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ABSTRACT

EXPONENTIAL TYPE OPERATORS AND THEIR
APPROXIMATION PROPERTIES

ALTINAY, Kiibra
M.Sc., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Harun Karsh

August 2014, 75 pages

This thesis is a survey on some approximation properties of exponential type
operators in the Approximation Theory. One of the fundamental problems of
analysis is to approximate a given function f in some sense or other by functions
having certain properties, and generally, by functions which have "better’ prop-
erties than f. It is to be expected that the better behaved functions are to be
constructed from the given f by some smoothing operation on f itself.

This thesis consists of four chapters. The first chapter is devoted to the
introduction. The second chapter contains concepts, definitions and also some
important theorems, which we need further studies and calculations. In the third
chapter, we give some informations about the exponential type operators and
their connection with the differential equations. In the last chapter, we study the
uniform convergence and rate of convergence of some exponential type operators
by modulus of continuity and Lipschitz Class functions. Also, we study Korovkin

type theorems and Voronovskaya type theorems for these operators.
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OZET

USTEL TIPLI OPERATORLER VE ONLARIN YAKINSAKLIK
OZELLIKLERI

ALTINAY, Kiibra
Yiiksek lisans, Matematik Bolumu

Tez Yoneticisi: Dog¢. Dr. Harun Karsh

Agustos 2014, 75 sayfa

Bu tez, Yaklasim Teorisindeki iistel tipli operatorlerin yaklasim ozellikleri
tizerine yapilan bir ¢aligmadir. Analizin temel problemlerinden biri f gibi bazi
kotii ozelliklere sahip bir fonksiyona, daha iyi 6zellikleri olan bagka bir fonksiyonla
yaklagmaktir.

Bu tez dort boliimden olugsmaktadir. Birinci kisim girig boliimiine ayrilmigtir.
Ikinci boliim kavramlar, tammlar ve ayrica ileriki calismalar ve hesaplamalar
icin gerekli olan bazi teoremler icermektedir. Uciincii boliimde iistel tipli op-
eratorlerle ilgili baz1 bilgiler ve onlarin diferansiyel denklemlerle olan iligkileri ver-
ildi. Son boltimde ise bazi iistel tipli operatorlerin diizgiin yakinsaklik ozellikleri
caligild1 ve yakinsaklik oranlar siireklilik modiilii ve Lipschitz Sinifindan fonksiy-
onlar yardimiyla incelendi. Ayrica bu operatorler i¢in Korovkin tipli teoremler

ve Voronovskaya tipli teoremler ¢aligildi.

Anahtar Kelimeler: Ustel tipli operatorler, Siireklilik Modiilii, Korovkin tipli

teoremler, Lipschitz sinifindan fonksiyonlar, Voronovskaya tipli teoremler.
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NOTATIONS

Uniform convergence of {fn} to f

N ={1,2,...} the set of natural numbers

The set of continuous functions on closed interval |a, b
The set of bounded functions on closed interval [a, b
The set of polynomials on closed interval [a,b]

The weighted space for the function f

The modulus of continuity of f

The modulus of continuity of f in weighted spaces
Lipschitz class functions

Norm of the function f

The set of all functions f:1=(0,1) = R, continuous and bounded
The k —th moment

Bernstein polynomials

Szasz operator

Baskakov operator

Gauss — Weierstrass operator

Post — Widder operator
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CHAPTER 1

INTRODUCTION

One of the fundamental problems of analysis is to approximate a given func-
tion f in some sense or other by functions having certain properties, and generally,
by functions which have ’better’ properties than f. Approximation Theory is that
area of analysis which, at its cone, is concerned with the ability to approximate
functions by simpler and more easily calculated functions.

This theory takes its origin from at 19th century. At the beginning of the
century the functions were viewed by the formulas, such as series, or as a solutions
of differential equations. However largely as a consequence of the claims Fourier
and result of Dirichlet and the modern concept of a function by its properties
were introduced.

The birth of Approximation Theory becomes an unavailable development
after a new definitions of the functions. It is in the theory of Fourier series that we
find some of the first result of the approximation theory. This include conditions
as a functions that ensure the pointwise convergence and uniform convergence of
its Fourier Series.

The first question we ask in approximation theory concerns the possibility of
approximation. Is the given family of functions from which we plan to approx-
imate dense in the set of functions we wish to approximate? The Weierstrass
Approximation Theorems spawned numerous generalization which were applied
to other families of functions. They also led to the development of two gen-
eral methods for determining the density. These are Stone-Weierstrass Theorem

generalizing the Weierstrass Theorem to the normed space. Especially in S.W.
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Theorem the normed space must be compact. A different and more modern
approach to density theorem is due to Functional Analysis.

Suppose that a given function f can be shown that the limit of set of functions
¢n(x) at the point which has good properties at z. Namely,

lim ¢, (o) = f(0)

n—o0

be as described above. In this case the series of ¢, (z) approximates or converges
to f.

The second fundamental problem of the approaching theorem is finding the
rate of approach to the problem.

lim ¢, (o) = f(0)

n—o0

while n — oo, then the series () = (f(x0) — ¢n(x0)) is a zero sequence. If we

find an another zero sequence (3, with «,, = 0o(,), then one has

f(x0) = @n(T0) = 0(Bn).

This Landau representation shows that the f(xzg) — ¢, (x0) is approaches to zero
more rapidly than ,,, when n — oo.

In calculus we consider the real line R and real-valued functions on R ( or on
a subset of R ). Obviously, any such function is a mapping of its domain into R.
In functional analysis we consider more genaral spaces, such as metric spaces and
normed spaces, and mappings of these spaces. In the case of vector spaces and,

in particular, normed spaces, a mapping is called an operator.



The start point of this thesis is the following,

9 A
g Mt = et (u 1) (1.1)

where p (t) is a polynomial of degree < 2, w > 0, then

ow A

where w = w (A, t,u). Dividing both of sides by w, we get

Integrating both of sides,

Ow
L A
ﬁdt:/—(u—t)dt

w p(t)

then we have

B (u—t) "
lnw—)\/ o0 dt+ f (u).

If we take ef(") = o (u) where ¢ is an arbitrary function, then we get

(u—t)
6)\] o) dt.

w = (u)

Although this type equation seems to be special type equation, it contains
most of equations which we know in general, such as; Heat Equation and Wave
Equation. The solutions of the above differential equation are called exponen-

tial type operators. The well known exponential type operators are Bernstein



Operator, Szasz Operator, Baskakov Operator, Gauss-Weierstrass Operator and
Post-Widder Operator. For further reading, we refer the reader to [5], [15], [20],
[21], [22], [23] and [24].



CHAPTER 2
PRELIMINARIES

In this chapter, we give some necessary definitions and theorems, which are

used in this thesis.

2.1 Some Definitions

Definition 2.1. If A is a subset of the topological space X and if z is a point of X,
we say that z is a limit point (or accumulation point) of A if every neighborhood
of = intersects A in some point other than x itself. Said differently, z is a limit
point of A if it belongs to the closure of A — {x}. The point z may lie in A or

not; for this definition it does not matter.

Definition 2.2. We say that f(z) approaches the limit L as x approaches a, and
we write

lim f(z) =L

T—a

if the following condition is satisfied:

For every number € > 0 there exists a number § > 0, depending on ¢, such that

O0<|z—al<d implies |f(z)—L|<e.

Definition 2.3. Suppose {f,}, n = 1,2,3, .., is a sequence of functions defined
on set £, and suppose that the sequence of numbers {f,, (z)} converges for every
x € E. We shall say that {f,} converges to f pointwise on E, if

lim f, (z) = f (2) , (x €k

n—oo

5



holds.

Definition 2.4. We say that a sequence of functions {f,}, n = 1,2,3,.., con-
verges uniformly on E to a function f if for every € > 0 there is an integer N

such that n > N implies

|fu(2) = f(2)] <€
for all z € E.

Definition 2.5. The sequence f, uniformly converge to f on A < Ve > 0 dnyg

such that n > ng and Vo € A, |fu(z) — f(z)] <e.

Definition 2.6. (C|a,b]) As a set X we take the set of all real- valued functions
x,1, - -+ which are functions of an independent real variable ¢t and are defined and

continuous on a given closed interval J = [a,b]. Choosing the metric defined by

d(w,y) = max|z(t) — y(t)|

teJ

where max denotes the maximum, we obtain a metric space which is denoted by

Cla,b).

Definition 2.7. A map T : X — Y between two vector spaces is called an

operator.

Definition 2.8. A linear operator 7' is an operator such that

e The domain D(T') of T is a vector space and the range R(7T') lies in a vector

space over the same field,

e for each z,y € D(T) and scalar «,

Tx+y) =Tz+Ty



and

T(ax) = aTx.
(Kreyszig, 1989)

Definition 2.9. (Integral Operator) We can define an integral operator T :
C10,1] — C10,1] by

1
y="Tx, where y(t) = / x(t)k(t, )dr.
0

Here k is a given function which is called the kernel of 7" and is assumed to be
continuous on the closed square G = J x J in the t7 — plane, where J = [0, 1].

This operator is linear.

Definition 2.10. (L,(—o0, c0) Space) L, is the set of functions which are Lebesgue
integrable to the p* power over R, for 1 < p < oo, and essentially bounded

(bounded almost everywhere) on R if p = co. For f € L,(—00,00)

|mb={/:UﬁWﬁ}{

if 1 <p< oo andin case p=o00

[ flloc = esssup |f(2)].
z€R

(Butzer and Nessel, 1971)

Definition 2.11. (L,[a, b] Space) Ly,[a, b] is the set of functions which are Lebesgue

integrable to the p' power of [a,b]. For f € L,|a,b]

Hﬂu:{LﬁﬂwmﬁFm.

(Butzer and Nessel, 1971)



Definition 2.12. (L4[a, b] Space) L4 |a, b] is the set of functions which are Lebesgue

integrable to the first power of the period [a,b]. For f € Li|a,b]

b
|mh:/Wﬂmw

(Butzer and Nessel, 1971)

Definition 2.13. (L,[—n, 7| Space) L,[—7, 7] is the set of functions which are

Lebesgue integrable to the p* power of the period [—m,7]. For f € L,[—m, 7]

\umz{[]ﬂmw@w.

(Butzer and Nessel, 1971)

Definition 2.14. (X (R) Space) X (R) always denotes one of the spaces C' or L,,
1 <p< oo For f,g € X(R) we write f(x) = g(x) (a.e.) if equality holds for
all z € X(R) in case X(R) = C, and almost everywhere in case X(R) = L,,

1 <p<oo,ie,if ||f —g|| =0. In this event we also write f = g in X (R).
(Butzer and Nessel, 1971)

Definition 2.15. (Minkowski’ s Inequality) Let f,g € X(R). Then (f + g) €
X(R) and

1+ gllxw < [1fllx@ + 9l x@-

If p is such that 1 < p < oo, the conjugate number ¢ is defined through (1/p) +

(1/g) =1incase l <p<oo;gq=oc0if,p=1,and ¢ =1 if p = 0.

Definition 2.16. (Hélder’ s Inequality) Let f € L,, 1 < p < oo, and g € L.
Then fg € Ly and [[fglls < [|f]lpllgllg- Namely;

Jol=(fir) ()"

8



Definition 2.17. (Holder- Minkowski Inequality) Let f(z,y) be defined and

measurable on R%. If || f(z,y)||x®) € L1, then

‘VZﬂ%W@

This is also known as the generalized Minkowski inequality.

s/|umwm®@.
X(R) —00

Definition 2.18. (Lipschitz condition) A finite function f(x) defined on [a, b] is
said to satisfy a Lipschitz condition if there exists a constant K such that for any

two points = and y in [a, b],

[f () = f ()] < Kz =y

holds true.
(Natanson, Volume I, 1964)

Definition 2.19. A finite function f (x) is defined on [a, b], is said to satisfy a
Holder condition if there exists a constant K such that for any two points z and
y in [a,b] ,

f () = f ()| < K|z -yl

where 0 < @ < 1 . Then the functions satisfying Holder condition define the

following set of functions ;

Lipkor={f : [a,b] = R, |f (z) = f(y)| < K|z —y|"},

for all z,y € [a,b] and 0 < < 1.

Definition 2.20. (Kernel) A kernel is a function ¢, (¢, ) which (n =1,2,3,...)



defined in the square (a <t < b,a < z < b) and such that;

0
lim [ ¢, (t,x)dt =1

n—o0

B

provided where, a < f < x < § < b. It is self-evident that ¢, (¢, z) is assumed
summable with respect to t for every fixed .

And also note that; an integral of the form;

fo(z) = / bu (t.2) £ () dt

where ¢, (t, ) is a kernel, is called a singular integral.

(Natanson Volume II, 1960)

Definition 2.21. Let M/ is a constant number depend on f. Also,we say that,

if f is continuous then f belongs to C, (R) function space.
C,(R)y={f:feB,(R) and f is continuous} .

Let f is defined on R and satisfies | f (z)| < M¢p (z). Then we say that f belongs

to B, (R) function space. Indeed,

B, (R) = {f:|f ()| < Myp(2)}.

C, (R) and B, (R) are both weighted space and we can see that C, (R) C B, (R).

The norm of these space is defined as;

1F1l, = sup

10



Let p(x) is a monotone increasing, continuous p(x) > 1 and |l‘im p(r) =00 is
T|—00

said to be weighted function. B, (R) and C, (R) are normed space with the norm

which is defined above.
Definition 2.22. A function sequence (f,) converges uniformly a function f in

C, (R) if and only if the equation

i || fu = flle, @ =0

or more simply the equation;

i sup e (2) = 1 )

—0
n—yo0 p ()

holds. And uniform convergence is denoted by f, (z) = f (x).

11



2.2 Some Theorems

Theorem 2.1. (P.P.Korovkin 1953) Let f € C'[a,b] and for every real number

f (@) < M (2.1)

holds. If linear positive operator sequence (Ly,) ,
i. L,(lL,z)=1
ii. Ly (t,z) = x
iii. Ly, (1%, 1) = x®
for every x € [a,bl],then for every f € Cla,b], L, (f;x) = f(z) on [a,b].

Proof. Let f € C'la,b] ,then for every positive € , we can find a positive 0

such that,

[f(t) = f(z)] <e

when |t — 2| < §. Using the triangle inequality in equation (2.1),we get

1f (@) = f @) < [f @O+ [f (2)] < 2M; (2.2)
Since [t — x| > § ,then @ > 1 and so
(t —x)?

5> 1 (2.3)

From (2.2) and (2.3),we obtain

)= 1 @) < 200,120

So we get,
t—2| <digin [f () — f(2)] <e

12



t—a] > 6 icin | (1) — f (x)] < 2M;

Therefore,for every x,t € [a, b|

(t = x)*
52

[f (8) = f(2)] < e+2Mj
holds. Now,we will show the equation

lim ILn (f) = fllegay =0

satisfied when the operator sequence (L,,) has the properties (i), (i7) , (iii),

(L (f () ;2) = f (@) = |Ln (f (8);2) = f () + L (f (2) 52) = L (f (2) ; 7)]
= |La (f () 52) = L (f ()5 2) + Lo (f (2) 5 2) = f (2))]
= |Ln (f () = f(2);2) + [ (2) (Ln (1) — 1)

By the triangle inequality,we get
L (f @) ;) = [ (@)] < |Ln (F (8) = f ()5 2)| + |f ()] | L (15.2) = 1]
then from (2.1),
L (f () ;2) = f ()] < Lo (| (8) = f (2)]52) + My | L (1522) = 1]
holds and we can write from equation (2.4),since (L) is monotone increasing

L (F 0052) = F @] < Lo (e 230 (0= o0 ) 4 My Lo (1) 1] (25)

13



holds. On the other hand (L,) is linear,we can write

M My
L (64—25_2]0(75_95)2@) = L,(ex)+ Ly, <2?(t—x)2;x>

My
= eL,(1; x)—|—252

= €L, (1; a:)+2—{L( z) — 2 — a* 4 227

(t2 — 2xt + % x)

—2zL, (1; )—i—x Lo (L;z)}

= €L, (1; x)+2—{L (% 2) — 2 + 227 — 22L,, (1; )
+22L, (1;2) — 932}

= €L, (1, x)+2 L{(Ln (52) — 2®) + 22 (x — L, (7))

+a? (Ly (1) = 1)}
If we use last equality an equation(2.5),we get

Lo (f () ;2) = f(2)] < eLn (15 $)+2—{( (#2) —27)
+2x (x — L, (t;2)) + 2% (L, (1;2) — 1) (2.6)

+ My |(Ly (1;2) — 1)}
then using (i), (i7), (i74) an equation in (2.6),we obtain
120 () = 11 = Jim { w12 (750 7 (0] | =0
This proof is completed.

Theorem 2.2. (Uniform Boundedness Theorem) Let (T),) be a sequence of bounded
linear operators T, : X — Y from a Banach space X into a normed space Y such

that (|| Tz||) is bounded for every x € X, say,

Tzl S e n=1,2...

14



where ¢, 1s a real number. Then the sequence of the norms ||T,| is bounded, that

1$ , there is a c is such that
IT.]| Sc n=1,2... .

(Kreyszig, 1989)

Theorem 2.3. (Modulus of Continuity) Let f € Cla,b] and 6 > 0 be given.

Then modulus of continuity is given by,

w(f;0) = sup 1f (&) = f ()]

[t—z|<5 , t,x€la,b]

and it has the following properties;
i) w(f;0) =20
i) If 5, < 85, then w (f;61) < w (f; 6s)
iii) Let m € N, then w (f;md) < mw (f;9)
iv) Let A € RT, then w (f; A8) < (A + 1) w (f;6)
v) lime (£:6) = 0
Vi) 1S () = f (@)] < w (fi]t -2
vil) 1f (1) = £ @)] < (52 +1) w(f;0)

Proof.
i) Since |f () — f ()] > 0, then w (f;0) = sup |f(x) — f (3)] > 0 for every
lo—y|<s
z,y € [a,b]. ’

ii) If §; < 09 then the zone |t — z| < §y is bigger than the zone |t — x| < §;.
iii) From the definition we can write;
w (f;mé) = sup [f (&) = f(x)] , meN
[t—z|<md , t,x€[a,b]

15



If [t — x| < md then

z—md <t<z+md

Let t = x + mh, then |h| < ¢ and we can write

w(fimd) = max_|f (z +mh) — f (z)]

h<6 , t€lab)

m—1

= max | [f (x4 (k+1)h) = f (x+ kh)]

h|<é , t,x€la,b
k<6, trelab] | £

then using triangle inequality,

w(f;md) < Z|fx+ (k+1)h) — f (z + kh)|

\h\<6 ta:e[ab

IA

max Z|f(x+(k+1)h)—f(:v+kh)]

h|<6 , t,x€lab
[hI<8 , tuelab) =

m—1

kz|h|<ammeab] |f (x4 (k+1)h) = f (x + kh)|

= w(f;0)+...+w(f;0)

IA

Therefore we get;

w(f;md) <mw(f;0).

iv) Let A € RT then [|A]] < A <[|A|]] + 1. Then by using (ii) we can write;

w (f;A0) < w (f; ([IA1 +1)9)

Due to [|A|] is positive, we can use (iii) to right side of inequality and we get;

w (5 (M +1)0) <A+ 1w (f;0)

16



In conclusion, we can get

w(f; M) <A+ 1w (f;9).

v) Let consider the inequality |t —z| < 0. ¢ — 0 means that ¢ — x. Due
to function f is continuous, if ¢ — x then |f (t) — f ()| — 0. If the function is
continuous on the closed interval [a, b] then it is uniformly continuous, therefore
if it coes to zero then its maximum also goes to zero. This completes the proof.

vi) Let 6 = |t — x| in the w (f; ) then we obtain,

w(filt—zl) = sup [f(t) = [ ()]

t,x€la,b]

Due to supremum of |f (t) — f (z)| equal to w (f; |t — z|), then

(&) = f @) Sw (f; |t —xf).

vii) From (vi), we get

Lﬂw—f@ﬂsM(ﬁ“;$%>

Then using (iv), we obtain

ro- sl (5o

This completes the proof.

Theorem 2.4. (Modulus of Continuity in Weighted Space ) Let f € C, k[0, 00)

and 6 > 0 be given. Then modulus of continuity in weighted space is given by;

o |f (x+h) = f(2)]
2(f;0) = o< (1+22) (L1 h2)

17



and it has the following properties;

i) Q(f;0)>0

ii) 01 > 6o = QU (f;01) > Q(f;02)

iii)vm € N, Q (f;md) < 4m (14 6%) Q(f;9)

VYA € RY |, Q(F; M) < 4(1+ ) (1+82)Q(Ff;0)

VIV € Cprey[0,00), Tim (£;6) =0
VIS (8) = (2)] < (14 22) (1+ (¢ — 2)?) Q(f; |t — )

Vil f (1) = f (@) <4 (5L +1) (1422 (14 (= 2)°) (1+ ) Q(£39).

18



CHAPTER 3
EXPONENTIAL TYPE OPERATORS

In this chapter we will show that exponential type operators satisfy the equa-
tion (1.1).

An exponential type operator is a positive linear integral operator
Su) @) = [ W nnit) £ (0

whose kernel W (n, z, t) satisfies the partial differential equation

8W:n(t—m)

Oz p(x) v

and the normalization condition
/W(n,x,t)dt = 1.

We will some examples about exponential type operators.

Firstly, we will show that the Bernstein Operator

B =50 =31 () (3)r 0o

satisfies equation (1.1).

We consider the kernel

W(n,x, k) = (Z) 2 (1 — )"

19
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ator

Oper

Secondly, we will show that the Szasz

(n2)*

k!

50 (@) = (Su1) () = fj r(E)er

satisfies equation (1.1).

S

8
I
[\B)
Il
=
K
£

o)

]

—

(D]

-~

[«D]

=

+~

—

[<D)]

o)

‘7

]

o

()]

=

and
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Therefore

k 1
oW (n, z, k) (g,m, ) = (—n.e”™(na)* + e "*nFkat )
T !
1
= o (—n.e™™(nz)* + e *nFka )
— 1 nx k nkk k
= 0 (—ne (nz)" +e E(nx) >

k! n
N
= T
- L <E —x) W (n,z, k)
p(x) \n

Then we have
oW (n,z, k)  n(t—x)
- k).

Thirdly, we will show that the Baskakov Operator

@ =31 () () e

1+ 2)

satisfies equation (1.1).

We consider the kernel

n+k—1 xk

and

p)=z(1+2x), z€(0,+00).
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Therefore

oW (n,x, k)

ox x

(1 + x)Z(TH’k)

(
B (n N 1) kat ™ (L a)™ —ab (n k) (L 2)™™
(

Then we have
ow —
(n,z, k) _ n(t x)W
O p(z)

(n,x, k).

Finally, we will show that the Post-Widder Operator

Py (z) = (P.f) (v) =

0

satisfies equation (1.1).

We consider the kernel
]_ n n —nt
W t (—) .
(v, 2.1) (n—1!\z ‘
and

p()=a?, x € (0,4oc)
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Therefore

oW (n,z,t)

ox

Then we have

oW (n,z,t)

ox
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CHAPTER 4
APPROXIMATION PROPERTIES OF EXPONENTIAL
TYPE OPERATORS

4.1 Bernstein Operator and Its Approximation Proper-

ties

Definition 4.1. For a function f(z) defined on the closed interval [0, 1] the

expression.

p) =)= 307 (1) (o=t

is called the Bernstein polynomial of order n of the function f(x). B, (x) is
a polynomial in x of degree < n.The polynomials B, (z) were introduced by S.
Bernstein [3] to give an especially simple proof of the approximation theorem of

Weierstrass. For if f () is continuous on [0, 1],then

lim B, (z) = f(x)

n—o0

uniformly in [0, 1] here are many other expressions, the so-called ”singular inte-
grals”, which have, in common with the B, (z), the peculiarity of approximating
the ”generating” function f (z) and of reproducing some of its properties. The

best-known singular integral is the Dirichlet’s integral

+m

6 (2) = l/f(t) sin (n + 1) (t—x)dt

T 2sin 1 (t — )

—T
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representing the partial sums s, (z) of the Fourier series of the function f (z)
integrable on [—7, +7]. Another example is the Fejer integral which represents
the arithmetic means o, = (s + s1 + ... + s,) / (n + 1) of the above s, (z). In

general, a singular integral may be written in the form

b
D, (z) = /f (t) K, (x,t) dt
where K, (z,t) is the "kernel”, defined for a <z < b, a <t < b, which has the

property that for functions f (x) of a certain class and in a certain sense, ®,, (z)
converges to f (x) as n — oo.

The Bernstein polynomial (2.1) is a finite sum of a type corresponding to the
integral (2.3). Both (2.1) and (2.3) are special cases of singular Stieltjes integrals.

(2.1) may be written in the form of a Stieltjes integral in the variable ¢,

(Buf) (2) = / 7 () duK (2.1)

with the kernel which is constant in any interval k/n <t < (k+1)/k , k =

0,1,...,n— 1, and has the jump

(’;) O

at the basic point of interpolation ¢ = k/n . In this sense, the theory of the
Bernstein polynomials; as well as the theory of Fourier series; is a chapter of
the theory of singular integrals. If one would like to compare these theories, the
Bernstein polynomial B,, () would correspond rather to the Fejer’s mean o, ()

than to the partial sum of the Fourier series s, (z).

Theorem 4.1. Bernstein operator is linear and positive operator.

25



Proof. First we will show B,, is linear.

n

(Buaf + 00 (0) = D (af + ) () at (1 -0y

= Sen(E)sa-at > (5 ta-a
B @ +8Bag) @)

Since = € [0, 1], and if f (z) > 0, then

Zf( ) (1—2)"">0.

So B, is positive.

Theorem 4.2. Let f : [0,1] — R, f € B[0,1] and p,x () is the Bernstein
basis. Then, B, : B[0,1] — P[0, 1] and

||an||P[0,1] < ||f||B[0,1] ’

holds true for everyn € N .

Proof . Note that P[0,1] € C'[0,1] . The norm of the space P [0, 1] can be

considered as the maximum norm. We need to evaluate || B, f|| ;-

(Buf) (@) = Zf( )pnk

TOIREE
£

|
Smasr (£)]| (1) 0 - o

26
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< max

/()
10]

By taking into account that f € B0, 1] since || f{[¢o ) = m[ax] |f (x)], then
’ z€|0,1

;0 (Z) o (1 — z)"

= Imnax

|(Bnf) ()] < [/l 5,1

for every x € [0, 1]; hence we obtain

1Bnfllproy) < 1F 1l 50,

and so B, : B[0,1] — P[0, 1].
Theorem 4.3. Bernstein operator (4.1) satisfies the following equations.

1)B, (L;z) =1
i)B, (t,z) =z«
iil) By, (t*; ) = x*

Proof.We will show that (i),(ii),(iii) hold true for all x € [0,1] and n € N .

Firstly,

27



Secondly,

B, (t;x)

28



Thirdly,

B, (%) = i z—z <Z> " (1 —z)" "

k=
n—1 e 1 n
= — 2 (x4 (1 — 1)) 2+Ex(x+(1—x)) !
-1 1 1-—
_n x2+—x—w2+x( z)
n n

This completes the proof.

Theorem 4.4. (Bernstein 1912) For a function f(z) bounded on [0,1] , the

relation

lim (B, [) (z) = f (z)

n—oo
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holds at each point of continuity x of f; and the relation holds uniformly on [0, 1]

if f(x) is continuous on this interval.

(G.G. Lorentz)

Proof . We shall compute the value of

T = Z (k — nx)2pn7k(x) = Z {k (k—1)—(2nzx— 1) k+ n2$2}pn7k (x).
k=0 k=0

Clearly

Moreover,we have

k(k—1)pur(x)=n(n—1)z

k=0 w

3
no
3
Il |
(e} &}
VR
3
|
)
~~
8
=
—
=
3
i
=
Il
3
3
|
=
8
no

and, we get

T=n**—2nr—)nz+nn—1)2° =nz (1 —2).

Since z (1 — ) < % on [0, 1], we obtain the inequality
1 k 2
Z Pnk ($) < ﬁ Z ﬁ — ) Pnk (I) (4‘2)
|k—x >4 %—x >0
1
s n202
(1l —x)
N no?
1
< .
—  4né?
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If now the function f is bounded, say |f (u)] < M in 0 <wu <1 and x a point of

continuity, for a given ¢ > 0 we can find a 6 > 0 such that |x — x/‘ < 0 implies

|f(z) = f (z)| < e. We have

f () = (Bnf) ()| =

(]

Pk () + Z

|%—$’<6 ’%—x|25

The first sum is < € pn (x) = €, the second is, by (4.2), < 2M 1 . Therefore

|[f () = (Buf) (2)| < e+ M (4.3)

2n62

and if n is sufficiently large,

|f (z) — (Bof) (z)] < 2e.

Finally, if f (x) is continuous in the whole interval [0, 1] then (4.3)holds with a ¢

independent of z, so that

(Buf) (x) = f (2).

uniformly.

This completes the proof.

Theorem 4.5. (T. Popoviciu) If f is a continuous and w (6) is the modulus of

continuity of f (x),then

5

|f (z) — (Bpf) (z)| < Sw

: (4.4)

—
S-
N

(G.G. Lorentz)

Proof. For arbitrary 1,z in [0, 1] and a § > 0 we denote by A = A (z1, x2; )
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the integer [|z; — x2|d71]; the difference f(z1) — f(z2) then a sum of A + 1
differences of f (x) on intervals of length < 4.

Therefore

|f (1) = f22)| S (A + 1) w(6)

and it follows that

|f () = (Buf) (2)] <

VAN
&
=
(]
—N—
—_
_|_
>~
N
8
S|
(&%)
N——
——
i)
S
El
&

A
£
=

A
£
=

(VAN
&
=
-
+ -
| |
>
v

by (4.2).We obtain (4.4) by choosing 6 = = .

The smallest value of the constant C for which

(@) — (Buf) (#)] < Cw (%) (4.5)

is true for each function f and each n , is not known ; in any case we have C' < %.
Moreover, C' > 1, as is seen from the following example. Let 6, = o (\%) and
suppose that f,, (z) is the function which is equal to zero at xp, 0 < 2y < 1, equal

to 1in [0, 29 — 0,,] and [z + 0p, 1] and linear in the rest of [0,1]. For large n, we
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have w < ) = 1 for the function f, ; also,

1
vn

|fn (ifo) - (an) ($0)| = (an) (330) > Z DPnk(zo) = l—e € —0.

n

Therefore (4.5) cannot be true C' < 1.

The function w (§) cannot therefore be replaced in (4.5) by any other function
decreasing to zero more rapidly. This may be shown also by the example of one
single continuous function. The function f (z) = |z — 20| with fixed 0 < 2o < 1
, 0 <a <1, belongs to the class Lipa .We have w (§) = 6* with 6 = \/Lﬁ

«

P k(o)

k
— =
n

1 (@0) = (Buf) (20)] = (Buf)(x0) =3

_1, _1,
n 2 E Pn k(o) = (Cn™ 2%
1

;—UUO‘ZTL 2

v

for a certain constant C' > 0.

Theorem 4.6. (Voronovskaya) Let f (x) be bounded in [0,1] and suppose that

the second derivative f (x) exists at a certain x of [0,1], then

"

lin n [By(f52) — £ (2)] = 51— 2)f" (2). (1.6

n—oo

(G.G. Lorentz)

Proof. In particular, if f" (z) # 0, the difference f (z) — (B,f) () is exactly

of order n~!. In order to prove (4.6), we write

r(&)=r@+ (B roe (B rwea(t-0)]

where i (h) is bounded, |p (k)| < H for all h and converges to zero with h.Multiplying

33



by pnx () and summing,

B0 @) = 35 (5]t

= F@) 4 5f @ T () + Y (Z - m)2 " (S - a:) P ().

The last term on the right can easily be estimated. Let ¢ > 0 be arbitrary and

d > 0 such that |h| < 6 implies | (h)| < €

ey (§—$)2pn,k($)+H > ok (2)

|£—z|<s E_z|>6

< en_ZTnQ + AHn 2.

Since Ty, = nx (1 — x) , this is < 2en™! for all sufficiently large n . Thus

z(l—x)

(Baf) () = f () + 25

f/l(x)+_7 6n_>0
n

for n — oo , which is equivalent to (4.6) .

In a similar way, using the polynomails T, s () we obtain

T o (2) = (221@]{2!! (z(1—2))fn*4+0 (n™*1)
and we obtain the formula
=1 1 S
Jim | (Baf) () = f (@) = 30T (&) £ <x>] = (595(1 - @) ml (0
s=1 "~ :
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which describes the asymtotic behaviour of the difference B,, — f for large n.

Theorem 4.7. If f € Lipy () where 0 < a < 1, then

1B (f:2) = £ (@)l oy < O (ﬁ) ’

Proof. We can write that

|Bn (f;2) = [ (2)| =

and we know that

k=0
then,
Ba(fio) = £ @) = [ LA ([)a a0t - F o) Y P
k=0 k=0
= ) - F @) P )

k=0

By the Lipschitz Condition, then
Bu(fi) ~ F @) < M |5~ Poilo)

k=0

Now, we will use the Holder Inequality

2—a

PE (2) P2 ()

1B, (f: \_ZM‘——x
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thus,

2—«a

P (1’)> <Zpkn (@)

k=0

i <(§) | Pl () 2$§ka" () + 2* P (x))> |

= M(B, (t*;x) — 22B,(t;x) + 2°B,(1;7))?
z(1—x)
n

- ()

where p = %,q = ﬁ and %—F % = 1,we get,

B (f52) = [ ()]

[\
=~
R /\?r
I 3
o

2

= M (I2 + — 2r.x + x2>

By (fia) - F o) < 3 (20 ‘@)3.

Taking its maximum,

max |B, (f;x) - f (x)| < M <i> :

x€[0,1] 4n

Thus )
1 2
1Bu (f:2) = £ () cgoy < O (—) |

4n
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4.2 Szasz Operator and Its Approximation Properties

Definition 4.2. For a function f (z) defined on C'[0,00) and = € [0,00) the

expression

- k\ . (nx)"
,0) = (5,1 () = Y 1 () et
k=0 ’
is called the Szasz Operator.

Theorem 4.8. Szdsz operator is linear and positive operator.

Proof. First we will show S,, is linear.

(Sulaf +Bg) (z) = Y (af + B) (g) e 2"

Since z € [0, 4], and if f (z) > 0, then

A%

= (k) e (no)”
) (@) = 3f (£) el 2
k=0 ’
So S, is positive.

Theorem 4.9. Let f : [0,A] = R, f € C[0,A]. Then, S, define an operator
C'[0,A] — C'[0, A] and for every n € N

190 f llcro.a1 < 1f 1o, 5

holds true.

Proof . We need to evaluate [[S, f|[¢ 4- By taking into account that f €
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C'[0, 4],

(Suf) (@)] = f; ; (g) e 22)
< kf; r(5) roe(0)
< oy ()5
< max f( > :’0 e_mmlz:!)’“
)

. r r ]

for every x € [0, A]; hence we obtain

150 f llcpo.a1 < 1o,

and so S, : C'[0,A] — C'[0, A].

Theorem 4.10. For A € R*, (S,.f) (x) is continuous on [0, A] and S,f = f at

the positive semi-axes where f is bounded. That is,if f € C'[0, A] then

(Snf) = (f), = €l0,4].

Proof.We will show that;

D) S, (Lr) =1

i) S,(tx)=x

iii) S, (t*; ) = 2* hold true for all z € [0,00) and n € N..
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Firstly,

Secondly,

where (k — k+1).

ko
ey
6 —

n k!

ko
ey
6 —

n k!

esem ke (na)”
€ Zﬁ il

k=0
0o

o0
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Thirdly,

k* (nx)
2. o —nx v
Sn (t ,x) B n? kl
k=0
2 k2 pkgk
- ° n2 Kl
k=0
Iy R T
= (& _—
n? k!
k=1
mi(/{; —1 1)nk_1xk_1x
= e J—
n n’ (k—1)!
k=1
- ik — 1nklah=1y Z 1 nk-tok-1y
= e
~ n (k—1)! n (k—1)!
Z k— 1nFlgh1y 1 nflgk-1g
= ™ Z T Z |
~ n (k=1  “n (k-1)
R ink—2xk—2x2 +§:nk_1xk_lx
~ (k—2)! p (k—1)!
where k - k+2and k — k + 1.
o ko k o koK
I TN
- (“T; i +nk§ )
— efnmeenx 4 _efnmenm
n
= 22+ =
n
thus we get,
S, (t%; = 22+ =
(o) = o+ 2
S,(t*x) = 2* (n— o).
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Therefore Vf € C'[0, A] in [0, A] .

Sn(f;2) = f(2) (n—o00).
Theorem 4.11. If f € C'[0, A],

18 (F52) = £ ()l oo < (1+ VA w ( : %) |

Proof. Firstly,we can write that

S, (i)~ F@)] = |3 f@ (na)

K

By modulus of continuity,

ENGEEFIGOESY (1 + ;””‘) w (£;60) Pu(x)
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then,

Sulli) = F @] = (300 |3 Pasle) + = 3 [F = | Pl
L k=0 " k=0
= W(F30) |3 Pasl) + 5 D | — | PA(o) PR @)
L k=0 ™ k=0

IN
&
=
=2
)
1
—_
+
Oql,_.
T[M)e
S|
|
8
no
=9
Ea
=
N——
NI
N
[~]¢
=V
Py
=
N———
|

= Wl 145 (Z(%)Z&M 2R () + x?Pn,m))
= w(f;dn) [1 + % ((Sn(t%; ) — 228, (t; ) + 7S, (1; :c));]
= w(f:6,) {1+ i (%)]

we get,

1

Choosing 6,, = N

150 (f32) = F @)legoy < (14 VA) (f; %) |

Theorem 4.12. (Voronovskaya) Let f (x) be bounded in [0, A] and suppose that

the second derivative f"(z) ezists at a certain point x of (0, A), then

lim n 5, (f; ) ~ ()] = g7"(x). (4.7)

n—oo

Proof. In particular, if f* (x) # 0, the difference f (z) — S, (z) is exactly of
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order n~!. In order to prove (4.7), we write

F(E)=r@+ (E-o)r@s (S—x)Q S @n(E )]

where i (h) is bounded, |p (k)| < H for all h and converges to zero with h.Multiplying

—nx (n33)k

i~ by and summing,

by e

~ b e e S (S (E-r) 2

The last term on the right can easily be estimated. Let e > 0 be arbitrary and

d > 0 such that |h| < ¢ implies |u (h)| < €

- e ()

| —=|<o £ |5

k ? (na)"
e ¥ (E-o) ot

|%f:p|>5

Since T, = =. Thus

< e— e S .
" %f:p|>5 "

In a similar way, we can show the second expression by J ,

I= Y (%—m)z (”;)k.

|§fx|>5

And we know that
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Then

and we obtain

IA
M

|
+
=3

and using by T, 4 = 55 + n—;

n 62 \n3
x H1 /x

= 4+ (= 32>
n+52n2<n+x

A 1 |H /A
I < é—+—=|=(=+342
< en+n2{52(n+3 )}
A 1 [H )
1

IN

S|IQ 3l
—N

)

+

S|+
——

where B = £ (A + 34?) and C = max {4, B}.
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Choosing €, = max {¢,2} and I = 10 (¢,),then we obtain

Su(fi2) = J@)+ 5o f@) + 20 e)

Su(fia) — f@) = 5o+ 0 (en).

Thus,
lim n S,/ ) — ()] = 5o f"(a)

n—oo

where n — oo and ¢, — 0.

Theorem 4.13. If f € Lipy (o) where 0 < o < 1, then

190 (f32) = £ (@)l o = O ((g)) .

Proof. Firstly,we can write that

1S (f52) — f(2)] =

>r(1) i

and we know that

k=0
then,
e’} k‘ k 0
5, (75) ~ F @l = [Sof () el Y
k=0 k=0
|k e (n)"
= 3| - F@|e
By the Lipschitz Condition,then
o E T e ()
|Sn(f§$)—f($>|§kz:%M i B
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Now,we will use the Holder Inequality

k
- —x
n

[Sn (fi2) = f ()] =Y _M

w[Q
VR
Q\

3
8
=| 3
=
~__—
.

) ( <nx>’“>
k!

thus,
| Sk [\ (& )t
Ba(fi2) = f (@)] < M(Zﬁ_gj e L) (e
k=0 k=0
- k ’ —nT (/n’x)k k —nx (n$)k 2 —nx (nx)k
= M (; ((E) T —2xﬁe ] + x%e o

= M(S, (t*z) — 22S,(t; ) + 2%8,(1; 1))

o

2

2+E_2$2+x2>
n

)3‘
2

where p = %,q = 5= and Il)—l— % = 1,we get,

[
<
T

:M(

3|8

S (fi) = f (@) < M (2)

Taking its maximum,

z€[0,A]

190 (f32) = £ (@)l o = O ((g)) .

Theorem 4.14. Suppose that L, : C,, (R) — B,, (R) is linear positive oper-

max |5, () — ()] < M (é)

Thus

ator sequence, C,, (R) — B,, (R) is uniformly bounded and lim 2 @ — 0 .If

200 P2(2)
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Tim | L, (fi2) — f ()] =0,
Jim (| () — fll,, =0 (45)

where for |x| < s,Vf e C, (R).

Theorem 4.15. Let py (z) > 1, x € [0,00) continuous and monotone increasing

function,
1 2
lim — % — (4.9)

Then Vf € Cpy,2 (RT)
T (15, ()~ £, = 0.

Proof. In order to prove this theorem ,we will show (4.8)holds true. Firstly,

we will investigate that S,, (f;z) is linear positive operator sequence from C,, (R")
to B,, (R™).

|Sn (1 + t2; :(:)|
Sy, (p = sup —————
H ( 1)Hp2 IERI')*‘ P2 (l)

then

1+2? + £
Sh = sup —‘ n
IS0l = 20 )

1+ 22 x 1
= sup

+ —1.
ver+ | P2 () p2 (z)n

(4.10)

On the other hand,1 + 22 and p, (z) are continuous functions and py (z) > 1,

2 . . . . . .
SO ;:(fc) is continuous. Every continuous functions are bounded in closed inter-

val,then there exists a constant number such that M where 0 < 2 < N for

;;F(fj < M .In additon ,from (4.9) and definition of limit, [1);22) < € is satisfied for
N <x.
Thus,we can write
L2 e (4.11)
p2 (x)
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Also

1 2
0< v < tr <M+e€
p2 () p2 ()
and then,
—— < M +e (4.12)
p2 (z)
We get,

[1Sn (p1)ll,,, < 2(M +€)

by using eq.(4.11) and eq.(4.12)in eq.(4.10).If 2 (M +¢€) = M;, we obtain that
150 (p)ll 5, < My . Thus G, (RT) = By, (RT) .
Now, we will show that S, : C,, (RT) — B, (R") is uniformly bounded.

There exists a constant K for ”Sn”(),,l B, <K

1S, o5, = 1. (o), (413
1S, (14 t%; )|
sup ———————
rER+ 1 +$2
|1+ 2%+ £|
= sup——1

rERT 1 + fEQ

14+ z 1
= su — .
xeRB— ]. + .732 n

On the other hand, if x < 1 + 22, then 1fx2 < 1 and % < 1.We can use these
inequalities in eq.(4.13) ,then we obtain ||Sn||cp1 B, < 2. Thus, K =2 and

uniformly bounded is satisfied. Therefore, f € C1,,2[0,s] C C[0,s] for |z| < s

and since from Korovkin theorem

lim max |5, (f;x) = f (2)| = |[Sn (f;2) = f(2)| = 0

n—oo0<z<s
holds.Then we obtain

lim |S,, (f;2) = f(2)] = 0.

n—oo
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If we consider its norm,then we get

Jim |15, (f52) — £ (@)]],, = 0.

This proof is completed.

Theorem 4.16. If f € C, k,[0,00) ,

15, () = fll» < 400 <f; %) |

Proof. Firstly, we can write that

Su(f:a) = emki;of (S) (n]z)k

and we know this form

Sn(1;2) = emi(nx)k =1.

k!
k=0

Using by linearity,

~
o)
N—
(]
('b‘
S
8
=3

1Su(f52) = f(@)] =

[e.e]

S E
=3l (5) - s

(na)*
k!

r(E)-rw

enx

IN

k=0

and using by triangle inequality, e™™* > 0 , > 0;we obtain

o0

Su(fsa) — f(@)] < e

k=0

(na)*
R

(4.14)
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Since property (vii) of modulus of continuity, choosing t = % ,

r(5)-r@

Using this inequality in(4.14), we get

1Su(f;2) = f (2)]

VAN
W
—
+

k=0
+OO ﬁ_xQ(nm)ke—nx+1oo k
n k! J n
k=0 k=0
I |k k > (na)* _
5| (a—””) 0

— |k (na)* .,
A:’; P T
and
=k k ? (na)"
B = r ~ —nx
kZ:O - x (n :1:) o e
We can write
= |k (ne)" .\ ()" L\T
A:; E—x ( o e ) o e

50

§4<§+ﬂ+1> (1+2%) <1+ (%—x>2> (146%) Q(f;0).



By Cauchy-Schwarz inequality |,

= (S0 )

-~
(]2
=| 3

=
ml
3
8
~
D=

k=0 ) =0
i} (ki (F-e) (nﬁ)ke‘”)2 (5, (1)}

then,we get

On the other hand,

= kN o) . SRk ] )
Z(ﬁ”) A Z[ﬁ‘%”]?‘f

k=0 k=0
k2 (na)® .k (nx)
ATy — )
—0 k=0
o0 k
2 (nx) —nx
“+x 7l e
k=0
= S, (t*;2) — 228, (t;z) + 25, (1;
One has,

[e’s) k’ 2 k
Z ——=x (nz) e "™ x4+ r_ 2rr + 2
=~ \n k! n

X
o

Thus

VRS
=| g
e
|
3
8
~_—
[
R
S|
|
8
~_
[\]
VRS
=| 5
e
QI
3
8
~_—
=

(4.16)

(4.17)



By Cauchy-Schwarz inequality,we obtain

5o (z (E) <n;>:m)% (z ) <n;>:-m> g

Also, we know that

n k! on2 o op3

k=0

Therefore

p<V? (395 + ﬁ)é. (4.18)

n? n3

ﬁ
Using eq.(4.16) ,eq.(4.17) and eq.(4.18)in eq.(4.15) ,we get

1 1 322
Su(fi2) = f (@) = 4 (1+2%) (1+8°) Q(f30) {1+%+5% 5% (n—‘i
Dividing both of sides by (1 + x2)2,we obtain
1Su(f32) — f (@) 1 r 1

< 4(1+52)Q(f;5){

(1 +22)? R
1[ 1 1 Vo o1 s T\2
AP e B T el G }

n T 1
(I+2?)  (I+2%)n

= 4(1+52)Q(f;5){

1\/_ 1 1 Vo 1 :
5f<1+x2>+6<1+w2>f<3 : >}
< 4(1+52)Q(f;5){( 112 )+(1fm2)

LLvE 1
N R

Ji 1
T+2%) Vi

52

(3z% + a:)é} (4.19)



In additon, these inequalities

1 < 1+2°= <1
1+ 22
r < 142t — 1<
14 a2
Vi < z<1+2* = 1\/52 <1
x
are satisfied. And, the inequality holds true
V7 (322 +x)%
< 2.
1+ 22 -
Then,we get
7 (322 + )7 x (322 + x (322 + x) 33 x?
VvV ( )?
1+ L+ a? [(1 4 22)? T+ 227 | (1422
3 x? x
—_— = . <ll= ——5 <1
(14 22)? (1+22) (1+2?) (1+ x2)2
and
2 2 2\2 a?
r<l+zr<(l+2°) = ——5 <1
( ) (1 +x2)2
Since )
2 2
VBT AT g
1+ 22
then we obtain,
1
2 2
VB )t (4.20)
14 22

Taking its supremum in eq.(4.19)and using by eq.(4.20),we get

) ' 11 11
||Sn(f)_f”p2§4(1+(5)Q(f,é){l—l—l—l—gﬁ-l—gﬁ?}.
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Choosing ¢ = NG

150 (f) = fll

This proof is completed.

IN
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4.3 Baskakov Operator and Its Approximation Properties

Definition 4.3. For a function f (z) defined on C'[0,00) and = € [0,00) the

expression

- k n+k—1 z*
=30 (5) (N
; n k (14 2)"™"
is called the Baskakov Operator.

Theorem 4.17. Baskakov operator is linear and positive operator.

Proof. First we will show K, is linear.

o0 () (4

@) () past) + 3 (59) (£) Prato

0 k=0

(Ko f) (2) + B (Kng) ().

(K (oof +Bg)) (x) =

1 104

I
o =

Since z € [0, A], and if f (z) > 0, then

@ =3 (5) ("1 2o

1+x)
So K, is positive.
Theorem 4.18. Let f : [0,00) — R, f € C[0,00). Then, K,, : C'[0,00) —

C'[0,00) and for every n € N

1K Fllogo,00) < I Fllego,00 -

holds true.

Proof . We need to evaluate |[Knf| o). By taking into account that
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feC0,0)

(55 @) = fjf Ol
GG e
< Lol Ol
<l Q)2 (e
)

sup |f ()], then

since || f{l¢j0,00) = u
z€([0,00

(K f) (@) < 1 fllepo,00)
for every x € [0, 00); hence we obtain
1K fllego,00) < 11 llcpo,00)

and so K, : C'[0,00) — C'[0, 00).

Theorem 4.19. For A € R™, (K, f) (x) is continuous on [0, A] and K, f = f

at the positive semi-axes where f is bounded. That is,if f € C'[0, A] then

(Knf) = (f), =€l0,4].

Proof. Let K, : C'[0,00) — C'[0,00). Then
DK, (1;z) = 1

i) K, (tz) =2z

iii) K, (t*;2) = 22 for all z € [0,00) and n € N.
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Firstly,the Taylor Series at ¢t = 0

= /9 0)
T
f)y = (Q4+z—at)™
PO = ante—at) "0 = o) =ne(+a) "
P = a1t —at) T = ) =n(n+ a1 ra) "
FOW) = dnmtl) e (ntk—1)1+z—at) P

—(n+k)

— f(k)(o):n(n+1)...(n+k—1)1’k(1+x)
_—

(1+z—at)”

w == D4 1) (n 4k — 1)k (14 )"
-2 (n— 1)Ik!

k=0

B i<n+/]§_1> <1ix>k (1+1x)”tk'

k=0

For t = 1, and hence

1:§:<n+z—1> <1ix)k(1+1m)n

k=0

then

K, (1;z) =1.

Secondly,

s = 20 ()

k=0
B iﬁ(nJrk—l)! s \* 1
k-1 \1+2) (1+a2)"

o7



where k = kK +1

- i%kgrg—ki'}' (1im)k+l (1 +1:c)"
- z;(nzk> (11:::) + (1+1:L')"

k=

Thirdly,

k2 n+k—1 + \" 1
2. _ K-
Kan (t ,x) N ;nQ( k ) (1—{—93) (14 z)"

B Zk2 n+k—1)'< x )’“ 1
B c—n? kln—1! \1+z/ (1+z)"

where k - k+2and k — k+1
B il (n+k—1)! |
n —n? (k—=2)!(n—1! \1+= (14 x)"
1 (n+k—1) z \°' 1
+Z_2 — 1\ (n — 1) n
—n (k 1)(n IN\1+4+=z (1~|—x)
— o -
konnk’ n 1 1+ l—i-x
> (n+k)!
Onnk‘ m—1\1+=z 1+x
B i 1 (n+k+1)! b2
- n.n kln! T
1 (n+k)
+Zn.n kln! (1 a:) (14 2)"

k=0
k=0

+ 8

+ |5

1

o8



1 n+k+1) z \*" 1
B “n kl(n+1)! \1+z (1+z)"

+ool TL—}-I{Z T k+1 1
“n kinl 1+z (1+2z)"

B in—{— (n—l—k—i—l)( T )HQ 1
c—~ k l1+z 1+ )"
+§:l n+k z O\ 1

“~n\ k l1+z (1+2z)"
on+l o nt+k+1 z \" 1
1 & n+k z \" 1

+_

thus we get,

1 1
K,(t%r) = nr i -

K,(t*z) = 2 (n— o0).

Therefore Vf € C'[0, A] in [0, 4].

Ko (fi) = f (2) (n— o0).

Theorem 4.20. If f € C'[0, 4],

K, (f;z) — f(x )“COA] <1+\/T> ( ’\/1%)
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Proof. Firstly,we can write that

Ko (fr0) — f ()] = Zf(

IN

By modulus of continuity,

Ko (fio) — f@)] <30

then,

Ko (f;2) = f(2)] = w(f;0n)
= w(/f;0n)
< w(/f;0n)
= w(f;0n)

we get,

1 [Nk
+a <Z ﬁ — X
k=0
1 [k
+E <Z(E)2Pnk(x)
k=0
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Choosing 6,, = \/iﬁ

K (i) = [ (@)]lcp,.a < <1+\/T+1> (’\/15)

Theorem 4.21. If f € Lipy (o) where 0 < o < 1, then

1K (f52) — f(x>||C[O7A] =0 ((A :A)2> )

Proof. Firstly,we can write that

| (f?

and we know that

i(wr:_l) <1—T—x)k(1—i—1x)” =1

=0

then,

K () = [ ()] =

> (S) 1@ Y Pl

k=0

i

By the Lipschitz Condition,then

n,k(x>

o k: (e
K (i) = P < o0 | =] R
k=0
Now,we will use the Holder Inequality

|5 (/5 |— (Pa (@))% (Pag () =

——x
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thus,

B (f52) = [ ()]

2—«a

Pk (1’)> <ank (@)

((%) 2 Py (7) — QxSPn,k (z) + 2* Py, (@)) '

0
= M(K, (t*;2) — 22K,(t;7) + 22K, (1;2))2

IA

<
TURETOh
l g

|

1
= M(n+ x2+£—2x2+x2>
n n
n n

Taking its maximum,

Thus

A2+ AN?
o 1%, (fi0) = £ (@) < 01 (52

z€[0,A] n

[Sn (f;2) — f(x)”c[o,A] =0 ((A :A)Q) .
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4.4 (Gauss-Weierstrass Operator and Its Approximation

Properties

Definition 4.4. For a function f (z) defined on C' (—o0, +00) and x € (—o0, +00)

the expression

Wole) = (W) (@) = 22 [ 1@ e a
is called the Gauss-Weierstrass Operator.

Theorem 4.22. Gauss- Weierstrass operator is linear and positive operator.

Proof. First we will show W,, is linear.

(W (af +A0) () = 2= /OO (af + Bg) () e dy

_ i a T e—nz(t—ac)2 T e—nQ(t—ac)2
ﬁ_/(f)() dt+_/(ﬂg)() at

= a(Waf) (@) + B8 (Wag) (2).

Since z € (—00,00), and if f (z) > 0, then

o 1 e~ (t=2)" _
(W) () ﬁ_/oof(t) gt > 0

So W, is positive.
Some Properties

1. We see that wy, (z) > 0 Vn € N and Vz € R where w, (2) of kernel W,,.

2.w,, (z) is an even function as a function of z.

3. Recall that [ e=*’dz = /7 (CGauss Integral)
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4.Now, we will investigate the limit form of w, (z) as n — co.

n2

lim w, () = lim —e ™" whenever z # 0.

n
n——+00 n—+oo \/E

. . _n2,2
i) lim Z=e ™ =0.
n—)—&-ooﬁ

n_

ii) nl—i&looﬁ‘l = 400 whenever z = 0.

iii) lim w,(2) =0, lim w,(0) =400 (2 #0)

n—-+o0o n—-+o0o

iv) _Of wp (2)dz = 1.

5. We set any 6 > 0 and z > 4. Then w, (z) takes its supremum on [0, +00)

and the point §. That is,

is the supremum on (—oo, —0] U [d, +00) .

Hence

lim w, (6) =0

n—-+0o

In other words
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Another representation of (5) is given by

+00 “+o0o
/wn (x)dx = %/e‘”zEQdaI:
5 5
+o0
I .
T n
5
1 +o00
—¢2
= — dt
ﬁ/ ‘
no
So we have
+oo
lim /wn (x)dx = 0.
n—-+o0o

0

Theorem 4.23. For a function f (z) € Cy, the relation

lim W, (z) = f (x)

n—oo

holds at each point of continuity x of f.

Proof.

W (fi2) — f (2)] = \/—/f Lt —a)dt— f(2)1

_ \/_/ W, (t — ) dt

\/—/|f )| W (t — ) dt

IN

65

_ \/_/f x)dt—f(:c)%TWn(t

x)dt



then,

(Wn (fi2) = f(z)] =

Divide into three parts;

then we can write,

and

66

)| W, (t —x)dt



L = /!f )| W, (t —z)dt

/|f o)) dt

W (=0)2M

IN

IN

Note that

x—4 +oo +oo +o0
[ -r@las [iro-s@la< [1rolas [ @<

In conclusion

W, (f;2) — f(z)] < 2M.W, (=6) + e+ 2M.W, (6)

< z(v'z>o).
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4.5 Post-Widder Operator and Its Approximation Prop-

erties

Definition 4.5. For a function f(x) : Cy(0,4+00) — Cp(0,4+00) and x €

(0, +00) the expression

3

Pn(x):

nA"™ _nt n—1
,(z) e HELE (1) dt
0
is called the Post-Widder Operator.

Theorem 4.24. Post-Widder operator is linear and positive operator.

Proof. First we will show P, is linear.

(Palaf 4500 @) = 2= [ (af 4 50) (0 = (2) e e
= %Z( ) (@) py (z,t)d t+7 (t) pp (z,t) dt

0

Il
Q

(Pnf) () + B (Pag) (z).

Since x € (0,00), and if f (z) > 0, then

Tro

(E) e lar > 0.
e

So P, is positive.

Theorem 4.25. Let P, : Cy (0, +00) — Cy (0, +00). Then Post-Widder operator

satisfies the following equations and ¢, (t) ==t —x fort € [0, 00).
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(t);2) =2

Theorem 4.26. If f is a continuous and w (9) is the modulus of continuity of
f (z),then
P (i) - £ @) <30 (12 ).

Proof. For arbitrary t,z € (0,+00) and § > 0 ,

Firstly,we can write that

Py (fix) — f(0)] = /f@nxawm—f@>

= /f (t) pn (z,t) dt — /f (x) Py i(x)dt
0 0
< [ @) = (@) pa(x,t)dt.
/
Using by modulus of continuity;,

|Po (fi2) = f ()] < (1 + M) w (f:0,) pn () dt

On

0\8
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then,
P (fi2) = f(2)| = w(f;on)

= w(f;0n)

w(f;0n) 1+5l(/ %—x pn(x,t)dt) (/pn(x,t)dt

IN

= w(fion) |1+

= w(f;on) |1+

= w(fion) |1+

we get,

2z

Choosing 6,, = NG

|ﬂuww¢@ﬂ<w(ﬁﬁg.

Theorem 4.27. (Voronovskaya) Let f (x) be bounded in (0,00) and suppose that

the second derivative ' (x) exists at a certain x of (0,00),then

lim n [P, (f;2) — f (2)] = = ().

2
n—00 2

Proof. In particular, if f (z) # 0, the difference f (z) — P, (x) is exactly of
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order n~!. In order to prove this theorem, we write

F(E)=r@+ (E-o)r@s (S—x)Q S @n(E )]

where i (h) is bounded, |p (k)| < H for all h and converges to zero with h.Multiplying

by pn (z,t) and summing,

P, (a:t) = / F () p () dt

= f@ 45l @P, +Z(——x) (%—x)pn(x;t).

The last term on the right can easily be estimated. Let ¢ > 0 be arbitrary and

d > 0 such that |h| < § implies | (h)] < €

ey (%—x)zpn(x;t)+H > palast)

| —z|<s b _z|>6

< €l (92 (t);x) + AH.

Since P, (@2 (t) ;) = % Thus

$2 ”

Pule)=f (@) + 1" (@) + 7, e 0.

for n = oo .

Then we obtain

Pfia) = f@)+ = f'(w)

2n
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Thus,

332

lim n [Py (f;2) = f(z)] = o f"(2).

n—oo 2

where n — oo and ¢, — 0.
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