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GROWTH OF GROUPS

SUMMARY

In this study we consider basic notions and examples in the theory of growth
of finitely-generated groups. In particular, we find the growth rate in case
of important examples of finitely-generated nonabelian free groups, finitely
generated abelian groups, the Heisenberg group(which is a finitely generated
nilpotent group), and the group Zs ! Z (which is a finitely generetad solvable
non-nilpotent group). This notion, growth of a group, was introduced by John
Milnor in journal of differential geometry in 1968.

Firstly, we define the Cayley graph of a finitely-generated group G with respect to
a generating set S. Then we introduce a metric on the Cayley graph of G. After
that we define the length function on G by using this metric. Then we define
the growth function of G. The growth function has some basic properties: it is
always submultiplicative and it is monotone increasing under the assumption that
G is infinite. After giving the definition of the equivalence of functions over the
natural numbers we show that growth functions are equivalent for any generating
set.

There are three types of groups according to their growth functions: groups of
polynomial growth, groups of exponential growth, and groups of intermediate
growth. In 1968 John Milnor possed a problem of existence of finitely generated
groups of intermediate growth, that is, of growth strictly between exponential
growth and polynomial growth. This question was open for many years. In 1983,
this problem was positively solved by Rostivlav Grigorchuk, i.e. he constructed a
group that has intermediate growth. At the end of this work we give construction.



GRUPLARIN BUYUMESI
OZET

Bu caligmada sonlu tireteci var olan gruplarin biiytime fonksiyonlar: teorisindeki
temel kavramlar ve ornekler iizerinde duruyoruz. Ozellikle sonlu iireteci var olan
degismeli olmayan Ozgiir gruplarin, sonlu tireteci var olan degismeli gruplarin,
Heisenberg grubunun(sonlu {ireteci var olan nilpotent grup) ve Zs ! Z grubunun
(sonlu iireteci var olan nilpotent olmayan ¢oziilebilir grup) biiytime oranlarini
hesapliyoruz.

Bu kavram, gruplarin biiyiimesi, ilk olarak 1968 yilinda John Milnor tarafindan
diferansiyel geometri alanindaki bir dergide yer almigtur.

Ik olarak sonlu iireteci var olan bir grubun G bir iirete¢ kiimesine bagh olarak
grubun Cayley c¢izelgesinin tanimini veriyoruz. Sonra GG grubunun Cayley cizelgesi
tizerinde bir metrik tanimliyoruz. Daha sonra bu metrik yardimiyla G' grubunun
uzunluk fonksiyonunun tanimini veriyoruz. Uzunluk fonksiyonunu kullanarak
G grubunun biiyiime fonksiyonunu tanimliyoruz. Biiytime fonksiyonlar1 bazi
temel Ozelliklere sahiptir: Biiytime fonksiyonlari herzaman alt carpimsaldir ve
G grubunun sonsuz ¢oklukta elemena sahip olmasi durumunda siirekli artan bir
fonksiyondur. Dogal sayilar kiimesi tlizerinde tanimh fonksiyonlarin birbirilerine
denk olma kogulunun tanimini verdikten sonra sonlu coklukta tireteci var olan
bir grubun biiyiime fonksiyonlarinin birbirilerine denk oldugunu gosteriyoruz.
Biiyiime fonksiyonlarina gore ii¢ farkli grubun varligi sé6z konusudur: Biiytime
fonksiyonu polinom derecesinde olan gruplar, biiyiime fonksiyonu iistel fonksiyon
derecesinde olan gruplar ve biiytime fonksiyonu orta biiyiikliige sahip olan gruplar.
1968 yilinda John Milnor orta biiytikliige sahip olan gruplarin varligin1 sorguladi,
yani orta biiyiikliige sahip gruplar var miydi? Bu sorunun cevabi uzun yillar
boyunca yanitsiz kaldi. Nihayet Rostislav Grigorchuk 1983 yilinda bu soruyu
olumlu olarak cevapladi. Grigorchuk orta biiyiikliige sahip bir grup insaa etti.
Bu galismanin sonunda Grigorchukun bu ingaasini ele almaktayiz.



1. INTRODUCTION

The notion of the growth of a finitely generated group was introduced by John
Milnor in [7] in journal of differential geometry in 1968.

For a finite set of generators A of a group GG and a positive integer n, the ball
of radius n with the center in 1 in the Cayley graph of G with respect to the
generating set A is a finite set; let 7§ (n) denote its cardinality. It is easy to see
that the growth rate of the function n —— 7§ (n) at infinity does not depend on
the choice of the finite generating set A.

The initial observations were that the growth of any finitely generated group
is at most exponential, and any finitely generated nonabelian free group is of
exponential growth. On the other hand, any finitely generated abelian group is
of polynomial growth.

John Milnor and Joseph Wolf showed in 1968 that any finitely generated solvable
group either has exponential growth or is virtually nilpotent. H. Bass proved in
1971 that any virtually nilpotent group is of polynomial growth. M. Gromov in
1981 proved the converse of that result: any finitely generated group of polynomial
growth is virtually nilpotent.

These results of J. Milnor, J. Wolf and H. Bass show that any finitely generated
solvable group has either exponential or polynomial growth. Already in 1968 J.
Milnor[8] posed a problem of existence of finitely generated groups of intermediate
growth, that is, of growth strictly between exponential growth and polynomial
growth. The problem was positively solved by Rostislav Grigorchuk[6] in 1983.
In this work we consider basic notions and examples in the theory of growth of
groups, and give proofs of their properties. In particular, we find the growth rate
in case of important examples of finitely generated nonabelian free groups, finitely
generated abelian groups, the Heisenberg group (which is a finitely generated
nilpotent group), the wreath product of Zy and Z (which is a finitely generated

solvable non-nilpotent group).



2. GROWTH OF A FINITELY GENERATED GROUP

2.1 Length Function

Let G be a group generated by a fixed finite set S. Elements of the form
W = aias...a,, where each a; is s or s=! for some s € S, are called group words
over S. We denote n by |w| and we call it the word length of the group word w.
Any such word w represents an element of the group G. Since S generates G, any
element g of G is represented by some such w (not in a unique way). Among the
the words representing ¢ in G there is a group word w with the smallest length |w];
we call the word w the shortest decomposition of g in generators S. In general,
the shortest decomposition of g in generators S is not unique, but clearly the
lengths of all shortest decomposition of g in generators S are the same.
Definition 2.1.1: Let G be a finitely generated group with generating set
S = {s1,...,8x}. For each element g € G, we define the length of g with respect
to the generating set S to be the length of the shortest decomposition

g = sil1ss2s5m (2.1)

where ¢, = £1 and s;; € S for all k,j =1,...,n. We denote this length function

by ls(g).
For example, if S = {a, b}, and g = a~2bab then Is(g) = 5.

2.2 Cayley Graphs

Definition 2.2.1: Let G be a finitely generated group. The Cayley graph of
G with respect to the generating set X = {¢1, go, ..., g } is the graph T' = (V, E)
whose vertices V' are the elements of G and whose edges determined by the
following condition: if z,y € V = G, then (z,y) € E if and only if either y = g;z

or x = g;y for some i =1,..., n.



Example: Let G = S3 = (s1,52) where s; = (12) and so = (23). Then the
Cayley graph of G with respect to X = {sy, s2} is

s1 = (12) s189 = (123)

1 5159281 = S§285189 = (23)

So = (13) S§9851 = (132)

Figure 1: The Cayley graph of S5

Example: Let G =Z, = (1). Then the Cayley graph of G is

Figure 2: The Cayley graph of Z,

A Cayley graph of a group G can be considered as a metric space with
d(z,y),z,y € G, being the minimum of number of edges that one must traverse
to get x from y. Thus, if G is a finitely generated group with generating set .S,
then we have lg5(g) = d(e, g) for any g € G.

In the Cayley graph of S3 = (s1,s2) we see that (1) = d(1,1) = 0, and the
element s,s; can be obtained by either multiplying s, from the right with s; or

multiplying s;5281 from the right with s;. But {(s2s1) = d(1, s251) = 2.



2.3 Growth Function:

For a finite set of generators S of a group GG and a positive integer n, the ball
of radius n with the center in 1 in the Cayley graph of GG with respect to the
generating set S is finite.

Definition 2.3.1: For each n € N we define the growth function of a finitely
generated group G with respect to the generating set S, denoted by v(n) = v2(n),

to be the number of elements of g € G such that ls(g) < n i.e.,

va(n) =t{g € G : ls(g) < n} (2.2)

the cardinality of the ball with radius n centered at 1.
The growth rate of this function n — ~2(n) at infinity does not depend on the

choice of the finite generating set S.

Lemma 2.3.1: Let G be a finitely generated infinite group. Then the growth

function is monotone increasing: y(n + 1) > y(n) for all n > 1.

Proof 2.3.1: Suppose not. So there exists m € N such that y(m + 1) < y(m).

Since
ym+1)=t{g e G:l(g) <m+1}

=y(m)+#{g € G:l(g) =m+1}
we have y(m + 1) = v(m). So {g € G : l(9) = m + 1} = 0. Now I claim that
{9eG:l(g)=m+k}=0forall ke NT.

We prove this by induction on k. If £ = 1, we already know this.

Assume it is true for k, I will show that it is true for & + 1 (i.e. assume
{9 € G:llg) =m+k} =0, show that {g € G : l(g) = m +k+ 1} = 0).
If there were an element g € G such that [(g) = m + k + 1, then we would have

_ of1 €2 Em+k Em+k+1
g=S,.8."...5; :
11 T2 tm+k  Um+k+1

with e; = &1 and s;; € S. Then h = sfllsfjsfn’:: is an element of G that has
length m + k. This is a contradiction to induction assumption.

So we have {g € G : l(9) =m+k+1} =0.

Thus the group G only contains elements that have length at most n. But there

are at most (2k)" + 1 such many elements. This gives rise to a contradiction to

the assumption that G is infinite.



Lemma 2.3.2: The growth function ~ is submultiplicative: y(m+n) < v(m)y(n)

for all n,m > 1.

Proof 2.3.2: Claim: If [(g) < m + n, then g = ab where {(a) < m and [(b) < n.
Suppose that we proved the claim. Let ay,...,a ) be all distinct elements of
length at most m, and let by, ..., by(,) be all distinct elements of length at most n.
Then the set

A=A{aibj:1<i<A(m), 1<j<7(n)}

consists of all the elements of length < m + n, maybe with repetitions. Now if
[(g) < m+ n, then by the claim we have g € A. Therefore, v(m +n) < |A|.
But |A| < v(m)y(n). Thus, we get

v(m +n) < y(m)y(n). (2.3)

Proof of the Claim: Suppose that I(g) < m + n.

I will show g = ab for some a, b with I(a) < m and {(b) < n. Consider the shortest

ys _ F1 .82 i(g)
decomposition g = s;!s;7...5 7.

Since (g) < m + n, represent [(g) = t + r such

that t <n and r < m.

Bl B2 8t Ft+l Ei(g)
Now g = ;8287 8,0, - ig) -
————

t—times r—times

— oE1E2  Et _ St Flg)
Take a = s 57757 and b = s; 7.5, 7.

t—times r—times



3. DOMINATION RELATION FOR SEQUENCES OF REAL
NUMBERS

Definition 3.1: Let f,g : N — R, be two functions. By Grigorchuk[5], we
define f < ¢ if and only if

f(n) < Cg(an). (3.1)

for all n > 0 and for some real number C' > 0 and for some natural number o > 0.
We say that f and ¢ are equivalent, denoted by f ~ ¢, if f <gand g < f.
Example: n® < n™ and a" ~ b" for any a,b > 1.

Definition 3.2: A function f : N — R, is called polynomial if f(n) ~ n®

for some a > 0. A function f is called exponential if f(n) ~ €, and it is called
In f(n)

n

=0asn — 0.

subexponential if there exists a limit lim
Example: n™ is polynomial, ne™ is exponential, and ¢ ™ is subexponential.
Definition 3.3: A function f is called subadditive if f(n+m) < f(n) + f(m)

and it is called submultiplicative if f(n +m) < f(n)f(m).

Example: The square root function is subadditive since for any x,y > 0 we have
Vit+y<yVr+./y.
Definition 3.3: A sequence (a,)nen is called subadditive if it satisfies the

inequality a,+m < a, + a,, for all n and m.
Example: For n € N let a,, = n.

Theorem 3.1(Fekete’s Lemma): Let (a,), be a subadditive sequence of
nonnegative numbers. Then (a,/n) is bounded from below and it converges to

inf a,, /n.

Proof 3.1: To see that the sequence (a,/n) is bounded below, just not that
a, > 0 so a,/n > 0 for all n. Let [ = inf(a, : n € N). We will prove that

a,/n — . So we must show that for each ¢ > 0 there exists N € N such that



|a,/n — 1| <eforalln> N.

Let € > 0 be given.

Let K € N be such that \%{ —[| < /2. There exists such K, otherwise | + /2
would also be a lower bound, contradicting the fact that [ is the greatest lower
bound.

Let M € N be such that [?]r\i < % forall » =0,1,..., K — 1. To find such M just
find R = maz(a,/K : r < K) and choose M so that R/M < /2.

Let N = KM. Let n > N be arbitrary.

Let r,s € N such that n = sK +r with r < K. So s > M. Then

an SAK a, Sax a,

aK (e7% .
_ < < WK G 9 9
n T skar Tskar Sk TEm S ' T < UHe/2) +e/2 since

ax /K <1+ ¢/2. This means that |a,/n — | < € since a,,/n > [ by the definition

of I. Therefore, |a,/n —1| < e for alln > N.

Lemma 3.2: Let G be a finitely generated group with a generating set S, and
Iny(n)
n

let v = 42 be its growth function. Then the limit lim,, always exists.

This limit is called the growth rate of G.
Proof 3.2: From (2.3) we know that the growth function is submultiplicative. So

Inv(n)

exists.

In~y(n) is subadditive. Then by Fekete’s lemma this limit lim,,



4. EQUIVALENCE OF GROWTH FUNCTIONS

Lemma 4.1: Let S and S’ be two different generating sets of a group G. Then

the corresponding growth functions g and g are equivalent.

Proof 4.1:[10] T will show that there exist constants C, D, a, 3 > 0 such that
vs:(n) < Cvys(an) and yg(n) < Dyg(6n) for all n > 0.

Since S and S’ are two generating sets of G, every element of S’ can be written
as a finite product of elements of S. Thus, there exists a constant o > 0 such
that the lg(s') < a for all s € §" (Take o = maz{ls(s') : s’ € S'}).

If g € G is a product of m elements of S’; then g can be written as a product of
at most am elements of S. So l5(g) < am. Thus, if ls(g) < n, then lg(g) < an.
Hence, vs(n) < ys(an).

Similarly, we get vs(n) < vs/(8n) for some 5 > 0.

Lemma 4.2: Let G be a group and let H be a subgroup of G of finite index.
Then their growth functions v¢ and vy are equivalent.

Proof 4.2: Clearly, vy < 7¢.

Assume [G : H] = k < co. Choose generators S = {s1, g, ..., S, } of H. Assume
S = S~ if not add the elements. Choose representatives of left cosets of H and
add their inverses: aq,as, ..., as,. Then sq,..., 8, a1, ..., ag, generate G. Assume

that 1 is one of them. Then we have
Si; = at(m)wij (51, ey Sm) (41)

AiQ; = (i 5)Vij (515 ey Sm) (4.2)
Now choose D such that |w;;|, |v;;| < D for all 4, j.
Claim: For any word u(s,a) in G there are words v(5), a; such that
u(s,a) = a;v(s) with |v(s)| < Dlu(s, a)|.
Suppose we proved the claim. Then we show that if [(g) < n, then g can be
represented as g = a;h with h € H and I(h) < Dn. Suppose l(g) = k < n.



Let ¢ = u(s,a) be a representative of length k. Then wu(s,a) = a;v(8) with
[v(5)| < Dk. So lg(v(5)) < |v(5)| < Dk < Dn. Take h = v(5).
Then the set

{a;h:i=1,....,2k,h € H,l(h) < Dn}

contains, maybe with repetitions, all the elements of G of length at most n.

So ~6(n) < 2y (Dn).

Proof of Claim: We proceed by induction on the number n of the occurrences of

a;’s in u(s,a). If n =0, this means (s, a) does not contain any a;.

So u(5,a) = v(5). By assumption we know that there exists ¢ such that a; = 1.
Thus, we get the desired equality u(s,a) = a;v(s). Clearly, |v(s)| < D|u(s,a)|.
Assuming it is true for k < n, we will show that it is true for £ = n.

Write w(3,a) = wui(5,a)a;u (3)au’(5), where a; and a; are the first two

occurrences from the right.

From (4.1) we know that exchanging a s; in u'(5)a; with a;, it produces a word
w(;yy such that [wipy| < D. So u'(8)a; = qyw(5) with |w(5)| < D|u'(5)ayl.

Then u (5)au” (5) = ayv(5) with |v(3)| < D|u'(5)| + |u" (5)].

Now from (4.2) we know that a;a; = ayw(s), |w(s)| < D

So a;av(5) = arw(s)v(s) and

[w(3)o(5)] = [w(3)] + [v(5)] < D+ D' (5)] + |u(5)] =
= D(1+[u'(8)| + |u"(5)]) = Dl (8)aru” (3)].
So u(5,a) = uy (5, a)aw(5)v(3) with |w(3)v(3)| < D|u' (5)au” (3)).
By induction assumption we have u, (5, @)ay = a,v'(5) with |[v'(5) < D|uy (5, a)ay|.

Therefore, we get u(3,a) = aww' (5)w(5)v(3).
[V (5)w(5)v(s)| = [v'(5)] + [w(5)v(5)| < Dlus(s, @)ax| + Dl (5)aru” (3)]

= D(|uy (5, @)ax| + [ (8)ar” (5)])

= D|u(s,a)|.



5. GROUPS OF EXPONENTIAL GROWTH

Lemma 5.1:  Any group is either of exponential growth or subexponential

growth.

Proof 5.1: We know that the limit lim,,
In~(n)

always exists.

Invy(n)

Casel: If lim, . = 0, then by definition the group has subexponential

growth.
In b
M =T 7A 0. Let € > 0 be ar itrary.

Then there exists N € N such that |Iny(n)» — L| < e for all n > N. So

Case2: Suppose lim,,

el < ~(n)w < e, Then e=9" < y(n) < e+ for all n > N. Now for
e = L there exists N; € N such that if n > Ny, then v(n) < e*". Taking
C =~(N) and a = 2L we get y(n) < Ce* for all n > 0.

Now I will show that there exist D, 3 > 0 such that e < D~(0n) for all n > 0.
Choose € > 0 such that e” < e(*=9)" for all n > 0. Then there exists N € N such
that " < y(n) for all n > N. Take D =1 and § = N. Then e" < D~(fn) for
all n > 0.

Therefore, we have v(n) ~ e™.
5.1 Free Groups

Definition 5.1.1: A group F is called free if there exists a generating set X
of F' such that for any map ¢ : X — G where G is a group, there exists a
homomorphism ¢ : F' — G that extends ¢.

Example: The trivial group is free.
Example: Z =< 1 > is free. If G is an arbitrary group and (1) = g, then
define ¢ : Z — G as ¢(n) = g".

Let X be an arbitrary set. Let W(X) be the set of all finite words over X U X!
where X' = {27! : 2 € X}. For example, if X = {a,b}, then W(X) is the set
of all words over a,b,a™,b7t. Eg. a~'bb~tabaa " bba € W (X).



1

We call w € W irreducible if it has no subwords of the form zz~! or 7'z where

z € X. For w € W we define w' = z;,*x, %" .27 where w = 2525 .25 " a5r
and ¢; = F1. Eg. (bbba) = a~'b~1p~ 107 L.

Let F(X) ={w € W(X) : w is irreducible}.

For u,v € F(X), let w be the word of maximal length such that v = uyw and

v=wv. Bg. u=aaba 'b"!, v=_ba bba"'b.
N~ N~ S~
ul w w' U1
On F(X) define an operation ”-” as u - v = uyv;.

(F(X),-) is a group and it is free. We call it the free group generated by X.
Lemma 5.1.1: The free group F,, with m generators X = {x1,...,2,,} is of

exponential growth .

Proof 5.1.1: For any k > 1 there are exactly (2m)(2m — 1)*7! elements in F,
of length £ with respect to X. Therefore,
Ve () =1+ (2m)(2m — 1)*"
k=1

If m =1, then v, (n) = 1+ 2n. If m > 1, then

k=1

Since a™ ~ b" for any a,b > 1, we get vg,, (n) ~ e".

5.2 Semi-direct Product

Let H and X be two groups.

Let ¢ : X — Aut(H) be a homomorphism denoted by ¢(x) = ;.

The semi-direct product Hx,X is defined to be the group with underlying
set Hx,X = {(h,x) : h € H,x € X} and group operation defined by
(h1, 1) (hg, x3) = (h1@y, (ha), z122). This group G = Hx,X has the following

properties:
1. H x {l1x} <G is isomorphic to H,
2. {1y} x X < G is isomorphic to X,

3. G =(H x {1x})({lu} x X).



5.3 Wreath Product

Let A and B be two groups.

Let Fun(B,A)={f|f: B — A}

Let fun(B,A) ={f € Fun(B,A) : {b € B: f(b) # 14}f is finite}.

Let & < Sym(B). For any ¢ € Sym(B), define ¢ € Aut(fun(B,A)) as
@:fr— fogp Then : & — Aut(fun(B,A)) is a homomorphism. We define
the wreath product of A and B to be Al B = fun(B, A) x B.

Lemma 5.2.1: The group G = ZolZ = (- -+ X Lo X Ly X - - - ) x Z is of exponential
growth.

Proof 5.2.1: Let a be a generator of Z,, and b be a generator of Z. Then any

element of G can be uniquely represented in the form

k b1 bka
b%a” ...a” ",

where ¢ > 0, and k, k1, ..., k, are integers with k; > ko > ... > k,. We call such a
representation of an element canonical.
Let n be a positive integer, and 7 = ({1, ...,t,), where each ¢; is 1 or 2. Denote

by g, the element

ab™ab’?...abtn

of the group G. We show that for different tuples 7 the elements g, are different.
Using that in G

t t s s t
ab' = b'a”, a”a” =a"a’
for any integers ¢, s. It is easy to show by induction on n that in GG

_ bt1+t2+---+tnabtl'*‘t?*’“"“" abt2+“‘+t" mabfn_

gr

This representation of g, is canonical because for alli =1,...,n — 1
i+ Fty >t + -+t
It is clear that for different 7 the corresponding tuples

ti1+--Ft,, o+ -+t ., T+, Ty



are different. Now uniqueness of the canonical representation easily implies that
if 7 # 7', then g, and g, are different elements of G.
We have

I(gr) < |ab™ab™...ab™| =n+t; +ty + - +t, < 3n.

Since the number of possible 7 is equal to 2", and all g, are distinct, it follows
that for any n > 0
v(3n) > 2".

Hence, v(n) is of exponential growth.



6. GROUPS OF POLYNOMIAL GROWTH

Recall that a group G has polynomial growth if y5 ~ n® for some o > 0.
Example: Z has polynomial growth since vz(n) = 2n + 1 for all n > 0.
Lemma 6.1: Let G and H be two infinite groups of polynomial growth. Then
their direct product G x H has also polynomial growth. But v =~ yaxn-

Proof 6.1: Suppose 75 ~ n* and vy ~ n*? for some oy, as > 0.

Now if (g,h) € G x H such that I(g,h) < n, then I(g) < n and I(h) < n. But
there are at most y¢(n) such g € G and yg(n) such many h € H.

Thus, Yexm(n) < va(n)ya(n). Then ygxm(n) < Ci(Bin)* Cy(f2n)*? for some
C1,Cy, B1, B2 > 0. Therefore,

Yoxm(n) < Cn™te? (6.1)

where C = 0,039 522

Clearly, v¢(n) < vaxu(n) and vg(n) < vaxu(n). Since yg ~ n® and vy ~ n®?,
we know that n® < Cyyg(81n) and n®? < Coyy(Fan) for some Cy, Cy, By, B2 > 0.
Then n*™ < Cryq(Bn) and n*? < Cyy(fn) with C = maz{Cy,Cs}, B =
max{f1, G2}. Thus, we have the following inequality

n®te2 < C%yq(Bn)yu(Bn). (6.2)

Now if g € G with I(g) < fn and h € G with [(h) < n, then the element (g, h)
in G x H has length at most 23n.
Therefore, vo(6n)yu(6n) < vaxu(26n).
By (6.2) we get
R+ < G2y i (26). (6.3)

From (6.1) and (6.32) we get yaxu ~ n®Te2.
Hence, G x H has polynomial growth. And v4 ~ 7axg follows by the fact that

polynomials of different degree are not equivalent.



Example: Z¢ has polynomial growth for any d > 1.
Example: Any finitely generated abelian group is of polynomial growth. We
know that such a group is isomorphic to Z?® Z,, & Z,, & Z,, for some d > 0 and

some numbers p, pa, ..., pr (not necessarily distinct) of powers of prime numbers.
6.1 Nilpotent Groups

Let G be a group. For g,h € G, we define [g,h] = ghg 'h™' and call it
the commutator of g and h. If A and B are two subgroups of G, define
[A,B] = ([a,b] : a€ Abe B).

Claim: G is abelian if and only if [G, G] = {1}.

Proof:

G is abelian < gh = hg for all g, h € G
s ghgtht=1forall g,he G
& [g,h]=1forall g,h € G
&[G, G ={1}.

Definition 6.1.1: A series of normal subgroups 1 = Gy < G; <--- <G, = G of

a group G is called central if

forany ¢ =0,...,n — 1.

Condition (6.4) is equivalent to [G;y1,G] < G because for any z € G;;1 and
y € G, zG; and yG; commute in G/G; if and only if [z,y] € G, if and only if
[Gis1,G] < G.

Definition 6.1.2: We define the derived series G™ of a group G inductively:

e G'=0G,
e G'"'=[G,G".

The derived series is also called the lower central series.
Lemma 6.1.1: A group G is nilpotent if and only if G™ = {1} for some n.
If n is the smallest natural number such that G™ = {1}, then we say that G is

nilpotent of class n or G has nilpotent length n — 1 for n > 1.



Example: Every abelian group is nilpotent of class 1, except for the trivial group

which is nilpotent of class 0.
Proposition 6.1.2: If G is nilpotent, then Z(G) # 1.

Proof 6.1.2: Suppose 1 = Gy < G; < ... < G, = (G is the lower central series.

Suppose Z(G) = 1. I will show that G = 1.

Claim: G; =1 foralli =0,1,...,n.

Proof: If ¢ = 0, then G; = 1.

Suppose Gy = Gy = ... = G; = 1. I will show that G, ; = 1.
Since Gi11 ~ Gi1/G; < Z(G/G;) ~ Z(G) = 1, we have G;41 = 1.

Then G =1, a contradiction.
Lemma 6.1.3: If G/Z(G) is nilpotent, then so is G.

Proof 6.1.3: Suppose 1 = Go/Z(G) < G1/Z(G) < ... < G,/Z(G) = G/Z(Q) is
central in G/Z(G). I claim that 1 < Z(G) < G; < ... < G,, = G is central in G.
By the assumption know that [G;11/Z(G),G/Z(G)] < Gi/Z(G).

But [Gi11/Z(G),G/Z(G)] = [Gis1,Gl/Z(G). Then [Giyq, G] < G;.

Theorem 6.1.4: Any finite p-group is nilpotent for any prime p.

Proof 6.1.4: We proceed by induction on |G|.
If |G| = 1, then G is the trivial group. Suppose |G| > 1. We know that Z(G) # 1.
Then |G/Z(G)| < |G|. So by induction assumption, G/Z(G) is nilpotent.

Hence, G is nilpotent by Lemma 6.1.3.

Theorem 6.1.5: Any finitely generated nilpotent group has polynomial growth.
Proof 6.1.5[11]: Let G be a finitely-generated nilpotent group. Assume G is
nilpotent of class s. I will show that G has polynomial growth.

We proceed by induction on s.

If s =0, then G is the trivial group. If s =1, then G is an abelian group.

We prove it for the case s = 2 to understand the ideas and then we generalize it.

Groups of Nilpotent Class Two: Let G be nilpotent of class two. Suppose that

g1, 92, ---, gm generate G. Then [G, G] is abelian and it belongs to the center of G.

Now consider a product of n generators. Exchanging any two generators produces



a commutator on the right i.e.

9i9: = 9i9;lg; ', 9; ] forall 1<4,j <m.

Since commutators are in the center Z(G), they can be moved to the right. So if
we want to put generators into a canonical order, we need at most n? interchanges.
Then, we get an element of the form gf ! 952...951’”0 , where C' is a product of at
most n? commutators of the generators. These commutators are words of bounded

length with respect to any system of generators in the abelian group [G, G] with

polynomial growth, say vg,q ~ n*. So the total number of such C is

7[G7G](n2) S <n2)k — n21c

and the total number of gflgg?..gf;” is at most n" since k; + ko + ... + k,, = n.
Thus, the number of elements in G which are products of n generators is at most

nmn2k = nm-‘r2k7 ie. ’YG(n> < nmt2k

Inductive Step: Assuming that the theorem holds for groups of nilpotent of class

< s, I will show that it holds for s. Assume G is of nilpotent class s. Let
g1, 92, -, gm generate G. Then [G, (] is nilpotent of class < s — 1. Hence, by
induction assumption it has polynomial growth, say n*.

Now consider a product of n generators and bring it to a form glf ! 952... gk C where
C € |G, G]. Exchanging a pair of generators produces a commutator on the right.
We know that there will be no more than n? such commutators in the process of
rearranging the generators. But this time when we move generators to the left
we need to exchange them with the commutators thus producing elements of the
form [gi,, [0y, 9i5)] € |G, |G, G]]. The total number of these elements is at most n?
and so on. Since G is nilpotent of class s, this process of generating new terms
will stop at s-th level i.e. moving generators through commutators of s-th order
will not produce any new terms. Thus, the total length of C' is estimated from
above by Mn* for some constant M > 0 since there are at most n%2 +n3+ ... +n?
commutators of different orders and each of them is a word of bounded length.
Thus, we get yg(n) < n™tsk m

Example: UT3(Z) has polynomial growth. Since UT3(Z) is finitely generated

and nilpotent we know that it has polynomial growth. But we will show that it



is of polynomial growth of degree 4, i.e.vyr,z) ~ nt.

110 1 00 1 01
Let s = 01011, t= 0111, u= 010
0 01 0 01 0 01

It can be easily verified that us = su, ut = tu, sts 't~ = u and

1 k0 1 00 1 0 m
ss=o 1o |,¢=|01171 ]|, v"=]01 0
0 01 0 01 0 0 1
for all k,l,m € Z.
Then we have
1 &k m
01 [ |=umts
00 1

for all k,l,m € Z.
Thus, UT5(Z) = (s, t, u).
And for any k,l,m € 7Z, we have
S(umtlskz) _ um-i—ltlsk:—i-l’

U(umtlsk) — um+1t18k.
Lemma 6.1.6(Harpe, 197): With the above notation,

L Jumttsk| < |k| + |I| + 6+/|m]| for all k,1,m € Z,

kl+ |l <r

2. Jumtlsk| <r = s
Im| < r2.

Proof 6.1.6: For any k., € Z we have t's7Ft=lsk = *.

Now consider an integer m.

Let 4 be the integral part of \/|m/, and j = m — 4% Since 0 < \/|m| —i < 1, we



get j = (v/Im| = i)(\/Im] +4) < (v/Im] +1) < 2y/|m].

. o, o .
Now u™ = /™" = wu* = wu" = wt's 't s

Thus, we have
W] = [ s TS ] < ol ] T A ]+ ]
< j+4i <6ym.
Therefore, [u™t's*| < [u™|+[t!|+]s¥| < |k|+|I|+6+/]m] for all u™t's* € UT;(Z).m

Proposition 6.1.7(Harpe, 198): Let v(r) be the growth function of UT5(Z).
Then there exist constants A, B > 0 such that Ar* < ~(r) < Br? for all r > 1.
Proof 6.1.7: Let » > 1.
If |k| < g, I < g, and |m| < (g)z, then by part 1 of Lemma 6.1.6, we see that
lumtlsk| < r.
But there are exactly (2[%] + 1) many such k and [, and (2[2—1] + 1) many such
m. Thus, we have

, 2

1) 2 @[]+ DP(2l] + 1)

i.e. y(r) > Ar* for an appropriate A > 0 and for all » > 1.

From part 2 of Lemma 6.1.6 and using the same argument above we get
v(r) < (2r +1)%(2r* +1) < 127

forallr>1. m

Let G be a finitely generated group with generating set .S.

If there exist polynomials P and ) with positive leading coefficients such that

P(n) <vs(n) < Q(n)
for sufficiently large n > 0, then there are constants A, B > 0 such that

An® < vg(n) < Bn® (6.5)

for almost all n > 0, where d = deg(P) and e = deg(Q).
Now if T' is another finite generating set of GG, then by Lemma 4.1 we know that

there are integers a,b > 0 such that

yr(n) < 7s(an) and ~ys(n) < qr(bn). (6.6)



So from (6.5) and (6.6) we get
r(n) < ys(an) < Ban)® = (Ba®)n°

and

n n

Yr(n) 2 v (0[F) = s3] 2 A1 2 () m - )"

Therefore, yr is bounded above and below by polynomials of the same degree

with positive leading coefficients (Bass[4]).

Definition 6.1.3:(Bass[4]) We say that a group G has polynomial growth of
degree d > 0 if there exist constants A, B > 0 such that

An® < yg(n) < Bn?

for all n > 0.

Let G be a finitely generated nilpotent group with lower central series G = G >
Gy > -+ > G, = 1. Let r, denote the (torsion-free) rank of the finitely generated
abelian group G, /G,+1 (The rank of an abelian group A is the largest cardinal
d such that A contains a copy of direct sum of d copies of the integers 7).

Let d(G) =Y _ nr,and e =Y ;_ 2" ',

Wolf[10] shows that there are constants A, B > 0 such that

Am?® < yq(n) < Bm® (6.7)

for all m > 1. But Bass[4] shows that the inequality still holds if e is replaced by
d=d(G).

Theorem 6.1.8 (Bass[4]): Any finitely generated nilpotent group G has
polynomial growth of degree d(G) i.e. there are constants A, B > 0 such that
Am? < yg(n) < Bm? for all m > 1.

Plan of Proof 6.1.8: To prove this it is enough to show that there are
polynomials P and @ of degrees d(G) such that



for all n > 0. (For more see Bass[4]).

Definition 6.1.4: A group is called virtually nilpotent if it has a nilpotent
subgroup of finite index.

Example: Any finite p-group is virtually nilpotent.

Theorem 6.1.9 (Gromov, 1981): A group G has polynomial growth if and

only if GG is virtually nilpotent.
6.2 Solvable Groups

We define the commutator series of a group G inductively

Definition 6.2.1: A group G is called solvable if G = {1} for some n € N.

Example: Any nilpotent group is solvable.

Example: S3 and S, are solvable.

Theorem 6.2.1 (Milnor, Wolf 1968): A finitely generated solvable group is

either virtually nilpotent or has exponential growth.



7. GROUPS OF INTERMEDIATE GROWTH

Grigorchuk’s Construction:

Let T be an infinite binary tree rooted at r = ().
/ T
0 \
01

Figure 3: The graph of binary tree T’

00/ 10/1\11
N NUZAN

We consider the group Aut(T) of automorphisms of 7" i.e. the set of all bijections
7 :V — V which preserve edges where V' is the set of all vertices in T, the set
of all finite words in {0, 1}.

Let Ty and T; be the subtrees of T" rooted at 0 and 1, respectively. For z € {0,1}
define z : {0,1} — {0,1} by #(0) = 1 and Z(1) = 0. Now we define four
automorphisms a, b, ¢, and d of T as follows (Grigorchuk|[5], Harpe[2] p.218):

a(xy, oy .oy ) = (T1, T2, .., Tn),
and b, ¢, are defined recursively:
b= (CL, C), €= (aud)a d= (Id7 b)

i.e. b behaves as a on T and ¢ on T}, ¢ behaves as a on Ty and d on 1}, and d

behaves as identity on 7T and b on Tj.

b(O, T2, T3y ..., xn) = (O, .’i'Q, T3y eeny xn)

b(1, 29,23, ....x,) = (1, c(x2, x3,...,2,))



c(0, 9, 3, ..., x,) = (0,Z9, 23, ..., Ty)

c(1,x9, w3, ..., Tp) (1,d(x9, x5, ..., Tp))

d(0, z9, x3, ..., Ty)

(07 Ly T3y ..ny xn)

d(1, e, 3, ..., Ty) (1,b(xa, 3, ..., Ty))

Example: 5(0,1,1,0,1) = (0,1,1,0,1) = (0,0,1,0,1).

b(1,1,1,0,1) = (1,¢(1,1,0,1)) = (1,1,d(1,0,1))

= (1,1,1,b(0,1)) = (1,1,1,0,1)

=(1,1,1,0,0)

These automorphisms have the following properties:

1. They are involutions,

2. b,c, and d commute with each other,
3. b-c-d=1Id.

Let G = (a,b,c,d).

G is called first Grigorchuk group which is a 3—generated, infinite group.

Theorem 7.1: G has intermediate growth i.e. n¢ < vg(n) % e for any d € N.



8. CONCLUSION

In this study, we consider growth functions of finitely generated groups and we
give some properties of this function. Then we introduce some groups that have
different type of growth functions such as groups of exponential growth, groups of
polynomial growth, and groups of intermediate growth. The existence of groups of
intermediate growth was not known for a long time. In 1983, Rostislav Grigorchuk

constructed such a group. At the end of this study we give this construction.
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