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ABSTRACT

FLUCTUATION THEORY OF OMEGA-KILLED LEVY PROCESSES

Simsek, Meral
Ph.D., Department of Statistics
Supervisor: Prof. Dr. Ceylan Yozgathgil

Co-Supervisor: Assoc. Prof. Dr. Apostolos Papaioannou

March 2024, pages

This thesis explores the fluctuation identities for omega-killed (reflected) processes.
In the first part, we develop the theory of the so-called W, and Z, scale functions
for the fluctuations of right-continuous discrete time and space killed random walks.
Explicit expressions are derived for the resolvents and two-sided exit problems when
killing depends on the present level of the process. Similar results in the reflected case
are also considered. All the derivations are given in terms of a new generalization of
the scale functions, which are obtained using different arguments from the continu-
ous case (spectrally negative Lévy processes). Hence, we spell out the connections
between the two cases. We obtain the probability of bankruptcy in the omega model

of the actuarial literature for a specific form of the killing function.

In the second part of this thesis, we analyze exit problems for a level-dependent Lévy
process, which is exponentially killed with an intensity depending on the present state
of the process. By considering level-dependent spectrally negative Lévy processes,
we take general premium rate as a function depending on the current level of the

processes as well. Further, we derive the respective resolvents for the omega-killed



level-dependent process. All exit identities are introduced via a new generalization
of scale functions, W@ and z(® (counterparts of the scale function from the theory
of Lévy processes), which are solutions of Volterra integral equations. Addition-
ally, we obtain similar results for the reflected omega-killed level-dependent Lévy
processes. The existence of the solution of the stochastic differential equation for
reflected level-dependent Lévy processes is also discussed. Finally, to illustrate our

result, the probability of bankruptcy is obtained for an insurance risk process.

Keywords: Fluctuation theory, Omega-killed 1évy process, Upwards skip-free ran-

dom walk, Multi-refracted process, Level-dependent process.
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OMEGA-TiPi DURDURULMUS LEVY SURECLERININ GIRi$ VE CIKIS
HAREKETLERI

Simsek, Meral
Doktora, Istatistik Boliimii
Tez Yoneticisi: Prof. Dr. Ceylan Yozgathgil

Ortak Tez Yoneticisi: Dog. Dr. Apostolos Papaioannou

Mart 2024 , sayfa

Bu tez ¢alismasinda w-tipi durdurulmus siireclerin gecis problemleri ¢aligtimistir. Ik
olarak kesikli zaman ve uzay rassal yiiriiyiis (yukar1 sicramasiz rassal yliriiyiis) mode-
linin gecis problemleri icin g-tipi skala fonskiyonlar1 W, ve Z, teorisi gelistirilmis-
tir. Boylece bahsedilen rassal yiiriiylis mevcut seviyesine bagl olarak durdurulmus
stirece cevrilip, ge¢is problemlerinin agik ¢oziimleri kanitlanmigtir. Ayni problem ¢6-
ziimleri ayrica bahsedilen rassal yiiriiyiisiin yansitlan hali i¢inde bulunmustur. Biitiin
bulunan agik c¢oziimler, siirekli siire¢lerden farkli argiimanlar kullanilarak elde edi-
len ve yeni bir genelleme olan skala fonksiyonlari cinsinden ifade edilmistir. Formii-
lize edilen sonugumuzun bir uygulmasin1 gostermek amaciyla aktiierya literatiiriinde

omega-model olarak adlandirilan, nihai iflas olasilig1 bulunmustur.

Bu tezin ikinci kisminda ise w-tipi durdurulmus seviyeye bagl Lévy siirecleri icin ge-
cis problemleri analiz edilmistir. Boylece yukari sigramasiz Lévy siireci hem seviyeye
bagl olarak durdurulmus hem de seviyeye bagli prim oram1 kazanimi haline getiril-

mistir. Ayrica ilgili ¢ozenler de tiiretilmistir. Yine bu ¢alismada da biitiin teoremler
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Voltera integral denklemi olan skala fonksiyonlarinin yeni bir genellemesi cinsinden
sunulmustur. Ayrica, biitiin ¢ikis problemleri yansiyan ve seviyeye bagh Lévy siirec-
leri i¢in de elde edilmistir. Ek olarak, yansiyan seviyeye bagl Lévy siireclerinin sto-
kastik differensiyel denklemlerinin ¢6ziimiiniin varlig1 tartisilmistir. Son olarak, elde
edilen sonuglarin bir uygulmasi olarak bir sigorta sirketi i¢in nihai olasilik bahsedilen

siire¢ gbz Oniinde bulundurularak hesaplanmugtir.

Anahtar Kelimeler: Gegis problemleri, Omega-tipi durdurulmus lévy siirecleri, yukari

sigramasiz rassal yiiriiylis, Coklu kirilmis siirecler, Seviyeye bagl siirecler.
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CHAPTER 1

INTRODUCTION

In the theory of stochastic processes, it is very natural to consider an isolated point
0, which is interpreted as a cemetery state, to the state space of a process, supposing
that if it hits this isolated point 0, then it stays there forever. Mathematically, the
killing concept can be introduced as follows. Let e, be an independent exponential
(time) random variable of rate ¢ > 0 (for convention ¢; = oo almost surely) and
also be independent of the process of interest X,. Then, the process killed at e, (or
exponentially killed process) is defined as
x4 X, ift<e, W
0, ift>e,,

where 0 is called a cementary or dummy state. The idea of killing processes presents
more handy results for the risk theory since the main interest is related to the first pas-
sage time and other respective quantities. In fact, it is possible to extend the results
related to these identities (or even the state space) without giving much additional
effort, see the excellent monograph with some examples from risk theory in [20].
Nevertheless, the classical killing concepts are not enough to express certain struc-
tures, for example, exit identities for the risk model with dividend or tax payment
in which it is more convenient to consider dividend or tax payment according to the

current balance of a financial company.

In the paper of Albrecher et. al (2011) [1]], for example, contrary to the ruin concept
in the traditional actuarial applications, an insurance company with a negative surplus
is able to continue its business until bankruptcy occurs. They also assumed that the
probability of bankruptcy is a function of the level of a negative surplus and then is

called omega model. This model is further investigated by Gerber et al. (2012) [18]

1



by focusing on two main objectives: first is to determine the probability of bankruptcy
and expected discounted penalty at the time of bankruptcy, and the second is to derive
the total time of the process spent below zero. Inspired by the omega model men-
tioned in the above literature, Li and Palmowski (2019) [26] is introduced a seminal
paper that considers level-dependent killing for a spectrally negative Lévy process
(SNLP). In that paper, the rate of that random exponential time is not constant any-
more but rather a function of the present value (or state) of the process, which is called
as w-killing. The expression of w-killing could be interpreted as a killing feature that
is level (or state) dependent Laplace argument, a discount factor, a bankruptcy rate, or
the weight for occupation time up to some exit times. For example, we can consider
w as a weight function to describe a sophisticated discount structure, which is seen as
a dynamic discount reflecting path dependence in financial applications. The study
presents the fluctuation identities such as two-sided exit below/above and resolvent
for w-killed spectrally negative Lévy processes that generalizes the classical fluctu-
ation theory of SNLP. Particularly if the killing function is chosen as a constant, ¢,

they immediately obtain classical exit identities.

Proposed Research Studies

In this thesis, we study w-killed processes with different characteristics, see Fig-
ure [I.1] for the structure of the thesis. In the first part of this thesis, we examine
w-type killed discrete time/space so-called g-killed (reflected) upwards skip-free ran-
dom walk. Similar to w-killed SNLP in [26], we consider ¢-killing as a killing feature,
which may be interpreted as a (level-dependent) probability generating argument, a
bankruptcy probability, or the weight for occupation in different contexts. Due to g¢-
killing, our study generalizes the result of fluctuation theory of upwards skip-free ran-
dom walk derived in [S)]. We derive explicit expressions for the exit problems when
the upwards skip-free random walk is killed geometrically with a rate depends on
level of the process by using first-step analysis approach. All exit identities are pre-
sented in terms of g-killed scale functions {W,(z), © € Ny} and {Z,(x), = € Ny}
as recursive equations. Further, we derive the important quantities potential mea-

sure (resolvent) and exit identities for the reflected g-killed upwards skip-free random

2
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walk which are mostly used in the capital injection in the actuarial context. Lastly in
this part of the thesis, we show one of the applications of our results, namely omega
model in ruin theory in which we calculate the probability of bankruptcy for a specific
function of g¢-killing. Then, we present some numerical illustration to understand the

effect of parameters such as geometric distribution and ¢-killing.

In the second part of this thesis, we explore w-killed level-dependent spectrally nega-
tive Lévy processes which generalizes the study of level-dependent SNLP introduced
in [[13] and also in [25} 26, 31]]. We start with a combination of the level-dependent
and reflected SNLP. For derivation of exit identities for a reflected level-dependent
SNLP with a general function of ¢, we first focus on reflected multi-refracted SNLP.
We discuss the existence of reflected multi-refracted SNLP by employing a strong
approximation scheme. Then, we derive the potential measure and one-sided exit
problem for reflected multi-refracted SNLP, which does not exist in the current lit-
erature. We then approximate a general rate function ¢ by a sequence of rate func-
tions (¢, ),>1 of the form in the multi-refracted case. We define a sequence of multi-
refracted SNLP which permits us to prove existence and uniqueness of solution to
reflected level-dependent SNLP by limiting argument. Thus, we are able to obtain po-
tential measure and one-sided exit identity for the reflected-level dependent SNLP by
using limiting argument of the multi-refracted scale functions with the same fashion
in [13]]. The results of this section is new in literature and constitute a generalization

of the reflected-refracted case in [31].

In this current part of the thesis, our main focus to study w-killed level-dependent
SNLP, which is the natural extension of study [26]]. Similar to the discrete part of this
thesis, w-killing transforms level-dependent SNLP to a process that is exponentially
killed with an intensity depends on the present value of the process. Moreover, by
considering level-dependent SNLP, we model the risk process with the premium rate
function depends on the current level of the process as well. We derive exit problems
and resolvents in terms of a new generalization of the scale functions, namely omega-
killed level-dependent scale functions, i.e. {W“)(z), 2 € R} and {2z (x), x € R}.
Additionally, we present the results for the reflected case: potential measure and one-
sided exit problem for the reflected w-killed level-dependent SNLP. We finalize this
study with an substantial example for finding the probability of bankruptcy if the



surplus process is modeled by w-killed level-dependent SNLP. The primary method
throughout all proofs in this part depends on the Poisson observation method and

classical fluctuation identities.

Contributions and Novelties

Our derivation of fluctuation theory both in the discrete and continuous case described
in section ‘Proposed Research Studies’ uses in some cases on a number of results
available in literature which are explained and presented in some subsections of the
thesis. To separate these from the new results, our contributions (new results) can be

summarized as follows:

e In Section[2.2] we prove the exit identities for (reflected) upwards skip-free ran-
dom walk. The result of this study is obtained which are non-direct analogous
of the w-killed spectrally negative Lévy processes [[12, 26]. The highlights of

this study are:

— The results of Section [2.2]is a generalization of the first passage problems

for upwards skip-free random walk given in [3]].

— Due to their recursive nature of g-killed scale functions (see Eq. (2.2.2)
and Eq. (2.2.3)), they are straightforward to solve when it is compared

with continuous time Lévy setup.

— To the best of our knowledge, it is the first time the resolvent identity
given in Section [2.2.3]is solved by first-step analysis and the exit identi-
ties for reflected upwards skip-free random walk given in Section is

presented in terms of scale functions.

e In Section [3.6] we derive the potential measure and one-sided exit problem
for reflected level-dependent SNLP. Although reflected refracted processes are
studied in [31], the fluctuation theory of reflected multi-refracted and reflected
level-dependent processes does not exist in the literature. In fact, findings
of Section [3.6| are a non-trivial extension of the study in [31]]. Main highlights

of this current study are:



— We deal with complexity of the existence of the stochastic differential

equation (SDE) given in Eq. (3.6.1)) with strong approximation.

— It is the first time in literature reflected version of multi-refracted and anal-

ogously level-dependent SNLP are considered.

e In Section[3.7] we study fluctuation theory of w-killed (reflected) level-dependent
SNLP, which is a novel concept in the literature. The results are generalizations
of the fluctuation theory of w-killed SNLP given in [26] and level-dependent
SNLP in [[13]], refracted SNLP in [25]], and refracted-reflected SNLP in [31]].

The Outline of the Thesis

The organization of this thesis as follows. We start with overviewing upwards skip-
free random walk and its fluctuation theory in Chapter 2] Then, in Section we
present our study, namely (reflected) g-killed upwards skip-free random walk and
its exit identities. After studying the discrete time/space model, we move on to the
continuous time/space setup in Chapter[3) where we first review the fluctuation theory
of various processes: starting with the basic properties of the Lévy processes, and
gradually summarizing the background concepts from refracted to level-dependent
SNLP. We devote Section [3.6|for our results related to the potential measure and one-
sided exit problem of the reflected level-dependent SNLP. Finally, in Section we
present our study of fluctuation theory for w-killed level-dependent SNLP along with

the reflected case. We outline our findings in Chapter 4]



CHAPTER 2

OMEGA-TYPE KILLED UPWARDS SKIP-FREE RANDOM WALK AND
ITS FLUCTUATION THEORY

In probability theory applications, one of the main concerns is a quantity that changes
randomly at time (or in a space), which is modeled by stochastic processes. For in-
stance, the motion of a particle that moves in discrete jumps with certain probabilities
from one point to another can be described as a path of a stochastic process known as
arandom walk. Mathematically, a random walk is a stochastic process constructed by
successive summation of independent identically distributed (IID) random variables.
If a random walk goes upwards with unit size, and downwards with any arbitrary
magnitude, it is called as upwards skip-free random walk (or right-continuous ran-

dom walk) which is well-studied in actuarial and financial applications.

In this chapter, firstly we aim to construct general framework for an upwards skip-
free random walk and its fluctuations when the time and space of the process are both
discrete. The results on this section can be found in great details in [5, 9} [16} 21,
30, 138]] and references therein. Secondly, we introduce our results related to the exit
identities for g-killed upwards skip-free random walk which generalizes the results of
classical exit problems for the upwards-skip free random walk given in the following

section.

2.1 Upwards Skip-Free Random Walk

Consider a discrete time/space random walk X = (X,,),>¢ defined by

Xo=Xo+em—Y Ci, neNg={0,1,2,..},
=1

7



where, in the actuarial context, X, € Z, is the initial capital of the insurance firm,
¢ € Nis the premium income rate and the claims {C; };cn, are jumps that takes values
in Ny. We assume that {C;};>; are independent, identically distributed (IID) random
variables with probability mass function (p.m.f) p, = P(Cy = k) for k € Ny.

Throughout this chapter, the law of X such that Xy = z is denoted by P, and the

corresponding expectation by E,. We write P and [E when x = 0.

The above discrete time risk model can be simplified to upwards skip-free random

walk, when ¢ = 1, as

X,=Xo+n—Y Ci neN, 2.1.1)

=1

Provided that py > 0, the probability generating function (p.g.f) of the claims is given
p(2) = E[z9] = szpk, z € (0,1].
k=0
Then for n € N, we have

E[zZ= %) = [5(2)]" = (po + (1 — po)ejes1(2))",

which shows that the total claim arising from n time periods and hence, > ", C;
has compound binomial distribution. This explains the name of compound binomial
model in which at each discrete time, a positive claim either occurs with probability

(1 —po) or not occur with probability py, independently of the size of positive claims.

In Figure we demonstrate the different paths of upwards skip-free random walk
when the claims are distributed as geometric with parameter p = 0.4 ( see Figure[2.1a)
and negative binomial with parameters » = 3, p = 0.4 (see Figure [2.1b). These
are the most commonly used distributions for the compound binomial model in the

actuarial context.

By independence of the {C}; };>1, it can also be written for n € Ny, and v € (0, z/p(z))

2 C1—vp(2)/z

Further, let @, be the largest root of the equation z/p(z) = v, i.e.

E[z2=1(Ci~D] = (M) — vaE[Zzﬁl(Ci_l)] = !
m=0

. F . 1-Cy
@, =SUp{z:——=Vp=supi2:Ez =vy.
{ p(2) } { }
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Figure 2.1: Simulation of upwards skip-free random walk under different distribution

assumption.

We also let
T, =inf{n>0:X, <b}, and T/ =inf{n>0:X, > a}, (2.1.2)
denote the first passage times below level b and above level a respectively with inf () =

.

In the following sequel, we give the results for one-sided upwards exit problem, which
introduce the Lundberg root ¢, (analogue of ®(¢) from the fluctuation theory of
SNLP which will be used later in Chapter [3)) two-sided exit problems where discrete

scale functions W, (z) and Z, () appear.

2.1.1 Exit Identities for Upwards Skip-Free Random Walk

In this subsection explicit results for the exit identities of upwards-skip free random

walk, i.e. two-sided and one-sided exit problems and the resolvent measure are given.

Note that for one-sided exit (upwards) problem, we can say that due to the upwards
skip-free and invariant property of p.g.f of T, given below, implies multiplicative

structure.

Theorem 1 (One-Sided Upwards Exit [5]]). For x < a, and v € (0, 1]

B[V Lt o)) = @577 (2.1.3)

9



In the context of Lévy processes, the two-sided upwards passage problem is expressed
in terms of the W (% scale functions (will be introduced in Chapter . In our setting
of right-continuous random walk X, the upwards and downwards exit problems are

handled by defining the discrete analogue scale functions W, of W (@),

For the right-continuous random walk X, discrete-time scale function W, (z) is given

below.

Theorem 2 (Two-Sided Exit Above [5]). For 0 < x < a,

o W, (x)
Bl Legenmp] = 37 0y 2.14)
where, in discrete time/space, we define
1 . 1
W, (x) == — , with W,(0) = —. (2.1.5)
pOE |:VT33 1(T;<T:1)] pO

Note that the choice of normalization W, (0) = 1/py is decided arbitrarily in order
to obtain the simplest possible form for the z-transform of W, (-). In order to uti-
lize Eq. (2.1.4), we need to calculate W, (z). A recursive approach may be used to

compute W, (x), as it is given in the following lemma.

Lemma 3 (Sec. 4 in [3]]). Conditioning on the first jump C = k, Eq. implies
the harmonic recursion (see [30], Equation (3.1)), i.e. W,(z), can be calculated
recursively by

W,(x)=v Y W,(z—ypy, =N, (2.1.6)

y=-1

where the initial value of W, (+) is given by Eq. :

Alternative to recursive equation of Lemma 3] z-transform (generating function) can
be derived by the following proposition.

Proposition 4 (Sec. 4 in [5]). Using the recursion in Eq. (2.1.0), taking z-transform

of W, (z) gives

W,(2) = Zsz,,(a:) = — ! z € (0,9,). (2.1.7)

B(z) — 20’

10



We conclude this section with the following proposition.

Proposition 5 (Prop. 1 in [5]]). For every v € (0, 1], {V"AT:1 W,,(Xnm:l)} is a

n€Ng
martingale under P,.

Next, we use the scale function W, () and introduce another scale function namely
Z,(+), in order to provide an explicit expression for the two-sided downwards exit

problem.

Theorem 6 (Two-Sided Exit Below [5]]). For v, £ € (0,1] and a > 0, we have
W, (z)
W, (a)

E. vilﬁ_xillu:laﬁ} = Zy(%,€) — Zy(a,£), (2.1.8)

where

Zutw.€) = (30~ £) S Wita+ 0,

foré € (0,0,), v e (0,1], x € Ny.

Note that when £ = 1, Eq. reduces to

E, [;/Cl 1(le<rf{)] =7Z,(z) — W, (a) Z,(a),
where Z,(x,1) = Z,(x) with
1 z—1
Zy(x) =1+ <Z - 1) N Waly), ve(0,1], zeN,. (2.1.9)
y=0

We also give an example to illustrate how scale functions may be utilized to describe
potential measures (or sometimes called resolvents). The resolvents are usually used
to explain the position of a random walk (or more generally of a Lévy process) right
before the exit from some interval. For more details for the discrete time/space case,
we refer to [5,130]. For the analogue in the case of spectrally negative Lévy processes,

we refer to [Chapter 8.4 in [24] and Theorem 2.7 in [22]].
Theorem 7 (Potential Measure [5]). For a € N, the resolvent of the process X killed
on exiting I, :=={0,...,a — 1}, denoted by X', is given as
Ul/(xay> = Zyn]px[xrll = y] = ZVHPI[XH = ya n < T:1 /\T;]
n=0 n=0

o (e
W, (a)

where {z,y} C I,, and v € (0, 1].

—Wy(x—y—1)>, (2.1.10)
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Remark 8. As pointed out in [5)], in the discrete time/space setup the method for de-
riving Eq. (2.1.4) and Eq. (2.1.8)) is significantly different from the continuous time/s-
pace setup (where one has to make sure that the process drifts to oo and use change
of measure — see proof of Theorem 8.1 in [24]). However, the expressions in the
two-sided exit problems, as well as the resolvent measure are analogous with the

spectrally negative case.

Note that the role of the variable v € (0, 1] in the above transforms can also be thought
of as a survival probability at each time period for the so-called killed (stopped) ran-
dom walk. That is, at each time point, the random walk X may be ‘killed” with some
probability 1 — v € [0, 1) and understood to be absorbed into some ‘cemetery’ type

state.

In the following section, we shall consider the case where the ‘killing’ (survival)
probability at each time point is no longer constant but depends on the level of the

process; in the continuous-time case, this is known as omega-killing, see [26]].

2.2 g¢-Killed Upward Skip-Free Random Walk

In this section, we derive explicit expressions for exit problems when the right-
continuous random walk defined in Chapter [2|is weighted by a killing function ¢(+),
which depends on the level of the process. We shall use the expression g-killing for
such a killing feature, which may be interpreted as a (level-dependent) probability
generating argument, a bankruptcy probability or the weight for occupation in dif-
ferent context. Although in continuous time/space, exit problems have been studied
in [26] (for SNLP) and in [12] (for Markov additive processes), whilst ruin related
quantities are studied in [[1,[11], in discrete time/space studies for the above problems
are missing. We point out that, as seen in the following sections, the techniques that
have to be employed and the results for the exit problems within a discrete setting are
considerably different with the ones in the continuous setting. This comes under no
coincidence, since in the discrete time setting (unlikely with the continuous setting-
Lévy processes) one may use the so-called first-step analysis to derive the exit prob-

lems and/or the potential measures. The first-step analysis approach leans on finding

12



the position of the process right after the first jump epoch. By doing so, we obtain
recursive equations, which we can solve them subsequently. Although this approach
has been used in the literature in wide range (see for example [37/] and references
therein), we believe that, to the best of our knowledge, it is the first time in fluctuation
theory of discrete time/space process is considered in this study especially in finding
the potential measure in terms of a new generalizations of scale functions. Moreover,
it is worth pointing out that the discrete set-up has significance over their more popu-
lar continuous time models, which are tractability in practice due to simplicity, whilst
from a theoretical point of view one can replace the Wiener-Hopf factorisation by the

conceptually simpler factorisation of Laurent series (see for e.g. [5, 6]).

To formulate our problem mathematically, let us assume that ¢ : Z — (0, 1] non-
negative function that represents killing mechanism and X = {X,,},cn, be an up-

wards skip-free random walk defined on the filtered probability space
(Q,F, (Fn)nen, P) (as it is given in Eq. (2.1.1) in the Section 2)

Xn :XO—FTL—ZCZ, n € NO. (221)
i=1

We denote the first passage times below level b and above level a respectively as

follows
T, =inf{n >0: X, <b} and T =inf{n>0:X, >a}.

Moreover, let the law of X, such that X, = z, be denoted by [P, with corresponding
expectation [E,. We will write P and £ when = = (. As mentioned before, our main
interest in this section is to derive closed form expressions for the first passage times
and resolvent measures for w-type killed upwards skip-free random walk, as well as
their reflections. Further, as will be seen next, all the identities can be expressed in
terms of two families of scale functions {WW,(x), x € Ny} and {Z,(x), = € Ny},

which we call as g-scale functions and satisfies the following recursive equations

W,(x) = Z Pr+1q(x — )W, (z — k), (2.2.2)
k=—1

Zy() =) peng(@ — k) Zx— k) + Y pengle —k), (2.2.3)
k=—1 k=a+1

respectively and W, (z) = 0 and Z,(z) = 1 for x < 0. As mentioned before, the

fact that the scale functions in the discrete setting satisfy recursive type expressions

13



is not surprising. This is a consequence of the so-called ‘first-step analysis’ and the
properties of the random walk. In fact, similar recursive expressions to those above
have already been identified — in the case of a constant killing function — within the
literature (see for example [5] and [30]). In these papers, the recursions are only
briefly discussed or used to determine the form of the corresponding z-transforms as
a means of determining the scale functions themselves. In the more general setting of
this study however, it turns out to be the only way to characterise the scale functions,
since it is not possible to obtain their z-transforms and thus, are employed to prove

all of the following results.

2.2.1 Two-Sided Exit Upwards

In this section, we aim to derive explicit expression for the two-sided upwards exit
problem, which will be given in terms of the g-killed scale function.

Theorem 9 (Two-sided exit upwards). For integer v < a € Ny, we have that

T W
Alw,) = B [[[a60)1 ) = 3753 24
n=1

where W, (-) satisfies the recursive equation given in Eq. )

Proof. For Xy =z < 0, it is straightforward to see, since W,(z) = 0 forz € Z~.

For x > 0, applying the strong Markov property of X at T, and using the fact that X

is upwards skip-free random walk, for 0 < z < a, we get

o o i
B[ a0t cony | = B[TT 0B ([T a0 Lt ool ety
n=1 _n;l et )
=E H Q(X”)l(ﬁq:l)} X EXT; [H Q(X”>1(TI<T:1)]
=E|][] ‘J(Xn)l(T;q:l)} x E, [H (J(Xn)l(ﬁ«:l)} 7
n=1 ne1

or equivalently by using the definition of A(xz, -)
A(0,a) = A0, ) A(z,a), forall 0<z<a.

14



Following the same line of logic in [5], we set for = € Ny,

= (poE[Hq ) (et <x 1)])_1‘

Then, we immediately get that

Az, a) = - VV&’(“’”). (2.2.5)

Further, by conditioning on the first jump, we write A(x, a) as

Ta
a) =E, |:H q(Xn)l(TZ'<T:1):|
n=1

z+1 TI
=~ Z Po(Ch =k)g(x +1 = k)Eyr1y [H Q(Xn)l(xj«:l)
k=0 n=1
z+1 T
= Zpkq(qr +1—-k)JA(r+1—-Fk,a) = Z Per1q(x — k) A(z — k,a).

k==1

Substituting Eq. (2.2.5) into the above function yields to the following recursive equa-

tion

2) =Y Prpagle — k)W — k).

k=—1

Remark 10. We would like to highlight the followings.

(i) The result in Eq. holds for any W, that satisfies Eq. with arbi-
trary W,(0) and thus, is unique only up to a multiplicative constant. However,
it is discussed in [Sl] how the choice of normalisation, such that the initial value

with the convention of T[0_, ¢(X,) =1

(POE[HQ )Lt 1)]>_1
(poE[Hq n)Loer)) Dl

= (POP(O < 'f—1)>_1 = 1/po,
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which results in a simpler expression for the z-transform of W,. Although the
z-transform is not obtainable in closed form in this study, due to the generality
of the ‘q-killing’ function, we also adopt this normalisation for consistency and

comparison of results.

(ii) Letting q(x) = v, for all x € Z, in Eq. of Theorem [9 we recover the
results of [15)], given by Egs. (2.1.4) — (2.1.6), respectively.

(iii) Under the discrete-time/space set-up, the numerical calculation of W, can be
obtained recursively by Eq. (with initial value W,(0) = 1/py), which
differs significantly from the numerical calculation of the corresponding w-
killed scale function in the continuous Lévy set up, where solutions to renewal

equations are required (see Eq. (1.2) in [26]).

Mostly due to the practical applications within risk theory and insurance, it is common
to consider the lower exit barrier at the level O (as in Theorem[9)). However, the result
can be generalised to consider exit from a general strip [z, y| with z < y, which is

presented in the following corollary.

Corollary 11. For z < x < y, it follows that

T+
- W, (z, 2)
B [H Q(Xn)l(T;<T;1) = m, (2.2.6)
n=1 )

where the scale function W, (-, z) satisfies the following recursive equation

W, (u, z) = Z Prr1q(u — E)Wy(u —k,y), u> z, (2.2.7)
k=1

with Wy (u, z) = 0 for u < z.

Proof. We prove the above identity by using similar arguments with Theorem 9] We
+

1
define W,(z, z) = <pOIEZ [H“’:l Q(Xn)l(T;<T;1)]> , and set W, (z,z) = 0 for

n

x < z. Then, for z > z, applying the strong Markov property of X at T, and using

the fact that X is upwards skip-free random walk, for z < =z < y, we have

T L Ty
E. [H Q(Xnﬂ(w;«;_l)] =E. [H a(XEx ] T a(X) 1 ooz )] 1@«;_9}
n=1 n=1 n=1
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+

=E, [H q(Xn)l(Tjg«rz ) } x Ex ot [H q(X 1(Ty <t ,1)]

n=1

ot i
=E. [H q(Xn)l(T;«;l)} x B, [H (J(Xn)lwa;n} :
n=1 n=1

Let us define A(z,y, 2) == E, [Hn 1 4( X)Ly <111)} , then the above equation be-

comes
Az, y,z) = L—-L.
W‘Z(y7 Z)
Further, by conditioning on the first jump, we write A(z, y, z) as a recursive equation
z+1—2
A(z,y, z Zpkqx—l—l—k:)A(as+1—k:,y,z)

= Z Prenq(z — k)A(@ =k, y, 2).

Substituting the above form of A(, -, z) into the above equation, yields to

Z —— Wq(x -k, 2)
k=——1 e WQ(yJZ) .

Thus, we have the following equation

Zplﬁ-qu_ Welz =k, 2),

k=-1

as required. [

Remark 12. As in Theorem @ we note that the above result holds for any W, satis-
fying Eq. (2.2.7). However, in a similar way to that discussed in Remark [I0} for the
remainder of this study we will consider the specific normalisation W, (u,u) = 1/py.

Finally, we note that W,(u,0) = W,(u).

We finalize this section, by showing that the scale function W, (-) contains many
useful properties such as the martingale property. In the rest of this subsection, we
show some martingale properties for the scale function W, (-). Based on these, other

identities for further exit problems are derived.

nAT

Proposition 13. For every q : Z — (0, 1], {Hizl;l q( X)W, (X

RATT ) z) }neNO isa

martingale under P, for all x, z € 7.

17



Proof. Let us first note that by conditioning on the size of the first jump and using

Eq. (2.2.7), it follows that for z > z, we have

E, [q(Xl) Xl, } Z Prr1q(z — E)Wy(z — k, 2) = W,(z,2). (2.2.8)

h=—1
On the other hand, by conditioning on the filtration F,,, and noticing that W, (X ~ z) =
0, we find that

(n+1)AT_4

E.| J] aCoWaXpin 2o o

i=1

—Hq ) omEe g [ (Xt IWaKwane2) | "]

F

—Hq D By, [a(X0)W, (X1, 2) | Fo
:Hq 1{7- >n}WfI(Xn>Z)

= H ¢ (X)) Wy(Xpr 5 2):
i=1

This completes the proof. [

Using the above result, we can now derive identities for further exit problems, as they

given in the corollary below.

Corollary 14. For any integer v < a and z < b < a, we have
Th—1
W, (z,b)
E | [T aXoWa(Xe, 20 e | = Wale, ) = 22220 (0, 2),
where W,(-, -) is defined in Eq. (2.2.7).

Proof. For any integer x, by using optional sampling theorem, we obtain

- +
T,_1ATa



- +
T,_1A\Ta

+ Ex [ H Q(Xi)WQ<XT;_1/\Tj’ Z)]‘(T;_1>T;):|

=1

=E, [H (](Xi)WQ(XTb:l’ Z)l("fz;1<T;r)]

+E, [H QX )Wq(Xos, Z)1<Tb:1>wa+)} :

=1
For the second expectation using skip-free property of X and using Eq. (2.2.6), it
yields

Tp—1
=1
(29
+ Wala, 2B | [T a(Xi) 1ot
=1
e W,(z,b)

a

= ]Ez[ L Q<Xi)wq(XTb—_1: Z)l(Tb—_l<T+)] +Wyla, 2) W,(a,b)’

i=

which gives the required equation after some arrangement. [

2.2.2 Two-Sided Exit Downwards

In this subsection, we derive fluctuation identity for the two-sided exit from below

utilizing the new scale function Z,(z).

Theorem 15 (Two-sided exit downwards). For x € Z such that x < a, we have

Wal@) 2 ), (2.2.9)

B((L’, CL) = ECC [H Q(Xn>1(T:1<Tj)] = ZQ(I) - Wq(@) q

where W, () and Z,(x) satisfy Egs. — ([2.2.3), respectively.

Proof. For 0 < x < a, using skip-free property and strong Markov properties, we

have

T,
E, [H Q<Xn)1(1:1<oo)} =E, [H Q(Xn>1(T:1<Tj)]
n=1



T T3

+ E, [H Q(Xn>1(T;<T:1)] E, [H Q(X">1(T:1<oo)] ’

n=1 n=1
from which we get that
T,
B(l', a) - Ex |:H q(Xn)]‘(T:1<oo):|

n=1

o 4

Ey [H q(Xn>1(Tf{<T:1)] Eq [H q(Xn)l(T:1<OO)]
n=1 n=1

Defining
T,
Ba) =B [T aX) 1 e ]
n=1
with B(z) = 1 for x < 0, then the above equation becomes
B(z,a) = B(xz) — A(z,a)B(a). (2.2.10)

Note that 5(x, a) is monotone increasing in a and also we easily see that it is bounded
since 0 < B(z,a) < P, (72, < 1F) < 1, therefore it follows that lim,_, B(z,a) =
B(x) exist and finite.

To compute B(x), we can apply similar first-step analysis as in the previous theorem,

i.e. conditioning on the first jump such that z € Ny, we get

B(z) =E, [1:[ q(Xn)l(T:1<oo)] = Zka(ZL’ +1—k)B(x+1—-k)
n=1 k=0

z+1 [e’e)
= Zpkq(x—i-l—k)B(x—l—l—k:)—i- Z peq(z+1—k),
k=0 k=a+2

since fork > x+2, B(x+1—k) =1lasfork >z +2, 2+ 1—k < 0 and thus
Bx+1—k)=E; 11 [H?L:l q(Xn)l(T:1<oo)]. Therefore, we have

Bx) =Y prnalz —k)Bl@—k) + Y praa(z — k). 2.2.11)
k=—1 k=x+1

We now let us further define, for some arbitrary constant ap € [0, o) the Z, function

Z,(x) = B(z) + agW,(z). (2.2.12)
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By using Eq. (2.2.10), we obtain

B(z,a) = Zq(x) - aBWq(@ -

- 2,0) ~ D2,

as required.

Moreover, solving Eq. (2.2.12)) with respect to B(x), substituting the resulting equa-
tion into Eq. (2.2.T1)) and using Eq. (2.2.2)), we see that Z, also satisfies a recursive
expression in the same form of Eq. (2.2.12)), which is given by

Z,(z) = Z Prr1q(x — k) Z,(x — k) + Z Prr1q(x — k).

k=-1 k=z+1

Finally, it 1s easy to see that the result holds for the case x < 0 after noting that
Z,(xz) = 1for z < 0, which follows from the definitions of B(x) and W,,. O

Remark 16. Related to the above theorem and its proof, we remark the followings.

(i)

(i)

In a similar way to Theorem[9) we point out that due to the form of the expres-
sions defined in the above result, the initial condition Z,(0) does not need to be
specified in order to compute 3(x, a). However, for the sake of results presented
later on this study and for reasons given in [5] and references therein (see also

Remark[16[ii) below), we will choose ap = po(1 — B(0)) in Eq. (2.2.12), such
that Z,(0) = 1.

It is worth pointing out here that in the above theorem, the function B(-)
along with its recursive relationship given in Eq. (2.2.11) is sufficient to com-
pute B(x,a) since Eq. holds for any B(-) that satisfies the recursion
Eq. (2.2.11). However, it is usually preferable to work with Z, as it leads
to more concise expressions — this is especially the case when dealing with
transforms of these functions — and, as discussed in Remark[I6(i), allows us to

identify the value of Z,(0).

Similar to Corollary [T1] it is not difficult to see that the result of Theorem [I5] gen-

eralized to obtain downwards exit from a general [z, y|, as shown in the following

corollary.
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Corollary 17. For z < x <y,

Em[ X1, — Z(z,2) — 2 E) g0 ) 22.13
];[ Q( ) (t;_,<Ty) (I(I Z) Wq(:% Z) Q<y Z) ( )
where, for u > z,
Z Prerq(u = k) Zy(u— k. 2) Z prrag(u—k),  (22.14)
k=—1 k=u—z+1

with Z,(u,0) = Z,(u).

Proof. For the proof, we utilize the same arguments in the proof of Theorem [I5] For

z < x < y, using skip-free and the strong Markov properties gives that

Tz_*l T
B [T a1 com) = Bo| T a(¥) 1 cap)
n=1 n=1
T; Tz—1
+ B | [T a(X)1 g e IJ]EXT;[H A(Xn)li <o)
n=1 n=1

from which we get that

B(z,y,2) = E, [Hq )l 1<<>o)]

n=1

We now define

Tt
Eac [H Q(Xn)]-(r;_1<oo)i| )
n=1
with B(x, z) = 1 for x < z, then the above equation becomes

B(z,y,z) = B(z,z) — A(z,y, 2) B(y, 2). (2.2.15)

Next, by conditioning on the first jump, we get

z—1

Bz, 2) = B, | [T a(Xa) 1, o

T
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= > pglz+1-k)Blz+1-kz)

+ > gz +1-k),
k=x+2—2

sincefork >x+2—z2, Blx+1—k,z)=1lasfork>x+2—z,z+1—-k <z

Therefore, we obtain a recursive equation

z) = Z pr+1q(z — k) Bz — k, 2) Z prr1q(x — k). (2.2.16)

k=-1 k=z—2z+1

For some arbitrary ap, € [0, 00), we further define

Z,(x,2) = B(x,2) + ap, Wy(z, 2). (2.2.17)

Now, we will find a recursive equation for Z,(z, z). Solving Eq. (2.2.17) with respect
to B(, z), substituting the resulting equation into Eq. (2.2.16) and using Eq. (2.2.7),
we get that

D= pdle—WZ -k 4 > perale k)

k=—1 k=z—2z+1

which proves the corollary. 0

Remark 18. For the same arguments as in Remark[I6{i), in this study we choose to
define Z,(-,-) such that Z,(z,z) = 1 for x < z.

Although the two-sided upwards or downwards exit problems are of interest in their
own right and do have applications in many areas, e.g., dividend problems in risk
theory (see [17]), the corresponding one-sided exit problem(s) have received a great
deal of interest in the literature and have many applications in ruin theory (see [[11}[17]]
and [38] among others). One such quantity, which is used in the final section to derive
the so-called bankruptcy probability, can be obtained by taking the limit as a — oo

in Theorem [9] from which we obtain the following corollary.

Corollary 19. Then for all x > 0,

H Q(Xn)]‘(‘rl:oo)] = aW_I(OO)Wq(:I:), (2.2.18)

where ayy-1(o0) = limg o0 Wq(a)_l.
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Proof. To prove the result, it is sufficient to show the existence and finiteness of the
limit. First note that both W, (a) (hence also W,(a)™") is monotone in a. Moreover,

W,(a)~! is bounded since, by definition

W,(a)™! = poE Hq W)t <) < poP(r < 717)),

which completes the proof. 0

It is worth pointing out that each of the results presented so far are more general than
they may first appear and contain, by a suitable choice of the ‘g-killing’ function,
other well known transforms from the literature. One such example is the generalized
version for the transform of the undershoot (deficit) below the lower level and is given

in the following proposition.

Proposition 20. For ¢ € (0, 1], let

q(x), x>0,
q(z) =
£, x<0,

where q : N — (0, 1]. Then, it follows that for x < a,

=B (] 7006710, co) = Zol0 )~ AT Z(0:6)

where Z, satisfies the following recursive equation

Zpkﬂqx— Zy(w — k&) + Z Preaé

k=-1 k=x+1

In particular, if we further let g(x) = v for all x > 0, then we note that vB(x, a)
reduces to the joint transform of the time, and deficit, below 0 as seen in (Eq. (12)
and Remark 18 in [3]]). It is worth highlighting that this method is not possible in the
classical setting of [S)], where the authors must first determine the more complicated
joint transform and can then recover the simpler two-sided exit identity as a special

case.
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2.2.3 Resolvents

In this subsection, we establish identities for resolvent of an ¢-killed upwards skip-
free random walk, which can be used to determine the distribution the level of a
g-killed random walk right before the exiting some interval. We point out that in [S],
the resolvent measure is obtained based on Proposition 3.2 in [30], where a combi-
natorial approach is used whilst in [22] the law of running infima (known by Wiener-
Hopf factorisation) is considered. In this study, we employ first-step analysis to derive
semi-explicit expressions for the g-killed resolvent measure, given in the next theo-
rem. Before introducing the theorem, we give the following remark which is needed

for the derivation of the resolvent measure.

Remark 21. In fact, the recursion in Eq. can be extended to include the case

u = z — 1, such that for all u > z — 1,
Z Per1q(u — k)Wy(u — k, 2) — q(2)Liy—o=—1). (2.2.19)
k=—1

Theorem 22 (Resolvent). For z,y € [0, al, resolvent of the process killed on exiting

{0,...a — 1} is given by

ZE [H (Xn =y, n<T_1/\Ta):|

_ -1 Wq(av Y+ 1)Wq(x)
=q(y+1) ( Y, (a) — W, (z,y + 1)) : (2.2.20)

where Wy (-, ) is given in the Eq. (2.2.7).

Proof. By conditioning on the first period of time, we note that for x € [0, a — 1] the
resolvent measure U, satisfies the following recursive equation

n

ZEI [Hq Xn =y, n<T_ 1/\Ta)i|
n=0

=1

= 1(X0 =) +ZE |:H (Xn =y, n<T_ 1ATa)]

z+1

= (Cl - k :U +1- ZEI+1 k |:H Xi)]'(Xn_lzy, n—1<t" ATH)
k=0
+ Le=y)
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x+1
k=0

= praq(z — Uy (z = k,y) + 1aey). (2.2.21)
k=—1

On the other hand, from Eqgs. (2.2.2)) — (2.2.19), we note that for some constant c,, it
follows that

caWy(x) — q(y + 1) Wy(z,y + 1)

=Ly + Y per1q(@ — k) (caWy(x — k) = qly + 1)" Wy(z — b,y + 1)),

k=—1

since Yy, q(x — k)praWy(x — k,y + 1) = 0 and thus, satisfies the same recur-

sive equation as U,. In particular, we have that

Uy(z,y) = caWy(x) — qy + 1)_1Wq(xa y+1),

when
oA+ D) Wla,y +1)
4 We(a) 7
due to the boundary condition U, (a, y) = 0, which completes the proof. [

Remark 23. Note that when q(-) = v, Theorem 22| reduces to (no q-killed) resolvent
of X killed on exiting {0, ...,a — 1}, i.e.,

W, (z)
W, (a)

o) =7 (JE Wha = 1= 9) = Walo —y = D).

which is the same equation as Eq. (see also Remark 15 in [15]]).

2.2.4 Exit Times for Reflections

In this subsection we derive exit identities for reflected g-killed upwards skip-free
random walk. We should point out, as in the case of spectrally negative Levy pro-
cess (see for example [33]]), these identities can be derived by means of martingale
properties of scale functions. However, in this study, we will demonstrate how the
‘g-killing’ function can be used to develop a probabilistic argument in terms of the

exit identities, given in Theorem [9] and Theorem We also remark out that the
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random walk reflected from below has numerous applications in actuarial science,

particularly in risk models with capital injections (see for instance [7]).

Let us define upwards skip-free random walk reflected at zero and a > 0, respectively
by
Y,=X,—1I, and Y,=X,— S, (2.2.22)

where I, := info<p<,(Xz A 0) and S, := supg<y<, (X V a) — a. The first passage

times for the reflected processes is then denoted by
TH=inf{n>0:Y, >a}, and T, = inf{n >0:Y, < —1}. (2.2.23)

Theorem 24. For x < a, we have

_ i} Z
C(z,a) =K, [H (Yl con)| = quzi, (2.2.24)
i=1 4

where Z,(-) is given in Eq. with q(x) = q(0) for all x < 0.

Proof. For the reflected process, we have the following two scenarios; either the pro-
cess exits from above before being reflected (at zero) or the process reflects from
below (which is equivalent to the non-reflected process down-crossing zero) before
reaching level a € N. As such, if we consider a specific ¢g-killing function which takes
general values ¢(x) for x > 0 but constant and equal to ¢(0) otherwise, i.e. ¢(z) =

q(0) for all = < 0, it follows that

~

Clx,a) = Az, a) + B(z,a)C(0,a), (2.2.25)
where A(-, @) and B(-, a) have the specific ¢-killing function defined above and thus,
it only remains to calculate the constant C| (0, a). Substituting z = 0 in the Eq. (2.2.25)
gives

~

(1 —=B(0,a))C(0,a) = A(0,a),

and thus, by using Eq. (2.2.4) and Eq. (2.2.9), we get that
" A(0, a)
1 —B(0,a)

_ Wy(x) Wq(0)/Wy(a)
= @) + <Zq(35) - W&(d)) X (1 - (1 - wq(o>zq(a)>>

We(a)
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with g(z) = ¢(0) for x < 0. O

Next, using similar arguments given in Theorem[22] we also derive the corresponding

resolvent for this reflected random walk.

Theorem 25. For x,y € [0,al], resolvent of the q-killed upwards skip-free random
walk reflected at 0 and killed on exiting {0, ... ,a — 1} is given by

ZE H ( =y, n<Ta)]

— gy + 1) (Z—%qu,y F1) = Wyey + 1),

where Z,(-) and W,(-,-) are defined in Eq. and Egq. respectively with
q(z) = q(0) forall x < 0.

Proof. In this proof we follow the same steps with the proof of Theorem By

conditioning on the first period of time, we obtain a recursive equation as follows

L,(z,y)= Z E, [H Q(Yz’)l(Y,Fy, n<?a+)]
n=0 =1

Yo =y) +ZE H Yn yn<‘ta)]

Since the process reflected at zero, whenever it exits from 0, it is evaluated as the

process takes zero value. Therefore, we have

‘Cq(mv y)

z+1

—14my) +ZP (Cr = K)glw +1—k ZEM k[Hq Mo ncreit)|

n—1
+ Z P(Cy = ZEO[H Ve 1<m}
k=x+2

z+1 00
k=0 k=x+2

=Ly + Y Pre1q(@ = E)Lo(z — ky) + > preaq(0)Ly(0,y). (2.2.26)
k=—1 k=x+1
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Moreover, since ¢(x) = ¢(0) for z < 0, Eq. (2.2.3) becomes

Z,(z) = Z Per1q(x — k) Z,(x — k) + ¢(0) Z Ph+1s (2.2.27)
h=—1 k=z-+1

which, along with Eq. (2.2.19)), yields that for some constant cz,, we have

cLZq(x) —qly + 1) Wylz,y + 1)

= CL( Y pera(z — k) Zy(x — k) +q(0) Y Pk+1)
k=—1 k=a+1
r—y—1
qly +1)" Z Prr1q(r — k Wq(x_kyy"‘l)"'l(:ﬁ:y)
h=—1
= 1g=y) + c2q(0 Z Pr+1
k=x+1
+ Z pr1g(z — k) [enZg(x — k) — q(y + 1) Wy(z — k,y + 1)],

k=—1

since Yy, q(¥ — k)praWy(z — k,y + 1) = 0. Hence, after noting that
c.24(0) —a(y + 1) W0,y +1) = cz,

since Z,(0) = 1 and W,(0,y+ 1) = 0, for y € [0,a), the expression on the right-
hand side of the above equation satisfies the same recursion as £,. Finally, using the

fact that £,(a,y) = 0, we have that
L(x,y) =crZ,(x) —qly + 1) "W, (2,y + 1),

with

oAy )" Wilay +1)
L Z,(a

) ,

which proves the theorem. ]

To complete this section, in the following theorem we find one-sided exit problem for

g-killed upwards skip-free random walk reflected at a > 0.

Theorem 26. For x < a, we have

x a) :=E, [Hq (T, <00) = Z,(x) = W,(x)'y(a),



with

['y(a) =

Zyfo+1) i Wy(@)Z,(a+ 1)
- Z

W) T W Wy 2)

where W, and Z, are given in Egs. - respectively with q(x) = q(a) for

z>a+ 1.

Proof. Using similar arguments as in Theorem [24] we consider a specific ¢-killing
function of the form ¢(z) for all x < a and ¢(x) = ¢(a) for all z > a + 1. More-
over, we have the following two scenarios; either the process exits from below before
reaching level a + 1 or it exits from above (hits level a + 1) and is reflected at the level

a. Therefore, we have

C(x,a) = B(z,a+1) + A(x,a + 1)C(a, a), (2.2.28)
where in B(-,a + 1) and A(-,a + 1) are understood to have the specific g-killing
function defined above. Then, it only remains to compute C (a,a). Substituting = a
in the Eq. (2.2.28) gives

5 _ B(a,a+1)
C(CL,CL)— 1—A(a,a+1)’

and thus, Eq. (2.2.28) becomes

B(a,a+1)
1—A(a,a+1)

Z,(a+1)

Clx,a) = B(z,a+1) + A(z,a +1)
We()
g(z) — We(a+1)

W,(z) Za(0) = s Z,(a+1)
Wala+1) 1- W:V(qa(i)l)

W(z) W()
Wia )2t a1
Zy(a)Wyla+1) = Z4(a + 1)Wy(a)

= Z(z) —

X
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2.2.5 One-Sided Exit Upwards and Its Resolvent

In this subsection, we introduce the third scale function, namely H,, which satisfies

the following recursive equation

H(x) = Z Pr+1q(z — k) Hy(x — k), (2.2.29)

k=—1
and plays a fundamental role in the one-sided upwards exit problem and the corre-

sponding potential measure, which are given in the following theorem.

Proposition 27 (One-sided upwards exit). For x < a, it follows that

Ta
E, | []a(Xa)1iscnny| = (2.2.30)
n=1

where H, satisfies Eq. (2.2.29). Moreover, for x,y < a, the corresponding resolvent
is given by

E(x,y) = Z E,
n=0

=qy+1)7" (Z‘;Eg W,(a,y+1) = W,(z,y + 1)> . (2.2.31)

H Q(Xi)]‘(Xn:y, n<7;r)]

=1

Proof. The results are a direct consequence of Corollary [11| (with y = a) and The-
orem 22| respectively, after taking the limits as z — —oo and defining H,(z) :=
lim, o W,(z, 2). O

Unfortunately, due to the infinite summation in Eq. (2.2.29), it is not possible to
compute H, recursively in the general case, unlike for W, and Z,. In the classical
case, where ¢(x) = v for all z € Z, such that the killing rate becomes independent of
the level, the recursion reduces to
Hy(z) =v Z Pr1Hq(z — k).
k=—1
Assuming that H, takes the form #,(z) = ¢, * for some constant value @, € R*, it

is easy to see that ¢, is the solution to Lundberg’s equation (see [[16]])
©, =vp(@y,).
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We then obtain the classical one-sided upwards exit result, i.e. [, [VTJ 1.+ <OO)} =

@2 * given in Eq. (2.1.3) (see also [5] and references therein).

We have already seen in Proposition 20} how the generality of the ‘g-killing’ allows
us to retrieve different quantities by appropriate choices of the killing function itself.

We end this section by presenting another example of this property.

One solution to dealing with the infinite summation in Eq. is to choose
q(-) such that ¢(x) = 0 for < z, with z < a. In this case, each H,(x) can be
written as a factor of #,(z) and thus, is sufficient to determine Eq. . How-
ever, the reader may notice that this is equivalent to the two-sided upwards problem,
ie. Hy(x) = W,(z,z). Thatis, in the g-killing model, it is possible to recover the
two-sided exit problems (since a similar arguments holds for the one and two-sided
downwards exit as well) from the corresponding one-sided problems. This is not
possible in the classic case. In fact, with the above observation in mind, it is possi-
ble to think of the classical model as a model with level dependent killing. That is,
has killing probability 1 — v € [0, 1) between the barriers and probability one above
or below the barrier depending on the exit problem itself. In the final section, we
will consider an example of a specific g-killing function which corresponds to the

so-called bankruptcy model within the risk theory literature.

2.2.6 [Example: Omega-model in Ruin Theory

As an example, we derive an explicit expression for the probability of bankruptcy for
the discrete risk model. It is well known within actuarial science, in the discrete time
setting one could model the surplus of an insurance company as an upwards skip-
free random walk, often called as compound binomial risk model. Within the classical
risk theory, the process stops when the event of ruin (first time the process becomes
negative) occurs. As an extension to this, the process, in the so-called as omega risk
model, the surplus process is allowed to carry on whilst negative until the event of
bankruptcy occurs (see [18], for the continuous time setting). Bankruptcy may occur
in one of the two ways: it may happen in the red zone, i.e., when the surplus process

in [—d, 0) and there is a level dependent bankruptcy probability at each period of time
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or it may occur if the surplus process falls below some fixed level —d < 0. Then, the

bankruptcy probability is defined as
Y(z)=1-E, [H q(Xn)]‘(T:dilzoo) =1- aW—l(oo,—d)Wq(xa —d),
n=1

where ayy—1 (oo —a) = liMgy00 Wy(a, —d) ™.

On order to model the bankruptcy probability described above, we take the specific
q(+) function for bankruptcy, namely bankruptcy function, for o,y € (0, 1]

Q(ﬁ) =1- 707§$+d)1{x6[—d,0)};

which is typically decreasing function of x and equals to one on the positive half
line so that bankruptcy does not occur when the surplus is positive. In this case, the

recursive equation given in Eq. (2.2.7)) becomes

z+d
W,(z, —d) = E Prr1Wy(z — k, —d)
k=—1
z+d
r+d—k
— E Pe i Lake-a oy Wyl — k, —d).
k=—1
- Geometric parameter (p)| 2 " [Geometric parameter (p)|
g % o
3 .| % =
& ,ﬁ/ s
(; 5‘0 1[')0 1;0 (; 5‘0 1[')0 1;0
(a) Wy (x, —10) scale function. (b) Probability of bankruptcy

Figure 2.2: Bankruptcy example.

In order to demonstrate the behavior of W, (-, —d) scale function and associated

bankruptcy probability, let us consider a specific example with d = 10, 7o = 0.5,
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v1 = 0.7. We will also assume that the jump size distribution, py, is geometrically
distributed with varying success parameter. In order to keep in line with the risk the-
ory literature, we will only consider success probabilities greater than 0.5 to ensure
a positive asymptotic drift of the random walk (net profit condition), see for example
[16] among others. For the bankruptcy probability, the limit ayy-1(o,—10y has been

approximated by using a sufficiently large value of a, see Figure[2.2]

2.2.7 Numerical Illustrations and Examples

In this subsection, we provide an implementation of fluctuation identities, specifically
two-sided exit identities. Firstly, we conduct some simulation studies. Then, we solve
numerical examples by utilizing the explicit solutions of these fluctuation identities
derived in Section[2.2.T] and Section [2.2.2] We numerically investigate the impact of
the distribution of the claim sizes and its parameter, as well as ¢-killing function and

its parameter.

For simulation and numerical studies, we determine our parameters as follows.

e For p.m.f p, = P(C, = k) for k € Ny, we assume that IID random variables
{Ci}ien € Ny are distributed as geometric with parameter p. Note that in
actuarial applications C;’s denotes claims so that p; becomes the claim size
distribution. Also, it is well-known that geometric claim distribution is the

most commonly used distribution in discrete time modeling.

e For ¢-killing, we choose the killing function ¢(z) = v* where v € (0,1]. As
we mentioned earlier, this function can be interpreted as a killing parameter de-
pending on the present value of the upwards skip-free random walk. For exam-
ple, in the economical aspect ¢ function can be seen as a discrete discounting,
whereas in the mathematical aspect, it is a generator of the probability generat-
ing function (z-transform), which changes according to the current level of the

Pprocess.
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2.2.7.1 Simulation of the ¢-killed Upwards Skip-Free Random Walk

As previously mentioned, the term "g-killing" refers to the level-dependent killing
probability for an upwards skip-free random walk under some specific choices. In
this section, we simulate an upwards skip-free random walk versus g¢-killed random
walk. Simulation of the ¢-killed random walk has been done by determining the
killing probability (¢(X;), ¢(X32), . ..) for each level of the process (X7, Xs, . ..), then
generating geometric random variates based on these probabilities that we have found

and comparing them with time.

In Figure 2.3 we demonstrate the behavior of the ¢-killed upwards skip-free random
walk and a not killed upwards skip-free random walk. According to the parameter
choice mentioned before, we generate these random walks with the same seed to
provide convenient comparison. When we compare Figure and Figure 2.3b we
immediately observe that not every simulated path reaches the terminal time; some
of them are killed before reaching terminal time (" = 60) in Figure [2.3b while the
simulated paths of upwards skip-free random walk given in Figure they continue
their lifetime till reaching terminal time. For illustration, let us turn our focus to
orange paths in Figure [2.3a] One of them goes to the dummy state, which means it
cannot be observable after approximately time 45, while the other one goes to the

dummy state around time 55.

Figure 2.3: Upwards Skip-Free Random Walk and Killed Upwards Skip-Free Ran-
dom Walk.
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2.2.7.2 Numerical Results

This section provides numerical examples for the two-sided exit upwards and down-
wards problem derived in Theorem [9|and Theorem|[I5] In order to find numerical val-
ues of the fluctuation identities, we need to evaluate recursively equations of W, (x)
and Z,(x) for x € Ny given in the Egs. - respectively. In this sub-
section, we first investigate the behavior of g-killed scale functions in order to gain a

better understanding of exit problems that we shall examine later in this section.

We use the same parameter that we introduced in the previous part of this subsection.

Now, we analyze our numerical results under different values of p and v.

Scale Functions

In order to comprehend the behavior of two-sided exit problems under different pa-
rameters of p and v, we first evaluate the behavior of scale functions W, (z) and Z,(x)

under these parameters that we choose.

In Figure we demonstrate the behavior of W, (z) when we take different pa-
rameters of geometric distribution (i.e. p = 0.4,0.5,0.6) when v = 0.96 whereas
in Figure [2.4bl when we take different parameters for the killing function ¢(z) = v*
(i.e. v = 0.95,0.98,1) when p = 0.55. As noted in Section [2.2] the scale functions
are recursive equations with some initial values, which are unnecessary to find two-

sided exit problems. However, for consistency with the literature (see [3]), we set

Wq(o) = 1/po.

As seen in Table[2.1](also in Figure[2.4a) when the probability of getting claim (1—p)
is increased the values of scale function are increasing. Moreover in Table [2.2] (also
in Figure when the value of v is increased the values of scale function are
decreasing. We remark that when v = 1, the ¢-killed scale function turns out to be

the function given in [5] (see Eq. (2.1.6) in Section [2)).

Furthermore, we show the effect of the geometric distribution parameter p and killing
parameter v for Z,(z) in Figure Similar to the example for W, (x), we take the
different parameters for the geometric distribution (p = 0.4, 0.5, 0.6) with v = 0.96
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Figure 2.4: W, (x) for different choice of p and v.

Table 2.1: Different values of W, (z) with different p.

| Wi | W) [ W@ [ wad) | W@ | wis) | W) | wam | wi) | wu) | wiao)
p=04] 25 [49479] 03531 ] 18040 | 36582 | 78.976 | 18213 | 44830 | 11749 | 32702 | 9646.4
p=05| 2 | 3125 | 46115 | 6.8926 | 10.8007 | 18.0395 | 32.2938 | 61.9447 | 126.9709 | 277.2387 | 643.0286
p=0.6| 16667 | 2.1991 | 2.7713 | 3.5635 | 4.8174 | 69334 | 106599 | 17.4918 | 30.5611 | 56.7106 | 111.5221

Table 2.2: Different values of W, (z) with different ¢(x) = v/*.

| W) [ W) | W@ [ W) | wa@) | W) | wa) | wam | wu®) | wy) | w,a0)
v =095 ]| 1.8182 | 2.6185 | 3.627 | 5.1927 | 7.9481 | 13.1852 [ 23.7659 | 46.4286 | 97.933 | 222.2502 | 541.0794
V=098 || 1.8182 | 2.5384 | 3.2566 | 4.0844 | 5.1625 | 6.687 | 8.9569 | 124568 | 18.0077 | 27.0458 | 42.1513
p=1 || 1.8182 | 2.4876 | 3.0353 | 3.4834 | 3.8501 | 4.1501 | 4.3955 | 4.5963 | 4.7606 | 4.8951 | 5.0051

and different parameters for the killing function as (v = 0.95,0.98, 1) with p = 0.55.
Similar to W, (z), choice of the initial value of the ¢-killed scale function leans on the

literature so that we choose Z,(0) = 1.

Not surprisingly, as seen in Table (also in Figure , the values of Z,(x) are
increasing when the probability of getting claim (1—p) is increased, while in Table
(also in Figure , the values of Z,(z) decrease when v is increased. As expected,
the values of Z,(x) is always equal to one when v = 1 since the g-killed scale function

turns out to be the function of classical discrete scale function given in [3] when v = 1
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Figure 2.5: Z,(z) for different choice of p and v.

is always equal to one (see Eq. (2.1.9) in Section [2).

Table 2.3: Different values of Z,(z) with different p.

lz0|z0 | ze|z26 20|26 ] 26| 20 | 20 | 20 | 209
p=04 1 0.9375 | 0.9155 | 0.9975 | 1.3193 | 2.2101 | 4.5304 | 10.6606 | 27.5244 | 76.2707 | 224.7037
p=0.5 1 0.9964 | 1.0772 | 1.3089 | 1.8139 | 2.8439 | 49491 | 9.3875 | 19.1658 | 41.7945 | 96.9012
p=0.6 1 1.0218 | 1.1245 | 1.3484 | 1.7634 | 2.5019 | 3.8253 | 6.2646 | 10.9384 | 20.2939 | 39.9062

Table 2.4: Different values of Z,(x) with different ¢(x) = v/*.

lz0] 20 |20 26 | 20 | 26) | 26 | 20 | 26) | 20 | 200
v =0.95 1 1.0139 | 1.136 | 1.4415 | 2.0767 | 3.3554 | 5.9878 | 11.6586 | 24.5672 | 55.7379 | 135.6877
v =0.98 1 1.0062 | 1.053 | 1.1595 | 1.3515 | 1.669 | 2.1774 | 2.9872 4.29 6.4239 9.999
v=1 1 1 1 1 1 1 1 1 1 1 1

Moreover, if we compare Table[2.1]and Table 2.2 with Table [2.3]and Table [2.4]respec-
tively, we immediately observe that increases in the values of W, (x) are more rapid
than the increases in the values of Z,(z). At first glance, it might seem strange since
in the calculation of the Z,(x) we additionally consider an infinite sum. However,
if we magnify on the recursive equations given in Egs. (2.2.2) — (2.2.3)), we notice

that these equations are actually backward recursive equations so that this infinite
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sum comes into account as a difference. In other words, the calculation is done by

considering the following forward recursive equation

(1= p9(2)) Z(x) = 35 Perna(@ — k) Z4(x — F)

Zy(x+1)=

poq(z + 1)
. Zzo:x—i-l pk—i—l(](a7 - k)
pog(x + 1) ’

while for W,(x), we consider

(L= pg(@)Wy(@) = >y Prng(s — K)Wy(z — k)

Wile +1) = poq(z +1)

This clearly explains why Z,(z) increases less than W, (x).

Two-Sided Exit Upwards

After exemplifying the scale functions, we move on to examine the behaviors of two-
sided exit upwards when we change the parameter for geometric distribution and g-
killing function. In the actuarial context, two-sided exit upwards problem is used for
the calculations of, for instance, the probability of paying dividends to shareholders

and related identities.

In Figure we show A(x,a) when the level above is fixed as a = 10 while
in Figure [2.6b| when initial value of the process is fixed as « = 5 under different

parameters of geometric distribution 1.e. p = 0.4, 0.5, 0.6.

As depicted in Table [2.5] and Table [2.6] (also in Figure [2.6a] and Figure [2.6b] respec-
tively), decrease in getting claim (1 — p) results in increase in the two-sided exit
upwards problem in both cases. This result can be interpreted as if we have less
claim, then the probability of reaching level a before deficit occurs is higher so that

the probability of paying dividends to the shareholders is higher, for instance.

Furthermore, from Table [2.5] (or Figure [2.6a), we examine that the increase of the
initial value of = with fixed a = 10 increases the probability of reaching level a for a
g-killed upwards skip-free process. On the other hand, in Table [2.6] (or Figure [2.6b)),
with fixed initial value x = 5 when the level a (barrier) increases unsurprisingly, the

probability of reaching level a decreases for such processes.
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Figure 2.6: A(z, a) for different choice of p.

Table 2.5: Different values of A(z, 10) with different p.

A(0,10) A(1,10) A(2,10) A(3,10) A(4,10) A(5,10) A(6,10) A(7,10) A(8,10) A(9,10) | A(10,10)
p=04|25916x107* | 5.1293x10~* | 9.6959x10~* | 1.8702x 10~ | 3.7923x 10~ | 8.1871x10~* | 1.8881x 1072 | 4.6473x10~2 | 1.2180x 107" | 3.3901x10~" 1
p=0.5 | 3.1103x1073 | 4.8598x1073 | 7.1716x1073 | 1.0719x1072 | 1.6797x10~2 | 2.8054x 1072 | 5.0221x1072 | 9.6333x10~2 | 1.9746x10~" | 4.3115x10~" 1
p=06 [ 1.4945x1072 | 1.9719%1072 | 2.4850x 102 | 3.1953x 1072 | 4.3197x10°% | 6.2171x1072 | 9.5586x 1072 | 1.5685x 107" | 2.7404x10~" | 5.0851x 10" 1

Table 2.6: Different values of A(5, a) with different p.

[465] 460 | 469 | 46 | 469 | ac10) | A | 41y | 4aea3) | As) | 4619
p=04 1 433611071 | 1.7617x107! | 6.7221x1072 | 2.4150x 1072 | 8.1871x 1073 | 2.6238x107% | 7.9615x10~* | 2.2901x10~* | 6.2517x107" | 1.6211x10~?>
p=05 1 5.5860x107" | 2.9122x107" | 1.4208x 107" | 6.5068x 1072 | 2.8054x 1072 | 1.1413x107% | 4.3892x107% | 1.5982x107% | 5.5166x10~* | 1.8071x10~*
p=06 1 6.5042x107" | 3.9638x 107" | 2.2687x 107" | 1.2226x 107" | 6.2171x1072 | 2.9887x10"% | 1.3603x102 | 5.8694x10~% | 2.4034x 1073 | 9.3481x 10"

We also analyze the impacts of the parameter of ¢(x) on the two-sided exit upwards

problem. As seen in Table [2.7] and Table [2.§] (also in Figure and Figure

respectively), decrease in the killing parameter that is a decrease in (1 — ¢(z)) leads
to the higher p.g.f. of reaching level a for g-killed upwards skip-free random walk.
This result is also logical since the process is killed after a longer time, it has a higher

chance to reach level a.

Also note that in Figure it might be awkward to see that A(x, 10) when v = 1
behaves differently than the other ones. One possible reason for that is the increase in

the scale function W, (z) is slower than the other ones (see Table .
One last remark about the two-sided exit upwards problem in that when v = 1,

40



A(z, a) turns out to be the fluctuation identity given in Eq. (2.1.4).
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Figure 2.7: A(z, a) for different choice of v.

Table 2.7: Different values of A(z, 10) with different v.

| A0,10) | A@,10) | A2, 10) | AG3,10) | A@4,10) | AG5,10) | A(6,10) | A7, 10) | A8, 10) [ A©9,10) | A(10,10)
v =095 00034 | 00048 | 0.0067 | 0.0096 | 0.0147 | 0.0244 | 0.0439 | 00858 | 0.181 | 0.4108 1
» =098 | 00431 | 00602 | 0.0773 | 00969 | 0.1225 | 0.1586 | 02125 | 02955 | 04272 | 0.6416 1
v=1 | 03633 | 0497 | 0.6064 | 0696 | 07692 | 08292 | 0.8782 | 09183 | 09512 | 0978 I

Table 2.8: Different values of A(5, a) with different v.

A6.0 | aen | 468 | 469 | Ae10) | Ae) | 4Ae12) | 4G | A1y | AGs)
1.1314x107%
3.4016x1072
7.9368% 107!

|| 46.5)
1
1
1

1.0626x10~*
1.0357x1072
7.8030x10!

3.5769% 1074
1.9066x 1072
7.8627x107"

3.35969x 1073
5.8771x1072
8.0293x 107!

9.3520%x107%
9.8229x1072
8.1453x 107!

2.4368%1072
1.5864x107!
8.2918x10!

5.9326x1072
2.4725x107!
8.4781x107!

2.8399%x107!
5.3682x10"
9.0291x10!

1.3463x 107!
3.7134x107!
8.7175x107"

5.5479x107!
7.4658x107"
9.4416x10!

v=0.95
v =098

v=1

Two-Sided Exit Downwards

In this part, we investigate the other important exit identity, i.e., two-sided exit down-
wards. In this case, the results will be the p.g.f. of crossing the lower level before
exiting the level a for a g-killed upwards skip-free random walk. In actuarial and
financial context, this identity is used for calculating probability of ruin/bankruptcy.
Since we have ¢(x) function, finding the values of two-sided exit downwards gives in-

formation about the probability of bankruptcy, which allows the process to go below
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zero; in that case the occurrence of bankruptcy is weighted with the function ¢(z). An

example of calculating the probability of bankruptcy can be found in Section [2.2.6]

Assuming the same parameter choice as the previous part, we analyze the behavior of
the two-sided exit downwards problem with some figures and tables, organized under

different parameters of p and v.

In Figure[2.84) we demonstrate B(z, a) when we have a fixed level above, i.e., a = 10
while in Figure 2.8b| when we choose the fixed initial value of the process © = 5
under different parameters of geometric distribution (i.e. p = 0.4,0.5,0.6). As seen
in Table - Table (also in Figure and Figure respectively), two-
sided exit downwards values drop when the probability of having claim (1 — p) is
decreased. This expected result can translated into real-life example as follows: if we
have less claim, the p.g.f. of reaching lower level —1 before reaching level a is less
probable. Another comment is about the increase in level a. In Figure and also
can be understood from Table when the level a increases, B(z, a) increases in
every situation (getting more claim or not). The reason behind that result is when the
upper barrier increases, there is more possibility of the process to go to level —1 till

reaching this barrier.

L8 @ p=0.4 @ p=0.4 - PO PSS PO P PN - °
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Figure 2.8: B(z, a) for different choice of p.

Moreover, we analyze the effects of the parameters of ¢(z) on the two-sided exit

! In Table[2.10} the values might seem equal, but it is not the case when we take more than four decimal digits,
these values are actually slightly different.
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Table 2.9: Different values of B(x, 10) with different p.

| B0.10) | B(1.10) | B(2.10) | 5(3,10) | B4.10) | B(5.10) | B(6.10) | 5(7.10) | B(8.10) | B(9.10) | B(10.10)

p=041 09418 | 0.8222 | 0.6977 | 0.5773 | 0.4672 | 0.3704 | 0.2877 | 0.2179 | 0.1568 | 0.0941 0
p=0.5 1 0.6986 | 0.5255 | 0.3823 | 0.2702 | 0.1863 | 0.1254 | 0.0826 | 0.0528 | 0.0319 0.016 0
p=0.6 || 04036 | 0.2349 | 0.1329 | 0.0733 | 0.0396 | 0.0209 | 0.0108 | 0.0055 | 0.0026 0.001 0

Table 2.10: Different values of B(5, a) with different p.

| B6.5) | Bs,6) | B5.7) | B5.8) | B5.9) | B5.10) | B(5,11) | B(5.12) | B(5.13) | B(5.14) | B(5,15)

0 0.2456 | 0.332 | 0.3599 | 0.3681 | 0.3704 0.371 0.3711 | 0.3712 | 0.3712 | 0.3712
p=0.5 0 0.0793 | 0.1101 | 0.1209 | 0.1244 | 0.1254 | 0.1257 | 0.1258 | 0.1258 | 0.1258 | 0.1258
0 0.0139 | 0.0187 | 0.0203 | 0.0208 | 0.0209 | 0.0209 | 0.0209 | 0.0209 | 0.0209 | 0.0209

downwards problem. As clearly seen in Table[2.1T]and Table[2.12](also in Figure[2.9a
and Figure [2.9b] respectively), when the killing parameter is decreased (that is, de-
crease in (1 — g(x))) probability of reaching level below before reaching level a is
higher. One explanation for this result might be related to there is a higher possibility

of reaching level —1 if the process is killed after a longer time.
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Figure 2.9: B(z, a) for different choice of v.

With the same reasoning as the previous figure/table for B(5, a), Figure (also
in Table [2.12) reveals that increase in the level above a causes the increase in the

two-sided exit downwards problem. Also, we note that when v = 1, B(z, a) turns out
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to be the fluctuation identity of upwards skip-free random walk (non-killed version)

given in Eq. (2.1.8).

Table 2.11: Different values of B(x, 10) with different v.

| B0.10) | B1,10) | B(2,10) | B3.10) | B(4,10) | B(5.10) | B(6.10) | B(7,10) | B8.10) | B9,10) | B10,10)

v=20.95] 05441 | 03572 | 0.2264 | 0.1393 | 0.0835 | 0.0489 0.028 0.0157 | 0.0083 | 0.0038 0
v=0.98 | 0.5687 | 0.4041 | 0.2805 | 0.1906 | 0.1269 | 0.0828 | 0.0526 | 0.0322 | 0.0183 | 0.0082 0
v=1 0.6367 0.503 0.3936 0.304 0.2308 | 0.1708 | 0.1218 | 0.0817 | 0.0488 0.022 0

Table 2.12: Different values of B(5, a) with different v.

| B6.5) | BG.6) | B6.7) | B5.8) | B(5,9) | B(5,10) | B(5,11) | B(5,12) | B(5.13) | B5.14) | B(5,15)

0 | 00334 | 00445 | 0.0478 | 0.0487 | 0.0489 | 0049 | 0049 | 0049 | 0049 | 0049

v =098 || 0 | 00435 |0.0655 | 0.076 | 0.0807 | 0.0828 | 0.0836 | 0.0839 | 0.084 | 0.0841 | 0.0841
v=1 0 100558 | 0.0971 | 0.1283 | 0.1522 | 0.1708 | 0.1855 | 0.1971 | 0.2063 | 0.2137 | 02197

v =0.95
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CHAPTER 3

FLUCTUATION THEORY FOR DIFFERENT TYPES OF SPECTRALLY
NEGATIVE LEVY PROCESSES

In this chapter, starting with the characterization of Lévy processes, step by step, we
built an overview of the level-dependent Lévy processes studied in [13]]. We first in-
troduce basic concepts and notations for spectrally negative Lévy processes (SNLP)
and a suite of exit identities of these processes with respect to (so-called) scale func-
tions. Then, we review the fluctuation theory of refracted and reflected refracted
spectrally negative Lévy processes analyzed in [25] and [31]], respectively. Particu-
larly, we concentrate on the theory of multi-refracted SNLP and its generalization,
which is well-studied in [[13]]. In all theorems of this section, we observe that scale
functions are employed predominantly to explain exit problems and their resolvents
semi-explicitly. For a wide range of reviews about utilizing the scale function in

different contexts, we refer to [13].

In the following sections of this chapter, we present our study related to reflected
level-dependent SNLP and omega-killed (reflected) level-dependent SNLP. In the
first part of our study, we analyze potential measures of reflected level-dependent
SNLP by adopting the theory of reflected refracted SNLP to the multi-refracted case.
We discuss firstly the existence of SDE of the reflected multi-refracted SNLP. Then,
we derive the potential measure and one-sided exit problem of the reflected multi-
refracted SNLP for the bounded variation case, and by using a strong approximation
of the bounded variation case, we prove for the unbounded variation case. In order to
derive the same identities for the reflected level-dependent SNLP, we approximate a
sequence of reflected multi-refracted SNLP to level-dependent as a limiting argument

which demonstrates the existence and uniqueness of reflected level-dependent SNLP.
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In the second part of our study, we study the fluctuation theory of w-killed level-
dependent SNLP. Additionally, we present the results of the reflected case, i.e., the po-
tential measure and one-sided exit problem for the reflected w-killed level-dependent
SNLP. We finalize this study with an essential example of finding the probability of
bankruptcy if the surplus process is modeled by w-killed level-dependent SNLP. The
primary method throughout all proofs in this part leans on the Poisson observation

method in [26} 29, 28] and classical fluctuation identities.

3.1 Spectrally Negative Lévy Processes

This subsection presents some introduction related to fluctuation theory for spectrally
negative Lévy processes. We start with the definition and fundemental properties of
Lévy processes. Then, we turn our attention to scale functions (or g-scale function)
which are auxiliary functions to solve boundary crossing problems, potential mea-
sures and related path decomposition. We note that the aforementioned problems do
not have explicit solutions, and thus the scale function provides nice semi-explicit
expressions. That is the reason why applied probability models heavily rely on these

functions.

In probability theory, Lévy process, named after the French mathematician Paul Lévy,
is a stochastic process representing the motion of a point whose successive displace-
ments are random, and independent and identically distributed (IID) over different
time intervals of the same length. The most well-known examples of Lévy pro-
cesses are the Brownian motion, the Poisson and the compound Poisson processes
or Cramér-Lundberg process in the context of actuarial literature, the Gaussian pro-
cess, the stable processes, and many others. Hence, as a result of the mathematical
tractability and the preeminent advantages in modeling, Lévy processes are proven
to play a central role in several fields of science, such as physics, in the study of tur-
bulence and laser cooling; in quantum field theory; in engineering, for the study of
networks, queues, and dams; in economics, for continuous time-series models; in the
actuarial science, for the calculation of insurance and reinsurance risk; and in mathe-
matical finance, for option pricing. A comprehensive overview of several applications

of Lévy processes can be found in [8} [15 24, 35]].
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Let (2, F,{F; : t > 0},IP) be a filtered probability space satisfying usual assump-
tions with complete filtration (F;);>o. Consider a real-valued stochastic process
X = {X;, t > 0}, the law of that is denoted by P, such that X, = x and its as-
sociated expectation by [E,. Also, for convenience, when = = 0, we always write P

and E.

Definition 28 (Lévy processes [24]). A stochastic process X = { X, }1>o on the prob-
ability space (S, F,P) is said to be Lévy process, if it satisfies the following condi-

tions

i. The paths of X; are P-almost surely right continuous with left limits, namely
cadlag process,
i. P(Xo=0)=1,
iii. X; — X, is equal in distribution for 0 < s < t to X;_, (stationary increments),

v. Xy — X, is independent of (X,),_, for 0 < s <t (independent increments).

T T T T T
0 2000 4000 6000 8000 10000

Figure 3.1: Simulated sample paths of a Lévy process.

Theorem 29 (Lévy-Khintchine formula [24]]). Under law of P, Lévy process X is
infinitely divisible if and only if there exits a triplet (u, o, v), where i € R, o > 0 and

v is a measure concentrated on R \ {0} satisfying [, (1 A |z|*)v(dz) < oo such that
E[eX] = 7O forall t >0,
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where

1 .
() = —ifp + 50292 + /(1 — € +i021 (y<1))v(dT). (3.1.1)
R

Note that the triple (i, o, v) is called characteristic triplet which is uniquely defined
for X and W(0) is called characteristic exponent or Lévy exponent. Most of the time

it is easy to work with Laplace exponent which is defined by

Y(0) = log E[e"1] = —W(—if). (3.1.2)

Through this work, it is assumed that X has no positive jumps. In this case X is
called as spectrally negative Lévy process (SNLP). Mathematically, X = {X;}:>o
is a spectrally negative if the measure v is carried on (—o0,0) i.e. v(0,00) = 0.
Since such processes have no positive jumps, its Laplace exponent always exists for
all > 0 and is given by

$(0) = o+

2

= / (e —1—021psqy)v(da),
(_0070)

which is continuous, strictly convex function and tends to infinity as # — oo that is
limy_, ¥(0) = oo and ¥(0) = 0. Thus, there exists a function ®(0) : [0,00) —
[0, 00) defined by

O(q) =sup{f > 0:(0) = q}, (rightinverse of 1)),

such that ¢(®(q)) = ¢ for ¢ > 0. We note that ®(q) exists and can be explicitly
calculated for the Brownian motion case, the compound Poisson case (which is called

Lundberg’s equation within the actuarial literature), to mention a few.

Due to having jumps in only one direction, spectrally negative Lévy processes offer a
significant advantage for many calculations. That is one of the reasons why they are

massively used in actuarial and mathematical finance applications.

Next, we introduce the so-called scale functions, which plays a vital role for develop-
ing fluctuation identities of spectrally negative Lévy processes, see [8, 115, 19, 22| 23,

24].

Definition 30 (17 (9-scale function [24]]). For any q > 0, the q-scale function W9 :

R — [0, 00) as a unique right continuous function whose Laplace transform satisfies
1

> —0z (q) .
/0 e W (x)de = ) 0> &(q), (3.1.3)
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with W@ (0) := lim, o W@ (z).

The function is defined above is positive, monotone, strictly increasing, and strictly
convex for z > 0. It can be extended to the whole real line by setting W (% (z) = 0
for z < 0. Further, for ¢ > 0, ¢g-scale function can be regarded as the scale function

of the original process X killed at independent exponential times with parameter q.
Next, we present adjoint scale function which is closely related to W (@ ().

Definition 31 (Z(?-scale function [24]). For q > 0, we define Z'9 : R — [1,00) by
ZW(x)=1+4¢ / W@ (y)dy, (3.1.4)
0

with 79 (z) = 1 for x < 0, where W9 (z) is given in Eq. .

Notice that Z(9) function inherits some properties of W (@ (x); in particularly, it is

increasing, continuous and strictly convex on (0, c0).

Note that we denote W (x) := W (z) and Z(z) := Z(z) for ¢ = 0. For further
analytical properties of both scale functions, one can see [Chap. 8 in [24] or as a

summary, see [19]].

It is unclear from the aforementioned definitions of the scale function alone why clas-
sical applied probability models rely on such functions. Later we shall see that scale
functions appear to solve boundary-crossing problems and related path decomposi-
tions. An immediate example of a boundary-crossing identity is the so-called first
passage problems and their resolvents, which are given by the following theorems.
Before stating, we define the first passage times above and below a level x respec-

tively by
th=if{t>0: X, >z}, and T, =inf{t>0:X, <a}, (3.1.5)
with inf () = oo.

Theorem 32 (One and two-sided exit [24]]). For0 <z < aandq > 0

B W (@) ()

—qtd
Ex (& 1(Tj<,[0*) - W(q) (CL) )

(3.1.6)
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and

— Mz(q)
W(Q)<a)

where W'D (z) and Z'\9 () are given in Egs. - respectively. Also, we

have the one-sided exit problems as follows

E, [e*q%? 1 } = Z09(z) (a), (3.1.7)

T, <)

and for a — oo in Eq. (3.1.7)

o q
E, [e g )] = 7@ (g) — W@ (z),

®(q)
where q/®(q) is a limit of Z'V (a) /W D (a) as a — <.

0 1(Ta<oo

Next, we provide one of the important analytical properties of scale functions which

is asymptotic behavior at co.

Lemma 33 (Asymptotic behavior of scale function [22]). For ¢ > 0, we have
1
lim e * @2 W@ (2) = ——— = /(q),
2% SRETCTr
where V' (®(q)) = ®'(q)" since (®(q)) = q and taking derivative with respect to

q. Also, we have the following limiting argument

lim 20() /W @) = G,

where the RHS of the above equation is understood as lim, o q/®(q) = 0V (1/¢4'(07))
when q = 0.

Exit problems given above express the (discounted) probabilities of exiting in the
interval [0, a] above and below in terms of scale functions, which originally roots
back to Takécs (1966) in [36]. With the next theorem, we also provide semi-explicit
expressions for the expected occupation measure of X killed on exiting an interval
[0, a]. Such occupation measures are known as resolvents and play a crucial role in

establishing information about the level of the process.

Theorem 34 (Resolvents [24]). For 0 < x < a and q > 0, the resolvent of the

process X killed on exiting the interval [0, a] is defined by
U9D(a,x,dy) :=E, {/0 e_qt]‘(XtE[O,a],t<’ta/\’ra+)dt
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= / e "P(X; edy, t <ty AT))dt
0

B w (@ (ac)W(q)(a —y) “
B /[o,a]< W@ (a) - W (- y))dy, (3.1.8)

while the resolvent of the process X killed on exiting [0, 00) is defined by
R (z,dy) == / e 1P (X, € dy, t < Ty)dt
0

- / N (e“b(Q)yW(Q)(m) W (g — y))dy. (3.1.9)
0

Notice that Eq. (3.1.9) is the limiting case of Eq. (3.1.8) as a — oo.

3.2 Refracted Spectrally Negative Lévy Processes

Refracted spectrally negative Lévy process is described as a Lévy process whose
dynamics alternate by subtracting a fixed linear drift whenever the spectrally negative
Lévy process is above a positive pre-specified level. In Figure we demonstrate
a sample path of a particular case of spectrally negative Lévy process with bounded

variation which is refracted case when it exceeds the level b.

Figure 3.2: Sample path of a refracted process of bounded variation.

More formally, refracted Lévy process L; satisfies the stochastic differential equation
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(SDE) of the form
dL; =dX, — 51{Lt>b}dt, t >0,

or equivalently,

t
Li=X, — 5/ 1ip.opds, >0, (3.2.1)
0

where 0 > 0 is a linear drift rate. It is well-known that when X has paths of bounded

variation if and only if o = 0 and [ i zv(dz) < oo. In this case X is written as

1,0)

X,=ct—S, t>0, (3.2.2)

where ¢ := p1 — f(f1 0) zv(dz) > 01is a constant and S = {S; : ¢t > 0} is a pure jump

compound Poisson subordinator.

As alluded before and seen in the Figure[3.2] in the setting of the Lévy insurance risk
model instead of constant linear drift (or premia in the insurance context) is modified
depending upon the current process level. In other words, it can be thought as an
aggregate insurance risk process when dividends are paid out at a rate 6 whenever it

exceeds the level b.

Futher, it is important to mention that above the level b, refracted process evolves as

a drift-changed process which is defined as
Xi(t) = X(t) = 6t, t>0,

then, the associated scale functions Wl(q) satisfies the following Laplace transform

b2y @ _ 1
/0 e W (z)de = o 0> p1(q), (3.2.3)

where ¥y, (0) :=1(0) — 06 for 6 > 0 is the Laplace exponent for X; (¢) and

@1(q) :==sup{d > 0 : ¢x, (0) = q},

Then, the adjoint scale function Zl(q) is defined as

Z\(x) =1+¢ /O W (y)dy. (3.2.4)

Whilst studying the process in the form of Eq. (3.2.1), the first issue one confronts
is whether a solution to SDE exits or not. For the mathematical convenience, it is

imposed that when X has paths of bounded variation, § < c.
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Theorem 35 (Existence and Uniqueness [23]). For a fixed Xo = x € R, there exists

unique strong solution to Eq. (3.2.1)).

Remark 36. The way to prove the above theorem is initially to show that in the
bounded variation case, Eq. has a unique pathwise solution, (see Chp.10.4
in [24)] or [25]). Then, using the fact that any spectrally negative Lévy process with
unbounded variation paths, X, there exists a sequence of bounded variation spec-

trally negative Lévy processes, X™) such that for each t > 0,

lim sup [ X" — X,| =0, as,
ntoo s€[0,t]

see (p.210, in [8] and Def. 11 of [25]), it can be established, by means of convergence,

that a strong solution exists in the unbounded variation case, i.e.

lim sup [L(W — L) =0, as,
ntoo s€[0,t]

where L") is the sequence of pathwise solutions associated with bounded varia-
tion case. Note that the associated process L>) holds that ]Px(Li‘”) =a) =0

for Lebesgue almost every t > 0.

Another observation from the construction of the unique pathwise solution is that L
adapted to natural filtration (F;):>o of X. This indicates that L is a strong Markov
process. For detailed proof, please see [24, [25]].

3.3 Reflected-Refracted Spectrally Negative Lévy Processes

In this subsection, considering a combination of refracted and reflected process, we
present several fluctuation identities studied in [34]]. Mental picture of the reflected-
refracted process is as follows: given a spectrally negative Lévy process and two
bounds, the path of the process is reflected at the lower boundary, whereas a linear
drift at a constant rate ¢§ is subtracted from the increments of the process whenever

the path of the process is above the upper boundary b > 0, see Figure|3.3

The reflected-refracted Lévy process is given in [31] as a decomposition of reflected

and refracted as follows

t
V=X, + R, — 5/ 1v,spds, (3.3.1)
0
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Figure 3.3: Sample path of a reflected-refracted Lévy process of bounded variation.

where Ry := (suppc,<;,(—Vs) V 0) = (—info<s<¢(V5)) V 0, which pushes the process

upward whenever it attempts to go below the level 0.

Before the exit identities of such processes, it is necessary to show that reflected-
refracted Lévy process V' given in Eq. (3.3.1)) associated with the X of unbounded
variation can be approximated by those of bounded variation. In the following propo-

sition, we present the strong approximation which also assures the existence of the

solution of Eq. (3.3.1).

Proposition 37 (Strong Approximation of V; [31]). Assume that X with paths of
unbounded variation and (X ("))nzl (of bounded variation) is a strongly approximat-
ing sequence for X. Moreover, define V and V™ as the reflected-refracted process
associated with X and X™, respectively. Then, V") is a strongly approximating

sequence of V.

Now, since we are interested in the fluctuation theory of V/, let us define the first

passage times for reflected-refracted SNLP for a > 0 as follows
Trt=mf{t>0:V;>a} and T, =inf{t >0:V, <a}.

Then, the resolvent measure killed on exiting [0, a] for a reflected-refracted SNLP

process is given by the following theorem.

Theorem 38 (Resolvent of reflected-refracted SNLP [34]). For ¢ > 0,2 < a and a
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Borel set B on [0, a),

T (9)
E, [/ e’qtl{vt@g}dt] = / <w(q)(a,z)z (z) _ w(q)(x,z))dz,
0 »

~(q) (a)

where, for all 0 < z < a,

w9 (z,2) =1jgcscry (WD (x — 2) + 5/ WD (z — y) W' (y — z)dy) (332)
b .

+ 1{b<z<x}W1(q)(x - Z)a

2 (z) = Z9(x) + ¢0 / WDz —y) WD (y)dy, z€R, ¢>0, (333)
b

where Wl(q) (x) is the scale function of the drift changed process defined in Eq. .

Using the above resolvent identity, one can derive the one-sided exit problem for

reflected-refracted process as given below.

Theorem 39 (One-Sided Exit [34]). For any g > 0 and x < a, we have

Z(Q)(@

—qTs o
E,[e 1(TJ<oo)] ~ 2@(q)’

where 2\9(z) is given in Eq.

3.4 Multi-Refracted Spectrally Negative Lévy Processes

An extension of a refracted process is given in Eq. (3.2.1) is introduced by Czarna
et.al. (2019) [13] as a multi-refracted spectrally negative Lévy process by revising
¢(x) = 01(3>p) in Eq. (3.2.1) with the refraction of multiple levels with the following

some non-decreasing function

Sr(z) = i1 (s0y). (3.4.1)
j=1
For k > 1, weset(0 < d1,...,0;, and —00 < by < --- < by < oo. Then, considering

the function given in Eq. (3.4.1), the corresponding SDE is defined as

k
dUR(t) = dX(t) = > 6w, bt (3.4.2)

i=1

and the behavior of a multi-refracted SNLP is given in Figure [3.4]
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Figure 3.4: Sample path of a multi-refracted Lévy process of bounded variation.

Theorem 40 (Existence and Uniqueness [[13]). There exist a unique strong solution
Uk(t) to the SDE given Eq. fork>1,0<06y,...,0p and —0co < by < -+ <

bk<OO.

We remark that under the above assumptions of Uy, the process Uy, is a strong Markov
process. When X has paths of bounded variation, it is assumed that

0<dp+-- 40 <c::u—/ zv(dx). (3.4.3)

(=1,0)

As mentioned previously, the special case k£ = 1 is already studied in [25] as refracted
Lévy process. The crucial observation for the SDE given in Eq. (3.4.2) is that for any
0 < j < k in each refraction level interval (b;, b;11], where by := —oo and by =
00, the process Uy (t) evolves as X; := {t > 0 : X (t) — 3.7_, &;t} which is the drift
changed spectrally negative Lévy process that is not the negative subordinator, since

(3.4.3) is assumed. Then, the Laplace exponent of X; on [0, c0) is
0 = ;(0) := (0) — (61 + -+ 6;)0),

with right-inverse
p;(q) = sup{f > 0: ;(0) = ¢}
Furthermore, for all 0 < j < k, X has the same Lévy measure and diffusion coef-

ficient with X in Section One can notice the recursive relationship between the
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process X; and X easily, thatis X1 = {t > 0 : X;(¢t) — 0,411}, see Figure
These observations allow us to introduce the scale functions of drift-changed process

Xi(t), ie. W7 and Z\? for any k > 0.

For ¢ > 0, the g-scale function Wk(q) of the process satisfies the following Laplace

transform
* ey 1
e W (2)de = ————, for 0> gi(q). (3.4.4)
/0 k ( ) wk(g) —q @k( )
We also define
2 (@) = 1+¢ / W (y)dy, =eR. (3.4.5)
0

Notice that when k£ = 0, Wk@ and Z qu) turns out to be the scale functions for spectrally
Lévy process X which is defined Eq. (3.1.3)) and Eq. (3.1.4), respectively. Also, note
that when k = 1, U}, reduces to the refracted process given in Section[3.2] and thus the
scale functions for drift changed process are the same with Eq. and Eq. (3.2.4),

respectively.

For a € R and k£ > 1, the following first-passage stopping times are defined

T i=inf{t > 0: Xp(t) <a} and T :=inf{t > 0: X, (t) > a},

kP =inf{t > 0: Uy(t) < a} and &p" :=inf{t > 0: U(t) > a}.
Theorem 41 (Resolvent measure for drift changed process [13]). For b, < x < a and
q > 0, the density of a resolvent measure of the process X, (drift changed process)

killed on exiting the interval [by, a] is defined by

by, —
k /\TZ,+

Ex[/;k

Further, the potential measure and exit identities of Uy, in Eq. (3.4.2)) are based on the

W (z — b )W, (a — y)
W (a — by)

6_qt1(xk<t>edy>dt} = ( -~ y)) dy.

multi-refracted scale functions W,(f) and Z,(f) are defined below.

Definition 42 (Multi-refracted scale functions [13]]). Forz € R, and 0 < by < --- <
br < a we define the two families of functions {W,E:q) (), v € R} and {Z,(cq)(x), x €

R} as the solution to the following integral equations,

W () =W (2) + 6 [ WDz — )WY (y)dy,

by
2 (x) = 2 (x) + 6 b W (z — y)Z, (y)dy, (3.4.6)
13
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with initial functions W (z) = W@(z) and Z (z) = Z@(z), respectively and

WP (.) is given in Eq. :

Further, for v,d € R, and d < b; < --- < by < a, we define more general scale
function as follows
W (aid) = W2 (wd) + 6 | W@ — )W (id)dy,  (B4T)
bk

with WéQ) (z;d) = WD (z;d).

Proposition 43 (Proposition 17 in [13]). Assume that ¢p(z) = Zle 0i1(z>p,) and
k,q > 0. Then for x,d € Rand d < by < --- < by, the multi-refracted scale
functions given in Eq. (3.4.7) and Eq. (3.4.6) are unique solutions to the following

integral equations respectively

W (2;d) = WO (2 — d) + / WO = o)W (d)dy,  (G48)

Z? (x) /W r =)o) Z (y)dy. (3.4.9)

For more details about the above proposition, we refer to Proposition 17 of [13]].

For the analytical properties of the multi-refracted scale functions and the fluctuation
identities of multi-refracted process in terms of scale functions defined above, we
refer to (Sec 2.3 in [13]] and Theorem 5 and Theorem 7 in [13]), respectively. Now,
we give some useful definition and lemma, which are essential to prove the resolvent

measure of multi-refracted Lévy process reflected its infimum in Section [3.6.1]

Definition 44 (Definition 4 in [13]). Forany 0 < k,—oco0 =: by < by < -+ < b <
b1 =00, and y € R, define

Eo(y) =1 =W (0)gy(y).

For the unbounded variation case, by the fact that W@ (0) = 0, we get =, (y) = 1
forall y € R. On the other hand, in the bounded variation case for y € (b;, b1 1] and
1 < k — 1, we have that

) 7

Z0y) = 1= WO0) Y5 =TT (1- W% (0) .
j=1 j=1
j=1

and similarly for y > by, we obtain =4, (y) = H’? <1 — 5jo(g)1(0)>.
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Lemma 45 (Lemma 14 in [13]). For any ¢,k > 0,z € R,by = —o0, and by, =
maxi<;<g bj <y

Wi (2;y) = Zg, (1) W (z — ).

We conclude this section with the following remark. Note that the identities for W,(f)
and Z,(f) given in this remark will be used in Section to simplify some expres-

sions and help to avoid the use of Lévy measure.

Remark 46 (Remark 34 in [13]). ForO0 <z <aandd < by < --- < b, < a

a—byg )
/ / Wi (b + y — 0; )
0 y

W e =) W (@ — b —y)
W (a — by)
WD (2 — by)

— W (& — by, — y)] v(df)dy

(W@ +5 [ WO (a— W ()

WD (a— by) b
+ W (2:d) + 6 [ Wz — )W (y: d)dy. (3.4.10)
b

Similarly, we have

a—by poo W(q) (z — by) W(q) (a— by —y)
/ / 201ty - ) [ ) o ~ W (x by, — y)}
0 y W, (a — by)

x v(df)dy
W,EQ)(x — bk) (q) a ( ’
=k W70 () +5, [ WD (a—y)Z?" (y)dy
Lw@w_bw(k1<> ) W= )
+ 7O (x) + by /b WD (z — y)Z\7" (y)dy. (3.4.11)
k

Proof. The proof of Eq. (3.4.10) can be found in [13]. We prove only Eq. (3.4.11).
Using the definition of Z,E;q_)l(ac) given in [p. 5445 in [13]] that is

k—1 bi+1 W(q) T:
Z,(f_)l(x) =1+ qZ/ Mdy, where by = —o0, b, =ux.
i=0 b; —; (y)
3.4.12)

Then, the LHS of Eq. (3.4.11) can be written as

k—1\Yk ) ) Z)
./ / @+”§:/ ENE )
0 y i=0 Vi =i
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y |:W]§q ( bk)W (a—bk_ ) W}EQ) (as—bk—y)}l/(dH)dy

W(Q) (a — by)
@ (4 — b —
/ / W(3 I?;k_(b ) e —v) - Wk(q) (. — by — y)] v(df)dy

/Hl 1 (b +y) 9, Z)dz)

‘_‘(bz

KIp>

X [Wéq) (z — bk)W;iq)(a — bk —

v _ W (@ — by — y)} v(df)dy

W(Q) (CL . bk)
WO @)W @by @,
/ / W(q (a . bk) - Wy (:E by, y)] V(d&)dy

41
+q / / / W bk +vy— 9 Z)
7 b; ‘—‘(]51

qu( bgw*(a—m— y)
W (a — by)

Wéq) (x — by — y)} I/(dﬁ)dy] dz.

By using Eq. (3.4.10), we have

a—by, 0o k—1 bi+1 W(Q) (b + _ 9
k—1\Yk ) ,z)
/0 / (1+q2/ Eg:(2) dz)

[W(q (z = be) W (a — by — y)

W (@ — by — y)] v(de)dy

Wi (a - bk)
q) — b, —
W 9 (a — bk)
i1 1 W()(:L'—bk) @ @
+4q / = L W, (a; 2) + WP (x; 2) )dz
; b Zei(2) ( W —b,) " g )
D b
:Z(q)(:lf—b )_ Wi )(x k)Z,gq)(a—bk)
W,."(a — by,
. g /bi+1 1 ( Wé‘ﬁ(gj‘ — bk)W(q)( ) n W(q) (JL’ z))dz
q — - a; z ; )
o, Za(H)N Wq-1b,) " g

where in the last line follows by using the identity

/ / — “Vi,giii‘i‘iii{‘”“ D (@ b — )] via0)ay

=F —q’tzk’_l _ Z(Q) —b) —
= Lz)€ b = 2, (x = by)

gt
(tF <™
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Further using definition of Z IEQ)

a—by, [e's)
JA A NCERR
0 y

. [Wéq’ (2= b) W (0 — by — y)
W (a — by,

given in Eq. (3.4.5)), we obtain that

— WO (e — by — )| w(d0)dy

:l‘—bk
:1—|—q/ Wk(q)(:zc—bk—z)dz
0

(Q) o b afbk
—_ W(l‘i‘Q/ WIEQ)(CL—bk—Z)dZ)
W," (a — by) 0

bit1 1 ”7(f1)<x _ bk)
(@, (@ (,..
+4q / = ——k W, " (a; 2) + W, " (x; 2) |dz
S w4 )

—14q [ W2 —b,—2)dz

by
W(‘J) —b a
- W(l +q W,@(a — by — z)dz)
Wk (a bk) by,
k=1 by 1 W(Q) _4
e / (- e &= Iyl ) 4 WD a:2) )
k bit1 1 @
=1+gq / = W, (z; 2)dz
; b; :’@(Z) ¥
W (x — by) T T
_ k()— (1 + qZ/ — qu (a; z)dz) (by Lemma[45)
qu (a - bk) i=0 7 bi ':'¢i(z)
W (& — by)
=70 (2) - & ) (a).
W, " (a — by)
Then, recalling the definition of Zg}) (x) in the Eq. ll , the result follows. O

3.5 Level-Dependent Spectrally Negative Lévy Processes

A generalization of the refracted Lévy process or multi-refracted process is so-called
as level-dependent Lévy process U = {U;, t > 0}, which is the solution of the
following SDE

dU; = dX; — ¢(Uy)dt, (3.5.1)

where X is a spectrally negative Lévy process. A special case is when X; := ct — .5,

with ¢ > 0 is a constant and S = {S;,¢ > 0} is a pure jump subordinator and in the
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bounded variation case, Eq. (3.5.1)) can be written as
AU, = cdt — dS, — ¢(U,)dt = —dS, + p(Uy)dt,

with p(U;) = ct — ¢(U;), which corresponds to a risk model with the premium rate

function depending on the current level of the process, see Chapter VII in [2]].

v

Figure 3.5: Level-dependent SNLP is a generalization of the multi-refracted SNLP.

Fluctuation theory of level-dependent Lévy processes is studied in [13] as a parallel
theory of refracted processes in [25]. In fact, firstly the results of refracted process
is extended by changing ¢(z) = 01(,~; where § > 0 to the refraction of multiple
levels with the function given in Eq. (3.4.1) . Then, these results are generalized to
the processes with general ¢, which is non-decreasing and locally Lipschitz contin-
uous. Fluctuation identities of that process, namely level-dependent spectrally nega-
tive Lévy process, are developed by approximating ¢ by an approximating sequence
of multi-refracted rate functions ¢,,, see Figure [3.5] In the limit, a level-dependent
process U and the corresponding scale functions are obtained in the study of [13]]. In
this subsection, we give the fundamental aspects related to level-dependent spectrally

negative Lévy process introduced in [13]] rigorously.
The following assumption is imposed throughout the remainder of this study.

Assumption 47. The non-decreasing function ¢ is either locally Lipschitz continuous
or in the form of Eq. . Moreover, ¢(x) = 0 for x < d’, where d' € R is fixed

and for the bounded variation case, it is assumed that ¢(x) < c.
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Under Assumption 7] a unique strong solution to Eq. (3.5.1)) exists and it is given in

the following theorem.

Theorem 48 (Solution of SDE [13]]). Suppose that locally Lipschitz continuous rate
function ¢ satisfies Assumptiond7} Then, there exits a unique strong solution U to the
SDE given in Eq. with general rate function ¢. Further, the sequence (Uy,),>1
defined by the approximating sequence of rate functions (¢,,),>1 converges uniformly

to U with the corresponding rate function ¢ a.s. on the compact time intervals.

Remark 49 (Breakdown of SDE solution [[13]]). For the multi-refracted case i.e. when
¢ is in the form of Eq. (3.4.1), it is shown that multi-refracted SDE admits a unique
solution in the strong sense (see Theorem | and Lemma 2 in [13]). Existence and
uniqueness of a solution to Eq. with a general rate function ¢ that satisfies As-
sumption 47\is proved by defining an approximating sequence of m,,-multi-refracted
Lévy process and taking limit of this sequence. In order to this, the general rate func-
tion ¢ is approximated by a sequence (¢,,)n>1 that has the following properties for

z e R,

(a) lim,,_,o ¢, = ¢ uniformly on the compact sets,
() ¢1(x) < po(x) < -+ < P(x), (non-decreasing)

(c) For each n > 1, the rate function ¢, (x) = Z;nznl 5?1(m>b?)f0r some m, € N,

0<by <---<byp, and o} > 0foreachj=1,...,m,.

Details of the proof for both the multi-refracted case and the level-dependent case
can be found in [|13].

Remark 50. We highlight that in [|13], ¢, is not precisely the same rate function given
in the Section|3.4|since according to the convention in the Section n refers to the
number of barriers. Here, the sequence of general rate function ¢,, is an m,,-multi-
refracted rate function. From now on, we choose to use ¢,, notation for the clarity.
The construction of specific sequence of (¢n)n>1, Which satisfies the condition in
the remark above, as follows. A grid is chosen for each n > 1 such that 11" =

{op=1027":1=1,...,m, =n2"} and set 07 = ¢(b}) — ¢(b}_,), with by = 0.
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Then, the approximating sequence of the rate function ¢ is defined as

On(z) = Zé}‘l{wby} for n>1 and x € R.

j=1

For any n > 1, there exists a unique strong solution (U,),>1 with rate function
(Pn)n>1 to Eq. by means of uniform convergence on a compact sets of a se-
quence of m,,-multi-refracted Lévy processes to the solution U with corresponding

rate function..

As indicated before, the fluctuation theory of the level-dependent Lévy processes is
established in terms of level-dependent scale functions which are introduced in the

following definition.

Definition 51 (Level-dependent scale functions [13]). For x € R, we define the two
families of functions {W@(x), x € R} and {Z'9(z), x € R} as the solution to
the following integral equations, provided that W9 and 7.9 are almost everywhere

differentiable
WO (z) = WO (x / WD (z — y)d(y) W (y)dy, (3.5.2)
29 () = 29 (« / WD (z — y)p(y)Z'V (y)dy, (3.5.3)

with the boundary conditions W9 (0) = W9 (0) and Z'9(0) = 1 where W9 (-) and
Z\9(.) are given in Eq. and Eq. , respectively.

We note that the general derivative of W (9 is not defined for all z € R. Hence, W (%’
is understood as the right-derivative, which always exists (see Lemma 2.3 in [22]).
Also, if the derivative of W@ does not exist, W@’ is also understood to be right-
derivative. Then, for any x > 0, the derivative of level-dependent scale functions,
W@ and Z(9" are solutions to following the Voltera-type equations (for more details,

see Egs. (41) — (42) of [13]])

WO (a) = Zofa) WO ) + Za) [ WO =)o) W ),
(3.5.4)

29 (z) = Ey(2) " qW D (z) + Zg(x) ! / WDz — y)d(y)Z\ (y)dy, (3.5.5)
0
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with the initial conditions W@ (0) = W (0) and Z@(0) = 1, and for any = > 0,
E, () is strictly positive function by Assumption 47|and defined as

Ey(x) =1 — WD (0)¢(x), (3.5.6)

where
0 if X has unbounded variation,
W@ (0) =
1/c if X has bounded variation,

with ¢ 1= p — fme(—l 0) zv(dz) > 0.

The above equations with the initial conditions define uniquely W@ and Z(@, respec-
tively. Further, the solution of the integral equations in Egs. (3.5.2) — (3.5.3) can be

obtained by considering the lemma below.

Lemma 52 (Lemma 22 in [13]). Assume that W9 and 79 are a.e. differentiable.
Then, W9 and 7\9 are the solutions to Egs. (3.5.2) — (3.5.3) respectively, if and

only if W9 and 79" are solutions to the Egs. - with the boundary
conditions W9 (0) = W@ (0) and Z9(0) = Z@(0), respectively.

Based on the lemma above, in [13]], it is shown that that the integral equations in
Eqgs. (3.5.4) — (3.5.5) have a unique solution. In more details from [13], we note that
Eqgs. (3.5.4) — (3.5.5) are the second kind of Volterra equation of the form, for z > d

w(e:d) = glasd) + / " K (e y)uly: d)dy, (3.57)
d

where K () = Z,(x) " ¢(y) W' ((x — y)+).

Notice that setting g(7; d) = Z4(z) ' W@ (24) and g(; d) = Z4(2) " 2qW @ () and
d = 0, we recover immediately Eqs. — (3.5.5), respectively. Note that although
the forms of K (-, -) and ¢(-, -) given in the previous sentence do not depend on d, the
notation with d has been adopted in Eq. in order to be used universally and
match the Volterra eqution both for W(%)(z) and W@ (z; d), similarly for Z(@ (x) and
79 (z; d) that we will define next. Finally, using successive approximation method
and obtaining the Neumann series, one can show that the solution of the second kind
of Volterra equation in Eq. (3.5.7) exists and unique as it is given in the following

lemma (for the full proof, see p. 5425 — 5428 in [13]).
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Lemma 53 (Existence to the solution of level-dependent scale functions [13]]). There

exists a unique differentiable u that solves the integral equation in Eq. of the

form of
lwid) = glasd) + | K (e.v)glyi )y,
d
where K*(x,y) = > | K () (2,9) (which is convergent if there exist a convergent

majorant function) with K = K and K"V (z,y) f K™ (z,5)K (s,)ds.

Now, we define the general version of level-dependent scale functions Egs. (3.5.2)) —
(3.5.3)), given by, for x > d,

W (z;d) = / WD (z — y)p(y) WD (y; d)dy, (3.5.8)

Z@@@=2®@—®+/vwwmww@%W@@@, (3.5.9)
d

with the boundary conditions W9 (d;d) = W@(0) and Z?(d;d) = 1. Notice
that W(Q)( ) = W(q)(:c‘ 0) and Z9(z) = Z@(x;0). In the same line of logic with
Egs. (3.5.4 , it has been shown in [13], that W(9’(x; d) and Z?’ (z; d) satisfy

the second kind of Volterra equations
W (2;d) = Eg(2) " W (2 = d)1) + [ WDz —y)d(y) W' (y; d)dy],
ZD'(z;d) = Eg(2) " [qW Dz —d) + | WD'(z —y)o(y) 21 (y; d)dy],
respectively.

Since the above equations reduce to Eqs. (3.5.8) — (3.5.9) (after setting non-negative
function g(z;d) = Z4(x) " 'W9W'((z — d)+) and g(z;d) = Z4(z) 1gW D (z — d),
respectively) using Lemma|[53] we guarantee that Eqs. (3.5.8) — (3.5.9) have a unique

solution.

Finally following remark offers an observation in regards to the scale functions in the

case where approximated sequence is used. Also, this remark will be used in Sec-

tion

Remark 54. Recall that (U,,),>1 is defined by an approximating sequence of (¢n,)n>1
for ¢ (see [13]). Then, for each n > 1, the scale functions W and 7.9 associ-
ated with the level-dependent Lévy process (U, ),>1 satisfy Egs. - , re-

spectively. Note that the scale functions W,(lq) and Z,(lq) converges to level-dependent
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scale functions W9 and 79 given in Egs. — , because of the fact that
limy, 00 Wg)/(x; y) = W@ (z;y) and lim,, o, Z,(f),(x) = Z\9(x), where W9 and

7\ gre the unique solutions to Egs. - , respectively. For more details,
see Lemma 22 and Theorem 27 in [13)].

We are now ready to provide the closed-form expressions for the fluctuation identities
of level-dependent Lévy process with general rate function ¢. Let us define the first

passage stopping times for the level-dependent process, given by

ki =inf{t>0:U; >z} and k, :=inf{t>0:U; <z} (3.5.10)

T

Theorem 55 (Two-sided exit problem of level-dependent [13]). For 0 < x < a and

q > 0, we have

ot W@ ()

E, [e g 1(@%)} =W (3.5.11)
—qkq W(q) (.CE)

E, [e axg 1%@)} — 79D (z) — WT@Z(Q)((I), (3.5.12)

where W9 (z) and 79 (x) are given in Eq. and Eq. respectively.

Theorem 56 (One-sided exit problem of level-dependent [13]). It is also worth re-

marking that by taking limit of Eq. as a — oo, we obtain one-sided exit
Z(q)(a)

problem of level-dependent Lévy processes provided that C\? := lim,_, W (a) &5
ists and finite, it is given by
E, [efqng 1(;40_<oo):| — 7 (z) — C@yy@) (z),
and also we have, for x < a
(@)
e } _ u(z)
Em |:6 1(na+<oo) ’U,(q) (O/) )

where u\? (x) is given by

ul(z) = e® D"+ [ WO(z —y)p(y)u?(y)dy, = €R, (35.13)

d/
with u'? is the unique solution to
u (@) = Zg(2) 1 @(q)e" WV + Eg(2) 7t [ W'z —y)o(y)ul?(y)dy, = eR.
d/
Hence, by defining u'? (z) = 1+ fdaf u'?'(y)dy and proceeding like in Lemma the
unique solution to u'\? given in Eq. (3.5.13) is obtained. For more details, see Lemma
28 in [13].
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In the following theorem, we present semi-explicit expressions for the resolvent mea-

sure of the level-dependent Lévy process Uj.

Theorem 57 (Resolvents for level-dependent [13]]). Fix a Borel set 8 C R. Then,

(i) For ¢ > 0 and d < x < a, the resolvent of level-dependent Lévy process U,
killed on exiting [d, a] is given by

n[f/\ﬁ;
E, [/ eiqtl(U(t)e%)dt]
0

W (z; d)
= () (o WD (g ) — WD (g
= [Bm(da) Z6(y) (W(q)(a; d)W‘I (a;y) — WH (x,y))dy, (3.5.14)

where W9 (%) is solution to Eq. with W@ (y; y) = W@(0).
(ii) The resolvent for level-dependent Lévy process killed on exiting an interval
[d, 00) given for ¢ > 0 and x > 0 with assuming that there exists ¢V (y; d) > 0

such that W'D (z; d)c 9 (y; d) — WD (z;y) > 0,

Rq
E, [/ eiqtl(U(t)e‘B)dt}
0
= / 5¢(y)_1<c(q)(y; AW (z; d) — W (z; y)>dy7 (3.5.15)
BN (0,00)
where ¢\ (y; d) = lim,_,0o W@ (a;y) /W9 (a; d).

(iii) The resolvent of level-dependent Lévy process killed on exiting (—oo, al is given
forq > 0andx < a,

+

E, |:/ e 4t 1(U(t)€%)dt:|
0
U(Q)(ZB)

— /%m(oo Y E(b(y)_l <—u(q)(a) W(Q)<a; y) _ W(Q)(x; y)) dy, (3516)

WD (z;d)

where u(‘]) (gj) = limg_, o W@ (=d)

is solution to Eq. (3.5.13) for any x € R.

3.6 Potential Measures of Reflected Level-Dependent Spectrally Negative Lévy

Processes

In this section, we study reflected level-dependent spectrally negative Lévy processes,

which can be seen as a combination of the level-dependent and reflected Lévy pro-
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cesses. As seen in the previous section, the level-dependent Lévy process solves the

stochastic differential equation (SDE)

dU(t) = dX(t) — o(U(1))dt,

where X is a spectrally negative Lévy process and ¢ is a non-decreasing and lo-
cally Lipschitz continuous which is called as general rate function, with special case
the multi-refracted Lévy processes where ¢y () = Zle 0j1(z>b,3- In this study,
we extend the theory given in [31] first to reflected multi-refracted spectrally nega-
tive Lévy processes with some non-decreasing function ¢ and then to the case of
a general non-decreasing continuously differentiable ¢ function. The dynamics of
reflected multi-refracted spectrally negative Lévy processes can be understood as fol-
lows: given lower and upper boundaries (b;);<;<x, we reflect the path of the process
at the lower boundary while whenever it is above upper boundaries multi-refraction
occurs in which the process behaves like a drift changed process. Along the way,
we develop some fluctuation formulas, such as potential measure and one-sided exit
problem for reflected multi-refracted spectrally negative Lévy processes, after prov-
ing the existence and uniqueness of the constructed SDE. Then, we propose another
process with non-decreasing and locally Lipschitz continuous general function ¢, so-
called as reflected level-dependent spectrally negative Lévy process by extending the
methodology in [13]]. We approximate a general rate function ¢ by a sequence of
some multi-refracted rate functions (¢, ),>0, which defines a sequence of reflected
multi-refracted Lévy processes so that we prove existence and uniqueness of the re-
flected level-level dependent SNLP by a limiting argument. After that, we derive the
potential measures and one-sided exit problem for the reflected level-dependent spec-
trally negative Lévy processes in terms of scale functions defined in Section 3.5 It
is known from [13] that the sequences of multi-refracted scale functions converge to
the level-dependent scale functions, which implies that we can obtain the fluctuation
identities of reflected level-dependent process as the limit of corresponding identities
for the sequence of reflected multi-refracted Lévy process. The results we prove in

this section do not exist in the current literature.
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3.6.1 Reflected Multi-refracted Spectrally Negative Lévy Processes

Let us start with the definition of SDE of the multi-refracted spectrally negative Lévy

process reflected at its infimum, given by

k
AVi(t) = dX () + dRk(t) — Y 6l by dt, (3.6.1)

or equivalently,

t
Vi) = X(0 + Balt) = 30 [ Losiomnds.
0

where

Ri(t) = sup (—Vi(s)) VO = (— inf (Vi(s))) VO,

0<s<t 0<s<t

modifies the process by pushing upwards when it attempts to go below zero while
the summation in the above equation i.e. Zle 0; fot 1(v;,(s)>b;) adds multi-refraction
property and is a right-continuous process. Also, note that we use equivalently the

notation Vj(t) = Xo(t) = X(1).

As we mentioned before, similar to [13]] and [31]], we first obtain the fluctuation iden-
tities for the case that X is of bounded variation and then we extend these results for
the case that X is of unbounded variation via strong approximation. Hence, we show
that for V(¢) given in Eq. , a strong approximation exists between the bounded
and the unbounded variation case. This also guarantees the existence of the solution

for Eq. (3.6.1). To do this, we first need the following lemma.

Lemma 58. For k > 1 and fixed t > 0, let (x5)o<s<t and (Ts)o<s<t be the paths of

two different Lévy processes such that
sup |rs — Ts| < e, forsomee > 0.
0<s<t
Also, fix z, Z € Rand 0 < ty < t.
(i) Define the reflected paths ys(z, to) and §s(Zy, to) on [to, t] of the shifted paths
2+ (vs —x4y) and  Z + (Ts — Tyy),

respectively. In other words, for all ty < s <, let

Ys(2z, to) = 2k + (5 — xyy) + (— inf [z + (2, — xto)]) V0,

to<u<s
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Us(Zrto) 1= Zi 4 (T — Tyy) + (— Inf [Zp + (Tu — Ty)]) VO.

to<u<s

Then, we have

sup |ys(zx,to) — Us(Zk, to)| < 2|z — Zx| + 4e. (3.6.2)

to<s<t

(ii) Similarly, we define the multi-refracted paths as(zx_1,t0) and as(Z,—1,to) for
all tg < s <t that solves

as(zk—1,t0) = 2p—1 + (Ts — T4,) 25 / Liau (o 1,t0)>b: 1AW,

as(Zp—1,t0) = Zp—1 + (Ts — Ty,) 2(5 / L6, (201 t0)>b; AU

Hence,

sup |as(zk—1,t0) — @s(Zx—1,%0)| < 2|2k—1 — Zx_1| + 4e. (3.6.3)

to<s<t
Proof. We prove this lemma in a similar way of [31]].
(i) Take z = z, and Z = Z; for £ > 1 in Lemma A.1 of [31]. Then, the result

follows.

(i1) Take z = z,_1 and Z = Z;,_; for £k > 1 in Lemma A.1 of [31]. Also, note that

from [13]] since

sup [ACU(s) = AP X (s)] <,

0<s<t -

where Am T .= U™ (s) — U™ (s) and |[A™™ X | < n, it holds that
U(”) - U(m) 2
sup [Up"(s) — U, (s)] < 2n,

0<s<t

where U, ,5") (t) is a sequence of the multi-refracted pathwise solution to

(n) n
AU () = dX ™ (¢) Za/ L0 (s d5-

Then, using exactly the same steps in [31], the result follows.
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Now, in order to use the strong approximation, recall that for any spectrally negative
Lévy process of unbounded variation paths, there exists a strongly approximating
sequence with bounded variation, as it is shown in the definition below. The labeling
of the result below as definition is made in order to keep the same labeling with the

literature.

Definition 59 (Definition 11 in [25] and p. 210 in [8]). For any spectrally negative
Lévy process with unbounded variation paths, X, there exists a sequence of bounded

variation X such that

lim sup |[X™(s) — X(s)| =0 a.s. foreach t > 0.

n—oo 0<s<t

Furthermore, when X" is given in the form of Eq. the drift coefficient tends
to infinity as n — oo. This fact implies later that for all n sufficiently large X ™
satisfies the condition of 0 < 61 + -+ + 0 < ¢ 1= — f(_l 0) zv(dx) instinctively.

Such a sequence is called as strongly approximating sequence for X.

In the following proposition, we give the similar representation for reflected multi-

refracted Lévy processes.

Proposition 60. Assume that X is of unbounded variation and { X ™},~ is a strongly
approximating sequence of bounded variation. In addition, we define V), and Vk(n)
as the reflected multi-refracted processes associated with X and X™), respectively.

Then, Vk(") is the strongly approximating sequence of V.

Proof. Fork > 1,0 < 61,02,...,0r and —00 < by < by < --+ < by < oo, we shall
prove that there exists a strong approximating sequence for reflected multi-refracted

Lévy process by extending the arguments of Proposition 2.1 in [31]].

With i, := b,/2 > 0 for k£ > 1, we define a sequence of increasing random times
(T1 > T1 Top> T2, - - - Ty g, Tw) @S follows.
Ty =inf{s > 0:Via(s) > B}, k=1,2,...,
o1k = inf{s > 1, ; : Vi(s) = 0}
with 01 :=inf{s >1,,: Vi(s) =0}, £=0,1,2,...,

oy :=inf{k > 0: 01} =inf{o10,011,...,01k},
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Tl,k = Sup{s < 5-/1 : Vvk*l(‘g) > Bk}? k= 1727 SR

Tl = sup{k: Z O . Tl,k} = sup{?l,l,?w, e 7?1,]?}7
and for all v > 2,

T =inf{s >0, 1: Vioi(s) > B}, k=1,2,...,
oy =inf{s >1,, : Vi(s) = 0}
with 0,0 :=inf{s >1,,:Vi(s) =0}, k=0,1,2,...,
o, =inf{k >0:0,,} =inf{o,0,001,..., 001},
Tk =sup{s <o, : Vi_1(s) > G}, k=1,2,...,

T, :=sup{k > 0: T, 1} =sup{Tu1, T2, - Tuk},
for convenience we also let Ty := 0.

Based on the above stopping times, we can break down the paths of the process as the

sequence of multi-refracted paths and reflected paths, see Figure[3.6]

Vil(t) A

Ll

Taz o351  Ldi

Ti1 &1 o3 o3 94

Tia=T1 T =T2 Ta1=T3

Figure 3.6: An example of the sequences of multi-refracted and reflected paths for

the bounded variation case.

Let N; and N, denote the number of times switching to multi-refracted paths and

reflected paths until ¢ > 0, respectively and are defined as follows
Ny:=sup{r >0:1,; <t}and Ny:=sup{r >0:7, <t}
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Thus,
N - 1 + N1 + NQ,

is the total number of times switching has occurred until time ¢ > 0 plus one to
account for the period until the first refraction.

Further, we define

£, = min inf ~ Vi(s), and S =min{k >0: 3, },

—Fk 1<v<Ni s€lt, ;T AL)

where ﬁ > 0.

Based on Definition in order to prove the strong approximation for Vi (), it suf-
fices to show that there exists a finite C and n € N such that

sup [V (s) = Vi(s)| < C sup | X™(s) — X(s)|, n>n, (3.6.4)

0<s<t 0<s<t

where in this proof we choose n large enough so that

sup sup | X (s) — X(s)| < [4(2" — D78, (3.6.5)
m2>n 0<s<t
or equivalently,
(42N — 1)) sup sup |X™(s) — X(s)| < B, (3.6.6)

m>n 0<s<t
which we will see in later that, for all n > n, this bound confirms that 1 and T, can
act as switching times for both Vj(¢) and V}C(") (t) i.e. on each interval [t,,,7,]| and
[T, T, 11 are multi-refracted paths and reflected paths for both V(t) and Vk(”) (1),

respectively.
Let us fix n > n and & := supg<,, [ X™(s) — X(s)|.

Now, defining a sequence (this is not a stochastic process) (7, )o<,<n such that g = 0
(the same sequence defined in the proof of Proposition 2.1 in [31]) and noticing that

Ny+1 = 21, + 4e is a sequence that gives
n, = 42N - 1)e,
and by Eq. (3.6.5), we have
42N = 1)e < B < by /2.
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Then, we shall show that the followings for reflected and multi-refracted paths of the

process

sup [Vi(s) — Vk(")(s)| < Moya1, as. 0 < v < No, (3.6.7)

i,gsglw_l,l/\t

sup  |Vi(s) = V(s)| < oy, as. 0<v < Ny, (3.6.8)

Iu’lgsgi,/\t

and hence Eq. (3.6.4) holds true with C = 4(2 — 1). Thus, the results above lead us

to prove the following claims.

Claim 1 (Reflected Paths): Fix v > 0. Assume that T, < ¢ (or v < N,) and
7] := 2n +4e < B < b1 /2. Also, suppose that

|Ri(T-) — B (T ) = IVi(T-) + AX (7)) — (VT ) + AX ™ (T,)) [ <n.
Then, we have

Vils) = V\(s)| <7, for T, <s<T,,0, AL

Proof. Consider the reflected paths on [T,, T, , ; At]. For every sequence v such that
a reflection from any k£ > 1, we have that
Yi(s) := Vi(T,-) + AX(T,) + (X(s) — X(T,))
+ [ _inf (Vi(T,-) + AX(T,) + (X(s) — X(T,)))] VO,

T, <u<s

Vi (s) == V() + AX(R,) 4+ (X0 (s) = X (R,))
+[—_inf (V(E,) + AXP(R,) + (X (s) — X (T,)))] vo.

T,<u<s
: : _ V. (7% = s _ )= (n) (7
Applying Lemmal) for z, = Vi (T,-)+AX(T,) and Z, = V" (T,- ) +AX "™ (T,)
and t, = T,, we obtain that
Vi(s) = V()] < 2|Vi(T-) + AX(T) — (VU (R, ) + AX™(T,))| + 4e
<2n+de=1n<p,

for all s € [T,,1,,,, A t]. Since there is no refraction (or multi-refraction) on this
interval for Vj(s), we can conclude that there is no refraction for Vk(")(s) as well.
Therefore, Vj,(s) and V" (s) coincide with defined Y;(s) and Y, (s) above. Thus,
Eq. (3.6.7) holds true where 7] has been replaced by 72,41 to take into account of all

reflected path sequences. [
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Claim 2 (Multi-refracted Paths): Fix v > 0 and & > 1. Assume that T, <t (or
v < Ny) and 7) := 21 + 4e < 3 < by /2. For the multi-refracted paths we have

Vi1 (T,0) — Vi (T, < 1.

Then,
Vi(s) = Vi (s)| <@, for 1, <s <7, At

and

Vi(T,-) + AX(T,) — (V" (7,-) + AXP ()<, if T, < t.

Proof. Consider the multi-refracted paths A, and A,(C") on [1,,,T, A t] that solve

following equations

k s
Ai(s) = Volm,) + (X() - X(,0)) = 36, / 1 by
i=1 To1
k

— V() + (X(5) - X(2,0) = 30, / Lo, o di,
=1 Iv,k
and,
AP (s) = Vo (x,,0) + (X)(s) — Z 5, / 1049 sy
= Vk(f)l(ly,k) + (X(n)<s) - —Vk Z 6 / 1{A(") )>bi}du’

where the last line of the both above equations are obtained by using the same ar-
guments in the proof of Theorem 1 of [13]]. In that case, multi-refracted paths are

considered as refracted paths of each £ > 1 for all T SS<T AL

Applying Lemma |5 11) for zp_1 = Vi1(T, ;) and 2,1 = Vk(f)l (t,,) and tg = T,
for any k£ > 1 gives that

[Ai(s) — AL ()] < 2[Via(T,) — V(0] + 4e
<2n+de=1n<p,

for all T, < s<T AL Since there is no reflection for both V), and Vk(”) on that
interval and we have Ay (s) = Vj(s7) 4+ AX(s) and A,(C")(s) = Vk(n)(s_) + AX M (s)
forall T,; <s <7, At. Thus, we obtain the Eq. @, ie

sup  [Vils) — Vi(s)] < 1,

L’lgsgﬁ/\t
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where 7, is replaced by 7. Moreover, the second statement of this proof is obvious
since for any £ > 1, the multi-refracted paths might jumps to reflection region if

T, < t which is proven in the Claim 1. 0

Now, we will show Egs. — (3.6.8) by using mathematical induction. We start
with v = 0 by Claim 1, it is obvious that

[Vi(07) + AX(0) = (Vi(07) + AX(0))| = |2 — 2| = no = 0,

since for convenience we take T, := 0. Then, applying repeatedly Claim 1 and Claim
2 one after other for N times, Eqgs. (3.6.7) — (3.6.8)) hold true.

Finally, repeating the same reasoning given in Lemma 4.1 of [31] (using the fact
that we will see later the resolvent in Theorem |61 for bounded variation case has a
density), we verify that for all driving processes X of unbounded variation when x is

fixed we have for 1 < j < k then
P, (V") (t) = b;) = 0 for almost every ¢ > 0, (3.6.9)

which leads us to obtain that
_ (n) (n
Jim Vi) = lim (X0) + By 25/ o)

(00)
+R 25/ (V) (s) >b)d

where R\ (1) = (— infoc,<t (V™ (s))) V 0. This result gives us V;, := V™ solves
Eq. (3.6.1)), which completes the proof. [

After proving the strong approximation for the SDE given in Eq. (3.6.1)), we present
potential measure and one-sided exit problem of such processes. We define the first

passage times for the reflected multi-refracted process for a > 0 and k£ > 1 as follows.
To" =inf{t >0: Vi(t) >a}, and TP~ =inf{t >0:Vi(t) <a}. (3.6.10)

Theorem 61 (Resolvent for reflected multi-refracted SNLP). Forq > 0, y < x < aq,

andy < by < by < --- < by<a, and a Borel set B on [0, a], we have

Tt Z(Q)(
gt _ [ = @D (8) @)
E, [/0 € 1(Vk(t)€%)dt:| /B —dk (y) <Wk (a7 y) Z,(f)(a) Wk (l‘, y)> dy,
(3.6.11)
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where W,(f) (z;y) and Z,(Cq) (x) are given in Eq. and Eq. , respectively

Proof. We shall prove the result for ¢ > 0 because the case ¢ = 0 can be obtained
by monotone convergence theorem and the continuity of the scale functions in ¢ as
given in [Lemma 8.3 in [24]]. We prove for the case when X has paths of bounded
variation, then to deal with the case of X has unbounded variation, we consider,
as shown in [13} 25], a strongly approximating sequence X (. For the proof of
unbounded variation case, we also need to consider for any £ > 1 the convergence of

multi-refracted scale functions associated with Vk(") given below

WO (s d) = W2 (wrd) + 6, [ W2 (@ — )W (y: d)dy, (3.6.12)
by,

2 (@) = Z2{" (@) + / Wiz — ) Z2" (y)dy. (3.6.13)
by

(i) Bounded Variation: The proof is inductive. First, for £ = 1, it is easy to check,
the formula Eq. (3.6.11)) agrees with [31]] in Theorem 4.1 (after using Eq. (32) of
Lemma 14 in [[13]]). Now, we assume that Eq. holds for £ — 1. We follow the
main idea of the proof of Theorem (4.1) given in [31] and then prove for each k£ > 1.

Let us define
T+

k
f(q) (33, a, %) =K, |:/0 e_qt]‘(Vk(t)E%)dt} :

Then, by using strong Markov property we have for z < by, that

9 (x,0,%) = E, | /0 My emdi] (3.6.14)

Z?, ()
oo k-1 Wl(cq—)l(bk; Y) o — Wl(cq—)l(l'; Y)

= — Liye iy
/0 22:; :@_(y) (y€(bi,bit1])
Z(‘Z)
+ ('Z)_—l(x)f@(bk, a,B). (3.6.15)
Zk—1(bk>

Notice that in the above equation, the last identity is the one-sided exit problem for
the reflected multi-refracted Lévy process which holds by inductive hypothesis. Since
in [31] the one-sided exit problem for reflected-refracted spectrally negative Lévy

processes given in Theorem 39| considers the case k& = 1, equivalently may formulate
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it as

E, e g ] =

is proved by using the resolvent result given in Theorem [38] Since by inductive
hypothesis the resolvent holds for £ — 1, it can be concluded that one-sided exit for

reflected multi-refracted holds for £ — 1 as well.

On the other hand, for b, < z < a, again by using strong Markov property, we have

. +/\Tk =
f9(z,a,8) = E, [/ e_qtl(Xk(t)e%)dt]
0

FE, [ FO (X () 0, B)L

(Tkk <ty )]'

By using Theorem 1] we get

00 W q) b W(Q) a—vy
(0, %) = / — (W@ 2 >, () ) Wi - 9)| Letoe.andy

/ / fD(z—0+bg,a,B)

y [W,Eq (z — b)W P (a — by, — 2)
Wi (a — by

— W (= by — z)] v(df)dz.

Then, substituting Eq. (3.6.13) for the second expression in the above equation gives

that
f9(z,a,B)
W@ - )W a—y)
= — w1 r—1y)|1 andy
/0 [ W(q)(a—bk) P )] (y€(bi,a])

()
(z—0+by,)
0o k= 1Wk = 8 W (2= 6+ by y)

Z1 0k -
/ / / - o, (1) Liye(v: bia))dy

X[W ( bk)W (a—bk—z)
W (a — by)

)(b B)
k,CL / / k12—9+bk)
klbk

X[W ( bk)W (a—bk—z)
W (a — by)

:/wwax-mwwwa—w
0 W (a — by)

— Wz — by — z)] v(df)dz

— Wz — by — z)] v(dh)dz

~ W (e~ y)] Lye(n.andy
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OOWQ) klz(q_) Z-@—'—b
/ / / i 1 Z - 1(: k) 1(y€(bi,bi+1])dy

Z\9 ( bk — Z6: ()
<[ Wi (@ — bW (a — by — 2)
W()(a—bk)

Ookl

/ / / k— 1("7’ -0+ bk? ) ye(bi,bi+1])dy

X[ ; (m—bk)W()(a—bk—z)
)a—bk)

(b
’““%/ / 7 (= — 0+ by)
klbk

y [W,@(x — bW (a — by — 2)
W (a — by)

- W,gq)(x — b — z)] v(df)dz

- W(Q)(x — b — z)] v(df)dz

— W,gq)(x — by — z)] v(do)dz.

Next, we use Remark 6] in order to simplify the above equation, then we get that

f9(x,a,B)
W =W —y)
= _ W q T — y 1 4 dy
/0 [ WD (0 by) ko ( )] (ve(Brral)
o k—1 1 k( ( k) (q (q)
+/ = Wi asy) = Wil (z;y) )1 iaildy
0o k—1 (q
+/ = Zq a)_qu 1 i,i1dy
0 ;Dqﬁi(y)[ Z < ngq a—bk) e i >)] (y€(bi,bita])
e (-2 W ("” - b’“)Z; (a) - 2" ().
Zl(cq—)l(bk) k( (Cl — bk)

By setting z = by, and noticing that Wgz_)l(bk) = W,gq)(bk) and Z,(f_)l(bk) = Z,(Cq)(bk)

by Egs. (3.4.7) — (3.4.6)), we obtain that

oo Z(q)(bk) W(q)(bk — y)W(q)(a — by Z(‘”(bk)
= / |:Wk(;q) ((l - y) k(q) — k @ k k(q) i| l(yE(bk,a])dy
0 Ly, (a) W, (0) Z\ (a)
oo k=1 (@)
L2 () yyto (a)
+/ — k W‘l a;y w,¥ biiy)|1 m-ldy-
0 ; =i (y) [Zéq)(a) ( ) k 1< k )] (ye(bi,biz])

Finally, putting the expression for f(@ (b, a,B) into Eq. (3.6.15), one gets
f(x,a,%8)
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00 W(Q) by — W(Q) r—b
:/ [ k (k y()q)k ( k)—Wéq)(x—y)
0 W, (0)
Z(q)(bk) W(Q)(bk — y)W(q)(a — by) Z(q)(bk)
+ W (a —y) o — = o ] 1 e andy
Z, (a) W, (0) Z\ (a)
oo 71 (a)
L (2 (@) g (@
+/ — [ k W a;y —Wq(:c;y]l by
0 ; :¢i(y) Zéq)(a) k ( ) k ) (ye(bs,biv1])

Note that when y € (b, a], the scale function of drift changed process W,EQ)(bk —y)

vanishes since it is not defined on R™. Thus, the above equation becomes

(9) @ Z\? (by) (@
f (.’,U, CL, %> = |:Wk; (CL - y) - Wk (SE - y):| 1(y6(bk7a])dy
0

7, (a)
oo k71 (@)
> L 12 (@) (@)
—|—/ — [ k W (a;y) — W3¢ (-T§y):|1 bi,bitr1 dy.
0 =0 :¢i(y> Z,&q)(a) k k (y€(bi,bit1])

Since W\? (z;5) = Z, ()W, ? (z — y) for y € (by, a] by Lemma we get that

£9w,0,9) = |

Z (@) Dy
27 " )~ W)

X L(ye(bi,bira) Ni0,0)dY

o1 [ng)(fv) (@) (a)
= = W, (a;y) — W, (:r;y)}l 0.a)dY,
/0 Eo(v) L2 (q) " b %"

which Eq. (3.6.T1) follows by using Definition 44]

(ii) Unbounded Variation: We now extended the result to the case when X with
paths of unbounded variation. Let Vk(”) (t) is be the reflected multi-refracted process
associated with X" which is strongly approximating sequence (of bounded varia-
tion) for X and T} ("F is the first passage time above a of Vk("). It is clear that
T, M+ and T.>" are both finite a.s. because they are bounded from above by the
upcrossing times at a for the reflected processes of drift changed process X (t) for

any k£ > 0 (This also seen by Theorem [62| below). In order to prove that
T,?’(”)’Jr RN ", as.,

it is enough to show that 7¢ " = Ti" a.s. as in p. 212 of [§] or in [31]], which can be
obtained immediately following the same arguments as in the proof of Theorem 4.1

in [31]]. Therefore, by dominated convergence theorem and Proposition [60, we have
T”‘s(”)v+

k Tt
nh_)r{.lo E, [/{; eiqtl(vk(n)(t)e%)dt] =E, [/0 efqtl(vk(t)e%)dt} ,  Q.S..
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Moreover, as mentioned earlier, using exactly the same arguments of Lemma 4.1
in [31] it follows that P, (V. (t) € 0B) = P,(supg<.<; Vi(s) = a) = 0 for Lebesgue
a.e. t > 0, which concludes the convergence of the LHS of Eq. (3.6.11).

It remains to show the convergence of the RHS of Eq. (3.6.T1). This is proven in [13]
[see Theorem 7(i)] for any & > 1, the sequence (W,(Cq)’(n))nzl and (Z,ﬁq)’(n))nzl as-

sociated with X (given in Eq. (3.6.12) and Eq. (3.6.13)) converges pointwise to
scale functions W,(f) and Z,(f), respectively. Hence, Eq. (3.6.11]) holds for unbounded

variation case. ]

Next, we derive an identity for the one-sided exit problem for reflected multi-refracted

spectrally negative Lévy process, given in the next theorem.

Theorem 62. For any q > 0 and x < a, we have

. } _ Zl(f) (z)
(TP T <o)l —
'“ Z(a)

where Z\? () is defined in Eq. .

In particular, TZ" < oo Py-a.s..

E, [e_qT5’+1

b

Proof. By using the definition Z\”) (z) is given in Eq. (3.4.12) in [13]], we have

k bit1 W](f)(a:; y)

Zl(;l)(gj) =1+ qZ/ = dy, where ©by=—00, by =1,
i=0 7 bi :¢z‘(y)
(3.6.16)
or equivalently,
k .
Z@) -1 _ / Wwiy)
q i—0 7 bi E¢i (y)
o k 1
= W(q)(ﬂfSy) = Liye; by
o k ;:@(y) (y€(bibit1])
= / Z () WL (a3 )dly. (3.6.17)
0

Therefore,

Tt
E, [/0 e 4t 1(Vk(t)e‘3)dt]
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_ 3 Z(Q) T
= [ 20 (WO @) 2D W )Yy,
k

» Z\"(a)
Z(Q)(x) a_ B v i
= ](Cq) :¢>k(y) 1W,(f)(a;y)dy—/ :¢k(y) IW,EQ)(x;y)dy
Zkz (a) 0 0
20020 -1 (@) -1 1 (- z,g@(x))
Z\a)  q q q Z\7 (a)

where the last equation holds by using Eq. (3.6.17).

Then, the results follows by noting that for an e,, independent and exponentially
distributed random variable with parameter ¢ > 0, it holds that
Tt — =
Eu[e™™ 1igot )] =Po(Ve, > a) =1 = Pu(Ve, < a)

=1 q/ e P, (V; € B, t < T,f’*)dt
0 P

k
=1—¢E, [ / €_qt1(vk(t>e%)dt}
0

(@) (e
REHS )

q

Finally, for the finiteness of 7} " is shown by setting ¢ = 0 and noticing that Z,(co) () =
1. [

As we allueded earlier, our second aim in this section is to derive the potential mea-
sure for the reflected level-dependent Lévy process which does not exist in the current

literature.

3.6.2 Reflected Level-dependent Spectrally Negative Lévy Processes

In this subsection, we extend the theory of reflected multi-refracted Lévy processes
for reflected level-dependent Lévy processes with a general rate function ¢ given as

follows

t
Vi=Xi+ Ry — / o(Vs)ds, (3.6.18)
0

where R, := supg<,«;(—V;) V 0 = (—info<s<,(V5)) V 0, which modifies the process

by pushing upward whenever V; attempts to go below 0. Also, the general rate func-
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tion ¢(-) satisfies the assumption (same assumption with the level-dependent without

reflection case, i.e. Assumption[d7)) given below.

Assumption 63. For a fixed d € R, non-decreasing function ¢ is either locally
Lipschitz continuous or in the form of Eq. . Moreover, p(x) = 0 for x < d,

and for the bounded variation case, it is assumed that ¢(x) < cfor all x € R.

For the existence of the solution of Eq. (3.6.18), we approximate a general function ¢
by a sequence of a rate function (¢,,),>; of the form in Eq. . Thereby, we are
able to define a sequence of reflected multi-refracted Lévy processes which provides
existence as a limiting argument. In order to prove this approximating argument

monotonicity property of the solution based on their driving rate function is essential.

We first consider a sequence of functions (¢,),>; that satisfies the following same

conditions with level-dependent case given in Section [3.3]

(1) lim,, .o ¢, = ¢ uniformly on the compact sets,
(i) ¢1(x) < ¢o(x) < --- < @(x) for all z € R, (non-decreasing sequence),

(iii) For each n > 1, the rate function ¢, (z) = Z;”zl 5;‘1(x>b;1) for some m,, € N,

0<bf <---<byp and o] > 0foreachj=1,...,m,.

By recalling the Remark [50| for each n > 1 we denote the solution of Eq. (3.6.18)
with the rate function ¢,, by V,,(¢) as follows

Va(t) = X(t) + sup (—Vn(s))\/O—/Ot dn(Vo(s))ds.

0<s<t

Before showing existence of a solution to V,,(¢) given above for any n > 1, we prove
that the sequence of (V,,(t)),>1 is non-increasing for any ¢ > 0 with the following

lemma.

Lemma 64. Suppose that for each n > 1, ¢,(x) < ¢pi1(x) for all x € R. Then,
Vai1(t) <V, (t) forall t > 0.

Proof. We define the function ¢;,  ,(z) := ¢n41(x) + € for ¢ > 0. Then, we have

n

én(z) < &5, (z) for all 2 € R. Consider the process V,7, (¢) which is a solution to
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the following SDE
V1f+1(t) - X(t n+1 / ¢n+1 Vn6+1 s))ds,
= X(t) + sup ( n+1 \/ 0— / ¢n+1 n+1 ) S, > 0.

0<s<t

Moreover, we define
= inf{t > 0: V(1) < Vi (1)),

and assume that ¢ < oo. Note that since V,, and V7, have the same jumps, the
crossing of the path cannot occur at a jump instant. Thus, we obtain that V,,(¢) —

V€

=.1(t) is non-increasing in some [¢ — €, <) for small enough e. Further, in [¢ — €,¢)

we have also that supy<,<,(—Vn(s)) V 0 — supg<,<;(—V,s,1(s)) V 0 is increasing.

Then, we have

d .
0> E(vn(t> = Vi) e
d
=@ OF s W VO‘/‘Z)"
— (X + Os<u12t( Vi(s)VOo— / Fr1(Visr (5))ds) |

= L sup (“Vi()) VO — sup (—V2,4(5)) V 0)

dt Yo<s<t 0<s<t
+ 1 (Vi1 (7)) = @n(Va(s7)) > 0,
that yields to ¢ = oo, which implies that V7, (¢) < V,,(¢).

Further, since ¢,41(x) < ¢ (x) for all z € R, following the same argument as

above, we obtain that V7, (t) < V,44(¢) forall t > 0.

On the other hand, let
Ac(t) = Vo (t) = Vi ()

= X(t) + sup (—Via(5) VO - / b1 (Vi (5))ds

0<s<t

— [X(¢) + sup (—Viii1(s)) VO — /¢n+1 w1 (8))ds]

0<s<t

= Sup (~ Va1 () V0 — sup (V& (s) VO

0<s<t 0<s<t

n / (61 (VEr(5)) — B (Vi (5))] ds.
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By noting that supg.,<;(—Vs11(5)) V 0 — supg< <, (—V,541(s)) V 0 < 0 (as we have
shown V7, () < V,41(t) for all t > 0), then we get

Ac(t) < /0( 1 (Vig1(s) = @ n+1<5)))d5- (3.6.19)

Using the classical calculus (integration by parts) and also recalling that ¢}, ,(z) :=

¢n+1(x) + € gives that

(Ac(1)* < 2/0 A:(5) (841 (Vipa () = Gnrr (Vira(s))) ds

=2 [ M) (BraVEa (o) = G Vi ()ds 22 [ Aclo)ds

Since V7, (t) < Vy41(t) forall t > 0 and ¢,,41 is a non-decreasing function, and also

by definition A.(s) > 0, we obtain that

/0 (s )<¢n+l ( V(s )) Gnr1 (Vg (s ))) ds < 0.

After these observations, we get
0
2<% / A (s)ds Sl 0,

or equivalently,

0 < lim(A(t <2hm£/ A(
el0 el0

which implies that lim.jo A () = lim.yo(V,41(t) — Vi1 (t)) = 0. Hence, we con-

clude that
=limV?¢ <
lim Vo (¢) = Hm Vo, () < lim Va(2),
which completes the proof. 0

In the next proposition, we prove the existence of a solution to the SDE in Eq.
with a general rate function ¢ satisfying Assumption We shall show existence by
proving uniform convergence on compact sets of a sequence of reflected m,,-multi-
refracted Lévy processes (V},),,>1 defined by the approximating sequence of rate func-

tions (¢, )n>1 to the solution V' of Eq. (3.6.18) with corresponding rate function ¢.

For the proof of existence of a solution, we need the following lemma.
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Lemma 65 (Gronwall’s Lemma [10]). Let f,g : [0,a] — [0, 00) be continuous and

let c be a non-negative constant. If

f) < c—l—/otg(s)f(s)ds, 0<t<a,

then t
f(t) < cexp/ g(s)ds, 0<t<a.
0

Moreover, for proof of the following proposition, we introduce the notations below

X(t) := sup X(s) and X(¢):= inf X(s),

0<s<t 0<s<t
for any ¢ > 0 and we assume that ¢ is continuously differentiable since its statement

¢ = ¢y is proved.

Proposition 66. Suppose that the locally Lipschitz continous rate function ¢ satis-
fies Assumption Then, there exists a solution V (t) to the SDE given in Eq. (3.6.18)).
Moreover, the sequence V,,(t) for each n > 1 converges uniformly to V (t) a.s. on

compact time intervals.

Proof. We prove existence of the solution to SDE by demonstrating uniform conver-
gence of the sequence (V},),,>1 on compact sets to a solution of V' with the corre-

sponding rate function ¢.

Let (¢,)n>1 be the non-decreasing approximating sequence for ¢. For each n > 1,
we consider V, is a solution to the following equation
Va(t) = X(t) + sup (—Vi(s)) VO — /t On(Va(s))ds, t>0.
0<s<t 0
Recall that by Lemma [64] we have ¢ (z) < ¢o(z) < ... < ¢(z) forall z € R, and
Vi(t) > Va(t) > .. .. Now, fix an arbitrary 7' > 0, it follows that

0<s<t

Vo(t) = X(t) + sup (=V,(s)) VO — /0 On(Via(s))ds
V0

IN

X(t) + sup (—X(s))

0<s<t

< [R(T)[+ sup (~X(5)) V0
< ‘Y(T)|+ sup (—X(s)) V0, 0<t<T,

0<s<T
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as supy<,<;(—X(s)) is right-continuous and non-decreasing. Then, we have
Vo (t) < |X(T)|+ sup (—X(s)) VO+o(|X(T)|+ sup (—X(s))VO0)T,
0<s<T 0<s<T
where the last term artificially added in the above equation makes the upper bound of

V,.(t) in such form that will be used in the next step of the proof.

On the other hand, since ¢(z) > 0 for all x € R,
T
Va(t) > X () + sup (—Vi(s)) vV 0 — / S(IT(T)|+ sup (~X(s)) v 0)ds
0<s<t 0 0<s<T

= X(t) + sup (=Vu(s)) VO — ¢(|X(T)|+ sup (—X(s)) VO0)T.

0<s<t 0<s<T

By the fact that sup< ., (—Vy(s)) V 0 > supgc (=X (s)) V 0, we get
Vi(t) = X(t) + sup (=X (s)) VO —o(|X(T)|+ sup (—X(s))v0)T
0<s<t 0<s<T

> X(t) — sup (=X(s)) VO —o(|X(T)|+ sup (—X(s))vVO)T

o 0<s<T 0<s<T

> —|X(T)| = sup (—X(s))VO-— ¢(‘Y(T)|+ sup (—X(s)) Vv 0)T,

0<s<T 0<s<T

for0 <t <T.

Hence,

Valt)] < ([X(@)] v |X(T)]) + sup (~X(s) V0

0<s<T

+o(|X(T) |+ sup (—=X(5))V0)T := K.

0<s<T

forn>1land 0 <t <T.

Since the sequence n +— V,, is non-increasing by Lemma (64| and bounded below,
we can define V' (t) := lim, o V,,(¢) (pointwise using by monotone convergence
theorem). Further, by the uniform convergence of ¢, — ¢ on compact sets and

pointwise convergence of V,, — V, we have ¢,(V,,) — ¢(V') pointwise.

To show uniform convergence of V,, to V' on compact time intervals, we consider

Vo(t) = V(t) = X(t) + sup (—=V,(s)) VO — /Ot On(Via(s))ds

0<s<t

~(X(®) + sup (—V(s))VO—/O o(V(5))ds)

0<s<t
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= sup (—=V,(s)) VO — sup (=V(s)) VO

0<s<t 0<s<t

n / (6(V(5)) — a(Va(s)))ds
< / (6(V(5)) — dul(Va(s)))ds,

since by monotonicity of (V,),>1 (see Lemmal64) and ¢(-) > 0, we obtain for each
n>1,
sup (—=V,(s)) VO — sup (=V(s)) V0 <0.

0<s<t 0<s<t
Then, we have

Va(t) - V(1) < / 6(V W (Va(s))[ds
- /0\¢<v<s>>i V() = 6a(Va(s))|ds

Using triangular inequality gives that

V)= V01 < [ 160760 = oD+ [ Jotvas) = ouVats)ls

Then, by the assumption of ¢ is a locally Lipschitz function, we have

t
Valt) = V(D) < Li / V(s) = Valo)lds + [ [o(Va(s)) = on(Vals)]ds,
0
where [ := [— Kp, K| for the Kt defined above. Then, by using Mean Value Theo-
rem, we obtain for 0 < ¢ < T,
T
V) = VO < Lo [ 1V06) = Val)lds + [ suplo(s) = on(s) s
0 se

= L[/ (V(s) = Vau(s)|ds + Tsuga’gb(s) — dn(s)|.
0 s€
Thus, using Gronwall’s Inequality (in Lemma [63) gives that

Vo(£) = V(1) < Tsup|o(s) — d(s)]e"r Jo 19 = ngow( — u(s))] e,

sel

which implies that

sup [V (1) = V(O < Tsuplo(s) = ,(s)|e".

0<t<T

Then, taking limit of both side when n — oo, we have

lim sup |V,(t) — V(t)| < Te"" lim sup}gb — dn(s)|-

n—oo 0<t<T n—o0 sel
Since lim,, ., ¢, = ¢ uniformly a.s., we conclude that V,,(¢) converges uniformly to

V (t) a.s. on compact time intervals. O
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Next, we derive an explicit expression for resolvent measure of reflected level-dependent
Lévy processes. To do this, we first give an preliminary result, which follows verba-

tim from [31]].

Lemma 67. Let V(t) = supyc,, V(s). For each x,a € R, the reflected level-

dependent Lévy process with associated rate function ¢ satisfies P,(V(t) = a) =0

for Lebesgue almost every t > (.

The following theorem explains that the resolvent of level-dependent Lévy processes
reflected at its infimum which is killed on exiting [0,a]. We first define the first
passage time for the reflected level-dependent Lévy process exits above a level a € R
as

K, =inf{t >0:V, > a}, for a > 0. (3.6.20)

Theorem 68 (Resolvent of Reflected Level-Dependent at Infimum). For ¢ > 0, x <

a, and a Borel set B on [0, a) we have

Ko 29 (z)
—qt - | = -1 (W@ (g — W@ (-
Ex |:/0 € 1(Vt€‘3)dt:l - /% H(ﬁ(y) <W ((I, y) 7.(q) (CL) W (l‘) y)) dy7
(3.6.21)
where W (x; ) and 7.9 (x) are given in Eq. and Eq. respectively.

Proof. Consider an approximating sequence (¢,,),>; for the rate function ¢ of the
reflected level-dependent Lévy process. We also define corresponding sequence of
non-increasing reflected multi-refracted Lévy process (V},),>0. Then, by Proposi-
tion it is proven that the sequence (V/,),>o converges uniformly on compact sets
toV.

Let V,(t) := supg<,<; Vin(s) and V(t) := supy<,<, V (s) and note that by triangular

inequality we have

in almost sure sense.
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Now, by using Lemma for each ¢t > 0, the sequence (V},),>1 is non-increasing,
then we have for a,y > 0
V() za} = {Vat) 2a} and {V(t) 2y} =) {Valt) = y}.
n>1 n>1

This tells us for any z € R, and ¢ > 0,

P (V(t) >y, V(t) (ﬂ Val®) 29,V )za})
= n]1_>r1010 P, (Vn(t) > y,vn(t) = a).

Then, by Lemma (67, we have that P, (V' (t) = a) = 0 for Lebesgue almost every
t > 0, which implies that

Po(V(t) 2y, V(1) <a) =P (V(t) 2 y) = Po(V(t) 2y, V(t) > a)
n(t

= lim P, (V,(¢) > y,Va(t) < a).

n—oo

Thus, by Dominated Convergence Theorem we obtain that

T oo —
lim E, [/ e "Ly >y}dt} = lim e P, (Va(t) >y, V,u(t) < a)dt

— / h e P, (V(t) >y, V(t) <a)dt

Ka
=E, [ /0 e_qtl{vu)zy}df] :

Recalling Eq. (3.6.11)) gives that

Ka
E, [ /0 e_qtl{va»y}dﬂ

7Ot
= lim E, [ /0 eiqtl{Vn(t)Zy}dt}

n—oo
Z%Q)
= lim E%(z)_l(Wgﬁ)(a; 2) ( )(3:) — W@ (x;z))dz.

Then, by using the fact the scale functions W and Z¥ converges to W and
79 as given Remark [54] (also see Theorem 27 in [13]) and by the assumption of

lim,, .o ¢, = ¢ uniformly a.s., we conclude that

Ka Z(‘ﬂ(x)
—qt — = (9) — W@ (-
E, [/0 e 1{V(t)2y}dt] /[ym} o(2)” (W (a; Z)Z( 7(a) W (x; z))dz,

which completes the proof. [
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Theorem 69 (One-sided exit for reflected level-dependent SNLP). For x < a and

q > 0, we have
7,2 ()
Z@(a)’

B, e 11, <00)| = (3.6.22)

Proof. In this proof, one obtains that

E, e‘qK“1<Ka<oo>] =1 —Q/ e P, (V(t) € [0,a),t < K,)dt
0

— lim (1 _ q/ e P, (Vo(t) € [0,a),t < TZ’*)dt)
0

n—o0

o 20@) _ Z9()
(Tr‘f‘+<00)] i ZLQ)(a) - Z\9D(a)’

) et
= lim E, [e T’ q
n—oo

by noting that in the last line, we use Remark [54]to conclude the proof. [

We provide the following remark which will be used in Section

Remark 70. Note that for the case of ¢ = 0, density of resolvent for level-dependent
Lévy process reflected at its infimum is equal to Z4(y) " (W(a;y) — W(x;y)) since
ZO)(z) = Z(x) = 1. It is not obvious to see why Z(zx) = 1 in Eq. (3.5.3), but
since Zn,(x) given in Eq. when q = 0 converges to Z(x), then we directly get
Z(x) = 1

3.7 Fluctuations of Omega-Killed Level-Dependent Spectrally Lévy Processes

Previously, we addressed the essential background related to fluctuation identities for
the spectrally negative Lévy processes in terms of scale functions. Further extensions
(see [, 18} 126]]) to the classical Lévy process can be done by considering w-killing in
which the process is killed with intensity rate function w(x) depending on the level of
process. The fluctuation identities of w-killed spectrally Lévy process is well-studied
in [26] which is an outstanding generalization of the classical case with an arbitrary
non-negative locally bounded measurable function w(x). They obtain a suite of w-
killed fluctuation identities such as one and two-sided exit problems and one-sided

reflected exit identities and their corresponding resolvents.

Let w : R — R* be a non-negative, locally bounded measurable function and X;

is a spectrally negative Lévy process which is killed exponentially with rate/inten-

92



sity depending on the present level of the process. For such killing feature we use
"w-killing", which could be interpreted as a (level-dependent) Laplace argument, a
discount factor, a bankruptcy rate or weight of occupation time in different context.
The fluctuation theory for w-killed spectrally negative Lévy processes are character-
ized in terms of a new generalization of scale functions namely w-scale functions

in [26].

In this subsection, we develop fluctuation theory for w-killed level-dependent spec-
trally negative Lévy process by introducing a new family of scale functions, namely

w-killed level-dependent scale functions.

3.7.1 Omega-Killed Level-Dependent Scale Functions

In this study, we introduce a suite of fluctuation identities for w-killed level-dependent
Lévy processes such as one and two-sided exit problems and their resolvents in the
pursuit of the studies related to w-killed spectrally negative Lévy processes intro-
duced in [26] and level-dependent Lévy processes introduced in [[13] (reviewed also
in Section [3.3). In order to express these identities, we develop a new family of scale

functions.

Given the previous results, our main aim is to analyze the general version of level-
dependent (analogously multi-refracted) Lévy processes so-called w-killed level de-
pendent Lévy process, which are exponentially killed with intensity depends upon the
present state of the process. As mentioned before and seen in [12, 26], omega-killing
covers to the idea of level (state) dependent Laplace argument of a level-dependent
Lévy process with general rate function ¢ which can be seen as a function changing

the drift of the w-killed process according to its level.

Recall from Eq. (3.5.1)) that level-dependent Lévy process {U; : ¢t > 0} is solution to
stochastic differential equation (SDE) given as

dUt == dXt - ¢(Ut)dt,

where X is a spectrally negative Lévy process and general rate function ¢(-) satisfies
the Assumption [63] Note that as discussed in the previous section by Theorem 48]

the above SDE has a unique strong solution.
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Remark 71. Note that by Lemma 3 in [13|], for multi-refracted case unique solu-
tion of SDE has strong Markov property. Since SDE for general rate function ¢
converges uniformly almost surely on compact time intervals, one can conclude that
strong Markov property is satisfied for the unique solution to SDE for general case as

well.

All fluctuation identities derived below are based on a new family of scale functions,
{w«)(x), z € R} and {2z (z), x € R}, which we call as w-killed level-dependent

scale functions, are defined as the unique solutions to the following integral equations
W (z,y) = WD (2;y) +/ WD (25 2)24(2) " (w(z) — )W (2,y)dz, (3.7.1)
Yy
Z29) (z,y) = 29 (x;9) —i—/ WD (25 2)Z4(2) " (w(z) — ¢) 2% (2,y)dz, (3.7.2)
Yy

where W@ (z;y), Z9 (z; y) and () are given in Egs.(3.5.8)) — (3.5.9) respectively,
and Eq. (3.5.6) with W« (y,y) = W@(0) and z“)(y,y) = 1. When y = 0 and

q = 0, we denote W) (x,0) := W« (z) and 2¢)(x,0) := z«)(x) and the above

equations are reduced to
W (z) = / W(zsy)Zs(y) ' wy) W (y)dy,  (3.7.3)

2 (z) =1+ / W (3 9)Z6(y) " w(y) 2 (y)dy, (3.74)
since Z(x;0) = Z(z) = 1.
In the remaining of the study, we shall use extensively integral equations of the form

in Egs. (3.7.1) — (3.7.4). The existence and uniqueness of a solution of such integral

equations is given by the proposition below. The existence and uniqueness of the so-

lutions to Eqs. (3.7.1) — (3.7.2)) and consequently to Egs. (3.7.3) — (3.7.4) are assured
by the following proposition. Note that Eqgs. (3.7.3) — (3.7.4) are the special case of

Egs. (3.7.1) — (3.7.2) fory = 0 and ¢ = 0.

Proposition 72. Let h(z,y) be a locally bounded function on R* and w(-) is a locally

bounded function on R. The following equation
HY(2,y) = h(z,y) + / W@ (25 2)Z4(2) (w(z) — ) HY (2,9)dz,  (3.7.5)
y

admits a unique locally bounded solution on R? satisfying H“)(x,y) = h(z,y) for
z <.
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Proof. We start with existence of the solution. Notice that W9 (z, y) is well-defined
(see Eq. (3.7.10)) and satisfies Eq. (3.7.1). For any h(z,y), we define

HY (z,y) == h(z,y) + /93 W (2, 2)24(2) Hw(2) — @)h(z,y)dz.  (3.7.6)

Let x > y, based on the above equation, we have

/ WO (12)2,(2) " () — )bz, )2
/ WD (2; 2)Z4(2) " (w(z) — g / W (2,u)Z4(u) " (w(u) — q)h(u, y)dudz

Yy

o / WD (33.2)2,(2) 7 (w(z) — Q)W (2, 0)Eo () () — a)(u, y)dudz.
Yy Yy

Using Fubini’s Theorem, the above equation becomes

[ WO 920 ) - h e
/ | WO @200 ) - D wZe(0) () - b et
= [ WO 20 () - A e

+/ Zp(w) " (w(u) — @)h(u,y / W (23 2)24(2) 7 Hw(2) — )WY (2, u)dzdu.
y

Using Eq. (3.7.1)), the above equation yields to

/ff W(q)(x; Z)EQL,(,Z)*I(LU(Z) —q)h(z,y)dz



after using Eq. (3.7.6), which completes the proof of existence of W@ (x, y).

Furthermore, in order to show the uniqueness of Eq. (3.7.5) suppose that there exist
two solutions H\*) and H\*), then H® = H*) — H* is solution to

|H) (z,y)| = / W (2;2)Z(2) M w(z) — gl [HY (2, y)|dz.
Yy

Then, by using the Gronwall’s Lemma (see Lemma [65]), for a non-negative function

9(2) = WD (z; 2)Z4(2) " w(z) — ¢| we conclude that

|H) (z,y)| < 0 x ely 93142
and thus H®@ (z,y) = 0. O
The next proposition can be used to show the Volterra equations Egs. (3.7.1) —
are true. Consider the general version of Egs. (3.7.3) — (3.7.4),

pw) (x,y) = W(x;y) + /gC W (z; z)E¢(z)—1w(Z) ‘I/I/(W)(z7 y)dz, (3.7.7)
Yy
Z("J)(m’y) =1+ /f"’ W(z;y)E(b(z)—lw(z)Z(W)(z,y)dz.
Yy

Proposition 73. Let (WY, 1)) and (W«2), z(#2)) be some generalised auxiliary
functions with respect to w(-) > 0 and ws(+) > 0, respectively. Then, for x, y € R,

W (2, y) — W (z,y) = /m W (2, 2)2(2) 7 (wi(2) — wa(2)) W (2, y)dz,

24(2,y) — 24 (,y) = /m Z9(2,2)24(2) 7 (wi(2) — wa(2)) 247 (2, y)d.

Proof. Using Eq. (3.7.6), the Volterra equation for W) (2, %) has solution of the

form
W a,y) = Wiasy) + [ W0, 2)20(2) Tl W zs0)d
Y

Applying the above equation in the first and third line below and Eq. (3.7.7)) in second

line below, we have
/‘W(“’l)(x,Z)E¢(z)_1w2(z)‘7/l/(w2)(z,y)dz

/ (23 2) /wwﬂxu (1) 1(u)W(u;z)du]

X Eg(2) wal2) W (2, y)dz
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/ WD ()2 () oo ) [ W) 1, ) — W (s )]
= W) (g, y) — W) (z,y) + /R ‘W(“l)(:c,z)Ed,(z)’lwl(z)W(“?)(z,y)dz,

which proves the first equation of the proposition. The second equation can be proved

similarly. ]

Using Proposition [73|and repeating the reasoning of Proposition 2 in [27], Eq. (3.7.1])
follows immediately. Same line of logic can be used to show Eq. (3.7.2)).

3.7.2 Two-Sided Exit Problems and One-Sided Downwards Problem

In this subsection, we derive fluctuation identities in terms of w-killed level-dependent

scale functions defined in the previous subsection.

Let w : R — R* be a (locally) bounded, non-negative measurable function and first

passage stopping times given in Eq. (3.5.10), i.e.

ki =inf{t>0:U; >z} and k, :=inf{t>0:U; <z}

xT

In the following theorems we analyze the two-sided exit above and below by extend-

ing the arguments in [26] for a level-dependent Lévy process.

Theorem 74 (Two-Sided Exit Problem Above). For 0 < x < a, we have

W) (1)

(i <) | = ) (q)’ (378)

,Ql(x’ a) =E, [e_ foﬁz_ w(Uy)dt

where W\9(-) is solution to Eq. :

Proof. For v < 0, it is straightforward since W“)(x) = W(x) = 0. For x > 0,
applying strong Markov property [see Lemma 3 in [[13]]] and using the fact that U has

no positive jumps gives that

[ fO Uz)dtl — E |: fo dtl(ﬁ <,$ ):| EU +|: fo Uz)dtl(

(Iia <Kg )] K <Kg )]

+
— [TV w(Uy)d w(U)d
= B [e ol tl(@maJEy[ ~Jg? v tl(na<no>}’
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or equivalently by using the definition 4(z, -), we get

A(x,a) = A(x,y)A(y,a), forall 0<z<y<a. (3.7.9)
Now, we define £ = {E;, t > 0} to be a Poisson point process with measure
n(dt x de) = Adt x F(dx). Thatis F = {(T;, M;), i = 1,2,...} is a marked
Poisson process with intensity A at jump epochs 7; and (independent) marks M.

Further, let
Ny :=#{i: (T;, M;) € A},

is the number of pairs (times and marks) in the set of A.
Under the above set up
P(N, = 0) = oA — o= [y MtxF(de)
Next, for a stopping time ", we define the event of A to be of the form
={T; <k}, M; <w(Ur,) fori=1,2...},

and thus using the above arguments, we have that

Pa:(NA = O’ /{2_ < Ka) [ fO fo i) )\thF(da:)l it <) ’ T1:|
Now, considering that M; ~Unif(0, \), i.e. F(dz) = § with w(-) < A, the above
equation becomes
Px(NA =0, H;r < /15) |: fo “(o) dtl(na §<ry ):| - /‘Zl(:C, CL).

Based on the above, the crucial observation is that
A(z,a) = P, (#:{M; < w(Ur,) forall T; < xf and {k} < kg}} =0).

In this case, either there is no 7; which occurs before reaching level a or a jump at

time 7 occurs and the process renews. Hence,
Az, 0) = B, [Py (#:{M; < w(Uz,) forall T, < kF and k5 < 15} =0 ) )]

E [1(T1>Hcf)1(/ij<ma)] + ]EJ»‘ [’q(UTlv a)]‘(T1<f$[f/\na, M1>w(UT1))}
=E.[1+ t oy Pa(Th > k)] + E, [ﬂ(UTua)l(TKH;MO—,M1>w(UT1))}
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= Eu[1 ey (1 = Pu(Th < K7))]

+ Ex [”ZI(UU a)l(t<n;r/\na, M, >w(Ut)):| ]P)ﬂﬂ(Tl S dt)

kg = -
— ]EZ‘ |:€ 1(&;<H6)] + /0 ]Ex [’q(Utaa)l(t<na+/\/€6,M1>w(Ut))j| Ae tdt

Using Eq. (3.5.T1), we immediately have

W (2) R
A) + / Ae AtEx [’q(Uh a)]‘(t<ni/\n7, M1>w(Ut))} dt
(a) 0 0

A(x,a) =

where the last integral is the resolvent of the process U killed on exiting the interval

[0, a] given in Eq. (3.5.14). Thus, substituting Eq. (3.5.14) for d = 0 in the above

equation, it yields to

W (z)
A(x,a) = —W(’\)(a)
e O (2
+ [ O wtatn =) (G W @) — WO i) dy
O (z a
= XVN)EQ; (1+ /0 (A= w()Aly, 0)Z6(y) W (0 y)dy )

- /og[:(A —w(®)Aly, a)Ze(y) W (25y)dy,

By using Eq. (3.7.9), the above equation becomes

W (z)

A(w.0) = g (1+ [ = ()40 0)Zsl0) W )y

- [ 0= e 2 Zol) WO i)y,
0
Rearranging the above equation yields to

Ao (1t [ Al )( = wln)Zo) W )y

- W) ()

— s (1 | 00 = )=o) WO wsn)dy).
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Then, we define

W () = WO () (1+ / (. 2) (A1) Zole) WO (@ y)dy) . (B7.10)

however, since 4(x, a) does not depend on A\, we may write the above equation by

taking A = 0, thus we have that

ate.a) (1 [ Al 2)e)Za0) Wi 0))

Defining

-1

WO o) = W) (1= [ Al e)owZaw) Wisindy)
0
and substituting 4(y, z) = W (y)/ W« (x), then we obtain the required w-killed

level-dependent scale function given in Eq. (3.7.3). [

Taking the limits of the two-sided exit above given in Theorem [/4/as a — oo we
derive the one-sided exit problem for w-killed level-dependent Lévy process. For

this, we need first the following lemma.

Lemma 75. (Monotonocity) The scale function W9 defined in Eq. is an in-

creasing function for x > Q.

Proof. The monotonocity follows directly from the definition. For any = > vy, by

using Eq. (3.7.3)) we obtain

W (z) — W (y) = / W (x; 2)Z4(2) w(z) W™ (2)dz

/ W (x; 2)Z4(2) w(z) W™ (2)dz > 0,

since W(+) is monotonic function by Lemma 10 in [13]]. O
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Corollary 76. Let aq(oo)-1 = lim, o W) (a)~! exists and finite. Then, for all

x > 0, we have

|: fO Ut dtl( o —OO) == a/‘]/t/(oo)*l ‘W(w)(a’))

Proof. The proof of this corollary is trivial since it is the limiting case of Theorem
as a — oo. However, we discuss the finiteness of lim,_, . ‘W(w)(a)*l. The limit is

well-defined and finite, since W) (a) is the monotonic function of a by Lemma
O]

In the next theorem, we derive identities for the resolvent of w-killed level-dependent
SNLP before exiting from some interval. To do this we recall that for a Markov pro-
cess Z = {Z;,t > 0} with killing time ¢, and f a non-negative bounded continuous
function on R such that fo oLf (Zi)1e<y]dt < oo, w-type resolvent, K ), is given
by

Zﬂ@f@):i/ Q) f(x)dt, WM1(%@f@):ﬂ&Lfﬁw@”“ﬂZghko.
0
Then, (see Lemma 4.1 in [26]) K“) f(z) is finite and satisfies the following equation

KW f(x)=K9(f —wK“f)(z). (3.7.11)

We point out that we choose similar approach as in [26], i.e. using the w-type re-
solvent identity in Eq. (3.7.11), which is significantly simpler than the corresponding

arguments in [13].

Theorem 77 (Resolvent of w-killed level-dependent). For x,y € [0, a], we have

U (z,dy) == /0 . le = Jo w( ds]-(Utedy pcns Ma)}d
W (z)
== 1\ gpw) _ (w)
%@)<%mmww (a,y) = W (w,y)dy, (712

where W (-, -) is solution to Eq. forq=0.

Proof. Let f is non-negative bounded continuous function, we define

W f(e)i= [ B[ e et

101



Then, by using Eq. (3.7.11) for ¢ = kg A Kk, we have
Wfe) = [T QP = KOS(0)
= KO(f — w()K@ f)(2)
= [ B[00 = 0K FO) g |
- |k [(f(Ut)—w(Ut) 9 F(U0) Ly ety |
/ / () U f(y)P(Us € dy, t < kg Ary)dt
= [ ()~ e u 1) [P € dy. v <y nnpa

where the last integral in the above equation is the resolvent measure of level-dependent
Lévy process killed on exiting the interval [0, a] which is known by Eq. (3.5.14) with
d =0 and g = 0. Hence,
w A » > 1/ W(x
) f(a) = / (7)) £(0))Eal) (g Wasw) — Wi )y
0
! 1 W(a;y)
= U f(y))Ep(y) ' ——2d
/ (f(y) —w@) U f(y))=s(y) W(a)

— [ W nZa) ity + [ W Za) ) u )
where the limits of the last integral follow from the fact that W(z;y) = 0 for y > =.
Defining

W(a;y)

v = [ () = () £)Zol) 7

the above equation becomes
U f(z) = agW(z / W(z;9)Z4(y) " f(y)dy

+ [ W Ea) ) f)d. (113

Now, we define the operator

/ fly )W) (z,y)dy, >0, (3.7.14)

with ® @) f(x) = 0 for z < 0. Then, by recalling the (general version) w-killed
level-dependent scale function W) (z,y) given in Eq. (3.7.1) for ¢ = 0, we obtain

R f( / F () Ea(y) Wiz y)dy
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/ [ R W E ) ) e
PRSI EE
/ W(z; 2)w / fly ) L) (2, y)dydz
= | Hzat) Wiy + / Wi(a: 2)Bs(2) w(2)R ) f(2)dz,
or equivalently we write
0= [ WanE i+ [ WS R 50,
(3.7.15)

which proves that the operator ® () f () uniquely defines a renewal-type equation.

Further, using Eq. and Eq. (3.7.15)), we have that
0, W9 () - R f(2) = o (W(z) + / xw<x;y>w<y>z¢<y>1w<w><y>dy)
/ W(;9)Z4(y) " fy)dy — / W(z; y)w(y)Ze(y) 'R f(y)dy
= ayW(z / W(z;9)Es(y) " fy)dy
+ [ Wl Za(0) oW ) = 2 )]y

Since the form of the above equation is same with Eq. (3.7.13]), and also using Propo-
sition [/2] gives that both renewal equations are uniquely defined, we then conclude

that
U f(z) = ap W (2) — R f(2), (3.7.16)
with boundary condition 71“) f (a) = 0 since the resolvent measure of level-dependent

Lévy process killed on exiting [0, a] given in Eq. (3.5.14) is zero. Thus, employing

the boundary condition, we find the constant a;/, given by

R f(a) _ Jo FW)Ze(y)” ' W (a, y)dy
W (a) e '
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Now substituting the above form of a;; into Eq. (3.7.16)), we obtain that

%0 @ (g
W fw) = [ 1020 () — W ey G217

Finally, by definition of 1) f(z)
ﬂ(w)f(x) = / Ex |:f(Ut) fO dsl(t<,{0 /\H;;)i| dt
0
= / fy) / [ ~Jow () dsl(Utedy, t<n3/\m+)} dt

/f , dy),

and comparing the above equation with Eq. (3.7.17) gives the required identity by
denoting density of U f(z) as 1) (z, dy). O

Now, using Theorem |77} we obtain the following identity for the two-sided exit from
below.
Theorem 78 (Two-Sided Exit Problem Below). For x < a, we have

W) (z)
W (a)

where W) (-) and z\*)(-) are given in Eq. and Eq. , respectively.

B(z,a) = Ex[ ~Jy® wv) i <K+)} = 2@)(z) Z9(), (37.18)

Proof. First note that recalling the definition of Z)(z) and using Proposition (72} we

have that
x)=1+/ W (z,2)Z4(2) w(z)dz. (3.7.19)
0
Further, using Eq. (3.7.17), it yields that
a W) (z)
(w) _ = -1 (w) _ qw)
wule) = [ w2 (S W ) = W wy) )y
W) ()
7 A0 () — 1) — (2@ () —
= W) (2“(a) — 1) = (2¥(2) — 1),

where the last equation follows from Eq. (3.7.19). On the other hand, using Theorem
noticing that

:Ex[ /0 s w(U)e Jo wUs) det}
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:]Ez[—/OKOMG ( ~flw Usds)]

kT ART
—E, [—e*fof’ RCCOL eo] =1- Ex[ o

0 /\nj

(Us)ds:|

I o f Us ds _ —f (Us)ds
1 |: 0 1(’{(1 <’L€O )] E:E |:6 0 1(50 <Fi;—):|

W (z)
=1 W(w—)(a) — @(flﬁ,a),
and combining the above two equations, the result follows. O

Remark 79. We point out that by considering the Egs. (3.7.1) — (3.7.2), when we

choose w(x) = q the two-sided exit from above and below given in Theorem
and Theorem [78| turn out to be the two-sided exit identities of level-dependent Lévy

processes with general rate function ¢(-) (see Theorem 31 in [13]).

Now, by applying Theorem [74] and Theorem [78] and shifting arguments, we obtain
the exit identities for and interval [y, z]. The remark above allows us to present the

following corollary.

Corollary 80. Fory <z < z

W (z,y)
~ f wwoar ==
E.[e % Lt <] = oo el (3.7.20)
W (z, y)
w(Uz)dt (w) ) (w)
N N ey 2 372D

where W) (x,y) and ) (x, 1) are defined in Eq. and Eq. respectively
forq = 0.

3.7.3 One-Sided Upwards Exit Problem and Its Resolvent

To solve one-sided upwards exit problem, we additionally assume that
w(z)=p, forall x<0, (3.7.22)

and we define the function #“)(z) on R satisfying the following integral equation
H (x) = u) () + / W (2;9)Z6(y) (w(y) —p)H @ (y)dy.  (3.7.23)
0
where uP) (z) = lim,_,, W () g given by Theorem

W) (y)
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Theorem 81. Assume that Eq. holds. Then, for x < a,

gf (W) (m)
f w(Us)ds ] —
[ o Lt <on)| = 70 @’ (3.7.24)

and the corresponding resolvent for x,y < a,

> — [T w(Us)ds
X(w)(x,dy) ::/O E, [e Jow(Us)d 1(Utedy,t<ni)]dt

(@)
SO }[ME"Z; W (a.y) = W(a,y))dy,  (37.25)

where H%) () is given in Eq. (3.7.23).

Proof. For the one-sided exit upwards problem, we first shift the level below from 0
to — and then we take limit as v — oo. Therefore, we employ the following (more
general) w-killed level-dependent scale function by recalling Eq. (3.7.1)), fory = —v
Wz, ) = WOz =) + [ WO e )Za(0) " wly) = )Wy, ~1)dy,
-

which can be rewritten as
Wz, ) = WOz ) + | WO (asy)Za(0) (0) = D)W =)y
0
(3.7.26)

after adjusting the limits in the integral as y € [+, 0], w(xz) = p and thus the term

w(x) — pis equal to zero.
Now, recalling from Corollary (80| that

AT } _
[ 0 l(fia <K ’Y) W(w) (a’ _’Y) 9

and taking the limit as v — oo, we get that

: - fore w(U )dt
L R e

W) (z, —)

+)d : )

[ fo tl(,i Feo)| = lim T
y—=oo W) (a, —7)

Hence, it suffices to prove that

W (z, —y)  H(x)
lim = .
~y—00 ‘I/V(w)(a —fy) _‘]—[(w)(a)

(3.7.27)

In order to show this, from Corollary [80] we have

[ — [ w(Uy) ytq _ W (0, —)
(nd <K_.) W) (z, —v)’
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or equivalently,

W (3, —) = W (0, —  JE U !
,—) = W0, —)(Ele Lt cn ) ) (3.7.28)

Y
Hence, the limit of the above equation should be identified. To calculate this limit,
by employing general scale function given in Eq. (3.7.26), we observe that for = €

[—7, 0], the integral vanishes thus we have
W (2, —y) = W (; —).

Then, multiplying both sides of the above equation with 1/W ®)(~y) and taking limit
as 7 — oo by using Eq. (3.5.13) gives that

@ (g, — ®) (g —
i W =) o W )

y=oo  WP)(y) y=oo  WP)(y)
and for x = 0, it yields that

— ulP (),

W) (o —

oo W) () (0)=1.

Moreover, since the expectation in Eq. (3.7.28)) is (monotone) increasing with respect

to 7y, and the limit is well defined and finite for z > —~, which gives

W (z, =) i ~
0 U _ — w(Ut)dt
A I (E[e ’ 1(@*«»)]) ‘

Finally, defining
W (z, —)
@ () = i ’
A ) = 1 ey oy

completes the first part of the theorem, i.e. proof of Eq. (3.7.27).

Furthermore, we show that the above-defined #(“)(z) satisfies Eq. (3.7.23) by multi-
plying Eq. (3.7.26) with 1/WW)() and taking limit as v — oo

y—00 W(p) (/y) B y—00 W(p) (fy)

n / WO ;)20 () (wly) — p) lim

by using in the last line dominated convergence theorem, we obtain the required equa-

tion defined in Eq. (3.7.23).

Finally, to prove the resolvent identity in Eq. (3.7.25)), recalling Eq. (3.7.12)) and shift-

ing to —v, we have that
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o0 t
— [ w(Us)ds
/0 Ex [6 fo (U:) 1(Ut6dy, t<f$:7/\:‘f;r)] dt

o -1 W(w)(xv_ )
= Z4(y) (m

and taking limit of the both sides as v — oo of the above equation and using Eq. (3.7.27)

W (a,y) = W (z.y) ) dy.

yields to required result. 0

Remark 82. Note that #H“)(x) = u)(x) for x < 0 due to (the assumption given

in) Eq. (3.7.22)). In this case, Eq. simply implies to one-sided upwards prob-
lem for the level-dependent Lévy processes (see Theorem 3.2(ii) in [lI3]).

3.7.4 Reflected Omega-Killed Level-Dependent Spectrally Negative Lévy Pro-

cesses

In this subsection, we derive exit times and resolvents of w-killed level-dependent
Lévy process reflected at its infimum. In Section [3.6.2] we define reflected level-

dependent Lévy processes with a general ¢ as

t
Vi=Xi+ R — / o(Vs)ds,
0

where Ry := supgc,<;(—Vs) V0 = (—info<s<,(V5)) V 0. Then, we obtained the exit

identities of such processes.

In the literature, exit identities for the reflected spectrally negative Lévy processes is
studied in [4} [32] by using combination of excursion theory, It6 calculus and martin-
gale property of the scale functions and in [[14]] by using directly excursion theory. For
w-killed spectrally negative Lévy processes, all the identities for reflected processes

are generalized to w-killed version in [26] by using Eq. (3.7.11]).

Now, we present one-sided exit problem for the w-killed level-dependent Lévy pro-
cess reflected at its infimum and the corresponding resolvent.
Theorem 83 (One-sided exit for reflected at infimum). For 0 < x < a, we have

Kq

Cla,a) =By [ h "M e )] =

: (3.7.29)

where Z\)(-) is defined in Eq. .
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Proof. For all 0 < x <y < z, by applying strong Markov property of V; and using

the fact that V; has no positive jumps, we have

B[00 g0 )] = By [ 7009 e TRy, [ R 000 ]
Y

E )
—F w Vt)dtl E ffOKz w(Vt)dtl
= :Jc[ (Ky<oo)} y[e (Kz<oo)}7
or equivalently by using the definition of C(z, -)

Clz,z) = C(x,y)C(y,z), forall 0<az<y<z (3.7.30)

Moreover, with the similar fashion with proof of Theorem we obtain

1 - C(z,a) —Ez[/o e Jo w(Ve)ds (v;)dt]
_ /OOO B, [w(Vi)e B9 1, e, | at.
Then, by using Eq. with ¢ = K, and f(-) = w(-), we have
- C(o,0) = KO () - w()K () (1) = k(o)
= [ [ )=o) = ctra))Patti € dy, ¢ < K
_/O (w(y) — w(y)(1 - g, a)) /OOOPM € dy, t < K,)dt.

Thus,
C(z,a) =1 —/ w(y)C(y,a)/ P.(V; € dy, t < K,)dt,
0 0

where P,(V; € dy, t < K,) is the resolvent measure of level-dependent Lévy process

reflected at its infimum which is given by Eq. (3.6.21)) when ¢ = 0. Thus, we have
) =1 [l =) (Wiain) — Wiai)dy
=1- /OQW(a;y)5¢(y)‘1w(y)6(y7a)dy
- [ Wz e c.ady
= 1= [ WlaE) )l a)dy
- caa) [ Wan)Zal) el o)

Rearranging the above equation yields to
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C(a,a)[1 - / W y)Ea () wly) Cly, )dy]

—1- / “W(a;)E4(y) ) Cly. a)dy.

Defining
29 (x) = (1 - /0 ) w<x;y)z¢(y)1w(y>c<y,x)dy)‘l, (3.7.31)
gives that
C(z,a) = Ztigi, for 0<z<a.

Replacing C(y, z) by 2“)(y)/ 2z« (z) in Eq. ( m ) produces Eq. (3.7.4), that is
2(z) =1+ / W (o 4)Z0 ) 0) 200,
0
which completes the proof. ]

Theorem 84 (Resolvent of w-killed level-dependent reflected at infimum). For x,y €

0, a], we have

L@z, dy) = / [ —Jo w(V5) d81(vtedy,t<Ka)]dt, (3.7.32)
0

which is a measure absolutely continuous with respect to the Lebesgue measure and

has density

@) (g
(9a,0) = 2ol (S W ) = W)

where Z“)(-) and W« (-,-) are defined in Eq. and Eq. forq =0,

respectively.

Proof. In this proof, we follow the same steps with the proof of Theorem Let f

is a non-negative bounded continuous function, we define
£Of(e) = [ R B
0
Then, using Eq. (3.7.T1)), we have
L@y / QY f(z)dt | r,= KW [()
= KO(f —w( KW )(x)
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o0

E. | (f(Ve) = w(K) K (V) L<rcy |t

o0

I
— — — —

E. | (£(Ve) = w(V £ F (V) Luercy |t

T () - o) L@ f ) BV € dy, ¢ < Kot
= [ (7)) — o) 29 £ () / TPV e dy, t < Kyt
= [ (F) — w)£9 F(0) Zol) ™ (Wias ) — Wiz 9))d,

where the last equality follows from Theorem [68| for ¢ = 0 and also by taking into

account to Remark [70l

Further algebraic manipulations bring the above equation to
£91(@) = [ Wasn)Za6)™ (1) = )£ 10)dy

/ W(a:9)Z0 ()" F (y)dy + / W (3 4)Z0 (y) w0 (y) L) £ () dy.
(3.7.33)

Defining ’
o / W(a; 9)Z0(y) " (F(y) — w ()£ F(y))dy,

and recalling ® “)(z) given in Eq. (3.7.14) which is uniquely defined renewal type of
equation (see Eq. (3.7.15)), we obtain

029w) = %) = an (1+ [ Wla)Zal) )2 )y
/ W(z;y)Z4(y lf(y)dy
- /0 W (;9)Z6(y) " w(y) R (2)dy.

Since the form of the above equation is the same with Eq. (3.7.33)) and by using Propo-

sition [72] we conclude that
LY f(x) = a2 (x) — R (2), (3.7.34)

with boundary condition £“) f(a) = 0, since the resolvent defined in Eq. (3.6.21) is

zero. Then, employing the boundary condition, we find the constant a;, given by

Jo W) (a, )Eqﬁ(y)*lf(y)dy
z«)(a)

arp =
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Now, substituting the above equation into Eq. (3.7.34), we obtain that

29(a)

w) (w) _ (w)

e / fl (Z<w>(a)w (a,y) — W (x,y)>dy. (3.7.35)
Finally, by definition of L) f(x), we have

£95(a) = [ B e B ar
0
_/ (y)/ E, [eifgw(vs)dsl(vtedy,t<Ka)}dt

/ f) ™ (z, y)dy,

and comparing the above equation with Eq. (3.7.35) gives the required identity by
denoting density of £« f(x) as [(“)(z, y)dy. O

3.7.5 Bankruptcy Probability for Omega-Killed Level-Dependent Surplus

In this subsection, we demonstrate one application of previously obtained results to
the omega model by computing bankruptcy probability for an omega-killed level-
dependent Lévy process U with rate function ¢, under the assumption that E(X;) =
Y'(0+) > 0; this implies that the bankruptcy does not happen almost surely. In
the omega model even with a negative surplus of the insurance company is allowed
to continue its business till bankruptcy event occurs, see [[18]. Bankruptcy happens
either in the red zone, i.e. when the surplus process in [—d, 0] and the bankruptcy rate
is a function of the current level, or occur if the surplus process falls below some fixed
level —d < 0. For further details related to the omega model and its applications to

the different processes, we refer to [[12, (18] 26]].

We consider the omega-killed level-dependent Lévy process as the surplus process of

an insurer and wy(x) as the bankruptcy rate function, which is defined as follows

w(r),  xel=d0]
wy(z) = (3.7.36)
0, z € (0, 00).

As seen in the above function, bankruptcy function disappears on the positive half-

line so that bankruptcy does not occur when the surplus is positive. For z < 0, the
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quantity of w(z)dt describes the probability of bankruptcy within an infinitesimal
time units, dt. Then, the bankruptcy probability is defined by

Pla) =1—E,[e fo el _ ]

(124=00

In the following proposition, we present the probability of bankruptcy.

Proposition 85. Assume that x € [—d, ),

(i) IfE(X;) <0, then P(x) = 1 for all x.

(ii) IfE(X;) > 0, and [, ¢(x)W'(x; —d)dx exists, then the bankruptcy probabil-
ity is
P(I) =1 aw(oo,_d)q W(w) (ZE, —d),
where

1
GWeo=d™ = A(Td) + [ A(2)Be(2) w(2) W (2)dz’

with A(z) := ()1( (1+ [ o(y)W (y; —d)dy).

Furthermore, P(x) satisfies the following integral equation
1 —P(x) = awoo,—a)-1 W(x; — / W(z; 2)Z4(2)  wp(2)(1 — P(2))dz,
and, when [ ¢(y)W'(y; —d)dy = oo, it follows that A(x) = oo, hence

P(x) =1

Proof. For (i) part: it is straightforward since if E(X;) < 0 then lim, ., W (a+d) =
oo, which using the fact that W) (a; —d) > W(a; —d) > W (a +d), for every a > 0
implies that

lim W (a; —d) = oo,

a—r00
Then, it gives dqy(0o,—a)-1 = 0 which results in P(x) = 1.

For part (i1), recall that we have

W (z, —d) = W(z; —d) + /z W(z; 2)Z4(2) Ly (2) W (2, —d)dz.  (3.7.37)
—d

113



Since the bankruptcy rate function is defined as a piecewise function, the equation
above will be evaluated as according to interval of z. In that case, we calculate
W (z, —d) as

W, (x, —d), x € [—d, 0],
W (z,—d) = (, ~d) = 0) (3.7.38)

W, (z,—d), xe(0,00).

Therefore, we have

Aq (c0,—d)~1 T € [—d, O],
Gop(oo—d)—1 = (3.7.39)

a‘Wu(oo,—d)*ly x € (0, OO)
For z € [—d, 0], by considering bankruptcy rate function given in Eq. (3.7.36), we
can write Eq. (3.7.37) as

AR (x,—d) = W(x; —d) + /ZW(m; z)E¢(z)_1w(z)W[(“)(z, —d)dz,

and taking limit a — oo gives that

lim W, (a; —d) = lim W(a; —d)+ lim W(a; 2)E4(2) w(z) W9 (2, —d)dz.
a—00 a—00 a—oo | 4
(3.7.40)

Since the limit of level-dependent scale function when a — oo is calculated in [[13]]

(see Proposition 33, Eq.(66)) when d = 0, we obtain the shifting case similarly as

1
1i c—d) =
W=D = g

Thus, Eq. (3.7.40) becomes

lim W,“(a; —d)

a—r0o0
1

a0 [ oW —day)

" /_j E(;(l) (1+ / " 0()W s —d)dy)Zo(2) ()W (2, —d)d.

(1+ /_:O O(y)W' (y; —d)dy). (3.7.41)

Defining A7) := gy (1 + [, ¢(y)W'(y; —d)dy) gives that

lim W, (a; —d) = A(—d) + /_ h A(2)Z4(2) rw(z) W) (2, —d)d=.

a—00 d

Thus, we have that

aW[(OO7—d)_1 =



On the other hand, for x > 0, we rewritten Eq. (3.7.37) as
W, (z, —d) = W(z; — / W(z; 2)24(2) " w(z)W,“) (2, —d)dz,

since in the positive half-line w,(z) = 0, the integral from [0, z] vanishes. Then,
similarly to the limiting argument on the interval = € [—d, 0], we get

lim W, (a; —d) = lim W(a; —d)

a—r0o0 a— 00

+ / lim W(a: 2)Z(2) " w(2) W) (2, —d)dz

d a—00

= A(—d) + /_ dA(z)E¢(z)’1w(z)Wu(w)(z, —d)dz.

Then, we also have

AW, (c0,—d)~1 = A(—d) +f8d A(Z)E¢(z)_lw(2)w(w)(z _d)dZ‘

Finally by considering Eq. and Eq. (3.7.39), we note that
P( ) - 1 —aw(oo d) 1‘1/1/( )(

=1 — awioo—a)-1 (W(z; — / W(z; 2)Z4(2) Ly (2) W2, —d)dz)

/ W(x; 2)=Z4(2 wb(z)aw(oov_d)fl W (2, —d)dz
=1 — aw(oo,—ay- 1 W(x; — / W(z; 2)Z4(2) twp(2)(1 — P(2))dz,
which gives the following equation (as a survival probability of the bankruptcy)
(1—="P(x)) = awoo,—a- W(x; — / W(z; 2)Z4(2) T (2)(1 — P(2))dz.
O

Remark 86. The ruin probability for the level-dependent Lévy processes with general
rate function ¢ is calculated in [|13|]. We note that when we consider d = 0 and instead
of taking x > —d, if we use x > 0, Proposition[83|reduces immediately to Proposition
33 of [13].
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CHAPTER 4

CONCLUSION

In this thesis, we derive the fluctuation identities of omega-killed (reflected) Lévy
processes, which are exponentially (or geometrically) killed with an intensity (or rate)

depending on the current level of the processes.

In the first part of this thesis, we consider right-continuous random walk, which is
discrete analogous to the spectrally negative Lévy processes, so-called upwards skip-
free random walk. We solve exit identities for both non-reflected and reflected case
by using first-step analysis in terms of g-killed scale functions which are recursive
equations. The results of this study generalize exit problems of [5] via scale functions

paradigm.

In the second part of the thesis, we analyze the exit identities of omega-killed level-
dependent SNLP as well as the reflected case. We first study fluctuations of reflected
level-dependent SNLP. In order to show the existence of SDE for level-dependent
SNLP reflected at its infima, we need to prove the existence of the reflected multi-
refracted case. Then, by using an approximating sequence, we prove the level-
dependent case. Moreover, the potential measure for reflected level-dependent pro-
cess is derived by considering the reflected multi-refracted SNLP of the bounded
variation first and then showing a strong approximation of the sequence of bounded
variation to unbounded variation. Finding potential measure makes it easier to de-
rive the result for one-sided exit problem of both reflected multi-refracted and level-

dependent SNLP. The results of this study generalize the study of [31].

Finally, we explore the fluctuation theory of omega-killed level-dependent SNLP in

which we model both exponential killing and level-dependent premium via w(-) and
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¢(-) functions satisfying some specific conditions. Because of these, our derivations
are more general versions of many studies such as [13, 25,26, 31]]. We present all exit
identities with a new generalization of scale functions, which are integral equations.
We follow classical fluctuation identities and the Poisson observation approach in
all derivations. Additionally, we add exit identities, such as potential measure and

one-sided exit of reflected omega-killed level-dependent SNLP.
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