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EVOLVING BOOLEAN GRAPHS TO MODEL
THE TOPOLOGICAL AND DYNAMICAL BEHAVIOR OF
BIOLOGICAL REGULATORY NETWORKS AND THEIR METANETWORKS

SUMMARY

Our study aims to capture the topological and dynamical features of gene regulatory
networks by evolving Boolean graph populations subject to a fitness function favoring
point attractors and two-cycles. According to our model, the set of the dynamical
attractors a network has constitutes its "phenotype", whereas its adjacency matrix is
considered as its "genotype". The relation between the dynamics (phenotype) and the
wiring (genotype) is studied by comparing different features of independently evolved
populations.

The distinguishing features of the graphs with short attractor lengths were determined
by using a randomized control group. Randomization was carried out by rewiring
the evolved graphs by preserving the total number of edges. The topological
features of different networks were examined by comparing degree distributions and
motif frequencies. For a quantitative comparison information content is used. The
information content based on both the topological features such as degree distributions
and motif frequencies and the dynamical features such as mean attractor lengths were
found to be smaller for evolved graphs compared to those of randomized graphs.

The motif frequencies of the evolved graphs showed that feed back loops are
suppressed, whereas the number of feed-forward loops and loopless motifs are
relatively high. Significance profiles were used to compare motif frequencies of the
evolved and biological networks. The biological networks we have studied are the
core computational graphs of gene regulatory networks of E. coli, B. subtilis and S.
cerevisae, extracted by using k-core algorithm. The significance profiles of the evolved
networks were found to be similar to those of the biological networks.

Although the significance profiles of different populations of evolved Boolean graphs
were similar to each other, in general, their other topological and dynamical features
can be very different. As the slow relaxation of the mean attractor lengths to stasis
indicates, the fitness landscape is a rugged one and different populations span different
areas in genotype and phenotype spaces. To overcome this problem, these populations
can be considered as metanetworks whose nodes are Boolean graphs. The structures
of these metanetworks are strongly correlated to the vital features of the regulatory
networks, such as evolvability and mutational robustness.

The Boolean graphs are connected in genotype space by an edge if they are one
mutation away from each other. Coevolved networks are closer to each other
in genotype space compared to the randomized networks, in the sense that the
average mutational distance between the evolved networks is smaller than those of
the randomized networks. The degree distributions of the metanetworks formed
in genotype space generally fit Poisson distributions with the same mean value for
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independently evolved populations. Most of these metanetworks have connected
components containing more than half of the networks within the population. The
randomized counterparts of the evolved networks, however, do not have any neighbors
in the genotype space, since the minimum mutational distance between the randomized
networks is larger than one.

The Boolean graphs form a metanetwork in phenotype space, where two Boolean
graphs are connected by an edge, if they share at least one attractor. The edges
are weighted by the sizes of the basins of attraction of the shared attractors and
different threshold values are used to eliminate weak connections. The metanetworks
of the evolved populations are highly connected and the sizes of their largest
connected components decrease slower with the increasing threshold compared to the
metanetworks of the randomized populations, pointing the robustness of the Boolean
graphs under mutations.
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BOOLCU AGLARIN EVRIMLESTIRILMESI iLE
BIYOLOJIiK REGULASYON AGLARININ VE META-AGLARININ
TOPOLOJIK VE DINAMIK OZELLIKLERININ MODELLENMESI

OZET

Aglar, biyolojik sistemler de dahil olmak iizere ¢cok cesitli yapilarin modellenmesinde
kullanilmaktadir. Burada sistemi olusturan elemanlar arasindaki etkilesimler sistemin
zaman icindeki davranisini belirler. Her bir elemanin zamanda tanimli bir durumu
vardir. Bu durum agin cesidine bagli olarak bir vektorle veya skaler bir alanla
temsil edilebilir. ~ Sistemin durumu ise biitiin nodlarin durumlarinin fonksiyonu
olarak tamimlanir. Elemanlarin durumlari, aralarindaki etkilesimlere bagli olarak
zaman i¢inde degisir ve sistemin davramigini belirler. Bu elemanlarin her biri agin
diigtimlerini, aralarindaki baglantilar ise diigiimler arasindaki kenarlar1 olustururlar.
Bu baglantilarin tiimii agin topolojisini, sistemin zaman i¢inde degisen davranisi
ise dinami8ini belirler.  Topoloji komsuluk matrisiyle tanimlanir.  Komsuluk
matrisinin her bir elemani iki diigiim arasinda bir kenar olup olmadigini ifade eder.
Agirliklandirilmamig bir agda bu matrisin elemanlart 1 (kenar varsa) veya O (kenar
yoksa) degerlerini alirlar.  Agirhiklandirilmis bir agda ise bu matrisin elemanlari
kenarlarin agirliklariyla orantili degerler alirlar.

Hiicre ici biyolojik fonksiyonlar1 kontrol eden genetik regiilasyon aglar1 Boolcu aglar
tarafindan modellenebilmektedir. Ik kez Kauffman tarafindan ileri siiriilen bu modele
gore agdaki her bir dii§iim bir gene karsilik gelir. Genler sadece iki durumda olabilirler.
Aktif durumdayken protein kodlarlar. Pasif durumda olduklarindaysa kodlama islemi
gerceklesmez. Bir genin kodladig1 protein, baska bir geni aktiflestirebilir veya pasifize
edebilir. Aktive etmesi durumunda bu etkilesim positif, pasifize etmesi durumunda
ise negatif etkilesim olarak tanimlanir. Genler sonlu sayida ise durumlar1 sadece iki
deger alabildiginden sistemin faz uzayr sonlu sayida durum vektorii icerir. Sistem
herhangi bir baslangi¢c noktasindan hareket ederek zaman i¢inde deSismeyen bir
duruma ulagirsa, bu duruma sabit nokta denir. Ancak sistemin durumu etkilesimlerden
dolay1 zaman i¢inde sabit kalmayabilir, fakat faz uzay1 sonlu oldugundan sistem bir
siire sonra daha 6nce bulundugu bir duruma geri donecektir ve o andan itibaren sabit
saylida durum arasinda periyodik olarak salinim yapacaktir. Sistemin herhangi bir
baglangi¢ noktasindan baglayarak, yeterli zaman gectikten sonra ulastig1 sabit noktaya
veya tekrarlanan durum kiimesine ¢ekici denir. Genetik regiilasyon aglarinda farkli
cekicilerin farkli hiicre tiplerine veya cevredeki degisikliklere verilen farkli tepkilere
karsilik geldigi diisiiniilebilir. Kullandigimiz modele gore bir agin sahip oldugu
dinamik cekiciler kiimesi, bu agin "fenotipi"ni, komsuluk matrisi ise "genotipi'ni
tanimlamaktadir.

Aglarin dinamik 6zellikleri topolojik 6zellikleri tarafindan belirlenmektedir. Fakat
topolojiyle dinamik arasindaki iligkiyi veren bir formiil bulunmamaktadir. Bu
calismanin amaci, belirli bir dinamik 6zellige sahip olacak sekilde evrimlestirilmis
ag popiilasyonlarinin topolojik 6zelliklerini kiyaslayarak hangi topolojik 6zelliklerin
istenen dinamik 6zellige yol actifimi incelemektir. Burada aranan dinamik 6zellik
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aglarin kisa c¢ekicilere sahip olmasidir. Bunun sebebi hiicre bagkalagimi gibi biyolojik
fonksiyonlardan sorumlu genetik regiilasyon aglarinin kisa ¢ekicilere sahip olmalari
gerektiginin bilinmesidir.

Bu calismada, Boolcu aglar1 evrimlestirmek igin sabit nokta cekicilerine veya
ikili dongiilere sahip aglart (¢izgeleri) secen bir genetik algoritma kullanilmistir.
Birbirinden bagimsiz olarak evrimlestirilmis popiilasyonlarin cesitli 6zellikleri
karsilastirilarak Boolcu aglarin dinamigi (fenotipleri) ile komguluk matrisleri (genotip-
leri) arasindaki iligki incelenmistir. Yapilan simiilasyonlar sonucu bir popiilasyondaki
aglarin ortalama ¢ekici uzunluklarinin simiilasyonun ilk evresinde zamanla azaldi81 ve
bu azalisin 7 seklinde bir kuvvet yasasina uydugu gézlemlenmistir, burada ¢ genetik
algoritmanin zaman adimidr. Ik 100-150 adimdan sonra ise ortalama cekici uzunlugu
2’den kiiciik bir degerin etrafinda kiiciik salinimlar yapmaya devam etmistir.

Kisa ¢ekicilere sahip cizgelerin ayirdedici 6zellikleri bu ¢izgelerin randomize (rastgele
hale getirme) edilmesiyle olusturulmus kontrol grubu kullanilarak saptanmigtir.
Randomizasyon iglemi evrimlestirilmis ¢izgelerin toplam kenar sayilarini koruyarak
rastgele bir sekilde yeniden iiretilmesiyle gerceklestirilmistir. Farkli ¢izgelerin topolo-
jik ozellikleri, derece dagilimlar1 ve motif frekanslart karsilagtirilarak incelenmistir.
Niceliksel bir kargilastirma i¢in enformasyon igerigi kullanilmistir. Enformasyon
icerigi hem motif frekanslar1 ve derece dagilimlar1 gibi topolojik 6zelliklere dayanarak
hem de ortalama ¢ekici uzunlugu gibi dinamik bir 6zellige dayanarak hesaplanmigtir
ve her iki durumda da evrimlestirilmis cizgelerin enformasyon icerigi randomize
cizgelere gore daha diisiiktiir.

Evrimlestirilmis ¢izgelerin motif frekanslari bazi motiflerin hemen hemen biitiin
cizgelerde baskilandigini, bazilarinin ise yiiksek oranda ortaya c¢iktigini goster-
mektedir.  Evrimlestirilmis cizgelerde yiiksek kenar sayisina sahip veya geri
beslemeli motifler diisilk oranda goriiniirken ileri beslemeli motiflerin frekanslari
oldukca ytiksektir. Evrimlestirilmis cizgelerle biyolojik aglarin motif frekanslarim
karsilastirmak icin "anlamlilik profili" kullanilmistir. Karsilagtirma i¢in k-¢ekirdek
algoritmasi kullanilarak E. coli, B. subtilis ve S. cerevisaenin genetik regiilasyon aglari
en ¢ok kenara sahip diigiimlerinden olusan alt ¢izgelere ayristirilmistir. Biyolojik
aglarin bu alt cizgeleriyle evrimlestirilmis Boolcu aglarin anlamlilik profillerinin
birbirlerine benzer oldugu saptanmusgtir.

Evrimlestirilmis Boolcu aglardan olusan farkli popiilasyonlarin anlamlilik profilleri
genel olarak birbirine benzese de, diger topolojik ve dinamik 6zellikleri birbirinden
oldukga farkli olabilmektedir. Ortalama cekici uzunlugunun stasis durumuna yavas bir
sekilde yaklagsmasinin da gosterdigi gibi "uyumluluk yiizeyi" engebeli bir yiizeydir ve
farkli popiilasyonlar genotip ve fenotip uzayinin farkli alanlarim1 taramaktadirlar. Bu
sorunu agmak i¢in bu popiilasyonlar diigiimlerinde Boolcu cizgeler bulunan meta-aglar
olarak diisiiniilebilirler. Bu meta-aglarin yapilar regiilasyon aglarinin evrilebilirlik
ve mutasyonlara kars1 dayaniklilik gibi hayati 6nem tasiyan ozellikleriyle yakindan
iligkilidir.

Genotip uzayindaki meta-aglar icin yaptigimiz tanima gore Boolcu aglar birbirlerine
bir mutasyon adimi uzakliktaysa bu aglar bir kenarla bagh kabul edilirler. Birlikte
evrilmis ¢izgeler randomize cizgelere kiyasla, genotip uzayinda birbirlerine daha
yakinlar; bagka bir deyisle evrimlestirilmis ¢izgeler i¢in ortalama mutasyon uzunlugu
randomize c¢izgelerde olugundan daha Kkiicliktiir. ~ Birbirinden bagimsiz olarak
evrimlestirilmis popiilasyonlarin genotip uzayinda meydana getirdigi meta-aglarin
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derece dagilimlar1 aymi ortalama degere sahip Poisson dagilimina uymaktadir. Cogu
meta-agin popiilasyondaki cizgelerin yarisindan fazlasini iceren bagli bir bileseni
bulunmaktadir. Randomize popiilasyonlarda c¢izgeler arasi minimum mutasyon
uzunlugu birden biiyilk oldugundan bu poiilasyonlardaki cizgelerin komsulari
bulunmamaktadir.

Boolcu aglar fenotip uzayinda da bir meta-ag olusturabilirler. Burada yaptigimiz
tanima gore iki cizgenin en az bir tane ortak cekicisi varsa bu cizgeler bagh
kabul edilmektedirler. Bu kenarlar ¢izgelerin ortak ¢ekicilerinin cekici havzalarinin
biiyiikliikleriyle orantili olarak agirliklandirlmistir. Cizgelerin dayaniklili§ini test
etmek icin degisen esik degerlerine gore esik degerinden diisiik agirlifa sahip
kenarlar elenerek meta-aglarin en biiyiikk bagl bilesenleri karsilagtirllmigtir. Buna
gore evrimlestirilmig popiilasyonlarin meta-aglarinin en biiyiik bagh bilesenleri esik
degeri artirlldiginda randomize meta-aglarin en biiyiik bagh bilesenlerine gore daha
yavas kiiciilmektedir. Bu da evrimlestirilmis cizgelerin, fenotiplerinde fazla degisiklik
olmaksizin genotip uzayinda genis alanlar1 tarayabildikleri anlamina gelmektedir.
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1. INTRODUCTION

A network is a dynamical system of elements interacting with each other. Each element
or node of a network has a state defined in time. The states can be represented by
vectors or scalar fields depending on the network’s type. The interactions between the
nodes are represented by edges which can be directed or undirected depending on the
nature of interactions. The overall state of the system is a function of the states of the
individual nodes, defined in time and space. In the synchronous description the states
of all of the nodes are simultaneously updated at discrete time steps, whereas in the
asynchronous description, the nodes are sequentially updated. Asynchronous update
1s more realistic in the sense that the nodes can be updated at any moment in continous
time. However this approach mendates prior knowledge on the sequence of the updates
or introduces stochasticity by randomly choosing the nodes to update [1]. Therefore,
for a more general and deterministic model, synchronous update of nodes is used in

this study.

The dynamcis of a network is determined by its topology [2—7]. Therefore, the
topological features of different types of networks were examined over the last
years. Some of the distinguishing features of networks are degree distribution,
clustering coefficient, average path length and motif structures. For instance, random
graphs with sufficiently large number of nodes and a fixed probability of connections
between nodes have Poisson distribution of degrees, whereas scale-free networks have

power-law distribution of degrees [8].

One of the important applications of dynamical networks is in biology. The idea that
gene regulatory networks (GRN) can be modeled by Boolean graphs was presented by
Kauffman [9, 10]. The viability of biologically useful networks is usually associated
with having short attractor lengths [5]. For instance, in the case of cell differentiation,
once the GRN reaches an attractor state, or cell type, no substantial change in the state

occurs later on.



In this study, we aim to model the topological and dynamical features of GRNs
by evolving Boolean graph populations subject to a fitness function favoring point
attractors and two-cycles. The statistical features of artificially evolved networks
having short attractor lengths are studied and compared to those of GRNs. The
evolved networks are directed graphs where genes are represented by vertices and
the interactions are modeled by Boolean “keys" assigned to vertices [2], rather than
random Boolean functions. The networks were evolved according to a genetic
algorithm [11] favoring short attractor lengths. Significance profiles of motif

frequencies [4] of the networks were calculated and compared to those of GRNS.



2. EVOLVING A MODEL POPULATION OF BOOLEAN GRAPHS WITH
SHORT ATTRACTORS

In this chapter, the model [2] used for evolving Boolean graphs is explained. According
to this model, random Boolean graphs [12—-14] are generated and a matrix of Boolean
keys is assigned to each of them. These graphs are evolved according to a genetic

algorithm favoring short attractor lengths.

2.1 Boolean Graphs with Random Keys

According to our model, each graph consists of N nodes which can take on the values
of 1 or 0. If there is a dicrected edge between two nodes, the corresponding element in
the adjacency matrix A is 1, and O otherwise. Random directed graphs are generated
with an expected edge density pg. Therefore, elements of A takes on values 1 with a

probability pg and O with a probability 1 — pg. The graphs are updated synchronously.

RN
o

Figure 2.1: Boolean keys and inputs coming from neighbours for an arbitrary vertex.

The dynamics of the graphs are determined by Boolean functions. The Boolean
functions are constructed by using random “key"s. A random key is a vector
o; = (01,...,0ij,...,0n;) assigned to each node. We generate these Boolean keys
randomly in the beginning of the simulations and keep them fixed throughout the
process. The XOR function is used to process the random keys. If the input 7; =0, 1

from node i complements the corresponding element of the key, the XOR function



returns "true". We compute the updated state of the j’th node as,

1 for YN A;j(%(t) XOR o;;) > %k;

. ) 2.1
0 otherwise

‘Cj(l-l-l)E{

where k; = va A;j 1s degree of node j. The new state of the node is equal to the

majority of the logical operators (see Fig 2.1).

2.2 Implementation of Genetic Algorithm

In our model, dynamics of the Boolean graphs were defined by the lengths of their
attractors. In the case of gene regulatory networks, each attractor corresponds to a
phenotype. Although oscillations in the production rates of the proteins are crucial for
a cell’s life cycle, the core regulatory parts of the graphs, which control most of the
genes’ activities, were assumed to have either fixed point attractors or limit cycles with
short periods. Therefore, a genetic algorithm is used to obtain populations of Boolean

graphs with short attractor lengths.

The genetic algorihm [11] utilizes a fitness function f(a) depending on the average
attractor length a of the graph. The average is taken over the whole phase space. So all
possible initial conditions are taken into account. The fitness function selects graphs
with attractor lengths a < 2 with a given probability. Selected graphs are copied and
then mutated by rewiring the edges. This rewiring procedure preserves the in- and

out-degrees of each node.

Our simulations run for graphs with N =7, for two different sets of populations with
initial edge densities po = 0.2 and po = 0.5. 16 populations with 10? graphs each were

generated, in each case.
The steps of the algorithm are described below:

1) Generate a set of randomly wired Boolean graphs, each with the same randomly

generated Boolean keys as described above.

2) Choose the graphs according to the fitness function f(a) = P for a < 2, 0 otherwise.

Clone the selected graphs. For rapid convergence the value of P was taken as 1/2.

3) Mutate the clones by rewiring their edges while preserving the in- and out-degrees
of each node. This is done by randomly selecting two pairs of connected nodes. The

terminals of the edges are switched.



4) Kill an equal number of randomly selected individuals.

5) Go back to step 2.






3. SIMULATIONS

The details of the simulations are covered in this chapter. The randomization process
is explained in Section 3.1. The changes in the dynamical and topological features
of the Boolean graphs during the course of evolution are discussed in Section 3.2.
In Section 3.3, multistationarity, which is related to having multiple attractors, of
evolved graphs is discussed. Section 3.4 covers the effects of increasing connectivity
on multistationarity, for the random graphs. The module Kreveik is used to for

computation [15].

3.1 Randomization

The evolved populations of graphs are compared with a randomized control group,
to determine the distinguishing features of the graphs with short attractor lengths.
Randomization process was carried out by rewiring the edges while keeping the total
number of edges fixed. Our graphs are relatively small, and the resulting graphs
have smaller edge density compared to the initial edge densities of the populations, in
general. Therefore, the phase space of possible graphs has a limited size and when the
graphs are rewired by preserving the in- and out-degrees, a graph that is already present
in the evolved population is obtained most of the time. Due to this non-randomizability
problem, we relaxed the constraint by preserving the total number of edges, instead of

in- and out- degrees, seperately.

The statistical features of both evolved and randomized graphs are examined by

comparing their distributions. Shannon information content defined as [16]

I=-Y p(u)log(p(n)) 3.1)
u

is used to make a quantitative comparison.



3.2 Evolution of the Populations

The mean attractor lengths change very rapidly during the early course of evolution.
After 150-200 time steps the mean attractor lengths stabilize between the values 1 and

2 as seen from Fig. 3.1.

2.4 T T T T T T T 4.0

3.5

1‘00

50 100 150 200 250 300 350 400

Figure 3.1: Change in the mean attractor lengths with respect to number of iterations
of the genetic algorithm, for populations with pp = 0.2 (left panel) and
po = 0.5 (right panel).

After a transient time, the decrease in the mean attractor lengths with increasing time
fits a power law decay,

(a) ~177, (3.2)

over the interval 7 < t < 150 (see Fig. 3.2). Here (a) is the mean attractor length
averaged over the whole set, and ¢ is the number of iteration steps. The exponent

values are shown in Table 3.1.

Table 3.1: Parameters for the power law decay, over the time interval 7 < ¢ < 150. The
mean attractor lengths (a)g, averaged over a hundred time steps within the
stasis region, 300 < ¢ < 400. The rms error of the linear fit are calculated
and shown in the error bars for y. (a)r is the average attractor length at
t =400 and (a), is the average attractor length of the randomized graphs.
The average values are calculated over 16 sets. Mean attractor lengths for
independent sets are given in Appendix A.

Po 4 (a)s (a)r  {a),
0.2 0.154+£0.03 1.2140.12 1.21 2.01
0.5 0.204+0.05 1.63+0.17 1.61 354




The mean length of the attractors (a)s, averaged over a hundred steps, 300 < ¢ < 400,
and the average of the mean attractor lengths taken at the final time step t = 400 (a)F,
are shown in Table 3.1. The average values are compared with the average attractor
lengths of the randomized sets, (a),. (For the values of individual sets see Appendix
A.) Table 3.1 shows that average of the mean attractor lengths of the evolved graphs

are smaller (almost half as much) than the same average over the randomized graphs.

It can be observed that the average attractor lengths drop rapidly to 2 or below, from
Fig. 3.1, implying that most of the attractors in the end are either fixed points or period
2 cycles. As the distributions of average attractor lengths in Fig. 3.3 show, for the
evolved sets with pp = 0.2, the probability of a graph having an attractor with length
smaller than 2 is about 0.8, whereas for randomized sets this probability is about 0.45.
For the evolved sets with pp = 0.5, the probability of a graph having an attractor with
length smaller than 2 is about 0.55, whereas for randomized sets this probability is
about 0.15. These results show that the probability of having smaller attractor lengths
is higher for the evolved sets with pg = 0.2, compared to those of pg = 0.5. However,
in both cases, the evolved graphs have a much narrower distribution compared to their
randomized versions. As seen from Fig. 3.4, information content of the evolved sets
are substantially lower than the information content of the randomized sets for all the

populations.

1.0

0.8

In(<a>(t))

0.6
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0.2

% i A : : 005 i T
Figure 3.2: Change in the mean attractor lengths with respect to number of iterations
of the genetic algorithm, for populations with pp = 0.2 (left panel) and
po = 0.5 (right panel), plotted on a log-log scale. Red thick lines represent

lines of best fit found by least square method.
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Here, we suggest a measure for selectivity, by comparing the information content of

the evolved and randomized distributions. If we define the selectivity as the difference
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Figure 3.3: Distributions of mean attractor lengths within populations with pp = 0.2
(left panel) and pp = 0.5 (right panel). Blue and red bars represent evolved
and randomized sets, respectively.

16 25

14} 1
12} 1 20} \/\/\/\/\/\

10t

0.8 15f

I(pr), 1(p,)
I(pr), 1(py)

0.6

0.4} q 1.0}

021

0.00 0.5

2 4 6 8 10 12 14 16 0 2 4 6 10 12 14 16
set rank

8
set rank

Figure 3.4: Information content /(pr) and I(p,) based on the distributions of the
attractor lengths within the populations within the evolved (represented
by blue dots) and randomized (represented by red dots), respectively.
Populations with pp = 0.2 are shown on the left panel and populations
with pp = 0.5 are shown on the right panel. Sets are ranked according to
the mean attractor lengths of the evolved populations.

between the information content /r and I, of the evolved and randomized distributions,
respectively, and normalizing by /., we obtain

I—1Ip
I

3.3)

For populations with pg = 0.2, 0.46 < s < 0.94 is found with average selectivity (s) =
0.65. For populations with pg = 0.5, 0.38 < s < 0.73 is found with (s) = 0.53. This
difference between the sets can be understood in terms of the small phase space of the

graphs with lower edge densities.

The mean degrees of the graphs decrease with the number of iterations, in some of
the populations (Fig. 3.5). However, this observation does not hold for all of the

populations. In the populations with pp = 0.2, where initial mean degrees are around

10



1.6, the mean degrees of the resulting graphs change between 1.0 and 1.6 (left panel of
Fig. 3.5). In the populations with pyp = 0.5, however, the mean degrees of the graphs
fluctuate in a relatively larger range, between 2 and 4, one of them even exceeds their
initial mean degree 3.5. Although mean attractor lengths converge very fast, within the
first 100 steps, mean degrees of some of the populations continue to fluctuate. This
shows that the relationship between the mean degree and the attractor lengths is not so

straightforward and one must look further into the topological features of the graph.

o 50 100 150 200 250 300 350 400 “o 50 100 150 200 250 300 350 400
t t

Figure 3.5: Change in the mean degrees with respect to ¢ for populations with py =
0.2 (left panel) and py = 0.5 (right panel).

In Fig. 3.6, we see that, for randomized graphs, there is a correlation between degrees
and attractor lengths, average length of attractors increases with increasing degrees,
in general. However, for evolved graphs, there is no correlation between degrees and
attractor lengths. We see from Fig. 3.5 and Fig. 3.6 that, populations can follow very
different evolutionary paths, especially when their initial mean degrees are higher, and

there is no direct relationship between changes in attractor lengths and mean degrees.

2.4 T T T T 4.5
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.9 1.0 11 1.2 13 1.4 2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0
<k>p <k>p

Figure 3.6: Mean attractor lengths versus mean degrees for populations with pg = 0.2
(left panel) and pp = 0.5 (right panel). Blue and red dots represent evolved
and randomized sets, respectively.
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3.3 Multistationarity of the Set of Evolved Graphs with Short Attractors

A system having more than one dynamical attractor is called multistationary. Thomas
and Kaufman have proposed the topological features which lead to multistability and
periodic cycles for the systems described by differential equations [6] and for the
discrete systems with the asynchronous description [7]. The comparison between the
asynchronous and synchronous descriptions show that their findings do not always

hold for the synchronous case.

Thomas and Kaufman characterizes the graphs according to the presence of feedback
loops and the type of interactions. As they have shown, a feedback loop comprising
an even number of negative (repressive) interactions leads to multistability, whereas a
feedback loop comprising an odd number of negative interactions leads to oscillatory
behavior, in the asynchronous description. Two simple example graphs given below,
each consisting of 3 nodes, illustrate the differences between the synchronous and

asynchronous descriptions.

The first graph considered by Thomas and Kaufman is a feedback loop with two
negative interactions [7], as shown in Fig. 3.7. The sequences of states starting from
different initial states and the attractors they reach, for synchronous and asynchronous
updates are shown in Table 3.2. The point attractors are shown in brackets.

X - y

»>

z

Figure 3.7: A feedback loop with two negative interactions.

In the asynchronous description, the state sequence is determined by the time delays.
Here, it is assumed that 7, <1, <1, where t,, t,, and ¢, are time delays in the activations

of x, y and z, respectively.
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Table 3.2: State sequences of a feedback loop with two negative interactions.

synchronous asynchronous
xXyz xXyz
000 100
011 000
110 010
000 [010]
111 011
100 111
001 101
111 [101]
010 110
010 [010]
101 001
101 [101]

As seen from Table 3.2, in the asynchronous description, there are two attractors,
[010] and [101], and both of them are stable fixed points, whereas in the synchronous
description, there are two attractors with period 3. The states 010 and 101 are fixed
points in the synchronous descripition as well, however, they are unstable. The state
sequences under the synchronous update show that oscillatory behavior can arise from
feedback loops with even number of negative interactions as well, contrary to the case

under the asynchronous update.

X + y

\J

z

Figure 3.8: A feedback loop with one negative interaction.

The second example given by Thomas and Kaufman is a feedback loop with one
negative interaction [7], as shown in Fig. 3.8. The sequence of states are shown
in Table 3.3. Both the synchronous and asynchronous updates yield an attractor
with period 6 and with the same sequence of states. However, in the asynchronous
description there is only one attractor since the two other states 010 and 101 separately

fall into the attractor. On the other hand, in the synchronous description, there are two

13



Table 3.3: State sequences of a feedback loop with one negative interaction.

synchronous asynchronous

xXyz xXyz
000 000
100 100
110 110
111 111
011 011
001 001
010 010
101 110
010

101

001

attractors, since states 010 and 101 form a cycle independent from the attractor with

period 6.

These two examples show that the topological features determining the dynamics of
the system in the synchronous description are not as straightforward as they are in the

asyncronous description, even for simple graphs with 3 nodes.

3.3.1 Number of attractors of the evolved and randomized populations

The distributions of the number of attractors of the evolved and randomized sets are
shown in Figure 3.9. Since our fitness function depends only on the attractor length,
there were no constraints on the attractor counts. Therefore, the distributions of the
number of attractors of evolved graphs are similar to those of randomized graphs.
However, the distributions of the populations with pyp = 0.2 are completely different
from those of the populations with pp = 0.5. One difference is the mean number of
attractors. For the populations with pp = 0.2, the mean numbers of attractors of evolved
and randomized graphs are around 7, wehereas for the populations with pp = 0.5, the
mean numbers of attractors of evolved and randomized graphs are around 2. We see
that py is an important parameter, strongly affecting the mean number of attractors.
This implies a correlation between the number of attractors and the mean degrees of
the graphs. As seen from Figure 3.10, such a correlation exists for randomized graphs,

the number of attractors decreases with the increasing mean degree. However, for the
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evolved graphs, there is no correlation between the number of attractors and the mean

degree.
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Figure 3.9: The distributions of number of attractors of populations with pp = 0.2 (left

panel) and pyp = 0.5 (right panel). Blue and red bars represent evolved and
randomized populations, respectively. The blue and red curves represent
Poisson distributions with the same mean as evolved and randomized sets,
respectively.

10

o
o

w w > ol
5} o o n

mean number of attractors
<
N
in

mean number of attractors

N
o

11 12 13 14 13522 26 28 30 32 34 36 38 40
mean degree mean degree

Figure 3.10: Mean number of attractors versus mean degrees for populations with
po = 0.2 (left panel) and pyp = 0.5 (right panel). Blue and red lines
represent evolved and randomized sets, respectively.

s 1o

Another important feature about the dynamics of a graph is the sizes of basins of
attraction. Attractors with small basins of attractions do not have a significant effect
on the overall score of the graph which is attractor length averaged over all the initial
conditions. The distributions of the basin sizes are shown in Figure 3.11. For the
populations with py = 0.2, the distributions of basin sizes of evolved and randomized
graphs are generally similar to each other. For the basin sizes larger than 3, both
evolved and randomized graphs have the highest probabilities of having attractors with
basin sizes powers of 2. The probability of an evolved graph having an attractor with

basin size 3 or smaller is very low. The peaks of the evolved distribution are higher
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Figure 3.11: Distribution of sizes of attraction basins for pg = 0.2 (left panel) and py =
0.5 (right panel) (blue and red bars represent evolved and randomized
sets, respectively).

than those of the randomized distribution below the basin size of 40. Both the evolved
and randomized distributions have probabilities smaller than 0.05 for the basin sizes
larger than 64. In the populations with py = 0.5, the distributions of sizes of basins
of attractions are more homogenous compared to those in the populations with py =
0.2. In the populations with pg = 0.5, the probability of having a basin size of 128 is
the highest (0.3) for the randomized graphs and the probability of having a basin with
the same size is about half as much (0.15) for the evolved graphs. These results are
consistent with the distributions of number of attractors shown on the right panel of

Figure 3.9, where single attractors correspond to basin of attractions with size 128.

3.4 Multistationarity of Random Graphs with Different Connectivities

From Figure 3.6 and Figure 3.10, we see that, for the randomized graphs, the mean
attractor length increases with increasing mean degrees, whereas the mean number
of attractors decreases with increasing mean degrees. However, the mean degrees of
the randomized sets investigated here are within a limited range. For a more thorough
analysis, we have generated a set of 1000 random graphs with the same Boolean masks
and pp = O initially, and have increased the connectivity of the graphs by adding an

edge to each of them, at every time step, until the graphs are fully connected.

The dependences of the attractor lengths and the number of attractors on connectivity
are shown in Figure 3.12. Here, connectivity is associated with the second smallest
eigenvalue of the laplacian. This eigenvalue is zero for disconnected graphs and

it is equal to the number of nodes for fully connected graphs. As seen from the
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Figure 3.12: The mean length of attractors (left panel) and the mean number
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figures, the mean length of attractors increases with increasing connectivity, whereas

the mean number of attractors decreases with increasing connectivity. These results

are consistent with the findings in Sections 3.2 and 3.3. They also indicate an inverse

relation between the mean length of attractors and the mean number of attractors. As

seen from Figure 3.13, the mean length of attractors decreases with increasing mean

number of attractors.
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4. TOPOLOGICAL FEATURES OF EVOLVED NETWORKS

In order to understand the relationship between the graph structure and the dynamical
behavior, we examine the degree distributions and motif profiles of the evolved

networks as well as their randomized counterparts, in this section.

4.1 Degree Distributions

As mentioned in section 3.2, there is no direct correlation between the mean degrees
and the attractor lengths of evolved networks. This suggests that there must be other
features which lead to short attractor lengths, beside low degrees. We first consider
the degree distributions of graphs. The evolved graphs were randomized preserving
their number of edges. Therefore, the resulting randomized graphs have the same
mean degrees as the evolved graphs. However, the degree distributions of evolved and
randomized populations differ substantially, in some cases. The degree distributions
of evolved and randomized graphs are presented in Fig. 4.1, together with a Poisson
distribution generated with the same mean value as the mean degree of the evolved
and randomized graphs. The mean degrees of the populations with pp = 0.2 (left
panel) and the populations with pp = 0.5 (right panel) are 2.69 and 6.15, respectively.
For populations with pp = 0.2, the degree distributions of evolved and randomized
graphs are similar and they fit the Poisson distribution except for their peak values. For
populations with pp = 0.5, where the mean degree is larger, distributions of evolved
and randomized graphs differ. The degree distribution of randomized graphs has a
smaller variance (4.06) compared to the Poisson distribution, but it has the same overall
shape and it has a peak value around the mean degree 6.15. The degree distribution of
evolved graphs has a higher variance (5.00) than the variance of the degree distribution
of randomized graphs and has a different shape. The degree distribution of evolved
graphs also has a peak value around the mean degree, but it has another peak at a

higher degree, degree 8 (Fig. 4.1 right panel).
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Figure 4.1: Degree distributions of populations with pp = 0.2 (left panel) and py = 0.5
(right panel), the green line represents the Poisson distribution with the
same mean (see text). Blue and red bars represent evolved and randomized
sets, respectively.

Table 4.1: Properties of set A and set B.

Properties Set A Set B
p 0.5 0.5
mean score 1.40 1.53
mean degree 2.86 2.85
information content of the degree distribution 1.55 1.00
information content of the in- degree distribution 1.48 1.28
information content of out degree distribution 1.38 1.15
degree of the in-hub 5 5
degree of the out-hub 5 6

Since the shapes and mean values of the degree distributions differ between the sets,
when we take an average over the 16 sets, the resulting distribution does not differ
significantly from the degree distribution of randomized graphs. When we examine
the populations separately, the differences between the degree distributions of the
evolved and randomized sets are seen more clearly. Properties of two different sets are
shown in Table 4.1. Here, set A and set B have similar mean degrees and their scores
are relatively close to each other. However the information contents of the degree
distributions of the two sets are substantially different. The degree distributions of
evolved and randomized graphs are relatively similar for set A. However, the difference

is much more significant for set B (Fig. 4.2).

Although the shapes and mean values of the degree distributions of the evolved sets are
different from each other, uneven distribution of the degrees around the mean degree
is observed in most of the sets. This might be due to the different distributions of

the in-degrees and out-degrees. The out- and in-degree distributions are shown in
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Figure 4.2: Degree distributions of set A (left panel) and set B (right panel), green line
represents Poisson distribution with the same mean. Blue and red bars
represent evolved and randomized sets, respectively.

Fig. 4.3 and Fig. 4.4, respectively. The figures show that for randomized sets the
in-degree and out-degree distributions are exactly the same. For populations with
po = 0.2 (left panels), the in- and out-degree distributions of evolved graphs are
also similar. However, the differences between the in- and out-degree distributions
of populations with pg = 0.5 (right panels) shows that in- and out-degrees are not
equally distributed. Both of the distributions have higher probabilities at high degrees,
compared to randomized graphs. This indicates the presence of hubs that either

regulate many other nodes in the network or are regulated by them.
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Figure 4.3: Out-degree distributions of populations with pyp = 0.2 (left panel) and
po = 0.5 (right panel), green line represents Poisson distribution with the
same mean. Blue and red bars represent evolved and randomized sets,
respectively.

4
out-degree

The in- and out-degree distributions of set A and set B are shown in Fig. 4.5 and
Fig. 4.6, respectively. For both of the sets, the in- and out-degree distributions are
different from each other, although they have approximately the same mean value.

The out-degree distribution of set A is similar to those of its randomized counterpart.
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4
in-degree

Both the in- and out-degree distributions of the evolved set the frequencies of the nodes
with degree 5 are significantly higher than those of in the randomized set. However,
the nodes with out-degree 5 have a higher probability than the nodes with in-degree 5.
Both the in-degree and out-degree distributions of set B are very different from those
of its randomized counterpart. The in-hubs of set B has degree 5 and the out-hubs has

degree 6.
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Figure 4.5: In-degree (left panel) and out-degree distributions of set A, green line
represents Poisson distribution with the same mean. Blue and red bars
represent evolved and randomized sets, respectively.

The outliers shown in Figures 4.5 and 4.6 are not seen clearly in Figure 4.1, since
the in- and out-hubs of the networks do not corespond to the same nodes. The hubs
are observed better when the graphs have undirected edges. Undirected versions
of the graphs are generated by symmetrizing their adjacency matrices. As seen in
Fig. 4.7, evolved networks in the populations with pp = 0.2 and pyp = 0.5 have higher

probabilities at high degrees compared to randomized networks. The mean degrees
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of randomized graphs are smaller than those of evolved graphs both in populations

with pp = 0.2 and pp = 0.5. In the populations with pp = 0.2, the mean degree

of the symmetrized randomized graphs is 2.36, whereas the mean degree of the
symmetrized evolved graphs is 2.42. The difference between the mean degrees of
evolved and randomized graphs is larger for the populations with pyp = 0.5. The
mean degree of the symmetrized randomized graphs is 4.55, whereas the mean degree
of the symmetrized evolved graphs is 4.77. Since the mean degrees of the evolved
and randomized graphs in the original populations are the same, the differences in
the mean degrees of symmetrized graphs are due to the mutual interactions. When
two edges with opposite directions coincide, they are combined in a single edge
during symmetrization. Therefore, the differences between the symmetrized versions
of evolved and randomized graphs show that evolved graphs have fewer mutual

interactions.

The difference in the degree distributions of separate sets suggests a quantitative
approach is needed to evaluate the difference between distributions of evolved and
randomized sets. Information content is used for this purpose. Information content of
the degree distributions of evolved and randomized populations are shown in Fig. 4.8.
For populations with pyp = 0.2, randomization does not make a significant change in
the information content of degree distributions. On the other hand, for the populations
with pp = 0.5, information content of degree distributions differ substantially between

evolved and randomized graphs. Information content is significantly lower for
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Figure 4.7: Degree distributions of undirected network populations with pp = 0.2 (left
panel) and pp = 0.5 (right panel), green line represents Poisson distribution
with the same mean. Blue and red bars represent evolved and randomized
sets, respectively.

evolved populations. As the information content of evolved populations increases,

the difference between evolved and randomized sets becomes less significant.
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Figure 4.8: Information content of the degree distributions for populations with py =
0.2 (left panel) and pp = 0.5 (right panel).

4.2 Motif Frequencies

The topological features of different networks can be examined in more detail by
looking for common motif structures. Motifs are subgraphs of networks, consisting
of three or more connected nodes [3]. Our model graphs are small, therefore, we
considered only 3-motifs. Motif frequencies of evolved and randomized populations
are shown in Fig. 4.11. Due to the large number of motifs, it is hard to capture the effect
of a particular motif structure on the dynamics of networks. Therefore, self interactions
were eliminated to reduce the number of motifs. As a result, there are 13 motifs left

to consider as shown in Fig. 4.12. The frequencies of the 13 motifs are shown in
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Figure 4.10: Information content of the out-degree distributions for populations with
po = 0.2 (left panel) and py = 0.5 (right panel).
Fig. 4.13. Since low edge density do not permit formation of loops and bidirectional
edges, it has a limitation on motif diversity. Therefore, populations with lower number
of edges exhibit simpler, mostly loopless motifs (Fig. 4.13 left panel). Apart from the
first two motifs, only the frequency of motif 7 in evolved populations is higher than
the frequency in randomized populations. This difference is much more emphasized
in populations on the right panel, where edge density is higher. Frequencies of motifs
9 and 10 in evolved populations are also higher compared to randomized populations.
These three motifs involve feed-forward loops. These findings are consistent with
those found by Alon et al. [3,4], who have emphasized the contribution of feed-forward
loops to stability. As shown in Fig. 4.13, the frequency of motif 8 is significantly
lower in evolved populations than those of in randomized populations. Motif 8 is a
feedback loop. As Thomas and Kaufman showed, feedback loops have negative effect

on stability yielding periodic cycles depending on the nature of interactions between
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the nodes, a feedback loop consisting of odd number of repressive interactions yields

oscillations between different states [7].
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Figure 4.11: The motif frequencies averaged over 16 populations with pg = 0.2 (left
panel) and pp = 0.5 (right panel).

A IANVATLTATA

Figure 4.12: Three-motifs without self-interactions.
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panel) and py = 0.5 (right panel).

Information content of motif frequencies (Fig. 4.14) also shows populations with

low number of edges (left panel) exhibit limited number motifs, since they have

a lower information content, and randomization yields to similar motif structures.

Whereas information contents of evolved populations with higher edge density are

systemitically lower than those of randomized populations.

26



1.8f

1.7f

I
N

information content
-
n

L L L
10 12 14 16

L L L L L L
10 12 14 16 o 2 4 6

L L L
o 2 4 6

8 8
set rank set rank
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4.3 k-core Decomposition of Empirical Networks

The biological networks considered in this study were transcriptional gene regulatory
networks (TGRN) of E. coli, B. subtilis and S. cerevisiae [17]. k-core decompotion
method [18, 19] is used to scale-down the size of these networks, since they were
too large compared to our model graphs. The sizes and total number of edges of
empirical networks and their core graphs are given in Table 4.2. The plots of the
empirical networks and their core-graphs are shown in Figures 4.15 and 4.16; the plots

are obtained using Large Networks Visualization tool (LaNet-vi) [26].

Table 4.2: The sizes and total number of edges of empirical networks and their core
graphs. Here, N is the number of nodes and E is the number of edges.

Original Network Core Graph
N E N E
E. coli 1607 4141 14 54
B. subtilis 922 1397 36 116
S. cerevisiae 4441 12900 125 1129

4.4 Significance Profiles

We computed z-scores and Significance Profiles (SP) based on motif frequencies for
the comparison of evolved and empirical graphs. The z-score of motif u is defined

as [3],
~ (Nreat(i)) — (Nrand (1))
W G[Nrand(.u)] ' @D
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cerevisiae (right panel) extracted using k-core decomposition method.
The columns on the left side side of the figures show how the sizes of the
nodes are scaled with their degrees, and the columns on the right of the
figures show k-core numbers of the nodes and their corresponding colors.

Here, (Nyeal(tt)) and (Nang(1t)) are motif frequencies (averaged over 103 graphs) of
evolved and randomized graphs, respectively; &[Nana(ft)] is the standard deviation
(for 10% randomized graphs) of Nya,q(1). The significance profile of motif y is defined

as [4],
~1/)2

Su=zu| Y2, : 4.2)
u

The SPs of evolved and empirical networks are compared in Fig. 4.17. Here, we
observe that the SPs of evolved graphs are similar to each other, especially at certain
motifs such as motifs 1, 2, 7, 9 and 10. Notice that motifs 1 and 2 are loopless motifs
and motifs 7,9 and 10 involve feed-forward loops. The SPs of the cores graphs of
the empirical networks (E. coli, B. subtilis and S. cerevisiae) also exhibit the same
properties. The motif frequencies of the complete gene regulatory networks, however,

differ from those of the evolved graphs.
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Figure 4.17: Significance profiles for pp = 0.2 (left panel) and py = 0.5 (right panel)
(red, blue and green bold lines represent E. coli, B. subtilis and S.
cerevisiae, respectively).

We defined a scalar product to make a quantitative comparison between the

siginificance profiles of different populations, as well as the TGRNSs,
o8, 8Py =y sisiP) 4.3)
u

where o and 8 denote set labels. For a given set, the average overlap with all the other

sets 1s,

|
==Y oS, 8Py . (4.4)
a#p
The results for the evolved sets are shown in Fig.4.18. The average overlaps of the

individual sets, as well as their overlaps with biological TGRNs are given in Appendix
A. For comparison, 16 sets of 10° graphs are randomly generated with edge density
p = 0. Their overlap matrice is shown in Fig. C.2. The overlaps between biological

networks are shown in Table 4.3.

As seen from Fig. 4.18 the overlaps between the sets with py = 0.2 (left panel) are
higher than those of the sets with py = 0.5 (right panel), in general. For the populations
with pg = 0.2 the average overlap changes between 0.46 and 0.80 (see Table A.1),
whereas for the populations with pg = 0.5 it changes between 0.14 and 0.61 (see Table
A.2). Although some of the sets may have low average overlap, for the populations
with pg = 0.2, two clusters of sets (one with five sets and the other with three sets) with
large mutual overlaps can be seen from the left panel of Fig. 4.18. For the populations
with pg = 0.5, except for three sets all the other sets have average overlaps higher than
0.4 (Table A.2), whereas the mutual overlaps of random sets with p = 0.5 are around

zero, in general.
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Table 4.3: The overlap between the SPs, &'(S,S'), of biological TGRNS.

E. coli S. cerevisiae B. subtilis
E. coli 1.00 0.91 0.67
S. cerevisiae 091 1.00 0.88
B. subtilis 0.67 0.88 1.00

In Table 4.3, it is seen that the minimum overlap between the biological networks is
0.67, whereas the maximum overlap is 0.91. According to our measure of similarity,
the core graphs of E. coli and S. cerevisiae have the highest resemblance, whereas
those of E. coli and B. subtilis are the least similar. Populations with py = 0.2 and
po = 0.5 perform differently, in terms of their overlaps with the biological networks.
The overlap the populations with pgp = 0.2 and E. coli changes between 0.40 and 0.99,
whereas their overlaps with S. cerevisiae can be as low as 0.08, and with B. subtilis
-0.20 (Table A.1). On the contrary, the populations with py = 0.5 resemble B. subtilis
and S. cerevisiae more (Table A.2). Their overlap with B. subtilis changes between
0.04 and 0.86 with a mean value 0.57; and their overlap with S. cerevisiae changes
between 0.22 and (.78 with a mean value 0.55, whereas their overlap with E. coli

changes between 0.18 and 0.62 with a mean value 0.45.
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5. NEUTRAL NETWORKS

In the previous chapters we have discussed the topological and dynamical features of
different sets of graphs evolved according to the same fitness function. In this chapter
we will examine the evolution of the populations of Boolean graphs over genotype and
phenotype spaces. The adjacency matrices of the Boolean graphs form the genotype
space, whereas the attractors of the Boolean graphs form the phenotype space. The
differences between the properties of independently evolved sets show that these sets
of graphs are spanning different areas both in the genotype and phenotype spaces. In
fact, it is shown that two networks having the same phenotype can have genotypes
as different from each other as if they were chosen at random [20]. This property
allows one to explore a broad area in genotype space without experiencing a substantial
change in the fitness. This is called mutational robustness, an essential future for the
evolution of living organisms. Therefore, it is useful to look at the structures of these

genotype and phenotype spaces.

Figure 5.1: An illustration of a network in genotype space.
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5.1 Neutral Networks Formed in Genotype Space

5.1.1 Distances between Boolean graphs in genotype space

A set of graphs having the same phenotype, or equal fitness, can be considered as a
network itself, where each vertex corresponds to a Boolean graph and it is connected
to another if it is one mutation away from it [21]. These networks are called neutral
networks. In our simulations, a mutation involves rewiring the edges between two
pairs of nodes. This operation changes 4 elements in the adjacency matrix. If we

define mutational distance d;; between two networks with adjacency matrices A’ and
A’ as Vg
k.l |Akl _Akl
4 ’

any two neighbours in a neutral network are seperated by a mutational distance 1. The

dij = (5.1)

adjacency matrix of the neutral network in genotype space is

1, ifdy<l
0,

B..:

= (5.2)

otherwise

An illustration of a network in genotype space is shown in Fig. 5.1.
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Distribution of pairwise distances between networks having a particular
attractor in set 1 with p = 0.5 for the evolved (left panel) and randomized
(right panel) counterparts. Different curvatures correspond to network sets
with different attractors. Only 10 largest sets are shown. Sizes of the
network sets sharing the same attractors are given in the legend. Note that
a network can have more than one attractor, therefore can be found in more

than one set.
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Figure 5.3: Degree distributions of neutral networks formed in genotype space with
po = 0.5 (left panel) and the degree distribution of the neutral network
of set 5 with pp = 0.5 (blue line), and Poisson distribution with the same
mean value (green line) (right panel).

5.1.2 Boolean graphs sharing the same attractors

The distributions of the distances between pairs of Boolean graphs having a particular
attractor in set 1 with pp = 0.5 are shown in Fig. 5.2. Comparison between the
sizes of the clusters of graphs sharing the same attractors in evolved and randomized
populations reveals that most of the Boolean graphs in the evolved population are found
in the 3 largest clusters, whereas Boolean graphs in the randomized population are
more homogenously distributed among the 10 largest clusters. However the sizes of

the clusters do not affect the distribution of the distances between graphs.

The minimum distance between different graphs is higher than 2 for the randomized
populations. This means that randomized graphs do not form neutral networks

according to our definition.

The distance takes its maximum value when all the elements of the adjacency matrices
of the two networks are different from each other, i.e. |A£l —Ail| = 1forall kand /. So

the maximum possible distance between two Boolean graphs is

X!

dmax -

= 12.25. (5.3)

For the randomized population, the mean distances between the graphs in all the neutral
networks is around 6, which is about half of the maximum possible distance 12.25,
also the distribution of the distances is symmetric around the mean value and same

for all the network clusters. For the evolved population, distributions of distances
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Figure 5.4: Neutral network formed by an evolved population in genotype space.

differ between the clusters, however, most of them have the highest probability around

diy=4.

5.1.3 Topologies of neutral networks

Since randomized populations do not form neutral networks in genotype space, we will

only consider the topologies of the neutral networks formed by evolved populations.

The degree distributions of neutral networks formed in genotype space of the
populations with pg = 0.5 are shown on the left panel of Fig. 5.3. The neutral
networks have different mean degrees, however, their degree distributions fit Poisson
distributions. This is shown for one of the sets on the right panel of Fig. 5.3. This
means that the degree distributions of the neutral networks are similar to those of the
random networks. However, when we took a neutral network and compared it with a
random network with the same size and number of edges, we found that their structures

are not the same (Fig. 5.4 and Fig. 5.5).
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Figure 5.5: A random network with the same size and number of edges as the neutral
network in Fig. 5.4.

5.2 Metanetworks Formed in Phenotype Space

A metanetwork is formed by networks, each node of a metanetwork corresponds to
network. The neutral networks discussed in Section 5.1 are metanetworks formed in
genotype space. In this section, we will define metanetworks formed in phenotype

space and compare them to the neutral networks in genotype space.

Different Boolean graphs may share one or more attractors. These graphs form a
weighted metanetwork in phenotype space based on the number of attractors they share
and the sizes of the basins of attraction of these attractors. We define weight of the edge

between the Boolean graph 7 and J as

S4)

where C!, is the size of arth basin of attraction of /th Boolean graph. An illustration of

a meta-network formed in phenotype space is shown in Fig. 5.6.
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Figure 5.6: An illustration of a meta-network in phenotype space. Circles represent
attraction basins of different attractors that a Boolean graph has and their
area are proportional to the sizes of the basins of attraction. The colored
lines represent edges in phenotype space, whereas black dashed lines
represent edges in genotype space. The thickness of the colored edges
are proportional to their weights (Eq. 5.4). Different colors correspond to
different attractors.

5.2.1 Robustness of the evolved graphs

The frequencies of the attractors the Boolean graphs have are given in Fig. 5.7. The
attractors shared by the Boolean graphs in the evolved sets have a much narrower
frequency distribution than those of the attractors in the randomized sets. Moreover,
there are much fewer attractors shared by Boolean graphs in the evolved sets, than there
are in the randomized sets. This causes stronger bonds to form between the Boolean
graphs. For the gene regulatory networks, this means that the evolved metanetworks
can span a large area in genotype space without significant changes occuring in their

phenotypes, which is a sign of robustness.

The robustness of the metanetworks are investigated by eliminating the edges with
weights under a threshold value 6. The dependence of the sizes of the giant
components |GCy| on the threshold 6 for the evolved and randomized metanetworks
are shown in Fig. 5.8. Here, we see that the giant components of the randomized

metanetworks shrink much faster than those of the evolved metanetworks.
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Figure 5.7: Frequencies of attractors in the evolved populations with pp = 0.5 (left
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Figure 5.8: Sizes of the giant components of the metanetworks vs. threshold for
the evolved populations with pp = 0.5 (left panel) and their randomized
counterparts (right panel).

5.2.2 Topologies of metanetworks in phenotype space

The topologies of the evolved and randomized metanetworks in phenotype space
are significantly different from each other, for the thresholds below 0.4. When
the threshold is small enough both the evolved metanetworks and the randomized
metanetworks are completely connected. However, as the threshold increases the
metanetworks start to move away from each other. Fig. 5.9 shows the plots of the
metanetworks of evolved and randomized populations with threshold 0.5. There is a
huge difference between the mean degrees of the two networks; evolved metanetwork

having (k) = 148.79 and randomized metanetwork having (k) = 1.58.

The degree distributions of the metanetworks shown in Fig. 5.9 are displayed in

Fig. 5.10. As seen from the figures, the degree distributions of the two metanetworks
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are completely different. The randomized metanetwork has the highest probability at
degree zero, and the probability decrease with increasing degree, whereas the evolved
metanetwork has the highest probability at around degree 270, and although it is not

regular, probability increases with increasing degree upto degree 150.

5.3 Metanetwork in Phenotype Space Spanned by Genotype Network

In this section, we discuss how much the genotype and the phenotype metanetwoks of
the evolved sets coincide with each other. We compare the giant components of the
two metanetworks for this. In 3 out of 16 genotype metanetworks, giant components
are not formed. Therefore, we only considered 13 evolved sets, where in the genotype

metanetwork, giant components are found.

We define the overlap ratio between giant components of genotype and phenotype

metanetworks as follows,
_ ‘GCcp N GCF‘

) (5.5)
|GCr|

As seen from Fig. 5.11, in 10 out of 13 sets the the overlap ratios of the metanetworks
are approximately 1 above the threshold value 0.7. In 3 sets the ratios drop to 0 above
the threshold 0.85. In these 3 sets sizes of the giant components in genotype space
are below 100. These results show that in 10 metanetworks, the giant components
of the genotype metanetwork span the giant components of the phentoype network

compeletely.
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Figure 5.9: Plot of the phenotype metanetwork of an evolved set (upper panel) and its

randomized counterpart (lower panel) with threshold 0.5.
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6. DISCUSSION

In this study we have examined the topological and dynamical features of artificially
evolved Boolean graphs and compared them to those of the randomized graphs.
The Boolean graphs were evolved under a genetic algorithm favoring short attractor
lengths. It is found that the mean attractor lengths decay as a power law with time,
before the stasis is reached. After the stasis is reached, the comparison between the
randomized graphs and the evolved graphs revealed that, the mean attractor lengths
of the evolved graphs were shorter than those of the randomized graphs, as expected.
However, when the change in the mean degrees during the simulations were examined,
the nature of the change in the mean degrees was not the same for all the simulations.
This indicates that the fitness landscape is a rugged one, consistent with the slow

relaxation with the evolutionary process [22].

Different evolutionary paths followed by independently evolved populations in terms
of the mean degrees, suggest that there is no direct correlation between the mean degree
and the mean attractor length, for the evolved networks. However, this is not the case
for random networks. As one randomly add edges to a set of randomly generated
networks, they observe that the average of the mean attractor lengths increase with
time. This is consistent with the findings of Aldana et. al., greater edge density leads to
longer attractors for netwoks with random Boolean functions [23]. We have also found
that the mean number of attractors of the random networks decrease with increasing

connectivity.

The topological features examined were degree distributions and motif frequencies.
Although the degree distributions of evolved and randomized sets were similar
in average, the degree distributions of independent sets differ from those of the
randomized sets in general. @ We have calculated information contents of the
distributions to make the comparison. The analysis of the information contents show
that the information contents of the degree distributions of the evolved graphs with

lower initial edge density are more similar to those of their randomized counterparts,
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whereas for the evolved graphs with higher initial edge density information content is

significantly lower compared to their randomized counterparts.

The motif frequencies of the evolved graphs were consistent with the findings of Alon
et. al. [4] and Thomas et. al. [7]. Feed-forward loops were dominant in evolved graphs,
whereas feedback loops were significantly low in frequency. We have calculated
significance profiles to compare the evolved graphs to the computational cores of the
gene regulatory networks of E. coli, B. subtilus and S. scerevisiae. The comparison
yielded that the significance profiles of evolved graphs and gene regulatory networks

were similar in nature.

The differences between independently evolved sets show that fitness landscape is
a rugged one. As the trajectories in Fig. 3.1 indicate, there are two stages of
evolution: slow relaxation to a target phenotype, and spreading over the regions
in genotype space where phenotype is neutral to mutations (see [22]) for a more
detailed discussion). Therefore, different sets of evolved graphs span different regions
both in genotype and phenotype spaces and the evolution of networks in genotype
space [21] can be understood in terms of neutral networks. The structure of the neutral
networks is strongly correlated with the robustness and evolvability of the regulatory

networks [22].

Ciliberti et. al. have studied robustness and capacity of innovation of gene regulatory
networks [20], by taking into account only one arbitrary initial state and the attractors
reached from that particular state. However, gene regulatory networks may have
many attractors reached from different initial conditions, in principle (see 3.3). Since
attractors are shared by different graphs, a weighted meta-network can be formed in

phenotype space.

According to Ciliberti et. al., for evolutionary innovations a neutral network should
have a large diameter and the mean distance between randomly sampled networks
having a particular attractor reached from a prespecified initial state is 80% of the
maximum distance [20]. In our study, where we have considered all the attractors the
Boolean networks in a population have, the mean distance between the randomized
graphs is about half of the maximum distance and the distributions of the distances are

exactly the same for all the attractors ( 5.2 right panel). However, the mean distance
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between the evolved graphs is about 30% of the maximum distance, implying that
evolved graphs are concentrated in a smaller region of genotype space compared to
randomized graphs. Ciliberti et. al. also suggests that robustness and ability to innovate
are negatively correlated. Therefore, we have tested the robustness of the Boolean
graphs by eliminating the weak edges with weights under a threshold 6 from the
metanetworks formed in the phenotype space. As seen from Fig. 5.8, both the evolved
and randomized metanetworks are connected before removal of edges. Above 8 = 0.4,
randomized metanetworks start to disintegrate and no edges are left when 6 = 0.8. On
the other hand, the evolved metanetworks start to disintegrate when 6 = 0.5 and the
sizes of their giant components decrease more slowly with increasing 6 compared to
randomized metanetworks, leaving giant components with upto 200 nodes even when
0 = 1. This indicates the percolation behavior of evolved networks are similar to those

of the real-life networks studied before [24,25].

Our findings show that, by evolving populations of Boolean graphs under selection
for short attractors, it is possible to mimic some of the essential features of real-life

networks, such as significance profiles of motif structures and mutational robustness.
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APPENDIX A

Here, we present the numerical data for the evolved and randomized populations with
initial edge densities pg = 0.2 (Table A.1) and pg = 0.5 (Table A.2). (k) is the mean
degree averaged over all the graphs within the population at the final time step = 400.
Mean attractor length of the graph a is averaged over all the initial conditions. (a)
is the mean attractor length averaged over all the graphs in the set. (a)r is the mean
attractor length at r = 400, averaged over the graphs in the population. (a), is the mean
attractor length averaged over the randomized graphs. (a)g is the mean attractor length
averaged over a hundred steps within the time interval 300 < ¢ < 400. (./7,) is the
mean number of attractors averaged over the graphs in the set. (.47,), is the mean
number of attractors averaged over the randomized graphs. € is the mean overlap
between the significance profiles of a given population and other sets; &(S,X) is the
overlap between the the significance profile of a given set S and that of biological
network X

Table A.1: Numerical results for pg = 0.2.

SRS
& &

~ ~

S|P e @ &
1.09 124 126 191 9.12 806 069 063 0 034
1.05 126 124 197 886 838 064 062 003 034
1.16 1.04 1.02 207 999 7.64 047 046 029 035
118 1.09 1.0 205 936 7.40 075 095 058 0.85
123 128 129 206 439 668 052 083 089 091
119 121 123 212 739 720 080 097 053 0.82
095 1.13 1.12 190 454 911 046 047 038 036
105 1.0 1.09 194 559 840 072 068 021 043
091 105 104 182 556 978 073 075 033 0.53
113 142 143 203 812 7.10 075 086 041 0.73
138 145 150 223 424 550 068 096 081 097
094 107 105 185 845 927 055 040 -020 0.08
128 1.17 118 216 681 622 074 096 077 094
131 128 129 217 742 603 064 072 019 054
117 127 126 203 808 730 074 099 068 092
1.05 121 122 192 863 781 080 089 042 0.72

.
(),

Se
e e e e e '
@m_{;ww,—o@OO\]O\M-PU)[\)»—‘ /Qbe/
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Table A.2: Numerical results for pg = 0.5.

~ o A
N , I
Fl | ol x| ol &l & A P
N BN IR AR R IR B A B S T\ S
1 286 180 186 341 258 249 0.55 050 0.60 0.55
2 244 1.51 1.52 3.13 192 292 055 048 084 0.67
3 342 124 123 393 204 220 057 054 0.66 0.60
4 28 140 140 335 273 251 060 058 0.65 0.67
5 328 147 148 391 286 230 0.58 062 0.70 0.75
6 257 182 1.82 323 311 264 051 050 0.86 0.78
7 3.01 1.72 170 3.64 200 237 051 056 049 0.61
8 383 178 1.76 430 490 2.15 0.17 041 0.04 0.22
9 285 153 145 337 168 249 041 0.18 0.55 0.38
10 3.14 163 167 364 160 230 026 0.19 040 0.32
11 275 173 1.69 340 400 260 044 051 050 048
12 272 167 163 349 385 255 0.51 039 0.67 057
13 339 150 142 402 242 232 0.14 026 0.25 0.36
14 299 170 165 346 408 241 061 058 062 0.63
15 228 170 166 294 196 285 045 024 0.67 0.55
16 299 185 1.87 348 190 246 0.57 059 0.59 0.66
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APPENDIX B

We would like to show that topology plays the most significance role in determining
the lengths of attractors. Two sets of randomly generated graphs with 7 nodes and
initial edge density pp = 0.5 have been evolved. One set of graphs includes exclusively
positive interactions, whereas the other includes exclusively positive interactions. The
resulting significance profiles are shown in Fig. B.1. As seen from the figures the
dominance of positive or negative interactions interactions does not have a significant
effect on the overall behavior of the profiles.
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Figure B.1: Significance profiles of two artificially evolved populations with only
positive (left panel) and only negative (right panel) interactions and initial
connection probability pp = 0.5.
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APPENDIX C

The significance profiles of 16 sets of 10° randomly generated graphs are shown in
Fig. C.1. Contrary to the evolved sets the significance profiles of the random sets do
not display any structure. This is also seen from Fig. C.2 where the overlap matrix
between the randomized graphs is shown.

~. L
>

wﬁy g

Figure C.1: The significance profiles of 16 randomly generated populations with
initial connection probability (p)o = 0.5. No common structure is
observed in the profiles.

set rank

set rank

Figure C.2: The overlap between SPs of 16 randomly generated populations with 103

graphs and initial edge density po = 0.5. The side bar contains the color
code.
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