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ABSTRACT

BETTI TABLES OF MULTIPARAMETER PERSISTENCE MODULES

Geven, Berat

M.S., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Semra Pamuk

August 2024, [80] pages

People still try to search for new effective methods to analyze the given data. Topolog-
ical data analysis (TDA) is just one way for doing this, and multiparameter persistent
homology is currently one of the favorite areas of TDA. Moreover, Betti tables is an
important invariant in multiparameter persistent homology. The aim of this thesis is
to give a survey about Betti tables also known as multigraded Betti numbers. In this
thesis, we elaborate the article “On the Support of the Betti Tables of Multiparame-
ter Persistent Homology Modules™ [[13]], which gives a bound to support of the Betti
tables of some special multiparameter persistence modules. After giving the neces-
sary background about the topic, we give an equivalent definition for Betti tables of
a persistence module by using Koszul complex, and we construct Koszul complexes
of persistence modules iteratively. Then, a proof of bounding the support of the Betti
tables of the given persistence module by using the critical cells of a discrete gradient

vector field is given. Lastly, for the case n = 2 this result is strengthened.

Keywords: persistent homology, koszul complex, discrete morse theory, multiparam-

eter persistence, Betti tables
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COK PARAMETRELI ISRARLI MODULLERIN BETTI TABLOLARI

Geven, Berat
Yiiksek Lisans, Matematik Boliimii

Tez Yoneticisi: Dog. Dr. Semra Pamuk

Agustos 2024 ,[80] sayfa

Insanlar hala verilen verileri analiz etmek icin yeni etkili yontemler aramaya calisi-
yor. Topolojik veri analizi (TDA), bunu yapmanin bir yolu olup, cok parametreli 1s-
rarli homoloji, TDA’nin su anda en gozde alanlarindan biridir. Dahasi, Betti tablolari,
cok parametreli 1srarli homolojide dnemli bir degismezdir. Bu tezin amaci, ¢ok dere-
celi Betti sayilar1 olarak da bilinen Betti tablolar1 hakkinda bir inceleme sunmaktir.
Bu tezde, baz1 6zel ¢ok parametreli 1srarli modiillerin Betti tablolarinin destegine bir
sinir getiren "On the Support of the Betti Tables of Multiparameter Persistent Homo-
logy Modules" [13] makalesini detaylandiriyoruz. Konu hakkinda gerekli arka plani
verdikten sonra, Koszul kompleksi kullanarak israrli bir modiiliin Betti tablolar1 i¢in
esdeger bir tanim veriyoruz ve 1srarli modiillerin Koszul komplekslerini tekrarlamali
bir sekilde inga ediyoruz. Daha sonra, bir ayrik gradyan vektor alaninin kritik hiic-
relerini kullanarak verilen 1srarli modiiliin Betti tablolarinin destegini sinirlandirma

kanitin1 sunuyoruz. Son olarak, n = 2 durumu i¢in bu sonucu giiclendiriliyoruz.

Anahtar Kelimeler: 1srarli homoloji, koszul kompleksi, ayrik morse teorisi, cok de-
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giskenli 1srarlilik, Betti tablolar
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CHAPTER 1

INTRODUCTION

Topological Data Analysis (TDA) is a field which was emerged in the early 2000s,
and TDA brought a new perspective to the field of data analysis. Besides the ordi-
nary data analysis methods, one also has tools from algebraic topology in topological
data analysis in order to analyze the shape and structure of a data set. For example,
homology is a common invariant in algebraic topology and is used to identify the dif-
ferent dimensional holes of topological shapes. However, instead of looking at holes
for a single topological space, we can track their lifespan through topological spaces
depending on a variable. This method is known as persistent homology, one of the
most frequently used tools of topological data analysis. By using cell complexes, fil-
trations, homology modules etc., persistent homology is helpful to catch the topolog-
ical features of data sets. In persistent homology, filtrations and persistence modules
are two of the main objects. Filtrations are actually nested sequences of topological
spaces. There are many ways of obtaining filtered spaces from point cloud data such
as filtrations obtained by Vietoris-Rips complexes or Cech complexes. Beyond this,
if we apply the homology functor to filtrations, we obtain persistence modules which

are algebraic tools that are used to analyze topological features of filtrations.

If only one parameter is used in the filtration, then we call it a 1-parameter persistence.
In 1-parameter persistent homology, we have a barcode structure of persistence mod-
ules. Barcodes give the death and birth information of the homology classes, and
it is a complete invariant. Unfortunately, we don’t have a structure like barcode in
multiparameter persistent homology, but sometimes 1-parameter persistent homol-
ogy modules may not be sufficient to analyze the given data. For example, if we have

a data set with some outliers, which are points that deviate from the other points, then



excluding these few outliers may cause a sharp change in the outcome. To include
these outliers, sometimes we have to consider more than one parameter to filter the
data. Thus, we need to use multiparameter persistent homology to analyze the data.
Even if there is no invariant in the multiparameter case as strong as barcodes, we
still have some useful invariants in multiparameter persistent homology, such as Betti

tables of multiparameter persistence modules.

The aim of this thesis is to give a survey about Betti tables also known as multigraded
Betti numbers. Based on the article "On the Support of the Betti Tables of Multipa-
rameter Persistent Homology Module" which is written by Claudia Landi and Andrea
Guidolin, we give a bound to the supports of Betti tables for some special persistence

modules.

The structure of this thesis is as follows: In Chapter 2, we give the necessary back-
ground to expound bounding the supports of Betti tables. We have four sections in
this background chapter; Discrete Morse theory, Koszul Complex, Persistent Homol-
ogy and the relation between Discrete Morse Theory and Multifiltrations. In the first
section of chapter 3, we give an equivalent definition for Betti table of a persistence
module by using the content given in the Koszul complex section of the background
chapter. In the second section, we look from a different perspective to the Koszul
complex of a persistence module, and we show that we can construct it iteratively.
Chapter 4 is the main chapter of this thesis, and we give a proof of the following
result in “ [13]]”: If we have a persistence module which is obtained by a 1-critical
filtration of a finite cell-complex, and a discrete gradient vector field which is con-
sistent with the filtration, then we can bound the support of the Betti table of this
persistence module by using the closure (with respect to the least upper bound of the
poset (N, <)) of the entrance grades of the critical cell of the discrete gradient vector
field. In the last chapter, the main result is strengthened, which is proved in chapter
4, for the case n = 2. To strengthen this result, we first show that the set of ¢-th
homological grades is a subset of the set of the entrance grades of ¢-th critical cells
for all ¢ € N, then we bound the support of the Betti table of the persistence module

with the closure of the set of homological critical grades.



CHAPTER 2

BACKGROUND

2.1 Discrete Morse Theory

In this chapter, our source will be Forman’s paper titled Morse Theory for Cell Com-

plexes [[11].

In the preliminaries chapter, we gave some background about discrete Morse theory.
Now we know that if we take a CW-complex with a discrete Morse function, then we
will obtain some critical cells. In this chapter, we will define a complex using critical
cells of the CW-complex, and we will observe that the homology of this complex
(which is called the Morse complex) is actually the homology of our original CW-
complex. However, we have to define a new boundary map for the Morse complex
because the image of a critical cell under our usual boundary map may not be critical
in general, therefore we cannot take the restriction of the usual boundary operator.
Hence, we will define a new boundary map for the Morse complex. In this section,
let M denote a finite CW complex with its usual boundary operator 0, and let K
denote the cells of M, so K, will denote the set of p-cells of M. Also, we will take
f as a fixed discrete Morse function in the remaining part of this chapter. Let us
introduce the chain complex of M before we continue with our definitions. Firstly,
fix an orientation for the cells of M, and if 7 is a cell of M, then define -7 as 7
but with an opposite orientation. In addition to this, let C;(M, Z) be the free abelian
group over Z which is spanned by the cells of M. Also, as mentioned above, let 0 be

the usual boundary map.

Definition 1. A function f : K — R on M is called a discrete Morse function if for

all 0 € K, it satisfies:



e f(0) < f(r) whenever ¢ is an irregular face of 71, Moreover,
#{r > 0| f(r) < f(o)} <1

e f(v) < f(o) whenever vP~! is an irregular face of 0. Moreover,

#P <o | flv) = flo)} < 1.

This definition is too fundamental and important for this background section, so let

us give an example to better understand the definition.

Example 2.1.1. Note that we will denote our functions by f in this example.

0 0
(i) (i)

Figure 2.1: An example from [[11]]

If we look first at the function f on (i) in the Figure we can see that the vertex
£71(3) does not satisfy the first condition of the Definition[I} Thus, the function f on
(1) is not a discrete Morse function. On the other hand, if we look at the function on
(i1) in the Figure then we can see that it respects the condition of the Definition

[ so it is a discrete Morse function.

Definition 2. Let f be a discrete Morse function on M. A p-cell o is called critical
cell of index p if there is no (p + 1)-dimensional cell 7 which is a coface of o, but

f(r) < f(o), and if there is no (p — 1)-dimensional cell v which is a face of o, but

flo) < f(v).

Notation 2.1.1. Throughout the rest of this background section, let A, denote the set

of critical p-cells on M.



Now, since 0 is the usual boundary map, we have 07 = ) ___¢€(7,0)o where (7, 0)’s

o<T

are called the incidence numbers.

On the other hand, we can define a suitable inner product ( , ) on C, by considering
the cells of M as an orthonormal basis. Then, we can write 0 as follows by using the

inner product

or = Z (0T, 0)0
o<T

Now let us define the discrete gradient vector field V; for the cells of M.

Definition 3. Let o be a p-cell of M. If there is a (p + 1)-cell 7 which satisfies
o < T,and f(7) < f(0), then we define the discrete gradient vector field V as

Vi(o) = —(01,0)T.

Remark 2.1.1. In the last definition, ¢ must be a regular face of 7 because we want to

guarantee that (07, 0) = £1

Note 1. In the remaining part of this chapter, we will use V' instead of V.

Now, we can extend the discrete gradient vector field V' linearly to a map
V :Cy(M,Z) — Cpia (M, Z) for all integers p greater than or equal to 0.

Since we gave the definition of V', now we are ready to define the discrete gradient

flow ®.

Definition 4. The discrete gradient flow ®; is defined as follows:
¢y =14+0V +Vo.

Note 2. We will also write ® instead of ® ¢ in the remaining part of this chapter.

Now we will prove the following theorems which include the main properties of V'
and .

Theorem 2.1.2. (i) VoV =0
(ii) If o is an oriented p-cell, then the number of (p — 1) cells whose image under V
is o is less than or equal to 1.

(iii) If o is an oriented p-cell, then
o is critical if and only if its image under V' is 0, and o is not in the image of V.

5



Proof. (i) Let o be any oriented p-cell. If V(o) = 0, then composition will also be
0. If V(o) = <7 for some (p + 1)-cell 7, then 0 < 7 and f(7) < f(o) by the
definition of V. Also, we know that f is a discrete Morse function, so there cannot
be any (p + 2)-dimensional cell # such that 7 < 6 and f(6) < f(7), so V(7) must be
equal to 0. Hence, V o V' = 0.

(ii) If V(v) = £o for some (p — 1)-dimensional cell, then we know that v < ¢ and
f(o) < f(v) by the definition of V. However, we also know that such a v must be
unique since f is a discrete Morse function by the definition (1| of a discrete Morse
function .

(i11) Let o be a oriented p-cell. Firstly, assume that o is a critical cell, then there is no
(p — 1)-cell v such that v < o and f(o) < f(v), so o cannot be in the image of V.
Also, there is no (p + 1)-cell 7 such that ¢ < 7 and f(7) < f(o), so V(o) must be
equal to 0.

Now assume that V' (0)=0 and o is not in the image of V. Since o is not in the image
of V, there is no (p — 1)-cell v such that v < o and f(0) < f(v). Also, there is no
(p+ 1)-cell 7 such that o < 7 and f(7) < f(o) since V(0)=0. Hence, o must be a

critical cell.

O
Theorem 2.1.3. 00 =00 ®.
Proof. Weknowthat ® =14+ 00V +V 0. So,
Pod=0+00Vod+Vodod=0+doVod(sincedod=0.)
Qod=0+000doV +0doVod=0+0do Vod(sincedod=0.)

O

For the next theorem, let ¢, 05, ..., 0, denote some oriented p-cells of M. Write

CI)(O'Z) = Z ClijO'j
J

Theorem 2.1.4. (1) a;;=0 or a;=1 for all i. In addition to this, a;=1 if and only if o;
is a critical cell.

(2) If i), then a;; € Z. Also, if i), and a;; # 0, then f(o;) < f(0;).

6



Proof. Let us prove these two statements together. First, we know that both V' and
0 map integer coefficient chains to integer coefficient chains by their definition, so
this automatically implies that a;; € Z for all 4, . On the other hand, if we take an
oriented p-cell o, then o must satisfy exactly one of the following:

(1) o is critical,

(i1) £o is in the image of V/,

(iii) V(o) # 0.

Now, let us examine these three cases separately.

Case 1: Assume that o is a critical p-cell. Then,

O(0;) = 04+0(V(0))+V(0(0)) = 0+V(0(0)), since o is critical implies that V(o) = 0.

On the other hand, d(0) = Z (0o, v)v. Thus,

'U(p*l) <o

V(o) = D (do,0)V(v).

U(P*1)<o'
Now, we know that ¢ is a critical cell, so f(v®~1) < f(o) for all v?~Y) < 5. If, vis a

(p — 1)-dimensional face of o, then there are two possibilities for p@P-1),
(Q): V(v®=1))=0.
(ii): V(v®~V) = &, and this implies that

f(@) < f*) < f(o).

Hence, ®(0) = 0 + ) az0, and az # 0 implies that f(c) < f(o).

Case 2: Assume that o is p-cell such that +0 € im(V'). Then, there is an unique
(p — 1)-dimensional cell v such that V (vP~1) = 40 such that

(0o, v)V(v) = —0

by the definition of V. Now, if v is another (p—1)-dimensional face of o, then V' (v)=0
or V(v) = 0. If V(v) = o, then f(c) < f(v) < f(o) by the definition of /. Now,
let us look at ®(o):

(o) =0+ 0(V(0) +V(0(0) =0+ V(o) =0+ >  (9o,0)V(v).

U(p_1)<0'



Second equality holds because we know that o € im(V'), and V?=0. Now, if we com-

bine all of them, we will get ®(c Z az0, and az # 0 implies that f () < f(o).
o#5(P)

Case 3: Assume that V(o) # 0, then there exists a (p + 1)-dimensional cell 7 such
that V(o) = £7. So, V(o) = — (07, 0)7. Now, let us look at the ¢ (o)

O(o) =0+ 0(V(o)) +V(0(0))

Now, let us look at the 9(V (o)) and V' (0(c)) separately. First, let us look at 9(V (o).

o#o<LT
=—0+ Z —(0t,0)(0T,0)0
o#o<T
= —0 + Z azo
0'755(?)

Also, note thatif & < 7 such that # o, then f () < f(7) < f(o)since V(o) = +7.
Lastly, let us look at the V' (9(o)).

V(0(a)) = (00,v)V(v)

v<o

= Z bsG.

a;ﬁ&(?)

Now, we know that o ¢ im(V), so f(v) < f(o) forall v < o. Thus, if V(v?~V) =
g, then f(g) < f(v) < f(o). Now, let us combine all of these information, and
calculate the ¢ (o).

=0+ | -0+ ) —(0r,0)(07,5)7 | + (Z <3a,v)V(v)>

v<o

=0+ | -0+ Z azo | + Z bzo

o#5(P) o#5(P)



where ¢z # 0 implies that f(o) < f(o). The results of these 3 cases complete the
proof of the theorem.
O

Now, let C’;,I’ be the set of ®-invariant p-chains of M, which is
CY(M,Z) ={ceCp(M,2Z)| ®(c) = c}.
Notice that if ¢ is a ®-invariant p-chain, then
®(0(c)) = 0(P(c)) by Theorem [2.1.3
®(9(c)) = 9(c) since c is a P-invariant p-chain.

Thus, as we can see here, the boundary operator 0 sends elements of C;I’ to elements

of C’;I’_l. Hence, we have the following differential complex
¢*:0-L oM, z) - et (M,z) L L et (v, z) Lo,

Now, our aim is to show that the homologies of the complexes C* and M are isomor-

phic to each other.

Lemma 2.1.5. Let c be ®-invariant p-chain of M over Z such that
c= Z As0.
oceKy

If o* is equal to any maximizer of {f(o)|a, # 0}, then ¢* must be a critical cell of

(the discrete Morse function) f.

Proof. As we know, c is a ®-invariant p-chain of M, and ¢ = g a,0, SO
ocKy

c=®(c)= Z a,o | = Z a,P(0)

cEKp cEK)p
since @ is linear. Thus,
a5 = (c,0%) = () a,9(0),0%) = Y a,(®(0),07).
oEKy o€Kp
Now, we can say that (®(0),c*) = 0 whenever o # ¢*, and f(o) < f(c*) by the
second statement of the Theorem However, we know that o* is equal to any

9



maximizer of { f(o)|a, # 0} by our assumption, and this implies that f(o) < f(c*)

whenever a, # 0, so (®(c),0*) = 0 whenever a, # 0. Thus,

0 # apr = Z s (P(0),0") = a,+(P(c"),0") a, # 0 by the assumption.

ocKy

Hence, (®(c*),0*) # 0, and this implies that o* is a critical cell by the first statement
of the Theorem 2.1.4]
[l

Theorem 2.1.6. For N large enough, ® = ®N*! = | = &=,

Proof. Let o be an arbitrary p-cell for some p. In order to prove the theorem, we have

to show that there exists N € N such that
N (o) = @Vt (0) = ... = d¥(0)

for this arbitrary o. For this proof, let 7, denote the number of p-cells whose values

under the discrete morse function is strictly less than the value of 0. That is,

re = ##{0 € K|f(o) < f(o)}.

We will use induction on this number. For the base step let r, = 0. This means that
there is no & € K such that f(¢) < f(o), so Theorem [2.1.4]tells us that (0) = o
whenever o is a critical cell, and (o) = 0 otherwise. In both cases, we can see that
® (o) is P-invariant, thus ®(o) = ®>°(0). Now, assume that we can find such an N
for all « € K if r, < n and let r, = n + 1. After this point, let us separate the proof
into two cases. Before that let Nz denote the smallest natural number so that ®(o) is
®-invariant.

Case 1: Assume that o is not a critical cell, then Theorem [2.1.4]implies that

d(o) = Z aso.

f(@)<f(o)

If az # 0 in this summation, then 5 < n since r, = n + 1 and f(c) < (o), so there
exists Nz such that ®"7(5) is ®-invariant by our induction assumption. Moreover,
there must be finitely many cells which has a non-zero coefficient in the above sum

by the definition of ®, so if we say N = maz{N5 | az # 0}, then V! (5) will be

10



®-invariant which means ®V*1(g) = ®>(o).
Case 2: This time assume that o is a critical p-cell, and let ¢ = V(9(0)). Since o is a

critical cell, V(o) = 0, so

¢ =(14+Vo+09V)(o)
=0+ V(o)) +0(V(0))
=0+ V(9d(o) since V(o) =0

=0 +c

So,

d"(o) =0 +c+d(c) ...+ 2" (c).

The last equality tells us that @V () is ®-invariant if and only if ®V(c¢) = 0 for all
N. So, it is enough to find an N such that & (c) = 0.

Now, if we look at the proof of Theorem [2.1.4] we can see that ¢ is the linear combi-
nation of the p-cells & such that f(¢) < f(o), thus if we apply the same proof as we
did in case 1, then we can see that there exists N such that &V (¢) is P-invariant by
induction. On the other hand, we know that ¢ = V(9(0)), so ¢ € Im(V'), and Im(V)

is ®-invariant because

OV =(140V+Vo)V
=V +0V>+ VoV
=V + VoV by Theorem[2.1.2]
=V(1+09V)

Now, we know that Im(V') is ®-invariant, and ¢ € Im(V'), so ®"(c) € Im(V) for all
n €N, so &Y (¢) € Im(V'). Moreover, Im(V') is orthogonal to the critical cells by
Theorem 2.1.2

Claim: Y = 0.

Proof of the Claim: Assume not. So, if we write as & (c) = Z azo, then at least
ceK)
one of the coefficients is non-zero. Also, let o* is the maximizer of { f(o) | a, # 0},

then we know that o™ is a critical p-cell by Lemma since N (c) is a P-invariant

11



p-chain. So,

0= <¢)N(C), o*) since @N(c) € Im(V), and o™ is critical

= Qg*.

However, we know that a,~ # 0 by the definition of ¢*. Thus, this gives us a contra-

diction. Hence, &V (c)=0.

As aresult of this claim, we can say that N (o) is ®-invariant as we mentioned above,
and this finishes the proof.
]

Now, Theorem tells us that for every chain ¢, we can find an /V large enough so
that
dN(c) = dN () = @V (c) = ..

So, this means that for every chain ¢, we can obtain a ®-invariant chain oN (c) for
some N large enough, and we will denote this ®-invariant chain as ®>(c) as we

mentioned before. At the moment, for each p we have maps
> : C\(M,Z) — CJ(M,Z)
i:Cy = Cy(M,2Z)
where ¢ is the inclusion map. Notice that ®> o 7 is actually the identity map on

@ . .
C;(M,Z). By the way, these maps are will have an important role for the proof of

the next theorem.

Theorem 2.1.7.
Hy (€)= Hy(M,Z)

for all p.

Proof. For the proof of this theorem, we will use the induced maps on homology of

the maps 7 and ®°°. But firstly consider the following commutative diagram:

0 —— Co(M,Z2) —2— Cy(M,Z) —2— ... —2 Cy(M,Z) —— 0
o=| o=| o=|
0 — C2(M,Z2) 25 C* (M, 2) 2 ... 25 C¥(M,Z) —— 0

12



This diagram is commutative because we know that ®>*=®" for some large enough
N, and we know that 0® = ®0 by Theorem [2.1.3] Thus, these two imply that
O>*°0 = 0P, Also, we know that 7 is the inclusion map, so d o 7 = i o J is obvious.

Now, denote the induced maps on homology of the maps ®°° and 7 as follows:
®®: H,(M,Z) — H,(C?)
iy H(C®) — H.(M,Z).

In order to prove the theorem, we will show that these two induced maps are inverses
of each other because we already know that these maps are homomorphisms. So,
if we can show that these maps are inverses of each other, then this will imply that
these maps are isomorphisms, and this will complete our proof. Firstly, we know that

®>° 0 = 1, since i is the inclusion map, so
1= (9% o0i), = d° oi,.

Lastly, we have to show that 7, o ®° = 1. In order to show this, we will find an
operator
L:C.(M,Z)— Co1(M,2Z)
such that
1—i0®>* =0L+ LO.

At the moment, the natural question is why this equality is okay with us. The reason
is that if we take a closed form, then it will be 0 under 0. So, it will also be 0 under
L0, and this closed form will be an exact form under 0L. Thus, at the end of the
day, any closed form will be an exact form under 0L + L0 which means this map
will be the zero map on homology. Now, let us find such an operator. We know that

d> = &V for some N large enough, and i is the inclusion map, so
1—70®>* =1—®>* since i is the inclusion map
=1-9V
(1-®)(1+®+..+0V 1
(1-1-0V —=V0)

(=OV —VO)(1+®+ ..+ 0"

V(A +d+... +VH VoL + &+ ... +dV
=0[-VA+®+..+ OV N+ [-V(1+O+..+ "9
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Notice that the last equality comes from Theorem [2.1.3] After this, if we choose
L=-V(1+®+ ..+ ®N~1), then we are done.
]

After this point, we will construct a chain complex whose chains will be spanned by
critical cells, and we will call this complex the Morse complex. Moreover, our aim is

to show that this complex is isomorphic to €.

Firstly, let us denote the chains which are generated by p-th critical cells as follows:

My = {Z 4,0 | a, € Zand a, #0 = o critical }.

oeKy

We know that > is a map from C,(M,Z) to C;°(M,Z) for all p, and .#, C
Cp(M, Z), so if we take the restriction of > to .#,, then we will get a map

X My — Cp (M, 2).

At this moment, we want to show that ®° is an isomorphism, but firstly, let us prove

the following lemma.

Lemma 2.1.8. If o and o are critical p-cells, then

o (0®(0),0)=0ifc #0

o (0®(0),0)=1ifoc=0

Proof. Firstly, assume that o # o. Let ¢/ (0o), then
®>®(0) = 0 + c+ ®(c) + - - + &V (c) for some N

by the proof of Theorem Also, we know that Im(V) is a ®-invariant by the
proof of Theorem |2.1.6| and ¢ € I'm(V') by its definition, so this implies that " (c) €
Im(V) for all n. Thus, (¢,0) = 0 and ($"(c),5) = 0 for all n. Hence,

(®(0),5) = (o 4+ c+ ®(c) + - + DV (c), )

= (0,0)+ (c,0) + -+ (P"(0),0)
:( o

0,0)

=0.

14



Now, assume that ¢ = . The process is same with the preceding one except for the
last equality. This time (o, g) = 1 by our assumption.

O

Theorem 2.1.9. &° : /), — C’;I’ (M, Z) is an isomorphism for all p.

Proof. It is enough to prove this for an arbitrary p. Firstly, let us show that this map

is surjective.

Let c € CY(M,Z), and let d = Z (c,o)0, then d € A,. If o is a critical p-cell,
oEA,
then notice that

(©%(d),0) = (22() _ (¢,0)0),0)

oEA,

= () _ (c.0)9™(0),0)

o€A,

= 3" (¢, 0)(8(0), o)

o€Ap

= (¢, 0)

by Lemma 2.1.8] Thus, (?*°,0) — (c,0) = 0, so (?>°(d) — ¢, o) = 0 for all critical
p-cell o.

Claim: ®>(d) — ¢ = 0.

Proof of the Claim: We know that ®>°(d) —c is a ®-invariant p-chain, since ®>°(d) €
Cy(M,Z), and ¢ € CJ(M,Z). Assume that ®*(d) — ¢ # 0, so ®*(d) — ¢ =

Z a,0. If we say o* is the maximizer of { f(o) | a, # 0}, then o* will be critical
oeK)

by Lemma[2.1.5] but we know that

0= (P>°(d) —c,0%)

= <Z a,0,0")

oK)

which gives us a contradiction by the definition of o*. Thus, ®*°(d) — ¢ = 0, and this

finishes the proof of the claim.
Hence, ®>(d) = ¢, so ®° : .M, — Cy (M, Z) is a surjection.

15



Now, let us show that ®o° is an injection. Let ¢ € .7, such that ®7°(c) = 0. Since

c€ My c= Z a0, so if o is a critical p-cell, then
o€EA,

by Lemma So, ¢ = 0. Hence, ®° is an injection.

In order to define a chain complex, we need to define a boundary map. For this we

will use the following map:
é& :a%g —+<A@%_1
¢ Y (Gy(e),0)0

where (9,(c), o) = (9,8:°(c), o).

Theorem 2.1.10. 3%, (3,(c)) = 3,(3°(c)).

Proof. If c € Cy (M, Z), then

B2 1(0(c) = B2y | D (Dple),0)a

o€y

=o°, Z (@,°10,(c),0)0 | by Theorem[2.1.3]
o€Ap

= ®.2,(Gp(c)).
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We know that ®° ,(9,(c)) € Cp_|(M,Z), so the surjectivity part of the proof of the
Theorem implies the last equality. Also, 2 ,(9,(c)) = 9,(P5°(c)) by Theorem
2.1.3, Thus, @, (0,(c)) = 9,(P;°(c)).

]

Moreover, we know that ®>° is an isomorphism for all p. Thus, 5;, = (@1231)‘18},(1);0,

thus 5p_1 o 5p = (P0°5) 10 0p1 0P 0 (P ) 0,0 P

6)/10—1 © 51) = (Cbi‘lz)_l 00p10®7, 0 (@20_1)_1 o dp o ®F
=® y00dp—100,0P7
=0

since J,_1 © 0, = 0. So,
571 5nfl 51
MO0 — My = My 1 — ... —> My — 0

is a chain complex and it is called the Morse complex. Notice that the Morse complex
is isomorphic to ¢'® because ./, = Cp°(M, Z) for all p, and the last theorem tells us

that the following diagram commutes

8n 871 —1 (91

0 > My, > M1 > M > 0
@?l @2%{ <I>8°l
0 —— C*(M,Z) —2 ¢ (M, Z) 25 . -2 0¥(M,Z) —— 0

Moreover, we know that H,(C?) = H,(M,Z) for all p, and the Morse complex is
isomorphic to chain complex ¢'®, so H,(.#) = H,(M,Z). Also, if F is a field, then

H (M F)=H (M Q3F)®Tor(H._1(MH),F)
=~ H,((M)® F) since F is a field
~“H(M,Z)®F
~ (H,(M,Z) ® F) & Tor(H,_1(M,Z),F) since F is a field
=~ H.(M,F)

by Universal Coefficient Theorem. Note that the first isomorphism also follows from

Universal Coefficient Theorem.
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2.2 Multiparameter Persistent Homology

In this background section, we will give a basic definition of multiparameter persistent
homology which is one of the main tools of the topological data analysis. The theory
of multidimensional persistent homology was first given in [[6]. However, we will
give the categorical definition of the basic concepts in this background. Thus, we will

use [2] as our source.

Definition 5. A subset of a poset (P, <) is called an interval if z, z € [,and z < y <
z implies y € I.

Definition 6. Let (P, <) be a poset. A filtration is a functor ' : P — Top (where Top
is the category of topological spaces whose objects are topological spaces, and whose
morphisms are continuous functions, and P is the poset category with its relation)

which satisfies:

e F(z) C F(y) whenever x < y.

o ['(x —y): F(xr) — F(y) is the inclusion map for z < y.

In the above definition, if we take P = T} x Ty x --- x T,, where T;’s are totally
ordered sets, then F'is called a multiparameter filtration or an n-parameter filtration.

Moreover, if we take n = 2, then we will usually call it a bifiltration.

Example 2.2.1. In the following figure, we can see an example of a 2-parameter fil-
tration (also known as a bifiltration) which is actually a diagram, where maps are

inclusion maps of topological spaces.

R

FO‘Q ¢ Fl,2 4 FQ_‘Q — e
) J J

FO.] Fl,l ¥ FQ.‘I [N W
) ) J

Foog —— Fip ¢ P —

Figure 2.2: An example from [2].
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Note that, if (P, <) is a poset category, and F' : P — % is a functor, then we will
use F, and F, as our notations instead of F'(z), and F(x — y) from now on,
respectively.

Now we will give the definition of a sublevel filtration, and the following construction

of the sublevel filtration was first given in [12].

Definition 7. If (P, <) is a poset, A is a topological space, and &« : A — Pisa
function, then the functor S*(«) : P — Top such that ST(a), = {a € A| a(a) < p}

is called the sublevel filtration of .

Remark 2.2.1. In the definition of sublevel filtration, the function & may not be con-

tinuous.

Definition 8. A filtration F'is called 1-critical if it is isomorphic to a sublevel filtration

of a function «. Otherwise, it is called multi-critical [[1,/7]].

Definition 9. Let (P, <) be a partial ordered set, and let Vect be the category of

vector spaces over a fixed field F. Then a (P-indexed) persistence module is a functor

M : P — Vect.

In the above definition, if we take P = T x Ty x --- x T,, where T;’s are totally
ordered sets, then we will call it a multiparameter persistence module, and if n = 2,

then it is called a bipersistence module.

Example 2.2.2. In the following figure, we can see an example of a 2-parameter per-
sistence module (also known as a bipersistence module) which is actually a diagram

of vector spaces over the fixed field F.

Pt

ﬂ'i(([)_lg) — _I'ur(lg) —_— ﬂ'ir(g‘g) — v

T T T

)ﬁ'f([)_ll) — Jur(ll) e ﬂ'ﬂ[(g‘l) —_— s

T T T

ﬂ'i(([)_l(]) E— _:'ur(l[)) E— ﬂ_[(g(]) —_— e

Figure 2.3: An example from [2].
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Definition 10. A persistence module M is called indecomposable if it cannot be

written as a direct sum of two non-zero persistence modules.

Definition 11. If 7 is an interval, and P is a poset, then the functor F; which is

defined by

F ifzel dp ifx<yel
(Fr). = (F1)ay = 2.1)
0 if otherwise, 0 if otherwise.

is called an interval module.

Note that interval modules are indecomposable. For the proof, you can see [4].

Now, if we take total a order set instead of any arbitrary poset in the definition of a
persistence module, then we will obtain a special persistence module which is called
a 1-parameter persistence module. The reason why these persistence modules are

special is because we have an invariant which is called the barcode.
Definition 12. A set which includes a multiset of intervals is called a barcode.

Remark 2.2.2. In the above definition, a multiset means that the set can contain an

interval several times.

Definition 13. A persistence module M : P — Vec is said to be pointwise finite

dimensional if dim(}/,,) is finite for all p € P.

Theorem 2.2.1. (Structure Theorem of Persistence Modules) If M is a 1-parameter
persistence module which is pointwise finite dimensional, then it can be written as the
direct sum of the interval persistence modules ¥'; such that I € B for a unique B up
to isomorphism, i.e.

M = @ F;. (2.2)

IeB

We will not give the proof of this theorem, since we will not use it in the thesis.
However, the reader can find it in [[16] for the case T° = Z, [[8]] for all 7" with a

countable basis, and [3]] for all totally ordered sets 7'.
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2.3 Discrete Morse Theory and Multifiltrations

In the previous chapters, we have seen the necessary background about discrete Morse
theory and multiparameter persistent homology. Now, we can combine them to use
the (discrete) Morse complex in order to get some information about a persistence
module which is obtained by applying the homology functor to a filtration. This

background section is based on the article [13]].

Definition 14. Let X be a cell complex, { X" },en» be a 1-critical n-parameter filtra-
tion which is obtained from X, f be a discrete Morse function on X, V' be the discrete
gradient vector field associated with f, M be the Morse complex which is associated
with V, and let { M },enn be an n-parameter filtration of M. We call {M"},enn the
induced filtration of { X" },enn if, for all 0 € M and all u € N, 0 € X" if and only
ifo e M".

Remark 2.3.1. Let X be a cell complex, V' be a discrete gradient vector field on X,
and M be a Morse complex associated with V. Then, we assume that, once and
for all the remainder of the thesis, if we have a fixed 1-critical n-parameter filtra-
tion { X" }uenn of X, then we use the n-parameter filtration { M"},ene of M as the
induced filtration of { X™},enn.

Definition 15. Let X be a cell complex, { X"} enn be a 1-critical n-parameter filtra-
tion of X, V' be a discrete gradient vector field on X. Then, we say that V' is consis-
tent with the filtration { X" },enn if, for all 0,7 € X such that V(o) = — (07, 0)T,
where 0 is the boundary map of X, and forallu € N*, o € X" ifand only if 7 € X",

Let X be a cell complex, {X"},enn be a l-critical n-parameter filtration which is
obtained from X, f be a discrete Morse function on X, V' be the discrete gradient
vector field associated with f, M be the Morse complex which is associated with V/,
and let { M " },enn be an n-parameter filtration of M. We know that homology groups
of X and M are isomorphic by Section 2.1} However, if u € N", then the homology
groups of X" and M™ may not be isomorphic in general. Because, if we look at
the restriction of f to X", it will be again a discrete Morse function for X", but its
Morse complex may not be M". This means that its homology groups may not be

equal to the homology groups of M"“. However, if V' is consistent with the filtration
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{X"}uenn, and if we look at the restriction of f to X", then this time its Morse
complex which is associated with V' will be M". Thus, if V' is consistent with the
filtration { X"} 4enn, then the homology groups of X™ are isomorphic to homology

groups of M™ for all u € N". Consider the following example:

vz vz vz vy vy vy vy L] vz

Figure 2.6: A 1-parameter filtration of the Morse complex M which is associated

with the discrete Morse function f on

Example 2.3.1. Let R be our fixed field for this example. Let X be the simplicial
complex in the Figure 2.4 with the discrete Morse function f which is defined in the
same figure. Now, we have a Morse complex M associated to f, and notice that M
has only one cell which is v;. We can see a 1-parameter filtration of X in the Figure
[2.5] and there is a 1-parameter filtration of M in the Figure 2.6 which is the induced
1-parameter filtration of 2.5] but if we look at the fifth subcomplex in both filtrations,

then we can see that their first homology groups are not the same. The first homology
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group of the complex ,which is placed in the fifth grade of the filtration 2.5] is R,
but the first homology group of the complex, which is placed in the fifth grade of
the filtration is 0. As we explained above, the reason is that V; is not consistent
with the filtration As we can see from V(e1) = —(do,0)0, where O is the
boundary map of X and the sign (0o, o) is determined by a fixed orientation (see
section , but e; is in the fifth grade of and o is not in that grade. Thus, V} is
not consistent with the filtration

Lemma 2.3.1. Let X be a cell complex, { X" },en» be a 1-critical n-parameter fil-
tration which is obtained by X, f be a discrete Morse function on X, V' be the dis-
crete gradient vector field associated with f and consistent with {X"},enn, M be
the Morse complex which is associated with V, and let { M },en» be an n-parameter
filtration of M. If u,v € N” such that u < v then there existsamap ® : X — M,
which induces an isomorphism on homology for all degrees, such that the following

diagram commutes

- X
‘u

XU s XV

lcpu | l‘l’v (2.3)

u,v

(A
MY —— MV
where @, is the restriction of ® to X, ®, is the restriction of ® to X", and vertical

maps denote the inclusion maps.

Proof. By Section we know that there exists a quasi-isomorphism ¢ : X — M,
and this map depends on the discrete Morse function f. Also, the restriction of f to
X" is a discrete Morse function on X" for all u € N", and the corresponding Morse
complex of X" with respect to this restriction map is M™ for all u € N, since V' is
consistent with the { X" },en». Thus, ®,, is map from X" to M™ for all u € N, and
the induced map (). : H,(X") — H,(M") is an isomorphism for all u € N, for
all g. Moreover, this implies that if u < v, then ®,, is also restriction of @, and we

know that ¥  and i/ are inclusion maps, so the given diagram commutes.

]

Theorem 2.3.2. Let X be a cell complex, {X"}yenn be a I-critical n-parameter
filtration which is obtained from X, f be a discrete Morse function on X, V be

the discrete gradient vector field associated with f and consistent with { X" }yenn,
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M be the Morse complex which is associated with V, and let { M"},enn be an n-
parameter filtration of M. Then, persistence modules {H,(X"), 15" fu<venn and
{H,(M™), L:;’v}ugveNn, where 1" are the induced inclusion maps for allu,v € N",

are isomorphic.

Proof. Let u < v € N, then we know that there exists ®,, which induces isomor-
phisms on the g-th homology groups of X" and M™ for all u € N” for all ¢ by
Lemma@ Moreover, the diagram @ commutes for all u < v € N” by Lemma
[2.3.1] This implies that

u,v

H,(X") < H,(X")

lcbu l‘l’“ 2.4)

H,(MY) <2 H,(M)

commutes, since

*

(ZuM,v>* o (Py)s = ( v o Py)
(CI) < Zflfv)*
= (Do) © (i)
and we know that (). (H,(X")) = H,(M") for all u € N". Hence, these two im-
ply that { H,(X"), 1;"" }ucvenn and { Hy(M™), 1"V }u<venn are isomorphic n-parameter

persistence modules.

]
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2.4 Koszul Complex

Before we start this background section, note that we will use the book [15] as
our source in this section. In this background, F denotes a fixed field, and S =
F[xq,...,x,] will denote the polynomial ring over F. A product xz{'z5? ... z% will
be called a monomial if (ay, as,...,a,) € N* which means (ai, as, ..., a,) is a vec-
tor of non-negative integers. The monomials x7'x5” . .. 2% will be denoted by x* for
(ay,as,...,a,) = a. Moreover, we know that S is a vector space over F, so we can
see it as a direct sum of its vector subspaces as follows:

S=EP Sa

acN”»
such that S, = F{x®}. Notice that if a, b € N", then the product of the subspaces S,

and Sy, will give us the subspace S, p, so we will say that S = F[zy,...,x,] is an

N"-graded F-algebra.

Definition 16. If a € {0, 1}", then the monomial x® is said to be square-free.

In this section, our aim is to define the Koszul complex, and we will see that it is
actually the minimal free resolution of F = S /(z1, ..., x,). We will use free graded
modules, and reduced chain complexes of simplicial complexes, so firstly let us give

some definitions.

Definition 17. An S-module M is an N"-graded S-module if it satisfies the following

conditions:

o M= @beNn My,

o x* My, C M, foralla,b € N™.

Note that for the definition of an (abstract) simplicial complex, we will use the stan-
dart definition. However we should be careful about () (empty set). Because, as a
simplex its dimension is —1, and the simplicial complex {(}} which is called the irrel-

evant complex is not the same as { } which is called the void complex.

Definition 18. The (reduced) chain complex of a simplicial complex of Aon {1,...,n}
over F is the complex C,(A; F):

0 —s Fin-1(8) 8"_1> Fin—2) .. pfo(d) 8_0> Fr-d) 0
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where Fj(A) = {0 € A | |o| =i + 1}, and F¥(4) is the vector space over F whose

basis is {e, | 0 € F;(A)} such that e, = Zej where e;’s are the standart basis
jE€o

elements of N™. Moreover, if 0 € F;(A), then

ai<€a) = Z szgn(j, U)ea\{j}
jET
where sign(j, o) = (—1)""! whenever the index of j is equal to r in the set 0.
Note 3. Sometimes we use sign(7j, e,;) instead of sign(j, o).
Definition 19. A chain complex of free S-modules

Foo0—F 2R — o — 25— 0

is called a free resolution of a module M if coker(®,) = M, and H;(F,) = 0 for all

1> 0.

Normally, we know that a free S-module of finite rank is isomorphic to S” for some
r > 0. However, we are using N"-graded S-modules, so an N"-graded free S-module

F will be as follows:
F~S(—a;)®S(—az)®---®S(—ay) (2.5)

where S(—a) denotes the free graded S-module generated in degree a for any a € N”,
so we can see that S(—a) = (x®) as an N"-graded S-module. Also, we will denote
the basis element of S(—a) by 1,. Moreover, if F;’s are N"-graded free S-modules
in the above definition, then the maps between these graded free modules must be

degree preserving which means that ®;((F;).) C (F;_1)a for any a € N™.

Theorem 2.4.1. (Hilbert Syzygy Theorem) [10] If S = F[x1, ..., x,] is a polynomial
ring over ¥, and M is a module over S, then M has a free resolution whose length is

less than or equal to n.

Before passing to the next definition, let us use the symbol "<" to denote a partial
order relation on N" as follows: If a = (ay,...,a,),b = (b1,...,b,) € N, then

a < bifandonlyifa; <b; foralli e {1,...,n}.

Definition 20. A monomial matrix is a matrix whose entries are scalars \,, € F, and
its columns and rows are labeled by its source degrees a,, and its target degrees a,,

respectively. Moreover, A,, = 0 unless a, < a,,.
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Remark 2.4.1. The general monomial matrix represents a map that looks like

®, S(—a) —— @, 5(~a,)

Note that the entry A, on the above monomial matrix means that this matrix sends the
basis element of S(—a,,) to an element of S(—a,) whose coefficient is \,,;, and whose
monomial is x*~2¢ times the basis element of S(—a,). This means that we send
an element from degree a,, to degree a,, so monomial matrix is degree-preserving.
Moreover, the exponent of A* 2 is non-negative thanks to the requirement in the
definition of monomial matrices. As an additional note, sometimes we will use x?

instead of a for the labelling of a monomial matrix.

Definition 21. A monomial matrix is called minimal if \,; = 0 when a, = a,,. Also,
we call a chain complex minimal if its maps can be written as minimal monomial

matrices.

The above definition tells us that if a homomorphism of a resolution can be written as

minimal monomial matrices, then we will call it a minimal resolution.
Now, we are ready to give the main definition of this section.

Definition 22. Let A" be the simplicial complex which consists of all the subsets of
{1,...,n}, and let C, (A", S) be the (reduced) chain complex of A™ over S. Now,
label the columns and rows of the boundary matrices of the (reduced) chain complex
of A™ with x“ for the corresponding basis elements e,. After renumbering the homo-
logical degree of C. (A™,S) so that () sits in homological degree 0, the resulting chain
complex is called the Koszul complex of free n-graded S-modules, and is denoted by

K..
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Definition 23. The support of the vector a = (a4, ...,a,) € N"is

{ie{1,2,...,n}|a; # 0}.

Remark 2.4.2. In this background section, we will denote the set {1,2,...,n} by [n]

from now on.

Example 2.4.1. Now, let us give an example of the Koszul complex when n = 3.

L1L2T3 Taly LT3 T1T2
z1/ () nf0 -1 -1
i =10 1 T T3 T3
z\ 1 o™y o1 o0 1(1 1 1)
0 —> S(z1z223) @ 5(x") » @5(_Ii) > 5 > 0

a<s[3], i<[3]

Figure 2.7: Koszul complex when n = 3 where [3] = {1, 2, 3}.

Lemma 2.4.2. Let K, be the Koszul complex of free n-graded S-modules, and a =
(ay,...,a,) € N", then (K,), is isomorphic to C,_;(c; F) where o is the support of

a.

Proof. Observe that (K;), = S(—ea)a, and notice that if « is not a subset of o,

aCln],
|or|=i

then S(—eq )., = 0, and this implies that S(—e,)a = 0, s0

Also, let p; be the i-th monomial matrix of K,, and let (;), := 51», then notice that

51 a—eq 1 ZSZgn i, X2 Cax€i 1eafej

JEa
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and

Oi1(ea) = Y _ sign(j, a)ea -

JEa
S0, if (f.)a : (K.)a — Cy_1(0, F) where it sends 227 1, to e, for all v, then we
can easily see that (f,), is a chain isomorphism by the above observation.

]

Theorem 2.4.3. The Koszul complex K, of free n-graded S-modules is the minimal

free resolution of ¥ = S /(x1, ..., x,) where (x1,...,x,) is a maximal ideal of S.

Proof. We have to show that K, satisfies three conditions in order to see that it is
actually the minimal resolution of F = S/(x1,...,,). Firstly, Ho(K,) must be
F = S/(x1,...,z,), but we know that K; = GB S(—e;), and Ko = S, and the

J€ln]
monomial matrix between K; and Ko send 1., to x%.1 = z;. Thus, Hy(K,) =

S/(x1,...,2,) = F. Secondly, if a € N", and o is the support of a, then we know
that (K, )a 2 (C,_1(0; F))a by Lemmal[2.4.2] so H;((K,)a) = H;((Cy_1(0, F))) for
all i, but we know that H;((C,_, (0, F))) = 0 for all i > 0, since o is contractible
because it is a simplex. Thus, second condition also holds. These two results tell us
that K, is actually a free resolution of F = S/(z1,...,,). Lastly, we know that
source degrees and target degrees of any monomial matrix of K, are different, so it is

trivially minimal. Hence, K, is the minimal free resolution of F = § / (1, ..y Tp).
]

Definition 24. Let M be an n-graded S-module which is finitely generated, and F,

be the free minimal resolution of M, and F; = @ S (—a)ﬁ"’a, then we call 3;, =
acN”™

Bi.a(M) the i-th Betti number of M in degree a.

Note that this is one way to find the N"-graded Betti numbers of a finitely generated
n-graded S-module, but we can also find them with using the T'or functor. Now, let
us try to find Betti numbers in that way, but we have to give some extra definitions,

and use tensor products for this.

If M and N are two N"-graded S-modules, then M ® N is also an N"-graded S-
module, and (M ® N). is generated by the set

{ma @ np | ma € My, np € Np,a+ b = c}.
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Definition 25. If M is an n-graded S-module, then the n-graded S-module S(—a)®g
M is called the N"-graded translate of M by a, and it is denoted by M (—a).

Proposition 2.4.4. If M is an N"-graded S-module, then M (—a)p, = My, _a.

Proof. Leta ® f € M(—a), = S(—a) ® M where a € S(—a),, € M, such
that u + v = b. Now, a = k.x""2.1, such that £k € F since « € S(—a), so
a®f=kx"21,®0=1,® kx"2.5 where k.x"2.5 € Mp_,. Thus, M(—a)p
is generated by the set {1, @ m | m € My_a}. Thus, M (—a)p = 1, ® My_a, and we
know that 1, ® My_, = My,_,. Hence, M (—a)p = My, _a. O

Corollary 2.4.5. S(—a) ® F = F(—a) will give us a copy of the field F at the grade

a.

Proof. We know that F = S /(x1,...,z,), and

(F(—a))b = Fb—a = (S/(J,’l, . 7«Tn>)b—a

by the Theorem [2.4.3] Also,

(S/ (1, Za))bea = (S)b-a/ ({21, .., Tn))b-a.
Moreover, we know that (xy, ..., z,) is a maximal ideal of .S, so
(S)e = ({x1,...,2,))c forallc e S\ {0}.

In addition to this, (S)o = F, and ((z1,...,2,))o = 0. Thus,

(S/(:cl, ey Tp))ba = (S)b,a/(@l, o T )ba

is equal to F if b = a, and it is equal to O otherwise. Hence, F,_, gives us a copy of
the field F at the grade a.
]

As a reminder, if we apply the functor __ ® N to a free resolution of M, and take
its 4-th homology, then the resulting module will be T'or? (M, N). Moreover, we can
also find the same module by applying the functor M & __ to a free resolution of IV,
and taking its 7-th homology. For more information on 7Tor, see [17]. Now, we are

ready to give the following theorem.
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Theorem 2.4.6. If M is an N" graded S-module, then

Bia(M) = dsz(Tor (F, M)a).

Proof. Let F, be the minimal free resolution of M, and ¢; : EB S(— ﬂ”‘

acN”
@ S(—a)P-1= be the i-th monomial matrix of F,. Let \,, denote an entry of this

acN"”
matrix whose source degree is a, and target degree is a,. We know that \,, = 0

whenever a, < a, since ¢; is a monomial matrix. Also, ¢; must be a minimal
monomial matrix since F, is a minimal free resolution of M by the definition, and
this implies that A\,, = 0 whenever a,, = a,. In addition to these, we know that if
a, < a,, then ¢; sends 1, to x?7%.1, by the definition of a monomial matrix. Now, if
we tensor J, with F' = S/(xl, ..., Zn), then we can see that
0, ®id(l, k) =x""11,®k

=1, @xPk

=1,®0

=1,®0

=0
forallk € F = S/(a:l, ..., T,). This implies that ¢; ® id = 0 for all ¢. Thus,

Tor!(F,M) =  S(-a)’» @5 F

acNn»

= P (S(-a)=aF)
acN”

= @ F(—a)’=,
acN"®

Hence, dimg(Tor; (F, M),) = dimp(F(—a)%=) = j3; , by Corollary [2.4.5
]

Definition 26. Let M be an n-graded S-module, and K, be the Koszul complex of
free n-graded S-modules, then we call (M ®g K. ), the Koszul complex of M at the
grade a € N, and it is denoted by K, (z1, ..., z,; M)(a).

Now, we know that 3; . (M) = dimgTor; (F, M), for an N"-graded S-module, but
we also know that we can calculate Tor? (F, M) by applying the minimal free reso-

lution of F = S /{( / T1,...,%,) to __® M as we mentioned above, and we know that
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the minimal free resolution of F = S/(x1,...,,) is the Koszul complex of S by

Theorem [2.4.3] Thus,

Tor{ (F, M)a = H;(K. ®s M)a)
>~ H,(M ®s K.)a)
= Hz'(K*(xla <oy T, M)(a>>
Hence,
Bia(M) = dimp(Tor? (F, M),)

= dimg(H;(Ki(z1,...,2,; M)(a)).

On the other hand, if M is an N"-graded S-module, and K. (z1,...,z,; M)(a) its
Koszul complex at the grade a € N, then we know that K;(xy,...,z,; M)(a) =
D (S(—€a) ® M)a, and we know that (S(—eq) ® M)a = M,_, forall o € [n] by

O‘éel[ﬁ/]‘v

Proposition [2.4.4] so K;(z1,...,z,; M)(a) = @ M,_., foralli € [n]. Now, we
aCln],
|ee|=2

will define a new chain complex, and we will show that this chain complex will be
isomorphic to K, (1, ..., x,; M)(a), but firstly let us define a map dM. If € M,_,,
such that a € N", o C [n], || = 1, then set

Zszgn J,€a) xﬂ z € @ <@Ma 6a+6g> = @ My_.,, (2.6)

JjE€a aCJ n] JjE€a aCln],
|af=i |laf=i—1

then just extend d; linearly to a map

" P Mace, — P Ma,.

aCn] aCln],
|af=i |laf=i—1

Proposition 2.4.7. dM, o d¥ = 0.

Proof. Since we obtain d by taking linear extensions of it is enough to take an

element from a summand of @ M, _.,,, and show that d | o dM sends it to 0. Now,

|af=i

let z € My, suchthata C [n],|a] =i, andlet o = {j1 < jo < -+ < jim1 < Ji}s
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then

dM (dM(2)) = d¥, <Z sign(ji, eq)x". >

1EQ

= 3 sign(ji, ea)d!, (x.2)

JiI€x

= | signGea) D sign(r,eaiiy) | X (% .2)

JiEx jkEOé\{j]}

= Z sign(jk,ea\{jl})sz’gn(jl,ea)(xj’“le.z)
Ik<ni

+ Z s1gn(J, ea\ iy )sign(Ji, ea)(xj’“xj’.z)
J&>01

= 3 ) )
Je<Ji

+ Z Y (1) (X 2)

Je>Ji

=0.

O

At the moment, we know that d, o d = 0 by the previous proposition, so we have

the following chain complex:

aM

H(n,M)(a): 0 — K, —>Kn1—> —>K1—>K0—>O 2.7

where K; = @ M,.

aCln],
|a|=i

Theorem 2.4.8. If M is an N"-graded S-module, then
Ko (@1,..., 20 M)a = 2 (n, M)(a) (2.8)

foralla € N™.

Proof. Leta € N", let ¢; denote the i-th chain map of K, foralli € {1,...,n}, then
the i-th chain map of K, (x1, ..., z,; M), will be

(pa@id: | P S(—ea) @M | — | @ S(—ea)®M

aC[n] aCln],

a |a|=i—1 a
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By the proof of Proposition [2.4.4] we know that (S(—e,) ® M), is generated by the
set {1., @ m | m € M,_._}. Observe that if m € M,_._ such that o« C n,|a| = i,
then

(pi)a ®id(1le, ®m) = Z sign(j, ea)x le,—e, @ M
JEa
= Z (sign(y, ea)leea,ej ®m)
JEa
= Z (Le;y @ sign(y, ea)Xx!.m).

JjEa

Now, let @ : €P) (S(—€a) ® M)a — @B (Ma_c,) where ®;(1,, @ m) = m for

aClnl, aCln],
|or|=i |oe|=1

all m € M,_._. This map is an isomorphism by Proposition Moreover,

cI)i—l(((@i)a X id)(lea X m)) = q)i—l (Z 1ea\{j} & Slgn(j’ ea>xj,m>

JjEa

= Z sign(j, eq)x’.m

= d¥(m)
= diw<(1)z(1ea X m))

which implies @, ((¢i)a ® id) = dM (®;). Hence,

K.(z1,...,2,; M)(a) = # (n, M)(a)
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CHAPTER 3

KOSZUL COMPLEXES AND PERSISTENCE MODULES

In the first section of this chapter, we will give an equivalent definition for the Betti
tables of a persistence module by using the Koszul complex defined in[2.4] In the sec-
ond section, we will iteratively construct the Koszul complex of a persistence module

by using mapping cones. The source for this chapter is [13].

3.1 The Koszul Complex of a Persistence Module

Before starting our main chapter, let us fix some notations in this thesis. We will

denote the set {1,...,n} by [n]. For any a C [n], e, := Z e; where e;’s denote
JEa

the ¢-th standard basis of N which means the i-th coordinate of ¢; is 1, and its other

coordinates are 0. In addition to these, we use the symbol "<" to denote a partial

order relation on N" as follows: If a = (ay,...,a,),b = (by,...,b,) € N, then

a < bif and only if a; < b; for all i € [n].

As in the background sections, we use F as a fixed field. Let X be a finite cell
complex. Also, we assume that, once and for all the remainder of this thesis, any

n-parameter filtration of X is a 1-critical filtration (see Definition [§).

Definition 27. Let o be a cell of the cell complex X. If 0 € X" — U X""% then
j=1
we call u the entrance grade of o in the filtration.

Notation 3.1.1. The symbol A will denote the greatest lower bound, and V will denote

the least upper bound.

Remark 3.1.1. The assumption of one-criticality of an n-filtration { X" },en- is the

same as assuming that each cell of X has a unique entrance grade in the n-filtration
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j=1
and this tells us that ﬂ X" = X" % where a C [n].
j€a

In topological data analysis, persistence modules are one of the main tools, and it
is common to obtain an n-parameter persistence module from an n-filtration by ap-
plying the homology functor. If {X"},enn is an n-filtration, then {H,(X™)}uenn
will be an n-parameter persistence module with the set of linear transformations
{L:’;’v}ugvgNn where (;¥’s are linear transformations which are induced by the in-

clusion maps X" — XV forallu <wv.

In this work, we will study the n-parameter persistence modules which are obtained
from the 1-critical filtrations by applying the homology functor, and we will be inter-

ested in their Betti tables.

Now, let S = F[z1,...,x,],and let {H,(X");;"V} be the n-parameter persistence
module which is obtained by applying the ¢g-th homology functor to the n-filtration
{X"}uenn. We know that there is a 1-1 correspondence between n-graded S-modules,

and n-parameter persistence modules by [6]. Thus, we can see our n-parameter

persistence module {H,(X"); "V} as the n-graded S-module V; = @ H,(X")

ucN”»
with the following action z;.2 = ¢""*%(z). Thus, we can define the Betti tables

of {H,(X"); "V} by using its Koszul complex (see Section as a function & :
N™ — N such that

&l (w) = dimp(Tor (Vy, F)a)
= dimp(H;(K. (21, ..., 2, V,)(0))
= dimg (Hy(A(n,Vy)(0))).

From Section[2.4, we know that K, (x4, ..., x,; V;)(u) is isomorphic to ¢ (n, V) (u),

SO W€ can use

Kin,on V) (w) = €D Hy(X* ),
oCln)

|a|=i

and dz/ ‘ as the ¢-th chain maps of K;. Remember from the Section that dZV “1is

36



the i-th chain map of J#.(n,V,)(u), and .%;(n,V,)(u) = @ H,(X"*). As an

|a|=i

additional note, we will use d; instead of dz/ ? for the sake of notation in the remaining

part of the thesis.

Now, let us give an example when S = F[z1], and S = F[zy, 29].

Example 3.1.1. Firstly, let {X"},en be a 1-parameter filtration, and let V, be the

I-parameter persistence module which is obtained by applying the g-th homology
functor to the { X"} yen, so V, = @ H,(X"), then

ueN
K. (1 Vy)(u) - 0 — vt 22 g
Hence,
o(u) = dimg (V" /im(dy))
= dimp(coker(dy)).

This time let { X" },,cn2 be a 2-parameter filtration, and V,, be the persistence module

which is obtained by applying the ¢g-th homology functor to the { X" },cn2, s0 V, =
P H,(X"). then

ucN?2
e ds _ _ dy
K.(z1,22; V) (u) : 0 — Vi @172 sy pyu=e s 4 5
12y Vg q q q q
where
. u—ei,u . u—ez,u
dl = [Slgn(lvel)Lq ! 7SZgn(1762)Lq ? ]
I u—el,u u—e2,u
- [Lq ) Lq ]7
and
p sign(2,e; + eg)L(‘;’el’e?’“’el
g =
sign(1,e; + eg)L(‘;*el*e?’“*eQ
__j,u—ej—e2,u—eq
u—ej—ez,u—e2
— Lq
So,

((u) = dimp(V,* /im(dy))
= dimyg(coker(dy))
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&l(u) = dimp(ker(dl)/im(dg))
&3(u) = dimp(ker(dy)).

Now, let us give another example in order to better understand the concept of Betti

tables.

Example 3.1.2. [14]] Assume that we have the following 2-parameter filtration [3.1] of

a cell complex K.

0 1

Figure 3.1: A 2-parameter filtered cell complex K.

Now, if we apply 0-th homology functor to this filtration, we know that we will obtain

a persistence module which is the following

F(@) — > (@) ——— F(a)

(1) (1 (1)

[{‘}] ()

F{a) ——— F{a,¢) —— [ (a

Q
~

o) (1) 0

00— S r@e—Y S Fhy

Figure 3.2: Persistence module which is obtained by applying the 0-th homology

functor to @
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If we look at the grades of the persistence module[3.2] we can see that we denote our
F-vector spaces with their generators. Moreover, linear transformations which are
induced by inclusion maps are denoted by matrices. Now, let us examine the Betti

tables of this persistence module.

o oo -0
OO - - 00
— olleoNe

ollolNe)
o oo
O O =

Figure 3.3: Betti tables of the persistence module in

The non-zero entries in the table of &, in the Figure gives us the grades of the
filtration in which there are birth of the new homological classes. In the table of &; of
Figure [3.3] the non-zero entries denote the grades of the filtration in which there are
death of some homological classes. Lastly, the non-zero of table of £, in the Figure|3.3

denotes the connections between the unrelated deaths of former homological classes.

Remark 3.1.2. Let V. = {V" "V} ucyenn, W = {W", "V} <venn be two n-
parameter persistence modules. If & = {®" : V* — W"},cnn is a natural transfor-
mation between these two n-parameter persistence modules, then ® induces a chain
map between K, (z1,...,2,;V), and K, (z1,...,2,; W) where the map between

Ki(z1,...,2,; V), and Kj(xq, ..., 2, W) is @ ®"" It can be easily shown that

aCln],
|a|=i
if @ is an isomorphism, then the induced map will also be an isomorphism between

Ki(z1,...,2,; V), and Ky (21, ...,z W).
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3.2 Explicit Construction of the Koszul Complex via Mapping Cones

In this section, our aim is to explicitly construct the Koszul complex of a persistence
module V, by using mapping cones. In order to see the construction of the Koszul

complex by using mapping cones in a classical way, we refer the reader to [9] and [5]].

Definition 28. Let f, : B, — C, be a chain map. The mapping cone of f is a chain
complex whose degree i-th part is B;_; & C;, and whose i-th differential map is as

follows:

52' . Bi—l I, CZ — Bz‘_2 D Oi—l
(b,¢) — (=07 1(b), 05 (c) + fi-1(D)).

Notation 3.2.1. The mapping cone of a chain map f is denoted by Cone( f)..

Let X be a cell complex, and let .# := {X"},cnn be its n-filtration. If we apply the
homology functor to .%, we will obtain an n-parameter persistence module which is

@ H,(X™"). Let us denote this n-parameter persistent homology module by V. We

ueN”®
know that the i-th Koszul complex of V at the grade u € N" K;(x1, ..., z,; V,)(u)

is @ H, (X" ) for all i. Observe that we can determine K., (z1,...,z,;V,)(u)

aClnl,
by |3‘s_i;g a smaller n-parameter filtration which is F#" := {X"®},c[,. Notice
that this new n-parameter persistence module .#" includes 2" subcomplexes of .7 .
Moreover, if we fix an j € [n], then X" ¢ ~% C X" ° will give us a 1-parameter
filtration for all & € [n] \ {j}. Thus, we can obtain 2"~ 1-filtrations by partitioning
F". Beyond that, if we fix an J := {jy,...,j:} C [n], then each of { X"~} -,
will be a t-parameter filtration for each a C [n] \ J. Notice that [n] \ J has 2"*
subsets, so we can obtain 2"~" t-parameter filtrations from .#" by partitioning it.
Also, we can go further, and we can obtain a (¢ — 1)-parameter filtration from two
t-parameter filtrations { X" ¢~} ;, and { X" ¢~} ; by taking the union
of them where k € [n] \ J, and o C [n] \ (J U {k}). At this moment, our aim is to
show that the Koszul complex of the (¢ + 1)-parameter filtration which is obtained by
taking the union of two ¢-parameter filtrations is the mapping cone of a map between

the Koszul complexes of these two t-parameter filtrations.
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For the remaining of this chapter, let us fix J := {ji,...,J;} for some t < n, k €
n]\ J,a € [n]\ (JU{k}), and w = u — e, for some u € N".

Lemma 3.2.2. The following diagram

d;
Ki(zj,, ..., 25 V) (w —er) —— Ki_a(x,,. .., 25 Vo) (W — ep)
d;
Ki(zj,, ..., 25, V) (W) ———— Kia(zj,, ..., 75; Vo) (W)

where vertical arrows are the maps induced by the inclusion maps in direction ey,

commutes for all 7.

Proof. We know that

Ki(zj,, .. m,) (W —ex) = @ H, (X —e)
aCnl,

|a|=1
which is a direct sum of vector spaces, so it is enough to show that the above diagram
commutes for all direct summands of K;(z;,,...,2;,)(W — e;). Thus, let us show
that the above diagram commutes for H,(XV %) C K;(xj,,...,z;,)(W — ex)

such that v C J, |y| = i. Let z € H,(XW ), then

G TITENT) = Y sign(, e, )TN )

JE€Y

= Z sign(j, ev)wae"/’er'y*ej (waekfe,y,wfew (Z))

JE€Y

- Z sign (g, e, )V T RTEV T (),

Jjey
On the other hand, observe that
di(z) = Zsign(j, €y)Tj.2
Jjey

= Z SIgn(J, e )L™ HRTOWTERTETEG (2,

JEY

Now, if we apply the inclusion map in direction ey, to d;(z), then we obtain

Z szgn(], €»Y)Lw_ek_67_ej SW—ey—€; (Lw—ek—e,y,w—ek—e.y—ej (Z))

Jjey
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which is equal to
di(Lw—ek—e.,,w—e,Y (Z)) _ Z sign(j, ery)LW_Ek_e»y,W_e'y_Ej (Z)
Jjey
Hence, the given diagram commutes.

]

Notation 3.2.3. Denote the chain map which is induced by inclusions in the direction

er, between K, (z;,,...,xj,; V) (w —e;) and K. (2, ..., zj; V,) (W) by

PR, Vo) (W — ex).

Notice that
FE@ss s Vo) (w = er) « @D Hy(XW47) — @D Hy(X™ )
7S, ~CJ,
|v|=i Iv|=1
such that

fik(lev B <0 i Vq)<W - ek)<a) = Z Y N (a“/)
V€],
Iv|=i

foralla € @ H, (XY~ “~%) where a., is the component of a which comes from the
s

Ivl=i
direct summand H, (X%~ ).

Theorem 3.2.4. The chain complexes Cone(f*(zj,,...,x;,;Vy)(W — ex))« and

K. (zg, xjy, ..., z;,; Vy) (W) are isomorphic.

Proof. Firstly, let us prove that each of the chain groups are isomorphic
OO?”LG(fk(l‘jl, e L Vq)(w - ek))l = Ki(xk’ Ljrsee s Ljs V;])(W)

Leti € {0,1,...,n}, then

Ki<Ik7xj17"‘7‘rjt;‘/¢]>(w) = @ HQ(XW_6W>
vC JU{k},
|v|=1

I

PH X ) || P Hy(Xx¥ )
cJ

yCJ, Y&J,
Iy|=i Iy|=i—1

= C’one(fk(le, ey Ty %)(W — ek))z
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by the definition of a mapping cone.

Notice that the second isomorphism holds in the above proof because

iy CJUlkh W =i ={vlv S Lyl =it u{yU{k} |y C J |y =i—1}.

Now, let us use Cone((f*)(w—ey)); instead of Cone(f*(zj,, ..., x;; Vy)(W—ex))i,
and Cone((f*)(w — e,));i—1 instead of Cone(f*(z;,,...,z;;V,) (W — ex))i_1 in the

remaining part of this proof. Let us show that the following diagram is commutative.

Cone((f*)(w — e1)); ——— Cone((f¥) (W — ex))i1
Ki(xk’ Ljyyeees Ty %)(W) L) Ki—l(‘rkv Ljyye oy Tyys %)(W)

Firstly, we remember that
Cone((f*)(w = ex))i = Kica (w25 Vo) (W — ) @ Kiag, .25 Vo) (W),
and let (a,b) € Cone((f*)(w — ex)); where

a € Ki—l(lea sy Ty %)(W — ek) — @ Hq(XW—ek—e.y)

7S,
lyl=i—1
be Ki(xj,...,zj; Vo) (w) = @ Hy (X,
e
v|=i

Let a., denote the component of a that belongs to the direct summand H, (X%~ )
for all , and 0., denote the component of b which belongs to the direct summand

H,(X™~¢) for all . Thus,
Si(a,b) = (—d;_1(a),d;(b) + fF,(a))

where

di—1(a) = Z Zsz’gn(j,’y)aw’e’f’e%w’ek’eﬁeﬂ'(av)

7CJ, jev
Iyl=i—1

di(b) =Y > sign(j, )t (by)

vCJ, j€Y
[v|=i

a(a) = Z A

7&J,
Iyl=i=1
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We know that

Cone((f*)(w — er))ir = @ H (X )& @ H (X"

vCJ, 7CJ,
|y|=i—2 [y|=i—1

where

B H (XY ) =Kia(z),, 255 Vo) (W — ex)
vCJ,
lv[=i—2

D H(X) = Ky, 1 Vo) (W)
vCJ,
[y[=i-1

Thus, we can see that
di,l(a) < Kifl(xjp ey Ty ‘/q)(W — €k)
dl(b) € Ki(a:]'ﬂ <oy Ly %)(W)
fi]il(a) S Ki(‘rjlv <oy Ly ‘/q)(W)
On the other hand,

di(a, b) = di(a, O) + dz((), b)

Firstly,

di(a.0) = D D0 sign(iy ULk et (q)

7S, \jeyu{k}
Iy|=i—1

and Z sign(j,y U {k}) V=TV TR (o) is equal to
jevu{k}

Z sign(j,y U {k}) -k erWermeate (ay) + sign(k,y U {k}) V""" (a,)

Jjey
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SO

dia(a,0)= S sign(j,y U {k}ye e emasete(q)

VCJ, jEY
Iyl=i—1
+ D sign(k,y U RN 0 a,)
7CJ,
[y[=i-1
Y S il
vCd, JEv
Iyl=i-1
+ Z Lw—ek—e—y,w—ey(a’y)
vEJ,
lyl=i—1

= (dz‘q(a)afilil(a))-

The second equality holds since xj, is the first coordinate in the given Koszul com-

plexes, so k will be the first element of the set v U {k}.

Secondly,

di(0,0) = Y > " sign(j, )Nt (by)

yCJ, jey
ly|=i
= (07 dl(b))v
and these two imply that the above diagram commutes, and we are done.
]
Remark 3.2.1. Notice that the chain complex K, (z1,...,2;, ..., %, ..., 2, V) is
isomorphic to the chain complex K.(z1,...,2;,...,2;,...,2,;V,) for all i,j €

{1,...,n} since A@® B = B & A for all vector spaces A and B, and by the defi-

nition of the Koszul complex of a persistent homology module (see Section [3.1).

By Remark we can iteratively obtain K, (z1,...,z,;V,)(u) by starting with
K, (z;; Vy)(u— e, + ;) forsome i € {1,...,n}. In the next chapter, acyclicity of a
mapping cone will be very important for us because we will obtain several results by
proving the acyclicity of some specific mapping cones. Thus, the next proposition is

important for us to give an equivalent condition to acyclicity of a mapping cone.
Proposition 3.2.5. [[17] Let f : A, — B, be a chain map. Then, the mapping cone
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of f, Cone(f,), is acyclic (which means C'one( f,) is an exact chain complex) if and

only if the chain map f is a quasi-isomophism.

Proof. In order to prove this proposition, let us look at the following sequence
0 — B — Cone(f) -5 A[-1] — 0. 3.1)

where «(y) = (0,y) for all y € B, j(x,y) = —=x for all (z,y) € Cone(f) and
A[~1], = A,_ forall n € N.

Claim: The above sequence [3.1]is a short exact sequence.

Proof of the Claim: We know that ¢ is the inclusion map, so it is an injection. Also,

we can easily see that j is a surjection by its definition. Moreover,
im(e) ={(0,y) |y € B}
= ker(j).
So, the above sequence[3.1]is a short exact sequence.
Thus, there exists a long exact sequence
o — Hyo1 (Cone(f)) 2 Hy(A) 2 H,(B) = H,(Cone(f)) — ...

where 0, ([z]) = [1;1,dS" ) j~1 ()] for all [z] € H,(A), and ¢, and j, are induced
maps on homology of ¢ and j, respectively. Note that we know that j is not injective,
but j*, () just gives us a representative from the set {(z,y) € Cone(f) | j(z,y) =
x}, and we know that 0, is well-defined by homological algebra (see [17]). Now,

observe that
On([2]) = [ty 11 dSom D5 ()]
= [1,,d5" D (=2, 0)]

= [ (dn (), f ()]

Thus, 0,, = (fi)n for all n € N. Now,
(=) Assume that Cone(f) is acyclic. This implies that, H,1(Cone(f)) = 0 and
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H,(Cone(f)) =0,s0 0, = (f«)n is an isomorphism for all n € N by the above long
exact sequence.

(«<=) Assume that ( f,),, is an isomorphism for all n € N, then this implies that
ker(te)n = im(fi)n = Hp(D) (3.2)

for all n € N. Also, im(j.), = ker(fo)n, = 0 for all n € N, so ker(j.), =
H,1(Cone(f)) for all n € N. However, ker(j.), = im(is),41 for all n € N.
Thus, im(i.), = H,(Cone(f)) for all n € N. Also, [3.2)implies that im(c.),, = 0 for
all n € N. Thus, H,,(Cone(f)) = 0 for all n € N. Hence, Cone(f) is acyclic. O

Corollary 3.2.6. Let A, and be B, be acyclic chain complexes. If f : A, — B, isa

chain map, then C'one(f). is acyclic.

Proof. We know that A, and B, are acyclic chain complexes by our assumption, so
H,(A.) = H,(B.) = 0 for all ¢ € N. This implies that the chain map f is a quasi-
isomorphism. Hence, C'one( f,) is acyclic by Proposition 3.2.3] O
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CHAPTER 4

ENTRANCE GRADES OF CRITICAL CELLS AND SUPPORT OF BETTI
TABLES

In this chapter, our aim is to delimit the support of Betti tables of an n-parameter
persistence module which is obtained by a 1-critical n-parameter filtration. We will
show this result in the last theorem of this chapter. The followings are based on fourth

section of the article [|13]].

As we did in the former chapters, let us fix the tools which we are going to use. Let
X be a cell complex, and { X" },enn be the n-parameter filtration of X, and let
denote the n-parameter persistence module which is obtained by applying the g-th
homology functor to { X" },enn for all g. In this chapter, we will frequently use the
results which we have shown in the discrete Morse theory section [2.3] Thus, let us
fix V' as our discrete gradient vector field which is consistent with the filtration, so
we have a Morse complex M which comes with the discrete gradient vector field V.
Also, notice that one of our assumptions is that the n-parameter filtration { X" },enn

is exhaustive which means that X = U X", and this implies that X, = U Xy
ueN” ueN”
for all g. Thus, we can also say that M, = U M;.

ueNn

Notation 4.0.1. Let A be a non-empty subset of the set of cells of X. We denote the
set of the entrance grades of the cells of A as G(A) C N”, that is

n

G(A)={ueN'|ae X"\ (U X“‘eﬂ'> for some a € A}

j=1
Notation 4.0.2. Let G be a non-empty subset of the poset (N”, <). In relation to the
least upper bound of the set N™, we denote the closure of G by G, that is

G={\/B|BCG.B+#0}
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where \/ B is the least upper bound of the set B in (N", <).

In addition to these notations, we will denote the support of the Betti table £ : N* —

N by supp ], that is
supp & = {u € N" [ {{(u) # 0}.

Now, let us give the first proposition of this chapter which has two important corol-
laries, and these will help us when we prove the last theorem. Note that we will give

the proof of the following proposition by using contraposition.

Proposition 4.0.3. Let u € N”, and A be the subset of the set of the cells of X. Then,

the following statements are equivalent.

(Du ¢ G(A),
(2) (X" \ X" %) N A = () for some j € [n] foralla C [n]\ {j}.

Proof. (2 = 1) Assume that u € G(A), thenu € G(A) oru € G(A) \ G(A). If
u € G(A), then there exists ¢ € A such that 0 € X"\ UXGJ', soo € X"\ X%

for all j € [n]. Thus, if we choose o; = () C [n] \]{ijl} for all j € [n], then
(XU \ XU 7%) N A # (), so we are done. If u € G(A) \ G(A), thenu =\/ B
for some non-empty B C G(A) such that |B| > 2. Say B = {vy,...,V,} such
that » > 2. Since u is the least upper bound of B, u — e; cannot be an upper bound
of B for any j € [n]. So, there exists v,; € B such that vy; £ u — e; for all
J € [n]. Also, we know that B C G(A), so vy € G(A) for all j € [n], thus there
exists a oy(;) € A such that the entrance grade of oy(;) is vy for all j € [n], and this
implies that oy;) € XV@ C X" for all j € [n]. On the other hand, we know that
each cell has a unique entrance grade since our n-parameter filtration is 1-critical, and
Vi) £ U — ej, 50 ogg) & XU forall j € [n]. Thus, oy € (XX 7) N A4, so
again if we take a; = () for all j € [n], then (X" %5 \ X" “~%) N A # ( for all

J € [n].

(1 = 2) Assume that for all j € [n], there exists o; € [n] \ {j} such that (X" \
X" 79N A # (). Thus, there exists o; € (X" “i \ X" “i~“)NAforall j € [n].
Let v(j) be the entrance grade of o; for all j € [n], andlet v = \/{v(n),...,v(n)}.
Notice that v(j) < u —e,, < usince o; € X" i forall j € [n]. Thus, v < u
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since v.= \/{v(n),...,v(n)}, and v(j) < u for all j € [n]. Now, let us show that
v = u. Assume that u £ v, then there exists j € [n] such that v. < u — ¢; since
u £ vand v < u. Also, we know that v = \/{v(n),...,v(n)},so v(j) < u—ej,
but then o; € X" % since 0; € X v(d), Moreover, we also know that o; € X UCey
but a; € [n] \ {j}, so u — ey, and u — ¢; are not comparable in (N", <). Also,
we know that our n-parameter filtration is 1-critical, so the entrance grade of a cell
must be unique, and this implies that o; € X Mu—eaju=e;) — xU=€a; =€ which is
a contradiction. Thus, u < v, and we also know that v < u, so u = v. Hence,
uec G(A)sinceu=v=\{v(n),...,v(n)},and v(j) € G(A) forall j € [n].

]

Corollary 4.0.4. Let u € N". Then, u ¢ G(M,) if and only if there exists j € [n]

U—e€q,;—€j

such that M, 77 = M, 9 for all aj € n)\ {j}.

Proof. (=) Letu ¢ G(MM,), then there exists j € [n] such that for all a; C [n] \ {j}
the following equality holds

(X% \ XUe=%) M, = 0

by Proposition 4.0.3] and this implies that

u—eq, Uu—eq —€;

Mq J\Mq ! :@7

SO

u—eq, u—eq. —€;

Mq i Mq J
(<) Assume that the second statement holds which implies there exists j such that
M;—EQJ- \M;—eaj—ej _ @7
forall o; C [n] \ {j}, so

(XUes \ XU~ ) (M, = ),

thus u ¢ G(M,) by Proposition
]

In addition to this corollary, we can also obtain some information on the maps of

{Hy(X"), ¢V} and {Hy—1(X™), 1,7 } when we take A = M, in Propositionm

) Yg—1
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Corollary 4.0.5. If u ¢ G(M,), then there exists j € [n] such that for all a; €

. —€

[n] \ {j} the inclusion map from X" ™% to X" “* induces a surjection

Uu—eq, —€j,U—€q

T (X0 ) o H (X0,

and an injection

u—eq; —€j,u—€q;

T Hy (X o H o (X7),

Proof. If u ¢ G(M,), then this implies that there exists j € [n] such that for all
subsets a; € [n] \ {j},

u—eq u—eq

Mq i Mq J
by corollary Thus, the relative homology
Hq(Mu—eaj —€y ’ Mu—eaj ) i 0

for all a; € [n] \ {j}. Also, the diagram between the long exact sequences of the
relative homology of (X" “~% X" “4) and (M" “~% M" “4J) commutes by
Lemma[2.3.1] and Theorem[2.3.2)implies the isomorphism between homology groups

in the same diagram:

H(X¥5760) - Hy(X™9) — Hy(X¥7%, X%) = Hy y(X¥57%9) - Hy1(X™)

EoE ok

H (M¥540) 5 Hy(M"3) 5 Hy(M¥5=%, M%)  Hy y(M¥5%9) > Hy 1 (M¥)

where w; denotes u — e,. Then, Five Lemma implies that
H, (XY™ XYi) = H (M=%, M"Y).

Thus,
(XWime XVi) = 0.

Thus, exactness of the long exact sequence of relative homology (X"~ X" %)
implies that

U—eq . —€j,U—€n

g S H (XY Ho(XUO),
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is a surjection, and

u—eq;—ej,u—Ca,

T H (X0 o Hy g (X0),

1s an injection.

]

Remark 4.0.1. If u ¢ G(M,) UG(M,41), thenu ¢ G(M,) and u ¢ G(M,41). On the

other hand, u ¢ G(,) implies that
(i) There exists j € [n] such that, M, @ ~ =M, 7 foralla; C [n]\ {j}

by Corollary On the other hand, u ¢ G(M, ) implies that

U—e€q, U—€q,

(4i) There exists £ € [n] such that, M, T = M, " forall ap C [n] \ {¢}

by Corollary {.0.4]

In Remark [4.0.1) we cannot say anything about the indices j and ¢ of the statements
(7) and (77), they may or may not be the same. However, both cases enable us to prove
the acyclicity of the special Koszul complexes. We will see this in the following two

lemmas.

Lemma 4.0.6. Letu ¢ G(M,)UG(M,41), and j and ¢ be the indices in the properties
(i) and (ii) of the Remark [4.0.1} respectively. If the indices j, ¢ are the same in the
properties (4), (ii) of Remark 4.0.1] then the Koszul complex K, (z1, ..., z,; V;)(u)

is acyclic.

Proof. By the proof of Corollary 4.0.5] we know that (7) implies that

U—eq, —€j,U—€n

g T H (XU ) s H (X))

is a surjection for all o; C [n] \ {j}. On the other hand, (47) implies that

u—eq; —€j,u—Ca,

s H A (XE9) o Hy o (X)

is an injection for all ay C [n] \ {¢} by the proof of the Corollary However,

j = ¢ by our assumption, and

Uu—eq, —€j,U—€n

g S H(XUTE ) 5 Hy(XC)
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is an isomorphism, for all a; C [n] \ {j} whenever j = ¢. Thus, this isomorphism

implies that the induced chain map in the direction e;
fj(u—ej) Ko(z1, ., T, V) (u—ej) = Ko(z1, ..., 25, ..., 205 V) (0),

where f/(u —e;) = fi(x1,...,Zj,...,2;V,)(u — ¢;), is an isomorphism by its
definition (for the definition see[3.2). As a result of this, since K. (1, ..., z,; Vy)(u)
is the mapping cone of the chain map f7(u—e¢;), K.(z1, ..., 2,; V,)(u) is acyclic by
Proposition [3.2.5]

O

Lemma 4.0.7. Let u ¢ G(M,) U G(M,+1), and j and ¢ be the indices in the prop-
erties (¢) and (i7) in the Remark respectively. If the indices 7 and ¢ are not
the same in the properties (¢) and (i7) in Remark then the Koszul complex
K. (zj, 24 V,)(u —e,) is acyclic for all o C [n] \ {j, (}.

Proof. Leta C [n]\{j, ¢}, and w = u—e,. We want to show that K, (z;, z4; V,)(w)

is acyclic, but we know that the n-parameter persistence modules V;, = @, \» Hq(X™)
and V, 1= @ ,cnn Hy(M™) are isomorphic by Theorem [2.3.2) so K. (2}, x¢; V) ()

and K. (z;, 2, V,)(u) are isomorphic for all u € N" by the Section 3.1. Thus, it
is enough to show that K., (z;, 7¢; V,)(w) is acyclic. At the moment, we know that

K. (7,14 V) (w) is the mapping cone of
FO Kz V) (w — eg) — K (35 V) ) (w)

by Theorem Moreover,

w—ep—ej,W—ep

K. (2 V(W =€) : 0 — Hy(M™™47%) s H (M™™%) — 0,

and

K. (253 V))(w) : 0 — Hy(M™~%) “—— H,(M™) — 0.

Since o U{¢} and « are subsets of [n]\ {j}, g~ 7" “andi; " are surjections

by corollary 4.0.5] Thus, it is enough to show that
fhoker(uy V) — ker (1Y)

is an isomorphism where we denote by f’ the restriction of the map f{(z;; V;)(w —

er) = tqg V% to the ker(ug 7). We know that u ¢ G(M,1) by our
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assumption, so f{(z;; V))(w —eg) =15 7" s an injection by corollary
but we know that f’ is its restriction, so f’ is also an injection. On the other hand,
we know that the domain and codomain of f” are finite dimensional vector spaces, so
it is enough to show that the dimension of the domain and codomain are the same in
order to show that f’ is an isomorphism since it is already an injection map between
finite dimensional vector spaces. For the sake of the proof, let us denote by Z,(MV)
the submodule which is generated by the cycles of C\,(MY), and denote by B, (M)
the submodule which is generated by the boundaries of C,(A/") for all v € N". Now,
we know that Remark (1), and (i7) hold by our assumption. The first property
(1) tells us that

MW—er—e — |fw—ee
q q
w—ej _ w
M, M,

sincew =u—e,and a C [n]\ {j,¢} C [n]\ {j}. Thus,

Zy(M¥e0) = Z, (M)
Z,(M*%)

Zy(M™).

On the other hand,

w—eg—e; w—e;
MQ—H - MQ-H

w—ep W
MY = MY,

q+1

since w = u —e,, and a C [n] \ {j,¢} C [n]\ {¢}. Thus,

B (M"=453) = By(M" )
Bq(MW_ez) = Bq(MW)-
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Thus,

M=) [By(M™™))
M™=e) [ By(M™))

M™=)) = dimp (Bg(M™)))
M¥=E7E) [ By (M™4740))
M™=¢) [ By(M™%))

V) — dimp(By (MY 7%)))
M™)/By(M™))

M™)) = dimp(By(M™))
M7 [ By(M™™%))

M™) [ By(M™))

&

~—~~ N I~ N N /N N
B}

~—~~ I~~~ N N N I~

M™)) — dimg(B,(M™™%)).
So, if we apply the Rank-Nullity theorem, then we will obtain

dimp (ker(v) =~ %""%)) = dimgp

, MW—@Z—EJ')) A dimF<Z'm(LW—Bg—€j,W—eg))

q

MY — dimp(Hy(w — ¢eg))
M) — dime(By(M¥)),

I
Q
S
)
iSs
~ —~ —~ ~ —~ —

dim (ker (i3 ~™)) = dimg (H,(M"~)) — dimg (im(1 ™))
= dimg(H,(M™ %)) — dimg(H,(M™))
= dimg(By(M™)) — dimg (B, (M™~%)).
Thus,
dimg (ker () =~V =)) = dimyp (ker (1) ~™Y)).
Hence, f’ is an isomorphism. O

At the moment, we have all of the necessary background, and information in order to

prove our main theorem, so let us continue with it.

Theorem 4.0.8. Let { X" },enn be an n-parameter filtration of the cell complex X
such that it is exhaustive, V' a discrete gradient vector field which is consistent with

the n-parameter filtration { X" }uenn, and { M" }yenn an n-parameter filtration of the
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cell complex M which is the Morse complex of X associated with V. Then,

J supp &l € G(M,) U G(Myy),

1=0

for all g € N. Moreover,

supp &g C G(M,),

and

supp &l C G(Myi1),

forall g € N.

Proof. Let ¢ € N. Firstly, let us show that | J;_, supp&! C G(My) U G(My41). Let
u ¢ G(M,;) UG(M,+1), then we know that the properties (i) and (i7) of the Remark
hold. Thus, we have indices j and ¢ which are coming from the properties (i)

and (i), respectively. At the moment, we have two cases.

Case 1: Assume that the indices j and ¢ are the same. Then, the Koszul complex

K.(z1,...,2,;V,)(u) is acyclic by Lemma 4.0.6] so
H(K.(z1,...,2,; V) (1)) =0
foralli € {0,1,...,n}. Thus,
&l(u) = dimp(H;(Ki(21,...,2,; V) (1)) =0

foralli € {0,1,...,n}. This implies that u ¢ (J._, supp&/. Hence,

n

U supp & © G(My) U G(Mgi1).

1=0

Case 2: Assume that the indices j and /¢ are different from each other. Then, we can
say that K, (z;, z¢; V) (u — e,) is acyclic for all « C [n] \ {j, ¢} by Lemma [4.0.7]
Observe that if £ € [n] \ {7,¢}, and « C [n] \ {J, ¢, k}, then Theorem implies

that K, (zy, x;, z4; V) (u — e,) is the mapping cone of the chain map
fHzn V) (u—eq —er) : Ku(zg,20) (0 — e — ex) — Koz, 705 V) (0 — €,),

and K. (v, xj, 24, V) (1 — e,) is an acyclic chain complex by the Corollary

Also, we know that we can obtain the Koszul complex K. (z1,...,z,;V,)(u) from
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the Koszul complexes K, (X, z;; V) (u — e,) by using Theorem In addition
to this, we know that we get an acyclic Koszul complex at each step when we con-
struct K, (21, ..., 2,;V;)(u) by the above observation, so K, (z1,...,z,;V,)(u) is

an acyclic chain complex. Thus,
H(K.(z1,...,2,;Vy)(u)) =0
foralli € {0,1,...,n}. Thus,
& () = dimp(Hi(Ki(21, .. ., 2n; V) (0)))
=0

foralli € {0,1,...,n}. This implies that u ¢ | J._, supp&;.

In both cases, we obtained that u ¢ J;_, supp & whenever u ¢ G(M,) U G(M,41).

Hence,

| supp €&l € G(M,) U G(Mqy).
=0

Secondly, let us show that £ C G(M,). Let u ¢ G(M,), then there exists j € [n]
such that

u—ej;,u .,
by 1 H,

(X™79) = Hy(X™)
is a surjection by Corollary Also, we know that
Ko(z1, ..., 2, V) (0) = Hy(X")

Ki(z1,... 203 Vy) (0) = €D Hy(X¥79),

J€ln]
and 1 7" is the restriction of d; to H,(X"“~%) where d; is the differential map of
K.(z1,..., 2 Vy)(0) from K;(z1, ..., 2, V) (u) to K; (21, ..., 2,; V) (u) for all
i€ {0,1,...,n},sod; is also a surjection, thus
Ho(K.(z1,...,z0; Vy)(0)) = ker(dy) /im(dy)
= Hq(X“)/Hq(X“)
= 0.

Thus,
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sou ¢ supp&l. Hence,

supp & C G(M,).

Lastly, let us show that supp&l C G(Myy1). Let u ¢ G(M,41), then there exists
J € [n] such that

U en]\{j} —€5U€n]\ {5} u—epu—emp\ {5} | u—ey, u—epn g
dp, = 14 =l D Hy (X" em) — Hy (X" o)
is an injection by Corollar However, we also know that
i y y

Kn(xl, ey Tl Vq)<u) — Hq(Xll—e[n])’

Ko 1(@1, ..., 2 ‘/:1)(11) = @ Hq(X“_e[n]\{j})‘

JE€M]

Thus,

H,(K.(z1,...,2,; V) (1)) = ker(d,)

As a result of this,

&i(w) = dimp(Hy (Ko (21, . . 203 Vg) (0)))
=0.

This implies that u ¢ supp &2. Hence,

supp &l C G(My4q).
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CHAPTER 5

SUPPORT OF BETTI TABLES FOR BIFILTRATIONS

Our main result was Theorem {.0.8] for this thesis. In this chapter, we will restrict
ourselves to n = 2, and we will strengthen our results for this restrictive case. In
this chapter, we will use two articles as our source. One of the article is "relative-
perfectness of discrete gradient vector fields and multi-parameter persistent homol-
ogy" [14], which is written by Claudia Landi and Sara Scaramuccia, to prove an
inequality, which will be important for us to prove the main theorem of this chapter.
The other article is our main source which is "on the support of Betti tables of mul-
tiparameter homology modules" [[13]], which is written by Claudia Landi and Andrea

Guidolin.

5.1 Estimation of Betti Tables via Critical Cells

We will use the same tools which we have used in Chapter 4 in this chapter, so fix the
structures as we did in the chapter 4. Also, note that we calculate all dimensions with

respect to the field F'.

Proposition 5.1.1. [[14] Let ¢ € N, u € N”, and L;‘ be the induced map which is
obtained by applying the ¢-th homology functor to the inclusion map U XU

=1

X", then

dim(Hy(X", | X)) = dim(coker (1)) + dim(ker(c)_,)).

=1

Proof. In order to prove the equality, firstly let us write the relative long exact homo-
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logical sequence of the pair (X, U Xue)

=1

S ! Lo A Y ueny o
— Hy([ X)) — Hy (X)) " Hy(X® | X" — .

i=1 i=1

Now,

dim(coker(1y)) + dim(ker(¢i_y)) = dim(Hy(X™) /im(u})) + dim(ker(¢2_,))
= dim(dim(H,(X")) — dim(im(e;)

+ dim(ker(v;_;))

+dim(Hy (X", | X)) = dim(ker(5}))

i=1
n

= dim(ker(5%)) + dim(H, (X", U XUe)
— dim(im(jy'))
= dim(H, (X", | ] X1)).

i=1

After this point, we will fix n = 2 until the end of this section. Also, when we study
witha fixedu € N?, we willsetx =u—e;,y=u—eyandz = u — e; — es.

O

Lemma 5.1.2. [14] If A,C and D are finite dimensional vector spaces and the fol-

C T s D
A

is commutative, then the following equalities hold:

lowing diagram

i) dim(ker(p)) = dim(im(vy) Nker(t)) + dim(ker(y)),
it) dim(ker(c)) = dim(im(y) Nker(¢)) — dim(im(v)) + dim(im(y) + ker(1)),
iii) dim(coker(v)) = dim(coker(pn)) — dim(D) + dim(im(v) + ker(¢)).
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Proof. (i) By the commutativity of the given diagram, we know that ;1 = ¢ o 7, so
dim(ker(u)) = dim(ker(vo7))
= dim(ker(v)) + dim(im(vy) N ker(c)).

(i1) This equality is a well-known linear algebra result, so we will skip the proof of

this equality.

(iii)
dim(coker(1)) = dim(A/im(1))
— dim(A) — dim(im(1))
= dim(A) — dim(D) — dim(ker (1))
— dim(A) — dim(im(y)) + dim(im()) — dim(D) + dim(ker(:))
— dim(A/im(n)) + dim(C) — dim(ker (1)) — dim(D)
+ dim(ker(s))

= dim(coker(u)) + dim(ker()) + dim(im(v))
— dim(im(vy) Nker(t)) + dim(ker(y)) — dim(D) + dim(ker(¢))
= dim(coker(p)) — dim(D) + dim(im(y) N ker(c)).

]
After the following proposition, we will prove an inequality which will be a corollary

of the proposition. This corollary will play a key role in the main theorem of this

chapter as we mentioned at the beginning of this section.

Proposition 5.1.3. [14] If ¢ € N,u € N", oy : Hy(X*) — H,(X* U XY), 8 :
Hy(XY) — Ho(X* U XY),1 © Hy(X*UXY) — Hy(X") are the linear maps

induced by the inclusions, then the following equalities hold:
() dim(coker(1})) = &5(u) — dim(Hy(X* U XY)) + dim(ker(¢}) +im(a; — 7)),
(ii) dim (ker(12)) = &f(w)+&5 " —dim(H,(X*UXY))+dim(ker(12)+im(al—B2))

where x,y, z are as we mentioned above.

Proof. We know that H,(X™) & H,(XY), H,(X* U XY) and H,_;(X") are finite

63



dimensional vector spaces, and the following diagram

ag By

H,(X*) @ H,(X?) » H, (XU X?)

)
q,u u

qul(Xu>

where d" = [, ;7¥] for all ¢ € N, is commutative by functoriality of the homol-

ogy. Thus, we can apply the results which we obtained in Lemma [5.1.2] The first
equality of the Lemma/[5.1.2]implies that

dim(ker(d")) = dim(ker(vy) Nim(ay — B7)) + dim(ker(ay — B7)),  (5.1)
the second equality of the Lemma|[5.1.2]implies that

dim(ker(v;)) = dim(im(ay — B)') N ker(cy)) — dim(im(o — 33'))

q q

(5.2)
+ dim(im(ay — BY) + ker(y))),
and lastly the third equality of the Lemma/5.1.2]implies that
dim(coker(uy)) = dim(coker(d}"™)) — dim(H,(X* U XY)) 53)
5.

+ dim(im(ay — B)') + ker (1))
At the moment, we have three equalities, and this will play the key roles for the rest of

the proof. By using the third equality [5.3] we can directly show that the first equality
of the Proposition [5.1.3] We know that

dim(coker(d{")) = &(u) by the Example[3.1.1]

Thus, if we replace dim(coker(d$™)) with £l (u), then we will obtain the first equality
of the Proposition[5.1.3]

For the second equality, we will use the triad (X* U XY, X* X¥). Considering the
Mayer-Vietoris exact sequence of this triad, then we obtain the following long exact

Sequence
o Hy (X)) 25 H (X0 @ Hy(XY) S0 g (U XYY T H, (X)L

where X? = XU 417 = Xu @ N X" = X*N XY, and

_Lu—€1—€27U—61

q,u __ q
dy” =
[/u—el —e2,u—eg
q
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for all ¢ € N. Now, the equality [5.1] the Example [3.1.1 and the above long exact

sequence implies that

&l(u) = dim(ker(d¥™)) — dim(im(d™))
= dim(ker(cy — B))) + dim(ker (1) Nim(oy — B31)) 5.4
— dim(im(d¥")) by the equality [5.1] |

= dim(ker(L:;) N im(Oé;l - 5;))

by exactness. Moreover, the above long exact sequence, the Example [3.1.1] and the

rank-nullity theorem implies that
(5.5)

Lastly, if we apply the equalities which is obtained in[5.2} [5.4]and [5.3] then we get

dim(ker(ty)) = &{(u) — dim(im(ay — B7')) + dim(im(ay — ;) + ker(1y)))

= &{(w) + &7 () — dim(H,(X* U XY))

+ dim(im(ay — By') + ker(ty)).

At this moment, we can prove an important equality which will be used in the second

section of this chapter to prove the main theorem of section 2.

Corollary 5.1.4. [14] For any ¢ € N,

) +&7 1 (w) — &7 (0) < dim(Hy(X™, X*UXY)) < g(u)+& () + & (u)
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Proof. On the one hand,

dim(H, (X", X*U X)) = dim(coker(t;)) + dim(ker(t;_,)) by Proposition[5.T.1]
= &) + &7 () + &7 (u)
— dim(Hy(X™* U XY)) + dim(ker(vy) +im(ay — 57))
— dim(H,_(X* U X))
+ dim(ker(2,) + im(al, — B%,)) by .13
> &5 (w) + &0 () + 657 (u)
— dim(Hy(X* U X)) + dim(im (o — BY))
— dim(H,—(X* U X¥)) + dim(im(al; — B2 ,))
= &l(u) + & — &7 by equation[5.5]
(5.6)

Note that the inequality in the equation [5.6/holds since

im(ay — By) C ker(vy) +im(ay — BY)

for all ¢ € N.

On the other hand, we know that
ker(ty) +im(ay — B) € Hy(X*U XY)
for all ¢ € N, thus

dim(Hy(X* U X)) > dim(ker(cy) +im(oy — B3)))

q

for all ¢ € N, thus the second equality of the equation[5.6]gives us the right-hand side
of the inequality. 0

5.2 Homological Critical Grades

As we said at the beginning of the first section of this chapter, we will strengthen the
main Theorem 4.0.8] of the thesis for n = 2. In order to do this, firstly let us define

some sets.
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Definition 29. [13] Let u € N, ¢ € N. We call u as a g-homological critical grade
if dim(H, (X", ] X"7)) # 0.
i=1

Notation 5.2.1. [13] We denote the set of g-homological critical grades as C,(.X),
that is,

Co(X) := {u € N" | dim(H, (X", ] X"~)) # 0}.
i=1
After this point, we have two goals. The first goal is to show that C,(X) C G(M,).
After showing this, the other goal is to show that we can bound the support of the

Betti tables by using C,(X) instead of G(M,) for the restrictive case n = 2.

Definition 30. [14] Let u € N”, ¢ € N, then we call the number of critical g-cells

of V' contained in M™ \ U M"Y~ as the g-th Morse number of V' at u, and we will
i=1
denote it as m,(u).

Lemma 5.2.2. [14] Letu € N*, g € N. If S C S" C @ = {0, 1}, then there are
isomorphisms
SO(}? : Hq(U X"7) = Hq(U M*")

SES sesS
and

‘P;g/ tHy( U X"7%) = Hy( U M*")
ses’ ses’
so that the following diagram

Hy(|J X)) —— H,(|J x*7)

seS ses’!

S /
lwq l‘pqs

Hy({J M*) —= H (| M)

seSs ses’!

commutes where ¢; and ¢, are the maps induced by inclusions.

Proof. By Lemma[2.3.1] we already know that there exists a map ¢, which induces

an isomorphism on all homology degrees such that the following diagram commutes.

L

xXu oy X

lq)u l@u (5.7)

L

MY 2 M
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Since the above diagram is commutative, the following diagram is also commutative;

U xu-s 2! U xu-s

sSES ses’
lcpg lq, (5.8)

U Afu—s 2 U Au—s

SES ses’

where (I>§ is the restriction of ¢, for all ¢ € N, for all S C . Commutativity
holds because horizontal maps are inclusion maps in both diagrams, and the vertical
maps of the diagram [5.8]is the restriction of the map ®,, which is the vertical map of
the diagram Thus, the diagram [5.8]is also a commutative diagram. Now, if we
apply ¢-th homology functor to the diagram [5.8] then it will still be a commutative
diagram by the definition of functor. So, if we choose <pqs the induced map of <I>;19 on
homology for all ¢ € N, for all S C @, then it is enough to show that the induced

map of the restriction of @, to U X"7° on homology is an isomorphism for all

seS
S C @ = {0,1}". Let us prove this statement by using induction on the poset

relation < of N". For the base step, assume that S = (), then the map will be ®,,.
By the Lemma [2.3.1] we already know that the induced map of ®,, on homology is
an isomorphism. Now, assume that the induced map on homology is an isomorphism
for all S C @ such that |S| < i. Let us show that it is true for a subset of @
whose cardinality is ¢ + 1. Let A be the subset of ) such that |[A| = ¢ + 1. We
know that we can write A as S U {a} for some S C A such that |S| = i and for
some a € A. Also, gof and cp;{la} are isomorphisms by the inductive assumption. Let

T ={t e N |t = A(s,a) for some s € S}. Notice that |T'| =14, T C @,

(YJxv) e =[x nx

SES SES

_ U (Xu—/\(s,a)>

seSs
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and

(U Moy mveey = e noe)

seS seS

_ U (Muf/\(s,a))

seS

Thus,
oo Hy(| (X n X)) = [ (s ne)

ses seS

is an isomorphism by our induction assumption. At this moment, we have two dif-

ferent triads ((J,cq X%, U e X%, X" %) and (U,ce M, U

seS seS

Mu—s’ Mu—a)

such that S C S’ C (). Let us consider the Mayer-Vietoris exact homological se-

quence of these two triads. Since we have connecting maps between these Mayer-

Vietoris exact homological sequences, we get the following diagram Mayer-Vietoris

exact homological sequence of this triad

CH(J X ) @ Hy (X)) = Hy([ X)) = Hea (X nXe).

seS ses’ seS

[ g 2

CHy([ M) @ Hy(M) » Hy(| M) » Hyo(( M M)

seS ses’ seS

. . . ! . .
where qu = gog ) <pqa}. Since @bf and gho_l are isomorphism, gpi is also an isomor-

phism by the Five Lemma. This finishes both induction and the proof of the lemma.

Lemma 5.2.3. [14] If u € N", ¢ € N, then

Hy(x", | ) xv—e) = Hy(Me, | v,

i=1 =1
Proof. Let S = {ey,eq,...,e,}, then we know that there exists an isomorphism

905 : Hq(U X") = Hq(U M%)

seS ses
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for any ¢ € N by the proof of Lemma [5.2.2] For the sake of the proof, let A; =
X" Ay = U X""% By = M"and U M™%, Now, we have the following commu-

i=1 =1
tative diagram which is obtained by the relative homology of the long exact sequences

of the pairs (A, As) and (By, Bs):

H,(Ay)) —— H, (A1) —— Hy (A1, As) —— Hy1(As) —— Hy1(Ay)

Eoo oL

H,By) —— H,(By) —— Hy(B:1,Bs) —— H,1(Bs) —— H,1(By)

1%

By Five Lemma, H,(A;, As) = H,(B1, Bs), that s,

Hq(Xu, U Xufei) ~ Hq(Mu, U Mufei)'
i=1 =1

]

Next proposition is important for us because we can easily conclude C,(X) C G(M,)

by using it.

Proposition 5.2.4. [14] Let u € N" and ¢ € N, then
mq(u) > dim(H,(X*, | ] X*~)).

=1

Proof. By the definition [30, we know that number of critical cells of the discrete
gradient vector field V' in M™ \ U M™% is my(u). Thus,

mq(u) = dim(Cq(M™)) — dim(Cq(U M%)
= dim(Cy(M", U MU=)).

Moreover, we know that

dim(H, (X", J X)) = dim(H,(M*, ] M=)
= dz’m(ker(ﬁgel)/im(a;i))
< dim(Cq(Mu, U Mu—ei))

= mgy(u).
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where

agel . Cq(Mu, UMu—ei) N Cq—l(Mu, UMU—ei)

il 7;1

for all ¢ € N, which is the relative boundary map of the pair (M*", U MU,

i1

Corollary 5.2.5.
Co(X) S G(My).

Proof. Let u € C,(X), then this means that

dim(H, (X", O XUe)) £ 0.

i=1
This implies that m,(u) > 1 by the proposition Thus, there exists at least one
g-dimensional critical cell whose entrance grade is u by the definition 30| of m,(u).
By the definition of G(M,), u € G(M,). Hence, C,(X) C G(M,).
O

We just achieved our first goal with the proof of the last corollary, so after this point,
we will fix n = 2 until the end of the thesis. Also, when we study with a fixed u € N2,

wewillsetx =u—e;,y=u—eyandz =u — e; — es.

Lemma 5.2.6. [13] If u € N?, j # [ such that j, 1 € {1, 2}, then there existst a short

exact sequence
0= Co( X" X%) = Cu( X", X"9) = Cu( X", XU XY) — 0.

Remark 5.2.1. Before passing the proof, note that if x ¢ N2, then we assume that
X* = (). Also, we assume the same for X¥ and XZ. This convention will be used in

the rest of the chapter.

Proof. Let us prove the lemma for the case | = 1 and j = 2 without loss of generality.
Now, we have the triple XY C X*U XY C X", and we have the corresponding short

exact sequence
0— CL(X*UXY, XY) = O (X", XY) = Co( X", X*UXY) = 0.
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At this point, we have to show that

Ci(X*U XY XY) = Cu(X*, X7)
as chain complexes, but it is enough to show that

Co(X*U XY, XY) = C (X™, X7)

for all ¢ € N because we know that differential maps of C,(X* U XY, X¥) and
C.(X*, X?) are induced by the differential of the same chain complex which is
C,(X), so these isomorphisms will automatically commute with the differential maps
of C,(X*U XY, XY) and C,(X™, X?). Now, let us show these isomorphisms. On the

one hand,

Cy(X*U XY)
Cy(XY)
Cy(XX) + Co(X7)
Cy(XY)

Co( X*UXY, XY) = by definition

for all ¢ € N. On the other hand,

Cy(X¥)
Cy(X?)
__ G(X¥)

) by Remark [3.1.1]
S

= (X% N Oy (X0

Cy(X*, X*) =

by definition

for all ¢ € N. Moreover, the second isomorphism theorem of vector spaces implies

that
CoXN) +CXY) L GylX¥)
Cy(XY) Co(X*)N Cq(Xy)'
Hence,
Co(X*U XY, XY) = C (X™, X7)
for all ¢ € N. [

Corollary 5.2.7. [13] If u € N ¢ € N, j,I € {1,2} such that j # [ and
H, (X", X*U XY) =0, then

Hy (X", X)) £ 0 = Hy(X"%, X*) £ 0.

72



Proof. By our assumption and Lemma [5.2.6] we know that there exists a short exact

sequence
0— Cu( X" X%) = Cu( X, XW9) = Co(XY, XXUXY) = 0.
Thus, we have a associated homology long exact sequence
o= Hy (X" X?) = Hy (XM, X"9) - H(X*, X*UXY) — ..

By our assumption, we already know that H, (X", X* U X¥) = 0, so the map from
H, (X", X?) to Hy (X", X" %) is surjective which automatically implies that if
H, (X", X"~%) is non-zero, then H, (X", X?) is also non-zero.

]

Before passing our last results, we are going to prove a lemma and a corollary of this

lemma, and this will be useful in the proof of the proposition...

Lemma 5.2.8. [13]If u € supp&? ", then for all i € {1,2} there exists A € N\ {0}
such that
Hq(Xu—Aei,Xu—()\—&-l)ei U Xu—Ae,-—ej) % 0’

where j € {1,2} such thati # j, forall ¢ € N.

Proof. Let ¢ € N, and i be an arbitrary element of {1,2}. Assume the contrary that
H,(Xu—Ae xu=Odber y xu—reimes) — () for all A € N\ {0}. Thus,

Hq (Xu—)\ei’ Xu—kei—e]-) ?é 0= ]’{q()(l.l—()r‘y—l)ei7 Xu—()\—&-l)ei—ej) % 0
forall A € N\ {0} by Corollary Now, let us try to show that
Hq ()(ll—)«ii7 Xu—/\ei—ej) 7£ O

forall A € N\ {0} by using induction. As a base step of the induction, let A = 1. We
know that
Lu—el—eg,u—e1 : Hq (Xu—e1—62) - Hq—l (Xu—el)

g—1
has non-zero kernel since u € supp€d "', so H, (X", Xu=e1=¢2) =£ (. Now, as-
sume that H,(Xv % Xu=A=¢) £ () for a fixed A, then we know that this implies
that

Hy(X™ — (A4 1)ey, X OFDeimery £
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Thus, H, (XU Xu=Aei=¢) =£ ( for all A € N\ {0} by induction. On the other
hand, we know that u— Ae; and u— \e; — e; are not an element of N? for a sufficiently
large A € N, so XU = Xu=*~¢ — () for a sufficiently large A\ € N, but this
implies that

Hq(Xu_)\ei, XU—)\Ei—ej) =0

for a sufficiently large A € N. This is a contradiction, hence there exists a A € N\ {0}
such that
Hq(Xu—)\ei’Xu—(A—&—l)ei U Xu—)\ei—ej) ?é 0.

Corollary 5.2.9. [13] supp &' C C,(X) forall g € N.

Proof. Let u be an arbitrary element of supp 5‘21_1. By Lemma , we know that
there exists A\;, Ao € N\ {0} such that

Hq(Xu—Alel Xu—()q-i—l)el U Xu—>\1e1—62) # 0

and

Hq(Xuf)\geg XU7(>\2+1)62 U Xuf)\gegfel> # 0.

Thus, (u—Ase1), (u—A2ez) € C,(X). Also, we know that (u—X\je;)V(u—Xeez) = u,
sou € Cy(X).

]

Proposition 5.2.10. [13] supp &l U supp &' U supp €4 C C,(X) forall g € N.

Proof. Let ¢ € N and u ¢ m. Then, u ¢ supp&l™' by the Corollary
50 £ (u) = 0. Also, u ¢ C,(X) implies that H, (X", X"¢1 U X"~2) = ( by the
definition of C,(X). Thus, Corollaryimplies that £2(u)+&47 () =& (u) = 0,
and we already know that £~ ' (u) = 0, so &l(u) 4+ £/ "(u) = 0. This implies that
€l(u) = €77 (u) = 0 because we know that £I(u) and £/ '(u) are non-negative

integers. Thus, u ¢ supp &l and u ¢ supp €2~ Hence,

u ¢ supp &8 U supp & U supped .
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Corollary 5.2.11. [13]] supp {lUsupp £ Usupp &] C Cy(X)UCy41(X) forall g € N.

Proof. By proposition we know that supp & C C,(X), and supp & U supp &3 C
Cy—1(X) for all ¢ € N. Thus,

supp & U supp &f U supp &g € Cy(X) U Cgqr (X)

for all ¢ € N. [

Corollary 5.2.12. [13](_JC,(X) C | Jsupp&f €| JCy(X).
q,i q

q

Proof. Letu € UCq(X), then u € C,(X) for some g € N, so dim(H, (X", X" U

q
X1¢2)) £ 0 by the definition of C,(X). Also, we know that
dim(Hy(X", 2" U X72)) < gi(u) + & (w) + & (w)

by corollary Thus, u € supp&l U supp &' U supp&d®. Hence, u €
Usuppé’f. On the other hand, if u € Usuppgf, then u € supp&! for some

q, q,t

i €40,1,2}, ¢ € N and

supp & C supp &g U supp & U supp &3
C Cy(X)UCyy1(X)

c | Je(x).

Hence, u € UC’q(X). O
q
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CHAPTER 6

CONCLUSION

In this thesis, our aim was to give a proof of the Theorem [4.0.8] In that theorem,
a bound for the support of the Betti tables of multiparameter persistence modules
which is obtained by 1-critical filtration of a finite cell complex by using the set of
the entrance grades of a discrete Morse complex corresponding to a discrete gradient
vector field that is consistent with the filtration. For this reason, a detailed explanation
of discrete Morse theory was given in the background section. Moreover, the iterative
construction of Koszul complexes by utilization of the mapping cones had a key role

in the proof of the Theorem 4.0.8

Beyond that, a stronger proof was given in the case n = 2 for the same type of
multiparameter persistence modules on chapter 5. This time the bound was given by
the homological critical grades which is always a subset of the entrance grades of
discrete Morse complex by Corollary [5.2.5] Also, the Corollary [5.1.4 had a key role

in the proof.

For future work, one can try to generalize the bound which is given by homological
critical grades for the case n = 2 to n = 3 case. We tried it by changing the grades of
the statements which we prove in the Lemma[5.2.6] For example, we have changed
the grades of the sequence in the Lemma[5.2.6las u—e¢;, —¢;, for u—e; and u—e;, for
u — e; where ji, jo, j are different elements of {1, 2, 3}. After that we have changed
to adjust the other grades with respect to these two grades. However, we could not
get the result which as in the Lemma [5.2.8] Other trials about changing grades also
did not give the desired result. Probably, we should use a new approach other than

the ones used in this article [13]].
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