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ABSTRACT

THREE DIMENSIONAL INDUCED CURRENT
MAGNETIC RESONANCE - ELECTRIC IMPEDANCE
TOMOGRAPHY

Levent Ozparlak
M.S. in Electrical - Electronics Engineering
Supervisor: Prof. Dr. Yusuf Ziya Ider
June, 2004

Human body contains different tissue types and these different tissue types have
different electrical resistivity characteristics. The property, that human body has
a large resistivity contrast among its different tissues, introduces us to impedance
imaging techniques. In this thesis, we try to find better reconstruction tech-
niques to visualize impedance characteristic of human body. In addition to better
imaging, we try to obtain higher resolution images of three dimensional objects
than existing imaging techniques. In order to achieve this goal, we proposed a
technique named Induced Current Magnetic Resonance - Electric Impedance To-
mography (IC MR-EIT) which combines the peripheral voltage measurements of
Induced Current Electric Impedance Tomography technique with magnetic flux
density measurements acquired using a Magnetic-Resonance Image (MRI) Scan-
ner. The advantage of this method is measurement noise due to electrode will not
occur. In this thesis, A new reconstruction algorithm for IC MR-EIT is proposed
and computer simulations are made. The proposed algorithm is based on the
measurement of one component of the magnetic flux density created by the eddy
currents in the object. As can be seen in the results, the reconstruction of the
conductivity distribution in three dimensional objects on tomographic planes is
made successfully. It also works fine against to the measurement noise up to an

acceptable level.

Keywords: Induced Current Magnetic Resonance - Electric Impedance Tomogra-
phy, Magnetic Resonance Imaging, Impedance Imaging, Image Reconstruction,
Finite Element Method.
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OZET

UG BOYUTLU NESNELER ICIN INDUKLENEN

AKIMLAR ILE MANYETIK REZONANS -
ELEKTRIKSEL EMPEDANS GORUNTULEME

Levent Ozparlak
Elektrik - Elektronik Miihendisligi, Yiiksek Lisans
Tez Yoneticisi: Prof. Dr. Yusuf Ziya Ider
Hagziran, 2004

Insan viicudu cesitli yapilardan olugur ve bu cesitli viicut yapilart degisik
elektriksel diren¢ karakteristiklerine sahiptir. Insan viicudunun farkl yapilari
arasinda biiylik bir diren¢ farkinin olmasi 6zelligi bizi empedans goriintiileme
teknikleriyle tanistirmaktadir. Bu tezde, insan viicudunu daha iyi gorsellestiren
gericatma teknikleri bulmaya caligiyoruz. Daha iyi goriintiilemeye ek olarak,
varolan goriintiileme tekniklerinin sahip oldugundan daha yiiksek coziiniirliikte
ii¢ boyutlu nesnelerin goriintiilerini elde etmeye c¢alisiyoruz. Bu amac
gerceklegtirmek igin, Indiiklenen Akimlar ile Manyetik Rezonans - Elektrik-
sel Empedans Tomografi (IA MR-EET) adinda bir teknik oneriyoruz. Bu
teknik Indiiklenen Akimlar ile Elektriksel Empedans Tomografinin (IA-EET)
gerilim oOl¢iimleriyle Manyetik Rezonans Gortintii (MRG) Tarayicisi’nin manyetik
aki yogunlugu ol¢iimlerini birlestirmektedir. Bu yontemin faydasi elektrotlarin
yerlestirilmesinden dolay1 olusan 6l¢iim hatalarimin gozitkmemesidir. Bu tezde, IA
MR-EET icin yeni bir gericatma algoritmasi onerilmis ve bilgisayar simiilasyonlar
yapilmigtir.  Onerilen algoritma burgac akimlarmin yarattign manyetik aki
yogunlugunun 6l¢iimii tizerine kurulmustur. Sonuclardan da anlagilabileceg: gibi,
ti¢ boyutlu nesnelerin iletkenlik dagiliminin tomografik diizlemlerdeki gericatmasi
basariyla yapilmistir. Ayrica, kabul edilebilir bir 6l¢iim giiriiltiisii seviyesine kadar

algoritma caligmaya devam etmektedir.

Anahtar sozcikler: Akim Tabanlhh Manyetik Rezonans - Elektriksel Empedans
Tomografi, Manyetik Rezonans Goruntiileme, Empedans Goriintiileme, Gortintii
Gerigatma, Sonlu Elemanlar Metodu.
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Chapter 1

Introduction

1.1 A Summary of Previous Studies on MR-EIT

In human body, various tissue types show different electrical resistivity charac-
teristics. Human body has a large resistivity contrast between a wide range of its
tissues [1]. In Table 1.1, some approximate resistivity values for important tissue
types of human body are given. In addition, the physiological and pathological
states of tissues behave as resistivity variations [2, 3, 4]. As a result, diagnosti-
cally valuable information about anatomy, physiological processes and pathology
of body would be obtained from the reconstruction of resistivity distribution of

body.

Flectrical Impedance Tomography (EIT) is a novel technique to reconstruct
resistivity distribution of body [5]. This technique is technically based on gen-
erating a current distribution inside of the body either by injecting with surface
electrodes or inducing by coils placed around the body and simultaneously mea-
suring surface potential changes and/or outside magnetic field produced by inter-
nal current distribution. The resistivity distribution of body affects the measured
field quantities and some reconstruction algorithms extract this information from
them. The reconstructed image of the resistivity is unique for noise-free complete

boundary data [6].



Tissue Type Resistivity ({2cm)
Blood Masses 15
Bone 17000
Fat 2000
Heart Fat 2000
Heart Muscle 450
Human Body/(average) 460
Left Lung, Right Lung 1325
Liver 600
Gray Matter, White Matter 220
Skeletal Muscle (longitudinal fibers) 300
Skeletal Muscle (transverse fibers) 1500
Skull 17760
Stomach 400

Table 1.1: Typical resistivity values for different tissue types

If the current is generated by induction from a coil and measured quantity
is the magnetic field from the outside coils, this special case of EIT is named as
Magnetic Induction Tomography [7](MIT). The disadvantage of MIT is that the
measurements are taken outside the body. Since the measurements are far from
the object, obtained data will not exactly represent the object information. In
Figure 1.1, MIT scheme is demonstrated with possible induced current path and

direction for a cylindrical object.

There are, of course, many other techniques used for tomography imaging.
Two examples for them are Computerized X-Ray Tomography [8] (CT) and
Positron Emission Tomography [9] (PET) which have much more expensive hard-
ware and are larger than EIT. Also, they require ionizing radiation. Furthermore,
in principle, EIT is capable of producing thousands of images in a second. On
the other hand, due to noise and low sensitivity of boundary voltages to inner
conductivity ' perturbations, and also due to some practical problems with elec-
trodes which allow only a limited number of surface voltage measurements, EI'T
can only yield inaccurate low resolution [10] images. As the distance to the sur-
face increases, the sensitivity and resolution decreases [11, 12]. In addition to all

of these, another problem is the fixing of electrodes on the body in clinical use of

IConductivity is multiplicative inverse of resistivity
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Figure 1.1: MIT imaging scheme for a cylindrical object. The current induc-
tion is made by the main coil and surrounding coils are used for magnetic field
measurement. Induced circular currents are shown in dashed lines.

EIT.

The problem of position dependency problem of resolution can be solved by
using a data set obtained from directly inside of the object. Since it is not possi-
ble to measure voltage changes inside of the object, measuring the magnetic flux
density throughout the imaging region by using a Magnetic Resonance Imaging
(MRI) system is preferred. This type of measurement can be made with high
spatial sampling and with high sensitivity even to inner conductivity perturba-
tions. This reconstruction technique is called as Magnetic Resonance - Electrical
Impedance Tomography (MR-EIT). In other words, providing high resolution con-
ductivity images is possible by MR-EIT with additional set of measurements from
directly inside of the object. An MRI Scanner is used to obtain the distribution
of magnetic flux density inside the object due to the internal current density
distribution created by either injected currents by surface electrodes or induced
currents by coils around the object like EIT. Then, the reconstruction algorithms
try to reconstruct the conductivity and/or current density images. In this study,

instead of injecting currents by surface electrodes, coils induce the currents inside



of the object to avoid many difficulties which are mentioned before. Inside cur-
rent density distribution is dependent on many properties of coils like the size,
shape and position data. Currents can be induced in many different ways by
either moving the object in the coils or changing the shape of the coils (which is
more difficult). A current induction profile is defined as the information about

where the object positioned around the coil and/or which type of coil is used.

The concept of MR-EIT has been introduced in 1992 by the MSc thesis [13]
of N. Zhang. Zhang developed an algorithm, which is capable of reconstructing
the correct image using internal current density and also the boundary voltage
variation. Method is based on the fact that the potential difference between
any two points on the boundary is the integral of electrical field intensity, E,
which is conservative. Using the point form of Ohm’s Law, E = pJ, where p
is the resistivity, and the measured J is non-conservative, and also for different
boundary point pairs, a linear system of equations can be obtained. Solution of
this equation set, yields an image, which is unique and correct. The method is
valid for 3D reconstructions, as well as for single slice imaging. A drawback of
this method is the requirement of many surface voltage measurements to improve

the accuracy and resolution of reconstruction.

Eyiiboglu et.al. [14], Ozdemir and Eyiiboglu [15] and Kwon et.al. [16] have
proposed algorithms based on constructing the equipotential lines in the object
using peripheral voltages and current density distribution. Current density inside
the object is measured and it is known that the equipotential lines and current
lines are orthogonal. The potential and thus the electrical field distributions
inside the object can be found by equipotential lines and projecting the peripheral
voltage measurements into the Field of View (FoV) along these lines. Using the
calculated electric field distribution and measured current density distribution,
conductivity can be found for the entire FoV using Ohm’s law. These methods,
similar to the method of Zhang, are also non-iterative, and require peripheral

voltage measurements and a single current injection pattern.

Woo et.al. [17] have proposed a reconstruction algorithm whereby the er-

ror between the current density measured by MR-CDI technique and the current



density calculated by the Finite Element Method (FEM) is minimized as a func-
tion of the resistivity distribution. Kwon et.al. [18] have expanded on this
idea to develop the J-substitution Algorithm, which uses at least two injected
current patterns and a single voltage measurement to reconstruct the correct im-
age. They also claim that at any point in the object, current densities measured
for the two current injection patterns must not be parallel. This requirement
of at least two injected current patterns is rigorously proven later by Kim et.al.
[19]. Khang et.al. [20] have applied the J-substitution algorithm successfully to
data obtained from saline phantoms. Both methods in [17] and [18] are iterative.
Another iterative method which is proposed by Eyiiboglu et.al. [21], is based
on minimizing the error between measured and calculated current densities and
peripheral voltages simultaneously. Recently Birgiil et.al. [22] have proposed
another iterative method in which a single voltage measurement and eight cur-
rent injection patterns are used. Their method is similar to the J-substitution
algorithm in concept, but they have also studied its performance under opposite

drive and cosine injection patterns.

Ider et.al. [23, 24] have developed and applied to real data based on a method
for reconstructing from the measured magnetic field without having to calculate
the current density, using an iterative sensitivity matrix approach. Seo et.al. [25]
have also proposed a method which makes use of B only. In both of these methods
only a single component of B is used. This provides a major practical advantage
over the methods utilizing J because to obtain J by taking the curl of B requires

the measurement of its all three components.

Ider et.al. [26, 27] have proposed some new reconstruction methods using
current injection to an object. Methods can be classified in two different types:
First type assumes the current density is known and calculates conductivity dis-
tribution at this basis. Second type assumes only one component of magnetic
flux density is known and finds the conductivity distribution in one slice of the
3D object.



1.2 The Objective and Scope of the Thesis

This thesis is devoted to develop MR-EIT image reconstruction algorithms for 3D
objects which are insensitive to off-slice effects and require less computation time
for reconstruction. The proposed algorithm is not implemented on real objects,
instead only computer simulations are made. Also the required magnetic flux
density data are generated by computer. When doing this, it is always assumed

that current is induced to the object by coils around the object.

In this thesis, a new reconstruction algorithm is proposed for a novel imaging
technique named as Induced Current Magnetic Resonance-Electrical Impedance
Tomography. This algorithm is proposed for the reconstruction of conductivity
distribution in an object in three dimensions. The algorithm is based on the
induction of a conductive object by a coil and generating induced currents inside
of the object. These induced currents will create a new secondary magnetic flux
density to reject the primary magnetic flux density generated by the coil. The
relation between magnetic flux densities enables to visualize the conductivity

distribution by using some image reconstruction techniques.

1.3 Organization of the Thesis

This thesis is organized in the following order: Chapter 2 describes the forward
problem of MR-EIT which is used in the calculation of current density inside of
the object. In Chapter 3, the reconstruction technique used in this thesis is de-
rived and the iteration process to calculate the conductivity is explained. Then,
Chapter 4 introduces the conductivity models used in computer simulations, de-
scribes how measurement noise can be simulated and gives all simulation results.

Finally, Chapter 5 concludes the thesis.

In Appendix A, primary magnetic flux density and vector magnetic potential
calculations are given. Appendix B covers some properties of a tetrahedron.

Finite Difference Formulation is given in Appendix C. In Appendix D, how one



can measure the magnetic field due to eddy currents is given. In Appendix E, the

calculation errors of the forward problem are argued. Finally, the source codes
for MATLAB are given in Appendix F.



Chapter 2

The Forward Problem of Induced
Current MR-EIT

In Induced Current MR-EIT, a coil induces current in the object and this induced
current distribution is a function of conductivity distribution. Forward Problem
of IC MR-EIT can be stated as finding the magnetic flux density inside the
object by using the quantities magnetic vector potential due to the coil, A,, and
conductivity distribution, o. In this chapter, we will formulate the equations
that will start from the conductivity distribution and reach to the magnetic flux

density due to eddy currents inside the object.

2.1 Formulation of Forward Problem

By applying a low frequency magnetic flux density, which is created by a coil,
into an isotropic nonmagnetic and conductive media, which has a volume {2 and
boundary 0f), we can generate a quasi-static current density distribution as a

function of conductivity inside of the object, as illustrated in Figure 2.1.

Maxwell’s equations for a sinusoidally varying electromagnetic field in a linear,



(a)

Figure 2.1: IC MR-EIT imaging scheme for a cubical conductive object containing
a cylindrical region with a different conductivity distribution from the rest of the
object. (a) 3D illustration of a coil around the object on the z = 0 plane. (b) 2D
illustration of four coils positioned around the object.

nonmagnetic, isotropic and conductive medium is given below [28]:

VxE=—jwB (2.1)
V x B = po(o + jwe)E (2.2)
V-D=p (2.3)
V-B=0 (2.4)
with continuity equation

V-J=—jwp, (2.5)

where D and J related to E by
D =¢E (2.6)
J=0FE (2.7)

where o is the conductivity and p,is the charge density.

By using the property V - (V x U) = 0 for any vector U and combining with
Eq. 2.4, it is possible to introduce the vector magnetic potential A defined by
28

B=VxA (2.8)



and using Eq. 2.1, one can find an expression for E as
E=-V¢—jwA (2.9)
where ¢ is defined as the scalar potential.

After introducing some electromagnetic terms and their definitions, we can
derive the forward problem. We will first reconstruct the continuity equation by
using Eqs. 2.3, 2.6 and 2.7 [29].

V- ((o+ jwe)E) =0 (2.10)

By combining Egs. 2.9 and 2.10, we get

V- ((0 + jwe)Vo) = —jwV - ((o + jwe)A) (2.11)

Right side of Eq. 2.11 can be rewritten by using the property V - (fU) =
fV-U+U-Vf,

V- ((0+ jwe)Vo) = —jw((o + jwe)V - A+ A- V(0o + jwe)). (2.12)

In Eq. 2.12, A must be specified [28]. Since A is an auxiliary function and
only its curl is related to an observable physical quantity, we freely specify the
divergence of A. We can use Coulomb’s Gauge, which adopts V - A = 0. When
the conductivity distribution in an object is not uniform, the Coulomb’s Gauge

is a good selection [30]. Then, the formulation becomes
V- ((0+ jwe)Vo) = —jwA - V(o + jwe) in (2.13)
where €2 defines the volume of the object.

The boundary condition of the partial differential equation found above can
be formulated by equating the normal component of the total current on 92 to

zero to obtain using Eq. 2.9

do . o
I wA - n. (2.14)

10



Here we will make two assumptions to simplify our formulation. First we will
assume that the total magnetic vector potential A is approximately equal to the
primary vector potential, A,, produced by the coil in the absence of the conductive
object [29]. Secondly, the displacement current (jweF, where w = 27 f, f =
1000H z) is assumed to be negligible compared to the conduction current. Using

these assumptions, Eq. 2.13 and 2.14 become

V- (0V¢) = —jwA, Vo (2.15)
o _
a—i = —jwA, - n. (2.16)

If the phase of the current on the coil is taken as 0, then the current will be
purely real. As a consequence, the magnetic flux density and magnetic vector
potential due to coil will also be purely real. Since A, is taken as purely real and

o cannot be complex, ¢ will be purely imaginary.

2.2 Numerical Solution of the Forward Problem

The complete solution of the forward problem requires the successive solution of
Egs. 2.15, 2.16, 2.9 and 2.7. The first equation of the chain is the most difficult
one. In general, it is not possible to find an analytical solution to this equation.

We have used Finite Element Method (FEM) to solve Eq. 2.15 with the boundary

condition Eq. 2.16 numerically.

2.2.1 Finite Element Method (FEM)

In FEM, the exact value of the solution is found by solving for finite numbers of
points in space named as nodes. Nodes are also corners of finite elements which
divide the region into small closed regions. The solution domain for a geometry
which contains elements and nodes is called the finite element mesh. In this study,
tetrahedral elements are used as finite elements. In three dimensional space,

tetrahedron is the simplest form of volume with minimum number of corners in

11



order to make a volume. The object is assumed to be a rectangular prism and
then it is divided into 64 slices in the z direction. Every slice is also divided
into 32x32 cubic elements. After all, each cubic element can be represented
by 6 tetrahedrons. Conductivity is assumed to be constant in a cube. As will
be described in the next section, magnetic flux density will be calculated at

hexahedron (cube) centers.

In a tetrahedron element, potential field can be approximated as a planar
function of space. Since there exists four corners of tetrahedron, four newly
defined functions N/ can be used in three dimensions which have the value 1 on

one corner and 0 on the rest of them. The formulation of N7 is

N/ =al + bz +cly+dz (2.17)

J

79

tions of N7.

where a/, b}, ¢! and d! are selected as the values which provide the above condi-

Potential at a point in the tetrahedron can be calculated as

7

(2.18)
0, Outside of the ith element.

b { N1@! + N2¢2 + N3¢3 + N¢!, Inside of the ith element,

where ¢f s are the potential values at the corners of tetrahedrons.

Eq. 2.15 is converted into a matrix relation by using the formulation above
for node potentials. By calculating the node potentials, it will be possible to

calculate potential inside of the object at any point.

In this thesis, it is assumed that the conductivity inside of a hexahedron is

constant. Therefore, left side of Eq. 2.15 is equal to zero,

V- (0V¢) =0 in a hexahedron. (2.19)

To convert this equation to a matrix form, Eq. 2.19 are tested with Ng

functions inside the i*" tetrahedron,

/Ngv (0iV;)dQ2 = 0 (2.20)
Q;

12



By using the property V- (fG) = Vf -G+ fV -G, we get

/ V- (N 0iVey) — VN - 0,V :]dS2 = 0, (2.21)

Q;

and using the divergence theorem, equation becomes

/ VN - 0:VidS) = / N!oV¢; - ndS (2.22)
o0

Q;

The boundary condition for a tetrahedron is

¢ A T .
0o = —jwoA, -n+J" -0 (2.23)

where J* is the current on the boundary. By applying Eq. 2.23 into Eq. 2.22, it
can be obtained that

/ VN] - 0V ¢id) = / N} (—jwoiA; -+ Jfy - 7)dS (2.24)
Q; 1Y)

Since N/ functions are linear inside the tetrahedron, their gradient will be
constant and the gradient of potential inside the tetrahedron, which is equal to
the constant multiplicatives of the gradient of these functions, is also constant.
The only unknowns are the multiplicatives of the planar functions to obtain
potential inside the tetrahedron. Since there exist four multiplicatives and four
equations for each planar function, left side of Eq. 2.24 can be reshaped as a
matrix-vector multiplication at this point. The right side of the Eq. 2.24 can also

be reformed as a vector.

W S
S S S Su | 8& N} —jwoiA; -1+ J3 - 2)dS
So1 Sza Sz Soy . 2 B agi N} (—jwoiA; - i+ Jf - n)dS (2.25)
Szt S32 53z Sm H [ N3 (—jwo, A, -1+ Jy - 2)dS '
Su Se Su Su/ \é N (jwon A, it T - 2)dS
00,
S = o Vi(OIbF + el + dldb) (2.26)

where V; is the volume of i*"* tetrahedron.

13



Here, the Eq. 2.15 is converted to a linear equation system of the form
Seon - ¢ =0 (2.27)

where S,,, is a sparse matrix representing the connected coefficients and named
as connected coefficient matriz, ¢ is the node potentials vector to be found, b is
the boundary condition vector. For a mesh containing N nodes, the size of S.,,
is NxN and the size of ¢ and b is Nx1.

There will be only two tetrahedrons m and n which share the same surface and
on this surface J;;, and J; will be exactly the same. However, these two currents
are multiplied with the opposite directed vector normals. When we combine the
element matrices in the connected coefficient matrix, they will cancel each other.

Therefore, it is possible to ignore the surface currents of tetrahedrons.

The square matrix S, has to be nonsingular for invertibility. Singularity
means that the rank of the matrix should be equal to N. However, Neumann
type boundary value problem needs a reference potential to be solved. Then, this
problem has a rank of N-1 without a reference potential. This can be solved by
replacing the ith row of the matrix with all zeros except the (i,i)th entry with 1

instead. In addition, ith element of the b vector is set to zero.

After finding the node potentials, it is possible to calculate electric field in-
tensity and current density inside of the object. If the gradient of the potential
inside of a tetrahedron is taken, it is possible to see from Eqgs. 2.18 and 2.17 that
it will be constant inside of the tetrahedron. By applying Eqs. 2.9 and 2.7, the
electric field intensity and the current density are calculated at the centers of the
tetrahedrons. It is assumed that magnetic vector potential due to coil is constant
inside of a tetrahedron so that electric field intensity and current density inside

of a tetrahedron is also constant.

14



2.3 Computation of Secondary Magnetic Flux
Density

Biot-Savart relation describes the magnetic flux density produced by various types
of electrical current distributions. The numerical calculation of magnetic flux
density requires the discretization of Biot-Savart relation which is given below,

!/

B(r) = k2 /Q J(7) x ’f__—,’gdv'. (2.28)

=3I =3

™

In general, the reconstruction algorithms utilizing magnetic flux density needs
the values of magnetic flux density at cartesian grids for simplicity. For this reason

magnetic flux density will be found at the centers of the cubes.

Since current density assumed to be constant in a tetrahedron, Eq. 2.28

becomes to /
I Ho T r—=r /
Bi=— [ Ji X ——=dv". 2.29
R O PR T ek (2:29)
If the tetrahedron is small enough and field points are adequately far from
its gravity center then source points can be replaced with gravity center point of

tetrahedron as below,
F—7 RT -7, =R (2.30)

where R is the distance vector between field point 7 and center of gravity point
T4 of tetrahedron. However, the tetrahedron centers and the hexahedron center
sharing the same cube are very close each other. Fortunately, in our case, the
current changes inside a cubic element very slowly and assuming the current is
nearly constant inside a hexahedron fixes the error we made with the assumption
given in Eq. 2.30. An error analysis for the calculation of magnetic flux densities

is given in Appendix E.

Continuing that Eq. 2.30 is a good approximation, Eq. 2.29 can be written
as,

B Ho 7 Rji
i 47TJ X |Rj~|3v (2.31)
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where R;; is distance vector between center of gravity of the i*" tetrahedron and
geometric center of 7% cube. If all the contributions of total tetrahedrons inside
the object is summed up, the magnetic flux density at the center of a cube is

calculated as,

> Ho S Rji

where j = 1,2,...,Q, Q is the number of cubes and P is the number of tetrahedrons
inside of the object. By applying the curl operation, all three components of

magnetic flux density can be calculated as shown below,

P 5 omas - ..
o o e JiRIT— JiRJ
KO .
ji _ o JiRI = TiRJ
i=1 !

P —_ .. —_ .o
o o o= JLRI — JiRI
Bl'=" > Wv,» (2.35)
1 (]

1=

In our meshing strategy, there is no possibility of singularity since there is no

coincidence between the center of cubes and center of tetrahedrons.
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Chapter 3

The Inverse Problem of Induced
Current MR-EIT

The aim of MR-EIT is to reconstruct the unknown interior resistivity distribution
of three dimensional objects. In the previous chapter, we tried to explain how
some measurable field quantities can be calculated numerically from a known con-
ductivity distribution and boundary conditions. The formulation method we in-
troduced in the previous chapter is named as Forward Problem , and the computer
program that realizes this process is named as Forward Solver. In this chapter,
we will explain how to calculate unknown conductivity distribution from known
field quantities and current densities. The method for this process is named as

Inverse Problem.

Finding simple equations for the inverse problem is not as easy for as the
forward problem. Inverse problem contains nonlinear differential equations which
may be not easy to solve. Furthermore, both of the problems generally do not
have analytic solutions, have highly nonlinear relations, and require non-standard,
equation specific solution techniques. A systematic solution method of resistivity

from an equation is named as a Reconstruction Algorithm.

In our problem, Reconstruction algorithms may use inside measured magnetic

flux density, some peripheral voltage measurements and boundary information
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which includes shape and position of boundary. Today’s systems can only measure
magnetic flux density. As a result, in MR-EIT, all reconstruction algorithms have

to utilize magnetic flux density first.

3.1 Formulation of the Inverse Problem

Assume that, an object €2 is in same conditions with the object which was de-
scribed in the beginning of the previous chapter and satisfies all assumptions we
have made for it. So the relation between electric field intensity £ and magnetic
flux density B is

V x E=—jwB (3.1)

and B will have both real and imaginary parts

B = B+ jBy. (3.2)

Total B has two parts. First one is created by the coil and second part is
created by the currents induced inside of the object. Primary magnetic flux
density Bp is purely real since the current inside the coil is real. Secondary
magnetic flux density Bg will be purely imaginary since the potentials inside the

object is purely imaginary and the current density is purely imaginary.
B:BPR +.jBPI+BSR +.jBSI (33)
and since, Bp, and Bg,, in the above equation will be equal to zero,

B = Bp, + jBs,. (3.4)

If we combine Egs. 3.1 and 3.4, the equation below is obtained,

V x E =w(Bs, — jBp,). (3.5)

By taking the imaginary part of the equation, we get

V % E] = —’LUBPR. (36)
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As given before, Ohm’s Law states that £ = p.J. Substituting this in the
previous formula yields,

V % pj] = —UJBPR. (37)

Here, J; is the imaginary part of the induced current inside of the object. An

equivalent form of the previous formula is
VpX j[+pVXj[:—prR (38)

by using the vector identity V x fG = Vf x G 4+ fV x G for scalar field f and
vector field G. If we know J, Eq. 3.8 can be interpreted as yielding information
on the gradient of p. Current density inside of the object can be calculated by
Jr =V x %, the point form of Ampere’s Law. By taking the curl of both sides,

we obtain

- B
V xJr=Vx(Vx NS’). (3.9)
0

By using the vector identity V x V x G = V(V - G) — V3G for any vector
field, right side of the equation becomes

Bsiy 2Bt (3.10)

V x J;= V(V
Ho o

Since V - B = 0 for any magnetic flux density, the equation becomes

_ B
VX Jp = -—v225 (3.11)
Ho
If we use this equation inside of Eq. 3.8
_ , Bs, _
Vpx Jr—pV"—— = —wBp, (3.12)

Ho

If we know the all three components of magnetic flux density, it is better to
use Ampere’s Law and 3.8 together instead of this formulation. Since the second
derivatives of magnetic flux density is inside of the formulation, this formula is
more likely to be noise sensitive than Ampere’s Law. However, it is difficult to

measure all three components of magnetic flux density. Experimental small object
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can be easily rotated to measure magnetic flux density through each direction of
(x,y,2). But human body cannot be rotated as easily as an experimental object.
Eq. 3.8 can be separated into three components. So if we measure magnetic flux
density in one dimension, we will be able to solve conductivity distribution inside
of the object.

Let’s now return to Eq. 3.12. To gain further insight about it, expand its

components in all three directions,

B
I an pVi—l= —wBp,
Jyo—de 0 o PV By,

which provides an equation system consisting of three first order quasi-linear !

partial differential equations. Each row of this system conveys information about
gradient of p on two dimensional domains which are actually planes. For example
first row deals with the gradient of p on constant z planes. Similarly second
and third rows are related with constant y and z planes respectively. Therefore
planes of different equations are perpendicular to each other. An illustration of
perpendicular planes in the object is shown in Figure 3.1. It can be seen clearly
that, if J is known on a plane then reconstruction of the conductivity distribution
on that plane will be easy. It also gives an ability to reconstruct single slice instead

of whole object.

3.2 Numerical Methods for Inverse Problem

In this section, an iterative magnetic flux density based image reconstruction al-
gorithm will be presented. The algorithm is based on reconstruction of resistivity
by using measured magnetic flux density in any of x, y, and z directions. This
method removes the necessity of object rotations, which is not easily applica-

ble. Furthermore, slice reconstruction can be made by this algorithm, which will

1A special form of the nonlinear partial differential equations [31].
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Figure 3.1: Reconstruction planes for z,y and z dimensions.

enable to get results in computationally less time.

The algorithm used in this section is implemented by using the idea of linear
systems. In previous section, the inverse problem of Induced Current MR-EIT
is introduced. The nonlinear relation between conductivity and magnetic flux
density is given in Eq. 3.12. This type of nonlinear equations can be solved with
linear systems of equations. Eq. 3.12 can be rewritten around a conductivity dis-
tribution point using Taylor series expansion with eliminated higher order terms.
A linear matrix-vector relation can be generated from conductivity distribution
domain to magnetic flux density domain. In this case, the solution of the inverse
problem reduces to the inversion of the matrix generated and multiplication of
it with the difference magnetic flux density vector. However, the solution of the
linear system is a good predict of conductivity distribution but not enough close
to the exact result. So, a few iterations of solution process by combining forward
and inverse problems pair will give a better approximation to exact conductivity

distribution.
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3.2.1 Reconstruction by Solution of Linear Equation Sys-

tem

The algorithm used in this section uses only one component of magnetic flux

density and tries to find a solution for the related row of Eq. 3.13,

If it is assumed that only z component of magnetic flux density is measured,
then we have to concentrate on the third row of this matrix equation,

B
%J _9p el 4

=, aZ Iy — pV? o= —wBp, (3.14)

which is a first order quasi-linear? partial differential equation which relates the
partial derivatives of p and p itself with Laplacian of By, /p to wB,,. If both By,
and B,,, are measured and V2B,, is calculated from measured B,, on a constant

z slice, then the p distribution can be derived from the solution of this equation.

Generally, it is not easy to find a unique solution for Eq. 3.14. At this manner,

to obtain the solution two or more current profiles is used.

Eq. 3.14 is discretized in a square Cartesian mesh in order to reconstruct
the conductivity distribution. This newly defined mesh is a mesh with nodes
which are the centers of hexahedrons of a slice of the original mesh. By replacing
the derivatives with finite difference equations, the discretization is done. In
Appendix C, finite difference approximation is derived. In the interior region of
the object, central difference formula is used. On the other hand, at the edge
hexahedrons of the object forward and backward difference formulas are used for
convenience. One equation from interior of the object can be found by finite

difference approximation for (i, j)* hexahedron as shown in Figure 3.2 is:

PG+1,5) — Pli-1,j) PGj+1) — Plj—1) o, Bs2(i.j)
i) — Ju(ig) = P )V (——=) = —wBps(i,j)-
AL (i) 2Dy (i) — PV ( o ) = —wBy.(i )
(3.15)

Since there are NM hexahedrons on a slice, NM equations can be formulated

2Equation is linear in the gradient of p on a slice perpendicular to the z direction,but not
linear for p itself
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Figure 3.2: To reconstruct p on a slice, the third row of Eq. 3.13 is discretized
by finite differences on the Cartesian grid consisting of center points of the slice
hexahedrons. (a) 3D illustration of a slice with center points of its hexahedrons.
(b) 2D illustration of a slice and indices of some hexahedrons used in Eq. 3.15.

like this. By rearranging and combining all the equation on a slice, matrix form

of these equations can be constructed.
Sp' = Ab (3.16)

where S is the NM x NM coefficient matrix, p’ is the NM x 1 vector of all
hexahedron values of conductivity distributions at that slice and Abis the NM x1
vector of the right side of the Eq. 3.15.

Eq. 3.16 is constructed for only one current induction profile. For P different
profiles, P different S and Ab will be obtained. In order to concatenate these
matrices, a new non-square coefficient matrix ¥ = [STS?...SL]T and PMN x 1

vector AB = [AbTADL...AbL]T can be defined that combines all the matrices.

The new form of matrix equation is

Ty = AB. (3.17)

After these calculations, the steps of iterative method can be defined as

Step 1 : Assume an initial py for all slices. For the first iteration, it is taken as

a uniform distribution. Set slice number k to 0.
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Step 2 : Calculate Aby vectors for ¢ = 1,2,..., P by using the calculated B,,

values for the k" slice.

Step 3 : Measure B,, and calculate V2(B,./uo) for the k" slice. Calculate .J

using forward solver and obtain S, for £ = 1,2, ..., P.

Step 4 : Concatenate S, matrices and Ab, vectors to obtain combined system

equation Yp, = Af of the k' slice, where i is the iteration number.
Step 5 : Solve Eq. 3.17 to find the conductivity distribution of the k¥ slice,p;.

Step 6 : If k is not the maximum slice number, increase k by 1 and go to Step2.
Else, check for stopping condition and stop if it is met. Else, go to Step 1

and use the p; found in Step 5 as the initial vector.

In our simulation studies, 5 iterations are made. However, it is possible to
select the stopping condition as the relative £2 norm error of the difference between
the reconstructed image and the actual resistivity distribution instead of iteration

count. Relative ¢2 norm error is defined as,

Pe, A 100”02 _Uoriginal||2 (318)

‘ ‘O-original | ’2
where 0,iginar is the original conductivity vector and o; is the conductivity con-
tributed in " iteration. The the relative ¢2 norm errors of the simulations are

given in the next chapter.

In the previous chapter, one can easily see that the eddy currents are directly
related to conductivity values. Then, the secondary magnetic flux density is
also related to conductivity distribution. At this manner, the coefficient matrix
contains the information about conductivity distribution. In forward problem,
we have to take a reference potential value to calculate the potential inside the
object. However, there is no need for this type of modification in coefficient
matrix. In this case, actually there must be no ill-conditioning problem in the
coefficient matrix in the absence of numerical errors. However, some numerical
errors exist in this solution methodology. In the next chapter, the singular value
plots of simulation phantoms are given. Additionally, the solution methods to

distract the ill-conditioning problem are discussed.
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Chapter 4

Simulation Results

In this Chapter, computer simulation results will be shown for the algorithm
given in previous chapter. No measurements were made for this thesis. All the
required data are generated by computer. A rectangular prism shaped object is
simulated with edge lengths 32 x 32 X 64cm. To assign a conductivity model, the

conductivity of each hexahedron with 1 cm edge length is assumed to be constant.

To get better insight of the features of the algorithm, three different conduc-
tivity models are constructed and simulated on computer. In addition to this,
the effect of the number of iterations and measurement noise are investigated for
the algorithm. p distribution of all slices in z direction are reconstructed from the
computer generated secondary magnetic flux density data except the 1% and 64"
slices (bottom and top slices). The secondary magnetic flux densities at these
two slices are inaccurate due to numerical errors made in the calculation of the
Biot-Savart integral. Therefore, we did not calculate conductivity at these two
slices. Instead, the conductivity values at 2"¢ and 63" slices are taken as the

conductivities of 1% and 64" slices, respectively.
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Conductivity Conductivity Conductivity Conductivity

Region Model 1 (CM1) Model 2 (CM2) Model 3 (CM3)
Cylinder 0.6 X X
Sphere (slices 21-36) X 0.4 X
Sphere (slices 30-62) X 0.1 X
Lungs X X 0.181-0.061
Heart X X 4.0-2.22
Backbone X X 0.143-0.055
Background 0.2 0.2 0.2

Table 4.1: Some conductivity values of the conductivity models (S/m).

4.1 Conductivity Models

Three conductivity models with different complexities are used for simulations.
These three different conductivity models contain a cylinder (CM1), two spheres
(CM2) and a human thorax model (CM3). In order to be close to the average
body conductivity, the background conductivity is taken as 0.25/m. For each
conductivity model, 30 slices are selected out of the 64 slices and these are given

in Figures 4.1, 4.2 and 4.3, respectively.

The first model includes a simple cylinder centered at midpoint between the
boundary of slice and the center of slice in the y direction. This model will
give some information about how the solver behaves when the object is near
the boundary and constant in z direction. In the second model, two spheres at
different centers are used in the simulation. Since a sphere changes in all three
dimensions, this simulation will give us some information about the effect of 3"
dimension for the solution method. Finally, a computer generated human thorax
model is used as third model to get a realistic simulation result. In thorax model,
lungs and bones are less conductive and heart is more conductive than background

conductivity. In Table 4.1, region conductivities are given for all three models.
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Figure 4.1: Some selected slices of the first conductivity model (CM1).
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Figure 4.2: Some selected slices of the second conductivity model (CM2).
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Figure 4.3: Some selected slices of the third conductivity model (CM3).
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4.2 Measurement Noise

In the presence of measurement noise, the behavior of the algorithm is another
issue to be understood. To be able to get some knowledge about this behavior, a
generated Gaussian noise is added to the secondary magnetic flux density data.
The standard deviation of noise for one component of secondary magnetic flux

density is formulated as
1

29t curr SN R
where 7 is gyro-magnetic ratio (26.75 x 107rad/(sec x Tesla)), tey is the du-

(4.1)

os =

ration of spin echo experiment proposed for the solution of the solution method
(Appendix D) and SNR is the signal-to-noise ratio of the MRI system [32]. The
duration of spin echo experiment, ..., is taken as 100 ms. In order to be able to
get better images, the experiment is repeated 100 times. Simulations are made
for three different noise levels by assigning SNR value as 30, 60 and 90. For SNR
values 30, 60 and 90, the corresponding standard deviations are approximately
62 pTesla, 31 pTesla and 21 pTesla by using Eq. 4.1. The calculated values are
independent of magnetic flux density. As we increase the induced current over
the coil, the SNR of the total system can be increased. However, there are some

limitations over the magnitude level of the induced current.

The safety limit for induced/injected current inside the body is accepted as
less than 1 mA at 1 kHz frequency [33]. To have less than 1 mA current inside the
body, the maximum current density in the object must be about 4.88 mA /m?.
In order to achieve this, 18.5 A current must be applied to the coil. In this case,
the average absolute magnetic flux density of induced current is 65 pTesla. For
all SNR values 30, 60 and 90, the deviation of noise is comparable with magnetic
flux density. However, after the laplacian operator, the magnetic flux density
data becomes useless. If I = 2000 A current applied to the coil, an average of 0.5
A eddy current is induced in the object. In this case, secondary magnetic flux
density is around 7 nTesla which is a better level with respect to the noise to be
able to measure. However, this level of eddy current cannot be applied to human
body. For the simulation purposes, this level is used. In the realization of the

algorithm, some other numerical techniques such as singular value truncation,
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which decreases the effect of noise in the coefficient matrix, can be used.

4.3 Simulation Results for Algorithm

In this thesis, three different simulation phantoms are used. For each phantom,
direct solutions of conductivity distributions without noise consideration are cal-
culated. In Figures 4.4, 4.5 and 4.6, these results are presented for some selected
slices for the first iteration except third model. Since it converges in the sec-
ond iteration to a good result, the second iteration result is represented for third
model. In addition, five iterations are made and the 32"¢ slice (mid-slice) for
each iteration are given in Figures 4.7(a), 4.7(b) and 4.7(c). The selection of
iteration number is made from the calculated residual norm errors. In the first
simulation model, 8 iterations are made and, after 5 iterations, the residual error
converged to a constant value. Therefore, the iteration number for each three of
the simulation models is selected as 5. As you can see from the residual norm
errors of the other simulation models, 5 iteration is a good selection for all three

models.

Calculation of magnetic flux density without noise is unrealistic. Therefore,
a normally distributed noise with a standard deviation given in Equation 4.1
is added to secondary magnetic flux density for three different SNR values 30,
60 and 90. The simulation results for different SNR values are given in Figures
4.8(a), 4.8(b) and 4.8(c) for mid-slice.

In order to understand better how magnetic fields carry the conductivity in-
formation, the laplacian of calculated secondary magnetic flux densities for each
simulation phantom at the mid-slice are given in Figures 4.9(a), 4.9(b) and 4.9(c).
As you can see from the figures, the edge information of the conductivity is pre-
served in the secondary magnetic flux density. In the first simulation phantom,
two constant magnetic flux density levels exist while the conductivity is constant.
However, on the edges, the magnetic flux density information takes different val-

ues for each current induction profile. The combination of four current profiles
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Figure 4.4: Some reconstructed slices of the first conductivity model (CM1).
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Figure 4.5: Some reconstructed slices of the second conductivity model (CM2).
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Figure 4.6: Some reconstructed slices of the third conductivity model (CM3).
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profile plots of horizontal 16" lines of images are at the bottom of each image.
Relative Ly norm errors indicate the difference between reconstructed and original
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have the total edge information. If we use only one of the current profiles, the
reconstructed image will contain only one edge information from one direction

will be seen which is not a desired image of data.

Up to now, all the simulations are made for four current induction profiles.
However, it is possible to use less current induction profiles in the solution. On
the other hand, this brings some restrictions with itself. We have to consider the
ill-conditioning problem of the matrix of linear system equation. In Figure 4.10,
the singular value plots of the system matrices, which have one, two, three and
four current induction profiles, of each phantom are given for the first iteration.
From figures, it seems that at least two current induction profile is enough to be
able to obtain good results. However, increasing the number of profiles shows

better images.

The condition numbers of the coefficient matrices for mid-slice of three differ-
ent models are 37.36, 44.05 and 457.32 for CM1, CM2 and CM3,respectively. First
two conductivity models, CM1 and CM2, seems to be well conditioned. However,
it seems that the small ill-conditioning problem occurs in the third conductivity
model. On the contrary, the ill-conditioning problem does not occur in the second
iteration. It is possible to truncate some singular values of the coefficient matrix
which is not covered in this thesis. The truncation can be made to achieve less
noise dependent well-conditioned matrices to reconstruct and, as a result of this,
better imaging with smaller current induction in the object. Since the condition
numbers are not very large in our simulation phantoms, no truncation is applied

in this thesis.

The matrix equation Eq. 3.17 is solved by taking the inverse of coefficient
matrix and multiplicating with the right hand side vector. The inverse operation
is done by using LU factorization with partial pivoting. Instead of using gaussian
elimination for the inverse, first LU decomposition of the coefficient is found and

the iteration given below is applied for each column of the matrix,

Ly=Pb;

fork =12,...,N (4.2)
U=y
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where P is a permutation matrix, L is lower triangular with unit diagonal ele-
ments, and U is upper triangular. The resulting x; vectors are the columns of

the inverse matrix.

4.4 Computational Cost of Algorithm

The computation time of the algorithm and the required hardware sources such
as memory and application specific software platform are important for the im-
plementation of the system. There are many system possibilities that can be
used to optimize the calculation time of the reconstructed data. However, it may
be useful for the reader to give the system we used in this thesis to understand

better the computational load of the algorithm.

For simulations, a general purpose PC with an hardware configuration of a
Pentium IV CPU at 2.8 GHz, 1 GByte DDR-RAM and 500 MHz System Bus is
used. The operating system on the PC is Windows XP Professional Edition and
the interpreter used for simulations is MATLAB R13. Since MATLARB is just an
interpreter, vectorization is made for better performance of the code. However,
the magnetic flux density calculation part of the code cannot be vectorized and
have many loops inside. In order to increase the performance of the code we have
written, we used the ability of MATLAB to call C functions. The source codes

of routines are given in Appendix F.

For the algorithm in this thesis, computation of single iteration takes 82 min-
utes approximately. In one iteration, 4 current densities for each current induction
profiles are calculated and each one takes about 19 minutes. The primary and
secondary magnetic flux densities and the vector magnetic potentials used in the

simulations are calculated within 6 hours.
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Chapter 5

Conclusion and Future Work

In this thesis, a new reconstruction algorithm is proposed for a novel imaging
technique named as Induced Current Magnetic Resonance-Electrical Impedance
Tomography. This algorithm is proposed for the reconstruction of conductivity
distribution of objects in three dimensions. The algorithm is based on the in-
duction of a conductive object by a coil and generating induced currents inside
of the object. These induced currents will create a new magnetic flux density
to reject the magnetic flux density generated by the coil. The relation between
magnetic flux densities enables to visualize the conductivity distribution by using

some image reconstruction techniques.

The advantage of this method is measurement noise due to electrode will
not occur. However, finding a good coil is an essential problem since a bad
configuration of coil will not give good results. In this thesis, we used a coil
configuration which is just a loop of wire. Designing a better coil configuration

is another concept to find.

In the future, it can be attempted to try to find better coil configurations,
to improve our numerical results and to apply some other numerical methods to
reconstruct the conductivity distribution. In addition, the MATLAB codes used
in simulations can be converted to C/C++ routines to decrease the computational

cost of the method. In addition, we plan to look at the Picard plots and L-curves
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[34] of the coefficient matrices. It is possible to select a singular value level that
will be a threshold for the singular values of coefficient matrix by using these two

plots.
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Appendix A

Potentials and Fields due to Coil

A.1 Magnetic Flux Density

Let (z’,y,2’) be the source point on a coil and (z,y,z) be the observation point,

the solution for the magnetic flux density B can be found from Biot-Savart rule:

— Ho j X R /
B = — dl Al
c
where J = T qg , I is the current flowing through the wire, R =

V(@ —a)2+ (y—y)2+ (2 — 2/)? and dl’ represents the differential element on
the curve C. In this study, the integration given in the above equation is approx-

imated numerically for B,, B, and B, by

pola o zsin(n2x) A
N 27
_ pola zcos(n5y)
By(x,y,2) = 5 2 g (A.3)
N B ; s
By, 2) = _pola zcos(n3r) + ysin(n3r) — a (A4)

ON R

where N denotes the number of integration points and « is the coil radius.
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A.2 Vector Magnetic Potential

Let (z’,y’,2’) be the source point on a coil and (z,y,2) be the observation point,

the solution for the magnetic vector potential A is

Az, y,2) = 12 }{—dl’ (A.5)

where dl’ represents the differential vector element on the curve C. In this study,

the integration given in the above equation is approximated numerically for A,
and A, by

A ~ pola g: —Sin(nzﬁ) AG
-T(x’y?’z)_ 2N — R ( . )
N 27
_ ola cos(n5y)
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Appendix B

Some Properties of a

Tetrahedron

In this Appendix, some properties of tetrahedrons are represented, which are used

in the solution of the forward problem.

B.1 Surface Normals of a Tetrahedron

In order to find the surface normals of a tetrahedron, defining two vectors over the
surface of that normal to be found is enough. These two vectors can be the vectors
from first corner to second corner and first corner to third corner. The normalized
version of the cross product of these two vectors is equal to normal. However,
this normal is in-directed or out-directed to the tetrahedron. For convenience,
all normals must be in-directed or out-directed. In this thesis, normals is taken
to be out-directed. To ensure that the normals are out-directed, a dot product
between normal vector and a vector from the center of tetrahedron to the center
of the surface is taken. If result is positive then normal is out-directed and no
modification is required. If result is negative then normal is in-directed and must

be multiplied with -1.
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B.2 Surface Areas of a Tetrahedron

Surface Area of a tetrahedron is equal to the half length of the vector created by

the cross product defined above.
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Appendix C

Finite Difference Formulation

The discretized version of the derivative is finite difference. If a function is sam-
pled with a distance of small h at P points, then new sampled values define a

new discrete function related to the first function with the below relation.

flp] = f(xo+ph) forp=1,2,.. P. (C.1)

Here, it is possible to define lots of finite difference formulas. We will define

three of them. First is the finite forward difference of function f[p] defined as,

Af,=flp+1]— flp] forp=1,2,..,P—1. (C.2)

Finite backward difference is another method to find the finite difference of

function f[p] and is defined as,

Af, = flp]— flp—1] forp=23,..,P. (C.3)

Note that, the first index of f[p] for backward finite difference and the last
index of f[p] for forward finite difference are note defined. Third and last of the
defined method for finite difference is central finite difference of function f[p] is
defined as,

S0fp=flp+1 —flp—1] forp=2.3,..,P—1 (C4)
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First two method have a sample distance of h, but third one have a sample
distance of 2h. A derivative is defined as the limit value between two points over
the distance between these points. Starting from here, a first order approximation

to the derivative f’z is,

f(z) = d‘ZZI:) = % + O(h) (C.5)

with forward and backward finite differences. In both cases, the order of approx-
imation error is order of h. Central finite difference is a more accurate discrete

approximation for f’(x).
_ 0y

=57+ 0Mm) (C.6)

f'(z)

Approximation error is in order of h? for central difference formulation. This
means that halving h decreases the error to a quarter. Central finite difference
formulation is not defined for edges, it can only be useful for points between first

and last points.
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Appendix D

Proposed Pulse Sequence for

Measuring Secondary Magnetic
Flux Density Using MRI

Measurement of Bg, can be achieved using MR-CDI techniques. In this study,
the magnetic flux density generated by the AC eddy current density is to be
measured. In [35], an MRI pulse sequence for measuring the magnetic flux density
of currents obtained by applied square wave voltages of about 1 KHz frequency
is developed. This MR pulse sequence can be adapted to the particular case
in this study as shown in Figure D.1. During AC excitation, phase of the MR
image accumulates due to Bg, provided that N RF pulses are applied at the
times of the zero crossings of Bg.. Since Bs, and Bp, are out-of-phase, phase
accumulation due to Bp, in a positive half cycle cancels with the accumulation
during a negative half cycle, and only the contribution of Bg. remains. This is
a fundamental assumption which may be difficult to achieve in an experimental

setting.

In order to get the magnetic flux density data, two experiments are done with
different current [36]. First, an in-phase current to the secondary magnetic flux

density is applied and a complex image is gathered. Then, a current, which has
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Figure D.1: Spin Echo Experiment for Induced Current MR-EIT.

a 180° phase from the secondary magnetic flux density, is applied and another

complex image is gathered. These two images have an extra phase term from the

no-current case image as given below,

~

echo

M, (z,y,2) ~ M(z,y,2) exp [j(—1)N(N +1) vBg. (x,y, z)dt] (D.1)

O\f

Techo

M, (z,y,2) ~ M(z,y,2) exp [—j(=1)N(N +1) vBs.(x,y,2)dt] (D.2)

where M(x,y,z) is the complex image that is gathered from standard the spin
echo experiment with no current, M., and M,_ are the complex images gathered
from in-phase and opposite-phase current applications and T,.,, is the duration
of total AC excitation. The integral term can be calculated easily due to the fact

that it is only an integral of sine function. In this case, the equations become

2T‘echo

™

MC-&-(xvva) = M(‘Tay7z) exrp []<_1)N7 <BSZ(JZ,y,Z)> ] (DS)

o4



2Techo
T

MC*('I?va) = M(QZ,y,Z) exp [_.7(_1>ny <BSZ(QZ,y,Z>>

where (Bg,) is the average value of Bg, during the half period of AC current.

. (D4

If we look at the ratios of these two images, it gives a phase term. From Egs.
D.3 and D.4, it is easy to see that this phase term is a constant times secondary
magnetic flux density itself. The accumulated phase shift is then obtained as

2Techo

¥s = 2(_1>N7 <Bsz($,y, Z)> T

(D.5)

Here, T,.,, can be calculated easily since we know the frequency of the AC
current and N. The duration of the applied AC current is

N +1

Techo - 9

Tac (D.6)

where Ty is the period of AC current.
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Appendix E

Error Analysis for Calculation of
Secondary Magnetic Flux
Density

In this thesis, magnetic flux densities are calculated numerically. However, these
calculations have some numerical errors. In the calculation of primary magnetic
flux density, the error can be less than a desired tolerance by increasing the
calculation number of points over the coil (N) given in Egs. A.2, A.3, A.4. When
we apply the Biot-Savart integral for the calculation of primary magnetic flux
density, the approximation given in Eq. 2.30 can be easily applied. Since the coil
is enough far from the object, the error will be negligible. However, in the case
of secondary magnetic flux density, this is not exactly true. As we mentioned
before, the error due to close points, i.e. the points sharing the same cube, will
be negligible. On the other hand, the cubes, which are placed on the upper,
lower, right and left part of the current cube, will also create an error term. In
the middle of the object, the points in the upper cube will destroy the effect of
the points in the lower cube. In the same way, the points in the left cube will do
the same thing for the points of right one. However, as we get closer to the edges,
especially wedges, the error will increase. While we are in one of the wedges that

has only lower and left cube neighbors, the effect of lower and left cube will not
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L(Bf) vs. ausf at midslice (Uniform Conductivity Distribuion)
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Figure E.1: Error due to Biot-Savart Integral (a) 2D illustration of laplacian of
Bg, versus ogwBp_. (b) 3D laplacian of Bg, versus oowBp. .

be canceled by an upper or right cube. These errors will be seen in the magnetic

flux density data.

The effect of these errors can be easily seen in the uniform conductivity dis-
tribution case. Since the conductivity distribution is constant, the gradient of p
will be equal to 0. In Eq. 3.12, if we replace 0 instead of gradient term and py

instead of p, the equation becomes

B _
,OQVQ/L—SI = prR. (El)
0

The laplacian term is a constant times primary magnetic flux density for the
uniform distribution case, from the equation. In the inverse problem, we only
consider the z component of both fields. In Figure E.1, the primary magnetic
flux density and the laplacian term is computed for the uniform distribution

case.
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Appendix F

MATLAB Source Codes

In this section, source codes used in the simulations for both forward solver and
inverse solver are given. The codes are written in MATLAB. The forward solver
uses the routines SolverForward, magvecpot3d, SolverPlotter, SolverBodyl and
findnodeBfield2. The inverse solver uses the routines SolverForward, SolverBody2

and Solverlnverse.

Listing F.1: SolverBodyl1

close all

warning on;

% Load Mesh

Nodenum = 70785;

load ('mesh3dtet’ num2str (Nodenum) '.mat']);
%load Org -Sigma.mat;

% Define globals

% Number of Nodes

global nodes

% Number of Triangles (Elements)
global  nelmts

% X coordinates of nodes

global  x

% Y coordinates of nodes

global 'y

% Y coordinates of nodes

global z

% Triangle element nodes

global elmn

global  sigma

global  radius

% Define default values for variables
w = 2 x pi * 1000; % radian/sec
K = floor (xmax/4);

TimeO = clock ;

radius = 3 xmax(x)
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abcd = zeros (nelmts,4,4);

% Calculate Vector Magnetic Potential, abcd and Volume for Each Tetrahedron

n = zeros (nelmts,4,3);
for i =16
% Coordinate Matrix
matrix1 = [1 x(elmn(i,1)) y(elmn(i,1)) z(elmn(i,1))
1 x(elmn(i,2)) y(elmn(i,2)) z(elmn(i,2))
1 x(elmn(i,3)) y(elmn(i,3)) z(elmn(i,3))
1 x(elmn(i,4)) y(elmn(i,4)) z(elmn(i,4))]; % m
% Coefficients of Nji
abcdi(i,:,;) = inv (matrix1); % 1/m
% Volume of Element (Tetrahedron)
Volumel(i) =  abs(det (matrix1)/6); % m"3
% Calculate the normal to the surface of tetrahedron
% Node coordinates
nodel(i,)) = [x(elmn(i,1)) y(elmn(i,1)) z(elmn(i,1))];
node2(i,;) = [x(elmn(i,2)) y(elmn(i,2)) z(elmn(i,2))];
node3(i,:)) = [x(elmn(i,3)) y(elmn(i,3)) z(elmn(i,3))];
node4(i,:)) = [x(elmn(i,4)) y(elmn(i,4)) z(elmn(i,4))];
% Vectors defining the edges and their lengths

P1(i,:)) = nodel(i,:) — node2(i,:); % m
P1I() = norm (P1(i,)); % m
P2(i,:) = nodel(i,:) — node3(i,:); % m
P2I(i) = norm (P2(i,:)); % m
P3(i,:)) = nodel(i,:) — node4(i,:); % m
P3I() = norm (P3(i,:)); % m
P4(i,)) = node2(i,:) — node3(i,:); % m
P4l(i) = norm (P4(i,:)); % m
P5(i,:) = node2(i,:) — node4(i,:); % m
P5I(i) = norm (P5(i,:)); % m
P6(i,)) = node3(i,:) — node4(i,:); % m
P6I() =  norm(P6(i,’)); % m

% Mid points of Surfaces

mid1(i,;) = (nodel(i,:) + node2(i,:) + node3(i,:))/3;

mid2(i,;) = (nodel(i,;) + node2(i,:) + node4(i,:))/3;

mid3(i,;) = (nodel(i,:) + node4(i,:) + node3(i,:))/3;

mid4(i,;) = (node4(i,;) + node2(i,;) + node3(i,:))/3;

% Cross Products to find normals of 4 surface of tetrahedron

Pcl(i,;) = cross (P1(i,:),P2(i,?)); % m

Pc2(i,;) = cross (P1(i,:),P3(i,)); % m

Pc3(i,;) = cross (P2(i,:),P3(i,)); % m

Pc4(i,) = cross (P4(i,:),P5(,)); % m

% Decide signs of normal vectors

Signs(i,;) = sign ([Pc1(i,:) *(mid1(i,:) — node4(i,))).’
Pc2(i,;)  s(mid2(i,:) — node3(i,:)).’
Pc3(i,;)  *(mid3(i,:) — node2(i,:)).’
Pcda(i,;)  x(mid4(i,:) — nodel(i,:)).]).s

% Normals of surfaces

ni(i,:,:) = [Signs(i,1) *Pcl(i,:)/ norm (Pc1(i,:))
Signs(i,2) *Pc2(i,:)/ norm (Pc2(i,:))
Signs(i,3) *Pc3(i,:)/ norm (Pc3(i,:))
Signs(i,4) *Pc4(i,:)/ norm (Pc4(i,:))];

% Surface areas of tetrahedron

S11()) = norm(Pci(i,}))/2; % m'2
S21(i) = norm(Pc2(i,:))/2; % m™2
S31(i) = norm(Pc3(i,:))/2; % m™2
S41(i) = norm(Pc4(i,:))/2; % m"2

end
n = repmat(nl,nelmts/6,1);
disp (‘Surface Normals Calculated!);

S1 = repmat(S11,1,nelmts/6); % m"2

S2 = repmat(S21,1,nelmts/6); % m"2

S3 = repmat(S31,1,nelmts/6); % m"2

S4 = repmat(S41,1,nelmts/6); % m"2
disp (‘Surface Areas Calculated!);

abcd = repmat(abcdl,nelmts/6,1); % 1/m

disp (‘Basis Function Coefficients Calculated!’);

%
%

%

%

%
%
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Volume = repmat(Volumel,1,nelmts/6); % m"3

disp ('Volumes of Tetrahedrons Calculated!);
Timel = clock ;

Antl = zeros (nelmts,4,3);

Ant2 = zeros (nelmts,4,3);

Ant3 = zeros (nelmts,4,3);

Ant4 = zeros (nelmts,4,3);

Annl = zeros (nelmts,4);

Ann2 = zeros (nelmts,4);

Ann3 = zeros (nelmts,4);

Ann4 = zeros (nelmts,4);

midpoints =  zeros (nelmts,3);

midsurfs =  zeros (nelmts,4,3);

Bpl = zeros ((xmax —1) «(ymax —1) x(zmax —1),3);
Bp2 = zeros ((xmax —1) «(ymax —1) x(zmax —1),3);
Bp3 = zeros ((xmax —1) «(ymax —1) «(zmax —1),3);
Bp4 = zeros ((xmax —1) x(ymax —1) x(zmax —1),3);

% Calculate Midpoints of Tetrahedrons

midpoints = [ sum(x(elmn(:,:)),2)

sum(y(elmn(:,:)),2)

midsurfs(:,1,:) = [x(elmn(:,1))+x(elmn(:,2))+x(elmn(:,3))

y(elmn(:,1))+y(elmn(:,2))+y(elmn(:,3))
z(elmn(:,1))+z(elmn(:,2))+z(elmn(:,3))].";

midsurfs(:,2,:) = [x(elmn(:,1))+x(elmn(:,2))+x(elmn(:,4))

y(elmn(:,1))+y(elmn(:,2))+y(elmn(:,4))
Z(elmn(:,1))+z(elmn(:,2))+z(elmn(:,4))].";

midsurfs(:,3,:) = [x(elmn(:;,1))+x(elmn(:,3))+x(elmn(:,4))

y(elmn(:,1))+y(elmn(:,3))+y(elmn(:,4))
z(elmn(:,1))+z(elmn(:,3))+z(elmn(:,4))].";

midsurfs(:,4,:) = [x(elmn(:,2))+x(elmn(:,3))+x(elmn(:,4))

disp

for

end
Apl

y(elmn(:,2))+y(elmn(:,3))+y(elmn(:,4))
z(elmn(:,2))+z(elmn(:,3))+z(elmn(:,4))].";
('Mid —Points of Volume and Surfaces Calculated!’);

i = Llinelmts
it i==
disp (nelmts)
elseif mod(i,10000)==0

disp (i)
end
xp = radius/3;
yp =0
zp = 0; % m
[Ax,Ay,Az] = magvecpot3d(i,xp,yp,zp); % mWhb/m
Antl(i,;,;;)) = [Ax Ay Az]; %x-y plane% mwWwhb/m
Annl(i,1:4) = (Ax.. *n(i,;,1)+Ay.". *n(i,:,2)+Az.".
Xp = 0;
yp = radius/3;
zp = 0; % m
[Ax,Ay,Az] = magvecpot3d(i,xp,yp,zp); % mwb/m
Ant2(i,;,;:)) = [Ax Ay Az]; %x-z plane% mWb/m
Ann2(i,1:4) = (Ax.". *n(i,;,1)+Ay.". *n(i,;,2)+Az.".
xp = —radius/3;
yp = 0;
zp = 0; % m
[Ax,Ay,Az] = magvecpot3d(i,xp.,yp.zp); % mWb/m
Ant3(i,;,;:) = [Ax Ay Az]; %x-y plane% mwWb/m
Ann3(i,1:4) = (Ax.". *Nn(i,;,1)+Ay.". *n(i,:,2)+Az.".
xp = 0;
yp = —radius/3;
zp = 0; % m
[Ax,Ay,Az] = magvecpot3d(i,xp,yp,zp); % mWhb/m
Antd(i,;,;)) = [Ax Ay Az]; %x-z plane% mwWhb/m
Ann4(i,1:4) = (Ax.. *n(i,;,1)+Ay.". *n(i,:,2)+Az.".
= reshape (sum(Antl,2)/4,nelmts,3); % mWhb/m

sum(z(elmn(:,:)),2))/4;

*n(i,;,3));

*n(i,:,3));

*n(i,,3));

*n(i,;,3));
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Ap2 = reshape (sum(Ant2,2)/4,nelmts,3); % mWhb/m
Ap3 = reshape (sum(Ant3,2)/4,nelmts,3); % mWhb/m
Ap4 = reshape (sum(Ant4,2)/4,nelmts,3); % mwb/m
disp ('Vector Magnetic Potentials Calculated!’);

Time2 = clock ;

% Cylinder

for q =1:6:nelmts

-5

dist = sum(midpoints(q:q+5,:))/6;

P = max(x)/2;

if sqrt  (((dist(1)+radius/12)/P)"2 + (dist(2)/P)2) <=1
sigma(q:q+5,1) = 0.6;

else
sigma(q:q+5,1) = 0.2;

end

end

Org_-Sigma = sigma;
save (['OrgSigma’
disp (‘Sigma Created!’);

save (['MagVec'
save (['lmports’

Time3 = clock ;

Ant = Antl;
Ann = Annl,
Ap = Apl,;
SolverForward;
Jl =,

num2str (Nodenum) '.mat’],’Org _Sigma’);

num2str (Nodenum) '.mat’],’Annl’’Antl’’Apl’,’Ann2',’Ant2’,'Ap2’,’Ann3'’Ant3','Ap3’,’Ann4’'Ant4’'Ap4’);
num2str (Nodenum) '.mat’],’midpoints’,'abcd’,'Volume’,’S1','S2’,'S3','S4’,'n’);

phicall = phiCalculated;
disp ('SolverForward 1°);

Time4 = clock ;

xp = radius/3;
yp =0
zp = 0;
SolverPlotter;

Bl = B;
Bpl = Bp;

disp ('SolverPlotter 1);

Time5 = clock ;

Ant = Ant2;
Ann = Ann2;
Ap = Apz;
SolverForward;
J2 =

phical2 = phiCalculated;
disp ('SolverForward 2');

Time6 = clock ;

Xp = 0;
yp = radius/3;
zp = 0;

SolverPlotter;

B2 = B;
Bp2 = Bp;

disp ('SolverPlotter 27);

Time7 = clock ;

Ant = Ant3;
Ann = Ann3;
Ap = Ap3;
SolverForward;
J3 =3
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phical3 = phiCalculated;
disp ('SolverForward 3);

Time8 = clock ;

xp = —radius/3;
yp =0
zp = 0;

SolverPlotter;

B3 = B;
Bp3 = Bp;
disp (‘SolverPlotter 3');

Time9 = clock ;

Ant = Ant4;

Ann = Ann4,

Ap = Ap4;
SolverForward;

J4 = J;

phical4 = phiCalculated;
disp ('SolverForward 4');

Timel0 = clock ;

xp = 0;
yp = —radius/3;
zp = 0;

SolverPlotter;

B4 = B;
Bp4 = Bp;
disp (‘SolverPlotter 4%);

Timell = clock ;
save (['Bsz’ num2str (Nodenum) '.mat’],’B1','B2','B3','B4’);

save (['Bpz’ num2str (Nodenum) '.mat’],’Bpl’,’Bp2’,'Bp3’,'Bp4’);

K = floor (etime (Timel,Time0)/3600);

L = floor (( etime (Timel,Time0) —3600 xK)/60);
M = etime (Timel,Time0) — 3600 xK — 60xL;
disp ([Normals,Surface Areas : ’,

K = floor (etime (Time2,Timel)/3600);
L = floor (( etime (Time2Timel) —3600 xK)/60);

M = etime (Time2,Timel) — 3600 xK — 60xL;

disp (['Calculate VMPs : ’, num2str (K),” hour(s) ’,
K = floor (etime (Time3,Time2)/3600);

L = floor (( etime (Time3,Time2) —3600 K)/60);

M = etime (Time3,Time2) — 3600 xK — 60xL;

disp (['Calculate Primary B Field : ’,
K = floor (etime (Time4,Time3)/3600);
L = floor (( etime (Time4,Time3) —3600 xK)/60);

M = etime (Time4,Time3) — 3600xK — 60xL;

disp ([Forward Solver 1 : ', num2str (K),” hour(s) ',
K = floor (etime (Time5,Time4)/3600);

L = floor (( etime (Time5,Time4) —3600 xK)/60);

M = etime (Time5,Time4) — 3600K — 60xL;

disp (['Solver Plotter 1 : ’, num2str (K),” hour(s) ',
K = floor (etime (Time6,Time5)/3600);

L = floor (( etime (Time6,Time5) —3600 xK)/60);

M = etime (Time6,Time5) — 3600 K — 60xL;

disp (['Forward Solver 2 : ', num2str (K),” hour(s) ’,
K = floor (etime (Time7,Time6)/3600);

L = floor (( etime (Time7,Time6) —3600 *K)/60);

M = etime (Time7,Time6) — 3600 K — 60xL;

disp (['Solver Plotter 2 : ’, num2str (K),” hour(s) ’,
K = floor (etime (Time8,Time7)/3600);

L = floor (( etime (Time8,Time7) —3600 xK)/60);

M = etime (Time8,Time7) — 3600 K — 60xL;

disp (['Forward Solver 3 : ’, num2str (K),” hour(s) ’,

num2str (K),” hour(s) ’,

num2str (K),” hour(s) ',

num2str (L),” minute(s) ',

num2str (L),

num2str (L),

num2str (L),

num2str (L),

num2str (L),

62

num2str (L),” minute(s) ’,

minute(s) ’

minute(s) ’

minute(s)

minute(s)

minute(s) ’

num2str (M),” second(s)]);

num2str (L),” minute(s) ',

num2str

num2str

num2str

num2str

num2str

(

num2str (M),” second(s)’]);

M),

M),

M)

M)

)

num2str (M),” second(s)]);

second(s)]);

second(s)]);

second(s));

second(s)’]);

second(s)’]);
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K = floor (etime (Time9,Time8)/3600);

L = floor (( etime (Time9,Time8) —3600 xK)/60);

M = etime (Time9,Time8) — 3600 %K — 60xL;

disp (['Solver Plotter 3 : ’, num2str (K),” hour(s) ’, num2str (L), minute(s) , num2str (M),” second(s)]);
K = floor (etime (Timel0,Time9)/3600);

L = floor (( etime (Timel0,Time9) —3600 xK)/60);

M = etime (Timel0,Time9) — 3600 K — 60x*L;

disp ([Forward Solver 4 : ', num2str (K),” hour(s) ', num2str (L), minute(s) ’, num2str (M),” second(s)]);
K = floor (etime (Timell,Timel0)/3600);

L = floor (( etime (Timell,Timel0) —3600 %K)/60);

M = etime (Timell,Timel0) — 3600 xK — 60xL;

disp (['Solver Plotter 4 : ’, num2str (K),” hour(s) ', num2str (L), minute(s) ’, num2str (M),” second(s)]);
K = floor (etime (Timell,Time0)/3600);

L = floor (( etime (Timell,Time0) —3600 xK)/60);

M = etime (Timell,Time0) — 3600xK — 60xL;

disp (['Total : ', num2str (K),” hour(s) ', num2str (L),” minute(s) ', num2str (M),” second(s)’]);

Listing F.2: SolverForward

% Number of Nodes

global  nodes

% Number of Triangles (Elements)
global  nelmts

% X coordinates of nodes

global  x
% Y coordinates of nodes
global 'y

% Y coordinates of nodes
global z

% Triangle element nodes
global  elmn

global  sigma

b = sparse (nodes,1);
S = sparse (nodes,nodes);

% lteration number to find Ax and Ay

for i = linelmts
SmallS = sigma(i) * Volume(i)
abcd(i,2,1) sabcd(i,2,2)+abcd(i,3,1)
abcd(i,2,1) *abcd(i,2,3)+abcd(i,3,1)
abcd(i,2,1) *abcd(i,2,4)+abcd(i,3,1)
abcd(i,2,2)
abcd(i,2,2)  =abcd(i,2,2)+abcd(i,3,2)
abcd(i,2,2) *abcd(i,2,3)+abcd(i,3,2)
abcd(i,2,2) *abcd(i,2,4)+abcd(i,3,2)
abcd(i,2,3)
abcd(i,2,3)  =abcd(i,2,2)+abcd(i,3,3)
abcd(i,2,3)  =abcd(i,2,3)+abcd(i,3,3)
abcd(i,2,3) *abcd(i,2,4)+abcd(i,3,3)
abcd(i,2,4)
abcd(i,2,4) *abcd(i,2,2)+abcd(i,3,4)
abcd(i,2,4) *abcd(i,2,3)+abcd(i,3,4)
abcd(i,2,4) *abcd(i,2,4)+abcd(i,3,4)
Smallb = —w xsigma(i) * [S1(i)

«[abcd(i,2,1)  *abcd(i,2,1)+abcd(i,3,1)

*abcd(i,2,1)+abcd(i,3,2)

*abcd(i,2,1)+abcd(i,3,3)

*«abcd(i,2,1)+abcd(i,3,4)

*Ann(i,1)+S2(i) *Ann(i,2)+S3(i) «Ann(i,3);

«abcd(i,3,1)+abcd(i,4,1) «abcd(i,4,1)...
«abcd(i,3,2)+abcd(i,4,1) «abcd(i,4,2)...
«abcd(i,3,3)+abcd(i,4,1) +abcd(i,4,3)...
sabcd(i,3,4)+abcd(i,4,1) «abcd(i,4,4)
*abcd(i,3,1)+abcd(i,4,2) *«abcd(i,4,1)...

«abcd(i,3,2)+abcd(i,4,2) «abcd(i,4,2)...
«abcd(i,3,3)+abcd(i,4,2) *abcd(i,4,3)...
«abcd(i,3,4)+abcd(i,4,2) «abcd(i,4,4)

«abcd(i,3,1)+abcd(i,4,3) *«abcd(i,4,1)...
«abcd(i,3,2)+abcd(i,4,3) «abcd(i,4,2)...
«abcd(i,3,3)+abcd(i,4,3) «abcd(i,4,3)...
«abcd(i,3,4)+abcd(i,4,3) «abcd(i,4,4)

«abcd(i,3,1)+abcd(i,4,4) *«abcd(i,4,1)...
*abcd(i,3,2)+abcd(i,4,4) «abcd(i,4,2)...
«abcd(i,3,3)+abcd(i,4,4) «abcd(i,4,3)...
«abcd(i,3,4)+abcd(i,4,4) «abcd(i,4,4)]; % 1/m"2
S1(3i) *Ann(i,1)+S2(j) *Ann(i,2)+S4(j) *Ann(i,4);

S1(i) *Ann(i,1)+S3(i) =Ann(i,3)+S4(i) *Ann(i,4);

% Calculate Total S Matrix and b vector
S(elmn(i,:),elmn(i,:)) = S(elmn(i,:),elmn(i,:)) + SmallS;

b(elmn(i,:)) = b(elmn(i,:)) + Smallb;

end

disp ('S Matrix and b Vector Calculated!);

C =5

S2() *Ann(i,2)+S3()
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nz = ceil (nodes/2);

b(nz) = 0;

C(nz,;) = zeros (1, length (S));

C(hz,nz) = 1;

phiCalculated = gmr(C,b,1e —6,200); % mV

% Calculate Current values from calculated Phi values
Jelmn = zeros (nelmts,3);

gradPhi = zeros (nelmts,3);
for i = linelmts

phi = [phiCalculated(elmn(i,1)) phiCalculated(elmn(i,2))...

phiCalculated(elmn(i,3)) phiCalculated(elmn(i,4))]; % mV
% Current calculated in a tetrahedron
gradPhi(i,:) = [phi(1) *abcd(i,2,1)+phi(2) «abcd(i,2,2)+phi(3) «abcd(i,2,3)+phi(4) *abcd(i,2,4)...
phi(1) xabcd(i,3,1)+phi(2) +abcd(i,3,2)+phi(3) +abcd(i,3,3)+phi(4) xabcd(i,3,4)...
phi(1) sabcd(i,4,1)+phi(2) «abcd(i,4,2)+phi(3) +abcd(i,4,3)+phi(4) «abcd(i,4,4)]; % mvV/m

Jelmn(i,)) = —sigma(i) *(gradPhi(i,:)+w *Ap(i,:)); % mA/m"2
end
for d = 1:6:nelmts -5

J( floor (d/6)+1,:) = sum(Jelmn(d+(0:5),:),1)/6;
end
disp (‘Currents Calculated!’);

Listing F.3: SolverPlotter

% Define the points t ocalculate B field
x1 = —(xmax/2 —1):l:(xmax2 —1); % cm
yl = —(ymax/2 —1):l:(ymax2 —1); % cm
z1 = —(@zmax2 —1):l:(zmax2 —1); % cm
x2 = reshape (repmat(x1,1,(ymax —1) *(zmax —1)),(xmax —1) x(ymax —1) x(zmax —1),1)/100; % m
y2 = reshape (repmat(yl,(xmax  —1)(@zmax —1))(xmax —1)sx(ymax —1)x(zmax —1),1)/100; % m
z2 = reshape (repmat(zl,(xmax  —1) x(ymax —1),1),(xmax —1) «(ymax —1) x@zmax —1),1)/100; % m
r=[x2y2z2;, % m
% Calculate B field
[Bx By Bz] = findNodeBfield2(Jelmn(:,1),Jelmn(:,2),Jelmn(:,3),x2,y2,z2,midpoints(:,1),midpoints(:,2),midpoints(:,3));
B = [Bx,By,Bz]/(6  x1e6);
% Arrange B field solution to show up
N = 360;
phill = linspace (0,2 =pi ,N+1);
phil = phill(1:N);
deltaphi = phi1l(2); % radian
a = radius; % m
10=1; % A
mu0 = 4xpi xle—7,
Bp = zeros (length (x1) xlength (yl) *length (z1),3);
for k = 1: length (z1)

for i = 1. length (x1)

for j = 1: length (y1)
u=1i+(( -1+ (k —1)x«length (yl)) =length (x1);
R = sgrt ((x2(u) — axcos (phil) — xp)."2+(y2(u) — axsin (phil) — yp)."2+(z2(u) —zp)."2); % m

Bxn = cos (phil). =(z2(u) — zp)./R."3; %1/m"2
Byn = sin (phil). =(z2(u) — zp)/R."3;  %1/m"2
Bzn = —((x2(u) — xp). =cos (phil) + (y2(u) — yp). =sin (phil)

— a)./R."3;

%1/m"2

Bp(u,;) = mu0 xl0 *a/(2 *N) = [sum(Bxn) sum(Byn) sum(Bzn)]; % mWb/m™2 = mTesla

end
end
end
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Listing F.4: findnodeBfield2

#include "mex.h"
#include  <math.h >

void findNodeBfield (double *Bz,
double xJx, double  xJy, double  xJz,
double xx, double xy, double xz,
double «Tcentx, double «Tcenty, double «Tcentz,
int NodeNum, int TelmnNum, double suspend)

{

int i,j,k;

double dist,Xdiff, Ydiff,Zdiff, PercOne;

PercOne = (double) (NodeNum  —1)/100;

k = 1;

for (i=0; i <NodeNum; i++) {

*(Bz+i) = 0;

for (j=0; j <TelmnNum; j++) {

Xdiff = *(x+) — x(Tcentx+j);
Ydiff = x(y+i) — *(Tcenty+);
Zdiff = *(z+i) — *(Tcentz+j);
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dist = sgrt (Xdiff * Xdiff + Ydiff * Ydiff + Zdiff *  Zdiff);

dist = dist

* dist  * dist;

Il =(distmat+TelmnNum  xi+j) = dist;

«(Bz+) = x(Bz+) + ( Ydiff « ox(@x4)  — Xdiff  x =(Jy+) / dist;

*(Bz+) =  *(Bz+i) / 1.0e7;

if (i >=PercOne xk & suspend == 0)

{

printf(" %d%% completed. \n"k);
mexEvalString (" drawnow;"); // to dump string.

k = k++;
}
}
}
void mexFunction ( int nlhs, mxArray *«plhs[], int nrhs, const mxArray *«prhsf[] )
{
double %Bz, *Jx, *Jy, *Jz, X, xy, *z, xTcentx, =Tcenty, =xTcentz,suspend;

int NodeNum,TelmnNum;

/= Check for proper number of arguments. */
if (nrhs!=10)

mexErrfMsgTxt ("Ten inputs required.");

if (nlhs!=1)

mexErrMsgTxt ("One output required.");

| xGet input vector adresses  */
Jx = mxGetPr (prhs[0]);

Jy = mxGetPr (prhs[1]);

Jz = mxGetPr (prhs[2]);

x = mxGetPr (prhs[3]);

y = mxGetPr (prhs[4]);

z = mxGetPr (prhs[5]);
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Tcentx = mxGetPr (prhs[6]);
Tcenty = mxGetPr (prhs[7]);
Tcentz = mxGetPr (prhs[8]);

suspend = mxGetScalar (prhs[9]);

/ % Find number of tetrahedron elmts. */
TelmnNum = mxGetMprhs[0]);

/ s Find number of nodes. */
NodeNum = mxGetMprhs[3]);

/ = Set the output pointer to the output matrix. */
plhs[0] = mxCreateDoubleMatrix(NodeNum,1,mxREAL);
/lplhs[1] = mxCreateDoubleMatrix(TelmnNum,NodeNum,mxREAL);

/= Create a C pointer to a copy of the output matrix. */
Bz = mxGetPr (plhs[0]);
/[distmat = mxGetPr (plhs[1]);

/ % Call the C subroutine. */
findNodeBfield (Bz,Jx,Jy,Jz,x,y,z,Tcentx,Tcenty,Tcentz,NodeNum, TelmnNum,suspend);

}

Listing F.5: MagVecPot3D

function [Ax,Ay,Az] = magvecpot(i,xp,yp,zp)

% Number of Nodes
global  nodes

% Number of Triangles (Elements)
global  nelmts

% X coordinates of nodes
global  x

% Y coordinates of nodes
global 'y

% Z coordinates of nodes
global z

% Triangle element nodes
global  elmn

global  sigma

global  radius

N = 360;

% Permeability of Media

mu0 = 4xpi xle—7; % H/m

% Radius of coil

a = radius; % m

10=1, % mA

% Calculate constant parts of Magnetic Vector Potential
0y

phi = linspace (0,2 *pi —(2 *pi /N),N); % radian

x1 = (x(elmn(i,1)) + x(elmn(i,2)) + x(elmn(i,3)) + x(elmn(i,4)))/4; % m

yl = (y(elmn(i,1)) + y(elmn(i,2)) + y(elmn(i,3)) + y(elmn(i,4)))/4; % m

z1 = (z(elmn(i,1)) + z(elmn(i,2)) + z(elmn(i,3)) + z(elmn(i,4)))/4; % m

R = sqgrt ((x1 — xp — axcos (phi))."2+(y1l — yp — asxsin (phi))."2+(z1 —zp).2); % m

Axn = —mu0xI0 xasxsin (phi)./(2 *RxN); % mWb/m
Ayn = mu0xl0 xaxcos (phi)./(2 *R«N); % mWb/m

Ax = [ sum(Axn); sum(Axn); sum(Axn); sum(Axn)];
Ay = [sum(Ayn); sum(Ayn); sum(Ayn); sum(Ayn)];
Az = [0;0;0;0];
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Listing F.6: SolverBody2

diary (‘diary.txt’);

% close alliclear all;
% warning off;

% Load Mesh
Timel = clock ;
Nodenum = 4913;

load ('mesh3dtet’ num2str (Nodenum) '.mat’);
load (MagVec’ num2str (Nodenum) '.mat’);
load (['lmports’ num2str (Nodenum) '.mat']);

load (['Bpz’ num2str (Nodenum) '.mat’]);

load (['Bsz’ num2str (Nodenum) '.mat’);

load (['OrgSigma’ num2str (Nodenum) '.mat’);
disp ('Parameters Loaded!’);

% SNR = 90;
% Tc = 100e-3,

% Noise = randn(length(B1),1)/(2 *42.6e6 *TCc*SNR);

% Define globals

% Number of Nodes
global  nodes

% Number of Triangles (Elements)
global  nelmts

% X coordinates of nodes
global  x

% Y coordinates of nodes
global vy

% Y coordinates of nodes
global z

% Triangle element nodes
global  elmn

global  sigma

% Define default values for variables
w = 2 % pi * 1000;

sigma = 0.2 xones(nelmts,1);

%old _sigma = zeros(nelmts,1);
new_sigma = 0.2 xones(nelmts,1);
Org-Sigma = Org -Sigma;

Time2 = clock ;

Q=1
RecSigma = zeros (nelmts,Q);
RecError =  zeros (nelmts,Q);

[

for iter = 1:Q
Timerl = clock ;
% Calculate phi values for a given sigma
Ant = Antl;
Ann = Annl;
Ap = Apl;
SolverForward;
disp ('First Forward Solver’);
J1 = J;

Timer2 = clock ;

Ant = Ant2;

Ann = Ann2;

Ap = Apz;

SolverForward;

disp ('Second Forward Solver’);
J2 =3

Timer3 = clock ;
% Calculate phi values for a given sigma
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%

end
0y

Ant = Ant3;

Ann = Ann3;

Ap = Ap3;

SolverForward;

disp ('Third Forward Solver’);
J3 =3

Timer4 = clock ;

% Calculate phi values for a given sigma
Ant = Ant4;

Ann = Ann4;

Ap = Ap4;

SolverForward;

disp ('Fourth Forward Solver’);

J4 = J;

Timer5 = clock ;

% Calculate new sigma values for a given phi and B field

Solverlnverse;
disp (Inverse Solver’);

% Replace new sigma values with old ones
old _sigma = sigma;
sigma = new _sigma;
RecSigma(:,iter) = new _sigma;
%RecRho = Rsig
% Calculate Error between new sigma and old one

%ErrorSig = ((OrgR — reshape([Rsig;Rsig;Rsig;Rsig;Rsig;Rsig],1,nelmts))./OrgR);

ErrorSig = ((Org _Sigma — sigma)./Org  _Sigma);
ErrorTotal(iter) = 100
%ErrorSig = 0;
RecError(:,iter) = ErrorSig;
Timer6é = clock ;

disp (['lteration Step ('
disp ([Max Rsig '
disp ([Max sigma '
K = floor (etime (Timer2,Timerl)/3600);

L = floor (( etime (Timer2,Timerl) —3600 *K)/60);
M = etime (Timer2,Timerl) — 3600 K — 60xL;

disp (['Solver Forward 1 : ', num2str (K),” hour(s) ’,

K = floor (etime (Timer3,Timer2)/3600);

L = floor (( etime (Timer3,Timer2) —3600 *K)/60);

M = etime (Timer3,Timer2) — 3600 K — 60xL;

disp (['Solver Forward 2 : ',

K = floor (etime (Timer4,Timer3)/3600);

L = floor (( etime (Timer4,Timer3) —3600 *K)/60);
= etime (Timer4,Timer3) — 3600 K — 60xL;

disp (['Solver Forward 3 : ', num2str (K),” hour(s) ’,

K = floor (etime (Timer5,Timer4)/3600);
L = floor (( etime (Timer5,Timer4) —3600 *K)/60);
M = etime (Timer5,Timer4) — 3600 K — 60xL;

disp (['Solver Forward 4 : ’, num2str (K)," hour(s) ’,

K = floor (etime (Timer6,Timer5)/3600);

L = floor (( etime (Timer6,Timer5) —3600 *K)/60);
M = etime (Timer6,Timer5) — 3600 xK — 60xL;
disp (['Inverse Solver N
K = floor (etime (Timer6,Timerl)/3600);

L = floor (( etime (Timer6,Timerl) —3600 %K)/60);
M = etime (Timer6,Timerl) — 3600 xK — 60x*L;
disp ([Total Iter. Time : ’,

*(norm(Org _Sigma — sigma)./

num2str (iter) ')’ 'Error % °’
num2str ( max(Rsig)) ' Min Rsig ’
num2str ( max(sigma)) ' Min sigma

num2str (K),” hour(s) ’,

num2str (K),” hour(s) ',

num2str (K),” hour(s) ',

Timi

save ([RecValue’

e3 = clock ;

num2str (ErrorTotal)]);
num2str ( min (Rsig))]);
num2str ( min (sigma))]);

num2str (L),

num2str (L),

num2str (L),

num2str (L),

numa2str (L),

num2str (L),

num2str (Nodenum) ' _1.mat’],’RecSigma’,’RecError’);
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%SolverPlotter;
K = floor
L = floor

(etime (Time2,Time1)/3600);

(( etime (Time2,Timel)

M = etime (Time2,Timel)
disp (['Calculate VMPs :

K = floor
L = floor

— 3600 xK

num2str (K),” hour(s) ’,

(etime (Time3,Time2)/3600);

(( etime (Time3,Time2)

M = etime (Time3,Time2)

disp (['lterative Method : °,

K = floor
L = floor
M = etime (Time3,Timel)

— 3600 xK

num2str (K),” hour(s) ’,

(etime (Time3,Time1)/3600);

(( etime (Time3,Timel)

— 3600 xK

—3600 +K)/60);

— 60x%L;
num2str (L),” minute(s) ’,

—3600 +K)/60);

— 60x%L;
num2str (L), minute(s) ’,

—3600 *+K)/60);

— 60xL;

num2str (M),” second(s));

num2str (M),” second(s)]);

disp ([Total : ', num2str (K),” hour(s) ', num2str (L),” minute(s) ', num2str (M)," second(s)]);
diary ;
Listing F.7: SolverInverse
global  nodes
global nelmts
global  x
global 'y
global z
global elmn

% OrgR =—log(Org

_Sigma);

% Distance Between Two Nodes
deltax = 0.01;
deltay = 0.01;
% Length of Maximum Number of Nodes

Lx
Ly
Lz

(xmax —1);
(ymax —1);
(zmax —1);

% Total Node Number in a Slice

SgSize

Lx *Ly;

% Sigma Values in the middle of a Square

sigmamid =

Rsig =

zeros (size (sigmamid));
% Calculate del2B/mu0
mu0 = 4xpi xle—7,

gama = 26.75e7;
SNR = 30;
teurr = 0.1;
Noisel = O;Noise2 = 0O;Noise3 = 0O;Noise4 = 0;

for

end;

LapNoisel
LapNoise2
LapNoise3
LapNoise4

LapHz1
LapHz2
LapHz3
LapHz4

delBl =
delB2 =

i = 1:100
Noisel
Noise2
Noise3
Noise4

Noisel
Noise2
Noise3
Noise4

+ o+ o+ o+

*«reshape
*«reshape
«reshape
«reshape

0]
o o oo

6 xreshape
6 xreshape
6 xreshape
6 xreshape

—w * Bpl(;,3);
—w *x Bp2(;,3);

randn ( size
randn ( size
randn ( size
randn ( size

(del2 (reshape

sum( reshape (sigma,nelmts/6,6),2)/6;

(B1(:,3))/(2 «gamasxtcurr  «*SNR)/100;
(B1(:,3)))/(2 «gamaxtcurr  «SNR)/100;
(B1(:,3)))/(2 «gamasxtcurr  «SNR)/100;
(B1(:,3)))/(2 «gamaxtcurr  «SNR)/100;

(Noise1l/mu0,Lx,Ly,Lz),0.01,0.01,0.01),SqSize

(del2 (reshape (Noise2/mu0,Lx,Ly,Lz),0.01,0.01,0.01),SqgSize
(del2 (reshape (Noise3/mu0,Lx,Ly,Lz),0.01,0.01,0.01),SqSize

(del2 (reshape

(del2 (reshape
(del2 (reshape
(del2 (reshape
(del2 (reshape

(Noise4/mu0,Lx,Ly,Lz),0.01,0.01,0.01),SqSize

((B1(:,3))/mu0,Lx,Ly,Lz),0.01,0.01,0.01),SqgSize
((B2(:,3))/mu0,Lx,Ly,Lz),0.01,0.01,0.01),SqgSize
((B3(:,3))/mu0,Lx,Ly,Lz),0.01,0.01,0.01),SqSize
((B4(:,3))/mu0,Lx,Ly,Lz),0.01,0.01,0.01),SqSize
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delB3

—w * Bp3(;,3);

delB4 = —w * Bp4(;,3);

[

for

Slice = 8:8 %2:L.z—1
% Define Offset value for ith Slice
ofs = (Slice —1) xSqgSize;
% Define Profiles
for Profile = 1:4
if Profile ==
J = J1;
LapHz = LapHzl+LapNoisel;
elseif Profile ==
J =32
LapHz = LapHz2+LapNoise2;
elseif Profile ==
J = J3;
LapHz = LapHz3+LapNoise3;
elseif  Profile ==

J = 34

LapHz = LapHz4+LapNoise4;
end
% Initialize Sparse Matrix C
clear C;

C=sparse (SqgSize,SqSize);

% Inner Side of The Matrix

for i=2:.Lx —1

for j=2iLy —1

k = i+ —1)=Lx;
n = k+ofs;
C(kk —1) = C(kk —1) — J(n2)/(2 =*deltax);
C(kk+1) = C(k,k+1) + J(n,2)/(2 sdeltax);

C(k,k+Lx) = C(k,k+Lx) — J(n,1)/(2  xdeltay);
C(kk —Lx) = C(kk —Lx) + J(n,1)/(2 *«deltay);

end
end

% First Row of The Matrix
i=1;
for j=2:.Ly —1

k = i+ —1)=Lx;

n = k+ofs;

C(k,k+1) = C(k,k+1) + J(n,2)/deltax;

C(kk) = C(k,k) — J(n,2)/deltax;

C(k,k+Lx) = C(k,k+Lx) — Jn,1)/(2  =deltay);

Ckk —Lx) = C(kk —Lx) + J(n,1)/(2 *deltay);
end

% Last Row of The Matrix
i=Lx;
for j=2:.Ly —1
k = i+( —1)*Lx;
n = k+ofs;
C(kk) = C(kk) + J(n,2)/deltax;
C(kk —1) = Ckk —1) — J(n,2)/deltax;
C(k,k+Lx) = C(k,k+Lx) — JIn1)/(2  *deltay);
C(kk —Lx) = C(kk —Lx) + J(n,1)/(2 *deltay);
end

% First Column of The Matrix
L
for i=2:.Lx —1

k = i+( —1)=Lx;

n = k+ofs;

Ckk —1) = C(kk —1) — J(n2)/(2 =*deltax);
C(k,k+1) = C(k,k+1) + J(n,2)/(2 «deltax);
C(k,k+Lx) = C(k,k+Lx) — J(n,1)/deltay;

C(k,k) = C(k,k) + J(n,1)/deltay;
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115 end

% Last Column of The Matrix

FLy;
for i=2:Lx —1
120 k = i+ —1)xLx;
n = k+ofs;
Ckk —1) = C(kk —1) — Jn,2)/(2 =*deltax);
C(k,k+1) = C(kk+1) + J(n,2)/(2 xdeltax);
C(kk) = C(kk) — J(n,1)/deltay;
125 Ck,k —Lx) = C(k,k —Lx) + J(n,1)/deltay;
end

% Upper Left Corner of The Matrix

i=Lj=1;
130 k = i+({ —1) xLx;
n = k+ofs;
C(k,k) = C(k,k) — J(n,2)/deltax + J(n,1)/deltay;
C(kk+1) = C(kk+1l) + J(n,2)/deltax;
C(k,k+Lx) = C(k,k+Lx) — J(n,1)/deltay;
135
% Lower Left Corner of The Matrix
i=Lij=Ly;
k = i+(j —1)=Lx;
n = k+ofs;
140 C(k,k) = C(k,k) — J(n,2)/deltax — J(n,1)/deltay;
C(kk+1) = C(kk+1l) + J(n,2)/deltax;
C(kk —Lx) = C(kk —Lx) + J(n,1)/deltay;
% Lower Right Corner of The Matrix
145 i=Lx;j=Ly;
k = i+( —1) =Lx;
n = k+ofs;
C(k,k) = C(k,k) + J(n,2)/deltax — J(n,1)/deltay;
Ckk —1) = C(kk —1) — J(n,2)/deltax;
150 C(kk —Lx) = C(kk —Lx) + J(n,1)/deltay;
% Upper Right Corner of The Matrix
i=Lx;j=1;
k = i+( —1)=Lx;
155 n = k+ofs;
C(kk) = C(kk) + J(n,2)/deltax + J(n,1)/deltay;
C(kk —1) = C(kk —1) — J(n,2)/deltax;
C(k,k+Lx) = C(k,k+Lx) — J(n,1)/deltay;
160 for i=1:Lx
for j=1:Ly
k = i+( —1)=Lx;
n = k+ofs;
C(k,k) = C(k,k) — LapHz(n);
165 end
end
if Profile == 1
smatl = C;
170 elseif Profile == 2
smat2 = C;
elseif Profile ==
smat3 = C;
elseif  Profile ==
175 smat4 = C;
end

end
0y

% Initial Condition

180 Scon = [smatl;smat2;smat3;smat4];
dcon = [delB1(ofs+(1:SqSize));delB2(ofs+(1:SqSize));delB3(ofs+(1:SqSize));delB4(ofs+(1:SqSize))];
% Calculate the natural logartihm of new sigma values
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%Rsig(ofs + [2:Lx

L = get _I(SgSize,1);
[UU,sm,VV] = cgsvd(Scon,L);
lambda = gcv(UU,sm,dcon);

—1 Lx+1i(lx  *(Ly —1)) (Lx

*(Ly —1)+(2Lx —1)))) = pinv(full(Scon))

[X -tikh,rho,eta] = tikhonov(UU,sm,VV,dcon,lambda);

corner = | _curve(UU,sm,dcon,’tsvd’);
close all ;
X-L = tgsvd(UU,sm,VV,dcon,corner);

%  Rsig(ofs + (1:SgSize)) = X _tikh;

Rsig(ofs + (1:SqgSize)) = inv (Scon’ *Scon) =(Scon’' sxdcon);

figure ;

plot (1./Org _Sigma(6 *8xSqSize+(1:6:6  xSqSize)));

hold on; plot (X _tikh,), —); plot (X_L,”"); plot (Rsig(ofs + (1:SqSize)),’ =

titte  ('Results in midslice’);

sdcon;

legend (‘Original Resistivity’,'Tikhonov Regularization’, TGSVD Regularization’,'Direct Inverse Solution’);

colorbar

(‘'Direct Inverse Solution’);

figure ;
subplot (221); imagesc (reshape (1./0Org _Sigma(6 *8xSqSize+(1:6:6  xSqSize)),Lx,Ly));
titte  (‘Original Resistivity’);
subplot (222); imagesc (reshape (X -tikh,Lx,Ly)); colorbar ;title  ('Tikhonov Regularization’);
subplot (223); imagesc (reshape (X _L,Lx,Ly)); colorbar ;title (TGSVD Regularization’);
subplot (224); imagesc (reshape (Rsig(ofs + (1:SqSize)),Lx,Ly)); colorbar ; title
%colormap gray;

end

Rsig(1:SqSize) = Rsig(SqSize + (1:SqgSize));
Rsig((Lz —1) *SqSize + (1:SqSize)) = Rsig((Lz
cntl = 0O;
for cnt = 1:6:nelmts

cntl = cntl+1;

new_sigma(cnt:icnt+5) = 1/Rsig(cntl);
end

—2) xSqSize + (1:SqSize));
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