laplace domain. For example, when a < 0, the integration loses its meaning, while a
> 2 can make the controller overly aggressive, seriously threatening system stability.
In the literature, particularly in PI*D# controllers, the parameters A and p are also kept

within this range.

The alpha change rate should be values that will prevent sudden changes in the control
signal but will not reduce responsiveness. As a result of the analyses made for different

systems, k values were determined as (5.12).

— -2 — —4
k, =102k, = 10 (5.12)
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As a result, a comprehensive update rule has been derived. When all parameters are

incorporated, the resulting update equation takes the form presented in (5.13).

L
Aa = —10_265atn0rm + 10_4ﬁenorm (5.13)
The calculated alpha value, obtained through this calculation, is presented in (5.14).
O(tcalc = Q-1 +Aa (514)

When the boundaries are also taken into account, the updated alpha value is governed
by the rule expressed in (5.15).

Omin lf atcalc < Qmin
oy = 4 Atoge lf Amin < At ate < Umax (5_]_5)
Xmax lf Amax < At ale
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6. SIMULATIONS

In this section, the proposed strategy and existing methods from the literature, as
discussed in the previous sections, are compared for various FOPDT systems
controlled by FOPI controllers.

The simulations were conducted using MATLAB and SIMULINK environments. In
the SIMULINK models, the Runge-Kutta method was employed as the fixed-step

solver, with a step size set to 107>,

During model development, features from the Control Toolbox were utilized. For the
fractional integrator, the FOMCON toolbox was implemented in the models.
Frequency boundaries were defined as [1073, 103], in accordance with common
practice. The approximation order was set to 5 to ensure a balance between

computational efficiency and accurate system behavior [29].

For the Fractional Integral Order Reset and Proposed Strategy, the “Fractional
Variable Order Derivative Simulink Toolkit” was used. In this case, the sampling time
was set to 107, and the Ny, 7., parameter was determined based on the formulation
recommended by the toolkit’s developers, defined as “simulation_time” divided by

“sampling_time” [30].

The saturation limit for the systems has been standardized as 15% less than the
maximum control signal produced by the system without saturation. The maximum

control signal was determined to be 1.835 for “System 1” and 1.732 for “System 2”.

6.1 Comparison for “System 1”

The first FOPDT system and the corresponding FOPI controller selected for

comparison are presented in (6.1) and (6.2), respectively.

1
G =gger1e (6.1)
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According to the defined standard, the saturation limit for this system has been set to
1.596, which is 15% less than the maximum control signal produced by the system

without saturation.

The system has a medium-level gain, a low time constant, and a time delay. The low
time constant results in a relatively aggressive system behavior. The integral gain and
integral order of the controller have been selected using the tuning rule discussed in
the previous section.

2.6442
Ci(s) =0.96 + 514319 (6.1)

This system—controller pair yields a response that is difficult to control and exhibits
excessive oscillations. The behavior of the methods under this scenario has been

examined.

The effects of different anti-windup methods on system responses and control signals
under a unit step input are compared. Figure 6.1 shows the system outputs. Figure 6.2
and Figure 6.3 illustrate the control signals before and after saturation block,
respectively. In addition, Table 6.1 presents the step response metrics corresponding

to each method.

04 Back Calculation j
Fractional Int. Order Reset |

02! Proposed Method

| — With Saturation

~—— ARC with Frac. Filter
S i S e ey S S St St S e riCcdien Reference
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Time (s)

Figure 6.1 : Comparison of step responses for System 1.

The label "With Saturation™ represents the case where no anti-windup method is

applied, and only a saturation limit is imposed on the control signal. This case serves
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as a reference, as it reveals the system’s natural behavior and the negative effects
caused solely by saturation. Observations show that in this scenario, the system
exhibits a high overshoot of approximately 52.13% and a long settling time of around
18 seconds, along with pronounced oscillations and delays, indicating an unstable
response.

Table 6.1 : Comparison of step response performances for System 1.

Anti Windup Method Overshoot  Settling Time Rise Time Peak Time

(%) (s) (s) (s)
With Saturation 52.1274 18.3160 0.8255 2.8791
Back Calculation 44.8334 15.2515 0.8257 2.4409
ARC 37.7816 8.7821 0.9284 2.5390
ARC with Fractional Filter ~ 28.6280 6.1567 0.9024 2.5222
Fractional Int. Order Reset  32.0280 9.6360 2.1347 3.7409
Proposed Strategy 8.5773 3.2515 0.6224 1.3000

When anti-windup methods are applied, significant improvements in system behavior
are observed. For instance, classical methods such as back calculation and ARC reduce
the overshoot to the 35-45% range, yet still fail to fully suppress oscillations and
achieve adequate settling times, thus not ensuring complete system stability. The
fractional integral order reset and fractional filtered ARC methods alleviate these

issues to some extent but cannot completely eliminate them.

35t
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Figure 6.2 : Comparison of control signals (without saturation) for System 1.
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Figure 6.3 : Comparison of control signals (with saturation) for System 1.

When the control signals are examined, it is observed that, although the proposed
strategy initially produces a high control input, it quickly brings the signal below the

saturation limit.

Figure 6.4 illustrates the values taken by the integral order in the proposed strategy.
Starting from an initially assigned value, the integral order shows a rapid decreasing
trend. As the system approaches the reference and the produced control signal falls
below the saturation limit, the integral order begins to stabilize, exhibiting less abrupt

changes. Over time, it is observed to converge toward a value close to 1.1.

Among all the methods, the best performance is achieved by the proposed anti-windup
strategy. This method results in only 8.58% overshoot, a fast rise time of 0.62 seconds,
and a settling time of 3.25 seconds. It produces a response that is both fast and well-

controlled.

6.2 Comparison for “System 2”

As the second example system, a model with a high time constant, which avoids
relatively aggressive behavior, was selected. In contrast, the time delay was set to a

longer value. The controller was tuned using the previously discussed tuning method.

The FOPDT system’s and the corresponding FOPI controller selected for comparison

are presented in (6.3) and (6.4), respectively.
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Figure 6.4 : The variation of the integral order with respect to time for System 1.

1.5
3.5s+1

Gi(s) = e 05 (6.3)

According to the defined standard, the saturation limit for this system has been set to
1.506, which is 15% less than the maximum control signal produced by the system
without saturation.

62
Cy(s) = 1.56 + ——— (6.4)

s1.3449

Table 6.2 : Comparison of step response performances for System 2.

Anti Windup Method Overshoot  Settling Time Rise Time Peak Time

(%) (s) (s) (s)
With Saturation 32.7853 15.3065 1.6674 5.4430
Back Calculation 30.6774 15.2523 1.7120 5.5452
ARC 40.0102 17.5478 1.6299 4.7723
ARC with Fractional Filter ~ 22.0653 13.3853 1.9221 5.4501
Fractional Int. Order Reset ~ 13.8134 11.5542 3.4459 8.1000
Proposed Strategy 0.8885 7.2823 1.8428 15.1000

In this part, the effects of different anti-windup methods on the Example 2 system are

evaluated. While Figure 6.5 shows the system outputs, Figure 6.6 and Figure 6.7

45



illustrate the control signals before and after saturation block, respectively. In addition,
Table 6.2 presents the step response metrics corresponding to each method for

Example 2 system & controller pair.

With saturation case represents the baseline system behavior, where only a saturation
limit is imposed on the control signal without any anti-windup method applied. In this
scenario, the system exhibits a high overshoot of approximately 32% and reaches
steady state in approximately 15 seconds. Notable oscillations and prolonged transient

behavior are also observed in the system output.

Although one of the classical methods back calculation reduces the overshoot to the
30% range, it offers only limited improvement due to prolonged settling times and

transient saturation observed in the control signals.

The ARC with fractional filter method further reduces the overshoot to 22%, yet still
fails to sufficiently suppress oscillations. The fractional integral order reset method
yields a 14% overshoot and a significantly delayed peak time as 8 seconds, producing

a transient response that is oscillatory but controlled.
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Back Calculation
Fractional Int, Order Rese!
Proposed Method

With Saturation

ARC with Frac. Filter

0~ |~ = = = Reference
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Time (s)

Figure 6.5 : Comparison of step responses for System 2.

In contrast, the proposed strategy achieves a negligible overshoot of only 0.89% and
reaches steady state in just 7.28 seconds. With a rise time of 1.84 seconds, the system

demonstrates a response that is both fast and stable.
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These results indicate that the proposed strategy offers the most successful solution in
terms of both overshoot suppression and rapid reference tracking then other classical
and fractional-order controller based methods.

An analysis of the control signals reveals that the fractional integral order reset and
proposed strategy methods start with relatively large signals compared to the other
methods. The ARC and ARC with fractional filter methods are able to inherently limit
the control signal due to the presence of a model-based saturation block within the
controller.

Notably, the proposed strategy, in particular, quickly falls below the saturation limit
and settles at a stable value, thereby avoiding unnecessary stress on the system. This
behavior provides a significant advantage in terms of both system safety and actuator
durability.

Control Signal

ARC e
Back Calculation

Fractional Int. Order Reset
Proposed Method

With Saturation

ARC with Frac. Filter

= umax

0 5 10 15 20 25 30
Time (s)

Figure 6.6 : Comparison of control signals (without saturation) for System 2.

Figure 6.8 presents the graph of integral order by time. The alpha value initially drops
rapidly to its minimum. As the control signal decreases and the system approaches the

reference, it begins to increase again.

Around the 11th second, the integral order returns to its initial value and continues
with the predefined parameters set in the controller design. As mentioned before, the
initial value of alpha is the best value chosen for the controller in the ideal case where

no windup problem is encountered.
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Figure 6.7 : Comparison of control signals (with saturation) for System 2.
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Figure 6.8 : The variation of the integral order with respect to time for System 2.
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7. CONCLUSION

Throughout this thesis, the concept of integral windup has been thoroughly examined.
The underlying causes of windup have been emphasized, and the effects of different
saturation limit values on system response have been demonstrated through simulation
studies. The contributions of controller parameters to the windup problem have been
illustrated, with particular focus on how the integral order in fractional-order

controllers influences this issue.

Well-established anti-windup methods from the literature have been reviewed, and
their implementation in systems controlled by FOPI controllers has been described.
However, the existing literature largely overlooks the potential advantages offered by

the tunable integral order in fractional-order controllers.

An anti-windup method that adaptively adjusts the integral order online has been
proposed. This approach utilizes both the saturation error and the reference tracking
error as key parameters in determining the value of the integral order (o). The influence
of FOPDT system parameters on these two criteria has been analyzed in detail, and the

update rule has been generalized using the characteristics of FOPDT systems.

The proposed strategy and existing approaches have been comparatively evaluated for
different FOPDT system dynamics and FOPI controller configurations. Four
performance metrics have been used to support the analysis: rise time, settling time,
overshoot, and peak time. The results demonstrate that the proposed strategy
significantly improves system performance and offers an effective solution to the

windup problem.
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