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ABSTRACT

STRESSES IN A MULTIFERROIC THIN FILM - MULTI-LAYER
COATING SYSTEM

Sahin, Eren
Master of Science, Mechanical Engineering
Supervisor : Prof. Dr. Serkan Dag

April 2025, 115 pages

Multiferroic or magneto-electro-elastic (MEE) materials, consisting of Piezoelectric
(PE) and Piezo-magnetic (PM) phases, has coupling effects of mechanical
deformation, electric and magnetic fields. The studies in this area increase in the
recent years due to its wide and important applications in the general smart
structures. The problem for a multiferroic thin film which is bonded to transversely
isotropic multi-layer coatings on an isotropic homogenous substrate is solved by
performing analytical approach in this study. All the layers are assumed to be bonded
perfectly without an adhesive layer. The thin film is assumed to behave as
“membrane”, and the coupling effects of the magnetic and electrical fields are
considered. In the analytical approach the governing Navier equations are obtained
for the plane elasticity problem. These partial differential equations are solved to find
the displacement fields that satisfy the boundary conditions by using Fourier
transformation techniques. The numerical solutions for the singular integral
equations (SIE) which are derived from the displacement fields are obtained by using

collocation-expansion method and the contact stresses and stress intensity factors are



determined. The results obtained from analytical method are compared with the

studies from literature to evaluate the accuracy of this study.

Keywords: Multiferroic, Thin Film, Multilayer Coating, Contact Stresses,

Transversely Isotropic.
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0z

BiR MULTIFERROIK INCE FiLM - COK KATMANLI KAPLAMA
SISTEMINDE GERILMELER

Sahin, Eren
Yiiksek Lisans, Makina Miihendisligi
Tez Yoneticisi: Prof. Dr. Serkan Dag

Nisan 2025, 115 sayfa

Piezoelektrik (PE) ve Piezo-manyetik (PM) fazlardan olusan multiferroik veya
manyeto-elektro-elastik (MEE) malzemeler; mekanik deformasyon, elektrik ve
manyetik alanlarin baglasim etkilerine sahiptir. Genel akilli yapilardaki yaygin ve
onemli uygulamalari nedeniyle bu alandaki ¢alismalar son yillarda artmaktadir. Bu
calismada izotropik homojen bir substrat iizerinde enine izotropik ¢ok katmanli
kaplamalara baglanmig olan multiferroik ince bir filmin temas problemi, analitik bir
yaklasim kullanilarak ¢oziilmiistiir. Tiim katmanlarin yapistirici bir katman olmadan
miikemmel bir sekilde yapistirildig1 varsayilmaktadir. ince filmin “membran” gibi
davrandig1 varsayilmis olup, manyetik ve elektrik alanlarin baglasim etkileri géz
onlinde bulundurulmustur. Analitik yaklasimda, diizlem elastisitesi problemi i¢in
gecerli Navier denklemleri elde edilmistir. Bu kismi diferansiyel denklemler, Fourier
dontisiim teknikleri kullanilarak smir kosullarmi saglayan deplasman alanlarim
bulmak i¢in ¢Oziilmistir. Deplasman alanlarindan tiiretilen tekil integral
denklemlerinin (SIE) sayisal ¢ozlimleri, agilim-diizenleme yontemi kullanilarak elde

edilmistir ve bunun sonucunda temas gerilmeleri ve gerilim yogunlugu faktorleri

vii



belirlenmistir. Analitik yontemden elde edilen sonugclar literatiirdeki ¢aligmalarla

karsilastirilarak bu ¢alismanin dogrulugu degerlendirilmistir.

Anahtar Kelimeler: Multiferroik, Ince film, Cok katmanli kaplama, Temas

Gerilimleri, Enine Izotropik.
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CHAPTER 1

INTRODUCTION

The objective of this study is to propose a method to study the stresses in a single
layer multiferroic thin film and the transversely isotropic multilayer coating system
on its underside. The investigation, which assumes plane elasticity and perfect
bonding between the layers, is performed for both edge loading in the thin film and
uniform strain conditions in the rest of the system. This chapter presents a survey of
the literature on multiferroic materials and related problems. It then describes the

scope of this study.

1.1 Literature Survey

In the context of the ongoing development of artificial intelligence and machine
learning, the pursuit of smaller, more energy-efficient consumer electronic and data
storage devices have intensified the search for new multifunctional materials that
could potentially supplant the current semiconductor technologies. Among the
advanced materials that have seen a surge in research activities, multiferroics have
emerged as a particularly prominent area of interest due to their intriguing physical

properties and the unique technological applications they offer (Ramesh and Spaldin
[1]).

A crystal is provisionally designated as "ferroic" when it exhibits two or more
distinct orientation states in the absence of external magnetic, electric, and
mechanical stimuli, and is capable of transitioning between these states through the
application of a magnetic field, electric field, mechanical stress, or a combination

thereof (Aizu [2]). Multiferroic materials are a sub-class of ferroics that



simultaneously show multiple ferroic orders. These orders include ferroelectricity,
ferromagnetism, and ferro elasticity. In essence, these materials elicit properties that
are characteristic of both magnetic and dielectric substances, thereby enabling them
to respond to both electric and magnetic fields. When the multiferroic term is
introduced by Schmid [3], it is employed to describe the materials that display a
coexistence of two or more primary ferroic orders within the same phase. However,
the term has since been expanded to encompass the coexistence of ferroelectric and
ferro-, ferri-, or antiferromagnetic order in single- or multiphase materials. The
single-phase materials can be classified into two distinct categories, designated as
Type | and Type Il, as illustrated in Figure 1-1. (Fiebig et al. [4]). Type-I
multiferroics demonstrate favorable ferroelectric properties, with the critical
temperatures of the magnetic and ferroelectric transitions often exceeding that of the
ambient temperature. However, it is undesirable to note that the coupling between
magnetism and ferroelectricity in these materials is usually relatively weak
(Khomskii [5]). The ferroelectricity observed in type | multiferroics may be resulted
by several different mechanisms, including the influence of electronic lone pairs,
geometric effects, and charge order (Singh et al. [6]). Type-ll single-phase
multiferroics are materials in which the ferroelectric order is induced by magnetism,
thereby implying the presence of a markedly strong magnetoelectric coupling
(Vopson [7]). Cr.03 (McGuire [8]), BiFeOs (Wang et al. [9]), PbFeTiOs (Palkar and
Malik [10]), YIG (Krichevtsov et al. [11]) and TbMn2Os (Hur et al. [12]) are some
examples of single phase multiferroics. Obtaining multiferroicity in a single phase is
a challenging endeavor due to the inherent chemical incompatibility between
ferroelectricity and magnetism (Spaldin [13]). Furthermore, single-phase
multiferroic materials have yet to yield any characteristic that can simultaneously
exhibit large and robust electric and magnetic polarizations at room temperature (Ma
et al. [14]).
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Figure 1-1. Types of single phase multiferroicity [4]
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Figure 1-2. A structural diagrammatic representation for multiferroic composite
structures. (A) homogeneous mixture of electric and magnetic phases; (B) laminated
bi-layer structure; (C) laminated multi-layer structure; (D) composite made of
particles mixed in a matrix; and (E) fiber multiferroic composite. [7]

To address the limitation of low ME coupling coefficients in single-phase
multiferroics, composite-type multiferroics, which primarily comprise both
ferroelectric and magnetic phases in the form of thin/thick films and
nano/heterostructures, have been developed to enhance their performance (Gupta
and Kotnala [15]). The concept of fabricating multiferroic composites presents a

promising avenue for advancing materials science, offering substantial advantages



including greater flexibility in designing materials for specific applications and
optimization of magneto-electric coupling. BaTiOz/Fe laminated layers (Srinivasan
etal. [16]), FeBSIC/PZT laminated layers (Maet al. [17]) and AIN/FeCoSiB bilayers
(Jahns et al. [18]) can be demonstrated as representative examples of multiphase
multiferroics. Figure 1-2 illustrates several potential multiferroic composite

structures.

As previously stated, multiferroic structures have significant potential for
incorporation into innovative devices, including those utilized in smart structures
(See Figure 1-3). These applications can be demonstrated through a variety of
devices, including random access memorys (Spaldin and Ramesh [20], Barman and
Kaur [22]), resonators (Fetisov and Srinivasan [21], Corso et al. [27]), energy
harvesters (Ryu et al. [23]), Naifar et al. [26]), sensors (Yarar et al. [25], Ribeiro et
al. [32]), gyrators (Zhuang et al. [24], Bhuktare et al. [34]), transducers (Muralt et al.
[28], Rupp et al. [33]), quantum wells (Ortmann et al. [29]), spintronic devices
(Chang et al. [30]), antennas (Nikitin et al. [31]), and so forth.
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| 4 —~y
Metal electrodes -
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S d
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Figure 1-3. Some applications of multiferroic materials. (Dhiren et al. [19])



Contact mechanics plays an important role in the field of solid mechanics. The
objective of the studies in this area is primarily to analyze the stress and displacement
fields that result from contact loading, as this type of loading has the potential to
cause failure of the components in the system. Hertz's study represents the inaugural
study in this field [35]. Muskhelishvili shares important studies about punch
problems and the solution techniques about the singularities faced in this problem in
his book [36]. The punch problems are typically associated with substrate and/or
coating(s) for varying material properties and a moving or stable punch, which
determines whether the problem is elasto-statics or elasto-dynamic. The singular
integral equations are derived in these problems by using stress-displacement
relations and these equations are solved by using different techniques. The following
doctoral dissertations exemplify studies of this type of problem. Dag put forth a
solution to the contact-crack coupling problem of a FGM substrate for different
punch profiles [37]. Balci investigated a contact problem involving the movement of
a punch on both the FGM and the homogeneous coatings. [38]. Toktas examined a
contact issue pertaining to the motion of a punch on both the FGM and the

multiferroic-homogenous multilayer coatings [39].

Erdogan and Gupta studied on an elastic stiffener bonded to a substrate [40]. In point
of fact, this was not a problem of punching; nevertheless, the relationship between
the thin film and the substrate created an analogy to punching loads, from which the
singular integral equations could be derived. It is also assumed that the peek stresses
in the thin film are zero in this study. Erdogan and Joseph conducted a study on the
properties of multilayered films on a substrate, the results of which were published
in two papers [41], [42]. In this study, stress relations for multiple films were also
investigated. Thin films were modelled as orthotropic membranes with either shear
interfaces or perfect bonding. In a study conducted by Guler et al., the stress in a thin
film bonded to a FGM substrate was examined [43]. In his master's thesis, Gulver
devised solutions for thin film bonded to FGM coating with edge loading and far-
field loading conditions. The issue of a piezoelectric thin film bonded to a graded

substrate through a bonding layer is investigated by Chen et al. (2018) using the



membrane assumption [44]. Chen et al. (2016) studied thin film bonded to FGM
coating with far-field loading [45].

A review of the published literature reveals no studies that address the problem
between a single layer multiferroic thin film and transversely isotropic multilayer
coating. This is attributable to the inherent challenges associated with the synthesis
of a single layer multiferroic thin film. The thin film model is selected for use with
multiferroic materials, but it has the capacity to address the piezoelectric and
ferromagnetic models by eliminating unnecessary parameters inherent to the nature

of the problem.

1.2 Scope of the Study

In this study an analytical method is conducted for the contact stresses in a single
layer multiferroic thin film and the transversely isotropic multilayer coating system
on its underside. The issue of contact mechanics has been addressed in the context
of thin film and multiferroic materials. However, a problem between a single layer
multiferroic thin film and transversely isotropic multilayer coating has not been yet
overseen. Section 1.1 gives brief information about multiferroic materials, and the
problems related to multiferroics or thin films. Section 1.2 describes the scope of this

study.

In Chapter 2, the formulation commences with the introduction of equilibrium
equations in partial differential equation forms, utilizing the stress-displacement
relations for multilayer coatings and substrate. Subsequently, the Fourier transform
is employed to transform these equations into ordinary differential equations. The
unknowns are eliminated through the application of continuity relations among the
layers. Finally, these unknowns are defined with respect to a shear stress between
the thin layer and uppermost layer through the utilization of boundary conditions
between the uppermost layer and the thin film. Singular integral equation of the

second kind with Cauchy singularity and Fredholm kernel is obtained at this step. In



consideration of the assumption that the normal stress within the contact surface in
a thin film is zero, a single Fredholm kernel is obtained, thereby simplifying the

problem and reducing the necessary solution time.

Chapter 3 covers the solution of singular integral equation and the derivation of stress
in thin films. The singular integral equation is solved for both single end loading and
far-field loading conditions. In order to facilitate the application of collocation
methods, the aforementioned equations are subjected to a process of normalization.
The Fredholm kernel is simplified by Gauss-Legendre quadrature. Thereafter, the
singular integral equations are transformed into a linear equation system by
Chebyshev polynomials. Stress intensity factors for mode-I1 at singularity points a,b
are also derived at this step.

The numerical results are presented in Chapter 4. The results of two studies from the
literature are used for verification. The parametric studies on two different models

are derived for different geometric and material properties.

In Chapter 5, the results of parametric studies and possible future works are
presented.






CHAPTER 2

PROBLEM STATEMENT AND FORMULATION

2.1 Problem Definition

In this study, it is assumed that a single layer multiferroic thin film is bonded to
transversely isotropic multi-layer coating system. This coating system is placed onto
an isotropic homogenous semi-infinite substrate. All the layers are considered
perfectly bonded to each other without any defect. An elastic membrane model [37]
is used for the thin film which implies that the normal stresses and the bending for it
is negligible. The edge loads defined as P, and P, are applied on the thin film. The
other loadings on the multi-layer coating and substrate system are also represented
by an uniform strain ,. The thickness of the thin film is described as h;. The end
points of the thin film in y-coordinate are presented as a and b. The coating layers
are numbered as from 1 to n in the negative x-direction. The layer number is shown
in the parenthesis part of the subscript for the coatings. The features of the thin film
and substrate are displayed by using f and s letters in the superscript, respectively.
Whereas the continuity conditions are declared from substrate to n-th layer, the
boundary conditions are only defined at x=0. All structures are modeled under the
plane elasticity assumptions. The relations for each structure are analyzed under the

sub-titles.



1 t 1
Single layer multiferroic thin film hy(y) I

[ isotropic coating
P, «— v ——rP (
 a oy 1b ’ y

D E— hn = —
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hn-l

— —_—

g0 +— : P —

D E— hz —_—

‘_ ﬁ

hy 1 ,

_ ﬁ

x\lv Homogenous Substrate

Figure 2-1. Geometry of the problem
2.2 Formulation

In this section, stress-displacement relations are employed to derive the equations
for the thin film, multilayer coating, and substrate, in that order. Subsequently,

singular integral equations are derived using continuity and boundary conditions.

221 Thin Film

The thin film in this study is accepted as multiferroic and poled along the x-axis. The
constitutive equations for this material model can be expressed in (2.1) and (2.2)
using elastic, piezoelectric and piezomagnetic material properties. The elastic

stiffness coefficients of the thin film are represented by c/,, ¢/, cl,. The
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piezoelectric stiffness coefficients and piezomagnetic stiffness coefficients of the
material are declared as efl, efz and h{l, h{z, respectively. The electric field and the

magnetic field in x-direction are also stated as Ej:and H,f, respectively.

afx = lele,{x + lezejfy — e{lE,{ - h{lH;, (2.1)
f _ pof.f f.f ff f uf
Oyy = Cia€xx + Cyp8yy — €1,Ex — hypHy. (2.2)

A
P+ O] [ b0}, (0.3

Single layer I ye——r——

. - f
multiferroic thin film g-xy(o, ) n layer transversely
isotropic coating
a(n)xy (0, y )
— — — —
a 0 b ( y
R — hn n ’
— n-1 ’
hn1
— —_—
0 — : D —
— hz e
— S
hi 1 >
— S
E8/ Homogenous Substrate

Figure 2-2. Free body diagram for the thin film

Free body diagram of the thin film is illustrated in Figure 2-2. The normal and shear
stresses at the contact surface for the n-th layer coating are written as follows

according to the membrane model of the thin film.

a(n)xx(OJ y) =0, — 00y < o,, (2.3)

11



0, y<aandy > b,

G(n)xy(o'y) = {f(_'V); a<y<bh, (2.4)

The ratio of the normal force to the unit width of the thin film in the x-direction can
be assumed uniform along with the thickness. Hence, one can obtain force

equilibrium equations for the thin film in the following forms.

— [ ol,(0,00dt + P, = ke (1o, (), (2.5)
b_f

J, 0¢y(0,0)dt + P, = P,. (2.6)

The boundary conditions between the thin film and the coating can be derived as

follows since all the layers are desired perfectly bonded.
Iy (0,¥) = 0, (0,3), (2.7)

O(n)xx 0,y) = O_{x (0, ). (2.8)

The force equilibrium equations for the thin film in (2.5) and (2.6) can be redeclared

considering (2.4) and the first boundary condition in (2.7) as below.

0y ) =55 (Pa = J7 F(©)D), (2.9)

[7 f(®)dt = P, — P, (2.10)

One can express the normal strain in x-direction considering the constitutive relation

in (2.1) since the normal stress for the thin film in the x-direction is zero.

el ) = (=clel, ) + el El + nl D)/l (2.11)

When the equation (2.11) is substituted into the constitutive relation in (2.2), a new

expression for the normal stress in y-direction is accessed in the following form.

f f
o, (0,) = (C}, - & )gy(o y)+(C1C2eﬂ el ) EL + (Clghn ) Hl.

11 11

(2.12)

12



Finally, one can obtain the expression for the normal strain in y-direction by using
the right-hand side of the (2.9) and (2.12).

o of ot
) TPl F©a0)- (16“1 fz)Ef (f,: 1-p] )Hf

0,y) = L =L . 2.13
£yy(0,y) = o2 (2.13)

(C
d,

2.2.2 Multilayer Coating

The stress-strain relations related to each of the sub-layers for the transversely

isotropic coatings are declared by the following matrix form:

O(i)xx Cipi1 Ciyz O Eiyxx
G(i)yy] =1Ciyz  Cey2z 0 [ E)yy ] (2.14)
O(i)xy 0 0 C(i)55 zg(i)xy

The elastic stiffnesses in (2.14) can be represented in terms of independent elastic
parameters for both plain strain and plane stress cases in transversely isotropic
material model. The number of these parameters are five for plain strain and four for
plain stress. The elastic stiffnesses are formulated with these parameters in the

following forms.

E(yx
T 5 for plane stress
— @Ox~ ®y
Ciyrr = o ) (2.15)
(1-v@iyyz)E{x

n for plane strain

v E E
Wy O QY £o1 plane stress

E —v E
Ciyiz = O Ty Oy , (2.16)
Wiyxy tVixyV(i)yz) ExE )y for plane strain
A

E i\ E(i
Q@Y __ £or plane stress

Car =1, L VonFon . (2.17)

A—viyyxVixy) E@)xE Gy .
. for plane strain

13



Ciyss = Kiyxy- (2.18)
where,
A = Eqx(1 = vayys” = VoxyVoys T Yoy VxyVys)

~E(0yy Wixy + 2082y V(02 + VioayV(iyyz) (2.19)
The equations are defined for these relations as follows.

Vi Vi
(ab _ Yba oy (2.20)
E(iya Eyp

The equilibrium equations for each sub-layer and the substrate can be stated as

follows since there is no body force on the system.

aO'xx ao—xy _
T2 =0 2.21)
99yy 4 9%y _ (2.22)

dy 0x

When the stress equation in (2.14) is substituted into governing equilibrium
equations (2.20) and (2.21), the following Navier’s equations for displacements in

each sub-layer yields in the partial differential equation form.

a ul a ul 6 1.7 ()
Ciyrr 5+ Cyss 55 552 T (Cnz + Css) 55, = 0, (2.23)
0? v 0% U
C(l)22 372 "L+ Cliyss o —22 + (Caiyaz + Ciyss) axa; 0. (2.24)

The displacements for each sublayer coating and the substrate can be explained in

the following forms by applying Fourier transform in y direction.

u(x,y) = — [ U(x, w)e'dw, (2.25)
v(x,y) = ifjooo V(ix,w)e!*Ydw. (2.26)

where I = v—1and U(x, w) and V (x, w) are Fourier transforms of u(x,y) and v(x,y)

in y direction, respectively.

14



When the Fourier Transforms of the displacements are substituted into Navier’s
equations, one can transform these partial differential equations into the following

ordinary differential equations.

d2u; av
Ciy11 72) — Caiyssw? Uy + (Ciyrz + C(i)ss)w()lw =0, (2.27)
szi dUg
—Cliy220° Vi) + C(i)ssvg) + (Ciy1z + Cyss) d;) lw = 0. (2.28)

The solution forms for U;) and V{;) can be suggested as follows.

4

U(l-)(x,w) = Z M(i)jes(i)jx ; i=1,..,n-1, h(i+1) <x < h(l’),
j=1

i=n 0<x< h(n): (229)

4
V(i)(x, W) = Z M(i)jN(i)jeS(i)jx, i=1,..,n-1, h(i+1) <x< h(i)'
=1

i=n 0<x< h(n)- (2.30)

The two partial differential equations can be modified into the following matrix

system with the replacement of solution of the displacements in these equations.

[ws(p)j(Ciytz + Capss)  CaaS(yj — Cpyssw’ l M(i)ijj] —0 (2.31)

CiiyssSGyj—Cayzz®®  (Cayiz + Cpss)wsay] L M)

The determinant of this matrix gives the following fourth order characteristic

equation.

c? Ci 2C; Ci
()12 _ (i)22 + (l)lZ)wZS(ZL)] + (i)22 w4 — 0. (2.32)

4
Siiyi T
(O] Ciy11

Cw11Cwss  Cryss Ci11
The solution of these characteristic equations yields the following roots.

si1 =Aplol,  R(se1) >0, (2.33)
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sz = —Aplol,  R(sw2) <0, (2.34)
swz =Bplol,  R(sws) >0, (2.35)
Sia = —Bwplwl,  R(sws) <O0. (2.36)

where A¢;y and B(;) constants depend on the elastic stiffness coefficients with the

given relations.

iz Zcfmzc(i)zz
_( CEy1z C(i)zz,ZC(i)u)+2 Cen11CTyss  C11€Tss

Cwulwss Cwss S 1z ,C%i)zz AC(i)lzc(i)ZZIAC%i)lz Cli22
Cly11Css Clyss  Cw11CWMSs  Clygn 1
2 )

A
a

\
Ay =

(2.37)

C?i)lz C?i)lzc(i)ZZ
_ ( C%i)12 C(i)22 ,2(3(1')12>_2 C%i)ncfi)ss C(i)ncfi)ss
Cw11€wss Cuss €11

4 C?i)lz }C%i)zz 4C(i)1zc(i)zz=4c?i)1z 4C(i)22
\ c%i)llc(i)ss cfi)ss C)11€(i)s5 C%i)n Cph11
5 .

(2.38)

The expression for N(;);’s can be stated in the following relation by substituting the

obtained roots in the matrix equation.

C(i)115(2i)j_c(i)55w2
(Ciyrz+Ciyss)ws )

2.2.3 Substrate

The stress-displacement relations for the homogenous substrate are given by the

following notations.

N a N a N
0% (0,y) = o [ + DT+ B - k)5, (2.40)
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N a N a N
agy(x,y) = (Kf_n [((3 = k) S+ (k° + 1) %], (2.41)

ous  avs
oty (x,y) = w* |5+ 52, (2.42)

where p® is the shear modulus of the substrate and x*° is the Kolosov constant defined

by the following definitions.

3 —4v® for plane strain,
K% =43- 2.43
{3 . for plane stress. (243)
1+vS
One can obtain the equilibrium equations for the substrate as follows.
s+1 aZ N 62 S 2 aZ S
———— — ~_ =, (2.44)
KkS—1 0x? dy? KkS—1 0x0y
S+1 aZ S 62 S 2 aZ N
K v v us (245)

KkS—1 dy? 0x? kS—10x0y
Same procedure applies for the transformation of the partial differential equations
into the ordinary differential equations. The Navier equations for the displacement
in substrate take the following ordinary differential equations forms.

kS+1d%Us 2171s 2 dvs _
oz Ut ———lw =0, (2.46)
2K+l o dPVe 2 dvs

KS—IV + T2 + =1 lw = 0. (2.47)

The solutions are assumed similarly as follows.
US(x, w) = Y i_q MieSk*, (2.48)
VS(x,w) = Yi_qi MiNjeSk*, (2.49)

The ordinary differential equations can be summarized in the form of a matrix by

using the solutions of the Fourier transform of the displacements.

2 I KS+1 2 2 Snrs
KS—1 WSk Ks—lsk —w Mka
s s | =0. (2.50)
s2 K )2 2 _Jws My
ko ys—1 KS—-1 k
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The following characteristic equation is accessed from the matrix.

(1= (x5¥sg—2(1 — (KHPDw?s? + (1 — (k5P w* = 0. (2.51)
The roots of this characteristic equations are,

S12 = |w], S34 = —|wl. (2.52)
One can reach the relationship between M;,’s and N;;’s with the following statements.

|w|M3+K5M5

Ny =1 T (2.53)
Ny =1, (2.54)
N§ = —I "”"‘13—1\‘4;”"4 (2.55)
Ny =1 'Z—' (2.56)

The values of M7 and M; are taken as zero since the stresses for the substrate should
be limited as the values of x and y approach to infinity. In this way, the Fourier

transforms of the displacements reduce to the following structures.

Us(x,w) = M5e3* + xMj e+, (2.57)
VS(x,w) = M3N3eS3* + xM3N; es+*. (2.58)
224 Determination of Unknown Constants

The continuity and boundary conditions must be satisfied to extract the unknown
functions M;); and M. The number of the equations required to define 4N + 2
unknown functions is 4N + 2. One can define 4N continuity conditions at each
interface between the layers. 2 boundary conditions can be specified at the upper

interface.
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2.24.1  Continuity Conditions

The perfect bonding between the layers achieves the continuity conditions. These

conditions can begin to be defined with the interface between the substrate and the

first layer of the coating. For the first interface, four conditions are defined as

follows.

u(1)(h1;)’) = u’(hy, ),
17(1)(h1;3’) =v°(hy, ),
O-(l)xx(hlty) = Oxx(h1, ¥),

O(D)xy (hy,y) = O-;y (hy,y).

(2.59)
(2.60)
(2.61)

(2.62)

When the Fourier transforms of the displacements and the equation (2.55) are fitted

to the first two continuity conditions, the following matrix is produced. N3 is defined

with respect to the unknown functions M3 and M;. Hence, the open form of it is used

to derive this matrix.

1

esshi 0 (M3
[ 0 S4h1 {M4} Ilwl

[eS1h1
0

0
0

h

IxS [
h{N; + — N1
1Ng +— M

eSwzh

-1
1 1 1
Nayz Nz Naya

0 0 M1)1

0 0 |[|[Mw:2 (2.63)
eSwsha 0 M(1)3 ) '

0 65(1)4h1 M(1)4

The last two continuity conditions, which refer to stresses, can also be transformed

into the matrix form, after a few mathematical manipulations, as follows.

ssh M3
(S)][ 301 S4h1 {Mi} = [T(l)]

95(1)1h1
0

0
0

19

0 0 o 1[Man

eSwzh 0 0 |[Ma:
0 esSws3l 0 M1z |

0 0 es(l)4h1 M(1)4
(2.64)



where,

(S) T‘(S)

2
] = (s) ol (2.65)

4
1 = S [0 + Dss + B~ k9)]wl] (2.66)
) = s [0 + DA + hisy) + 103 = kNG + 15 (e = 3)], (2.67)
K = (o -2y, (2.68)
i = pSlwhy + Ni(1+ hysy) + s, (2.69)

w1 Tz Tws T4

[r(l)] - [T(1)5 T(e T@)7 T(1)8]’ (2.70)
rw1 = Cy11Sy1 + IwC1y12Ny1, (2.71)
T2 = Cy11S)z + [IwC1)12N1y2, (2.72)
s = C(1)115(1)3 + I(UC(1)12N(1)3» (2.73)
(s = C(1)115(1)4 + I(UC(1)12N(1)4» (2.74)
Ts = CyssUw + Ney1Say1), (2.75)
rwe = CayssUw + Ne1y2S)2), (2.76)
ry7 = CayssUw + Ne1y3Sys), (2.77)
Ts = Cyss(w + N1yaS1)a)- (2.78)

M3 and M3 are attained in terms of M(,);’s with equation system (2.63). Hence, the
equation system (2.64) provides M(); and M3 to be described with respect to

M1y, and M4, after the mathematical procedures shown in the following steps.

A new matrix g4y can be prescribed in the following way.
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lae] =[] 11|w| [ ot ] (2.79)
@ -— h NS Naiy1 Nayz Nz Naal
w1 92 93 94
law] = ds 9ae  9(1)7 Q(1)s]' (2.80)

The next step is to express the matrix [w(l)], which establishes the relationship

between the M(y;’s
[ eSm1h ”M(m] W1 W(1)2] [es(nzhl ][M(l)Z]
S(1)3’11 M1y3 W(1)3 W(1)a 0 5(1)4h1 Myal’
(2.81)

[W(1)1 W(1)2] _ [Q(1)1 — I qQus — I'(1)3]_1 [r(1)2 —q2 Twa— Q(1)4]
W3 W4 d)s —Taws d@7 — Tz e —de T@s — d)sl

(2.82)

Finally, to move the relationships from the lower interface to the upper interface of

the first layer, a [z¢;)] matrix is defined.

[5(1)1’12 HM(m] Z(1)1 Z(1)2] [eS(l)zhz ”M(l)z]
5(1)3h2 Mays 2(1)3 zaall 0 5<1>4"2 M4l

(2.83)
[2(1)1 Z(1)2] _ [35(1)1(hz—h1) ] [W(1)1 W(1)2]
Z(1)3  Z(1)4 0 eSwalhz=h) [ (W(1)3  W(1)4
eSSz =h2) ]
[ 0 85(1)4(h1—h2) ) (284)

The following statements are used to formulate the continuity conditions between

the interfaces of the multilayer coatings.
Uiy (hivn, ¥) = U (higr, ¥), i=1...,n—-1 —ow<y<om, (2.85)
vy (hiv1, Y) = V(e (R, Y), i=1...,n—-1 —o<y<o, (2.86)

Oyxx(hiv1,Y) = O (hivr,y), 1=1,...,m—1, —oc0 <y < oo, (2.87)
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Oy (Niz1,Y) = 0+ )xy(hiz,¥), i=1,...,n—1, —o0<y< oo, (2.88)

A similar approach to the previous example can be applied for the continuity
conditions of the multilayer coatings. The following matrix can be constructed with
the help of the two displacement equations in (2.85) and (2.86).

[K.][esanham 0 ”M<i)1]+[L,][esmzh(m) 0 HMa)z]
® 0 eSwshary | |[M ® 0 eSali+ | |M(j4

()3
_ [M* ] [es(i+1)1h(i+1) 0 ] M(i+1)1]
1O 0 eSt+03hi+n | |[M(i41)3
« 1[eSt+n2hi+ry 0 M(i+1)2
+[N(i)] [ 0 eS(i+1)4h(i+1)] [M(i+1)4—].
(2.89)
where [K], [Lp], [M(;] and [N(;)] are the matrices defined as follows.
1 1
K] = [N(i)l N(i)g]' (2.90)
1 1
20) = [y M) 29y
1 1
Ml = , 2.92
M) [N(Hl)l N(i+1)3] (2.92)
1 1
Vo] [N(i+1)2 N(i+1)4] (293

[Miy2 Mia]" and [Miy1  My3]T can be related in the following form.

[es(i)lh(m) 0 ] [M(i)l] B [Z(m Z(i)z] [eS(i)zh(iH) 0 ] [M(i)z]
0 eSwshi+1) M(i)3 T 1Zws  Za)a 0 eSmahi+n) M(i)4'
(2.94)

One can easily define [Mu)2 M;)4]" in terms of M;,);’s by the substitution of

(2.94) in (2.89) as follows.
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eSm2har1) 0 ] M(i)Z]

0 eSahi+n | |M(j)a
_ -1 1[eSa+niha+n M(i+1)1]
= [O(i)] [M(i)] [ 0 es(m)gh(m)] [M(i+1)3
-11 . 1[eSa+v2hi+n 0 M(i+1)2]
+ [O(i)] [N(i)] [ 0 es(i+1)4h(i+1)] [M(i+1)4 . (2.95)
where,
Z()1  Z(i)2
o0 = [kl [0 292+ o] 2.9%)

The following matrix declaration is used to express stress related continuity
conditions in (2.87) and (2.88).

Peo] eSSl 0 ] M(i)l] +[Rw] [es(i)zh(”” 0 ] Miy2]
® 0 eS3hi+n | |M;)3 ® eSwahi+n | |[M()4)

Miy1)1]

_ [S ' ] [es(i+1)1h(i+1) ] [
® 0 PRITENEILLTEY M(i+1)3-

] [M(i+1)2'
eSt+0ali+n) | |[M(i41)al

es(i+1)2h(i+1)
+[Tw) [ 0

2.97)
where the matrices [Py ], [Ri ], [Scy] and [T ] are given below.
[Po] = C11Sa@r HwCi12Np1  C11Sauys T [wCiy12Niy3 (2.98)
® Ciyss(Uw + Nijy1Sy1) Cpyss(Uw + N(jy3S(iy3) '
[Re| = Ci11S@y2 T lwCip12Nwy2  Cipy11Saya T 1wCiy12Niya (2.99)
® Cpyss(Uw + Niiy25i)2) Cpyss(Uw + N(i)aS(iya) '
[Sw]
3 lC(i+1)115(i+1)1 tloCir12Narn1  Carn1aSarns T I0Curn12Narns
Cii+1yss(I® + N+1)15+1)1) Ci+nss(I® + Ni1y3Srnz) |
(2.100)
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Tw]
_ Ci+n11Si+1)2 T IwCir1y12Ni+1)2 Carn11Sa+na T IoCusr1)12Ni41)4
CiivnyssUw + Nigr1)2S@ir1)2) Cirnssw + NiryaSarna) |

(2.101)

[W;)] matrix is attained, which allows [M+1z Ma+1)4]” to be written in

[Mi+1)1  M(+1)3]7 dependent form using (2.94) and (2.95) in these continuity

conditions.
[es(i+1)1h(i+1) 0 ] [M(i+1)1]
0 eSa+nsharn | [M(i11)3
- es(i+1)2h(i+1) 0 M(i+1)2
B [W(i)] [ 0 es(i+1)4h(i+1)] [M(i+1)4]' (2.102)
where,
-1
[W(i)] = [[U(i)] - [S(i)]] [[T(i)] - [V(i)]]: (2.103)
Z(H1  Z(i)2 -1
U] = l[P o] [z(i)g z(m] + [R(i)]l [00] "My, (2.104)
Z(i)1  Z(i)2 -1,
Vol =[[Ral 2 507] + ol o0 s} 109

The final step is to extract the [Z(i+1)] matrix, which represents the transition from

the h(;4q) interface to the h;, ) interface.

[es(i+1)1h(i+2) 0 ] [M(i+1)1]
0 e S+nsh(i+2) M(i+1)3
=[Z(l:+1)1 Z(%+1)2] [es(i+1)2h(i+2) | 0 | ][M(Hl)z]. (2.106)
Z(i+1)3  Z(i+1)4 0 eS+nal(i+2) M(i+1)4
where,
[Z(i+1)1 Z(i+1)2]_[es(i+1)1(h(i+z)—h(i+1)) 0
Z(i+1)3  Z(i+1)4 0 es(i+1)3(h(i+2)—h(i+1))
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strn2 (s —har2) 0
W [e . 2.107
W) 0 eSrnalhien ~harz) (2107

Consequently, the relationships at the topmost layer can be defined in the following

form.

[M(n)l] o Z(n)z] [M(n)Z] (2.108)
M3 Z(n)s Zmyal IMnyal '
Zmy Zmy2] _ [e~Smim 0 o Sm2hn 0

[Z(n)3 Z(n)4] - [ 0 e ~S(mzhn [W(n—l)] 0 oSmyahn |’ (2.109)

All the unknown functions in the problem can only be described in terms of M),

and M ny4.

2.2.4.2  Boundary Conditions

The boundary conditions are determined with the help of the free surface condition
of the uppermost face and the continuity conditions between the thin film and the
uppermost layer. These conditions are specified in the equations (2.3) and (2.4) at
the upper interface of the uppermost layer. The following expressions are obtained
by applying the Fourier transform to these equations.

I 0y (0,8) e719%dt = 0, (2.110)
1) _ b —

) Oy (0, t) e~ 1tdt = fa f(t) e 19tdt = Q(w). (2.111)

The equations (2.110) and (2.111) can be summarized as follows in matrix form.

o] = oo} @12

where [0] is given below as a function of [Py, ] and [R,)] matrices declared by

means of the formulae (2.98) and (2.99) for i = n.

01 = [[Puo][z00] + [Reny]] (2.113)
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Ultimately, all hitherto unknown functions are defined in terms of Q (w).

2.2.5 Derivation of Singular Integral Equation

The singular integral equation is obtained at the end of this part. The formulation

commences with the derivative of displacements with respect to y-coordinate.

o umxy) . 4 X+

m—=—= x—>02_f lw ¥jeq My ™Y do, (2.114)
. aV(n)( Y) ) ixX+I

lim 20 = i L [ 10 5y Mgy Ny 007417 @.115)

The aforementioned derivatives can be modified into the following forms in order to

establish a relationship between £ (t).

lim 27 0 = [, (x,y, OF () d, (2.116)
lim 2 202 = [ 1, (x,y, O (8) dt. (2.117)

where the functions J; and J, are defined in the following manner.

Ji = lirr(l) ffooo 01(x, w) e 1=V, (2.118)
X—

I, = lirré ffooo 0, (x, w) e 1PtV qy. (2.119)
X—

The functions o; and o, are defined in terms of the parameter, which contains the

coefficient with respect to Q (w), as follows.
0,(x, w) = coeff[Ia) =1 My e°™i%,Q (w)], (2.120)
0,(x, w) = coeff[lw Yi=1 MnyjNemyj €°5%, Q(w)]. (2.121)

An asymptotic analysis must be conducted to ascertain the strength of the singularity
in the singular integral in this step. In this study, the functions are illustrated as w

approaches infinity with the use of the infinity symbol in superscript form.
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Z ) Matrix can be written in the following explicit form.

Smz=Sm iy Smya=smVhnyy
Z Z e _ e _
[ (m)1 (n)Z] [ (n-1)1 (n-1)2 (2.122)

Zm)z Zmyal e(s(n)z_s(n)s)hnW(n_1)3 e(S(n)4—S(n)3)hnW(n_1)4'

In consequence of the definition of the real parts of the roots, the exponents of the

exponential functions tend to minus infinity, which implies that the z,) matrix
assumes a value of zero. Accordingly, M), and M), are calculated to be equal to

zero and M¢y,), and M, are extracted in the following form.

Ma)z _ o[ O

[MEZ)J_[O] [Q(w)]' (2.123)
where,

[0]° = [Ra] - (2.124)

As a result of asymptotic analysis o;° and 05° can be expressed in the following form.
07" (x, w) = py,€°MW2F + pyye*me, (2.125)

0 (x, w) = Il‘:)—lpmeswnx + 1|Z—|p22e5<n>4X. (2.126)

p constants depend on only the elastic stiffness coefficients. /° and J5° are obtained
by using equations (2.125) and (2.126).

2= lirré(pll | emAlelx gmlot=D)qg) + ling(plz |2 e Blolx g=lot=0)qy),
x- X

(2.127)
o _ J; © 4w _Alwlx ,—lw(t-y)
]2 il_tr(% (p21 f—OOIIwIe e d(l))
+lim (p22 [2, 1 el e N dg). (2.128)

The following steps illustrate the streamlining of the aforementioned two functions.

Exponential function can be expressed in trigonometric forms by using Euler

formula.
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e 10 = cos(w(t —y)) — I'sin(w(t — ¥)). (2.129)

The following equations can be derived by employing this formula and the odd-even
characteristics of functions.

2 elel emlot=Ngy = 2 [ ¥ cos(w(t — ¥)) dw, (2.130)
f_ooooll%le“"'x e 10t dy = 2 fooo e“* sin(w(t —y)) dw. (2.131)

The following integral rules are put forth by Abramowitz and Stegun [47].

a
a?+p?’

fom e” Y sin(bx) dx = #, fooo e~ % cos(bx) dx =

(2.132)

The equations (2.130) and (2.131) can be updated by employing the aforementioned

rules.

2 [” e“*cos (w(t — y))dw = ﬁ (2.133)
2 fooo e“*sin(w(t —y)) dw = % (2.134)
One can express J;° and J5° by using (2.133) and (2.134) as follows.

7 = 2ou lim (Gimr) + 2 i (o) (2.135)
I = 2onlim (i) + el (i) (2136

The two equations can be transformed into their final form by determining the limits.

Ji° = 2(p11 + p12) T8 (t —y), (2.137)
oo _ 2(D21+D22)
== (2.138)

where & represents the Dirac delta function.

The derivative of the displacements can be defined by means of asymptotic values
of the kernels in the following ways.
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. a n( 2, ) o [o.0]
llmZn% = [ Uiy, ) = (o, y, If (8) dt

x-0 y
+ 7 JP(xy, Of @t (2.139)
. vy (xy) (oo .
i"j’éznT - f_ooUZ(x' Y t) _]2 (x! Y t)]f(t) dt
+ % 12 (x,y, O (Dt (2.140)

The second integral in equation (2.139) can be simplified as follows by using the

sifting property of Dirac delta function. The second integral in (2.140) is also shown

as below.

[P Gy, Of (Odt = 2mpy f (). (2.141)
J5 5 Gy, Of (Odt = 2p, [, 2= f(®)dt. (2.142)
where,

P1 = P11+ P12, (2.143)
D2 = P21 + D22, (2.144)

These two parameters are obtained from the asymptotic analysis and expressed as

follows.

(Cm)114@)B @)~ Cm)12)(C(m)12+C(m)s5)

pr= — (2.145)

Cnyss(Cmy11B(1)°+Cm)12) (Cmy114¢)) > +Ciny12)’

b = — Cm11(A@ +B@) € my12+Camss) (2.146)
2 Cmss(Cm11B() +Cm12) Cmy 114 +Cimy12) |

In light of the definitions of A(;) and B(;)in equations (2.37) and (2.38), which pertain

to the elastic stiffness coefficients, it follows that, p, and p, are solely contingent

upon these coefficients.

The singular integral equations are derived by modifying the integral limits in
accordance with the definition of f(t) and employing the expressions in (2.141),
(2.142), as detailed below.
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a n ),

w a)y(x y) _ % 2 ky (6 9)F () dt + py f (), (2.147)
oV (x,y) 2

% = %f: [kz(t, y) + t’i_y]f(t)dt_ (2.148)

where k,(t,y) and k,(t,y)are the Fredholm kernels defined as below. The

numerical solutions of these kernels are provided in Chapter 3.
ky(t,y) = [ (01(0, w) — py) cos(w(t — y)) dw, (2.149)

ky(t,) = [[(0,(0,w) — py) sin(w(t — y)) dw. (2.150)

The second integral will be subjected to subsequent analysis in order to extract stress
relations. The following compatibility condition can be defined at x = 0, given that
the far-field loading is present solely on the multi-layer coating and substrate system,
rather than on the thin film and for perfect bonding condition.

ef

yy = o (2.151)

Emyyy —

This equation can be updated by substituting.

=y [Rae) + 22 Fat

o AN R
hf(y)(Pa_fgf(t)dt)_ Tn_eu Ex— Tll—hu H,
11 .

- = &p-
2 0
cf

(2.152)

After a simple manipulation the final form of the singular integral equation is
declared in the following form. One can attain the normal stress in y-direction and

the lateral stress in thin film using the solution of this singular integral equation.
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1
hfe(y)

ff ff f2
_ Pg Ci2€11  _f f Cighiy 4 f f f G2
Th() * ( c/, elZ) B 4 ( c/, h12> e t (CZZ c{l) “o

f2
%(Céz — Cﬁ) f; [kz(t,y) + i—zy]f(t)dﬁ fi’f(t)dt

f
€11

(2.153)
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CHAPTER 3

NUMERICAL SOLUTION

The objective of this chapter is to develop solutions for the singular integral equation
of the problem. The singular integral equation has been normalized to accommodate
a change in the integration limits, which is an adaptation to collocation methods. The
Gauss-Legendre quadrature polynomial expansion is employed for the computation
of the Fredholm kernels. The final equation is expanded using Chebyshev
polynomials and the solution is searched for the coefficients of this expansion. The
following section provides the numerical solution techniques mentioned above, with

a focus on two distinct loading conditions.

3.1 Normalization and Numerical Solution for Fredholm Kernel

It is essential to normalize the interval of the singular integral equation, which is
given by (a, b), to the interval (—1,1) in order to be able to solve the equation. It is
assumed that h, is constant. The new variables and functions are also defined to adapt
the existing variables in (2.153) to this normalization. The following is a description

of the process.

y:bz;ar+b2ﬂ, t=bz;aS+b:—a, —1<I'<1,—1<S<1. (31)
f2
f C 1,1 14 b—a rr _
(¢ =203 Kl ) + 22| sy ds + 522 7, fs)ds = (3.2)
where,
P, Cf ef f f Cf hf f f f sz
D=+ (C—f —ef) Bl + (C—f ) Hf +(ch - C—f> £ (33)
K,(s,1) = l’zikz (t, ). (3.4)
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The new Kernel K, (s, r), which guarantees the validity of proposition (3.4), can be

declared with the following definitions.

w= bf—aw*, 0,(0,w) = 0,7 (0, w"), P, = Dby (3.5)

K,(s,7) = fgo(oz*(O, w*) —po") sin(w (s — 7)) dw™. (3.6)

Given that the Kernel is constituted by an integral with an infinite upper limit, the
integral is partitioned into two constituent parts, as detailed below, in order to attain
a solution. A* is defined as the cut-off point of the integral. When this value is set to
a sufficiently high level, the first integral identified in right hand side of the (3.7) can
be regarded as zero.

K,(s,1) = f:i(oz*(O, w") —p;?) sin(w*(s — 7)) dw”
+ f:*(oz*(o, w") —p;") sin(w*(s — 7)) dw”, (3.7)

One more normalization is carried out with the following description and the kernel
is calculated approximately by using the Gauss-Legendre quadrature collocation

method, as follows.

W' = A?*§+A?*, (3.8)
o = o (0.6 ) o (56 ) -n)

=2 5E wien(&). (39)
n(6) = (0 (0. (L& +4)) - po)sin (S +2) 5 - 1) (3.10)

where w;’s are quadrature weight functions and &’s are the roots of the t-th
Legendre polynomial. The quadrature weight functions are presented in the

following manner where P, denotes the Legendre polynomials.

2
wW; = .
T a-)[PLe]’

(3.11)
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In this study, the integration interval is partitioned into numerous segments to
minimize the computational burden, and the collocation is conducted through the

utilization of 20 points.

3.2 Numerical Solution for Single End Loading Condition

It is assumed that a loading only exists at the right end of the thin film and that no
strain is present at the ends of the multilayer coating and substrate assembly in this
version of the problem. Consequently, the integral equation can be updated to reflect
the following single end loading conditions.

P, =0, P, =P, g = 0. (3.12)

One can define f(s) with the following new parameters.

f(s) =g19(s), (3.13)
where,
fof fof
91 = (0162;’11 - efz) Eaj: + (Clg;ln - hfz) H; + ,%- (3.14)
11 11

The solution in the following form is proposed for the function g(s).

9(s) = p(s)w(s). (3.15)

where ¢(s) is a continous, bounded function within the (—1,1) interval and w(s)
denotes the weight function associated with the Chebyshev polynomials of the first
kind.

In accordance with the findings of Erdogan and Gupta, the functions ¢ (s) and w(s)
can be expressed in the following forms [40]:

d(s) = Xn=0AnTr(5), (3.16)
w(s) = vli_ (3.17)
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Figure 3-1. Geometry of the single end loading problem

The Chebyshev polynomials possess the following properties, wherein U, (r)

represents the Chebyshev polynomials of the second kind.

11 Ta(s) (0, n=20,
nf—l (s—1)V1-s2 ds = {Un_l(r), n > 0. (3'18)
-1
rTs) _(m- cos™(r), n =20,
Lifi=sds = {—% o MV1=72,  n>0. (3.19)

The integral in (3.3) can be modified as follows.
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(cl, - % ) Kl + 2 g(rds + 20 g()ds = B (3.20)

Ll

hy
E=1- 7 ) (3.21)
12f 11_ f Ef+ 12f 11 hf H§+h—
‘11 ‘11 f

It is evident that if the electrical and magnetic parameters are assumed to be zero, the

right-hand side of the equation is also zero.

The equation (2.10) can be modified as follows by using Chebyshev expansion.

g1 Yo An [ Pk ds = P. (3:22)

The value of A, can be obtained in the following way by making use of the property
(3.19).

2P
Ao= s, (3.23)

The integral equation in (3.20) can be transformed into a linear equation system by
employing the Chebyshev polynomial expansion of g(s) and the properties of it as
outlined in (3.18) and (3.19).

Yn=1 An[LUp_1(r) + Ry ()] = F(1), (3.24)
where,

Ralr) = S0, VT =77 + (¢, - 902 [ o) s, (329)
F(r) = — cos™1(r) + (€L, = )nz (bz”a)g _11’;2(5_” ds+E,  (3.26)
L= (czfz - ‘;Lf) Dy, (3.27)

11

Some modifications have been made to (3.24) to facilitate the attainment of a

solution approximately. The upper limit of the summation in this equation is
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constrained by a sufficiently large N value and the values that make the Chebyshev
polynomials of the first kind zero (T,,(r;) = 0) are selected for the r values. After

these modifications, the equation takes the following final form.

Ne1 An[LUy_1 (1) + Ry (r)] = F (1), (3.28)
where,
7; = COS [(Zi -1) %] (3.29)

The aforementioned equation yields a set of N equations for each value of r;, and the

A,'s are determined by solving each equation.

As a result, the shear and the lateral stress values for the thin film at x = 0 can be

defined in the non-dimensional form according to the following equations.

O'chcy(o'r) _ Yn=0AnTn(r)

91 V1-12 (3.30)
s N
O-yy(r) _ b-a ,r Zn=0AnTn(S)
g1 o th f—l V1—s2 dS’ (331)
The equation (3.31) takes the following final form after simplification.
ol @ b 2p B A,
P = | (= cosTH (1) = Ehet 2 Uno (VT =72 (332)

The results for the single end loading condition at the other end can be calculated on
the assumption that the results in equations (3.30) and (3.32) are symmetric about

point (0, a";—b). Consequently, the double end loading condition can be determined by
superimposing the results in these two single end conditions.

The singularities located at the left and right ends of the thin film can be regarded as
analogous to a crack problem under in-plane shear mode, given that both of these

problems possess a square root expression. Hence, one can define the mode I stress

intensity factors at these points as follows.
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Kina = lim 20y = @) 0, (0,). (3.33)

kip = Lim\[2(b =) 07, (0,). (3:34)

The limits in the equations can be modified using the Chebyshev expansion of the
f(y). The final forms for stress intensity factors are obtained in the following

expressions.

k

e = B0 AnT(- D), (3.35)
915

k
— = = PN AT (D). (3.36)

g1 |——

ﬁ
N
Q

The equation (3.36) may be modified since T,,(1) is always equal to 1, which will
yield the final expression.

kirp

b-a
1 2

=YN A, (3.37)

Q

Q

3.3  Numerical Solution for Far-Field Loading Condition

In the context of a far-field loading problem, it is presumed that the loading occurs
due to a constant strain present at the ends of the multilayer coating and substrate
assembly, and that the thin film is not subjected to edge loading. The end conditions

and f(s) can be defined as follows.

Py =0, P, =0. (3.38)
f(s) = g29(s), (3.39)
where g(s) has the same definition as previous part and g, is given below.

clye] clnt e
gp = ( 1czf11 _ e{z) E{ + ( 1czf11 _ h{z) H,]: + (szz — Cl—fz)eo. (3.40)

11 11
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Figure 3-2. Geometry of the far-field loading problem

One can alter the equation (2.10) to accommodate this version of the problem in the

following way.

1 Tu(s)

o dn [1 P ds = 0. (3.41)

In accordance with (3.19), this equation suggests that A, is equal to zero. The

equation takes the following definition.

Yn=1An[LUy_1 (1) + Ry ()] = 1. (3.42)
where,

(a—b) cf?Zo1 T (s)
R, (r) = ;7 Up_a (MVT =72 + (L, - C—{l) = L Ko (s,m) A5 ds, (3.43)
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cl?
L=(ch-%)p, (3.44)

11

A,'s are determined by implementing the specified procedure in the context of the
single end loading condition. Subsequently, one can declare stresses in the following

equations.

oL, (01)  SN_| AnTo(r)

% N (3.45)
f
Oyy (1) -b A
2 = N Uy (V1 - 12, (3.46)
5 th n
The mode 1l stress intensity factors in this version of problem can be stated as
follows.
Mila _yw a7 (1 3.47
b—a_ n=14n n(_ )1 ( : )
9277
Ki1b
== Y A (3.48)
e
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CHAPTER 4

NUMERICAL RESULTS

This chapter presents the results obtained through the application of the procedures
outlined in Chapters 2 and 3, as illustrated in tables and figures. Among the
significant outputs of the problems are the normal and lateral contact stresses for the
thin film, uppermost layer and mode-Il stress intensity factors at the singularity
points. The solution obtained in Chapter 3 is verified in Section 4.1. The parametric

studies with different models are presented in Section 4.2.

4.1 Verification

The comparisons are presented with the results of previously documented cases in
the literature in order to validate the developed analytical and numerical procedures.

The initial series of comparisons has been derived from an analysis of the thin film
problem as solved by Chen et al. in 2016 [46]. The interface stresses in a thin film
bonded to an isotropic substrate with an arbitrarily graded coating are analyzed when
there is a constant strain present at the ends of the multilayer coating and substrate
assembly in this comparison study as illustrated in Figure 4-1. The grading functions
are selected as linear and exponential for the shear modulus in the comparison study.
In the present study, the Young's moduli in the x and y directions are also determined
by the grading functions to be able to determine the elastic stiffness coefficients for
transversely isotropic coating and thin film model, in addition to the shear modulus.
Furthermore, in order to obtain solutions that align with the principles outlined in
this material model, the ratios for elastic moduli and the Poisson’s ratios are defined
as being very slightly different from the ratios of shear moduli and the Poisson’s
ratio for the substrate , as illustrated in Table 4-1, Table 4-2 and Table 4-3. The

elastic modulus in the x and y directions and the shear modulus at the uppermost
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surface is represented by Ey,, Eo, and u, respectively. The material constant E?,

which is intrinsic to the substrate, is employed in both the elastic modulus in the x

and y directions for the bottom surface of the coating. Similarly, u° is used at this

surface as shear modulus. These values for each layer are derived from these values

by using the grading functions.

A
EOx EOy Efanfy'”f hf Ho
,, ! R >y
- w b —_—
h¢
- —_—
€o
z L ¥ PR
- ES us
s —_—

R <4

Figure 4-1. Geometry of the verification problem-1

Table 4-1. The declaration of the ratio of elastic moduli with respect to the ratio of

shear modulus for coating

s ES ES
Ho Eoyx Eoy
7 6.999 7.001
1 b
7 6.999 7.001
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Table 4-2. The declaration of the ratio of elastic moduli with respect to the ratio of
shear modulus for thin film

) Efx Epy
Ko Eox Egy
28 27.999 28.001

Table 4-3. The declaration of Poisson’s ratio for the entire system

v’ vgy vfrz vay UOyz
0.3 0.299 0.301 0.299 0.301

The coating is divided into N layers. The arithmetic mean of the coordinates of the
bottom and top surfaces at each layer is employed to ascertain the material properties
of the layer in question. The linear variation in the material properties for the multi-
layer coating system is defined by the following equations.

ey = o + (18 — o) (C2) (4.1)
Egye = Eox + (B — Eor) (32) (4.2)
E(y = Eox + (E° — Eoy) (C2) 4.3)
Viyry = Voxy + (0° = voxy) (52) (4.4)
V(iyyz = Voyz T+ (V° — Vgyz) (%) (4.5)

The subsequent equations are employed for exponential gradation.

FAYE0)
by = toe ") ) 46)
B\ (@)
Eiyx = EOxeln(on)( hC) (4.7)
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B\ (2@
Egy = Eoyeln(E0y>( 2 (4.8)

In(-2-)(ZQ
U(i)xy = UOxye n(uoxy>(h ) (49)

v \(*@)
Viyyz = UOyzeln(voyZ)( hC) (4.10)

The normalization constant h, for the thin film is declared as follows without

multiferroic parameters.

hy = ¢, (4.11)

1-vs

The shear, lateral stress and stress intensity factors for the thin film are declared as

follows with new variables.

s, (s) = ol (0, =25 + ”;—“) hi (4.12)

Shy(s) = o), (0.5%s + %) (4.13)

Kita = \7&,%1 (4.14)
:

Kppp = -2 2, (4.15)

The number of layers is determined by using the percentage error in the results of
successive iterations as illustrated in Table 4-4. The number of layers is selected as
200 for the analysis. It is also observed that the run time of the program is dependent
on the number of layers linearly.
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Table 4-4. Number of layers, normalized lateral stresses, stress intensity factors and
percent approximate errors computed at s=0 for a linearly graded coating multilayer
model with 2h¢/b —a = 20, u*/ug = 1/7, ps/uo = 28, b —a/2hy = 32.

Approximate Approximate
Number Error for ; Error for
f Syy(s) KII,a
Of Syy(s) KII,a
Layers (%) (%)
20 - 12.367 - 0.8302
50 0.74 12.460 0.94 0.8381
100 0.16 12.480 0.26 0.8403
150 0.03 12.484 0.08 0.8410
200 0.01 12.486 0.04 0.8414

A comparative analysis is presented of the numerical results for the soft thin film in
contact with a hard substrate and vice versa, for various values of 2h¢/b — a by
using linear and exponential variation. A comparison of the results obtained in this
study with those reported by Chen and his colleagues reveals a high degree of
concordance, as illustrated in Figure 4-2, Figure 4-3 and Table 4-5.
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—Linear 24°/(b-a)=4
-4t —Exp. 2h°/(b-a)=4
16k —Linear 24°/(b-a)=20

—Exp. 2h°/(b-a)=20
® Chenetal., 2016
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—Linear 24°/(b-a)=4

—Exp. 2h/(b-a)=4

41 |—Linear 24/(b-a)=20

' ——Exp. 2h°/(b-a)=20
® Chenctal., 2016

0 L n | L 1 L 1 L 1 L
0 0.2 0.4 0.6 0.8 1

S

Figure 4-2. The comparison of the shear and lateral contact stresses derived in this
study for a graded coating with u*/ug = 7, ug /1o = 28, b —a/2hs = 32 to those
given by Chen et al. (2016).
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—Linear 24°/(b-a)=4
141 —Exp. 2h°/(b-a)=4
16L  —Linear 2A%/(b-a)=20
—Exp. 2h°/(b-a)=20

i ® Chenetal., 2016
_2 [ L L L | L L L | L L L | L L L | L L \
0 0.2 0.4 0.6 0.8 1
S
14 [

—Linear 24°/(b-a)=4

4t —Exp. 2h°/(b-a)=4
i —Linear 24°/(b-a)=20
27 —Exp. 2h°/(b-a)=20
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Figure 4-3. The comparison of the shear and lateral contact stresses derived in this
study for a graded coating with u®/uy = 1/7, us/po = 28, b —a/2hf = 3210
those given by Chen et al. (2016).
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Table 4-5. The comparison of the normalized stress intensity factors at s = —1
derived in this study for a graded coating multilayer model with pf/u, = 28,
b —a/2hs = 32 to those given by Chen et al. (2016).

Chen et al. (2016) Present Study
Exponential Linear Exponential Linear
2h¢
b—a 20 4 20 4 20 4 20

u—s=7 0.9300 0.8712 0.9829 0.8931 0.9304 0.8734 0.99 0.9020

— ; 0.7633 0.8323 0.7917 0.8412 0.7610 0.8299 0.7922 0.8414

The final verification is conducted using the findings from the study of Chen et al.
in 2018 [50]. This study analyses a theoretical model of a piezoelectric thin film
attached to a graded half plane with an adhesive layer under an electrical loading.
The present study is only compared with the aforementioned study in the context of

perfect bonding and homogenous substrate.

Piezoelectric Thin Film

>y

X

Figure 4-4. Geometry of the verification problem-2
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The substrate is modeled as multilayer coating system with exponential gradation on
a homogenous substrate in present study. The number of layers is selected as 200 for
this multilayer system. The ratios for elastic moduli and the Poisson’s ratios are
defined in Table 4-6 and Table 4-3, respectively.

Table 4-6. The declaration of the ratio of elastic moduli with respect to the ratio of
shear modulus for coating

”_s EOx EOy
Ho Es Es
1 0.999 1.001

The constant h, for the thin film is declared in this analysis as follows since it is
piezoelectric.

f . f
hy = (G2 — ], ) 8. (4.16)

11

The shear, lateral stresses and the stress intensity factors for the thin film are declared

as follows with the following expressions.

s, (s) =l (0,="s + b;—“) hi (4.17)

Shy($) = oy (0,555 + %) o, (4.18)

Kira = %hij (4.19)
:

Kppp = -2 2, (4.20)

The elastic stiffness parameters for the thin film is defined with respect to the

material parameters of the substrate as follows.

f2
«t, - ‘;1—]3)/#5 = 1/2.28(1 — v°). (4.21)
11
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Figure 4-5. The comparison of the shear stress derived in this study for a graded

f2
substrate with (szz — C;—fz)/;ﬁ =m/2.28(1—-v%), b—a/2h; =5 and v° = 0.3 to
11

those given by Chen et al. (2018).

A comparison of the result for the shear stress obtained in this study with that
reported by Chen and his colleagues in 2018 demonstrates a strong degree of

agreement.

4.2 Parametric Studies

The first parametric study is conducted on the multiferroic thin film bonded to an
isotropic substrate with an arbitrarily graded transversely isotropic multi-layer
coating system as illustrated in Figure 4-6. In this study, the edge loading and far-
field loading conditions are assumed to be negligible in order to ascertain the effect
of the multiferroicity of the thin film in isolation. The results are derived from linear,

exponential and different power law gradation functions.
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In a standard FGM, the volume proportions of the constituents are modified in a
gradual manner over a macroscale geometrical dimension, such as coating thickness
in order to meet the requirements of the material [51]. The definition of any material
property in FGM, therefore, is contingent upon the volumetric fraction of ceramic
and metal coatings. These volumetric fractions can be expressed as a function of the
power index, denoted by 1, and the coordinates [52]. The determination of the power
index can be achieved by measuring the material properties at different locations.
This can be accomplished through the utilization of various methodologies,
encompassing the indentation test [53], thermal conductivity measurement [54] and
the employment of Scanning Electron Microscopy (SEM) [55]. The exponent n for
the power law gradation is designated as 0.4, 1 and 1.5 for metal-rich coating, linear
coating and ceramic-rich coating, respectively in this study. The power law variation
in the material properties for the multi-layer coating system is defined by the

following equations.

Ky = o+ (° = o) (52)” (422)
Eqor = Eox + (E° — Eoy) (22)" (4.23)
Ewy = Eox + (E° — Eqy) (%)n (4.24)
Vymy = Yoy + (0 = Vo) (2)’ (4.25)
Vs = Voys + (0° = vgy) (22) (4.26)
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Figure 4-6. Geometry of the parametric study problem

The elastic modulus in the x and y directions at the uppermost surface take the E,
and Ey, values, respectively. Similarly, the shear modulus is represented by u, at
this surface. The material constants of the substrate are used for the bottom surface
of the coating and these values for each layer vary from the lowest to the highest
layer of the pavement depending on the grading function.

In this analysis, the normalization constant h5 for the thin film is declared as follows,

given its multiferroic nature.

f of fof
hy = (—Clczfen - e[z) Ef + (—Clcz}‘ﬂ - h{z) H]. (4.27)

11 11

The shear and lateral stresses and the stress intensity factors for the thin film and the

uppermost layer are declared as follows with the following expressions.

S,’:y(s) = a{y (O,b;—as + bﬂ) = (4.28)

2 Jhg'
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f _f b—a b+a) 1
Syy(S) = Oyy (O,TS + T) h—s, (429)
b—a b+a\ 1

S(n)yy(s) = O(m)yy (O,TS + T) h_3’ (430)
Kipa 1

Kina = Tecim (4.31)
=

Kip = b 2 (4.32)

The results obtained by utilizing different parameters for the normalized stress
intensity factors are presented in Tables 4-7 to 4-11. Table 4-7 and Table 4-8
demonstrate the influence of the ratio of the thickness of the coating to the width of
the thin film (2h¢/b — a) using the different grading functions on the normalized SIF
for us/uy = 7 and ps /uy = 1/7, respectively. The increase in this ratio decreases the
value of the SIFs for hard substrate-soft coating condition (u°/u, = 7). A similar
outcome is observed in the transition from a (n = 0.4) to ceramic-rich coating (n =
1.5). Conversely, the results obtained for the soft substrate-hard coating
(u®/uo = 1/7) condition are opposite. In addition, the hard substrate-soft coating
model yields higher SIF values in comparison to the soft substrate-hard coating
model when other material and geometrical parameters are kept the same. Table 4-
9 and Table 4-10 reveal the effect of the ratio of the width of the thin film to the
thickness of it (b — a/hs) with the different grading functions on the normalized SIF
for p® /ue = 7. Thinner films (higher b — a/hy ratio) reduce SIF value for all grading
functions. Furthermore, the metal-rich coating produces the highest SIF value
compared to other ones. The effect of the modulus ratio E,,/E,, with the different
grading functions on the normalized SIF for u®/u, = 7 is shown in Table 4-11. The
rise in this ratio causes higher SIF value. Nevertheless, the effect of this parameter

is comparatively negligible in relation to the preceding parameters.
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Table 4-7. The normalized stress intensity factors computed for the various grading
fLInCtIOnS Wlth I.l.s/l,lo = 7, Mf/'l,lo = 5, b— a/hf = 32, ES/EOy = 7, EOx/EOy = 2.

Exponential Linear n=0.4 n=15
2h¢
b—a 4 20 4 20 20 20
K. 0.0578 0.0565 0.0593 0.0573 0.0744 0.0562
Ky, -0.0578 -0.0565 -0.0593 -0.0573 -0.0744 -0.0562

Table 4-8. The normalized stress intensity factors computed for the various grading
functions with u®/ug = 1/7, ug/ug = 5, b — a/hy = 32, E°/Ey, = 1/7, Egx/Eqy = 2.

Exponential Linear n=0.4 n=15
2h¢
b—a 4 20 4 20 20 20
Kia 0.0522 0.0550 0.0537 0.0554 0.0519 0.0557
Ky, -0.0522 -0.0550 -0.0537 -0.0554 -0.0519 -0.0557

Table 4-9. The normalized stress intensity factors computed for the various grading
functions with u®/ug = 7, ps /g = 5, 2h¢ /b — a = 20, ES[Eqy, = 7, Egx/Eqy = 2.

Linear Exponential

b—a

hy 20 32 64 128 20 32 64 128

K; . 00677 0.0573 0.0429 0.0311 0.0664 0.0565 0.0425 0.0309

K;yp -0.0677 -0.0573 -0.0429 -0.0311 -0.0664 -0.0565 -0.0425 -0.0309
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Table 4-10. The normalized stress intensity factors computed for the various grading
fLInCtIOnS Wlth ,Lls/ﬂo = 7, ,Llf/ﬂo = 5, th/b —a= 20, ES/EOy = 7, on/EOy = 2.

n=0.4 n=15

hy 20 32 64 128 20 32 64 128

Ko, 00905 0.0744 0.0542 0.0387 0.0661 0.0562 0.0424 0.0308

K;p -0.0905 -0.0744 -0.0542 -0.0387 -0.0661 -0.0562 -0.0424 -0.0308

Table 4-11. The normalized stress intensity factors computed for the various grading
functions with u®/uy =7, pg/uo =5, 2h°/b—a =20, E°/Ey, =7, Egx/Egy = 2,
b —a/hs = 32.

Linear Exponential
Eox
Eo, 4 3 2 4 3 2
Kia 0.0581 0.0578  0.0573 0.0573 0.0570 0.0565
Kip -0.0581 -0.0578  -0.0573 -0.0573 -0.0570 -0.0565

The shear and lateral contact stresses for the thin film and uppermost layer, as
influenced by different parameters, are presented in Figures 4-7 to 4-20. Figure 4-
7 and Figures 4-8 depict the effect of the ratio of the thickness of the coating to the
width of the thin film (2h¢/b —a) for the different grading functions on the
normalized SIF for u®/uy, = 7 and u*/uy = 1/7, respectively. For the hard substrate-
soft coating condition, increasing this ratio has been shown to reduce the shear and
lateral stress values of the thin film, while increasing the lateral stress value of the
top layer. The lateral and shear stress values of the thin film for the linearly graded
coating are higher than those for the exponential coating, while the lateral stress

values for the top layer are lower. The opposite of the evaluations presented so far
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applies to the case of soft substrate with hard coating. Figure 4-9 and Figure 4-10
give information on the influence of the exponent of the coating obeying the power
law on the normalized SIF for u®/u, = 7 and u’/u, = 1/7, respectively. The metal-
rich coating for hard substrate-soft coating condition has been shown to yield
substantially elevated values in comparison with those of higher exponent coatings,
particularly regarding the lateral stress value of the thin film. This type of coating
shows interesting behavior for the lateral stress of the uppermost layer. It has higher
stress values near the edge of the thin film and lower stress values in the other regions
compared to the high exponent gradings. The inverse behavior for soft substrate-hard
coating is also applicable in this case. The influence of the ratio of the shear modulus
of the substrate to the coating (u°/u,) and the elastic modulus ratio (E*/E,,) for
different grading functions on the resultant stresses are indicated in Figure 4-11,
Figure 4-12, Figure 4-13 and Figure 4-14. The results of the grading functions
indicate that harder substrates result in higher stress values for the thin film and lower
lateral stress for the uppermost layer. The application of a metal-rich coating to a
harder substrate has been shown to result in the generation of significantly higher
lateral stress values for the thin film in comparison to other grading functions. The
change in the lateral stress behavior of the uppermost layer with respect to the ends
of the thin film described in the previous case is exactly the same here. Figure 4-15,
Figure 4-16, Figure 4-17 and Figure 4-18 illustrate the relation of the ratio of the
width of the thin film to its thickness (b —a/hs) by using the different grading
functions with the stresses. The use of thinner films results in increased lateral stress
values for the thin film, as well as reduced shear stress and lateral stress values in the
uppermost layer. The maximum and minimum values are observed for the metal-rich
coating, and the remaining grading functions yield analogous stress values. Figure
4-19 and Figure 4-20 show the effect of the elastic modulus ratio E,,/E,, with the
different grading functions on the stresses. It is seen that change in this ratio doesn't

have a significant impact on the stresses observed.
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Figure 4-7. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming a graded coating with
g =7, Hf/llo =5b- a/hf = 32, ES/EOy =7, EOx/EOy =2,
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Figure 4-9. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming a graded coating with
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63



D

0.1

0.05

L)yy(s)

S

©-0.05 |

-0.1 1

-0.15

sl
%
[N

Figure 4-9. (continued)

64



0.05 ;
0.04 |

0.03

-0.02? - - p=1

——p=15

-0.03 F

-0.04 F ]

L0058 e

NN N N N N O N N R S NI
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Figure 4-11. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming a linearly graded
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Figure 4-12. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming an exponentially graded
coating with us/pe = 5, b — a/hs = 32, 2h¢/b — a = 20, Eg,/Eqy = 2.
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Figure 4-12. (continued)
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Figure 4-13. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming graded coating with
n =04, us/ug=5b—a/hf =32,2h°/b—a = 20,Ey,/Ey, = 2
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Figure 4-14. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming graded coating with
n =15 us/ug=5b—a/hf =32,2h°/b—a = 20,Ey,/Ey, = 2.
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Figure 4-16. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming an exponentially graded
coating with ps/pg = 5, u* /g = 7, 2h°/b — a = 20, E° /[Eyy, = 7, Eox /Eqy, = 2.
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Figure 4-17. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming a graded coating with
n =04, pus/uo =5, u°/ug =7,2h/b —a = 20,E°/Ey, = 7, Egx/Eoy = 2.
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Figure 4-18. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming a graded coating with
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Figure 4-19. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming a linearly graded
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Figure 4-20. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming an exponentially graded
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Figure 4-20. (continued)

The final study is conducted on the model for an ultrasonic transducer construction,
as developed by Muralt et al. [28]. The material properties are delineated in Table
4-12 using values derived from extant literature. The thickness of the Pt and SiO> are
given as hp, =0.1 um and hg;p, = 1.2 um in this study, respectively. The total
thickness of the coating system is declared as h® = hp; + hg;0,. Both Pt and SiO
structures are modeled as multi-layers in the present study as illustrated in Table 4-
13 for different thickness ratios. The edge and far-field loadings are also assumed
zero for this study and the normalization constant h., for the thin film is declared in
this analysis as follows since it is piezoelectric.

o of
h, = (;—f - e{z) £l (4.33)

11
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The shear, lateral stresses and the stress intensity factors for the thin film are declared

as follows with the following expressions.

f _f b—-a b+a\ 1
Sxy(S) = Oxy (O,TS + T) h—z, (434)
ST (s) =dl, (0 b;as+bﬁ)i (4.35)
yy yy 72 2 h2) .
b— b+a\ 1
S(n)yy(s) = O-(n)yy (O,TaS + Ta) h—z, (436)
kia 1
Kia = ;;h—; (4.37)
2
k 1
Kip = Z o (4.38)
2
A
PZT-4 hf‘
> Yy
Pt a * b tht
y
. h*
SiO; hSiOZ
Y A 4
Silicone
v
X

Figure 4-21. Geometry of the ultrasonic transducer
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Table 4-12. The material properties for the system [28],[48],[49]

Si SiO; Pt PZT-4
C11[GPa] - 76 339.1 132
C,2[GPa] - 255 216.0 73
C,,[GPa] - 76 339.1 115
Css[GPa] - 250 61.1 30
e11[C/m?] - - - 14.1
e1,[C/m?] - - - -13.1
v 0.278 - - -

E[GPa] 1306 - - -

Table 4-13. The number of layers for different thickness ratios.

The Number of Layers Pt SiO2
8%Pt-92%Si0- 2 23
20%Pt-80%Si0- 5 20
40%Pt-60%SiO> 10 15
50%Pt-50%Si0> 13 13

The results obtained by using different parameters for the normalized stress intensity
factors are reported in Tables 4-14 to 4-18. Table 4-14 reveals the effect of the ratio
of the width of the thin film to the thickness of it (b — a/h) on the normalized SIF
for 2h¢/b — a = 2. It has been demonstrated that the use of thinner films results in a
smaller SIF value. Table 4-15 and Table 4-16 illustrate the relation of the ratio of

the total thickness of the coating to the width of the thin film to the normalized SIF

88



for b —a/hs = 4and b — a/hy = 1/2, respectively. The increase in this ratio has been
indicated to increase the value of the SIFs for both conditions. Table 4-17 and Table
4-18 give information on the effect of the
Pt / SiOz volumetric on the normalized SIF for b —a/hs = 4 and b — a/hy = 1/2,
respectively. The increase in the volumetric fraction of Pt in the total coating results
in elevated SIF values. The augmentation in the volumetric proportion of Pt within

the total coating material results in elevated SIF values.

Table 4-14. The normalized stress intensity factors computed for the ultrasonic
transducer problem with 2h¢/b — a = 2.

b—a

h 1/2 1 2 4 8
Kia 0.9113 0.8256  0.7055 0.5653 0.4288
Kip -0.9113  -0.8256  -0.7055 -0.5653 -0.4288

Table 4-15. The normalized stress intensity factors computed for the ultrasonic
transducer problem with b — a/h; = 4.

2h°
h—a 1 2 4
Kila 05584 05653  0.5775
Kip -0.5584  -0.5653  -0.5775
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Table 4-16. The normalized stress intensity factors computed for the ultrasonic
transducer problem with b — a/h, = 1/2.

2h¢
b—a 2 4 8
Kira 09113 09711 10245
Kip -0.9113 -0.9711 -1.0245

Table 4-17. The normalized stress intensity factors computed for the ultrasonic
transducer problem with b — a/h; = 4,2h°/b — a = 2.

8%Pt, 20%Pt, 40%Pt, 50%Pt,
92%Si02  80%Si02 60%Si02  50%SiO2

K1 0.5653 0.5856 0.5955 0.5974

Ki -0.5653 -0.5856  -0.5955 -0.5974

Table 4-18. The normalized stress intensity factors computed for the ultrasonic
transducer problem with b — a/h; = 1/2,2h¢/b — a = 2.

8%Pt, 20%Pt, 40%pPt, 50%Pt,
92%Si02  80%SiO2 60%Si02  50%Si0O2

K 0.9113 1.0066 1.0568 1.0689

Kip -0.9113 -1.0066 -1.0568 -1.0689

The stresses for the thin film and uppermost layer are illustrated in Figures 4-22 to
4-26. Figure 4-22 presents the effect of the ratio of the width of the thin film to its
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thickness (b — a/hs) on the stresses for 2h¢/b — a = 2. It has been indicated that the
use of thinner films leads to increased lateral stress for thin films, reduced shear and
lateral stress values for the uppermost layer. Figure 4-23 shows the influence of the
ratio of the total thickness of the coating to the width of the thin film (2h¢/b — a) on
the stresses for b — a/hy = 4. The increase in this ratio results in larger lateral and
shear stress for thin film and smaller lateral stress value for the uppermost layer.
Figure 4-24 gives information on the relation of the Pt / SiO2 volumetric fraction
with the stresses for b — a/hs = 4. It has been demonstrated that an increase in the
amount of platinum (Pt) in the coating results in greater lateral and shear stress for
the thin film, and a reduced lateral stress value for the uppermost layer. Figure 4-25
indicates the influence of the ratio of the total thickness of the coating to the width
of the thin film (2r°/b—a) on the stresses for b —a/h; = 1/2. Figure 4-26
illustrates the effect of the Pt / SiO, volumetric on the stresses for b —a/hf = 1/2.
As demonstrated in Figure 4-25 and Figure 4-26 the observed stress behaviors are

analogous to those previously documented in Figure 4-23 and Figure 4-24.
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Figure 4-22. The computed shear stress (a) and the lateral stress (b) for the thin
film and the lateral stress (c) for the uppermost layer by assuming 2h¢/b — a = 2.
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Figure 4-24. The computed shear stress (a) and the lateral stress (b) for the thin film
and the lateral stress (c) for the uppermost layer by assuming b —a/h; = 4 and
2h°/b—a = 2.
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Figure 4-25. The computed shear stress (a) and the lateral stress (b) for the thin
film and the lateral stress (c) for the uppermost layer by assuming b — a/h; = 1/2.
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Figure 4-26. The computed shear stress (a) and the lateral stress (b) for the thin
film and the lateral stress (c) for the uppermost layer by assuming b — a/h; = 1/2
and 2h¢/b — a = 2.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORKS

51 Conclusions

This study offers an analytical investigation into the problem for a single layer
multiferroic thin film on a transversely isotropic multilayer coating system that is
bonded to an isotropic homogeneous substrate. The investigation is based on the
assumptions of plane elasticity and perfect bonding between the layers. The study is
performed for both edge-loading in the thin film and uniform strain conditions in the
rest of the system. The analytical solution procedure is predicated on the derivation
of a SIE. To derive the final equation, the expansion is initiated using the Chebyshev
polynomials. Subsequently, a search is undertaken for the coefficients of the
resulting expansion in order to identify the solution. Computer program codes have
been developed using the MAPLE 2024 software for the execution of all numerical
procedures outlined in Chapter 2 and Chapter 3. A comparison of the analytical
solutions with those found in the extant literature is made for far-field loading of
both an isotropic thin film on FGM multilayer coatings bonded to an isotropic
substrate and a piezoelectric thin film on FGM substrate without any coating. As
demonstrated in Chapter 4, the tabulated data and numerical values are consistent
with the extant literature for both problems, exhibiting a high degree of accuracy.
This finding serves as a testament to the validity of the present study. These results
also demonstrate that the solution model under consideration has a high level of
efficacy in generating solutions for a wide range of material models. The subject of
parametric analyses in Section 4 pertains to multiferroic and piezoelectric thin films

without edge and far-field loading. The present study investigates the effect of both
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electrical and magnetic loading on a multiferroic film, while only electrical loading
can be examined for the piezoelectric one due to its inherent nature. The findings of

this parametric study are summarized in the following bullet points.

e The ratio of the width of the thin film to its thickness (b — a/hs) is the most
effective parameter for stress. Using thinner films (increasing this ratio)
reduces the SIF, shear and lateral stress values of the top layer, while
increasing the lateral stress values of the thin film. The maximum and
minimum values are obtained by using the metal-rich coating (n = 0.4)
compared to the other grading functions.

e The ratio of the thickness of the coating to the width of the thin film
(2h¢/b — a) results in different behavior depending on the relative hardness
of the substrate to the coating. For hard substrate-soft coating condition
(1 /po = 7) the increase in this ratio; decreases the SIF, the shear and lateral
stress values of the thin film, while increases lateral stress values for the top
layer. In the case of a soft substrate and a hard coating condition (u*/u, =
1/7), the behavior is diametrically opposed. The lateral and shear stress
values for the thin film with linearly graded coating are higher than those with
the exponential one, while the lateral stress values for the top layer are lower.

e The influence of the ratio of the shear modulus of the substrate to the coating
(1°/uo) and the elastic modulus ratio (E/E,,) are examined concurrently.
The harder substrate (increasing this ratio) causes higher lateral and shear
stress values for the thin film and lower lateral stress for the uppermost layer.
The metal-rich coating (n = 0.4) on the harder substrate results in higher
lateral stress values for the thin film compared to other grading functions.

e The increase in the amount of hard coating in a multi-layer coating results in
greater lateral and shear stress for the thin film and reduces lateral stress value
for the uppermost layer.

e The elastic modulus ratio Ey, /Ey, has no significant effect on stress.
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e For hard substrate-soft coating condition (u*/u, = 7) the increase of the
exponent i decreases the SIF, the shear and lateral stress values of the thin
film, while increases lateral stress values for the top layer. For the soft
substrate and a hard coating condition (u®/uy, =1/7), the behavior

becomes opposite.

5.2 Future Works

The present study provides information regarding a multilayer coating system on a
substrate in one stack. However, it is important to note that multiple structures can
be employed in general for smart structure applications. Consequently, this problem
can be expanded to encompass multiple thin film-multilayer coating systems on a

substrate as future work.

Multiple Thin
/ Films \
a b cl = ld
>y
Multilayer
Coating
Substrate
v
X

Figure 5-1. The problem with multiple thin film-multilayer coating system
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The bonding process during the fabrication of such structures is a pivotal parameter.
As a result, the bonding layers can also be modeled in the system to investigate the

effect on stress. This extended problem can be solved in future work.

Thin Film
/
- ; N >y
/
Bonding —————
Layers 4 N
Multilayer
AN Coatings
\ //
N\
Substrate
v

Figure 5-2. The problem with a thin film-multilayer coating system with bonding
layers
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APPENDIX A

THE PROPERTIES OF CHEBYSHEV POLYNOMIALS

The Chebyshev polynomials of the first kind T,, in trigonometric form are given by
the following relation.

T,,(cos(8)) = cos(nfd) (A1)

The Chebyshev polynomials of the second kind U,, in trigonometric form are defined

by the following relation.

sin((n+1)6)

U,(cos(0)) = e (A.2)

The Chebyshev polynomials of the first kind are derived by the following recurrence

relation.

To(x) = 1, (A.3)
T:(x) = x, (A.4)
Ts1 () = 2xT (6) — Toy (3). (A5)

The Chebyshev polynomials of the second kind are derived by the recurrence

relation.

Up(x) = 1, (A.6)
U, (x) = 2x, (A7)
Ups1(x) = 2xUn (x) — Up—1 (). (A.8)
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